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Preface

In 1992 we published a book entitled Fuzzy Measure Theory (Plenum Press,
New York), in which the term “fuzzy measure” was used for set functions
obtained by replacing the additivity requirement of classical measures with
weaker requirements of monotonicity with respect to set inclusion and conti-
nuity. That is, the book dealt with nonnegative set functions that were mono-
tone, vanished at the empty set, and possessed appropriate continuity
properties when defined on infinite sets.

It seems that Fuzzy Measure Theory was the only book available on the
market at that time devoted to this emerging new mathematical theory. Some
ten years after its publication we began to see that the subject had expanded so
much that a second edition of the book, or even a new book on the subject, was
needed. We eventually decided to write a new book because the new material we
wished to include was too extensive for—and far beyond the usual scope—of a
second edition. More importantly, we felt that some fundamental changes
regarding this topic’s scope and terminology would be desirable and timely.

As far as the scope of the new book, Generalized Measure Theory, is con-
cerned, we felt, on the basis of recent developments in the literature, that the
material should not be restricted to set functions that had to be nonnegative and
monotone. Rather, it needed to capture a broader class of set functions; a
function in this class would have only one requirement to qualify as a “mea-
sure”: it would vanish at the empty set. Then, various special requirements
could be introduced as needed to restrict this broad class of set functions to
specialized subclasses. One of these subclasses would consist of nonnegative,
monotone, and continuous set functions that vanish at the empty set—or fuzzy
measures—the subject of our previous book.

Regarding terminology, it was obvious that we needed to revise it completely
in view of the expanded scope of the book. First, we had to introduce a name for
the most general measures. We did so by referring to nonnegative set functions
that vanish at the empty set as general measures and referring to those that are
not required to be nonnegative as signed general measures. Second, we needed to
introduce appropriate names of the various subclasses of general measures or
signed general measures. This we did in Chapters 3 and 4, where we followed, by
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and large, the terminology established in the literature. However, it should be
emphasized that we made a deliberate decision to abandon the central term of
our previous book, the term “fuzzy measure.” We judge this term to be highly
misleading. Indeed, the so-called fuzzy measures do not involve any fuzziness.
They are just special set functions that are defined on specified classes of
classical sets, not on classes of fuzzy sets. Since the primary characteristic of
such functions is monotonicity, we deemed it reasonable to call these set func-
tions monotone measures rather than fuzzy measures.

However, contrary to the concept of fuzzy measures in our previous book,
monotone measures as understood in Generalized Measure Theory need not be
continuous. If, in fact, they are continuous then they are here specifically referred
to as continuous monotone measures. Moreover, if they are only semicontinuous
from below or from above, then they are called, respectively, lower-semicontinuous
or upper-semicontinuous monotone measures. Clearly, any continuous monotone
measure is both lower-semicontinuous and upper-semicontinuous.

There is another reason why abandoning the term “fuzzy measure” is justi-
fied: It is certainly meaningful to fuzzify any class of measures, as we show in
Chapter 14. A given class of measures is “fuzzified” when it is defined on fuzzy
sets rather than on classical sets. However, the resulting term—*"fuzzified fuzzy
measures” we find awkward, not properly descriptive, and quite confusing. For
all these reasons, we decided to replace the term “fuzzy measure” with “con-
tinuous monotone measure” and to use the term “monotone measure” when
continuity or even semicontinuity is not required. When they are fuzzified we
refer to these measures as “fuzzified monotone measures.” When measures of
any other type are defined on classes of fuzzy sets we refer to them as fuzzified
measures of the respective type. We thus use names such as fuzzified general
measures, fuzzified monotone measures, fuzzified continuous monotone measures,
and the like.

We realize it is not likely that the confusing term “fuzzy measures” for
“measures defined on classes of crisp sets” will soon disappear in the literature.
However, we are confident that the time is ripe to stop using it. In a sense we
have joined some major contributors to generalized measure theory who have
already abandoned this ill-descriptive term.

We have made in this book a few additional terminological changes with
respect to our previous book. However, all these changes affect special con-
cepts, so we explain our rationale for making these changes as we introduce
each concept.

Our previous book contains, in addition to its original material, six of our
reprinted papers. In this book, no reprinted papers are included. Instead the
original material is substantially expanded. Major expansions are in the area of
integration, methods for constructing generalized measures, fuzzification of
generalized measures, and applications of generalized measure theory.

Much like our previous book, this book is primarily a text for a one-semester
graduate or upper division course. Such a course is suitable not only for
programs in mathematics, where it might be offered at the junior or senior
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level, but also for programs in numerous other areas. These would include
systems science, computer science, information science, and cognitive sciences,
as well as artificial intelligence, quantitative management, mathematical social
sciences, and virtually all areas of engineering and natural sciences. The book
may also be useful for researchers in these areas.

Although a solid background in mathematical analysis is required for under-
standing the material presented, the book is otherwise self-contained. This is
achieved by the inclusion of needed prerequisites regarding classical sets, clas-
sical measures, and fuzzy sets, as given in Chapter 2. In general, the book is
written in the textbook style, characterized by generous use of examples and
exercises. Each chapter concludes with notes containing relevant historical,
bibliographical, and other remarks relating to the covered material, which are
useful for further study of generalized measure theory and its applications.
Compared with our previous book, the bibliography of Generalized Measure
Theory is substantially expanded. Two glossaries are included for convenience
of the reader, Glossary of Key Concepts (Appendix A) and Glossary of Sym-
bols (Appendix B).

Omaha, Nebraska, USA Zhenyuan Wang
Binghamton, New York, USA George J.Klir
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Chapter 1
Introduction

Generalized measure theory, which is the subject of this book, emerged from the
well-established classical measure theory by the process of generalization. As is
well known, classical measures are nonnegative real-valued set functions, each
defined on a specific class of subsets of a given universal set, that satisfy certain
axiomatic requirements. One of these requirements, crucial to classical mea-
sures, is known as the requirement of additivity. This requirement is basically
that the measure of the union (finite or countably infinite) of any recognized
family of sets that are pairwise disjoint be equal to the sum of measures of the
individual sets in the union. In generalized measure theory, the additivity
requirement is replaced with a considerably weaker requirement. Any real-
valued set function i on a given class of sets that vanishes on the empty set
(i.e., n(D) = 0) is accepted in generalized measure theory as a measure. Clearly,
various additional requirements are applied as needed to introduce special types
of measures. One of these special types consists of classical (i.e., additive)
measures. The meaning of the term “measure” in generalized measure theory
is thus very much broader than its counterpart in classical measure theory. Since
generalized measure theory deals with various types of measures, contrary to
classical measure theory, each type is characterized by an adjective added to the
term “measure.” When we refer to measures of classical measure theory, we use
either the term “classical measures” or the term “additive measures.”

Classical (additive) measures have their roots in metric geometry, which is
characterized by assigning numbers to lengths, areas, or volumes. In antiquity
this assignment process—or measurement—was first conceived simply as a
comparison with a standard unit and the requirement that the assigned num-
bers be invariant under displacement of the respective geometric objects. Soon,
however, the problem of incommensurables (exemplified by the problem of
measuring the length of the diagonal of a square whose sides each measure
one unit) revealed that measurement is more complicated than this simple,
intuitively suggestive process. It became clear that measurement must inevitably
involve infinite sets and infinite processes.

Prior to the emergence and sufficient development of the calculus, the
problem of incommensurables had caused a lot of anxiety since there were no
satisfactory tools to deal with it. Integral calculus, based upon the Riemann

Z. Wang, G.J. Klir, Generalized Measure Theory, 1
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2 1 Introduction

integral, which became well developed in the second half of the nineteenth
century, was the first tool to deal with the problem. Certain measurements
contingent upon the existence of associated limits could finally be determined
by using appropriate techniques of integration. However, it was increasingly
recognized in the 1870s and 1880s that the Riemann integral also had a number
of deficiencies. One deficiency of the Riemann integral is its applicability only to
functions that are continuous except at a finite number of points. This means
that the class of Riemann integrable functions is overly restrictive. Another
deficiency is that the fundamental operations of differentiation and integration
are, in general, not reversible within the context of Riemann’s theory of inte-
gration. One additional deficiency is connected with limiting operations and
can be described as follows. If functions f, 3, ... are Riemann integrable on
interval X = [a,b] and lim f,(x) = f(x) everywhere in X, then it is not, in
general, true that the Riemann integral of f(x) is equal to the limit of the
Riemann integrals of f,(x).

In the late nineteenth century, there was a growing need for more precise
mathematical analysis, a need induced primarily by the rapidly advancing
science and technology. As a result, new questions regarding measurement
emerged. Considering, for example, the set of all real numbers between 0
and 1, which may be viewed as points on a real line, mathematicians asked:
When we remove the end points 0 and 1 from this set, what is the measure of the
remaining set (or the length of the remaining open interval on the real line)?
What is the measure of the set obtained from the given set by removing some
rational numbers, say 1, 1/2, 1/3, 1/4, and so on? What is the measure of the set
obtained by removing all rational numbers?

Questions like these and many more difficult questions were carefully exam-
ined by Emile Borel (1871-1956), a French mathematician. He developed a
theory [Borel, 1898] to deal with these questions, which was an important step
toward a more general theory that we now refer to as the classical measure
theory.

Borel’s theory deals with the g-algebra (the class of sets closed under the set
union of countably many sets and the set complement) that is generated by the
family of all open (or semi-open) intervals of real numbers (or within some
interval [a, b] of real numbers). Borel defines a measure that associates a positive
real number with each bounded subset in the g-algebra, which, in the case of an
interval, is exactly equal to the length of the interval. The measure is additive in
the sense that its value for a bounded union of a sequence of pairwise disjoints
sets is equal to the sum of the values associated with the individual sets.

In the second half of the nineteenth century there was a growing interest in
studying arbitrary real-valued functions, particularly in the context of integra-
tion. This involved some strange classes of functions, such as functions that are
nowhere continuous or continuous functions that are nowhere differentiable.
The existence of such strange classes of functions was already well established at
that time. The first example of a continuous function that is nowhere differenti-
able was apparently constructed already in 1830 by Bernard Bolzano
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(1781-1848). These functions eventually became significant within a relatively
new area: fractal geometry.

Borel did not connect his theory with the theory of integration. This was
done a few years later (between 1899 and 1902) by Henri Lebesgue (1875-1941),
another French mathematician. In a paper published in 1901, he defined an
integral, more general than the Riemann integral, which is based on a measure
that subsumes the Borel measure as a special case. These new concepts of a
measure and an integral (further developed in Lebesgue’s doctoral dissertation
and published in the Italian journal Annali di Matematica in 1902), which are
now referred to as the Lebesgue measure and the Lebesgue integral, are the
cornerstones of classical measure theory [Halmos, 1950]. The significance of
Lebesgue’s work is that he connected, in a natural way, measures of sets with
measures of functions.

Perhaps the best nontechnical exposition of the motivation behind the
Lebesgue measure and the Lebesgue integral, and a discussion of their physical
meaning, was prepared by Lebesgue himself; it is available in a book edited by
K. O. May, which also contains a biographical sketch of Lebesgue and a list of
his key publications [Lebesgue, 1966].

Classical measure theory is closely connected with probability theory.
A probability measure, as any other classical measure, is a set function that
assigns measure 0 to the empty set and a nonnegative number to any other set,
and that is additive. However, a probability measure requires, in addition, that
measure 1 be assigned to the universal set in question. Hence, probability theory
may be viewed as a part of classical measure theory.

The concept of a probability measure (or simply a probability) was formu-
lated axiomatically by Andrei N. Kolmogorov (1903—1987), a Russian mathe-
matician, in a book written in German that was published in 1933. An English
translation of the book was published almost 20 years later [Kolmogorov,
1950]. Kolmogorov’s concept of probability is sometimes called a quantitative
or numerical probability to distinguish it from other types of probability, such as
classificatory or comparative probabilities [Fine, 1973; Walley and Fine, 1979;
Walley, 1991]. Nevertheless, the term “probability theory” with no additional
qualifications refers normally to the theory based upon Kolmogorov’s axioms.

After more than 50 years of the existence and steady development of the
classical measure theory, the additivity requirement of classical measures
became a subject of controversy. Some mathematicians felt that additivity is
too restrictive in some application contexts. For example, it is too restrictive to
capture adequately the full scope of measurement. While additivity charac-
terizes well many types of measurements under idealized, error-free conditions,
it is not fully adequate to characterize most measurements under real, physical
conditions, when measurement errors are unavoidable. Moreover, some mea-
surements, for example, those involving subjective judgments or nonrepeatable
experiments, are intrinsically nonadditive.

Numerous arguments have been or can be raised against the necessity and
adequacy of the additivity axiom of probability theory. One such argument was
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Fig. 1.1 An example illustrating the violation of the additivity axiom of probability theory

presented by Viertl [1987]. It is based on the fact that all measurements are
inherently imprecise due to finite resolution of measuring instruments and
unavoidable measurement errors. Consider, for example, two disjoint events
A and B defined in terms of adjoining intervals of real numbers, as shown in
Fig. 1.1a. Observations in close neighborhoods (within a measurement error) of
the endpoint of each event are unreliable and should be properly discounted, for
example, according to the discount rate functions shown in Fig. 1.1a. That is,
observations in the neighborhood of the endpoints should carry less evidence
than those outside these neighborhoods. When measurements are taken for the
union of the two events, as shown in Fig. 1.1b, one of the discount rate functions
is not applicable. Hence, the same observations produce more evidence for the
single event 4 U B than they do for the two disjoint events 4 and B. This implies
that the degree of support for 4 U B (probability of 4 U B) should be greater
than the sum of the respective degrees of support for 4 and B (probabilities of 4
and B). The additivity axiom is thus violated.

The earliest challenge to classical measure theory came from a theory pro-
posed by a French mathematician, Gustave Choquet, for which he coined the
name theory of capacities. This theory is based on a potentially infinite family of
distinct types of nonadditive measures that are linearly ordered by their general-
ities. They range from capacities of order 2 (the most general type) to capacities
of order infinity (the least general type). Each Choquet capacity is a real-valued
function defined on a class of subsets of a given universal set (with an appro-
priate algebraic structure) that is monotone increasing with respect to set
inclusion and, depending on its type, satisfies one additional axiomatic require-
ment. For each given Choquet capacity there exists a unique alternating capa-
city. These two capacities are always dual in the sense defined in Chapter 3.
Choquet also developed integrals applicable to his capacities, which are now
routinely referred to as Choquet integrals (Chapter 11).
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Choquet developed his theory of capacities at the University of Kansas in
Lawrence, where he spent an entire academic year (1953-54) as Visiting
Research Professor of Mathematics. The theory was an outcome of a research
project entitled “Research on Modern Potential Theory and Dirichlet
Problem,” which was sponsored by the US Air Force. It was initially published
in May 1954 as Technical Note No. 1 (on the project) by the Department of
Mathematics of the university, and it was soon republished as [Choquet,
1953-54]. The theory is also covered in Volume I of Choquet’s lecture notes
for a course on mathematical analysis he gave at Princeton University
[Choquet, 1969].

In his writings, Choquet emphasizes that the theory of capacities is closely
connected with potential theory [Dellacherie and Meyer, 1978; Du Plessis, 1970;
Helms, 1963] and that the former theory emerged from the latter. However, the
applicability of his capacities extends far beyond potential theory. For example,
these capacities play an important role in formalizing imprecise probabilities of
various types [Klir, 2006].

Another approach to developing generalized measures was taken in the
1970s by Michio Sugeno, a distinguished Japanese scholar. He tried to compare
membership functions of fuzzy sets with probabilities [Sugeno, 1974, 1977].
Since no direct comparison is possible, Sugeno conceived of the generalization
of classical measures into nonclassical (nonadditive) measures as an analogy of
the generalization of classical (crisp) sets into fuzzy sets. Using this analogy he
coined for the nonclassical (nonadditive) measures the term “fuzzy measures.”

Fuzzy measures, according to Sugeno, are obtained by replacing the addi-
tivity requirement of classical measures with the weaker requirements of
increasing monotonicity (with respect to set inclusion) and continuity. The
requirement of continuity was later found to be too restrictive and was replaced
with a weaker requirement of semicontinuity. For example, lower and upper
probability measures in the various theories of imprecise probabilities, which
are introduced in Section 15.3, are only semicontinuous.

The term “fuzzy measure” in the sense Sugeno introduced it has been
accepted by most researchers working in the area of generalized measures,
including the authors of this book. We published a book entitled Fuzzy Measure
Theory [Wang and Klir, 1992], and we used the term in our other publications.
Unfortunately, the term is confusing since there is no fuzziness involved in so-
called “fuzzy measures.” These are just special nonnegative real-valued set
functions that are defined on specified classes of classical sets, not on classes
of fuzzy sets. However, these functions, as well as any other types of set
functions involved in generalized measure theory, can be fuzzified (defined on
fuzzy sets), as is shown in Chapter 14. This would result then in the term
“fuzzified fuzzy measures,” which is even more confusing. These are the main
considerations that led us to abandon the confusing term “fuzzy measures” and
replace it with a more descriptive term “monotone measures.” We are glad to
observe that some other authors are starting to abandon the other term as well.
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We should mention at this point that monotone measures, as we define them
in this book, do not require continuity. If the requirement of continuity is
added, then we refer to the measures as continuous monotone measures. It is
this class of measures that is equivalent to the class of fuzzy measures, as defined
in our previous book. If the requirement of only lower or upper semicontinuity
is added to monotonicity, we call the measures lower-semicontinuous monotone
measures Or upper-semicontinuous monotone measures, respectively.

In the second half of the twentieth century, some researchers recognized that
the required precision of classical probabilities is not realistic in some applica-
tions. This stimulated interest in investigating imprecise probabilities. It seems
that the notion of imprecise probabilities was first introduced and investigated
by Dempster [1967a]. He was concerned with convex sets of probability mea-
sures rather than single probability measures. For each given convex set of
probability measures, Dempster introduced two types of nonadditive measures,
which he called lower and upper probabilities. These measures are superadditive
and subadditive, respectively, in the sense introduced in Chapter 3, and allow us
to represent probabilities imprecisely by intervals of real numbers rather than
by precise real numbers.

Special types of lower and upper probabilities, referred to as belief measures
and plausibility measures, were later introduced and thoroughly investigated by
Shafer [1976]. The theory based on these two nonadditive measures is usually
called Dempster—Shafer theory or evidence theory. Since belief measures are
always smaller than or equal to the corresponding plausibility measures, the
intervals between belief and plausibility values may be viewed as ranges of
admissible probabilities. The Dempster—Shafer theory may thus be viewed as
a theory that is capable of dealing with interval-valued probabilities. It turns
out that belief measures are Choquet capacities of order infinity, and plausi-
bility measures are alternating capacities of order infinity.

Another theory based upon nonadditive measures, referred to as the theory
of graded possibilities, emerged from the concept of a fuzzy set, which was
proposed by Zadeh [1965]. A fuzzy set is a set whose boundary is not required
to be sharp. That is, the change from nonmembership to membership is allowed
to be gradual rather than abrupt. This gradual change is expressed by a member-
ship function of the fuzzy set, which assigns to each individual of a given
universal set its degree of membership in the fuzzy set. If these degrees are
expressed by values in the unit interval [0, 1], the fuzzy set is called standard. At
this time standard fuzzy sets are the most common, and these are the only fuzzy
sets that are considered in this book. A fuzzy set is called normalized if the
supremum of its membership function is 1. It is clear that classical sets are
special fuzzy sets in which each degree of membership is either 0 or 1. These
special fuzzy sets are usually referred to as crisp sets.

Given a standard fuzzy set that is normalized, Zadeh [1978] defines a possi-
bility function associated with the fuzzy set as numerically equal to its member-
ship function. Then, he defines a possibility measure by taking the supremum of
the possibility function in each crisp set or, more generally, fuzzy set of concern.
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If the fuzzy set is not normalized the possibility function must be defined in a
more general way [Klir, 1999]. The fuzzy-set interpretation is only one of several
other established interpretations of the theory of graded possibilities.

It turns out that possibility measures also emerge from Dempster—Shafer
theory. They are plausibility measures with a special mathematical structure. In
this context, possibility measures are usually called consonant plausibility mea-
sures [Dubois and Prade, 1988; Klir, 2006]. Their dual measures, which are
special (consonant) belief measures, are called necessity measures.

Similar to Choquet capacities, monotone measures are too loose to allow us to
develop a theory that would capture their full generality and, yet, are of pragmatic
utility. On the other hand, some very special types of general measures appear to
be unnecessarily restrictive in some application contexts. These considerations led
to a more systematic investigation of useful structural characteristics of set func-
tions, primarily by Wang [1984, 1985a], as presented in Chapter 5. These char-
acteristics are essential for capturing mathematical properties of measurable
functions on generalized measure spaces (Chapter 7), and that, in turn, is requisite
for developing a theory of generalized integrals (Chapters 8—12).

There have been many additional developments pertaining to various
aspects of generalized measure theory that we do not deem necessary to cover
in this introduction. Since most of these developments are rather technical and
involve special terminology, we leave their historical and bibliographical cover-
age to Notes accompanying the individual chapters.

Notes

1.1 An overview of relevant concepts and results of classical measure theory is
given in Section 2.2. For further study we recommend the classic text by
Halmos [1950]. An excellent text on classical measure theory by Billingsley
[1986] is recommended to readers that are interested particularly in prob-
ability measures.

1.2 Among many other books on classical measure theory, let us mention a few
that are significant in various respects. The book by Caratheodory [1963],
whose original German version was published in 1956, is one of the earliest
and most highly influential books on classical measure theory. Books by
Chae [1995], Temple [1971], and Weir [1973] provide pedagogically excel-
lent introductions to classical measure theory; they require only some basic
knowledge of calculus and algebra as prerequisites. The book by
Constantinescu and Weber [1985], suitable for a mathematically mature
reader, attempts to unify abstract and topological approaches. Other valu-
able books are by Berberian [1965], Kingman and Taylor [1966], and
Wheeden and Zygmund [1977]. The book by Faden [1977] is an extensive
treatise on the use of measure theory, particularly in the area of economics,
which also contains a good introduction to measure theory itself.
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1.3

1.4

1.5

1.6

1.7

1.8

1.9

1 Introduction

The various shortcomings of classical probabilities and the reasons why
nonadditive measures are needed to overcome these shortcomings are
thoroughly discussed by Walley [1991]. These shortcomings have also
been discussed within the area of generalized information theory [Klir,
2006]. It has been demonstrated that classical probability measures can
capture only one of several recognized types of uncertainty.

The history of classical measure theory and Lebesgue’s integral is carefully
traced in a fascinating book by Hawkins [1975]. He describes how modern
mathematical concepts regarding these theories (involving concepts such as a
function, continuity, convergence, measure, integration, and the like) devel-
oped (primarily in the nineteenth century and the early twentieth century)
through the work of many mathematicians, including Cauchy (1789-1857),
Fourier (1768-1830), Dirichlet (1805-1859), Weierstrass (1815-1897),
Riemann (1826-1866), Borel (1871-1956), Cantor (1845-1918), Hankel
(1839-1873), Jordan (1838-1922), Volterra (1860-1897), Peano (1858-1932),
Lebesgue (1875-1941), Radon (1887-1956), Riecz (1880-1956), Vitali
(1875-1932), Egoroff (1869-1931), Fubini (1879-1943), Young (1863-1942),
Dini (1845-1918), and many others. The book by Saks [1937] is an excellent
overview of the development of the classical theory of integration.

For the history of probability theory, we recommend a book by Hacking
[1975] and a paper by Shafer [1978]. From the standpoint of generalized
measure theory it is most interesting that Bernoulli (1654-1705) and, later,
Lambert (1728-1777) were already concerned with a calculus of probabil-
ities that are not additive and, consequently, are imprecise. Their work,
unfortunately, was forgotten for more than two centuries.

The significance of the contribution by Kolmogorov [1950] to the transition
from a classical foundation of probability, which emerged early in the
eighteenth century, to a measure-theoretic foundation is thoroughly dis-
cussed by Shafer and Vovk in an extensive report entitled “The Origins and
Legacy of Kolmororov’s Grundbegriffe” on the following website: http://
www.probabilityandfinance.com. This report, which was prepared in 2005
and consists of more than 100 pages, contains a large list of references
pertaining to the discussed issue. A shorter version of this report is [Shafer
and Vovk, 2006]. The evolution from Lebesgue’s measure and integral to
Kolmogorov’s axiomatic formulation of probability theory is also well
described in papers by Doob [1994] and Bingham [2000].

The literature dealing with classical probability theory is abundant. Per-
haps the most comprehensive examination of foundations of classical
probability theory was made by Fine [1973].

A very valuable resource regarding classical as well as generalized measures
and the associated integration is a Handbook edited by Pap [2002a].

In our previous book [Wang and Klir, 1992] fuzzy measures are defined as
monotone and continuous, nonnegative, real-valued set functions that
vanish at the empty set. In the literature the term “fuzzy measure” is usually
used in this sense, but in some publications the continuity is not required.



Chapter 2
Preliminaries

2.1 Classical Sets
2.1.1 Set Inclusion and Characteristic Function

Let X be a nonempty set. Unless otherwise stated, all sets that we consider are
subsets of X. Set X is called a universe of discourse or a universal set. The
elements of X are called points. Universal set X may contain finite, countably
infinite, or uncountably infinite number of points. A set that consists of a finite
number of points xj,xs,...,x, (or, a countably infinite number of points
X1, X2, ...) may be denoted by {x1,x2,...,x,}({x1,x2,...}, respectively). A set
containing no point is called the empty set and is denoted by O.
If x is a point of X and E is a subset of X, the notation

xek

means that x belongs to E, i.e., x is an clement of E; and the statement that x
does not belong to E is denoted by

x ¢ E.
Thus, for every point x of X we have
xeX
and
x¢ 0.
A set of sets is called a class. If E is a set and C is a class, then
EeC

means that set £ belongs to class C.

Z. Wang, G.J. Klir, Generalized Measure Theory, 9
DOI: 10.1007/978-0-387-76852-6_2, © Springer Science+Business Media, LLC 2009
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If, for each x, 7(x) is a proposition concerning x, then the symbol
{x]n(x)}
denotes the set of all those points x for which 7(x) is true; that is,
X0 € {x|n(x)} < n(xp)is true.

If the point x is replaced with set E, such a symbol may be used to indicate a
class. For example,

{E|x € E}

denotes the class of those sets that contain the point x.

Example 2.1. Let X = {1,2,...}. Then, 4 = {x|x is odd and less than10} =
{1,3,5,7,9}.

Example 2.2. Let X be the set of all real numbers, which is often referred to as
the real line or one-dimensional Euclidean space. The class {(a,b)| — 0o <
a<b<oo} is the class consisting of all open intervals on the real line.
If E and F are sets, the notation
ECForFDE

means that Eis a subset of F, i.e., every point of E belongs to F. In this case, we
say that F includes E, or that E is included by F. For every set E we have

OCECX
Two sets E and F are called equal iff
EC Fand F C E;
that is, they contain exactly the same points. This is denoted by
E=F.
The symbols C or D also may be used for classes. If E and F are classes, then
ECF

means that every set of E belongs to F, that is, E is a subclass of F.
If Ei, Es, ..., E, are nonempty sets, then

E={(x1,x2,...,x)|x; €E, i=12,...,n}
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is called an n-dimensional product set and is denoted by
E=FE xE,x...xXE,.

Similarly, if {E,|¢t € T} is a family of nonempty sets, where 7 is an infinite index
set, then

E={x,teT|x,€E foreachte T}

is called an infinite-dimensional product set.

Example 2.3. Let X; and X, be one-dimensional Euclidean spaces. Then X =
X1 x Xo = {(x1,x2)]x1 € (—00,00),x2 € (—00,00)} is the two-dimensional
Euclidean space. The set {(x1,x2)|x; > x2} is a half (open) plane under the
line x, = xy, while the set {(x1,x2)|x7 + x3 <2} is the open circle centering at
the origin with a radius r, where r > 0.

Example 2.4. Let X, = {0,1},7 € {1,2,...}. The space

X=X XxXox...xX, x...
={(x1,x2,...,Xp,...)|x; € {0, 1} for each r € {1,2,...}}
is an infinite-dimensional product space. Each point (x, x2,..., Xy, ...) in this
space corresponds to the binary number 0. x;x;...x,... in [0,1]. Such a

correspondence is not one to one, but it is onto.
If E is a set, the function Y, defined for all x € X by

1 ifxekE

Xe(X) = {o it x¢ E,

is called the characteristic function of set E. The correspondence between sets
and their characteristic functions is one to one, that is,

E=F& x,(x) =x,(x), Vx € X.
It is easy to see that
ECFox,(x) < x(x), Vx € X,

and that
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2.1.2 Operations on Sets

Let C be any class of subsets of X. The set of all those points of X that belong to at
least one set of the class C is called the union of the sets of C. This is denoted by

Uc.

If to every ¢ of a certain index set 7 there corresponds a set £;, then the union
of the sets of class

{E/|t e T}

may be also denoted by

U E or |JE.
t

teT

Especially, when

C={E, Ea},
then U C is denoted by
E U Ey;
and if
C={E,E,....E,} (C=A{E\, Es...})
then U C is denoted by

EiUE,U...UE, or |JE (U E;, respectively >
i=1 '

i=1

The set of all those points of X which belong to every set of the class C is
called the intersection of the sets of C. This is denoted by (] C. Symbols similar
to those used for unions are available, such as ()., E; (or ), E),
EiNE,, EENEN...NE, (or (., E;), and (2, E;. If Fis a set, the class
{EN F|E € C}is denoted by CN F.

Example 2.5. Let X = {a,b,c,d},C = {{a},{b,c},{b,d},{c,d}}, F = {a,b}.
Then CN F = {{a},{b}, O}.

Example 2.6. Let X = (—o0,00), C={[a,b]| —oc0o<a < b<oc}, F=10,1].
Then, CN F = {[a,b]|0 < a < b < 1}, that s, the class of all closed subintervals
of the unit closed interval.
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It is convenient to adopt the conventions that

U E[ZQ
teT

and
ﬂE[:X
teT

when 7 is empty.

Proposition 2.1. The following statements are equivalent:

(1) ECF:
() EUF=F:
(3) ENF=E.

Two sets E and F are called disjoint iff

ENF=0.

A class C is called disjoint iff every two distinct sets of C are disjoint; in this
case we refer to the union of the sets of C as a disjoint union.

If Eis a set, the set of all those points of X that do not belong to E'is called the
complement of E. This is denoted by E.

Proposition 2.2. The set operations union, intersection, and complement have the
following properties:

Involution: E=E
Commutativity. FUF=FUEFE
ENF=FNE
Associativity: Ul UE)= E;
teT \seS, s€EUier S
ﬂ ( ﬂ Es) - E;
teT \sesS, seEUrer Sy
Distributivity: Fn ( UE|=U(FNE)
teT teT

Idempotence: EUE=E
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Absorption:

Absorption of complement:

Absorption by X and Q:

Identity:

Law of contradiction:

Law of excluded middle:

DeMorgan’s laws:

where S;, T are index sets.

2 Preliminaries
EU(ENF)=E
EN(EUF) = E
EU(ENF)=EUF
EN(EUF)=ENF

EuX=X
ENgd=0
EUQ=E
ENX=E
ENE=0Q
EUE=X
= 0 E
IQTEI - tLEJTE

From the above a duality is suggestive. In general, we have the following
principle of duality: Any valid identity among sets obtained by unions, inter-
sections, and complements, remains valid if the symbols

are interchanged with

N,C, and O

U, D, and X,

respectively (and if the equality and complementation are left unchanged).
If E and F are sets, the set of all those points of E that do not belong to F'is
called the difference of £ and F. This is denoted by

E—F.

If E D F, the difference £ — F'is called proper. Clearly,

E—F=ENF.

The symmetric difference of E and F, in symbols

EAF,
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is defined by
EAF=(E-F)U(F—E).

Let {E\, E>, ...} (or {E,}, briefly) be a sequence of sets. The set of all those
points of X that belong to E,, for infinitely many values of # is called the superior
limit of {E,}, and is denoted by

limsup E, or limE,;
n n

the set of all points of X that belong to E,, for all but a finite number of values of
n is called the inferior limit of {E,}, and denoted by

liminfE, or limE,.
n n

Proposition 2.3.

hmsupE = ﬂ EJCE,,

n=1i=n

oo
lim 1nfE,, = U N E;.

n=1i=n

Example 2.7. Let X = {a, b} and let a set sequence {E,} be defined as follows:

_ J{a} ifniseven . B o B
E, { (b} ifnis odd. Then, limsup, E, = X and liminf, E, = O.

Example 2 8 Let X = ( , 00) and let a set sequence {E,} be defined as
follows: E; =[0,1), E [ 1/2), E5=[1/2,1), E [0 1/4), Es=1[1/4,
1/2), E¢ = [1/2 3/4), E; =[3/4,1), Eg = [0, 1/8) . Then, limsup, E, =
[0,1) and liminf, E, = Q
Proposition 2.4. liminf, £, C limsup, E,

If

limsup E, = liminf E,
n n

we use the notation
Iim E,
n

for this set and say that the limit of {E,} exists and that this set is the /imit of
{E,}. Sometimes we write E, — E when lim, E, = E.
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Example 2.9. Let X ={1,2,...} and let {E,} be a set sequence in which
E, ={n},n=1,2,.... Then, we have

limsup E, = liminf E, = Q.
n n

Hence, the limit of {E,} exists, and lim, E, = .
We say that {£,} is increasing if

E,C Eny, Yn=12,...,
and {E,} is decreasing if
EyD Ent, WYn=12,....

Both increasing and decreasing sequences are called monotone.

Proposition 2.5. For any monotone sequence {E,},lim, E, exists and equals
UE., or (E,
n n

according as {E,} is increasing or decreasing, respectively.

Usually, we write E,  E when {E,} is increasing and lim, E, = E, whereas
we write E, \, E when {E,} is decreasing and lim, E,, = E.

Example 2.10. Let X = (—o0,00). If {E,} is a set sequence in which
E,=[l/n1],n=1,2,..., then {E,} is increasing, and E, /" J, E, = (0, 1]. If
{F,} is a set sequence in which F, = (—(1+1/n),1 4+ 1/n),n=1,2,..., then
{F,} is decreasing, and F, \, (", F» = [-1, 1].

The discussion of monotone sequences { E, } can be generalized to families of
sets { E;|t € T}, where T'is an interval (finite or infinite) of real numbers. If for
any t,7 € T,E, C E, whenever 1 < ¢, then {E,} is increasing, and

hm E[ == U Eh

—1y—

t<tot€T
lim E[ = ﬂ E[,
=t t>tteT

ifforany 1,/ € T,E, D E, whenever t < ¢, then {E,} is decreasing, and

lim E[ == ﬂ E[’
=t t<toteT
hm E[ = U E[,

=t t>t,t€T
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where symbols lim,_,,_ and lim,_,,,; denote the left limit at 7y and the right limit
at ¢, respectively.

The following proposition gives the correspondence between the operations
of sets and the operations of characteristic functions of sets.

Proposition 2.6.
(1) X, =Ssupy, , where E= U E;;
teT ! teT
in particular,
Xeor = MaX(Xgr Xp);
2) Xy = tigt}xfl, where E = zQTE’;

in particular,

X,., = min(x,, x,);

) . Xz =1 =X
4) Xer = X — min(x,, x,) = min(x,, | —x,) = max(0, x, — x,);
(5) X.‘;‘AF = ‘XE - XF|§
(6) Xiim sup s, = LM SUP X
n n
Xllm inf Ep = lim irlf)(l?,, )
n n

and if lim,, E,, exists, then

Xiimy £ — 11'1;1’1 Xk, -

2.1.3 Classes of Sets

Definition 2.1. The class of all subsets of X is called the power set of X, and is
denoted by

P(X).

Definition 2.2. A nonempty class R is called a ring, iff VE, F € R,

FUF e Rand E—F € R.

In other words, a ring is a nonempty class that is closed under the formation
of unions and differences. Because of the associativity of the set union a ring is
also closed under the formation of finite unions.
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Proposition 2.7. The empty set & belongs to every ring.

Theorem 2.1. Any ring is closed under the formation of symmetric differences and
intersections, and, conversely, a nonempty class that is closed under the formation
of symmetric differences and intersections is a ring.

Proof. From
EAF=(E-F)U(F-E)
and
ENF=(EUF)—(EAF),
we obtain the first conclusion. The converse conclusion issues from
EUF=(EAF)A (FNF)
and
E—-F=(EAF)NE. O
Theorem 2.2. A nonempty class that is closed under the formation of intersections,
proper differences, and disjoint unions is a ring.
Proof. The conclusion follows from
EAF=[E— (ENF)|U[F—(ENF)
and Theorem 2.1. O
Example 2.11. The class of all finite subsets of X is a ring.
Example 2.12. Let X be the real line, that is
X = (—00,00) = {x] — co<x<o0}.
The class of all finite unions of bounded, left closed, and right open intervals,
that is, the class of all sets which have the form

n
U{X| —oco<a <x< b,‘<OO},
i=1

is a ring.
Definition 2.3. A nonempty class R is called an algebra iff
(1) VE,F € R,

EUF € R;
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(2) VE € R,

E e R

In other words, an algebra is a nonempty class that is closed under the
formation of unions and complements. Obviously, in this definition, “U” can
be replaced by “N”.

Theorem 2.3. An algebra is a ring containing X and, conversely, a ring that
contains X is an algebra.

Proof. Let R be an algebra. Since

E—-F=ENF=(EUF),
and, if E € R, then
X=EUE € R,

we have the first part of the theorem. Conversely, if R is a ring containing X,
then VE € R,

E=X—-E c R,

and the second part follows. O

Example 2.13. The class of all finite sets and their complements is an algebra.
The property described by this example can be generalized into the following
proposition.

Proposition 2.8. I R is a ring, then RU{E|E € R} is an algebra.
Definition 2.4. A nonempty class S is called a semiring iff

(1) VE, F € S,

ENF eS;

(2) VE, F € S satisfying E C F, there exists a finite class {Cy, Cy,...,C,} of
sets in S, such that

E=CycCc...c(C,=F
and

D,=C;—Ci_; €8S fori:1,2,...,n.

Every ring is a semiring, and the empty set belongs to any semiring.



20 2 Preliminaries
Example 2.14. The class consisting of all singletons of X and the empty set is a
semiring.

Example 2.15. Let X be the real line. The class of all bounded, left closed, and
right open intervals is a semiring.

Definition 2.5. A nonempty class F is called a o-ring iff
(1) VE, F € F,
E—-F cF;
(2) VE; € F,i=1,2,...,
U E; €F.
i=1
Any o-ring is a ring which is closed under the formation of countable unions.

Proposition 2.9. Any o-ring is closed under the formation of countable intersec-
tions; and, therefore, if ¥ is a o-ring and a set sequence {E,} C F, then

limsup E, € F and liminfE, € F.
n n

Example 2.16. The class of all countable sets is a o-ring.
Definition 2.6. A o-algebra (or say, o-field) is a o-ring that contains X.

Example 2.17. The class of all countable sets and their complements is a
o-algebra.

Proposition 2.10. I/ F is a o-ring, then F U{E|E € F} is a o-algebra.

Definition 2.7. A nonempty class M is called a monotone class iff, for every
monotone sequence {E,} C M, we have

lim E, € M.
n

Proposition 2.11. Any o-ring is a monotone class.
Proposition 2.12. If a ring is also a monotone class, then it is a o-ring.

Example 2.18. Let X be the real line. The class of all intervals (the empty set and
singletons may be regarded as intervals: @ = (a,a], {a} = [a, a]) is a monotone
class.

Definition 2.8. A nonempty class F,, is called a plump class iff V{E,|t € T} C F,

JreF, and (E €F,
t t

where T is an arbitrary index set.



2.1 Classical Sets 21

Proposition 2.13. Any plump class is a monotone class.

Example 2.19. Let X be the unit closed interval [0,1]. The class of all sets that
have the form [0, a), or the form [0, a], where a € [0, 1], is a plump class.

The relations among the above-mentioned concepts of classes are illustrated
in Fig. 2.1.

Proposition 2.14. Let E be a fixed set. If C is a o-ring (respectively, ring, semiring,
monotone class, plump class), then so is C N E.

Theorem 2.4. Let C be a class. There exists a unique ring Ry such that it is the
smallest ring including C; that is,

RyDC
and for any ring R,
RD>C= R DR

Ry is called the ring generated by C and is denoted by R(C).

Power Set
Y Y
o -Algebra Plump Class
Y
o -Ring
Y v Y
Algebra Monotone Class
Y Y
Ring
|
Semiring

Fig. 2.1 The ordering of classes of sets
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Proof. P(X)is aring including C. The intersection of all rings including C is also
a ring including C, and it is the desired ring Ry. The uniqueness is evident. O

In the same way, we can also give the concepts of o-ring, monotone class, and
plump class generated by C, and use F(C), M(C), and F,(C) to denote them,
respectively.

Example 2.20. Let X be an infinite set. If C is the class of all singletons, then
R(C) is the class of all finite sets, and F(C) is the class of all countable sets.

Example 2.21. Let X be the real line. If C is the class of all finite open intervals,
then M(C) is the class of all intervals, and F,(C) = P(X).

Proposition 2.15. [f C; C Cy, then K(C)) C K(C3), where K may be taken as R,
F. M, or F,.

Theorem 2.5. Let S be a semiring. Then, R(S) is the class of all finite, disjoint
unions of sets in S.

Proof. Denote the class of all finite, disjoint unions of sets in S by Ry Clearly,
Ry D S.
What follows is a proof that Ry is a ring.

(1) Ry is closed under the formation of intersections: VE, F € Ry with

n m
E=|JEiand F= ] F,

i=1 Jj=1

where {Ey,...,E,} and {F), ..., F,} are disjoint classes of sets in S, we have

nom
EﬂF:UUE,‘ﬂF/
=1 j=1

and, moreover, we know that
{ENFli=1,2,...,n; j=1,2,...,m}
is a disjoint class. Since S is closed under the formation of intersections,
EiNF e Sforanyi=1,2,...,nand j=1,2,...,m.
Hence, we have

ENF € Ry.
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(2) Ry is closed under the formation of proper differences: For any E and F
given in (1), if F C E, the difference £ — F may be expressed by a finite,
disjoint union of sets having the form

m

E—JF
=1

m
Each E; — | F; may also be expressed by a finite, disjoint union of the setsin S.
j=1

Thus, we have
E—F € R,.

(3) It is evident that Ry is closed under the formation of disjoint unions. By
Theorem 2.2, we know that Ry is a ring.

Finally, since R is closed under the formation of finite unions, if R is a ring
containing S, it should contain every finite union of sets in S. Hence, R D Ry.
This completes the proof. O

Theorem 2.6. F(S) = F(R(S)).
Proof. On the one hand, since S C R(S), by Proposition 2.15, we have

F(S) C F(R(S)).

On the other hand, since F(S) D S and F(S) is a ring, we have F(S) D R(S).
Furthermore, since F(S) is a o-ring, we have

F(S) D F(R(S)).
Consequently, we have

F(S) = F(R(S)). O

Example 2.22. Let X be the real line and let S be the semiring given in
Example 2.15. Then F(S) is called the Borel field on the real line, and it is
usually denoted by B. The sets in B are called Borel sets. We have seen the
process of constructing R(S) from S by Theorem 2.5, and R(S) is just the ring
given in Example 2.12. But the process for constructing B from R(S) is quite
complex. B is also the o-ring generated by the class of all open intervals, by the
class of all closed intervals, by the class of all left open and right closed intervals,
by the class of all left closed and right open intervals, or by the class of all
intervals, respectively.
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Theorem 2.7. If C is a class, then

F,(C) = {U ﬂ Es|Es € C, S, and T are arbitrary index sets}.

teT ses;

Proof. Denote the right part of this equality by E.

(1) E D C because S; and T may be taken as singletons.

(2) By an application of the associativity of the set union, we know that E is
closed under the formation of arbitrary unions.

(3) Because an arbitrary intersection of arbitrary unions of sets in a class C may
be expressed by an arbitrary union of arbitrary intersections of sets in that
class C, and because arbitrary intersections are associative, E is closed
under the formation of arbitrary intersections.

Thus, E is a plump class including C and, therefore, E O F,(C). Conversely, any
plump class including C includes E; hence, F,(C) D E. Consequently,
F,(C) =E. O

Theorem 2.8. For any class C and any set A,
F(C)NA=F(CnNA).

Similar conclusions about rings, monotone classes, and plump classes are true, as
well.

Proof.

(1) F(C) N A is a o-ring and includes C N 4; so
F(C) N4> F(C NA4).

(2) Let

E={EENA € F(CNA),E € F(C)}.

Eis a o-ring, and E D C. So E D F(C), thatis, VE € F(C),
EnAd € F(CNA).
This shows that
F(C)NnA CF(CNA).
Consequently,
F(C)Nn A =F(CnA).

The rest may be proved in the same way. O



2.1 Classical Sets 25

Example 2.23. Let B be the Borel field on the real line. BN [0, 1] is called the
Borel field on the unit interval. It is the o-ring generated by the class of all
intervals in [0, 1].

Theorem 2.9. If R is a ring, then

Proof. From Proposition 2.11, we know that F(R) is a monotone class. Since
F(R) D R, we have

F(R) D M(R).
If M(R) is a o-ring, then we have
M(R) D F(R),

and, therefore, the proof would be complete.

To complete the proof, we need to prove that M(R) is a o-ring. For any set F,
let K(F) be the class of all those sets E for which E— F, F— E, and E U Fare all in
M(R). It is easy to see, by the symmetry of the positions of £ and F in the
definition of K(F), that

E € K(F) & F € K(E).
If {E,} is a monotone sequence of sets in K(F), then we have
li’rln E,— F= li’rln(En — F) € M(R),
F— lirlzn E, = li’gn(F— E,) € M(R),

FUlimE, = lim(FUE,) € M(R),

that is, lim, E, € K(F). So, if K(F) is not empty, then it is a monotone class.
VF € R, if E € R, then E € K(F); that is, R C K(F). It follows that

M(R) c K(F), VF € R.

Hence, VE € M(R),VF € R, we have E € K(F); therefore, by symmetry,
F e K(E); that is,

R C K(E),
for anyE € M(R). Noting again that K(E) is a monotone class, we have

M(R) C K(E), VE € M(R).
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This shows that M(R) is a ring. From Proposition 2.12, we know that M(R) is a
o-ring. O
Corollary 2.1. A monotone class including a ring includes the o-ring generated by
this ring.

2.1.4 Atoms and Holes

Let C be an arbitrary nonempty class of subsets of X.

Definition 2.9. For any pointx € X, theset(\{E|x € E € C}iscalled the atom
of C at x, and denoted by A(x/C). If there is no confusion, it will be called the
atom at x, or atom for short, and denoted by A(x). The class of all atoms of C is
denoted by A [C], that is,

AlC] = {4(x/C)

x € X}

Clearly, for every x € X,x € A(x). So, every atom is nonempty.
When U C # X, then A(x/C) = X for any x ¢ |JC. Thus, if we write

AT[C]={4A(x/C)x € |JC},
then we have

A[C] — AT[C] © {X}.

Proposition 2.16. If x € E € C, then A(x) C E.

Example 2.24. Let X = {a,b,c},C = {4,B,C}, where 4 = {a}, B={a,b},
C ={b,c}. Then, A, {b}, and C are atoms. That is, 4 = 4(a), {b} = A(b),
C = A(c). From this example, we can see that it is not necessary that all sets in C
be atoms of C, and that all atoms of C belong to C. But, if C is closed under the
formation of arbitrary intersections, then we have

AlC] C C;
that is, in this case, VA4(x),

A(x) =({Elx € E € C} € C.

Example 2.25. If C=P(X), then A[C] = {{x}|x € X}.
Proposition 2.17. U A~ [C]=UC.

Theorem 2.10. Any set in C may be expressed by a union of atoms of C; moreover,
any intersection of sets in C may be expressed by a union of atoms of C.
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Proof. 1t is sufficient to prove the second conclusion.
Let {E,|t € T} be a family of sets in C. We have

ﬂTE, = {A(x)|x € ﬂTE,}

In fact, on the one hand, by Proposition 2.16, for any x € (,. £, and any
teT,

A(x) C E,.
So, forany x € (N, 7 Ei,

A(x) C () E;,

teT

and it follows that

U{A(x)|x €N Et} c ) E:-

teT teT

On the other hand, since x € A4(x), we have

teT teT teT

N E = {x|x €N E,} C U{A(x)|x €N Et}.

The proof is thus complete. O
Theorem 2.11. Any intersection of atoms may be expressed by a union of atoms.

Proof. Since any atom of C is an intersection of sets in C, by Theorem 2.10 and
the associativity of intersections, we obtain the conclusion.

Example 2.26. Let X = {a,b,¢,d}, C={A4,B,C,D}, where 4 = {a,c,d}, B
{b,c,d}, C={c}, D={d}. Then, A(a) = 4, A(b) =B, A(c) =C, A(d) =
We have

|

D.
A(a) N A(b) = A(c) U A(d).

Theorem 2.12. If A’ € A[C],x € A', then A(x) C A’
Proof. Let

A =AX)={E¥ € E€ C} =) E,
teT
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where £, € C, T is an index set. Since x € A’, we have x € E, forallt € T.
Therefore, by Proposition 2.16, A(x) C E, for all t € T. Consequently, we have

A(x)c A'. 0
Theorem 2.13. A(x/C) = A(x/A[C]) for any x € X, and A[C] = A[A[C]].
Proof.Vx € X, if x € Bforsome B € A[C], we have, by Theorem 2.12,
A(x/C) C B,
and, therefore,
A(x/C) Cc {B|x € B € A[C]}.
Reviewing x € 4(x/C) € A[C], we have
A(x/C) D ({Blx € B € A[C]}.
Thus,
A(x/C) = ({Blx € B € A[C]} = A(x/A[C]).

Consequently, we have

Theorem 2.14. A[C U A[C]] = A[C].
Proof.Vx € X,

A(x/CUA[C]) = N{Elx € E € CUAC]}
= (N{Ex € E€ CHN(N{Elx € E € A[C]}).
= A(x/C) N A(x/A[C]) = A(x/C)

Thus,

A[CUAC] = A[C]. O

Theorem 2.15. If C' = {{J,.E/|E, € C,t € T, T is an arbitrary index set},
then A[C'] = A[C].
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Proof. UC' =JC.Vx € |JC, by absorption, we have

A(x/C')=N{E|x € E € C'}

:U{U E/|x € UteTE,,E, € C,t € T,Tis an arbitrary set}.

teT

=({E|x € E € C} =A4(x/C)

Thus, we have

A[C'] = A[C). O

Theorem 2.16. If C is closed under the formation of difference, then A [C]| is a
partition QfU C (Definition 2.18).

Proof. Since UA~[C] = JC, we only need to prove that the different atoms in
A" [C] must be disjoint, that is, VA(x), A(y) € A™[C],

A(x) # A(y) = A(x) N A(y) = Q.

If both x € A(y) and y € A(x), then, by Theorem 2.12, we have
A(x) = A(y). So, when A(x) # A(y), we can suppose x ¢ A(y) without any
loss of generality. In this case, if there exists z € A(x) N A(y), we have the result
that, from x ¢ A(y) and z € A(y), there exists £ € C such that x ¢ E, but
z € E. Thus, if we take F € C, satisfying x € F and set G = F — E, then
x € G € C,butz ¢ G. This contradicts the fact that z € A(x). Therefore, we
have A(x) N A(y) = 9. O

Corollary 2.2. If'F is an algebra, then A[F] is a partition of X.

The following theorem provides an expression of F,(C) by the atoms of C.
Theorem 2.17. F,(C) = {{J,. y 4|4, € A[C], T is an arbitrary index set}.

Proof. By Theorem 2.7, Theorem 2.10, and the associativity of set unions, the

conclusion immediately follows. O
Theorem 2.18. A[F,(C)] = A[C].
Proof. Tt follows directly from Theorems 2.13, 2.15, and 2.17. O

Theorem 2.19. F,(C) = F,(A[C]).

Proof. From the definition of the atom and Theorem 2.10, the equality is easily
obtained. O
A concept of AU-class is interrelated closely with the concept of the atom.
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Definition 2.10. The A U-class is a nonempty class C with anticlosedness under
the formation of unions, that is, VC' C C,

UcecCc=C eC.

By the convention for operations of union and intersection (introduced in
Section 2.1.2), if C’ is an empty class, then Uc =o. Hence, if @ € C,and Cis
an AU-class, it should follow that @ € C’. This is a contradiction. So, no AU-
class contains the empty set O.

Proposition 2.18. If C is an AU-class, then all nonempty subclasses of C are
AU-classes as well.

Theorem 2.20. A[C] is an AU-class.
Proof. Let {A(x)|x € D} be a family of atoms of C. Denote
B=J{A(x)|x € D} = |J A(x).

xeD

If B € A[C], then Jxy € B such that B = A(x,). From xy € (J,.p 4(x), we
have xg € A(x;) for some x;, € D. By applying Theorem 2.12, it follows that

A(x)) D A(xg) = B.

The inverse inclusion relation is evident. Consequently, we have
B=A(x;) € {A(x)|x € DC ] C}.

This shows that A[C] is an AU-class. O
In general, if C is an AU-class, a set in C may not be an atom of C.

Example 2.27. X and C are given as in Example 2.24. It is easy to verify that C is
an AU-class, but B is not an atom of C.
However, we have the following property.

Theorem 2.21. Let C be an AU-class. If C D A[C], then we have

C = A[C].

Proof. If C # A[C], then there exists a nonempty set E € C, but E¢ A[C]. By
Theorem 2.10 there exists a family of atoms {4t € T} such that E = J,. ;4.
Since C is an AU-class, 31p € T such that E = A4,, € A[C]. This contradicts
E ¢ A[C]. O

A dual concept to the “atom” is the “hole.”
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Definition 2.11. Let C = {E|E € C}. For any point x € X, the set
U{Elx € E € C}

is called the hole of C at x, denoted by H(x/C), or H(x) for short. The class of all
holes of C is denoted by H[C].
We can also write

H(x/C) = | J{E|x ¢ E € C}.
It is evident that, for any x € X, x¢ H(x/C). So, X is not a hole.
The relation between hole and atom is given in the following proposition.
Proposition 2.19. H(x/C) = A(x/é)

Example 2.28. We use X and C given in Example 2.24. In this case, 4 = {b, ¢}
= C,B={c}, C={a} = A. Consequently, H(a) = C, H(b) = A, H(c) = B.

Example 2.29. If C = P(X), then H[C] = {{x}|x € X}.
Definition 2.12. The A/l-class is a nonempty class C with anticlosedness under
the formation of intersections, that is, VC' C C,

NC e C=NC eC.

All properties of the AU-class can be easily converted into analogous proper-
ties of the Al-class by replacing atoms with holes [Liu and Wang 1985, 1987].

2.1.5 S-Compact Space

Let C be a nonempty class of subsets of X. Usually, we also use the term “space”
to mean (X, C). Especially, when C is a o-algebra (or o-ring), denoted by F, we
call (X, F) a measurable space, and the sets in F are called measurable sets. We
say (X, C) or (X, F) is to be finite, countable, or uncountable if X is finite,
countable, or uncountable, respectively.

Definition 2.13. (X, C) is said to be S-precompact iff for any sequence of sets in C
there exists some convergent subsequence, that is, V{E,} C C,3{E, } C {E,}
such that,

limsup E,, = liminf £, ;

(X, C) is said to be S-compact iff it is S-precompact and the limit of the above-
mentioned subsequence belongs to C, that is, V{E,} C C,3{E,,} C {E,} such
that lim; E,, exists and

limE, € C.

Obviously, any S-precompact measurable space is S-compact.
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Example 2.30. Any finite space is S-compact. In fact, if (X, C) is a finite space,
then C is finite too. So, from any sequence of sets in C, we can always pick out a
subsequence in which all sets are identical; therefore, this subsequence con-
verges to the same set as that in the subsequence.

From the above example we can also see that, although X is not finite, (X, C)
is S-compact so long as C is finite.

Example 2.31. If C is a nest (or, say, a chain; in this case it is fully ordered by the
inclusion relation between sets), then (X, C) is S-precompact. To show this, it is
sufficient to prove the following lemma.

Lemma 2.1. If C is an infinite nest, then there exists a monotone subsequence of
sets in C.

Proof. According to the order given by the inclusion relation, if there exists
D C C that does not have the greatest element, then we can pick out an
increasing sequence of elements (that is, sets) in D (and therefore, in C). Other-
wise, any subset of C has its greatest element. Thus, we take the greatest element
of C as E), the greatest element of C — {E;} as E,, the greatest element
of C—{E, E»} as Es,.... Finally, we obtain a decreasing subsequence {E,}
of C. O

In the following, we give an example of the non-S-precompact space, in
which the universe of discourse X is an uncountable set.

Example 2.32. Let X, be a set that contains at least two points,
X=X x X2 Xx...x X, x...be an infinite-dimensional product space, where
X;=Xy, i=1,2,...,and C = P(X). Take a € X, arbitrarily and denote

Ay =X1 x Xo X ... X X, x{a} x Xy X ...

A, is an nth dimensional cylinder set based on {a}. Then, for such a set sequence
{4,} there exists no subsequence that is convergent. In fact, for any given
subsequence {A4,,} C {4,}, we take b € Xy — {a} arbitrarily, and set

{a ifk=nyi=1,2,...
X =

b else.

Denote x = (x,x2,...); then x € A4,,,butx ¢ 4, ,,i=12,....
So,

x € limsup 4,,,
i

but

x liminf 4,,.
L
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That is, the subsequence {A4,,} does not converge. Therefore, (X, C) is not
S-precompact.
For a countable space we have an affirmative conclusion.

Theorem 2.22. If X is countable, then (X, C) is S-precompact.

Proof. Denote X = {x1,x2,...}. Any subset E of X corresponds uniquely to a
binary number

B(E) =1bx (1/2) 4+ 2b x (1/2)* + ... 4 b x (1/2)" + ...
= 0.4bsb... b ..
in [0,1], where

b{l if x; € E
' 0 ifx;¢E.

We should note that such a correspondence is not one to one; for example, {x; }
corresponds to 0.1, {x;} corresponds to 0.0111...,but 0.1 = 0.0111....

For an arbitrarily given set sequence {E,} C C,{E,} corresponds to a num-
ber sequence {b,} C [0, 1] with E,—b,. Since {b,} is bounded, there exists a
convergent subsequence {b,}. If all b,,i=1,2,..., are constant, then the
conclusion of this theorem is obviously true. Otherwise, we can suppose, with
no loss of generality, that {b,,} is strictly decreasing, and b,, — b € [0, 1]. If we
adopt the restriction that b is represented by a binary number with infinitely
many zeros after its decimal point, then b corresponds uniquely to a set £ by the
converse of the above-mentioned correspondence. It is not difficult to see that £
must be an infinite set. Arbitrarily fixing a bit ;b of b, we have ;b,, = ;b when i is
large enough. That is to say, there exist at most finitely many sets in { £, } that
do not contain x; when x; € E; and there exist at most finitely many sets in
{E,} that contain x; when x; € E. This shows that x; € liminf; E,, when
x; € Eand x; € liminf; E,, = limsup; E,, when x; € E, namely,

liminf E,, D E and limsup E,, D E.

The latter implies that

limsup E,, C E.

So,

limsup E,, C E C liminf E,,.

This means that lim; E,, exists.
Thus, we have proved that (X, C) is S-precompact. O
If we consider a measurable space (X, F) with X' € F, then, by Theorem 2.16,
A[F]is a partition of X. The quotient space (X4, F4) induced by A[F] from (X, F)
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(Definition 2.19) is called the reduced space of (X, F). F and F are isomorphic.
So, we can get a further theorem as follows.

Theorem 2.23. If the reduced space of (X, F) is countable, then (X, F) is
S-compact.

Proof. The conclusion of this theorem follows from Theorem 2.22 and the fact
that the S-precompact measurable space is S-compact. O

Theorem 2.24. If F is a o-algebra containing only countably many sets (that is, F is
a countable class), then (X, F) is S-compact.

Proof. Since F is a countable class of sets and F is closed under the formation of
countable intersections, every atom A(x/ F ) € F . So, A[F] is a countable
class, too. This shows that the reduced space (X4,F,4) of (X, F) is countable.
Therefore, by Theorem 2.23, (X, F) is S-compact. O

2.1.6 Relations, Posets, and Lattices

Definition 2.14. Let £ and F be nonempty sets. A relation R from E to Fis a
subset of E X F. If (a,b) € R, we say “a is related to b” and write aRb; if
(a,b) ¢ R, we say “a is not related to b” and write aRb. In the special case
when R C E x E, we use “on E” instead of “from E to E.”

Example 2.33. Let X = {a,b, ¢}, E = {a,b}, and B = {0, 1}. The characteristic
function x, of E is a relation (denoted by Rp) from X to B. We have
aRpl,bRpl, cREO, aR;0,bR0, cR.1.

Example 2.34. Let X = (—o00,00). The symbol < with the common meaning
“less than” is a relation on X, and itisa subset of X x X : R = {(x,y)|x<y}. We
have, for example (1,2) € R,(=5,5) € R,(2,1) ¢ R, and (1,1) ¢ R.
Example 2.35. Let X be a nonempty set. The inclusion of sets C is a relation on
P(X); that is, {(E, F)|E C F} is a subset of P(X) x P(X).

Example 2.36. Let E be any nonempty set. The identity relation on E, denoted by
Arp, 1s the set of all pairs in E x E with equal elements:

Arp={(a,a)la € E}.

Example 2.37. Let X ={0,1,2,...}. We can define a relation R; on X as
follows: aRsb iff a = b (mod 3); that is, « and b have the same remainder
when they are divided by 3.

Definition 2.15. Let R be a relation from E to F. The inverse of R, denoted by
R~!, is the relation from F to E which consists of those ordered pairs (b, a) for
which aRb; thatis R™! = {(b,a)|(a,b) € R}.
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It is easy to see that
aRb < bR 'a

and, therefore, we have the following proposition.
Proposition 2.20. (R~)"' = R.

Example 2.38. Let R be the relation given in Example 2.34. Its inverse,
R ={(x,»)|y<x} = {(x,»)|x>»}, has the meaning “greater than” and is
denoted by the symbol >.

Definition 2.16. A relation R on a set E is called:

(a) reflexive iff aRa for each a € E;
(b) symmetric iff aRb implies bRa for any a,b € E;
(¢) transitive iff aRb and bRc implies aRc for any a,b,¢ € E.

Definition 2.17. A relation R on a set E is called an equivalence relation iff R is
reflexive, symmetric, and transitive.

Example 2.39. The identity relation A, as defined in Example 2.36, is reflexive,
symmetric, and transitive; hence, it is an equivalence relation.

Example 2.40. The relation defined in Example 2.34 (“less than,” <) is neither
reflexive nor symmetric, but it is transitive.

Example 2.41. Let X = (—o00,00). The relation described by the phrase “less
than or equal to,” which is usually denoted by the symbol <, is reflexive and
transitive but it is not symmetric.

Example 2.42. The relation R; defined in Example 2.37 is reflexive, symmetric,
and transitive; consequently, it is an equivalence relation.

Definition 2.18. A disjoint glass {E\, Es,...,E,} of nonempty subsets of E is
called a partition of E iff U — Ei=E.

Example 2.43. Let X = {a,b,c,d,e,f, g}, and let

() 4, = {a,c, e},Az = {b}’A3 = {dvg}

(2) B = {aae,g}aB2 = {C7 d}aB3 = {baea.f}

(3) C = {aabaevg}v G = {C}7 G = {dvf}

4 Di=X

(5) £y ={a}, E» = {b}, E5 = {c}, Ea = {d}, Es = {e}, Es = {[}, E7 = {g}.

Then, classes {C1, C2, C3},{D1}, and {E\, E», E3, E4, Es, E¢, E;} are partitions
of X, but {4,, 4,, A3} and {By, B2, B3} are not.

Example 2.44. Let X = [0,00). The class {[n — 1,n)|n = 1,2,...} is a partition
of X.
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Definition 2.19. Let R be an equivalence relation on E. For each x € E, the set
[x] = {y|xRy} is called an equivalence class of E (in fact, it is a subset of E). The
class of all equivalence classes of E induced by R, denoted by E/R, is called the
quotient of E by R, thatis, E/R = {[x]|x € E}.

Proposition 2.21. Let R be an equivalence relation on a set E. Then

] = ] & xRy

for any x,y € E, and E/R is a partition of E.

Example 2.45. For the relation R; defined in Example 2.37, the quotient X/Rj is
formed by the following three distinct equivalence classes:

Ey=1{0,3,6,9,...}
E ={1,4,7,10,...}
E=1{2,58,11,...}

{Ey, E\, E»} is a partition of X = {0,1,2,...}.

Definition 2.20. A relation R on set E is called antisymmetric iff aRb and bRa
imply a = b for any a,b € E.

Example 2.46. The relations given in Example 2.34, 2.35, and 2.41 are
antisymmetric.

Definition 2.21. Let R be a relation on a set E. If R is reflexive, antisymmetric,
and transitive, then R is called a partial ordering on E, and (E, R) is called a
partially ordered set (or, poset).

Example 2.47. Referring to Example 2.35, the pair (P(X),C) is a partially
ordered set.

Example 2.48. Referring to Example 2.41, the pair (X, <) is a partially ordered
set.

Example 2.49. Let F be the set of all generalized real-valued functions on
(—00,00). We define a relation < on F as follows: f < g iff f(x) < g(x) for all
X € (—o0,00). The relation < is a partial ordering on F and, therefore, (F, <) is
a partially ordered set.

From now on we use (P, <) to denote a partially ordered set.

Definition 2.22. Let (P, <) be a partially ordered set and let E C P. An element a
in Pis called an upper bound of E iff x < aforallx € E. An upper bound ¢ of E
is called the least upper bound of E (or supremum of E) iff a < b for any upper
bound b of E. The least upper bound of E'is denoted by sup £ or VE. An element
ain Pis called a lower bound of Eiff a < xforallx € E. Alower bound a of Eis
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called the greatest lower bound of E (or infimum of E) iff b < a for any lower
bound b of E. The greatest lower bound of E is denoted by inf E or A E.

When FE consists of only two elements, say x and y, we may write xV y
instead of V {x,y} and x A y instead of A {x, y}.

Proposition 2.22. If the least upper bound (or the greatest lower bound) of a set
E C P exists, then it is unique.

Definition 2.23. A partially ordered set (P, <) is called an upper semilattice (or
lower semilattice) iff x V y (or x A y, respectively) exists forany x,y € P.(P,<).
is called a /lattice iff it is both upper semilattice and lower semilattice.

Example 2.50. The partially ordered set (P(X),C) is a lattice. For any sets
E FC X,EUF=sup{E,F} and ENF = inf{E, F}.

Definition 2.24. A partially ordered set (P, <) is called a fully ordered set or a
chain iff either x < y or y < xforany x,y € P.

Example 2.51. The partially ordered set (X, <) of Example 2.41 is a fully
ordered set.

Example 2.52. The partially ordered set (F, <), of Example 2.49 is not a fully
ordered set.

Example 2.53. The partially ordered set (P(X), C) is not a fully ordered set if X
consists of more than one point.

The fully ordered set ((—o0, 00), <) has many convenient properties. One of
them, which is often used in this text, is expressed by the following proposition.

Proposition 2.23. Let E be a set of real numbers. If E has an upper bound (or a
lower bound), then sup E (or inf E) exists; furthermore, for any given € > 0, there
exists x = x(e) € E such that sup E < x + ¢ (or x — e <inf E, respectively ).

2.2 Classical Measures

Let X be a nonempty set, C be a nonempty class of subsets of X, and
p: C — [0, oo] be a nonnegative, extended real valued set function defined on C.

Definition 2.25. A set E in C is called the null set (with respect to p) iff u(E) = 0.
Definition 2.26. 1 is additive iff

H(EUF) = p(E) + u(F)
whenever

Eec CFeCEUFeC, and ,ENF=0.
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Definition 2.27. p is finitely additive iff

u(LjJ Ei) = zn:u(Ef)

for any finite, disjoint class { £, E», . .., E, } of sets in C whose union is also in C.

Definition 2.28. 1. is countably additive iff

u(L_Oj Ei) = ZOC:M(EJ

for any disjoint sequence {E, } of sets in C whose union is also in C.

Definition 2.29. y is subtractive iff
EcCFe CECFF—-E € C, and pu(E)<oo

imply

u(F = E) = p(F) — p(E).

Theorem 2.25. If i is additive, then it is subtractive.

Definition 2.30. p is called a measure on C iff it is countably additive and there
exists E € C such that u(E) <oc.

Example 2.54. If u(E) = 0,VE € C, then p is a measure on C.

Example 2.55. Let C contain at least one finite set. If 4(E) = |E|,VE € C, where
|E| is the number of those points that belong to E, then y is a measure on C.

Theorem 2.26. If 1 is a measure on C and @ € C, then u(@) = 0. Moreover, i is
finitely additive.

Definition 2.31. Let 1 be a measure on C. A set E in C is said to have a finite
measure iff p(E)<oo; E is said to have a o-finite measure iff there exists a
sequence {E,} of sets in C such that

EC UEn and pu(E,) <oco,n=1,2,....

n=1

w is finite (or o-finite) on C iff every u(E) is finite (or o-finite, respectively) for
every E € C.
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Definition 2.32. Let i be a measure on C. yu is complete iff

E € C,FC E,and u(E) =0
imply
F e C

In other words, a measure on C is complete if and only if any subset of a null set
belongs to C.

Definition 2.33. p is monotone iff
E e CFeCand ECF
imply
1(E) < pu(F).

In the following, we take a semiring S, a ring R, and a o-ring F, respectively,
as the class C, and p is always a nonnegative, extended real-valued set function
on this class.

Theorem 2.27. Let S be a semiring. If p is additive on S, then it is finitely additive
and monotone.

Definition 2.34. 1 is subadditive iff

p(E) < p(Er) + p(E)
whenever

EeC E €C, E €C, and E=E|UE,.

Definition 2.35. p is finitely subadditive iff
n
W(E) <> p(E)
=1

for any finite class {Ey, Es, ..., E,} of sets in C such that E=J__, E; € C.
Definition 3.36. p is countably subadditive iff

W(E) < S ulE)
i=1

for any sequence {E;} of sets in C such that E = |J.2, E; € C.

Theorem 2.28. If 1 is countably subadditive and p(Q) =0, then p is finitely
subadditive.
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Definition 2.37. Let E € C. pu is continuous from below at E iff
{E,}CcC, EiCE,C..., and lim, E, = F

imply

lim pu(E,) = p(E);
18 continuous from above at E iff

{E,} CC, Ei DE, D...,u(E) <00,
and
li}ln E,=F

imply

lim pu(E,) = p(E).

1 1s continuous from below (on C) iff it is continuous from below at every set
in C; pu1s continuous from above (on C) iff it is continuous from above at every set
in C; p is continuous iff it is both continuous from below and continuous from
above.

Theorem 2.29. If 11 is a measure on a semiring S, then i is countably subadditive
and continuous.

Definition 2.38. Let C; and C, be classes of subsets of X, C; C C,, and u; and u»
be set functions on C; and C,, respectively. u; is called an extension of p; iff
lLLl(E) = H2(E) whenever E € C;.

Let S be a semiring, R(S) be the ring generated by S. Since any set in R(S) can
be expressed by a disjoint finite union of sets in S, we have the following
extension theorem for a measure on S.

Theorem 2.30. If 11 is a measure on S, then there is a unique measure i on R(S)
such that Tt is an extension of . If  is finite or o-finite, then so is .

The extension of i (on S) may also be denoted by 7 [on R(S)] without any
confusion.

Example 2.56. Let X = (—00,00). S = {[a,b)| — co<a < b<oc} is a semiring.
Define a set function x on S by

u(la,b) = b - a.
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1 1s countably additive, and, therefore, p is a finite measure on S. p can be
extended to a finite measure on R(S), the class of all finite, disjoint unions of
bounded, left closed, and right open intervals. More generally, if g is a finite,
increasing, and left continuous real-valued function of a real variable, then

tg(la, b)) = g(b) — g(a),V[a,b) € S

determines a finite measure p, on S, and it can be extended onto R(S).

Example 2.57. Let the ring R consist of all finite subsets of X and f be an
extended real-valued, nonnegative function on X. If we define yx by

p({x1, %2, ., xa}) =Y f(x;) for any {x1,x2,...,%,} € R and p(@) =0,
i=1

then y is a measure on R. In fact, the class S consisting of all singletons of X and
the empty set O is a semiring. If we define . on S by

u({x}) = f(x) for any x € X and p(9) =0,
then p is a measure on S, and the above-mentioned measure 4 on R is just the
extension of this measure on S.

Theorem 2.31. If i is a measure on a ring R, then it is continuous.

Theorem 2.32. Let p be additive on a ring R and (@) = 0. If  is either continuous
from below, or continuous from above at the empty set @ and finite, then it is
o-additive on R.

It should be noted that, on a semiring, an analogous conclusion of Theorem
2.32 is not true.

