Chapter 1

Fundamentals

The aim of this chapter is to introduce the basic concepts, notations, and
elementary results that are used throughout the book. Moreover, the results
in this chapter may be found in most standard books on functional analysis.

1.1 Topological spaces

Let X be a nonempty set and d : X x X — RT :=[0,00) a function. Then d is
called a metric on X if the following properties hold:

(d1) d(z,y) =0 if and only if z =y for some z,y € X;
(d2) d(z,y) = d(y, ) for all 7,y € X;
(d3) d(z,y) <d(z,z)+d(z,y) for all z,y,z € X.

The value of metric d at (z,y) is called distance between x and y, and the
ordered pair (X, d) is called metric space.

Example 1.1.1 The real line R with d(x,y) = |x — y| is a metric space. The
metric d s called the usual metric for R.
For any r > 0 and an element x in a metric space (X, d), we define
B, (z):={y € X :d(z,y) < r}, the open ball with center = and radius r;
B, [z] :=={y € X : d(x,y) <r}, the closed ball with center x and radius r;

0B (z) := {y € X : d(x,y) = r}, the boundary of ball with center x and
radius 7.

For a subset C of X and a point x € X, the distance between x and C,
denoted by d(x,C), is defined as the smallest distance from z to elements of C'.

More precisely,
d(z,C) = ingd(r,y).
TE

The number sup{d(z,y) : x,y € C} is referred to as the diameter of set C and
is denoted by diam(C). If diam(C) is finite, then C' is said to be bounded, and
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2 1. Fundamentals

if not, then C' is said to be unbounded. In other words, C' is bounded if there
exists a sufficiently large ball that contains C.

Interior points and open set — Let G be a subset of a metric space (X, d).
Then x € G is said to be an interior of G if there exists an r > 0 such that
B,(x) C G. The set G is said to be open if all its points are interior or is the
empty set. The interior of set G is denoted by int(G).

Observation
e int(G) C G for any subset G of metric space X.
e For any open set G C X, int(G) = G.

e The empty set () and entire space X are open.

Definition 1.1.2 Let X be a nonempty set and T a collection of subsets of X.
Then T 1is said to be a topology on X if the following conditions are satisfied:

(i) e and X €T,
(ii) T is closed under arbitrary unions,
(iii) T is closed under finite intersections.

The ordered pair (X, T) is called topological space.

Observation

e The members of 7 are called 7-open sets or simply open sets.

Definition 1.1.3 A topological space is said to be metrizable if its topology can
be obtained from a metric on the underlying space.

Denoting the class of all open sets of a metric space (X,d) by 74, then we
have

(1) ® and X are in 74,
(2) an arbitrary union of open sets is open,

(3) a finite intersection of open sets is open.
The class 74 is called a metric topology on X.

Definition 1.1.4 Let C' be a subset of a topological space X . Then the interior
of C' is the union of all open subsets of C. It is denoted by int(C).

In other words, if {G; : ¢ € A} are all open subsets of C, then int(C) =
UiEA{Gi :G; C C}

Observation
e int(C') is open, because it is union of open sets.
e int(C) is the largest open set of C.
e If G is an open subset of C, then G C int(C) C C.
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Definition 1.1.5 A set I in a topological space X whose complement F°¢ =
X — F s open is called a closed set.

Theorem 1.1.6 Let C be a collection of all closed sets in a topological space
(X, 7). Then C has the following properties:

(1) D eC and X €C,

(i) C is closed under arbitrary intersections,

(#ii) C is closed under finite unions.

Definition 1.1.7 Let C be a subset of a topological space X. Then the closure
of C' is the intersection of all closed supersets of C'. The closure of C is denoted
by C.

In other words, if {F} : i € A} is a collection of all closed supersets of C' in
X, then C = NjepF;.

Observation
e C is closed, because it is the intersection of closed sets.
e C is the smallest closed superset of C.

e If F is a closed subset of X containing C, then C C C' C F.

Theorem 1.1.8 Let C' be a subset of a topological space X. Then C' is closed
if and only if C = C.

Exterior points and boundary of sets — Let C' be a subset of a topological
space X. Then the exterior of C, written by ext(C), is the interior of the
complement of C, i.e., ext(C) = int(C°). The boundary of C is a set of points
that do not belong to the interior or the exterior of C. The boundary of set C'

is denoted by 9(C). Obviously, d(C) = C N (X \ C) is a closed set.

Proposition 1.1.9 Let A and B be two subsets of a topological space X. Then
the following properties hold:

Properties of interiors Properties of closures
int(int(A)) = int(A) (A)=A
int(AN B) = int(A) Nint(B) ANBCANB
int(AU B) D int(A) Uint(B) (AUB)=AUB

A C B =int(A) C int(B) ACB=ACB

Definition 1.1.10 Let 71 and 15 be two topologies on a topological space X.
Then 11 is said to be weaker than o if 71 C To.

Note that if 71 and 75 are two topologies on X such that 7 = 71 N 7. Then
the topology 7 is weaker than 7 and 7 both.

Theorem 1.1.11 Let {7; : i € A} be a collection of topologies on a topological
space X. Then the intersection N;caT; s also a topology on X.
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We now turn to the notion of a base for the topology 7.

Definition 1.1.12 Let (X, 7) be a topological space. Then a subclass B of T is
said to be a base for T if every member of T can be expressed as the union of
some members of B.

Observation
e Every topology has a base. In fact, we can take B = 7.
e In a metric space (X,d), collection of all open balls B.(z) (x € X, r > 0)
is a base for the metric topology.

Then, we have the following theorem:

Theorem 1.1.13 Let (X, 7) be a topological space and B C 7. Then B is a
base for T if and only if, for every x € X and every open set G containing x,
there exists B € B such that v € B and B C G.

We now consider a base of open sets at a point.

Definition 1.1.14 Let (X,7) be a topological space and xy € X. Then the
collection B, C T is called a base at a point xq if, for any open set G containing
X0, there exists B € B, such that o € B C G.

Observation

e In the metric topology of a metric space (X, d), the collection of all B, (x¢), where
r runs through the positive real numbers, constitutes a base at a point z¢ € X.

Neighborhoods — Let X be a topological space and G an open set. Then
G is called an open neighborhood of a point zg € X if zg € G. The set G with-
out xg, i.e., G\ {zo}, is called a deleted open neighborhood of a point zy € X.
A subset C of X is said to be a neighborhood of a point xo € X if there exists
an open set G € 7 such that 2o € G C C.

Let (X,7) be a topological space. Then a collection v of neighborhoods of
o € X is said to be a neighborhood base at a point xq if every neighborhood of
xo contains a member of v.

A collection o of subsets of a topological space (X, 7) is said to be a subbase
for 7 if 0 C 7 and every member of 7 is a union of finite intersections of sets
from o. In other words, o is a subbase for 7 if 0 C 7 and for all G € 7 and
x € G, there are sets Uy,Us, -+ ,U, in o such that x € N}, U; C G.

Let (X, 7) be a topological space. Then X is said to be

1. a Tp-space if z and y are any two distinct points in X, then there exists
an open set that contains one of them, but not the other;

2. a Ty -space if x and y are two distinct points in X, there exists an open set
U containing x and not y, and there exists another open set V' containing
y, but not x;
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3. a Ty-space or Hausdorff topological space if x and y are two distinct points
in X, there exist two open sets G and H such that x € G, y € H, and
GNH=1.

Observation
e Every Hausdorff space is a Ti-space.

e A topological space X is Ti-space if and only if every subset consisting of a single
point is closed.

e Every metric space is a Hausdorff space.

A topological space (X, 7) is said to be compact if every open cover has a
finite subcover, i.e., if whenever X = U;cAG;, where G; is an open set, then
X = Ujep,G; for some finite subset Ay of A.

A subset C of a topological space (X, 1) is said to be compact if every open
cover has finite open subcover, i.e., if whenever C' C U;cAG;, where G; is an
open set, then C' C U;ep, G for some finite subset A of A.

Observation
e Every finite set of a topological space is compact.
e Every closed subset of a compact space is compact.

e In a compact Hausdorff space, a set is compact if and only if it is closed.

Net — Let D be a nonempty set and < a relation on D. Then the ordered
pair (D, <) is said to be directed if

(i) = is reflexive: a < « for all a € D;
(ii) < is transitive: whenever a < f and f <y = a <Xy for all a, 8,7 € D;
(iii) for any two elements o and (3, there exists v such that « < v and 5 < 7.

Observation
e (N, >) is a directed set.

o If X # (), then (P(X),C) and (P(X), D) are directed sets, where P(X) is the
power set of X.

e Every lattice is a directed set.

A net, or a generalized sequence in a set X is a mapping S from a directed
set D into X. The net {z, : @ € D} is simply written as {z4}.

Let {x, : @« € D} be a net in a set X and let E be another directed set.
Then a net {z,, : 3 € E} in X is said to be a subnet of {z, : a € D} if it
satisfies the following conditions:

(i) {zay : B€ E} C{xo:a € D};

(ii) for any ag € D, there exists §p € E such that ap < o exists Gy < 3.
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A net {z, : @ € D} in a topological space X is said to converge to the point
x in X if for every neighborhood U of x, there exists ag € D such that z, € U
whenever o > ay. In this case, we write

To — T, O limx, = x.
«

A point z in a topological space X is said to be a cluster point of a net
{Zs : @ € D} if for every neighborhood U of z and every a € D, there exists
B € D such that 8 = o and zg € U.

Theorem 1.1.15 Let {x4}acp be a net in a topological space X and let x € X.
Then x is a cluster point of the net {x,}aep if and only if the net {xy}acp has
a subnet converging to x.

In a metric space (X,d), a sequence {z,} in X is convergent to z € X if
lim d(z,,z) =0, ie., if given € > 0, there exists an integer ny € N such that

n—oo

d(xy, ) < e for all n > ng. A sequence {z,} in a metric space (X, d) is said to
be Cauchyif lim d(z,,z,) =0. A metric space (X, d) is said to be complete

m,n— oo

if every Cauchy sequence in X is convergent in X.

Observation

e In a Hausdorff topological space, the limit of a net is unique.

e In a metric space, every convergent sequence is Cauchy.

A subset E of a directed set D is said to be eventual if there exists § € D
such that for all & € D, o < 3 implies that « € E. A net S: D — X is said to
be eventually in a subset C' of X if the set S™1(C) is an eventual subset of D.

A net {z,} in a set X is called a universal net if for each subset C' of X, either
{z4} is eventually in C or {z,} eventually in X \ C.

The following facts are important:
(a) Every net in a set has a universal subnet.

(b) If f: X1 — X5 is a mapping and if {z,} is a universal net in X7, then
{f(z4)} is a universal net in Xo.

(c) If X is compact and if {z,} is a universal net in X, then lim z,, exists.
[e%

We now state the following important result:

Theorem 1.1.16 For a topological space (X, T), the following statements are
equivalent:
(a) X is compact.

(b) For any collection of closed sets {F;};en having the finite intersection
property (i.e., the intersection of any finite number of sets from the collection
is nonempty), then (;cp Fi # 0.
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(¢) Every net in X has a limit point (or, equivalently, every net has a
convergent subnet).

(d) Every filter in X has a limit point (or, equivalently, every net has a
convergent subfilter).

(e) Every ultrafilter in X is convergent.
We now turn our attention to the concept of continuity in topological spaces.

