Chapter 7

Strong Convergence
Theorems

In this chapter, we prove convergence theorems for approximants of self-
mappings and non-self mappings in Banach spaces. We also study a Halpern’s
type iteration process for approximation of fixed points of nonexpansive
mappings in a Banach space with a uniformly Gateaux differentiable norm.

7.1 Convergence of approximants of
self-mappings

In this section, we study strong convergence of approximants of nonexpansive
and asymptotically nonexpansive type self-mappings in Banach spaces.

First, we establish a fundamental strong convergence theorem for nonexpan-
sive mappings in a Hilbert space.

Theorem 7.1.1 (Browder’s convergence theorem) — Let C' be a nonempty
closed conver bounded subset of a Hilbert space H. Let u be an element in C
and Gy : C — C, t € (0,1) the family of mappings defined by

Gix=(1—-tu+tTz, zeC.
Then the following hold:
(a) There is exactly one fized point x; of Gy, i.e.,

xp = (1 —t)u+tTx,. (7.1)

(b) The path {x:} converges strongly to Pu ast — 1, where P is the metric
projection mapping from C onto F(T).
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Proof. (a) Note for each t € (0, 1), G; is a contraction mapping of C' into itself.
Hence Gy has a unique fixed point z; in C.

(b) Because F'(T) is a nonempty closed convex subset of C, there exists an
element ug € F(T') that is the nearest point of u. By boundedness of {x}, there
exists a subsequence {z;, } of {z:} such that x;, — z € C. Write z;, = x,.
Because x,, — Tx, — 0, it follows that z = T'z. Indeed, for z # Tz

limsup ||z, — 2] < limsup ||z, — Tz||
n—oo n—oo
< hmsup(”xn - Tmn” + ||Txn - TZ”)
n—oo
< limsup ||z, — #||,

n—oo

a contradiction, because H has the Opial condition. Observe that

(I —tn)xn +tn(xy —Tay,) = (1 —ty)u
and

(1 — tn)UO —+ tn(UO — TUO) = (1 — tn)’u,o.
Subtracting and taking the inner product of the difference with x,, — ug, we get

(1 —tp){xp —wo,xpy —ug) +  tu(Uxy — Uug,x, — up)
= (1—t,){(u—up,z, — up),

where U = I — T. Because U = I — T is monotone, (Uz,, — Uug, 2, — ug) > 0,
it follows that

|2 — uol|® < (u — ug, 2, — ug) for all n € N.
Because ug € F(T') is the nearest point to u,
(u —ug, z — ug) <0,
which gives

l2n —uol* < {u—wug,xn —uo)
= (u—ug,xyp — 2) + {(u—ug, z — ug)
< (u—wug,z, — 2).
Thus, from z,, — z, we obtain x,, — ug as n — co. We show that x; — ug as
t — 1, i.e., ug is the only strong cluster point of {x;}. Suppose, for contradiction,
that {z; ,} is another subsequence of {x;} such that z; , — v # ug as n’ — oo.
Set x,/ := x,,. Because x,,, — Tz, — 0, it follows that v € F/(T). From (7.1),
we have
2y —Tay = (1 —t)(u—Taxy). (7.2)
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Because for y € F(T)

(x¢ = Tapwe —y) = (v —Ty+Ty—Tay,z —y)

l|lze — yH2 —(Txy — Ty, zy — y)
> 0,

this gives from (7.2) that (v — Tz, xy —y) > 0. Thus, (v —u,2¢ —y) < 0 for
all t € (0,1) and y € F(T). It follows that

(ug — u,up — vy <0 and (v —u,v —up) <0,

which imply that up = v, a contradiction. Therefore, {2;} converges strongly

to Pu, where P is metric projection mapping from C onto F(T).
We now prove strong convergence of path {z;} in a more general situation.

Proposition 7.1.2 Let C' be a nonempty subset of a Banach space X and T :
C — X a pseudocontractive mapping such that for some u € C, the equation

r=(1—-tu+tlTx (7.3)

has a unique solution z; in C for each t € (0,1). If F(T) # 0, there exists
Jjlxy —v) € J(xy —v) such that

(x —u,j(xy —0)) <0 for allve F(T) and t € (0,1).
Proof. From (7.3) we have
2y —Tay = (1 —t)(u—Txy) for all t € (0,1).
For y € F(T), there exists j(z; —y) € J(z: —y) such that

(@ =Ty, j(xe —y)) = (o —Ty+Ty—Tay, j(x —y))
e — y||* = (Tae — Ty, j(ze — y))
> 0,

which implies that
(u—Tay, j(z, —y)) = 0.