Example 2.58. Let X = {x]|0 < x < 1,x is a rational number}, S = {{x|a < x
< b, x is a rational number} [0<a < b < I, a and b are rational numbers}.
If we define . on S by

u({xla < x < b,x is a rational number}) = b — q,

then p is finitely additive and continuous, but it is not countably additive.

Definition 2.39. A nonempty class C is hereditary iff
FecC
whenever

E e Cand FCE.
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A hereditary class is a o-ring if and only if it is closed under the formation of
countable unions.

Example 2.59. The classes given in Examples 2.11, 2.14, and 2.16 are hereditary,
and the last one is a hereditary o-ring.

The hereditary o-ring generated by a class C, i.e., the smallest hereditary
o-ring containing C, is denoted by H,(C)

Theorem 2.33. H,,(C) is the class of all sets that can be covered by countably many
sets in C.

Example 2.60. Let X = (—o0,00) and C be the class of all bounded intervals
in X. Then H,(C) = P(X).

If C is a nonempty class closed under the formation of countable unions,
then H,(C) is just the class of all sets that are subsets of some set in C.

Definition 2.40. Let H,, be a hereditary o-ring, u* be an extended, real-valued,
nonnegative set function on H,. p* is called an outer measure iff it is monotone,
countably subadditive, and such that p* (@) = 0.

The same terminology concerning finiteness, o-finiteness, and extension is
used for outer measures as for measures.

Example 2.61. Let X be a finite set and X x X be a product space. P(X x X)isa
hereditary o-ring. Define p* on P(X x X) by

' (E) = [Proj(E)|,¥E € P(X x X),
where Proj(E) = {x|(x,y) € E}. Then p* is a finite outer measure on
P(X x X).

Theorem 2.34. If 1 is a measure on a ring R, then the set function p* on H,(R)
defined by

' (E) :inf{zu(En)En eRn=12..EC UE,,}
n=1

n=1

is an extension of p to an outer measure on H,(R); if u is o-finite, then so is p*.
This outer measure p* is called the outer measure induced by the measure p.

Definition 2.41. Let p* be an outer measure on a hereditary o-ring H,. A set
E € H, is p*-measurable iff

p(A) = (ANE)+ p (ANE),VYA € H,.

Theorem 2.35. If 11" is an outer measure on a hereditary o-ring H, and if F is the
class of all i -measurable sets, then'F is a o-ring, and the set function Ti defined for
every E € F by i(E) = p*(E) is a complete measure on F.

This measure 7 is called the measure induced by the outer measure p*.
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Theorem 2.36. Let ju be a measure on a ring R, p* be the outer measure induced
by u. Then every set in R is p*-measurable, and therefore F(R) C F

Theorem 2.37. If 11 is a o-finite measure on a ring R, then so is the measure [i on
F(R), and [ is the unique extension of 1 on R to F(R).

Theorem 2.38. If 1 is a measure on a o-ring F,
F' = {EAN|E € F, N C F for some F € F with u(F) =0},

then ¥ is a o-ring, and set function 1’ defined for every E € F by u/(EAN) =
w(E) is a complete measure on F'.
This measure g is called the completion of .

Theorem 2.39. If 1 is a o-finite measure on a ring R, then ¥' = F, and 1/ is just
identical with i

Theorem 2.40. If 1 is a o-finite measure on a ring R, then for every € > 0 and every
set E € F(R) that has finite measure there exists a set Ey € R such that

MEA Ey) <e

Example 2.62. In Example 2.56, a finite measure g on R(S) satisfying
w([a,b)) =b —afor any [a—b) € S ={[a,b)| — co<a < b<oc} is obtained.
This measure p can be extended uniquely to a o-finite measure on a o-ring
B = F(R(S)) = F(S), the class of all Borel sets (this class is also a o-field,
so-called Borel field on the real line). The complete measure 7z on B is called a
Lebesgue measure (the incomplete measure g on B is usually called a Lebesgue
measure as well), and the sets in B are called Lebesgue measurable sets of the
real line. More generally, if g is a finite, increasing, and left continuous real-
valued function of a real variable, the measure i, on R(S) obtained in Example
2.56 can be extended uniquely to a complete measure zi, on a o-field F, contain-
ing the Borel field, and the measure 7z, is called a Lebesgue- Stlelt]es measure
induced by g. In particular, if g is a probability distribution function, then g can
uniquely determine a probability measure on the Borel field B on the real line.
At last, it should be noted that not all subsets of X = (—o0, o) are Lebesgue
measurable.

2.3 Fuzzy Sets

Let X be a nonempty set considered as the universe of discourse. A standard
fuzzy set in X (that is, in fact, a standard fuzzy subset of X) is characterized by a
membership function m : X — [0, 1]. A standard fuzzy set is called normalized if

sup m(x) = L.
xeX
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We use the same symbols, capital letters 4, B, C, .. ., to denote both standard
fuzzy sets and ordinary (crisp) sets in classical set theory. Membership functions
of standard fuzzy sets 4, B, C, ..., are denoted by m 4, mp, mc, . ... If A denotes
a standard fuzzy set, then m4(x) is called the grade of membership of x in A. The
class of all standard fuzzy sets is denoted by P(X). Since any ordinary set E in
P(X) can be defined by its characteristic function xz : X — {0, 1}, it is a special
standard fuzzy set and, therefore, P(X) C P(X). In this book, only standard
fuzzy sets are considered, and we refer to them from now on as, simply,
fuzzy sets.

Definition 2.42. If m4(x) < mp(x) for any x € X, we say that fuzzy set 4 is
included in fuzzy set B, and we write A C B or, equivalently, B> A.If A C B
and B C A, we say that 4 and B are equal (or, A equals B), which we write as
A=B8B.

Definition 2.43. Let 4 and B be fuzzy sets. The standard union of A and B,
A U B, is defined by

maup(x) = my(x)Vmp(x), Vx € X,

where V denotes the maximum operator.

Definition 2.44. Let A and B be fuzzy sets. The standard intersection of A and B,
A N B, is defined by

manp(x) = my(x) ANmp(x), Vx € X,

where A denotes the minimum operator.

Similar to the way operations on ordinary sets are treated, we can generalize
the standard union and the standard intersection for an arbitrary class of fuzzy
sets: If {4, € T}isaclass of fuzzy sets, where 7T'is an arbitrary index set, then
U;e 74, 1s the fuzzy set having membership function sup, . 7 my4,(x),x € X, and
Nie 1A, is the fuzzy set having membership function inf;c 7 my4, (x),x € X.

Definition 2.45. Let 4 be a fuzzy set. The standard complement of A, A, is
defined by

m7(x) =1 —my(x), Vx € X.
Two or more of the three basic operations can also be combined. For
example, the difference 4 — B of fuzzy sets 4 and B can be expressed as 4 N B,
so that

my4_p(x) = min[my(x), 1 — mp(x)]

for all x € X. Since only standard operations on fuzzy sets are used in this
book, we omit from now on the adjective “standard” if there is no confusion.
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Example 2.63. Let X = {q, b, ¢} and let fuzzy sets 4, B, and C be defined by the
following membership functions

04 ifx=a
my(x)=<¢ 0.7 ifx=5>
0 if x=c¢,
06 ifx=a
mp(x) =< 1 ifx=»5
02 ifx=c¢,
0.1 ifx=a
me(x) =40 ifx=5b
1 if x =c.
Then, A C B,
04 ifx=a
mAuc(X) = 0.7 ifx=»5
1 if x=c¢,
0.1 ifx=a
mmc(x) = 0 ifx=5»
0 if x=c¢,
and
04 ifx=a
mz(x) =< 0 ifx=5
0.8 ifx=c

Example 2.64. Fuzzy sets can be used to represent fuzzy concepts. Let X be a
reasonable age interval of human beings: [0, 100]. Assume that the concept of
“young” is represented by a fuzzy set Y whose membership function is

1 if x < 25
my(x) ={ (40— x)/15 if25 < x < 40
0 if x > 40

and the concept of “old” is represented by a fuzzy set O whose membership
function is
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0 if x <50
mo(x) =14 (x—50)/15 if 50< x<65
1 if x > 65.

Then, the grade of membership of 28 years of age in Y is 0.8 while that of 45
years of age in O is 0. Consider now the complement of Y and O whose
membership functions are

0 if x <25
my(x) = ¢ (x=25)/15 if 25 <x <40
| if x > 40,
and
1 if x <50
mg(x) =< (65—x)/15 if 50<x<65
0 if x > 65.

These fuzzy sets represent the concepts of “not young” and “not old,” respec-
tively. Fuzzy set ¥ N O whose membership function is

0 if x <25
(x—25)/15  if 25<x<40

myp(x) =< 1 if 40 < x <50
(65— x)/15  if 50<x<65
0 if x > 65,

represents the concept of “neither young nor old,” that is, “middle-aged”
(Fig. 2.2a-2.2¢). Furthermore, we have O C Y that is, “old” implies “not
young.”

Theorem 2.41. The standard operations of union, intersection, and complement of
fuzzy sets have the following properties, where S, and T are index sets:

Involution: A=4

Commutativity. AUB=BUA
ANB=BNA

Associativity: Ul 4= U 4
teT\s€S, SEUrerS:

ﬂ ( ﬂ AS) - ﬂ A
teT \sesS, s€UerS)
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Distributivity: BN < U A,) = J(BNA4,)
(€T teT
su(na) = N@Ua)
teT teT
Idempotence: AUA=A
ANA=A4
Absorption: AU(ANB)=A4
AN(AUB)=4
Absorption by X and O: AUX =X
AN =0
1 1
o 50 100 = (1] 50 00 x
(s} The Membership function of “young” b} The Membership function of “old™
1 1
0 50 00 x o s 50 00 =
() The membership function of "ot young” (@  The membecship function of “not okd”
1
o 50 100
e} The membership function of “middie aged"

Fig. 2.2 Membership functions of fuzzy sets defined on the interval [0,100] and representing
linguistic terms pertaining to age of human beings
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Identity: AU =4
ANX=4

De Morgan’s laws: U 4, = A,
teT teT
m At = Z[
teT teT

In comparison with crisp set operations (see Proposition 2.2), the law of
contradiction and the law of excluded middle are not true for fuzzy sets. This is
illustrated by the following example.

Example 2.65. X and A are given in Example 2.63. The complement A of 4 has a
membership function

0.6 ifx=a
m=(x) =403 ifx=5b
1 ifx=c
We have
04 ifx=a
m,(x)=1403 ifx=»h
0 fx=c
# mo(x).
Similarly,
0.6 ifx=ua

m,7(x)=1407 ifx=»b
1 ifx=c¢

# my(x).

Definition 2.46. Let 4 € P(X). The (crisp) set {x|m4(x) >0} is called the
support of A, and denoted by supp 4.

Definition 2.47. Let 4 € P(X). For any a € [0, 1], the (crisp) sets {x|m,(x) >
a} and {x|m4(x) > a} are called the a-cut and the strong a-cut of A, denoted by
A, and A, respectively.

Obviously, both 4, and 4,,. are nonincreasing with respect to «. Clearly, the
classes {4, € [0,1]} and {A,¢|a € [0, 1]} are nested.

Example 2.66. The fuzzy set Y is as given in Example 2.64. We have
YO‘Q = [O, 37] and Y()A6 = [0, 31].
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Theorem 2.42. Let {A,|t € T} C P(X). Then, for any a € [0, 1],

(UAf> = (Af)a+
teT ar ET

and

Theorem 2.43. Let A € P(X). Then

Z(Jn == (A(]_{y)_;'_).

If we use a symbol « - E to denote the fuzzy set whose membership function is

a ifxekE
m(x) = ,
{0 if x¢ E

for any o € [0, 1] and any crisp set E € P(X), then each fuzzy set can be fully
characterized by its a-cuts, as expressed by the following theorem.

Theorem 2.44. (Decomposition Theorem). For any A € f’(X ),

A= U a-A,.

ael0,1]

Definition 2.48. Let X = (—0c0, 00). A normalized fuzzy set 4 € P(X) s called a
Sfuzzy number if A, is a finite closed interval for each o € (0, 1].

Definition 2.49. A rectangular fuzzy number is a fuzzy number with membership
function having a form as

m(x) = {1 if x € [a,a]

0 otherwise,

where a;,a, € Rwith q; < a,.

A rectangular fuzzy number is identified with the corresponding vector
(a1, a,) and is an interval number, essentially. Any crisp real number « can be
regarded as a special rectangular fuzzy number with ¢; = a, = a.

Definition 2.50. A triangular fuzzy number is a fuzzy number with membership
function
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1 if x =ag
X—a .
Loifx e [ar, ao)
m(x) _ ap —a
T i x e (a, ar|
ayg — dy
0 otherwise,

where a;,ap,a, € R, with @; < ay < a,.

A triangular fuzzy number is identified with the corresponding vector
(aj, ap,ay). A triangular fuzzy number is called symmetric if ay — a; = a, — ap.
Any crisp real number « can be regarded as a special triangular fuzzy number
with a; = ay = a, = a.

Example 2.67. Let X = (—o0, o0). Fuzzy sets 4 and B with

0 if x<6orx>12
my(x)=<¢ (x—6)/3 if6 <x<9
(1I2—=x)/3 if9 < x<12,

0 ifx<2orx >4
mp(x) =< x—2 if2 <x<3
4—x if3<x<4

are triangular fuzzy numbers (Fig. 2.3).

Definition 2.51. A trapezoidal fuzzy number is a fuzzy number with membership
function

dy B,

Fig. 2.3 Membership
functions of triangular
fuzzy numbers 4 and B
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1 if x = [ap, a.]
xX—a .
L it x € [a,ap)
m(x) =23 44
X—a .
Tty e (ac,a,]
ac — a
0 otherwise,

where a;, a4y, a.,a, € R, with a; < ap < a. < a,.

A trapezoidal fuzzy number is identified with the corresponding vector
(aj,ap,a.,a,). A trapezoidal fuzzy number is called symmetric if
ap — aj = a, — a.. Any rectangular fuzzy number (g, a,)can be regarded as a
special trapezoidal fuzzy number with a; = a, and a, = a,. Similarly, any trian-
gular fuzzy number (ay, ay, a,) can be regarded as a special trapezoidal fuzzy
number with a, = a. = ay. Of course, any crisp real number a can be regarded
as a special trapezoidal fuzzy number with ¢; = a4, = a, = a, = a.

Example 2.68. Fuzzy sets Y, M, and O discussed in Examples 2.64 are trape-
zoidal fuzzy numbers.

Definition 2.52. Let X = (—o0, o). A fuzzy set 4 € P(X) is called convex, if
for any xy, x2,x3 € X,

I’}’IA(XQ) > mA(xl) /\mA(X3)

where x| < x < x3.

Theorem 2.45. Any fuzzy number is a convex fuzzy subset of (—oo,00), and its
membership function is upper semicontinuous.

The following extension principle introduced by Zadeh [1975] is a useful tool
for extending nonfuzzy mathematical concepts to fuzzy sets (to fuzzify classical
mathematical concepts).

Extension Principle. Let X1, X5,...,X,, and Y be nonempty (crisp) sets,
X=X x Xy x---x X, bethe product set of X1, X> ..., X, and fbe a mapping
from X to Y. Then, for any given n fuzzy sets A; € 13(X,~), i=1,2,...,n,wecan
induce a fuzzy set B € P(Y) through fsuch that

mp(y) = f(sup )mil’l[mAl(xl)amAz(xz)?'"’mAn(x”)]’
Y=/ (X1,X2,....Xp

where we use the convention that

sup{x|x € [0,00]} =0

xeQ

when f~1(y) = 0.
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As a special case, if x is a binary operator on points in the universe of
discourse X, then, by using the extension principle, we can obtain a binary
operator x (we use the same symbol) on fuzzy sets in P(X):

My, p(z) = sup [my(x) Amp(y)],Vz € X,

Xky=z

where 4, B € P(X).

Now, we can use the extension principle to define addition, subtraction,
multiplication, and division operations on fuzzy numbers, which are general-
izations of the corresponding operations on real numbers.

Definition 2.53. Let A and B be fuzzy numbers. Then A + B, A — B, A - B and
A/B are defined by

myp(z) = Xigg:[m (x) Amg(y)],

my-p(z) = sup [ma(x) Amp(y)],

X—y=z

m.p(z) = sup [my(x) Amp(y)],

X-y=z

and

myp(z) = /sup [ma(x) Amg(y)] (when 0 ¢ supp B)
x/y=z,y#0

for any z € X, respectively.

Example 2.69. Fuzzy numbers 4 and B are given in Example 2.67. Then we have

0 if x<8orx>16
mAH;(x): (X—S)/4 if 8 nglz
(16— x)/4 if12<x< 16

(Fig. 2.4), and

0 if x<2orx>10
my_p(x)=< (x—2)/4 if2 <x<16
(I0—-x)/4 if6 <x<10

(Fig. 2.5). Viewing the real number 3 as a fuzzy number, we have 4 = 3 - Band
B=A4/3.
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Fig. 2.4 Membership
function of 4 + B

Fig. 2.5 Membership
function of 4-B

Fa-s

Definition 2.54. A fuzzy partition of X is a class of nonempty fuzzy sets defined
on X, {4,|i € I}, such that

ZmA,.(x) =1

iel

forall x € X.

Clearly, any fuzzy set on X and its standard complement is a fuzzy partition
of X. The three fuzzy sets that represent the concepts of young, old, and middle-
aged in Example 2.64 form a fuzzy partition of the interval [0, 100].

Notes

2.1. The basic knowledge on sets and classes can be found in numerous books,
including the classic book by Halmos [1950]. For a complete and up-to-date
coverage of classical set theory, we recommend the book by Jech [2003].
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2.2.

2.3.

2.4.

2.5.

2.6.

2.7.

2.8.

2.9.

2 Preliminaries

The concepts of S-precompact and S-compact were introduced by Wang
[1990b].

The concept of o-algebra can be generalized to fuzzy o-field, which is a class
of fuzzy sets. This issue is discussed by Qiao [1990], as well as in Chapter 14.
Basic concepts of classical measure theory are introduced in Section 2.2
following the terminology and notation employed in the classic book on
classical measure theory by Halmos [1950].

Standard fuzzy sets as well as standard operations on fuzzy sets were
introduced in the seminal paper by Zadeh [1965]. Several other types of
fuzzy sets were introduced later [Klir, 2006], but they are not considered in
this book. Set theoretic operations on fuzzy sets are not unique. Intersec-
tions and unions of standard fuzzy sets are mathematically captured by
operations known as triangular norms and conorms (or t-norms and t-
conorms) [Klement et al., 2000, Klir and Yuan, 1995]. Complements of
standard fuzzy sets are captured by monotone nonincreasing functions
¢: [0,1] — [0, 1] such that ¢(0) = 1 and c(1) = 0 [Klir and Yuan, 1995].
The standard intersection and union operations are the only cutworthy
operations among the t-norms and t-conorms, which means that they are
preserved in a-cuts for all a € (0,1] in the classical sense. That is,
(AN B), = Ay N Byand(4U B), = A, U B,. No complements of fuzzy
sets are cutworthy [Klir and Yuan, 1995].

In addition to operations of intersection, union, and complementation on
fuzzy sets, it is perfectly meaningful to employ also averaging operations on
fuzzy sets [Klir and Yuan, 1995].

For the sake of simplicity, we restrict in this book to triangular fuzzy
numbers. A more general concept of a fuzzy number (sometimes called a
fuzzy interval) involves nonlinear functions and its a-cut for a = Imight
be an interval of real numbers [Klir and Yuan, 1995].

Arithmetic operations on fuzzy numbers introduced in Definition 2.53
form a basis for the so-called standard fuzzy arithmetic, which is based
on the assumption that there are no constraints among the fuzzy numbers
involved. If this assumption is not warranted, the constraints must be
taken into account. Principles of constrained fuzzy arithmetic are discussed
in [Klir, 1997, 2006; Klir and Pan, 1998].

The literature on fuzzy set theory has been rapidly growing, especially
during the last twenty years or so. Two important handbooks, edited by
Ruspini et al. [1998] and Dubois and Prade [2000], are recommended as
convenient sources of information on virtually any aspect of fuzzy set
theory. From among the growing number of textbooks on fuzzy set theory,
any of the following general textbooks is recommended for further study:
[Klir and Yuan, 1995a], [Lin and Lee, 1996], [Nguyen and Walker, 1997],
[Pedrycz and Gomide, 1998], and Zimmermann [1996]. Another valuable
resource is the following pair of books that contain classical papers on
fuzzy set theory by Lotfi A. Zadeh, the founder of fuzzy set theory: [Yager
et al., 1987] and [Klir and Yuan, 1996].
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Exercises

2.1.

2.2.

2.3.

2.4.

2.5.
2.6.

2.7.

2.8.

2.9.

Let X = (—o0, o0). Explain the following sets and classes in natural
language:

(@) {X0<x<1}

(b) {X|x<0};

© {{x}x € X}

(d) {E|E C X}.

Let X; =X, =(—00,00),X = X x X5. Use shading to indicate the
following sets on the Euclidean plane:

(@) {(x1,x2)[x1 +x2>1};
(®) {(x1,x2)[x] < x2};
(©) {(x1,x2)|x2>5}.

Prove the following equalities:

(@ (E-G)N(F-G)=(ENF)—G;

(b) (E-—F)—G=E—-(FUG);

() E-(F-G)=(E-F)U(ENQG);

d) (E-F)Nn(G-H)=(ENG)— (FUH).

Prove the following equalities:

(a) EAF=FAE;
(b) EA(FAG) = (EAF)AG;
(©) EN(FAG) = (ENF)AENG).

Prove that lim sup, E, = liminf, E,.
Indicate the superior limit and the inferior limit of the set sequence {E, }
where E,, is given as follows:

(a) E, = (n,n+3/2);

(b) E, = [ay, b,] with @, = min(0, (=2)"); b, = max (0, (—2)");
(c) E,={nn+1,...}

(d) E, = {x|nx is a natural number};

(e) E, = [l/l’l,l’l].

Which set sequence in Exercise 2.6 is monotone and for which does the
limit exist?

Prove:
lim(EU F,) = EUlim F,,
n n
lim(E — F,) = E — lim F,.
n n
Prove Proposition 2.6 (4), (5), and (6).
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2.10.

2.11.
2.12.

2.13.

2.14.

2.15

2.16.

2 Preliminaries

Let X = (—o00, 00) X (—00, 00) = {(x,¥)] — co<x <00, —00<y<o0}.
Prove that the class of all sets that have the form

{(x,y)] —o0<a; < x<by<oo,—0c0<a, < y<by<oco}

is a semiring.

Prove Proposition 2.11.

Is a monotone class closed under the formation of limit operations of set
sequence? Why or why not?

Prove that

F,(C) = {ﬂ U E(|E; € C,S, and T are arbitrary index sets}

teTseS,

Categorize the class C given in the following descriptions as either a ring,
semiring, algebra, o-ring, o-algebra, monotone class, or a plump class:

(a) X = (—00,00),C is the class of all bounded, left open, and right
closed intervals

by X={1,2,..,C={{n, n+1,..}n=1,2,.. } U{D}

(c) Xisanonempty set, Eis a nonempty subset of X, C = {F|E C F C X}

(d) X is a nonempty set, £ is a nonempty subset of X, E # X,
C={FFCE}

(e) X is a nonempty set, E is a nonempty subset of X, C = {E}.

What are the rings (algebras, o-rings, o-algebras, monotone classes, plump

classes, respectively) generated by the classes C given in Exercise 2.14?
Indicate what A [C] is for each of the following classes C:

(a) X=1{1,2,3,4,5}, C={A4,B,C,D,E}, where A = {1,2,3},
B={1,2,4}, C={1},D={2,4}, E=0

(b) X=1{1,2,3,4,5},C={A4,B,C,D,E}, where 4 = {1,2, 3},
B={1,2,4}, C={1},D={1,5},E={4,5}

(c) X=1{1,2,3,4,5},C={A4,B,C,D,E}, where 4 = {1,2, 3},
B=A{l,2,4},C={1},D={1,5}, E={1,2}

(d) Xx={1,2,34,5}, C={4,B,C,D,E}, where A = {4,5}, B={3,5},
C=1{2,3,4,5},D={2,3,4},E={3,4,5}

(€) X = (—o00,),C = {Q,B,B, X}, where B = [0, 0)

() X = (—o00,00),C is the class of all open intervals in X

(g) X = (—00,00), C is the class of all closed intervals in X

(h) X =(—o00,00), C={4,|n=1,2,...}, where 4,=[1 — 1/n,n], n =
1,2

) X={1,2,...}, C={4,|n=1,2,...}, where 4, ={n,n+1,...},
n=12,....
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2.17.

2.18.

2.19.

2.20

2.21.

2.22.

2.23.

2.24.

2.25.
2.26.

2.27.
2.28.
2.29.

2.30.

2.31.

In Exercise 2.16, which classes are closed under the formation of arbitrary
intersections? Verify that A[C] C C for these classes C.

In Exercise 2.16, which classes are AU-classes? Referring to Exercise 2.17,
observe that Theorem 2.21 is applicable in some of these cases.

Prove that

A(x/CiUC,y) = A(x/C;) N A(x/Cy) for any x € X.

May we regard Theorem 2.14 as a special case of this statement?

Prove that if

C = { () E/|E; € C, t € T, T is an arbitrary index sets },

teT

then A[C'] = [C]. Can you find a class larger than C’ for which this result
still holds?

Determine the class H[C] based upon each of the classes given in Exercise
2.16.

Prove that any set in C may be expressed by an intersection of the holes of
C, moreover, prove that any union of sets in C may be expressed by an
intersection of the holes of C.

Use one of the classes given in Exercise 2.16 to verify the conclusion given
in Exercise 2.21.

Prove that

F,(C) = { (| H/|H; € HIC],T is an arbitrary index set }
teT

Prove that if C is closed under the formation of unions then H[C] C C.
In Exercise 2.16, which classes are closed under the formation of unions?
Verify that [H[C] C C for these classes.

Prove that if C is an Al-class then X ¢ C.

Let C be an Al-class. Prove that if C D H[C] then C = HI[C].

In Exercise 2.16, which classes are Al-classes? Referring also to Exercise
2.26, verify, for some class(es) C, the statement suggested in Exercise 2.28.
Let X be the set of all integers and C = P(X). Is (X, C) S-compact?

Take E, = {x|0 < (—=1)"x <n,x € X},n=1,2,....Canyou find a con-
vergent subsequence of {E,}?

Prove that, if (X, C) is S-precompact and 4 C X, then (4,CN A) is
S-precompact.
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2.32.

2.33.

2.34.

2.35.

2.36.

2.37.

2.38.

2 Preliminaries

Prove that if (X, C) is S-precompact and C' C C, then (X,C’) is
S-precompact.

Let X = {1,2,3,4}. Consider the following relation on X:
Ry = {(la l)a (173)}

R, ={(2,2),(3,2),(4,1)}

R; = (174)7 (2’3)}

Ry = (1’ 1)7 (4’ 4)}

Rs = {(15 l)v (2’2)’ (3’ 3)’ (45 4)? (154)}

R¢ = {(la 2)7 (27 1)7 (27 3)7 (11 3)7 (3a 1)}

Ri=XxX

Ry =0

Determine whether or not each relation is

(a) reflexive

(b) symmetric

(c) transitive.

Let X = (—o0, 00) and 2 be the relation on X x X defined by

(x1,01) =2 (x2,)2) iff x; —y1 = x2 — 2.

(a) Prove that = is an equivalence relation.

(b) Find the equivalence class of (2,1).

(¢) Find the quotient X/==.

Let R be a relation on X. Prove that R C A iff R is both symmetric and
antisymmetric.

Let X ={0,1,2,...}. Arelation < on X x X is defined as follows:

(x1,01) < (x2,p2) iff x; < x7 and y; < ys.

Prove that (X x X, <) is a lattice. Show that by replacing X x X with the
two-dimensional Euclidean space (—oo, c0) X (—o0, oo) we still obtain
a lattice.

Let X = [0, 1] and let C consist of @, X, 4 =[0,0.25), B=0,0.5), C =
[0,0.75), and D = [0.25,0.75). Consider a set function x defined on C as
follows: (@) = 0, u(A) = 2, w(B) =2, u(C) =4, (D) =2, p(X) = 4.

(a) Show that p is additive on C.
(b) Can pu be extended to an additive function on the ring generated by C?

Assuming that a set function p is finitely additive on a ring R, show that

u(A U B) = p(A) + p(B) — u(4 N B)

forall 4,B € R.
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2.39. Let X = {x1,x2,x3}. 41 is a set function defined for all singleton of X

with p({x;}) =27",i=1,2,3. Extend x to be a measure on the power set
of X.

2.40. Let (X, F) be a measurable space, 1 be a measure on F. Show that

(09)-, 5,0
i=1 {1, n}[;éﬂ icl

()=, 2, (Ur)
i=1 Ic{l,.“,n}#l;éﬂ icl

where {E|, E>, ..., E,} is a finite subclass of F.

2.41 Prove Theorem 2.28.

2.42. Prove Theorem 2.31.

2.43. Let (X, F) be a measurable space, and let iz be a measure on F. For any
A C X, define set function 1/ by p/(4) = inf{u(E)|4 C E C X}.

and

Does ' coincide with i/ on F? Furthermore, is p a measure on P(X)? If
yes, prove it; if not, construct a counterexample.

2.44. Consider the fuzzy sets 4, B, and C defined on the set (interval)
= [0, 10] by the following membership functions:

2

x when x € [0,1]
ma(x) =4 (2—x)> whenx € (1,2]
0 otherwise

x—2 when x € [2, 3]
mp(x) =< 4—x when x € (3, 4]
0 otherwise

me(x) = max{0,2(x — 3) — (x — 3)*}.

Determine:

(a) plots of the given membership functions and those representing
standard complements of A4, B,and C, and C;

(b) the standard intersection and standard union of B and C;

(c) the a-cut representations of 4, B, and C.

2.45. Viewing fuzzy sets A, B, C in Exercise 2.44 as fuzzy numbers on R,
determine:
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2.46.

2.47.

2.48.

2.49.

2.50.

2.51.

2.52.

2 Preliminaries

(a) A+B+C

(by A—-B-C

(c) AB+ Cand AB-C
(d) BC/A.

Show that under the standard operations fuzzy sets do not satisfy the law
of excluded middle and the law of contradiction.

Show that under the standard operations fuzzy sets satisfy DeMorgan’s
laws.

Considering arithmetic operations on triangular fuzzy numbers, show
that their:

(a) additions and subtractions are again triangular fuzzy numbers;
(b) multiplications and divisions may not be triangular fuzzy numbers.

Show that for any pair of fuzzy sets A and B on X, the concepts of set
inclusion, standard intersection, and standard union are cutworthy (see
Note 2.5).

Prove Theorem 2.42, which states that the operation of standard inter-
section and standard union on fuzzy sets are cutworthy and strong
cutworthy, respectively.

Prove Theorem 2.43, which demonstrates that the standard complement
of fuzzy sets is not cutworthy.

Explain why averaging operations are meaningful for fuzzy sets (even
when they degenerate to crisp sets), while they are not meaningful for
classical sets.



Chapter 3
Basic Ideas of Generalized Measure Theory

3.1 Generalizing Classical Measures

The principal feature of classical measures is the requirement of countable
additivity. When this requirement is replaced with a set of requirements that,
as a whole, are weaker than countable additivity, we obtain a class of measures
that are more general than classical measures. The various classes of measures
obtained in this way can be ordered, at least partially, by their generalities.
Clearly, the weaker the set of requirements employed the more general is the
class of measures characterized by these requirements.

In generalized measure theory the meaning of the term “measure” is thus
considerably broader than its original meaning in classical measure theory.
Since the subjects of generalized measure theory are various types of measures,
including the classical ones, we need to distinguish each type by adding a
suitable adjective to the term “measure.” Thus, for example, when we want to
refer to measures of classical measure theory, we use either the term “classical
measures” or the term “additive measures.”

Within generalized measure theory classical measures are obviously very
special measures. In order to delimit the scope of measures in generalized
measure theory, as understood in this book, we need to characterize the most
general measures that we recognize. This is done in Definition 3.1. First,
however, we need to introduce relevant notation and conventions.

Let X be a nonempty set, C be a nonempty class of subsets of X, and
p: C — [0, 00] be a nonnegative and extended real-valued set function defined
on C. This notation is used throughout the book. However, symbol C usually
signifies a class of subsets of X that is equipped with some mathematical
structure, such as semiring, ring, algebra, o-algebra (or, as a special case,
Borel field), and the like. Similarly, symbol x usually denotes a nonnegative
and extended real-valued set function that possesses some additional
properties, such as monotonicity with respect to set inclusion, continuity,
semicontinuity, and the like. When appropriate, these general symbols are
replaced with special symbols to signify the various special properties involved.
Throughout the whole book, we use the following conventions:

sup{xlx € [0, 0]} =0,
xXeQ

Z. Wang, G.J. Klir, Generalized Measure Theory, 61
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inf {x|x € [0,1]} =1,
xe@d

O0xoco=00x0=0,

Za,':(),

icd

where {a;} is a real number sequence.

Definition 3.1. Set function p: C — [0, oc] is called a general measure on (X, C)
iff 4(@) = 0 when @ € C.

The only requirement in Definition 3.1, one which characterizes general
measures, is usually referred to as vanishing at the empty set. General measures
on (X, C) are thus nonnegative and extended real-valued set functions on C that
vanish at the empty set.

We usually consider a monotone class, semiring, ring, algebra, o-ring,
o-algebra, plump class, or power set of X as the class C on which y is defined.
We always call the pair (X, F), where F denotes a o-ring (or c-algebra), a
measurable space. The triple (X, F, u), where p denotes a general measure, is
then called a general measure space.

Example 3.1. Given a measurable space (X, F), function u defined by p(E) = 1
for a particular nonempty set £ € F and pu(A) = 0 for all sets 4 € F that are
distinct from FE is a general measure.

Example 3.2. Let X = {a, b, ¢} and C = P(X). Function u defined by

0 when 4 = Qor |4|=2
w(A)=40.5 when [4]=1
1 when 4 = X

is a general measure on (X, P(X)).

The two properties required by general measures — nonnegativity and
vanishing at the empty set — are obviously extremely weak requirements. In
most applications various additional properties are needed. Although general
measures are not completely devoid of applications (Note 3.1), their primary
significance in this book is that they provide us with a broad framework under
which all other types of measures, including the classical ones, are subsumed as
special cases. The term generalized measure theory is used in this book for a
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theory that deals not only with additive measures, but also with their various
generalizations, which are nonadditive measures of various types.

3.2 Monotone Measures

In this section, we introduce and examine a very broad class of measures that is
obtained by restricting the class of general measures by the requirement of
monotonicity with respect to set inclusion. Measures in this class are significant
for two reasons: (i) they are quite general in the sense that they subsume all
other types of measures, with the exception of general measures, as special
cases; and (ii) in comparison with general measures the applicability of mono-
tone measures is much greater.

Definition 3.2. Set function u: C — [0,00] is called a monotone measure on
(X, C) iff it satisfies the following requirements:

(MM1) u(9) = 0 when @ € C (vanishing at @);
(MM2) E€ C,Fe C, and E C Fimply u(E) < u(F) (monotonicity).

In the context of some applications, it is desirable that monotone measures
also satisfy one or both of the following requirements:
o0

(CB){E,} CC,E,CE,C -+, and | | E, € C imply
n=1
lim w(E,) = p (U En> (continuity from below);
n

n=1

(CA{E,} CC,E D Ey D -+, u(E))<oo, and (| E, € C imply

n=1

lilgn w(Ey) =p (ﬂ E,,) (continuity from above).
n=1

Monotone measures that satisfy requirement (CB) are called semicontinuous
from below (or lower-semicontinuous monotone measures), and those that satisfy
requirement (CA) are called semicontinuous from above (or upper-semicontinuous
monotone measures). Monotone measures that satisfy both of the requirements
are called continuous monotone measures.

In some application areas (for example, in the area of imprecise probabil-
ities), it is useful to use monotone measures that are normalized in the following
sense: A monotone measure y on (X, C) is said to be normalized iff X € C and
wX) =1.

The comments regarding the usual mathematical structure of class C that are
made for general measures in Section 3.1 apply to monotone measures as well.
Moreover, the terminology regarding finiteness, o-finiteness, and extension
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introduced for classical measures in Section 2.2 is applicable to monotone
measures and their semicontinuous or continuous subclasses as well.

We should mention at this point that measures defined by Definition 3.2,
which are called monotone measures in this book, frequently have been dis-
cussed in the literature under the name “fuzzy measures.” In fact, we used this
term in our previous book [Wang and Klir, 1992]. However, we came to the
conclusion that this term is confusing since it suggests that fuzzy sets are in some
way involved in these measures, which, of course, they are not. The feature that
distinguishes these measures from other types of measures is the property of
monotonicity, expressed by the requirement (MM?2) in Definition 3.2. The term
“monotone measures” is thus far more expressive and transparent than the term
“fuzzy measures.”

Example 3.3. Let p be the Dirac measure on (X, F), i.e., for any £ € F,

1, xo€E
E =
lu( ) {Oa X0¢E,

where x is a fixed point in X. This set function p is a probability measure and,
of course, it is a normalized monotone measure.

Let us observe that any classical measure on a semiring is, in general, a
monotone measure.

Example 3.4. X = {1,2,...,n},C=P(X). If

u(E) = ('ﬁ)

where | E| is the number of those points that belong to E, then p is a normalized
monotone measure. In fact, since the space X is finite, the continuity (from
above and below) is satisfied naturally.

Example 3.5. Let X = {1,2,...} and C =P(X). If
W(E) =|E|- > 27" VE€C,
ick

then p is a continuous monotone measure. In fact, it is clear that . satisfies the
conditions (MM1) and (MM2), and the continuity is guaranteed by the follow-
ing lemma.

Lemma 3.1. If ) and py are continuous, nonnegative, extended, real-valued set
Sfunctions on (X, C), and ) + py and py X po are defined by

(1 + pw2)(E) = 1 (E) + p2(E)
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and

(11 X ) (E) = i (E) x pa(E)

for all E € C, respectively, then both 11y + pp and ) X py are continuous. If
and iy are finite or o-finite monotone measures (or semicontinuous monotone
measures), then so are py + po and p X .

Example 3.6. Let Xy ={1,2,...},X= Xy x Xy, and C=P(X). For any
E € P(X), let

u(E) = |Proj El,
where

Proj E = {x

(x,y) € E}.

Function p satisfies the requirements (MMI), (MM2), and (CB), but it is not
continuous from above. In fact, if E, = {1} x {n,n+1,---}, then E; D E; D
-+, and p(E,) = 1foranyn =1,2,...,but ("2, E, = @, and u(,2, E,) = 0.
So, the set function y is a lower-semicontinuous monotone measure.

Example 3.7. Let f(x) be a nonnegative, extended real-valued function defined
on X = (—o0,00). If

H(E) = sup f(x) VE € P(X),

xek

then p satisfies the conditions (MMI), (MM2), and (CB). But, in general, it is
not continuous from above. So p is a lower-semicontinuous monotone measure

on (X, P(X)).

Example 3.8. Let the measurable space (X, P(X)) be the same as that given in
Example 3.7.if f: X — [0, 1] is such that inf, ¢ y f(x) = 0, then the set function
1 which is determined by

() = inf /1)

for every E € P(X) is a normalized upper-semicontinuous monotone
measure.

For each normalized monotone measure x4 on (X, C), where C is assumed to
contain both @ and X and be closed under complementation, we define for all
A € C another monotone measure, v, via the equation

v(4) = 1 - p(A),
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and we call v the dual monotone measure of u. Clearly, any monotone measure
contains the same information as its dual measure, but the two measures
represent the information differently. It is often preferable to work with pairs
of dual measures rather than with single measures. The definition of duality
applies not only to monotone measures, but to any special subclass of mono-
tone measures as well. Observe that the dual of any additive measure is the
measure itself. That is, additive measures are autodual. For any normalized
monotone measure p, its dual measure v is also a normalized monotone
measure. Moreover, the dual measure of any normalized, monotone, and
lower-semicontinuous measure is a normalized, monotone, and upper-contin-
uous measure. Similarly, the dual measure of any normalized, monotone, and
upper-continuous measure is a normalized, monotone, and lower-continuous
measure.

For any monotone measure u, on (X, C), if sets 4,B,AN B, and A U B are
in C, then

w(AN B) <min (u(A4), u(B)),
(AU B) > max (u(4), p(B)).

These inequalities follow from monotonicity of ;2 and from the simple facts that
ANBC Aand AN B C B, and similarly, AUB D> Aand AU B D B.

Observe that monotone measures, as introduced in Definition 3.2, are
actually monotone increasing set functions. It is certainly possible to define
monotone decreasing set functions as well, simply by replacing requirement
(MM2) in Definition 3.2 with the following alternative requirement:

(MM2') E€ C,Fe C,EC Fimply u(E) > u(F).

A fundamental difference between the two types of set functions is that the one
satisfying requirement (MM?2’) is not a measure, as we understand the concept
of a measure in this book, since it obviously cannot satisfy the requirement of
general measures that they vanish at the empty set. Although monotone
decreasing set functions emerge naturally on intuitive grounds in some applica-
tions (Note 3.2), it is possible, in general, to convert each of them to an
associated monotone measure that contains the same information. Assume,
for example, that o is a decreasing set function on (X, C) such that ¢(@) <oo.
Then, we can define for all 4 € C an associated monotone measure p by the
formula

u(4) = o(@) — o(4).

Clearly, set function p contains the same information as set function o. How-
ever, ;4 is a monotone measure while o is not even a general measure and,
consequently, it is outside the scope of generalized measure theory.
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3.3 Superadditive and Subadditive Measures

It is easy to see that additivity and nonnegativity imply monotonicity, but not
the other way around. However, monotone measures can be usefully classified
from the standpoint of additivity into four classes: (i) additive measures;
(ii) superadditive measures; (iii) subadditive measures; and (iv) monotone mea-
sures that do not belong to any of the other three classes. The superadditive and
subadditive measures, which are quite important in generalized measure theory,
are defined as follows.

Definition 3.3. A monotone measure i on (X, C) is superadditive iff
1 (AUB) = pu(4) + p(B)

whenever AUB € C, 4c€C, BeC, and ANB=0.

Definition 3.4. A monotone measure p on (X, C) is subadditive iff

n(AU B) < p(A4) + u(B)

whenever AUB € C, A€ C, and Be C.

Observe that superadditive measures are capable of expressing a cooperative
action or synergy between sets in terms of the measured property, while
subadditive measures are capable of expressing inhibitory effects or incompat-
ibility between sets in terms of the measured property. Additive measures, on
the other hand, are not able to express either of these interactive effects. They
are applicable only to situations in which there is no interaction between sets as
far as the measured property is concerned. In additive measures superadditivity
and subadditivity are not distinguished; they both collapse into the property of
additivity.

Inclusion relationship among additive measures and the four classes of
measures introduced in Sections 3.1-3.3 is depicted in Fig. 3.1.

General measures

Monotone measures

Superadditive measures

Additive measures

Subadditive measures

Fig. 3.1 Inclusion
relationship among classes
of measures considered

in Sections 3.1-3.3
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3.4 Signed General Measures

The notion of a signed measure refers in classical measure theory to an extended
real-valued and countably additive set function x on a measurable space (X, C)
that assumes at most one of the values +oo and —oo and for which u(9) =0
[Halmos, 1950]. Signed measures in classical measure theory are thus genera-
lizations of classical measures. To emphasize that they are additive, it is more
appropriate within the framework of generalized measure theory to call them
signed additive measures.

In the same way as signed additive measures are obtained from additive
measures, we can obtain signed general measures from general measures. Signed
general measures vanish at the empty set, as general measures do, but they are
not required to be nonnegative. Clearly, each additive measure is also a signed
additive measure, but not the other way around. Each additive measure is also a
monotone measure, but signed additive measures are generally not monotone.
It is easy to show that a signed additive measure 1 on (X, C) is nondecreasing iff
it is an additive measure. This follows from the following two simple facts: (i) if
1 1s an additive measure, then we know that it is also a monotone measure; and
(ii) if p is a signed additive measure that is not an additive measure, then there
exists a nonempty set A € C for which u(4)<0 and, considering the
requirement that u(@) = 0, we have p(4)<p(Q) and 4 O G, which violates
monotonicity. The same arguments and conclusions apply obviously to signed
general measures and monotone measures as well. Inclusion relationship
among four main subclasses of the class of signed general measures is depicted
in Fig. 3.2.

Example 3.9. Let X = {a, b}. Set function p : P(X) — (—o00,00) is defined by
w(@) =0,u({a}) = 0.5, u({h}) = —0.2, and u(X) = 1. Then u is a signed gen-
eral measure on (X, P(X)).

We have the following decomposition theorem for signed general measures,
which is similar to the Jordan decomposition theorem established in classical
measure theory for signed measures. The proof of the theorem for signed

General measures

Monotone measures

Additive measures

Fig. 3.2 Inclusion
relationship among the four
main subclasses of the
signed general measures Signed general measures
discussed in section 3.4

Signed additive measures
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general measures is much simpler than that one for signed measures in classical
measure theory.

Theorem 3.1. Let p be a signed general measure on (X, C). Then u can be
expressed as the difference of two general measures, i.e., jp = 't — u~, where
both it and p~ are general measures on (X, C).

Proof. Define

E) ifu(E)>0
0 otherwise

and

_ [ —p(E) if p(E) <0
wE) = {0 otherwise

for every E € C. Then both p* and p~ are general measures on (X, C) and
w(E) = pt(E) — = (E) for every E € C. O

We may also call (u*, u~) a Jordan decomposition of signed general measure
wif u=pt — =, where both p* and p~ are general measures. Unlike the
classical case, the Jordan decomposition of a signed general measure may not
be unique.

Example 3.10. Consider the signed general measure p given in Example 3.9.
According to the proof of Theorem 3.1,

1 ifE=X
pH(E)=¢05 ifE = {a}
0 otherwise
and
_ 02 ifE=1{b
e = { )
0 otherwise

forevery E € P(X). Then p = " — = and (™, p™) is a Jordan decomposition
of . However, if we take

2 ifE =X
1.5 if E = {a}
1 if E={b)
0 if £E=0
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I fE=X
I ifE =

v (E) = i E = ta)
1.2 if E={b}
0 if £=0,

then (v, v™) satisfies p = v* — v~ and, therefore, it is a Jordan decomposition
of p as well.

Definition 3.5. A Jordan decomposition (¢, 17) of a signed general measure p
is called the smallest Jordan decomposition of p if, for every E € C, p(E) <
vt(E) and p~ (E) < v~ (E) for any other Jordan decomposition (v, v™) of p.

The Jordan decomposition (u*, ) of  employed in the proof of Theorem 3.1
is the smallest one. This property can be seen easily in Example 3.10.

Notes

3.1.

3.2.

Aumann and Shapley [1974] use set functions that we call signed general
measures for the study of non-atomic cooperative games. The term “non-
atomic games” refers to games that involve very large number of players so
that it is reasonable and convenient to represent them as points on a real
line. These games are called “cooperative” since no individual player can
affect the overall outcome and it is thus essential to cooperate and form
coalitions. According to this interpretation, a general measure p defined on
a measurable space (X, C), where X is the set of players and C is a class of
coalitions of players, is a game. For each 4 € C, the number pu(A4) is
interpreted as the total payoff that the coalition 4, if it forms, can obtain
for its members. Other notable publications connecting generalized mea-
sure theory with the theory of cooperative games include [Shapley, 1953,
1971; Schmeidler, 1972; Owen, 1988; Branzei et al., 2005]. The utility of
signed general measures or general measures in other areas is discussed in
[Murofushi et al., 1994].

Special monotone decreasing set functions were introduced and discussed
by the British economist George Shackle in several of his publications
[Shackle, 1949, 1955, 1961]. He employed these functions to express
degrees of potential surprise associated with judgments of individual
human beings regarding future possibilities. The following is his own
concise description of the idea of potential surprise:

It is the degree of surprise to which we expose ourselves when we examine an
imagined happening as to its possibility, in general or in the prevailing circum-
stances, and assess the obstacles, tensions and difficulties which arise in our minds
when we try to imagine it occurring, that provide the indicator of degree of
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3.3.

possibility. This is the surprise we would feel, if the given thing did happen; it is
potential surprise (Shackle, 1961, p. 68):.

As is shown in [Klir, 2002], each of these functions expressing degrees of
potential surprise can be converted to an associated monotone measure—a
possibility measure—that contains the same information. Shackle was
aware of the two ways of expressing the same phenomenon. He preferred
to work with set functions expressing potential surprise because they have
a natural psychological interpretation. However, the associated possibility
measures are more suitable for mathematical treatment.

The concept of monotone measures was first suggested and investigated by
Sugeno [1974, 1977]. However, he introduced these measures under the
name “fuzzy measures.” Although this name is rather misleading, as there
is no fuzziness in monotone measures, it has been quite a popular name in
the literature. Sugeno’s original definition of a fuzzy (i.e., monotone)
measure is based on a measurable space (X, B), where B is a Borel field.
His definition differs from Definition 3.2 in the formulation of continuity.
Sugeno does not distinguish continuity from below and continuity from
above, and defines continuity as follows:

If E,€B for 1<n<oo and sequence {E,} is monotone, then
lim,, N(En> = ﬂ(hmn—wo En)-

Exercises

3.1.
3.2

3.3.

3.4.

Show that the measures in Examples 3.1 and 3.2 are not monotone.
Show that nonnegative monotone decreasing set functions are neither
general measures nor signed general measures.

Consider a monotone decreasing set function o on (X,P(X)) where
X ={a,b,c}, which is defined for all 4 € P(X) by the formula
o(A) = 1/]A|. Determine an associated monotone measure p that contains
the same information as o.

Determine whether each of the following set functions is a monotone
measure, lower-semicontinuous monotone measure, upper-semicontinu-
ous monotone measure, or continuous monotone measure.

(a) X = (—o0,00), Fisthe class of all Borel sets in (—o0, 00), and p (E) = ¢
for any E € F, where ¢ is a nonnegative constant.

(b) Xis the set of all integers, F = P(X),and u(E) = >, i forany E € F.

(c) X is the set of all positive integers, F = P(X), and u(E) = >, pi—
(|E[*/2) for any E € F.

(d) X is the set of all positive integers, F = P(X), and

1 if E#0O
E:
HLE) {0 if £=0

for any E € P(X).
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3.5.

3.6.

3.7.

3.8.
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(e) X={a,b,c¢,d},F =P(X), and

1 if £E=2X
wE)=<¢0 if E=0
1/3  otherwise.

(f) X=10,1)NR,C =Ry ;)N R, where R is the set of all rational num-
bers, Ry ) is the class of all finite unions of left closed right open
intervals in [0, 1), and p is defined on C by

H(ANR) = m(4)

for any 4 € Ryg 1), where m is the Lebesgue measure.

Are there any normalized monotone measures in Exercise 3.4? If the
answer is yes, find their dual monotone measures.

Determine whether each of the normalized monotone measures in Exercise
3.4 and its dual measure (Exercise 3.5) is superadditive, subadditive, or
both.

Consider the measurable space (X,P(X)), where X = {a,b,c}. Find an
example of a set function p on P(X) for each of the classes of measures or
signed measures whose names are given in Figs. 3.1 and 3.2.

Prove Lemma 3.1.



Chapter 4
Special Areas of Generalized Measure Theory

4.1 An Overview

The term “generalized measure theory,” as it is understood in this book, is
delimited by two extremes—the classical theory of additive measures or signed
additive measures at one extreme and the theory of general measures or signed
general measures at the other extreme. There are of course many measure
theories between these two extremes. They are based on measures that do not
require additivity, but that are not fully general as well. Three major types of
measures that are in this category are introduced in Chapter 3. They are
monotone measures and their large subclasses: superadditive and subadditive
measures. The purpose of this chapter is to further refine these large classes of
measures by introducing their various subclasses. We focus on those subclasses
that are well established in the literature.

In Section 4.2, we begin with an important family of measures that are
referred to in the literature as Choquet capacities of various orders. Classes of
measures captured by this family are significant as they are linearly ordered in
terms of their interpretations and methodological capabilities. In some sense
this family of measures is the core of generalized measure theory. Classes of
measures in this family are benchmarks against which other classes of measures
are compared in terms of their roles in generalized measure theory.

After introducing this important family of measures in Section 4.2, we return
to classical measure theory and examine the various ways of how to generalize
it. First, we introduce in Section 4.3 a simple generalization of classical mea-
sures via the so-called /-measures. Next, we show in Section 4.4 that the class of
JA-measures is a member of a broader class of measures that we call quasi-
measures. Each member of this broader class of measures is connected to
additive measures via a particular type of reversible transformation. After
examining quasi-measures, we proceed in Section 4.5 to the strongest Choquet
capacities (referred to as capacities of order oo) and their dual measures
(referred to as alternating capacities of order ~o). These pairs of dual measures,
when normalized, form a basis for a well-developed and highly visible theory of
uncertainty, which is usually referred to in the literature as the Dempster—Shafer
theory. Another important and well-known theory of uncertainty, which is in

Z. Wang, G.J. Klir, Generalized Measure Theory, 73
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some specific way connected with the Dempster—Shafer theory, is possibility
theory. Nonadditive measures upon which possibility theory is based are intro-
duced and examined in Section 4.6. Finally, some properties of finite monotone
measures are presented in Section 4.7.

4.2 Choquet Capacities

Definition 4.1. Given a particular integer k > 2, a Choquet capacity of order k is a
monotone measure ;. on a measurable space (X, F) that satisfies the inequalities

k
u( A]) S (- 'K'“,J( A,-) 4.1)
i—1 I\C\/,\ icK

for all families of k sets in F, where N, = {1,2,...,k}.

Since sets 4; in the inequalities (4.1) are not necessarlly distinct, every Choquet
capacity of order kisalsoof order k' =k — 1,k — 2,...,2. However, a capacity
of order k may not be a capacity of any higher order (k + 1, k + 2, etc.). Hence,
capacities of order 2, which satisfy the simple inequalities

(A1 U Az) = p(Ar) + p(A2) — p(4r N A42) (4.2)

for all pairs of sets in F, are the most general capacities. The least general ones
are those of order k for all k > 2. These are called Choquet capacities of order oo
or totally monotone measures. They satisfy the inequalities

PATU AU UAg) > p(A) = > (AN A)) + —
i i<j (43)
+ (=D A N A0 Ay

for every k > 2 and every family of k sets in F.

It is trivial to see that the set of inequalities (4.2) contains all the inequalities
required for superadditive measures in Definition 3.3 (when 4, N 4, = ©), but
contains additional inequalities (when 4, N A, # ). Choquet capacities of
order 2—the most general class of Choquet capacities—are thus a subclass of
superadditive measures.

Definition 4.2. Given a particular integer k > 2, an alternating Choquet capacity
of order k is a monotone measure y on a measurable space (X, F) that satisfies
for all families of k sets in F the inequalities

k
u( A,-) (- 'K“u( A,-) . (4.4)
i—1 KCNk icK
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Itis clear that the requirements for alternating capacities of some order k > 2
are weaker than those of ordersk + 1,k + 2, . ... Alternating capacities of order 2,
which are required to satisfy the inequalities

p(Ar N Az) < p(Ar) + p(Az) — p(A1 U 42) (4.5)

for all pairs of sets in F, are thus the most general alternating capacities. On the
other hand, alternating Choquet capacities of order co, which are defined by the
inequalities

pA N AN A) <Y (i) = (AU A)) + —
f =i (4.6)
F (=D (A U AU U Ay)

for every k > 2 and every family of k sets in F, are the least general ones.

It is obvious that the set of inequalities (4.5) contains all the inequalities
required in Definition 3.4 for subadditive measures (when 4, N 4, = @), but
contains some additional inequalities (when A4; N 4, # @). Alternating Cho-
quet capacities of order 2—the most general class of alternating Choquet
capacities—are thus subadditive measures, but not the other way around.

Choquet capacities of order k are often referred to in the literature as k-
monotone measures and, similarly, alternating Choquet capacities are often
called k-alternating measures. These shorter names are adopted, by and large,
in this book. For convenience, monotone measures that are not 2-monotone are
often referred to as 1-monotone measures. Using this terminology the inclusion
relationship among the introduced classes of k-monotone and k-alternating
measures for k > 1is depicted in Fig. 4.1.

Theorem 4.1. Let i be a normalized 2-monotone measure on a measurable space
(X, F). Then the dual measure of i, denoted by p*, is a normalized 2-alternating
measure on (X, F).

Proof.

WA N Ay) =1 — p(A N A)
=1—p(4,UA4y)
< 1= p(Ar) = p(Aa) + p(4 N A>)
=1—p(4)+1—p(d) — 1+ p(4 NA4,)
1= () 1 = () — 1+ (A O )

= (A1) + 7 (A2) — i (Ag U A).
O

This theorem can be easily generalized to normalized k-monotone measures
for any k > 2. Observe, however, that the dual measure of a I-monotone
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Monotone measures

Superadditive measures (1-monotone measures)

2-monotone measures

3-monotone measures

k-monotone measures (k > 3)

w-monotone measures

Additive measures

“ee w-alternating measures

k-alternating measures (k > 3)

3-alternating measures

2-alternating measures

Subadditive measures (1-alternating measures)

Fig. 4.1 Inclusion relationship among k-monotone and k-alternating measures for k > 1

measure that is superadditive is not necessarily subadditive, as is shown by the
following counterexample.

Example 4.1. Let X = {a, b, ¢}, F = P(X), and let 1 be the 1-monotone measure
on (X, P(X)) defined in Table 4.1. This measure is clearly normalized and
superadditive, but it is not 2-monotone due to the following two violations of
the required inequalities (4.2):

p(X) = 1<pu({a,b}) + u({b, ¢} — p({b}) = 1.4,
p(X) = 1<p(fa,c}) + p({b,c}) — u({c}) = L.1.

The dual measure of i, denoted in Table 4.1 by p*, is not subadditive due to
the following violation of the inequalities required for subadditive measures in
Definition 3.4:

u({a,b}) = 08> pu({a}) + u({b}) = 0.7,
u({a,}) = 1>u({a}) + u({e}) = 0.6.
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Table 4.1 Superadditive measure x4 and its dual measure p* (Example 4.1)

abc w(A) w(4)
A4:000 0.0 0.0
100 0.1 0.2
010 0.0 0.5
001 0.2 0.4
110 0.6 0.8
101 0.5 1.0
011 0.8 0.9
111 1.0 1.0

The whole family of k-monotone and k-alternating classes of measures plays
an important role in generalized measure theory and, particularly, in its appli-
cations dealing with various types of uncertainty. Especially important are
the classes of 2-monotone and 2-alternating measures, which are the most
general classes in this family, and the classes of co-monotone and co-alternating
measures. They represent important benchmarks from mathematical and com-
putational points of view. These issues are discussed later in the book in various
contexts.

Thus far, we have followed a top-down approach: we started by defining
general measures and we proceeded to defining monotone measures, super-
additive and subadditive measures, and, finally, k-monotone and k-alternating
measures. In the rest of this chapter we switch to the complementary, bottom-
up approach: we start with examining in detail some of the simplest general-
izations of classical measures and we proceed then by enlarging the framework
to discuss the various higher-level generalizations.

4.3 A-Measures

Definition 4.3. A monotone measure y satisfies the A-rule (on C) iff there exists

1

where sup p = supgc ¢ 1(E), such that

WEUF) = p(E) + p(F) + 2+ p(E) - u(F),
whenever

Ee€eC FeC, EUFeCand ENF=0.

u satisfies the finite A-rule (on C) iff there exists the above-mentioned 4 such that
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n HIn 2 e -], asizo
,U<UE1>: =1
=1

1(Er), as A =0

for any finite disjoint class {E|, ..., E,} of sets in C whose union is also in C; p
satisfies the o-A-rule (on C) iff there exists the above-mentioned /, such that

. Iz e -1}, asiro.
M(UE‘) = =
i=1

> WE), as 4= 0,

for any disjoint sequence {E,} of sets in C whose union is also in C.
When 1 = 0, the A-rule, the finite A-rule, or the o-A-rule is just the additivity,
the finite additivity, or the o-additivity, respectively.

Theorem 4.2. If C = R is a ring and p satisfies the A-rule, then  satisfies the finite
A-rule.

Proof. The conclusion is obvious when 1 = 0. Let 2 # 0 and {E|,...,E,} be a
disjoint class of sets in R. We use the mathematical induction to prove

(UE> {HH—A u(E, -)]_1}. (4.7)

From the definition we know directly that (4.7) is true when n = 2. Now,
suppose that (4.7) is true for n = k — 1. We have

o(Us) (L) o)

E)[ + 2 w(E)] + p(Ex)

>)

s

T

[+ 4 p(E)) 1} [+ (B + ()

(17 ()] — 1+ /- u(Em} + u(E)

—

Il
—_

[+ A4 p(E)] = [1+ 2 p(Er)] + 4 u(Ek)}

p(E)] — 1}-

n
~

—N— —— —— "
-
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That is, (4.7) is true for n = k. The proof is complete. O

In fact, Theorem 4.2 holds also when C is only a semiring. This is shown in
Section 4.4, after introducing a new concept called quasi-additivity.

Example 4.2. Let X = {a,b} and C = P(X). If

0 E-0

)02 E={a}

ME =Y 04 E= ()
1 E=x

then p satisfies the A-rule, where 4 = 5. Since C is a finite ring, p satisfies the
finite A-rule and also the o-A-rule.

Definition 4.4. 1 is called a Z-measure on C iff it satisfies the o-A-rule on C and
there exists at least one set £ € C such that p(E) <oo.

Usually the J-measure is denoted by g;. When C is a oc-algebra and
g2,(X) = 1, the Z-measure g; is also called a Sugeno measure. The set function
given in Example 4.2 is a Sugeno measure.

Example 4.3. Let X = {x|,x2,...} be a countable set, C be the semiring con-
sisting of all singletons of X and the empty set &, and {a;} be a sequence of
nonnegative real numbers. Define pu({x;}) =a;,i=1,2,..., and u(@) =0.
Then p is a A-measure for any A€ (—1/supu,00)U{0}, where
sup p=sup({a;li=1,2,...}).

Theorem 4.3. If g, is a A-measure on a class C containing the empty set @, then
2,(9) =0, and g; satisfies the finite A-rule.

Proof. From Definition 4.4, there exists E € C such that g;(F)<oco. When
A =0,g, is a classical measure and therefore g;(@) = 0. Otherwise, 1 # 0.
Since {E, E», E3, ...}, where E, = E5 = --- = @ is a disjoint sequence of sets
in C whose union is E, we have

g(E) =%{ﬁ[l 2 gi(E)) - (1 + 7 gi(E)) - 1},

where E; = O, and i = 2,3, ... That is,

1+ 7-gi(E) =[1+2-g.(E)] - {ﬁ[l +)v'gz(Et)}}-

i=2

Noting the fact that 2 € (—1/sup g, 00) and g;(E) <oo, we know that

0<1l+2-g)(E)<occ.
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Thus, we have

TL0+ 7z =

i=2
and therefore,
14+ g,(9) =
Consequently, we have
2,(9)=0
By using this result, the second conclusion is clear. O

Theorem 4.4. [f g, is a A-measure on a semiring S, then g, is monotone.

Proof. When A = 0 we refer the monotonicity of classical measures (Section 2.2).
Now,let A #Oandlet E€ S, Fe S,and E C F. Since Sis a semiring, F — E =
UL, D;, where {D;} is a finite disjoint class of sets in S, and we have

}{ﬁ[lw-gm)—l}m

i=1

in both cases where 1>0 and 4 <0. By using Theorem 4.3, g, satisfies the finite
A-rule. So, we have

gA(F) = g)v(EU DyU--- UDn)

i=1

= % {ﬁ 1+ 4-g(D)][1 +4-g:(E)] - 1}

n

= g,(E) +%{H (1 +4-gi(D1)] — 1}[1 + 4 g(E)]

i=1

> g,(E). |

Though we can prove directly that any A-measure on a semiring possesses the
continuity now, it seems more convenient to show this fact after introducing a
new concept called a quasi-measure. However, from Theorem 4.3, Theorem 4.4,
and the fact that A-measures are continuous, we know that any A-measure on a
semiring is a monotone measure.

Theorem 4.5. Let g; be a A-measure on a semiring S. Then, it is subadditive when
A<0; it is superadditive when 7.>0; and it is additive when 1. = 0.
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Proof. From Theorems 4.3 and 4.4, we know that y satisfies the A-rule and is
monotone. The conclusion of this theorem can be obtained directly from
Definition 4.3. O

By selecting the parameter 1 appropriately, we can use a A-measure to fit a
given monotone measure approximately.

Theorem 4.6. Let g; be a A-measure on aring R. Then, for any E € R and F € R,
G(E) —gi(ENF)

1+ -g,(ENF)’
G(E) + g:(F) —gu(ENF) + 2-g.(E) - g:(F)

1 —l—)v-g)'(Eﬁ F)
Furthermore, if R is an algebra and g, is normalized, then

3) @:(E) = %

Proof. From

() gi(E-F) =

() giA(EUF) =

S(E) =g (ENF)U(E-F))
=g(ENF) +g(E-F)[1+4-g(ENF)]

we obtain (1). As to (2), we have

S(EUF) =g (EU[F— (ENF])
=g(E) +g(F—(ENF)) [l +4-g(E)

o gi(F) —gi(ENF)

=S A BN

_SE)+ @i(F) —gi(ENF) + 2 - gi(E) - gi(F)
1+ 2-g(ENF)

[+ 4 gi(E)]

Formula (3) is a direct result of (1) and the normalization of g;. O

How to construct a A-measure on a semiring (or ring, algebra, o-ring, o-
algebra, respectively) is a significant and interesting problem. If X = {x;,...,x,}
is a finite set, C consists of X and all singletons of X, p is defined on C such that
w({x;})<wp(X)<ocofori=1,2,...,n, and there are at least two points, x; and
x;,, satisfying pu({x;})>0, j=1,2, then such a set function x is always a
/-measure on C for some parameter 4. When p(X) = X7, u({x;}), 4 = 0; other-
wise, A can be determined by the equation

p(0) =2 TT0 + 2 () 1. 43)

i=1

In fact, we have the following theorem.
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Theorem 4.7. Under the condition mentioned above, the equation
n

L+ 2 p(X) =[]+ 2 n({x:})]
i=1
determines the parameter 4 uniquely:
(1) 2>0 when > p({x:}) <p(X);
i=1
(2) 2 =0 when Z‘T p({xi}) = p(X);
()~ <4<0 when 3= u({x}) > p(0).
Proof. Denote  u(X)=a,p({x;})=a; for i=1,2,...,n, and
Je(A) = Hle (1 + @A) fork =2,... n. Thereis no loss of generality in assuming

a;>0 and a,>0. From the given condition we know that (1 + a;1)>0 for
k=1, ..., nandany 1 € (—1/a, c0). Since

Je(2) = (1 + ard)fi (),
we have
Ji) = ai - fiean(A) + (1 + acd)fi 1 (4),
and
FEG) = 2a - £ 2) + (L + ad) £ ().

It is easy to see that, for any k = 2,...,nand any 1 € (—1/a,c0),if f},_,(2)>0
and f7_, >0, then so are f} (1) and f7/(4). Now, since

f5() =a(14+ al) + ax(1 + a1 2)>0
and
5(A) = 2a1a, >0,

we know that f7(41)>0. This means that the function f,(4) is concave in
(—=1/a, ). From the derivative of f,,(1),

[0)=3"a
i=1

Noting lim;_. f4(4) = oo, we know that, if >_% | @;<a, the curve of f,(1) has
a unique intersection point with the line /(1) = 1 4+ a - 4 (illustrated in Fig. 4.2a)
on some A>0. If Y1 | a; = a, then the line f(4) = 1 + a - 4 is just a tangent of
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Fig. 4.2 The uniqueness of parameter 4
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Jfu(A) atpoint A = 0 (illustrated in Fig. 4.2b), and therefore, the curve of /,,(1) has
no intersection point anywhere else with the line /(1) = 1 +a- 2. If >°7 | a;>a,
since f/,(4)>0,and f(4) = 1 +a- A < 0when 4 < —1/q, the curve of f,, (1) must
have a unique intersection point with the line f(A)=1+a-1 on some
A € (—1/a,0) (illustrated in Fig. 4.2c). Now, the proof is complete. O

If there is some x; such that p({x;}) = u(X), then Eq. (4.8) has infinitely
many solutions (i.e., p is a A-measure for any 1 € (—1/u(X),00)) only when
p({x;}) = 0 for all j # i; otherwise, it has no solution in (—1/x(X), c0).

After determining the value of 4, it is not difficult to extend this A-measure
from C onto the power set P(X) by using the finite A-rule.

Example 4.4. Let X = {a,b,c}, u(X) = 1, u({a}) = p({b}) = 0.2, u({c}) = 0.1.
According to Theorem 4.7, p is a A-measure. Now we use (4.8) to determine the
value of the parameter 4. From (4.8), we have

(140.22)(1+0.22)(1 +0.12) — 1
7

1 =

Y

which results in the quadratic equation,
0.0042% +0.082 — 0.5 = 0.
Solving this equation, we have

,_ —0.08 £ (0.0064 + 0.008)'/
0.008
~0.08 £ 0.12
0.008

=5o0r —25

Since —25 < —1, the unique feasible solution is 4 = 5.

Now we turn to consider constructing a normalized /-measure on the Borel
field for a given 4 € (—1,00). We already know that S = {[ a,b)| —cc< a <
b<oo} is a semiring. If A(x) is a probability distribution function (left contin-
uous) on (—o0, o), then we can define a set function ¢ on S as follows:

oA

This set function % is continuous, and we can define

P(X) = ¢((=00,00)) = lim  ¢([a,b)).

a——00,b—00

Since limy_, A(x) = 0 and lim,_, i(x) = 1, we have

B(X) = 1.
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Moreover, we can verify that such a set function ¢ satisfies the A-rule on S.
In fact, for any [¢,b) € S and [b,¢) €S, [a,b) U [b,c) = [a,c¢) € S and

P([a, b)) + (b, ¢)) + 2 ¢([a, b)) - Y([b, ¢))

h(b) — h(a) (b) h(b) - h(a)
T ha) Tt mb) [1 G H.h(aJ
_ h(b) — h(a) n [h(c) = h(b)] - [1 + 4 - h(b)]

L+A-h(a) [L4+A-hb)]-[1+21-h(a)
_h(c) —h(a)

)
= 1([a,¢)).

It is possible, but rather difficult to verify that such a set function 1) satisfies
the o-A-rule on S and to extend ) onto the Borel field in a way similar to that used
for classical measures. However, if we use the aid of the concept of a quasi-
measure, which is introduced in the next section, this problem becomes quite easy
to solve.

4.4 Quasi-Measures

Definition 4.5. Let a € (0, 00]. An extended real function 6 : [0,a] — [0, 00] is
called a T-function iff it is continuous, strictly increasing, and such that 6(0) = 0
and 0~'({oo}) = @ or {co}, according to @ being finite or not.

Definition 4.6. . is called quasi-additive iff there exists a T-function 6, whose
domain of definition contains the range of u, such that the set function 6 o
defined on C by

(6.0 u)(E) = 6(u(E)), for any E€ C,

is additive; i is called a quasi-measure iff there exists a 7-function 6 such that 6 o
is a classical measure on C. The 7T-function 6 is called the proper T-function of p.
A normalized quasi-measure is called a quasi-probability.
Clearly, any classical measure is a quasi-measure with the identity function
as its proper T-function.

Example 4.5. The monotone measure given in Example 3.4 is a quasi-measure.
Its proper T-function is 0(y) = /¥, y € [0, 1].

Theorem 4.8. Any quasi-measure on a semiring is a quasi-additive monotone measure.

Proof. Let i be a quasi-measure on a semiring S and € be its proper 7-function.
Since any classical measure on a semiring is additive, p is quasi-additive.
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Furthermore, 6 ' exists, and it is continuous, strictly increasing, and #~'(0) = 0.
So,pu=0""0(fop) is continuous, monotone, and (&) = 0. That is, u is a
monotone measure. O

Theorem 4.9. If 1 is a classical measure, then, for any T-function 0 whose range
contains the range of i, 0~ o p is a quasi-measure with 0 as its proper T-function.

Proof. Since § o (§=! o ) = p, the conclusion of this theorem is clear. O

Theorem 4.10. Let o be quasi-additive on a ring R with u(Q) = 0. If w is either
continuous from below on R, or continuous from above at @ and finite, then p is a
quasi-measure on R.

Proof. Since p is quasi-additive, there exists a 7-function # such that 6 o y is
additive on R. The composition 6 o 1 is either continuous from below on R, or
continuous from above at @ and finite. So 6 o u is a measure on R (Section 2.2,
Theorem 2.32). That is, p is a quasi-measure on R. O

Corollary 4.1. Any quasi-additive monotone measure on a ring is a quasi-measure.
Now, we return to solve the problems that are raised in Section 4.3.

