Chapter 3

DISCOUNT COST MODELS WITH
POLYNOMIALLY GROWING
SURPLUS COST

3.1. Introduction

This chapter studies stochastic inventory problems with unbounded
Markovian demands and more general costs than those considered in
Chapter 2. Finite horizon problems, as well as stationary and nonsta-
tionary discounted cost infinite horizon problems, are addressed. Exis-
tence of optimal Markov or feedback policies is established with Marko-
vian demand: unbounded, ordering costs that are l.s.c., and surplus
costs that are l.s.c. with polynomial growth. Furthermore, optimality
of (s, S)-type policies is proved when the ordering cost consists of fixed
and proportional cost components and the surplus cost is convex.

The literature on infinite horizon inventory models involving a fixed
ordering cost assumes surplus cost to be of linear growth and uniformly
continuous as in Karlin (1958¢), Scarf (1960), Bensoussan et al. (1983),
and others. Even quadratic surplus costs that are popular in the pro-
duction planning literature dating back to the classical HMMS model of
Holt et al. (1960) have not been considered in infinite horizon inventory
models.

As for demand, Karlin and Fabens (1960), Song and Zipkin (1993),
Sethi and Cheng (1997), and Beyer and Sethi (1997) have all considered
Markovian demands. Karlin and Fabens consider only the class of state-
independent (s, S) policies, which does not in general include optimal
policies. Song and Zipkin consider Markov-modulated Poisson demand
in their analysis. Sethi and Cheng consider general Markovian demands
in their treatment of discounted cost problems.

In this chapter, we consider unbounded Markovian demands but re-
quire that a certain number (depending on the growth rate of the surplus
D. Beyer et al., Markovian Demand Inventory Models, International Series 41

in Operations Research & Management Science 108,
DOI 10.1007/978-0-387-71604-6 3, (© Springer Science+Business Media, LLC 2010



42 Discount Cost Models with Polynomially Growing Surplus Cost

cost function) of moments be finite. This is an essential requirement and
yet not very restrictive. As both cost and demand are generalized, the
chapter represents a significant extension of the infinite horizon inven-
tory problems (involving a fixed ordering cost component) that have
appeared in the literature.

In this chapter, we conduct a detailed analysis of the discounted cost
problem. The problem is carefully formulated in Section 3.2. In Sec-
tion 3.3, we use the dynamic programming equation to prove the ex-
istence of an optimal Markov control for the finite horizon problem.
We also provide a verification theorem for the solution of the dynamic
programming equation to be the value function. We prove the value
function to be continuous when the surplus cost is continuous and the
ordering cost is l.s.c. As we will remark later, this has some implications
for whether or not to order at the level s in an optimal (s, S)-type pol-
icy. The nonstationary infinite horizon problem is treated in Section 3.4.
With further assumptions on costs, the optimality of (s, .S)-type policies
is established in Section 3.5. The stationary infinite horizon problem is
briefly discussed in Section 3.6. The chapter concludes with end notes
in Section 3.7.

3.2. Formulation of the Model

Let us consider an inventory problem over a finite number of periods
(n,N) = {n,n+1,...,N}, and an initial inventory of x units at the
beginning of period n, where n and N are any given integers satisfying
0 <n < N < oo. The demand in each period is assumed to be a random
variable defined on a given probability space (€2, F, P), and not necessar-
ily identically distributed. More specifically, the demand distributions
in successive periods are defined as below.

Consider a finite collection of demand states I = {1,2,...,L}, and
let 5, denote the demand state in the k' period. We assume that iy,
k € (n,N), with known initial demand state i,, is a Markov chain over
I with the transition matrix P = {p;;}. Thus,

L
0<py<l,i€ljel and » pj;=1i€l
j=1

Let a nonnegative random variable &, denote the demand in a given
period k, k = 0,..., N—1. Demand &; depends only on period k and the
demand state in that period, by which we mean that it is independent
of past demand states and past demands. We denote its cumulative
probability distribution by @; (), when the demand state i, = i. In
the following period, if the state changes to state j, which happens with
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probability p;;, then the demand distribution is @; ;41 in that period.
We further assume that for some « > 1 and a positive constant D,

