Chapter 3
Representable Group Functors

Throughout this chapter, by “ring” we mean a non-zero commutative ring with unity.

3.1 Introduction to Representable Group Functors

Let A be a commutative R-algebra, and let F' be the covariant functor defined as
F = Homg.qg(A4, —). Let S be an object in Ob(J g.aig). What structure on A do we
need to endow F(S) with a binary operation?

Let A: A — A ®pgr A be an R-algebra homomorphism. For a € A, we shall
write the image of a as

A(a) = Za(l) X a),
(a)

where a(),ap) € A. This is the Sweedler notation for A(a). It is important to
note that ““(1)”and “(2)”are not subscripts in the usual sense: a(;y records the left
components of the tensors in the expansion of A(a), while a() records the right
components in A(a).

Since A is an R-algebra homomorphism, A(ab) = A(a)A(b) and one writes

Alab) = | D amy ®ap) | | D_boy ®@be | = Y awba) ® apbo).
@ ®) (@b)

Note that A(a)), i > 1, is written

Alaw) = Z aiy(y & A (o)
(a@))
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36 3 Representable Group Functors

By Proposition 2.4.3, the R-algebra homomorphism A determines a natural
transformation of representable functors

“A : Homg_qe(A @ A, —) — Homg.ae (4, —),
which by Proposition 2.4.2 can be written as
‘AN FxF —F,
where

“Ag: F(S) x F(S) — F(S),

for an R-algebra S. The morphism “Ag (binary operation on F(S)) is given by
the rule

Ns(£,8)x) = (LAX) =) f(xa)g(xw)
(x)
for f,g € F(S),x € A. We set

f*xg="As(fg).

Example 3.1.1. Let A = RG with G a finite Abelian group, and let F =
Homp.q,(RG, —) be the corresponding functor. Then the map A : RG — RG ®p

RG defined by
Zart — Zar(t ® 1)

t€G T€G

is an R-algebra homomorphism and determines a binary operation on F(.S) given by

(f *8) (Zarr) =Y a. f(r)g(r).

T€G €G

Like all binary operations on sets, those on F(S) can be associative or commu-
tative, admit an identity or inverses, and so forth. Since we have defined a binary
operation on F(S) using an algebra map, we can also describe the properties of
the binary operation by specifying conditions on this algebra map. We first look at
conditions for commutativity and associativity.

Themapt: A Qg A — A Qg A defined as t(a ® b) = b ® a is the twist map.

Proposition 3.1.1. Let A : A - A ®r A be an R-algebra map that satisfies
Ala) = 1(A(a)) (3.1)

foralla € A. Then the corresponding binary operation on F(S) = Homg.ag(4, S)
is commutative.
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Proof. We show that (f *x g)(a) = (g * f)(a) forall a € A. We have

(f *)a) = (£.9) D am ®ap
(a)

= (/. g)za(z) ®aq by (3.1)
(a)

= Z Sflap)glanm))
(a)

= Z glamy) flap) since S is commutative
(a)

=g f) Zaa) ® ap)
(@

= (g * f)(a). O
Let I : A — A denote the identity map. Let f,g,h € F(S).Fora ® b @ ¢ €
AR AR A put(f.g.h)(a®b®c)= fla)g(h)h(c).
Proposition 3.1.2. Let A : A — A ®r A be an R-algebra map that satisfies

(I ® A)A@@) = (A® I)A(a) (3.2)

forall a € A. Then the corresponding binary operation on F(S) is associative.

Proof. We show that (f * (g x h))(a) = ((f * g) * h)(a). Now,

(f % (gxh)(@) = flaw)(g * (ae)
(a)

Z flaw) Z g (a(zm)) h (a(2><2))

(a) (a@)

Y flaw)g <a<2>(1>) h <a<2><z>)

(a.ae))

=(f.g.h) Z an) ®ae)q) @ aw)m

(a.ae))

= (ﬁ gvh) Z a(l)(l) &® a(l)(z) &® a) by (32)

(a.aqy)

= 3/ (a00) 8 (a0ry) hac)

(a.a(1))
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= Z Z f (a(l)(l)) 4 (a(l)(z)) h(ag))

(a) (aq))

=Y (f *&)(aa)h(ag)
(a)

= ((f *g) * h)(a). 0

What condition on A guarantees the existence of a multiplicative identity
element? Let m : A ®g A — A denote the multiplication map of A defined
asm(d_ a®b) =) ab,andlet A : R — S denote the structure map of the
commutative R-algebra S. We have A(1g) = ls.

Proposition 3.1.3. Let € : A — R be an R-algebra homomorphism for which
m(l ® €)A(a) =a =m(e @ [)A(a) (3.3)
fora € A. Then the R-algebra homomorphism e : A — S satisfies
Ae) x f = f = [ x(Ae)

for all f € F(S). Thus Ae is a left and right identity for the binary operation
on F(S).

