
Chapter 9
Hopf Orders in KCp3

In this chapter, we move on to the construction of Hopf orders in KCp3 . We assume
throughout this chapter that K is a finite extension of Qp with �p3 2 K . Though
all Hopf orders in KCp and KCp2 are known, this is not the case for Hopf orders
in KCp3 . L. Childs and R. Underwood have explored various ways to construct
Hopf orders in KCp3 ; the reader is referred to the papers [CU03], [Un08b], [Un06],
[UC05], and [Un96]. In the first section here, we briefly review the construction of
“duality Hopf orders” of [UC05].

9.1 Duality Hopf Orders in KCp3

Let g be a generator for Cp3 , and let � be a generator for OCp3 . Let g denote the image

of g under the mapping KCp3 ! KCp2 , gp2 7! 1, and let � denote the image of �

under the mapping K OCp3 ! K OCp2 , �p2 7! 1. For an integer m, 0 � m � e0, set
m0 D e0 � m, and, for a unit u 2 R, set Qu D ��1

p2 u�1. Let

A.i; j; u/ D R

"
gp2 � 1

�i
;

gpau � 1

�j

#

and

A.j; k; w/ D R

�
gp � 1

�j
;

gaw � 1

�k

�

be Greither orders in KCp2 . Here u; w are units in R with

au D
p�1X
lD0

ul 1

p

p�1X
qD0

��lq
p gp2q and aw D

p�1X
lD0

wl 1

p

p�1X
qD0

��lq
p gpq:

Moreover, pj � i and pk � j .
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182 9 Hopf Orders in KCp3

By Proposition 8.3.9, the linear duals of these Hopf orders are Hopf orders in
KCp2 of the form

A.i; j; u/� D A.j 0; i 0; Qu/ D R

�
�p � 1

�j 0
;

�aQu � 1

�i 0

�
; aQu 2 Kh�pi;

A.j; k; w/� D A.k0; j 0; Qw/ D R

"
�p2 � 1

�k0
;

�paQw � 1

�j 0

#
; aQw 2 Kh�p2i:

We shall extend the rank p2 Hopf order A.i; j; u/ to obtain a Hopf order of
rank p3. To do this, we need to select a “correct” generator ‰ 2 KCp3 that maps to
gaw � 1

�k
under the canonical surjection KCp3 ! KCp2 .

Let v be a unit of R, and let av D Pp�1

lD0 vl 1
p

Pp�1
qD0 �

�lq
p gp2q . Let fepmCng,

m; n D 0; : : : ; p � 1, denote the set of minimal idempotents in Khgpi Š KCp2 ,
and let

bw D
p�1X

m;nD0

wmepmCn:

Note that

avbw D
p�1X

m;nD0

vnwmepmCn:

Let

H D A.i; j; k; u; v; w/ D A.i; j; u/

�
gavbw � 1

�k

�
:

Also, let x be a unit of R and let ax D Pp�1

lD0 xl 1
p

Pp�1
qD0 �

�lq
p �p2q . Let f�pmCng,

m; n D 0; : : : ; p � 1, denote the set of minimal idempotents in Kh�pi Š K OCp2 ,
and let

bQu D
p�1X

m;nD0

Qum�pmCn

and

J D A.k0; j 0; i 0; Qw; x; Qu/ D A.k0; j 0; Qw/

�
�axbQu � 1

�i 0

�
:

We wish to find conditions on v and x such that H and J are R-orders in KCp3 and
hH; J i � R. Then one can show that disc.J / D disc.H �/. Thus, by Proposition
4.4.10, J D H � and H; J are Hopf orders.

First, we find conditions for H to be an R-order.

Lemma 9.1.1. The algebra

H D A.i; j; k; u; v; w/ D R

"
gp2 � 1

�i
;

gpau � 1

�j
;

gavbw � 1

�k

#
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is an R-order in KCp3 if the following inequalities hold:

(i) ord.vp�p2 � 1/ � i 0 C pk;
(ii) ord.Qu � 1/ � i 0 > 0;

(iii) ord.Qu � 1/ C ord.wp�p � 1/ � e0 C i 0 C pk.

Proof. The conditions (i), (ii), and (iii) imply that
gavbw � 1

�k
satisfies a monic

polynomial of degree p with coefficients in A.i; j; u/ (see [UC05, �3]). Thus H

is finitely generated over R. Thus, by [Rot02, Theorem 9.3], H is free and of finite
rank over R. Clearly, KH D KCp3 , and so H is an R-order. ut

Similarly, we have the following lemma.

