Chapter 8
Hopf Orders in KC

In this chapter, we assume that K is a finite extension of Q,, containing ¢ P2
endowed with the discrete valuation ord. Set ¢ = ord(p), ¢/ = e¢/(p — 1). Let
g be a generator for C .

8.1 The Valuation Condition

The K-Hopf algebra KC > induces the short exact sequence of K-Hopf algebras

K5 KC, 5> KCp S KC, S K,

where i : KC, — KC, is the Hopf inclusion and s : KC,» — KC), is the
Hopf surjection, given as g” + 1. Let H denote an R-Hopf order in KC .. Since
H' = H N KC, is an R-Hopf order in KC, and H"” = s(H) is an R-Hopf order
in KC,, one has the short exact sequence of Hopf orders

R—H — H— H" — R. (8.1)
By Proposition 7.1.2, H" and H” are Larson orders in KC), of the form

H' = H(i) = R [gpn,_. 1] H" = H(j) = R [{;1] z=s(2).

where i, j are integers satisfying 0 < i, j < e’. Thus (8.1) can be written as
R— H(i)—> H — H(j) > R. (8.2)

By Proposition 4.3.3, H has a generating integral A, which we now compute.
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142 8 Hopf Orders in KC 2

Proposition 8.1.1. The ideal of integrals fH is of the form RA, where

p2

= -+ 0

2
| r=l _m
where ey = 7 > o &

Proof. By Proposition 4.4.5, [,, = €y ([};) eo, and so, by Proposition 4.4.12,

J,= oo () ()
H H(i) H(j)

Now, by Proposition 5.3.3, € (i) (fH(i)) = &5 R.and ey (fH(j)) = AR
Thus [, = RA with

__ ",
= 20+ ]

By Proposition 7.1.4,

H(') = R [yp - 1} . H()=R [V;]

) !
and the sequence (8.2) can be dualized (see (4.13)) to form the short exact sequence

R— H()S H* S HG') — R.

Definition 8.1.1. Let H be an R-Hopf order in KC ;. that induces the short exact
sequence (8.2). Then H satisfies the valuation condition for n = 2 if either pj <i
or pi’ < j'.

In the paper [Lar88], R. Larson proved that every Hopf order in KCj satisfies the
valuation condition. In [Un94], R. Underwood showed that the valuation condition
holds for Hopf orders in KC P =2 Underwood’s result also follows from results
of N. Byott; see [By93b, §8, Theorem 5]. In this section, we prove that the valuation
condition holds for Hopf orders in KC 2, following closely the proof in [Un94].

We first prove that the valuation condition holds for A that induces short exact
sequences (8.2) with i > e¢/p. The key is to obtain an R-basis for H* in a
special form.

Lemma 8.1.1. Letr H be an R-Hopf order in KC, inducing the short exact
sequence (82) withi > e/p. Leth = 51 k = =L pur

e i’

X = (kK2 . kP Rk hER L REPT L
VL Ly SR Loy TSNS W N La B
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2
Then there exists an R-basis {o, };1:1=1 Sfor H* given by the matrix product
XM' = (a1, 02,...,0,),

where M’ is the p> x p* matrix

rl,l r172 .o e rl,pz
0 r22 e e r2 2
s P
M = ,
0 0 R e

which satisfies the following conditions:

(i) either i, = 0 orord(r,) > ord(r mt1) forall 1 <1,m < p* —1;
(ii) ord(r;,») > aj +bi’' —(p—1)i’ for 1 <m < p>—p, wherel =a(p—1)+b
for0<a<p—-11<b<p-1

Proof. Since H(i) injects into H, and RC,» € H, the Larson order H(i,0) is
contained in H . Thus

’ i’

P—1 yu—1
H* c H(Z,O)* - R |:Y i yu j|’
e !

where u = Z,’;;loz;zmtm by Proposition 7.1.5. But, since i > e¢/p, Lemma 7.1.6

implies that

—_— = (C‘{”—I)LmeH(e’).

p

r—1 —1 r—1 —1
R[] o]
e ! e !

andso H* C H(¢',i’) =R[E y_,l]. One has that X is an R-basis for H(e',i’).

j'[e/ E) 7'[1/

Thus

Therefore, an R-basis {am}f::l for H* is given by the matrix product
XM = (a1,00,...,0,),

where M is a p?> x p? matrix with entries in R. Performing elementary column
operations on M, one sees that it is column-equivalent to the matrix

rl,l r172 oo oo rl,p2
0 r22 oo oo r2 2
s P
M = ,
0 0 Fp2 52

pe.p
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where either r;,, = 0 or ord(r;,,) > ord(r;n+1) forall 1 <I,m < p* — 1. Thus
{a,n}f:;l defined by
XM’ = (ar,0a,...,a,)

is an R-basis for H*. Note that M’ satisfies condition (i) of the lemma.
We now show that M’ satisfies condition (ii).

We have
p=p P’ ,
Uy = Z rl’mh“kb + Z ronh™? tr-l
l=a(p—1)+b 1=p2—p+1
form =1,. ..,pz, 0<a<p-—1,1<b < p—1.Since M’ is upper-triangular,

rim = 0forl = m+1,.. .,pz. By Proposition 8.1.1, A = 7T(P+)2(i+f)€0 is a
generating integral for H . Thus, by Proposition 4.3.4,a,,-A € H form = 1,..., p>.
Letd,, = a,, - A. Then

rr P - 1 (b
= £ Lm — - —
dn = Z x=DG+)) | gae ( )( D'e@—np (nm/ Z (L)( l)tebl)
a(p—1)+b=1 n=0 =0

L P2rim 1 — [t—c
+Z pESESTN [y Z n (=Dew—c—np | -
L=cC

n=0

wherec = p?> — p + 1.
We have H(j') C H*, so that H(j',0) € H* and H C H(j’,0)*. By

Proposition 8.1.1, o = Weo is a generating integral for H(j’,0)*, and so,
by Proposition 4.3.4, a basis for H(j’, 0)* can be written as

a b 2
yr—1 y—1 . P
g( ) (=) 'Q} = {rohe e 63

ﬂa] Z( )(_l)ne(“_ﬂ)P

where

and
" (b
B, = —1'ep—,
b Z (L)( I)'ey
=0
forO<a,b<p-—1.
Now, since d,, € H C H(j’,0)*, d,, can be written as an integral linear combi-

nation of the basis (8.3) for H(j’,0)*. Let m be such that 1 < m < p> — p. Each
term of d,,, can be written as
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2 a b
DTim 1 a . 1 b .
T (T n; (n) = e(“"”") (W ; (L 1yes—

aj’ e 2
=t T ( P AaBb),

77 (p=D)i pbi’ rae’ \ g (p=1)('+))

v
- aj’ e
FimTT~ 1T ;€ R or

and SO ﬂ(pfl)iﬂhi’ﬂae

A%

Iy — : =/ /
ord(ry ™ 7°) ord(sr PV bt acty,

ord(rym) +aj’ +e > (p—1)i + bi’ +ae’,

ord(r;m) > aj +bi’ —(p—1i’. o
We can now show that the valuation condition holds in the case i > ¢/ p.

Lemma 8.1.2. Let H be an R-Hopf order in KC . that induces the short exact
sequence (8.2). Ifi > e/ p, then pi’ < j'.

Proof. Let {am},f;l denote the R-basis for H* as constructed in Lemma 8.1.1.