Definition 1.1.17 Let (X,7) and (Y,7') be two topological spaces. Then a
function f : X — 'Y is said to be continuous relative to T and ' (more precisely,
T — 7' continuous) or simply continuous at a point x € X if for each V € 7/
with f(x) € V, there exists U € T such that x € U and f(U) C V.

The function f is called continuous if it is continuous at each point of X.
Using the concept of net, we have the following result for continuity of a function
in a topological space.

Theorem 1.1.18 Let X andY be two topological spaces and let f be a mapping
from X into Y. Then f is continuous at a point x in X if and only if for every
net {xs} in X,

To =7 = f(za) = f(2).

Some other formulations for continuous functions are the following;:

Theorem 1.1.19 Let f be a function from a topological space (X,T) into
another topological space (Y, 7'). Then the following statements are equivalent:
(1) f is continuous (i.e., T — 7' continuous).
(2) For each V e 7', f~1(V) € 7.
(3) For each closed subset A of Y, f~1(A) is closed in X.

(4) For all A C X, f(A) C f(A).
(5) There exists a subbase o of 7' such that f~1(V) et for all V € o.

The following result shows that continuous image of a compact set is
compact.

Theorem 1.1.20 Let X and Y be two topological spaces and let T : X — 'Y be
a continuous mapping. If C C X is compact, then T(C') is compact.

The following result shows that there exists the smallest topology for which
each member of {f; : i € A} is continuous.

Theorem 1.1.21 Let {(X;,7;) : ¢ € A} be an indexed family of topological
spaces, X any set, and {f; : i € A} an indexed collection of functions such that
for each i € A, f; is a function from X to X;. Then there exists the smallest
topology T on X that makes each f; continuous (i.e., T —7; continuous).



8 1. Fundamentals

Proof. Let o = {f;'(V;) : V; € X, is open in 7; (i € A)} be a subbase for the
topology 7 given by

T ={Uper Ncer C: F CT}U{0D, X}, (1.1)

where @ is the set of all finite subsets of 0. Thus, G C X is open in 7 if and
only if for every z € G, there are i1,i9,--- ,i, € Aand V;, € 73,, Vi, € Tiyy -+

Vi, € 7;, such that z € ﬂzzlfizl(Vik) ca. 1

Remark 1.1.22 The topology 7 on X defined by (1.1) making each f; continu-
ous (T—T1" continuous) is called the weak topology generated by F and is denoted
by o(X,F).

Product space — Let X, Xo, -+, X,, be n arbitrary sets with the Cartesian
product X = X7 x Xo x --- x X,,. Foreachi=1,2,--- n, define m; : X — X
by (21,72, - ,2,) = x;. Then 7; is called the projection on X; or the it"
projection. If x € X, then m;(z) is called the i*" coordinate of x.

Theorem 1.1.23 Let {(X;,7;) : i = 1,2,--- ,n} be a collection of topological
spaces and (X, T) their topological product, i.e., X =[], X; and T =, 7;. Then
each projection m; is continuous. Moreover, if Y is any topological space, then
a function f:Y — X is continuous if and only if the mapping mjof 1Y — X;
1s continuous for alli=1,2,---  n.

Theorem 1.1.24 (Tychonoff’s theorem) — The Cartesian product X of an
arbitrary collection {X; }iea of compact spaces is compact (with respect to product

topology).

1.2 Normed spaces

A linear space or vector space X over the field K (the real field R or the complex
field C) is a set X together with an internal binary operation “+4” called addition
and a scalar multiplication carrying (a,z) in K x X to az in X satisfying the
following for all z,y,z € X and a,§ € K:

l.z+y=y+ux,

2. (x+y)+z=a+(y+2),

3. there exists an element 0 € X called the zero vector of X such that

r+0=zforal xe X,

=~

for every element & € X, there exists an element —z € X called the
additive inverse or the negative of x such that = + (—x) =0,

o +y) = az +ay,
. (a+ P = ax + S,
(af)z = aBz),

lrx=ux.

0 1 o W
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The elements of a vector space X are called vectors, and the elements of
K are called scalars. In the sequel, unless otherwise stated, X denotes a linear
space over field R.

Observation
e With the usual addition and multiplication, R and C are linear spaces over R.
e X ={z = (a1,az2, ) : a; € R} is a linear space.
e The set of solutions of a linear differential equation (and linear partial differential
equation) is a linear space.

A subset S of a linear space X is a linear subspace (or a subspace) of X if S
is itself a linear space, i.e., ax + Sy € S for all o, € K and z,y € S.

If S is a subset of a linear space X, then the linear span of S is the intersection
of all linear subspaces containing S. It is the smallest linear subspace of X
containing S. The linear span of set S is denoted by [S].

Given the points x1, 29, -+ , 2, of a linear space X, then the element
T =a121+ asxo + -+ anx,, a; €K
is called linear combination of {x1, 2, - ,Tpn}.

Proposition 1.2.1 Let S be a nonempty subset of a linear space X. Then the
linear span of S is the set of all linear combinations of elements of S.

A linear space X is said to be finite-dimensional if it is generated by the
linear combination of a finite number of points (which are linearly indepen-
dent). Otherwise, it is infinite-dimensional. The dimension of a linear space X
is denoted by dim(X).

Convex set — Let C be a subset of a linear space X. Then C is said to
be conver if (1 — XNz + Ay € C for all z,y € C and all scalar A € [0,1].

By definition of convexity, we have the following fact:

Proposition 1.2.2 Let C be a subset of a linear space X. Then C is convez if
and only if \ix1+ Aoxo+- -+ Apxy, € C for any finite set {x1, 29, ,x,} C C
and any scalars \; > 0 with A\ + Ao + -+ -+ A\, = 1.

Convex hull - Let C be an arbitrary subset (not necessarily convex) of a linear
space X. Then the convex hull of C'in X is the intersection of all convex subsets
of X containing C. It is denoted by co(C'). Hence

co(C)={DCX:CCD, Dis convex}.

Thus, co(C') is the unique smallest convex set containing C'. Clearly,
n
co(C) = {alxl + oo+ -+ apry, s x; € Coa; > 0 and Zai = 1}

i=1
the set of all convex combination of elements of C.
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The closure of convex hull of C' is denoted by co(C). Thus,

n
co(C) = {alml + aoxg + -+ apr, cx; € Coa; >0 and Zai = 1}.
i=1

The closed conver hull of C' in X is the intersection of all closed convex
subsets of X containing C. It is denoted by ¢o(C'). Thus,

co(C)=nN{DCX:CCD, Disclosed and convex}.

One may easily see that closure of convex hull of C' is closed convex hull of C,
i.e., c(C) = co(C).

Observation
e The empty set ) is convex.

e For two convex subsets C' and D in a linear space X, we have
(i) C + D is convex,
(if) AC' is convex for any scalar \.

e Any translate C' 4 zo of a convex set C' is convex.

o If {C; : i € A} is any family of convex sets in a linear space X, then N;C; is
convex.

e If C' is a convex subset of a linear space X, then
(i) the closure C and the interior int(C) are convex,
(ii) co(C) = C.

o If C is a subset of a linear space, co(C') = co(C)).

e In general, 2o(C) # co(C).

The vector space axioms only describe algebraic properties of the elements
of the space: vector addition, scalar multiplication, and other combinations of
these. For the topological concepts such as openness, closure, convergence, and
completeness, we need a measure of distance in a space.

Definition 1.2.3 Let X be a linear space over field K (R or C) and f : X — RT
a function. Then f is said to be a norm if the following properties hold:

(N1) f(x) =0 if and only if x = 0; (strict positivity)
(N3) ()\33) A f(z) for allz € X and X € K; (absolute homogeneity)

(Ns)  fl@z+y) < fl@)+ fy) for all z,y € X.
(triangle inequality or subadditivity)

The ordered pair (X, f) is called a normed space.

Observation
e f(z)>0forallz € X.
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o |f(z) = f(W)| < flw—y) and |f(x) — f(y)| < f(z+y) forall 2,y € X.

e f is a continuous function, i.e., x, — = = f(zn) — f(x).

e fis a convex function, i.e., f(Ax+(1—=A)y) < Af(x)+(1—N)f(y) forall z,y € X
and A € [0, 1].
e Addition and scalar multiplication are jointly continuous, i.e., if x,, — x and

Tn — vy, then z, +y, — =z +y and if x,, — x and \,, — A, then \,z,, — Az.

We use the notation | - || for norm. Then every normed space (X, | - ||) is a
metric space (X, d) with induced metric d(z,y) = ||z—y|| and a topological space
with the induced topology. It means that the induced metric d(z,y) = ||z — y||
in turn, defines a topology on X, the norm topology.

Observation

e In every linear space X, we can easily define a function p: X x X — R™ by
_J o0 if z=y
p(w,y)—{ \if aty (1.2)
which is a metric on X. It shows that every linear space (not necessarily normed
space) is always a metric space.
At this stage, there arises a natural question:

Under what conditions will any metric on a linear space be a normed space?
Such sufficient conditions are given in following proposition:

Proposition 1.2.4 Let d be a metric on a linear space X. Then function
|- : X — R defined by

lz]| = d(x,0) for all x € X
18 a norm if d satisfies the following conditions:
(dy) d is homogeneous : d(Ax, \y) = |N|d(z,y) for all z,y € X and X € K;
(ds) d is translation invariant : d(z+z,y+z) = d(z,y) for all z,y,z € X.

Remark 1.2.5 The metric p defined by (1.2) is not homogeneous and the linear
space X is a metric space under metric p, but not a normed space.

The following example also demonstrates that a metric space is not neces-
sarily a normed space.

Example 1.2.6 Let X be a space of all complex sequences {x;}32, and d(-,-)
a metric on X defined by

oo

I N e 21 _ _
o= 3 Tyje—yy “= b y=lueX (1.3)
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Then d is not a norm under the relation d(x,y) = ||z — y||. In fact,
1 M-l =i — vl
d(Ax, \y) = — #* ——— = |\d(z,y),
-3 T o "Z T A
i.e., d is not homogeneous.

Remark 1.2.7 The metric d defined by (1.3) is bounded, because

oo

=1 |x; — il 1
= S ) — < 0.
Z;% 1Jr|fl7z'*yz'|_z2Z >~
i= i=1
This metric is called a Fréchet metric for X.

We now consider some examples of normed spaces:

Example 1.2.8 Let X = R",n > 1 be a linear space. Then R™ is a normed
space with the following norms:

n

Izl = Z|$i| forall ¥ = (z1,22, - ,x,) €R™
i=1
n 1/p
lzll, = <Zfﬂz‘p) for all @ = (z1,22, -+ ,x,) € R" and p € (1,0);
Iz]lec = 1I£ax |z;| for all x = (z1,29, -+ ,x,) € R™.

Remark 1.2.9 (a) R" equipped with the norm defined by ||z, = (3 i, |z:[P)1/P
is denoted by £ for all 1 < p < oc.

(b) R™ equipped with the norm defined by ||x]|c0 = Jmax |;| is denoted by 7.

Example 1.2.10 Let X = {1, the linear space whose elements consist of all

absolutely convergent sequences (x1,%2,- -+ ,Z;,-++) of scalars (real or complex
numbers), i.e.,

o0
by = {x:x(x1,12,~~ , Ty ) and Z|1’Z| <oo}.
i=1

Then ¢y is a normed space with the norm defined by ||y = >y |@il.