Theorem 4.11. Let /. # 0. Any A-measure g, is a quasi-measure with

In(1+2y)
9;(}7) =——75 V€ [Oa Supg;],
k2.
as its proper T-function, where k is an arbitrary finite positive real number.
Conversely, if ju is a classical measure, then 07 o p is a -measure, where

k).x_l
0;'(x) = T X €10, 0],

and k is an arbitrary finite positive real number.

Proof. 6, is a T-function. Let {E,} be a disjoint sequence of sets in C whose
union Uy¢ | E, is also in C. If g; is a 2-measure on C then it satisfies the o-A-rule
and there exists Ey € C such that g;(Ey) <oo. Therefore, we have

(ngga)(gEn) :ﬁ In [1+’1‘g2<’QEn>}
:kl_A In <1+ ’f[l[1+g.gl(En)] —1>
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and (0, 0g,)(Ey) =0,(g,(Ey))<oo. So 6; 0g, is a classical measure on C.
Conversely, if p is a classical measure on C, then it is o-additive, and there
exists Ey € C such that u(Ey) <oo. Therefore, we have

(6" ou)(QEn) =07 li u(Ey)

n=1

o)
H ekl'/»L(En) —_ l
_ n=1

A

- (1/z>{ﬁu 67 (u(E) - 1}

n=1

- (1/ﬂv>{ﬁu (07" 0 ) (E,)] — 1};

n=1

thatis, ;! o yusatisfies the o-Z-rule. Noting that(6; ' o 11)(Eo) = 07 (u(Ey))< oo,
we conclude that 0! o 41 is a A-measure on C. O

Example 4.6. Let X = {a,b},F = P(X), g; be defined by

0 ifE=0
02 ifE={a
04 if E={b}
1 if E=X.

Then g; is a A-measure with a parameter 4 = 5. If we take

_In(1+4y)  In(1+5y)
In(1+4) W6

0,(»)

then we have

0 ifE=0
0.387 if E = {a}
0.613  if E={b}
1 if £=X.

(0, 08:)(E) =

0, o g, is a probability measure.
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Example 4.7. Let X = {a,b}, F = P(X), and let g; be a A-measure defined by

0 ifE=0
0.5 if E={a}
gi(E) = ,

08 if E={b}

1 if £E=X.
with 4 = —0.75. If we take

In(1 —0.75y)

0:0) =025
then
0 fE=0

034 if E={a}
0.66 if E={b}
1 if E= X,

(0, 0g:)(E) =

which is a probability measure.

In a similar way, we know that under the mapping 0, the Z-rule and the finite
A-rule become the additivity and the finite additivity, respectively. Conversely,
under the mapping ;! the additivity and the finite additivity become the Z-rule
and the finite A-rule, respectively. Recalling some relevant knowledge in classi-
cal measure theory, we have the following corollaries.

Corollary 4.2. On a semiring, the A-rule is equivalent to the finite A-rule.
Corollary 4.3. Any J-measure on a semiring is continuous.

Corollary 4.4. On a ring, the J-rule together with continuity are equivalent to the
o-J-rule. Thus, on a ring, any monotone measure that satisfies the A-rule is a
A-measure.

Similarly as in classical measure theory, a monotone measure on a semiring
that satisfies the A-rule (or, is quasi-additive) may not satisfy the o-/A-rule (or,
may not be a quasi-measure).

Corollary 4.5. If g, is a normalized J-measure on an algebra R, then its dual
measure [, which is defined by

1(E) =1~ g;(E) for any E € R,

. . . . /
is also a normalized A-measure on R, and the corresponding parameter is ' =

—A(h+1).
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Proof. Let E€ R, F € R, and EN F = @. By using Theorem 4.6, we have

W(E) + p(F) — (Bl

= 1= g (B) + 1= () — {1 — (B[ — ()

(A+Dgi(E) | (2+ 1)gi(F) ; (A+ 1)gi(E)g.(F)

L+ (E)  1+g(F) "1+ 2g(E)[l + Ag:(F)]
A+ D)[gi(E) + gi(F) + Ag:(E)g;(F)]
(1 + 2g:(E)[1 + Agi(F)]

(}. + l)g,ﬁ(EUF)
1+ g, (EUF)

=1-g,(EUF)
= u(EUF).

Since w is continuous, by Corollary 3.4, u satisfies the o-/-rule with a parameter
A= —J/(A+1). So, noting that u(X) =1—g;(d) = 1, we know that y is a
normalized A-measure on R with a parameter 2’ = —1/(1 + 1). O

As to the problem of constructing a Z-measure on the Borel field, we deal
with it in Chapter 6.

4.5 Belief Measures and Plausibility Measures

In Section 4.4, a nonadditive measure is induced from a classical measure by a
transformation of the range of the latter. In this section we attempt to construct
a nonadditive measure in another way.

Definition 4.7. Let P(P(X)) be the power set of P(X). If p is a discrete probability
measure on (P(X), P(P(X))) with p({@}) = 0, then the set function m: P(X) —
[0, 1] determined by

m(E) = p({E})for any E € P(X)

is called a basic probability assignment on P(X).

Theorem 4.12. A4 set function m: P(X) — [0, 1] is a basic probability assignment if
and only if

(1) m(@) = 0;

@ ¥ mE) =1

EeP(X)
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Proof. The necessity of these two conditions follows directly from Definition
4.7. As for their sufficiency, if we write

Dn:{E|n+] (E)S%},I’lil,z,,

then every D, is a finite class,
D = | JD, = {Elm(E)>0}

n=1

is a countable class, and S = {{E|E € P(X)} U {@} is a semiring. Define

SUED) = {m(E) if Ec D

0 otherwise

for any E € P(X) and p({0}) = 0. Then, p is a probability measure on S with
p({9}) = 0, which can be extended uniquely to a discrete probability measure
on (P(X), P(P(X))) by the formula

=> r({E}).

EcE

for any E € P(P(X)). O

Definition 4.8. If m is a basic probability assignment on P(X), then the set
function Bel: P(X) — [0, 1] determined by the formula

Bel(E) = Y ~m(F) VE € P(X) (4.9)
FCE

is called a belief measure on (X, P(X)), or, more specifically, a belief measure
induced from m.

Lemma 4.1. If E is a nonempty finite set, then

S (=nf=o.

FCE
Proof. Let E = {xy,...,x,}Then, we have
{|FI|FC E} ={0,1,...,n}

and

{AIF =i =(]),i=0,1,...,n
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So, we have

> (=17 =0.

FCE i=0 O

|
—
—_—
~—
/\
\_/

|
—
—_

I
—_—
~—

Lemma 4.2. If E is a finite set, F C E and F # E, then

> (=n=o.

G|FCGCE

Proof. E— Fis a nonempty finite set. Using Lemma 4.1, we have

> = 3 =) Y P

G|FCGCE DCE-F DCE-F O

Lemma 4.3. Let X be finite, and 1 and v be finite set functions defined on P(X).
Then we have

ME) = v(F) VE € P(X) (4.10)
FCE
if and only if
v(E) =" (=1)*1(F) YE € P(X). (4.11)
FCE

Proof. If (4.10) is true, then

S (=DEAF) = (—D)ES (—)(F

HEY [<1>F > u@)
FCFE GCF

ey [vw) > <—1>'F}

GCE FIGCFCE

= (=) w(E)(-1)"
=v(E).
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Conversely, if (4.11) is true, then we have

S U = 35 ()G

FCE FCEGCF
S (E N e
GCE |: FIGCFCE

= (=" AE) (="
= A(E). i

Theorem 4.13. If Bel is a belief measure on (X, P(X)), then

(BM1) Bel(@) — 0;

(BM2) Bel(X) = 1

(BM3) Bel (U E,) > Y (=)™ Bel (m E)
=1 {1, )40 iel

where {Ey, ..., E,} is any finite subclass of P(X);
(BM4) Bel is continuous from above.

Proof. From Theorem 4.12 and Definition 4.8, it is easy to see that (BM1) and
(BM2) are true. To show that (BM3) holds, let us consider an arbitrary finite
subclass {E\,..., E,}, and set I(F) = {i|l <i<n,FC E;}, for any F € P(X).
Using Lemma 4.1, we have

Z (D) Bel (ﬂﬂ) _ Z
{1, n} 40

iel Ic{l,..n} IO

=Y |mH Y (—1)’“]
RiA#0 | ICIF 0

=D ST m(F)

FCNieE;

RIF)#0

= Z m(F)

FCF; for some i

<2

FCU!,

= Bel <U1 Ei>
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As to (BM4), let E; be a decreasing sequence of sets in P(X), and (2, E;= E. From
Theorem 4.12, we know there exists a countable class {D,} C P(X), such that m(F)
= Owhenever F¢{D,}, and for any e > 0 there exists npsuch that -, ., -m(D,) <e.
Then, for each D,,, where n < ny, if D,, ¢ E (thatis, D, — E # O), there exists i(n),
such that D, ¢ Ej,). Letip = max(i(1),...,i(ng)). Then, if D, ¢ E, we have
D, ¢ Ej for any n < ny. Hence,

Bel(E) =~ m(F)

FCE

= Z m(D,)

D,CE

2 Z m(Dy)

D, CEn<ng

> Y m(D,)

D, CEjy,n<no

2 Z m(Dn) - Z m(Dn)

DHCEr'O n>ny

> Zm(F)—e

FCE,‘D

= Bel(E;,) —¢.

Io

Noting that Bel(E) < Bel{E;} fori = 1, 2,..., and {Bel(E;)} is decreasing with
respect to i, we have Bel(E) = lim Bel(E;). O

Observe that due to property (BM3), established for belief measures by
Theorem 4.13, belief measures are oco-monotone measures introduced in
Section 4.2.

Theorem 4.14. Any belief measure is monotone and superadditive.

Proof. Let E, C X, E, C X, and E; N E;, = @. We have

Bel(E) U Ey) > Bel(E)) + Bel(E>) — Bel(E| N Ey)

= Bel(E)) + Bel(E>) > max {Bel(E)), Bel(E>)}.

From this inequality, it is easy to see that Bel is monotone and super-
additive. O

From Theorems 4.13 and 4.14, we know that the belief measure is an
upper semicontinuous monotone measure.
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On a finite space, we can express a basic probability assignment by the belief
measure induced from it.

Theorem 4.15. Let X be finite. If a set function p: P(X) — [0, 1] satisfies the
conditions

(1) u(@) =1;
@) px) =1
3) u<ﬂ E,) > Y (=) (ﬂE)
i=1 Ic{l,..n} IO iel
where {Ey, ..., E,} is any finite subclass of P(X), then the set function m deter-
mined by
m(E) =Y (=1)*u(F) VE € P(X), (4.12)
FCE

is a basic probability assignment, and y is the belief measure induced from m.
That is,

w(E) = Bel(E Zm

FCE

Proof. First, m(©) = 3" rea(—1)° 1 u(F) = (@) = 0. Next, from (4.12) and
Lemma 4.3, we have

ECX

To prove that m is a basic probability assignment, we should show that
m(E) > 0 for any E C X. Indeed, since X is finite, E is also finite, and we
can write £ = {xy,...,x,}. If we denote E; = E — {x;}, then E = |J_, E; and

m(E) =Y (-1)* " u(F)

FCE

=) - Y 1)/ (ﬂE)
IC{IA,M,n},I;éQ iel

o) B
i=1 IC{I,A..,n}.IaéQ icl

> 0.

The last conclusion in this theorem is a direct result of Lemma 4.3. |
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Definition 4.9. If m is a basic probability assignment on P(X), then the set
function PI: P(X) — [0, 1] determined by

PI(E)= Y m(F)V EecP(X) (4.13)

FNEAO
is called a plausibility measure on (X, P(X)), or, more exactly, a plausibility
measure induced from m.

Theorem 4.16. If Bel and Pl are the belief measure and plausibility measure,
respectively, induced from the same basic probability assignment then

Bel(E) =1 — PI(E) (4.14)
and
Bel(E) < PI(E)
forany E C X.
Proof.

Bel(E) = Y m(F)

FCE

=> m(F)=> m(F)

FCX FZE
=1- > m(F)
FNE#£Q
=1- PI(E).
The second conclusion can be obtained directly from Definitions 4.8 and 4.9.00

Theorem 4.17. If P is a plausibility measure on (X, P(X)), then

(PMI) P1(Q) = 0;

(PM2) PI(X)=1;

(PM3) Pl (ﬁE) < Y (=ptpr (UE,)
i=1 1C{1,..n}, 140 il

where {Ey, ..., E,} is any finite subclass of P(X).
(PM4) P1 is continuous from below.
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Proof. From Theorem 4.13 and Theorem 4.16, we can directly obtain (PM1),
(PM2), and (PM4). As to (PM3), by using Lemma 4.1, we have

i=1 i=1
=1— Bel <L”J E,)
i=1
- > 1)1+ Bel (ﬂ )
1c{1,...n}, l;éﬁ I

= Y (-p™ [ Bel (ﬂ E,)
Ic{l,..,n}, IO 1
= > (=pm [ Bel (U E,»)
Ic{1,...,n}, IO 1
= > (=)™ (U E)
I1c{l,...n}, IO iel O
Due to the property (PM3), which is established for plausibility measures by

Theorem 4.17, plausibility measures are oo-alternating measures introduced in
Section 4.2.

IN

Theorem 4.18. Any plausibility measure is monotone and subadditive.

Proof. E C F C X, then F C E C X. From Theorem 4.14 and Theorem 4.16, we
have

P1(E) =1 — Bel(E) < 1 — Bel(F) = PI(F)
As to subadditivity, if £} C X and E; C X, then

0< Pl(El ﬂEz)
Pl(El) + Pl(Ez) — Pl(El @] Ez).

IN

So Pl(E]UEz)S PI(E1)+P1(E2) Od
From Theorem 4.17 and Theorem 4.18, we know that the plausibility mea-
sure is a lower semicontinuous monotone measure.

Theorem 4.19. Any discrete probability measure p on (X, P(X)) is both a belief
measure and a plausibility measure. The corresponding basic probability assign-
ment focuses on the singletons of P(X). Conversely, if m is a basic probability
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assignment focusing on the singletons of P(X), then the belief measure and the
plausibility measure induced from m coincide, resulting in a discrete probability
measure on (X, P(X)).

Proof. Since p is a discrete probability measure, there exists a countable set
{x1,x2,---} C X, such that

o0

S p({x) = 1.

i=1

Let

m(E) = {P(E) if E = {x;} for somei
0 otherwise

for any E € P(X). Then, m is a basic probability assignment, and

p(E)=) p({x}) =) mF)= Y m(F)

xieE FCE FNEZQ

forany E € P(X). Thatis, pis both a belief measure and a plausibility measure.
Conversely, if a basic probability assignment m focuses only on the singletons of
P(X), then, for any E € P(X),

Bel(E) =Y m(F) =Y _m({x}) = > m(F)= PI(E).

FCE YEE FNEAD

So, Bel and PI coincide, and it is easy to verify that they are o-additive.
Consequently, they are discrete probability measures on (X, P(X)). O

Theorem 4.20. Let Bel and Pl be the belief measure and the plausibility measure,
respectively, induced from a basic probability assignment m. If Bel coincides with
Pl, then m focuses only on singletons.

Proof. If there exists E € P(X) that is not a singleton of P(X) such that
m(E) > 0, then, for any x € E,

Bel({x}) = m({x}) <m({x}) + m(E) < Y m(F) = PI({x}).

Fn{x}#0

This contradicts the coincidence of Bel and PI. O
The Sugeno measures defined on the power set P(X) are special examples
of belief measures and plausibility measures when X is countable.

Theorem 4.21. Let X be countable, and g,(). #0) be a Sugeno measure on
(X, P(X)). Then g, is a belief measure when A > 0, and is a plausibility measure
when 2 < 0.
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Proof. Let X = {xy, x,...}. When 4 > 0, we define m: P(X) — [0, 1] by
m(E) = { M T cpgi(fxi}) fE#Q
0 ifE— 0

for any E € P(X). Obviously, m(E) > 0 for any E € P(X). From Definition 4.3,
we have

ol —

G(E) = [H (1+ - gi({x}) — 1]

x;€E

=2 > ng{xi})]
FCE F#£0 xi€F
= PFH . ng({xi})]
FCE F#0 x,eF
=> m(F).
FCE

Since g,(X) = 1, we have

> m(F)=1.

FcXx

Therefore, m is a basic probability assignment, and thus, g; is the belief measure
induced from m. When 4 < 0, we have / = —1/(4 + 1) > 0. By using Corollary
4.5 and Theorem 4.16, we know that g; is a plausibility measure. O

4.6 Possibility Measures and Necessity Measures

Definition 4.10. A monotone measure y is called maxitive on C iff

u(U E) = sup u(Er) (4.15)

teT el

for any subclass {E,|r € T} of C whose union is in C, where T is an arbitrary
index set.

If C is a finite class, then the maxitivity of p on C is equivalent to the simpler
requirement that

p(E; U Ey) = p(Er) V p(E) (4.16)
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whenever E; € C JE, € C, and E;UE, € C. Symbol V denotes the maxi-
mum of u(E;) and p(E»).

Definition 4.11. A monotone measure p is called a generalized possibility
measure on C iff it is maxitive on C and there exists £ € C such that p(E) < oo.
Usually, a generalized possibility measure is denoted by 7.

Definition 4.12. If 7 is a generalized possibility measure defined on P(X), then
the function f defined on X by
f(x) =n({x}) for any x € X

is called its possibility profile.

Theorem 4.22. Any generalized possibility measure © (on C) is a lower semicon-
tinuous monotone measure (on C).

Proof. According to the convention, when 7= @ we have U,rE; = @ and
sup,er (E;) =0. So, if @€ C, then n(@)=0. Furthermore, if E¢€ C,
F e C,and E C F, then, by using maxitivity, we have

n(F) =n(EUF) =n(E)Vn(F) > n(E).

At last, 7 is continuous from below. In fact, if { £, } is an increasing sequence of
sets in C whose union E is also in C, from the definition of the supremum, for
any € >0, there exists ng such that

n(E,) > supn(E,) —e =n(E) —e.

Noting that 7 is monotone, we know that

limn(E,) = n(E).
! O

Definition 4.13. When a generalized possibility measure n defined on P(X) is
normalized, it is called a possibility measure.

The following example shows that a possibility measure is not necessarily
continuous from above.

Example 4.8. Let X' = (—o00, o). A set function 7 : P(X) — [0, 1] is defined by

n(E)z{l %fE;é@,
0 if E=0

for any E € P (X). Clearly, n is maxitive and 7n(X) = 1; therefore it is a
possibility measure on P(X). But it is not continuous from above. In fact, if
we take E = (0,1/n), then {E,} is decreasing, and (), E, = ©@. We have
n(E,) = 1foralln=1,2,...,but n(d) = 0. So lim, n(E,) # n((,~, En)-
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Theorem 4.23. If f'is the possibility profile of a possibility measure m, then

sup f(x) = 1. (4.17)
xeX

Conversely, if a function [ X — [0, 1] satisfies (4.17), then [ can determine a
possibility measure © uniquely, and f'is the possibility profile of .
Proof. From (4.15), we have

sup f(x) = sup n({n})

xeX xeX

= ([ J {x})

xeX
= n(X)
=1.

Conversely, let

n(E) = sup/(x)

xek

for any E € P(X), then = is a possibility measure, and

n({x}) = sup flx) = f(x).

xe{x} Od

A similar result can be easily obtained for generalized possibility measures:
Any function f/: X — [0, co) uniquely determines a generalized possibility mea-
sure 7 on P(X) by

n(E) = supf(x) for any E € P(X).

xek

Definition 4.14. A basic probability assignment is called consonant iff it focuses
on a nest (that is, a class fully ordered by the inclusion relation of sets).

Theorem 4.24. Let X be finite. Then any possibility measure is a plausibility
measure, and the corresponding basic probability assignment is consonant. Con-
versely, the plausibility measure induced by a consonant basic probability assign-
ment is a possibility measure.

Proof. Let X = {x1,...,x,} and 7 be a possibility measure. There is no loss of
generality in assuming

I=n({x1}) > n({x2}) = --- = n({x.}).
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Define a set function m on P(X) by

n({x;}) —n({xi}) HE=F,i=1,...,n—1

m(E) =< n({x,}) if E=F,
0 otherwise,
where F; = {x|,...,x;},i=1,...,n. Then m is a basic probability assignment
focusing on {F\, ..., F,}, which is a nest. The plausibility measure induced from

this basic probability assignment mis just . Conversely, let m be a basic probability
assignment focusing on anest { Fi, . .., F }thatsatisfies F; C F, C - - - C Fyand Pl
be the plausibility measure induced from m. Forany E; € P(X), E> € P(X), denote

Jo=min{j[F; 0 (E, U Ey) # O,
and

Joi =min{j|F;NE; # @},i=1,2.
Then we have

PI(E,UE) = Y m(F)
FN(E\UE)#0

=>_m(F)

= > mE)| V| mF)
/>y, =

=| > mE)|v] DY mEF)
| FiNEI#0 FNE#0

e Pl(El)\/ Pl(Ez)

That is, Pl satisfies (4.16) on P(X). So, Pl is a possibility measure. O

Example 4.9. Let X = {x}, x2, X3, X4, X5 }, 7w be a possibility measure on (X, P(X))
with a possibility profile f(x) = n({x}),x = x1, ..., x5, as follows:

flx1) =1, flx2) =09, flx3) = 0.5, flxs) = 0.5, flxs) =0.3.

The corresponding basic probability assignment m focuses on four subsets of
X F = {xl},Fz = {X],Xz},F4 = {:)61,)62,,‘(,'3,)(,‘4}7 and Fs5 = X, with m(F]) =
0.1,m(F,) = 0.4,m(F4) = 0.2, and m(Fs) = 0.3. This is illustrated in Fig. 4.3.
{F\, Fy, F4, Fs} forms a nest. In this example, m(F3) = m({x, x2,x3}) = 0.
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Fig. 4.3 A possibility profile
on a finite space and the
corresponding basic

probability assignment flxg)=m({x:)): 1 0.9 05 05 | 03
- L] L ] - .
Xq X2 X3 X4 Xg

m(F;}: 0.1 0.4 0.2 0.3

When X is not finite, a possibility measure on P(X) may not be a plausibility
measure even when X is countable.

Example 4.10. Let X be the set of all rational numbers in [0, 1] and
f(x) = x,¥x € X. Xisacountable set. Define a set function = on P(X) as follows:

n(E) = sup f(x),VE € P(X).

xekE

Then, = is a possibility measure on P(X), but it is not a plausibility measure.

Definition 4.15. If 7 is a possibility measure on P(X), then its dual set function v,
which is defined by

v(E) =1 — n(E) for any E € P(X)

is called a necessity measure (or consonant belief measure) on P(X).

Theorem 4.25. A4 set function v : P(X) — [0, 1] is a necessity measure if and only if
it satisfies

V<DT E,) = 32;1/(5[),
Sor any subclass {E|t € T} of P(X), where T is an index set, and v(Q) = 0.
Proof. From Definitions 4.13 and 4.15, the conclusion is easy to obtain. O

Theorem 4.26. Any necessity measure is an upper semicontinuous monotone
measure. Moreover, if X is finite, then any necessity measure is a special
example of belief measure and the corresponding basic probability assignment
is consonant.

Proof. The conclusion follows directly from Definition 4.15, Theorem 4.16, and
Theorem 4.24. (W
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4.7 Properties of Finite Monotone Measures

In this section, we take a o-ring F as the class C.

Theorem 4.27. If i is a finite monotone measure, then we have
lim u(E,) = p(lim E,)
n n

for any sequence {E,} C F whose limit exists.

Proof. Let {E,} be a sequence of sets in F whose limit exists. Write
E = lim, E, = limsup, E, = liminf, E,. By applying the finiteness of 1, we have

w(E) = p(limsup E,) = lim u(fj E;) = limsup ,u(oLj E;)
n i=n n i=n

n

> limsup u(E,) > liminf p (E,)
n n

> lim infu<°r? E,) = p(liminf E,) = u(E)
n i=n n

Therefore, lim u(E,) exists and

1151’1 n(En) = p(E) 0

Definition 4.16. 1 is exhaustive iff
lim p(E,) =0

for any disjoint sequence {E, } of sets in F.

Theorem 4.28. If 11 is a finite upper semicontinuous monotone measure, then it is
exhaustive.

Proof. Let { E,, } be a disjoint sequence of sets in F. If we write F,, = | J:=,, E;, then
{F,} is a decreasing sequence of sets in F, and

lim F, = Dr?l F,=limsupE, = Q.
n n= n

Since p is a finite upper semicontinuous monotone measure, by using the
finiteness and the continuity from above of u, we have

lim p(Fy,) = p(lim F,) = p(Q) = 0.
Noting that

0 < w(E,) < pu(Fy),
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we obtain

lign w(E,) =0.
So, 1 is exhaustive. O

Corollary 4.6. Any finite monotone measure on a measurable space is exhaustive.

Notes

4.1.

4.2.

4.3.

The special nonadditive measures that are now called Choquet capacities
were introduced by Gustave Choquet in the historical context outlined in
Chapter 1. After their introduction [Choquet, 1953-54], they were virtually
ignored for almost twenty years. They became a subject of interest of a
small group of researchers in the early 1970s, primarily in the context of
statistics. Among them, Peter Huber played an important role by recog-
nizing that Choquet capacities are useful in developing robust statistics
[Huber, 1972, 1973, 1981, Huber and Strassen, 1973]. Another researcher
in this group, Anger [1971, 1977], focused more on further study of
mathematical properties of Choquet capacities. It seems that the interest
of these researchers in Choquet capacities was stimulated by an important
earlier work of Dempster on upper and lower probabilities [Dempster,
1967a,b, 1968a,b]. Although Dempster was apparently not aware of Cho-
quet capacities (at least he does not refer to the seminal paper by Choquet
in his papers), the mathematical structure he developed for dealing with
upper and lower probabilities is closely connected with Choquet capacities.
It is well documented that Dempster’s work on upper and lower probabil-
ities also stimulated in the 1970s the development of evidence theory, which
is based on co-monotone and oco-alternating measures (Note 4.5). Refer-
ences to Choquet capacities in the literature have increased significantly
since the late 1980s, primarily within the emerging areas of imprecise
probabilities [Kyburg, 1987, Chateauneuf and Jaffray, 1989, De Campos
and Bolanos, 1989, Wasserman and Kadane, 1990, 1992, Grabisch et al.,
1995, Kadane and Wasserman, 1996, Walley, 1991].

The class of /-measures was introduced and investigated by Sugeno [1974,
1977]. The fact that any A-measure can be induced from a classical measure
was shown by Wang [1981]. A-measures were also investigated by Kruse
[1980, 1982ab, 1983], Banon [1981], and Wierzchon [1982, 1983].

The concept of quasi-measures (often referred to in the literature as pseudo-
additive measures) was introduced and investigated by Wang [1981].
Important examples of quasi-measures are special monotone measures
that are called decomposable measures. These are normalized monotone
measures, /., , on measurable space (X, C) that are semicontinuous from
below and satisfy the property p,(4UB) = L{u,(A4),pr(B)] for all
A,B,AU B € C such that A N B = . Symbol L denotes here a function
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4.4.

4.5

4.6.

from [0,1]* to [0,1] that qualifies as a triangular conorm (or t-conorm)
[Klement, et al., 2000] and C is usually a o-algebra. Since decomposable
measures are not covered in this book, the following are some useful
references for their study: [Dubois and Prade, 1982, Weber, 1984,
Chateauneuf, 1996, Pap, 1997a,b, 1999, 2002b, Grabisch, 1997d].

In an early paper, Banon [1981] presents a comprehensive overview of the
various types of monotone measures (defined on finite spaces) and dis-
cusses their classification. Lamata and Moral [1989] continue this discus-
sion by introducing a classification of pairs of dual monotone measures.
This classification is particularly significant in the area of imprecise prob-
abilities, where one of the dual measures represents the lower probability
and the other one the upper probability.

A theory based upon belief and plausibility measures was originated and
developed by Shafer [1976]. Its emergence was motivated by previous work
on lower and upper probabilities by Dempster [1967a,b, 1968a,b], as well as
by Shafer’s historical reflection upon the concept of probability [Shafer,
1978] and his critical examination of the Bayesian treatment of evidence
[Shafer, 1981]. The theory is now usually referred to as the Dempster—
Shafer theory of evidence (or just evidence theory). Although the seminal
book by Shafer [1976] is still the best introduction to the theory (even
though it is restricted to finite sets), several other books devoted to the
theory, which are more up-to-date, are now available: [Guan and Bell,
1991-92, Kohlas and Monney, 1995, Kramosil, 2001, Yager et al., 1994].
There are too many articles dealing with the theory and its applications to
be listed here, but most of them can be found in reference lists of the
mentioned books and in two special journal issues devoted to the theory:
Intern. J. of Approximate Reasoning, 31(1-2), 2002, pp. 1-154, and Intern.
J. of Intelligent Systems, 18(1), 2003, pp. 1-148. The theory is well covered
from different points of view in articles by Shafer [1979, 1981, 1982, 1990],
Hohle [1982], Dubois and Prade [1985, 1986a], Walley [1987], Smets [1988,
1992, 2002], and Smets and Kennes [1994]. Possible ways of fuzzifying the
theory are suggested by Hohle [1984], Dubois and Prade [1985], and Yen
[1990]. Axiomatic characterizations of comparative belief structures, which
are generalizations of comparative probability structures [Walley and Fine,
1979], were formulated by Wong, Yao, and Bollmann [1992].

A mathematical theory that is closely connected with Dempster-Shafer
theory, but which is beyond the scope of this book, is the theory of random
sets. Random sets were originally conceived in connection with stochastic
geometry. They were proposed in the 1970s independently by two authors,
Kendall [1973, 1974] and Matheron [1975]. The connection of random sets
with belief measures is examined by Nguyen [1978] and Smets [1992], and it
is also the subject of several articles in a book edited by Goutsias et al. [1997].
A recent book by Molchanov [2005] is currently the most comprehensive
and up-to-date reference for the theory and applications of random sets.
A good introduction to random sets was written by Nguyen [2006].
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Possibility measures were introduced in several different contexts. In the
late 1940s the British economist George Shackle introduced possibility
measures indirectly, via monotone decreasing set functions that he called
measures of potential surprise [Shackle, 1949]. He argued that these func-
tions are essential in dealing with uncertainty in economics [Shackle 1955,
1961]. As shown by Klir [2002], measures of potential surprise can be
reformulated in terms of monotone increasing measures—possibility mea-
sures. In the late 1970s possibility measures were introduced in two very
different contexts: the context of fuzzy sets [Zadeh, 1978] and the context
of plausibility measures [Shafer, 1976, 1987]. The literature on the theory
based on possibility measures (and their dual necessity measures) is now
very extensive. An early book by Dubois and Prade [1988]is a classic in this
area. More recent developments in the theory are covered in a text by
Kruse et al. [1994] and in monographs by Wolkenhauer [1998] and Borgelt
and Kruse [2002]. Important sources are also edited books by De Cooman
et al. [1995] and Yager [1982]. A sequence of three papers by De Cooman
[1997] is perhaps the most comprehensive and general treatment of possi-
bility theory. Thorough surveys of possibility theory with extensive bib-
liographies were written by Dubois et al. [1998, 2000].

An interesting connection between modal logic [Chellas, 1980; Hughes and
Cresswell, 1996] and the various nonadditive measures is suggested in
papers by Resconi et al. [1992, 1993]. Modal logic interpretation of belief
and plausibility measures on finite sets is studied in detail by Harmanec
et al. [1994] and Tsiporkova et al. [1999], and on infinite sets by Harmanec
et al. [1996]. A modal logic interpretation of possibility theory is estab-
lished in a paper by Klir and Harmanec [1994].

Exercises

4.1.

Consider the monotone measures y; (i = 1,2,...,9) on (X, P(X)), where
X ={a,b,c}, which are defined in Table 4.2. Determine for each of these
measures the following:

Table 4.2 Monotone measures in Exercises 4.1. and 4.2

abce (4 (A pa(4)  pa(A4)  ps(4)  pe(A4)  p(4)  ps(A4)  pe(4)
A:000 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
100 00 0.2 0.4 0.2 0.0 1.0 0.2 0.3 0.2
010 00 0.2 0.2 0.3 0.0 1.0 0.0 0.1 0.3
001 00 0.2 0.0 0.4 0.0 1.0 0.0 0.3 0.4
110 07 0.6 0.5 0.6 1.0 1.0 0.5 0.3 0.6
101 08 0.6 0.6 0.6 1.0 1.0 0.2 0.6 0.7
o1t 09 0.4 0.5 0.7 1.0 1.0 0.0 1.0 0.8
111 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
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4.2.

4.3.

4.4.

4.5.

4.6.

4.7.

4.8.

(a) Is the measure superadditive or subadditive?

(b) Is the measure 2-monotone or 2-alternating?

(c) Is the measure a belief measure or a plausibility measure?
(d) Is the measure a possibility measure or a necessity measure?

Determine the dual measures for each of the measures in Exercise 4.1, and
answer for each of them the questions stated in Exercise 4.1.

Check for each of the following set functions whether it is a A-measure. If
the answer is affirmative, determine the parameter A.

(a) X={a,b},F=P(X), and p is given by u(@)=0,u({a})=1/2,
u({b}) = 3/4, u(X) = 1.

(b) X={a,b},F =P(X), and p is given by u(@)=0,u({a})=1/2,
n({b}) =1/3, u(X) = 1.

(¢c) X={a,b,c},F =P(X), and p is given by

1 if £E=X
wE)=<¢0 if E=0
1/2  otherwise

forany E € F
(d) X={a,b,c},F =P(X), and p is given by

1 IfE=X
E =
H(E) {0 otherwise
forany E € F.

Is any of the set functions defined in Exercise 4.3 a normalized /-measure?
For each that is a normalized /-measure, determine the dual /-measure as
well as the value of the corresponding parameter A.

Prove that the o-A-rule is equivalent to the continuity and the A-rule for a
nonnegative set function defined on a ring. Give an example to show that a
similar conclusion need not be true on a semiring.

Let X = {x1,x2,x3,x4}, and a1 =0.1,a =0.2,a3 =0.3,a4 = 0.4. Find
the A-measure, g, defined on (X, P(X)) and subject to g,({x;}) = a;, i =
1,2,3,4, for each of the following values of parameter A:

(@) A=5;(b) A=2;(c) A=1;(d) A=0;(e) A=—1;(f) A=—-2;(g) L =—-2.4.

Can youuse 1 = —2.5 or A = —5 to find a A-measure satisfying the above-
mentioned requirement? Justify your answer.

Prove the following: If 4 is a Dirac measure on (X, F), then pu is a Sugeno
measure for any 1 € (—1/sup p,00) U{0}; conversely, if X is countable,
F = P(X), and p is a Sugeno measure on (X, F) for two different para-
meters 4 and A’, then p is a Dirac measure.

Let X ={a,b,c} and u({a}) =0.25, u({b}) = p({c}) = 0.625, u(X) = 1.
Viewing i as a A-measure, determine the value of the associated parameter A.
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49. Let X = {a,b},F = P(X), and let m be a measure on (X, F) defined by

4.10.

1 ifE =X
m(E) 3/4 ifE = {b}

1/4 ifE = {a}

0 ifE=0

Find a quasi-measure p by using 6(y) = /y,y € [0, 1], as its proper T-
function. Is there any other 7T-function (say 6') such that u = 6’ o m? If
you find any such 7-functions, what can you conclude from them?

Let X = {a;, a,} and p be a nonnegative set function of P(X). Show that if
0= pu(@)<wp(a;)<u(X)<oo,i=1,2,..., then p is a quasi-measure.

4.11. Let X ={a,b,c,d} and let m({a}) = 0.4, m({b,c}) = 0.1, m({a,c,d}) =
0.3,m(X) = 0.2 be a basic probability assignment. Determine the corre-
sponding belief measure and plausibility measure.

4.12. Repeat Exercise 4.11 for each of the basic probability assignments given in
Table 4.3, where subsets of X are defined by their characteristic functions.

4.13. Determine which basic probability assignments given in Table 4.3 are
consonant.

4.14. Determine which basic probability assignments given in Table 4.3 induce
a discrete probability measure on (X, P(X)).

4.15. Given X = {a,b,c,d},

Bel(9) = Bel({b}) = Bel({c}) = Bel({d}) = Bel({b,d}) =
Bel({c,d}) =0,
Bel({a})=Bel({a,b})=Bel({a,c})=Bel({a,d})=Bel({a,b,d})=0.1,
Table 4.3 Basic probability assignments employed in Exercises 4.12-4.14

a b c d m my ms my ms me my mg my myg

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 1 0.2 0 0 0.2 0.2 0 0.05 0 0 0

0 0 1 0 0 0.4 0 0 0.2 0 0.05 0 0 0

0 0 1 1 0 0 0 0.1 0 0 0.05 0 0 0

0 1 0 0 0 0.5 0 0 0.3 1 0.05 0.2 0 0.9

0 1 0 1 0 0 0 0 0 0 0.05 0 0 0

0 1 1 0 0.3 0 0 0 0 0 0.05 0 0 0

0 1 1 1 0 0 0 0 0 0 0.05 0.5 0 0

1 0 0 0 0.1 0.1 0.2 0 0.3 0 0.05 0 0 0.1

1 0 0 1 0 0 0 0 0 0 0.05 0 0 0

1 0 1 0 0.1 0 0.3 0 0 0 0.05 0 0 0

1 0 1 1 0 0 0 0 0 0 0.1 0 0 0

1 1 0 0 0 0 0 0 0 0 0.1 0 1 0

1 1 0 1 0.2 0 0 0 0 0 0.1 0 0 0

1 1 1 0 0.1 0 0.4 0 0 0 0.1 0 0 0

1 1 1 1 0 0 0.1 0.7 0 0 0.1 0.3 0 0




Exercises 109

4.16.

4.17.

4.18.

Table 4.4 Possibility profiles employed in Exercises 4.16 and 4.17

J1 S J3 Ja J5 J6
a 1 1 0 0.9 1 1
b 0.8 1 1 0 1 1
c 0.4 0.2 0.3 0 1 0
d 0.1 0.6 0.3 1 1 0

Bel({b,c}) = Bel({b, c,d}) = 0.2,Bel({a,b,c}) = 0.3,Bel({a,c,d}) = 0.4,
Bel(X) = 1, determine the corresponding basic probability assignment.

Let X = {a, b, ¢, d}. Use each of the possibility profiles given in Table 4.4
to determine the corresponding possibility measures and basic probabil-
ity assignments.

Determine the dual necessity measure for each possibility measure obtained
in Exercise 4.16.

Find an example that illustrates that a possibility measure defined on an
infinite space need not be a plausibility measure.



Chapter 5
Extensions

5.1 A General Discussion on Extensions

The extension of set functions is one of the important parts of the theory of set
functions. It is also one of the ways for constructing nonadditive set functions.

Definition 5.1. Let E and F be classes of subsets of a nonempty set X such that
E CF, and let g and v be real-valued set functions defined on E and F,
respectively. then, set function v is called an extension of u from E to F iff
v (E) = p(E) for every E € E.

Given a monotone measure p on E, considering how to obtain one of its
extensions on F without any additional requirements is trivial. In fact, define

v(F) = sup pu(E),

ECF

for every F € F. It is easy to verify that v is a monotone measure on F, and v
coincides with z on E. That is, monotone measure v is an extension of p from E
to F. Hence, we restrict our discussion of extensions in this chapter only to
continuous monotone measures with some additional structural requirements.

Extension can be used to construct monotone measures on a o-ring.
However, not all continuous monotone measures defined on a ring R can
be extended onto the o-ring F(R) while keeping the continuity. The follow-
ing is an example of continuous monotone measure for which a required
extension does not exist.

Example 5.1. Let X = {1,2,...}, R be the class of all finite subsets of X. We
know that

Define a set function i on R as follows:

0 IfE=0
w(E) = VvV EcR.
1 otherwise
Z. Wang, G.J. Klir, Generalized Measure Theory, 111
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18 a finite continuous monotone measure on R. If a nonnegative monotone set
function i/ on F(R) is an extension of u, then p/(E) > 1 for any infinite set E in
F(R) due to the monotonicity of u'. Take

l;n:{nﬂ’l"‘l,...}7 n=12,....

If there exists some E,, such that p/(E,, ) = oo, then we take

Fr={ngno+1,...,ng+i—1}, i=12,...,

and we have F; /" E,, and p/(F;) = u(F;) = 1 for any i = 1,2,.... This shows
that g/ is not continuous from below. Otherwise, u/'(E,)<oo for any
n=12,.... From E, \, @, and ¢/(E,) > | for every n =1,2,..., we know
that 4/ is not continuous from above at @. Consequently, ' is not a continuous
monotone measure on F(R).

From this example we know that it is impossible to establish a unified
extension theorem for continuous monotone measures corresponding to the
extension theorem in classical measure theory. We can only give extension
theorems for some special classes of continuous monotone measures and semi-
continuous monotone measures.

5.2 Extension of Quasi-Measures and A-Measures

In this section an extension theorem of quasi-measures is established, and
thereby the problem that remained in Chapter 4 of constructing a A-measure
on the Borel field from a given probability distribution function is solved
satisfactorily.

Theorem 5.1. Let p be a o-finite quasi-measure on a semiring S with a proper
T-function 0. Then 1 can be uniquely extended to a quasi-measure on ¥(S) with the
same T-function 0.

Proof. 0o i is a classical measure on S. Since 6! ({oc0}) = @ or {co}, that is,
0(x) < ocoifand onlyif x < oo, we know that 6 o i is o-finite as is p. So, 6 o  can
be uniquely extended to a classical measure v on F(S). By Theorem 4.8,
i =6"'ovis a quasi-measure on F(S) with the proper T-function #. On S,
since v = 0 o pu, p’ coincides with p, thatis, i’ is an extension of 1. Uniqueness can
be obtained from the uniqueness of the extension of a classical measure. O

We should note that the restriction “with the same proper 7-function 6”
in the above theorem is necessary. Otherwise, the extension of x may not
be unique. The following example shows that, without such a restriction,
the extensions of a quasi-measure on S, even only to R(S), may not be
unique.
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Example 5.2. Let X = {a,b,c}. S = {0, {a}, {b},{c}} is a semiring. Define

(E) = 0 ifE=0
HE=0 /3 otherwise

forevery E € S. Then i is a classical measure on S. Of course, it is also a quasi-
measure with proper 7-function 6(y) = y. The ring generated by S is

R(S) = {9,{a},{b},{c},{a,b},{b, c}{a, c}, X}
If we define

wE) if E€ S
W(E)={ 1 if E=X
2/3  otherwise

for any E € R(S), the p/ is a quasi-measure on R(S) with the proper 7-
function #'(y) = 6(y) = y, and it is an extension of x from S onto R(S). If we
also define

wE) fE=S
W(E)=14 1 ifE=X
1/2  otherwise

for any E € R(S), then p"’ is an extension of u from S onto R(S), and is also a
quasi-measure on R(S), but with another proper 7-function

70 y if 0<y<1/3
= 1172
G [ S K A )

i/ and /" are even both normalized, but they are different.

However, we can prove that, for a finite quasi-measure defined on an algebra
R, even without the restriction “with the same proper 7-function,” the extension
from R onto F(R) is unique.

Theorem 5.2. Let R be an algebra. If 1 : R — [0, 00) is a o-finite quasi-measure
on R, then p can be uniquely extended to a quasi-measure on F(R).

Proof. We only need to prove uniqueness. By using a method that is common in
classical measure theory, we can reduce the o-finite case into a finite case for p.
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Suppose that, on F(R), there are two extensions y’ and p/” of u; then p/ and /" as
well as p are finite. If we write

M = {E|E € F(R),;/(E) = 4"(E)},

then, relying on the finiteness of 1’ and ., for any monotone sequence {E; } of
sets in M, we have

f (lim E) = lim p/(E;) = lim p"(E;) = ¢ (lim E7);

1

that is,

hm E; € M.

So, M is a monotone class. Since i/ (E) = p”(E) for any E € R, then we have

M DR,
and by Corollary 2.1, we have
M S F(R).
Consequently,
4 (E) = 1 (E)
for any E € F(R). The proof is complete. O

The conclusion in Theorem 5.2 is stronger than the result of the uniqueness
of the extension in classical measure theory. Here we do not give a restriction
“with the same proper 7T-function,” but in classical measure theory there is
actually a restriction “with the same proper T-function—identity function.”
This shows that the structure of a quasi-measure on F(R) is fully determined by
its structure on R.

The following example gives a general method to construct a A-measure on a
discrete space (finite or infinitely countable).

Example 5.3. The set function p given in Example 4.3 is a finite A-measure for
any 2 € (—1/sup,a;,00) U{0} on the semiring consisting of all singletons of
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X = {x;,x2,...} and the empty set . By Theorems 4.11 and 5.1, y can be
uniquely extended to a A-measure on F(S)=P(X) with the same parameter 1. In
fact, according to the o-A-rule, we can define

(1/1){ I (1+za,-)_1] if 17£0

i‘,\‘;EE

Y g if =0

ilx;e E

H(E) =

for any E € P(X). It is easy to show that this set function y is the unique
/A-measure on P(X) that satisfies

,LL({XI}) = 4, I = 1,2,...

Now we return to the construction of Sugeno measures on the Borel field.
Let A(x) be a probability distribution function (continuous from the left). From
h(x), we can get another probability distribution function //(x), by

W =80,0h,
where 6, is just the 7-function given in Theorem 4.11 with k = In(1 + 1)/ :

_In(1+ Ay)

HL(Y)—m7 y € [0,1].

I (x) determines a probability measure p on the semiring S = {[a,))|
—co<a < bhb<oo}:

P([a,b)) = W (b) — W (a), —cc<a < b<co,

and p can be uniquely extended onto the Borel field with p((—o0,0)) = 1. By
using the second conclusion in Theorem 4.11, we get a Sugeno measure
g, = 6;1 o p with the proper T-function 6,, where

eyln(lJr/l) -1 (1 _’_)L)J’ -1

For such a Sugeno measure, on the semiring S, we have

g:(la,0)) = (0;" o p)([a, b)) = 0; ' (b) — K (a)]
~oaf(In[l+2-h(b)] = In[l+1-h(a)]
=6 ( In (1+4) )
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1+ - h(b) 14 4 - h(b)
_WPIHWM‘_AHW@”_WFW>
B A B A 144 h(a)

This coincides with the set function ¢ defined in Section 4.2. Noting

mm—hmv 1o L2 h(b)

In{1+4 . n -
(6: o) [a,b)) = ( i e = A = )~ ),

that is, 6, o v is a probability measure on S and, therefore, we know that ¢ is a
quasi-measure on S. So, by Theorem 5.1, g; is the unique extension of ) from S
onto the Borel field F(S).

Conversely, if g; is a Sugeno measure on the Borel field, then

h(x) = g:((=00,x))

is a probability distribution function (continuous from the left), and, by using
Theorem 4.6(1), we have

gi([a,b])) = gi((_oo7b) - (—OO,CI))

h(x) is called the distribution function of g,.
Summing up these discussions, we have actually proved the following
theorem:

Theorem 5.3. Fixed /. € (—1,00), the relation
h() = g:((=00,))

establishes a one-to-one correspondence between probability distribution func-
tions and Sugeno measures on the Borel field.

This theorem is just a generalization of the relevant results in classical
measure theory.

5.3 Extension of Semicontinuous Monotone Measures

Let R be an algebra of sets in P(X). The class of all those sets that can be
expressed by the limit of an increasing sequence of sets in R is denoted by R,,.
Similarly, the notation Ry is used to denote the class of all those sets that
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can be expressed by the limit of a decreasing sequence of sets in R. Obviously,
we have

Rs = {E‘E € Rg}

and vice versa.
For the sake of simplicity, in this section we assume that the set functions we
discuss are finite.

Definition 5.2. A nondecreasing set function p : C — [0, 00) is lower (or upper)
consistent on C iff for any F € C and any {E,} C C,

En/[jEnDF
n=1

implies

lim pu(E,) > u(F)
(or

E, ™\, G E,CF

n=1

implies

lim u(E,) < (),
respectively).

Lemma 5.1. Let p1: C — [0,00) be nondecreasing. If C is closed under the
formation of finite intersections (or finite unions), then, for j on C, lower (or
upper) consistency is equivalent to continuity from below (or from above,
respectively).

Proof. Assume p is continuous from below on C. For any F € C and any
{E,} c Cif

EH/GE}’!DFa
n=l1
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then we have

E,NF /F.
By using the monotonicity and the continuity from below of 1 on C, we have

lim () > lim p(E, N F) = p(F);

that is, i is lower consistent. The converse implication is obvious.
The proof of the upper consistency is similar. O

Theorem 5.4. If 1 is a lower semicontinuous monotone measure on R then ymay be
uniquely extended to a lower semicontinuous monotone measure on R,.

Proof. For any E € R,, define
4 (E) = lim p(E,)

when {E,} C R and E, /" E. This definition is unambiguous. In fact, if there
exist two sequences {E,} and {£],} in R such that both E, /' E and E, /' E,
then, for any positive integer ng, E, /' E D EZO,, and by using Lemma 5.1,
we have

lim p(E,) > p(E, ).

Therefore, we have

lim pu(E,) > lim pu(Ey,).

The converse inequality also holds. So we have
lim p(E,) = lim u(E)).
n n
Now we prove the monotonicity of i/ on R,. Suppose E € R,, F € R,,, and

ECF. Then, there exist {E,} C Rand {F,} CR, such that E, "F
and F, /' F. For any positive integer ny, since

F, /FOEDE,

07

we have

li’r7n p(Fn) > p(Ey),

and therefore,
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(' (F) = lirrlnﬂ(Fn) 2 11’1;11 i(En) = p'(E).

The continuity from below of p/ may be proved as follows. Suppose
{E,| n=0,1,2,...} C R,, and E, / Ey. By the construction of R,, for every

n=0,1,2,..., there exists {E,|i=1,2,...} CR such that E, "E,.
According to the zigzag diagonal method, write Fy = E, F> = E12, F3 = Ejy,
Fy=E;,Fs = Exy, Fg = E3, F7 = Ey,..., and denoting Fn/ = U?:lFi € R,

then F, / U, E, = E, and therefore,

i (Ey) = lim u(F).

Observing the fact that, for any positive integer ng, there exists j = j(np), such
that F,| C Ej, we have, by the monotonicity of ;/,

Consequently, we have

W (Ey) < lim 1/ (E)).

The converse inequality is assured by the monotonicity of ./
Clearly, 1/ is an extension of j, because they coincide on R. The uniqueness
of the extension is obvious. O

Theorem 5.5. If 11 is an upper semicontinuous monotone measure on R, then y may
be uniquely extended to an upper semicontinuous monotone measure on Rs.

Proof. If we define a set function v on R by

for every £ € R, then v is a lower semicontinuous monotone measure, and
v(X) = p(X). By Theorem 5.4, v can be extended to a lower semicontinuous
monotone measure v/ on R,. It is easy to verify that p’ defined on R by

is an extension of u. The uniqueness of the extension is guaranteed by the
uniqueness in Theorem 5.4. O
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5.4 Absolute Continuity and Extension of Monotone Measures

We assume that R is an algebra, F is a o-algebra containing R, and all set
functions that we discuss in this section are finite.

Definition 5.3. Let i and v be two continuous monotone measures on C. We say
that p is absolutely continuous with respect to v, denoted as p < v, iff for
any ¢ > 0 there exists 6 >0 such that u(F)— p(E)<e whenever E € C,
F e C,ECF, and v(F)—v(E)<é.

The concept of absolute continuity given in the above definition is a general-
ization of the one in classical measure theory.

Theorem 5.6. Let 11 be a continuous monotone measure on R. pi can be extended
onto R, if there exists a continuous monotone measure v on R, such that yn < v
on R. The extension is unique, and it preserves the absolute continuity with respect to v.

Proof. We only need to prove the continuity from above of 1/ given in the proof
of Theorem 5.4. Suppose {E,} C R, and E, \  Ey € R,. Take set sequence
{E.li=1,2,...} C R, which satisfy E,; /" E, for every n =0,1,2,.... Since
EyC E, for any n=1,2,..., we may assume that Ej C E, for any
n=1,2,...,and i=1,2,..., without any loss of generality. As 4 < v on R,
for any ¢ >0 there exists 6§ >0 such that u(F)<u(E)+e/2 whenever
E eR ,F R ,ECFand v(F)<(E)+ 6. By using the continuity of v and
the definition of 1/ on Ry, there exist N and N, such that

V(En)<v(Ey) + 6/2,

v(Eo) <v(Eon') +6/2,
and

W(EN)<u(Exn') + /2.
Thus, we have
V(Exy') < v(Ey)<v(Eon') + 6,
and therefore,
w(Eny) <p(Eon') +€/2.
Consequently, we have

1 (En) <p(Eon') + & < p/'(Eo) + e
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Observing the monotonicity of y/, we obtain

h}ln 1 (Eq) = W (E).

Now, we turn to prove that u/ < v on R,.

For any given € > 0, since < v on R, we know that there exists 6 > 0,
such that u(Fy)<w(Eyp)+e/2 whenever Ey € R, Fy € R, Ey C Fy, and
v(Fy)<v(Ep) +26. Now, for any given E €R,,F €R,, satisfying
E C F and v(F)<v(E) + 6, we take two set sequences {E,} C R and{F,} CR
such that £, /" E and F,, /' F. There is no loss of generality in assuming E, C F,
foranyn = 1,2, ... (otherwise, we can take E, N F, instead of E,). By using the
continuity of ¢/ and v on R,, there exists a positive integer 1y such that

M(Fno) > MI(F) - 5/2

and

v(E,) > v(E)— 6.

Since 4 < v on R, and

l/(Fnu) S V(F) < V(E) + o< V(Eﬂo) + 267

we have
/j‘(Fno) <:U’(En0) + 5/2,
and therefore,

W) <p () + /2 = p(Fyy) + £/2< p(Ey) + & = ! (Eny) + < p/(E) +e.

This means ¢/ < v on R,. The uniqueness of the extension has been shown in
Theorem 5.4. O

Since a continuous monotone measure is both continuous from below and
continuous from above, regarding it as a lower semicontinuous monotone
measure, we can obtain an extension from Theorem 5.4, and regarding it as
an upper semicontinuous monotone measure, we can also obtain another
extension from Theorem 5.5. Because of Theorem 5.6, we know that these
two extensions coincide under the condition given in Theorem 5.6.

To extend a continuous monotone measure from an algebra onto a o-algebra
containing this algebra, we need a new concept, which is called R -approachability
of a monotone measure on a o-algebra containing R,.
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Definition 5.4. A continuous monotone measure p on F is R -approachable iff
for any set £ € F and ¢ > 0, there exists F € R,, such that F D> E and
pu(F) < p(E) +e.

Theorem 5.7. A continuous monotone measure y on R may be extended to an R,-
approachable monotone measure on F if there exists an R, -approachable contin-
uous monotone measure v on ¥ such that 1 < v on R. The extension is unique and
preserves the absolute continuity with respect to v.

Proof. Ttisclear by Theorem 5.6 that u may be uniquely extended to a continuous
monotone measure i/ on R,, and i/ < v on R,. If we define

W' (E) = inf{u/(F)|E C F € R}

for any E € F, then p” is nondecreasing, and it coincides with p' on R,

To prove the continuity from above of p” on F, we suppose {E,} C F
and E, \ Ey € F. Since ;/ < v on R,, for any ¢ > 0, there exists § >0
such that

W(E) <4l (E) + /2

whenever £ € R,, F € R,, E C F, and v(F)<v(E) + 6. By using the continu-
ity of v on F, there exists NV such that

V(En)<v(Ey) + 6/2.

Noting that R, is closed under the formation of finite intersections, by using the
R,-approachability of v on F and the definition of p”, we may take
Fy € R,,Fy € R,,such that Ey C Fy, Exy C Fy, Fy C Fy, and

W (Fo)<p"(Eo) +¢/2,

I/(FN) < V(EN) + (5/2

Thus, we have
v(Fy)<v(Ey) +6 <v(Fy)+6
and, therefore,
1 (Fy) < (Fo) +¢/2.

Consequently, we have

W (E) < 1 (Fx) < g (Fo) + (e/2) <pl'(Eg) + <.
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Thatis, i is continuous from above on F. The continuity from below of 1/ on F
can be proved by a completely analogous method. So p” is a continuous
monotone measure on F.

Obviously, u” is R,-approachable, and it is the unique extension possessing
R,-approachability. We can also prove the absolute continuity of p” with
respect to v in a similar way. O

Since a classical measure on F(R) is R,-approachable, we have the following
corollary.

Corollary 5.1. A continuous monotone measure |1 on R may be uniquely extended
onto F(R) if there exists a finite measure v on R such that ;n < v on R.

Noting that any 7-function is continuous, we know that any quasi-measure
is absolutely continuous with respect to a certain classical measure. So,
from Corollary 5.1, we have the following result again, which was obtained
in Section 5.2.

Corollary 5.2. Any quasi-measure on R can be uniquely extended onto F(R).
This shows that the result in Theorem 5.7 is a generalization of the result in
Section 5.2.

5.5 Extension of Possibility Measures and Necessity Measures

In this section we restrict the range of set functions that we discuss to [0, 1].
However, there is no essential difficulty for generalizing most results in this
section to cases where the range of set functions is [0, oo].

Definition 5.5. A set function p : C — [0, 1] is P-consistent on C iff, for any
{E/Jt e T} CcCandany E € C,

EC U E
teT

implies

H(E) < sup u(E;),
teT

where T is an arbitrary index set.
From Definition 5.5, we know that if u: C — [0, 1] is P-consistent and
O € C,then u(9) =0. In fact, since O C D =U,ep E,, we should have

w(Q) < sup,cg p(E) = 0.

Theorem 5.8. If 1 - C — [0, 1] is P-consistent, then it is monotone and maxitive
on C.

Proof. If we take a singleton as the index set 7, then the monotonicity of i can
be immediately obtained from the definition of P-consistency. Furthermore,
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when E = U, 1 E,, then on the one hand, from the definition of P-consistency,
we have

p(E) < sup u(Ey);

teT

and on the other hand, since £ D E, for any ¢t € T, by monotonicity, we have
w(E) > p(E,) forany ¢t € T, so0

((E) > sup p(E,).
teT

Consequently, we have

pu(E) = sup p(E,).

teT

That is, p is maxitive on C. O

In general, P-consistency is not equivalent to maxitivity on an arbitrary class
C, as is illustrated in the following example.

Example 5.4. X = {a,b,c¢,},C = {{a},{a,b, },{b,c}}. If puis a set function on
C with

u({a}) = 0.5, u({a.b}) = 0.7, u({b,c}) = 0.6,

then p is maxitive on C, but it is not P-consistent. In fact, {a} U {b, ¢} D {a, b},
but u({a}) vV u({b,c}) =0.6<0.7 = u({a, b}).

However, if 1 is a nonnegative monotone set function defined on the class C
that is closed under the formation of arbitrary unions, then P-consistency and
maxitivity are equivalent for p.

Theorem 5.9. A set function p: C — [0,1] can be extended to a generalized
possibility measure T on P(X) if and only if p is P-consistent on C.

Proof. Necessity: Let u be extendable to a generalized possibility measure 7 on
P(X). Noting that 7 is nondecreasing, we know for any {E,|t € T} C Cand any
E € C, leC U[eT E[ then

wE)=n(E) <n(U E,) =supn(E,) =supu(E).

T teT teT teT

That is, p is P-consistent on C.
Sufficiency: Let p be P-consistent on C. We define a set function

n: P(X) — [0, 1]
H(E). (5.1)

F—sup inf
yeF ElxeEeC
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n is a generalized possibility measure on P(X). In fact, if we write

Slx) = inf  u(E),

ElxeEcC

for any x € X, then, similarly to the result in Theorem 4.22, f{(x) can uniquely
determine a generalized possibility measure. It is just the set function 7 defined
above. The following shows that this set function = is an extension of x4 on C,
ie., for any F € C,n(F) = u(F). Take F € C arbitrarily. On the one hand,
from (5.1), since F € {E|x € E € C} when x € F, we have

n(F) < sup p(F) = p(F).

xeF

On the other hand, arbitrarily given € > 0, for any x € F there exists £, € C
such that x € E, and

inf  u(E) > p(Ey) —e.
ik HE) 2 ulEx) — e

Since Uyer E; D F, by using the P-consistency of . on C we have

sup pu(Ex) > p(F),

xeflF
and therefore,

w(F)=sup il u(E) > suplu(Ey) — ¢] > u(F) — e,
xeF ElxeEeC xeF

Because € may be arbitrarily close to zero, we obtain
n(F) = u(F).
Consequently, we have

n(F) = p(F). .

Example 5.5. X and C are given in Example 5.4. If 14 is a set function on C with

u({a}) = 0.5, u({a,b}) = 0.7, u({b, c}) = 0.7,

then p is P-consistent on C, and therefore, it can be extended to a generalized
possibility measure 7= on P(X) with

a({a}) = 0.5, 2({b}) = 0.7, n({c}) = 0.7.
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In general, the above-mentioned extension may not be unique. For instance,
in Example 5.5 the generalized possibility measure 7'
7 ({a}) = 0.5, % ({b}) = 0.7, % ({c}) = 0.6, ({a,b}) = 0.7,
7' ({b,c}) =0.7,7'({a,c}) = 0.6,7'(0) = 0,7'(X) = 0.7,

is an extension of p too.
Denote all of generalized possibility measure extensions of the set function
p: C — 10,11 by E;(u); then E; (1) is nonempty if u is P-consistent on C.
Given two arbitrary set functions y; : P(X) — [0, 1] and u, : P(X) — [0, 1],
if we define a relation “<” as follows:

w1 < po iff i (E) < wa(E) for every E € P(X),

then the relation “<” is a partial ordering on E,(x). Furthermore, if we denote
i = sup{p, p2}, then

A(E) = m(E) V pa(E)

for any £ € P(X).

Theorem 5.10. (E, (1), <)is an upper semilattice, and the extension given by (5.1)
is the greatest element of (Er(u), <).

Proof. If m; and m, are generalized possibility measures then so is their supre-
mum. Furthermore, if both n; and m, belong to E;(u) then so does their
supremum. Therefore, (E;(1), <) is an upper semilattice. Now we turn to
show the second conclusion of the theorem. Let 7 be the generalized possibility
measure extension of p which has the expression (5.1). Given an arbitrary

n' € E.(u), since
n'({x}) < 7'(E) = u(E)
for any £ € C and any singleton {x} satisfying x € E € C, we have

©({x}) < inf pu(E).

" Elx€eEeC
Therefore, for any F € P(X),

n(F)=sup inf pu(E)>supn’'({x})=r'(F).
xeF ElxeEeC xeF

That is, 7 is the greatest element of (E,(u), <). O
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If 1y € Ex(p),m € Ei(p), and 7y < 7w, then any generalized possibility
measure 7 on P(X) that satisfies 7; < n < 7, is an extension of u. So, if E;(u)
possesses two or more different elements, then it has a potency not less than the
continuum.

E. (1) may be also obtained by solving a certain fuzzy relation equation.

From Theorem 5.9, it is easy to determine whether a set function p: C— [0, 1]
can be extended to a possibility measure on P(X). In this problem, there are
three cases:

I. If X € C, and pu(X) # 1, then p cannot be extended to any possibility
measure on P(X).

2. If X € C,and u(X) = 1, then p can be extended to a possibility measure on
P(X) when p is P-consistent on C.

3. If X¢C, let C' = C U {X}, and define z/ on C’ by

J(E) = {/J(E) %f E eﬁC
1 if E = X,

then p can be extended to a possibility measure on P(X) when p/ is P-

consistent on C'.

The discussion regarding extensions of generalized possibility measures
(Theorem 5.10) is equally applicable to cases 2 and 3.

It is natural to ask under what conditions the above-mentioned extension is
unique. To answer this question, we need the concepts of atom and plump class
defined in Chapter 2.

Lemma 5.2. Let C be an AU-class. If a set function p: C — [0, 1] is nondecreasing,
then it is a generalized possibility measure. Furthermore, if C is just the class of all
atoms of some class C', that is, C = A[C'], then any nondecreasing set function ju:
C — [0, 1] is P-consistent on C.

Proof If {E)|t € T} C C,U,e7 E, € C, where Tis an arbitrary index set, then,
since C is an AU-class, there exists fy € T such that E;, = U;c rE;. So

w(\J E)) = n(E,) < sup p(E;)-

teT

Noting that p is nondecreasing, we have the converse inequality:

N(U E;) > sup p(E,).
eT teT

Consequently, we have

w(\J Er) = sup u(Ey).

teT teT
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That is, p is maxitive.
Furthermore, let C = A[C']. If A = A(x) € A[C],

{d/]t € T} ={A(x)|t € T} C A[CT],

and 4 C U;c r4,, where T'is an arbitrary index set, then there exists 7y € T'such
that x € A,,, and, therefore, by Theorem 2.12, 4 C A,,. So we have

u(A) < p(Aq) < sup p(Ay).

teT

That is, p is P-consistent on A [C/]. O

Theorem 5.11. Any nondecreasing set function p : A[C] — [0, 1] is a generalized
possibility measure on A[C], and it can be uniquely extended to a generalized
possibility measure n on F,(C).

Proof. By Lemma 5.2 and Theorem 5.8 we know that p is a generalized
possibility measure on A[C], and by Theorem 5.9 p can be extended to a
generalized possibility measure 7 on P(X) containing F,(C). So, we only need
to prove that on F,(C) the extension is unique. For any E € F,(C), through
Theorem 3.17, E can be expressed by

E=]4,

teT

where 4, € A[C] and T is an index set. Since 7 is a generalized possibility
measure, it should hold that

n(E) = sup n(Ay).

But, the expression of £ may not be unique. If there exists another expression

E=] 4,

sES
where 4, € A[C] and S is an index set, we must prove that

sup u(4,) = sup p(A})

teT ses

to show the uniqueness of the extension. In fact, for any A, there exists x, € 4,
such that 4, = A(x,). From x, € E = U¢ sA, we know that there exists s, € S
such that x, € A{ . Therefore, by Theorem 3.12, 4, C A; . Using the mono-
tonicity of p, we have

(1(A;) < p(Af) < sup p(A5).

sesS
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This inequality holds for any ¢ € T. So, we have

sup u(A;) < sup p(AL).

teT seS
Analogously, the converse inequality holds. Consequently, we have

sup pu(A4;) = sup p(Ay).

teT seSs
Od
As to the extension of necessity measures, we have a similar discussion.

Definition 5.6. A set function p: C — [0, 1] is N-consistent on C iff for any
{E/|t € T} c Candany E € C,

ED N E
teT

implies

=
WE) = inf u(Ey),

where T is an arbitrary index set.

Theorem 5.12. Let @ € C. A set function p: C — [0, 1] with p(@) = 0 can be
extended to a necessity measure v on P(X) if and only if u is N-consistent on C.

This extension may be not unique. Denoting all necessity measure exten-
sions of the set function u given in the above theorem by E, (1), then we have the
following theorem.

Theorem 5.13. (E,(p), <) is a lower semilattice, and the set function v given by
v:P(X)—[0,1]

F—inf sup u(E)
Y¢FE|x¢ FeC

is the smallest element of (E,(u), <).
Using the concept of the hole, we can address the uniqueness of the
necessity measure extension.
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Notes

S.1.

5.2.

5.3.

The issue of extensions of possibility and necessity measures was first
addressed by Wang [1985b, 1986, 1987]. It was shown by Wang [1986b]
that these extensions can be obtained by solving appropriate fuzzy relation
equations. It follows from this result that, in general, there are several
(possibly even infinitely many) smallest extensions on P(X) for a given
possibility measure on C. It was shown by Qiao [1989] that the extensions
of possibility and necessity measures can be generalized to monotone sets.
The work on extensions of quasi-measures (including A-measures as a
special case) was initiated by Wang [1981].

Extensions of semicontinuous monotone measures as well as some other
kinds of monotone measures were studied by Wang [1990a].

Exercises

5.1.

5.2.

5.3.

5.4.

Let X = {x,x2,x3}. Using the concepts of the quasi-measure and its
proper T-function, determine a A-measure on g on P(X) with a parameter
/.= 1 and constrained by p({x1}) = 1, u({x2}) = 2, p({x3}) = 3.

Given a probability distribution function

0 if x<-—1
hix)=< 1/4 if —1<x<1
1 if x>1,
determine the corresponding Sugeno measure g; on the Borel field B with a

parameter 2 = 2. In particular, list the values of g;({1}),g,({0}), and

£.([=2,0)).
Repeat Exercise 5.2 for each of the following probability distribution
functions:

0 if x<-—1
CJ14 i —1<x<0
@ 70 =930 i o< <

1 if x>1;

0 if x<-1
(b) hix) =< (1+x)/2 if —1<x<1

1 if x >1;

1 if x>0.

Let X be a nonempty set and R be an algebra of subsets of X. Prove that R,
is closed under the formation of countable unions. Assuming that we call
the class that is closed under the formation of countable unions a o-class,

© h(x):{o if x <0



Exercises 131

5.5.

5.6.

5.7.

5.8.

5.9.

show that R, is the smallest o-class containing R (we can also refer to
it as o-class generated by R). Similarly, assuming that we call the class
that is closed under the formation of countable intersections a é-class
and denote it by Rs, show that Ry is the smallest 6-class containing R
(6-class generated by R).

In analogy to the concept of R,-approachability define an appropriate
concept of Rs-approachability. What relevant result can be obtained for
this new concept?

Determine R, and R; for each R specified as follows:

(a) X={a,b,c,d},R={0,{a,b},{c,d}, X};
(b) X{1,2,...},Ris the class of all finite sets and their complements in X;
(¢) X =10, 1], R is the class of all finite sets and their complements in X.

Let X ={1,2,...},R be the class of all finite sets in X, and p be a set
function defined on R as follows:

0 if E=0
() = { |
1 otherwise
Extend p as a lower semicontinuous monotone measure on a class, as large
as possible, that contains R.
Repeat Exercise 5.7 for the following set function:

1

E)=1—-—
u(E) S

Let M be the class of all monotone measures defined on a measurable space
(X, F). Prove that “<” is a transitive relation on M.

5.10. Let X = {a, b, ¢, d, e}. Determine for each of the following set functions

defined on given classes C whether it is P-consistent on C:

(a) C=PX),u(E) =1forany E € P(X);

(b) C=P(X),
(F) — {0 ifE=0
K 1 otherwise;
(c) Cis the class consisting of all subsets of X that contain at most two
points, and
n(E) = |E|/5
forany E € C;

(d) €= {{a},{b},{a,c},{b,d,e},{a,c,d,e}}, p({a}) = 0.1, u({h})
=0.8, u({a,c}) = 0.5, u({b,d,e}) = 0.8, u({a,c,d,e}) = 0.6;
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S5.11.

5.12.
5.13.

5 Extensions

() C={{a},{b},{a,c},{b.d,e}.{a,c,de}}, p({a}) = 0.1, u({b})
=0.5u({a,e}) = 0.5 u({b,d,e}) = 0.8, u({a,c,d, e}) = 0.6;

(H C= {{a,b},{b,c},{a,b,c},{a,d,e}, {bacad}}au({avb}) = 0.2,/1,({[7,6})
—0.5,u({a.b.}) = 0.5, u({a.d,e}) = Ly {b.c.d}) = 0.9

(g) C= {{Cl, b), {Cl, d, e}, {b7 d}7 {a> b, e}}> N({av b}) =0.5, /1,({61, d, 6})
=1, u({b,d}) = 1,u({a,b,e}) = 0.8;

(h) C={{a,b}{a,b,d} {c,d,e},{a,b,c.e} {d,e}}, u({a,b})=
0.3, u({a,b,d})=0.4,u({c,d,e}) =1, u({a,b,c,e})=1,u({d,e}) =0.6;

i C= {{av b, C}v {b}v {C}’ {ba ¢ d}a {bv e}}v M({avbv C}) =0.5, /‘({b})
=0.1,u({c}) = 0.2, u({b,c,d}) = 1, u({b,e}) = 0.6.

Extend each P-consistent set function p given in Exercise 5.10 onto P(X)
as a generalized possibility measure. Determine whether the extension is
unique. If it is not unique, find the greatest extension. Can you also show
that there are extensions other than the greatest one?

In Exercise 5.10, determine which classes are AU-classes.

Using the set functions listed in Exercise 5.10 and the classes on which the
respective set functions are defined, confirm the conclusions given in
Section 5.4.



Chapter 6
Structural Characteristics for Set Functions

6.1 Null-Additivity

Up to now, we have used some structural characteristics such as nonnegativity,
monotonicity, additivity, subadditivity, A-rule, maxitivity, continuity, and so
on to describe the features of a set function. Since the monotone measures in
general lose additivity, they appear much looser than the classical measures.
Thus, it is quite difficult to develop a general theory of monotone measures
without any additional condition. Before 1981 it was thought that monotone
measures additionally possessed subadditivity (even maxitivity), or satisfied the
A-rule. But these conditions are so strong that the essence of the problem is
concealed in most propositions. Since 1981, many new concepts on structural
characteristics, which monotone measures may possess (e.g., null-additivity,
autocontinuity, and uniform autocontinuity), have been introduced. As we
shall see later, they are substantially weaker than subadditivity or the Z-rule,
but can effectively depict most important monotone measures and are powerful
enough to guarantee that many important theorems presented in the following
chapters will be justified. In several theorems, they go so far as to be a necessary
and sufficient condition. In generalized measure theory, these new concepts
replace additivity and thus play important roles.