Tt follows from (7.3) that

(¢ —u,j(xy —y)) <0 forally e F(T) and t € (0,1). |

Theorem 7.1.3 Let X be a reflevive Banach space with a weakly continuous
duality mapping J : X — X*. Let C' be a nonempty closed subset of X and
T :C — X a demicontinuous pseudocontractive mapping such that for some
u € C, the equation defined by (7.3) has a unique solution xz; in C for each

€ (0,1). If the path {z:} is bounded, then it converges strongly to a fized point
of T ast — 1.
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Proof. Because {z;} is bounded, {T'z;} is bounded by (7.3) and
lwy — Tayll = (A —0)|lu— T < (1—t)diam({u — Tz }) — 0.

Because X is reflexive and {z;} is bounded, there exists a subsequence {z;, }
of {z;} such that z;, — v as t, — 1. Write x;, := x,. Because (t1 — 1)z, =
(t=' — 1)u+ Txy — 4, it follows that

<(t;1 - Dz, - (t;nl = Dy, J (20 — )
= (! =) (u, J (20 — 2m))
+<T-'L'n — Tz — (-Tn - xm)7 J(‘T’ﬂ - LL’m)>

< (ot =t u, J(en — x)) for all n,m € N.

n

Taking the limit as m — oo, we obtain
(7" = Dan, J(zn —0)) < (t71 = )(u, I (25 —0)),

and thus,
(X — uy J (20 — v)) < 0.

Hence
|20 — 0|2 = (2n — v, J(Tn — v)) = (T —u, J (2, — 0)) + {(u — v, J(2n, — V).

Therefore, x,, — v as n — oo. Because Tz, — v by z,, — Tz, — 0, it follows
from the demicontinuity of T that v € F(T).

We show that v is the only strong cluster point of {x;}. Suppose, for con-
tradiction, that {z; ,} is another subsequence of {x;} such that x; , — w (# v)
as t,y — 1. It can be easily seen that w = Tw. Thus, from Proposition 7.1.2,
we have

(w4, —u, J(xp —w)) <0 and (x; , —u,J(x;, —v)) <0
which imply that
(v —u,J(v—w)) <0 and (w—u,J(w—v)) <O0.
Hence
|u —w|* = (v —w,Jv—w))={w-—uJwv—w)+(u—wJv—uw) <0,
a Contradiition. Therefore, {z;} converges strongly to a fixed point of T as
t— 1.

Corollary 7.1.4 Let X be a reflezive Banach space with a weakly continuous
duality mapping J : X — X*. Let C' be a nonempty closed subset of X and
T : C — X a nonexpansive mapping such that for some u € C, the equation
(7.3) has a unique solution x¢ in C for each t € (0,1). If the path {x;} is
bounded, then it converges strongly to a fixed point of T ast — 1.
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Applying Theorem 7.1.3, we obtain

Theorem 7.1.5 Let X be a reflexive Banach space with a weakly continuous
duality mapping, C' a nonempty closed convex bounded subset of X, u an element
i C, and T : C — C a continuous pseudocontractive mapping. Then the
following hold:

(a) For each t € (0,1), there exists exactly one x, € C' such that

e = (1 = t)u + tTxy. (7.4)

(b) {xt} converges strongly to a fixed point of T ast — 1.
Proof. (a) For each t € (0,1), define G : C — C by

Gix=(1—-tu+tTz, z € C.

Then G, is well defined because u € C and T(C) C C. Because for each
€ (0,1), G, is strongly pseudocontractive, it follows from Corollary 5.7.15 that
G has exactly one fixed point z; € C.

(b) It follows from Theorem 7.1.3. 1
Corollary 7.1.6 Let X be a reflezive Banach space with a weakly continuous
duality mapping J : X — X*, C' a nonempty closed convexr bounded subset of

X, and T : C — C a continuous pseudocontractive mapping. Then F(T) is a
sunny nonexpansive retract of C'.