Lemma 9.1.2. The algebra

J D A.k0; j 0; i 0; Qw; x; Qu/ D R

"
�p2 � 1

�k0
;

�paQw � 1

�j 0
;

�axbQu � 1

�i 0

#

is an R-order in K OCp3 if the following inequalities hold:

(i) ord.xp�p2 � 1/ � k C pi 0;
(ii) ord.w � 1/ � k > 0;

(iii) ord.w � 1/ C ord.Qup�p � 1/ � e0 C k C pi 0.

Proof. The conditions (i), (ii), and (iii) imply that
�axbQw � 1

�k
satisfies a monic

polynomial with coefficients in A.k0; j 0; Qw/ (see [UC05, �3]). Thus J is free and
of finite rank over R. Since KJ D K OCp3 , J is an R-order in K OCp3 . ut

With some additional conditions, we can show that J and H are dual Hopf orders
in KCp3 . For a; b 2 R, let G.a; b/ denote the Gauss sum of a and b, defined as

G.a; b/ D 1

p

p�1X
mD0

p�1X
nD0

��mn
p anbm:

Proposition 9.1.1. Let HDA.i; j; k; u; v; w/ and J DA.k0; j 0; i 0; Qw; x; Qu/ be
R-algebras that satisfy the hypotheses of Lemmas 9.1.1 and 9.1.2, with the
additional conditions

(i) e0 > ord.w � 1/,
(ii) e0 > ord.Qu � 1/,

(iii) ord.w � 1/ C ord.Qu � 1/ � e0 C .
p�1

p
/.i 0 C k C e0/, and

(iv) vx�p3 G.Qu; w/ D 1.

Then H and J are Hopf orders in KCp3 with J D H �.

Proof. By Lemma 9.1.1, H is an R-order in KCp3 , and, by Lemma 9.1.2, J is an

R-order in K OCp3 . The conditions (i)–(iv) above imply that hJ; H i � R. Moreover,
disc.H �/ D disc.J /. (For details of these calculations, see [UC05, �3].) Thus H

and J D H � are Hopf orders by Proposition 4.4.10. ut
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The Hopf orders constructed in Proposition 9.1.1 are called duality Hopf orders
in KCp3 .

For p prime, the group ring KCp3 is a K-Hopf algebra. There exists a Hopf

inclusion KCp2 Š Khgpi ! KCp3 , and a Hopf surjection KCp3

gp 7!1! Khgi Š
KCp, with

KCp3 =i.KhgpiC/KCp3 Š Khgi;
and thus there is a short exact sequence

K ! Khgpi ! KCp3

gp 7!1! Khgi ! K: (9.1)

At the same time, there exists a Hopf inclusion KCp Š Khgp2i ! KCp3 , and a

Hopf surjection KCp3

gp2 7!1! Khgi Š KCp2 , with

KCp3=i.Khgp2iC/KCp3 Š Khgi;

and thus there is a short exact sequence

K ! Khgp2i ! KCp3

gp2 7!1! Khgi ! K: (9.2)

Proposition 9.1.2. Let A.i; j; k; u; v; w/ be a duality Hopf order in KCp3 . Then
there exist short exact sequences of R-Hopf orders

R ! A.i; j; u/ ! A.i; j; k; u; v; w/ ! H.k/ ! R; (9.3)

R ! H.i/ ! A.i; j; k; u; v; w/ ! A.j; k; w/ ! R: (9.4)

Proof. One shows that A.i; j; k; u; v; w/ \ Khgpi D A.i; j; u/ and that the image
of A.i; j; k; u; v; w/ is H.k/ under the map given by gp 7! 1. Thus (9.3) is a short
exact sequence by �4.4 (4.10).