We assume that F is a o-algebra of sets in P(X), and we define these new
concepts in a wider scope: Set functions u : F — [—o00, oo | are considered to
be extended real-valued.

Definition 6.1. 1 : F — [—o00, oo | is null-additive iff
W(EUF) = p(E)
whenever E€ F, FEF, ENF = @, and u(F) = 0.
Theorem 6.1. If for any nonempty set F € F, (F) # 0, then p is null-additive.
Proof. If there exists some set F' € F such that u(F) = 0, then F = O. Therefore,

for any E € F, we have

W(EUF) = p(E) O

Z. Wang, G.J. Klir, Generalized Measure Theory, 133
DOI: 10.1007/978-0-387-76852-6_6, © Springer Science+Business Media, LLC 2009
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Theorem 6.2. If u: F— [0, oc] is a nondecreasing set function, then the following
statements are equivalent:

(1) p is null-additive;

2) W(ENF) = w(E) whenever E € F, F € F, and (F) = 0;

B) W(E-F) = w(E) whenever E€F, FEF, FC E, and u(F) = 0;
4) W(E— F) = u(E) whenever E € ¥, F€F, and w(F) = 0,

(5) W(E A F) = p(E) whenever E € F, F€F, and i(F) = 0.

Proof. (1) = (2): If (F) = 0, noting0 < pu (F—E) < (F) =0,(F-EYNE =@,
we have p (EUF) = W(EU (F- E)) = W(E);
(2) = (1): Evident;
(1) = (3): It is only necessary to note u(E) = u((E— F) U F); (3) = (4): Since
WE—-F) = w(E—(FNE)),and FN E C E, noting 0 < w(FN E) < u(F) = 0, we
have the conclusion;
(4) = (1): The conclusion follows from p(E) = p((EU F)— F)ywhen ENF = O;
(2) and (4) = (5): The conclusion follows from the inequality

H(E—F) < p(E A F) < p(EU F);
(5) = (1): We only need to point out that EA F=EUFwhen ENF = Q. O

One of the simplest monotone measures that is not null-additive is given as
follows.
Example 6.1. X = {a, b}, F = P(X), and
1 fE=X
pu(E) = .
0 if E#X.

Theorem 6.3. Let p be a null-additive, continuous, monotone measure, and E € F.
Then, we have

li’rln w(EUF,) = u(E)
for any decreasing set sequence { F,,} CF for which lim,, 11 (F,)) = 0 and there exists
at least one positive integer ng such that y(E U F,, ) < oo as p(E) < oo.

Proof. It is sufficient to prove this theorem for u(E) < oo. If we write
F =2 F,, we have pu(F) = lim, u(F,) = 0. Since EU F,\, E U F, it follows
from the continuity and the null-additivity of u that

liznu(EU F,) = u(EUF) = p(E). O

Theorem 6.4. Let p be a null-additive continuous monotone measure, and E € F.
We have

lim p(E = F,) = p(E)

for any decreasing set sequence {F,,} C F for which lim,, u(F,) = 0.
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Proof. Since E—F,, /" E—(M2F,) and p(N°, F,) = 0, by Theorem 6.2 and the
continuity of y it follows that

lim p(E — F,) —u( (ﬂF)) O

The following example shows that the conclusion in Theorem 6.3 is not true
when the finiteness condition is abandoned.

Example 6.2. Let X = {0, 1,2....}, F = P(X),

S 27D if0gE

ickE
ME) =1 if0 € Eand E— {0} £ 0
1 if £ ={0}.

It is not too difficult to verify that g is a continuous monotone measure.
By Theorem 6.1 p is null-additive. If we take £ = {0}, F,, = {n, n + 1,...},
n = 1,2,..., then {F,} is decreasing, and lim,, u(F,,) = 0, but u (EU F,,) = oo for
anyn = 1, 2,..., and u(E) = 1. So we have

lim pu(EU F,) 7 p(E).

6.2 Autocontinuity

Definition 6.2. u: F — [-00, 0o] is autocontinuous from above (or from below) iff

limj(EUE,) = u(E)  (or limu(E ~ F,) = u(E))

whenever E € F, F,e F, ENF, = O (or F,C E, respectively), n = 1, 2,..., and
lim,, u(F,,) = 0; p 1 autocontinuous iff it is both autocontinuous from above and
autocontinuous from below.

Theorem 6.5. Let p. F— [—00, oo] be an extended real-valued set function. If
there exists € > 0 such that |((E)| > ¢ for any E € F, E # O, then p is
autocontinuous.

Proof. Under the condition of this theorem, if {F,} C F is such that lim,
w(F,) = 0, then there must be some n, such that F,,= @ whenever n > ny,
and, therefore,

limp(EUF,) =lim u(E — F,) = lim u(E) = p(E). O
n n n
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Theorem 6.6. If 1. F— [-00, 00] is autocontinuous from above or autocontinuous
from below then it is null-additive.

Proof. Forany E€cF, FEF, ENF = @, and u(F) = 0, taking F,, = F,n = 1,
2,..., we have lim,, u(F,) = (F) = 0. If p is autocontinuous from above, then

p(EUF) =limpu(EU F,) = p(E),
n
so that p is null-additive; if i is autocontinuous from below, then
EUF) =limu((EUF) = F,) = p(E),

and p is null-additive as well. |

Obviously, if u: F — [0, co] is nondecreasing, then the restrictions “EN F,, = @”
and “F,, C E” in the statement of Definition 6.2 may be omitted.

Theorem 6.7. Let p: F— [0, oo] be nondecreasing. p is autocontinuous if and
only if

lim p(EAF,) = p(E)
whenever E € ¥, {F,} CF, and lim,, ;(F,,)) = 0.
Proof. Necessity: For any E € F, {F,} C F, with lim,, u(F,,) = 0, noting
E—F,CEAF,CEUF,,
by the monotonicity of y we have
WE — F,) < u(EAF,) < W(EU Fy).

Since p is both autocontinuous from above and autocontinuous from below, we
have

lim u(EU F,) = p(E)
and

lim p(E — F,) = p(E).
Thus, we have

lim p(EAF,) = p(E).
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Sufficiency: For any E € F, {F,} C F, with lim,, u(F,) = 0, we have F,— E € F
and p(F, — E) < (F,). So we have

lilr1n w(F, — E)=0,
and therefore, by the condition given in this theorem, we have

lim j(E U F,) = lim j(EA(F, — E)) = pu(E).
That is, p is autocontinuous from above. Similarly, from
lizn w(Fy,NE)=0,
it follows that

lim p(E — F,) = lim p(EA(F, N E)) = p(E).

That is, p is autocontinuous from below. O
The following two theorems indicate the relation between the autocontinuity
and the continuity of nonnegative set functions.

Theorem 6.8. If ;1. F— [0, 00) is continuous from above at @ and autocontinuous
from above (or from below), then p is continuous from above (or from below,
respectively).

Proof. If {E,} is a decreasing sequence of sets in F, and £ = N2, E,, then
E, — EX, Q. From the finiteness and the continuity from above at @ of u, we
know

limu(E, —E)=0
n
and, therefore, by using the autocontinuity from above of u, we have

hm w(E,) = hm wEU(E, — E)) = p(E).

That is, i is continuous from above. The proof of the continuity from below is
similar. 0

Theorem 6.9. If .. F— [0, oo] is nondecreasing, continuous from above at @, and
autocontinuous from above, then p is continuous from above.

Proof. If {E,} is a decreasing sequence of sets in F with u(E;) < oo, we know
from the monotonicity of x that

0§H<E1 ﬂE><uE1 ) < oc.

Thus, the proof is similar to the proof of Theorem 6.8. O
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When the set function we consider is a continuous monotone measure (or
semicontinuous monotone measure) there are some interesting results on the
autocontinuity from above and the autocontinuity from below.

Lemma 6.1. Let - F— [0, oo] be a lower semicontinuous monotone measure (or upper
semicontinuous monotone measure), {E,} C ¥ with lim,, p(E,) = 0. If p is autocontin-
uous from above (or from below and finite), then there exists some sequence {E;} of
subsequences of {E,}, where Ex = {E w}, k = 1,2,..., such that

00
III{IIN<U En(k)> =0
-1

(or limy, (A4 U E (k = p(A) for any fixed A € F, respectively).

Proof. Assume | ,u is autocontinuous from above. For arbitrarily given € > 0,
we take n; such that p(E,;) < /2. Since i is autocontinuous from above and
lim, pw(E,) = 0, we can take n, > n; such that

W(En UEy)<up(E,)+e/4 < 3e/4.

Generally, for U/_| E,,, we can take n,,, > n; such that

“(UE>:“<<UE> ) (1—2"0)e<e,
=1

= 1, 2,.... Consequently, by using the continuity from below of ;. we get a
subsequence {E,,} of {E,} such that

() () =<

In a similar way, we can also prove the case when p is autocontinuous from
below. O

Theorem 6.10. Let . F— [0, oo] be a lower semicontinuous monotone measure. If
L is autocontinuous from above, then for any {E,} C F with lim,, u(E,) = 0, there
exists some subsequence {E, } of {E,} such that

1
The inverse proposition is also true when p is a finite null-additive continuous
monotone measure.

Proof. Suppose i is autocontinuous from above. From Lemma 6.1, there exists
a subsequence {£ )} such that

) (U Enm) <.
=1
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As lim; u(E 1)) = 0, too, there exists a subsequence {E o} of {£ )} such that

M (U En@) < 1/2
=1

Generally, there exists a subsequence {E « 1} of {E «1} such that

7 <U Eﬁk)) < l/k
=1

k=23,..1fwetake n; = n?, then {E,} is a subsequence of {E,} and satisfies

o0 o0
U E”,. C UEw
i=k i=1 "

for any k = 1, 2,.... Consequently, we have
p(lim £,) = u(ﬂ UE) < u(U E) < u(U En“)) <1/k
k=1 i=k i=k =1

for any k£ = 1, 2,..., and thus we have

p(fmE,) = 0.

1

Conversely, for any E € F, {F,} C F with lim,, u(F,) = 0, there exists a
subsequence {F,, } of {F,} such that

limu(EUF,) = li/m H(EU Fy).
i k

Since lim,, u(F,,) = 0, too, by the condition in the inverse proposition, there
exists some subsequence {F), } such that

M(m E”k ) =0.
i 1

Therefore, by the finiteness, monotonicity, and continuity from above of y (see
the proof of Theorem 4.27), we have

fm u(EU F,) = limp(EU F,, ) < p(im (EUE,, ) = p(EUTm £, ).
n i ! i ! i !
By applying the null-additivity of p, we have

fm u(EU E,) = p(E).
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Noting
w(E) < lim w(EUF,) < im p(EU F),
we have
lim p(EU Fy) = p(E).
That is, u is autocontinuous from above. O

Theorem 6.11. Let u: F— [0, oo) be a finite continuous monotone measure. | is
autocontinuous from below if and only if it is null-additive, and for any A € ¥ and
any {E,} with lim, u(E,) = 0 there exists some subsequence {E,} of {E,} such
that

n(A —TmE,) = p(A).

Proof. Similar to the proof of Theorem 6.10. O

In Theorem 6.10, from lim,, u(E,) = 0, we know that there exists a subse-
quence {E,;} of {E,} such thatd >, u(E,,) <oo. If p is a classical measure, we
obtain the same conclusion, M(H,E,,,) =0, by the Borel-Cantelli lemma.
Hence, Theorem 6.11 may be regarded as a generalization of the Borel-Cantelli

lemma onto monotone measure Spaces.

Theorem 6.12. Let p: F— [0, o] be a continuous monotone measure. If i is
autocontinuous from above, then it is autocontinuous from below. Furthermore,
when v is finite, the autocontinuity from below implies the autocontinuity from
above and, therefore, the autocontinuity, the autocontinuity from above, and the
autocontinuity from below are equivalent.

Proof. Suppose p is autocontinuous from above. For any E € F, {F,,} C F with
lim,, p1(F,,) = 0, there exists some subsequence {F), } of {F,} such that

lim pu(E = F,) = lim p(E — Fy).

Since p is autocontinuous from above, by Theorem 6.10 we know that there
exists some subsequence {F, } of {F, } such that

p(lim £, ) = 0.

Thus, by applying the null-additivity of x (see Theorem 6.6), we have

w(E) > lim p(E — F,) > lim u(E — F,) = lim p(E — F,, ) > p(lim (E - F,, )
n n i i - i

1

= w(E~Tm F,, ) = u(E).
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Consequently, we have
lim p(E = Fy) = p(E).
Therefore, p is autocontinuous from below.
Now, we turn to the proof of the second part of the theorem. Assume p is
finite and autocontinuous from below. For any E € F, {F,} C F with

lim,, (F,) = 0, there exists some subsequence {F}, } of {F,} such that

limu(EUF,) = lilgnp,(EU F,).

Since p is autocontinuous from below, by Theorem 6.11, for the given E,
there exists a subsequence {G"} of {F,,} such that

p(E—Tim G\V) = p(E);

since lim; (G{") = 0, for EU G, there exists a subsequence {G;?} of {G"}
such that

G, =6,V and w(EUGY —Tm G6?) = w(Eu Gy,
1

also, by a similar reasoning, for E U G»® there exists a subsequence {G,¥} of
{G?} such that G,-(3) = G,(Z),j = 1,2, and

w(EUGY —Tm6WY) = w(EuGP);

generally, for EU G,"”, there exists a subsequence {G," * D} of {G*”} such that
GV =6, j=1,2,..nand

WEUGY —Tim ") = W(EuGY).
1
Continuing this process until infinity and writing G; = G” fori = 1, 2...., we
obtain a subsequence {G;} of { F;, }. Since {G,} is also a subsequence of {G"™} for
eachn = 1, 2,..., we have

lim G; c im G\
1 1

for each n = 1, 2,.... Hence, by using the monotonicity of p,

WEUG) > p(EUG; —Tim G) = p(EUG —Tim Gj)

> u(EU G ~Tim G = w(EUG) = n(EUG);
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that is,
WEUG; — @ Gi) = W(EUG))
forany i = 1, 2,.... Finally, denoting G; by Fy . i= 1, 2,..., we obtain
WEU F,, —Tim Fy, ) = p(EUF,,)

foranyi = 1, 2,.... Thus, noting lim; UX,(F,, — lim; Fy,) =@ and p is finite,
we have

wE) <

= limpu(EU Fy, ) = lim w(EU F,, —lim F,, )
i ! i ! J

lim p(EUF,) <lim u(EUF,)

< lim,“(EU (;Lj (Fnk, - ank/-)>>
i =i J
= pu(E).
Consequently we have

lim p(EU F,) = p(E).

Therefore, p is autocontinuous from above. 0
However, when the continuous monotone measure y is not finite the auto-
continuity from below may not imply the autocontinuity from above.

Example 6.3. We use the continuous monotone measure given in Example 3.5.
X ={1,2,..},F = P(X), W(E) = |E| - Y>_,.;2 " for any E € F. For such a set
function p it is easy to see that a set E'is finite if and only if u(E) < co. Now, let
us show that p is autocontinuous from below. For any E € F, {F,} C F with
lim,, u(F,) = 0, without any loss of generality we may suppose F, # @ for any
n =1, 2,..., and, therefore, we have

lim (inf{i|i € F,}) = cc.

Thus, there are two cases: (1) If u(E) < oo, then there exists ng such that
ENF, = O (thatis, E— F,, = E) for any n > ng, and thus we have

lim u(E — ;) = u(E);

(2) If w(E) = oo, then E is an infinite set. Since lim,, u(F,,) = 0, there exists ng
such that u(F,) < oo (that is, F), is a finite set) for any n > ny. So E — F,, is an
infinite set. Consequently,
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lim p(E — Fy) = 00 = p(E).

Therefore, 1 is autocontinuous from below. However, p is not autocontinuous
from above. In fact, if we take £ = {1}, F,, = {n},n = 1, 2,..., then we have

lim p(F,) =1lim 27" = 0,
n n
limp(EUF,) =lim[2- (27" +27)] =1,
n n

but
w(E) =271,

This example also shows that, for monotone measures, the autocontinuity is
really stronger than the null-additivity.

6.3 Uniform Autocontinuity

Definition 6.3. y. F — [—00, o] is uniformly autocontinuous from above (or from
below) iff for any € > 0, there exists 6 = ¢ () > 0 such that

HWE) —e < p(EUF) < p(E) +e (or p(E) —e < u(E—F) < p(E) +¢)

whenever E€ F, FEF, ENF = O (or F C E, respectively), and |u(F)| < 6; p is
uniformly autocontinuous iff it is both uniformly autocontinuous from above
and uniformly autocontinuous from below.

Theorem 6.13. If 11 F— [—o00, oo] is uniformly autocontinuous from above (or from
below), then it is autocontinuous from above (or from below, respectively). There-
fore, the uniform autocontinuity implies the autocontinuity.

Proof. 1t is evident. O

Similar to the case in Section 6.2, if u: F — [0, co] is nondecreasing, then the
restriction “EN F = @” and “F C E” in the statement of Definition 6.3 may be
omitted.

Theorem 6.14. If - F— [0, o] is nondecreasing, then the following statements are
equivalent:

(1) p is uniformly autocontinuous;

(2) p is uniformly autocontinuous from above;

(3) p is uniformly autocontinuous from below;

(4) for any € > 0 there exists 6 = 6 (¢) > 0 such that

H(E) —e < p(EAF) < p(E) +¢
whenever E € F, F € F, and y(F) < 6.
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Proof. (1) = (2): Obvious.
(2) = (3): Since u(E N F) < pu(F) < 6, the desired conclusion follows from

W(E) = w((E~ F)U(ENF)) < p(E~F) + ¢

and the monotonicity of u.
(3) = (4): On the one hand, from u(E N F) < u(F) < 6, we have

WE AF)=p((EUF) = (ENF)) 2 n(EUF) —e > p(E) —e.
On the other hand, since u(F— E) < u(F) < 6, we have
H(E) = ju(E — F) = u((EAF) — (F - E)) > p(EAF) —¢.

(4) = (1): Obvious. O
The following example shows that not all autocontinuous monotone mea-
sures are uniformly autocontinuous.

Example5.4. Let X = X U X", where X = {-1,-2,..}, X" = {1,2,...}, and let
F = P(X). A set function u: F — [0,00] is defined as

WE) = [E|+ 3 2

i€E—E*
for any E € F, where
E*={illie EnX )il <sup{jlje ENX"}}U{ENX"}.

Obviously, E— E* C X . Itis not difficult to verify that such a set function p is a
continuous monotone measure and is autocontinuous. But p is not uniformly
autocontinuous. In fact, forany § > 0and 0 < e < 1 thereexisti € X andj = —i
€ X such that u({i}) = 2" < é§ and

p i) =) =2 -1=1>e.

We should note in this example that the set function y is not finite. When X is
countable and p is finite we have a heartening result on the uniform autoconti-
nuity which will be given in Section 6.5.

6.4 Structural Characteristics of Monotone Set Functions

In this section, we summarize the relations among the structural characteristics
when the set function u: F — [0, oc] is nondecreasing.

Theorem 6.15. If u: F— [0, oo] is quasi-additive, then it is autocontinu-
ous; furthermore, when y is finite, the quasi-additivity implies the uniform
autocontinuity.



6.4 Structural Characteristics of Monotone Set Functions 145

Proof. Let u: F — [0, oo] be quasi-additive with a proper 7-function #. For any
EcF {F,} CFwithENF,=0,n=1,2,..,and lim, u(F,) = 0, applying the
additivity of 6 o x and the continuity of # and §' we have

lim j(E U F,) = lim 07 [0(u(E)) + 0(u(F,))]
= 070((E)) + 0(1im p(F,))]
=07 [0(u(E))]
= p(E).
Thatis, p is autocontinuous from above. Similarly, for any £ € F, {F,,} C F with
F, C E;n =1,2,..,and lim, w(F,) = 0, without any loss of generality in
assuming u(F,) < oo, n = 1, 2,..., we have
lim ju(E — F,) = lim 0 [0(:(E)) — 0(u(F,))]
= 07" 0(i(E)) — 0(lim p(F,))]
= 0~ [0(u(E))]
= u(E).
That is, p is autocontinuous from below. Consequently, x4 is autocontinuous.

Furthermore, if (X) = a < oo then 6 is uniformly continuous on [0, «], and
sois® 'on [0, 8(a)]. From

WEUF) =07 [0(u(E)) + 0(u(F))]

for any disjoint E, F € F, it is easy to see that y is uniformly autocontinuous
from above, and therefore, by Theorem 6.14 and the fact that the quasi-
additivity implies the monotonicity, it is uniformly autocontinuous. O

Corollary 6.1. If p: F— [0, oo] satisfies the A-rule, then it is autocontinuous.
Furthermore, it is uniformly autocontinuous when p(X) < co.

Theorem 6.16. If u: F— [0, oo] is nondecreasing and subadditive, then it is
uniformly autocontinuous.

Proof. From
H(E) < W(EUF) < p(E) + pu(F)

forany E € F, F € F, it is easy to obtain the conclusion. O
Corollary 6.2. If u: F— [0, oo] is additive, then it is uniformly autocontinuous.

Corollary 6.3. If i: F— [0, oo] is f~additive, then it is uniformly autocontinuous.
The scheme shown in Fig. 6.1 illustrates the relations among these structural
characteristics for nonnegative increasing set functions defined on a o-algebra.
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Fig. 6.1 The relation among structural characteristics of nonnegative set functions

The following result is useful in constructing examples of monotone mea-
sures (or continuous monotone measures) possessing the null-additivity, the
autocontinuity, or the uniform autocontinuity, and in judging which structural
characteristic a monotone measure possesses.

Theorem 6.17. Let both py: F— [0, oo] and p,: F— [0, oo] be null-additive (or
autocontinuous, or uniformly autocontinuous). If we define p: F— [0, oo] by

W(E) = m(E) + pa(E)
forany E € F, then p is null-additive (or autocontinuous, or uniformly autocontin-
uous, respectively), too.

Proof. We only prove the conclusion for null-additivity. The remaining may be
proved in a similar way.
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Let u; and p, be null-additive. For any E € F, F€ Fwith EN F = @, if

w(F) = 0, thatis, p(F) + p»(F) = 0, then it must hold that p(F) = u(F) = 0.
So, we have

WEUF) = (EUF) + p(EUF) = (E) + ma(E) = p( E).

This shows g is null-additive.

6.5 Monotone Measures on S-Compact Space

Theorem 6.18. If (X, F) is S-compact, and p: F— [0, o] is a finite continuous
monotone measure, then the null-additivity, the autocontinuity, and the uniform
autocontinuity are equivalent for .

Proof. 1t is sufficient to prove that the null-additivity implies the uniform
autocontinuity.

Assume g is null-additive. If 4 is not uniformly autocontinuous, then there
exist {E,} C F, {F,} C Fande > 0 such that

w(E, UF,) > pu(E,) + ¢,
n=1,2,..,but
lim p(F,) = 0.
n

Since (X, F) is S-compact, we can choose a subsequence {#;} from {n} such that

limE, =limE, =limE, € F

1 l 1

and

limF, = lim £, = lim F,, € F
Now, we denote lim; £,, = E and lim; F,, = F. By Theorem 4.27,

u(F) = lim pu(F,,) = lim u(F,,) = 0.
1 1

Noting the finiteness and the null-additivity of i, we have, on one hand,
EM(EM U FH,) S H(E(Em UF”f)) = H(mEﬂi U EFH,) = /L(EU F) = ,LL(E);

on the other hand, we have
:LI’(E”r U F”i) > :LL(EHI') + &,

and, therefore, by Theorem 4.27 again, we have
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im pu(E,, U Fy,) > im p(Ey,) + ¢ = u(E) + .

This is a contradiction. O
As a direct result of Theorem 2.22 and Theorem 6.18, we obtain the follow-
ing proposition.

Corollary 6.4. If X is a countable set and v is a finite continuous monotone
measure on (X, F), then the null-additivity is equivalent to the uniform autoconti-
nuity for p.

For a continuous monotone measure, the null-additivity is quite a light
requirement and easy to verify, while the uniform autocontinuity is very power-
ful. Since most spaces we meet in praxis are countable, the result shown in this
section is extremely important.

Notes

6.1. The use of subadditivity and maxitivity of continuous monotone measures
(fuzzy measures) to develop a theory of Sugeno integral was initiated by
Batle and Trillas [1979] and Ralescu and Adams [1980].

6.2. The concepts of null-additivity, autocontinuity, and uniform autocontinuity
were introduced by Wang [1984]. In fact, these concepts and relevant results
on Sugeno integrals (fuzzy integrals) were already reported in 1981, at the
12th European Fuzzy Mathematics Workshop in Hamburg, Germany. The
concept of autocontinuity is further discussed by Sun and Wang [1988] and
Wang [1992].

6.3. In addition to the structural characteristics defined in this chapter, Wang
[1985a] introduced several other structural characteristics for monotone
measures (fuzzy measures), such as converse null-additivity, pseudo-null-
additivity, converse autocontinuity, and pseudo-autocontinuity, and dis-
cussed the relationship among them and their applicability. Pseudo-auto-
continuity was further studied by Sun [1992].

6.4. The concept of S-compact spaces was introduced by Wang [1990b].

6.5. Some concepts and results presented in this chapter were generalized to
continuous monotone measures (fuzzy measures) defined on a fuzzy mea-
surable space by Qiao [1990].

Exercises

6.1. Let u be a monotone measure on (X, F). A set E€F is called a p-null
set iff w(E) = 0; p is called weakly null-additive iff p (EUF)=0
whenever £ € F, F€ F, (E) = (F) = 0. Prove that the class of all
p-null sets is a o-ring if and only if p is weakly null-additive.
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6.2. Function p: F — [-00, oc] is said to be null-subtractive iff u(E — F) = u(E)

6.3.

whenever £ € F, F € F, E D F, and u(F) = 0. Prove that the null-
subtractivity is equivalent to the null-additivity for p if it is nonnegative
and nondecreasing.

Is the statement “If u: F — [0, oco] is nondecreasing, continuous from above
at @, and autocontinuous from below, then pu is continuous from below”
true? (Observe that this statement is similar to Theorem 6.9.)

6.4. Verify that the set function p given in Example 6.4 is a continuous mono-

6.5.

tone measure and is autocontinuous.

Let py and p, be monotone measures on (X, F). Further, let i be defined by
WE) = pu(E) + uo(E) for any E € F and let it be denoted by 1y + . Prove
that:

(a) p is a monotone measure on (X, F);

(b) if both y1; and p, are autocontinuous (uniformly autocontinuous) then so

is p.

6.6. In Exercise 6.5, if we replace ((E) = p1(E) + po(E) by p(E) = 1(E) - pa(E),

6.7.

6.8.

6.9.

shall we get a similar result? Justify your answer.
Let (X, F, ;1) be a monotone measure space and p be finite, continuous, and
autocontinuous. Prove that

lim p4(A, U B,) = lim u(A4,,)

whenever {4,} C F, {B,} C F, u(B,) — 0, and lim,, w(d,) = u(m Ay).
Let (X, F, ;1) be a monotone measure space and p be finite, continuous, and
autocontinuous.

Prove that

(AU A, U By) — p(A)

whenever {4,} CF, {B,} CF, 4€F, w4, — 0, (B, — 0.

Let 1 be a set function defined on (X, F). A class C of sets in F is called a
chain iff it is fully ordered by set inclusion. A chain C is called u-bounded iff
there exists M > 0 such that |(C)| < M for any C € C. A set function p is
called local-uniformly autocontinuous from above (or from below) iff it is
autocontinuous from above (or from below), and for every p-bounded
chain C C F and every € > 0 there exists 6 = ¢ (C, €) > 0 such that

H(E) —e < u(EUF) < p(E) +¢
(or u(E) —e < p(E = F) < p(E) +¢)

whenever E€ C, FEF, ENF = @ (or E C F), |u(F)| < 6; s called local-
uniformly autocontinuous iff it is both local-uniformly autocontinuous from
above and from below. Prove that, if 1 is a monotone measure, then local-
uniform autocontinuity is equivalent to autocontinuity for .
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6.10. Let X = {1, 2,...} and F = P(X). Construct an autocontinuous monotone
measure on (X, F) that is not uniformly autocontinuous. (Hint: p(E)
= Ok 1/i)* for any E € F.)

6.11. By using the concept of quasi-measure, construct an example of a mono-
tone measure on ([0, 1], B N [0, 1]) which is autocontinuous but not
uniformly autocontinuous.

6.12. Can you construct a finite monotone measure on a countable measurable
space that is autocontinuous but not uniformly autocontinuous? Justify
your answer.



Chapter 7
Measurable Functions on Monotone
Measure Spaces

7.1 Measurable Functions

In this chapter, let (X, F) be a measurable space, pu: F — [0, co] be a monotone
measure (or continuous, semicontinuous monotone measure), and B be the
Borel field on (o0, 00).

Definition 7.1. A real-valued function f: X — (oo, 0o) on X is F-measurable (or
simply “measurable” when there is no confusion) iff

“'(B) = {x|f(x) € By € F
for any Borel set B € B. The set of all F-measurable functions is denoted by G.

Theorem 7.1. If f: X — (—00,00) is a real-valued function, then the following
statements are equivalent:

(1) fis measurable;

(2) {x|f(x) > a} € F for any a € (—o0, c0);

(3) {x|f(x) > a} € F for any a € (—00,0);

@) {x|f(x) <a} €F forany o € (— oooo);

(5) {x|f(x) <a} €F for any o € (—00,0).

Proof. (1) = (2): {x|f(x) > a} = (Ja,)), and [, ) is a Borel set.

(2) = (1): If {x|f(x) > a} € F for any a € (—o0, oc), then f~!(B) € F for any

B e {[o,0)|a € (—o0,00)}. Denoting A = {B[f '(B) e F}, C = {[a,0)|a €
(—o0, o)}, we have A D C. Given any B € A, it follows that B € A, since
f~Y(B) =f~1(B) €F;thatis, Ais closed under the formation of complements.
Similarly, given any {B,} C A, it follows that [J,°, B€A since
SHUZ, By =U, £ 1(B,) €F, that is, A is closed under the formation of
countable unions. Hence, A is a g-algebra, and consequently, A D F(C) = B.
This shows that f'is a measurable function.

The proof of the rest is similar. O

Corollary 7.1. If f is a measurable function, then {x|f(x) = a} € F for any a €
(-0, 00).

Z. Wang, G.J. Klir, Generalized Measure Theory, 151
DOI: 10.1007/978-0-387-76852-6_7, © Springer Science+Business Media, LLC 2009
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Definition 7.2. Let R" be the n-dimensional Euclidean space and let

S = {H[ai,bi)| —00<a; < bj<o0,i= 1,2,~~~,n}

i—1

The o-algebra B = F(S™) s called the Borel field on R" and the sets in B"™ are
called (n-dimensional) Borel sets. A function f: R" — R is called an (n-ary) Borel
Sfunction iff it is a measurable function on the measurable space (R”, B(">).

Theorem 7.2. Let fi,..., f,, be measurable functions. If g: R" — R is a Borel
function, then g(f1,..., f,,) is a measurable function.

Proof. For any Borel set B C (—o0, 00),

g(fise o f)] 7 (B) = {xlg(fi(x), . fulx)) € B}
= {x(fix),... . fulx)) € g7 (B)}-

Since, for any E = [\, [a;, b)) €S™,

n
(A (), fu(x)) € E} = [({x|£i(x) € ar bi)} €F
i=1
by applying the method similarly used in the proof of Theorem 7.1, we have

{xI(/1(x), -+ Su(x)) € F} € F

for any F € B". As g is a Borel function, g '(B) € B” for any Borel set B C
(=00, 00). Thus, we have

{x|(fi(x), - fulx)) €g7'(B)} € F
for any Borel set B C (—o0, 00). Hence, g(fi...., f,) 1s measurable. O

As a special case of Theorem 7.2, if f] and f> are measurable, and a € (—o0, 00)

is a constant, then « fi, fi + />, /i — f> il fi - fo, WY 1 V fo. /i A f>, and the

constant «, all of these are measurable (this can also be proven directly).
Furthermore, we have

{x/i(x) = f2(x)} = {x| /i(x) = fa(x) = 0} € F.

Theorem 7.3. If {f,} is a sequence of measurable functions, and
h(x) = Slip{fn(X)},
g(v) = inf{ £,(x)},

for any x € X, then h and g are measurable.
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Proof. By using Theorem 7.1, for any « € (—00, 00),

{x|h(x) > a} = {x[sup{ fu(x)} > a} = LO_OJ {x[fu(x) > o} €F
n n=1

and

[o¢]

g(x) = af = {x|inf{ f,(x)} = a} = N {x[/u(x) = o} €F .

n=1

{x

Thus, & and g are measurable. O

Corollary 7.2. If {f,} is a sequence of measurable functions, and

7o) =T £y (x),
£0) = lim £, (),

then]’and["are measurable. Furthermore, if im,, f,, exists, then, it is measurable as
well.

Proof. Since

f(x) =inf, sup,., {fn(x)} and  f(x) = sup,, infzn{f(x)},

the conclusions issue from the above theorem. O

In this chapter, we consider only measurable functions that are nonnegative,
and symbols f, fi, f>,..., fu... are used to indicate nonnegative measurable
functions. The class of all nonnegative measurable functions is denoted by G.
Most results hereafter can be generalized, without any essential difficulty, to the
case in which the measurable functions are extended real-valued.

7.2 “Almost” and “Pseudo-Almost”

The definition of a measurable function on a continuous monotone measure (or
semicontinuous monotone measure) space (X, F, u) is identical with classical
measure theory, and, consequently, it does not relate to the set function p;
however, aspects of the set function must be considered when properties of
measurable functions are discussed. For example, if /'is a measurable function
on a finite monotone measure space, what is the meaning of the statement “f'is
equal to zero almost everywhere”?

In probability theory, the statement “a random variable £ is equal to 0 with
probability 17 is equivalent to the statement “a random variable £ is not equal
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to O with probability 0,” because the probability measures possess additivity;
that is, if p is a probability measure, then

p(E)+p(E) = p(EUE) = 1

for any event E. Since the monotone measures generally lose the additivity, the
concept “almost everywhere” splits naturally into two different concepts,
“almost everywhere” and “pseudo-almost everywhere” on monotone measure
space, as indicated in the following definition.

Definition 7.3. Let 4 € F, and let P be a proposition with respect to points in 4.
If there exists £ € F with u(E) = 0 such that Pis true on A — E, then we say “P is
almost everywhere true on A.” If there exists F € F with (A4 — F) = p(A) such
that P is true on A — F, then we say “P is pseudo-almost everywhere true on A4.”

We denote “almost everywhere” and “pseudo-almost everywhere” by “a.e.”

and “p.a.e.,” respectively, and denote “{f.} converges to f a.e.” (or “{f,}
converges to fp.a.e.”) by “f, ” (or “f, P2 17 respectively).

Example 7.1. Let X = {0,1}, F= P(X), and
1 fE#£0

E =
HE) {O fE=0

for any E € F. If we define a measurable function sequence on (X, F, p) as
follows:

1-1/n ifx=1
n=1,2

fn(x){l/n if x =0, T

then both f, % 0and f, P*€ I, but neither f, **, Onor f, **, 1.

Example 7.2. Let X = {0, 1}, F = P(X), and

1 if E=X
e ={,
if E£X
forany E€F. For the measurable function sequence given in Example 7.1, we
have both f,, _2¢ 0 and f, _2¢ 1, but neither f, P4< Onor f, Pa< 1.

From these examples we observe that thls case is vastly different from that in
the classical measure theory: If both f,, 2, fand f, a<, ', thenf = f’ a.e. But
now, in Example 7.1 and Example 7.2, the limit functlons 1 and 0 are not equal
everywhere, of course—they are neither equal a.e. nor equal p.a.e.

We should note that the situations of the concepts “a.e.” and “p.a.e.” are not
quite symmetric. In fact, if a proposition P is true a.e. on 4 € F, then it is also
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true a.e. on any subset of 4 that belongs to F; but such a statement is not always
valid when we replace “a.e.” with “p.a.e.,” as the following example shows.

Example 7.3. Let X = {a,b,c}, F = P(X), u be given by

{|E| if E % {a,b}

MEY=\3 B {an)

for any E € F, and
' 0 ifxe{ab
70 ={ fe. 0}

1 ifx=c

It is easy to verify that x is a monotone measure, and

p{x[f(x) = 0,x € X}) = p({a,b}) = 3 = p(X).

So, f = 0on X p.a.e. But

p({xlfx) = 0,x e {a, c}}) =p({a}) =1# p({a, c})=2.

So, the statement “f = 0 on {a, ¢} p.a.e.” is not true.

The other related concepts, such as “almost uniform convergence” and
“convergence in measure” for measurable function sequences, split on mono-
tone measure spaces as well.

Definition 7.4. Let 4 € F, f € G, {f,,} C G. If there exists { £} C F with limy p (E)
= ( such that {f,} converges to fon 4 — E; uniformly for any fixed k = 1, 2,..., then
we say that {f,} converges to f'on 4 almost uniformly and denote it by £, 2w £ If
there exists {Fy} C F with lim; p(4 — Fy) = p(A4) such that {f,} converges to f on
A — F uniformly for any fixed &k = 1, 2,..., then we say that {f,,} converges to f on 4
pseudo-almost uniformly and denote it by f,, P24 f.

Definition 7.5. Let A € F, f € G, and {f,,} C G. If
lim pu({x[|f,(x) = f(x)| > e} Nd4)=0

for any given € > 0, then we say that {f,} converges in u (or, converges in
measure if there is no confusion) to f'on A4, and denote it by f,, ", fon A. If

lim pu({x[[ fu(x) = f(x)| <e} N A4) = p(4)

for any given € > 0, then we say {f,} converges pseudo-in p (or, converges
pseudo-in measure) to fon A, and denote it by f,, P+ fon A.

In the above three definitions, when 4 = X, we can omit “on 4” from the
statements.
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Example 7.4. Let X = [0, o), F = B_, and p be the Lebesgue measure, where
B, is the class of all Borel sets in [0, co). If we take f,(x) = x/n,n = 1,2, ..., and
f{x) = 0 for any x € X, then we have

Jo 22T

but {f,,} does not converge to fon X almost uniformly. Also, we have

Jo 2EL T

but {f,,} does not converge in p to fon X.

7.3 Relation Among Convergences of Measurable
Function Sequence

The new concepts introduced in Section 7.2 complicate the relation among the
several convergences of the measurable function sequence on a continuous
monotone measure space or a semicontinuous monotone measure space. If
only three concepts (a.e. convergence, a.u. convergence, and convergence in
measure) are considered in classical measure theory, we should discuss six
implication relations among them. Three of these relations are described by
Egoroff’s theorem, Lebesgue’s theorem, and Riesz’s theorem. But now, in
monotone measure theory, since each convergence concept splits into two,
there are 30 implication relations we should discuss. Using the structural
characteristics of set function, which are introduced in Chapter 6, we examine
the most important relations in this section.

Theorem 7.4. For any A € ¥ and any proposition P with respect to the points in A,
P is true on A p.a.e. whenever P is true on A a.e. if and only if 1 is null-additive.

Proof. Sufficiency: Let i be null-additive. If P is true on 4 a.e. then there exists
E € F with p(E) = 0 such that P(x) is true for any x € 4 — E. By null-additivity
and Theorem 6.2 we have (4 — E) = u(A). So P is true on A p.a.e.

Necessity: For any 4 € F, E € F with u(E) = 0, take “x € 4 — E” as a
proposition P(x). Obviously, P is true on A4 a.e. If it implies that P is true on 4
p.-a.e., then there exists F € F with u(A4 — F) = p(A) such that P(x) is true for any
x € A—F. Thatis, x € 4 — Fimplies x € A — E and therefore

A—ED A-F.
By the monotonicity of i we have
1(A = E) = u(4)

and from Theorem 6.2 we know that p is null-additive. O
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Corollary 7.3. Let A € F, f € G, {f,} C G, and p be null-additive. If f,, ** fon A,
then f,, **< fon A.

Theorem 7.5. Let A € F, f€ G, {f,,} C G, and j be autocontinuous from below. If f,,
A fon A, then f,, P, fon A.

Proof. If f,, ** f on A, then there exists { E;} C F with lim, (E;) = 0 such that
{f,} converges to f on A — Ej uniformly for any k = 1, 2,.... Since y is
autocontinuous from below, we have limy (4 — E;) = u(A4) and consequently,

n—

Theorem 7.6. For any A € F, and for any f € G and {f,} C G, f,, ®* fon A
whenever f, " fon A if and only if u is autocontinuous from below.

Proof. Sufficiency: Let p be autocontinuous from below. If £, . fon A, then
for any given € > 0, we have

tim u({xelf (x) —f()| >} n4) =0,
Since p is autocontinuous from below, we have
lim po({ x|/ (x) = f(x)] <e} N A) = lim u(A4 = {x[[fa(x) = Ax)] = e} N A))
= u(A).
So, f,, ﬂ>f0n A.
Necessity: For any A € F and any {B,} C F with lim,, u(B,,) = 0, we define a

measurable function sequence {f,,} by

0 ifxeB,
1 ifxeB,

hw ={

foranyn = 1,2,....Itiseasy to see that f,, _*, Oon A. Ifitimpliesf, P*  Oon
A, then for e = 1 > 0, we have

tim u({x] fu(0)] <1} 14) = u(4).

(AW <1} nA=B,nA=A-B,
SO

lim ju(A — B,) = p(A)-

This shows that y is autocontinuous from below. O
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The validity of Theorems 7.4-7.6 is independent of the continuity of u.
The following is a generalization of Egoroff’s theorem from classical mea-
sure space to monotone measure space.

Theorem 7.7. Let 1 be a continuous monotone measure, A € F, and u(A4) < co. If
Jfu— fon A everywhere, then both f,, **, fandf, P*", fon A.

Proof. There is no loss of generality in assuming that 4 = X and p is finite.
If we denote

B = Fﬁ (i) — ()| <1/m},

foranym = 1,2,...,then E\"" C E,”" C,.... The set of all those points that are
such that {f,(x)} converges to f{x) is

N UE:.

m=1 n=1
If f,, — feverywhere, then Ufc VE = Xforanym = 1,2,....Thatis, E" / X as
n— oo, and, therefore, E7\ @ as n — oo, for any fixed m = 1 2,....Givene >0
arbitrarily, by using the continuity from above and the ﬁmteness of p, there
exists n; such that ,u(E}“) < g/2; for this ny, there exists n, such that

W(EL UE,)<e/2+¢/2 =3

and so on. Generally, there exists n;, n», . . . iy, such that ,u(Ufle E_jh) < Zf;l g/2!
(1 — 1/2K)e < . Hence, we obtain a number sequence {;} and a set sequence
{El, }. By using the continuity from below of u, we know that

u(U E) <e
i=1

Now, we just need to prove that {f,} converges to f on ﬂ;ﬁlEfqi uniformly. For
any given 6 > 0, we take ip > 1/6. If x € N2, E’ , then, since x GE;'?’,O, we have

| fi(x) =fIx)] <1/ig<6

whenever i > n;,. Thus, we have proved that f;, *" f.
In a similar way, we can prove that f,, P f on A. 0

The following example shows that the result in Theorem 7.7 may not be true
when p(A4) = oo.

Example 7.5. Let monotone measure space (X, F, 1) and functions, £, f1, f5,. . . be the
same as in Example 7.4. We have p(X) = oo and f,, — fon X everywhere. However,
as pointed out in Example 7.4, {f,,} does not converge to f'on X almost uniformly.
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Corollary 7.4. Let be a continuous monotone measwe A€F, u(A) < oo, and
be null-additive. If f,, _**, fon A, then both f, ** fand f, P*" fon A.

The following theorem gives an inverse concluszon of Corolla; 'y 7.4.

Theorem 7.8. Let A € F. Iff,, **. f(or f,P*% f)on A, thenf, * . f(orf, P*<
respectively) on A.

Proof. If f,, _*™. fon A, then there exists {E;} C F with lim; p(E;) = 0 such that
{f.} converges tofon A — Ej. (even uniformly) for any k = 1, 2,.... Take E =
N2, Ey. Since E C Ej for every k, by the monotonicity of y, we have wE) = 0.
Thus, for any x € 4 — E, there exists some Ek such that x € 4 — E;, and therefore,
{f,(x)} converges to f{x). This shows f,, _**. fon A.

The proof that f,, %< fon A is similar. O

The validity of Theorem 7.8 is also independent of the continuity of u.
Now, we give two forms of generalization on semicontinuous monotone
measure spaces for Lebesgue’s theorem in classical measure theory.

Theorem 7.9. Let AeF.Iff,, % fon A, jis continuous from above, and ji(A) <
00, then Juo t fon A if f,, P2 fon A and o is continuous from below, then

S 21 fonA

Proof. We only prove the second conclusion; the proof of the first one is similar.

If f,, P*<, fon A, then there exists B € F with B C 4 and j(B) = u(A4) such
that for any x € B, lim,, f,,(x) = f(x). Thus, for any given £ > 0 and x € B, there
exists N(x) such that

fu(x) = flx)|<e

whenever n > N(x). If we write

A = {x|N(x) <k} N B,

then
Ar /U Ar =B
k=1
Since
{xllfu(x) = f(x)] <e} NAD A,
we have

B {x|[fy(x) —flx)|<e}NANB> A,NB=A4, / B
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and, therefore,

tim p({xlfy (x) /()| <} 141 B) = u(B).

Consequently,
p(A4) = lim p({x|lf(x) = flx)| <e} N 4)
> lim p({x[[f(x) —f(x)| <e} N4 N B)
= u(B)
= p(A).
This shows that f, *_ fon A. O

The next theorem gives inverse conclusions to the above theorem. These
conclusions generalize Riesz’s theorem.

Theorem 7.10. Let A € F, pu be a lower semicontinuous monotone measure that is
autocontinuous from above. If f,, _" . fon A, then there exists some subsequence

{fn;} of {fu} such that both {f,,} *<, fand {f,,} **<. fon A.

Proof. We may assume 4 = X without any loss of generality. If f;, _* . 7, then we
have

lim p({x[[fu(x) = fIx)] = 1/k}) =0
forany k = 1, 2,.... So, there exists 7 such that
p({x o (%) = A1) = 1/k}) <1/k.
We may assume n;, | > ny forany k = 1, 2,.... If we write
B = {x[[fn (x) —f(x)| = 1/k},
then
lilgn w(Ey) =0.

Since p is autocontinuous from above, by Theorem 6.10 there exists some
subsequence { Ef,} of {E;} such that



7.3 Relation Among Convergences 161

p(lim () = 0.

Now we shall prove that f,,_ converges to fon X —lim; E,. In fact, for any
x € X —lim; E,,sincex € U°° EA,, there exists j(x) such that x € N>, . Ej.,
namely,

i=j(x)

o, (X) =S(X)| <1/ki,

for every i > j(x). Thus, for any given € > 0, taking i, such that 1/k,, < e, we
have

o, () = f10)| <f < o<e

whenever i > j(x) Vig. This shows that

LN

As p is null-additive, by Theorem 7.4 we have

o P2 S

as well. |

Corollary 7.5. Let A € F, u be a continuous monotone measure that is autocontin-
uous from below, and 1(A) < oo. If f,, !, f on A then there exists some
subsequence {f,,} of {fu} such that both f,, _** fandf,, ***, fon A.

Proof. Since the autocontinuity from below is equivalent to the autocontinuity
from above when p is a finite continuous monotone measure, if we regard A as
X, the conclusion follows from Theorem 7.10. O

Theorem7.11. Let A € F. Iff, " f(or f, P*" fon A, thenf, " f(orf, P f,
respectively) on A.

Proof. If f,, >, fon A, then for any ¢ > 0 and é > 0 there exist £ € F with p(E)
< 6 and ng such that

[fu(x) = f(x)] <e
whenever x € A — E and n > ny. So we have
p{x[lfu(x) = f(x)| ZetnAd) < wENA) < p(E)<é

for any n > ny. This shows that f,, _* . fon 4.

In a similar way, we can prove thatfn P&t fon A implies f, **, fonA.O
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7.4 Convergences of Measurable Function Sequence
on Possibility Measure Spaces

Let 7 be a possibility measure on a measurable space (X, F), where F = P(X).
We call (X, P(X), n) a possibility measure space. Since n is a finite upper
semicontinuous monotone measure that is uniformly autocontinuous, the pre-
vious discussion in Chapters 6 and 7 works for the possibility measure space,
assuming that we replace f,, _#, fwith f, 7 f. Furthermore, taking advantage
of the maxitivity of possibility measures, we can obtain rather interesting
results.

Theorem 7.12. Let A C X. Then, f,, ", fon A is equivalent to f, _** , fon A.

Proof. There is no loss of generality in assuming that 4 = X. The fact thatf, ",
JSimplies f,, _" . f'is guaranteed by Theorem 7.10 since possibility measure 7 is
continuous from below as well as autocontinuous. Hence, we only need to prove

that f, ", fimplies f,, **  f.
If f, " f, then for any positive integer / we have

n({x[[ fu(x) =f(x)| = 1/i}) =0
as n — oo. That is, for any positive integer k, there exists n;, such that

n({x[[fu(x) =S (x)| = 1/i})<1/k

as n > ny. Taking

Ec=U U {x|lfulx) —Ax)] > 1/i},

i=1n>nj
we have

r(E) = sup w({xllfi(x) —/(¥)] > 1/i}) < 1/k.

i>1n>ny

Now, we show that {f,} converges to f uniformly on E;. For any € > 0, take i
such that 1/i < e. If x € Ey, then x €{x|]| f,,(x)—f(x)| < 1/i} for any n > ny; that is,
there exists ng = ny, such that

[ fa(x) = f(¥)] <1/i<e,

where n > ny. The proof is now complete. O
By using Theorem 7.8 we immediately obtain the following corollary.

Corollary 7.6. Let A C X. Then, f,, ", fon A implies f,, *, fon A.
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Since, in general, a possibility measure is not continuous from above, we
cannot get the inverse proposition of Corollary 7.6 by using Theorem 7.9. This
is shown by the following counterexample.

Example 7.6. Let X = (0, 1] and let a possibility measure = be defined as

n(E){l ifE£O
0 IfE=0.

We take

0 ifxe(1/n, 1]
1 otherwise.

hw={

Then, f,, — 0 everywhere on X, but {f,,} does not converge to zero in measure 7.
In fact, taking ¢ = 1/2, we have

n({x|fu(x) > 1/2}) = =((0,1/n]) = 1

for any n.

Theorem 7.13. Let A C X. Then, f,, _*“ fon A is equivalent to | f,,—f] AN p — 0 on
A uniformly, where p is the possibility profile of m.

Proof. As in the proof of Theorem 7.12, we can assume that 4 = X.

Suppose f,, _*"  f. Then, for any given € > 0, there exists a set £ C X with
n(E) < e such that | £, — | — 0 on E uniformly; that is, there exists n(¢) such that
| £ (x)—f(x)| < e forany x € E whenever n > n(e). Since n(E) < € implies p(x) <

¢ for any x € E, we have

[/u(x) =S(X)] Ap(x) <e

whenever n > n(e). This shows that

|fn _fl /\p—>0

uniformly.
Conversely, suppose |f, —f| A p — 0 uniformly. Then, for any given posi-
tive integer k there exists 7, such that

[/n(x) =) Ap(x) < 1/k

for any x whenever n > n;. Denoting E; = Uy, {x||fn(x) — f(x)] > 1/k}, we
have p(x) < 1/k for any Ej. If we take F; = Uy>; Ej, then

n(F;) = supp(x) < 1/i.

xeF;
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Now, we show that f,, — f uniformly on F; for each i = 1, 2..... Given an
arbitrary € > 0, take k > isuch that 1/k < . For any x ¢ F;, we have x ¢ Ey and,
therefore, x & {x|| f,,(x) — fix)| > 1/k} whenever n > n,. That is, |f,(x) — f(x)| <
1/k < € whenever n > ny. The proof is now complete. O

Summing up the results presented in this section, we can characterize the
relations among several convergences of a measurable function sequence on
possibility measure spaces as follows:

W Zf e K2 e h-AAp 20 =/ 2 f
where the symbol “_"  ”means “converge uniformly.”

The concepts of pseudo-convergences of a function sequence are unimpor-
tant on the possibility measure space.

Notes

7.1. The paper by Wang [1984] contains early discussions on convergences of
measurable function sequences on monotone measure (fuzzy measure)
spaces. After introducing the concept of “pseudo-almost,” Wang [1985a]
derived more results regarding the relationship among several types of
convergences of measurable function sequences on the basis of the con-
cepts of pseudo-autocontinuity and converse autocontinuity.

7.2. Some results presented in this chapter were generalized to fuzzy o-algebra
by Qiao [1990].

7.3. The convergences of measurable function sequences on possibility measure
spaces were studied by Wang [1987].

Exercises

7.1. Let (X, F) be a measurable space and let /| and f, be measurable functions.
Without using Theorem 7.2, prove that the following functions are
measurable:

cfi(cis a constant); fi — foi fi + i fi VL /AN Sl filif1ifi - fo

7.2. Let f'be a measurable function on (X, F). Prove that

{x|f(x) =a} eF

for any « € (-0, 00).
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7.3.

7.4.

7.5.

7.6.

7.7.

7.8.

7.9.

7.10.

7.11.

7.12.

Let f'be a function defined on (X, F). If {x|f(x) = a}€ F for any « € (—0,
00), can you correctly assert that fis measurable? If you can, give a proof;
if you cannot, give an example to justify your conclusion.

Let {f,,} be a sequence of measurable functions on (X, F). Prove that

{xlfimf, (x) = lim /,(x)} € F.

Let G be the class of all nonnegative finite measurable functions on a
monotone measure space (X, F, p). Both £ (almost everywhere equality)
and P2 (pseudo-almost everywhere equality) are binary relations on G.
Prove that these relations are reflexive and symmetric, but not transitive
in general.

Prove that the relation % is an equivalence relation on G (see Exercise
7.5) if and only if u is weakly null-additive (see Exercise 6.1).

Can you find a condition such that the statement “P is true on 4 p.a.e.”
implies the statement “P is true on 4 a.e.”?

Construct an example of a measurable function f defined on a monotone
measure space (X, F p) in which “/% 0 is true, but “/P2°0” is not true.
Construct an example of a semicontinuous fuzzy measure space (X, F, u)
and a sequence of measurable functions {f,} such that {f,} converges to
some measurable function f'almost everywhere, but does not converge to
f pseudo-almost uniformly.

Let X = (0, 1], F be the class of all Borel sets in X, and 1 = m?, where m is
the Lebesgue measure. Assume we order all rational numbers in X as
follows:

X1 = I,XQ = 1/2,X3 = 1/3,X4 :2/3,)(?5 = 1/4,)(6 :3/4,X7 = 1/5,x8 =
2/5, X9 = 3/5,)(10 =4/5,X11 = 1/6,X12 = 5/6,)613 = 1/7,)(14 22/7,....

Furthermore, we define a sequence of measurable functions {f,} on (X, F, 1)
by

ﬁ(x):{l if|x_xn‘<1/(2n)l/2

0 otherwise

forn = 1, 2, .... Prove that:

(a) p 1s autocontinuous;

(0) fo ", 0;

(c) f,, does not converge to 0 at any point in X.

Can you find a subsequence {f,,} of {f,,} such that {f,,} converges to zero
both almost everywhere and pseudo-almost everywhere?

Prove that if p is a finite continuous monotone measure and f, — f
everywhere, then f, P f.

Prove thatif 1 is a finite and null-additive continuous monotone measure,

then f,, _*%  fimplies f,, P*"

R —J



Chapter 8
Integration

8.1 The Lebesgue Integral

Let (X, F, 1) be a measure space. That is, X'is a nonempty set, F is a o-algebra of
subsets of X, and i : F — [0, 0o] is a classical measure, which is nonnegative and
o-additive with p(A4) <oo for at least one 4 € F. X is called the universal set and
may not be finite. In this chapter we suppose that y is o-finite, that is, there
exists {4;} CF, such that p(4;) <oo foreveryi=1,2,..and U® 4; = X.
m
Definition 8.1. Function s : X — (—o00,00) having a form Y a;x4, is called a
i=1
simple function, where each ¢; is a real constant, 4; € F, and x4, is the char-
acteristic function of 4;,i=1,2,...,m.

Any simple function is measurable since each characteristic function of a
measurable set is measurable and the linear combination of measurable func-
tions is also measurable. For any given nonnegative measurable function
[+ X — [0,00), there exist some nondecreasing sequences of simple functions
whose limit is /. For example, we can take

i
J i—1

Sj= TXA”’
i=1

where 4; = {x|5} < f(x)<£},i=1,2,...,j- 2, forj=1,2,.. Itis not difficult

to verify that {s;} is nondecreasing and lim s;(x) = f(x) for every x € X.
J—00

Such sequences are not unique. However, we may use any one of these
sequences to define the Lebesgue integral of f on X with respect to u as
follows.

Definition 8.2. Let /'be a nonnegative measurable function on X. The Lebesgue
integral of f with respect to measure y is defined as

mj

dy = lim | 5jdp = i (A,
Jf u jggcjs] i jggZaJ en)

Z. Wang, G.J. Klir, Generalized Measure Theory, 167
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}71/
where each s; = > ajix4, is a simple function and {s;} is nondecreasing
1

sequence with jlir?o s;=f.

Such a definition is unambiguous due to the o-additivity of u. That is, for any
two sequences of nondecreasing simple functions, {s;} and {7}, with
lim s5; = lim 7; = f, we have lim [s;dp = lim [ 7;dp. So, the Lebesgue integral

J—00 Jooo J—00

Jj—oo
is well defined for any nonnegative measurable function.

From Definition 8.2, if function f itself is a simple function expressed as
m m

; aix4;, then [ fdp = Z% aip(A;).-
= =

For any given measurable set 4, replacing 4; by 4;; N A in Definition 8.2, we
may define the Lebesgue integral of f with respect to p on 4, denoted as | LS.
When 4 = X, we return to [ fdu as given in Definition 8.2. As a special case
where A4 is a Borel set on the real line, p is the Lebesgue measure, and fis a Borel
measurable function on A, the integral [, fdu is called simply the Lebesgue
integral of fon A4.

Example 8.1. Let X be the closed unit interval [0, 1], F be the set of all Borel sets
in [0,1], and p be the Lebesgue measure. We have known that the set of all
rational number in [0, 1], denoted by Qy, is a countable set, and, therefore,
1(Qo) = 0. Function f'is defined on [0, 1] as

f(x):{o if x € 0y

1 otherwise.
Then, f'is a nonnegative measurable function. Function f'is not continuous at

any point in [0, 1] and is not integrable on [0, 1] in the Riemann sense, that is,

j()l f(x)dx does not exist. However, its Lebesgue integral exists and it is calcu-
lated as follows:

jmfduzwqo,l]—Qo>+1-u(Qo):o.Hl.ozo.

The Lebesgue integral has also an equivalent definition:

m m
deM:SUP{ZG[M(A[)|Za[XA/ Sfiaie [07OO)aAi €F,i= 1527"'am;m2 1}
i=1

i=1

For any measurable function that may be not nonnegative, let
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f(x) iff(x) >0
0 if £(x) <0

and

—f(x) () <0
0 if £(x)>0.

Both f* and f~ are nonnegative measurable functions. Then, the Lebesgue
integral of fon X with respect to yu is defined by

deu - Jf* dyi Jf’du

if not both terms on the right-hand side are infinite. In case u(X)<oo and f'is
lower bounded, integral [ fdp can be also defined by

ran = (r=mydsm-ucx),

where m is a lower bound of f; i.e., f(x) —m > 0,Vx € X.

Consider any real-valued function f that is measurable on an interval
I = [a,b] with respect to the Borel field (the class of all Borel sets). If the
Riemann integral ff f(x)dx exists, then the corresponding Lebesgue integral
exists as well, and

Lfdu - be(X)dx,

a

where p is the Lebesgue measure. That is, the Lebesgue integral is a general-
ization of the Riemann integral.

If set function v : F — (—o00,00) is a finite classical signed measure, then
can be decomposed as p = u* — p~, where both p+ and p~ are finite classical
measures. Thus, the Lebesgue integral of measurable function f'with respect to
finite classical signed measure ;1 can be defined as

[iran=[rau ~ [raw

if not both terms on the right-hand side are infinite.
When p is finite, the Lebesgue integral has another equivalent definition:

o0

[iran = jooc (F) = X0+ |~ (F, ) (8.1)
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if not both terms on the right-hand side are infinite, where F, = {x|f(x) > o}
for a € (—o0, c0). Set F,, is measurable since function fis measurable. So, u(F,,)
is well defined for all @ € (—o0, 00). The integrals on the right-hand side of the
equality are Riemann integrals. By the finiteness of © we know that u(F,) is a
function of o with bounded variation. Hence, these two Riemann integrals are
well defined. When /> 0, Eq. (8.1) is reduced to

[ran=] " ntryae.

0

This equation is called the transformation theorem of the Lebesgue integral. It
I’I/l/'

can be proved by showing that each summation ) ;i (A4;;) in Definition 8.2 is
i

just a Darboux’s sum for the Riemann integral jox w(F,)da. In the special case
that X is the real line, this equality has an intuitive geometrical meaning: Both
integrals represent the area between the curve of fand the x-axis.

8.2 Properties of the Lebesgue Integral

Let (X, F, u) be a o-finite measure space. Since p is additive, the concepts of
“almost everywhere” and “pseudo-almost everywhere” coincide with each
other. In this case we have the following properties for the Lebesgue integral.
The proof of the theorem is omitted here.

Theorem 8.1. Let f and g be measurable functions on (X, ¥, p), A and B be
measurable sets, and a be a real constant.

(D) J, 1dp = p(A);

Q) [ Sfdu=[f-xady;

() iff<gonA, then [, fdu < [, gdy;

@) [,Ifldp =0 if and only if p({x|f(x) #0} N A4) =0, i.e., f=0on A almost
everywhere;

(5) ifA C B, then [, fdu < [, fdu;

©) [jafdu=a |, fdy

D [ (f+Q)dp= [, fdn+ [, gdw;

(8) ifANB =0, then [, fdu+ [yfdu = [, zfdp.

The properties showing in (6) and (7) of Theorems 8.1 are called the linearity
of the Lebesgue integral.

Now, we turn to sequences of Lebesgue integrals. Let {f,} be a sequence of
measurable functions and f be a measurable function on measure space (X, F, p).
As is mentioned above, the statement “ {f,} converges to f almost everywhere”
coincides with the statement “ { f,, } converges to f pseudo-almost everywhere” due
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to the additivity of u. Similarly, statement “ {f,} converges to f in measure”
coincides with statement “ { f,} converges to f pseudo-in measure.” So, in this
section we only use the statements “ { f,, } converges to f almost everywhere” and
“{ f,} converges to fin measure,” denoted by f;, < fand f, —" f, respectively,

as in classical measure theory.
The principal convergence theorem for the sequence of Lebesgue integrals is
the following bounded convergence theorem.

Theorem 8.2. Let A be a measurable set. If f, 25 f on A and there exists a

nonnegative measurable function g satisfying [, gdu<oo such that | f,| < g on
A almost everywhere for alln = 1, 2,..., then

lim j fodu = Lfdu-

n—0o00

Proof. Without any loss of generality, we may assume that u(4) = M <oo and
A =X.Forany given e >0, since [ gdu = [* (Go)da <oo where G, = {x|g( )
> a} for a € [0, 00), there exists N >0 such that ﬁi (1(Go)do<5. From f, - f,
by the Riesz theorem we know that there exists a subsequence of { f,,}, denoted
by {f,,}, such that f,, === f. Furthermore, from the condition that |f,| < g
almost everywhere foralln = 1,2, ..., we have | /| < g almost everywhere. Thus,
|f —f] < 2g for all n = 1,2, ... almost everywhere. Since f, -~ f, for T Ve
can find ng such that p({x||f.(x) = f(x)| > 55}) < s for all n > ny. Hence

an i~ j.fdu’ :Um —f)du' < JL/;, ~ fldu = J:c ({1 0(x) — ()] > 0} )da
fMda +j ({xllfo(x) /()] = a}) da
JN u({xf(x) — £(0)] > a}) da

N

W) ()] 2 g de+ [ lfnl2e(0) 2 abda
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for every n > ny. This means that lim [ f,du = [ fdu. O
n—oo
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In case p is finite, £, =% fimplies f;, —~— f. So, we can obtain the following

corollary where the finiteness of 1« has been replaced with the o-finiteness by the
traditional stratagem.

Corollary 8.1. Under the same condition assumed in Theorem 8.2, if f,, =% fand
| /1] < g on A almost everywhere for alln = 0, 1,.. ., then

lim J fndu :J gdu.
4

n—oo A

8.3 Lebesgue Integrals on Finite Sets

Let us consider the case when X is finite, that is, X = {x1, x», ..., x,, }, and take
P(X) as F. Denoting p({x;}) by w; fori = 1,2, ..., we have

Jf dp = i wi f(xi)

i=1

since

n

f= Zf(xi> “X{xi}

i=1

is a simple function. This is exactly the weighted sum of { f(x1), f(x2), ..., f(xn)},
where w;, i=1,2,...,n, are weights (w; may not be in the unit closed interval).

n
When > w; =1 and 0 <w; <1 for each i = 1,2, ..., n, the right-hand side of
i=1
this equality is just the weighted average. Conversely, any weighted sum (includ-
ing the weighted average) can be expressed as a Lebesgue integral. In fact, for
n
any given weighted sum Y w; f(x;), the class of all singletons and the empty
i=1
set G, S={{x;}|x; € XU {@}, is a semiring. If we define 1 : S — (—00, 00) by
p({x;}) = w; and p(Q) = 0, then set function p is a signed measure on semiring
S. Such a signed measure can be uniquely extended to a signed measure on the
ring generated by S, that is, on P(X). By the additivity of the signed measure, the
extension can be presented as

A) =S u({x}) vAcCx.

Xi€A

Thus, we have

[iran = Z ({xi}) Zw e

i=
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Example 8.2. Three workers, x;, x;, and xj3, are hired for manufacturing a
certain kind of wooden toys separately. Their individual efficiencies are 5, 6,
and 7 toys per day respectively. This week, they work for 6, 3, and 4 days
respectively. Let X = {x;, x, x3} and

6 ifx=x
f(x)=<3 ifx=x;
4 if x = x3.

Since these three workers work separately, taking measure p with p({x;}) =5,
p({x2}) =6, and p({x3}) = 7, the total amount of the manufactured toys by
them in this week is

deu=§3:u({xf})~f(xi)=5-6+6-3+7-4=76.
i=1

The weighted sum is the simplest and most common aggregation tool in
information fusion. Example 8.2 shows a typical information fusion problem,
where X = {x1, x2, x,,} is the set of all information sources, f{x;) is the numerical
amount of information received from source x;, and p({x;}) is the importance
of source x;, i = 1,2, 3, respectively. Such a model is linear and can be used only
when there is no interaction among the contribution rates from information
sources towards the fusion attribute or the interaction can be ignored, like the
case of Example 8.2, in which the three workers work separately.

The traditional linear models are also widely used in data mining, such as in
multiregressions and classifications. They can be expressed in terms of the
Lebesgue integral as well.

Example 8.3. The traditional linear multiregression has the form
y=ap+af(x)+arf(x2) + -+ anf(x,) + N0, 0%),

where y is the value of the objective attribute Y, f{x;) is the observation value of
predictive attribute x; for each i = 1,2, ..., n, a; (wWhere i = 0, 2, ..., n) are regres-
sion coefficients, and N(0,¢?) is a normally distributed random perturbation
with mean zero and standard deviation o. This linear multiregression form can
be rewritten as

y= c+deu+N(0,02),

where fis a function on X = {x}, x2, ..., x, }, i is a signed measure on P(X) with
w({x;}) =a;, i =1,2,....,n, and constant ¢ = ay.
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Example 8.4. We consider a traditional classification problem now. Suppose
that there are two classes of n-dimensional data in classifying space
(n-dimensional Euclidean sample space):

Cl = {ﬁj = (lljlvlljzv ceny tljn)‘j = 1527 "'all}
and

C, = {fzj = (lzj] , tzjz, e th,,)U = 1,27 ...,12}.

We want to find a classifying boundary ayt| + axts + -+ + a,t, = ¢ in the
n-dimensional Euclidean sample space such that the misclassification rate is
minimized, that is,

min [|[{fijlarty, + astiy, + - + antrj, >} + [{ fylarty;, + asty, + -+ + anty;, < c}],

where a;, ay, ..., a, , and ¢ are unknown parameters, while symbol | 4| denotes the
cardinality of a set 4. This minimization problem may have infinitely many
solutions, though they may be very close to each other. Usually, some additional
criteria are employed to obtain the “best” solution among them. Equation
aty + axty + - - - + ayt, = ¢ presents an (n — 1)-dimensional hyper-plane in the
n-dimensional sample space. It divides the sample space into two subsets that
form a partition of the sample space. Linear function p : R" — R with

Pt taety) = arty + asta + - - - + ayty

can be understood as a projection that projects each point in the sample space
onto a straight line. Real number ¢ then is the classifying boundary on the
straight line. If we use f{x;) to denote #;, i = 1,2, ... n, then the projection is just
the Lebesgue integral [/dp where p is the signed measure determined by

p({xi}) = ai.

8.4 A General View of Integration on Finite Sets
Let (X, P(X)) be a measurable space, where X = {x;, x2,...,x,}, and f be a

function on X. When p is a signed measure on P(X), the Lebesgue integral of f
with respect to p can be expressed by a weighted sum of the values of u as

=3t -t
=1
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This expression is not unique. More generally, the Lebesgue integral can be
expressed as

deu =Y as-p(A),

ACX

where the values a, satisfy for all x € X the constraint

Z as = f(x)

xeAcX

due to the additivity of u. Here, {a4|4 C X} can be regarded as a decomposi-
tion of function f.
However, when p is not additive, but is a signed general measure, the value of

> ay - u(A) depends on the chosen decomposition {a4|4 C X}. Each decom-
Acx

position of f represents a specified manner of integration. Thus, we may
introduce a general concept of integrals with respect to signed general measures.

Let v be a signed general measure on (X, P(X)) and f be a nonnegative
function on X.

Definition 8.3. A set function = : P(X)—{0} — [0, c0) is called a partition of f'if

f(x)= Z n(d) VxeX.

xeACX

Taking the characteristic function of a crisp set or the membership function
of a fuzzy set as f, it is easy to see that the concept of partition in Definition 8.3 is
a generalization of the classical partition for crisp sets and the fuzzy partition
for fuzzy sets.

Definition 8.4. A type of integral with respect to y is a rule r by which, for any
given f, a partition 7 of fcan be obtained. Regarding both = and p on P(X)—{O}
as (2" — 1)-dimensional vectors, the value of the integral of f under rule r,
denoted by (r) [fdp, is the inner product of 7 and g, that is, (r) [/du =

w-pu= Y, n(A)-u(d), where (r) is used to indicate the type of integral.
ACX

The above definition provides a flexible aggregation tool in information
fusion and data mining. It is generally called an “r-integral,” or simply, “an
integral” when the partitioning rule r has been chosen and there is no
confusion.

Given a signed general measure p, we may induce a signed measure y' by
assigning 1/ ({x;}) = p({x;}) for all i = 1,2, ...,n. Thus, the Lebesgue integral
with respect to signed measure p' can be regarded as one of the various types
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of integral with respect to a signed general measure u. Its corresponding
partitioning rule can be described as follows: decomposing function fin such
a way that set function = vanishes at all sets AcP(X ) except singletons. Geome-
trically, under this rule, any function is divided vertically, no matter what kind
of signed general measure is given. This is the simplest partition of f.

Example 8.5. We use the data given in Example 8.2. The Lebesgue integral of /
corresponds to a partition illustrated in Fig. 8.1. Geometrically, nonnegative
function f is divided vertically. In this manner the value of the integral of
function f'with respect to signed general measure p only depends on the values
of u at singletons. So, if we introduce a classical measure p’ determined by
W ({x:}) = p({x;}) for i = 1, 2, 3, the value of the integral for f under this
vertically partitioning rule, denoted by (v) [fdu, is just the value of the
Lebesgue integral of /' with respect to y/, that is,

3 3
() [ =3 ) o) = [ i = 3w (o) ) = 76,
i=1 i=1

We have several different types of r-integrals. They are discussed in the next two
chapters. In general, r-integrals are not linear with respect to their integrands.
However, r-integrals possess some properties similar to Lebesgue integrals, as
shown in the next theorem.

Theorem 8.3. Let i be a general measure on (X, P(X)) and f be a nonnegative
function on X. Then,

(1) (r) [ fdu=0;

(2) (r) [fdu=0if for any set A with 1(A)>0, there exists x € A such that
f(x)=0.