Proof.
((Re) x f)@) = Y Mean) f(aw)
(a)
= [ [ D etanyan
(a)
= f(a) by (3.3).
In a similar manner, one can show that f = f * (A¢). O

What condition on A guarantees the existence of multiplicative inverse elements?

Proposition 3.1.4. Let f € F(S). Leto : A — A be an R-algebra homomorphism
for which

m(l ® o0)A(a) = e(a)l4 = (6 ® [)A(a) 3.4)
fora € A. Then the R-algebra homomorphism fo : A — S satisfies
(fo)* f =Ae=f=(fo).

Thus fo is a left and right inverse for f with respect to the binary operation on
F(9S).
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Proof. We have

((fo) * f)@) =) flolan)) f(a)
@

= D o@nan
@

= fle(a)l4) by (3.4)
= €(a) f(14)
= E(Cl)ls

= A(e(a)).

Likewise, one has Ae = f * (fo). O
So we have arrived at the following.

Proposition 3.1.5. Let F = Homg.,,(A, —) be a functor, together with additional
R-algebra maps

A:A—>AQrA, €:A— R, o0:A4A— A,

that satisfy conditions (3.2), (3.3), and (3.4), respectively. Then, for each S &
Ob(JR-alg), the set F(S) is a group under the binary operation *.

Proof. As one can easily verify, F(S) together with * satisfies the requirements for
F(S) to be a group. O

The functor F' in Proposition 3.1.5 is a representable group functor, which
is also called an affine group scheme or an R-group scheme. The R-algebra A
is the representing algebra of F; we write R[F] = A. Note that F is a functor
from the category of commutative R-algebras to the category of groups, where the
morphisms are homomorphisms of groups. The map A is the comultiplication map
of A, € is the counit map of A, and o is the coinverse map of A. When necessary to
avoid confusion, we shall denote the comultiplication, counit, and coinverse maps
of A by Ay, €4, and o4, respectively.

Here are some important examples of R-group schemes.

The ring R itself as an R-algebra represents the R-group scheme F =
Homg.aig(R, —). The comultiplication on R is defined by A(1) = 1 ® 1, the counit
is defined by €(1) = 1, and the coinverse is given by (1) = 1. For an R-algebra
S, F(S) consists of a single element, the R-algebra structure map A : R — S, and
thus F is the trivial R-group scheme denoted by 1, or more simply 1 when the
context is clear.

For a non-trivial example, let R[X] denote the algebra of polynomials in the
indeterminate X. Then F = Homg.e(R[X],—) is an R-group scheme, with
comultiplication defined by A(X) = X ® 1 + 1 ® X, counit defined by ¢(X) = 0,
and coinverse given by o (X) = —X.
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Let us examine this group scheme more closely. Let S be an R-algebra. The
group F(S) consists of all R-algebramaps ¢ : R[X] — S. These homomorphisms
are precisely the evaluation homomorphisms and are determined by sending the
indeterminate X to some element a in S. We see that F(S) consists of the algebra
maps ¢, : R[X] — S, where X — a,a € S. We have ¢,(1g[x]) = ls.

Now, how does the group product * in F(S) work? Let ¢,, ¢ be elements of
F(S),andletm : S ® g S — S denote the multiplication map of S. Then

(¢ * ) (X) = m(da ® Pp)A(X)
m(pa ® ¢p)(X & lgix) + 1rx) @ X)

m(a® ls) +m(15 ®b)
=a-+b,

and so ¢, * ¢p = Py4p. We identify F(S) with the additive group S, + of the
ring S. For this reason, the group functor F is called the additive R-group scheme,
denoted by G,.

For another example, let R[X{, X;] be the R-algebra of polynomials in the
indeterminates X, X,. Let I = (XX, — 1), and consider the quotient ring
R[X1, X5]/I. There is an isomorphism of R-algebras,

f : R[X1,X>2]/I — R[X,X™'], X indeterminate,

defined by X; +— T, X» +> X~!. The functor F = Homg.ae(R[X, X~1],—) is
an R-group scheme with comultiplication A defined by A(X) = X ® X, counit
defined as €(X) = 1, and coinverse given as o(X) = X\

Let us see how this group scheme works. Let S be an R-algebra. The group F(S)
consists of the R-algebramaps ¢ : R[X, X '] — S. These maps are determined by
sending the variable X to some element ¢(X) in S. But in order for ¢ to be a ring
homomorphism, we must have ¢(X ') = (¢(X))™!, and so this element must be
a unit of S. We see that F'(S) consists of all algebra maps ¢, : R[X,X!] — S,
where X — u, u € U(S).