Example 1.2.11 Let X = ¢, (1 < p < 00), the linear space whose elements
consist of all p-summable sequences (x1,xo, - ,x;,--) of scalars, i.e.,

oo
Ep:{a::xz(th,”- Ty o) and Z|xi|p<oo}.

i=1

Then £, is a normed space with the norm defined by ||z||, = (352, [x4]P)'/P.



1.2. Normed spaces 13
Example 1.2.12 Let X = (., the linear space whose elements consist of all
bounded sequences (x1,xa,-+ ,x;, -+ ) of scalars, i.e.,

loo ={x:2x= (21,29, , 24, ) and {x;}2, is bounded}.

Then Lo is a normed space with the norm defined by ||x||oo = sup |x;|.
i€EN

Example 1.2.13 Let X = ¢, the sequence space of all convergent sequences of
scalars, i.e.,

c={x:x=(r1,29, - , 2, ) and {x;}2, is convergent}.
Then ¢ space is a normed space with the norm || - |-

Example 1.2.14 Let X = cg, the sequence space of all convergent sequences of
scalars with limit zero, i.e.,

co ={{x = (x1,ma,- - , x4, ) : {a;}52, is convergent to zero}.
The ¢y space is a normed space with norm || - | oo-
Example 1.2.15 Let X = cqq, the sequence space defined by
coo ={x = {2:}21 € boo = {mi}i2, has only a finite number of nonzero terms}.
Then coo space is a normed space with norm || - ||sc-

Observation
® coo Clp CepCeClo foralll <p<oo.
e If 1 <p<q< oo, then €, C 4y. In fact, let x = (1,1/2,---,1/n,---), and we
have
oo

2
;21 |xi| = E 7= and ;:1 |zi|” = g 2= <%

i=1 i=1
Note that © € l2, but = ¢ ¢;. Hence an element of {5 is not necessarily an

element of /1. But each element of /1 is an element of /5.

Example 1.2.16 Let X = Ly[a,b] (1 < p < 00), the linear space of all equiva-
lence classes of p-integrable functions on [a,b]. Then Lya,b] space is a normed
space with the norm defined by

i1 = b f(t)lpdt)l/p < oo.

Example 1.2.17 Let X = Ly[a,b], the linear space of all equivalence classes
of essentially bounded functions on [a,b]. Then Lo[a,b] space is a normed space
with the norm defined by

[flloc = ess sup| f(£)] < oc.
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Example 1.2. 18 Let X = Cla,b], the set of all continuous scalar-valued func-
tions and let “+7 and “-7 be operations defined by

(f+9)(t) = [f(t)+g(t) forall f,g€ Cla,bl;
AH(@) = Af(t) for all f € Cla,b] and scalar X € K.

Then Cla,b] is a linear space and is also a normed space with the norms:

p
1l = ( / I |pdt> L 1<p<oo (1.4)
Il = sup [ (1.5)

t€la,b]

Observation
e The norm || - ||, defined by (1.4) on Cf[a, b] is called a L,-norm.

e The norm || - ||« defined by (1.5) on C[a, ] is called a uniform convergence norm.

’

Equivalent norms — Let X be a linear space over K and let || - || and | - ||”
be two norms on X. Then || - | is said to be equivalent to || - || (written as
II-1 ~ -] ) if there exist positive numbers a and b such that

alz| < |lz||” <b|z| for all z € X,

or
allz|” < ||lzl| < bljz|” for all z € X.
Observation
e The relation ~ is an equivalence relation on the set of all norms on X.
e In a finite-dimensional normed space X, all norms on X are equivalent.
oIf |- ||, and || - H” are equivalent norms on a linear space X, then a sequence {z,}
that is convergent (Cauchy) with respect to || - H/ is also convergent (Cauchy)
with respect to || - | and vice versa.
o If || - H/ and || - ||” are equivalent norms on a linear space X, then the class of
open sets with respect to || - H/ is same as the class of open sets with respect to
Il - H” and vice versa.

Seminorm — Let X be a linear space over field K (R or C). Then a function
p: X — RT issaid to be a seminorm on X if (N3) and (N3) (see Definition 1.2.3)
are satisfied. The ordered pair (X, p) is called seminormed space. Note that a
seminorm p is a norm if p(z) = 0=z = 0.

Example 1.2.19 Let X = R? and define p: X — RT by
p(z) = p((x1,22)) = |2a], =€ X.

Then p is a seminorm, but not a norm, because p(x1,x2) = 0 implies that only
the first component of x is zero, i.e., x1 = 0.
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We now consider the notion of topological linear spaces.

Definition 1.2.20 A linear space X over K is said to be a topological linear
space if on X, there exists a topology T such that X x X and K x X with the
product topology have the property that vector addition + : X x X — X and
scalar multiplication - : K x X — X are continuous functions.

In this case, 7 is called a linear topology on X.

Definition 1.2.21 A linear topology on a topological linear space X is said to
be a locally convex topology if every neighborhood of O (the zero of X ) includes
a convex neighborhood of 0. Then X is called a locally convex topological space.

Then we have the following interesting result.

Proposition 1.2.22 If X is a locally convex topological linear space over K,
then a topology of X is determined by a family of seminorms {p;}icr.

Inner product — Let X be a linear space over field C. An inner product on X
is a function (-,-) : X x X — C with the following three properties:

(I;) {x,z) >0forall x € X and (z,z) =0 if and only if z = 0;

(I2)  {(x,y) = (y,x), where the bar denotes complex conjugation;
(Is) A{ax+ By, z) = alz,z) + By, z) for all z,y,2z € X and «, 5 € C.

The ordered pair (X, (-,-)) is called an inner product space. Sometimes,
it is called a pre-Hilbert space. (x,y) is called inner product of two elements
z,y € X.

Example 1.2.23 Let X = R", the set of n-tuples of real numbers. Then the
function (-,-) : R™ x R™ — R defined by

n
<xay> :szyl fOT all x = (xla'r27"' 71‘71)) Yy = (ylay27"' 7y’n) ER"

i=1

18 an inner product on R™. R™ with this inner product is called real Euclidean
n-space.

Example 1.2.24 Let X = C", the set of n-tuples of complex numbers. Then
the function {(-,-) : C* x C" — C defined by

n

<377y> :Z%@, for all r = ($17x2,"' 71:71)’ Yy = (y17y2a"' 7yn) G(Cn

i=1

18 an inner product on C™. C" with this inner product is called a complex
FEuclidean n-space.
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Example 1.2.25 Let X = /{5, the set of all sequences of complex numbers
(ar,ag, -+ ,a;,--+) with Y oo, |a;|* < co. Then the function (-,-) : ly X lo — C
defined by

(w,y) = > @G for all w = {w:}2,,y = {yi}i2, € X (1.6)
i=1
is an inner product on {s.

We note that the series (1.6) converges by the Cauchy-Schwarz inequality
(see Proposition 1.2.28).

Example 1.2.26 Let X = Cla,b], the linear space of all scalar-valued
continuous functions on [a,b]. Then the function (-,-) : Cla,b] x Cla,b] — C
defined by

b
(f, 9 :/ f(t)@dt for all f,g € Cla,b] (1.7)

is an inner product on Cla,b].

We now give some interesting characterizations of linear spaces having inner
products.

Proposition 1.2.27 Let X be an inner product space. Then the function ||-|| :
X — R* defined by

] = vz, z), reX
is a norm on X.

Proposition 1.2.28 (The Cauchy-Schwarz inequality) - Let X be an
inner product space. Then the following holds:

[z, y)* < (w,2)(y,y) for all z,y € X,

i.e.,
[zl < llzll - llyll - for all z,y € X.

Proposition 1.2.29 (The parallelogram law) — Let X be an inner product
space. Then ||z +y|* + ||z — yl|* = 2||=||* + 2||y[|* for all z,y € X.

Proposition 1.2.30 The norm on a normed linear space X is given by an
wnner product if and only if the norm satisfies the parallelogram law:

lz +ylI? + e — yl* = 2)|z|* + 2l|y|* for all z,y € X.

Proposition 1.2.31 (The polarization identity) — Let X be an inner prod-
uct space. Then

1 . . . .
(o= gl + ol = o = yl? + il + iyl = il = i} for alt 2,y € X,
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Orthogonality of vectors — Let x and y be two vectors in an inner product
space X. Then x and y are said to be orthogonal if (x,y) = 0.

Remark 1.2.32 If x andy are orthogonal, then we denote x Ly and we say “x
18 perpendicular to y.”

Proposition 1.2.33 Let X be an inner product space and let x,y € X such
that xLy. Then |lz +y|* = [lz]* + [ly||*.

Observation
e 0Lx for all x € X.
e xlx if and only if z = 0.
e Every inner product space is a normed space.

e Every normed space is an inner product space if and only if its norm satisfies the
parallelogram law.

Convergent sequence — A sequence {z,} in a normed space X is said to

be convergent to x if lim ||z, — z|| = 0. In this case, we write x,, — z or
n—oo

lim z, = z.

n—oo

Observation

ez, — = = ||z| — [|z|| (this fact can be easily shown by the continuity of norm).
The converse of this fact is not true in general (see Theorem 2.2.13).

e The limit of convergent sequence is unique. To see it, suppose x, — = and
zn — y. Then [lz — y[| < [lon — @]/ + [[zn — y[| — 0.

Cauchy sequence — A sequence {x,} in a normed space X is said to be
Cauchy if  lim ||z, — z,| =0, i.e., for € > 0, there exists an integer ng € N
m, n— oo

such that ||, — z,| < e for all m,n > n,.

Observation

e A sequence in (R, |- |) is convergent if and only if it is Cauchy sequence.

e Every convergent sequence is a Cauchy, but the converse need not be true in
general. In fact, if x,, — x, then

lem — all < llm — all + & — @l — 0 as m,n — co.

Conversely, suppose X = c¢go is the linear space of finitely nonzero sequences
(z1,22,++ ,x40,---) with the norm ||z|| = sup |z;|. Let {z,, = (1,1/2,1/3,---,
ieN

1/n,--+)} be a sequence in X. Now
|zn — zm| = max{1/n,1/m} — 0 as m,n — oo,

i.e., {zn} is a Cauchy sequence. Clearly, the limit = has infinitely nonzero
elements. Thus, x ¢ X. Therefore, a Cauchy sequence is not convergent in X.
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e Every Cauchy sequence is bounded.

e Every Cauchy sequence is convergent if and only if it has a convergent sub-
sequence.

Hilbert space and Banach space — A normed space (X, || - ||) is said to be
complete if it is complete as a metric space (X, d), i.e., every Cauchy sequence
is convergent in X.

A complete normed space (inner product space) is called a Banach space
(Hilbert space).

Example 1.2.34 ¢ (1 <p < o0) are (finite-dimensional) Banach spaces.

Example 1.2.35 ¢, and L,[0,1],1 < p < oo are (infinite-dimensional) Banach
spaces.

Example 1.2.36 The linear space Cla,b] of continuous functions on closed and
bounded interval [a,b] is a Banach space with the uniform convergence norm
lfllco = sup |f(¢)|, but an incomplete normed space with the norm

t

€la,b)
b 1/p
|f||p=< / If(t)l”dt) 1<p<

Example 1.2.37 cyg is not complete.
Theorem 1.2.38 FEvery finite-dimensional normed space is a Banach space.

The topological property closedness has an important role in the construction
of Banach spaces from its subspaces. A point z in a normed space X is said to
be a limit point of a subset C' C X if there exists a sequence {z,} in C' such
that lim z,, = z. Also a subset C' of a normed space is said to be closed if it

n—oo

contains all of its limit points, i.e., C' = C.
Theorem 1.2.39 A closed subspace of a Banach space is a Banach space.