Moreover, A.i; j; k; u; v; w/\Khgp2 i D H.i/, and the image of A.i; j; k; u; v; w/

under the map given by gp2 7! 1 is A.j; k; w/, and so (9.4) is a short exact sequence
by �4.4 (4.10). We leave the details to the reader as an exercise. ut

If H is an arbitrary R-Hopf order in KCp3 , then the extensions (9.1) and (9.2)
induce extensions of R-Hopf orders,

R ! A.i; j; u/ ! H ! H.k/ ! R (9.5)

and

R ! H.i/ ! H ! A.j; k; w/ ! R; (9.6)
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for R-Hopf orders A.i; j; u/ and A.j; k; w/. The sequence (9.6) dualizes to yield
the short exact sequence

R ! A.k0; j 0; Qw/ ! H � ! H.i 0/ ! R: (9.7)

In an effort to classify all Hopf orders in KCp3 , R. Underwood has given the
following analog of Definition 8.1.1 for Hopf orders in KCp3 .

Definition 9.1.1. Let H be an R-Hopf order in KCp3 inducing the short exact
sequences (9.5) and (9.7) as above. Let „.A.i; j; u// denote the p-adic obgv
determined by A.i; j; u/, and let „.A.k0; j 0 Qw// denote the p-adic obgv given by
A.k0; j 0; Qw/ (see Proposition 5.3.9). Then H satisfies the valuation condition for
n D 3 if either

pk � „.A.i; j; u//.gp/

or

pi 0 � „.A.k0; j 0; Qw//.�p/:

To see Definition 9.1.1 as an extension of Definition 8.1.1, let

R ! H.i/ ! H ! H.j / ! R

and
R ! H.j 0/ ! H � ! H.i 0/ ! R

be short exact sequences, where H is an R-Hopf order in KCp2 . Then H satisfies
the valuation condition for n D 2 if and only if either

pj � „.H.i//.�/; h�i D Cp;

or
pi 0 � „.H.j 0//.�/; h�i D OCp;

since „.H.i//.�/ D i and „.H.j 0//.�/ D j 0.
In [UC05], the authors show that every duality Hopf order A.i; j; k; u; v; w/

satisfies the valuation condition for n D 3 (see [UC05, Theorem 3.8]), and it
has been conjectured that an arbitrary Hopf order in KCp3 satisfies the valuation
condition. Indeed, there are no known examples where the condition fails.

9.2 Circulant Matrices and Hopf Orders in KCp3

In this section, we construct another collection of Hopf orders in KCp3 . We keep
the notation of the previous section: g denotes the image of g under the mapping
KCp3 ! KCp2 , gp2 7! 1, and � denotes the image of � under the mapping
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K OCp3 ! K OCp2 , �p2 7! 1. For an integer n � 1, let h ; in denote the duality

map K OCpn � KCpn ! K . For an integer m, 0 � m � e0, let m0 D e0 � m, and for
a unit u 2 R, let Qu D ��1

p2 u�1.
Let

A.i; j; u/ D R

"
gp2 � 1

�i
;

gpau � 1

�j

#

and

A.j; k; w/ D R

�
gp � 1

�j
;

gaw � 1

�k

�
be Hopf orders in KCp2 with linear duals

A.i; j; u/� D A.j 0; i 0; Qu/ D R

�
�p � 1

�j 0
;

�aQu � 1

�i 0

�
; aQu 2 Kh�pi;

A.j; k; w/� D A.k0; j 0; Qw/ D R

"
�p2 � 1

�k0
;

�paQw � 1

�j 0

#
; aQw 2 Kh�p2i:

We assume that j 0 > pi 0, j C i 0 > ord.1 � Qu/ and j 0 C k > ord.1 � w/.
We construct our collection of Hopf orders by choosing generators ‰ 2

KCp3 and ˆ 2 K OCp3 such that the R-modules H D A.i; j; u/Œ‰	 and J D
A.k0; j 0; Qw/Œˆ	 are invariant under the comultiplications of KCp3 and K OCp3 ,
respectively. We also require that hJ; H i3 � R. Then, as we shall see, H and
J D H � are Hopf orders in KCp3 .