Now, how is the group productin F(S) defined? Let ¢,, ¢, be elements of F(S).
Then

(Pu* ) (X) = m(¢y ® ¢y) A(X)
= m(gu ® $)(X ® X)
=mu®v)
= uv.

Thus, ¢, * ¢, = ¢y, and we identify F(S) with the multiplicative group of units in
S. This is the multiplicative R-group scheme, which is denoted by G,,.
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Here are two more examples of R-group schemes. Let A = R[X]/(X" —1).
Then F' = Homg.q,(A, —) is an R-group scheme with A(X) = X ® X, e(X) =1,
and 0(X) = X"! = X~!. Anelement ¢ € F(S) is determined by sending X to
an element s in S for which s” = 1. For this reason, F is the multiplicative group
of the nth roots of unity, denoted by p,,.

Next, let A = R[X,1, X12,X2.1, X22] be the polynomial algebra in the
indeterminates X1, X12, X2.1, X22. Let J be the principal ideal of A generated
by X1.1X21 — X12X22 — 1, and consider the quotient ring B = A/J. Then
F = Homg.ag(B,—) is an R-group scheme where F'(S) is the (multiplicative)
group of 2 x 2 matrices M with entries in S with det(M) = 1. This is the special
linear group (scheme) of order 2, denoted by SL,. We leave it as an exercise
to formulate the comultiplication, counit, and coinverse maps on the representing
algebra B.

3.2 Homomorphisms of R-Group Schemes

What are the maps between R-group schemes?

Definition 3.2.1. Lety : F — G be a natural transformation of R-group schemes.
Then ¢ is a homomorphism of R-group schemes if s : F(S) — G(S) is a
homomorphism of groups for all S € Ob(J g-aig).

By Yoneda’s Lemma, the homomorphism  : FF — G corresponds to an R-
algebra homomorphism ¢ : B — A with R[F] = A, R[G] = B.If y is a
homomorphism of R-group schemes, what can we infer about the map ¢?

By Yoneda’s Lemma, the comultiplication map A4 : A — A ®g A corresponds
to the associated map o : Homg_q1o(A @ A, —) — Homg.qe(A, —). There is a map
Ca@ya - Homp g (A®r A, A®r A) — Hompg.ag(A4, A®r A). Observe that o 4@, 4
is the group product in Homg.a1s(4, A @ A).

Let I € Homg_q4(A, A) be the identity map, and let / ® I € Homg_4,(A ®r A4,
AQ®pr A)bedefinedas (I ® I)(a ®b) =a ®b. Now, for x € B,

Vagra(@aga(I ® 1))(x) = aagra(l @ I)(¢(x))
(I @ I)(Aa(¢(x)))

= Au(p(x)).

Also by Yoneda’s Lemma, the comultiplication map Ap : B — B ®r B
corresponds to the associated map B : Homg.qg(B ®g B, —) — Hompg.qe (B, —).
There is a map Bagr4 : Hompag(B ®r B, A @r A) — Homp.ae(B, A @r A);
Baor4 is the group operation in Homgqs (B, A @ A).
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Since ¥ is a group homomorphism,

Vagra(@aga(l @ 1))(x) = Pagra(Yal) @ Ya(l))(x)
= (Wal) ® Yal))(Ap(x))
= ®1)(¢®p)(Ap(x))
= (¢ ® $)(Ap(x)).

and so the R-algebra homomorphism ¢ must satisfy the property

As(p(x) = (¢ ® $)Ap(x) (3.5)

forall x € B.
Moreover, since the identity element maps to the identity element under a group
homomorphism,

€a(@(x))1r = Ar(ea(p(x)))
= (Area)(9(x))
= Yr(Ar€a)(X)
= (Areg)(x)

= ep(X)1g,
and so ¢ satisfies
€a(@(x)) = ep(x) (3.6)
for all x € B. Finally,
Va(l404)(x) = (L404) (@ (x)) = 04(9(x)),
which since /4 is a group homomorphism equals
(Yalla)op)(x) = Ls¢(05(x)) = ¢(05(x)),
and so ¢ satisfies
0A(¢(x)) = ¢ (05 (x)). (3.7

So we have arrived at the following characterization of a homomorphism of
R-group schemes.
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Definition 3.2.2. Let ¢ : F' — G be a natural transformation of R-group schemes
with R[F] = A, R[G] = B. Then ¢ is a homomorphism of R-group schemes if
the corresponding map ¢ : B — A satisfies conditions (3.5), (3.6), and (3.7).

Actually, it suffices to show that condition (3.5) holds in Definition 3.2.2.