Let @,, denote the image of «,, under the R-module surjection H* yp'—_;l H(@").
Since {@,,} is an R-basis for H(i"), we can assume that ry, = 1 for some m’,
1<m' < p>

Since H* = S & H(j') for some R-module S, Lemma 8.1.1(i) implies that
m' < p> — p, and so, since M’ is upper-triangular, we have r;,,, = 0 for all
[ > p?> — p + 1. Thus the basis element o,,, € H* has the form

pP=p p=p
G = Y kK =k+ Y k.
I=a(p—1)+b=1 I=a(p—1)+b=2

Thus, H* contains the pth power

p=p p=p
=kl Y L WK Y pup [T rhRY
I=a(p—1)+b=2 P I=a(p—1)+b=1

where the second summation is over all partitions P of p that are in the form p =

2_
lezlpn[, n; > 0, and up is a unit of R dependent on the partition P.
We claim that

Zpup l_[ (rl,m/h“kb)nl e H*.
P

I=a(p—1)+b=1
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By Lemma 8.1.1(ii), ord(r;,n/) > aj + bi’ — (p — 1)i’, and so there exist elements
s; € R for which

S,
S]]Ta]ﬂb'
Flo = ———.
e
Thus
p*=p P=p 50 i’ "
Soor T oy = T (See)
P a(p—1)+b=1 P a(p—1)+b=1
pup P=p
_ ny¢_ajpa__bi’ ;.byn;
an(p o7 1_[ s (T h k)
a(p—1)+b=1
2__
e VN s (w’—l)“” (y—l)””f
p(p—Dji’ ! J’ 0 ’
a a(p—D+b=1 4 4

which is in H* since i > e/p implies ¢’/p > i’, which in turn yields ord(p) =
e > p(p — 1)i’. We conclude that

p*—p
kPt Yl kP e H
I=a(p—1)+b=2
and thus
2_
v=1\" pzp p (YN (v=1)”
]Ti/ rl,m’ ]Te/ ]Ti/
a(p—1)+b=2
p
_yr-t -
- npi/ pl’ Z ( )(_1) Yp
2_
P —p Slp yp —_1\” a y — 1\? b
+ Z 7 p(p—Di’ i’ 70
a(p—1)+b=2
isin H*.

Now 7' %P (?)(=1)'y?~ € H*, and all of the terms in the second summa-
tion above with / = a(p — 1) + b > p are in H*. Thus

p—1 p
yP—1 8
7 +an<p 57 (v = D7) e H*.

P
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. b
Since this quantity is in KC, N H* = H(j'), and since {(y;._,l) },
b=0,...,p—1,is an R-basis for H(j'), we conclude that pi’ < j'. O
We next consider the case i < e/ p.

Lemma 8.1.3. Let H be an R-Hopf order in Ksz that induces the short exact
sequence (8.2). Ifi < e/p, then j' > e/p.

Proof. Since H (i) injects into H, the Larson order H(i,0) € H. Thus H* C
H@i,00* = 4 (e/,i/,é;zl) = R [yp_,l, y”,_l]. Note that A (e/,i/,é;zl) is not

7
e !

yr=1

ﬂe/ b}

Larson since i <e/p implies i’ > ¢’/ p. By Lemma 7.1.6, u is a unit in R [

_ 1
and thus 4 (e’,i’, §_21) =R [yp,,l, %]
P ¢ !
—u!

Tt Then

-l v

Leth = —,
e T

Y = (k.k?, ... k"7 bk hK?, . hkPTh L
X W Loy SEN Lot L0 W R Tany

is an R-basis for A(e’,i’, {;21). Therefore an R-basis {a,,} for H* is given by the
matrix product
YM = (ay,0z,....0,),

where M is an upper-triangular p> x p? matrix with entries r;,, € R.
The conditioni” > ¢’/ p implies pi’ > ¢’ > j’, and so H* is not a Larson order,

yet it does contain a largest Larson order A(E (H*)). Thus H* contains Y for

7-[[
some ¢ > (. There exist elements s,, € R with

2
P

y—1

o = E Smm
m=1

and so there exist elements ¢; € R for which

1 P=p »’
Y — = Z qlhukb + quhl_c, c = p2 —p+ 1L
T I=a(p—1)+b=1 1=c

One has ¢, =Ofor2§l§p2—p,andso

pZ

—1 .
——=aqk+) qh™ c=p —p+]

L=c

y

_ P’
y—1 1 —u! —c

={q ni’ +611 ni’ —+ E QLh s C=p2_p+1

L=c
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If ord(g;) > i/, then yn;,l ¢ H*, and thus ord(g;) < i’. Moreover,

172

Y qh™¢ € H*NKCp = H(j'),
L=c

—1

and so ¢, l_n‘f, € H(j'). Consequently, 1 —u~' € H(j’). Now, by Lemma 7.1.6,
ord(1 —¢,0) = e€'/p > j;thatis, j' > e/p. O

‘We now show that H in KC 2 satisfies the valuation condition for n = 2.

Proposition 8.1.2. Let H be an R-Hopf order in KC ,» that induces the short exact
sequence of (8.2). Then either pj <i or pi’ < j'.

Proof. Suppose i > e/p. Then, by Lemma 8.1.2, pj’ < i’. On the other hand, if
i <e/p,then j' > e¢/p by Lemma 8.1.3, and thus Lemma 8.1.2 can be applied to
the dual short exact sequence to obtain pj <i. O

8.2 Some Cohomology

In this section, we give a review of cohomology of groups, which will be needed in
the subsequent section.

Let C,, denote the cyclic group of order m, generated by t, let G be an Abelian
group, and let G” denote the subgroup of G generated by {g” : g € G}. An
extension of G by C,, is a short exact sequence of groups

E:15G5G6 5¢C, 1.

Two extensions E|, E, are equivalent if there exists an isomorphism Gi — Gé
such that the diagram

Ei:1-G—->G - Cy—1
I \ I (8.4)
E;:1-G—>Gy—Cp—1

commutes. Let E(G, C,,) denote the collection of equivalence classes of extensions
of G by C,,. In this section, we compute E(G, C,,) following [Rot02, §10.3].
A cocycle is a function f : C,, x C,, — G that satisfies the conditions

[ty =f@ =1 (8.5)
and
f(d) ()= () f (T (8.6)
fori, jk =0,...,m—1.
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Proposition 8.2.1. The collection of cocycles, denoted by C(G, Cy,), is an Abelian
group under the product

(f*g)(d' ) = f(r' . T))g(e' . /),

with identity element f(t',t/) = 1, for alli, j.
Proof. Exercise. O

We can identify a subgroup of C(G, C,,) as follows. Let h : C,, — G be a
function with 4(1) = 1. Let f;, : C,, X C,, — G be defined as

S Ty = h(@)(h( )T h())

fori,j = 0,...,m — 1. Then it is routine to check that f}, is a cocycle. We write
the cocycle f; as dh and call it the coboundary of /. Let B(G, C,) denote the
collection of coboundaries

B(G,Cp) = {0h: h:Cp— G.h(1) = 1}.

Then B(G, C,,) is a subgroup of C(G, C,).

Proposition 8.2.2. The quotient group C(G, Cy,)/B(G, Cy,) is in a 1-1 correspon-
dence with the equivalence classes of extensions E(G, Cy,).