Proof. For each u € C, by Theorem 7.1.5, there is a unique path {z;} defined
by (7.4) such that }ur% x¢ = v € F(T). Then there exists a mapping P from C
onto F(T) defined by Pu = thn% Xy, as u is an arbitrary element of C.

Because
(g —u, J(xy —y)) < 0forally € F(T) and t € (0,1),
this implies that
(Pu—u,J(Pu—y)) <0forallueC,ye F(T).

Therefore, by Proposition 2.10.21, P is the sunny nonexpansive retraction from
C onto F(T).

Next, we study a strong convergence theorem for the following more general
class of mappings:

Definition 7.1.7 Let C' be a nonempty subset of a Banach space X and T :

C — C a mapping. Then T is said to be asymptotically pseudocontractive if for

eachn € N and x,y € C, there exist a sequence {ky} in [1,00) with lim k, =1
n—oo

and j(z —y) € J(x —y) such that (T"x — Ty, j(x —y)) < kallz — y||*.
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We note that every asymptotically nonexpansive mapping is asymptotically
pseudocontractive, but the converse is not true. In fact, if T is asymptotically
nonexpansive with domain Dom(T) and sequence {k,}, then for each n € N
and z,y € Dom/(T), there exists j(z — y) € J(x — y) such that

(T"z = T"y,j(z —y)) < IT"x = T"y|llz -yl < kallz — yI*.

Theorem 7.1.8 Let X be a reflexive Banach space with a weakly continuous
duality mapping J : X — X*. Let C' be a nonempty closed subset of X and
T :C — C a demicontinuous asymptotically pseudocontractive mapping with
sequence {k,}. Let u be an element in C and {t,} a sequence of nonnegative
numbers in (0,1) such that t, — 1 and nh_{réo(k" —1)/(1—=t,)=0. Let {z,} be

a bounded sequence in C with x, — Tx, — 0 such that
Ty = (1 —tn)u+t,T"x, for alln € N. (7.5)

If T — T is demiclosed at zero, then {x,} converges strongly to a fized point
of T.

Proof. From (7.5), we have
Tp =T "z, = (1 —t,)(u—T"z,) and t,(u — T"x,) = u — Ty
Thus, whenever y € F(T), we have

(I =tp)(u—T"xy, J(xp —y)) = (tn—T"xn, J(xn —y))
(Tn —y+y—T"zn, J(xn — y))
= ||‘Tn - sz - <Tn'rn - Tnya J(xn - y)>

2 _(kn - 1)”xn - y||2a
which yields
k,—1 9  kn—1
(@ = (= 1) < T o =l < (7.6)

for some K > 0.
Because X is reflexive, there exists a subsequence {x,,} of {z,} such that
Zpn, — v € C. Because I — T is demiclosed at zero, v = T'v. Hence

||In1 —’UH2 = <xnz -0, J(znz _U)>
= (@ —u, (20, —0)) + (u— 0, J(xn, —v))
=1
< ];Y“_—tK—F(u—v,J(a:ni—v)).

From J(z,, —v) =* 0 and (k,, — 1)/(1 — t,,) — 0, we get x,, — v.
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We now show that v is only strong cluster point of {z,}. Suppose, for
contradiction, that {z,,} is another subsequence of {z,} such that z,, —
w € C. Because x,, — Tx,, — 0, it follows that T'z,, — w. By demicon-
tinuity of T', we have that T'z,, — Tw. Hence Tw = w. From (7.6), we have

(v—u,J(v—w)) <0 and (w—u, J(w—wv)) <0,
which imply that
v —w|? = (v —w,J(u—w)) = {(v—uJwv—w)+ (u—wJv—w) <0,
a contradiction. Therefore, {z,} converges strongly to a fixed point of T. I

Corollary 7.1.9 Let X be a reflezive Banach space with a weakly continuous
duality mapping J : X — X*. Let C' be a nonempty closed subset of X and
T :C — C an asymptotically nonexpansive mapping with sequence {k,}. Let
u be an element in C and {t,} a sequence of real numbers in (0,1) such that
t, — 1 and nh_)rrgo(kn - 1)/(1—t,) =0. Let {x,} be a bounded sequence in C

with x, — Tz, — 0 such that x, = (1 —t,)u+t,T"x, for alln € N. Then {x,}
converges strongly to a fized point of T.

The following result is very useful for strong convergence of AFPS of self-
mappings as well as non-self mappings.