Proposition 3.2.1. Let v : F — G be a natural transformation of R-group
schemes with R[F] = A, R[G] = B. Then ¥ is a homomorphism of R-group
schemes if the corresponding map ¢ : B — A satisfies the condition

(¢ ® P)Ap(x) = As(p(x))

forall x € B.
Proof. Exercise. O

Let ¥ : F — G be a homomorphism of R-group schemes with R[F] = A,
R[G] = B.Let¢ : B — A denote the corresponding R-algebra homomorphism.
Our goal is to arrive at a suitable definition of the kernel of /. One would expect
ker(y) to be a group scheme over R. We know that ¢ : F(S) — G(S) is a group
homomorphism for each §' € Ob(Jg.ag), and so to describe the kernel of i we
consider ker(ys). Since Aep is the identity element of G(S), we have

ker(ys) = {f € F(S): ¥s(f)(x) = (Aep)(x). Vx € B}
=1{f € F(S): f(@(x)) = Alep(x)).Vx € Bj.

Now A can be viewed as a B-algebra with scalar multiplication defined as b - a =
¢(b)a fora € A, b € B. Likewise, R can be viewed as a B-algebra with scalar
multiplication defined by b-r = €p(b)r,and S is a B-algebra with b-s = A(ep(D))s
fors € S.
One has the tensor product A ®p R, which is also a B-algebra, and the
representable functor
N = HomB_alg(A ®B R, —)7

which is defined on the category of commutative B-algebras.

Proposition 3.2.2. Let S be an R-algebra and a B-algebra with scalar multiplica-
tion defined as b - s = A(eg(b))s. Then N(S) = ker(¥s).

Proof. By Proposition 2.4.2,
HomB,alg(A ®p R,S) = HomB,alg(A, S) X HomB_alg(R, S)

Since Homp.qg(R, S) consists only of the map A, N(S) is identified with the
elements f € Homp_u(A, S). We have
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F@(x) = f(p(x)La)
= f(x-1y)
=x-f(l4)
=x-1g
= AMep(x))1s
= (Aep)(x).

Thus N(S) = ker(¥s). O

Thus we have the kernel of ¢ described as a representable functor on the category
of B-algebras. Our next step is to translate to R-algebras.

The augmentation ideal of B, denoted by BT, is the kernel of the counit map
€p : B — R. We have the short exact sequence of R-modules

0—>BT"—=B—> R0,

and so as R-modules R =~ B/B*. But B/B™* is also a B-algebra throughb - ¢ =
bc, and so
A®pR=A®p (B/BT) = A/¢p(BT)A

as R-algebras. Thus there is a representable functor on the category of commutative
R-algebras defined as
Homg.qg(4/¢p(BT)A, —).

We identify Homg yo(A/¢(BT)A, S) with N(S). (Note that S is viewed simulta-
neously as an R-algebra and a B-algebra.)

We claim that N is an R-group scheme. To prove this, we will need some
lemmas.

Lemma 3.2.1. Let B be an R-algebra, and let J be an ideal of B. Then there is an
isomorphism of R-algebras

B/J ®r B/J =(B®rB)/(J ®r B+ B ®r J).
Proof. First note that there is an R-algebra map
a:B®rB— B/J ®rB/J,

defined as a(a ® b) = a®b. Now J @z B+ By J C ker(), and so there exists
an R-algebra map

@:(BRrB)/(J®rB+B®rJ)— B/J @ B/J

with@(a ® b) =a ® b.
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Next, let 8 denote the canonical surjection of R-algebras
B:B®rB—> (B®RrB)/(J®r B+ B®rJ)

defined as f(a ® b) = a ® b. Since f(J ® 1) = B(1 ® J) = 0, there exists an
R-algebra map

B:B/J Qg B/J - (BRrB)/(J Qg B+ B®rJ)

defined as B(@ ® b) =a ® b. Clearly, (@)~' = B, and thus f is an isomorphism. O

We apply Lemma 3.2.1 to the ideal B™ to show that Az(B*) € B ®r BT +
BT ®r B.

Lemma 3.2.2. Let B denote the augmentation ideal of B. Then Ag(B+) € B®g
Bt + BT ®g B.

Proof. Let Ag : R — R ®pr R denote the comultiplication map of the trivial group
scheme Homg_4g(R, —), and let (¢ ® €) : B ®r B — R ®p R be the R-algebra
map defined by a ® b — €(a) ® €(b) fora,b € B.Forall b € B,

(€®)Ap(b) = ) elbn)) ® (b))
(b)

=(e® 1)) by ®e(bp)
(b)

=(€®1) Zb(l)é(b(z)) ®1
()

=(®1)(b®1) by (3.3)
=ec(h)®1
= Ag(e(b)).