Proof. (1) follows directly from Definition 8.4. To prove (2), we use a proof by

contradiction as follows. Assume that (r) [ fdp>0. Then, from Definition 8.3
there exists at least one term in the summation that is greater than zero, say,

f®)
6
4
3
Fig. 8.1 The partition of /
corresponding to the

Lebesgue integral X X2 X3
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n(A) - u(A)>0; thatis, both n(4)>0and u(4)>0. Fromf(x) = > n(A4)for
X€ACX

every x € X, we know that f(x) >0 for every x € 4. This contradicts the fact

that there exists x € A4 such that f(x) = 0. So, the assumption is wrong and we

have (r) [ fdp = 0. O

Notes

8.1. We recommend the excellent books by Chae [1995] and Burk [1998] for
more information on Lebesgue integration, including the history of rele-
vant ideas that led to its development. One of those ideas is the Darboux
sum, which is mentioned in Section 8.1.

8.2. The general view of integration on finite sets, which is discussed in Section
8.4, was first introduced in [Wang et al., 2006a]. For other general views of
integrals with respect to monotone measures, see [Benvenuti et al., 2002]
and [Struk, 2006].

Exercises

8.1. Let (X, F, p) be a measure space and f: X — [0,00) be a measurable
function on X. Verify that {s;} is nondecreasing and lim s;(x) = f(x) for
J—70
every x € X, where

i
J i— 1

S/ = 2] XA/i
i=1

in which

i—1
>

A = {x| Sf(x)<§},i: 1,2,..j- 20
forj=1,2,...

8.2. Let {s;} and {#;} be two sequences of nondecreasing simple functions on
measure space (X, F, p) with lims;=lim¢ =f Prove that
lim [ s;dp = lim [ #;dp. e
J—00 J—00

8.3. Let X be the unit closed interval [0, 1], F be the set of all Borel sets in [0, 1],
and p be the Lebesgue measure. Calculate the Lebesgue integral [fdu
where f(x) = x for x € [0, 1]. Compare the result with the value of the
Riemann integral [, f(x)dx.
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8.4.

8.5.

8.6.
8.7.

8.8.

8.9.

8.10.
8.11.

8 Integration

Let X be the set of all positive integers, F be the power set of X, and
measure p be determined by u({x,}) 2,, i=1,2,.... Calculate the
Lebesgue integral [ g du where g(x;) = 2,, =1,2,.

Let 1 be the Lebesgue measure. Prove that, for any real valued measur-
able function f'on an interval 7 = [q, b], if the Riemann integral f f(x)dx
exists, then the correspondmg Lebesgue integral [, fdp exists, too, and
[ofdu = [ f(x

Prove the propertles of the Lebesgue integral listed in Theorem 8.1.

Use a counterexample to show that the conclusion in Theorem 8.2 may
not be true if the condition “there exists a nonnegative measurable func-
tion g satisfying [, g dju < oo such that |f,| < g on 4 almost everywhere for
alln =1,2,...” fails.

Let (X, F, p) be a measure space and f X — [0,00) be a measurable
function on X. Prove that [ fdu = [° u(F,) do where F, = {x|f (x) > o}
for @ € [0, 00). (Hint: Use the Darboux sum for the Riemann integral.)
Generalize the conclusion in Exercise 8.8 to

00

[ s = JOOO (F) = p(0)da+ | *(F.)do

0
where f is lower bounded, p is finite, and F, = {x|f(x) > a} for
a € (—o00,00). (Hint: Use properties (1) and (7) in Theorem 8.1.)
Give the measure p determined by the data shown in Example 8.2.

When X is countable, under the condition given in Exercise 8.8, show that
[fdp= 3" a4-p(A), where constants a4 satisfy the constraint
ACX

Z as=f(x) VxeX.

xeACX



Chapter 9
Sugeno Integrals

9.1 Definition

In this chapter, we assume that (X, F) is a measurable space, where X € F, p :
F — [0, o] is a continuous monotone measure, and G is the class of all finite
nonnegative measurable functions defined on (X, F). For any given f' € G, we
write F, = {x|f(x) > a}, F,, = {x[f(x) > a}, where a € [0, co]. Let the sets F,
and F,, be called an a-level set and a strict a-level set of f, respectively.

Since the range of functions that we consider in this chapter is [0, c0), we use
the following convention:

2 ) = o

Definition 9.1. Let 4 € F, f € G. The Sugeno integral of fon A with respect to p,
which is denoted by 3";1 fdu, is defined by

tfdu = sup [aAp(ANE,)).

ael0,00]

When 4 = X, the Sugeno integral may also be denoted by f/dp.

Sometimes, the Sugeno integral is also referred to in the literature as the fuzzy
integral.

From now on, we use the convention that the appearance of a symbol{, fdu
implies that 4 € Fand f € G. If X = (o0, o0), F is the Borel field B, p is the
Lebesgue measure, and f; X — [0, co) is a unimodal continuous function, then
the geometric significance of ffdpu is the edge’s length of the largest square
between the curve of f{x) and the x-axis (see Fig. 9.1).

Lemma 9.1. (1) Both F,, and F,,, are nonincreasing with respect to o, and F,, D
Fgwhen oo < 3.
(2) lim Fg= lim Fg, = F, D Fop = lim Fg= lim Fpy.

' B—a— fB—a+ B—a+

f—a—

Z. Wang, G.J. Klir, Generalized Measure Theory, 179
DOI: 10.1007/978-0-387-76852-6_9, © Springer Science+Business Media, LLC 2009
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Fig 9.1 Geometric

interpretation of the
Sugeno integral under f
special conditions

I f(x)
/ f fau
at Fa - e
Proof. (1) is evident. (2) follows from the following facts:

(V{xlf(x) = 8} = [ {x1/(x)> 5}
B<a B<a

= {x[/(x) = a} D {x[f(x)>a}

= J 0 =28y = [ (0>5} D

B>« B>«
Theorem 9.1.

[ rau=sup fonutan )= sup fanutanru)
A

a€l0,00) a€l0,00]

— sup [aAp(ANFo)] = sup [(inf £(x)) A p(AN E)]

2€[0,00) E€F (f) Y€£
= sup [(inf /(x)) A (4N E)),
EcF ~eE

where F(f) is the o-algebra generated by f, the smallest o-algebra such that f'is
measurable.

Proof. (1) Since F,, = F,, = @ when a = oo, equations

}Afdu = sup [aAp(ANF,)

a€l0,00)
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and

sup [ Apu(ANFu)] = sup [aAp(dNFa))

a€l0,00] acl0,00)

are evident.
(2) We prove now that

sup [aAu(ANFE,)] = sup [aAu(dNF.)].

agl0,00) ael0,00)
On the one hand, by Lemma 9.1 and the monotonicity of 1, we have

WANE,) > p(ANF,.)

for any « € [0, 00). Hence,

sup [aApu(ANFE,)] > sup [aAu(4dNF.)]

agl0,00) ael0,00)

On the other hand, for any ¢ > 0 and a € (0, o), taking o’ € (v —¢) V 0, ), we
have

aANp(ANF,) < (& +e) Ap(AUF,,);
hence, we have
sup [aAu(ANF,)] = sup [aAp(dNF,)]

agl0,00) ael0,00)

< sup [(& +e) Ap(ANFyy)]

o/€(0,00)

< sup [ Apu(ANFy )] +e

n a'e(0,00)
= sup [aApu(ANFg)l +e.

agl0,00)

Since € may be close to zero arbitrarily, we obtain

sup [aAu(ANFE,)] < sup [aAu(dNF.)].

a€l0,00) a€l0,00)
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Consequently, we have

sup [aAp(ANFE,)] = sup [aAu(4dNF.)]

agl0,00) ael0,00)

(3) It remains to prove that

fdp = sup [(inf /{x)) A p(A N E)] = sup [(inf f{x)) A (AN E)].
EcF (f) X€E EcF  X€E

First, for any « € [0, oc], since infycr f(x) > «a, noting F,, € F(f), we have

[a A (AN Fa)] < EilFl(I;)[(igff( x)) A (AN E)]

and, therefore, we have

f rau= sup fonutanF] < sup (g i) At 01 )
€0, oo EeF(f) €

Next, since f'is F-measurable, we have F (/) C F and, therefore, we have

sup [(Inf f(x)) A p(4 N E)] < sup [(inf f(x)) A p(4 0 E)].
E€F (f) Y€E EcF  X€E

Finally, for any given E € F, if we take o = inf,cg f(x), then E C F,/. It follows
that

wANE) < pu(ANFy)
by the monotonicity of x and, therefore,

[ AUO]A (AN E) < o Al A 1 E) < sup fanu(ANE)] =1

a€0,00]

for any E € F. Consequently, we have

sup [(inf /1)) A (4 1V E)] < }Afdu o

EcF ~ Xx€E

To simplify the calculation of the Sugeno integral, for a given (X, F, u),
f€Gand 4 € F, we write

I' = {ala € [0,00], u(A N Fo)>pu(AN Fg) for any 3>a}.



9.2 Properties of the Sugeno Integral 183

It is easy to see that

jffd,ufsup [aAp(ANF,).

ael’

Example 9.1. Consider the monotone measure space given in Example 7.3. Let

3 if x=ua
fix)y=4¢25 if x=5
2 if x=-c.

Then

}fdu = BAp(ab)] V25N p{a,b})]V2ApX)]=1V2.5Vv2=25.

Example 9.2. Let X = [0,1], F be the class of all Borel setsin X, u = m?, where m
is the Lebesgue measure, f{x) = x/2. We have

Fa:{x.f

(x) > a} = 2o, 1].

Since I' = [0, 1/2), we only need to consider « € [0, 1/2). So, we have

][fdu = sup [aAp(F)]= sup [aA(1—2a0)
ael0,1/2) a€l0,1/2)

In this expression, (1 —2a)? is a decreasing continuous function of o when o €
[0, 1/2). Hence, the supremum will be attained at the point which is one of the
solutions of the equation

= (1 - 20&)2,

that is, at « = 1/4. Consequently, we have

][fdu =1/4.

9.2 Properties of the Sugeno Integral

The following theorem gives the most elementary properties of the Sugeno
integral.
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Theorem 9.2.

(1) If n (A) = 0, then f, fdu = 0 for any f € G;

(2) ifu is continuous from below and f, fdp = 0, thenp(A N {x|f(x)>0}) = 0;
3) iffi < fo, then §, fidp < f i

4) f, fdp = §f- xadu, where xa is the characteristic function of A;

(5) f,adp = an u(A) for any constant a € [0, c0);

(6) f, (f+a)du < f, fdu+ §, adu for any constant a € [0, o).

Proof. We only need to prove (2) and (6); the remaining properties can be
obtained directly from the definition of the Sugeno integral.
For (2), we use a proof by contradiction. Assume

p(4 N0 {x|f(x)>0}) = ¢>0.
Since
AN{x[fx) = 1/n} 7 AN{x]f(x)>0}.
by using the continuity from below of y, we have
lim (4 1 {x|f(x) > 1/n}) = c.
So, there exists nq such that
AN i) = plA N {2(0) > 1no}) > ¢/2.

Consequently, we have

fdu= sup [aApu(ANF,)] > 1/ngAc/2>0.
A

ae(0,00]

This contradicts f, fdu = 0.
For (6), from Theorem 9.1, we have

o+ o= sop {1inf (100 + @l nutan )}
A

EcF | Y€E

= sup [(inf f(x)) A p(A 0 E)] + (A p(4))

< sup {[(Gng ) A 1 B + (@A tan )]
EcF xe

(i A0) A (AN E)) + (0 4]}

The proof is now complete. O
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Corollary 9.1.

(7) IfA D B, then §,fdu> §,fdu;

®) £,(1 Vv L)du > £ frduV £, frdp;

O) £,(h Af)dp < £ frdu A £y frdps;

(10) f, pfdu > £,/ duV f3 fdu;

(1) fypfdu < L fdu N fpfdp.

Proof. Property (7) can be obtained from properties (3) and (4) of Theorem 9.2;

properties (8) and (9) come from (3); properties (10) and (11) follow directly

from (7). O
Properties (1)—(4) [and, therefore, (7)—(11)] are similar to those of the classi-

cal Lebesgue integral, but (5) and (6) are somewhat different from the classical

ones. We should note that, in general, the Sugeno integral lacks some important

properties that the Lebesgue integral possesses. For instance, the Lebesgue

integral has linearity, that is,

| ey du=| fidus [ g
4 4 A
and
J afdp = aJ Jdu,
4 4
but the Sugeno integral does not. We can see this in the following example.
Example 9.3. Let X = [0, 1], F be the class of all Borel sets in X (namely, B N[0, 1]),

and p be the Lebesgue measure. We take f{x) = x forany x € X, and a = 1/2.
Then we have

i[afd,u = f%du =1/3
and

Consequently, we have

(see Fig. 9.2).
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Fig 9.2 Illustration to
Example 9.3
f
n f(x)=x
1/2f(x)
1,2 o —— — —
1/34%- — —
o X
0 172 2/3 1

Lemma9.2. Let A € F,a €]0,00), f1 € G, and > € G,. If |f1 —h|< aon A, then we
have

'][Afl = fAfz du' =@

Proof. Since f1 < f> + a on A, using the properties (3), (5), and (6) of the Sugeno
integral (Theorem 9.2), we have

:[;Afl dMS][A(fz+a) du SJ»Afzdu—f—][A adu:ﬁfzdu—i— [a A p(A))

< Jl fz d,u + a.
4
Similarly, from f, < f| + a on A, we have
fpanst nidira
y y

Consequently, we have

‘tﬂw—ﬂﬁ@4<w o



9.2 Properties of the Sugeno Integral 187

Lemma 9.3. {, fdu < aV u(ANFu) < aVu(ANFE,) forany o€ [0,00].

Proof. For any « € [0, co], using Theorem 9.1 and Lemma 9.1, we have

| raun= sup fonuan Frl v sup o nptan Fi)
A

o’'€l0,a] o' e(a,00]

< sup &'V osup pu(ANFyy) <aVu(ANF.,) <aVu(ANF,).
o’'€[0,0a] a’€(a,00]
This completes the proof. O
Lemma 9.4. {, fdj = oc if and only if (A N F,) = oo for any o € [0, 00).
Proof. Necessity: If §, fdu = oo, then it follows from Lemma 9.3 that

aVu(AnkF,) =
So, if a € [0, 00), then
wANF,) =
Sufficiency: It follows directly from Definition 9.1. O

Lemma 9.5. For any « € [0, co) we have

() ffdp> a < (AN Fg) > aforany f<o<=p(ANF,)>aq
£, fdu< a & there exists f < acsuchthat p (AN Fp) < a= w(ANF,) <a=
w(ANF, ) <a.

() fifdu<as p(ANF,)<a<= pwANF,) <a
ffdu>o = pW(ANF,, )>a= p(ANF,)>o

() ffdu=a s forany B <o, W(ANFp)>a>wANF,) < uw(ANF,) =
When 1(A) < oo, we have

) fifdu>a s (AN F,) > a

(5) fufdi = o & p(ANF) > a > p(ANF,.).

Proof. (1) We only need to consider the case when « € (0, 00). If (4 N Fp) >

for any 3 <a, then

{ Jdp = sup [BApu(ANFg)] > sup [BAp(ANFz)] = sup [FAa]
3€[0,00) Ae(0,a) B€0,a)

= sup f=a.
ﬂe[o,a)

Conversely, if there exists § < a such that p (4 N Fj3) < «, then, by Lemma 9.3,

| s <5y uane) <
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Thus, we have proved the equivalence relation in (1). The other implication
relations issue from Lemma 9.1 and the monotonicity of .
Q) IfpANF, ) <a by Lemma9.3,

J» fdu<aVu(ANF, ) =a.
4

Conversely, by using Lemma 9.1 and the continuity from below of pu, we have

lim (AN Fy) = (AN o).
fB—a+

If (A4 N F,4) > a, then there exists oy > « such that (4 N F,,) > a. So, from
Definition 9.1 we have

} fdu > ag A u(ANF,)>a.
4

Thus, the equivalence relations in (2) have been proved; the remaining proper-
ties can be obtained in the same way as in (1).
(3) This property is directly obtained by combining (1) and (2).
(4) When p(A4) < oo, we have
lim (A Fy) = p(AN F).

f—a—

So (A N F,) > aif and only if (4 N Fg) > a for any 8 < «; therefore, (4)

follows directly from (1).

(5) Similarly, this property follows directly from (3). O
In classical measure theory if two measurable functions f; and f; are equal

a.e., then their integrals are equal. What about the Sugeno integral on mono-

tone measure space? The answer is negative, as is illustrated by the following

example.

Example 9.4. Let X = {0, 1}, F = P(X),
{ 1 fE=X
0 IfE#X

It
1 ifx=1
AN =14 if x =0,
fHlx) =1,

then f; = f> a.e., but /i du=0and {1, du = 1.
However, we have an important theorem for Sugeno integrals.
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Theorem 9.3. {-fidy = fodp whenever f, = f> a.e. if and only if p is null-additive.
Proof. Sufficiency: If 1 is null-additive, then from

p({xlfi(x) # f(x)}) =0,
we know that
p({xlfa(x) 2 ) < p({xlfi(x) 2 o} U{xlfi(x) # 2(x)}) = p({xlfi(x) = a})
for any a € [0, o). The converse inequality holds as well. So, we have
p({xfi(x) 2 a}) = p({x]/2(x) = o})

for any « € [0, o] and, therefore, from Definition 9.1, we have
fﬁ dp = ][fz du.

Necessity: For any E € F, F € F with u(F) = 0, if (E) = oo, then, by the
monotonicity of u, u(EU F) = oo = p(E). Now, we assume u(E) < oo, and use
a proof by contradiction to show that u(E U F) = p(E). If this equality is not
true (that is, if u(E U F) > u(E)), we take a € (u(E), p(E U F)), and

(x) = a ifxekE and _fa if xe EUF
M= itxgr ™ PO i x¢EUR

then pu({x/i(x) # /5(X)}) = p(F — E) < i (F) = 0, that is,
fi=f ae
So, it should hold that
fhau=fr an
But now we have
fh du=anu(e) = ue)

and
frdu=anueun —azue)

Thus, we get a contradiction. O
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Corollary 9.2. If 1 is null-additive, then £ fi du = §, f> du whenever f, = f> a.e.
on A.

Proof. If fi = f> a.e. on A, then fix4 = f>x4 a.e. From Theorem 9.3 and
Theorem 9.2(4), we get the conclusion. O

Corollary 9.3. If i is null-additive, then for any f € G,

fdy = ][Afdu

AUB

whenever A € F, B € F with (B) = 0.

Proof. The conclusion follows directly from
S Xxaus =1 xa ae. O

Analogously, we also can obtain a condition under which § fidu =§ f> du
whenever f; = f> p.a.c. (see Wang [1985a]).

In Chapter 7,we discuss several convergences of measurable function
sequences on monotone measure spaces. In classical measure theory there are
some concepts of convergence of measurable function sequences that concern
the integral. One of them is the mean convergence. Since the Sugeno integral has
been defined for measurable functions, we can introduce a concept of s-mean
convergence on monotone measure spaces as follows.

Definition 9.2. Let { /,,} C G, f € G. We say that {f,} s-mean converges to fiff
im 17, — /1 =0,
However, the following theorem shows that such a convergence concept is

not necessary.

Theorem 9.4. The s-mean convergence is equivalent to the convergence in measure
on monotone measure spaces.

Proof. if f, L>f, then for any given ¢ > 0, there exists 7, such that

pd{xllfn(x) = (%) = e/2}) <e

whenever n > ny. So, by Lemma 9.5(1) we know

fis - ridu<e.
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This shows that { f,,} s-mean converges to f. Conversely, if f,, LN fdoes not hold,
then there exist € > 0, 6 > 0, and a sequence {n;} such that

p{xl S (x) = X)) = e})>

forany n;, i = 1, 2,.... From Definition 9.1, we may directly conclude that
F10 = = e A £ 0 = A9 2 €3) 2 £ n6>0

forany n;, i = 1, 2,.... This shows that {f,,} does not s-mean converge to /. O

9.3 Convergence Theorems of the Sugeno Integral Sequence

Under a given condition, if a measurable function sequence converges to some
measurable function in a certain sense, then the corresponding integral
sequence converges to the integral of the limit function. That is, the symbols
of the limit and the integral can be exchanged. This is the convergence theorem.
In classical measure theory there are the monotone convergence theorem, the
uniform convergence theorem, and Lebesgue’s dominated convergence theo-
rem, all of which are well known. For the Sugeno integral sequence there are a
lot of convergence theorems as well. In this section we will give several conver-
gence theorems of Sugeno integral sequence under some conditions as weak as
possible. In these theorems we assume that the monotone measure y is contin-
uous, { f,} C G, and f € G. In addition, we use for both function sequences and
number sequences the symbols \, 7, and —, respectively, to denote the
concepts of decreasingly converges to, increasingly converges to, and we write

F! = {xlfu(x) > a}, F2, = {x|fu(x) > a}.

Lemma 9.6. If f,, ™\, f, then F! ™\ ﬂn lF” F,and F,, C F!, N\, N2 Fl,
C Fo. If f, /' f, then F!! /‘U”l Land F, D F! /'\J,2 FIDF,..

Proof. We only prove that . C F!', \ (2, F!, C F,whenf,\ f. The restis

similar. Let £, "\, f. Since f, foor any x € X,
xXeFu =>f(x)>a=fulx)>a=xeF,.

So For CFLL F or the same reason, {F, }is nonincreasing with respect to 7, so
+N\.N2, £, Finally, we have
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o0
X € ﬂFg+:>x€F;’+f0ranyn

n=1
= fu(x)>a for any n
=[f(x) =«

= f(x) € F,.

So M2, F,

", CF, O

Theorem 9.5. Let A € F. If f,, \ fon A, and there exists ny such that

u({

S (X)> } fdu} ﬂA) < oo,
oriffn /' f, then !

1y£ﬂ@:£mh

Proof. We can assume that 4 = X without any loss of generality. Write
ffdp = ¢, and let f,,\, f with ng such that

p({x[fy, (x)>c}) <oc.

If ¢ = oo, by the monotonicity of Sugeno integral (see Theorem 9.2(3)), we have
| o= | i =
that is, the conclusion of this theorem holds. If ¢ < oo, then
fra=
foranyn = 1, 2,..., and, therefore,
lilgnffn du > c.
Now we use reduction to absurdity to prove that the equality holds. If we assume

limJ;fndu>c
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then there exists ¢’ > ¢ such that
lim ][ fodu>c¢
and, therefore,
f fodu>c
for any n. From Lemma 9.5(2) we know that
H(E!)>¢
for any n. Since there exists 7, such that
uF) = p({x] oo (%) = ¢}) < pl{x] £ (%) > ¢}) <o,
by applying the continuity from above of u, from Lemma 9.6, we get
w(Fo) = 1i£11 W(Fh) > .
By Lemma 9.5(1), we know that
][f du > >c.
This contradicts {/du = ¢. Consequently, we have

lirrln][f,,du:c:ffdu.

When f,, /" f, the proof is similar to the above. O

Corollary 9.4. Let A € F. If f,, \, f on A, and there exist ny and a constant
¢ < f, fdu such that

p({x]f (x) > ¢} N 4) <00,

then

£n@\£mL
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Corollary 9.5. If f,,\. f and p is finite, then

][Afn AN fAfdu.

Corollary 9.6. Let u be null-additive.
(D) If fi\.f a.e., and there exists ny and a constant ¢ < {fdu such that

p({x[ Sy (x) > ¢}) <00,
then

][fn dp ™\ ffdu.
) Iff, / fae., then
fru 7 s

The above theorem may be called the “convergence theorem of Sugeno
integral sequence for the sequence of monotone measurable functions,” or the
monotone convergence theorem, for short.

A result similar to Fatou’s lemma in classical measure theory may be
obtained from Theorem 9.5 as follows.

Theorem 9.6. Let A € F. If f(x) = lim,, f,(x) for any x € A, then

{ fdu gu_mf fodp.
A n A

Proof. If we write g, (x) = inf;~, f{x) for all x € 4, then g, / fon 4. By
Theorem 9.5, we obtain

limJ; gndp = Jl fdu.
n A A

Since g, < f,, on A, we have

f gndp < ][ Jndps,
A A



9.3 Convergence Theorems of the Sugeno Integral Sequence 195

and, therefore,
im | g,du < tim | £,
L ] n JA
Consequently, we have
| ran<im | s -
A n Ja

In Theorem 9.5, when {f,} is a nonincreasing sequence, the condition that
there exists 7, such that

u({

cannot be abandoned casually; without this condition, the conclusion of this
theorem might not hold. We can see this from the following example.

S (X)> ][Afdu} N A) <00

Example 9.5. Let X = [0, c0), F be the class of all Borel sets that are in X
(namely, F = BN X), and p be the Lebesgue measure. Take f,, (x) = x/n for any
x€ Xandanyn = 1,2,...;then £\, f=0. Such a measurable function sequence
{f,} does not satisfy the condition given in Theorem 9.5. In fact, we have

(s

for any n = 1, 2,.... Consequently, f f,du = oo for any n = 1, 2,..., but
{ fdu = 0; that is,

fol)> {fdu}) — Wl{xlfo() > 0}) = pu(X) = oc

lim j];]%d/i v ][fdp.

Making use of the monotone convergence theorem we can give a conver-
gence theorem of the Sugeno integral sequence for the measurable function
sequence, which is convergent everywhere.

Theorem 9.7. Let A € F. If f,, — fon A, and there exists ny and a constant
¢ < f, fdu such that

p({x]sup fo>c} N 4)<oo,

n=ny

then

£f;1du - }Afdu.
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Proof. Without any loss of generality, we can assume that 4 = X. Let
hy, = sup;s, fi,gn = infi>, f;; then h, and g,, n = 1, 2,..., are measurable, and
hy ™\ [, & /" f- Since g, < f,, < h,, we have

][gndu < ][fndu < fhn .
and, therefore,
lim ]fg,, dyi < lim ][fndu < Tim ]Lfndu < lim ][hndu.

Noting that
p({xlhny (x) > c}) < oo,

where ¢ < § fdu, from Theorem 9.5 and Corollary 9.4, we get
lirlln J;gnd,u = li'r7n :fhnd,u = ][fdu.
So
tim f, = T £, = f . 0

This theorem can be called the everywhere convergence theorem.
For a measurable function sequence which is convergent a.e., we have the
following theorem.

Theorem 9.8. f, f,di — £, fdu wheneverd € F, f, 28, fon A and there exists ny
and a constant ¢ < f, fdu such that

p({x] sup fu(x) >} N A) <oo,

n>ng
if and only if 1 is null-additive.
Proof. Tt follows directly from Theorem 9.3 and Theorem 9.7. O
Corollary 9.7. Let u be finite and subadditive. If f,, 28 £, then we have

fhodn = fran
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Theorem 9.8 can be called the a.e. convergence theorem.
A proposition analogous to Lebesgue’s dominated convergence theorem in
classical measure theory does not always hold for the Sugeno integral.

Example 9.6. Let X = [0, o), F = BN X, and p be the Lebesgue measure. Take

f()—{l if x>n
"o if x € [0, nJ;

then £, \, f=0. Observe that 0 < f,(x) <1 foranyx € Xandanyn = 1,2,...,
and

][ ldp=1<o0.
In our case, however,
}fndu =1, n=1,2,..
and
ffdu =0.
Consequently, we have
li}gn o du # ffd,u.

In this example, the function sequence { f,} does not satisfy the finiteness
condition on p given in Theorem 9.5.

The most interesting convergence theorem of Sugeno integral sequence is for
the measurable function sequence that converges in measure. Such a theorem is
called the convergence in measure theorem and is given as follows.

Theorem 9.9. {, f,dp — §, fdp wheneverA € ¥, {f,} C G,f € G and f, £ fon
A, if and only if 'y is autocontinuous.

Proof. Sufficiency: Without any loss of generality, we can assume A = X. Let
11 be autocontinuous, f, —— fand let ¢ = f fdu.

(1) In the case when ¢ < oo, by Lemma 9.5(3), for any given € > 0 we have
w(F, _.) > cand u(F, . .) < c. On the one hand, it is easy to see that

Feyoe C Fere ULX[|/u(x) = f(x)| = e}
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Since £, —— f, we have

u({xllfn(x) = f(x)] = €}) — 0.
An application of autocontinuity from above yields that

(F e U X[ fu(x) = S(x)

2 5}) - M(Fc+s)'
So there exists n, such that

p(Fyo.) < p(Fepe ULX|[ fu(x) = f(x)] 2 €}) Sp(Feye) te<ct+e<c+2e

whenever n > ng. It follows, by Lemma 9.5(2), that
][ Jodu < e+ 2e

for any n > ny. On the other hand, to prove a converse inequality we only need
to consider the case when ¢ > 0. For any given ¢ € (0, ¢/2), we have

' 5 Foee = {xllfu(x) —/0)] > e},
Since f,, N fand p is autocontinuous from below, there exists 7'q such that
WFD ) > p(Fo) =2 > e = 2e
whenever n > /. It follows from Lemma 9.5(1) that
][fn dp > c—2e
for any n > ny. Hence, lim,, J"—fn du exists, and

J‘fn dp — c.

(2) Otherwise, ¢ = oco. In this case, from Lemma 9.4, u(F,,) = oo forany a €
[0, o). For any given N > 0, we have

Fy D Fy —A{x[lfa(x) = f(x)| =1}
Since f, L»f and p is autocontinuous from below, there exists ng such that

u(FR) = p(Fyer = {x|lfu(x) = f(x)] = 1}) = N
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whenever n > ng. It follows from Lemma 9.5(1) that
fuu=n
for any n > ng. This shows that
ff}, dp — 0o = c.

Necessity: Forany B € F and {B,} C F with u(B,) — 0 we are going to prove
that u(B U B,) — u(B). Benefiting from the monotonicity of u, we only need to
consider the case when u(B) < co. Take a >pu(B) and

a ifxeB
f(x):{o if x¢ B,

f()_{a if xe BUB,
MY =0 ifx¢ BUB,,

foranyn = 1, 2,.... Then, for any given € > 0 we have

{x

Ja(x) =f(x)| = e} C B,

foranyn =1,2,....So0/, Lf, By the hypothesis of this proposition it should
hold that

[~ fran
Since
][fn dp=a A p(BU By),
and
}fdu =aAu(B) = p(B),
we get

n(BU B,) — p(B).

That is, by Theorem 6.12 p is autocontinuous. O
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Making use of Theorems 9.4 and 9.9, we can immediately get the following
convergence theorem of the Sugeno integral sequence for the measurable func-
tion sequence which s-mean converges (this theorem can be called the s-mean
convergence theorem).

Theorem 9.10. § £, d, — f fdp whenever {f,} C G, f € G, and {f,} s-mean
converges to f if and only if u is autocontinuous.

Example 9.7. (X, F, p) is given in Example 3.5 and Example 6.3. p is not
autocontinuous from above. Take flx) = x1;(x), fu(x) = xq1, my(x) for x € X
and n = 1, 2,.... Then, for any given ¢ € (0, 1) we have

p({x[lfa(x) =fxX)| = €}) =p({n})=27"—0,
namely, f, —— f. But f fdu=1/2 and § f,du = 1foranyn = 1,2,.... f f,du
does not tend to {fdpu.

Definition 9.3. Let (X, F, ) be a monotone measure space, f € G. f'is called
Sugeno integrable (with respect to y) iff { fdpu<oo.

If we write

L'() = {f| f € G, fis Sugeno integrable with respect to u},
then we have the following theorem.

Theorem 9.11. Let A € F, p be uniformly autocontinuous. If f,, Lfon A, then
(1) f,fdu = oo Sthere exists ng such that § f, du = oo for any n > ny;
(2) f,fdu<oo there exists ng such that , f, du<oo for any n > ny.

When A = X, we can rewrite the above propositions as

(1) f¢ LY () there exists ng such that f,, ¢ L' (1) for any n > ny;
(2') f € L' (u)sthere exists ny such that f, € L' (i) for any n > ny.

Proof. Without any loss of generality, we can assume 4 = X.

(1) Since the uniform autocontinuity implies the autocontinuity, from f,, £,
£, by Theorem 9.9 we have

fhudn = fsan.

So, if there exists ng such that {-f, du = oo for any n > ny, we get {fdu = oc.
Conversely, if {fdu = oo, by Lemma 9.4, (F,1) = oo for any a € [0, 00).
Since f,, N fand p is uniformly autocontinuous, there exists 7, such that

p(Farr = {x[[fu(x) =fX)] = 1}) = o0
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for any « € [0, oo) whenever n > ny. From
Fo D For — {x[|/u(x) = f(x)| =1}
for any a € [0, c0), we have
w(Fy) = p(Farr = {x[|fu(x) = f(x)| > 1}) =00

for any « € [0, oo) whenever n > ny. Consequently, we have
][fn dp = 00

for any n > n,.

(2) An application of reduction to absurdity can show the implication <.
As to the implication =, we can get it from

fudu — fsin <. o

At last, we give a convergence theorem of Sugeno integral sequence for the
measurable function sequence that converges uniformly (it can be called the
uniform convergence theorem). The symbol f,, Lf on A will denote that {f,}
converges to fon 4 uniformly.

Theorem 9.12. Let A € F. If f,, — fon A, then

][Afn ap = fAfdM.

Proof. For any given ¢ > 0, since f, — fon A, there exists 1, such that
o=/l <e

on A whenever n >ny. By Lemma 9.2 we have
| o | s <<
4 4
for any n >ngy. This shows

i Jn = fA Sy -
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9.4 Transformation Theorem for Sugeno Integrals

In this section, we discuss how to transform a Sugeno integral f, fdu, which is
defined on a monotone measure space (X, F, p), into another Sugeno integral
f g dm defined on the Lebesgue measure space ([0, o], B, ), where B, is the

class of all Borel sets in [0, co] and m is the Lebesgue measure.

Theorem 9.13. For any A € F,
f fdu = f (ANF,)dm,

where F,, = {x| f(x) > a} and m is the Lebesgue measure.

Proof. Denote g(o) = (4 N F,). From Lemma 9.1, we know that g(«) is
decreasing with respect to a. For any « € [0, co], denote

B, = {E|supE=a,E € B,}.

Then, {B,|a € [0, o]} is a partition of B, and supg c g, m(E) = «. Thus, from
Theorem 9.1,

futan £y am=fe @) dn= sup (inf g(5) rme)

EcB, BeE

= sup sup [inf g(3) Am(E)].
agl0,00] E€ B, BeE

Since g(() is decreasing, we have

g(a )>5ngg(ﬂ) g(a)

forany E € B,,, where g(a—) = limg_, ,_ g(). So, on the one hand, we have

futarryam = sup [eta) n sup ()] = sup fg(a) Aol

ael0,00] EeB, ael0,00]

= sup [aApu(4NF,)] ][fdu,

ael0,00]
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on the other hand, for any given £ > 0,
futanran < sup fgta=) 1 sup ) = sup sta-) nal
ael0,00] Ee€B, ael0,00]

< sup [aAgla=)]Ve< sup [aAgla—e)]Ve

a€le,00] a€le,o0]

< sup [(a—e)Agla—¢)]+e

(a—e)€[0,00]

= sup [(a—e)Au(ANFu )| +e= }Afdu +e.

(a—e)€l0,00]

Since € may be close to zero arbitrarily, we obtain
][,u(A NF,) dn= f fdu.
4

The proof is now complete. O

9.5 Monotone Measures Defined by Sugeno Integrals

In this section we discuss how to define a monotone measure by using the
Sugeno integral of a given measurable function with respect to another given
monotone measure.

Theorem 9.14. Let (X, F, ) be a monotone measure space, f € G. Then the set
function v defined by

) = | s

for any A € F is a monotone measure on (X, F). Furthermore, if u is continuous
then v is continuous from below, in addition, if u is finite, then v is a finite
continuous monotone measure on (X, F).

Proof. From Theorem 9.2, we know that »(@) = 0, and v is monotone. Further-
more, we need to prove that v is continuous from below when y is continuous. Let
{E,} be an increasing set sequence in F, £, /E € F. Then, we have

fxe, / f-xE

From Theorem 9.5, we have

limv(E,) = limJ; fdu =lim J‘»fxgnd,u = J»f “xedu = J; fdu= v(E).
n n En n E
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If 1 is finite, for any given decreasing set sequence {£,} in F with £\ E € F,
from

S XE, NS XE

and Theorem 9.5, we have also

limv(E,) = v(E).

n

That is, v is continuous from above. Consequently, v is a continuous monotone
measure. The finiteness of v follows from

v(X) foduéu(XKOO 0

The following example shows that the set function » may be not continuous
from above when p is not finite even it is continuous.

Example 9.8. Let X = [0, c0), F be the class of all Borel sets in [0, c0), i be the
Lebesgue measure, f(x) =1. Taking E,, = [n, 00), n = 1, 2,..., we have E,\, O,
and

Y(E,) = ][Enf(m i = ]f[ Ldp= 1

7,00)

forn =1,2,..., but
v0) = | r(wdu=o.

So, v is not continuous from above.

It is natural to ask whether v is absolutely continuous with respect to .
Unfortunately, generally speaking, the answer is negative. We can see this in the
following example.

Example 9.9. Let X = {q, b}, F = P(X), and i be a monotone measure on (X, F)
with

(F) = { 0 IfE=0
K |1 otherwise.
Taking
0 ifx=ua
f(x)_{l if x = b,
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we get a monotone measure v by the expression
wE) = | s
E

forany E € F. Now, fore = 1/2 > 0, take F = X, E = {a}. Even though FD E,
and p(F) — p(E) = 0, which is less than any positive number ¢ > 0, we have

o(F) = v(E) =~ |

{a

fdu=1—-0=1>e¢.
}

v is not absolutely continuous with respect to p.

However, if we introduce a weaker concept than the concept of absolute
continuity given in Section 5.3, a weak absolute continuity, we will have a
positive answer about the above-mentioned question.

Definition 9.4. Let ;o and v be two monotone measures on C. We say that v is
weakly absolutely continuous with respect to p, in symbol v <y iff, for any e > 0,
there exists 6 > 0, such that v (E) < € whenever, E € C and p (E) < 6.

It is evident that if x and v are two monotone measures on (X, F), then v <p
implies v <.

As well as the absolute continuity given before, the weak absolute continuity
is a generalization of the concept of absolute continuity given in classical
measure theory.

Theorem 9.15. Let (X, F, p) be a finite monotone measure space and f € G. If v is
defined by

8 =1 fau

forany E € F, then vy .

Proof. For any given € > 0, take 6 = . Thus, for any E € F with u(E) < 6 = ¢,
we have

v(E) = ][Efdu < p(B)<e.

That is, v < . O

9.6 More Results on Sugeno Integrals with Respect
to a Monotone Measure

In this section, we consider Sugeno integrals with respect to monotone mea-
sures that may be not continuous. Let pu: F —[0, co] be a monotone measure.
We have seen that when g is continuous from below, §, fdp =0 implies
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(A N {x|f(x)>0}) = 0in Theorem 9.2(2). The following is a counterexample
where p is not continuous from below.

Example 9.10. Let X = (0,1], F = B(q_1}, where B j; is the class of all Borel sets
in the interval (0,1], and let 1 be defined on F as follows:

(E) = {1 if E=X
K 10 otherwise

forany E € F. ;i is nonnegative, monotone, and continuous from above, but not
continuous from below. Take a measurable function f{x) = x, x € X. Since
w(F,) = 0 for any a € (0, 1], we have

][fdu =0.

But, u(X) = 1 #0.

As for Lemma 9.5, when g is a monotone measure, checking the proof
carefully, we find: conclusion (1) is still valid for p; conclusions (2) and (3) are
valid when g is continuous from below; conclusion (4) is valid when g is
continuous from above; the validity of conclusion (5) needs both the continuity
from above and the continuity from below of u.

For a monotone measure y, instead of Lemma 9.5, we may have the follow-
ing lemma.

Lemma 9.7. For any o € [0, 00), we have

(1) ffdu> e p(ANFz) > aforany f<a <= p(ANF,) > o;
f fdun <o there exists 3 < a such that p(AN Fz)<a= p(ANF,)
<a=puANF.,)<o

() ffdp <o p(ANF,) < aforany y>a <= p(ANF,) < o
f, fdu> o & there exists v> o such that (AN Fy)> o

() ffdun=a e p(ANFz) > a>u(ANF,) forany < a andy > a.

Proof. We only need to prove some parts of (2). If (4 N F,) < « forany v > «,
then

fdp= sup [y Au(ANF,)]= sup [y Au(ANF,)]V sup [y Apu(ANF,)
A ~€[0,00] ~v€[0,a] ~vE(a,00]

< sup 7V sup u(ANF,) <aVa=a.
~€[0,0] Y€ (v, 00]

Conversely, if there exists v > « such that (4 N F,) > o, then

ffduszu(Amepa. O
A



Notes 207

The results given in Section 9.3 are mostly dependent on the continuity of p.
However, if 1 is a possibility measure defined on (X, P(X)), which we denote by
7, then we have the following convergence theorem.

Theorem 9.16. Let (X, P(X), ©) be a possibility measure space. If f,, — f on A,
then

][A fodn — }A fdn.

Proof. Since any possibility measure is maxitive (and, therefore, autocontinu-
ous) and continuous from below, part (1) of sufficiency in the proof of Theorem
9.9 works (now, ¢ = f-fdn < 1<00). O

From Theorem 7.12 and Theorem 9.16, we obtain the following corollary.

Corollary 9.8. Let (X, P(X), ) be a possibility measure space. If f, d—u>f on 4,
then

][Af,, dn — JlAf dn.

Unfortunately, since possibility measures do not possess continuity from
above in general, it is impossible to establish an everywhere (or, a.e.) conver-
gence theorem of Sugeno integral sequence on a possibility measure space; that
is, while f,, — f'everywhere, { f, dn — § f dn may not be true.

Example 9.11. Consider the possibility measure space (X, P(X), n) and the
measurable function sequence {f,,} given in Example 7.4. We have that f,, —
/= Oeverywhere on X, and § f,dn =1 foranyn = 1, 2,..., but { fdrn = 0.

Notes

9.1 The concept of a Sugeno integral (fuzzy integral) for a measurable function
f:F — [0,1] on a normalized monotone measure space (X, F, ) was
introduced by Sugeno [1974], who also discussed some elementary proper-
ties of this integral. Further investigations of the integral were also pursued
by Batle and Trillas [1979], Wierzchon [1982], Dubois and Prade [1980],
Grabisch et al. [1992], and other researchers. A generalization of the
integral, as presented in this chapter, was introduced by Ralescu and
Adams [1980] and Wang [1984].

9.2 As shown by Wang [1984], there is no essential difficulty to define the
Sugeno integral (fuzzy integral) of a nonnegative extended real-valued
measurable function (i.e., measurable function /: F — [0, oc]) on monotone
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9.3

9.4

9.5

9.6

9.7

9.8

9.9
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measure space. In fact, most properties and results presented in this chapter
hold also for such an integral.

Ralescu and Adams [1980] introduced an equivalent definition of a Sugeno
integral (fuzzy integral) by using simple measurable nonnegative func-
tions—an idea similar to the definition of the Lebesgue integral.

The earliest monotone convergence theorem of Sugeno integral
sequences was conjectured by Sugeno [1974]. It was proven by Ralescu
and Adams [1980] by using an equivalent definition of a Sugeno integral
(Note 9.3). They also introduced a theorem on convergence in mono-
tone measure. Its proof is based on a rather strong condition of sub-
additivity. Wang [1984] improved this result by using autocontinuity, a
far weaker condition, and proved that this condition is necessary and
sufficient for the convergence by using a new concept of local uniform
autocontinuity. In this chapter we use a brief proof, which is due to
Wang [1984].

Most of the results given in Sections 9.1-9.3 were previously published by
Wang [1984, 1985a].

Using the concepts of “pseudo a.e.,” pseudo-null-additivity, and pseudo-
autocontinuity, we can also obtain some convergence theorems similar to
those presented in Section 9.3 [Wang, 1985a].

The transformation theorem of Sugeno integral (fuzzy integral) was pro-
posed by Ralescu and Adams [1980]. The brief and effective proof given in
Section 9.4 was obtained by Wang and Qiao [1990].

The Sugeno integral can also be defined on a monotone measure space with
a fuzzy o-algebra consisting of fuzzy sets. Many important results have
already been obtained for this generalization. [Qiao,1990, 1991; Wang and
Qiao, 1990; Zhang, 1992a, b].

Suarez and Gill [1986] introduce two families of nonlinear integrals based
on the concepts of -seminorms and #-semiconorms and show that Sugeno
integral is a special case. Weber [1986] discusses the Sugeno integral in the
context of integrals based on decomposable measures.

Exercises

9.1.

Calculate the value of the Sugeno integral {-/du,where p and fare given as
follows:

(@) X = {a, b}, F = P(X)

0 fE=0
0.5 ifE={a} 08 ifx=a
0.7 if E={b} ():{04 if x = b;
1 ifE=X,

WE) =
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(b) (X, F, p) is as given in (a), but

) = 08 if x=ua
T =09 it x= b

(c) X ={ab,c,d},F = P(X), pisa A-measure with u({a}) = 1/15, u({b}) =
1/4, p({c}) = 1/5,2 = 1, and

2/3 ifx=a
, 1/5 ifx=0b
T=012 itx=c
1 if x=d,

(d) (X, F, w) is the same as in (c), but

1/2 ifx=a
, 1/3 ifx=bh
M= s irx=ec
1/5 ifx=d

(e) X =10, 1], Fis the class of all Borel sets in X, j is the Lebesgue measure,
and f(x) = x*;

() X = (—o0, ), F is the Borel field, u = nm?, where m is the Lebesgue
measure, and f(x) = 1/(1 + x?).

9.2. Let (X, F, 1) be a monotone measure space and let /2 F — [0, oo] be a
nonnegative extended real-valued function. We can define the Sugeno
integral of f'with respect to y, just as we do in Definition 9.1, and use the
same symbol {-/du. Prove that

frau=sup oA )

ael0,00

9.3. Prove the following:

(@) f,fdu < p(4);
(b) f,(anf)du = anf, fdu,where a is a nonnegative constant.

9.4. Let u be maxitive. Prove that
v =] riduv | e
A A A

forany 4 € Fand f] € G, /> € G.
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9.5. Give an example to show that the equality in Exercise 9.4 may not be true
when g is not maxitive.
9.6. Give examples to show that the equalities

][(.fl +f2)dp = ][fld,u + ][fzdu
and
fcfd,u =c ffd,u (¢ is a constant)

may be true or may not be true. This means that, in general, the Sugeno
integral is not linear in the classical sense. However, if we use the supre-
mum and the infimum instead of addition and multiplication in the expres-
sion of linearity, respectively, and if we call it a maxitive linearity, then the
Sugeno integral is maxitively linear when p is maxitive (see Exercise 9.3(b)
and 9.4).

9.7. Give an example to show that

][fduza:»u(mm > a
A

may not be true when p(4) = oc.
9.8. Prove that

FIN N2 Fl =F,
when f,,\, f, and prove that
F<’3+ / U;,Zl F(Z+ = Fa-‘r

and

Fa DEZ/U:CZIFZDFQ-%
when f,, /" f, where

Fl'={x|fu(x) > a}, Fi, = {x[fi(x)>a}, Fo={x[f{x) >a},
Fop = {x|fx)>a}.
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9.9.

9.10.

9.11.

9.12.

Prove the following:

(@) f; sup/fudp = sup f; fudu;
(b) j“;lir;ffndu < inff fudy;
©) o, /i = sup £ _fau;
(d) £,/ du <inff, fdp.

Give an example to show that the equality

{x|limf, > a} =lim (x|f, > o}
n n

may not be true, where « is a nonnegative constant and {f,} is an
increasing sequence of functions in G.

Let 1 and v be two continuous monotone measures on (X, F). Prove that,
if v <y, then v (E) = Owhenever E € F and p(E) = 0 (this statement can
also be regarded as a generalized form of classical absolute continuity).
Can you give an example to show that the converse proposition is not
true?

Give an example to show that the weak absolute continuity is really
weaker than the absolute continuity.



Chapter 10
Pan-Integrals

10.1 Pan-Additions and Pan-Multiplications

Lebesgue’s integral involves two binary operations, common addition and
common multiplication of real numbers, while the Sugeno integral involves
different binary operations, logical addition (maximum) and logical multiplica-
tion (minimum) of real numbers.

A natural idea is to consider an appropriate class of two binary operations in
terms of which a generalized theory of integration could be formulated and
developed, a theory under which both theories based upon Lebesgue’s integral
and the sugeno integral would be subsumed.

Let R, = [0, 00), R, = [0, 0c], B, = BN R, and a, b, ¢, d, a;, b;, a; €
R.(i=1,2,...,t€ T, where Tis any given index set).

Definition 10.1. Let @ be a binary operation on R_.. The pair (R, @) is called a
commutative isotonic semigroup and @ is called a pan-addition on R, iff @
satisfies the following requirements:
PA)a® b =0 aq
PA2)(adbh)®c=ad(bado)
PA3)a<b=a®dc<b@cforanyc;
(PA4) a0 = q;
(PAS) lim,, a, and lim,, b, exist = lim,, (a, ® b,) exists, and lim,, (a, ® b,) =
lim,, a, ® lim,, b,,.

From (PA1) and (PA3), it follows that

(PA3)a<band c<d=adc<bdd.

Because of (PA2), we may write ®}_,a;foraa; ®a, ® --- ® a,. We also use a
similar symbol @®,c7 a,, where T is a finite index set. Furthermore, if 7 is an
infinite index set, we define &, a, = supyc r+ Bye7 @, where T’ is finite.

Definition 10.2. Let ® be a binary operation on R, . The triple (R, ,®, ®), where
@ is a pan-addition on R, is called a commutative isotonic semiring with respect
to @ and ® iff:

PMDa®b=>b®a

Z. Wang, G.J. Klir, Generalized Measure Theory, 213
DOI: 10.1007/978-0-387-76852-6_10, © Springer Science+Business Media, LLC 2009
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PM2)(a@b)®@c=a® (b c);

PM3)(apb)®c=(a®c) P (b®ec);
PAd)a<b=a®c<b® cforany

(PMSa#0andb#A0<=a® b #0;

(PM6) there exists / € R, , such that /® a = a, forany a € R;

(PM7) lim,, a, and lim,, b, exist and are finite = lim,, (¢, ® b,) = lim, a, ®
lim,, b,,.

The operation ® is called a pan-multiplication on R, , and the number 7 is
called the unit element of (R, ®, ®). From (PM1) and (PM4), we derive
PM4Ya<bandc<d=a®c<b®d.

It is easy to see that (PMY) implies that « ® 0 = 0 and 0 ® ¢ = 0 for any
a€R,.

Example 10.1. R, with the common addition and the common multiplication of

real numbers is a commutative isotonic semiring. It is denoted by (R.., +, ) and
its unit element is 1.

Example 10.2. R, with the logical addition V and the logical multiplication A of
real numbers is a commutative isotonic semiring. It is denoted by (R, Vv, A) and
its unit element is co.

Example 10.3. R with the logical addition V and the common multiplication of
real numbers is a commutative isotonic semiring. It is denoted by (R, V, -) and
its unit element is 1.

Definition 10.3. If (X, F, 1) is a continuous monotone measure space, and (R,,
@, ®) is a commutative isotonic semiring, then (X, F, u, R,, &, ®) is called a
pan-space.

10.2 Definition of Pan-Integrals

Definition 10.4. Let (X, F, 1, R, , ®, ®) be a pan-space and E C X. The function
defined on X given by

I if xe E
0 otherwise

Xe(x) = {

is called the pan-characteristic function of E, where I is the unit element of (R,
@, ®)

Definition 10.5. Let (X, F) be a measurable space. A partition {E;} of X is called
measurable iff E; € F for every i.

Definition 10.6. Let (X, F, u, R, , ®, ®) be a pan-space. A function on X given by
n

s(x) = @ [a; @ x,, ()]

i=1
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is called a pan-simple measurable function, where ;€ R, i = 1,2, ...,n,and {E;
|i=1,2,...,n}is ameasurable partition of X.

In the rest of this chapter we restrict the discussion to a given pan-space (X, F,
1, F+, D, ®).

The set of all pan-simple measurable functions is denoted by Q. Obviously,
Q C G. For any

s(x) = B [ar @ x,, (x)] € Q,
let es = {(a;, E;)|i = 1,---,n}. We write

P(es|A4) :I_Efl[ai ® p(A4 N E)],

where 4 € F. To simplify the notation, we use P(s|4) to replace P(es|A4)in the
following discussion if there is no confusion. However, we should remember
that the value of P(s|4) depends on the expression of s (i.e., eg).

Given f1, f> € G, we write f] < f5 if f1(x) < f5(x) for every x € X.

Definition 10.7. Let f € G and A € F. The pan-integral of fon A with respect to p,
which is denoted by (p) [ x fdu, is given by

(P)deu= sup  Ples|A).
A 0<s<f,5€Q

When 4 = X, we simply write (p) [ f dp instead of (p) [y fdp.

Theorem 10.1. Let f € G, A € F, and let P denote the set of all measurable
partitions of X. Then,

(| rau=sup{ g l(inf f0) @ utan B},

EcP EcE x€E

Proof. On the one hand, for any given E € P and any chosen finite part { E}|i =
1,2,...,n}C E we take

st = & {linf ] & + e () .

i=1 | x€E;

Then, s(x) € Q and s < /. So,

& |tinf ren@utane)| < )] ran

i=1| x€kE;
and, therefore,

gep (PEE xek

sup{ g, (inf 1) @ (AN B} < ()| S
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If, on the other hand, s(x) = &7 ,[a; ® xg, (¥)]€ Q, then {E|i = 1,2,...,n}€ P.
Moreover, if s < f, then a; < inf <z, f(x). Thus, we have

POl )< B (ing ) @4 n ) < swpd @ [(nt 7)) a0 )]
i=1 Xx€E; EcP cE x€E

From this, it follows that

(0| £ < sop{ oGt 1) @ utan B},

4 pep LEEE ¥EE

Consequently, we have

o) [ rau= sup{ & [(inf /(x)) ® (4N E)]}.

A EcP EcE x€E

The proof is now complete. O

Theorem 10.2. When & is the logical addition V and ® is the logical multiplication
A, we have

()| rau={ rau

foranyfe Gand A €F, that is, the pan-integral and the Sugeno integral coincide.
Proof. Since {E, E} is a measurable partition of X for any E € F; the inequality

<mLﬂmz£fw

follows from Theorem 9.1 and Theorem 10.1 directly. Conversely, for any given
¢ > 0 and any E € P, there exists E, € E such that

@ [(inf f(x)) ® u(4 N E)] = sup [(inf 7 (x)) A u(4 0 E)]
EcE xcE EcE X€E

<[inf f(x)]Apu(ANE)) +e< ][ Sfdu +e.
A

xeEy

Thus, we have
)| sans] sanee
A A

Since € may be arbitrarily close to zero, we have

| ran<{ s
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Consequently, we have
| san={ ran -
A A

Theorem 10.3. Let i be o—additive. When @ is the common addition and ® is the
common multiplication, we have

(| r=| s

foranyfe Gand A € F, that is, the pan-integral and Lebesgue’s integral coincide.

Proof. When @ is + and ® is - , the concept of pan-simple function coincides
with the concept of nonnegative simple function employed in classical measure
theory. From the definition of Lebesgue’s integral,

J fdu=lim P(s,|A4)
A n

forany f € G and 4 € F, where {s,,} is a sequence of nondecreasing nonnegative
simple functions whose limit is f. It is easy to see that

| sz rd

4 4

Conversely, we can choose {s,,} C Q such thats, <f,n = 1,2,..., and
lim P(5,14) = () | fl.

Taking 5, = sup;<, s;, wehaves, € Q,n = 1,2,...,and5, / f. Since P(s|A) is
nondecreasing with respect to s under the conditions given in the theorem, we
have

i PG5,4) = (p) | 1 d.

Owing to the monotonicity of {5,}, we also have
lim P(5,]4) = J fdu.
n 4

Hence, we have

(| sau=| ran .
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We can also see from Theorem 10.1 that, under the conditions given in
Theorem 10.3, the pan-integral is just Riemann’s integral, provided that the
function f'is continuous.

10.3 Properties of Pan-Integral
Some interesting properties, which are similar to those of the Sugeno integral
and the Lebesgue integral, are derived in this section.

Theorem 10.4. For any f€ G and A € F,

(») L Fdn= o) [ o xa da

Proof. Taking s' = s @y, for any given s € Q satisfying s < f, we have s’ € Q and
5" < f&xa. By using the commutative law (PM1) and the distributive law (PM3)
of pan-multiplication, we have

n n
s = ® (a4 ® x4 ® x£) = ® (4 ® XanE)-
=

i=

This means that

P(S|X) = @ [a; ® (AN E)].

Hence, we have
Plsid) = P50 < (1) [ £
and, therefore,

(p) J fdu< ()| 190 dn

Conversely, for any given s(x) = @/, [ai ® xg, (x)] € Q satisfying s < f® x 4, we
omit, without any loss of generality, those terms in which ¢; = 0 and, therefore,
we may assume that ¢; > 0,7 = 1,2,...,n. From s < f® x4, we deduce E; C A4,
i=1,2,..., n Thus,

P10 = Bl ()] = &lae w40 E)] = PUIX) < ()| fa

i=1 i=
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So, we have

D[ rduz )] 1o

Finally, we have

()| £au= (o) | 1o dn 0
The properties listed in the following theorem can be easily obtained from
Definition 10.7, Theorem 10.1, and Theorem 10.4.

Theorem 10.5. Let f, g € G, A, B€ F, and a € R. Then we have the following:
() iff=0onAae., then (p) [4fdu = 0;

Q) if i(A) = 0, then (p) [ f dp = 0;

() iff<gon A, then (p) [1fdu<(p) [1g du;

(4)if A C B, then (p) [.1f du < (p) [ nf du;

(5) () Jaadu > a@u(A).

The following example shows that the equality in (5) of Theorem 10.5 may
not hold.

Example 10.4. Let (X, F, ) be the same monotone measure space as given in
Exercise 9.1 (a). Taking 4+ and x as @ and ®, respectively, we have

(p) J ldu=1-p({a})+1-u({b})=054+0.7=1.2,
but

1-pu(X)=1.

Theorem 10.6. Let f€ G and A € ¥. If (p) [ 4 fdp = 0, then

u(4 N {x|f(x)>0}) =0

Proof. Denoting B, = A N {x | f(x) > 1/n}, we have
o0
By /| JByi=4n{x|f(x)>0}.
n=1
By using Theorem 10.5, we obtain

0= | ranz ()| rduz )| Sduzsous) o

B By



220 10 Pan-Integrals
From (PM5), we have
w(By) =0,n=1,2,...;

therefore,

u(AD (] £(x)>0}) = lim u(B,) = 0. o

10.4 A Transformation Theorem
A transformation theorem for the Sugeno integral is presented in Chapter 9.

Now, we consider a similar theorem, wherein the pan-addition is the common
addition and the pan-multiplication is the common multiplication.

Theorem 10.7. On a pan-space (X, F, u, R, +, X), if p is superadditive, then

o) [utan Foyan = o) | s
where f € G, A € F, m is the Lebesgue measure on R, and

Fo = {x|/(x) = a},

forany a € R,.

Proof. There is no loss of generality in assuming that 4 = X. From Theorem
10.1, we infer

)| = sup

EcP

{ gl 70 u(E) p=supsup 5 (ing foo]- ()

EEE 'x S DCE{EED xeE }’
where D is any finite subclass of E. For any chosen

D ={E\, E,,...,E,},
taking a; = infycg, f(x), i = 1,2,...,n,and o,,; = 0, we may assume that

>0 > >0 2> o =0

(otherwise, we just need to rearrange the order of Ey, E,.. ., E,). Let B; = (a;+1,
o], i = 1,2,..., n. Accordingly, we have

m(B) = a; — ai1,i=1,2,...,n.
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For any a € B;, since a < «;, we may infer

F. o JE;.

J<i

Using the superadditivity of x, one may derive

(Fa) =) nlE)

J<i
Therefore, we obtain
inf ) >
inf p(Fa) = ) p(E)
J<i

Thus, we have

(p) jmmdm >3 [inf u(F,) -m(B)] > Z [Zu — 1)
i=1 !

i=1 | j<i
= e uB) = 3 (inf /1) B

Finally, we have

() [utFyam > (p) [ 7 .

When g is subadditive, a similar result is expressed by the following theorem.

Theorem 10.8. On a pan-space (X, F, 1, Ry, +, X), if p is subadditive, then we
have

(n) | wtan £ < ()| fan
where f € F, A € F, m is the Lebesgue measure on R.., and

Fo = {x|f(x) 2 a}
forany a € R,.

Proof. Assume that A = X. As in the proof of Theorem 10.7, for any finite
subclass of any partition of R, {4,li = 1, 2...., k}, we denote 3; = sup 4, and
By = oo, and we may assume that Gy > 3; > (6, > ... > [y.

Let E; = Fy—Fp i = 1,2, ..., k;then, {E{i = 1,2, ..., KyU{O, E} is a
partition of X. If there exists some « € R, such that u(F,) = oo, then (p) [ du =
oo. In this case the conclusion of the theorem is obviously true. So, we can
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assume that u(F,,) < oo forany a € Ry Since Fj;, = |J;; Ej and y is subadditive,
it follows that

inf u(Fo) < p(Fp) <> u(E)

acd; J<i
and

> m(4) < B < Jof fx) < infflx)

Jj>i

fori =1, 2,..., k. Thus, we have

k

k
> (inf p(Fo) -m(4)) <3 { lz w(E)

i=1 i=1

Consequently, we have

0) [t < ) [ _

As a direct corollary of Theorem 10.7 and Theorem 10.8, we obtain the
following result.

Theorem 10.9. In the symbols of Theorem 10.7, if ' is additive, then we have

() JM(A N Fy)dm = (p) L fdu.

In the above three theorems, the pan-integral (p) [ (4 N F,) dm is called the
Choquet integral of f with respect to pu on A4, denoted by (¢) [4 f dp, and
discussed in Chapter 11. Both Theorem 10.7 and Theorem 10.8 show the
relation between the pan-integral and the Choquet integral on a pan-space (X,
F,u, R, +, x).

Notes

10.1. The concept of a pan-integral was introduced and its properties discussed
by Qingji Yang in his dissertation in 1983. A revised version was pub-
lished in [Yang, 1985]. Further investigations of pan-integral on
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10.2.

pan-additive monotone (fuzzy) measure spaces were pursued by Yang
and Song [1985] and Wang et al. [1996c]. See also [Mesiar and Rybarik,
1995].

Similar to the pan-integral on pan-additive monotone measure spaces,
Weber [1984] and Murofushi and Sugeno [1989, 1991b] developed the
theory of | -decomposable measures and fuzzy ¢-conorm integrals.

Exercises

10.1.

10.2.

10.3.

10.4.
10.5.

10.6.
10.7.

Calculate the value of the pan-integral for each pair of monotone measure
spaces (X, F, u) and measurable functions f'given in Exercise 9.1 provided
that the concerned commutative isotonic semiring is (R, +, x).

Repeat Exercise 10.1 for the commutative isotonic semiring (R, V, X)
Using Theorem 10.1 directly, show that the pan-integral is a general-
ization of Riemann’s integral.

Prove Theorem 10.5.

Prove the following inequalities for any 4, B€ Fand f, g € G:

@) (p) JavsSdu > (p) [afdpV (p) [5f du;
®) (p) [ansfdu < (p) [afduN(p) [sfdu;
© (p) [a(SVedu>(p) [afduV (p) [4gduy;
() (p) Ja(fAQdu<(p) [afdun(p)[agdp.

Show that (p) [ 4/ du = (p) [fdy, where j/(E) = (A N E) forany E € F.
Calculate the value of the Choquet integral for each pair of monotone
measure spaces (X, F, ;1) and measurable functions f'given in Exercise 9.1.



Chapter 11
Choquet Integrals

11.1 Choquet Integrals for Nonnegative Functions

Let (X, F, 1) be a monotone measure space. That is, X is a nonempty set, F is a
o-algebra of subsets of X, and u: F — [0, oo] is a monotone measure. Also, let
A € F and f'be a nonnegative measurable function on (X, F). We have seen that
the Lebesgue integral of f'with respect to u may not be well defined due to the
nonadditivity of u. Indeed, for two sequences of nondecreasing simple func-

my(j)
tions {s;} and {4} with lims; = lim ¢ =7, where s;= > aix4, and
: Jmoo oo =

m(j)
tj = > bjixs, for each j, it is possible that
i=1

my(j) m(j)

,13})10 > aip(Asi) # /Eglo > bin(By).
=1 : i=1

Fortunately, there are some equivalent definitions of the Lebesgue integral that
may yet be valid with respect to monotone measures. One of them is the
Riemann integral, as is shown in Section 8.1. When it is used in this way, the
integral is usually referred to as a Choquet integral.

Definition 11.1. The Choquet integral of a nonnegative measurable function f
with respect to monotone measure g on measurable set 4, denoted by
(C) [, fdp, is defined by the formula

(C)L Fdp = J:C J(Fy 1 A)da,

where F, = {x|f(x) > a} for a € [0, 00). When 4 = X, (C)[, fdp is usually
written as (C) [ fdu.

Since fin Definition 11.1 is measurable, we know that F, = {x|f(x) > a} € F
for a € [0, o0) and, therefore, F, N A4 € F. So, pu(F, N A) is well defined for all
a € [0, 0o). Furthermore, {F,} is a class of sets that are nonincreasing with

Z. Wang, G.J. Klir, Generalized Measure Theory, 225
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respect to o and so are sets in {F, N A}. Since monotone measure p is a
nondecreasing set function, we know that u(F, N A4) is a nondecreasing func-
tion of « and, therefore, the above Riemann integral makes sense. Thus, the
Choquet integral of a nonnegative measurable function with respect to a
monotone measure on a measurable set is well defined.

The following theorem establishes an equivalent form for the definition of
the Choquet integral with respect to finite monotone measures.

Theorem 11.1. Let j1(A) be finite. Then,

©] fdu=|" utu 0 0o

where F,. = {x|f(x)>a} for a € [0, o0).
Proof. For any given £ >0, we have

o.¢]

(© rau= | utrnade= | "uitx

f(x) > a}nA)da

o0

> jm ({3 /1) > 0} (1 A)dar > j ({3 f%) > o+ e} N A)da
0 0

—

?u({XIf(X) > atebnd)date) =fu<{xf<x> > a} 1 A)da
> j:c WX f6) > a} 0 A)da — & - pu(4)
- (C)Lfdu "

Since p(A4) <oo, letting e — 0, we get

0.0}

©] fdu= | urlf)>a) n)da = [ e e o

In the special case when the monotone measure is c-additive, the Choquet
integral coincides with the Lebesgue integral since the definition of the Choquet
integral is just an equivalent definition of the Lebesgue integral. So, the
Choquet integral is a real generalization of the Lebesgue integral.

Example 11.1. Let X = [0, 1], f{x) = x for x € X, F be the class of all Borel sets

in [0, 1], and pu(B) = [m(B)]* for B € F, where m is the Lebesgue measure. We
know that p is a monotone measure on o-algebra F and fis a nonnegative
measurable function on X. According to Definition 11.1, the Choquet integral
of f'with respect to p is
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o0

(©an - (/) 2 a})da = jm u({x

x > a})da

1 1 1

| e, 1])@:] (o, 1])}2da:J (1 a)da
0 0 0
: ) roan Lo
= 0(172a+a)doz:a|0—a 0+§oz lo
1 1
S R
+3 3

When the integrand p(F,) of the above Riemann integral cannot be expressed
by an explicit algebraic expression of «, or the expression is too complex, the
value of the Choquet integral has to be approximately calculated by using some
numerical method (e.g., the Simpson method).

11.2 Properties of the Choquet Integral

Unlike the Lebesgue integral, the Choquet integral is generally nonlinear with
respect to its integrand due to the nonadditivity of x. That is, we may have

© 49 du# (©f (€[ g

for some nonnegative measurable functions fand g.

Example 11.2. Let X = {a, b}, F = P(X), and

0 ifd=0
A =
) { 1 otherwise.
In this case, any function on X is measurable. Considering two functions,
0 ifx=a
X)) =
%) { 1 ifx=5b
and
0 ifx=5bh
g(x)—{l if x =a,
we have

1

(©f = |ttt ) = apyde = | ut(bhida=1x 11
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and

1

(© gdn= [ n(txiex) = apda = | uifapda=1x1-1.

0
Since f+ g = 1, we obtain

1

© 4+ @du= (O 1= | uttalt = o= | 1da=1.

Thus, (C) [ (f+ g)du # (C) [ fdu+(C) [ g dps. This shows that the Choquet inte-
gral is not linear with respect to its integrand in general.

However, the Choquet integral has some properties of the Lebesgue integral.
These properties are listed in the following theorems.

Theorem 11.2. Let f and g be nonnegative measurable functions on (X, ¥, u), A and
B be measurable sets, and a be a nonnegative real constant. Then,

(D) (O, Tdu = p(A);

(2) (O)f fdu = (C)ff- xady;

() Iff<gon A, then (C),fdu < (C)[, g du;
(4) If A C B then, (C)fAde < (C)Ide:“;

(5 (O)f,afdu=a-(C)J, fdp.

Proof. These results follow directly from Definition 11.1. We leave the detailed
proofs to the reader. O

Theorem 11.3. (C) [, fdu = 0if pu({x|f{x)>0} N A) =0, i.e., f= 0o0n A almost

everywhere; conversely, if monotone measure | is continuous from below and

(O)f,fdp =0, then u({x|f(x)>0} N 4) =0.

Proof. For the first conclusion, from p({x|f(x)>0} N 4) = 0 we know that
p({xlf(x) Zz e} N A4) < p({x]f(x)>0} N 4) =0

for every a>0. Since y is nonnegative we have

u({x/(x) > a} 14) =0

for every a>0. Thus,

© fu= [ utrunyda = | ultxls @) = 0} A)da o
A 0 0

Now we turn to prove the second conclusion. We first use a proof by contra-
diction to show that u({x|f(x) > a} N A4) =0 for any a>0 if (C)[, fdu = 0.
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In fact, p({x|f(x) > a} N A) = c>0 for some ay>0 implies u({x|f(x) > a}
NA) = cfor all & € (0, ay] since u is nondecreasing. Thus,

©| rau- J:C W({xlf () > a} N A)du > JO W({xlf(x) > a} 1 A)du

%)
ZJ cdu=c-ap>0.
0

This contradicts (C) [, fdu = 0. Secondly,

(/10 >0y 1 4 —Q({x 9z 5fna).

That is, {x|f(x)>0}NA4 is the limit of nondecreasing set sequence
x|/ (x) > jl} N A}. By using the continuity from below of 1, we have

1@ 23hna) =o. 0

The property given in the next theorem is called the translatability of the
Choquet integral. 1t is important for defining the Choquet integral with real-
valued integrand shown in Section 11.3.

({317 >0) 1) = fim o {

Theorem 11.4. For any constant c satisfying f+ ¢ > 0, we have
© (r+ =@ S+ ui.

Proof. From the definition of the Choquet integral directly, noticing that
f(x) + ¢ > aforevery x € X when « is between 0 and ¢, we have

(C)L(f+ O)du = jm u({xIf () + ¢ > a} 1 A)da
= |t + e 2 apn )

+j {2/ (x) + ¢ > a} 1 A)da
0

() >a—c}ﬂA)d(oz—c)—i—J;u(XﬂA)doz

c
C

p({x|f(x) > a}NnA)da + Jo wu(A)de

|
-l

=(C) A.fdM+C'I~L(A)~ m
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11.3 Translatable and Symmetric Choquet Integrals

The definition of the Choquet integral given in Section 11.1 is restricted to
nonnegative measurable functions. In this section, we extend it to real-valued
measurable functions. A direct idea from Section 8.1 for the Lebesgue integral
may be used, that is, decomposing a real-valued measurable function to be the
difference of two nonnegative measurable functions.

Let (X, F, 1) be a monotone measure space, 4 be a measurable set, and f'be a
real-valued measurable function on 4. To simplify the discussion, without any
loss of generality, we assume that 4 = X.

Similarly as in Section 8.1, let

S(x) iff(x) =0

/) = { 0 if £(x) < 0

and

B { —f(x) iff(x) <0

SN =1 if £(x) > 0.

Both /* and /= are nonnegative measurable functions. Then, we can give a
definition of the Choquet integral for a real-valued measurable function with
respect to a monotone measure.

Definition 11.2. The symmetric Choquet integral of real-valued measurable
function fwith respect to monotone measure p, denoted by (Cs) [ fdp, is defined
by the difference

(€] fdn=(©)| 1 ()| 1" dn,

if not both terms on the right-hand side are infinite.
It is evident that the symmetric Choquet integral is symmetric. That is,

(€] (1ds =~ |

for any real-valued measurable function f. Unfortunately, such an integral loses
an important and very useful property, translatability, which the Choquet
integral with nonnegative integrand has. It means that equality

(€] ¢+ = ()| - ¢ (o),

where c is a real number, may not be always true.