Theorem 7.1.10 Let X be a reflexive Banach space whose norm is uniformly
Gateaur differentiable, C' a nonempty closed convex subset of X, T : C' — X a
demicontinuous mapping with F(T) # 0, and A : C — C a continuous strongly
pseudocontractive mapping with constant k € [0,1). Let {a,} be a sequence in
R with lim a, =0 and {z,} a bounded sequence in C such that x, —Tx, — 0

n—oo
as n — 0o and

(T — Ay, J (2 — p)) < anllzn —pl||* for alln € N and p € F(T).  (7.7)

Suppose the set M = {x € C : LIM,||x, — z||*> = irelgLIMHxn —yl*} contains
y

a fixed point of T, where LIM is a Banach limit. Then {x,} converges strongly
to an element of M N F(T).

Proof. By Theorem 2.9.11, M is a nonempty closed convex and bounded set.
By assumption, T has a fixed point in M. Denote such a fixed point by wv.
It follows from Corollary 2.9.13 that

LIM,(z,J(zn, —v)) <0 for all z € C.
In particular,

LIM,{Av — v, J(z, —v)) <0. (7.8)
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From (7.7), we obtain
LIM,(x, — Ax,, J(x, —v) <O0. (7.9)
Combining (7.8) and (7.9), we have

LIM,||z, — ’UH2 = LIM,[(x, — Axy, J (2 — v)) + (Azy, — Av, J(2,, — 0))
+(Av — v, J(x, — v))]
< kLIM,|z, —v|?

ie., (1 — k)LIM,|z, — v||*> < 0. Therefore, there is a subsequence {z,,} of
{zn} that converges strongly to v. To complete the proof, let {x,} be another
subsequence of {x,} such that z,,, — z as j — oo. Because z,, — T'x,;, — 0,
it follows that T'x,,; — 2. By demicontinuity of 7', we have that Tz = 2. From
(7.7), we have

(v—Av,J(v—2)) <0and (z — Az, J(z —v)) <O0.
Hence z = v. This proves that {z,,} converges strongly to v. |

Corollary 7.1.11 Let X be a reflexive Banach space whose norm is uniformly
Gateauz differentiable, C' a nonempty closed convex subset of X, andT : C' — X
a demicontinuous mapping with F(T) # (. Let u be an element in C, {a,} a
sequence in Rt with nhﬂn;(} an =0, and {z,} a bounded sequence in C such that

Ty —Tx, — 0 asn — oo and
(Tp —u, J(zy, — p)) < anllzn —p||* for alln € N and all p € F(T).

Suppose the set M = {x € C : LIM,||z,, — x||* = ingLIMHxn —y|*} contains
ye

a fixed point of T, where LIM is a Banach limit. Then {x,} converges strongly
to an element of F(T).

We now prove a notable strong convergence theorem for nonexpansive map-
pings in a uniformly smooth Banach space.

Theorem 7.1.12 (Reich’s convergence theorem) — Let C' be a nonempty
closed convex subset of a uniformly smooth Banach space X, x an element in
C, T:C — C anonexpansive mapping, and Gy : C — C, t € (0,1), the family
of mappings defined by Gi(x) = (1 — )z +tTG(x). If T has a fized point, then
for each x € C, }gr% Gi(x) exists and is a fizved point of T

Proof. Let {t,} be a sequence of real numbers in (0,1) such that ¢, — 1.
Set x, := G, (z). Because F(T) # 0, it follows that {z,} is bounded and
Zn — T, — 0 as n — oo. Then the set M defined by (2.32) is a nonempty
closed convex bounded T-invariant subset of C' (see Proposition 6.1.3). Note
every uniformly smooth Banach space is reflexive and has normal structure.
Hence every closed convex bounded set of X has fixed point property. Thus,
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T has a fixed point in M. Observe that {z,} satisfies (7.7) with o, = 0 for
all n € N (see Proposition 7.1.2). It follows from Corollary 7.1.11 that {x,,}

converges strongly to an element of F(T).
Applying Corollary 7.1.11, we obtain

Theorem 7.1.13 Let X be a reflexive Banach space with a uniformly Gateaux
differentiable norm, C' a nonempty closed conver subset of X, and T : C —
C an asymptotically nonexpansive mapping with sequence {k,}. Let u be an
element in C and {t,} a sequence of real numbers in (0,1) such that t, — 1
and (k, —1)/(1 —t,) — 0. Then the following hold:

(a) There exists exactly one point x,, € C such that

Tn =1 —=t)u+t,T"x,, neN

(b) If {z,} is a bounded AFPS of T and M = {xz € C : LIM,||z, — z|* =
116% LIM, ||z, — y||*} contains a fived point of T, then {x,} converges
y

strongly to an element of F(T).