Thus, forb € BT,
(e ® €)Ap(D) = Ar(e(b)) =0,

and so
Ap(BT) C ker(e ® €). (3.8)
Now, by Lemma 3.2.1 there is an R-algebra isomorphism

o:B/BT ®r B/BT - (BRr B)/(B®Qr BT + Bt @z B),
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which yields a surjective homomorphism of R-algebras
B:B®rB— (B®rB)/(B®r BT +B" Q@ B)
since R®g R =~ B/BT ® B/B™. Consequently,
ker(e ® €) C ker() = B®r BT + BT ®; B,

and so, by (3.8), A3(BY) C B®r B* + BT ®z B. O

Lemma 3.2.3. Let v : F — G be a homomorphism of R-group schemes with
¢ : B — A the corresponding map of R-algebras. Then:

(i) Asg(p(BT)A) S p(BT)ARr A+ A®r ¢(BH)A.
(ii) €4(@(BT)A) = 0.
(iii) oa(¢(BT)A) S ¢(BT)A.

Proof. We prove (i) and leave (ii) and (iii) as exercises. We have

Aa(p(BF)A) € Au(¢p(B))(A®k A)
C (9 ® P)(Ap(B)))(A R A)
C((¢®d)(B®r B + BT ®r B))(A®g A) byLemma 3.2.2
CH(BT)ARRA+ AQrp(BT)A. 0
We are now in a position to show that N is an R-group scheme.

Proposition 3.2.3. The representable functor N = Homg.qo(A/$(B1) A, —) is an
R-group scheme.

Proof. Let C = A/p(BT)A, and put J = ¢(BT)A ®r A + A ®r ¢(BT)A.
We show that there exist R-algebramaps A : C — C ®g C, € : C — R, and
o : C — C that satisfy conditions (3.2), (3.3), and (3.4), respectively.

First, let Ay : A — A ®g A denote the comultiplication of A4, and let 8 :
A®r A — (A ®r A)/J be the canonical surjection of R-algebras. By Lemma
3.2.3(i), A4(¢(BT)A) C J, and so there exists an R-algebra map

BA4:C — (A®g A)/J.
By Lemma 3.2.1, there is an isomorphism
a:(AQ®rA)/J — C ®rC,

and so the map defined as A = @A, is an R-algebramap A : C — C ®r C,
which satisfies the condition

(I ® M)A =(A®I)A

since A 4 satisfies condition (3.2).
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Next, let €4 : A — R be the counit map. By Lemma 3.2.3(ii), there exists an
R-algebramap € : C — R that satisfies, forall ¢ € C,

(I ®e)A(c) =c = (e ® I)A(c),

since €4 satisfies (3.3).
Finally, by Lemma 3.2.3(iii), there is a map 0 : C — C, induced from o4, that
evidently satisfies the condition

(I ®0)A(c) =€(c)l = (0 @ I)A(c)

forall c € C. Thus N = Homg.4,(C, —) is an R-group scheme. O
Now, we can make the following definition.

Definition 3.2.3. Let ¢ : FF — G be a homomorphism of R-group schemes, and
let ¢ : B — A denote the corresponding homomorphism of R-algebras. Then the
kernel of ¢ is the R-group scheme defined as

N = Homg.g(A/¢p(BF)A, —).

Let ¢ : F — G be a homomorphism of R-group schemes with ker(y) = N.
We define an exact sequence of R-group schemes to be the sequence

1-N>F2G

with R[N] = A/¢(B1)A, R[F] = A, and R[G] = B. For each S € Ob(Jg.ale),
the sequence
1 - N(S)— F(S) = G(S)

is an exact sequence of groups with N(S) = ker(F(S) — G(S)).

3.3 Short Exact Sequences

In the preceding section, we showed that a homomorphism of R-group schemes
gives rise to an exact sequence of R-group schemes. This is analogous to the
situation for ordinary abstract groups. The analogy breaks down, however, when
we consider short exact sequences. For abstract groups, an exact sequence always
extends to a short exact sequence, but this is not the case for R-group schemes.
The problem is that the map S — F(S)/N(S) is not always an R-group scheme;
that is, this map does not necessarily take the form of Homg 4:(Q, —) for some
R-algebra Q.

Let M, L be modules over aring S, let T be aring, and let o : S — T be aring
homomorphism. We will consider 7 an S-module with s - 1 = o(s)t.
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Definition 3.3.1. A ring homomorphism o : § — T is flat if, whenever o :
M — L is an injection of S-modules, the map ¢ : M ®s T — L @5 T defined as
o(m ® 1) = a(m) ® 1 is also an injection.

As an example, we prove the following.

Proposition 3.3.1. Let f be a non-nilpotent element of the ring S. Then the
localization map S — Sy, s — s/1, is flat.