We begin with the construction of ‰. Let

�pmCn D 1

p2

p�1X
aD0

p�1X
bD0

�
�.pmCn/.paCb/

p2 �p.paCb/; m; n D 0; : : : ; p � 1;


q D 1

p

p�1X
nD0

��qn
p �pn; 0 � q � p � 1;

and

epmCn D 1

p2

p�1X
aD0

p�1X
bD0

�
�.pmCn/.paCb/

p2 gp.paCb/

denote the idempotents for Kh�pi Š K OCp2 , Kh�pi Š K OCp, and Khgpi Š KCp2 ,
respectively. Let spmCn, m; n D 0; : : : ; p � 1, be units of R with spm D Qum, and set

� D
p�1X
mD0

p�1X
nD0

spmCn�pmCn; � 2 Kh�pi;
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d D
p�1X
qD0

s�1
1 spqC1
q; d 2 Kh�pi:

Let xpmCn, m; n D 0; : : : ; p � 1, be indeterminate, and set

x D
p�1X
mD0

p�1X
nD0

xpmCnepmCn; xpm D wm:

We seek values for xpmCn, n > 0, such that

D
.�p2 � 1/q.�paQw � 1/r.�� � 1/s; gx � 1

E
3

D 0 (9.8)

for q; r; s D 0; : : : ; p � 1.

Lemma 9.2.1. The solution to (9.8) is a vector .xpmCn/, 0 � m; n � p � 1, of
elements of R defined as

xpmCn D ��n
p3 s�n

1 h�pmd �n; awi1:

Proof. One has

.�p2�1/q.�paQw�1/r .���1/sD
p�1X

m;nD0

�
�n

p�1
�q�

�
pmCn

p2 Qwn�1
�r

.�spmCn�1/s�pmCn

and

h�t �pmCn; gepaCbi D
8<
:

1

p
�t

p3 �
�ma
p if n D 1, b D t

0 otherwise,

and thus (9.8) expands to

.�p � 1/q

p�1X
mD0

�
�

pmC1

p2 Qw � 1
�r

sX
tD0

 
s

t

!
.�1/s�t st

pmC1

p�1X
aD0

xpaCt

�
1

p
�t

p3�
�ma
p

�
D 0:

(9.9)

For integers l; n D 0; : : : ; p � 1, let

h
.n/

l D 1

p

p�1X
qD0

��lq
p sn

pqC1:
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Then (9.9) can be rewritten as

rX
yD0

 
r

y

!
.�1/r�y�

y

p2 Qwy

sX
nD0

 
s

n

!
.�1/s�n�n

p3

p�1X
lD0

xplCnh
.n/

l�y D 0; (9.10)

where the subscripts on h
.n/

l�y are read modulo p.
Equation (9.10) is equivalent to the system

8̂̂̂
ˆ̂̂̂̂
ˆ̂̂̂̂̂
ˆ̂̂<
ˆ̂̂̂̂
ˆ̂̂̂̂̂
ˆ̂̂̂̂
:̂

�n
p3

�
h

.n/
0 xn C h

.n/
1 xpCn C � � � C h

.n/
p�1x.p�1/pCn

�
D 1

�n
p3 Qw�p2

�
h

.n/
p�1xn C h

.n/
0 xpCn C � � � C h

.n/
p�2x.p�1/pCn

�
D 1

�n
p3

�
Qw�p2/2.h

.n/
p�2xn C h

.n/
p�1xpCn C � � � C h

.n/
p�3x.p�1/pCn

�
D 1

:::

�n
p3

�
Qw�p2/p�1.h

.n/
1 xn C h

.n/
2 xpCn C � � � C h

.n/
0 x.p�1/pCn

�
D 1:

(9.11)

In matrix form, (9.11) appears as

0
BBBBBB@

h
.n/
0 h

.n/
1 h

.n/
2 : : : h

.n/
p�1

h
.n/
p�1 h

.n/
0 h

.n/
1 : : : h

.n/
p�2

h
.n/
p�2 h

.n/
p�1 h

.n/
0 : : : h

.n/
p�3

:::
:::

:::

h
.n/
1 h

.n/
2 h

.n/
3 : : : h

.n/
0

1
CCCCCCA

0
BBBBBBB@

xn

xpCn

x2pCn

:::

x.p�1/pCn

1
CCCCCCCA

D

0
BBBBBBB@

��n
p3

w��n
p3

w2��n
p3

:::

wp�1��n
p3

1
CCCCCCCA

: (9.12)

Here the coefficient matrix is the circulant matrix

M .n/ D circ
�
h

.n/
0 ; h

.n/
1 ; h

.n/
2 ; : : : ; h

.n/
p�1

�
:

