
Modelling Water Flow and Solute Transport

in Heterogeneous Unsaturated Porous Media

Gerardo Severino, Alessandro Santini, and Valeria Marina Monetti

Abstract New results concerning flow velocity and solute spreading in an

unbounded three-dimensional partially saturated heterogeneous porous forma-

tion are derived. Assuming that the effective water content is a uniformly

distributed constant, and dealing with the recent results of Severino and Santini

(Advances in Water Resources 2005;28:964–974) on mean vertical steady flows,

first-order approximation of the velocity covariance, and of the macrodisper-

sion coefficients are calculated. Generally, the velocity covariance is expressed

via two quadratures. These quadratures are further reduced after adopting

specific (i.e., exponential) shape for the required (cross)correlation functions.

Two particular formation structures that are relevant for the applications and

lead to significant simplifications of the computational aspect are also

considered.
It is shown that the rate at which the Fickian regime is approached is an

intrinsic medium property, whereas the value of the macrodispersion coeffi-

cients is also influenced by the mean flow conditions as well as the (cross)-

variances �2g of the input parameters. For a medium of given anisotropy

structure, the velocity variances reduce as the medium becomes drier (in

mean), and it increases with �2g. In order to emphasize the intrinsic nature

of the velocity autocorrelation, good agreement is shown between our analy-

tical results and the velocity autocorrelation as determined by Russo (Water

Resources Research 1995;31:129–137) when accounting for groundwater flow

normal to the formation bedding. In a similar manner, the intrinsic character

of attainment of the Fickian regime is demonstrated by comparing the scaled

longitudinal macrodispersion coefficients D11ðtÞ
D11

ð1Þ as well as the lateral displace-

ment variance X22ðtÞ
X22

ð1Þ ¼ X33ðtÞ
X33

ð1Þ with the same quantities derived by Russo (Water

Resources Research 1995;31:129–137) in the case of groundwater flow normal

to the formation bedding.
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1 Introduction

Water flow and solute transport in a heterogeneous unsaturated porous for-

mation (hereafter also termed vadose zone) are determined by the inherent

variability of the hydraulic formation properties (like the conductivity curve),

flow variables (e.g., the flux), and boundary conditions imposed on the domain.

Because the formation properties are highly variable, the resultant uncertainty

of their spatial distribution is usually modelled within a stochastic framework

that regards the formation property as a random space function (RSF). As a

consequence, flow and transport variables become RSFs, as well.
For given statistics of the flow field, solute spreading can be quantified in

terms of the first two moments of the probability density function of the solute

particles displacement. This task has been accomplished by [4, 20] for transport

by groundwater and unsaturated flow, respectively. However, in the case of

unsaturated flow, it is much more difficult due to the nonlinearity of the

governing equations. By using the stochastic theory developed in [20, 35, 36],

Russo [20] derived the velocity covariance that is required tomodel transport in

a vadose zone. Then, Russo [20] predicted the continuous transition from a

convection-dominated transport applicable at small travel distances to a con-

vection-dispersion transport valid when the solute body has covered a suffi-

ciently large distance. Assuming that the mean flow is normal to the formation

bedding, Russo [24] derived the velocity covariance tensor and the related

macrodispersion coefficients showing that the rate of approaching the asymp-

totic (Fickian) regime is highly influenced by the statistics of the relevant

formation properties. The assumption of mean flow normal to the formation

bedding was relaxed in a subsequent study [25].
All the aforementioned studies were carried out by assuming that, for a given

mean pressure head, the water content can be treated as a constant because the

spatial variability of the retention curve is normally found very small compared

with that of the conductivity curve [19, 26, 29]. More recently, Russo [27] has

investigated the effect of the variability of the water content on flow and

transport in a vadose zone. He has shown that the water content variability

increases the velocity variance, and therefore it enhances solute spreading . Such

results were subsequently refined by Harter and Zhang [10]. Further extensions

of these studies were provided by Russo [28] who considered flow and transport

in a bimodal vadose zone.
In this chapter, we derive new expressions for the velocity covariance.

Unlike the previous approach mainly developed by [20, 23, 27] and relying

on the stochastic theory of [35, 36], we make use of the recent results of [30].

Such a choice is motivated by the fact that we can obtain very simple results.

Then, by adopting the Lagrangian approach developed in the past, we

analyze solute spreading in a vadose zone with special emphasis on the

impact of the spatial variability of the formation properties upon attainment

the Fickian regime.
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2 The General Framework

The study is carried out in two stages. In the first, we relate the statistical
moments of the flux to those of the porous formation as well as mean flow
conditions, and in the second, we use the previously derived statistics to analyze
solute spreading .

2.1 Derivation of the Flux Statistics

We consider an unbounded domain of a vadose zone with statistically aniso-
tropic structure in a Cartesian coordinate system xi ði ¼ 1; 2; 3Þ with x1 down-
ward oriented. In order to relate the statistical moments of the flux q to those of
the porous formation, the following assumptions are employed: (i) the local
steady-state flow obeys the unsaturated Darcy’s law and continuity equation

qðxÞ ¼ �Kð�; xÞrð�þ x1Þ r � q ¼ 0 (1)

respectively, and (ii) the local relationship between the conductivity
K ¼ Kð�; xÞ and the pressure head � is nonhysteretic, isotropic, and given by
the model of [8]

Kð�; xÞ ¼ Ksð�; xÞ exp �ðxÞ ½ � (2)

where � is a soil pore-size distribution parameter, whereas KsðxÞ ¼ Ksð0; xÞ
represents the saturation conductivity. The range of applicability of the con-
ductivity model (2) has been discussed by [18], and its usefulness to analyze
transport has been assessed [20].