Proof. Let f1, f> be cocycles that satisfy the condition

fi (@) (L)) =0k (7, T) = h() (A7) h()
for some 0k € B(G, C,,). Then
h(@*) fi(d o)) = h(@Hh()) A ). (8.7
On the Cartesian product G| = G x C,,, define a multiplication
(a,ti) ¥ (b,tj) = (abfl(ti,rj),ti+j),
and on G} = G x C,, define a multiplication
(a,t)-p (b,t) = (abfa(c',77), ' 7).
Then there exist extensions of groups

Ei:1->G—>G —>Cy—1

and
E;:1->G—Gy—Cy—1.
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We claim that £ and E are equivalent. To this end, define amap / : G| — G
by the rule 2((a, ")) = (ah(z'), t'). Then
h((@.7) - f (b. 7)) = h((abfi(z'.7/). 7' "))
= (abh(z"™) fi(x /). 7"V
= (abh(z"h()) fo(z', /), ') by (8.7)
= (ah(z"), ") -5, (bh(z?), 7))
= h((@.7") -, h((b. 7).

and so / is an isomorphism that makes the diagram (8.4) commute.
Consequently, there is a well-defined map

v:C(G,Cy)/B(G,Cp) — E(G,Cp),
where W( fB(G, C,,)) is the equivalence class represented by
E:1-G—->G —-C,—1,
where G’ = G x C,, is endowed with the binary operation
(a,ti)-f (b,t)) = (abf(', 1)), 7' 1)), (8.8)

Evidently, W is a bijection. O

The values of a given cocycle f : C,, x C,, — G can be arranged in an m X m
matrix My whose i, jth entry is f(¢',7/) = a;; fori,j = 0,...,m — 1. Note
that the entries in the first row and first column are all 1 by cocycle property (8.5).
Moreover, since the binary operation on G x C,, is Abelian,

(av Ti) : (bv TJ) = (b’ T]) : (a’ Ti)’
(@bf(x',v/), 0"y = (baf(c/ . <), /™),
which implies that o o
fi@' o) = f(/. )
foralli, j =0,...,m — 1. Thus M, is symmetric. We prove the following.

Proposition 8.2.3. Let C,, denote the cyclic group of order m generated by t, let
G be an Abelian group, and let G™ denote the subgroup of G generated by {g" :
g € G}. Then there is a group isomorphism

®:G/G" — C(G,Cy)/B(G,Cy)
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defined as
dwG™) = f,B(G,Cy),

where f,, : Cp, x Cp, = G is the cocycle in C(G, Cy,) whose values are given by
the matrix

1 |

1 1 w

My, = 1 1 w w
I w w e W

Proof. We first show that ® is well-defined on cosets of G/G™. Suppose w € vG™.
Then wv™! = g for some g € G, and the cocycle f,,—1 : C,y x C,, — G satisfies
fin—1t = 0h, where h : C,, — G is defined by h(z') = g'. Thus f,,,—1 € B(G,Cy),
and so @ is well-defined.

Now,

dWG"wG™) = O(vwG™)
= fva(Ga Cm)
= va(G, Cm)fwB(G7 Cm)a

and so ® is a group homomorphism. Next, suppose that ®(wG”) = &(vG™). Then
fi—1 € B(G, Cy,). Thus there exists a function & : C,, — G, h(1) = 1 for which
0h = f,,—1. Thus wv~! = g™ for some g € G, and so wG" = vG™, which shows
that @ is an injection.

To show that @ is surjective, let fB(G, C,,) be a coset in C(G, Cy,)/B(G, Cy,).
Assuming that this coset can be written in the form f,, B(G, C,,) for some w € G,
we have Y(wG™) = fB(G, C,,), and so & is surjective. So the remainder of this
proof will be concerned with proving that the coset fB(G, C,,) can be written in
this form.

We know that f has matrix

1 1 1 1

1 apa ayn alm—1

1 a1 azp - azm—1
M=

I am—11 am—12 -+ Gm—1m—1

for elements a; ; € G with My symmetric. In the second row of M 7, let [ be the
smallest integer for which a;; # 1. Define a function & : C,, — G by
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; 1 fori =0,...,1
h i — ) k)
() ay; fori=1+1,....m—1.

Then 0/ is a coboundary with matrix My, whose first and second rows and columns,
up to and including the codiagonal, have the form

1 1 1 1 1 1
-1

1 1 1 ar; 1 1 *
* * * * * * *
1 1 * * * * * * *
My, = 1 al_ll * * * * * * *
1 * * * * * * *
* * * * * * *
: * * * * * * *

1 *

Here the entry a;} isin the (1,/)th and (/, 1)th places. It follows that f is congruent
modulo B(G, C,;) to a cocycle whose matrix is of the form

1 1 1 1 1 1
1 1 1 1 *
1 1 *x = *
My = O U *
1 : * %k * * *
1 x*
1 %

Consequently, we can assume, without loss of generality, that the matrix M ; of
the cocycle f is in the form above.
By the cocycle condition (8.6),

[ f(@ ) = f(r. ) f(r, e

fork,0 <k <m—1.But f(r,7) = f(r,7%) = f(r,c't*) = 1forl <k <m-3,
and so

@3 =1
fork = 1,...,m — 3. Now, again by (8.6),

f@ ) f(3, 5 = f(r, ) f( )
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for all k. But, as we have seen above, f(7%,7) = f(¢2,7%) = f(2,t'7%) = 1 for
1 <k <m—4.Thus

f(3, =1
fork = 1,...,m — 4. Continuing in this manner, we see that
f(_[m—Z’ 27k) =1

fork =1,...,m—(m—2+4 1) = 1. It follows that the matrix for f is of the form

1 1 1 1

1 1 1

1 1 - 1 *

M, =
! 1 * * *
S |
1 *

But what about the matrix entries below the main codiagonal? We show that they
are all equal. By (8.6),

f@of@ ") = f@ ) f(r,").

But, as we have seen, this implies that

f@ ") = fm .

Moreover,
fE )@ = S f@ .
and so
f@ ") = f@ .
Hence

f(,[k-i-l’ ,L,m—l) — f(,[k’ ,L,m—l)
fork =1,...,m —2.By (8.6),

f(‘L', Tk)f(l'k+l, ,L,m—2) — f('(, ‘L'm_2+k)f(‘lfk, ,L,m—Z)
forall k. Since f(r.7%) = f(r, 7" 2ty =1fork =2,...,m =2,
f(fk+l, ,L,m—Z) — f(":k, ,L,m—Z)

fork = 2,...,m — 2. Continuing in this manner, we see that the entries below the
main codiagonal in a column are equal.
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We next show that all of the entries below the main codiagonal are equal to a
common value. By (8.6),

f@, 0 f(@ ") = f(r, 7" N f(r, ")

for all k, and thus
f@ ") = fr.").

By (8.6),
@A) (@ ") = fle ")),

and thus
f@ ") = fe .
Continuing in this manner, we conclude that
f@ ) = f@ e
fork =2,...,m— 1. Now
@) = [T

foralli +j >m— 1,1 +k > m — 1, and so all of the entries below the main
codiagonal are equal to a common value, say w. Thus the matrix of f is in the form

1 1 1 e 1
1 1 e 1w
| 1 woow
I w w w
This completes the proof of the proposition. O

We summarize with the following proposition.

Proposition 8.2.4. There is a 1-1 correspondence between the group G/G™ and
the equivalence classes in E(G,C,). Specifically, a coset wG™ € G/G™ corre-
sponds to an equivalence class of extensions represented by

E,:1-G— Gl —C,—1,
where the group operation on the set G|, = G x C,, is given as

(ab,t't7) ifi+j<m

N.o(b. ) = e
@) &.v) (abw, T TI7my ifi 4+ j > m.
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Proof. By Proposition 8.2.3 and Proposition 8.2.2, there exists a 1-1 correspondence
G/G™ — E(G,C,), where the coset wG™ corresponds to the matrix M s, . The
definition of the binary operation follows from (8.8). O

8.3 Greither Orders

In this section, we compute the algebraic structure of the Hopf order H in the
short exact sequence (8.2) assuming that i > pj, following closely the work of
C. Greither [Gr92].

We shall employ the cohomology of the previous section in the following context.
Leti, j beintegers with 0 < i, j < ¢/, and pj <i.LetD; be the R-group scheme
represented by the Larson order

T—1

H(i)zR[ : } (x) = C.
T

and let E; denote the functor represented by the polynomial algebra

X -1
R[ j sX_lj|s

T

where X is indeterminate.

Proposition 8.3.1. The R-algebra R [{;1 , X_l] is an R-Hopf algebra with co-
multiplication, counit, and coinverse maps induced from the corresponding maps of
the K -Hopf algebra K[X, X ~']. Consequently, E; is an R-group scheme that over

K appears as G, x = Homg g (K[X, X~'], ).