[ee]
E(&] )ik = 1) :/f’d@,k <D<oo0, k=0,...,N—1,i€l. (3.1)
0

This is not a very restrictive assumption from an applied perspective.
We denote by

.7-'{“, the o-algebra generated by {i;,...,0k—1,%%; &, &k—1}s

0<I<k<N, (3-2)
Fr =7
Since ig, k=1,..., N, is a Markov chain and & depends only on iy, we

have

E(&|F*) = E(&lioyit, - ixi &0 &1y Er1)
= E(&lir)- (3.3)

An admissible decision (ordering quantities) for the problem on the
interval (n, N) with initial state i,, = i can be denoted as

U= (Upy. -, Ung), (3.4)

where uy, is a nonnegative F¥-measurable random variable. In simpler
terms, this means that decision u; depends only on the past information.
Note that since i, is known in period n, F! = (£2,0); hence u,, is deter-
ministic. Moreover, it should be emphasized that this class of admissible
decisions is larger than the class of admissible feedback policies.

Ordering quantities are decided upon at the beginning of each period.
Demand in each period is supposed to occur at the end of the period
after the order has been delivered. Unsatisfied demand is carried forward
as backlog. The inventory balance equations are defined by

Tkl =Tk +up — &y k=mn,...,N—1,
Ty = x, initial inventory level,
ig,k =n,..., N, Markov chain with transition matrix P,

i, = 1, initial state,

where x; is the surplus level at the beginning of period k, ug is the
quantity ordered at the beginning of period k, i is the demand state in
period k, and &, is the demand in period k. Note that x; > 0 represents
an inventory of x; and z; < 0 represents a backlog (or shortage) of —zy.

Next, we specify the relevant costs and the assumptions they satisfy.
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(i) The production cost function cg(i,u) : T x Rt — RT is Ls.c.,
n(i,0) =0, k=0,1,...,N—1.

(i) The surplus cost function fx(i,z) : I x RT — RY is Ls.c., with
frli,z) < f(A 4 |z["), i =1,2...,L, k = 0,1,...,N —1, where
f is a nonnegative constant. When = < 0, fi(i,2) is the cost of
backlogged sales x, and when x > 0, fx(i,x) is the carrying cost of
holding inventory x during that period.

(ili) fy(i,x) : I x Rt — R, the penalty cost/disposal cost for the
terminal surplus, is L.s.c. with fy(i,2) < f(1 4 |z|?). When z < 0,
fn(i,z) represents the penalty cost of unsatisfied demand z, and
when x > 0, fy(i,x) represents the disposal cost of the inventory
level x.

The objective function to be minimized is the expected present value
of all the costs incurred during the interval (n, N), i.e.,

Jp(i,2;U) = E{Zak_"[%(ik,uk)+fk(ik,$k)]

k=n

+a " fu(in, n) (3.5)

which is always defined, provided we allow this quantity to be infinite.

In (3.5), a denotes the discount factor with 0 < o < 1. While intro-
ducing « in this finite horizon model does not add to generality, in view
of the already time-dependent nature of the cost functions, we do so
for convenience of exposition in dealing with the average cost optimality
criterion studied in Chapter 6.

3.3. Dynamic Programming and Optimal
Feedback Policy

Let us first introduce the following definitions.

BY= Banach space of Borel functions b : [ x R — R with polynomial
growth with power « or less. More specifically, if b € B”, then
1b(i, )| <|| b ||y (14 |z]7), where the norm

(i, )]

1+ [z (36)

16 [ly= maxsup
? T

L7 = the subspace of l.s.c. functions in BY. The space .7 is closed in
BY.
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L7 = the class of all L.s.c. functions which are of polynomial growth
with power v or less on (—o0, 0].