Owing to the scarcity of data, and because of their large spatial variations,Ks

and � are regarded as stationary RSFs defined through their log-transforms Y
and � as follows:

Ks ¼ KG ¼ exp Y0ð Þ � ¼ �G expð�0Þ KG ¼ exp hYið Þ �G ¼ exp h�ið Þ (3)

in which hi denotes the expected value, and the prime symbol represents the
fluctuation. In line with numerous field findings (e.g., [13, 17, 34, 26]), we
assume that the various (cross)correlation functions C�ð� ¼ Y; �;Y�Þ have
axisymmetric structure, that is,

C�ðxÞ ¼ �2���ðxÞ x ¼ xj j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1
I
�
�

� �2

þ x2
I�

� �2

þ x3
I�

� �2

s

(4)

where �2� and ��ðxÞ represent the variance and the autocorrelation, respectively,
whereas I�� and I� are the vertical and horizontal integral scale of the g-para-
meters. Whereas there is a large body of literature devoted to the spatial
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variability of Y (for a wide review, see [5]), limited information on � is available.
However, some studies ([16, 19, 26, 33, 34]) have shown that the g-RSFs exhibit
very similar integral scales. Thus, based on these grounds, we shall assume that
I�� � I�; I

� � I and ��ðxÞ � �ðxÞ. Furthermore, we shall consider hereafter a
flow normal to the formation bedding that represents the most usual config-
uration encountered in the applications ([9, 37]).

By dealing with the same flow conditions (i.e., mean vertical steady flow in an
unbounded vadose zone) considered by [30], the first-order fluctuation q0 is
given by (see second of Equation (8) in [30]):

q0ðxÞ ¼ � exp h�ið Þ Y0ðxÞ þ�1ðxÞ þ h�i�0ðxÞ½ �e1 þr�1ðxÞ (5)

(where e1 is the vertical unit vector). Let us observe that the fluctuation (5) has
been rewritten after scaling the lengths by ��1G and the velocities by KG

(although for simplicity we have retained the same notation). Then, by using
the spectral representation of the quantities appearing on the right-hand side of
(5) leads to

q1
0ðxÞ ¼ � exp h�ið Þ

Z

dk

ð2pÞ3=2
expð�jk � xÞ ~Y0ðkÞ þ h�i~�0ðkÞ

� � k2 � k21
k2 þ jk1

(6a)

q0mðxÞ ¼ � exp h�ið Þ
Z

dk

ð2pÞ3=2
expð�jk � xÞ ~Y0ðkÞ þ h�i~�0ðkÞ

� � k1km

k2 þ jk1
(6b)

with ~fðkÞ ¼
R

dx

ð2pÞ3=2
expðjk � xÞfðxÞ being the Fourier transform of fðxÞ (hereafter

m= 2, 3). The flux covariance Cqi (we assume that the coordinate axes are
principal) is obtained by averaging the product q0iðxÞq0iðyÞ, that is,

CqiðrÞ ¼ �2 exp 2 �h i	iðrÞð Þ (7)

with �2 ¼ �2Y þ 2 �h i�Y� þ �h i��
	 
2

. Because of the linear dependence of the
fluctuation q0 upon the Fourier transform of Y and � [see Equations (6a)–(6b)],
the covariance (7) depends only upon the separation distance r ¼ x� y

between two arbitrary points x and y belonging to the flow domain. The
functions 	i needed to evaluate (7) are defined as

	iðrÞ ¼

R

dk

ð2pÞ3=2
expð�jk � rÞ~�ðkÞ k2�k2

1ð Þ2
k4þk2

1

i ¼ 1

R

dk

ð2pÞ3=2
expð�jk � rÞ~�ðkÞ k1kið Þ2

k4þk2
1

i ¼ m

8

>

>

<

>

>

:

(8)

and they quantify the impact of the medium heterogeneity structure on the flux
covariance . Before dealing with the most general case, we want to consider here
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two particular anisotropic heterogeneity structures that enable one to simplify
the computational effort and are at the same time relevant for the applications.

The first pertains to highly vertically anisotropic formations. It applies to
those soils where the parameters can be considered correlated over very short
vertical distances. The assumption of high vertically anisotropic formations is
quite reasonable for sedimentary soils for which it has been shown that the rate
of decay of the hydraulic properties correlation in the vertical direction is very
rapid, and the integral scale in that direction may be much smaller than the
integral scale in the horizontal direction (e.g., [1, 13, 17]). From a mathematical
point of view, this implies that �ðx1 þ r�Þ and �ðx1Þ can be considered uncorre-
lated no matter how small is the vertical separation distance r�. This type of
approximation was already adopted by [7, 11] to investigate one-dimensional
flow in partially saturated bounded formations and well-type flow, respectively.
Thus, by employing such an assumption, the 	i functions (8) can be written as

	iðrÞ ¼

S0

2p2
R

dkh expð�jkh � rhÞ~�ðkhÞk4h
R1
0

du cosðr�uÞ
ðu2þk2

h
Þ2þu2 i ¼ 1

S0

2p2
R

dkh expð�jkh � rhÞ~�ðkhÞk2i
R1
0

duu2 cosðr�uÞ
ðu2þk2

h
Þ2þu2 i ¼ m

8

>

>

<

>

>

:

(9)

where the parameter So depends only upon the shape of �ðrÞ (see, e.g., [38]),
whereas rh is the horizontal separation distance.