Proof. One readily computes

X-1 X-1 X-1 X -1
Akpx.x-1) . =— ®1+1®T+(X_1)®—

T wl

and Agy x—1)(X™") = X7 x X~ Moreover,

X-1 __,
GK(X,X*I] R oy s X - R
X-1 __, X-1
O,K[X,Xfl] R ]'[j ,X - R ]'[j ,X

) —i_ _
since X, X -1€R[%,X_l]. O

l

and
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Observe that E;(R) = U;(R). An extension of E; by D; is a short exact
sequence of group schemes

E:15E 5>G>D - 1;

that is, an extension of I£; by I; is a sequence as above in which I; is the quotient
sheaf of G by E; (see Definition 3.3.3).
Observe that if £ is an extension of £; by ID;, then it is not obvious that

ES): 1> Ej(S) S G(8) S mi(s) > 1
is a short exact sequence of groups for an R-algebra S. M. Demazure and P. Gabriel
[DG70, 111, §6, 2.5] have provided the following proposition.

Proposition 8.3.2. Let i, j be integers that satisfy 0 <i <e’,0 < j < pe'. Then
E:1-E S>G65D —>1

is an extension of E; by I; if and only if

ES): 1>Ej(8) S G(8) S mi(s) > 1
is an extension of E; (S) by D; (S) in the sense of §8.2 for each R-algebra S.

In view of Proposition 8.3.2, two extensions, E, and E, such are equivalent if
there exists an isomorphism of group schemes G; — G, such that the diagram

I \ I
Ex(S): 1 = E;(S) — Go(S) — Di(S) — 1

commutes for each R-algebra S.

Let E(E;,ID;) denote the collection of equivalence classes of extensions of [
by ;. We seek to compute E(E;, D;).

In view of the cohomology already discussed, we should consider “cocycles
modulo coboundaries.” But what plays the role of the cocycles C(G, Cy,)? Let
D; x D; denote the product of group schemes. Then, by Proposition 2.4.2, the
representing algebra of D; x ID; is H(i) ®g H(i).

Definition 8.3.1. The natural transformation f : D; xID; — E; is a cocycle if, for
each R-algebra S and x, y,z € D;(S)

Js (e )(X) fs (xp. (X)) = fs(y.2)(X) fs(x, y2)(X).
Js(e. DX) = fs(1,y)(X) = 1.

The collection of cocycles is denoted by C(E;, ;).
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Analogous to Proposition 8.2.1, C(E;, ;) is a group under the binary operation

(fs*gs)(x, y)(X) = fs(x,y)(X)gs(x, y)(X)

for each R-algebra S, x,y € D;(S).

We seek to characterize these cocycles in terms of the cocycles we’ve already
developed. By Yoneda’s Lemma, f € C(E;,DD;) corresponds to an R-algebra
homomorphism,

¢r: R [X — I,X_l} — H(i) ®z H(),
T/

that is determined by the two conditions
p—1 p—1
XY dnalen ® ey) € UCH() ® H(i))

m=0n=0

and

(S0 Sl anaen ® ) ~ 1

€ H(i) ® H(i).

)
There is an injection
p—1 p—1
L HG) ®g H(i) — @ Re, Qg @Ren,
m=0 n=0

and the map (¢ 7 is an R-algebra homomorphism

X —1 p—1 p—1
tpr: R [T,X_l} — @Rem QR @Rem = RC; ® RC;.
m=0 m=0

Consequently, the algebra homomorphism (¢ corresponds to a natural
transformation

f : Hompag(RCY @ RCY.—) — E;.

By Proposition 4.1.8, HomR_alg(RC; ®r RCY,R) = C, xC,, and so

fr:CpxCp—E;j(R) = Uj(R).
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Note that

@™, T (X) = (2", ") () (X)

p—1 p—1
= (,L,m’ Tn) (Z Z am/,n/(em/ ® en/))

m’=0n"=0

= dy,.
In this manner, f gives rise to a function
f:C,xCp,—U;(R),

defined as (z", t") > am -
We can now prove the following proposition.

Proposition 8.3.3. The natural transformation f : D; x D; — E; is a cocycle in
C(E;. ;) if and only lff is a cocycle in C(U;(R), C)p).

Proof. Suppose that the natural transformation f : D; xID; — E; is a cocycle with
algebra homomorphism ¢ ;. Then, for all x, y,z € D; (R),

SR, Y)(X) fr(xy, 2)(X) = fr(y, 2)(X) fr(x, y2)(X).
Consequently, forall [,m,0 <I,m < p —1,
Fr@ T X) oG T (X) = fr@™ ") fr(@ "X,

so that
Al mAl+mn = Amn@lm+n,

where m + n and / 4+ m are taken modulo p. Thus
f(‘L'l, _Cm)f(rl-l—m’ ,L,n) — f(rm’ ‘L'n)f(l'l, ,L,m-l—n)’

and hence f satisfies cocycle condition (8.6).
Moreover, since f : ID; x D; — E; is a cocycle,

SR, D(X) =1 = fr(1l,y)(X)
forall x,y € ;(R). Thus, forall0 </,m < p —1,

fr@ D)(X) = 1= fo(l,7")(X),
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so that

ajo = 1= ao,m

forall0 </,m < p—1.Thus f satisfies the cocycle condition (8.5). It follows that
fis in C(G,Cy,) with G = U;(R), C,, = C,,.

Now suppose that f : C » xC, — U;(R) is a cocycle obtained from the natural
transformation f : ; x D; — E;. Then, for all [,m,n,0 < [,m,n < p —1,
one has

Al mAl+mn = Al m+nAmn,

where m + n and [ + m are taken modulo p. Thus,

p=1 p=1 p—1 p—1 p=1 p—1
l,mal-l-m,n(el ®enRey) = Z Z Zal,m+nam,n(el ®en R ey),
[=0 m=0n=0 =0 m=0n=0
which yields
p—1 p—1 p—1 p—1
(Z Y aim(er ®en ® 1)) (Z Y aka(Aler) ® en))
1=0 m=0 k=0n=0

m=0n=0

p—1 p—1 p—1 p—1
= (Z Y ana(1®@e, ® en)) (Z > aler ® A(ek))) :
1=0 k=0

Thus, for x, y,z € ID;(S),

p—1 p—1 p—1p—1
(x®y®2) (Z > e ®em ® 1)) (x®y®2) (Z D aa(Der) ® en))

=0 m=0 k=0n=0
p—1 p—1 p—1p—1
=x@y®)| DD ana(1®@en®en) [(x@y @[ DY arler ®Ader)) |,
m=0n=0 =0 k=0

which implies

(X, )¢ (X)(xy,2)¢ 7 (X) = (¥, 2)p (X)(x, y2)$ r (X).

Thus
Js (e, »)(X) fs(xy, 2)(X) = [s(y,2(X) fs (x, y2) (X).
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Now, assume the condition 1 = a,, 0 form = 0,...,p — 1, and let x € D;(S).
Then
p—1
1 =x (Z am,Oem)
m=0
p—1 p—1
= (X &® ASGH(i)) (Z am,n(em & en))
m=0n=0
= (x,)¢s(X)
= fs(x, D(X).
In a similar manner, the condition 1=ag,, for n=0,...,p — 1, yields
fs(1,y)(X) = 1for y € D;(S). Consequently, f is a cocycle. O

We identify the group C(E;,DD;) with the subgroup C of C(U;(R),C,)
defined as

C ={geC(U;(R).C,): g = f forsome f € C(E;, )}

We next consider coboundaries. Let 4 : I); — [E; be a natural transformation
that satisfies hg(1) = 1, VS. Let f; : D; x D; — EE; be the natural transformation
defined as

(fi)s (6, »)(X) = hs (X)(X) (hs (x9)) ™ (X)hs (9)(X).