Theorem 1.2.40 Let C' be a subset of a normed space X and let x € X. Then
x € C if and only if there exists a sequence {x,} in C such that lim z, = x.

n—oo
Observation

e The subspaces ¢ and co are closed subspaces of ¢ (and hence are Banach
spaces). The space cgo is only a subspace in cg, but not closed in ¢o (and hence
not in £ ). Therefore, coo is not a Banach space.

e The subspace Cla, ] is not closed in Ly[a, b] for 1 < p < co. Hence Cla, b] is not
a Banach space with the Ly-norm || - ||, (1 < p < 00) defined by (1.4).

We now give examples of Banach spaces that are not Hilbert spaces.
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Example 1.2.41 (] is a finile-dimensional Banach space that is not a Hilbert
space for p # 2. Indeed, for x = (1,1,0,0,---) andy = (1,—1,0,0,---), we have
x+y=(2000,--) and x —y = (0,2,0,0,---). Hence

n 1/p
(Clar) " = ar =2
i=1

2l =
lwl = (7 +17) =27,

la+yl = @) =2,

la =yl = @)"r=2.

If p = 2, then the parallelogram law:
2+ ylI* + [l — ylI* = 2]lz] + 2[|y||?

is satisfied, which shows that 0% is a Hilbert space. If p # 2, then the paralle-
logram law is not satisfied. Therefore, £} is not a Hilbert space for p # 2.

The following example shows that there exists an infinite-dimensional Banach
space that is not a Hilbert space.

Example 1.2.42 Let X = C[0,27], the space of all real-valued continuous func-
tions on [0, 27| with “sup” norm. Then (C0,27],| - |leo) is a Banach space, but
I - [0 does not satisfy the parallelogram law. In fact, for x(t) = max{sint, 0},
y(t) = min{sin¢,0}, we have

[#]loc = L, [[glloc = L, Iz + yllo = 1, [[# — ylloo = 1,
i.e., the parallelogram law:

2+ yll5 + llz = yli5 = 2llz[l% +2]lyl%

s mot satisfied.

Remark 1.2.43 Cla,b] is an inner product space with the inner product defined
by (1.7), but not a Hilbert space.

Observation

o (5, U5, La[a,b] are Hilbert spaces.
o ly, Ly, Lyja,b] (p#2) are not Hilbert spaces.

We conclude this section with some important facts about the completeness
property.

Definition 1.2.44 A subset C' of a normed space X is said to be complete if
every Cauchy sequence in C converges to a point in C.

Definition 1.2.45 Let > 2 x, be an infinite series of elements x1,z2, -+ ,

Tp, -+ in a normed space X. Then the series > - | xy is said to converge to
an element x € X if lim ||s, — x| = 0, where s, = 1 + 29 + -+ + ,, is nt?
n—oo

partial sum of series Y .| Tp.
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Definition 1.2.46 The series Y., @, in a normed space X is said to be
absolutely convergent if > " | ||@y|| converges.

The following result shows that completeness and closure are equivalent in
a Banach space.

Theorem 1.2.47 In a Banach space, a subset is complete if and only if it is
closed.

Remark 1.2.48 Notice every normed space is closed, but not necessarily
complete.

Theorem 1.2.49 A normed space X is a Banach space if and only if every
absolutely convergent series of elements in X is convergent in X.

Theorem 1.2.50 (Cantor’s intersection theorem) — A normed space X
is a Banach space if and only if given any descending sequence {F,} of closed
bounded subsets of X,

lim diam(F,) =0= N F, # 0. (1.8)

Proof. Let X be a Banach space and {F},} a descending sequence of nonempty

closed bounded subsets of X for which lim diam(F,) = 0. For each n, select
n—oo

Tn € Fy. Then given € > 0, there exists an integer ng € N such that n > ng =
diam(F,) < e. If m,n > ng, both z,, and z,, are in F,,, then ||z, — 2, < e.
Hence {z,} is a Cauchy sequence. Because X is a Banach space, there exists
z € X such that lim z,, = x. This shows that z € F,, = F,, if n > ng. Because

n—oo

the sequence {F,,} is descending, x € N2, F,,.

Conversely, suppose that the condition (1.8) holds. Suppose {z,} C X
is a Cauchy sequence. For each n € N, let F,, = {2, @n 41, }. Then {F,}
is a descending sequence of nonempty closed subsets of X for which
lim diam(F,) =0. By assumption, there exists a point z € (), F,. Let
n—oo
€ > 0 and choose N € N so large that

n > N = diam(F,,) < .

Then clearly for such n we have that ||z, — z|| < e. Hence lim z, = z.

n—oo

Therefore, X is complete. I
1.3 Dense set and separable space
A sequence {z,} in a normed space X is said to be a (Schauder) basis of X if

each z € X has a unique expansion z = Zzo:l anpxy for some scalars aq, ag, - -+,
Q-
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Observation

e {z,} is a basis of a normed space X if for each x € X, there exists a unique
n

sequence {an} of scalars such that lim ||z — Z ;x| = 0.
n—00

1=1

e The elements
en:(070707"'7 17 07"')7 TLGN

1
nth position
from a basis for cgo, co and £, (1 < p < o0).

e {en}nen is not a Schauder basis of fo.
e The sequence (1,e1,e2,---) is a basis for ¢, where 1 = (1,1,1,--+).

A subset C of a metric space (X, d) is said to be dense in X if C = X. This
means that C'is dense in X if and only if CNB,.(z) # ( for all x € X and r > 0.

A metric space (X, d) is said to be separable if it contains a countable dense
subset, i.e., there exists a countable set C' in X such that C' = X.

Observation
e If X is a separable metric space, then C' C X is separable in the induced metric.

e A metric space X is separable if and only if there is a countable family {G;} of
open sets such that for any open set G C X,

G = Ug,ccGi.
Next, we give some examples of separable and nonseparable spaces.
Example 1.3.1 The space £,,1 < p < oo is separable metric space.
Example 1.3.2 The {, space is not a separable space.

Example 1.3.3 The linear space X of all infinite sequences of real numbers
with metric d defined by

o 1 [z — yil
d(z,y) = ;5 T+ [z —wi
z= (21,22, @i )y = (Y1, Y2, Yirr) € X
1s a separable complete metric space.
Theorem 1.3.4 FEvery normed space with basis is separable.
Theorem 1.3.5 Every subset of a separable normed space is separable.

Theorem 1.3.6 Every finite-dimensional normed space is separable.

Observation
e R, R" ¢, C[0,1], £p, L, (1 <p < o0) are separable normed spaces.

e /o, Lo are not separable.
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1.4 Linear operators

Let X and Y be two linear spaces over the same field K and 7" : X — Y an
operator with domain Dom(T) and range R(T). Then T is said to be a linear
operator if

(i) T is additive: T(x 4+ y) = Tx + Ty for all z,y € X;
(ii) T is homogeneous: T(az) = oTx for all x € X, a0 € K.
One may easily check that 7T is linear if and only if

T(ax + By) = aTxz+ Ty for all z,y € X and a, f € K.

Otherwise, the operator is called nonlinear. The linear operator is called a
linear functional if Y = R.

Example 1.4.1 Let X =R", Y =R, and T : X — R an operator defined by
Ty = szyz for all x = (x1, 22, , Tpn),
i=1

where y = (Y1,Y2, -+ ,Yn) s the fized element in R™. Then T is a linear func-
tional on R™.

Example 1.4.2 Let X =Y =/{s and T : {5 — {5 an operator defined by

To I3 Tn
— | forall x = (x1,29,23, + Xy, ) € la.

x <a‘r1a2737 ’TL

Then T is a linear operator on fs.

Example 1.4.3 Let X = Cla,b], the linear space of all continuous real-valued
functions on closed bounded interval [a,b]. Then the operator T : Cla,b] —
Cla,b] defined by

¢
T(pt = [ fudu, € oy
s a linear operator.

Example 1.4.4 Let X = L2[0,1], Y =R and T : X — R an operator defined
by

1
Tx = / x(t)y(t)dt for all x € Ly]0,1],
0
where y is a fized element in L3[0,1]. Then T is a linear functional on L0, 1].

The following result is very useful for linear operators:

Proposition 1.4.5 Let X and Y be two linear spaces over the same field K
and T : X — Y a linear operator. Then we have the following:
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(a) T(0) = 0.
(b) R(T) ={y € Y : y = Tx for some x € X}, the range of T is a linear
subspace of Y.
(c) T is one-one if and only if Tx =0 =z = 0.
(d) If T is one-one operator, then T~ exists on R(T) and T~ : R(T) — X
s also a linear operator.
(e) If dim(Dom(T)) = n < oo and T~ exists, then dim(R(T)) =
dim(Dom(T)).
Recall an operator T' from a normed space X into another normed space Y is
continuous if for any sequence {z,,} in X with z, — = € X = Tx,, — Tx. The
following Theorem 1.4.6 is very interesting because the continuity of any linear

operator can be verified by only verifying T'z,, — 0 for any sequence {z, } C X
with z,, — 0.

Theorem 1.4.6 Let X and Y be two normed spaces and T : X — Y a linear
operator. If T is continuous at a single point in X, then T is continuous through-
out space X .

Proof. Suppose T is continuous at a point zg € X. Let {x,} be a sequence in
X such that lim z, =2 € X. By the linearity of 7', we have

n—oo
Tz, — Tzl = |T(z, — x + x0) — Txo||.
Because T is continuous at x,

lim (z, — 2+ x0) = xg = lim T(x, —x + x9) = T,

it follows that || T, — Tx| = ||T (2, — z + x0) — Tao|| — 0 as n — oco. Thus, T

is a continuous operator at an arbitrary point z € X.

Boundedness of linear operator — Let X and Y be two normed spaces
and T : X — Y a linear operator. Then T is said be bounded if there exists a
constant M > 0 such that

|Tz|| < M||z| for all x € X.

A linear functional f : X — R is called bounded if there exists a constant M > 0
such that
|f(z)| < M||z| for all z € X.

We now present an example of a linear operator that is unbounded.

Example 1.4.7 Let X = cqgo, the linear space of finitely nonzero real sequences
with “sup” norm and T : X — R a functional defined by

szZixi for all x = (1,29, - ,2,,0,0,---) € X.
i=1

Then T is clearly a linear functional, but it is unbounded.
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With this example, we remark that linearity of the operator does not imply
boundedness. Hence we require additional assumption for boundedness of any
linear operator. The following important result shows that such an additional
assumption is continuity of the linear operator.

Theorem 1.4.8 A linear operator on a normed space is bounded if and only if
1t 18 continuous.

Proof. Let T be a bounded linear operator from a normed space X into another
normed space Y. Then there exists a constant M > 0 such that

|Tz|| < M||z|| for all x € X.
Then if z,, — 0, we have that
T2y, || < Mljz,|| — 0 as n — oo,

and it follows that 7" is continuous at zero. By Theorem 1.4.6, we conclude that
T is continuous on X.

Conversely, suppose T' is continuous. We show that 7" is bounded. Suppose,
for contradiction, that 7" is unbounded. Hence there exists a sequence {z,} in
X such that

Tz > nljz,| for all n € N.