In view of (3.3), we can write
Eb(ik+1, )| F*] = Eb(ikr1, & )lin], (3.7)

for any b € B7.
To write the dynamic programming equations more concisely, we de-
fine the operator F, 11 on B as follows:

Fiab(i,y) = ED(ikt1,y — §k)lix = 1]
= > AP(irs1 = jlix = DED(,y — &)lix = il}
j=1

= ;Pij /OOO b(j,y — §)dP; (). (3.8)

In addition to Assumptions (i)-(iii) on costs, we also require that for
k=0,1,...,N—1,

0 < cp(i,u) + aFgy1(fre1) (i, u) — oo for u — oo. (3.9)

REMARK 3.1 Condition (3.9) implies that both the purchase cost and
the inventory (or salvage) cost associated with a decision in any given
period cannot both be zero. The conditions rule out the trivial and
unrealistic situation of ordering an infinite amount as the optimal policy.
See Remark 2.2 for further elaboration.

Let v, (i, x) represent the optimal value of the expected costs during
the time horizon (n, N) with demand state i in period n, i.e.,

v (i, ) = iI[l]f I (i, 23 U).
Then, v, (i, x) satisfies the dynamic programming equations
vp(iyx) = fuli,z) + ir>1f(’] {en (i, u) + aE[vp1 (in1,
T+ u—&p)lin =i}
= fauli,z)+ ir>1f(’] {en(iyu) + aFyi1(vng1) (i, x + u)},
n=0,1,...,N—1, (3.10)
on(i,2) = fa(i,z). (3.11)
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We can now state our existence results in the following two theorems.

THEOREM 3.1 The dynamic programming equations (3.10) and (3.11)
define a sequence of functions in LY. Moreover, there exists a Borel
function ty,(i,2) such that the infimum in (3.10) is attained at u =
U (i, x) for any x. Furthermore, if the functions f,(i,-), n =0,1,..., N,
i=1,2...,L, are continuous, then the functions defined by (3.10) and
(3.11) are continuous.

Proof. We proceed by induction. Because of Assumption (iii) and
(3.11), it follows that vy (i,z) € LY. Assume v,41(i,z) belongs to LY.
Consider points x such that |x| < M, where M is an arbitrary nonneg-
ative integer. Let

By = sup {aFy11(vn41) (i, 2)}. (3.12)

|| <M

The constant B}, is finite since vy, 41 (¢, ) is in B” and therefore bounded
on|z| < M, and Fn+1 is a continuous linear operator; (see Lemma A.4.1).
Because of (3.9), we know that the set

NYi={u>0: ‘ml‘rif]’w{cn(z,u) +aFn 1 (foy) (G2 +u) < By} (3.13)

is bounded, i.e., there is a @,; such that

N C [0, @) (3.14)

n,, —

Because of v,+1 > fn41, we conclude that
{u>0: ‘i‘ggw{cn(i,u) + aFy i1 (Vng1) (4,2 +u) < By}
C Ny € [0,15,], (3.15)

and, therefore without loss of optimality, we can restrict our attention
to 0 < u < uy; for all x satisfying |z| < M. This is because for any
u > un 5

en(t,u) + aFpii(vny1)(d, x4+ u)

> ‘I‘Iif {en(i,u) + aFpi1(Vny1) (i, 2 +u)}
> B%i = sup {aFy+1(vn41) ()}

lz|<M
> oFni1 (V) (i, @)

Cn(iy 0) + aFn+1(Un+1)(ia ‘/E)7

and thus u cannot be the point where the infimum is attained.
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Since the function
Un (1, 2,u) = (i, u) + aFpi1(vpe1) (i, x 4+ u)

is L.s.c. and bounded from below, its minimum over a compact set is
attained; (see Theorem A.1.5). Moreover, from the classical Selection
Theorem A.1.7, we know that there exists a Borel function @' (7, ) such
that

iy, 0 (,2)) = inf u(iau), [f] <M. (3.16)

0<u<a};
Upon defining
(i, ) = ) (i,z) for M —1 < |z| < M,
we obtain a Borel function such that
U (3, 2, Uy, (1, ) = zig{)wn(i,x,u), V. (3.17)
Since

inf (5,7, 4) < Y, 2,0) < e0(5,0) + | Fusa [l ensa |l (14 J2),

we can use (3.10), Assumption (ii), and Lemma A.4.1 to conclude that
vp(i,x) € BY. Furthermore, because 1, (i,-,-) is lLs.c., it follows from
equation (3.16) that vy, (i,-) is l.s.c. for each i (see Theorem A.1.6), and
therefore v, € L.7.