The integrals over u are evaluated by the residual theory yielding

Z 1

0

du cosðr�uÞ
ðu2 þ k2hÞ

2 þ u2
¼ p

2
�

��
2

� �

��
�þ
2

� �h i

1þ 4k2h
	 
�1=2

(10a)

Z 1

0

duu2 cosðr�uÞ
ðu2 þ k2hÞ

2 þ u2
¼ p

2

�þ
2

�
�þ
2

� �

� ��
2

�
��
2

� �h i

1þ 4k2h
	 
�1=2

(10b)

�ðaÞ ¼ exp � r�j j
ffiffiffi

a
pð Þ

ffiffiffi

a
p �� ¼ 1þ 2k2h � 1þ 4k2h

	 
1=2
(10c)

Hence, substitution into Equation (9) permits one to express 	i via a single
quadrature as (after introducing polar coordinates and integrating over the
angle):

	iðrÞ ¼
S0

2

R1
0

dkh~�ðkhÞk5h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þð2khÞ2
p � ��

2

	 


�� �þ
2

	 
� �

J0ðrhkhÞ i ¼ 1

S0

4

R1
0

dkh~�ðkhÞk3h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þð2khÞ2
p �þ� �þ

2

	 


� ��� ��
2

	 
� �

J0ðrhkhÞ � J1ðrhkhÞ
rhkh

h i

i ¼ m

8

>

<

>

:

(11)

(Jn denotes the n-order Bessel’s function).
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The second case is that of a medium with fully vertically correlated para-
meters. Such a model is appropriate to analyze flow and transport at regional
scale [3]. Because in this case the Fourier transform ~� is

~�ðkÞ ¼
ffiffiffiffiffiffi

2p
p

~�hðkhÞ
ðk1Þ (12)

(�h being the horizontal autocorrelation), it is easily proved from Equation (8)
that

	iðrhÞ ¼
��1�hðrhÞ i ¼ 1

0 i ¼ m

8

>

<

>

:

(13)

In line with past studies (e.g., [3]), Equation (13) clearly shows that assuming
fully vertically correlated parameters implies that the formation may be sought
as a bundle of noninteracting (i.e., 	m ¼ 0) soil columns. Furthermore, it is also
seen that the vertical flux autocorrelation decays like ��1.

Scaling k1 by the anisotropy ratio � ¼ I�
I (for simplicity, we retain the same

notation), the general expression (8) can be rewritten as

	iðrÞ ¼

�3

2pð Þ3=2
R dk expð�jk�rÞ~�ðkÞ k2�k2

1ð Þ2
k2
1
þ�2 k2�k2

1ð Þ½ �2þ �k1ð Þ2
i ¼ 1

�

2pð Þ3=2
R dk expð�jk�rÞ~�ðkÞ k1kið Þ2

k2
1
þ�2 k2�k2

1ð Þ½ �2þ �k1ð Þ2
i ¼ m

8

>

>

>

<

>

>

>

:

(14)

The advantage of such a representation stems from the fact that � becomes
isotropic, and therefore its Fourier transform will depend upon the modulus of
k, solely. As a consequence, we can further reduce the quadratures appearing
into Equation (14) by adopting spherical coordinates and integrating over the
azimuth angle, the result being:

	iðrÞ ¼

ffiffi

2
p

q

R1
0

R 1=�
0

dk du k4~�ðkÞ cosð�rkuÞ
u2þk2 1þ 1��2ð Þu2½ �2

1� �uð Þ2
h i2

i ¼ 1

1
ffiffiffiffi

2p
p
R1
0

R 1=�
0

dk du k4~�ðkÞ cosð�rkuÞ
u2þk2 1þ 1��2ð Þu2½ �2

1� �uð Þ2
h i

u2 i ¼ m

8

>

>

<

>

>

:

(15)

The relationship (15) together with (7) provides a �2�-order representation of
the flux covariance valid for arbitrary autocorrelation �.

In order to carry out the computation of (11), (13), and (15), we shall
consider two types of models for �, namely the exponential and the Gaussian
one. While the exponential model has been widely adopted (see, for instance,
[20, 35, 36, 37]), there are very few studies (e.g., [30]) dealing with the Gaussian
�. Nevertheless, many field findings (e.g., [1, 13, 17]) have shown that the
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Gaussianmodel is also applicable. Before going on, it is worth emphasizing here
that the general results (11), (13), and (15) are limited to the case of a flow
normal to the formation bedding. The more general case of a flow arbitrary
inclined with respect to the bedding was tackled by [25]. Finally, let us observe
that the flux variance �2qi is obtained from Equation (7) as

�2qi ¼ �
2 exp 2 �h ið Þ	ið0Þ i ¼ 1; 2; 3: (16)

2.2 Results

We want to derive here explicit expressions for 	i. Thus, assuming expo-
nential � permits us to carry out the quadrature over k into Equation (15)
yielding:

	1ðrÞ ¼
Z 1=�

0

du�Yðu; rÞ 1� u�ðuÞ
1� �2ðuÞ

� �2

	mðrÞ ¼
Z 1=�

0

du�Yðu; rÞ u�ðuÞ 1� u�ðuÞ½ �
2 1� �2ðuÞ½ �2

(17a)

�Yðu; rÞ ¼ 2�3ðuÞ exp �ru�ðuÞ½ � þ b1� �ruþ �ru� 3ð Þ�2ðuÞc expð��ruÞ (17b)

where we have set �ðtÞ ¼ t
1þ 1��2ð Þt2. For an isotropic formation (i.e., �= 1), we

can express Equation (17a) in analytical form:

	
1
ðrÞ ¼ b1� ðrþ 1Þ expð�rÞr�2c (18a)

	mðrÞ ¼
1

2
Eið�rÞ � Eið�2rÞ½ � expðrÞ þ ð1� ln 2þ r�2Þ expð�rÞ þ ðr� 1Þr�2

 �

: (18b)

Instead, in the case ofGaussian �, the quadratures appearing into Equation (15)
have to be numerically evaluated.