Because T0 = 0, this implies that x,, # 0. Set y,, := z,,/(n||zy]]),n € N. Then
lynll = llzn/(nl|zn]))]| = 1/n — 0, which implies that lim y, = 0. Observe

that

1

Ty, = |T< In >|| = |T2,] > 1 for all n € N
nljzn|| n|zn |

and hence {T'y,, } does not converge to zero. This means that T is not continuous

at zero, a contradiction.

If the dimension of X is finite, it also forces the boundedness of a linear
operator.

Theorem 1.4.9 Let X andY be two normed spaces. If X is a finite-dimensional
normed space, then all linear operators T : X — Y are continuous (hence
bounded).

Remark 1.4.10 Ezxample 1.4.7 shows that the conclusion of Theorem 1.4.9
is not true in general (in infinite-dimensional normed spaces). Thus, linear
operators may be discontinuous in infinite-dimensional normed spaces.
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1.5 Space of bounded linear operators

Let X and Y be two normed spaces. Given two bounded linear operators
T, T5 : X — Y, we define
(Tl +T2)SC = T1:L‘+T2(ZZ,
(aTy)x = aTyzforall z € X and a € K.

We denote by B(X,Y), the family of all bounded linear operators from X
into Y. Then B(X,Y) is a linear space. The space B(X,Y) becomes a normed
space by assigning a norm as below:

ITl|p = inf{M:|Tz| < Mlz|,z € X}
T
sup{” il ':c;éO,xeX}

]
= sup{[[Tz| : z € X, [Jzf| <1}

= sup{||Tz| : z € X, [lz]| = 1}.

Theorem 1.5.1 The normed space B(X,Y') is a Banach space if Y is a Banach
space.

We now state an important result:

Theorem 1.5.2 (Uniform boundedness principle) - Let X be a Banach
space, Y a normed space, and {T;};cn € B(X,Y) a family of bounded linear
operators of X intoY such that {T;x} is bounded set in'Y for each x € X, i.e.,
for each © € X, there exists M, > 0 such that

|T;z|| < My for all i € N.
Then {||T;||z} is a bounded set in RT, i.e., T; are uniformly bounded.

As an immediate consequence of Theorem 1.5.2 (uniform boundedness
principle), we have

Theorem 1.5.3 Let X and Y be two Banach spaces and {T,,} a sequence in
B(X,Y). For each x € X, let {T,xz} converges to Txz. Then we have the
following:

(a) T is a bounded linear operator, i.e., T € B(X,Y);

(b) |15 < liminf |7,

Proof. (a) Because each T;, is linear, it follows that
T(ax+ By) = lim T,(ax+ Pfy) = lim T,(az)+ lim T,(8y)
n—oo n—od n—oo
= « lim T,z + (6 lim T,y

= aTx+ p(Ty
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for all x,y € X and «, 8 € K. Further, because the norm is continuous,

lim [|T,z| = ||Tx| for all z € X,

it follows that {T,x} is a bounded set in Y. By the uniform boundedness
principle, there exists a positive constant M > 0 such that sup ||T,||p < M.
neN
Thus,
[Tnz|| < | Tnlisllell < Mllz].
Taking the limit as n — oo, we have
1Tz < M|,
so T is bounded. Therefore, T € B(X,Y).

(b) Because
[Tozll < I Tulsll=l,
this implies that

liminf ||T,z|] < liminf||T,| sz
n—oo n—oo
Hence ||Tz|| < liminf ||T5,||g||z]|. Thus, |T||p < liminf [|T,] 5. I
n— 00 n—o0

Dual space — The space of all bounded linear functionals on a normed space
X is called the dual of X and is denoted by X*. Clearly, X* = B(X,R) and is
a normed space with norm denoted and defined by

[f[l+ = sup{|f(z)| : x € Sx}.

In view of Theorem 1.5.1, we have the following interesting result, which is
very useful for the construction of Banach spaces from normed spaces.

Corollary 1.5.4 The dual space (X, || - |+) of a normed space X is always a
Banach space.

We now give basic dual spaces:

The dual of R™ — Let R™ be a normed space of vectors = (x1,x2, - , )

with norm ||z = (3°;, x%)l/Q. Then for y = (y1,Y2, " ,Yi, - ,Yn) € R, any
functional f : R™ — R of the form

n
f(l’)zzxiyi; $:<xl,$2’...’J;i’...7xn)€Rn
i=1

is linear. Further, from the Cauchy-Schwarz inequality,

n n 1/2 n 1/2 n 1/2
Seal < (Xa2) (L) =(X#) e
=1 =1 =1

i=1

[f(2)] =
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which shows that f is bounded with || f|l. < (3, y?)'/2. However, because
for x = (y1,y2, -+ ,Yn) equality is achieved in the Cauchy-Schwarz inequality,
we must in fact have || f[l. = (3, y2)'/2.

Now, let j be any bounded linear functional on X = R™. Define the basis
vectors e; in R™ by
€; = (0703 71a01"' ,0)
it"  position
Suppose j(e;) = a;. Then for any @ = (21,29, - ,z,), we have z =
>oi, xie;. By the linearity of j, we have
n n n
J@) =Y glew) =Y dle)wi =Y ;.
i=1 i=1 i=1
Thus, the dual space X* of X = R" is itself R™ in the sense that the space X*

consists of all functionals of the form f(z) =Y. | a;,x; and the norm on X* is
11l = (32 lail?)'/? = |lall, where a = (a1, a2, -+, a,) € R™.

The dual of ¢,,1<p<oo - For 1 < p < oo, the dual space of ¢, is ¢,

(1/p+1/q = 1) in the sense that there is a one-one correspondence between
elements y € ¢, and bounded linear functionals f, on £, such that

fy(z) = Zmii‘/iv v ={xi}iZ, €4y,
i=1

where
y={vi}i21 €
and -
(21':1 ‘yi|q)1/q7 if 1 <p<oo,
I £yl = llyllq = .
sup |y if p=1.
ieN
Observation

e The dual of ¢ is /.
e The dual of £, is £4, 1 <p<ooand 1/p+1/g=1.
e The dual of /- is not ¢;.

The dual of co — The Banach space ¢y of all real sequences © = {z;} such
that lim 2; = 0 with norm ||z|» = sup |z;| is a subspace of fo. The dual
N

i—00 i€
of ¢g is 1 in the usual sense that the bounded linear functionals on ¢g can be
represented as

oo
fy(@) = inyn x = {x;}2, € co,
i=1

where y = {y;}22, € €1 and [[fyll« = llyll = 2232, lyil.
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The dual of L,[0,1],1 < p < oo — For 1 <p < oo, the dual space of L,[0, 1]
is Lq[0,1],(1/p 4+ 1/q = 1) in the sense that there is one-one correspondence
between elements y € Lq[0,1] and bounded linear functionals f, : L,[0,1] — R
such that

fy(x) :/0 z(t)y(t)dt and || fy[l« = [lyllq-

We now state an important theorem in Hilbert space that is called the Riesz
representation theorem. This theorem demonstrates that any bounded linear
functional on a Hilbert space H can be represented as an inner product with a
unique element in H.

Theorem 1.5.5 (Reisz representation theorem) — Let H be a Hilbert space
and f € H*. Then we have the following:

(1) There exists a unique element yo € H such that f(x) = (z,y0) for each
rec H.

(2) Moreover, |[f|[« = llyol|-
Remark 1.5.6 In a Hilbert space H, (distinct) bounded linear functionals f

on H are generated by (distinct) elements y of the space H itself, i.e., there is
one-one correspondence between f € H* and y € H. Therefore, H* = H.

1.6 Hahn-Banach theorem and applications

The Hahn-Banach theorem is one of the most important theorems in functional
analysis. To state it, we need the following definitions:

Sublinear functional — Let X be a linear space and p : X — R a functional.
Then p is said to be a sublinear functional on X if

(i) p is subadditive: p(z +y) < p(z) + p(y) for all z,y € X,
(ii) p is positive homogeneous: p(ax) = ap(x) for all x € X and a > 0.
It is evident that every norm is a sublinear functional.

The sublinear functional p on X is called convex functional on X if p(x) > 0
for all x € X. Obviously, every norm is a convex functional also.

Example 1.6.1 Let p: {o — R be a functional defined by

p(z) =limsupz, for all v = (x1,22,  + ,Zp, ) € loo.
n—oo

Then p is a sublinear functional on £ .
Extension mapping — Let C' be a proper subset of a linear space X and
f a mapping from C into another linear space Y. If there exists a mapping

F : X — Y such that
F(z) = f(z), z€C,

then F' is called an extension of f.
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Example 1.6.2 Let X =[0,1],C =[0,1) and f : C — R defined by
f(x)=2% =x€]0,1).

Then . o
Fl(x):{ f(ox) ;;iil

and . o
Fy(z) = { f(lx) Z;iil

are two extensions of f, where Fy is continuous, but Fy is not.

Simply, the Hahn-Banach theorem states that a bounded linear functional
f defined only on a subspace C' of a normed space X can be extended to a
bounded linear functional F' defined on the entire space and with norm equal
to that of f on C, i.e.,

1Flx = £l = sup L&)

p .
vec ]
We now state the theorem without proof.

Theorem 1.6.3 (Hahn-Banach theorem) — Let C' be a subspace of a real
linear space X, p a sublinear functional on X, and f a linear functional defined
on C' satisfying the condition:

fx) <p(z) forall xe€C.
Then there exists a linear extension F of f such that F(x) < p(z) for all x € X.

Corollary 1.6.4 Let C be a subspace of a real normed space X and f a bounded
linear functional on C. Then there exists a bounded linear functional F defined
on X that is an extension of f such that ||F|l« = ||flc-

Proof. Take p(x) = || fllc|lz|,z € X. 1

The following corollary gives the existence of nontrivial bounded linear func-
tionals on an arbitrary normed space.

Corollary 1.6.5 Let x be an element of a normed space X. Then there exists
(monzero) j € X* such that j(z) = |j|. =] and |j]. = |lx].

Corollary 1.6.6 Let x be a nonzero element of a normed space X. Then there
exists j € X* such that j(x) = ||z|| and ||j]. = 1.

Corollary 1.6.7 Let X be a normed space. Then for any x € X,

ozl = sup |j(z)].
Ijll-<1
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Corollary 1.6.8 If X is a normed space and xo € X such that j(xzg) = 0 for
all j € X*, then xo = 0.

Proof. Suppose z¢ # 0. By Corollary 1.6.6, there exists a functional j € X*
such that

J(xo) = [[zoll and [|j]l. = 1.
This implies that j(zg) # 0, which is a contradiction. Hence j(xg) = 0 for all
jEX*=ux9=0.

The following theorems are very useful in many applications.

Theorem 1.6.9 Let C be a subspace of a normed space X and xo an element
in X such that d(xo,C) =d > 0. Then there exists a bounded linear functional
J € X* with norm 1 such that j(xo) =d and j(z) =0 for all x € C.

Theorem 1.6.10 (Separability) — If X* is the dual space of a normed space
X and X* is separable, then X is also separable.

Next, we discuss geometric forms of the Hahn-Banach theorem. We need
the following:
Hyperplane — A subset H of a linear space X is said to be a hyperplane if
there exists a linear functional f # 0 on X such that

H={zeX: f(zx)=a}, ack
f(z) = a is called the equation of the hyperplane.
Example 1.6.11 Let X =R, f(z) = 3z, a = 2. Then the set
H={zeX: f(z)=a}={re X :3zx=2}={2/3}.

Hence H is a hyperplane.

We have the following interesting result.