To prove the last part of the theorem, we begin with the fact that for
each i the function f, (1, -) is continuous, n = 0,1, ..., N. Then vy (i, ) =
fn(i,-) is continuous for all 7, and the continuity of v,, can be proved by
induction as follows. Assume v,4; to be continuous. From (3.10) and
(3.17) we derive

vn (i, 20) = fn(i, x0) + cn (i, Ui, 20)) + Fra1(vng1) (i, zo + (i, 20))

and, because for x = x; the infimum in (3.10) is not necessarily attained
at (i, zo), we have

(i, 1) < fr(i,21) + en (i, 4(i, 20)) + Frg1(vng1) (@, 21 + a(i, zo)).
Thus,
(i, 1) — v (i, 20) < frol(i,x1) — fuli, 20)
+Fnt1(vnt1) (6, 21 4 (4, 20)) — Frga(vn1) (4, @o + (i, 20)),
which, in view of the continuity of f,, and v,41 € L7 and (3.1), yields

limsup v, (4, 1) — v, (i, 29) < 0.
Tr1—I0
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On the other hand, we have already proved that v,, is l.s.c., which means

liminf v, (4, 21) — v, (i,29) > 0.
T1—T0

Therefore, v, is continuous. O

To solve the problem of minimizing Jy(i,z;U), let us define

.’2’0 =,

Up = Up(in, Tpn), n=0,...,N—1,

Tn+1l=2,+U, —&,,n=0,..., N—1,

in, n=0,..., N, Markov chain with transition matrix P,
19 = 1,

where u,(i,2) is a Borel function for which the infimum in (3.10) is
attained for any ¢ and .

THEOREM 3.2 (Verification Theorem) The policy U = (i, @iy, . . ., lin_)
minimizes Jo(i,z;U) over the class U of all admissible decisions. More-
over,

vo(i, ) = min Jo (i, z; U). (3.18)

veu

Proof. Let U = (ug,...,uy,) be any admissible decision with the
corresponding trajectory (zo,...,Zy_). Without loss of generality, we
may assume that Ecy, (i, u,) < 00, Efy,(in, zy) <00, n € (0, N—1), and
Efy(in,zy) < co. Otherwise, Jy(i,2;U) = oo and U cannot be optimal
since Jy(i,2;0) < oo in view of (3.1) and Assumptions (i)-(iii).

Because vy, (iy,2x) = fn(in,zy), it follows that Evy(iy,zy) < o0.
Using arguments analogous to those in the proof of Theorem 2.2, we
proceed by induction. Assume that Evy, 1 (ip41,Znt1) < 00. Using prop-
erty (vii) in Section B.2, (3.7), and (3.8), we obtain (see details leading
to (2.15))

E{vn1 in s 2t DIF™ = Pt (01 (i + ) s (3.19)

Since U is admissible but not necessarily optimal, we can use (3.10) to
assert that

’Un(im $n) < fn(zny xn) + Cn(iny un) + aFnJrl(anrl)(im Tn + un) a.s.
Then from the relation (3.19), we can derive

Un (i, Tn) < fr(in, Tn) + cn(in, un) + 0B{vp41 (int1, i) | F"
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Taking expectation of both sides of the above inequality, we obtain

a"Evp(in, xn) < &"E(fn(in, xn) + cnlin, xn))
+a" N E(Wpg1 (ing 1, Tng1)). (3.20)

We can conclude recursively that Evy,(i,,z,) < oo for all n € (0, N)
and that (3.20) holds. Then, by summing (3.20) from 0 to N —1 and
canceling identical terms on both sides, we obtain

vo(i,x) < Jo(i,z;U). (3.21)

Consider now the decision U. Using the definition of 4y, (i, x) as the
Borel function for which the infimum in (3.10) is attained, and proceed-
ing as above, we can obtain

OénEUn(ina jn)
= O‘nE(fn(Zna i'n) + cn(ina ﬁn)) + an+1E(Un+1(in+1a i'n-i—l))-

Note that &y = =z is deterministic and vg(i,z) € LY. Therefore,
Evo(ig, £0) = vo(i,z) < oo, and furthermore, it can be shown recursively
that Ecy,(in, Un) < 00, n € (0, N—1) and Ef,,(in, Tn) < 00, Evy,(in, Zn) <
00, n € (0, N). Adding up for n from 0 to N—1 and canceling terms, we
get

vo(i, ) = Jo(i, z; U).