Proof. Leta : M — L be an injection of S-modules, and let ¢ : M ®s Sy —
L ®s S be the map defined as ¢(m ® 1) = a(m) @ 1. Suppose p(m @ 1) =
p(n ® 1), so that a(m) ® 1 = a(n) @ 1. It follows that «(m — n) ® 1 = 0, and
so there exists an element ' € {1, f, f2,...} such that fia(m —n) = 0. Thus
a(fim—n)) = a(f'm— fn) = 0,andhence f'm = f'n since « is an injection.
Consequently, m ® f' =n® f',andsom ® | =n ® I since f' is a unit of S.
It follows that ¢ is an injection. O

Lemma 3.3.1. Let ¢ : S — T be flat, and suppose that P - T # T for every
maximal ideal P of S. If M is a non-zero S-module, then M ®s T is non-zero.

Proof. Let m # 0 be an element of M, and let I be the annihilator ideal of m. Then
Sm = S/I.Since S/I =~ Sm C M, the flatness of ¢ implies the existence of an
injection (S/1) ®s T — M ®gs T. Note that (S/I) ®s T =~ T/(I - T). There
exists a maximal ideal P with I € P; hence T/(I - T) # O since T/(P - T) # 0.
It follows that M ®g T # 0. O

Lemma 3.3.2. Let ¢ : S — T be flat, and suppose that P - T # T for every
maximal ideal P of S. Let « : M — N be a map of S-modules, and let o'
M ®s T — N ®s T be the induced map defined by m @ t — a(m) Q t. Then, if
o' is an injection, so is Q.

Proof. Suppose that « : M — N has non-zero kernel L. Then, by Lemma 3.3.1,
L®sT # 0.By the flatness of o, L&®s T — M ®s T is an injection. Since L Qg T
is in the kernel of ¢, o’ is not an injection, which proves the lemma. O

Definition 3.3.2. A flatmap S — T is faithfully flat if themapp : M — M ®sT
defined as ¢(m) = m ® 1 is an injection for all S-modules M .

The localization map S — S may not be faithfully flat, though it can be used
to build a faithfully flat map. Let { f1, f,..., f,} be a finite set of non-nilpotent
elements of S, and suppose that the ideal generated by { f1, f2,..., fu} is S. Then

n

themapo: S — l—[ S, defined as s > ((s/1) 1) is faithfully flat. (Prove this as an
i=1
exercise. Hint: Use Lemma 3.3.1.)

Proposition 3.3.2. Let o : S — T be faithfully flat. Then o is an injection.

Proof. Since S — T is faithfully flat, the map ¢ : S — S ®s T = T is an
injection. O
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Proposition 3.3.3. Let o : S — Q be a ring homomorphism, and consider Q an
S-module with s-q = a(s)q. Suppose S — T is faithfully flat. Then Q — Q ®s T,
q > q ® 1, is faithfully flat.

Proof. Let M be a Q-module (also an S-module),andleto : M — M Q@p(QR®sT)
be the Q-module map defined by m +— m ® (1 ® 1). There is an isomorphism
¢ MR (Q®sT) > M Qs T definedby m @ (g ®t) — g -m ® t. Now,
¢o: M — M ®sT is an injection by the faithful flatness of S — T'. Consequently,
o is an injection, and so Q — Q ®g T is faithfully flat. O

Proposition 3.3.4. Let S — T be faithfully flat, and let x € Spec S. Then the
inducedmap Sy — T ®s Sy is faithfully flat.

Proof. Let M be an Sy-module, andlet ¢ : M — M ®s, (T ®s Sy) be the map
defined as m — m ® (1 ® 1). Note that M is also an S-module with

M ®s, (T ®s Sy) = (M ®sT) ®s Sx.

Since S — T is faithfully flat, there is an injection M — M ®gs T given as
m — m ® 1. Consequently, ¢ is also an injection. O

Faithful flatness is a critical condition in view of the following.

Proposition 3.3.5. Let o : S — T be a flat ring homomorphism. Then @ is
faithfully flat if and only if the associated map “o : Spec T — Spec S is surjective.

Proof. Assumethatp : S — T is faithfully flat, and let x € Spec S. By Proposition
334,0y: Sy > T ®s S, is faithfully flat, and therefore S, /xS, injects into

(Sx/xS8y) Xs, (T ®s Sy) = (T ®s Sx)/(T ®s x8y).

It follows that xS, = S, N(T ®sxSy). Thus, T ®s xS, is a properideal of T ®g S.
By Proposition 1.1.1, T ®g xSy is contained in a prime ideal J’ of T ®g Sy. The
preimage of J’ under the structure map 7 — T Qg S, is the prime ideal J in
Spec T. One then has “o(J) = x, and consequently “p is surjective.

For the converse, suppose that “o : Spec T — Spec S is surjective. Let P be a
maximal ideal of S. Then there exists a prime ideal Q € Spec T with “o(Q) = P,
andso o(P) = Q with P - T =o(P)T =Q0T =Q # T.