Proposition 1.6.12 Let X be a topological linear space. Then the hyperplane
{r € X : f(x) = a} is closed if and only if [ is continuous.

Let f(x) = a, a € R, be the equation of hyperplane in a linear space X.
Then we have the following:

(i) {r e X : f(z) <a}and {z € X : f(z) > a} are open half-spaces.

(ii) {zr € X : f(z) < a} and {z € X : f(x) > a} are closed half-spaces.

It is easy to see that the boundary of each of the four half-spaces is just a
hyperplane.
Remark 1.6.13 In a topological linear space X, we have

(i) open half-spaces are open sets,

(ii) the closed half-spaces are closed sets if and only if f is continuous, i.e.,
the hyperplane {x € X : f(x) = a} is closed.
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Let X be a linear space. We say that the hyperplane {x € X : f(z) = a}
separates two sets A C X and B C X if f(z) < o forall z € A and f(x) > «
for all © € B. We say that the hyperplane {x € X : f(x) = a} strictly separates
two sets A C X and B C X if f(z) < a for all z € A and f(x) > « for all
r € B.

Theorem 1.6.14 (Hahn-Banach separation theorem) — Let X be a normed
space and let A C X, B C X be two nonempty disjoint convex sets. Suppose
that A is open. Then there exists a closed hyperplane that separates A and B,
i.e., there exist 7 € X* and a number o € R such that

j@)>aifreAandj(x) <aifx e B.

Proposition 1.6.15 Let C be a nonempty open convexr subset of a normed
space X. Then for xg € X, xg & C, there exists f € X* such that

flx)<a forall xeC,
where f(xg) = a.

An immediate consequence of the separation theorem shows that ¢o(C) is
the intersection of all closed half-spaces containing C. Indeed,

Theorem 1.6.16 Let C be a nonempty subset of a normed space X. Then

co(C)={rv e X : f(z) <sup f(y) forall fe X"}
yel

Theorem 1.6.17 Let C' be a nonempty closed convex subset of a normed space
X. If x is not an element in C, there exists a continuous linear functional
J € X* such that

j(z) <inf{j(y) :y € C}.

Theorem 1.6.18 (Hahn-Banach strictly separation theorem) — Let A
and B be two nonempty disjoint convex subsets of a normed space X. Suppose
A is closed and B is compact. Then there exists a closed hyperplane that strictly
separates A and B.

Supporting hyperplane — Let C be a convex subset of a normed space X
with int(C) # () and xo € dC. Then a nonzero functional f € X* is said to be
a support functional for C at xg if f(x) < f(xo) for all x € C. The correspond-
ing hyperplane {x € X : f(x) = f(xo)} is called a supporting hyperplane for
C at xg.

A point of C through which a supporting hyperplane passes is called a point
of support of C.

Observation
e Any supporting hyperplane of a set C' with nonempty interior is closed.

e An interior point of C' cannot be a point of support.
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We give some conditions on C' under which a boundary point is a point of
support.

Theorem 1.6.19 Let C' be a convexr subset of a mormed space X with
int(C) # 0. Then every boundary point of C' is a point of support, i.e., for

every xg € OC, there exists an f € X* such that f # 0 and f(x) = sup f(z).
zeC

1.7 Compactness

Let (X, d) be a metric space. Recall that a subset C of X is called compact if
every open cover of C' has a finite subcover. Equivalently, a subset C of X is

compact if every sequence in C' contains a convergent subsequence with a limit
in C.

A subset C' of X is said to be totally bounded if for each € > 0, there exists a

finite number of elements x1, 29, -+ , 2, in X such that C C U™, B.(z;). The
set {z1,x2, -+ ,x,} is called a finite e-net.
Observation

e Every subset of a totally bounded set is totally bounded.

e Every totally bounded set is bounded, but a bounded set need not be totally
bounded.

Proposition 1.7.1 A subset of a compact metric space is compact if and only
if it closed.

Proposition 1.7.2 Let X be a metric space. Then the following are equivalent:
(a) X is compact.
(b) Every sequence in X has a convergent subsequence.

(c) X is complete and totally bounded.

Proposition 1.7.3 Let C' be a subset of a complete metric space X. Then we
have the following:

(a) C is compact if and only if C is closed and totally bounded.

(b) C is compact if and only if C is totally bounded.

Observation
e X = (0,1) with usual metric is totally bounded, but not compact.

e X = R with usual metric is complete. But it is not totally bounded and hence
not compact.

A subset C of a topological space is said to be relatively compact if its closure
is compact, i.e., C' is compact. In particular, we have an interesting result:
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Proposition 1.7.4 Let C' be a closed subset of a complete metric space. Then
C is compact if and only if it is relatively compact.

We now state the following fundamental theorems concerning compactness.

Theorem 1.7.5 (The Heine-Borel theorem) — A subset C of R is compact
if and only if it is closed and bounded.

Corollary 1.7.6 A set C C R™ is compact if and only if it is closed and
bounded.

Theorem 1.7.7 (Weierstrass theorem) — Let C' be a nonempty compact
subset of a metric space (X,d) and f: C — R a continuous function. Then f
attains its mazimum and minimum, i.e., there exist x, T € C such that

f(z) = inf f(z) and f(T) = sup f(z).
zeC zeC
Theorem 1.7.8 (Mazur’s theorem) — The closed convexr hull co(C) of a
compact set C of a Banach space is compact.

Observation
e R" n > 1isnot compact. However, every closed bonded subset of R" is compact.
For example, C' = [0,1] C R is compact, but R itself is not compact.
e C[0,1] and ¢2 are not compact.
e The subset C' = {{zn} € {2 : |zn| < 1/n,n € N} of £3 is compact.
e The closed unit ball Bx = {z € X : ||z|| < 1} in infinite-dimensional normed
space is not compact in the topology induced by norm (see Proposition 1.7.14).

Proposition 1.7.9 A subset C' of £, space is compact if C is bounded and for
e > 0, there exists no(e) € N such that Y .2 . |z5P < &P for all n > ng and
r={z;}2, € C.

Proposition 1.7.10 FEvery compact subset of a normed space X 1is closed, but
the converse may not be true.

Observation
o R" is closed.

Proposition 1.7.11 FEvery compact subset of a normed space X is complete,
but the converse may not be true.

Proposition 1.7.12 FEvery compact subset of a normed space is bounded, but
the converse may not be true.

Proposition 1.7.13 Every compact subset of a normed space is separable.

Proposition 1.7.14 A closed and bounded subset of a normed space need not
be compact.
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Proof. Let X = f5. Then the unit ball Bx = {z € {3 : ||z[2 = (350, |z:[})/? <
1} is closed and bounded. We now show that Bx is not compact. Let {z,} be
a sequence in By defined by

2, = (0,0,--+,1,0,---), mneN.
T

nth position
Hence for m # n,

Hxn - mmH2 - \/57
i.e., there is no convergent subsequence of {x, }. Therefore, Bx is not totally

bounded and hence it is not compact.

Remark 1.7.15 By, is compact in the weak topology (see Theorem 1.9.26).

Proposition 1.7.16 A normed space X is finite-dimensional if and only if
every closed and bounded subset of X is compact.

1.8 Reflexivity

Let X1, X5,---,X,, be m linear spaces over the same field K. Then a func-
tional f : X7 X Xo x -+ x X, — R is said to be an m-linear (multilinear)
functional on X = X7 x Xy x --- x X, if it is linear with respect to each of the
variables separately. For m = 2, such a functional is called a bilinear functional.

Duality pairing - Given a normed space X and its dual X*, we define the
duality pairing as the functional (-,-) : X x X* — K such that

(x,7) =7(z) forallz e X and j € X™.
The properties of duality pairing can be easily derived from the definition:

Proposition 1.8.1 Let X* be the dual of a normed space X. Then we have
the following:

(a) The duality pairing is a bilinear functional on X x X*:
(i) {ax + by, j) = alz,j) + b{y, J) for all z,y € X;j € X* and a,b € K;
(“) <x7aj1+ﬁj2> = a<$7j1>+ﬁ<y7j2> fO’f’ allz € X;jlan S X*7 OZ,/B e kK

(b) (x,7) =0 for all x € X implies j = 0.
(c) (x,7) =0 for all j € X* implies x = 0.

Natural embedding mapping - Let (X,| - ||) be a normed space. Then
(X*, |- 1l+) is a Banach space. Let j € X*. Hence for given « € X, the equation

f2(4) = (2,])



1.8. Reflexivity 35

defines a functional f, on the dual space X*. The functional f, is linear by
Proposition 1.8.1. Moreover, for j € X* we have

|f2 ()] = (=, 7)1 < [l [l]]5]]- (1.9)
This shows that f, is bounded and hence f, is a bounded linear functional
on X*.

The space of all bounded linear functionals on X* is denoted by X** and is
called the second dual of X. Then f, € X**. Note that X** is a Banach space.
Let || - ||+« denote a norm on X**. From (1.9), we have

([ fallaw < ]

By Corollary 1.6.5, there exists a nonzero functional j € X* such that

(z,5) = =|[lljll« and [[j]. = [lz].-
This implies that || fo |« = ||z
Define a mapping ¢ : X — X** by p(x) = f,, € X. Then ¢ is called the
natural embedding mapping from X into X**. It has the following properties:
(i) ¢ is linear: p(ax + By) = ap(z) + Be(y) for all z,y € X, a, 8 € K;
(i) p(x) is isometry: ||p(x)| = ||z| for all x € X.

Generally, however, the natural embedding mapping ¢ from X into X** is
not onto. It means that there may be elements in X ** that cannot be represented
by elements in X.

In the case when ¢ is onto, we have an important class of normed spaces.

Definition 1.8.2 A normed space X is said to be reflevive if the natural
embedding mapping ¢ : X — X** is onto. In this case, we write X = X**

or X = X**.
Observation
e R" is reflexive. (In fact, every finite-dimensional Banach space is reflexive.)
e /, and L, for 1 < p < oo are reflexive Banach spaces.
e Every Hilbert space is a reflexive Banach space, i.e., H** = H.
e /1, Voo, L1 and L, are not reflexive.

e c and c¢( are not reflexive Banach spaces.

We now state the following facts for the class of reflexive Banach spaces.
Proposition 1.8.3 (a) Any reflexive normed space must be complete and, hence,
1s a Banach space.

(b) A closed subspace of a reflexive Banach space is reflexive.

(¢) The Cartesian product of two reflexive spaces is reflexive.

(d) The dual of a reflexive Banach space is reflexive.
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Theorem 1.8.4 (James theorem) — A Banach space X is reflexive if and
only if for each j € Sx~, there exists x € Sx such that j(x) = 1.

1.9 Weak topologies

Let X* be the dual space of a Banach space X. The convergence of a sequence
in a Banach space X is the usual norm convergence or strong convergence, i.e.,
{z,} in X converges to z if 711520 ||z, — || = 0. This is related to the strong
topology on X with neighborhood base B, (0) = {x € X : ||z|| < r},r > 0 at
the origin. There is also a weak topology on X generated by the bounded linear
functionals on X. Indeed, G C X is open in the weak topology (we say G is
w-open) if and only if for every x € G, there are bounded linear functionals
f1, f2,- -+, frn and positive real numbers €1, &5, -+ ,&, such that

{y6X|fz('r)_.fl(y)| <é&n,t=1,2,-- ,Tl} CG.

Hence a subbase o for the weak topology on X generated by a base of neigh-
borhoods of 2y € X is given by the following sets:

V(fisfo-sfnie)={x e X:[{x —xo, fi)| <e, for every i=1,2,--- n}.