This and the inequality (3.21) complete the proof. O

3.4. Nonstationary Discounted Infinite Horizon
Problem
In this section, we consider an infinite horizon version of the model
formulated in Section 3.2. We require that the Assumptions (i) and (ii)
hold with N = oo, and that ig,41,... is a Markov chain with the same
transition matrix P. We set N = oo, replace (n, N) by (n,oo), replace
the admissible decision in (3.4) by

U= (Up, Upnt1,---), (3.22)

and replace (3.5) by the objective function

(i,2;0) Za Elek ik, ur) + fr(ik, ox)]s (3.23)
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where « is the given discount factor, 0 < « < 1. The dynamic pro-
gramming equations for each i € I and n = 0,1,2,... can be written
as

(i, ) = fo(i,x) + ig%{cn(z,u) +aFi1(vny1) i,z +u)}y. (3.24)

In what follows, we will show that there exists an L7-solution of (3.24),
which is the value function of the infinite horizon problem. Moreover,
the decision, for which the infimum in (3.24) is attained, is an optimal
feedback policy.

First, let us examine the finite horizon approximation J, n,(i,z;U),
m > 1, of (3.23). The approximation is obtained by the first m-period
truncation of the infinite horizon problem of minimizing J, (i, z; U), i.e.,

n+m—1

Tnan(i,2;U) = Y Ele(ig, ug) + fr(in, 2x)]a® . (3.25)
k=n

Let vy m (i, ) be the value function of the truncated problem with no
penalty cost in the last period, i.e.,

Un,m (1, 2) = ir{}f Jnm (i, 23 U). (3.26)

Since the truncated problem is a finite horizon problem defined on the
interval (n,n + m), Theorems 3.1 and 3.2 apply. Therefore, its value
function can be obtained by solving the corresponding dynamic pro-
gramming equations

’Un,erl(i»x) = fn(za$) + 11;%{cn(z,u) (327)
+aFp i1 (Ung1,m) (2 + )},
Untmo(i, ) = 0. (3.28)

Moreover, vy, o(i,z) = 0 and
Unm (1, 2) = mgn Jnm (i, 2;U).

Next we will show that an a priori upper bound on inf .J,, (i, z; U) can
be easily constructed. Let us define

wy (i, ) = Jp(i,z;0), (3.29)

where 0 = {0,0,...} is the policy that never orders anything. Then,
since no production costs are incurred in view of Assumption (i), we
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have
wp(i,2) = fr(i,z)+

E|: Z Oék_nfk(ikaw - (fn + §n+1 +eee é‘k*l)
k=n+1

inzﬂ(aw)

LEMMA 3.1 wy,(4,2) is well defined and wy(i,x) € LY.

Proof. On account of f,(i,z) € L7, it is sufficient to show that

o0

E[ > T flin, = (G + &na o+ &)

k=n+1

inzﬂeLf

Assumption (ii) yields
E{ > AT i, — (€ + &na -+ &)

k=n+1
%

< F Y P UHE]e— (Gt G o G
k=n+1

inzﬂ

inzd)

= fa ¥ Zak*”E[Iév—(§n+fn+1+“‘+5k—1)|7

l—«
k=n+1

inzﬂ.

Note that it follows from (3.1) that E(£]|ix, = i) < D+1 for all k and i.
Let M, = max{|z|”, D+1}. Now let us consider the argument of the sum
for a fixed k > n+ 1. Let Iy := {(in, ..., %) : in,y... 0k € L and 4, = i}
be the set of all combinations of demand states in periods n through k&
for a given initial state 7,, = i. Note that for a given sequence of demand
states, the one-period demands are independent. Then we have,

Elle = (6 + &)l [ in = 1]

= S E[lp— Gt + &) | (i) = 7]
mell
XP((in,...,ik):ﬂ')
< E:%—n+1WqMP+KJLPH+KMQPM%P“J@:w]
melly
XP((in, ..., ir) =)
< > (k—n+1)(n—k)MP((in,... ix) =7)

melly
— (k—n+1)(k - n)M,.