Let M be an S-module. Defineamap ¢ : M @5 T — (M ®s T) ®s T by the
rule p(m @) =m® 1 ®t,and defineamapw : (M Qs T) Qs T —> M ®s T
by the rule w(m ® t ® v) = m ® tv. Then wg is the identity on M ®g T', and so
¢ is an injection. An application of Lemma 3.3.2 then implies that M — M ®g T,
m — m @ 1, is an injection. Therefore, o : S — T is faithfully flat. O

If Spec S and Spec T are endowed with the Zariski topology, then faithful
flatness is equivalent to the notion that Spec 7 is an open covering of Spec S.

We are now in a position to define surjectivity for homomorphisms of group
schemes.
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Definition 3.3.3. The homomorphism of R-group schemes ¢ : F — G is an
epimorphism if for each g € G(S) there is a faithfully flat R-algebra map
0:S — T for which g’ € Y7 (F(T)), where g’ € G(0)(g).

Suppose ¥ : F — G is an epimorphism. Since Y7 (F(T)) = F(T)/N(T), we
say that G is the quotient sheaf of F' by N and write G = F/N. We define a short
exact sequence of R-group schemes to be the sequence

1-N—>F—>F/N=G—1.
If the corresponding map of a homomorphism ¢ : F — G is faithfully flat, then

the homomorphism is an epimorphism.

Proposition 3.3.6. Let  : F — G be a homomorphism of R-group schemes with
R[F] = A, R[G] = B. Suppose that the corresponding algebramap ¢ : B — A
is faithfully flat; that is, suppose that Spec A — Spec B is surjective. Then V is an
epimorphism of group schemes.

Proof. Let g € G(S). We consider A a B-algebra with b -a = ¢(b)a, fora € A,
b € B, and consider S a B-module with b -s = g(b)s, b € B,s € S. Let
S’ = S ®p A denote the tensor product over B. By Proposition 3.3.3, the map
S — S’ defined by s — s ® 1 is faithfully flat. Let ' € Homg.as(A4, S’) be defined
by a — 1 ® a. Then

f(@(b) =1® ¢(b)
=1Q¢(b)1
=1®b-1
=bh-1®1
=gb)®1.

Defineamap g’ : B— S’ byb > g(b) ® 1. Then yrs/(f)(b) = g’'(b), and ¥ is
an epimorphism. O
Remark 3.3.1. Lety : F — G be an epimorphism of R-group schemes. Let g €
G(S) be the trivial element of the group G(S); that is, suppose g = Aep. Then S is
a B-module with b - s = (A€g)(b)s. For f € Homp.ae(4, S),

flg®d)) = f(¢(b)1)
=fb-1
=b-f(1)
—b-1
= A(ep(b)).
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In this case, there exists an element 2 € F(S) = Homg.ag(4, S) with
Ys(h)(b) = f(p(b)) = A(ep(D)),
and so S’ can be taken to be S. Indeed, we can take any
h € Hompgqo(A/¢p(BT)A, S) € Hompgye(4, S).

Thus, the collection of all preimages of Aeg € G(S) coincides with the kernel of
¥ : F — G given in Definition 3.2.3.

3.4 An Example

In this section, we present an important example of a short exact sequence of group
schemes.

Let K be a field, let G,, denote the multiplicative group scheme represented
by K[X, X!, and let G/, denote a copy that is represented by K[Y,Y ~!]. Let m
denote multiplication in the K -algebra K[X, X ~'], and let I denote the identity map
on K[X, X~']. For an integer [ > 2, define

m= =mIem(IQI@m)--- (IR Q& ®m);
——
-2

AT = (I Q@IQ---QI®A)---(I QI QAN QA)A.
N—
-2

Then there exists a natural transformation of group schemes
p:G, —> G,
where ps : G, (S) — G, (S) is defined by

ps(NHEX)=mP (f® f®---® /AT (X).
P

Since A(X) = X ® X, we have ps(f)(Y) = f(X)? = f(X?). The K-algebra
map corresponding to pis ¢ : K[Y,Y '] — K[X, X~!], defined by ¢(¥) = X?.
Put A" = Agyy-1), € = €gpyy-1}, and 0’ = ogpy y—1). Since

@RPA(Y) =0(Y)®$(Y) =X"® X" = AX") = A@(Y)),

p(e(Y) =1=e(@(Y)),
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and
P’ (YV) =Y ) =X"T7 =0(p(Y)).

p is a homomorphism of group schemes called the pth power map.
The augmentation ideal K[Y, Y ~']* is (Y —1). Thus the kernel of p is the group
scheme N represented by the K-algebra

KX, X '/¢((Y —1))K[X, X '] = K[X, X']/(X? = 1).
Thus there is an exact sequence of K-group schemes
P~
l—=>pu,— G, —G),.