In particular, a sequence {z,} in X converges to z € X for weak topology
o(X,X*) if and only if (x,, f) — (z, f) for all f € X*.

Observation
e The weak topology is not metrizable if X is infinite-dimensional.
e Under the weak topology, the normed space X is a locally convex topological
space.

e The weak topology of a normed space is a Hausdorff topology.

We are now in a position to define convergence, closedness, completeness,
and compactness with respect to the weak topology.

Weakly convergent — A sequence {z,} in a normed space X is said to con-
verge weakly to x € X if f(x,) — f(z) for all f € X*. In this case, we write
T, — x or weak- lim x, = x.

n—oo
Weakly closed — A subset C' of a Banach space X is said to be a weakly
closed if it is closed in the weak topology.

Weak Cauchy sequence — A sequence {z,} in a normed space X is said
to be a weak Cauchy if for each f € X* {f(z,)} is a Cauchy sequence in K.

Weakly complete — A normed space X is said to be weakly complete if every
weak Cauchy sequence in X converges weakly to some element in X.
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Weakly compact — A subset C' of a normed space X is said to be weakly
compact if C'is compact in the weak topology.

Schur property — A Banach space is said to satisfy Schur property if there
exist weakly convergent sequences that are norm convergent.

Theorem 1.9.1 (Schur’s theorem) — In ¢y, weak and norm convergences of
sequences coincide.

We have the following basic properties of weakly convergent sequences in
normed spaces:

Proposition 1.9.2 (Uniqueness of weak limit) — Let {z,} be a sequence
i a normed space X such that x, — x and x,, —y. Then x =y.

Proof. Because {f(z,)} is a sequence of scalars such that f(x,) — f(z) and
f(xn) — f(y), it follows that f(x) = f(y). This implies that f(z —y) = 0.
Therefore, x = y by Corollary 1.6.8.

Proposition 1.9.3 (Strong convergence implies weak convergence) -
Let {z,,} be a sequence in a normed space X such that x,, — x. Then xz, — x.

Proof. Because z, — x, ||z, — x| — 0. Hence

[f(zn) = f(@)] < [|fll«[len — 2[] — 0 for all feX*.

Therefore, x,, — x. I

The converse of Proposition 1.9.3 is not true in general. It can be seen from
the following example:

Example 1.9.4 Let X = {y and {x,} be a sequence in {5 such that
#p = (0,0,0,---,1,0,---), neN.
7
nth position
For anyy = (y1,Y2," "+ yYn, -+ ) € X* = Lo, we have
(TnyY) = yn — 0 as n — 0.

Hence x,, — 0 as n — oco. However, {x,} does not converge strongly because
lznll = 1 for all n € N. Therefore, a weakly convergent sequence need not be
convergent in norm.

Theorem 1.9.5 (Weak convergence in ¢, space, 1<p<oo) - For1l <

p < oo, let

xn:<a§n),aén)’...7@?,...)€£p7 neN
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and
T = (a17a2’... ’ai’...) e[p'
Then x, — x if and only if
(i) {zn} is bounded, i.e., ||x,|| < M for alln € N and for some M > 0;

(ii) for each i, agn) — ; asn — 00.

Theorem 1.9.6 Let X be a finite-dimensional normed space. Then strong con-
vergence is equivalent to weak convergence.

Theorem 1.9.7 Every reflexive normed space is weakly complete.
Convergence of sequences in B(X,Y) — Let X and Y be two normed spaces.
A sequence {T},} in B(X,Y) is said to be

(i) wniformly convergent to T € B(X,Y) in the norm of B(X,Y) if
|7, — Tllzg — 0 as n — oo, i.e., for £ > 0, there exists an integer ng € N

such that sup || T,x — Tx| < ¢ for all n > ny,
llzll<1

[uniform convergence of {T,}]
(ii) strongly convergent to T € B(X,Y) if nler;o |Tx —Tz|| =0 for all z € X,
[strong convergence of {T,}]
(iii) weakly convergent to T € B(X,Y) if |f(Thz) — f(Tz)| — 0 for all z € X
and f € Y*.
[weak convergence of {T,}]
It follows immediately from the inequality
[Tow = Txl| < ||Tn = Tl|5ll], ©eX

that the uniform convergence implies strong convergence. It can be easily ob-
served for the sequence of operators in B(X,Y") that

uniform convergence = strong convergence = weak convergence.

We note that the converse is not true in general.

Weak* topology - We have seen that if 7 is the norm topology of a normed
space X, then the weak topology o (X, X*) is a subset of the original norm topo-
logy 7. Let 7* be the norm topology of X* generated by the norm || - | (of X*).
Then there exists a topology denoted by o(X™*, X) on X* such that o(X*, X) C
7*. The topology o(X*, X) is called the weak* topology on X*. Thus, we
can speak about strong neighborhood, strongly closed, strongly bounded, weak
convergence in (X*, || - ||«) and weak* neighborhood, weak*ly closed, weak*ly
bounded, weak*ly convergence in (X*,o(X*, X)), respectively.

We now study some basic properties of the weak topology and weak™® topo-
logy. We begin with a simple characterization for the convergence of sequences
in the weak topologies.
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Proposition 1.9.8 Let X be a normed space and { f,} a sequence in X*. Then
we have the following:

(a) {fn} converges strongly to f in the norm topology on X* (denoted by
fn—f)if
[fn = fll« = 0.

(b) {fn} converges to f in the weak topology on X* (denoted by f, — f) if

(fu—frg) — 0 forall g€ X™".

(c) {fn} converges to f in the weak™ topology on X* (denoted by f, — f
weak*ly or f, —* f) if

(%, fr— f) — 0 for all z € X.

On the other hand, the following result is an immediate consequence of
Theorem 1.5.3.

Corollary 1.9.9 Let C be a nonempty subset of a Banach space X. For each
feX* let f(C)=Uzec(z, f) be a bounded set in R. Then C' is bounded.

Proof. Set X := X*| Y :=R,and T,.(f) := (z, ), v € C. Then T, € B(X*,R).
Because f(C') is bounded, it follows that

sup |T1(f)| = sup |<xvf>‘ é K7
zeC zeC

for some K > 0. By the uniform boundedness principle, there exists a constant
M > 0 such that
IT:|| < M for all x € C.

This implies that

(2, )l = [Ta(H < NTallfllx < MI|fls

By Corollary 1.6.7, we have

lz]| < M for all x € C.

Therefore, C' is bounded. I

Applying Corollary 1.9.9, we have

Theorem 1.9.10 Let {x,} be a sequence in a Banach space X. Then we have
the following:

(a) x, — x (in X ) implies {x,,} is bounded and ||z| < liminf ||x,,]|.

(b) xy =z in X and fr, — f in X* imply fn(x,) — f(z) in R.
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Proof. (a) Because z,, — z, then f(z,) — f(z) for all f € X*. Hence {f(x,)}
is bounded for all f € X*. Thus, by Corollary 1.9.9, {x,,} is bounded.

Moreover,
[(@n, /)] < llznlll]Lf [l

Taking liminf in the above inequality, we have
(. )] < timin [l /]

By Corollary 1.6.7, we obtain

e = sup [z, )| < sup (liminf|ja,[[||f].) < lminf[|z,]].
I71-<1 Ifl.<1 nee s

(b) Because z,, — x in X, it follows that (z, — z, f) = f(z,) — f(z) — 0 and
{z,} is bounded (by part (a)). Hence

(@, fr) = (@ )] < K@n, fo) = (@, O+ (@0, f) = (2, )]
= [zn, fo = N+ (@0 — 2, )]
< Ml fo— fll« + [(zn — 2, f)] =0

for some constant M > 0. Therefore, f,,(z,) — f(x). |

Observation
e Let {z,} be a sequence in a Banach space X with z,, = z € X and {a,} a

sequence of scalars such that o, — a. Then {anx,} converges weakly to ax.

Theorem 1.9.11 Let X be a Banach space and {x,} a sequence in X such
that x,, — x € X. Then there exists a sequence of convex combinations of {x,}
that converges strongly to x, i.e., there exists convex combination {y,} such that

m m
Yn = Z)‘ixi’ whereZ)\i =land \; >0, n<i<m,
i=n 1=n
which converges strongly to x.

Corollary 1.9.12 Let C' a nonempty subset of a Banach space X and {x,} a
sequence in C such that x, — x € X. Then x € co(C).

The weak topology is weaker than the norm topology, and every w-closed
set is also norm closed. The following result shows that for convex sets, the
converse is also true.

Proposition 1.9.13 Let C' be a convex subset of a normed space X. Then C
18 weakly closed if and only if C' is closed.

The following proposition is a generalization of Theorem 1.7.8.
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Proposition 1.9.14 Let C be a weakly compact subset of a Banach space X .
Then ¢o(C) is also weakly compact.

The following result is a direct consequence of the uniform bounded principle:

Proposition 1.9.15 Let C be a weakly compact subset of a Banach space X .
Then C' is bounded.

Theorem 1.9.16 (Eberlein-Smulian theorem) — Let C' be a weakly closed
subset of a Banach space. Then the following are equivalent:

(a) C is weakly compact.

(b) C is weakly sequentially compact, i.e., each sequence {x,} in C has a
subsequence that converges weakly to a point in C.

Corollary 1.9.17 Let C be a closed conver subset of a Banach space. Then
the following are equivalent:

(a) C is weakly compact.

(b) Each sequence {x,} in C' has a subsequence that converges weakly to a
point in C.

Proposition 1.9.18 Any closed convex subset of a weakly compact set is itself
weakly compact.

Theorem 1.9.19 (Kakutani’s theorem) — Let X be a Banach space. Then
X is reflexive if and only if the unit closed ball Bx = {x € X : ||z|| < 1} is
weakly compact (i.e., Bx is compact in the weak topology of X ).

Using Proposition 1.9.13 and Kakutani’s theorem, we obtain

Theorem 1.9.20 Let X be a Banach space. Then X 1is reflexive if and only
if every closed convex bounded subset of X is weakly compact (compact in weak

topology).

Theorem 1.9.21 Let C be a subset of a reflexive Banach space. Then
C is weakly compact & C' is bounded
(compactness in weak topology) (boundedness in strong topology)

Theorem 1.9.22 Let {z,} be a sequence in a weakly compact convez subset of
a Banach space X and w,,({x,}) denote the set of all weak subsequential limits

of {xn}. Then co(ww({n})) = MLico({xx}h>n).

Proof. Set W := wy,({zn}), Ap = 0({xk}ti>n), and A := N2 A,,. We now
show that co(W) = A. The inclusion W C A (and hence co(W) C A) is trivial.
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Hence it suffices to prove that A C co(W). Suppose, for contradiction, that
x € A\ co(W). Then there exists j € X* such that

(z,J) >sup{(y,j) 1 y € 2o(W)} = sup{(y,j) : y € W). (1.10)

Because z € A C A,

(x,4) < sup{(y,j) 1 y € An} = sup{(zx, j) : k = n}.

Therefore,
(z,7) <limsup(zn, j).

n—oo

It follows from the Eberlein-Smulian theorem that there exists a subsequence
{zn,} of {z,} such that

Ln,; - ‘T/ and <’l,’,_]> S <$,,j>.
Because ' € W by definition, this is a contradiction of (1.10). |

Corollary 1.9.23 Let X be a Banach space and {x,} a sequence in X weakly
convergent to z. Let A,, = ¢o({xy}x>n). Then N2 A, = {z}.