There is an alternative way to extend the Choquet integral for real-valued
measurable functions, in which, the translatability is used directly. First, we define
the translatable Choquet integral for lower-bounded measurable functions.
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Definition 11.3. Let ;(X') < oo and f'be a measurable function on (X, F, ) with a
lower bound b; that is, f(x) > b for all x € X. The translatable Choquet integral
of f'with respect to y, denoted by (C,) [ fdp, is

(€ fdn= (€| (7= D)+ - () (1)

This definition is unambiguous. That is,

(Ct)J (f=b1)dp+ by - p(X) = (Ct)J (f = ba)dp + by - p(X)

if both b, and b, are lower bounds of function f.

Theorem 11.5. The translatable Choquet integral with lower-bounded integrand is
nondecreasing with respect to its integrand. That is, for two lower-bounded
measurable function f and g,

(€[ < (€] e

iff<g.

Proof. Leth < f< g.Then0 < f— b < g — b. By using the result shown in (3) of
Theorem 11.2, we know that

(Ct)J (f— b)du < (coj (¢ — b)dn.

Hence, from the definition of the translatable Choquet integral for nonnegative
measurable functions, we have

(Ct)deu = (Ct)J (f=b)du+b-puX) < (Ct)J (g — b)du +b - u(X)
= (Cm)Jgdw O

Now, by using the translatable Choquet integral with lower-bounded
integrand, we can define the translatable Choquet integral for real-valued
measurable functions that are not necessarily lower bounded.

Definition 11.4. Let 1(X) <oo and f'be a real-valued measurable function on (X,
F, p). The translatable Choquet integral of f with respect to u, denoted by

(o[ fdu, is
(€| fdu=,lim () [
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where function f;, is defined as

fiolx) = {f(x) i) 20 yhe (oo, 0]

b otherwise

The limit in Definition 11.4 exists (including negative or positive infinities)
due to Theorem 11.5 and the fact that { f;} is nondecreasing with respect to b.
Furthermore, it is not difficult to show that the translatable Choquet integral
with real-valued integrand is also nondecreasing, that is, for any two real-
valued measurable function f'and g satisfying ' < g, we have

(Ct)deN < (Ct)Jng.
Theorem 11.6. Let f be a measurable function on (X, F, ). Then,

(ct>j (f+ Odu = (ct)deu e p(x)

for any real number c.

Proof. Let g = f+ c and

2 i ) >
g,,(x>={g(") Fel) 20 wp ¢ (—o0, 0]
b otherwise

We have g, = f;_. + . Thus,
©f(r+ o= (€ g
= lim (€| end
= tim (C) [ (fo-c + )
- Egloo[(ct)J Joedp+ ¢+ p(X)]
= tim (€O [hedi+ e ()

- <Ct>deu+ ¢ p(x). o

This theorem shows that the translatable Choquet integral introduced in
Definition 11.4 for real-valued measurable functions keeps the translatability.
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Indeed, an alternative definition of the translatable Choquet integral for real-
valued measurable functions can be also obtained by using the corresponding
equivalent definition of the Lebesgue integral for real-valued measurable func-
tions shown in Section 8.1. That is,

o0

0
(©)[fdin= | ) = 0o+ | p(P)ae 112
—00
The proof of the equivalence of these two definitions for the translatable
Choquet integral is left to the reader as an exercise. Of course, similar to
Theorem 11.1, this equivalent definition for the translatable Choquet integral
can also be expressed as

{o.¢]

0
=] P = 0o+ | P

However, this form is not symmetric. That is, (Cy)[ (—f)dp may not be

—(Cy) [ fdp. In fact, we have the following theorem.

Theorem 11.7. Let u(X) <oo and f be a real-valued measurable function on (X,
F, 1). Then

(€| (=~ (€] ran
where [i is the dual of u defined by

fi(4) = p(X) — p(A) VA €EF.

Proof. We use Theorem 11.1 where an equivalent definition of the Choquet
integral with real-valued integrand is given.

0 00
Cfrdn= | (sl =115) = ) =p(0lda+ |l =15) = a})da
0

[ ] 0> ) — p(x))der + jzo u({x] — 1) > a})do

0 00
= lexl/()< - a})—M(X)]dOé+JO p({xlf(x) < — a})da

—00

=, [n({x1f(x) < = a}) = p(X)]d(-e)

0
+j ({2 () < — a})d(~a)

[o¢]
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0

:ﬁmwvm<@wmnww+juwvm<@ww

—00
o0

0
| st ) = apdto) | G ) = ah) =a0ldto)

oo

~(C)[fdn N

In comparison with the symmetric Choquet integral, the translatable Choquet
integral is more natural since the symmetric one violates the original translat-
ability, though it has a new property of symmetry. Moreover, the translatable
Choquet integral for real-valued measurable functions is more reasonable than
the symmetric Choquet integral in real problems as we can see in the next
section. Thus, from this point, we simply call it the Choquet integral and omit
the subscript t from the integral’s type indicator (C;). That is, we use the same
symbol as we did for the Choquet integral with nonnegative integrand intro-
duced in Section 11.1. Also, we use only the translatable one in the applications
discussed in Chapter 15.

11.4 Convergence Theorems

Let the set of all real-valued measurable functions for which the Choquet
integral is well defined be denoted here by G and let its subset consisting of all
measurable functions having finite value of the Choquet integral be denoted by
Gy. Furthermore, we assume in this section that monotone measure p on (X, F)
is finite and continuous.

Let f€ G and {f,} C G. To investigate the convergence theorems of
sequences of Choquet integrals, besides the convergences discussed in Chapter
7, we also need a convergence concept of measurable function sequence based
on the Choquet integral.

Definition 11.5. { f,,} is mean convergent (with respect to the Choquet integral)
to f, denoted by f,, me. f if

mJM—ﬂw—w.

The new concept of convergence in Definition 11.5 is related to other con-
cepts of convergence introduced in Chapter 7, as expressed in the following
theorem.

Theorem 11.8. Uniform convergence implies mean convergence, while the latter
implies convergence in measure.
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Proof. The first implication follows from (1), (3), and (5) of Theorem 11.2. To
prove the second implication, we use a proof by contradiction. Suppose that
{f.} does not converge in measure to f, that is, there exist >0, £>0, and a
sequence {n;} such that

p(fo —f1>a)>e  i=1,2,..

Since u(| f,, — f] > «) is nonincreasing with respect to a,
[e¥))

j:o wllfy —f1 > a)dar > L wllfyy —f] > a)da > ap-£>0

fori =1, 2, .... We obtain a contradiction with f,, _m-c. f. O
By using an approach similar to the one taken in Theorem 9.6 for the Sugeno
integral, we obtain the following generalization of classical Fatou’s lemma.

Lemma 11.1. Let A € F. If there exists g € Gg such that f,, > g forn = 1,2,...,
then

(©) j (lim,, /)yt < n_m,,<c>L 1dn.

The condition that i be a continuous monotone measure in Lemma 11.1 can
be reduced to the condition that p be a lower semicontinuous monotone
measure. Furthermore, a generalization of classical bounded convergence the-
orem can be established. We omit the proof here since it is similar to the one
established for Sugeno integral sequences in Theorem 9.7.

Theorem 11.9. Let A € F. If f,, — fand there exists g € Gy such that | f,| < g, for
n=12...,onA, then

©)| S~ (©| s
4 A
Lemma 11.2. Let A € F and f, g € G. If v is a null-additive and f = g a. e., then

©) = (©)| e

Proof. Since {x| f(x) = o} C {x|g(x) > a} U {x|/(x) # g(x)} and u({x]f(x) #
g(x)}) = 0, by the monotonicity and the null-additivity of u, we have

pxlf(x) 2 ap N A) < p(({xlg(x) = a} N 4) U{x]f(x) # g(x)})
= p({xlg(x) = a} N 4).
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From the definition of the Choquet integral, we directly obtain

©] <€) s

The inverse inequality can be obtained in a similar way. O

The following theorem is called an almost everywhere convergence theorem.

Theorem 11.10. Let p be a null-additive and A € F. If f, gfand there exists g €
Gy such that | f,| < g a.e., forn=1,2,... on A, then

(C)JAJ‘MM - (C)L e

Proof. The result follows directly from Theorem 11.9, Lemma 11.2, and the fact
that a countable union of p-null sets is still a y-null set when g is a null-additive
monotone measure. O

To formulate and prove an important theorem regarding the convergence for
a sequence of Choquet integrals, we need a lemma and a new concept of equi-
integrability for a sequence of measurable functions as follows.

Lemma 11.3. If p is autocontinuous, then for any class C C F that is totally
ordered according to set inclusion and any €> 0, there exists 6> 0 such that

WA UB) < p(4) +¢

whenever A € C, BEF, and j(B) < 6, similarly, for any totally ordered class C of
sets in ¥ and any £ > 0, there exists 6> 0 such that

(A —B) > p(A) —¢

whenever A € C, B€ F, and p(B) < 6.

The proof of Lemma 11.3 is omitted here. The reader may consult [Wang,
1984] for details. The first implication in Lemma 11.3 is called local-uniform
autocontinuity from above of p, while the second one is called local-uniform
autocontinuity from below of u. When p satisfies both these implications, it is
called local-uniformly autocontinuous.

Definition 11.6. Let 4 € F. Sequence { f,} is called equi-integrable on A if, for
any given € > 0, there exists N(¢)> 0 such that
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N

0
©| srau+ (@ frdn<| wrznada=[ (urna) - p0ldoe

0

forallm=1,2,..., where fis the dual of p.
It is obvious that {f,} is equi-integrable if there exists g € Gy such that
|ful <gforallm=1,2,....

Theorem 11.11. Let A € ¥, { f,,} be equi-integrable, and f € Gy. If f, L fand pis
autocontinuous, then

©] san—©)| san

Proof. There is no loss of generality in assuming 4 = X, f> 0, and f, > 0,
n=1,2,.... Denote u(X)=c. For any given ¢ > 0, by using the equi-
integrability of {f,}, we can find N > 0 such that

N

(C)J.fn dp < Jo w(F)do + e

foranyn =1,2,.... Since {F,|a > 0} is totally ordered according to set inclu-
sion and, by Lemma 11.3, x is local-uniformly autocontinuous from above, we
know from above, we know from

Faye CFaU{x] [fu(x) —f(x)] = €}

and f, N [ that there exists n; > 0 for the given ¢ such that

w(FyL) < p(Fo) +e/N

whenever n>n; and o > 0. Thus,

N N N—¢
M(F;’)doz—i—c-s—i—e:J W(Fy )da+c-e+e

0

(© [ < |

w(Fdo+ ¢ < J
0

€
N—e

N—¢
SJ [M(Fa>+E/N]da+C'E+8§J w(Fo)da+ ¢ e+ 2e
0 0

S(C)deu—l—c-s—&-Ze

for any n>n;.
Conversely, for any given € > 0, by using the integrability of f, we can find
N> 0 such that

N

(C)deu —e< J u(Fo)da.

0
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Since p is local-uniformly autocontinuous from below by Lemma 11.3, we
know from

Fi oD Fo—{x| [/u(x) =f(¥)[ = €}

and f, iyf that there exists 7, >0 for the given € such that
u(Fy_.) > p(Fa) —¢/N

whenever n>n, and o > €. Thus,

N N

W(F_)da > | (u(F.) = =/Nda

3

(©) andu > J:u(F{;)da > J

€

N
ZJ ,u(Fa)da—(re—sZ(C)deu—c-€—25
0

for any n>nj.
Combining these two inequalities, we obtain

(©)] s = (©] . .

From Theorems 11.8 and 11.11, we obtain the following corollary.
Corollary 11.1. Let A € F, { f,,} be equi-integrable, and f € G,. If f, 2 fand pis
autocontinuous, then

©] pdn—©)| san

The following theorem establishes the inverse result of Theorem 11.11. Thus,
the autocontinuity of finite monotone measure p plays a necessary and suffi-
cient condition for the convergence in monotone measure theorem of the
Choquet integral sequence.

Theorem 11.12. If (C)[,fudp — (C)[, fdu, whenever A € ¥ {f,} is equi-

integrable, f € Gy, and f, Lf, then i is autocontinuous.

Proof. For any given 4 € F and {B,} C F with u(B,) — 0, taking /'= x4 and
Jo = Xaus,-n=1,2,..., we have

plfn =S12 €)= p(By) = 0

for any € € (0, 1). This means that f, Lf. Since

(©)] = (©) [ xcads = (),
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and
(C)andu = (C)JXAUB,,du = u(A U By),

we obtain y(4 U B,) — p(A) from the assumption that (C) | f,du — (C) [ fdp.
This shows that p is autocontinuous. O
The following theorem is called a uniform convergence theorem.

Theorem 11.13. Let A € F. If f,, — fon A, then (C)[, fudu — (C) [, fdp.

Proof. For any given € >0, there exists ny such that

f(x) —e<fulx) <f(x) +¢

for any n>ny and x € A. Using Theorem 11.2.(3) and Theorem 11.4, we have

(©) fdu—e-na) < © fudn < (©) fas et
A A A

for any n>ny, This means that (C) [, fydu — (C) [, fdu since p(A) <oo. O

11.5 Choquet Integrals on Finite Sets

In any database, the number of attributes is always finite. Let
X ={xi,x2,...,x,} denote a finite set of attributes. Then, (X,P(X)) is a
measurable space. Each record (or, observation) of xi, xa,. .., x,, denoted by
fx1), f(xa),..., f(x,) respectively, is just a real-valued function f on X. Since
the power set of X is taken as the c-algebra, any real-valued function on X is
measurable. A monotone measure i defined on P(X) is usually used to describe
the joint importance as well as the individual importance of attributes in X
towards a certain target. To obtain a global contribution from f towards the
target, we need an aggregation tool. Due to the nonadditivity of i, as a common
aggregation tool the Lebesgue integral fails. In this case, we saw in Section 11.1
that the Choquet integral can replace the Lebesgue integral.

The Choquet integral of function f with respect to monotone measure p is
defined via a Riemann integral as

.¢]

©fra=[ 1)~ 0kt [ e

Since X is a finite set we may develop a simple formula for calculating the value
of (C) [ fdp once fand p are given.
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Let by = min f{x;) and b, = max f(x;). Since the values of f is between
1<i<n 1<i<n

by and b,, we have F, = X when a < b and F, = @ when a>b,. Hence, by

using the translatability of the Choquet integral, we have
(©)] rau = © [ ¢ Br)a b1 - )

by—by
_ JO p({xlf(x) = b1 > a})da + by - u(X).

If the values of function f, {f(x1), f(x2),..., f(x,)}, are rearranged into a
nondecreasing order as,

bi=f(x) <f(x) < <f(x,) = b

where (x},x3,...,x}) is a permutation of {xj,x2,...,x,}, then set
{x| f(x) = by > a}isalways {x],x},|,...,x;} whena € [ f(x]_;) — by, f(X]) —
by] fori=2,3,...,n. Thus, we have

n

(C)deﬂ =D [0 )] w0 ) by p(X)

i=2

N

=2 /) =/ )] p({ X x0)) (11.3)

with a convention f{x;) = 0.

When p is a general measure, that is, when p is not necessarily nondecreas-
ing, though u(F,) may not be monotonic with resbpect to a, it is still with
bounded variation. So, the Riemann integrals [~ [u(F,) — pu(X)]dor and
Jo© 1(Fo)da exist. If these integrals are not both infinite, the Choquet integral
(C)[ fdu is also well defined. The calculation formula given above is also
available for the Choquet integral with respect to general measures.

Recall (see Section 3.4) that any signed general measure p can be decom-
posed as the difference of two general measures: 4 = u* — =, where

A if u(A4) >0
;ﬁ(A):{“( ) ifu(d) >
0 otherwise

and

_ [ —p(4)  if p(4)<0
o) = {0 otherwise.
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Thus, we may define the Choquet integral of function f with respect to signed
general measure p by

(©)|rau~©) £~ (©) [ ra

Hence,

o0

=(f W(F) = n(X)dac+ | MEmm>

That is, we have the same expression as before. Moreover, the calculation
formula for the Choquet integral with respect to a signed general measure
is the same as the one for the Choquet integral with respect to a general
measure.

Now, we can also see that using the translatable Choquet integral for real-
valued functions is rather convenient for generalizing it and its calculation.

Example 11.3. Recall Example 8.2 where three workers, x;, x;, and x3, work
separately for 6, 3, and 4 days, respectively. If they work together sometimes, we
must consider their joint efficiencies to calculate the total number of the
manufactured toys in the given period of time. We may use u({x;,xy}) to
denote the joint efficiency of x; and x,. Similarly, p({x,x3}), p({x2,x3}),
and p(X) are joint efficiencies of x| and x3, x7, and x3, all respectively. Assume
that p({x1,x2}) = 14, u({x1,x3}) = 13, u({x2,x3}) =9, and p(X) = 17. Then,
with p({x1}) =5, p({x2}) =6, p({x3}) =7, and p(d) =0 in Example 8.2,
p: P(X) — (—o0,00) is a signed general measure (indeed, is a general measure,
since it is nonnegative). It is nonadditive. For instance, p({xy,x2})>
p({x1}) + u({x2}). This inequality means that workers x; and x, cooperate
well. The nonadditivity of u describes the interaction among the contribution
rates of these three workers towards the total amount of their manufactured
toys. Thus, the total number of manufactured toys by these three workers in the
given period depends on their cooperation. Assume that they work in such a
manner: they start the work together on the first day of the week and continue
their work until their respective terminal day. That is, all of them work together
for the first 3 days; then x; and x3 work together for one more day; finally x;
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works alone for two other days. Thus, the total amount of toys manufactured
by these three workers in this week is

3x17+1x134+2x5="74.

Regarding their efficiencies as a signed general measure p and the number of
working days as a function f'on the set of these three workers, the above total
amount of the manufactured toys is exactly the value of the Choquet integral of
Jf with respect to u. In fact, from f(x,) = 6, f(x;) = 3, and f{x3) = 4, we have
X} = X2, X5 = x3, and x} = x;. According to the calculation formula of the
Choquet integral, we have

O =YL~ o] (i)

i=1

= [/x2) = 0] - u(X) + [ f(x3) = f(x2)] - w({x3, x1})
+ [/x1) = flxs)] - p({xa})

=0B3-0)x17+(4-3)x13+(6—4)x5

— 74,

2

We obtain the same total number of manufactured toys.

According to the general view of integration on finite sets expressed in
Section 8.4, the Choquet integral with nonnegative integrand with respect to a
signed monotone measure on a finite set facilitates a special type of integration.
The partitioning rule corresponding to the Choquet integral can be described as
follows: for any given nonnegative function f: X — [0,00), partition
n: P(X) — {@} — [0, 00) is obtained by

n(A)_{f(xl.*)—f(xi*l) if A={x},x},,...,x;} forsomei=1,2,....n
0 otherwise

for every 4 € P(X)—{O}, where (x*f,xz,... x}) is a permutation of
{x1,x2,...,x,} such that f(x}) < f(x}) <- x) and f(xj) =0 as the
convention made above. It is easy to verify that

n(4) =f(x) Vx € X.
A:xeACX

So, 7 is a partition of f. In such a partition there are only at most n sets 4
with 7(A4)>0. Regarding both set functions p and = as (2" —1)-
dimensional vectors, we have (C) [ fdu =n - p.

Example 11.4. Let us consider again the data specified in Example 11.3. The
partition of f corresponding to the Choquet integral is illustrated in Fig. 11.1
where the black part, grey part, and the light part show n(X) =3,
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4
| I I
X1 X2 X3

n({x1,x3}) = 1,and n({x,}) = 2, respectively. The values of x at other sets are
zeros. Geometrically, this partitioning rule divides function f horizontally.

In comparison with the Lebesgue integral, the horizontal partitioning rule
corresponding to the Choquet integral takes the coordination of the attributes
into account maximally, that is, the manner of the partition is to make the
coordination among the attributes as much as possible, while the vertical
partitioning rule corresponding to the latter takes the coordination into account
minimally (zero coordination). These are two extreme cases regarding the
coordination among the attributes.

Fig. 11.1 The partition of
fcorresponding to the fx)
Choquet integral

11.6 An Alternative Calculation Formula

In data mining, a learning data set is given while the values of signed general
measure p need to be optimally estimated. This is an inverse problem of the
information fusion. In such a problem, the calculation formula shown in the last
section is not convenient since the value of the Choquet integral is not expressed
as an explicit linear function of the values of . Fortunately, the Choquet
integral of real-valued function f with respect to a signed general measure u
can be expressed by the alternative formula

271

©) =3 20 (11.4)

J=1

where p; = p( | {x;}) if j is expressed in terms of binary digits j, j,—1 - - - ji for
jim1
everyj=1,2,..., 2" — 1 and

ifre( j/2) e1/2, 1) (i) ifre(i/2)el0, 1/2)

{ min f(x) — max  f(x;), ifitis>0orj=2"-1
Zi =
' 0, otherwise (11.5)

forj=1,2,...,2" — 1.
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In the last formula,frc(j/27)denotes the fractional part of j/2/, and we need the
convention that the maximum taken on the empty set is zero. The formula can
also be written in a simpler form via the replacement {i | frc(j/2%) € [1/2,1)} =
{i|ji=1}and {i | fre(j/2") € [0,1/2)} = {i | j; = 0}. The significance of this
alternative formula is that the value of the Choquet integral is now expressed as
a linear function of the values of ;.. Hence, when the data set of the values of the
integrand f and the corresponding value of the integral are available, an alge-
braic method can be used to estimate the optimal values of u. So, in data
mining, such as in nonlinear multiregressions, this new calculation formula is
more convenient than formula (11.3) shown in the last section, though the latter
is convenient in information fusion.
As for the validation of this new formula, rewriting the old formula as

n 211

<c>jfdu:2[f<x;‘>—f< B D) = D

i=1

where
A= J{x}
=l
and
{f(x;‘) —f(xi)) if 4j={x},x;,,...,x;} forsomei=1,2,....,n
ay; =
0 otherwise
{minf(x) —maxf(x), if 4j={x},x},,...,x;} forsomei=1,2,...,n
XEA,; X¢A;
0, otherwise
min f(x) —maxf(x), if 4;={x;,xf,...,x;} forsomei=1,2,....n
. X € 4; X¢ A :
o, <0
min /(x) - max flx) <

forj=1,2,...,2""! and noticing that j; = 1 if and only if x; € Aj, we can see
that the new formula is equivalent to the old one. In the above expression for
a,;, we need the convention that

max f(x) = max f(x)=0.

x¢ X

Also we should note that in the above expression the function is defined in two
parts. They overlap when x} | = x7 forsomei =1, 2,..., n. Fortunately, they
are both zero at the overlapped j and, therefore, these two parts are consistent.
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Notes

11.1.

11.2.

It seems that the name “Choquet integral” was coined by Schmeidler
[1986] to give credit to Gustave Choquet, who introduced the integral in
his seminal work [Choquet, 1953-54]. It turns out, however, that the
integral was introduced first by Giuseppe Vitali in a paper published in
Italian in 1925, which was only recently translated into English [Vitali,
1997]. Since the late 1980s, the Choquet integral has been discussed in
the literature quite extensively. A few representative references are
[Benvenuti and Mesiar, 2000; De Campos and Bolafios, 1992; Denneberg,
1994a, 2000a; Grabisch et al., 2000; Grabisch and Labreuche, 2005;
Kritschmer, 2003a; Morufushi and Sugeno, 1989, 1991a,b, 1993; Pap,
1995; Wang et al., 1996b, 2000b; Wang, 1997; Wang and Klir, 1997a].
The symmetric Choquet integral was introduced by éipoé [1979a,b] and is
often referred to in the literature as the éipoé integral. Properties of this
integral are thoroughly examined by Denneberg [1994a], Mesiar and
Sipos [1994], and Pap [1995].

. The Choquet integral is usually discussed in the context of monotone

measures. Murofushi et al. [1994] discuss the meaning of the Choquet
integral with respect to general measures. Wang and Ha [2006] investigate
Choquet integrals of fuzzy-valued functions, and Wang et al. [2006a]
investigate Choquet integrals with respect to monotone measures defined
on L-fuzzy sets.

Exercises

11.1.

11.2.

11.3.

11.4.

11.6.

Let X = [0, 1], f{x) = x for x € X, F be the class of all Borel sets in [0, 1],
and p(B) = [m(B)}'/2 for B F, where m is the Lebesgue measure.
Calculate (C) [ f dp.

Prove Theorem 11.2.

Let (X, F, 1) be a monotone measure space, and let fand g be real-valued
measurable functions. Prove that (Cs) [ fdu < (Cs) [gduif f < g.

Find a counterexample to show that the symmetric Choquet integral with
real-valued integrand is not translatable in general.

. Prove the unambiguity of Definition 11.3, that is, when p is a finite

monotone measure,

(Cl)J (f=b))du+ by - p(X) = (Ct)J (f = ba)du + by - u(X)

if both b and b, are lower bounds of function f.
If we use

oo

(€ fan = Jm u(F) = (X + | * (e
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to define the Choquet integral with real-valued integrand, show that it is
translatable and, therefore, this definition is equivalent to Definitions
11.3and 11.4.

11.7. The way to express a signed general measure as the difference of two
general measures is not unique. Show that if a signed general measure p
can also be expressed as . = u; — uy, where both p; and p, are general
measure, then

(© rau =) ran’ = © [ = (©)[ o - (©) [ e

11.8. Let X = {x1,x2,...,xs5}. The values of  and fare shown in Table 11.1.
Find the value of (C) [ fdp.

Table 11.1. Given functions in Exercise 11.8

Set 4 1(A) Set 4 u(A) X; f(x:)
(%) 0 {Xs} 4 X1 3
{x1} 2 {x1,x5} 7 X2 7
{XZ} 3 {Xz,X5} 3 X3 5
{X17X2} 4 {X[,X27X5} 6 X4 2
{x3} 1 {x3,x5} 6 Xs 1
{X],X3} 5 {XI7X3,X5} 8

{X27X3} 4 {X27X3,X5} 5

{x1,x2,x3} 6 {x1, %2, x3,x5} 9

{X4} 5 {X47X5} 7

{X17X4} 3 {X[,X4,X5} 7

{.’Cz7 X4} 4 {Xz, X4, X5} 6

{X],Xz,,\’4} 7 {X|7X2,X4,X5} 8

{X3, X4} 6 {X37 X4, X5} 5

{.’C17X3,X4} 8 {X],.’C3,X4,X5} 6

{Xz,X3,X4} 8 {XZ7X3,X4,X5} 9

{X17X2,)637X4} 9 X 8

11.9. The properties of the Choquet integral presented in Section 11.2 are given
under the assumption that the involved set function p is a monotone
measure. When the set function is a general measure or a signed general
measure, identify those properties which no longer hold.



Chapter 12
Upper and Lower Integrals

12.1 Definitions
Throughout this chapter, unless specified otherwise, we assume that (X, F, p) is

a general measure space. That is, X is a nonempty set, F is a o-algebra of subsets
of X, and p : F — [0, 00) is a general measure.

Definition 12.1. Given a measurable function f: X — [0, co) and a set 4 € F,
the upper integral of f with respect to y on A, in symbol (U) [, fdy, is defined as

U du = lim U.,
( )JAf ’u Elrrgl+
where
—sup{Zx, p(E f>Zﬂ, Xz,

>f—e,E€FNA >0, )= 1,2,...}

(12.1)

for € >0, where xg, denotes the characteristic function of E; and FN A4 =
{BﬂA|B € F}. Similarly, the lower integral of f with respect to p on A4,
L)[,fdu , is defined as

L)| fdu= lim L.,
( )Lf p= lim

where
Ls :lnf{Z)] ! /j‘(E}) fS Z;‘j " XE;
= 7=l (12.2)
Sf—l—s,EjeFﬂA,ijZO,j: 1,2,...}
fore > 0.
Z. Wang, G.J. Klir, Generalized Measure Theory, 247

DOI: 10.1007/978-0-387-76852-6_12, © Springer Science+Business Media, LLC 2009
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0
In the above definition, functions expressed in the form ) 4; - xg,, where

E;eF and 4, >0 for j=1,2, ..., are called elementafyl functions. In
Eq. (12.1) and Eq. (12.2), the requirement of the measurability of function f'is
necessary to guarantee the existence of some eclementary functions (but not
simple functions since f may not be upper bounded!) between fand '+ . When
the given function is allowed to be non-measurable, we may use simple func-
tions to give relatively looser concepts of widened-upper integral and widened-
lower integral as follows.

Definition 12.2. Let /' be a nonnegative function on X and set 4 € F. The
widened-upper integral, denoted by (W) [ o du, is defined as

k
W) fau— sup{zxj - u(E)
=

k
2 Jixg.k>0,E€FnA,
J=1

;ﬁ,-zo,j:m’...,k};

while the widened-lower integral of f with respect to u, denoted by (W) [, f dp. is
defined as

W) fau=Jim W) S

where fy = min(N, f) and

k
<w>LfN dp = inf{Z A - i(Ey)
Jj=1

k
v < Z/@"XE,-,

J=1
k>0,E €FNAL>0 j= l,2,...,k}.

When fis bounded, we may use fto replace f in the above definition. Similar
to the Lebesgue integral and the Choquet integral, we omit the subscript 4 in
the symbol of the integral when 4 = X. When X contains only a few attributes,
such as 2 or 3, it is not difficult to find the maximum and the minimum in above
definitions by hand.

Example 12.1. We use the data given in Example 11.3 for three workers,
X1, X2, and x3, who manufacture toys. Assume that the workers’ individual and
group efficiencies are expressed by the following general measure: p({x;}) = 5,
p({x2}) =6, u({x3}) = 7, u({x1, x2}) = 14, p({x1,x3}) = 13, p({x2,x3}) =9,
w({x1,x2,x3}) = 17. Assume also that their working days in a specified week are
expressed by the function
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6 if x=x;
fx)=4¢3 if x=0x,.
4 if x=x3

From Definitions 12.1 and 12.2, we have (U)[fdu= (W)[fdu =88 and
(L)[fdp = (W)[ fdu = 64. This means that these three workers, in any coop-
erative manner, can manufacture at most 88 but not less than 64 toys in the
considered week.

A general method for calculating the value of the upper integral and the
lower integral (as well as the widened-upper integral and the widened-lower
integral) on finite sets is given in Section 12.5.

12.2 Properties

In general, either the upper integral or the lower integral is not linear. In fact, we
may even have both

(O] (+2) du £ (O] e (U) [ o

and

W] ¢+ dn 2 (L) (L) [

for some monotone measure x4 and nonnegative measurable functions f and
g. Similar to the Choquet integral, the nonlinearity of the upper integral
and the lower integral comes from the nonadditivity of the monotone
measure.

Example 12.2. Let X = {x, x2, x3} and F = P(X). Monotone measure p is

defined as follows: p({x;}) =3, p({x2}) =3, p({x3}) =1, p({x,x}) =5,
w({x1,x3}) =5, p({x2,x3}) =35, u({x1,x2,x3}) = 5. Considering functions

1 ifx=x
f(x)=<1 ifx=x
0 ifx=x3

and

if x = X1
gx)=40 ifx=ux,

if x = x3
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we obtain

(U)] = 1) 1 o) = 13+ 13 = 6,

O |gdu=1-pe) =1 x 11,
and
(U)J(f'Jrg)du: Lop(x) 4+ 1-p({xs, x3}) =1x3+1x5=8.

That is, we have

)| (14 g) du> <U>deu+<U>Jg .

Similarly,
(L) | fdp=1-p({x1, x2}) =1 x5=35,
(L) gdn=1-utx) =1x 11,
and
()] (F+ @ di =1 ufx, 3o, 1p) =1 x5 =5
That is,

(L] (+) du < (L)L) ¢

These results suggest the following general inequalities of the upper and lower
integrals.

Theorem 12.1. Let f and g be nonnegative measurable functions on (X, F). Then,

O] (£+8) du = (U)[£dt (V)| g

and

(L)J (f+g)du< (L)dem (L)J g du.
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Proof. We only prove the first inequality since the proof for the second one is
similar. For any given € > 0, let

o-aw{Si

J=1

f= Zﬂ/'XE, >f—¢€/2,E;€FNA,
=

>0,j=12,...

and

U(f+g) —sup{Z/l, 1(E)

J

20,]:1,2,...}.

Then, for any

f+g>Z/1, X5 >f+g—e EcFNA
Jj=

> % xe e{f> D Axg 2 f—e/2Ej€FNA44>0,= 1727...}
j=1

=1
and

o0 o0

S o ixe, €982 A xe, > g—e/LE€FNAL>0,j=1,2,.. 4,
J=1 J=1

we have

Z Xxe+ Y A X, €lf+g—e, f+agl.

J=1 J=1

This means that

f+g2i +Z/L7M
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and, therefore,
y (f) (f)
Ut > Ui+ U

Letting ¢ — 0, we obtain

O 7+ di= (V)| dut (V) [ ¢ . .

A property similar to that of Theorem 11.2(1) does not exist for the upper
and lower integrals. We can see it from the following example.

Example 12.3. Let X = {x|, x2} and F = P(X). Set function yx is defined as

0 ifd=0
A =
uA) { 1 otherwise .

Clearly, p is a monotone measure. We have

(O] 1 =1 u)) + 1 p(mh) = 1x 141X 1 =22 ()

Finding a similar counterexample for the lower integral is left to the reader.
Though the equalities do not hold, we still have the inequalities expressed in the
following theorem.

Theorem 12.2. 0 < (L) [, 1 du < u(A) < (U) [, 1 dp.

Proof. These inequalities follow directly from Definition 12.1. Details of the
proof are left to the reader as an exercise. O

In addition to the above inequalities, the upper and lower integrals possess
most of the common properties of the Lebesgue integral and the Choquet
integral.

Theorem 12.3. Let fand g be nonnegative measurable functions on (X, F, u), A and
B be measurable sets, and a be a nonnegative real constant. Then,

() (U)[,fdp = (U)[f xa dpand (L) [, fdp= (L)[f-xa dps;
) iff<gon A, then (U)[, fdp<(U)J,gdu

(3) if ACB. then (U)[,fdp < (U) [, f dp

@ (V) af dp=a-(U)],fduand (L)[, of du=a-(L)[, [ dp.

Proof. These properties follow directly from Definition 12.1. The proofs are left
to the reader as an exercise. O
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Note that there are no counterparts for the lower integral in (2) and (3) of
Theorem 12.3. These counterparts hold only under additional conditions, as
expressed by the next theorem.

Theorem 12.4. Let f and g be nonnegative measurable functions on monotone
measure space (X, F, ), and let A and B be measurable sets. Then,

(1) iff<gonA, then (L), fdu < (L), g du;
(2) if ACB, then (L)f, fdu < (L)f,f dp.

Proof. We only need to prove (1), since (2) is a direct consequence of (1).
Without any loss of generality, we may assume that 4 = X. Let fand g be
measurable functions satisfying /' < g. For any fixed € > 0, and for any elemen-
tary function h,. with expression /f,. = Z}, Xk, satisfying g < hg. < g+,

where E; € F, 2; > 0 for all j (finitely or countable infinitely many, no loss of

generahty inassuming thatj =0, 1, 2,...), from f < h,. and the measurability

of f, we know that there exists elementary function /. with expression

hie =32 4 Xr,» Where Fy €F, Fy CE; 4;>0,j1=0,1,2,..., and
i1

> Ay < Z;foralljsuch that f < he < f4 e. Infact, on £y, we may construct
I:Fy 0

clementary function dy =/ AY Fxr,. Where Fy = {x|%<f(x)} N Eo,
[
[=0,1,2,...; for Ey, let dy =2 AY &Xr, Where F = {x|21—~‘2<f(x)—
]
do(x)} M Ey, 1=0,1,2,...; generally, let d; =A4; A} 55rxr,, Where Fy=
I

—1
{x|2,+I f(x) — Z di(x)} NE;, =0, 1, 2, .... Continuing this procedure for j

going to mﬁmty, we obtain the required elementary function . = > > Aj - X£;»
J ol '

where Ay =557, l: 0,1,2,... except [=1[=|2");/e|], for which
0 < Aj, = 4j — lj 577 < 577. From the fact that > ;= /J;and F; = © when
<241, [e

> 2“%,— /e for every j, and the monotonicity of 4, we have

2.2 A ulhi) < ) lm(E)

where ZE&,; w(Fy) can be still expressed as a countable summation
Z}Lku(E*) On the one hand, from the construction of its corresponding

elementary function Z % E since pairs (A;, Fj;) are exhaustively defined, we
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may also see that f<) /;xg. On the other hand, we have
- ;

o0
;)»/*(XE,\* —f< > 57 = ¢e. Hence,
k Jj=0

> Mixg € {ZM 'XE,('/S > i xp <f+e Er€F >0, forall k}
k k=1 k=1

and, therefore,

Ly = iﬂf{z i - (Ex)
k=1
<D AnlE).
J

k=1

F<Y ke xg <f+e Ex €F, >0, for all k}

From the arbitrariness of /. and its expression, we have

Le < inf{Z iy - w(E)

j=1

o0

g<> Jixp<g+eEeFnAl

J=1

>0, =12, ...}:ng.

Let e — 0. We get
)]st = )| e .

Similarly, for the widened-lower integral, we have the following theorem.

Theorem 12.5. Let f and g be nonnegative measurable functions on monotone
measure space (X, ¥, u), and let A and B be measurable sets.

() If f<gon A, then (W)[,fdu < (W), g du.
(2) If A C B, then (W)[, f dp < (W)[f dp.

Proof. If f < g, then fy < gy and, therefore, for any simple function

k
hE {Z;Lj'XEf

=

k
gNSZijXENkZOvE‘]eFmAvijZOv ]: 1a2a7k}a
Jj=1

we have

k
he {Z;%i'XE/

J=1

k
INEY hixg k=0, E€FNA >0, j= 1,2,...,1«},
j=1
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where gy = min(N, g) and fy = min(N, /) for N > 0. This means that

k
{gNSZ/l/XE/,kZO,E/EFmA7;L/20, ]: 1727ak}

J=1

k
- {f/\/ SZ}VXEJ,]CZO,E}EFQA,}]ZO, ]: 1,2,...,k}.
J=1

Hence,

k
inf{gNgZij.XE/,kZO,EjGFﬂAsza j= 1,2,...,k}
Jj=1

k
zinf{ng ZXJ.XE/,kEO,EjeFﬂA,ZJ-zO, j= 1,2,...,k}.
j=1

That is,

W) fudn < W) [ v

Letting N — oo, we obtain

(MLJ" dyi < (W) L ¢ du.

The proof of (1) now is complete, and (2) follows directly from (1). O
Due to Theorem 12.7 given in the next section, we need not list the inequal-
ities similar to those in above theorem for widened-upper integral here.
Finally, the following theorem shows that the upper integral and the Lebes-
gue integral share a particular property.

Theorem 12.6. Let [ be a nonnegative measurable function and p be a monotone
measure on (X, F). If p({x|f(x) >0}NA)=0,ie., f=0on A almost every-
where, then (U)[, fdu=0. Conversely, if (U)[,fdu=0 and p is continuous
Sfrom below, then p({x|f(x) >0} N A4) = 0.

Proof. There is no loss of generality in assuming 4 = X. First, we prove the
necessary part of the theorem. If p({x|f(x) > 0}) = 0, we know , by the mono-
tonicity of y, that each term 4; - p(E;) of the summation in the expression of U,
in Definition 12.1 is zero for every € > 0. So,

(U)deu = lim U. = 0.

Next, we prove the sufficiency. A proof by contradiction is used here. Assume
that p({x|f(x) > 0}) > 0. From

(4170) > 0) = Jim {

fx) = %}
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we know, by the continuity from below of u, that there is a positive integer ng
such that

H(En) = p({x]fx) > nio}> > 0.

Since xg, < f,we have
X — (. 1
(O] = (W) [ = - ) >0,
This contradicts the fact that (U)[, fdu = 0. O

The condition of the lower continuity of x in the second part of Theorem 12.6
is essential. This is shown by the following counterexample, in which the
condition is violated.

Example 12.4. Let X = (0, 1], F be the class of all Borel sets in X, and monotone
measure x4 on F be defined as

1 ifd=X
A) = A€F.
wA) {0 otherwise A<

This monotone measure is clearly not continuous from below. Taking f(x) = x
for x € X, we have u(E) = 0 for every E € F satisfying A - xg < fwith 1 > 0. So,

(O = (W) [ rau=o.
However,

p({xlf(x) > 0}) = 1 #0.

12.3 Relations Between Integrals

When function f'is measurable, we may compare the four integrals defined in
Section 12.1. The principal results of this comparison are expressed by Theo-
rems 12.7-12.9.

Theorem 12.7. If - X — [0, oo) is a measurable function on (X, F) and A € F,
then

(W)L.f'du = (U)Lfdu-

Proof. Since

fZ Z/IJXE/,E}GFQA,%ZO,]: 1,2,}
j=1

{ Sy ()
=
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> {Z%-u(h)) F2 x> f—e B EFN A >0,)= 1,2,...},
=1 =1
we have

k k
sup{Zij-u(E.f) =30 x5k >0,E €FNAJ>0j= 1,2,...,1«}
=1 =1

=sup{ZA,--u<E.,-> 2y 3 xe, B € FNAL>0,j= 1,2,...}
=1 =1

> Sup{z7e/'u(51) [=2> hixg>f-eE€FNAj;>0,j= 1,2,~--}
=1

for any € > 0. Hence,
(W>j fdu> lim U. = (U)J fdp.
A e—0+ A

To show the inverse inequality, consider any given function having a form

k
g= Z)Lj “XE
=

and satisfying g < f, where k > 1, E; € FN 4,4, >0,j=1,2,... k. Since f — g
is measurable, for any given € > 0, there exists function

o0
h=>"J-xg,
J=k+1

where £, € FNA4,4;>0,j=k+1,k+2, ... (some or all 4; may be zeros),
such thatf—g > h > f— g —e. Thus,

g+he{d 2 xslf>
J=1 J

bixp 2 f—& B € FNA L >0,j=12, ...}
=1

00 k
and U, > > 4;- u(E;) > > ;- u(Ej). Letting € go to zero, we get
j=1 j=1

k
O =" uiE).
A =1
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Consequently,

(U )J fdu>sup{zﬂu H(E

f>Z/1, X k> 1,E € FNA,J; >0,

]:1,2,...,1{}

= W)| ra. o

From the proof of Theorem 12.7, we know that U, is independent of ¢. It
should be noted that there is no similar good property for L.. Furthermore,
between (W)[, fdu and (L), fdp, there is no similar equality (or even only
inequality) as the one shown in Theorem 12.7 for (W)[, fdp and (U)[, fdu. We
can see this from the following counterexamples.

Example 12.5. Let X ={a, b}, F = P(X), function f= x4, and
wu(A) = |A|(mod 2) for VA € F, where |A| is the cardinality of 4. For ¢ > 1,
we have L. =0, with k =1, 1; =1 and E| = X reaching the infimum; while
when 0 <e < 1l,wehave L. =1 —cwithk=2, 4 =1—¢, /1, =¢, E; ={a},
and E, = X reaching the infimum. So, we have (L)[ fdu = 1. However, in this
example, (W)[ fdp = 0with k =1, 4; = 1 (or larger), and E; = X reaching the
infimum. This shows that (W) fdu > (L)[ fdu may not be true, though func-
tion f'is measurable.

Example 12.6. Let X = {1, 2, ...}, F = P(X), and

1 if|4] =
0 otherwise.

i) = {
Clearly, p is a monotone measure. For function f'= yy = 1, we have

W)[fau=1.

However, for any € > 0, L. = 0 with expression /= Z Xy} reaching the infi-
mum and, therefore,

(L)deu =0.

This shows that (W) [ fdu < (L)[ fdp may not be true, though function f is
measurable.

However, when p is a monotne measure, we have a result for the lower
integral and the widened-lower integral that is similar to, but weaker than, the
one stated in Theorem 12.7 for the upper integral and widened-upper integral.
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Theorem 12.8. Let p be a monotone measure. If - X — [0, o0) is a measurable
function on (X, F) and A € F, then

fim (1) fvdu < W)

N—oo

where fy = min(N, f) for N > 0.

Proof. Similarly as in Theorem 12.7, we assume that 4 = X. For any given
N > 0and ¢ > 0, and for any given simple function g satisfying the inequality

k
g=> Aixg > /v
Jj=1
where k > 1,E; € F,4; > 0, j=1,2,...,k, there exists simple function

k

k
= ZZ)ﬂ XFy»

J=1 =1

where k; > 1,Fy € F,7;>0,0=1,2,... kj,E; D Fy D Fp D ... D Fy, with

k;
Yo Ap < djforj=1,2,... k, that satisfies the inequality
=1

Sy <h<min(fy+e¢, g).

In fact, for function
k
gi=/n—_ 2 X5
=2
its positive part,

g ifg1 >0
gT—{

0  otherwise.

is a measurable function satisfying gl < A1 - xg- Let k; be a positive integer
large enough so that 7 “ < €. Denote 71 by 1, and take

Fiu={xlgf > (—1)e, xe X}
and Ay =¢forl=1,2,...,k;. We know that Fj; e Ffor/=1,2,...,k and

E,DFDFp 3...3F1k1.
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Therefore,
/(1
gT < Zﬂvll “XFy < min(g?_ +e, A 'XEI)'
=1
Similarly, for measurable function
/Cl k
&2 :fN_Z;Ll/'XFl/_ j']”XE/’
=1 3

j=

take k, large enough so that e, = 2—2 < e. We can find
Fy={xlgy > (I—1)ez, x € X},
satisfying Fp; € Ffor/=1,2,...,ky and
E, Dy D Fyn D...D Fa,,

and corresponding Ay, = &, for = 1,2, ..., k; such that

ky
g5 <Y Ju Xy <min(gs + e, 2 Xa),
=1
where g5 is the positive part of g,. Recursively, for function
s—1 k; k
g =IN=D D i XE — D XEs
j=1 =1 j=s+1

s=3,4,..., k, wecan find

Fyg={x[g] > (I-1)e;, x € X},
satisfying F; € Ffor/=1,2,...,k;and
Es‘ D F&'l D) F\'Z 2...0 F‘SIC\J

and corresponding gy = ¢, <efor/=1,2,... k; = f such that

k

TS e X <minel + e, A xE),
=1
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where g is the positive part of g,. Now, we take
ko ki

h:ZZ;L]IXF/’

=1 =1

From
k—1 kj
fNizZij/ XF/ gk<gk <Z/Lk1 XF;\U
we know, on the one hand, that
k—1 /L,

ko ki
fN<m X+ 33 e, =3 s = b
J=1 Jj=1 I=1

On the other hand, for any given x € X, if g;(x) = 0 foralls = I,
x ¢ Fy fors=1, 2,..., k and, therefore,

h(x) =0 <fy(x) +¢;
otherwise, let

s(x) = max{s|gs(x) > 0}.

From

Z ;Rv(x)l : XFv(x)/(x) < g:x‘) (X) +e= &s(x) (X) +e,

s(x)—1 k& k
&5 (%) = fw(x) — Lixe () = Y A xg(x)
j=1 I=1 J=s(x)+1
s(x)—1 kK
SfN(x) - )‘jl ’ XF,‘/(X>7
=1 =1
and x ¢ Fyforallj>s(x)andall/=1, 2, ..., k;, we have
s(x)—1 k; ki(x) k kj
h(x) = At - XF (X) + Ziﬂ XE () + Y Ajt - Xy (X
j=1 =1 J=s(x)+1 =1
s(x)—1 kj Ky(x)

Z j-/‘1 : XF,/(X) + Z)ii/ : XF//(X)
= =1

261

, k, then
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From the construction of /4 directly, we also know that & < g. So, we have
Sy < h <min(fy+e, g). Thus, by using the nonnegativity and the monotoni-
city of p, it is not difficult to show that

ki

k k
SOS b nE) <2 n(E)
j=1

j=1 I=1

~

This means that

k
M < Z)%i - (E))
=

where
k k
L —inf{Zifu(Ej) In <Y dxs Sfvtek=1,
J=1 J=1
EcF, 1;>0,j= 1,2,...,k}.
Denoting
=1 =1
we have

LY < (W)

for every N > 0 and € > 0 because some (even infinitely many) 4; in the expres-
sion of LE ) are allowed to be zero. Since & may be any small posmve number,
we have

(L )Jdeu = hm LY < lim LF

=40

HM»

- (E

and, therefore,

k
(L) [fuda < mf{zz, - u(E;

k
Wi <D 4 X,k > 1,
J=1

J=1

E/‘EF,),_/‘EO,].Z 1,2,...,k}

= (W)Jdeu-
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Guaranteed by the monotonicity of (L)[ fy du with respect to N shown in
Theorem 12.4, A}im (L) fn dp exists. Letting N — oo, we obtain

tim (L) [ < ()

The proof of this theorem is now complete. O
When f: X — [0, oo) is upper-bounded, we may readily obtain the follow-
ing corollary of Theorem 12.8 since Al/im (L) fwvdpu =L, fdp.

Corollary 12.1. Let pu be a monotone measure. if f: X — [0, oo) is an upper-
bounded measurable function on (X, F) and A € F, then

W] rau< )| ran

Comparing the lower integral, the upper integral, and the Choquet integral
discussed in Chapter 11, we have the following result.

Theorem 12.9. Let 11 be a general measure. For any given measurable function
f: X =0, o) and any set A € F,

W] sau<©] rau< )| san

provided the involved Choquet integral exists.

Proof. Without any loss of generality, we may assume that 4 = X.
(1) When (C)[ fdp = oo , based on the result in Theorem 12.7, we just need to
show that

(W) [ = .

In fact, from the definition of the Choquet integral (as a Riemann integral),
we know that for any given large number N > 0, there exists 6(N) > 0 such
that

(N) > ul(Fisv) > 2N,
i=1

where Fisy) = {x[f(x) > i6(N)} fori= 1,2, .... So, there exists a positive
integer k such that
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Since f'is a measurable function and, therefore,

k k
B(N) D Xr € {Z 2
=1 =1

E€F 1;>0,)= 1,2,...k},

k
[z Zi_j'XEf,k >1,
Jj=1

we have
(W) [ = 6(6) > i) > .

This means that (W) [ fdu = oc.
(2) When (C) [ fdu < oo, we may use a similar idea as above. For any given
e > 0, by using the measurability of f, there exists 6(¢) € (0, £] such that

f—e<f=8(e) <8(e)D Xry SFS8E)D Xryy SS+08(e) <f+e
i=1 =0

with

(L] rdn < (©) [ 1+

and
(O |fdn = (€] rdu =,
By the arbitrariness of €, we obtain that
(L] sdn < (©f ran < V)] . o

Example 12.7. Recall Examples 11.3 and 12.1, where (C)[fdu= 74,
(U)[fdp=288, and (L)[fdu = 64. This exemplifies the inequalities in
Theorem 12.9.
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12.4 Lower and Upper Integrals on Finite Sets

In this section we restrict our discussion to a finite set X = {xy, x2,..., x,}. We
also assume that fis a nonnegative function on X, and  is a general measure on
P(X). Recalling the concept of r-integral introduced in Section 8.4, we may
regard the upper and lower integrals on finite sets as special r-integrals. They are
a pair of extreme cases in regard to the integration value. In fact, since Xis finite,
the supremum and the infimum in Definition 12.1 are accessible. Hence, the
upper integral of /'with respect to y, (U)[ f du, can be expressed as

2] 2]
Z ;FIX/*/ =f }7
=1

(W) = sun { >y i)

where 4; > 0and 4; = J {x;} if jis expressed in binary digits as j, j,—1 - - - ji for
=1

everyj=1, 2,..., 2" — 1. The value of (U) [ f du then is just the solution of the

following linear programming problem, where 4y, 42, ..., A»_; are unknown

parameters:

-1
maximize z= E A+ b
=

21-]
subject to Z x4, (xi) = flxi),i=1,2,...,n
=1

2;>0,j=12,...,2"-1,
where p; = p(4;) forj=1, 2, ..., 2" — 1. The above n constraints can be also
rewritten as

Z li=fx) VxeX

jixed;CX

Defining set function 2:P(X) — [0, oo) by A(4;) = A;forj=1, 2,...,2" — 1,
we may see that A is a partition of f. So, the upper integral is just a special
r-integral. Its corresponding partitioning rule is “dividing integrand such that
the integration value is maximized.”

By a knowledge on the linear programming, the above maximum can be
accessed by at most n nonzero-valued /;, that is, the solution can be expressed as

n
E : i i
i=1

where {ji, jo, ..., ju}isasubset of {1, 2,..., 2" — 1}.
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Example 12.8. We still use the data given in Example 11.3. Now the question is:
how to arrange these workers such that the total amount of the manufactured
toys during this week is as large as possible. This is just a linear programming
problem:

maximize z=5A 46+ 1443 + 74 + 1345+ 916 + 1717
subject to M+A3+As+4;,=6

btz tie+ A7 =3

Jat+As+ A+ A =4

/1/207 ]:la 27 Tt 7

Using the simplex method, a solution of this linear programming problem can
be obtained as A3 =3, 44 = 1, and As = 3 with z = 88. That is, we should
arrange x; and x, to work together for 3 days, x; and x3 to work together for
3days, and x3 works alone for one day. Then, the total number of manufac-
tured toys will be maximized. This maximum solution is illustrated in Fig. 12.1.
From it, we can see that function f'is partitioned into three parts, where 3 is just
the number of workers. The maximized value z = 88 is just the upper integral
(U)Jf dp.

Similarly, we can express the lower integral of /' with respect to u, (U) [ fdp,
as

-1

(L)deu - inf{ S Jy - u(4)
Jj=1

7o
> dixa, =17
J=1

where 4; > 0and 4; = J {x;} if jis expressed in binary digits as j,, j,—i - - - ji for
iji=1

every j=1, 2, ..., 2" — 1. The value of (L) fdu then is the solution of the
linear programming problem

Fx)

Fig. 12.1 The partition of f
corresponding to the upper
integral

X1 X2 A3
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-1
minimize z= E Aj b
J=1

2]
subject to Z ixa,(xi) = flxi),i=1,2,...,n
=

A=0,j=1,2..., 2"~1,

where p; = pu(4;) forj=1, 2,..., 2" —1,and Ay, 4, ..., A»_ are unknown
parameters. The corresponding partitioning rule to the lower integral is “divid-
ing integrand such that the integration value is minimized.” The above mini-
mum can be accessed by at most n nonzero-valued a; as well.

Example 12.9. Continuing Example 12.8, now the question is: What is the most
conservative estimation for the total number of the toys that can be produced by
these workers in this week? This is another linear programming problem:

minimize 2="501+ 64+ 1443+ 724 + 1345+ 96 + 1747
subject to M+A3+As+47=6

Jo+ I3+ A+ A7 =3

la+ s+ e+ A7 =4

3>0, j=1,2,...,7

The solution of this linear programming problem is 4 = 6, 14 = 1, and 4¢ = 3
with z = 64. That is, when x; and x3 work together for 3 days, x| works alone
for 6 days, and x3 works alone for one day, the total amount of manufactured
toys will be at least 64. It is just the lower integral (L)[ /' du. This minimum
solution is illustrated in Fig. 12.2.

fx)

Fig. 12.2 The partition of f
corresponding to the lower
integral

X X2 X3
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Now, as is shown in the next theorem, we can strengthen the property of the
upper integral established in Theorem 12.9.

Theorem 12.10. Let f be a nonnegative function on X, and let | be a monotone
measure on P(X). Then, (U) [ fdp = 0 if and only if for every set A with u(A4) > 0
there exists x € A such that f(x) = 0.

Proof. First, we prove the “if ” part. Suppose that for every set 4 with p(4) > 0,
there exists x € 4 such that f{x) = 0. Thus, for each 4; with p(A4;) > 0, there
exists some x;; € A; such that f(x;;)=0. So, we have /; =0 since
0 < /lj = /lj . XA,-(xi(j)) gf(x,(,)) =0. Hence,

2"—1
> djep(4) =0
=

2]
forany 4;and 4;,j =1, 2, ..., 2" — 1, satisfying ) Ajx4, = f. Consequently,
according to the definition (U) [ fdu = 0. =1

Next, we prove the “only if ” part. A proof by contradiction is used. Suppose
that there exists some A; with 1(A4;) > 0 such that no x in 4; has f{x) = 0.

Denote miAnf(x) by 4;. Then /; > 0 and, therefore, 4; - pu(A4;) > 0. Since inequa-
X€A;

J
lity ;- x4, < f holds, we know that (U) [ fdu > 2; - u(A;) > 0. This contradicts
to the fact (U)[ fdpu = 0. |
Theorem 12.10 can be expressed in an alternative but equivalent way as
follows.

Theorem 12.10'. Let f be a nonnegative function on X, and let y be a monotone
measure on P(X). Then, (U)[ fdp = 0 if and only if u({x|f(x) > 0}) = 0.

For comparing Lebesque integrals to Choquet integrals, or more generally,
to r-integrals, we have the following theorem.

Theorem 12.11. Let f be a nonnegative function on X, and let i be a monotone
measure on P(X). Then, 0 < (L) fdu < (v)[ fdu < (U)[ f du for any partition-
ing rule r.

Proof. This is a direct result of the definitions of these integrals. O

Theorem 12.11 shows that the upper and lower integrals are two extreme
cases of the various types of integrals defined on finite sets via the common
addition and the common multiplication.

Example 12.10. From Examples 8.2, 8.5, 11.3, 11.4, 12.8, and 12.9, we have seen
that for the given nonnegative function fand monotone measure i, the values of
the Lebesgue integral (with respect to x) and the Choquet integral are between
the values of the lower integral and the upper integral. In fact, we have
[fdp =76, (C)f fdu=74, (U)[fdu =88, and (L)[fdu = 64. These results
verify the inequalities
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)]s [ra < W)|rdu
and

(L] <(©)[ £ < V)]

assessed in Theorem 12.11.

Theorem 12.12. Let p be monotone measures on P(X). Then, (U)[1 du <

n- ). 2] 2]
Proof. Consider each Z Aj - u(A;) satisfying >~ Aix4,(x) = 1 for every x € X.
21 =1
Since » Aix4,(x) = 1 means )y A; = lforeveryx; i=1,2, ..., n,wehave
Jj=1 Xi€A;
2] 2] 2] n
D A A) <Y hp(X) =p(X) Y A< p(X) > (DA
= =1 j=1 =1 xed,
X301 =0 p(X)
i=1
Hence,

2] 2]
(U)Jldu sup{ZA, w(A Z;“JXA _1} <n-u(X). O

]7

12.5 Uncertainty Carried by Monotone Measures

Let X = {x1, x2, ..., x,}. In this section, we assume that set function p is a
nontrivial monotone measure on (X, P(X)). Here, the word “nontrivial” means
that there exists at least one set 4 C X such that u(A4) > 0. We have seen that,
due to the nonadditivity of yu, for a given nonnegative function f, different types
of integrals may result in different integration values. This may be viewed as the
uncertainty carried by monotone measure y. Since the upper integral and the
lower integral are too extremes in regard to the integration value, we may
estimate the uncertainty by their difference.

Definition 12.3. Given a monotone measure y on (X, P(X)), the degree of the
uncertainty carried by p is defined by

U)[1du— (L) 1du
1(X) '

Itis evident that when p is a classical measure, the upper integral coincides with
the lower integral and, therefore, -y, = 0.

Yo =
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Theorem 12.13. For any monotone measure i on (X, P(X)), 0 <, <n.
Proof. On the one hand, from

O tdn= W] 1dg.
we obtain

U)[1dyu— (L)[1dp
(X =0

On the other hand, from Theorem 12.12 and Definition 12.3, since (L) [ 1 du > 0,
we have

T =

U)fldu— (L)[1 du U)[1 du n-u(X)
1(X) - M(X) ~opX)
=n O

T =

To present an estimate formula for the difference between the upper integral
and the lower integral of a given nonnegative function, we need the following
lemma.

Lemma 12.1. For any given monotone measure p and a bounded nonnegative
function f,

O [fdu = W[ fau< )] edn~ L) an

where ¢ may be any upper bound of f.

Proof. From the expressions of the upper integral and the lower integral on a
finite set given in Section 12.4, we know that there are 4; > 0 and v; > 0,

Jj=1,2,...,2"—Lsatisfying > A =f(x)and > v, =f(x) for every

J:X€EA;CX Jix€A;CX
x € X, such that

()] = Z Iy (4

and
2]

(L)deu - Z v+ p(A))

For the nonnegative function ¢ —f, we can find /1’ >0 and v; >0,

J=1,2,..., 2" = Lsatisfying > /1 =c—f(x)and Z V,—c—f(x)
Jixed;cX Jix€A;CX '

for every x € X, such that
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and
Since
and

we have
and

Thus, from

we obtain

@y@

(UJ (c—f) du= Zi’-u(Aj)

Ot~ du= Zu (4.

ookt Y A=Y () =c

Jixed;CX Jixed;CX JixeA;CX

dout D Y= Y Wty

j:XEA/'CX j:XEAI’CX j:,\’EA/’CX

m_

:C7

2"—1
V@ Z%u Zwu <N e u(4))
Jj=1

2"—1 2"—1
+Y An Z%u

2"—1 2"—1

2"—1

=Y v p(4))
J=1

271
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Theorem 12.14. Given a monotone measure p on (X, P(X)) and any nonnegative
function fon X, we have

0< (U du = (L) [ < 3 0(0) e 1),

xeX

Proof. Let ¢ = ma}f(x). From the definition of ~,, Corollary 12.1 , Theorem
xXe
12.3(4), and Lemma 12.1, we have

0 <(U) [ — ()] < (V)| e d - (W) e
<e- ()| 1 = (U] 1) =2, ) - s f1).

|

Example 12.11. The data and some results in Examples 12.1, 12.8, and 12.9 are
used here. Since (U)[ 1 du =21 and (L)[ 1 du = 14, we have

20147

T 17 17

From (U)[ fdu—(U)[fdp = 88 — 64 =22, mg;(f(x) =6, and u(X) = 17, The-

orem 12.14 is verified: 22 < {5 x 6 x 17 = 42.

Theorem 12.14 can be used to estimate the uncertainty carried by the
monotone measure in an aggregation process if the coordination manner is
unknown.

Notes

12.1. The concept of an upper integral on a finite set and an algorithm for its
computation were first introduced in [Wang and Xu, 1998] and further
discussed in [Wang et al., 2000a]. This concept is similar to the concept of
natural extension in [Walley, 1991], but it is more restricted.

12.2. A general form of integrals on finite sets with respect to signed general
measures is discussed in [Wang et al., 2006a]. In this context, the two
extreme types of integrals — the upper and lower integrals — were
introduced.

12.3. The uncertainty carried by monotone measures was first introduced in
[Wang and Klir, 2007].
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Exercises

12.1.

12.2.

12.3.
12.4.

12.5.

12.6.

12.7.

We use monotone measure space (X, F, u) and function f given in
Example 11.1. That is, X = [0, 1], f{x) = x for x € X, F is the class of
all Borel sets in [0, 1], and p(B) = [m(B)])* for B € F, where m is the
Lebesgue measure. Calculate (U)[ fdp and (L)[ fdp. Compare this result
with (C)[ fdu obtained in Example 11.1 to verify Theorem 12.9.

In Exercise 12.1, replacing pu(B) = [m(B))* by w(B) = [m(B)]"?, find
(U)[ fdu and (L)[ fdp. Compare this result with (C)[ fdu obtained in
Exercise 11.1 to verify Theorem 12.9.

Prove Theorem 12.3.

Find a counterexample to show that the conclusion in Theorem 12.4 may
not be true if set function p is a general measure.

Find a counterexample to show that, when p is a general measure, the first
part of Theorem 12.6 may not be true. That is, show that

u({3] () > 0} 1 A) = 0=>(U)Lfdu ~0

may not be true.

Cite a counterexample to show that, when p is a monotone measure that
is not continuous from below, the second part of Theorem 12.6 may not
be true, that is,

(O Fdu=0= ul{xlf0) >0} 04) =0

may not be true.
Three workers x|, x;, and x3 manufacture toys. Their efficiencies ;4 can
be regarded as a general measure:

Set value of p
{x1} 9
{x2} 6
{x1,x2} 5
{x3} 7
{x1,x3} 13
{x2,x3} 19

{X]7X27x3} 16
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The numbers of their working days in this week is a function

5 ifx=x
fix)=<3 ifx=x
2 if x = x3.
Find (U)[ fdp, (L) fdp, (C)[fdu, and the Lebesgue integral [fdu/,

where y// is a classical measure satisfying ¢/ ({x;}) = p({x;}),i=1, 2, 3.
12.8. Find the degree of uncertainty of the general measure p given in

Exercise 12.7.



Chapter 13
Constructing General Measures

13.1 An Overview

The problem of constructing general measures in various application contexts is
not one of generalized measure theory per se. It is rather a problem of knowl-
edge acquisition. Generalized measure theory provides in this case a framework
within which the process of knowledge acquisition takes place and in which the
elicited knowledge is represented (Fig. 13.1). Developing methods for knowl-
edge acquisition have been the subject of knowledge engineering, an area of
engineering that emerged in the 1970s. Although these methods are beyond the
scope of this book, we want to illustrate in this chapter some of the main issues
involved in constructing general measures.

General measures are considerably more expressive than classical measures,
and this added expressiveness is essential in some applications. However, con-
structing general measures is a more difficult problem than constructing classi-
cal measures. There are two primary reasons for this increased difficulty. One of
them is the substantially larger number of parameters that must be determined.
While each classical measure is fully characterized by its values on singletons, a
general measure on a measurable space (X, F) is fully characterized by its values
on all sets in F. This implies an exponential increase in computational complex-
ity. The second reason is that in most applications it is required that the measure
involved be monotone. This requirement must be checked during the construc-
tion process, which further increases computational complexity.

To construct a general measure on a given a measurable space (X, F)
requires, in general, that |F| — 1 unknown parameter be determined, provided
that F contains a finite number of sets and the measure is normalized. When this
requirement leads to prohibitively high computational complexity, it is often
desirable to consider only some special class of general measures, which are
characterized by a smaller number of unknown parameters. By considering
only measures of a special type, we inevitably lose some expressiveness, but the
construction process becomes more tractable. This may be in some applications
areasonable trade-off. Classes of lambda measures and possibility measures are
examples of special classes of measures that are suitable for this purpose. When
X is finite, each lambda measure is uniquely characterized by determining | X|

Z. Wang, G.J. Klir, Generalized Measure Theory, 275
DOI: 10.1007/978-0-387-76852-6_13, © Springer Science+Business Media, LLC 2009
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Fig. 13.1 Knowledge acquisition problem within generalized measure theory

parameters, and each possibility measure is uniquely characterized by deter-
mining |X| — | parameters.

When constructing general measures, additional properties may be required.
Monotonicity, for example, is usually required, but some stronger properties
such as maxitivity, superadditivity, 2-monotonicity, and the like are often
required as well. When dealing with infinite sets, it is almost always required
that the measure be continuous or semicontinuous.

Measures that satisfy some required properties are sometimes conveniently
constructed from given measures. This can be done, for example, by integrating
some nonnegative measurable function with respect to the given measure. This
method is discussed for the Sugeno and Choquet integrals in Section 13.2. New
measures can also be constructed from given measures by suitable transforma-
tions, as is discussed in Section 13.3. Construction methods whose goal is to
determine a measure of a specified type that is as close as possible to a given
measure are usually referred to as identification methods. These methods, which
are sometimes combined with extensions, are discussed in Section 13.4.

Constructing measures of specified types from data or eliciting them from
experts by knowledge-engineering methods represent perhaps the most important
construction methods in many applications. Data-driven methods are surveyed in
Section 13.5, but the many knowledge-engineering methods, notwithstanding
their significance, are far beyond the scope of this book. A few additional
methods for constructing measures of various types are examined in Section 13.6.

13.2 Constructing New Measures via Integration

As already mentioned, |F| — 1 unknown parameter must be determined to con-
struct a general measure on (X, F) when F is finite. Since 2 < [F| < 2111, it is clear
that the problem of constructing general measures is computationally highly
demanding, especially when |F| is close to its upper bound.
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In some applications we can utilize a given general measure on (X, F) to
reduce the number of parameters to be determined to construct a measure with
desirable properties. To explain this possibility, we let © denote a given general
measure on (X, F). Then, by choosing a nonnegative measurable function f on
X, a new measure v on (X, F) can be obtained for all 4 € F by

o) = | san

where the integration may be done via the Sugeno integral, Choquet integral, or
an integral of some other type. That is, given u and some properties that v is
required to posses, we can construct an acceptable measure v by determining an
appropriate function /. Since the number of unknown parameters of fis | X, this
indirect way of determining v is simpler than a direct way whenever
|X|<|F|] — L.

There are various methods for determining the function f'in this problem.
Whether a particular method is applicable or not depends on the requirements
imposed on the constructed measure v. In some applications the function f
is determined from given data by methods analogous to those discussed in
Section 13.5.

The choice of the type of integral to be used in this problem (only the Sugeno
and Choquet integrals are considered here) depends, by and large, on the
structural properties of u that it is required v preserve. The following properties
are particularly important: monotonicity, continuity from below and from
above, subadditivity and superadditivity, null-additivity and converse null-
additivity, autocontinuity and converse autocontinuity from below and from
above, uniform autocontinuity and uniform converse autocontinuity, and max-
itivity. It is known that the Choquet integral preserves all these properties
except maxitivity. The Sugeno integral preserves maxitivity, but does not pre-
serve superadditivity, converse null-additivity, converse autocontinuity from
below and from above, and uniform converse autocontinuity. The Choquet
integral is thus generally preferable. Only when maxitivity of v is required do we
need to use the Sugeno integral.

13.3 Constructing New Measures by Transformations

Another way of constructing new measures from given ones is to use suitable
transformations. These are generalizations of transformations introduced in
Section 4.4  for constructing quasi-measures from classical measures.
Constructing measures by transformations has the advantage that the number
of parameters to be determined is very small, usually one or two.

A transformation employed in constructing a new normalized measure from
a given one is a function of the form 0 : [0, 1] — [0, 1] that is continuous, strictly



278 13 Constructing General Measures

monotone, and such that §(0) = 0 and 6(1) = 1. Applying a chosen transfor-
mation # to any given measure p on a measurable space (X, F) results in a new
measure v, which is obtained by composing p with v. That is,

for all 4 € F. It is known that any measure v obtained from measure y by
transformation 6 preserves all the structural properties of y that are listed in
Section 13.2, except subadditivity and superadditivity. Moreover, p and v are
order-isomorphic in the sense that

u(4)<p(B) & v(4) <v(B)

for all 4, B € F, which is a desirable property in most applications. Moreover,
given any pair p; and py of general measures on (X, F), these measures are
order-isomorphic if and only if there exists a transformation 6 such that
w2(A) = 0(u (A)) forall 4 € F.

Using transformations to obtain new measures from given measures is one of
the most effective ways of constructing measures. The advantage of transfor-
mations is that they preserve order and virtually all the desirable structural
characteristics of the given measures, with the exception of subadditivity and
superadditivity. It makes them suitable for revising given measures in face of
new evidence. The two exceptions are not necessarily a disadvantage of trans-
formations. They allow us, in some cases, to use an appropriate transformation
to obtain a desired superadditive measure from a given subadditive measure,
and vice versa.

Some common types of transformations with one or two parameters,
which have been introduced and investigated in the literature, are defined
in Table 13.1. To guarantee that measures obtained by the listed transfor-
mations are monotone, which is almost always required in applications, the
parameters involved in each of these transformations must satisfy certain
specific restrictions, as shown in the table.

13.4 Constructing New Measures by Identification and Extension

Identification is a problem of converting a given monotone measure on a finite
class of sets to a monotone measure of a specified type, such as A-measure or
belief measure. Generally, the identification problem can be described as fol-
lows. Let X be a finite set and i : P(X) — [0, 00) be a given monotone measure.
We want to find a monotone measure v : P(X) — [0, co) with the specified type

such that 3 (u(A) —v(4))* is minimized. Mathematically, this is an
ACx
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Table 13.1 Some common transformations of measures

0(x) Parameter(s) Restrictions on parameters
Quadratic . )
transformations ax+(1-a)x a 0<a<2
Cubic N ; a+b<1,1+a+2b>0,and
ansformations (I —a—b)x+ax*+ bx’ a, b
transformations -t E 330 T3
¢ (0,1
3b
unless a®> — 3b + 3ab + 3b> =0
Simple rational (I +a)x
transformations 1+ ax a a>—1
Quadratic/linear X+ ax? a< —1,0<b<1,0r
transformations b+(l+a—b)x a,b a=—-1,b=1,0r
—1<a<0, b > —a,or
a>0,b>0
Linear/quadratic X b b <0, a<l—b,or
transformations l—a—b+ax+bx? ’ b>0, a<2b

optimization problem, which can be solved by using a suitable analytical or
numerical method.

When the domain of x in the identification problem is smaller than P(X), a
similar problem is called an extension for the specified type of monotone
measure. It is a generalization (but restricted to the case of a finite universal
set) of the extension problem discussed in Chapter 5. It can be solved in a similar
way as the identification problem.

The use of genetic algorithms has been proven particularly suitable for
dealing with these optimization problems. See Note 13.4 for an overview of
relevant literature.