52 Discount Cost Models with Polynomially Growing Surplus Cost

Therefore,

(e e}

E[ Z P fo (it — (En -+ Ekm1))

k=n+1

i :i]

[e.9]
f(lila + M, Z ak*"(k—n—kl)'y(k—n)) < 0.
k=n+1
Consequently, w,(i,x) < oco. In view of Theorem A.1.8, w,(i,z) is also
Ls.c. as the sum of nonnegative Ls.c. functions. Moreover, because M, =
|z|7 for |x|” > D41, wy (i, z) is at most of polynomial growth with power
7. Thus, we have w,,(i,z) € L7. O

We can now state the following result for the infinite horizon problem.

THEOREM 3.3 Let Assumptions (i)-(ii) and (3.1) hold. Then, we have
0=vp0<Up1 < ... <Upm S wy (3.31)

and
Un,m 1 vn € BY, (3.32)

where vy, is a solution of (3.24) in LY. Furthermore, there exists U=
{Un, Upt1, ...} for which the infimum in (3.24) is attained, and U is an
optimal feedback policy, i.e.,

A

v (i, ) = mUin Jn(t,2;U) = Jp (i, 2;U). (3.33)
Proof. By definition, v, o = 0. Let ﬁn,m = {Up, Unt1s-- -, Upntm—1} be
a minimizer of (3.25). Thus,
wy(i,x) = Jp(i,2;0) > Jp (i, x;0)
> 'Un,m(iafb) = Jn,m(iyx; Un,m) > Jn,mfl(iyx; Un,mfl)
> mgn Inm—1(t,2;U) = vy 1 (1, ).

This proves (3.31). Moreover, it follows from (3.31) that there is a
function vy, (i, z) such that

Un,m (3, 2) T op (4, 2) < wy (i, z). (3.34)

Next, we will show that the functions v,, satisfy the dynamic program-
ming equations (3.24). Observe from (3.27) and (3.31) that for each m,
we have

Unm (i, ) < fo(i,x) + ir;%{cn(z’, u) + aFyi1 (Ung1,m) (6, 2 + w) )
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Thus, in view of (3.34), we can replace vy, 41, by v, on the RHS of the
above inequality and then pass to the limit on the LHS as m — oo to
obtain

vp(i, ) < fu(i,z) + thgt;{cn(z,u) + aFni1(vpp1) G,z +w)}. (3.35)

Let the infimum in (3.27) be attained at 4y, ,,. In order to obtain the
reverse inequality, we first prove that iy, ., (7, z) is uniformly bounded
with respect to m.

In the proof of Theorem 3.1 we showed that for |z| < M, there is an
ty'; such that @, y—n(i,z) < 4. Furthermore, if we replace vn41 by
wWp+1 in (3.12) and follow the same line of arguments as in the proof of
Theorem 3.1, we obtain an upper bound ﬁg{i, which does not depend on

the horizon N. Therefore, we can conclude that

Uy (i,7) := @y, ; is an upper bound for @y, (3, ) if M —1 < |z| < M,

(3.36)
independent of m.
For [ > m, we see from (3.27)that
Un,l—l—l(ia $) = fn(za ZE) + Cn(ia an,l(gj))
+04Fn+1(vn+1,l)(ia T+ @n,l(iv)) (3.37)

> fn(za ZE) + Cn(ia ﬁn,l(x))
+04Fn+1(vn+1,m)(i> T+ 7:Ln,l(x))'

Fix m and let | — oco. In view of (3.36), we can choose a sequence of
periods I’ such that

T (i, ) — (i, 2) for I — oo. (3.38)
We then conclude from (3.37) and Fatou’s Lemma (Lemma B.1.1) that
vp(i,x) > fn(z',x)—i-l/lim Cn (1, U, (3, 2))

+a 11;11 inf Fl 1 (Vng1,m) (4, @ + U (2, 7)),
—00

Y

fuli,x) + l/lim Cn (1, U (i, 7))
—00
L o
+a) p;; /(hm inf vy, 1, (1, @ + T (i, ) — €))dDi p (€).
- I'—o0
Jj=1 0
Since vp41,m and ¢, are Ls.c., we can, in view of (3.38), pass to the limit
in the argument of these functions to obtain
on(i:2) > Fulin) + nliiin(i 7)) + P (0ng1,m) (i, + i (i, 2)),
2 fali,2) + mt{ca(i, ) + @b (Uns1m) (6,2 +u)}. (3.39)
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This, along with (3.35) and (3.34), proves (3.32).