For r= 0, and dealing with small �, we obtain

	
1
ð0Þ ¼

ffiffiffi

p
2

r

Z 1

0

dk~�ðkÞk3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ð2 kÞ2
q 	mð0Þ ¼

	1ð0Þ
2

: (19)

In particular, assuming exponential structure for � yields 	1ð0Þ ¼ 1
3 1þ 2p

9

ffiffiffi

3
p

	 


,

and for the Gaussian model one has 	1ð0Þ ¼ 1
4 1þ p� 1

2

	 


exp 1
4p

	 


erfc 1
2
ffiffi

p
p

� �h i

.

In the case of an isotropic formation, it yields

	1ð0Þ ¼
1

2
	mð0Þ ¼

3

4
� ln 2 (20)

for exponential �, whereas for the Gaussian model one quadrature is required,
the result being
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	1ð0Þ ¼ 0:504 	mð0Þ ¼ 0:060: (21)

In the general case, 	ið0Þ are analytically computed for exponential
autocorrelation:

	1ð0Þ ¼
2�2 � 1
	 


2�� 1ð Þ
4�2 � 3ð Þ �2 � 1ð Þ þ

ln 1þ �ð Þ
�2 � 1ð Þ2

þ
sg 1� �ð Þ 6�4 � 6�2 þ 1

	 


4�2 � 3ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4�2 � 3j j
p

�2 � 1ð Þ2
(22a)

	mð0Þ ¼ �
1

2

2�� 1

4�2 � 3ð Þ �2 � 1ð Þ þ
ln 1þ �ð Þ
�2 � 1ð Þ2

þ
sg 1� �ð Þ 4�4 � 2�2 � 1

	 


4�2 � 3ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4�2 � 3j j
p

�2 � 1ð Þ2

" #

(22b)

with

�ð�Þ ¼
2 tan�1 P2ð�Þ

�
ffiffiffiffiffiffiffiffiffiffi

3�4�2
p

h i

þ tan�1 1
ffiffiffiffiffiffiffiffiffiffi

3�4�2
p
� �n o

3 � 4�2

ln P2ð�Þþsg ��1ð Þ�
ffiffiffiffiffiffiffiffiffiffi

4�2�3
p

P2ð�Þ�sg ��1ð Þ�
ffiffiffiffiffiffiffiffiffiffi

4�2�3
p

h i

1þsg ��1ð Þ
ffiffiffiffiffiffiffiffiffiffi

4�2�3
p

1�sg ��1ð Þ
ffiffiffiffiffiffiffiffiffiffi

4�2�3
p

h in o

3 � 4�2

8

>

>

<

>

>

:

being P2ð�Þ ¼ 2�2 � �� 2, whereas sgðxÞ is the signum function.
For Gaussian �, we have (after integrating over k):

	1ð0Þ ¼ 2

Z 1=�

0

du 1� u�ðuÞ½ �2 �� �ðuÞ½ �; 	mð0Þ ¼ 2

Z 1=�

0

du u�ðuÞ 1� u�ðuÞ½ ��� �ðuÞ½ � (23a)

��ðaÞ ¼ 1

2
þ a2

p
a exp

a2

p

� �

erfc
a
ffiffiffi

p
p
� �

� 1

� �

: (23b)

Observe that in the case of Equations (22a)–(22b), we can easily derive the
following asymptotics:

	1ð0Þ ¼
1

3
1þ 2p

9

ffiffiffi

3
p� �

þOð�2Þ 	mð0Þ ¼
	1ð0Þ
2
þOð�2Þ �551 (24a)

	1ð0Þ ¼ Oð��1Þ 	mð0Þ ¼ Oð��3Þ �441: (24b)

3 Macrodispersion Modelling

We want to use the above results concerning water flow to model macrodisper-
sion. To do this, we briefly recall the Lagrangian description of a solute particle
motion by random flows [31]. Thus, the displacement covariance 	iiðtÞ of a
moving solute particle has been obtained by Dagan [4] as follows:
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	iiðtÞ ¼ 2

Z t

0

d�ðt� �Þuiið�Þ; (25)

where uii ¼ uiiðtÞ represents the covariance of the pore velocity, this latter
being defined as the ratio between the flux q and the effective water content
#e (i.e., the volumetric fraction of mobile water). The Fickian dispersion
coefficients can be derived as asymptotic limit of the time-dependent disper-
sion coefficients Dii (hereafter also termed macrodispersion coefficients)
defined by

DiiðtÞ ¼
1

2

d

dt
XiiðtÞ (26)