Proof. (a) Because lim (k, —1)/(1 —t,) = 0, then there exists a sufficiently

large natural number ng such that k,t, < 1 for all n > ng. For each n € N,
define T, : C'— C by

Tox=(1-ty)u+t,T"z, xeC.

Because for each n > ng, T, is contraction, there exists exactly one fixed point
z, € C of T,,. We may assume that x, =u foralln=1,2,--- ,ng — 1. Then

Tp = (1 —t,)u+t,T"x, for all n € N.

(b) As in the proof of Theorem 7.1.8, it can be easily seen that {z,} satisfies
the inequality (7.6). Note that M is a nonempty closed convex bounded set.
Moreover, 1" has a fixed point in M by assumption.

Observe that

(i) (7.7) is satisfied with ay, = (k, — 1)/(1 —t,,) — 0 as n — oo,

(ii) T has a fixed point in M,

(ili) ||xy, — Ty — 0 as n — occ.

Hence this part follows from Corollary 7.1.11. I

The following proposition shows that for a bounded AFPS, the set M satisfies
the property (P) defined by (5.52).

Proposition 7.1.14 Let C' be a nonempty closed conver bounded subset of a
reflexive Banach space X and T : C — C asymptotically nonexpansive. Let
{xn} be an AFPS. Then the set M satisfies property (P).
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Proof. By Theorem 2.9.11, M is a nonempty closed convex bounded subset of
C. Let € M. Because {IT™x} is bounded in C, there exists a subsequence
{T™ix} of {T™x} such that T™ix — u € C. Let k, be the Lipschitz constant
of T™. By w-lsc of the function ¢(z) = LIM, ||z, — z||?, we have

e(u) = liminf p(T™ )
j*)OO

< limsup o(T™z)

m— 00

= limsup(LIM, ||z, — T"z|]?)

m—00

< limsup(LIM,, (|, — Tan ||+ | T2 — T?n|| + - + | Tty — T, ||

Tz, — T™|)?)
< limsup(LIM,,(km ||z, — x|))?

m—00

= ¢(z) = Inf o(2).

Thus, u € M. Therefore, M has property (P). 1
Applying Theorem 5.5.8 and Proposition 7.1.14, we obtain

Theorem 7.1.15 Let C be a nonempty closed convex bounded subset of a uni-
formly smooth Banach space X and T : C' — C' an asymptotically nonerpansive
mapping with sequence {ky}. Let uw € C and {t,} a sequence in (0,1) such that
t, — 1 and (k, —1)/(1 —t,) — 0. Suppose the sequence {x,} defined by (7.5)
is an AFPS of T. Then {x,} converges strongly to a fized point of T.

Proof. By Proposition 7.1.14, the set M has property (P). It follows from
Theorem 5.5.8 that T" has a fixed point in M. Therefore, by Theorem 7.1.13,

{x,} converges strongly to an element of F'(T).

7.2 Convergence of approximants of non-self
mappings

In this section, we discuss strong convergence of approximants of non-self non-

expansive mappings.

The following theorem is an extension of Browder’s strong convergence theorem
for non-self nonexpansive mappings with unbounded domain.

Theorem 7.2.1 (Singh and Watson’s convergence theorem) — Let C
be a nonempty closed conver subset of a Hilbert space H and T : C — H a
nonexpansive mapping such that T(0C) C C and T(C) is bounded. Let u be an
element in C' and define Gy : C — H by

Gix=(1-tu+tTz, z€C andte (0,1).
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Let x4 = Gyxy. Then {xy} converges strongly to v ast — 1, where v is the fized
point of T closest to u.