Note that the eigenvalues of M .n/ are sn
pqC1 6D 0, for 0 � q � p � 1, with

corresponding eigenvectors .�
lq
p /, 0 � l � p � 1. Thus M .n/ is invertible with

inverse ‚.n/ D .�
.n/

m;l / for m; l D 0; : : : ; p � 1. Consequently, the matrix equations
in (9.12) have unique solutions for m; n D 0; : : : ; p � 1, n > 0. These solutions are
computed to be

xpmCn D ��n
p3 s�n

1 h�pmd �n; awi1:

ut
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Now let upmCn D xpmCn, n > 0, and let

b D
p�1X
mD0

p�1X
nD0

upmCnepmCn; upm D wm:

Put

‰ D gb � 1

�k
;

and let

H D A.i; j; u/Œ‰	 D A.i; j; u/

�
gb � 1

�k

�

denote the R-module that is the A.i; j; u/-span of the set

(
1;

gb � 1

�k
;

�
gb � 1

�k

�2

; : : : ;

�
gb � 1

�k

�p�1
)

:

Lemma 9.2.2. Let H be the R-module as above. Suppose

(i) A.j 0; i 0; Qu/ D R

�
�p � 1

�j 0
;

�d � 1

�i 0

�
,

(ii) ord
�
�p2s

p
1 h�pd p; awi1 � 1

	 � pi 0 C k, and

(iii) ord.�p3s1 � 1/ � i 0 C k

p2
.

Then H is invariant under the comultiplication of KCp3 .

Proof. (Sketch.) We show that �KC
p3 .H/ � H ˝R H . Since

�KC
p3 .‰/ D ‰ ˝ 1 C 1 ˝ ‰ C �k‰ ˝ ‰ C �.gb/ � gb ˝ gb

�k
;

H is invariant under � D �KCp3 if and only if

�.gb/ � gb ˝ gb

�k
D
�

�.b/ � b ˝ b

�k

�
.g ˝ g/ 2 H ˝R H:

The condition j 0 > pi 0 guarantees that A.i; j; u/ 6D RC �
p2 , and so, by Chapter 4,

Exercise 12, A.i; j; u/ is a local ring with maximal ideal .�; A.i; j; u/C/. One has
b 2 A.i; j; u/ and b 62 .�; A.i; j; u/C/, and so b is a unit in A.i; j; u/. Thus g is a
unit in H . Therefore H is invariant under �KCp3 if and only if

�.b/ � b ˝ b

�k
2 A.i; j; u/ ˝ A.i; j; u/;
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which follows from the conditions of the lemma. The reader is referred to [Un08b,
Lemma 2.6] for the details of this computation. ut

Our next task is to construct ˆ. Suppose that H D A.i; j; u/Œ
gb � 1

�k
	 is an

R-module as constructed by Lemma 9.2.2, with b D Pp�1
mD0

Pp�1
nD0 upmCnepmCn. Set

c D Pp�1
mD0 u�1

1 upmC1fm, where fm are the minimal idempotents in Khgpi Š KCp.
The quantities c and fm are the analogs in the dual situation for d and 
q . Let ypmCn,
m; n D 0; : : : ; p � 1 be indeterminate, and set

y D
p�1X
mD0

p�1X
nD0

ypmCn�pmCn; ypm D Qum:

The ypmCn are the analogs in the dual situation for xpmCn. Then, following the
construction of b as above, we find values for ypmCn, n > 0, for which



�y � 1;

�
gp2 � 1

�l

.gpau � 1/m .gb � 1/t

�
D 0 (9.13)

for l; m; t D 0; : : : ; p � 1, t > 0.

Lemma 9.2.3. The solution to (9.13) is a vector .ypmCn/, 0 � m; n � p � 1, of
elements of R defined as

ypmCn D ��n
p3 u�n

1 hgpmc�n; aQui

for m; n D 0; : : : ; p � 1, n > 0.

Proof. We follow the method of Lemma 9.2.1. For integers l; n D 0; : : : ; p � 1,
define �

.n/

l as

�
.n/

l D 1

p

p�1X
qD0

��lq
p un

pqC1:

Then, finding quantities ypmCn that satisfy (9.13) is equivalent to solving the matrix
equations for n D 1; 2; 3; : : : ; p � 1:

0
BBBBBB@

�
.n/
0 �

.n/
1 �

.n/
2 : : : �

.n/
p�1

�
.n/
p�1 �

.n/
0 �

.n/
1 : : : �

.n/
p�2

�
.n/
p�2 �

.n/
p�1 �

.n/
0 : : : �

.n/
p�3

:::
:::

:::

�
.n/
1 �

.n/
2 �

.n/
3 : : : �

.n/
0

1
CCCCCCA

0
BBBBB@

yn

ypCn

y2pCn

:::

y.p�1/pCn

1
CCCCCA D

0
BBBBBBB@

��n
p3

Qu��n
p3

Qu2��n
p3

:::

Qup�1��n
p3

1
CCCCCCCA

: (9.14)
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Here the coefficient matrix is the circulant matrix

N .n/ D circ
�
�

.n/
0 ; �

.n/
1 ; �

.n/
2 ; : : : ; �

.n/
p�1

�
:

Let ˆ.n/ D .