[5]. To evaluate the covariance uii, in principle one should employ a second-
order analysis similar to that which has led to Equation (7). However, field
studies (e.g., [19, 26, 29]) as well as numerical simulations [21, 22] suggest that in
uniformmean flows, the spatial variability of the effective water content may be
neglected compared with the heterogeneity of the conductivity K. Thus, based
on these grounds and similar to previous studies (e.g., [20, 24, 25]), we shall
regard #e as a constant uniformly distributed in the space, so that the pore
velocity covariance is calculated as

uiiðrÞ ¼ �2 exp 2 �h ið Þ	iðrÞ: (27)

Inserting (27) into (25) provides the displacements covariance tensor

XiiðtÞ
I2
¼ 2�2 exp 2 �h ið Þ

Z t

0

d�ðt� �Þ	ið�Þ; (28)

and concurrently the macrodispersion coefficients

DiiðtÞ
UI

¼ �2 exp 2 �h ið Þ
Z t

0

d�	ið�Þ: (29)

Let’s observe that the time has been scaled by I
U with U ¼ KG

#e
(even if we have

kept the same notation). As it will be clearer later on, one important aspect
related to Equation (29) is that the time dependency of Dii is all encapsulated
in the integral of the term 	i, which implies that (in the spirit of the assump-
tions underlying the current chapter) the rate of attainment of the Fickian
regime is an intrinsic formation property. Furthermore, given the formation
structure and for fixed mean pressure head, the enhanced solute spreading is
due to an increase in the variance �2� in agreement with previous results (see
[20, 21, 24]).

At the limit t551, the behaviour of 	iðtÞ and DiiðtÞ is the general one
resulting from the theory of [31], and it is
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XiiðtÞ
I2
¼ �2 exp 2 �h ið Þ	ið0Þt2

DiiðtÞ
UI

¼ �2 exp 2 �h ið Þ	ið0Þt: (30)

The large time behaviour will be considered in the following.

4 Discussion

We want to quantify the impact of the relevant formation properties as well as
mean pressure head upon the velocity spatial distribution and solute spreading .
Before going on, we wish to identify here some practical values of the input
parameters �2� .

Following the field studies of [19, 26, 29], we shall assume that Y and � are
independent RSFs, so that their cross-correlation can be ignored. The assump-
tion of lack of correlation betweenY and �may be explained by the fact thatY is
controlled by structural (macro) voids, whereas � (or any other parameter
related to the pore size distribution) is controlled by the soil texture [12].

The variance of � can be either larger or smaller than that ofY. For example,
[32] reported the �-variance in the range 0.045–0.112 and the variance of Y in

the range 0.391–0.960, whereas [26] found �2� ¼ 0:425 compared with

�2� ¼ 1:242. Instead, [34], and [19] found the variances of � and Y to be of

similar order, whereas [14, 15] observed the variance of � to exceed that of Y.

Thus, in what follows we shall allow
�2�
�2
Y

to vary between 10–2 and 10 in order to

cover a wide range of practical situations.

4.1 Velocity Analysis

In Fig. 1, the scaled velocity variances
uiið0Þ
ðU�Þ2 exp �2 �h ið Þ ¼ 	ið0Þ have been

depicted versus the anisotropy ratio �. Generally, the curves 	ið0Þ are mono-
tonic decreasing approaching to zero for large �. In particular, 	mð0Þ vanish
faster than 	1ð0Þ in accordance with Equation (13). At small �, the curves 	ið0Þ
assume the constant values (20)–(21). From Fig. 1, it is also seen that
	mð0Þ5	1ð0Þ. The physical interpretation of this is that fluid particles can
circumvent inclusions of low conductivity laterally in two directions, causing
them to depart from the mean trajectory to a lesser extent than in the long-
itudinal direction. Moreover, assuming different shapes of � does not signifi-
cantly impact 	ið0Þ. Finally, it is worth observing that the 	ið0Þ curves
calculated for the exponential model lead to the same expression of the flux
variances obtained by [36].

To grasp the combined effect of the medium heterogeneity and the mean
pressure head upon the velocity variance, we have depicted in Fig. 2 the contour
lines of the ratio uiið0Þ

	ið0ÞðU�YÞ2
¼ �.
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The �-function decreases when (i) the variability of the capillary forces
reduces compared with that of the saturated conductivity (for fixed <�>)

and (ii) the porous formation becomes drier in mean (for given
�2�
�2
Y

). This last

result is due to the fact that an increase of suction reduces de facto the fluid

particles mobility. For �2�5
�2Y
10, the isolines are practically vertical suggesting

that in this case, the velocity variance is mainly influenced by the mean flow

conditions. To the contrary, for �2�4�2Y, the isolines tend to become horizontal

implying that the flow conditions have a negligible effect upon �.
The relationship (7) shows that the contributions of the mean flow combined

with the variance of the input parameters and the domain structure are sepa-
rated into a multiplicative form. As a consequence, the velocity autocorrelation

�uiiðrÞ ¼
CuiiðrÞ
Cuiið0Þ

¼ 	iðrÞ
	ið0Þ

(31)

is a formation property, and therefore it is applicable to both saturated and
unsaturated porous media. This is demonstrated by the good agreement
(Fig. 3a, b) between (31) calculated for the exponential � (solid line) and the
velocity autocorrelation (symbols) (obtained by [23]) for the same model of �,

Fig. 1 Dependence of the scaled variances 	i(0) for both the exponential (solid line) and the
Gaussian model (dashed line) upon the anisotropy ratio �
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and dealing with a mean groundwater flow normal to the formation bedding