Proof. Note F(T) is nonempty by Theorem 5.2.25. Then for any y € F(T),
we have
¢ =yl < |lu—yll for all ¢ € (0,1),

so {z;} is bounded. By boundedness of {T'z;}, we obtain that

lwg — Txy|| < (1—1t) sup |lu—Ta|| - 0ast— 1.
t€(0,1

Because H is reflexive, {z;} has a weakly convergent subsequence. Let {z;, }
be subsequence of {z;} such that x;, — z as t,, — 1. Write x,, = 2, . Because
I — T is demiclosed at zero, z € F(T). Because F(T) is a nonempty closed
convex set in C' by Corollary 5.2.29, there exists a unique point v € F(T') that
is closest to u, i.e., v € F(T) is the nearest point projection of u. Now, for
y € F(T), we have

s —u+tlu—y)|* = Tz —yl?
< Pllae -yl = P llar —u+u—yl
and hence
o —ull® +  flu—yl? + 2@ —uu—y) = [|or — u+ t(u—y)|?
< (e = ull? + lu—yl? + 2(z —u,u—y)).
It follows that
e =l < T2 (e — oy =) < (e =y — ) < lloe = ull -y = ul.

Hence ||z; — ul| < ||y — u||. By w-Isc of the norm of H,
|z = ul| <liminf ||z, —u| < ||y — ul for all y € F(T).
n—oo

But v is the nearest point projection of u. Therefore, z = v is the unique element
in F(T) that is the nearest point projection of u. This shows that z,, — v as
n — oo. It remains to show that the convergence is strong. Because

lzn = ull?* = llzn — v +v = ul® = lon = v + lu = 0] + 220 — v,v — w),

this implies that

lzn —ol? = fon —ull? = llu—ol* = 2z, —v,0 —u)
< —2xy, —v,v—u) — 0asn — oo.
Therefore, {x:} converges strongly to v. 1

We now establish a strong convergence theorem for non-self mappings in a
Banach space.
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Theorem 7.2.2 Let X be a uniformly convex Banach space with a uniformly
Gateauz differentiable norm, C' a nonempty closed convex subset of X, u an
element in C, and T : C — X a weakly inward nonexpansive mapping with
F(T) # 0. Suppose fort € (0,1), the contraction Gy : C — X defined by

Gix=(1—-tu+tTz, x€C (7.10)

has a unique fized point x; € C. Then {x;} converges strongly to a fixed point
of T ast — 1.

Proof. Because F(T) is nonempty, then {z;} is bounded. In fact, we have
|z — o] < |lu—o| for all v e F(T) and t € (0, 1).

We now show that {x;} converges strongly to a fixed point of " as t — 1. To this
end, let {t,,} be a sequence of real numbers in (0,1) such that ¢, — 1 as n — oo.
Set x, := x;,. Then we can define ¢ : C' — [0,00) by p(z) = LIM,, ||z, — z|*.
Then the set M defined by (2.32) is a nonempty closed convex bounded subset
of C'. Because

lwn — Tzl = (1 —tp)||Tan — u|| — 0 as n — oo, (7.11)

it follows that for x € M

o(Tx) = LIM,||x, —Tz|?
< LIM,||Tz, — Tz|?
< LIM,||z, —z|* = p(z). (7.12)

By Theorem 2.9.11, M consists of one point, say z. We now show that this z
is a fixed point of T. Because T is weakly inward, there are some v, € C and
A, > 0 such that

Wy, = 2z + A (v, — 2) — Tz strongly.

If A, <1 for infinitely many n and for these n, then we have w,, € C' and hence
Tz € C. Thus, we have Tz = z by (7.12). So, we may assume A, > 1 for all
sufficiently large n. We then write v, = r,w, + (1 — r,)z, where r,, = A\ 1.
Suppose r,, — 1. Then v, — Tz and hence Tz € C. By (7.12), we have Tz = z.
So, without loss of generality, we may assume 7, < a < 1. By Theorem 2.8.17,
there exists a continuous increasing function ¢ = g, : [0,00) — [0,00) with
9(0) = 0 such that

Az + (1= Xyl* < M|l + @ = Nllyl* = A1 = Ng(llz = y])),

for all z,y € B, [0] and A € [0,1], where B,[0] (the closed ball centered at 0 and
with radius 7) is big enough so that B, [0] contains z and {w,}. It follows that

p(Az + (1= Ay) < Ap(z) + (1= Nep(y) — AL = Ng([lz —yl)
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for all x,y € B,[0] and X € [0, 1]. Because v,, € C, we obtain that

o(vn)
rn@(wn) + (L= 1n)@(2) = ra(1 —r0)g([[wn — 2]))

o(2)

IAIA

and hence

(1 = a)g([lwn — z[]) (1 =rn)g(llwn — z[])

<
< p(wn) — ¢(2).