Then f; satisfies the cocycle conditions of Definition 8.3.1. We denote this cocycle
by 0h. The collection of all cocycles of the form

{0h : h :D; — E; is a natural transformation, (1) = 1,VS}

is a subgroup of C(E;,D;) denoted by B(E;,D;). B(E;,D);) is the collection of
coboundaries.

Observe that the hat operation on cocycles can be applied to the natural
transformation /2 : ); — E;. By Yoneda’s Lemma, / corresponds to an R-algebra
homomorphism,

én: R [u,x—l} — H(i),

)
which is determined by the conditions
p—1

X ) apen € UH(i))

m=0
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and

(251_:10 amen) — 1

e H(i).
T/
There is an injection
p—1
t:H@G) — @Rem,
m=0

and the map ¢y, is an R-algebra homomorphism

X-1 o~

. —1 _ *

Ld)h.RI: — X }—>€B{)Rem_ch
m=

that corresponds to a natural transformation
h : Homg g (RCY, —) — E;
with
I’lR . HomR,alg(RC;, R) = Cp — Ej (R) = UJ(R)

Note that

hr(@™)(X) = (") (egn)(X)

p—1
= (Tm) (Z am/em/)

m’=0

= dpm.
In this manner, / gives rise to a function
h:C,— Uj(R).

defined as t™ +— a,,. . .

One can compute the coboundary of / (as defined in §8.2) to obtain 0/, which is
in B(U;(R),C,).
Proposition 8.3.4. The cocycle f : D; xD; — E; is a coboundary (f = 0h, for
some h) if and only if the cocycle f is a coboundary (f = 0h).

Proof. Let h:D; —E; be a natural transformation with algebra map ¢ :

X -1 _ _
R I:—,X_li| — H(i) givenby X 251:10 amenm € U(H(D)), 251:10 amem €

)

1+ 7/ H(i).
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Let f € C(E;, ;) be a cocycle that satisfies
Sr(x, 9)(X) = hr(x)(X)(hr(xy)(X)) " hr(y)(X)
forall x,y € D;(R). Then, for0 <m,n < p—1,
Fr@", @) (X) = hp(@™)(X)(hr(x" ) (X)) hp(x")(X).

Thus

Amn = Ay (am +n)_1 am

forall 0 <m,n < p —1 (m + n taken modulo p), and so f = 0h.
Now suppose oh = f that is, suppose that

Ann = dm (am+n)_lan

for0 <m,n < p — 1 (m + n taken modulo p). Then

p—1 p—1
Z amn(en @ e,) = Z am(am+n)_lan (em ®ey)
mn=0 m,n=0
p—1 p—1 p—1 p—1

&M@ ) (em ® en)
C;[k(fl ® Tl)(em ® ey)

= Z am(em & 1) Zak IAH(z)(ek) Zan(l & en)
=0 k=0
(8.9)

Let ¢ denote the algebra map of f. Let x,y € I;(S). Then the relation (8.9)
implies that

(6, )7 (X) = ()n (X)((xy)pn (X)) ™! (0) i (X),
which yields
fs (6, ) (X) = hs ()(X) (hs (xy) (X)) " hs (1) (X),

and hence 0h = f. O
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By Proposition 8.3.4, we can identify the group B(IE;, ID;), with the subgroup of
B(U;(R),C)) defined as

B ={0k: k = h for some h : D; - E;}.
Analogous to Proposition 8.2.2, there is a bijection
V:C/B— E(E;,D;),
and through W one can define a group operation on E(E;,D;): for £y, E», let
E\xE, = W(xy),

where W(x) = E; and W(y) = E,. Clearly, E(E;,D;) = C/B.
We want to characterize the quotient C/B.

Proposition 8.3.5. C/B = U,y (R)/Uur] (R).

Proof. Let f e C.By §8.2, fhas matrix

1 1 1 1
1 apa ayn alm—1
1 a1 azp - azm—1
M’\ p—
f
I am—11 am—12 - Gm—1m—1

for elements a; ; € U;(R) with M ; symmetric.
Since

1 p—

p—
Z Z mn(em ® €y) € 1+ (H() ® H(i)),

p—1 p—1

<(y - 1D)'®(y— l)b, Z Zam,n(em ® en)> € p@thi’ g

m=0n=0

for0 <a,b < p—1,a+ b > 0. In the second row of M ;, let [ be the smallest
integer for which a;; # 1. Now,

p—1 p—1
<Y 1@ =D") ) analen ® en)> =1-ay ex"R. (8.10)

m=0n=0
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Consider the partial sum meo apne,. Then, by (8.10), this sum satisfies the first
[/ 42 conditions for membership in H (i) (see Lemma 7.1.6). By using Lemma 7.1.7,
we can extend this sum to an element y € H(i).

The element y determines an R-algebra map

X-1 ,
¢y:R j'[—J’X —)H(l), Xl—)y,

which corresponds to a natural transformation s = &g, : D; — E; and a function
§:Cp, = Uj(R).
Now 05 is a cocycle in C, and f - 05 has a matrix whose second row satisfies
ajp=dyo=---=ay =1.

As in §8.2, we see that f -9h = fw for some dh € B, where [ has p x p matrix

1 1 1 T |
1 1 1 w
M,=|1 - 1 woow
1 \ \ e W

for w € U;(R) and so each element f € C is congruent modulo B to a cocycle in
C of the form f,.

Next, one shows that a cocycle f,, in C(U; (R), C,,) with matrix in the form M,,,
w € U;(R), corresponds to a cocycle in C if and only if ord(1 —w) > pi’ + j;
that is, if and only if w € U,i»4;(R). Moreover, f,, is trivial in C if and only if
w e U,.’f + (R). (See Greither’s proof in [Gr92] for details.) It follows that C /B =~
U]’i’+j (R)/ U,']/I_H' (R) O

As a consequence of Proposition 8.3.5,
E(E;. D)) = Uy (R)/ UL, (R).

Let Egen-uiv(E;, D;) denote the collection of generically trivial extensions; that
is, those elements in E(E;, D;) that over K appear as

1 = Gux — Gpi X Rpx = Hpg = 1.

Pl’OpOSitiOll 8.3.6. Egen—triv(Ejv ]D),) = Ui’+(j/p)(R)/ Ui/+j (R)
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Proof. Over K, one has an isomorphism
E(GM,Ks ”’p,K) = KX/(KX)pv

and so the generically trivial extensions correspond to units w that are pth roots
in K. O

LetD; = Homgug(H (/). —) with H(j) = R [”ﬂ;,l] n? = 1,andlet E(D;,D;)
denote the extensions of D; by ID;. Let Egeniv(ID;,D;) denote the collection of
extensions that over K appear as

1 — Bpk > MBpgx XRpg —> [pg —> 1.

We want to replace E; with ID; in Proposition 8.3.6 and compute Egen-uiv(ID;, D).
The group schemes [E; and ID; are related, and so this computation is possible. Let

G, x = Homg q(K[Y, Y '], ),

/
m,

with Y indeterminate, and let E;; = Homg.ag(R [X5+,Y '], —). Then there exists
a short exact sequence of R-group schemes

1>D >E; 5E, — 1 (8.11)
that is induced from the short exact sequence of K-group schemes

1= p,x = Guk £ G, x—1

of §3.4.
We now state C. Greither’s main result [Gr92, II, Corollary 3.6(b)].