(Equations (15a)–(15b) in [23]). Such a result was anticipated by Russo [24],

who used the velocity covariance obtained for saturated flow conditions to

analyze transport in a vadose zone.
For completeness, in Fig. 3a, b we have also reported the velocity autocorrela-

tion (dashed line) corresponding with the Gaussian model of �. At a first glance, it

is seen that the shape of � plays an important role in determining the behaviour of

the velocity correlation. More precisely, close to the origin the autocorrelation �uii
evaluated via the exponential � decays faster than that obtained by adopting the

Gaussian model, whereas the opposite is observed at large r. This is due to the

faster vanishing with distance of the Gaussian model compared with the exponen-

tial one. Similar results were obtained by other authors (for awide review, see [38]).
The dependence of the velocity autocorrelation (Fig. 3a, b) upon the aniso-

tropy ratio � can be explained as follows: as water moves in the porous medium,

a low conductivity inclusion (say a flow barrier) occurs that makes the velocity

covariance decay with the separation distance. The possibility to circumvent a

flow barrier will drastically decrease, and concurrently the distance over which

the velocity is correlated will increase, as the typical horizontal size of the flow

barrier is prevailing upon the vertical one, and vice versa. This justifies the
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Fig. 2 Contour lines of � versus the scaled mean pressure head h�i, and the ratio �2�=�
2
Y
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Fig. 3 (a) Longitudinal and (b) transversal components of the autocorrelation velocity versus
the dimensionless distance (r/I) for various values of the anisotropy ratio �
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persistence of the velocity correlation at small �, whereas it rapidly decays at
high anisotropic ratios attaining the limiting case (13) practically for � � 10.

Finally, it is worth observing here that basic results concerning the structure
of the velocity autocorrelation are of general validity (in the spirit of the
assumptions we have adopted), and therefore they are not limited to a vadose
zone exhibiting zero cross-correlation between Y and �.

4.2 Spreading Analysis

Once the velocity covariance is calculated, the components of the displacement
covariance tensor 	ii are evaluated by the aid of Equation (28). In the early time
regime, the 	ii components are characterized by the quadratic time dependence
(although the displacement tensor is anisotropic) according to Equation (30).
As a consequence, at this stage the relative dispersion 	mm

	11
will result equal to

	mð0Þ
	1ð0Þ, and therefore it results in a formation property. This is clearly seen in

Fig. 4, where we have compared 	mð0Þ
	1ð0Þ with the same quantity calculated when

considering a mean groundwater flow normal to the formation bedding [23]. In
the same figure, it also seen that 	mm

	11
is a monotonic decreasing function of the

anisotropic ratio �. This is due to the fact that as � increases, the tortuosity of
lateral paths reduces compared with that along the longitudinal direction. As

Fig. 4 Dependence of the early time relative dispersion Xmm/X11 upon the anisotropy ratio �
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expected fromEquation (19), at small anisotropic ratios (say for �< 0.01), 	mm

	11
is

equal to 1
2 irrespective of �. At any rate, even at higher �, the shape of � is found

practically immaterial.
By considering exponential �, the computation of 	iiðtÞ is reduced to one

integral solely:

X11ðtÞ ¼ 2
I�

�

� �2

exp 2 �h ið Þ
Z 1=�

0

du��ðu; tÞ 1� u�ðuÞ
u 1� u�2ðuÞ½ �

� �2

(32a)

XmmðtÞ ¼
I�

�

� �2

exp 2 �h ið Þ
Z 1=�

0

du��ðu; tÞ �ðuÞ
u

1� u�ðuÞ½ �
1� u�2ðuÞ½ �2

(32b)

��ðu; tÞ ¼ 2�ðuÞ exp ��u�ðuÞt½ � þ b �ut� 1ð Þ�2ðuÞ � �utþ 1ð Þc exp ��utð Þ þ �ðuÞ � 1½ �2: (33)

Like groundwater flow [5], for an isotropic formation we can express
(32a)–(32b) in analytical form, that is,

X11ðtÞ ¼ 2 I�ð Þ2exp 2 �h ið Þ t� ln t� Eið�tÞ þ E½ �f g (34a)

XmmðtÞ ¼ I�ð Þ2exp 2 �h ið Þ Eið�tÞ � Eið�2tÞ½ � expðtÞ � ðln 2� 1Þ expð�tÞ þ 2 ln 2� 1f g (34b)

(E represents the constant of Euler–Mascheroni).
The dependence of the scaled longitudinal covariance X11ðtÞ

I�ð Þ2 exp �2 �h ið Þ ¼ �X11ðtÞ
upon the timeand for several values of the anisotropic ratiohas beendepicted inFig. 5.

As the solute body invades the flow system, �X11 grows monotonically with the time.
The early as well as large time regime are those predicted by the theory of Taylor [31],
that is, a nonlinear time dependence (whose persistence increases as the anisotropic

ratio reduces) on short times, whereas for t large enough, �X11 grows linearlywith time.

Regarding the dependence of �X11ðtÞ upon the anisotropy ratio, preliminary simula-
tions have shown that for � � 0.01, the longitudinal covariance components can be
evaluated by adopting Equation (11) for 	1ð�Þ. Instead, for � > 10, we obtain from
(13) and (28)–(29) the following results:

X11ðtÞ
I2
¼ 2�2

�
expð2h�iÞ�ðtÞ D11ðtÞ

UI
¼ �

2

�
expð2h�iÞ	ðtÞ (35)

with

�ðtÞ ¼ tþ �hðtÞ � 1 	ðtÞ ¼ 1� �hðtÞ (36)

for exponential �h, whereas

�ðtÞ ¼ t erf
ffiffiffi

p
p

t
	 


þ 2

p
�hðtÞ � 1½ � 	ðtÞ ¼ erf

ffiffiffi

p
p

t
	 


(37)

for Gaussian �h.