13.5 Data-Driven Construction Methods

Constructing monotone measures from data is perhaps the most important way
of obtaining desired monotone measures in practical applications. Methods for
constructing monotone measures from data are usually referred to as data-
driven methods. Unlike methods discussed in the Section 13.4, where a given set
function is converted in an optimal way to another set function of a desired
type, the data-driven methods construct a set function of a desired type from
given input-output data under the assumption that each output value is
obtained by aggregating associated input values by a nonlinear integral of
some specific type. It is thus an inverse problem of information fusion, which
is discussed in Section 15.5. From a set of observed input data and the asso-
ciated output observations, each of which is assumed to be obtained by aggre-
gating the input values by a nonlinear integral of a particular type with respect
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to an unknown measure of some type, we want to determine the measure. The
following is a more specific description of this inverse problem.

Given a set of attributes, X = {x|,x2,...,X,}, consider an input-output
system whose inputs are values of the attributes and whose output y for
each observation is the fused value of the input values, which is assumed to
be obtained by a nonlinear integral of some type. Then, considering the
observation of attributes xj,x3,...,x, as a function defined on
X, f: X — (—00,00), the input-output relation of the system can be
expressed as y = (-)[fdu, where (-) indicates the assumed type of the
integral and p is an unknown monotone measure (or a signed general
measure) defined on P(X). The problem is to determine p on the basis of
[ input-output observations, as illustrated in general terms in Table 13.2a.
The jth row in this table (j =1,2,...,/) denotes the jth observation of the
inputs (attributes xj,x»,...,x,) and the aggregated output. The positive
integer / characterizes the number of observations in the given data, and it
is usually much larger than the number of attributes. We write
Si=/fi(xi),i=1,2,...,n for j=1,2,...,1, to denote conveniently the jth
observation of attribute x;(i=1,2,...,n,and j=1,2,...,/). Using the
data, our aim is to determine a monotone measure (or a signed general
measure) 4 (if it exists) so that y; = () [ f; du,j=1,2,...,1, for some speci-
fied type of integral. Except for some contradictory cases, such a monotone
measure (or signed general measure) usually exists when /< 2" — 1. If the
specified type of integral is the Choquet integral, an algebraic method can
be applied to obtain the values of y since the value of the Choquet integral
is a linear function of p’s values as shown in Section 11.6. The method is
illustrated by the following example.

Table 13.2 Input-output observations
(a) general scheme

X1 X2 X y
fll f12 v fln 1
S /2 . Son »
Jn Jn Jin i

(b) observations in Example 13.1

X X2 X3 )
week 1 5 3 1 55
week 2 3 5 2 60
week 3 4 1 5 63
week 4 2 4 4 52
week 5 1 2 3 33
week 6 5 4 3 70
week 7 2 5 4 38
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Example 13.1. Let X = {x, x2, x3} be a set of three workers. They are hired for
producing toys and work together each week in the manner described in
Example 11.3. Now, we only have the data consisting of the record of their
attendance (days) and the total numbers of manufactured toys each week for
seven weeks, as shown in Table 13.2b. The individual and joint efficiencies of
these workers are not known. We want to use the data to determine the
efficiencies. If the data in the ith row are denoted by f; and y;, j=1,2,...,7,
then the relation among efficiencies p, f;, and y; can be expressed, assuming
that the inputs are aggregated by the Choquet integral, as

v = (C)Jf,- diy j=1,2,...,7.

Thus, by using the calculation formula of the Choquet integral, we obtain a
system of linear algebraic equations with unknown variables p; (j =1,

2,...,7,), where py = p({x1}), po = p({x2}), 3 = p({x1,x2}), pa = p({x3}),
ps = p({x1,x3}), e = p({x2,x3}), and p7 = p({x1,x2,x3}), as follows:
2p1 + 2p3 + pu7 = 55
200 + p3 + 2p7 = 60
pa + 3ps + p7 = 63
26 + 27 =52 (13.1)
4+ pe + p7 =33
p1+ p3 + 3p7 =70
P2 + 2pe + 2p7 = 58

Solving system (13.1), we obtain the following unique solution: p; = 5, uy = 6,
M3 = 14, M4 = 7, Hs = 13, M6 = 9, and H7 = 17.

The data size / is often much larger than 2" — 1, where n is the number of
attributes. In such cases, systems consisting of / linear equations have generally
no precise solutions. However, an optimal approximate solution can be found
by minimizing the total squared error

& =3 0y (O

When integrals of the other types are considered, such as Sugeno integrals,
upper integrals, or lower integrals, the algebraic method may fail. However,
based on the observed input-output data of the system, some soft computing
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techniques, such as genetic algorithms or neural networks, can be used to search
the above-mentioned optimal approximate solution and obtain an estimation
of the values of p.

13.6 Other Construction Methods

Methods for constructing general measures that are discussed in Sections
13.2-13.5 do not cover all conceivable types of methods for this purpose.
Although our aim in this chapter is not to give a comprehensive overview of
all types of construction methods, we consider it desirable to introduce in this
section two additional types of construction methods: (i) methods based on the
usual semantics of propositional modal logic; and (ii) methods based on suita-
ble uncertainty principles. These types of construction methods are concep-
tually quite interesting and have a great potential utility. However, they are not
fully developed as yet. Moreover, their full description would require in each
case to introduce fairly extensive relevant preliminaries. For these reasons, we
describe them only conceptually, focusing on basic ideas upon which they are
based, and provide the reader with relevant references in Note 13.6.

13.6.1 Methods Based on Modal Logic

Propositional modal logic (or, simply, “modal logic”) is an extension of classical
propositional logic that adds to the propositional logic two unary modal
operators, an operator of necessity, 1, and an operator of possibility, <.
Given a proposition p, [Jp represents the proposition “it is necessary that p”,
while Op stands for the proposition “it is possible that p.” Given a universal set
X, the set Q of atomic propositions for our purpose consists of all propositions
of the form

ey : “eisinAd,”

where ¢ € X and 4 is a subset of X. The proposition ¢4, means that a given,
incompletely characterized element e of X lies within se A.

Modal logic representations of some classes of general measures, including
belief and plausibility measures, possibility and necessity measures, lambda
measures, and additive measures, have recently been established. These repre-
sentations are based on different models M of modal logic. Each model is a
triple

M: (W7R7 V)?
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where W, R, V' denote, respectively, a set of possible worlds, a binary relation on
W, and a value assignment function. Relation R describes accessibility between
the possible worlds: (w, w') € R means that world v’ is accessible to world w.
This relation is usually assumed to be reflexive, which means that each world is
accessible to itself. Function V assigns truth (T) or falsity (F) to each atomic
proposition in each possible world. That is,

V. WxQ— {T,F},

where Q denotes the set of all atomic propositions. Once defined for proposition
in Q, function Vis inductively extended to all relevant propositions. This is done
in the usual way for each propositional connective and each possible world.
A proposition of the form [Op is true in a possible world w (i.e., V' (w, Op) = T)if
the proposition p is true in all possible words that are accessible to w. Similarly,
a proposition of the form <p is true in a possible world w if there is at least one
world accessible to w in which the proposition p is true.

The established modal logic representations of some classes of general
measures can be utilized for constructing measures in these classes. Let us
illustrate this utility by the following example.

Assume that the set of possible worlds W represents a group of experts in
some field. Universal set X represents all possible answers to a question related
to this field. Each expert is assumed to have his or her own opinion regarding
the correct answer to each question of interest. The accessibility relation R may
be interpreted in this context in the following way: (w, w') € R means that expert
w takes into consideration the opinion (the valuations of relevant propositions)
of expert w'. Naturally, every expert takes into consideration his or her own
opinion, and, therefore, R is assumed to be reflexive. Assuming, for example,
that W is a finite set with n possible worlds, X is a finite set, and R is an
equivalence relation, it was proven that belief and plausibility measures are
represented for all 4 € P(X) by the formulas

Bel(A) = T[0e4]/n, Pl(4) = T[e ] /n,

where T[p] denotes for any relevant proposition p the number of worlds in
which p is true. This result has also been generalized in different ways, including
the case of infinite sets. For representing and constructing other types of dual
measures, we need to use appropriate types of accessibility relations.

13.6.2 Methods Based on Uncertainty Principles

New possibilities for constructing measures of various types open when the
measures are used for representing uncertainty. In this case we may utilize four
epistemological principles for coping with uncertainty. These principles are: a
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principle of minimum uncertainty, a principle of maximum uncertainty, a
principle of uncertainty invariance, and a principle of requisite generalization.
These four principles are applicable to four distinct classes of problems, all
involving representation of uncertainty by general measures of appropriate
types. Each of these principles provides guidance for dealing with the respective
problems in specific ways that are epistemologically sound. When applying any
of these principles, we always construct a new measure from a given measure.
This new measure is an epistemological sound solution to a given problem,
which is obtained by following the uncertainty principle pertaining to the
problem. Depending on the problem involved, the new measure is required by
the relevant principle to maximize, minimize, or preserve relevant uncertainty
(measured in a justifiable way) within the constraints of the given problem.

Notes

13.1. An overview of methods for constructing measures of various types in the
context of expert systems is presented in [Klir et al., 1997].

13.2. The preservation of the various structural properties of monotone mea-
sures by integrals are investigated in detail in [Wang et al., 1995a] for the
Sugeno integral and in [Wang et al., 1996b] for the Choquet integral.

13.3. Constructions of new measures from given ones by transformations that
are listed in Table 13.1 are investigated in papers by Klir et al. [1996] and
Wang et al. [1996].

13.4. An analytical method for identifying a A-measure on a finite universal set
is presented in [Wierzchon, 1993]. The method for identifying general
measures of various types by genetic algorithms is explored in papers by
Wang and Wang [1996], Chen et al. [2000], and Wang and Chen [2005].

13.5. Data-driven methods for constructing general measures of various types
are discussed in the literature fairly extensively. Some representative
publications include methods employing genetic or evolutionary algo-
rithms [Wang et al., 1998b; Wang et al., 1999a, b; Wang and Chen, 2005],
neural networks [Wang and Wang, 1997; Wang et al., 1998a], and various
other methods [Grabisch, 1995a; Klir et al., 1995; Yuan and Klir, 1996;
Soria-Frisch, 2006].

13.6. A connection between modal logic [Chellas, 1980; Hughes and Cresswell,
1996] and various types of measures has been explored since the early
1990s and opened new ways for constructing measures. Some represen-
tative samples of the growing literature in this domain are [Resconi et al.
1993; Klir, 1994; Klir and Harmanec, 1994; Harmanec et al., 1994, 1996;
Wang et al., 1995b; Tsiporkova et al., 1999]. The methodological
principles of uncertainty mentioned in Section 13.6, which can be
employed for constructing measures, are formulated in [Klir, 2006].



Chapter 14
Fuzzification of Generalized Measures
and the Choquet Integral

14.1 Conventions

This chapter deals with standard fuzzy sets, which are introduced in Section 2.3.
It is thus convenient to omit the adjective “standard.” Classical sets, which are
viewed in this chapter as special fuzzy sets, are called crisp sets. Fuzzy sets (as
well as crisp sets) are denoted by capital letters printed in italics. When we refer
to operations of intersection, union, and complement of fuzzy sets, it is always
assumed in this chapter that they are the standard operations on fuzzy sets, as
defined in Section 2.3.

14.2 Monotone Measures Defined on Fuzzy o-Algebras

Let X be a universal set that is nonempty but may be not finite. The class of all
fuzzy subsets of X, denoted by P(X), is called a fuzzy power set of X.

Definition 14.1. A subset of ]3()() is called a fuzzy o-algebra, denoted by F, if it
satisfies the following conditions:

(FSAT) The empty set @ belongs to F; ~ 3
(FSA2) F is closed under the formation of countable unions, i.e., | J 4; € F if

gachAiel:“,izl,Z,...; A 3
(FSA3) F is closed under the formation of complements, i.e., 4 € Fif A € F.

The fuzzy power set P(X) is a fuzzy o-algebra. The pair (X, F) is called a fuzzy
measurable space if F is a fuzzy o-algebra of fuzzy subsets of X.

Let (X,F) be a measurable space. The class of all fuzzy sets possessing
F-measurable membership functions, F(F) = {A|m, is F-measurable}, forms
a fuzzy o-algebra and is called a fuzzy o-algebra generated by F. Such a fuzzy
o-algebra is of our primary interest in this chapter.

For a given fuzzy measurable space (X,F), let F be the class of all crisp
sets in F, that is, F = {4|4 € F, A is crisp}. Then F is a oc-algebra. Using
o-algebra F, a fuzzy o-algebra F(F) can be formed as mentioned above. It
should be noted that F(F) may be different from F.

Z. Wang, G.J. Klir, Generalized Measure Theory, 285
DOI: 10.1007/978-0-387-76852-6_14, © Springer Science+Business Media, LLC 2009
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Example 14.1. Let X = {a, b} and let F be the fuzzy o-algebra consisting of all
fuzzy sets whose membership function has a form of

{c] ifx=ua
m(x) = )
¢ ifx=5>b

where ¢; € {0,1} and ¢ € [0, 1]. Then the class of all crisp sets in F, denoted by
F, is the power set of X. We can see that F(F) is the fuzzy power set of X, i.e.,
F(F) = P(X). So, we have F # F(F).

Definition 14.2. Let /i : F — [0, 00]. Function /i is called a fuzzified monotone
measure on F if:

(1) (@) = 0; o
(2) f(A4) < u(B) whenever A € F,B€ F,and 4 C B.

A fuzzified monotone measure is also simply called monotone measure if
there is no confusion. The triple (X, F, i) is called a fuzzy monotone measure
space. For any given (X, F, ji), restricting i on o-algebra F = {4|4 € F, 4 is
crisp} as i, (X, F, 1) is a monotone measure space.

Example 14.2. The fuzzy measurable space (X, F, )is given in Example 14.1. Let

oy {03 ife; =0
HE =005+ 1) ife =1

ca ifx=a

o ifx—b . Then i is a

for fuzzy set 4 with membership function m(x) = {

fuzzified monotone measure on (X, l~7) Restricting & on o-algebra F, p is a
monotone measure on (X, F).

To simplify the notation from now on, F(F) is simply written as F if there is
no confusion.

14.3 The Choquet Extension

Let (X, F) be a measurable space, y be a monotone measure on F, and
f: X —]0,00) be a nonnegative F-measurable function defined on X. By
using the Choquet integral, which is introduced and studied in Chapter 11, p
can be extended from o-algebra F onto fuzzy o-algebra F, generated by F.
Theorem 14.1. For every fuzzy set A€ ¥, define [i(A)= (C)[ madp =
Jg w(Ay)de, where my is the membership function of A and A, = {x|m4(x) >
a} is the a-cut of A. Then [i is a monotone measure on fuzzy o-algebra F.

Proof. Since 4 € F, we know that m, is an F-measurable function and, ther§-
fore, A, € F. 1(A,) is a monotone function of a.. So, ji(A) is well defined on F.
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Furthermore, /i(Q) = f mgdu C)fo du 0. Finally, by monotonicity of
the Choquet integral, u( fmAd,u <(C)J mpdy = ji(B) whenever A4 € F,
BeF,and 4 C B Hence, i 1s a monotone measure on F. O

Since f(A) = (C) [ xadp = p(A4 4) when 4 € F, i.e., i coincides with g on'F, fi
is an extension of w from F onto F, and is called a Choguet extension of .

Example 14.3. Let X = {x, x2, x3} and a monotone measure p be given
on F=P(X) as (@) =0, p({xi}) =1, p({x}) =2, ul{x, x2}) =5,
u({xs}) = 3, ul({xr, b= 8, ({2, x3}) = 4, pu({x1, x2, x3}) = 10. For fuzzy
set A with membership function

0.5 ifx=x
mA(x) = 1 ifX:)Cg,
0.25 if x=x3

we have

ﬂM%ﬁQLWWZMAm%MvnmmD

+ [ma(x1) —ma(x3)] - p{x1, x2}) + [ma(x2) — ma(x1)] - p({x2})
=0.25-10+ (0.5 0.25)- 5+ (1 — 0.5) -2 = 4.75.

14.4 Structural Characteristics of Monotone Measures
on Fuzzy o-Algebras

In this section, we introduce some structural characteristics of monotone mea-
sures on fuzzy o-algebras that are similar to those for monotone measures on
o-algebras in Chapter 6. Throughout this section, let (X, F, i) be a fuzzy
monotone measure space.

Definition 14.3. Monotone measure /i is continuous from below iff {4;} ¢ F

oo
and 4; C A> C ---imply lim i(4;) = a(|J 4;); f is continuous from above if

{4}y CF, 4, >4, > -, and ji(4,) <oo imply hm a(A4;) = (ﬂA) i is
continuous if it is both continuous from below and continuous from above.

Definition 14.4. Monotone measure /i is null-subtractive iff (4 — B) = i(A4)
whenever 4 € F, B¢ F, and ji(B) = 0; ji is null-additive iff ji(4 U B) = ji(A4)
whenever 4 € F, B F,and fi(B) = 0.

Unlike the situation where p is defined on a crisp o-algebra, the null-
subtractivity of fi is not equivalent to its null-additivity. We can see this from
the following example.
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Example 14.4. Let X = {a}, F be the fuzzy o-algebra consisting of all fuzzy
subsets of X, and monotone measure i be defined as

N 0 ifmy(a) <1/2
i) = { .
1 otherwise.

Then, /i is null-additive. In fact, if B € F with i(B) = 0, then mp(a) < 1/2.
Thus, for any 4 € F, either m4(a) < 1/2 so that myg(a) = my(a) vV mg(a) <
1/2 and, therefore, i(AUB)=ji(4)=0, or my(a)>1/2 so that
maup(a) = my(a) vV mg(a) > 1/2 and, therefore, (4 U B) = i(4) = 1. How-
ever, fi is not null-subtractive. We can see this as follows. Take 4 = X
and BeF with mpg(a) =1/2. Then fi(4)=1 and [(B)=0. Noting
that my_p(a) = myng(a) = my(a) A (1 —mp(a)) =1 A (1/2) =1/2, we have
a(4—B)=0.

Definition 14.5. Monotone measure f is autocontinuous from below
iff  lim (A4 — B;) = i(4) whenever A€F, B;eF, i=1,2,..., and
,lfgo /ﬂ;) =0; 1 is autocontinuous from above iff ,liglo (AU B;) = i(A)
whenever 4 € F,B; e F,i=1,2,..., and lim f(B;) = 0; [ is autocontinuous
iff it is both autocontinuous from below arl:dojiutocontinuous from above.

Definition 14.6. Monotone measure £ is uniformly autocontinuous from below
iff for any € > 0, there exists § = 6(¢) > 0 such that (4 — B) > i(4) —¢
whenever 4 € F, B F, and a(B) < 6; i is uniformly autocontinuous from
above iff for any &>0, there exists 6=26(c) >0 such that
fi(AUB) < ji(A) + ¢ whenever 4 € F, B€F, and ji(B) < &; fi is uniformly
autocontinuous iff it is both uniformly autocontinuous from below and uni-
formly autocontinuous from above.

Notice that, similarly to the situation in Definition 14.4, expression
f(A — B) > [i(A) — € cannot be replaced by expression i(4 U B) < ji(4) +¢
when 4 and B are fuzzy sets. So, we need to define “uniform autocontinuity
from below” and “uniform autocontinuity from above” in Definition 14.6
separately.

Definition 14.7. Monotone measure j is subadditive iff (4 U B) < ji(A4) + u(B)
whenever 4 € F and B € F;ji is superadditive iff ji(4 U B) > ji(A) + ji(B)
whenever 4 € F, B e F, and 4N B = @; i is additive iff it is both subadditive
and superadditive.

The concepts of structural characteristics introduced by Definitions
14.3-14.7 for monotone measures defined on fuzzy o-algebras are fuzzy coun-
terparts of the concepts for monotone measures defined on crisp o-algebras
shown in Chapter 6, and the former are generalizations of the latter. The
relation among fuzzy counterparts of structural characteristics of monotone
measure on crisp o-algebras is summarized in Fig. 14.1.
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Fig. 14.1 Relation among |

structural characteristics of Additivity |
monotone measures on I
fuzzy o-algebra [ subadditivity |
| Uniform autocontinuity |
i | Uniform autocontinuity Uniform autocontinuity | }
H from above from below !
| Autocontinuity |
R A Lt ; """""""" s AR
; Autocontinuity Autocontinuity i
' from above from below :
s m— S 5 RO '
¥

Null additivity | [ Null subtractivity

14.5 Hereditability of Structural Characteristics

In this section we investigate the hereditability of the various structural char-
acteristics of monotone measures when the Choquet extension is used to estab-
lish a monotone measure on a fuzzy o-algebra. In the rest of this section, let
denote a monotone measure on measurable space (X, F) and let i denote its
Choquet extension on fuzzy measurable space (X, l~7)

Lemma 14.1. For any A € F, [i(4) = fol w(Aqy)de.
Proof. First, we have u(A,1) < pu(4,) for any « € [0, 1] and, therefore,

1 1
|| ntordo < | o) = ica).
0 0

Conversely, for any € > 0, since 4, C A(,—-);+ and p is monotone we have
(Aa) < p(Aa—c)+), and, therefore,

1

1
j4) = | ntaado < | (4o )do
1

- j (Ao )dos < j (Ao )dos < € - p(X) + j (A )dor
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Letting ¢ — 0, we obtain [(4) < fo A,y )da. Consequently, f(A4) =
‘J"O a+ dOé O
Theorem 14.2. If 1 is continuous from below (or from above ) on (X, ¥ ), then so is
gon (X, F).

Proof. Let {4;} CF and 4; C 4> C ---. Then, {(4,),,} C F and (4),,
(42),, C--- forany a € [0, 1]. By using the continuity from below of i, we have

lim p((47)) = M(G(Af)a+>'

i=1

Thus, applying Lemma 14.1 and the well known bounded convergence theorem
of the definite integral, we have

lim /i(4;) = lim J] 11((Ay) . doc = J lm fu((A;) o dov

1—00 1—00 0

- jlu@(m)andaﬁ @( el = G

0 =

Hence, [ is continuous from below. Similarly, noting that ji(4;) = 0 implies
p((41),) =0 forany a € (0, 1], we can prove that /i is continuous from above

by using the equality ﬁ (4i), =( ﬁ A;),. The details are omitted here. d
Combining the twol;)larts in Thé:olrem 14.2, we obtain the following Corollary.

Corollary 14.1. If 1 is continuous on (X, F), then so is fi on (X, l:")

Theorem 14.3. If 1 is null-additive on (X, F), then so is i on (X, l~7)

Proof Let 1 be null-additive on (X, F) and B e F with fi(B) = 0. From

fo . )Jdoe and the monotonicity of p, we know that u(B,) =0
for dll a > 0. In fact if there exists «g > 0 such that p(B,,) = ¢ > 0, then

w(By) > p(Ba,) = ¢ for every a € (0, ap] and, therefore, fol w(By)da > cay
> 0. This is a contradiction with equality J’Ol (1(By)do = 0. Thus, for any 4 € F,

1

1
FAUB) = | u((4UB))do = | (4,1 B)do.

0
By using the null-additivity of i, we have p(4, U B,) = p(4,) for every o > 0.
Hence, for any 4 € F and any B € F with ji(B) = 0,

1 1

w(Ay U B, )da = L w(Ay)da = i(A) .

iauB) = |

0

This means that /i is null-additive on (X, F). O
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Theorem 14.4. If i is null-subtractive on (X, F), then so is i on (X, F)

Proof. Let pu be null-subtractive on (X, F) and B € F with /i(B) = 0. From the
partial result obtained in the proof of Theorem 14.3 that u(B,) = O foralla > 0
and the fact that B,; C B,, we conclude that p(B.4) =0 for all a € (0, 1).
Thus, by using the null-subtractivity of p,

1 1 ~

(4~ 8) = | ul(4 = B),)da = | w40 B),)da
0 0

1 1
= |, 1o 0 (B = | (s = By )

— | a)da = (a). O

In Theorem 14.4, the condition “x is null-subtractive on (X, F)” can be
replaced by “u is null-additive on (X, F)” since they are equivalent (see
Theorem 6.2). A similar situation occurs in the discussion on the uniform
autocontinuity.

Theorem 14.5. If 11 is autocontinuous from below (or from above) on (X, ¥ ), then

sois fion (X, F).

Proof. Let A€ F and {B;} C F with lim i(B;) = 0. First, we know that
[—00

lim f(B;) = 0 implies lim p((B;),) = 0 for every a € (0, 1]. In fact, if it is not

1—00 1—00

true, then there exist ag € (0, 1] and sequence {7} such that p((B;),,) > ¢ >0

forj=1, 2,.... Hence,

1 %) 1
J w((B;),)da > J p((Bj),)do > J cda=cap >0
0 0 0
for every j=1,2,...; therefore, lim jol w((Bi),)do >0 or does not exist.
1—00

This is a contradiction with lim fol w((Bi),)da = lim [i(B;) > 0. Furthermore,
1—00 1—00

lim pu((Bi)(_p)4) =0 for every a€(0,1) since 0< lim u((B;)_q))

i—00 =00

< lim pu((Bi)(1_n)) = 0. Thus,

1 1

A~ B) = | (4= B),)do = | (411 B),)do
0 0

1 1

= [ w401 (B, )dor = j (Ao By )do
JO 0

1

= . (Ao = (Bi) (1_ ) dex.
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By using the autocontinuity from below of i and the bounded convergence
theorem of the definite integral, we have

1
lim (4 — B) = lim | w((4a~ (B) oy )do

1—00 =00 J

= | tm (s = (B o= | o) =)

07 0

The proof for the autocontinuity from below of /i is now complete. Similarly,
by using the autocontinuity from above of 1, we obtain

1 1
lim (A U B;) = lim J w((AU By, )do = J lim p((A4q U (B)),)da

[—00 [—00 0 0 1—00

= |, ntda)do = i),

This shows that i is autocontinuous from above too. O
Corollary 14.2. If 11 is autocontinuous on (X, F), then so is i on (X, l~7)

Theorem 14.6. If u is uniformly autocontinuous on (X, F), then [ is both
uniformly autocontinuous from below and uniformly autocontinuous from above
on (X, F).

Proof. Denote pu(X) by c. We prove the uniform autocontinuity from above
of [ first. From the uniform autocontinuity of x on (X, F), for any given £ > 0,
there exists § > 0 such that u(EUF) < u(E) + /2 whenever E€ F, Fe F,
and p(F) < 2c6/5 IfB € F with ji(B) <6, we know that {a|u (By) > 2¢6/c} C
[0, £/2¢) from J"O B,)da = ji(B) <6 and the fact that u(B,) is a nonincreas-
ing functlon of a.. Indeed, if there exists some o > £/2¢ such that u(B,) > 2¢6/e,
then

Jl 11(B,)do > r/zc 1(B,)da > JE/ZC (2¢6/)dor = 6.

0 0 0

This contradicts the inequality fo »)da< 6. Thus, for any 4 € F we have

1

iAUB) = [ (AU B),)da

0

e/2¢ 1

= | " v sdat | (v ), )do
0 e/2¢

e/2¢ 1

= ,UJ((A U B)a)da + J ,Uz(Aa U Ba)da
0 e/2¢




14.5 Hereditability of Structural Characteristics 293

e/2¢ 1 1
< J cdoHrJ (Aa) +¢/2)da < /2 +J (1(Ae) + 2/2]da
0 €/2c 0

1

=e/2+ J:) w(Ay)da+¢€/2 = L w(Ay)da+e = (A) + «.

This means that /i is uniformly autocontinuous from above on (X, F). Now, we
use a slightly modified reasoning to prove that f is uniformly autocontinuous
from below on (X, f?) From the uniform autocontinuity of  on (X, F), for any
given € > 0, there exists 6 >0 such that pu(E— F) > u(E) — 5/2 whenever
Ec F, Fe F, and u(F) <2c§/e. If BeF with i(B)<$, fo (Boi)da =
f(B) <6 from Lemma 1, and from the monotonicity of ,u( '« ) With respect to
a, we know that {a|u(B(_q)+) > 2c6/e} C (1 — ¢/2¢, 1]. Thus, forany 4 € F,
we have

1
(4 — B) = . 1(Aa = B(1-a)+ )dex

1—¢/2¢ 1
= (Ao = B(i—a)+)doe + J Ao = B(1-a)+)dex
Jo 1—¢/2¢
1—¢/2¢ 1—€/2¢
> | e = Bugda = | (n(d) ~ 2/2)d
0 0
1—¢/2¢ 1—¢/2¢
_ (A dor — J (¢/2)da
0 0
I 1 1-¢/2¢
= | p(d,)da — J w(Aq)da — J (e/2)da
Jo 1—¢/2¢ 0
1 1 1
> | ndda~ | pada - | /2da
0 1—¢/2¢ 0
1
> | p(do)da—c-e/2¢—¢/2
0

= 1 w(Ag)da —e/2 —e/2 = i(A) — e.
0

This means that /i is also uniformly autocontinuous from below on (X, F). The
proof of the theorem is now complete. O

Corollary 14.3. If  is uniformly autocontinuous on (X, F), then so is i on (X, l~7)

Theorem 14.7. If p is subadditive (or superadditive) on (X, F), then so is i on
(X, F).
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Proof. Let 1 be subadditive on (X, F). For any 4 € F and B € F,

1 1

H((4UB),)do = | w4 v B)da

iaus) = | 0

0

< j (4(Aa) + p(Ba)do
0

1

1
= | oo+ | uba)de = i) + ().
0 0

This means that f is subadditive on (X, F) As for the superadditivity, let
A €F and B € F be disjoint, i.e., AN B=O. From the superadditivity of
won (X, F), since 4, N B, = @ for every a € (0, 1], we have

1 1 1

j( Ao U By)da > j [4(A40) + p(Bo)]do

i(4uB) - | 0

u((4UB),)do = |
0

0

1 1
= | ntaodar | uso)da =) + s) O
0 0

Theorems in this section establish the hereditability for most structural
characteristics of monotone measures extended from a o-algebra based on
crisp sets onto its generated fuzzy o-algebra.

14.6 Real-Valued Choquet Integrals with Fuzzy-V alued
Integrands

In this section, we assume that the universal set X is finite, and we use the
convenient notation X = {xi, x,...,x,}. We also assume that /' is a fuzzy-
valued function defined on X whose range is a subset of the set of all fuzzy
numbers. Function f can be expressed as (mj, ma,...,m,), where m; is the
membership function of fuzzy number f(x;), i =1, 2,...,n.

Example 14.5. Assume that papers submitted to a journal are evaluated by
several criteria and the evaluation range for each criterion is the interval [0, 5],
with 0 and 5 being the worst and best evaluations, respectively. Assume
further that reviewers are asked to evaluate each paper for each specified
criterion qualitatively by using the linguistic terms bad, weak, fair, good,
excellent. The meanings of these four linguistic terms can be adequately cap-
tured by the trapezoidal fuzzy numbers B = (0,0,1,1.5), W= (1,1.5,2,2.5),
F=1(2,2.5335), G=(3,3.5,4,4.5),and E = (4,4.5,5,5.5), respectively (see
Fig. 14.2). Collection {B, W, F, G, E} is a fuzzy partition of the interval [0,5].

To consider the Choquet integral with fuzzy-valued integrand, first, we
should discuss the a-level set of fuzzy-valued functions.



14.6 Real-Valued Choquet Integrals with Fuzzy-Valued Integrands 295

Fig. 14.2 Membership
functions of fuzzy sets B, W,
F,G,and Ein Example 14.5 bad weak fair good excellent

m(t)

[

Definition 14.8. For any given « € R, the a-level set of fuzzy-valued function
f=(my, my,...,my,),denoted by F,, is a fuzzy subset of X, whose membership
function mp, has degree of membership

00
m;(t)dt .
Jﬂg;# if [* my(t)dt # 0
|7 mi(t)dt ~©
mp, (x;) = .

max m;(1) otherwise

t>a
at attribute x;, i=1,2,...,n. Fuzzy set F, can be expressed as an
n-dimensional vector (mg, (x1), mg, (x2),..., mg, (xy)).

The concept of the a-level set for a fuzzy-valued function given in Definition
14.8 is a generalization of the a-level set for a real-valued function, that is, it
coincides with the a-level set of a real-valued function when the values of
function f are crisp. Such a generalization is rather intuitive. It just uses the
percentage of the area in the right-hand side of « under the curve of
the membership function of f{x;) to define the degree of the membership for
the a-level set of fuzzy-valued function fat point x;. Of course, when the area
under the curve of the membership function of f{x;) is zero (i.e., f(x;) is a crisp
real number ¢) for some 7, the above-mentioned percentage has the form of 0/0.
In this special case, we need to define the value of the membership function at
point x; separately by max,~, m;(t), where

1 iftr=c
Wl,j(l): .
{0 ift#c¢

If f(x;) is an interval [a, b], the degree of the membership for the a-level set of f
at x; is

1 if a<a
b— .

mp, (x;) = 5 _Z if o« € [a, b]
0 if o > b.
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Example 14.6. Let X = {x,, x», x3} and let fuzzy-valued function f'defined on X
be expressed as (my, mg, mg), where the membership functions of fuzzy
numbers my, mg, and mg, are given in Example 14.5. Then, for example, we
have F, = (0.25,1,1) when a =2 and F, = (0,1,0.75) when « = 3.5. If the
monotone measure y given in Example 14.3 is used, then

w(Fy) = (C)| mpydp = 02510+ (1 —0.25) -4+ (1—1)-3=55

and

(1(Fss) = (C) | mp,di=0-10+(0.75—0) - 4+ (1 —0.75) - 2 = 3.5.

To simplify the way of finding the membership function of the a-cut of a
fuzzy-valued function, we first deal with only one attribute essentially. Let /" be
a fuzzy-valued function on X = {x;, x2, .., x,,} having a form as

fx) = A if x = x;,
T =00 ifx #£x,
for some i€ {l,2,...,n}, where A4 is a trapezoidal fuzzy number

(a1, ap, a., a;). Then, by calculating the quotient of two Riemann integrals
shown in Definition 14.8, the degree of membership of F, at x;, is

1 when o < g
(a — al)2

(ar +ac —ay— ap)(ap — ay)

a,+a. — 2o

mp (x;,) = ——M8M8— when «a € (ap, a
F.(xi,) a4 +a, —a;—ap o € (ap, a|

1 — when « € (a;, ap]

(ar — a)z

(ar +ac —ar— ap)(a, — a)
0 when a > a,,

when « € (a., /]

(see Fig. 14.3) and at any other point x # X;, is

1 whena <0
0 when o > 0.

() = {

Example 14.7. Consider a linguistic variable “the average period 7 between two
successive pulses of the heart of a patient,” denoted by x;,, whose values are
small, medium, and large. Let the meaning of these values be represented,
respectively, by trapezoidal fuzzy numbers (0,0,0.3,0.4), (0.3,0.4,0.6,0.8),
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N

a A dc 4 o

Fig.14.3 Illustration to
Example 14.6 mp,, ()

N

and (0.6,0.8,1.3,1.3), and let /" have the value large for this variable. Then, for
any given real number «, the fuzzy set F,, has a degree of membership

1 when o < 0.6
2
1 —M when 0.6<a < 0.8
mg, (x;,) = . a0.24
.0.6 when 0.8<a < 1.3
0 when a>1.3

for variable x;,.

To simplify our discussion, let the co-domain of the fuzzy-valued function
employed be the set of all trapezoidal fuzzy numbers, and let ;1 be a monotone
measure on P(X). As is shown in Section 14.2, monotone measure x can be
extended onto the class of all fuzzy subsets of X by using the Choquet integral.
Thus, we may still use Eq. (11.2) (Section 11.3) to define the translatable Choquet
integral of fuzzy-valued function f with respect to monotone measure

(©)| = Jm (1(Fs) — p(X)]dor + f u(F,)dor

Here, F,, may be a fuzzy set and it is not guaranteed that p(F,,) is nonincreasing
with respect to «. However, as a function of «, u(F,,) is of bounded variation (in
fact, it is finitely piecewise monotonic and bounded). So, the above Riemann
integrals exist and, hence, the Choquet integral is well defined in this case.
The co-domain of a fuzzy-valued function may not be fully-ordered, and
therefore the values of the function at various variables cannot be rearranged
in a nondecreasing order. By the same reason, operators min and max may
not be well defined on the co-domain. So, the way for calculating the value
of the Choquet integral given in Section 11.5 is not directly applicable for
computing the Choquet integral with a fuzzy-valued integrand. However, we
may still use it for calculating u(F,) in the above Riemann integrals since the
Choquet integral is used for the extension of u. To simplify the computation,
an important property of the Choquet integral with fuzzy-valued integrand is
stated in the following theorem, which is a counterpart of Theorem 11.6.
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Theorem 14.8. Let pu be a monotone measure on P(X) and f be a fuzzy-valued
function on X. Then,

(C)deﬂ - <c>j (F— O+ - p(X)

for any real constant c.

Proof. Let g = f— ¢. Then g is also a fuzzy-valued function and its a-cut, G,,
satisfies G, = F,.. or, equivalently, G,_. = F,, for any real number «. Thus,
denoting a — ¢ by 3, we have

0 00

(©f =" t) = w0l | trida

—00 0

[ W(Gu = nxlda + | (G-

0 00

| (e~ uldla— o)+ | (Goda )

J—o0 0

—C o)

— | (6~ s+ | uG,)as

J —00 —C

—C

0
—| (@) ujas+ [ w(Gaas

—00

0

+ | ntaas - | unas+ JOC p(X)d3

—C

o.¢]

0 0
— | wGa) ~ nnjas+ | "G+ [ uixas

0

= (©edu+ e utx)

— (©|(f= ) dut - plx). 0

In case the lower boundary of the support set of the integrand f at each x;
exists, denoted by a; fori =1, 2,...,n, we may simplify the calculation of the
Choquet integral by constructing a corresponding nonnegative fuzzy-valued
function g = f— ¢, where ¢ = 112111<nn a;. Due to Theorem 14.8 we can write

[o¢]

(©)| = | uGo)der+ e,

0

where G, denotes the a-level set of g.
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Before formulating an algorithm for calculating the crisp value of the Cho-
quet integral of a fuzzy-valued function with respect to a given signed general
measure, we first study a very special case in the following example where the
integrand vanishes at all attributes except one.

Example 14.8. Let f be the fuzzy-valued function that only assigns a nonnega-
tive trapezoidal fuzzy number 4 = {(a;, a;, a., a,) to attribute x; and vanishes
at all other attributes. Since F,, = X when a < 0, using formula (14.1) shown
after Example 14.6, we have

(©)f s = [t = [ ") e o = ) - |, ()
0 0 0
B 1 (a — a,)3 o
_M({xm}) s lar+ap —a— 3 (ar o —a— az)(ab _ al)] .
1| (ar + a. — 20)* T (a, — )’ o
4lata—ap—a - 3 (ar +ac—ap—ap)(a, — a.) o
2
() [y — & - — 22 =D

3 a +a.—a,—a

1 (a+a.— 2ac)2 —(ay +a. — Zab)2

N

ar+ac—ap —aq

1 (@w-a)
3 a+a.—ap—a

1 a +aa.+a; —aj — apar — a,z]

()

ar+ac—ap —a

Let us consider two special cases: (1) when A4 is a triangular fuzzy number
(that is, a, = a. = ay), the above result becomes

b

1 @ +aa —a - a/ao}

(O = (i |5 0= S

= ul{x}) |5

(2) when 4 is a rectangular fuzzy number (that is, @; = a5 and a, = a,), which is
actually a crisp interval, we have

1 3@ - @)

(© s =t |5 5= = it

a, + a;}
3 .

More specifically, if 4 collapses to a real number a (that is @; =ap =
a. = a, = a), then
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()| = i) -a

Now, we turn to the general case. Function f may have fuzzy values at
every variable. Expressing f as ((ai, aip, aic, a1r), (G2, Gop, Qaey Qor)y - .oy
(anty anpy Ane, ane)),for any given o € R, the a-level set of f'is a fuzzy subset
of X. Its degree of membership at x; is expressed by the formula

1 when a < q;

(o — az‘/)2

1 —
(ai + aic — ag — aw)(ap — ai)

when « € (ay, ap]

ay + a;c — 2a
mg, (x;) = when « € (ap, a;]
iy + Qic — i — dip

(@i — a)z

(aw + aic — ag — ap)(air — ai)

when « € (4, ay)

0 when o > a;,

fori=1,2,...,n.

In this case, it is rather difficult to express u(F, ) in an explicit form involving
only fundamental functions of « and to compute the precise value of
jgo w(F,)da. However, we can numerically calculate its approximate value
through the following algorithm. In Step 4 of the algorithm, the given fuzzy-
valued function is translated to be nonnegative; Step 7 is the stop controller; the
membership function of F,, is calculated in Step 8; Step 9 is used to find the value
of u(F,) via the Choquet integral, and the Simpson method is used to calculate
the value of the involved Riemann integral approximately.

Algorithm 14.1. Computing an approximate value of [ pu(F,)da.
1. Input: n (the number of variables in X), K (the number of subintervals
required in the Simpson method, with a default value K = 100), values of

function f, f(x;) = (au, aw, ai, ;i) for i=1, 2, ..., n, and values of a
given signed general measure
w=nl |J {xp)
ifre(£)ell,1)
forj=1,2,...,2"—1.
2. Ifay < ay < aj. <a; foreveryi=1,2,..., n, then go to Step 3; otherwise,
return a message “data error: ...” to indicate where and what are the errors
and after correcting the data, go to Step 1.

. . b—a
3. Find ¢ = min ay,b = max a;., and 6 = .
1<i<n 1<i<n
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4. Replace a, ayp, a;., and a;, with a; — a, ay, — a, a;, — a, and a;, — a, respec-
tively, fori=1,2,...,n.
H2n—1
2

9]

. Initiate « = 0 and S =
La+6—a.

7. Mfa>b—a, thené- (S— %) +a- pyp_1 — S, output S as an approximate
value of (C) [ fdp, and stop; otherwise, continue.

)}

8. Find
1 when o < ay
- (a — az‘l)2 when « € (ay, ap]
(ay + aje — ag — ap)(ap — ai) o
) 9
¢ = dir + dic — 2 when a € (ap, ajc]
air + Ajic — Ajj — Ajp
(a = a)” when « € (ay, ai]
(air + aje — ay — app)(air — ajc) o
0 when o > a;

fori=1,2,...,n.
9. Viewing h = (c1, ¢, ..., ¢;) as a function on X, calculate AS = (C) [ hdp
by the fomula

2"—1

AS=D 25w
=

where

min ¢, — max ¢;, ifitis>0
zj = ifrc(f)el,1) ifre(£)€[0.3) forj=1,2,...,2"—1.
0, otherwise

10. S+ AS — Sand go to Step 6.

Example 14.9. In Example 14.5 suppose that the evaluation of submitted papers
is based on three criteria: originality, significance, and presentation. They are
denoted by xj,x;, and x3 respectively. The importance of each individual
criterion and their joint importances are described by a signed general measure
w defined on P(X), where X = {x|, x2, x3}. Also suppose that the values of
are u; =0.2, up =03, u3 =0.8, ug =0.1, pus =04 pug =0.4, and py; = 1.
Now, a paper is evaluated as excellent for originality, fair for significance,
and weak for presentation by a reviewer. This reviewer’s evaluation can be
regarded as a fuzzy-valued function f'= (E, F, W) on X = {x;, x», x3}. Thus, a
global evaluation for the quality of the paper is given by the Choquet integral of
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/ with respect to p, (C) [ fdu. Using Algorithm 14.1, a rather precise approx-
imate value of [ fdu can be obtained:

(C)deu ~ 2.92176 when K = 100,

(C)deﬂ ~ 2.92222 when K = 1000.

For another paper evaluated as bad for originality, good for significance, and
excellent for presentation, denoted as g = (B, G, E), we have

(C)Jgd,u ~1.96618 when k = 100,

(C)Jgdu ~1.96611 when k = 1000.

This means that the paper represented by function fis more valuable than the
one represented by function g for publishing in the journal.

Since the procedure of calculating the value of the Choquet integral with
fuzzy integrand is repeated for a large number in multiregression or classifica-
tion problems, we should reduce its running time as much as possible. For most
real problems in decision-making, the precision of the relevant results reaching
three or four decimal digits is sufficient. So, this example also suggests to use
K = 100 as the default value of K.

Notes

14.1. The concept of a c-algebra of fuzzy sets was introduced by Butnariu
[1983], primarily for the study of cooperative games with fuzzy coalitions
[Butnariu, 1985; Butnariu and Klement, 1993]; see also [Aubin, 1981],
[Bronevich, 2005b], and [Branzei et al., 2005].

14.2. The concept of a real-valued Choquet integral with a fuzzy-valued inte-
grand is discussed in [Wang et al., 2006b]. This integral can be employed
as a defuzzification tool for fuzzy data.



Chapter 15
Applications of Generalized Measure Theory

15.1 General Remarks

It is undeniable that classical measure theory, based on additive measures and
signed additive measures, and the associated Lebesgue theory of integration, is
not only an important area of mathematics, but it has also played an important
role in many application domains. Perhaps its most visible is its crucial role in
probability theory, as rigorously formulated by Kolmogorov. Examples of
other notable applications of classical measure theory are in the areas of
classical geometry as well as fractal geometry, ergodic theory of dynamical
systems, harmonic analysis, potential theory, calculus of variations, and
mathematical economics (see Note 15.1).

Notwithstanding the many demonstrated applications of classical measure
theory, it has increasingly been recognized that a broadening of this area’s
applicability is severely limited by the additivity requirement of classical
measures. Requiring additivity in measuring a property on sets of some kind
is basically the same as assuming that there is no interaction among sets with
respect to the measured property. However, there are many problem areas
involving properties measured on sets that do interact. Measuring such proper-
ties on a measurable space (X, F) by a set function p requires that p be capable
to capture, for each given pair of sets 4 and Bin F such that 4 N B = O, any of
the following three situations:

(a) AU B € F implies that (A4 U B) > u(A) + p(B), which expresses a positive
interaction (synergy, cooperation, coalition, enhancement, amplification)
between 4 and B in terms of the measured property;

(b) AU B € F implies that (4 U B) < pu(A) + p(B), which expresses a negative
interaction (incompatibility, rivalry, inhibition, downgrading, condensation);

(¢c) AU B € F implies that (A4 U B) = u(A) + u(B), which expresses the fact
that there is no interaction between A and B in terms of the measured
property

It is clear that classical measures can capture only situation (c), which means
that they are applicable only to properties that are noninteractive. Properties
that exhibit for each pair of sets in F whose union is also in F either a positive

Z. Wang, G.J. Klir, Generalized Measure Theory, 303
DOI: 10.1007/978-0-387-76852-6_15, © Springer Science+Business Media, LLC 2009
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interaction or no interaction can be captured by superadditive measures, and
those that exhibit either a negative interaction or no interaction can be captured
by subadditive measures. Properties that exhibit positive interactions for some
pairs of sets and negative interactions for some other pairs of sets and, possibly,
no interactions for some additional pairs of sets, can be captured by monotone
measures or, if the property violates monotonicity, by general measures,

Properties measured on sets that exhibit some positive or negative interac-
tions are not rare. The following are some examples.

Let X be a set of criteria in multicriteria decision-making and let p be a
measure that is supposed to quantify the importance of any subset of criteria on
the outcome of the decision-making process. Requiring that p be additive
would not be realistic in this case. Indeed, the importance of two or more
criteria taken together on the decision may be higher (or, perhaps, lower)
than the sum of their individual importances.

As another example, assume that X is a set of criteria by which we evaluate
some feature (such as quality, performance, risk, etc.) associated with indivi-
dual objects of some relevant class of objects. The overall evaluation clearly
depends not only on the importance of each individual criterion, but also on the
considered importance, in the context of each application, of various sets of
criteria. Again, requiring that the measure of importance of the criteria be
additive would be very restrictive and highly unrealistic in many application
contexts, as it would totally ignore positive or negative interactions among the
criteria with respect to their importance. Under such a requirement, the evalua-
tion of each object, say the quality ¢, of object a, would simply be expressed in
terms of the weighted average, ¢, = Yy ey 1(x)cqs(x), where p(x) denotes the
measure of importance of criterion x (assumed to be additive) and ¢,(x) denotes
the degree (measured or assessed in some specified way) to which object a
satisfies criterion x. Clearly, the use of an appropriate nonadditive measure
(determined in the application context) and the Choquet integral (or some other
nonlinear integral) offers a more flexible and more realistic approach to this
broad class of problems.

In the next example, consider a set of workers in a workshop, X, who are
involved in manufacturing products of a specific type. Assume that the set X is
partitioned into subsets (working groups) Gy, G-, ...,G,, and let u(G;) denote
the number of products made by group G, within a given unit of time. When the
groups work separately, set function p is clearly an additive measure. However,
when some of the groups work together and their cooperation is efficient, the
measure is required to be superadditive. If, on the other hand, their cooperation
is inefficient the measure is required to be subadditive. If some groups that work
together cooperate efficiently while others cooperate inefficiently, then a more
general measure is required, usually a monotone measure, but a general
measure may be required to capture some extreme situations.

There are many more examples of application contexts in which the restric-
tion to additive measure is inhibitory and not realistic. Some of them are
discussed in detail in the remaining sections of this chapter, while some others
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are only surveyed in Notes to this chapter. The chapter is organized as follows.
In Section 15.2 we begin with an overview of the essential role of generalized
measure theory in an area that is referred to in the literature as generalized
information theory (GIT). The objective of GIT is to study the dual concepts of
information-based uncertainty and uncertainty-based information in all their
manifestations. One subarea of GIT, which we cover in somewhat greater detail
in Section 15.3, consists of the various theories of imprecise probabilities, which
deal with dual pairs of nonadditive measures of various types. The utility of
imprecise probabilities is illustrated by simple examples in Section 15.4. In the
remaining sections, we discuss applications of generalized measure theory in
information fusion (Section 15.5), multiregression (Section 15.6), classification
(Section 15.7), and other areas (Section 15.8).

Notes to this chapter are particularly important. In order to keep the size of
this book modest, we are not able to cover the various applications of general-
ized measure theory in sufficient detail. However, we compensate for the lack of
detail by providing the reader with ample references to relevant publications,
which cover the missing details.

15.2 Generalized Information Theory: An Overview

The term “generalized information theory” (GIT) was introduced in the
early 1990s as a research program for studying the interrelated concepts of
information-based uncertainty and uncertainty-based information in all their
conceivable manifestations [Klir, 1991]. In GIT, as in classical information
theory, the primary concept is uncertainty, and information is defined in
terms of uncertainty reduction. While uncertainty in classical information
theory is formalized in terms of probability measures, uncertainty in GIT is
formalized within an expanded framework. The expansion is two-dimensional.
In one dimension classical measure theory, which is the framework for forma-
lizing the concept of probability, is replaced with the much broader framework
of generalized measure theory. In the other dimension the formalized language
of classical set theory, which is employed in both classical measure theory and
generalized measure theory, is replaced with the more expressive formalized
language of fuzzy set theory. As we know, generalized measure theory is a very
broad framework under which theories of various special types of measures are
subsumed, including the theory of classical measures. Similarly, fuzzy set theory
is a very broad framework under which various types of formalized languages
are subsumed, including the one of classical set theory. By combining these two
frameworks we obtain a comprehensive framework for investigating the
concepts information-based uncertainty and uncertainty-based information.
The described framework allows us to recognize many distinct theories of
information (or uncertainty), including the classical information theory. Each
of these theories is characterized by employing measures of some particular
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type and a formalized language of some particular type for formalizing a
particular type of uncertainty and the associated uncertainty-based informa-
tion. In order for us to fully develop any of these theories the following issues
must be adequately addressed at each of the following four levels:

1. Uncertainty functions u of the theory must be characterized via appropriate
axioms. In classical information theory, functions u are probability mea-
sures; in GIT they are monotone measures or some special types of mono-
tone measures, which, in addition may be fuzzified.

2. Calculus must be developed for dealing with functions u. In classical
information theory, it is the well-known calculus of probability theory; in
GIT it is a calculus for dealing with a given type of monotone measures or,
possibly, with its fuzzified version.

3. Ajustifiable functional U must be found, which for each particular function
u in the theory measures the amount of uncertainty associated with z. When
a particular unit of measurement is chosen, functional U is required to be
unique. A visible example of this functional is the well-known Shannon
entropy in classical information theory. In GIT, functional U is usually an
aggregate of several coexisting types of uncertainties captured by functions
u, and it is desirable to disaggregate it in a justifiable way into components,
each of which measures the amount of uncertainty of one particular type.

4. Methodological aspects of the theory must be properly developed for dealing
with applications for which the theory is fit, utilizing properties of uncer-
tainty functions u as well as the functional U and its components.

Clearly, the number of prospective uncertainty theories that emerge from the
expanded framework of GIT grows very rapidly with the number of recognized
types of monotone measures and the number of considered types of formalized
languages. It turns out that the rapidly growing diversity of theories subsumed
under GIT is balanced by their unity, which is manifested by their many
common properties. The diversity of GIT offers an extensive inventory of
distinct uncertainty theories, each characterized by specific assumptions. This
allows us to choose, in any application context, a theory whose assumptions are
in harmony with application of concern. The unity of GIT, on the other hand,
allows us to work within GIT as a whole. That is, it allows us to move from one
theory to another as needed.

Among the many uncertainty theories that are recognized within the
expanded conceptual framework of GIT, only a few of them have been suffi-
ciently developed so far. By and large, these are theories based on various types
of monotone measures defined within the language of classical set theory.
Fuzzifications of some of them have been explored, but only to some extent.
One class of uncertainty theories, perhaps the most visible one at this time,
consists of theories whose aim is to represent and deal with imprecise prob-
abilities. It is this class of uncertainty theories that we cover in greater detail in
Section 15.3.
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15.3 Theories of Imprecise Probabilities

One important insight emanating from research in the area of GIT is that the
tremendous diversity of uncertainty theories that emerge from the expanded
framework is made tractable due to some key properties that are invariant
across the whole spectrum or, at least, within some broad classes of uncertainty
theories. One such class, which is the subject of this section, consists of theories
that can be viewed as theories of imprecise probabilities.

The need for enlarging the framework of classical probability theory by
allowing imprecisions in probabilities has been discussed quite extensively
in the literature, and many arguments for imprecise probabilities have been
put forward. The following are some of the most common of these
arguments:

e Imprecision of probabilities is needed to reflect the amount of information on
which they are based. The imprecision should decrease with the amount of
statistical information.

e Total ignorance can be properly modeled by vacuous probabilities, which are
maximally imprecise (i.e., each covers the whole range [0, 1]), but not by any
precise probabilities.

e Imprecise probabilities are easier to assess and elicit than precise ones.

e We may be unable to assess probabilities precisely in practice, even if that is
possible in principle, because we lack the time or computational ability.

® A precise probability model that is defined on some class of events deter-
mines only imprecise probabilities for events outside the class.

o When several sources of information (sensors, individuals of a group in a
group decision) are combined, the extent to which they are inconsistent can
be expressed by the imprecision of the combined model.

All theories of imprecise probabilities that are based on classical set theory
share some common characteristics. One of them is that evidence within each
theory is fully described by a lower probability function . or, alternatively, by
an upper probability function p*. These functions are always normalized mono-
tone measures on some measurable space (X, F). Moreover, they are super-
additive and subadditive, respectively, and satisfy the inequalities

S () < LY w({xh) > 1

xeX xeX

In the various special theories of uncertainty, they possess additional special
properties.

When evidence is expressed (at the most general level) in terms of an arbi-
trary convex polytope C of discrete probability distribution functions p (such a
set is often referred to as a credal set) on a finite set X, functions u, and p*
associated with C are determined for each 4 € F by the formulas
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a(4) = inf 57 p(x), 1" (4) = sup 3 p(x). (15.1)

pecxeA reC xe4q

Since

D op)+) px) =1

xeA x¢A

for each p € C and each 4 € F, it follows that

1H(A) = 1— p, (A). (15.2)

Due to this property, functions p. and pu. are called dual (or conjugate). One of
them is sufficient for capturing given evidence; the other one is uniquely
determined by the duality equation. It is common to use the lower probability
function to capture the evidence.

When X is a finite set, it is well known that any given lower probability
function ., is uniquely represented by a set function m for which m(@) = 0 and
Y 4ev m(A) = 1. This function is called a Mdbius representation of p, when it is
obtained for all 4 € F via the Mobius transform

m(4) =Y (~=1)" . (B). (15.3)

B|BCA

The inverse transform is defined for all 4 € F by the formula

p(A) =" m(B). (15.4)

B|BCA

It follows directly from the duality equation that

pA)= > m(B). (15.5)

forall 4 € F.

Example 15.1. Let X = {a, b, ¢, d}. An example of the three set functions
connected via Egs. (15.2)—(15.5) — m, ., and p* — defined on the power set of
X is shown in Table 15.1. Given any one of these functions, the other two are
uniquely determined by the equations. When p, is given, we calculate m by
Eq. (15.3). For example, m(X)= p.(X)— p.({a,b,c}) — p({a,b,d})—
p{a,c,d}) — p({b,e;dy) + p({a,b}) + w({a,c}) + p({a,d}) +
(10, e}) + (b, dh)+ (e, db) — pe({ah) - ({5}) — . ({e}) — po({l}) =
3.2 — 3.4 = —0.2. When m is given, p, is calculated by Eq. (15.4). For example,
wfab,cy) = m({a,b,cy) + m({a,6}) + m({a.c}) +m({b,c}) + m({a})+
m({b}) +m({c}) =0.8.
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Table 15.1 Set functions in Example 15.1

A m(A) s (A) w(A4)
(%) 0.0 0.0 0.0
{a} 0.1 0.1 0.3
{b} 0.3 0.3 0.4
{c} 0.3 0.3 0.4
{d} 0.0 0.0 0.2
{a, b} 0.0 0.4 0.7
{a, ¢} 0.0 0.4 0.7
{a, d} 0.1 0.2 0.4
{b, ¢} 0.0 0.6 0.8
{b, d} 0.0 0.3 0.6
{c, d} 0.0 0.3 0.6
{a, b, ¢} 0.1 0.8 1.0
{a, b, d} 0.1 0.6 0.7
{a, ¢, d} 0.1 0.6 0.7
{b, ¢, d} 0.1 0.7 0.9
X -0.2 1.0 1.0

Assume now that evidence is expressed in terms of a given lower probability
function p. or, alternatively, in terms of a given upper probability function ..
Then, the set of probability distribution functions p that dominate function
i, C(ps) is the same as the set of those that are dominated by function
wx, C(px). This set, which is always closed and convex, can thus be character-
ized in either of the following ways:

Cpe) = {plp(4) < Xreap (x) for all 4 € F},

15.6

C() = {plu(4) > Saes p(x) for all A € F}. (150

A well-defined category of theories of imprecise probabilities is based on
Choquet capacities of various orders. The most general theory in this category
is the theory based on capacities of order 2. Less general theories are then based
on capacities of higher orders. The least general of all these theories is the one
based on Choquet capacities of order oco. This theory is usually referred to as
evidence theory or Dempster—Shafer theory (DST). In this theory, lower and
upper probabilities are referred to as belief and plausibility measures. These
measures are introduced and examined in Section 4.5, where it is also shown
that Sugeno A-measures are special belief measures when 4 > 0, and they are
special plausibility measures when 4 < 0. An important feature of DST is that
the Mobius representation of evidence m (usually called a basic probability
assignment function in this theory) is a nonnegative set function (m(A4) € [0, 1]).
Special plausibility measures, which are called possibility measures (or
consonant plausibility measures) are introduced and discussed in Section 4.6.
Their dual measures, which are special belief measures, are called necessity
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measures (or consonant belied measures). Theory that is based on possibility and
necessity measures is usually called a possibility theory.

In another important theory of imprecise probabilities, which is computa-
tionally more efficient than DST, lower and upper probabilities p. and p, are
determined for all sets (4 € F) by intervals [/(x),u(x)] of probabilities on
singletons (x € X). Clearly, /(x) = P.{(x}) € [0, 1] and u(x) = P*({x}) € [0, 1].
Each given tuple of probability intervals, 7 = ([/(x), u(x)]|x € X), is associated
with a closed convex set, C(I), of probability distribution functions, p, defined as
follows:

cI) = {p(x)x € X, p(x) € [I(x),u(x)], > p(x) = 1}. (15.7)
xeX
Sets defined in this way are clearly special credal sets. Their special feature is
that they always form an (n—1)-dimensional polyhedron, where n = | X|, whose
number ¢ of extreme points is bounded by the inequalities

n<c<n(n-1).

Each probability distribution function contained in the set is expressed as a
linear combination of these extreme points.

A given tuple / of probability intervals may be such that some combinations
of values taken from the intervals do not correspond to any probability dis-
tribution function. This indicates that the intervals are unnecessarily broad. To
avoid this deficiency the concept of “reachability” was introduced in the theory.
A given tuple [ is called reachable (or feasible) if and only if for each x € X and
every value v(x) € [I(x),u(y)] there exists a probability distribution function p
for which p(x) = v(x). The reachability of any given tuple / can be easily
checked: the tuple is reachable if and only if it passes the following tests:

@) > Ix)+u(y)—Iy)<lforallyecX;
xeX

(b) > u(x)+1(y) —u(y)>1forall yeX.
xeX

RIS
If 7 is not reachable it can be -ecasily converted to the tuple
I'=([I'(x),u(y)]|x € X) of reachable intervals by the formulas

'(x) = max{i(x), 1 = S u(y)},
y#x

u ({x}) = min{u(x), 1 =Y 1 ()}

VEx

(15.8)

for all x € X.
Given a reachable tuple / of probability intervals, the lower and upper
probabilities are determined for each 4 € F by the formulas
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p(A) = max{ Y " i(x), 1= u(x)
xeA x¢A
(15.9)

w*(A) = min Zu(x), 1 - Zl(x)

X€A x¢A

It is known that the theory based on reachable probability intervals is not
comparable with DST in terms of their generalitiecs. However, they both are
subsumed under a theory based on Choquet capacities of order 2.

Although Choquet capacities of order 2 do not capture all credal sets, they
are quite general. Their significance is that they are computationally easier to
handle than arbitrary credal sets. In particular, it is easier to compute C(px)
when g, is a Choquet capacity of order 2.

Let X = {x1,x2,...,x,} and let 0 = (o(x1),0(x2),...,0(x,)) denote a per-
mutation by which elements of X are reordered. Then, for any given Choquet
capacity of order 2, C(u+) is determined by its extreme points, which are
probability distributions p, computed as follows:

po(a(x1)) = p({o(x1)}),
Po(0(x2)) = p({o(x1), 0(x2)}) — p({o(x1)})
(15.10)

Po(0(xn1)) = p({o(x1), - o (1) }) — ({0 (x1), -+ 0 (30n2) ),
Po(o(xn)) = p{o(x1), -, o(xa)}) — pel{o(xr), - o(xn1)})-

Each permutation defines an extreme point of C(ux), but different permutations
can give rise to the same point. The set of distinct probability distributions p,, is
often called an interaction representation of pi«.

Example 15.2. In order to illustrate the use of Egs. (15.10), let us consider the
lower probability functions 'z, and i, on the power set of X = {a,b,c} that are
specified in Fig. 15.1 (a) and (b), respectively, by their values shown in the
diagram of the Boolean lattice of P(X). We can easily check that both ', and
%4, are 2-monotone measures and . is even totally monotone (Choquet
capacity of order co).

Hence, Eq. (15.10) can be used to determine in each case the extreme points
of the convex set of probability distributions that dominate the lower prob-
ability function. Observe that each individual probability obtained by Eq.
(15.10) for a particular permutation of elements in X is represented in the
diagram by the sequence of differences of the lower probability function
along a path in the diagram (defined by the permutation) from the node
representing @ to the one representing X. Probability distributions obtained
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Fig. 15.1 Illustration to
Example 15.2
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{a,b,c}: 1

N

{a, b}: 0.5 {a, c}: 0.5 {b, c}: 0.5

| >

{a}: 0 {b}: 0 {c}: 0.25

{a,b,c}: 1

N

{a, b}: 0.25 {a, c}: 0.5 {b, c}: 0.5

>

{a}: 0 {b}: 0 {c}: 0.25
:0
(b)

for functions 'p, and 2y, are shown for all permutations of elements of X in
Table 15.2 (a) and (b), respectively.
For 'y, there are only four distinct probability distributions:

p1 = (0,0.5,0.5),
P2 = (0.5,0,0.5),
ps = (0.25, 0.5, 0.25),
ps = (0.5,0.25,0.25).

For 2, all obtained probabilities are distinct:

This is clearly the maximum of possible number of extreme points (3! = 06).

pi = (0,0.25,0.75),
p2 = (0,0.5,0.5),

ps = (0.25,0,0.75),
ps = (0.5,0,0.5),

ps = (0.25, 0.5, 0.25).
ps = (0.5,0.25,0.25).
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Table 15.2 Interaction representation in Example 15.2
(a) Function ',

o(a) a(b) a(c) Po(0(a)) Ps(a(D)) Po(9(¢))
a b ¢ 0.00 0.50 0.50
a ¢ b 0.00 0.50 0.50
b a ¢ 0.50 0.00 0.50
b ¢ a 0.50 0.00 0.50
c a b 0.25 0.50 0.25
¢ b a 0.50 0.25 0.25

(b) Function %,

o(a) a(b) a(c) Po(0(a)) Po(0(b)) Po(9(¢))
a b ¢ 0.00 0.25 0.75
a ¢ b 0.00 0.50 0.50
b a ¢ 0.25 0.00 0.75
b ¢ a 0.50 0.00 0.50
¢ a b 0.25 0.50 0.25
c b a 0.50 0.25 0.25

15.4 Classification of Pairs of Dual Measures

As is discussed earlier in this section, imprecise probabilities on a given
measure space (X, F) can be explicitly defined by pairs of dual measures p.
and p*, which define for each set 4 € F the range [u.(A4), pu.(A4)] of accep-
table probabilities. Due to the duality of these measures, the probability
range can also be described by using only one of them, either as

[ (A), 1 = . (A)] or as [1 —p*(A4), u*(4)].

While imprecise probabilities can always be represented by appropriate pairs
of dual measures, it is by no means guaranteed that every given pair of dual
measures, say pair (i, v), represents imprecise probabilities. In order to under-
stand why some pairs of dual measures do not represent imprecise probabilities,
we present in this section a fairly comprehensive classification of all possible
pairs of dual measures defined on a special measurable space (X,P(X)), where X
is assumed to be a finite set.

We begin with the most general class of dual pairs of measures, (u, v), for
which it is only required that they qualify as general measures. For further
reference we denote this class as GEN. Some, but not all, of the dual pairs of
measures in this class are monotone measures. Measures that are not monotone
clearly violate Eq. (15.1) and, therefore, they do not represent imprecise prob-
abilities. This means that we need to restrict our consideration to the class of
dual pair of monotone measures. We denote this class as MON.

Observe now that only those dual pairs (x4, ) of monotone measures can
represent imprecise probabilities that are ordered in the sense that either
u(A) <wv(A) forall 4 € P(X) or p(A) > v(A) for all 4 € P(X). The first pair
in Table 15.3 is an example of a pair of dual monotone measures (defined on the
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Table 15.3 Examples of dual pairs of measures on (X, P(X)), where X = {a, b, ¢}

A wA) v(4) s (A) s (A) s (A) s (A)
o 0.0 0.0 0.0 0.0 0.0 0.0
{a) 0.3 0.0 0.1 0.2 0.2 0.8
(b} 0.1 0.4 0.0 0.5 0.2 0.8
{c} 0.3 0.7 0.2 0.4 0.0 0.8
{a, b} 0.3 0.7 0.6 0.8 0.2 1.0
{a, ¢} 0.6 0.9 0.5 1.0 0.2 0.8
(b, ¢} 1.0 0.7 0.8 0.9 0.2 0.8
X 1.0 1.0 1.0 1.0 1.0 1.0

power set of X = {a,b,c}) that are not ordered. Clearly, neither of the measures
qualifies as a lower probability function or an upper probability function. This
means that we need to further restrict to the class of dual pairs of monotone
measures that are ordered. We denote this class as ORD. In this class it is
convenient to denote the dual pairs as (u., p*), where it is understood by
convention that u.(4) < p*(A4) for all 4 € P(X).

Considering now a dual pair (p., 1*) of ordered monotone measures, it is still
not guaranteed that the pair represents imprecise probabilities. If it does, then
the measures p,. and p* must be connected with a convex set of probability
distribution functions via Eq. (15.1). Then, for any sets 4, B € P(X) such that
AN B =@, we have

(AU B) > 1. (A) + p(B),
W (AU B) < i (A) + i (B)

This means that p, must be a superadditive measure and p* must be a sub-
additive measure to qualify, respectively, as lower and upper probability func-
tions. The second pair in Table 15.3 is an example of a dual pair of ordered
monotone measures that violates this requirement. Observe that in this exam-
ple, p. is superadditive, but p* is not subadditive. For example,
pr({a,b}) > p*({a}) + p*({b}), which violates the subadditivity of p*. When
[« 18 a superadditive measure and p* is a subadditive measure, the pair (p., ') is
usually referred as an additivity-coherent pair of dual measures. We denote this
class of pairs of dual measures as ACO.

In imprecise probabilities, the pair of dual measures represents bounds on
probability measures. This requires that there exists a probability measure p for
a given dual pair (., p*) of ordered monotone measures such that
px(A) < p(A4) < p.(A4) for all 4 € P(A4). Any dual pair that satisfies this require-
ment is usually referred to as a probability limiting pair, and we denote this class
as PRL. Dual pairs in this class are characterized by the following theorem.

Theorem 15.1. [Huber, 2004] If (p.,u*) € ORD, then (p.,u*) € PRL iff
Youcy Aa Xa < Vimplies Y~ -y a4 p.(A) < 1, where, for all A C X, x4 is the
characteristic function of A and a 4 is a nonnegative real number.
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Classes ACO and PRL are not comparable (neither is contained in the other
one), as can be shown by the following two examples. One of them is the third
pair of dual measures in Table 15.3. This pair is a probability limiting pair, as it
represents bounds for a set of probability measures, one of which is defined by
the probability distribution p ({a}) = p ({b}) = 0.4, p ({c}) = 0.2. However, the
pair is not an additivity-coherent pair since . is not superaddtive and p* is not
subadditive. Hence, the pair is included in PRL, but not in ACO.

In the second example, adopted from [Lamata and Moral, 1989], X = {x;|i =
1,2,...,9} and the following eight subsets of X are employed in defining a dual
pair (p., 1) of ordered monotone measures via fu.:

Ay = {x1,x3,X6, X0}, A2 = {X1, X4, X7, X3 },
Az = {x1,x5,x7,x3}, As = {x2, X3, X7, xg},
As = {x2,x4,x6,x8}, Ag = {X1, X2, X6, X9},

A7 = {XQ,X57X6,X7},A3 = {X3,X4,X5,X9}.
Now, - is defined for all 4 € P(X) by the formula

1 when 4 = X
p«(A) = ¢ 0.5 when 4 #X when 4 D A; for some k € { 1,2,...,8}
0 otherwise

Then, (4., 1*) is clearly an additivity-coherent pair ofdualmeasures.However,

;
> 025y, +0.5x5 = 1
k=1

and

7
> 0250 (Ax) +0.50.(Ag) = 1.125 > 1,
k=1

which violates the implication in Theorem 15.1. Hence, the pair (., p*) is in
ACO, but not in PRL. It follows from the two examples that the classes ACO
and PRL are not comparable.

In order to guarantee that a dual pair (j,, p*) of ordered monotone measures
represents imprecise probabilities, it is essential to require that there exist a
nonempty set C of probability measures such that p, and p* are obtained from
C by Eq. (15.1). Dual pairs that satisfy this requirement are called “represen-
table,” and we denote the class of representable dual pairs by REP. Dual pairs
of ordered monotone measures that are representable are characterized by the
following theorem,
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Theorem 15.2. [Wolf, 1977] 4 dual pair of ordered monotone measures (ju, ;1) on
measurable space (X, P(X)), where X is a finite set, is representable iff it satisfies
the following property for all ACX : if x4 <> gy ap Xp—a, then
pw(A) <3 gy ap p*(B) — a, where ag and a are nonnegative real numbers.

It is interesting that the class REP of representable dual pairs is included in
the intersection ACO N PRL, but it is not equal to it. This is demonstrated by
the following example.

Example 15.3. [Huber, 1981]. Consider the dual pair (u., p*) of ordered mono-
tone measures given in Table 15.4. It is easy to verify that pu, is superadditive
and p* is subadditive. This means that the pair belongs to class ACO. It can also
be verified that there is a unique probability measure p such that
p«(A) < p(A4) < p.(A4). This probability measure is also shown in Table 15.4.
This means that the dual pair is also probability-limiting, and it is thus belongs
to class PRL. This means in turn that the considered dual pair belongs to
ACO N PRL. However, it is clearly not a representable pair.

It is well known that, in general, there are more than one closed and convex
sets of probability measures that induce the same representable dual pair (p.,
w*)via Eq. (15.1). The largest one of them is defined by Eq. (15.6), where clearly
Clus) = C(u").