Proposition 8.3.7. (Greither) Let i, j be integers with 0 <1i,j <¢€', pj <i.
(i) There is an isomorphism
Egen—uiv(D;j, ;) = (Uir4(jyp)(R) N Uity py+ (R))/ Ui+ (R),

where the coset vU 4 j (R) corresponds to an equivalence class of extensions
represented by the extension

EVI 1—>D]—>G—>Dl—)1

(ii) The extension E, corresponds to a short exact sequence of R-Hopf orders

t—1 na, -1 —1
E;:R—>H(i)—>R[ , ,’7”—1.}—>H(j)—>R,
! /)
p—1
where a,—1 = Z v "e,, where ey, are the minimal idempotents in KC, =
m=0

K (). The middle term is an R-Hopf order in K(C, x C)).
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Proof. Proof of (i). The short exact sequence (8.11) induces the exact sequence
1= Egenisiv(D;, D) = Egenaiv(B;, D) 2> Egensiv(Epj . 7).
Consequently,
Egencae 5, 07) = ker ( Egnviv(E;. D) 5 Egena (B, 1))
Now, by Proposition 8.3.6,

Egen—triv(Ejv]D)i) = Ui’+(j/P)(R)/ Ui’+j(R)

and
Egen—triv(Epj , ID)I) = Ui/-‘rj (R)/ Ui/+pj (R)s

from which (i) follows.

We next prove (ii). Let E, be the generically trivial extension of ID; by D;
determined by the element v € Uiy (j/p(R) N Ugirypy+j(R). Then, over K, E,
appears as

E,x: 1 > Homg.ag(H(j) ®& K. —)
— Homg ag(H(j) ®r K, —) x Homg_ag(H (i) ®r K, —)
— Homg. o (H(i) ®r K,—) — 1.

The group structure of
Homg ag(H(j) ®r K, —) X Homg a1 (H (i) ®r K, —)

is given by a cocycle f € C whose matrix is M,».
The extension E, g is equivalent to the trivial extension

1 — ”’p,K - ”’p,K X”’p,K - M’p,K g 1’

p—1

and so the natural transformation 2 : I; — E; given as X +— Y, _V"ey,

determines a group scheme isomorphism
h : Homg.ag(H(j) ®r H(i)) ®r K, —) — Homgae(K (1) ® K(7),—),

defined as hg(x,y) = (xhg(y), y), fora K-algebra S and x € Homg.as(H(j) @r
K, S), y € HomK,alg(H(i) Qr K, S)
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-1 t—
Note that K(n) ® K(t) = K[n,t] and (H(j) ®r H(i));R[n 7 ,T . }
T Tt
Thus the isomorphism /% yields the K-algebra homomorphism

-1 -1
QZK[?],’L’]—)K[U - ,T - i|
/ 7!

with o(n) = na,—1, o(r) = 7. Thus

Q(R["—,l,f—, D :R[:M}

m/ Tt Tt m/

which is the representing algebra of the group scheme G. Consequently,
R [ﬂ M] is an R-Hopf algebra.

7l 0

nav_ll—l

We leave it to the reader to show that R [ﬂ

al )

] is an R-Hopf order in

K(C, x C,) that induces the short exact sequence

-1 -1 —1
R—>H(i)—>R[T : ,Wv—l'}_ﬂ{(j)aR_
Tt m/
|
But how do we obtain Hopf orders in KC > from the extensions of Proposition
8.3.7? The key is to endow the collection of short exact sequences of Hopf orders

with a group product, which we describe as follows. Let
EW:R > H(i)— H > H(j) — R,

E®:R > H()— H, 3 H(j) = R,

be short exact sequences of Hopf algebras. Recalling that the tensor product of two
Hopf algebras is again a Hopf algebra, we obtain a short exact sequence of R-Hopf
algebras,

R— H(i) ®r H(i) — Hy ®x H,"S* H(j) @ H(j) — R.

There is a unique map ¢ that makes the following diagram commute:

coker(Apy(jy) =  coker(Apg(j))
T¢ 0
R— H(i)®r HG) > H @ H " H(j) @k H(j) — R
[ [ 0 T Aug)

R— H(i)®g Hi) —> ker(¢p) — H(j) —~ R
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And there is a map ¥ that makes the following diagram commute:

R— H(i)®r H(i) — ker(¢) —- H(j) — R
[ L m \ [ [
R—  HG) 5 ker(¢)/ker(m) — H(j) — R

The short exact sequence in the bottom row is the Baer product
E=EVxE®.
The Baer product endows the collection of short exact sequences with the structure
of a group.

Now, in our case, since pj < i, there exists an extension of Larson orders

1 -1
L :|—>H(j)—>R, o
! T/

Ey: R—>H(i)—>R|:

The Baer product Ey*E] is an extension

gl —1 ga, 1 —1 }
e — — H(j) - R,

R—>H(i)—>R[

where g = 7, g” = n” = 7, whose middle term is an R-Hopf order in KC . that we
call a Greither order. A Greither order is determined by two valuation parameters
i and j and one unit parameter u = v~', and will be denoted by A(i, j, u).

Now suppose that H is an R-Hopf order in KC ., that induces the short exact
sequence

E:R— H(i)—> H—> H(j) > R,
where pj < i. Then the Baer product E % E is a short exact sequence of the form
R— H(G)— H — H(j) — R,

where H' is an R-Hopf order in K(C, x C). There is a corresponding short exact
sequence of R-group schemes

1 - D; - Homgge(H',—) = D; — 1,
which is genericaly trivial. Now, by Proposition 8.3.7, E;'xE = E] for some
v e Upi(j/p(R) NUgirypy+;(R). Thus E = EgxE], and so, H is a Greither order.
Thus we have solved the problem that was stated at the beginning of this section:

for pj <1, the middle term in the short exact sequence

R— H@{i)— H — H(j)—> R
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is a Greither order A(i, j, u), where u represents a class in the quotient (Ui 4(j/p)
(R) N Uir)py+; (R)/ Uir4j (R).

If j/ > pi’, then Greither’s result may be used to give the structure of H*.

How does the collection of Greither orders relate to the Larson orders in KC?
It is not too hard to prove the following.

Proposition 8.3.8. Ler A(i, j, u) be a Greither order. Then A(i, j,u) is the Larson
order H(i, j) in KC 2 if and only if ord(1 —u) > i’ + j.
Proof. Exercise. O

Not all Hopf orders in KC . are Greither orders, however. For example, in the
short exact sequence

R — H() — RC;‘2 — H(e') - R,

one has ¢’ # pe’.

But in view of the valuation condition (Proposition 8.1.2), a given R-Hopf order
in KC )y is either of the form A(i, j,u) or A(i, j,u)*. So, to give a full account of
the structure of Hopf orders in KC 2, one needs to obtain the algebraic structure of
A, j,u)*.

We need alemma. Let (g) = C,2, (y) = épz, andlet (, ) : Képz XKCp = K
denote the duality map.

Lemma 8.3.1. Let e; denote the minimal idempotents of KC)p, and let €; denote
the minimal idempotents of K ¢ »- Then

(éry

~+d +b\ _ s(pat+b)(pc+d)
retd op gttty = ¢

if j =d andk = b, and is O otherwise.
Proof. Exercise. O

Proposition 8.3.9. Assume that K contains ¢ P2 and let

P 1 gay—1
A(i,j,u):R[g ST }
! /)

be a Greither order in KC],z. Let B=R [YL

._/1], and let

-1
J:B[vau'/ }
7-[1

where i = §;21u_1, ay; = 251_:10 " py, and py, = %Zf;(} C;’”ypl. Then J =
A, jou)*.
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Proof. By Proposition 7.1.3, it suffices to show that

(J,AG, j.w) S R,

and this is equivalent to the conditions

(y? —1.(g" = 1)*(ga, — 1)) € ¥+ I+I'R (8.12)
forq,r =0,...,p—1,9 +r >0, and

(vai —1,(g" = D"(ga, — 1)) € x"+7+'R (8.13)
forg,r =0,...,p —1,q +r > 0. One quickly sees that (8.12) is equivalent to