Modelling Water Flow and Solute Transport 375



The behaviour of the transverse components in the early time regime is

similar to X11 in the sense that XmmðtÞ
ðI�Þ2 expð�2h�iÞ ¼ �XmmðtÞ increases with the

travel time at a faster rate than linearly. However, unlike the longitudinal
components, Xmm approach constant asymptotic values as the solute body
moves (see also [20]). In particular, for exponential �, integration of Equa-
tion (32b) with respect to u is carried out after taking the limit t ! 1 to
yield

Xmmð1Þ ¼
sg 4�2 � 3
	 


�2 4�2 � 3j j3=2
ð1� 2�Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4�2 � 3j j
q

þ 2 2�2 � 1
	 


�ð�Þ
� �

(38a)

�ð�Þ ¼
2 arctan

ffiffiffiffiffiffiffiffiffiffi

3�4�2
p

1þ2�

� �

4�2 � 3

ln P2ð�Þþ�
ffiffiffiffiffiffiffiffiffiffi

4�2�3
p

P2ð�Þ��
ffiffiffiffiffiffiffiffiffiffi

4�2�3
p

h i

1þ
ffiffiffiffiffiffiffiffiffiffi

4�2�3
p

1�
ffiffiffiffiffiffiffiffiffiffi

4�2�3
p

� �n o

4�2 � 3:

8

>

>

<

>

>

:

(38b)

Fig. 5 Longitudinal component of the time-dependent scaled displacement covariance tensor
�X11ðtÞ for different values of the anisotropy ratio �

376 G. Severino et al.



To illustrate the impact of the formation anisotropy on the rate at whichXmmðtÞ
approach their asymptotic values, we have depicted in Fig. 6 the normalized

transverse variance
XmmðtÞ
Xmmð1Þ for both the exponential (solid line) and the Gaussian

model (dashed line) versus the time, and for different values of �.
At given time, as � decreases, the ratio XmmðtÞ

Xmmð1Þ reduces, and vice versa. In fact,

a large � means that any low conductivity inclusion is less than an obstruction

to the vertical flow, as streamlines can easily bypass it laterally, thus reducing

the transverse spread. This enables the solute particles to approach the Fickian

regime faster. Similarly to the previous section, a fundamental consequence of

the separation structure of Equation (28) is that the distance needed to reach

Fickian conditions is an intrinsic formation property. To show this, we have

depicted in Fig. 6 the ratio (symbols) between the transverse displacement

covariance and their asymptotic values as calculated from equations (21b)

and (23) reported in [23], which are valid for groundwater flow normal to the

formation bedding.
The macrodispersion coefficients are calculated in a straightforward manner

by combining the general result (29) with the above-derived displacement

covariance tensor. Thus, for � ¼ expð�rÞ, we can express Dii in terms of one

quadrature solely:

Fig. 6 Lateral component of the time-dependent scaled displacement covariance tensor
Xmm(t)/Xmm(1) for different values of the anisotropy ratio �
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D11ðtÞ
UI

¼ �

�

2
exp 2 �h ið Þ

Z 1=�

0

du
���ðu; tÞ

u

1� u�ðuÞ
u 1� �2ðuÞ½ �

� �2

(39a)

DmmðtÞ
UI

¼ �2

2�
exp 2 �h ið Þ

Z 1=�

0

du���ðu; tÞ �ðuÞ 1� u�ðuÞ½ �
1� �2ðuÞ½ �2

(39b)

���ðu; tÞ ¼ �utþ ð2� �utÞ�2ðuÞ
� �

exp ��utð Þ � 2�2ðuÞ exp ��u�ðuÞt½ � (40)

In particular, for isotropic formations (39a)–(39b), provide closed form solu-
tions, that is,

D11ðtÞ
UI

¼ �2 exp 2 �h ið Þ expð�tÞ þ t� 1

t
(41)

DmmðtÞ
UI

¼ �2 exp 2 �h ið Þ t Eið�tÞ � Eið�2tÞ½ � expðtÞ þ t ln 2� ðtþ 1Þ½ � expð�tÞ þ 1

2t
: (42)

Because the longitudinal covariance X11 grows linearly after travelling a certain
distance, the longitudinal macrodispersivity is expected to become constant at
this limit. Indeed, we have depicted in Fig. 7 the dimensionless longitudinal

Fig. 7 Longitudinal scaled macrodispersion coefficient D11(t)/ D11 (1) as function of the
dimensionless time Ut I and for different values of the anisotropy ratio �
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macrodispersion coefficient D11ðtÞ
D11ð1Þ versus the time for few values of the aniso-

tropy ratio. The curves are plotted by considering the exponential as well as

Gaussian model for �. The lower � is, the larger is the distance the solute body

has to traverse in order to get its asymptotic regime. This is because low values

of � require the solute plume to travel a longer distance to fully sample the

formation heterogeneity and therefore to reach the Fickian regime. In the same

figure, we have also depicted the same ratio D11ðtÞ
D11ð1Þ calculated for groundwater

flow normal to the bedding (see [23]) to emphasize the intrinsic character of the

distance needed to reach the asymptotic regime.
The transverse components of the macrodispersion tensor tend to zero at

large t. This is a direct consequence of the fact that at this limit, Xmm tend to a

finite value (see Fig. 6). Nevertheless, the magnitude of the transverse macro-

dispersion coefficients is deeply influenced by the formation anisotropy.