In fact, we have the following.
Proposition 3.4.1. The map p : G,, — G, is an epimorphism of group schemes.

Proof. Note that K[Y,Y ] is the localization M ~'K[Y] at the multiplicative set
M = {1,Y,Y2 ...} Thus, by Proposition 1.1.4, Spec K[Y,Y '] consists of @
together with the collection

{g(Y)K[Y,Y™']: q(Y) is irreducible over K and Y ¢ q(Y)K[Y]}.

Let (q(Y)) € Spec K[Y.Y '], q(Y) # 0. We have ¢ ((¢(Y))) = (¢(X?)), which is
contained in some maximal ideal (r (X)) of Spec K[X, X!]. Now ¢~ !((r(X))) is
a prime ideal of K[Y,Y ~!] containing (¢(Y)), and hence ¢ ' ((r(X))) = (q(Y)).
Thus p((r(X))) = (¢(Y)). Moreover, p(®w) = w. Consequently, the map of spectra

p:Spec K[X, X '] — Spec K[Y,Y ']
(which we also denote by p) is surjective, and so, by Proposition 3.3.6, p is an
epimorphism. O

Let S be an R-algebra and let g € G/, (S). Since p : G, — GJ, is an
epimorphism, there is an R-algebra S’ and a faithfully flat map S — S’ (a Zariski
covering Spec S’ — Spec S) for which g has a preimage in G,,(S").

We compute the structure of S’. The algebra map g : K[Y,Y™!] — § is
determined by sending Y to a unit a € S. There exists a faithfully flat map
0:85 —> S withS" = 8§ Qgyy— K[X. X" '].In S,

(1®X)=1X"
=1®¢(¥)
=g¥)®1
=a®l.
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And so, identifying ¢ witha ® 1, one has S’ =~ S[T]/(T? —a) for T indeterminate.
We have the short exact sequence of group schemes

1>y > Gp 56, -1 (3.9)

with G,, /i, = GJ,. Note that there are elements S € Ob(Jg.a;z) for which

1= 11,(S) = Gu(S) B GL(S) > 1

is not a short exact sequence of abstract groups; that is, there are R-algebras S for
which G, (8)/11,(S) # (Gun/11)(S).

In Chapter 8, we shall employ short exact sequence (3.9) in the case where K is
a field containing Q,,.

3.5 Chapter Exercises

Exercises for §3.1

1. Referring to Example 3.1.1, prove that the map A : ZG — ZG ®z ZG defined
by AQQ e ar) = Y, a:(t ® 1) is a Z-algebra homomorphism.

2. Let F be an R-group scheme, and let S be a commutative R-algebra. Show that
the left/right identity element for F'(S) is unique.

3. Let R be a commutative ring with unity of characteristic 2. Let I be an R-
group scheme with R[F] = A, and let S be a commutative R-algebra. Suppose
that ' € F(S) has order 2 in F(S), and assume that a € A satisfies A(a) =
a®1+1® a.Prove that Ae(a) = 0.

4. Let F be an R-group scheme represented by the R-algebra A. Suppose that for
alla € Aand ¢, a, B € F(S),

> dlagalan) =Y ¢lan)Blae).
(a) (a)

Show that @ = .
Exercises for §3.2

5. Prove Proposition 3.2.1.

Prove Lemma 3.2.3, parts (ii) and (iii).

Compute the augmentation ideal of R[G,].

Compute the augmentation ideal of R[G,,].

Let G,z and G,z denote the multiplicative and additive Z-group schemes,
respectively. Prove that ¢ : G,, 7z — G,z defined as Ys(x) = 0 for all x €
G, z(S) is the only homomorphism of G,, 7 into G, 7.

0 XN
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Exercises for §3.3

10. Suppose A — B and B — C are flat maps of commutative rings. Prove that
A — C isflat.

11. Let A and B be commutative rings. Show that B — A is faithfully flat if and
only if M ® 3 A = 0 implies that M = 0 for all B-modules M .

12. Let A and B be commutative rings, and suppose that B — A is faithfully flat.
Show that m - A # A for every maximal ideal m of B.

13. Show that the inclusion Q — Q(~/2) is faithfully flat.

Exercises for §3.4

14. Consider the short exact sequence of Q-group schemes

1> pp— Gy > G, — 1.

(a) Find a Q-algebra S for which the sequence

1= 1p(S) = Gu(S) 2> G (S) > 1

is a short exact sequence of abstract groups.
(b) Find a Q-algebra S for which the sequence

1= 11,(S) = Gu(S) > G (S) > 1

fails to be short exact.
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