Proposition 1.9.24 Let {x,} be a bounded sequence in reflexive Banach space
X and A, =0({zntisn). If N0 A =002 co({zn, Tnyr, - }) = {x}, then
Ty — T.

Proposition 1.9.25 Let {x,} be a weakly null sequence in a Banach space X
and {j,} a bounded sequence in X*. Then for each ¢ > 0, there exists an
increasing sequence {ny} in N such that |(xn,, jn,)| <€ if i # k.

Proof. Without loss of generality, we may assume that X is a separable space.
We can assume that {j,} converges weak*ly to some j € Bx«. Given € > 0, we
find ny such that |{z,,7)| < &/2 for all n > ny. Next, having ny < ns < -+ <
ng—1, we pick ng > ng_1 with |(x,,, jn,)| < € and [(@n,, jn, — 7)| < &/2 for all

i=1,2,--- ,k—1. Then [(xn,, Jn,)| <e€.
We now list several properties that characterize reflexivity.

Theorem 1.9.26 Let X be a Banach space. Then following statements are
equivalent:

(a) X is reflexive.
(b) Bx is weakly compact.

(¢) Every bounded sequence in X in strong topology has a weakly convergent
subsequence.

(d) For any f € X*, there exists © € Bx such that f(x) = || f]|«.



1.10. Continuity of mappings 43

(e) X* is reflexive.

(f) o(X*, X) = o(X*, X*), i.e, on X* the weak topology and the weak*
topology coincide.

(9) If {Cy} is any descending sequence of nonempty closed convex bounded
subsets of X, then NS, C,, # 0.

(h) For any closed convexr bounded subset C' of X and any j € X*, there exists
x € C such that (x,j) = sup{{y,j) : y € C}.

Finally, we give the fundamental result concerning the weak* topology.

Theorem 1.9.27 (Banach-Alaoglu’s theorem) — The unit ball Bx- of the
dual of a normed space X is compact in the weak* topology.

1.10 Continuity of mappings

In this section, we discuss various forms of continuity of mappings with their
properties.

Definition 1.10.1 Let T be a mapping from a metric space (X, d) into another
metric space (Y, p). Then T is said to be

(i) continuous at xy € X if x,, — xo implies Tx,, — Txo inY, i.e., for each
e > 0, there is a § = d(e,x0) > 0 such that p(Txo,Ty) < € whenever
d(xo,y) <0 for ally € X,

(ii) uniformly continuous on X if for given € > 0, there exists § = d(g) > 0
such that

p(Tz, Ty) < & whenever d(x,y) < 6 for all z,y € X.

Example 1.10.2 Let X = (0,1] andY =R and let X andY have usual metric
defined by absolute value. Then the mapping T : X — Y defined by Tx = 1/x
s continuous, but not uniformly continuous.

Observation

e Every uniformly continuous mapping from X into Y is continuous at each point
of X, but pointwise continuity does not necessary imply uniform continuity.

e Every uniformly continuous mapping 7T from a metric space X into another
metric space Y maps a Cauchy sequence in X into a Cauchy sequence in Y.

Proposition 1.10.3 Let T be a continuous mapping from a compact metric
space (X, d) into another metric space (Y, p). Then T is uniformly continuous.
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A mapping T from a metric space (X, d) into another metric space (Y, p) is
said to satisfy Lipschitz condition on X if there exists a constant L > 0 such
that

p(Tx,Ty) < Ld(z,y) for all z,y € X.

If L is the least number for which Lipschitz condition holds, then L is called
Lipschitz constant. In this case, we say that T is an L-Lipschitz mapping or
simply a Lipschitzian mapping with Lipschitz constant L. Otherwise, it is called
non-Lipschitzian mapping. An L-Lipschitz mapping T is said to be contraction
if L <1 and nonexpansive if L = 1. The mapping T is said to be contractive if

p(Tx, Ty) < d(z,y) for all x,y € X, x #y.

Remark 1.10.4 FEvery Lipschitz continuous mapping T from a metric space
X into another metric space Y is uniformly continuous on X. Indeed, choose
0 < ¢e/L (independent of x), and we get

p(Tz, Txg) < Ld(z,x0) < €.

The following example shows that the distance functional f(z) = d(z,C) is
nonexpansive.

Example 1.10.5 Let C' be a nonempty subset of a normed space X. Then for
each pair x,y in X
ld(z,C) —d(y,O)| < [z —y.

In particular, the function x — d(x,C) is nonexpansive and hence uniformly
continuous.

The following proposition guarantees the existence of Lipschitzian mappings.

Proposition 1.10.6 Let T : [a,b] C R — R be a differentiable function on
(a,b). Suppose T' is continuous on [a,b]. Then T is a Lipschitz continuous
function (and hence is uniformly continuous).

Proof. By the Lagrange’s theorem, we have
Ty—Tx=T(c)(y—=z) foralla <z <y <b,

where ¢ € (z,y) C [a,b]. Because T" is continuous and interval [a,b] is compact
in R, by Weierstrass theorem, there exists x¢ € [a, b] such that

L = |T"(z)| = sup [T"(c)|.

c€la,b

Thus, |Tx — Ty| < L|z — y|, which proves that T is Lipschitz continuous. |

The following example shows that there is a Lipschitzian mapping for which
T’ does not exist.
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Example 1.10.7 The function Tz = |z|, « € [—1,1] satisfies Lipschitz condi-
tion with L = 1, i.e., |Tx — Ty| < |z — y| for all z,y € [-1,1]. Note T is not
differentiable at zero.

We now give an example of a non-Lipschitzian mapping that is continuous.

Example 1.10.8 Let T : [— L 1] — [— L l] be a mapping defined by

T T

o if x=0,
Tm{ §sin(l/xz) if = #0.

Then T is continuous, but not Lipschitz continuous.

For linear mappings, the continuity condition can be restated in terms of
uniform continuity.

Proposition 1.10.9 Let X and Y be two normed spaces and T : X — Y a
linear mapping. Then the following conditions are equivalent:

(a) T is continuous.

(b) T is Lipschitz function: there exists M > 0 such that ||Tx| < M||x| for
allz € X.

(¢) T is uniformly continuous.

Let X and Y be two Banach spaces and let T' be a mapping from X into Y.
Then the mapping T is said to be

1. bounded if C' is bounded in X implies T'(C') is bounded;

2. locally bounded if each point in X has a bounded neighborhood U such
that T'(U) is bounded;

3. weakly continuous if x, — x in X implies Tz,, = Tz in Y;
4. demicontinuous if x, — x in X implies Tz,, = Tx in Y;

5. hemicontinuous at xo € X if for any sequence {z,} converging to xg
along a line implies T'x,, — T, i.e., Tz, = T(xg + t,z) = Tx AS t, —
0 for all z € X;

closed if x,, — x in X and Tx,, — y in Y imply Tz = y;
weakly closed if x,, =~ x € X and Tz, = y in Y imply Tx = y;

demiclosed if x,, — x in X and Tz,, — y in Y imply Tx = y;

© »®» N @

compact if C'is bounded implies T'(C') is relatively compact (T(C') is com-
pact), i.e., for every bounded sequence {z,} in X, {T'z,} has convergent
subsequence in Y;



46 1. Fundamentals

10. completely continuous if it is continuous and compact;

11. demicompact if any bounded sequence {z,,} in X such that {z, — Tz,}
converges strongly has a convergent subsequence.

In the case of linear mappings, the concepts of continuity and boundedness
are equivalent, but it is not true in general.

Proposition 1.10.10 FEvery continuous linear mapping T : X — Y is weakly
continuous.

Proposition 1.10.11 Let X be a reflexive Banach space and Y a general
Banach space. Then every weakly continuous mapping T : X — Y is bounded.

Proposition 1.10.12 A completely continuous mapping maps a weakly con-
vergent sequence into a strongly convergent.

Proposition 1.10.13 FEvery linear mapping is hemicontinuous.

Proof. Every linear and demicontinuous mapping is continuous. I

It is clear that every demicontinuous mapping is hemicontinuous, but the
converse is not true.

Example 1.10.14 Let X =R2Y =R, and T : X — Y a mapping defined by

= (@) #0,0),
H ’y)‘{ 0. (ny)=(0,0).

Then T is hemicontinuous at (0,0), but not demicontinuous at (0,0).

Let X and Y be two sets. A multivalued T from X to Y, denoted by
T:X —Y,isasubset T'C X xY. The inverse of T : X — Y is a multivalued
function 771 : Y — X defined by (y,x) € T~! if and only if (z,y) € T. The
values of T are the sets Tx = {y € Y : (z,y) € T}; the fibers of T are the sets
T Hy)={zeX:(z,y) €T} foryeY.

For A C X, the set
T(A) = UpeaTa = {y € Y : T (y) N A £ 0}
is called the image of A under T'; for B C Y, the set
T HB) =UyepT 'y)={z € X : Tz N B # 0},

the image of B under T, is called inverse image of B under T. A point of
a set that is invariant under any transformation is called a fixed point of the
transformation. A point xy € X is said to be a fixed point of T if zg € Tzg.

Let X and Y be two topological spaces. Then a multivalued function 7" :
X —Y is said to be upper semicontinuous (lower semicontinuous) if the inverse
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image of a closed set (open set) is closed (open). A multivalued function is
continuous if it is both upper and lower semicontinuous.

Finally, we conclude the chapter with the following important fixed point
theorems.

Theorem 1.10.15 (Brouwer’s fixed point theorem) — Every continuous
mapping from the unit ball of R™ into itself has a fized point.

Theorem 1.10.16 (Schauder’s fixed point theorem) - Let C' be a non-
empty closed convex bounded subset of a Banach space X. Then every continu-
ous compact mapping T : C' — C has a fixed point.

Theorem 1.10.17 (Tychonoff’s fixed point theorem) — Let C be a non-
empty compact conver subset of a locally convex topological linear space X and
T:C — C a continuous mapping. Then T has a fixed point.

Exercises

1.1 Let (X,d) be a metric space. Show that p(z,y) = min{l,d(z,y)} for all
x,y € X is also a metric space.

1.2 Give an example of a seminorm that is not a norm.

1.3 Let (-,-) be an inner product on a linear space X and 7': X — X a one-one
linear mapping. Let (x,y)r = (Tz,Ty) for all x,y € X. Show that (-,-)p
is an inner product space.

1.4 Show that the space ¢y of all real sequences converging to 0 is a normed
space with norm ||z| = Y07, |z, — Tpt1| < oo

1.5 Let cop be a normed space with £,-norm (1 < p < oo) and { f,, } a sequence of
functional on c¢op defined by f,,(x) = nax, for all © = (x1,x9, - ,2pn, ).
Show that f,(xz) — 0 for every x € cop, but || f|| = n for all n.

1.6 Show that the space £, (1 < p < 00) is reflexive, but ¢; is not reflexive.

1.7 Let C be a nonempty closed convex subset of a normed space X and {z,}
a sequence in C such that x,, — x in X. Show that =z € C.

1.8 Let {z,} be a sequence in a normed space X such that z,, — x. Show that
x € span {x,}.

1.9 Let {z,} be a sequence in normed space X such that z,, — x. Show that
{z,,} is bounded.

1.10 Let X = ¢pp or ¢p with norm || - ||oc. Show that x,, = z in X if and only
if {,} is bounded in X and x,, ; — x; as n — oo for each i = 1,2,--- .
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