(&, — 1) ex’*/'Rforr =1,..., p— 1, which holds.
q.r

To show that (8.13) holds, let S = (ya; — 1,(g? — 1)4(ga, — 1)"), let Z
¢,d=0

g r
denote Z Z, andlet C(c,d) = (?)(})(=1)7=¢(=1)"=. Then

c=0d=0
q.r
S =) Cle.d){yaz —1.g"(ga.)")

c,d=0
q.r q.r

= Y Cle.d){yaz g (ga)") — Y Cle.d){1. g™ (gan)’)
c,d=0 c,d=0
q.r q.r

= Y Cle.d){yaz. g™ (ga)') — Y Clc.d)
c,d=0 c,d=0
q.r q.r

= Y Cle.d)(yazaug"t )= " Cle.d)
c,d=0 c,d=0
il . . ar

= Y Cle.d)Y ui/ (6jy.eig”t)y = Y C(c.d)
c,d=0 i, c,d=0
q.r q.r

- C(c,d)udadg;j;*" — )" C(c.d) (byLemma83.1)
c,d=0 c,d=0
q.r q.r

> Cle.d)wiitp)'c5— Y Cle.d)

c,d=0 c,d=0
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q.r q.r
= Z Cle,d)¢, — Z C(c,d) since uu,» =1
c,d=0 c,d=0

=
5

Cle.d)(, = D).

0

I
i

Now S = Ounless g > 1, r = 0. In this case, S = ({, — 1), which is in
79"+ R Thus (8.13) holds. O

And so we have shown that an arbitrary R-Hopf order in KC > can be written in
the form A(i, j, u) for some integers 0 < i, j < ¢’ and unitu € R.
The largest Larson order in A(Z, j, u) can be computed as follows.

Proposition 8.3.10. Let A(i, j,u) be an R-Hopf order in KC ,>. Then

H(i,l) = A(E(AG, j.u)))
is the Larson order H(i, 1), where |l = j iford(1 —u) > i’ + jandl =i —e +
ord(1 — u) otherwise.

Proof. 1f ord(1 — u) > i’ + j, then v = u~! corresponds to the trivial class in
Egenuiv(D;, D). Thus, the Baer product EgxE|, = Ey, which says that A(7, j,u) =
H(i, j). On the other hand, suppose that ord(1 — u) < i’ 4+ j. We have

a, — 1 a, — 1 —1
g - =g( - )+g —.
7/ 7/ 7/

Now, by Lemma 7.1.6, I = ord(l — u) — i’ is the largest integer for which
-l ¢ H(i). Therefore / is the largest integer for which £ 11 € H(i). Thus,
A( (AG, j,u) = HG.1). o

8.4 Hopf Orders in KCy4, KCy

In this section, we present an alternate approach to proving the valuation condition
(Proposition 8.1.2) for the cases p = 2, 3. We show that if

R— H()— H > H(j) > R
is a short exact sequence where H is a Hopf order in KC4 or KCy, then either

pj <iorpi <j.
We begin with a lemma.
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Lemma 8.4.1. Let H be an R-Hopf order in KC . Suppose H* can be written in
the form

H* — R vP—1 yu—1
7-[]'/ 9 ]Tl/ bl
where u = Zp —obmnm € KC and where n,, are the minimal idempotents in

K (y?). Then H is of the form

. gl -1 ga,—1
H—R[T,T ,

where a, = Zm —oV"' fm v = é' 1b ! and where fm are the minimal idempotents
in K{g”).
Proof. Letv = Q;zlbl_l. We claim that

1
<ga ‘ ,H*>gR,
7/

which is equivalent to
ord({ga, — 1, (y* = 1) (yu—1*)) > j +rj’ +si’ (8.14)

forr,s =0,...,p—1,r +s5 > 0. Now

(ga, —L.(o7 =1 (yu—1) = (¢, = 1) Y (2)(—1)S—‘15ﬁ2v‘1b?
q=0

G-y (s)(—l)“f
q=0 4

since §p2 vb; = 1. Thus, for s > 1, (8.4) holds since the sum above is 0. For s = 0,
one has

(gay = LYY = D' (yu—=1") = (£, = 1),
in which case (8.4) holds since r - ord({, — 1) = re’ > j + rj’. It follows that
ga;Tj— Len
An application of Proposition 7.1.3 then shows that H is of the form claimed.
O

Proposition 8.4.1. Let H be an R-Hopforderin KC ;> that induces the short exact
sequence R — H(i) - H — H(j) — R. Suppose H* can be written in the
form
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P yu—1
H* = R [y 7 W—/} s

) 7t
where u = 251_:10 bunm € K(y?). Then eitheri > pj or j' > pi’.

Proof. By Lemma 8.4.1, H has the form

for some unit v in R. Now, by [Ch00, 31.3],
ord(¢pv” — 1) > pj + i’ and ord(v? — 1) > j + pi’,

and so, by [Ch00, 31.4], eitheri > pj or j’ > pi’. O

So it remains to show that H™* can be written in the form of Lemma 8.4.1. We
begin with the case p = 2. Let H be an R-Hopf order in KCy, (g) = C4. Then
H = R[gi—Tl, W], where W is an element of KC, for which s(W) is the generator
gﬂ;jl of the Larson order H(j). Since KCy = Keg ® Key ® Key; ® Kes, ¥ has the
form

U = qpeg + aje; + arer + azes
for some elements ag, a;,a,,az € K. Let 86, ei be the idempotents in K (g). Since

51
ot

s(¥) = ape) + are},ap =0anda, = ¢ =
Puth = %. Then an R-basis for H is

Thus ¥ = aje; + cex + azes.

{1,h, ¥, h¥}.
Now, let ¢,,, be the idempotents in K 6‘4, and let

® = boto + byt + batr + bsis

2

be an element in K 6'4. Letbg =0and b, = d = %‘r i/l. We seek conditions on &
such that

(H,®) C R.
But these can be found by choosing b; and b3 such that

(¥, @) =0,
(g% — W, @) =0.
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The system above corresponds to a system of equations
(are1 4 cey + azes, bty + diy + batz) = 0,
(alel + azes, bty +dir + b3L3) =0,

which yields the 2 x 2 linear system

(alg“;l + 82 a3 ail + et + a3§4_1) (bl) _ ((al —c+ a3)d)
afyt + asg)? arly? + asgy! bs (a1 +a3d )’

whose solution is readily obtained as

x—1 3x—1
b1:§4 -, b3:§4 -, withxzm.
! ! as —aj
Thus
x—1 21 Ix—1 ay —1
<I>=§4 — l1+§4 — L2+§4 — L3=yx‘, .

! ! ! !

Now, let 4 = R[y—] and let J = A[V”X 11. Since (H,®) € R, (H,J) C R.
An application of Proposmon 7.1.3 then shows that

21 yay—1
H*:R[y B e }
7/

nl

Hence H* is in the form of Lemma 8.4.1.
We repeat this calculation for p = 3. Put { = {o. Let H be an R-Hopf order in

KCy, Cg ( ). Then H = R[g371 , W], where W is an element of KCq for which
s(V) = generates the Larson order H(j). We can assume that W has the form

U = cpeg + aje; + arer + cre3 + ases + ases + creq + are; + ages

3_1 6_1
for some elements a1, az, as,as,a7,as € K,andcy =0, c; = i ) = £-1 put

l
h = % An R-basis for H is

{10, 1h?, W, WY, h*W, W2 h0%, h? W2}
Now, let t,, denote the idempotents in K ég, and let

® = dotg + b1 + bata + ditz + bats + bsis + dotg + byi7 + bgig
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be an element of KCg withdy = 0, d;| = pr , ,and dr, =
on @ such that (H, ®) € R. But these can be found by choosmg b1, by, by, bs, by, bg
such that

(\Dv CI)) = 07
((g - DY, @) =0,
(g —1)*W. @) =0,
(U2, @) =
(g’ - 1)\112, ®) =0,
(g = 1)*W% d) = 0.