Taking the limit as n — oo, we obtain

(I—a)g(|Tz—=[)) < »(T=2)—¢(z)
< o (by (7.12))

Therefore, Tz = z, i.e., z is a fixed point of T'. Observe that

(¢) &p — T2y, — 0 by (7.11),

(#3) (7.7) is satisfied with «,, =0,

(7i7) the set M contains a fixed point z of T.
By Corollary 7.1.11, we conclude that {z;} converges strongly to z as
t— 1.

7.3 Convergence of Halpern iteration process

In Chapter 6, we have seen that the Mann and S-iteration processes are weakly
convergent for nonexpansive mappings even in uniformly convex Banach spaces.
The purpose of this section is to develop an iteration process so that it can
generate a strongly convergent sequence in a Banach space.

Definition 7.3.1 Let C be a nonempty convex subset of a linear space X and
T:C — C a mapping. Let u € C and {ay} a sequence in [0,1]. Then a
sequence {x,} in C defined by

{.T()EC

Tpt1 = apu+ (1 — )Tz, n>0 (7.13)

1s called the Halpern iteration.

We now prove the main convergence theorem of this section.

Theorem 7.3.2 Let X be a Banach space with a uniformly Gateauz differ-
entiable norm, C a nonempty closed convexr subset of X, and T : C — C a
nonezpansive mapping with F(T) # (0. Let u € C and {a,} be a sequence of
real numbers in [0, 1] that satisfies

lim «a, =0, Zan = oo and Z |api1 — o] < oo. (7.14)
n=0 n=0
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Suppose that {z} converges strongly to z € F(T) as t — 1, where for t €
(0,1), 2 is a unique element of C' that satisfies zy = (1 — t)u +tTz,. Then the
sequence {x,} defined by (7.13) converges strongly to z.

Proof. Because F(T) # 0, it follows that {z,} and {Tx,} are bounded. Set
K = sup{|lu|| + ||Tx,|| : » € N}. From (7.13), we have

|lan = ana|([[ufl + [ Tznal)) + (1 = an)l|lzn — 2nll

|an - an—1|K + (1 - O‘n)”xn - xn—l”-

[#nt1 — @]

INIA

Hence for m,n € N, we have

Hxn+m+1 - xn+mH

n+m—1 n+m—1
< (03t} (T 0= awen)) o - ol

k=m k=m
n+m—1 n+m-—1
< ( > ok - ak|>K+ exp( - > ak+1> [ Zms1 — Tm-
k=m k=m

So the boundedness of {z,,} and >, , oy = oo yield

(o]
s 1 = ] = 5t i1 = 0] < (3 lewi =l K
n—o0 n—00 [—

for all m € N Because Y ;o loki1 — ap] < oo, we get
lim ||z,+1 — 2] = 0. Notice
n—oo
[zn —Tanll < lzn — Tnsall + (|20 — Tan ||
< an — zpga| + anllu — Tay,|| — 0 as n — oco.

Let LIM be a Banach limit. Then, we get
LIM,||zy — Tz||* < LIM, ||zy — 2]
Because t(z, — Tz) = (vp, — 2z¢) — (1 — t)(x,, — u), we have

t2||xn — Tz

Y

Hxn - Zt||2 - 2(1 - t)<1'n —u, J(xn - Zt)>
(2t — D)||an — 2] +2(1 = t)(u — 2, J (20, — 2¢))

for all n € N. These inequalities yield

1—t
TLIMonn — 2| > LIMy(u — 2z, J (2 — 21)).

Letting ¢ go to 1, we get

0> LIM,(u—z,J(z, — 2)),
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because X has uniformly Gateaux differentiable norm. Because ||z, — zp41| —
0 as n — 0o, we obtain

lim [(u—z,J(zpye1 — 2)) — {u—2z,J(z, — 2))| = 0.

n—oo
Hence by Proposition 2.9.7, we obtain

lim sup(u — z, J(x, — 2)) < 0. (7.15)

n—oo

Because (1 — a,)(Tzy, — 2) = (X411 — 2) — ap(u — 2), we have
11 = an)(Tzn = 2 2 [[ons1 — 2% = 20m(u = 2, J (041 — 2)),
it follows that
lns1 = 27 < (1= o) zm — 2" +2(1 = (1 = an))(u — 2, T (@nt1 — 2))
for each n € N. Let € > 0. From (7.15), there exists ng € N such that
(u—z,J(x, — 2)) <e/2 for all n > ny.