Indeed, in Fig. 8 we have reported the quantity
DmmðtÞ
UI�2

exp �2 �h ið Þ as a function
of time. After an initial growth faster than linearly in t,Dmm drops to zero more

slowly as � decreases (in line with the physical interpretation given to explain

the behaviour of Xmm). Finally, let’s observe that the lateral dispersion is higher

for Gaussian � at early times, whereas the opposite is seen asymptotically. This

Fig. 8 Time dependence of the scaled lateral macrodispersion coefficientsDmmðtÞ for different
values of the anisotropy ratio �
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is a consequence of the fact that at small arguments (see Fig. 3b), the Gaussian
function causes a longer persistence of the correlation compared with the
exponential model, whereas the opposite is observed at higher arguments.

5 Conclusions

The basic aim of the current chapter has been to analyze flow velocity and solute
spreading in partially saturated heterogeneous porous formations by means of
analytical tools. We have obtained simple results that permit one to grasp the
main features of transport phenomena taking place in a vadose zone. This has
been accomplished by combining the general Lagrangian formulation devel-
oped in the past (e.g., [5, 20]), and relating the spatial moments of a moving
solute body to the velocity field, with the analytical results of [30] concerning
steady unsaturated flow in an unbounded domain.

One of themain findings is the representation (27) of the velocity covariance .
It is expressed by means of two quadratures, and it is valid for arbitrary
(cross)correlation functions. In addition, simple results are derived by dealing
with highly vertically anisotropic formations (i.e., �551), and with the case of
�441. It is demonstrated that the velocity autocorrelation is an intrinsic
formation property, and therefore it is applicable to both saturated and unsa-
turated porous media. As a consequence, the rate of approaching the asympto-
tic (Fickian) regime is also a formation property.

The velocity autocorrelation is characterized by finite correlation scales in
accordance with previous studies (e.g., [20]). The rate of correlation decay is
slower for vertically anisotropic formations, and it approaches to the limit case
of highly vertically anisotropic formation for �< 0.01. For larger �, the velocity
autocorrelation exhibits a much faster decay with the distance, and it
approaches (say for �> 10) to that which we obtain when considering amedium
with fully vertically correlated parameters. Also, the shape of the autocorrela-
tion function of the input parameters is important in determining the behaviour
of the spatial distribution of the velocity correlation. Indeed, for a Gaussian
model, the persistence of the correlation is longer at small relative distances
compared with that observed by adopting exponential �. The opposite is seen at
large distances. This explains the basic differences between the components of
the particle displacement covariance tensor.

For given variance of the input parameters and mean pressure head, the
velocity variances are monotonic decreasing functions of the anisotropy ratio.
In particular, the transverse velocity variance is smaller than the longitudinal
one as fluid particles can bypass more easily any perturbation in the conductiv-
ity field in the transverse directions. Conversely, given the anisotropy structure
of the formation, the magnitude of the velocity variance increases as the soil
becomes more saturated, and it is enhanced when the variability of the satu-
rated conductivity is small compared with that of the capillary forces.
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The dimensionless 	iiðtÞ
I�ð Þ2

exp �2 �h ið Þ components of the displacement covar-

iance tensor are in agreement with the general Lagrangian results concerning
flow in random fields (see [5, 23, 24]). An increase of suction reduces the fluid

particles mobility, and therefore the magnitude of the displacements covar-
iance. In the case of exponential model for �, analytical closed forms are derived
for 	mm in the asymptotic regime. The behaviour of the macrodispersion

coefficients DiiðtÞ reflects that of the covariance displacements. Thus, D11ðtÞ
asymptotically tends to the constant (Fickian) value D11ð1Þ. The rate of
approaching to D11ð1Þ is an intrinsic formation property. It is also shown

that the transverse macrodispersion coefficients DmmðtÞ asymptotically tend to
zero with a rate that is faster for Gaussian �.

Wewould like to emphasize that the current analysis of water flow and solute
transport in a vadose zone is based on a small-perturbation analysis following

the linear theory of Dagan [4]. It is generally accepted [5] that under saturated
conditions, the linear theory captures the foremost features of transport phe-
nomena whenever the variability of the saturated hydraulic conductivity is

small (i.e., �2Y 	 1). However, numerical simulations [2] as well as theoretical
studies [6] on transport under steady groundwater flow show a broader range of
applicability (say �2Y 
 1) because of the mutual cancellation effects of the

errors induced by the linearization procedure. In the case of unsaturated flow,
the nonlinear effects are expected to be larger because of the larger variability of

the random input parameters [20]. However, because we have shown that the
structure of the velocity autocorrelation is an intrinsic formation property, it is
reasonable to expect that even for the unsaturated flow, the linear theory is

applicable under a relatively wide range of practical situations. This has been
tested numerically by Russo [18].

Finally, we want to underline that although the Fickian regime attainment is
an intrinsic medium property, it is worth recalling that such a result relies on the

assumptions underling the current study. Hence, it should not be employed in
situations (like unsaturated flow close to the groundwater table or when
accounting for the water content variability) that are not in compliance with

such assumptions.
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