.n/

m;l /, m; l D 0; : : : ; p � 1 denote the inverse of N .n/. Then the matrix
equations in (9.14) have unique solutions,

ypmCn D vpmCn D ��n
p3

p�1X
lD0



.n/

m;l Qul

D ��n
p3 u�n

1 hgpmc�n; aQui;

for m; n D 0; : : : ; p � 1, n > 0. ut
Now, let

y D ˇ D
p�1X
mD0

p�1X
nD0

vpmCn�pmCn; vpm D Qum;

put

ˆ D �ˇ � 1

�i 0
;

and let

J D A.k0; j 0; i 0/Œˆ	 D A.k0; j 0; Qw/

�
�ˇ � 1

�i 0

�

denote the R-module that is the A.k0; j 0; Qw/-span of the set

(
1;

�ˇ � 1

�i 0
;

�
�ˇ � 1

�i 0

�2

; : : : ;

�
�ˇ � 1

�i 0

�p�1
)
:

Lemma 9.2.4. Suppose H satisfies the hypothesis of Lemma 9.2.2. Suppose i �
pj , k0 � p2i 0, j � p2k > pk, and e0 � i C j C k. Then the R-module J is
invariant under the comultiplication of K OCp3 .

Proof. We use the criteria of Lemma 9.2.2 to show that �K OCp3
.J / � J ˝R J . In

this case, J is invariant if j > pk,

A.j; k; w/ D R

�
gp � 1

�j
;

gc � 1

�k

�
;

ord
�
�p2 up

1 hgpcp; aQui � 1
	 � pk C i 0;
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and

ord.�p3 u1 � 1/ � k C i 0

p2
;

which follow from the conditions of the lemma. Details of the computations are
found in [Un08b, Lemma 2.7].

Let H D A.i; j; u/
h

gb�1

�k

i
and J D A.k0; j 0; Qw/Œ

�ˇ � 1

�i 0
	 be R-modules as

constructed above by Lemma 9.2.2 and Lemma 9.2.4. We need several more lemmas
before we can show that H and J are Hopf orders.

Let
H � D f˛ 2 K OCp3 W h˛; H i3 � Rg

denote the linear dual of the R-module H .

Lemma 9.2.5. H � is an R-algebra.

Proof. By Lemma 9.2.2, �KC
p3 W H ! H ˝H . Thus there is a map of linear duals

��
KCp3

W .H ˝R H/� ! H �. Since H � ˝R H � � .H ˝R H/�, ��
KCp3

serves as

multiplication on H �. ut
Lemma 9.2.6. Let H be the image of H under the mapping KCp3 ! KCp2 ,

gp2 7! 1. Then

K OCp2 \ H � D H
� D A.j; k; w/� D A.k0; j 0; Qw/:

Proof. We show that H
� D K OCp2 \ H �. Let ˛ 2 H

�
. Then ˛ 2 K OCp2 and

h˛; H i2 � R. Let f 2 H , and let f be the image of f under the mapping KCp3 !
KCp2 . Then h˛; f i3 D h˛; f i2. Hence

h˛; H i3 D h˛; H i2 � R;

so that ˛ 2 H �. Hence ˛ 2 K OCp2 \ H �.

Now suppose ˛ 2 K OCp2 \H �. Then ˛ 2 K OCp2 and h˛; H i3 � R. Consequently,

˛ 2 H
�
, which shows that H

� D K OCp2 \ H �.

Since b D aw, H D A.j; k; w/, which completes the proof of the lemma. ut
Lemma 9.2.7. J � H �.