Then we have

n+ng—1 n+ng—1

fewny =217 < ( TT (=) )l —2l2+ (1= T[T (1-an)e

k):’I’LQ k:no
for all n € N. By the condition Y-, ay = co, we have

limsup ||z, — z||* = limsup ||z, 10, — 2||> < e.
n—oo

n—oo

Therefore, {x,,} converges strongly to z, because ¢ is an arbitrary positive real

number.

Corollary 7.3.3 Let C' be a nonempty closed conver subset of a uniformly
smooth Banach space and T : C — C' a nonexpansive mapping with F(T) # (.
Let w € C and {a,} a sequence of real numbers in [0,1] satisfying (7.14).
Then the sequence {x,} defined by (7.13) converges strongly to a fixed point
of T.
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Exercises

7.1 Let C' be a nonempty closed convex subset of a Hilbert space H. Let
T : C — C be a nonexpansive mapping and f : C — C' a contraction
mapping. Let {z,} be the sequence defined by the scheme

[
Tz, + 7nfxna

T = 1+,

where ¢, is a sequence (0,1) with &, — 0. Show that {x,} converges
strongly to the unique solution of the variational inequality:

(I - f)z,z—=x) <0forall z € F(T).

7.2 Let H be a Hilbert space, C a closed convex subset of H, T': C' — C a
nonexpansive mapping with F(T) # (), and f : C — C' a contraction. Let
{z} be a sequence in C defined by

xTo € C7
Tnt1 = (1 —ap)Txy + an f(x,), n>0,

where {ay,} is a sequence in (0, 1) satisfies
(H1) o, — 0
(H2) 3250 an = 00;

(H3) either Y 0 |an41 — | < 00 or lim (apy1/cn) = 1.

Show that under the hypotheses (H1) ~ (H3), x,, — &, where Z is the
unique solution of the variational inequality:

(I = f)z,z—=x) <0forall z € F(T).

7.3 Let C be a nonempty closed convex subset of a uniformly smooth Banach
space X and T : C' — C a nonexpansive mapping with F'(T) # 0. If Tl¢
is the set of all contractions on C, show that the path {z;} defined by

Ty = tfl’t + (1 — t)TZZ?t, t e (O7 1), f S Hc,
converges strongly to a point in F(T'). If we define @ : [l — F(T') by

Q(f)= lim xy, fellg,

t—0t

show that Q(f) solves the variational inequality:

(I =He(), J(Q(f) —v)) <0, fellg and v e F(T).
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7.4 Let C be a nonempty closed convex subset of a Banach space X. Let
A : C — C be a continuous strongly pseudocontractive with constant
k€0,1) and T : C' — C a continuous pseudocontractive mapping. Show
that

(a) for each t € (0, 1), there exists unique solution z; € C' of equation
x=tAz+ (1 —t)Tx.

(b) Moreover, if v is a fixed point of T, then for each ¢ € (0,1), there
exists j(xy — v) € J(ay — v) such that

(w0 — Azy, j(z —v)) < 0;
(¢) {x¢} is bounded.

7.5 Let C be a nonempty closed convex subset of a Banach space X that has
a uniformly Gateaux differentiable norm and 7' : C' — C' a nonexpansive
mapping with F(T') # ). For a fixed 6 € (0,1), define S : C' — C by

Sz :=(1-0)x+dTx

for all x € C. Assume that {z:} converges strongly to a fixed point z of
T as t — 0, where z; is the unique element of C' that satisfies

zr=tu+ (1 —1)Tz

for arbitrary u € C. Let {a,} be a real sequence in (0, 1) that satisfies
the following conditions:

(i) lim «, =0;
n—oo
(i) Y07 oy = 00.
For arbitrary o € C, let the sequence {z,} be defined iteratively by

Tnt1 = apu+ (1 — ) Say,.

Show that {x,} converges strongly to a fixed point of T.
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