9

This system corresponds to the system of equations

(arey + azes + cre3 + ases + ases + creq + aze7 + ases,
bty + boty + dits + bats + bsts + datg + byty + bgig) =
((¢ = Darer + (£ — Dazes + (§ — Dases + (£* — 1)ases
+(¢ — Dazer + (&% — 1)ages,
bty + baty + dits + baty + bsis + datg + bty + bgtg) = 0;
(= D2arer + (£ — 1)’azer + (C — D’ases + (> — 1)°ases
+(& — D’azer + (& — 1)’ases,
biti + baty + ditz + baty + bsis + date + byt7 + bgig) =
(a%el + a%ez + clze3 + a§e4 + ages + c§e6 + a%e7 + aéeg,
bity + bata + dyts + byty + bsis + dotg + bty + bgig) = 0;
(¢ = Dater + (&% = Dajer + (¢ — Dajes + (¢ — Dazes
+( — Dajes + (& — Dages,
bity + bato + dits + baty + bsis + datg + bty + bgtg) = 0;
(¢ = Dafer + (&% — 1)ajer + ( — 1)?ajes + (> — 1)’ades
+(¢ = 1)2a3er + (£ — 1)*ajes,

biti + baty + ditz + bats + bsis + date + byt7 + bgig) =
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Set

A=a " +ait™ +a7877,  B=ai{?+aill 8+ a7,

C =a +a4+ar, E =a)+as{™ +ast8,

F=at"+ast" +asl™’, G =ay+as+as,

A =all " +altt + a2, B =all? +allt +ad,

C’=a2+a§+a%, E'=a307 + a3l + a3l s,
F'=a3¢* +a2t " +a3t™7, G =a3+a+adi,

J =173 + e, K =c18 %+ ¢t 73,

J' =33 438, K' =c} %+ 30

Note that

K=c 40t
SH{t—1 (-1
- (%) (%)
=0.

Using the relation (e, t,) = 7" /9, one obtains the 6 x 6 linear system

by (=073C -G —c1—c)dy + (7°C =36 — 1 —)dy
by (—=¢73dy =) C
M by| (=% — ¢ 3dy)G
b - =3 e—6 ) . =6 =3 . ’
5 (=07°C" =G —c1 —c)di + (=(7°C' =G =1 —c)dy
bs (—¢73dy — {0y C
bs (={5d) — £ 3d) G

where M is the matrix

A+E+J B+ F {PA+CE+T {3B+C°F
A B {34 B
E F {°E {OF
A+E+J B +F +K (BA+CE +J (B +°F + K
A B’ {3A (3B

E’ F’ §_6E’ §_6F/
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(SA+CPE+J B+ E
{4 (B
{E {F
;—6A/ + §_3El + J/ §_6B/ + §_3E/ 4 K’
§_6A/ é-—éB/
§_3E/ §_3 F’
This system is equivalent to the system
1 0 1 0 1 0
% 1 §_3 g é——3 §_6% é'_é
1 % ;—6 ;—6% ;—3 §—3%
J' K J' K’ J' K’
% 1 §_3 A/ ;—3 §—6% §_6
1 % é——ﬁ é——ﬁ% é——3 §—3%
which reduces to the system
1 0 1 0
4 _ A 34 _ A
z—w 0 ¢ (E - 7) 0
F_F —6(F
0 -7 0 4 (F -
0 1 0 1
% 1 ;—3% -3
F’ -6 —6F’
1 T ¢ v
0 =
/4
-3 (c _c
o |26-9)
—3(F _ F
! =3
-6 S
F/ 7_[1-/ B/
-3
5 0

177
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and ultimately to the system

Now, the required values of by, by, bs, bs, b7, bg satisfy

-3
by +bs+ by = —,
T
3 (BC'—CPB’
b ) = = | Y———m——
1+ 87y +87by n’/(AB’—BA’)
by + £ bs + £ 3bg = 0,
-3
by +bs + bs = —,
m
3 (CA'— AC’
—3p Oy = = ——— ).
br 4 &7bs +07hs = T \ I pa

by + %y + by = 0.

Let x and y be elements of K, and set by = gx_l, b, = 2

i’

5., Ty 8, .
bs = Z;i/l,b7= E;‘i,l,andbg = fgi,l,Then,th

’_ /
ng_l(BC CB)’

1 0 1 0 1 0 ;—3

_ — 3 BC’'—CB’
Lo ¢ 0 & 0 n—<m
o1 0o ¢¢ o (3 0
01 0 1 0 1 ;—3
01 0 P o0 0| (%S
1 0 ¢ 0o 3 o0 0

’

AB' — BA’
CA —-C’'A
_ e2
y=% (AB’—BA’)’
the equations in (8.15) are satisfied.
Now
x—1 2y —1 3.1 dx—1
‘D=§ 7 [1+§yl~/ lz-|'é = l3+b4§ L4
b4 b4 b4 b4
Sy —1 61 Tx—1 8y —1 u—1
+é‘yl~/ LSJ’_; i’ L6+§ i’ l7+§yi/ l8:y i’
b4 b4 b4 b4 b4

—1 4x—1
y/ ,b4 = £ i

i

3
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where u = 1o + xn; + yn, € K(y?), with n,, the idempotents in K (y3). With this
definition of ®, we have

(H,®) C R.

Let A = R[W—;}], and let J = A[X51]. Since (H,®) C R, (H,J) S R. An

application of Proposition 7.1.3 then yields

i/

31 yu—1
H*=R|:y v }
m/ !

8.5 Chapter Exercises

Exercises for §8.1

1. Let K be a finite extension of Q; with ord(2) = e. Let H be an R-Hopf order
in KCy. Prove that there is no short exact sequence of R-Hopf orders of the
form

R — H(e/2) > H — H(e/2) > R.
2. Suppose §,» € K, let H be an R-Hopf orderin KC ., and let

R— H({i)— H— H(j)— R

be a short exact sequence with pj > i. Prove that ord(1 —¢,2) > i’ + (j/ p).
Exercises for §8.2

3. Leth : C,, — G be a function with 2(1) = 1. Let f; : C,, X C,;, — G be
defined as

Sl ) = (@) (h( ) h(e)

fori,j =0,...,m — 1. Prove that fj, is a cocycle.
4. Prove Proposition 8.2.1.
5. Compute all of the non-equivalent extensions in E(Z, C3).
6. Compute all of the non-equivalent extensions in E(Z/(p?), C )

Exercises for §8.3

7. Prove Proposition 8.3.8.
8. Prove Lemma 8.3.1.
9. Prove that the R-Hopf orders A(i, j,v) and A(i, j,w) are equal if and only if
ordv—w) =i+ j.
10. Let A(i, j,v) be a Greither order in KC .

(a) Show that A(i, j,v™') is a Greither order in KCp.
(b) Show that A(i, j,v) = A(i, j,v~") if and only if p = 2.
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11. Let H(i, j) be a Larson orderin KC .. Find conditions on i, j so that the linear
dual H(i, j)* is a Larson order in KC .

12. Let A(i, j,u) be an R-Hopf order in KC . Show that ord(1 —u) > i’ + (j/p).

13. Suppose A(i, j,v) is a Greither order with ord(1 — {,2v) > i’. Show that there
exists an R-Hopf order of the form H(a, b)* for which H(a,b)* € A(, j,v).

14. By Proposition 8.3.5,C/B = U,i’+;(R)/ Ui‘?ﬂ (R), and by Proposition 8.2.3,
EWU;(R),C),) = Uj(R)/U}D(R). Is C /B a subgroup of E(U;(R),C)p)?

Exercises for §8.4

15. How would one generalize the results of §8.4 to p > 37
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