Proof. By Lemma 9.2.5, H � is an algebra. Thus it suffices to show that

A.k0; j 0; Qw/ � H � and
�ˇ � 1

�i 0
2 H �. By Lemma 9.2.6, H � \ K OCp2 D

A.k0; j 0; Qw/, and thus A.k0; j 0; Qw/ � H �. We claim that
�ˇ � 1

�i 0
2 H �; but this

amounts to showing that
h�ˇ � 1; H i3 � �i 0

R:
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Since
�ˇ � 1

�i 0
acts on A.i; j; u/ as

�aQu � 1

�i 0
, it suffices to show that

ord

�

�ˇ � 1;

�
gp2 � 1

�l

.gpau � 1/m .gb � 1/t

��
� i 0 C li C mj C tk (9.15)

for l; m; t D 0; : : : ; p � 1, t > 0. But (9.15) is satisfied since (9.13) holds with
y D ˇ. ut
Proposition 9.2.1. Let A.i; j; u/ and A.j; k; w/ be Hopf orders in KCp2 with linear
duals A.j 0; i 0; Qu/ and A.k0; j 0; Qw/, respectively. Let s be a unit of R, and put
spmCn D sn Qum for m; n D 0; : : : ; p � 1. Let

� D
p�1X
mD0

p�1X
nD0

spmCn�pmCn D
p�1X
mD0

p�1X
nD0

sn Qum�pmCn:

Let

b D
p�1X
mD0

p�1X
nD0

upmCnepmCn;

where upmCn D ��n
p3 s�nG.�m

p Qu�n; w/.
Suppose

ˇ D
p�1X
mD0

p�1X
nD0

vpmCn�pmCn; vpm D Qum;

satisfies 

�ˇ � 1;

�
gp2 � 1

�l

.gpau � 1/m .gb � 1/t

�
D 0

for l; m; t D 0; : : : ; p � 1, t > 0:

Additionally, suppose the following conditions are satisfied:

(i) ord
�
�p2spG.u�p; w/ � 1

	 � pi 0 C k;

(ii) ord.�p3 s � 1/ � i 0 C k

p2
;

(iii) i � pj ;
(iv) j 0 > pi 0;
(v) k0 � p2i 0;

(vi) j � p2k > pk;
(vii) e0 � i C j C k.

Then H D A.i; j; u/
h

gb�1

�k

i
is a Hopf order in KCp3 with linear dual

J D A.k0; j 0; Qw/
h

�ˇ�1

�i 0

i
.
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Proof. Conditions (i)–(vii) show that �KC
p3 .H/ � H ˝R H and �K OCp3

.J / �
J ˝R J .

We show that J is an R-Hopf order. By Lemmas 9.2.5 and 9.2.6, H � is an
R-algebra with H � \ K OCp2 D A.k0; j 0; Qw/. By Lemma 9.2.7, �ˇ�1

�i 0
2 H �. Thus

�ˇ�1

�i 0
satisfies a monic polynomial of degree p with coefficients in A.k0; j 0; Qw/. Thus

J is an R-algebra, and consequently J is an R-Hopf order.
By Lemma 9.2.7, H � J �. Since J � \ KCp2 D A.i; j; u/, gb�1

�k satisfies a
monic polynomial of degree p with coefficients in A.i; j; u/. Thus H is an R-Hopf
order. An application of Proposition 7.1.3 then shows that H � D J .

In light of the fact that circulant matrices play a key role in their construction, we
call the Hopf orders constructed in Proposition 9.2.1 circulant matrix Hopf orders
in KCp3 .

9.3 Chapter Exercises

Exercises for �9.1

1. Let K be a finite extension of Qp. Show that there are Larson orders in KCp3

that are not duality Hopf orders.
2. Let K be a finite extension of Q2. Construct an example of a duality Hopf order

in KC8.
3. In the construction of the duality Hopf orders, prove that either A.j; k; w/ or

A.j 0; i 0; Qu/ is a Larson order.
4. Compute the p-adic obgv determined by an arbitrary duality Hopf order.
5. Give the details in the proof of Proposition 9.1.2.

Exercises for �9.2

6. Prove that every Larson order in KCp3 is a circulant matrix Hopf order.
7. Construct an example of a circulant matrix Hopf order in KC8.
8. Prove that there exist circulant matrix Hopf orders that are not duality.
9. Prove that there exist duality Hopf orders that are not circulant matrix.

10. Does the valuation condition for n D 3 hold for the collection of circulant
matrix Hopf orders?
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