The class REP of all dual pairs of representable measures provides us with
the broadest framework for dealing with imprecise probabilities. Some of its
subclasses are then bases for various special theories of imprecise probabilities.
The following subclasses are introduced and examined at various places in this
book:

Table 15.4 Example of a dual pair (., p*) of ordered monotone measures that is additivity-
coherent and probability-limiting, but it is not representable

A pe(A) p(4) w(A)
9 0.0 0.00 0.0
{a} 0.0 0.25 0.5
(b} 0.0 0.25 0.5
{c} 0.0 0.25 0.5
(d\ 0.0 0.25 0.5
{a, b} 0.5 0.50 0.5
{a, ¢} 0.5 0.50 0.5
{a, d} 0.5 0.50 0.5
(b, ¢} 0.5 0.50 0.5
(b, dy 0.5 0.50 0.5
{c, d} 0.5 0.50 0.5
{a, b, c} 0.5 0.75 1.0
{a, b, d} 0.5 0.75 1.0
{a, ¢, d} 0.5 0.75 1.0
(b, ¢, d) 0.5 0.75 1.0

X 1.0 1.00 1.0
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e Dual pairs consisting of Choquet capacities and alternating Choquet capa-
cities of order k, where k > 2 (Section 4.2). Among them, the most general are
those of order 2, and we denote this class by CH2. The least general of them
are those of order oo, where the dual pairs are belief and plausibility measures
of the Dempster—Shafer theory (Section 4.5); we denote this class by DST.

e A subclass of DST is the class of dual pairs consisting of necessity and
possibility measures (Section 4.6). The class of these dual pairs is the base
of the theory of graded possibilities, and we denote it by GPO.

e Another subclass of DST is the class of dual pairs of Sugeno A-measures
(Section 4.3), which we denote by LAM.

e A subclass of GPO is the class of dual pairs consisting of crisp necessity and
possibility measures, whose values are restricted to the set {0,1}. We denote
this class by CPO.

e A subclass of LAM is the class of dual pairs consisting of probability
measures (characterized by A = 0. Observe that these pairs are autodual in

[ACO | [ PRL |

THEORIES OF
IMPRECISE
PROBABILITIES

| | GPO | | LAM | |

lr=|l==—1T -] |
| | [eo]  [eRO}—— |

| | I |
| (DR ] I
Fig. 15.2 Inclusion ordering |

of classes of pairs of dual | | CLASSICAL UNCERTAINTY THEORIES, |

measures introduced in
Section 15.4 |
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the sense that p, = p*, which means that they do not capture any
imprecision. We denote this class by PRO.

e A subset of CPO as well as PRO is the class of autodual pairs of Dirac
measures (Section 3.2, Example 3.3), which we denote by DIR. Clearly, DIR
= CPO N PRO.

e Another important class of representable pairs of dual measures consists of
those that are determined by reachable intervals of probabilities on singletons
(introduced earlier in Section 15.3). We denote this class by REA. It is well
known that REA is a subset of CH2, but it is not comparable with the class DST.

The introduced classes of pairs of dual measures and their inclusion relationship
are summarized in Fig. 15.2. Also indicated in the figure are those of these
classes that represent the various theories of imprecise probabilities and those
that are considered as classical theories of uncertainty.

15.5 Utility of Some Special Theories of Imprecise Probabilities

In order to keep the size of this book reasonable, we decided to illustrate the
utility of imprecise probabilities by using examples formulated in two of the
well-developed theories of imprecise probabilities—Dempster-Shafer theory
and possibility theory—which seem at this time to be the most visible and
popular ones. The utility of other special theories of imprecise probabilities is
only surveyed in Note 15.5.

15.5.1 Dempster—Shafer Theory (DST)

As already mentioned in Note 4.5 and Section 15.3, DST is based on belief and
plausibility measures, which, in turn, are based on nonnegative Mdbius repre-
sentations. In the following, we describe several simple examples that illustrate
some typical situations in which the use of DST is fitting.

Example 15.4. Consider two variables, vy, ,, each of which has two possible
states, say 0 and 1. For convenience, let the joint states of the variables, (v}, 1),
be labeled by an index 7 in the following way: (0,0) — 0, (0,1) —1, (1,0) — 2,
(1,1) — 3. Assume now that we have a record of 1000 observations, but only
some of them contain values of both variables. Due to some measurement or
communication constraints (not essential for our discussion), some observa-
tions contain value of only one of the variables. Observing in this example the
value of only one variable may be interpreted in DST as observing a set of two
joint states. For example, observing that v; = 1 (and not knowing the state of
1) may be viewed as observing the subset {2, 3} of the four joint states.
Numbers of observations, n(A), of the eight relevant sets of states 4 (defined
by their characteristic functions) are given in section (a) of Table 15.5, which
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Table 15.5 Belief and plausibility measures derived from incomplete data (Example 15.4)
(a) (b)

n(A) m(A4) Bel(4) Pl(A4) | n(4) m(A) Bel(4) PIl(A)
212 0212 0373  0.839 5 0.005 0812 0.835
128  0.128 0.161  0.627 12 0.012 0.165 0.188
315 0315 0446  0.786 8 0.008 0.588  0.605
151 0.151 0.214 0.554 15 0.015 0.395 0.412
106  0.106 0.106  0.633 | 555 0.555 0.555  0.568
55 0.055 0.055 0418 |252 0252 0252 0.272
25 0.025 0.025 0.468 25 0.025 0.025 0.045
8 0.008 0.008 0287 | 128 0.128 0.128  0.155

i
A:

cCoo—~ 0o —~0~ o
cCo—~ o~ 0O~ —
S N = Y]
—o 00— O — 0O W

also contains values of the estimated basic assignment m based on frequency
interpretation, as well as the corresponding degrees of belief Bel and plausibility
P1. Belief and plausibility degrees can readily be calculated for any of the
eight remaining subsets of states. For example, Bel({1, 2, 3}) = 0.713 and
P1({1, 2, 3}) = 0.992.

Viewing values Bel(4) and P1(4) as lower and upper probabilities, we obtain
intervals [Bel(A4), P1(A4)] of estimated probabilities, p(4), of subsets A—for
example, p({1}) € [0.055,0.418] and p({0,2}) € [0.446,0.786].

Assume now that we have another record of 1000 observations of the same
two variables, which is given in section (b) of Table 15.5. This record contains
substantially more observations that are specific (i.e., they contain values of
both variables). As a consequence, the intervals [Bel(4), P1(A4)] of estimated
probabilities p(A4) are substantially smaller. For example, the value of p({1}) is
now in the interval [0.252, 0.272] and p({0,2}) € [0.588,0.605].

Thus far, we calculated values m(A4) as relative frequencies of observations.
These values describe the available data, and, consequently, the derived belief
and plausibility measures are descriptive. If, however, we want to use values
m(A) as predictive estimators of states yet to be observed, we have to admit that
we have no information regarding the future states. That is, we only know that
any future observation is contained in the universal set X, which consists of the
four states of the variables. If we want to estimate predictive belief and plausi-
bility measures regarding only the next state, we should augment the frequen-
cies given in Table 15.5 by the value n(X') = 1, which expresses our ignorance
regarding the next state. Then, m(X) = 0.000999 and the other values m(A) are
only slightly adjusted (the number of considered observations is now 1001).
Clearly, the adjustment in values m(A4) is very small and may be neglected for
practical purposes. This situation is different, however, when we want to predict
a large sequence of future states. For example, to predict the sequence of 1000
future observations (i.e., 2000 observations in total), m(X) = 0.5 and all values
m(A) in Table 15.5 must be divided by two. The resulting situation is shown in
Table 15.6.
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Table 15.6 Predictive belief and plausibility measures (Example 15.4)

(a) (b)

n(A)  m(A) Bel(4) Pl1(A) | n(A) m(A) Bel(4) PI1(A4)
212 0.1060 0.1865 0.9195 5 0.0025 0.4060 0.9175
128 0.0640 0.0805 0.8135 12 0.0060 0.0825 0.5940
315 0.1575 0.2230 0.8930 8 0.0040 0.2940 0.8025
151 0.0755 0.1070 0.7770 15 0.0075 0.1975 0.7060
106 0.0530 0.0530 0.8165 | 555 0.2775 0.2775 0.7840

55 0.0275 0.0275 0.7090 | 252 0.1260 0.1260 0.6360
25 0.0125 0.0125 0.7340 25 0.0125 0.0125 0.5225

8 0.0040 0.0040 0.6435 | 128 0.0640 0.0640 0.5775
1000 0.5000 1.0000 1.0000 | 1000 0.5000 1.0000 1.0000

—_ 0 OO = O = O = O
—_0 O = O = O O = =
—_—0 = O OO = = O N
_— O OO = O = O W

Example 15.5. Dong and Wong [1986] describe an example in which a group of
experts give their estimates of possible location of the epicenter of an earthquake.
Suppose that 15 estimates are given as shown in Fig. 15.3. Observe that these
estimates are both nonspecific and conflicting with each other. Using the evi-
dence on hand, what is the likelihood that the epicenter is inside any particular
area of interest (for example, a densely populated area 4 or B)? Each of the
estimates has a weight of evidence 1/15, provided that we consider all reports as
equally reliable and otherwise equivalent in their value. Then, degrees of belief
and plausibility can be readily calculated: Bel(4) = 2/15 = 0.13, P1(4) =
5/15 = 0.33; Bel(B) = 1/15 = 0.07, P1(B) = 3/15 = 0.2. Hence, we obtain
the following interval-valued estimates of probabilities p(4) and p(B) that the
epicenter is in area A or B, respectively: p(A4) € [0.13,0.33], p(B) € [0.07,0.2].

Example 15.6. Bogler [1987] describes how DST can be utilized in dealing with
the following multiple sensor target identification in which intelligent reports are
also employed as a source of information. It is assumed, based on an intelligent
report, that there 100 possible target types. Let X = {x;,x2,...,x100} denote

Fig. 15.3 Estimates of 15 experts regarding the location of the epicenter of an earthquake
(Example 15.5)
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the set of these target types. It is also known, from another intelligence report
that only targets of type x| entered the relevant tactical area, but the reporting
agent had access only to records pertaining to 40% of the targets entering the
tactical area. Thus, according to this evidence, e;, we have m;({x}) =
0.4 and m;(X) = 0.6. We have also evidence from sensors that only targets of
types xi,Xxz,...,x;; have been observed in the population of the incoming
targets. According to this evidence, e, we have my({x1,x2,...,x11}) = 1.
Now, we need to combine evidence from the two sources. The standard way of
combining evidence in Dempster—Shafer theory is expressed by the formula

>, mi(B)-m(C)

n’llz(A) _ BNC=4

l—c
for 4 # O, where

c= Z my(B) - my(C),

BNC=0

and m,(@) = 0. This formula is called a Dempster rule of combination. This rule
has been the subject of an ongoing debate in the literature. On the one hand, the
uniqueness of the rule can be proven under the usual axioms of Dempster—
Shafer theory and under the assumption that the two sources of information are
independent of each other (observations made by one source do not constrain
observations made by the other source) [Dubois and Prade, 1986]. On the other
hand, the requirement that m,(@) = 0, which leads to the normalization factor
1 — ¢, is considered unnecessarily restrictive and leading, in some cases, to
counterintuitive results. The latter position is, in fact, critical not only of the
Dempster rule, but also of one of the axioms of Dempster—Shafer theory, the
axiom that m(@) = 0. Allowing m,(&) > 0, the value m,(0) may be inter-
preted as evidence pointing to a hypothesis that is outside the universal set
under consideration. That is, when m(@) = 01is required, it is implicitly assumed
that all relevant hypotheses in a given context are included in the accepted
universal set (closed-world position); on the other hand, when m(9) > 0 is
allowed, it is recognized that our universal set may not be complete in a given
context (open-world position). When m (@) > 0 and we want to take the
closed-world position, the following alternative rule of combination is more
appropriate:

> m(B).my(C) when 4 #@ and 4 #X
BNC=A
ni» (A): ml(X)mz(X)—i— Z ml(B)mz(C) when 4 = X
BNC=0
0 when 4 = O

According to this alternative rule of combination, n1, is normalized by moving
the value ¢ to m»(X). This means that the conflict between the two sources of
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evidence is not hidden, but it is explicitly recognized as a contributor to our
ignorance. The alternative rule is thus better justified on epistemological
ground when ¢ > 0.

Combining m; and m, in our example by the Dempster rule results in
mp({x1}) = 0.4 and m({x1,x2,...,x11}) = 0.6. Since ¢ = 0 in this case, the
alternative rule gives the same result. From the two focal elements of m,, we
can calculate Bel;, and Pl for any subset of X and determine thus the lower
and upper probability that targets of the types in the subset have entered the
relevant tactical area.

Example 15.7. Let us discuss another example in the area of multiple sensor
target identification described by Bogler [1987]. Assume that the universal set X'
is again the set of 100 possible target types, but only two targets are involved in
this example, a fighter and a bomber, denoted by fand b, respectively. Evidence
comes in this case from two sensors. A short-range sensor provides a support of
0.6 that the target is a fighter, while the radar-warning receiver gives a support
of 0.95 that the detected target is a bomber. In this case, clearly, the two sources
provide us with conflicting evident and ¢ = 0.57. The outcome of the Dempster
ruleis: ma({f}) = 0.07, m2({b}) = 0.88, and m;2(X)=0.05. Due to the large
conflict between the two sources of evidence, the outcome of the alternative
combination rule is very different and considerably more reasonable:
mlz({f}) = 003, mlz({b}) = 0387 and mlz(X) =0.59.

Example 15.8. Consider two packs of bridge cards. Assume that we distinguish
the cards from each other only by their colors, red (r) and black (b). We know
that all cards in Pack 1 are red and we know nothing about the properties of red
and black cards in Pack 2. We also know that a card is drawn from Pack 1 with
probability 0.8 and from Pack 2 with probability 0.2. A natural way of for-
malizing this knowledge is to express it in terms of the basic probabilistic
assignment, m({r}) = 0.8 and m({r, b}) = 0.2, over the universal set X =
{r, b}. This results in Bel({r}) = 0.8, P1({r}) = 1, Bel({b}) = 0, and P1({b}) =
0.2. Hence, the estimated ranges of probabilities of drawing a red card or a
black card are, respectively, p(r) € [0.8, 1] and p(b) € [0, 0.2].

Observe that the information available in this case does not allow us to
estimate the probabilities more specifically than by these intervals. When
using probability theory, however, we would obtain fully specific estimates,
p(r) = 0.9 and p(b) = 0.1, which claim more than the given information
warrants.

Example 15.9. Let us modify a hydrological example proposed by Kong [1986].
Consider water permeation among three sites. We know that water can perme-
ate, unless the permeation is for some reason blocked, only from site 1 to sites 2
and 3, and from site 2 to site 3. No information is available about the locations
of water sources. They may be directly at some of the sites, but they may equally
well be at other places we are not aware of, from which water permeates to some
of the sites. We are primarily interested in whether the sites are dry or wet.
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Lets; = 0 ors; = 1 denote that site i (i = 1, 2, 3) is dry or wet, respectively,
and let py,, p13, po3 denote the probabilities that the water permeation between
the respective sites is not blocked. The eight states of variables sy, s,, 53, are
labeled by an index i as shown in Table 15.7a. Assume now that three indepen-
dent pieces of evidence are available, each of which provides us with the
estimate of one of the probabilities pi», p13, pr3. Basic assignments expressing
these pieces of evidence, which are given in Table 15.7b, are readily obtained.
For example, when water permeation from site 1 to site 2 is not blocked, then
water at site 1 implies water at site 2. This corresponds to the set of states {(0, 0),
0, 1), (1, )} x {0, 1}, and these, according to the evidence, are supported with
probability p;>. Hence, we have

ml2({(07070)a (0707 1)7 (07 170)7 (07 17 1)7 (la 170)7 (17 17 1)}) = P12
When the percolation is blocked, there is no known relationship between the
two sides and, hence, the probability 1 — p;, is allocated to the universal set

{0, 1}° ; that is,

Table 15.7 Hydrological application (Example 15.9)

(a)
S 5o 53 i
0 0 0 0
0 0 1 1
0 1 0 2
0 1 1 3
1 0 0 4
1 0 1 5
1 1 0 6
1 1 1 7
(b)
i= 0 1 2 3 4 5 6 7 mys mys my3
A: 1 1 1 1 0 0 1 1 D12 0 0
1 1 1 1 0 1 0 1 0 V48 0
1 1 0 1 1 1 0 1 0 0 P23
1 1 1 1 1 1 1 1 1-pi» 1-pi3 1- po3
()
i= 0 1 2 3 4 5 6 7| mpa mia3 Bel;»;
A: 1 I 0 1 0 0 0 1| papizps tpizps(l-—pi3) 0560  0.560
1 1 1 1 0 0 0 1| piapil—px3) 0.144  0.704
r 1 0 1 0 1 0 1] pizpas(l—pn) 0.084 0.0644
1 1 1 I 0 0 1 L | pia(l = pr3)(1 = pa3) 0.096  0.800
1 1 1 1 0 1T 0 1| piz(1—=p)d—px) 0.036  0.791
I 1 0 1 1 1 0 1] pal—=p)l—p3) 0.056  0.700
1 I 1 I 1 1 1 L[ (I =pp)d =pi3)(l —pa3) 0.024  1.000
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mip({0,1}) =1 - pp.

Basic assignments 11,3 and m1,3 are determined similarly.

Using now the Dempster rule of combination twice, we obtain the combined
body of evidence given in Table 15.7c in terms of all focal elements and
expressions specifying respective values of the combined basic assignment
mi»3. Also shown in the table are numerical values of m,3 for p;, = 0.8,
p13 = 0.6, and pr3 = 0.7, as well as values of the associated belief measure,
Bel»3, for the focal elements.

15.5.2 Possibility Theory

A theory based upon both possibility measures and necessity measures is
usually referred to as possibility theory. There are two dominant views about
possibility theory. According to one view, possibility theory is obtained by
restricting the Dempster—Shafer theory to bodies of evidence that are nested
[Shafer, 1987]. According to the other view, it is formulated in terms of fuzzy
sets [Zadeh, 1978].

Fuzzy sets and possibility measures are connected in the following way. Let F
be a normal fuzzy set defined on X and let v be a variable that takes values in X.
Then, the fuzzy proposition “v is F” induces a possibility profile function

Iy F: X — [Oa 1]
defined for all x € X by the equation
rv,F(x) = MF(X),

where 7, ;- (x) is viewed as the degree of possibility that the value of vis x. When
F is a subnormal fuzzy set with height /g, this equation must be replaced with
the equation

ryp(x) = pp(x) + 1 — hg,

as is shown in [Klir, 1999]. Possibility measure, =, s, based upon r, 5 is then
defined for each 4 € P(X) by the formula

7, £(A) = sup ry p(X).

xeA

Here, 7, 1 (A) is the (degree of) possibility that the value of v belongs to the crisp
set A. The corresponding necessity measure, v, s, is then obtained by the

equations v, p(4) = 1 — m, p(A4).
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The two views of possibility theory are formally equivalent. Focal subsets in
Dempster—Shafer theory correspond to distinct a-cuts of the associated fuzzy
set. For each element of a focal subset, the value o of the corresponding a-cut is
equal to the value of plausibility of that element. For a finite X the correspon-
dence between a possibility profile on X and the associated basic probability
assignment is introduced in the proof of Theorem 4.24.

The connection of possibility theory with fuzzy sets gives the former a very
broad applicability. In general, possibility theory is applicable to problem areas
in which the use of fuzzy sets is significant. These are particularly problem areas
in which the role of natural language is essential. The use of fuzzy sets to capture
vague concepts, for which natural languages are notorious, is of great
advantage.

It is beyond the scope of this book to cover the many applications of
possibility theory, which are surveyed in Note 15.5. Let us only illustrate the
utility of extensions of possibility measures investigated in Chapter 5. In parti-
cular, let us describe how extensions of possibility measures can be utilized for
constructing membership grade functions of fuzzy sets.

Example 15.10. The living region of elephants in a primeval forest may be
viewed as a fuzzy subset, denoted by E, of the whole primeval forest, which is
regarded as the universe of discourse and denoted by X.

Suppose we have received several reports, from which we can infer (for each
set A € C, where C is a relevant class of crisp subsets of X), the possibility 7(A4)
that some elephants live in set (area) 4. The sets in C may overlap with each
other arbitrarily. Using this information we want to estimate the membership
function ug of E.

Since the membership function of a fuzzy subset of X can be regarded as a
generalized possibility profile on X, we can use the extension theory of general-
ized possibility measures (Chapter 5) to estimate the membership function as
follows:

pe: X —[0,1]

x+— inf w(A4).
AlxedeC

This is the most optimistic estimate. When =« is P-consistent on C, we have

sup pg(x) = n(A) for all 4 € C.

xeAd

In general, if 7 is not P-consistent on C, then

sup pg(x) < m(A) for all 4 € C.

xeAd
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15.6 Information Fusion

Let X = {x,x2,...,x,} denote a set of information sources. Assume that in
each experiment (or observation) we obtain numerical information from each
source, x; denoted by f(x;), i=1,2,...,n. Function f is regarded as a real-
valued function defined on X. That is, /: X — (—o00, c0). If we want to make a
proper decision based on the information obtained by doing the experiment (or
observation) once, an aggregation tool is needed to fuse the obtained numerical
information from » information sources to a single real number. The aggrega-
tion tool is essentially a projection from the n-dimensional Euclidean space onto
the one-dimensional Euclidean space. The most common and elementary
aggregation tool is the weighted average. That is, the aggregation is expressed by

y= zn:wi fxi) (15.11)
=1

where w; > 0,i=1,2,...,n,and > w; = 1 . If weights w; are allowed to take
i=1 n
negative values and the restriction > w; =1 is deleted, y obtained by
i=1
Eq. (15.11) is called a weighted sum. The weighted average (or the weighted
sum) can be regarded as the Lebesgue integral of function f with respect to a
classical additive measure p on P(X) determined by wu(x;) =w; for all
i=1,2,...,n,thatis

y= deu-

To use weighted average (or the weighted sum) for information fusion, a
basic assumption is needed: there is no interaction among the contribution rates
from various attributes towards the fusion result with the effect that the joint
contribution from any set of attributes towards the fusion result is just the
simple sum of the contributions from each individual attribute in this set. Such
kind of interaction is totally different from the statistical correlation that
describes the relation among the appearing values of function f at various
attributes.

However, in most real-world problems, the above-mentioned interaction
cannot be ignored. Direct tools for describing the interaction are monotone
measures (or, in some cases, general measures, or signed general measures). In
Example 11.3, set function p is a monotone measure representing the individual
and joint efficiencies of three workers. It is not additive. The nonadditivity of p
describes the interaction among the contribution rates of these three workers
towards the total amount of manufactured toys. As is discussed in previous
chapters, the linear Lebesgue integral fails when a nonadditive monotone
measure is used. In this case, a nonlinear integral with respect to a monotone
measure (or a signed general measure) should be applied as an aggregation tool
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in information fusion. Example 11.3 is, in fact, an example of the Choquet
integral used for information fusion. Of course, in various situations of infor-
mation fusion, different types of nonlinear integrals (with the linear Lebesgue
integral as a special example), such as the upper and the lower integral and the
Sugeno integral, can be chosen as the aggregation tool.

To illustrate the use of generalized measure theory in synthetic evaluation of
objects, let an object be given that we want to evaluate and let X = {xj,
X2, ..., X,} be the set of all quality factors regarding the objects of interest.
For convenience, let X be called a factor space of the object.

Assume now that our goal is to get a numerical synthetic evaluation of the
quality of the given object in terms of evaluations obtained for each individual
quality factor. A classical and common way to solve this problem is to use the
method of a weighted mean. This method is based on the assumption that the
effects (weighted evaluations) of individual quality factors are independent of
one another and, consequently, are additive. But, in most real problems these
effects are interactive, as illustrated by an example given later. In such cases, we
need a method that can describe the interaction involved. In the following we
show how monotone measures and Sugeno integrals can be used for this
purpose.

Assume that each subset E of the factor space X is associated with a real
number p(E) between 0 and 1 that indicates the importance of E. Such a real
number should be the maximum possible score that the object can gain relying
only on the quality factors in E. Obviously, the empty set @ (the set which does
not include any quality factor we are interested in) has the minimum importance
0, and the whole factor space X has the maximum importance 1. Moreover, if
each factor in a factor set E belongs to another factor set F, then E is at most as
important as F. Hence, the set function p must satisfy the following conditions:

(1) 1 (@) = 0and pu(X) = 1;
(2) If EC F C X, then u(E) = p(F).

Since the number of quality factors in which we are interested for the given
object is always finite (that is, X is a finite space), the continuity of p holds
naturally. Therefore, i is a normalized monotone measure on a measurable
space (X, P(X)). We call u an importance measure on X. This measure is
similar to the weights in the method of weighted mean. It is an aggregated
summary of experts’ opinions, which can be obtained by consultations or
questionnaires. That is, the importance measure is regarded as a universally
accepted criterion employed in the evaluation, which is given before the
evaluation begins.

Example 15.11. Consider the problem of evaluating a dish of Chinese cuisine.
Assume that the quality factors we consider are the taste, smell, and appearance
(including, e.g., the color, shape and general arrangement of the dish). We
denote these factors by 7, S, and A4, respectively; hence, X = {T, S, 4}. Assume
further that the following set function u is employed as an importance measure:
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u({T}) = 07, u({S}) = 0.1, u({A}) = 0,u({T, S}) = 0.9, u({T, A4}) = 0.8,
w({S,4}) = 0.3, u(X) =1, and (@) = 0. Observe that this importance mea-
sure, which is intuitively quite reasonable, is not additive. For instance,
({7, SY) # p{ 1Y) + n({S}) or u({S, 4}) # n{S}) + u({A}).

It is often convenient, especially when the number of quality factors is large,
to use some special kinds of monotone measures, such as possibility measures,
Sugeno measures, or belief measures, as the importance measures. The exten-
sion method of monotone measures can then be used to establish the impor-
tance measure involved.

Given a particular object to be evaluated, a factor space of the object, and an
importance measure, the object is evaluated by an adjudicator for each indivi-
dual quality factor xy, x5, ..., X,, and we obtain scores f(xi), f(x>), ..., f(x,).
Function fmay be regarded as a measurable function defined on (X, P(X)) such
that f(x;) € [0, 1] for each x; € X. Now, it is natural to use the Sugeno integral
(f f du) of the scores f(x;) with respect to the importance measure y to obtain a
synthetic evaluation of the quality of the given object. Let the quality evaluation
be denoted by g¢.

Example 15.12. Let us return to the problem of evaluating the Chinese cuisine.
The quality factors and importance measure are given in Example 15.11. An
expert is invited as an adjudicator to judge each quality factor of a particular
dish, and he scores the quality factors as follows: A7) = 0.9, f(S) = 0.6,
f{A4) = 0.8. The synthetic evaluation of the quality of this dish, ¢, is then
calculated as follows:

q= ffdu — 0.6 A u(Fo)] V [0.8 A pu(Fos)] V [0.9 A ju(Fo)]

=[0.6 A p(X)] vV [0.8 A u({T, 4})] V [0.9 A u({T})]
= 0.6V (0.8A0.8)V (0.9A0.7)
=08.

Consider now a different dish with f{T) = 1, f(S) = f{4A) = 0; then, we have

g=[1Ap({T}H]V0=pn{T})=07.

Considering two additional dishes, one with f{T) = f(S) = 1, f(4) = 0, and the
other with AT) = f(S) = f(4) = 1, we obtain, respectively,

q= [1 A /L({T, S})] V0= M({T7 S}) =09.
and

q=[1ApX)] = pX)=1
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These results confirm the requirement (stated earlier in this section) that u(F)
should be the maximum possible score that the object can gain relying only on
the quality factors in F.

An evaluation undertaken by a single adjudicator is always influenced by his
or her subjectivity. We can imagine, however, that each quality factor x; of a
given object has also its inherent quality index g(x;) € [0,1],7i = 1,2,...,n. That
is, we assume the existence of an objective evaluation function g: X — [0, 1]. The
most ideal evaluation g for the quality of the object is the Sugeno integral
qo = g dp of this function g with respect to the importance measure 4, which
we call the objective synthetic evaluation. Since the scores produced by each
individual adjudicator are not fully consistent and involve some randomness
(even if the same adjudicator judges the same quality factor of the same object at
two different times, the scores are likely to be different), the score f{(x;) is often
not exactly equal to g(x;) and, consequently, the subjective evaluation ¢ deviates
from the objective evaluation ¢.

To reduce the influence of subjective biases of the individual adjudicators
and get a more reasonable evaluation, we can use an arithmetic average of
scores given by a number of adjudicators. Assume we invite several adjudicators
(say, m adjudicators) to judge all quality factors (say, n factors) in X, and they
give independently (without any discussion) scores f(x;), j = 1, 2,..., m, for
each quality factor x;, i = 1,2, ..., n. We can imagine that, for some fixed 7, all
scores for I; given independently by an infinite number of adjudicators form a
general population G; with a mathematical expectation g(x;). Then, {fi(x,),
(X)), .., fu(x;))} may be viewed as a simple random sample of this general
population G; . fi(x,), fo(x;}, ..., fi(x;) are independent random variables with
the same distribution (and, therefore, the same mathematical expectation g(x;)).
By Kolmogorov’s strong law of large numbers (see Halmos [1950]), we have

. 1 m )
llr’r}l%; Ji (xi) = g(x:)
with probability 1 for each i = 1,2, ..., n. Since the number n of quality factors
is finite, we have
m

.1 .
llnrlnEj:Z1 fi (x)=g(x) foralli=1,2,...,n

with probability 1. Noting that the importance measure is finite, and using
Theorem 9.7, we get

) 1 m i
llngrl][%z fi du = fgdu =0
J=1
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with probability 1. This implies

][ Zﬁdﬂ—’fm

in probability. This means, in general, that the synthetic evaluation given by

Qm—} Zf;du

is always very close to the objective synthetic evaluation ¢y provided that m is
large enough. The greater the number of attending adjudicators, the closer to ¢
is the evaluation ¢,,. Let ¢, be called an approximate objective synthetic evalua-
tion of the given object.

Example 15.13. Consider the same object, quality factors, and importance
measure as in Example 15.11. Assume that four experts, labeled as 1, 2, 3, 4,
were invited as adjudicators to judge the factors 7, S, and A. Their scores are
given in Table 15.8.

First, we calculate the average of scores for each factor:

ZZ =080 ifi=2
= 0.70 if i =3.

Then, we have

1 4
e } Z; f; du=0.75.

This approximate objective synthetic evaluation, ¢,, = 0.75, is more reasonable
than that obtained in Example 15.12.

Let us discuss now in more detail the motivation for using monotone
measures in synthetic evaluations. Let X = {xj,x2,...x,} denote again the
factor space of an object that we want to evaluate. The method of weighted

Table 15.8 Scores given by four experts in Example 15.13

l
1(T) 2(S) 3(4)
1 0.9 0.6 0.8
2 0.7 0.8 0.8
/ 3 0.8 0.9 0.6
4 0.6 0.9 0.6
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mean requires that the weights corresponding to the individual factors be given
before the evaluation is made. Let wy,ws,...,w,, where 0 < w; < 1,
i=1,2,...,n,and wy +wy + ...+ w, = 1, denote the weights. For any set of
scores {f(x;) | i=1,2,...n} given by an adjudicator, the method of weighted
mean yields the evaluation

n
qw = Z Wi f(x,)
i=1

As illustrated by the following example, this method is not always
reasonable.

Example 15.14. We intend to evaluate three TV sets. For the sake of simplicity,
we consider only two quality factors: “picture” and “sound.” These are denoted
by x; and x,, respectively, and the corresponding weights are w; = 0.7 and w, =
0.3. Now, an adjudicator gives the following scores for each factor and each
TV set:

TV Set No. x1 (picture) X (sound)
1 1 0

2 0 1

3 0.45 0.45

Using the method of weighted mean, we get these synthetic evaluations of the
three TV sets:

gw1 =W X L +wy x0=0.7,
gwa =w; X04+wy x1=0.3,
gws = wy X 0.45 + wy x 0.45 = 0.45.

According to these results, the first TV set is the best. Such a result is hardly
acceptable since it does not agree with our intuition: A TV set without any
sound is not practical at all, even though it has an excellent picture. It is
significant to realize that the cause of this counterintuitive result is not an
improper choice of the weights. For example, if we chose w; = 0.4 and w, =
0.6, we would have obtained ¢,,; = 0.4, ¢,,» = 0.6, and ¢,,3 = 0.45. Now, the
second TV set is identified as the best one, which is also counterintuitive: A TV
set with good sound but no picture is not a real TV set, but just a radio. We may
conclude that, according to our intuition, the third TV set should be identified
as the best one: among the three TV sets, only the third one is really practical,
even though neither picture nor sound are perfect. Unfortunately, when using
the method of weighted mean, no choice of the weights would lead to this
expected result under the given scores.
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The crux of this problem is that the method of weighted mean is based on an
implicit assumption that the factors xj, x,..., x, are “independent” of one
another. That is, their effects are viewed as additive. This, however, is not
justifiable in this example, where the importance of the combination of picture
and sound is much higher than the sum of importances associated with picture
and sound alone. If we adopt a nonadditive set function (a monotone measure)
to characterize the importances of the two factors and, relevantly, use the
Sugeno integral as a synthetic evaluator of the quality of the three TV sets, a
satisfactory result may be obtained. For instance, given the importance measure
w({xy) = 0.3, u({x2}) = 0.1, w(X) = 1, and (D) = 0, and using the Sugeno
integral, we obtain the following synthetic evaluations:

g1 =~ fidp=(1A03)V(0A1) =03,

¢ =+ fadu=(1A0.1) Vv (0OAT)=0.1,

g3 =+ fadu =045 N1 = 0.45;

here, 11, f>, and f; characterize the scores given for the three TV sets: fi(x;) = 1,
fi(x2) = 0, fo(x2) = 0, fo(xp) = 1, and f3(x;) = f3(x») = 0.45. Hence, we get a
reasonable conclusion—"“the third TV set is the best”—which agrees with our
intuition.

When using the same monotone measure but employing the Choquet inte-
gral instead of the Sugeno integral, we obtain

g = (C) | fidp = | w(F)dm =1x0+0.3 x 1 =0.3,
g = (C) | fadp = | W(FP)dm =1 x0+0.1 x 1 =0.1,

g3 = (C) | fadp = | w(F,)dm =1 x 0.45 + 0 x 0.55 = 0.45,

where

{X ifa =0
{xi} f0<a<l,
X

o _{ ifa =0

“ {x} if0<ac<l,

F(3):{X if0 < a <045
g if0 .45 < o<l
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Consequently, the result is again satisfactory: The third TV set is the best.

When using the pan-integral to evaluate the quality of the three TV sets, and
choosing the common addition and multiplication as operations in the pan-
integral, a similar result is obtained. Hence, the crux in this example is to choose
a proper monotone importance measure.

15.7 Multiregression

Given a database involving some attributes, we often want to know how a
specified objective attribute depends on other attributes. This is one of the most
common problems in data mining, a problem usually referred to as multiregres-
sion. A traditional model of multiregression is the linear multiregression that
has the form

y=aix| +axy + ...+ ayx, + N(ao,o2),

where y is the objective attribute (dependent variable), x;,x3,...,X, are n
feature attributes (independent variables), and N(ap, 0 ?) is a normally distrib-
uted random variable with mean ¢ and variance o 2. This linear model can be
viewed as the Lebesgue integral

y = [£du-+ N, )

where the integrand f represents the observations of feature attributes
X1,X2, ..., Xy, and p is an additive signed measure determined by u({x;}) = a;,
i=1,2,...,n. Using this linear model makes sense under the assumption that
there is no interaction among feature attributes towards the objective attribute
such that the global contribution from feature attributes towards the objective
attribute is just the simple sum of their individual contributions. However, the
interaction cannot be ignored in many real-world problems, ones in which the
linear model fails, as seen in the last section. Some nonlinear transformations,
such as quadratic functions and splines, have been tried to deal with such
problems, but their efficiency is limited. A proper idea for improving the
classical linear model is to adopt the signed general measure to describe the
above-mentioned interaction, as has been done for information fusion. Of
course, in this case, the Lebesgue integral fails and then a nonlinear integral
with respect to the signed general measure should be used as an appropriate
aggregation tool. An initial nonlinear multiregression model may have the
following form:

y:c+wﬂﬂm+N®fx
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where ¢ is a constant, (C) [ fdu is the Choquet integral of function f with respect
to signed general measure i, and N(0, o?) is a normally distributed random
perturbation with mean 0 and variance o2 . In this model, constant ¢ as well as
the values of 1 are regression coefficients. This nonlinear multiregression problem
is just a generalization of the method for constructing signed general measures
based on data, which is discussed in Section 13.5. Once the data set

X1 X2 ... Xy, y
i Sz Sin V1
le S Son V2
I Jio--. Jin i

is available, the regression coefficients can be determined by minimizing the
squared error

[ .
=Yl (©)] 1 auP

where function f; is the j-th observation of attributes xj,xs,...,x,, ie.,
filxi)=fi,i=1,2,...,n,forj=1,2,... 1 The algebraic least square method
can be used for solving this minimization problem since the Choquet integral
can be expressed as a linear function of unknown regression coefficients. Such
amodel is nonlinear with respect to the observation f'since the Choquet integral
is nonlinear. It is a real generalization of classical linear multiregression and
can be regarded as the inverse problem of information fusion discussed in
Section 15.6.

To deal with the data with some categorical attributes, a numericalization
method is developed by using another relevant genetic algorithm. In this method,
based on the given data the algorithm searches the optimal value for each state of
all categorical attributes. Furthermore, an n-dimensional vector of weights,
w= (w1, wa,...,w,), is added on the observations f to balance the various
scales of the feature attributes. Thus, the multiregression model becomes

y=c+ (C)wadu + N(0,0%)
and we should minimize
&=y~ (O wf

to get the optimal estimation for the regression coefficients. In such a model the
unknown parameters (including w) are not in a linear form so that using only
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the least square method is not sufficient to obtain the optimal estimation for the
unknown regression coefficients. In this case, we use a hybrid optimization
method where the weights are determined through a genetic algorithm and the
other regression coefficients are still determined via the least square method. To
improve the multiregression model again, finally, an n-dimensional vector
a=(aj,ay,...,a,)isintroduced and then w is replaced by n-dimensional vector
b = (by,bs,...,b,) in the model. Then it becomes

y=c+t <c>] (a -+ bf) dji+ N(0,02),

where a represents the phase of an attribute when it interacts with the others.
Vectors a and b should satisfy the following constraints:

a;>0fori=1,2,... n with min ¢; = 0;
1<i<n

—1<bh<Ilfori=1,2,...,n,withmax|bh;| = I.
1<i<n

In the final model, constant ¢, vectors a and b, and the values of p are regression
coefficients. Once the above-mentioned data are available, these regression
coefficients can be determined by minimizing the squared error

I
=3 [y-c- (C)J(a + bfj) .

J=1

The genetic algorithm is a global search method. Its advantage is that it ignores
any local extremum of the objective function in the optimization problem since
there is no risk of falling into a local extremum in the search process. However,
the genetic algorithm is time-consuming and has a risk of being premature. To
speed the running of the algorithm, some strategies, such as diversity and self-
adaptivity, can be adopted in the algorithm.

While the Choquet integral has been found useful in dealing with the pro-
blem of multiregression, it is not the only one that is applicable in this problem
area. For example, the upper and the lower integrals, or even the integrals
described by rule r shown in Section 8.4, can be also used to form a nonlinear
multiregression model.

15.8 Classification

Recall that in multiregression, as discussed in Section 15.7, some feature attri-
butes are allowed to be categorical. In this section, we consider the case that the
objective attribute is categorical. Thus, we deal here with the problem of
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classification, which, in turn, is essentially a pattern recognition problem. It is
one of the common problems in data mining.
Let a data set

X X2 ... Xn Y

i Siz oo Sin n

le S Son V2

Jn fn... Jin Vi
be available, where x|, x», ..., X, are feature attributes and y is the classifying
attribute. The range of feature attributes xj, x,,..., X, is called the feature

space. It is a subset of n-dimensional Euclidean space. Unlike in the multi-
regression problem, y is now categorical and has only a finite number of
possible states. Usually, attribute y has only a few possible states, denoted by
Sty $2y..., Sk.Set S = {s1, $2,..., 8¢} iscalled the state set of attribute y. Each
row f1, fp. - .., fin in the data set is the feature of the j-th sample and y; is the
corresponding state that indicates a specified class. The aim of a classification
problem is to find a classification model that divides the feature space into k
disjoint pieces, each of which corresponds to a class based on the given data set,
so that we may determine the corresponding class to which any new sample
belongs by using the model. The classification model is usually called a classi-
fier. Since any classification problem can be decomposed as k — 1 classification
problems, each of which has only two possible states for classifying attribute y,
we only consider 2-class classification problems in this section.

The simplest classification model is linear, that is, the two pieces of the
feature space corresponding to two classes is divided by an (n — 1) -dimensional
hyper-plane that can be expressed by a linear equation of n variable x1, x», . . .,
X!

arxy + arxy + - - -+ apxy, = ¢,

where a;, i =1,2,...,n, and ¢ are unknown parameters that we want to deter-
mine based on the given data. This (n — 1) -dimensional hyperplane is called the
classifying boundary. Essentially, a linear classification model is just a linear
projection y = a;x; + axx; + - - - + a,x, from the n-dimensional feature space
onto a one-dimensional real line, on which a point c is selected as the critical
value for optimally separating the projections of the samples in two classes in
the data set. Point ¢ corresponds the classifying boundary. In fact, the projection
of the classifying boundary onto that one-dimensional real line is just the critical
point ¢. In most linear models the criterion of the optimization is to minimize
the misclassification rate when some (all or a part of ) samples in the data set are
used as the training set. Sometimes, the optimization criterion can also be
formed by a certain function of the distance from sample points to the boundary
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in the feature space. The values of the parameters a;, i = 1,2,...,n, and ¢ of the
optimal classifying boundary can be calculated via an algebraic method pre-
cisely or be found via a numerical method approximately.

Similar to the multiregression problems, to use the above-mentioned linear
classification model we need a basic assumption that the interaction among the
feature attributes towards the classification can be ignored. However, in many
real-world classification problems, the samples in the data are not linearly
separable, that is, the optimal classifying boundary is not approximately linear,
since the above-mentioned interaction cannot be ignored. In this case, similar to
the multiregression, we should adopt a nonlinear integral, such as the Choquet
integral with respect to a signed general measure pu, to express the classifying
boundary, that is, the classifying boundary is identified by equation

(©)f @+ br) du =

where a, b, and f have the same meaning as in Section 15.7. The nonadditivity of
signed general measure . describes the interaction among the contribution rate
from feature attributes towards the classification. Thus, when the Choquet
integral is used, the classifying boundary is not an (n — 1)-dimensional hyper-
plane generally, but an (n —1)-dimensional broken hyperplane. The parameters,
a, b, and ¢, as well as signed general measure p, can be optimally determined by
the training samples in the given data set via a soft computing technique such as
the genetic algorithm, approximately. Such a nonlinear classification model is a
real generalization of the classical linear classification model.

After determining the parameters, a, b, ¢, and u based on the training data, if
a new individual f is obtained, we only need to calculate the value of
»(f) = (C) [(a+ bf)du . Then, we can classify f into one of the two classes
according to whether y(f) > c.

15.9 Other Applications: An Overview

In this section, we briefly introduce some additional areas within which appli-
cations of generalized measure theory have been described in the literature. To
cover these applications in detail would require that relevant knowledge regard-
ing each application domain be introduced. However, such extensive coverage
is beyond the scope of this book. Therefore, the use of generalized measure
theory in each area is described in this section only in general, easy to under-
stand terms. For readers interested in full coverage, each area is associated with
a particular Note in which relevant literature is surveyed.

Let us begin with the area of decision-making, which is perhaps one of the
most visible application areas of generalized measure theory. Although numer-
ous applications of generalized measure theory has been recognized within this
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very large area, it seems useful to classify them into the following two broad
categories:

1.

Applications of the various types of imprecise probabilities to capture
uncertainty regarding the states of the world. It was traditionally assumed
that this uncertainty could be captured by a single probability measure, but it
has increasingly been recognized this assumption is not realistic in the
context of many decision-making problems, especially those emerging in
recent years.

. Applications of nonadditive measures to capture the importance of various

subsets of given criteria in multicriteria decision-making, the importance of
various coalitions in multiperson decision-making or, more generally, the
importance of coalitions within the framework of cooperative game theory.
The rather extensive literature in this area is surveyed in Note 15.7.

To our knowledge, there are several other areas in which nonadditive mea-

sures and nonlinear integrals have been found useful. They include economics,
image processing and computer vision, and pattern recognition. Some refer-
ences pertaining to these areas are given in Note 15.8.

Notes

15.1. The significance of classical measure theory to formalizing the concept of

probability, which was established by Kolmogorov [1950], is well known
(see also Note 1.6). There are many books that cover the connection of
classical measure theory and probability theory. A few excellent repre-
sentatives are the books by Billingsley [1986], Halmos [1950], Kingman
and Taylor [1966], Parthasarathy [2005], and Pollard [2002]. Good over-
views of the use of classical measure theory in classical as well as fractal
geometries are the book by Morgan [1988] and Chapters 24 and 25 in Pap
[2002a]. Literature on the role of classical measures in ergodic theory
(a theory dealing with problems regarding long-term behaviors of
dynamic systems that are formalized in terms of measure-preserving
transformations on measure spaces of systems states) is fairly extensive.
A few representative publications include Chapter 29 in Pap [2002a] and
books by Aaronson [1997], Billingsley [1965], Halmos [1956], Petersen
[1983], and Walters [1982]. The role of classical measure theory in eco-
nomics and other social sciences is thoroughly discussed in the book by
Faden [1977]. Among other application areas of classical measure theory
are harmonic analysis [Pitt, 1985], potential theory [Helms, 1963; Du
Plessis, 1970; Dellacherie and Meyer, 1978], and calculus of variations
(Chapter 24 in [Pap, 2002a]).

15.2. Generalized information theory (GIT) emerged in the late 1980)s and was

formally proposed as a long-term research program by Klir [1991]. The
basic tenet of GIT, that the concept of uncertainty is broader than the
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concept of probability, has been debated in the literature since the late
1980s. An overview of the various published debates can be found in Klir
[2001]. As a result of these debates, as well as convincing advances in
GIT, limitations of classical probability theory to deal with uncertainty
and uncertainty-based information have increasingly been recognized.
A comprehensive coverage of results obtained by research within GIT
prior to 2006 is the subject of a recent book [Klir, 2006].

The first thorough investigation of imprecise probabilities was carried out
by Dempster [1967a,b]. Although his papers stimulated interest in impre-
cise probabilities, as manifested by the literature at that time, most early
publications (in the 1970s and 1980s) in this area were oriented to special
types of imprecise probabilities. Some notable exceptions were papers by
Walley and Fine [1979] and Kyburg [1987]. Since the early 1990s, coin-
ciding with the emergence of GIT, a greater emphasis can be observed in
the literature on studying imprecise probabilities within broader frame-
works. It is likely that this trend was influenced by the publication of an
important book by Walley [1991]. Employing simple, but very funda-
mental, principles of avoiding sure loss, coherence, and natural extension,
Walley presented in this book a highly general theory of imprecise prob-
abilities and discussed successfully its importance from philosophical,
mathematical, and practical points of view. Short versions of the material
covered in this rather large book (706 pages) and some additional ideas
are presented in [Walley, 1996, 2000]. Viewing imprecise probabilities
from the standpoint of general lower and upper probability functions
and the associated convex sets of probability measures, as is only briefly
outlined in Section 15.3, shows the crucial role of generalized measure
theory in formalizing imprecise probabilities. Further details, which are
beyond the scope of this book, can be found in [Klir, 2006] as well as in the
principal papers that contributed to the development of this broad view,
including papers by Chateauneuf and Jaffray [1989], De Campos and
Bolanos [1989], De Campos and Huete [1993], De Campos et al.
[1990a,b], Grabisch [1997 a—], Lamata and Moral [1989], and Miranda
et al. [2003].

The classification of dual pairs of measures, which is summarized in Fig.
15.1, was inspired by [Lamata and Moral, 1989]. We do not cover the
class of dual pairs of decomposable measures since this class is not
contained in the class of dual pairs of ordered monotone measures and,
therefore, it does not qualify, as a whole, for a theory of imprecise
probabilities. While some of its subclasses do qualify, this area is still
not sufficiently developed and it is beyond the scope of this book.
Among the various theories of imprecise probabilities, the most visible
ones in terms of applications have been the Dempster—Shafer theory
(DST), possibility theory, and the theory based on reachable probability
intervals (RPI). Some representative publications that describe applica-
tions of these theories are: [Kong, 1986; Strat, 1990; Inagaki, 1991;
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Caselton and Luo, 1992; Yager et al., 1994; Schubert, 1994; Kohlas and
Monney, 1995; Resconi et al., 1998; Bell et al. 1998; Tanaka and Klir,
1999; Kriegler and Held, 2005; Helton et al., 2006] for DST; [Yager, 1982;
Prade and Testemale, 1987; Tanaka and Hayashi, 1989; Wang and Li,
1990; De Cooman et al., 1995; Cai, 1996; Klir, 2002; Wolkenhauer, 1998;
Delmotte, 2007] for possibility theory; and [Weichselberger and
Pohlman, 1990; Weichselberger, 2000; Pan and Klir, 1997] for RPI.
Applications of monotone measures and nonlinear integrals in data
mining involving the problems of information fusion, multiregression,
and classification are overviewed in [Wang et al., 2005]. Some additional
references are: [Ishi and Sugeno, 1985], [Keller and Osborn, 1996], [Leung
and Wang, 1998], [Wang et al., 1999a,b], [Liginlal et al., 2006], and
[Nédther and Wailder, 2007] for information fusion; [Xu et al., 2000,
2001b] and [Wang, 2002, 2003] for multiregression; and [Grabisch and
Nicolas, 1994] and [Xu et al., 2001a, 2003] for classification.

Useful overview articles of applications of monotone measures in the area
of decision-making were written by Grabisch [1995b, 1997b]. These
applications are also covered well in [Grabisch et al., 1995]. A broad
framework for decision-making is cooperative game theory, in which
generalized measure theory plays a crucial role; the following are some
representative references: [Aubin, 1981], [Shapley, 1953, 1971], [Aumann
and Shapley, 1974], [Delbaen, 1974], [Owen, 1988], [Butnariu, 1985],
[Butnariu and Klement, 1993], and [Branzei, et al., 2005]. For decision-
making based on imprecise probabilities, see [Wolfenson and Fine, 1982],
[Walley, 1991], [Yager and Kreinovich, 1999], and [Troffaes, 2007].
Further information can be found in [Grabisch et al., 2000, Part 2].

The following are references to applications of generalized measure the-
ory in some other areas: [Billot, 1992] in economics; [Keller et al., 1986],
[Tahani and Keller, 1990], [Keller et al., 2000], and [Hocaoglu and Gader,
2003] in image processing and computer vision; [Keller et al., 1994],
[Grabisch, 1995a], [Gader et al., 1996], and [Stanley et al., 2001], in
pattern recognition; and [Tanaka and Sugeno, 1991] in subjective evalua-
tion of printed color images.

Exercises

15.1.

15.2.

Show that all pairs of lower and upper probabilities in Table 15.9 are
based on reachable interval-valued probability distributions. Show also
that ' 1 and 2/1* are 2-monotone.

For the lower probability functions defined in Fig. 15.1, ', and *u.,
determine the dual upper probability functions, 'i* and ?i*, and repeat
Example 15.2 for these dual measures.
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Table 15.9 Lower and upper probabilities in Exercise 15.1

4 (A) 'pr4) 'm(d) Cpd4) P4 Pm(4) Cp(4) Cpi(4) Cm(4)
(%] 0.0 0.0 0.0 0.00 0.00 0.00  0.00 0.00 0.00
{a} 0.0 0.5 0.0 0.00 0.50 0.00 0.00 0.50 0.00
{b} 0.0 0.5 0.0 0.00 0.50 0.00  0.00 0.50 0.00
{c} 0.0 0.5 0.0 0.25 0.50 0.25 0.25 0.75 0.25
{a,b} 0.5 1.0 0.5 0.50 0.75 0.50 0.25 0.75 0.25
{a,c} 0.5 1.0 0.5 0.50 1.00 0.25 0.50 1.00 0.25
{b,c} 0.5 1.0 0.5 0.50 1.00 0.25 0.50 1.00 0.25
X 1.0 1.0 -0.5 1.00 1.00 —0.25 1.00 1.00 0.00
15.3. Let X = {a, b,c, d}. Consider a convex set of probability distributions
on X,
C= {p = (p(a)vp(b)ap(c)vp(c))}v
that is represented by the convex hull of the following four extreme
points:
p1 = (0.25,0.25, 0.25, 0.25),
p> = (0,0,0.5,0.5),
ps = (0,0.5,0,0.5),
ps = (0,0,0,1).
Determine the lower and upper probability functions and the Mobius
function associated with C.

15.4. Convert the two lower probability functions defined in Fig. 15.1 to their
Mobius representations and determine whether the given functions are
Choquet capacities of order 2 or some higher order.

15.5.  Determine for the two lower probability functions defined in Table 15.3
whether they are Choquet capacities of order 2.

15.6. Determine values of the belief and plausibility measures, which are
defined only for some subsets of the universal set in Table 15.5, for all
the remaining subsets.

15.7. Is the lower probability function defined in Table 15.4a Choquet capa-
city of order 2? Is it a superadditive measure?

15.8. LetX = {a, b,c}. Consider the following probability intervals defined on
X:p(a) €[0.3,0.4], p(b) €[0.3, 0.5], and p(c) €[0.3, 0.5]. If these intervals
are not reachable, convert them to the corresponding reachable ones
and calculate values of the associated lower and upper probability
functions for all subsets of X.

15.9. What are some advantages and disadvantages of the uncertainty theory

based on reachable probability intervals when compared with
Dempster—Shafer theory?
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15.10. Show that the Dempster rule of combination is associative so that the
combined evidence does not depend on the order in which the sources
are used.

15.11. Show that the alternative rule of combination in Dempster—Shafer
theory is not associative so that the combined result depends on the
order in which the sources are used. Can the alternative rule be general-
ized to more than two sources to be independent of the order in which
the sources are used?

15.12. Repeat Example 15.9 by using the alternative rule of combination.

15.13. Repeat Example 15.14 for another TV set whose scores for x; and x, are
0.5 and 0.6, respectively.
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Glossary of Key Concepts
1-alternating measure. The same concept as monotone measure, but which is
subadditive.

1-monotone measure. The same concept as monotone measure, but which is
superadditive.

A-rule. A set function i : C — [0, oo] satisfies the A-rule iff there exists

|
e (- U0
AE( Supu’oo> {03,

where sup p = supgec p(E), such that w(EU F) = p(E) + p(F) + 4 - p(E) - p(F)
whenever E, F, EUF e C,and ENF = @.

o-algebra. A o-ring that contains X.

o-ring. A nonempty class F such that E—~ Fe Fforall E, Fe Fand |J2, E; € F
forall E;€eF,i=1,2,....

Absolute Continuity. Given a pair of continuous monotone measures on C, p
and v, p is said to be absolutely continuous with respect to v iff for any € > 0
there exists 6 > 0 such that u(F) — u(E)<e whenever E€c C, Fe C,ECF,
and v(F) — v(E) <é.

Additivity. A set function u : C — [0, oo], where C is a nonempty class of
X, is additive iff (£ U F) = p(E) + p(F) whenever E, F, EU F € C and E
NnF=0.

Al-class. A nonempty class C such that NC’ € Cimplies N"C' € C' forallC' C C.
Algebra. A nonempty class R such that EU F€ Rand E € R for all E, F € R.

Alternating Choquet capacities of order k. For each particular integer k > 2, a
monotone measure p on a measurable space (X, F) that satisfies the inequalities

343
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for all families of k sets in F.

Antisymmetric relation on E. A relation R C E x Esuch that aRb and bRa imply
a = b for each paira, b € E.

Atom. For any point x € X, the atom of C at x, A(x/C), is the set
N{E|x € E € C}.

AU-class. A nonempty class C such that | JC’ € C implies | JC' € C’ for all
ccc.
Autocontinuity. A set function u: F — [—oo, oc] is autocontinuous iff it is

autocontinuous from both above and below.

Autocontinuity from above (or from below). A set function p : F — [-00, o0,
where F denotes a o-algebra of sets in P(X), is autocontinuous from above (or
from below) iff lim,, wW(E U F,)) = p(E) [or lim,, w(E— F,)) = p(E)] whenever E, F,
€ F, lim, u(F,) = 0,and ENF,, = O (or F, C E, respectively),n = 1,2,....

Basic probability assignment. A set function m: P(X) — [0, 1] such that m(@) = 0
and ZEEP(X) Wl(E) = 1.

Belief measure. A set function Bel: P(X) — [0, 1] such that Bel(E) = Xz p m(F)
for each E € P(X), where m is a basic probability assignment.

Borel field. The o-algebra generated by the class of all bounded, left closed, and
right open intervals of the real line.

Choquet capacity of order k. For each particular integer k£ > 2 , a monotone
measure 4 on a measurable space (X, F) that satisfies the inequalities

k

p(J4) = > R () 4)

=1 KCN; jeK
K40

for all families of k sets in F.

Choquet integral. Given a measurable space (X, F), a monotone set function yu:
F — [0, co], a nonnegative finite measurable function fon (X, F) and 4 € F, the
Choquet integral of f with respect to p on 4 is defined by

(€) Lfdu = TM(A NF,)da,
0
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where the integral on the right side is the Riemann integral and

F, = {x|f(x) > a}, ael0,0).

Commutative isotonic semigroup. Given a binary operation & on R, = [0, oo],
the pair (R., @) is called a commutative isotonic semigroup iff @ is commu-
tative, associative, and such that a < bimpliesa & ¢ < b @ cforeveryc,a® 0 =
a, the existence of lim,, @, and lim,, b, implies the existence of lim,, (a, & b,), and

lim(a, ® b,) = lima, ® lim b,

Commutative isotonic semiring. Given two binary operations, @ and ®, on R, =
[0, 00], a triple (R, ®, ®) is called a commutative isotonic semiring iff @ has the
same meaning as in the commutative isotonic semigroup and ® is commutative,
associative, and distributive with respect to &, and such that a < b implies a ® ¢
<b®cforeveryc,a#0andb+#0iffa® b #0, there exists I € R, such that I ®
a = aforevery a € R, and the existence of a finite lim,, a, and a finite lim,, b,,
implies the equality

lim(a, ® b,) = lim a, ® lim b,.

Continuous monotone measure. A set function i : C — [0, oo] on space (X, C)
that satisfies the requirements of both lower and upper-semicontinuous mono-
tone measures (vanishing at @, monotonicity, and semicontinuity from both
below and above).

Decreasing sequence {E,}. A set sequence {E,,} for which E,, D E,, . foralln = 1,
2, ...

Dual monotone measure. Given a normalized monotone measure p on (X, C),
the dual monotone measure, v, is defined for all 4 € C by the equation

v(A) =1— u(4).
Equivalence class. Given an equivalence relation R C E x E and some x € E, the
set {y|xRy}.

Equivalence relation on E. A relation R C E x E that is reflexive, symmetric, and
transitive.

Fuzzy power set of X. The set of all fuzzy subsets of X.

General measure. A set function p: C — [0, 00] on (X, C) for which u(&) =0
when @ € C.

Generalized possibility measure. Maxitive measure on (X, C) such that there
exists £ € C for which p(E) < oc.

Hole. For any point x € X, the hole of C at x, H(x/C), is the set
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J{EIxeEe C},

where C = {E|E € C}.

Increasing sequence {E,}. A set sequence {F£,} for which E, C E,, for all
n=172...

Inferior limit of {E,}. The set of all points of X that belong to E, for all but a
finite number of values of n.

Inverse relation. Given a relation R C E x F, its inverse relation, R ', is the set
R!'= {(b,a)|(a,b) € R}.

k-alternating measure (k> 2). The same concept as alternating Choquet capa-
city of order k.

k-monotone measure (k>2). The same concept as Choquet capacity of order k.

Limit of {£,}. The set representing both superior and inferior limits of {E,},
provided that they are equal.

Lower-semicontinuous monotone measure. A function p : C — [0, co] on space
(X, ©) that satisfies the following three requirements:

1. (@) = 0when @ € C (vanishing at 9);
2. Forany E, Fe C, E C Fimplies u(E) < u(F) (monotonicity);

3. For every increasing sequence {E,}, |J)~, E, € C implies lim,u(E,) =
w(U,= Ey)) (continuity from below).

Macxitive measure. A set function p : C —[0, oo] on space (X, C) such that
w(U erE:) = sup,cpp(E,) for any subclass { E|t € T} of C whose union is in C,
where T is an arbitrary index set.

Measurable function. Given a measurable space (X, F), a real-valued function f":
X—(~00, o) such that f~!(B) = {x|f(x) € B € F} for any Borel set B € B.

Measurable partition. Given a measurable space (X, F), a partition {£;} of X
such that E; € F for every i.

Measurable space. The pair (X, F), where F is a o -ring (or o-algebra) on X. (Sets
in F are called measurable sets.)

Monotone class. A nonempty class M for which lim,, E,, € M for every mono-
tone sequence {E,} C M.

Monotone measure. A set function p: C — [0, 00] on (X, C) that satisfies the
following requirements:

l. u(®¥) =0when @ € C;
2. E€C,FeC,and E C Fimply pu(E) < u(F).
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Monotone measure space. A triple (X, F, 1), where 1 is a monotone measure on a
measurable space (X, F).

Monotone sequence {E,}. A sequence that is either increasing or decreasing.

Necessity measure. A set function v: P(X) — [0, 1] such that v(E) = 1 — n(E) for
each E € P(X), where n denotes a possibility measure.

Normalized monotone measure. A monotone measure on (X, C) for which X € C
and p(X) = 1.

Null-additivity. A set function p : F —[-00, o], where F denotes a o-algebra of

sets in P(X), is null-additive iff u(EU F) = u(E) whenever E, FEF, ENF = O,
and p(F) = 0.

Pan-addition. A binary operation & on R, = [0, oo] employed in a commutative
isotonic semigroup.

Pan-characteristic function. Given a pan-space (X, F, u, R, ®, ®)and EC X, a
function xz: X — {0, I} such that

I whenxeFE
0 otherwise,

XE(X) = {

where 7 is the unit element of the commutative isotonic semiring (R, , D, ®).

Pan-integral. Given a measurable space (X, F), a finite nonnegative measurable
function f defined on (X, F), and a set 4 € F, the pan-integral of f on A with
respect to a monotone measure p is defined by

sup @ [ar @ p(A N E)),

0<s<f. seQi=1
where Q denotes the set of all pan-simple measurable functions and
s(x) = & [ai ® x£(x)] € Q.

Pan-multiplication. A binary operation ® on R, = [0, 0o] employed in a com-
mutative isotonic semiring.

Pan-simple measurable function. Given a pan-space (X, F, i, R, @, ®), a
function s on X defined by

=

5(x) = l[ai ® X£ (%)),

~
Il

where ; € Ry, i = 1,2, ...,n,and {Ej|i = 1,2,...,n} is a measurable partition
of X.

Pan-space. The sixtuple (X, F, u, Ry, @, ®), where (X, F, u) is a monotone
measure space and (R, d, ®) is a commutative isotonic semiring.
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Partial ordering on E. A relation R C E x E that is reflexive, antisymmetric, and
transitive.

Partition of X. A disjoint class {E}, E»,. .., E,} of non-empty subsets of X such
that J_, E; = X.

Plausibility measure. A set function P1 : P(X) — [0, 1]such that P1(E) = > m(F)
for each E € P(X), where m is a basic probability assignment. FNE#D
Plump class. A nonempty class F, such that | J,E, € F, and (,E,; € F, for all
{E|t € T} C F,, where T'is an arbitrary index set.

Poset (partially ordered set). The pair (E, R), where Eis a set and R is a partial
ordering on E.

Possibility measure. A generalized possibility measure defined on P(X) that is
normalized.

Quasi-measure. A set function i : C — [0, co] for which there exists a 7-function
0 such that 0 o p is a classical (additive) measure on C.

Quasi-probability. A quasi-measure that is normalized.

Quotient of £ by R. The class of all equivalence classes of E induced by an
equivalence relation R.

Power set. The class of all subsets of X.

Reflexive relation on E. A relation R C E x E such that aRa for each a € E.
Relation from E to F. A subset of E x F.

Relation on E. A subset of E x E.

Ring. A nonempty class R such that EUF € Rand E— F € Rforall E, F € R.

S-compact space. A measurable space (X, C) such that for any sequence of sets
in C there exists some subsequence that has a limit and this limit belongs to C.

Semiring. A nonempty class S that satisfies the following two requirements:
1. Forall E, FES,ENFe€S;

2. For all E, F € S such that E C F, there exists a finite class {Cy, Cy,...,C,}
ofsetsinSsuchthat E=Cy Cc C; C...C C, = Fand C;— C,_; € Sforalli =
1,2, .., n.

Signed additive measure. An extended real-valued and countably additive set
function p on a measurable space (X, C) that assumes at most one of the values
+o00 and —oo , and for which p(9) = 0.

Signed general measure. An extended real-valued set function ;2 on a measurable
space (X, C) that assumes at most one of the values +o0o and —oo , and for which
1(9) = 0.
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Simple function. A function s : X — (—o0, 00) expressed in the form

m
E aiXA;?
i=1

where each ¢; is a real constant, 4; € F, and x4, is the characteristic function of
A;(i=1,2,..,m).

Space. The pair (X, C), where C is a nonempty class of subsets of X.

S-precompact space. A space (X, C) such that for any sequence of sets in C there
exists some subsequence that has a limit.

Subadditive measure. A set function i : C — [0, co] on space (X, C) such that
w(E) < u(Ey) + p(E>) whenever E, E|, E; € Cand E = E; U E».

Sugeno integral. Given a monotone measure space (X, F, u) with X € F, a
finite nonnegative measurable function f'defined on (X, F), and aset 4 € F,
the Sugeno integral of f on 4 with respect to yu is defined by supacpo, oo
[a A (4 N FL)l, where F, = {x|f(x) > a} and A denotes the minimum
operator.

Sugeno measure. A normalized A-measure defined on a o-algebra.

Superadditive measure. A set function u: C — [0, oo] on space (X, C) such that
/.L(E) > yi (El) + /,L(Ez) whenever E, Ela E2 S C, El n E2 = Q, and £ = El U Ez.

Superior limit of {E,}. The set of all points of X that belong to E,, for infinitely
many values of n.

Symmetric relation on E. A relation R C E x E such that aRb implies bRa for
each pair a, b € E.

T-function. A real function 6 : [0, a] — [0, oo] that is continuous, strictly
increasing, and such that § (0) = 0, 6 '({c0}) = @ when « is finite and
0! ({o0}) = {00} otherwise.

Transitive relation on E. A relation R C E x Esuch that aRb and bRc imply aRc
foranya, b, c € E.

Uniform autocontinuity. A set function p : F — [-o00, oc], where F is a o-algebra
of sets in P(X), is uniformly autocontinuous iff it is uniformly autocontinuous
from both above and below.

Uniform autocontinuity from above (or from below). A function p: F — [—o0, o0,
where F denotes a o-algebra of sets in P(X), is uniformly autocontinuous from
above (or from below) iff for any e > 0 there exists 6 = 6(¢) > 0 such that u(E) —
e<pu(EUF) < wE)+elor w(E)— < w(E—F) < pu (E) + €] whenever E, Fe F,
|n (F)| <éand ENF = @ (or F C E, respectively).
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Upper-semicontinuous monotone measure. A set function u: C — [0, oo] on space
(X, C) that satisfies the following three requirements:

1. u(@) = Owhen @ € C (vanishing at O);

2. Forany E, F € C, E C Fimplies u(E) < p (F) (monotonicity);

3. For every decreasing sequence {E,}C C such that u(E) < oo, (,—; E, € C
implies lim,u(E,) = pu(,~, Ex) (continuity from above).
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Glossary of Symbols

€0 Positive real numbers

Ag Identity relation on set £

0 T-function

6! The inverse function of ¢

m Set function

v Necessity measure (or general measure that is distinct from measure 1)
Possibility measure

7(x) Proposition concerning x

XE Characteristic function of £

Product

Summation

Empty set

Implication

Inverse implication

Logical equivalence

Partial ordering

To be absolutely continuous to

Identically equal

Mapping into

Mapping to

Pan-addition

Pan-multiplication

Logical “or” or maximum operator

Logical “and” or minimum operator

Universal quantifier “for all”

Existential quantifier “there exists at least one”

frdu Sugeno integral of f'on X with respect to

+, fdu Sugeno integral of f'on 4 with respect to p

(p) [ Sdn Pan-integral of f'on 4 with respect to p

(C) [, fdu  Choquet integral of f'on A with respect to 1

(L) [y fdp  Lower integral of f on A with respect to p

J

W<><®® T | IANG £ | QM3
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(continued)

(U) [, fdp Upper integral of fon A with respect to s

(W) [,fdp  Widened-lower integral of fon A with respect to 1
(W) [,fdn  Widened-upper integral of fon 4 with respect to p
Jc Union of sets in class C

nc Intersection of sets in class C

[a, b] Closed interval of real numbers from a to b
[a, b) Interval of real numbers closed at ¢ and open at b
(a, b] Interval of real numbers open at ¢ and closed at b
(a, b) Open interval of real numbers from a to b
a.e. Almost everywhere
I f Limit of an increasing sequence {f,} is f°
IaN\S Limit of a decreasing sequence {f,} is f
I i f {f.} converges to f'almost everywhere
n iy {f.} converges to falmost uniformly
I Ili f {f,} converges to f pseudo-almost everywhere
fa ey {f.} converges to f pseudo-almost uniformly
I ﬂf {f,} converges to f pseudo-in y (in measure)
n Lf {f} converges to fin u (in measure)
fog Composition of functions fand g
fgh Functions defined on X

g JA-measure

iff If and only if

inf Infimum

linm E, Limit of {E,}

@En Superior limit of {E,}

lim E, Inferior limit of {E,}

lim sup E, Superior limit of {E,}

lim:infE,, Inferior limit of {E,}

,g{{l Limit as 3 approaches to « from the left
;l_i‘l;lyl*_ Limit as 3 approaches to « from the right
m Basic probability assignment

my Membership function of fuzzy set 4

max Maximum

min Minimum

n! n factorial

(’:) Number of combinations of n things taken 7 at a time: (nf—:)'z‘
P Probability measure

p.a.e. Pseudo-almost everywhere

proj Projection of

s Pan-simple measurable function

sup Supremum

[x] The equivalence class containing x

{X, Yo} Set of elements x, y,. ..

{x|m(x)} Set determined by proposition n

xRy There is the relation R from x to y

xRy There is no relation R from x to y

xekE x is a member of set E

x¢ E x is not a member of set £
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(continued)
A(x/C) Atom of C at x
Bel Belief measure
E Complement of set £
|E| Number of elements in a finite set £
{E,} Sequence of sets: {E}, E», ...}
E,/ E Limit of a increasing sequence {E,} is E
EN\E Limit of a decreasing sequence {E,} is E
E,— E Limit of {E,} is E
EF,... Subsets of X
EUF Union of sets £ and F
ENF Intersection of sets £ and F
E-F Difference of sets Eand F: ENF
EAF Symmetric difference of sets £ and F: (E— F) U (F—E)
EXF Product of sets E and F
ECF Eis a subset of F
E=F Sets E and Fare equal (E C Fand F C E)
E/R The quotient of set £ by an equivalence relation R
F, The a-level set of f
F. 4 The strict a-level set of f
h Probability distribution function
H(x/C) Hole of C at x
Pl Plausibility measure
(P, <) Partially ordered set
R The interval (—oo, 00)
R The interval [-00, oc]
R The interval [0, oo)
R, The interval [0, oo]
R" n-dimensional Euclidean space
T Arbitrary index set
X Universe of discourse (universal set)
A[C] The class of all atoms of C
B Borel field
B Borel field on R"
C Class of subsets of X (a set of subsets of X)
E Measurable partition of X'
E, (1) The set of all generalized possibility measure extensions of p
E, (1) The set of all necessity measure extensions of
F o - ring
F Fuzzy o— algebra
F(C) o - ring generated by C
F, Plump class
F,(C) Plump class generated by C
G The class of all finite nonnegative measurable functions on (X, F)
H[C] The class of all holes of C
M Monotone class
M(C) Monotone class generated by C
P The set of all measurable partitions of X
P(X) Power set of X
P(X) Fuzzy power set of X'
Q The class of all pan-simple measurable functions
R Ring

R(C) Ring generated by C




354 Appendix B

(continued)
R, The class of all sets each of which is expressed by the limit of an increasing
sequence of sets in an algebra R
Rs The class of all sets each of which is expressed by the limit of a decreasing

sequence of sets in an algebra R
S Semiring
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