From Theorem A.1.8, it follows that v, is L.s.c., as the monotone limit
of Ls.c. functions vy, ,, as m — oo. Also, since v,, is bounded by a function
wy, of polynomial growth, we have v,, € 7.

Because wy, > v, > f, it is clear that 4, (i, z) defined in (3.36) is also
an upper bound for the minimizer in (3.24). Therefore, there exists a
Borel map 4, (i, z) such that

Cn (i, Un (1, 2)) + aFpg1 (Vn41) (4,  + Uy (i, 7))
= iI;fO{cn(i, u) + aFpi1(vng1) (i, @ + uw)}. (3.40)
With that in mind, we can use (3.24) to obtain

Efvk (ik, z1)]
E[fr(ir, xk) + cx(ig, 4x)] + QB[ Fry1 (vps1) ik, Tp + Ug)]
= E[fk(ir, zk) + e ik, tg] + Blvg 1 (ip11, 211)], b = 0,1,2,. ...

Multiplying by a*~", summing from n to N —1, and canceling terms
yield
N—1
vali, ) > E[Z P (g (i, i) + Filin, @) | + @™ Efu (in, E)]-
k=n

Letting N — oo, we conclude
v (i, z) > Jo(iy2;U). (3.41)

From Theorem 3.2 we know that v, (i, 2) < Jp (4, 2; U) for any policy
U, and we let kK — oo to obtain

vn (i, 2) < Ju(i,2;U) for any admissible U. (3.42)
Together, inequalities (3.41) and (3.42) imply
(i, ) = Jp(i,2;U) = mUin I (i, 2;U),

which completes the proof. O

Before we prove the optimality of an (s, .S)-type policy for the nonsta-
tionary finite and infinite horizon problems, we should note that Theo-
rem 3.3 does not imply uniqueness of the solution to the dynamic pro-
gramming equations (3.27) and (3.28). There may be other solutions.
Moreover, one can show that the value function is the minimal positive
solution of (3.27) and (3.28). It is also possible to obtain a uniqueness
proof under additional assumptions. For our purpose, however, it is
sufficient to have the results of Theorem 3.3.



MARKOVIAN DEMAND INVENTORY MODELS 55

3.5.  Optimality of (s, S)-type Ordering Policies
The existence and optimality of a feedback (or Markov) policy i, (7, x)
was proved in Theorems 3.1 and 3.2. We now make additional assump-
tions to further characterize the optimal feedback policy.
Let us assume that for any demand state i,

fn(i,x) is convex with respect to z, n=0,1,..., N, (3.43)
. 0, u =0,
en(iyu) = { Ki+cl-u, u>0, (3.44)

where ¢/, > 0and K >0,n=0,1,...,N—1, and

L
K >aKh,=a) p;Kl,,, n=01..N. (3.45)
j=1

It should be noted that (3.43) implies that f,(i,-), for any i and
n=20,1,...,N, is continuous on R.

REMARK 3.2 Assumptions (3.43)—(3.45) reflect the usual structure of
costs to prove optimality of an (s, .S)-type policy.

THEOREM 3.4 Let N be finite. Let Assumptions (i)-(iii), (3.1), (3.9),
and (3.43)-(3.45) hold. Then, there exists a sequence of numbers sy,
Spixn=0,...,N=1,1=1,..., L, with s, ; < Sy i, such that the optimal
feedback policy is

. Sni—x, < Sni,
U (i, ) = { 0"7’ .S s::. (3.46)

Proof. The dynamic programming equations (3.10) and (3.11) can be
written as

vp(i, ) = fuli,z) — chx + hy(i,r), 0<n<N-1,i=1,...,L,

UN(i7x):fN(i7x)7 Z:la---aLa
where
ho(i,z) = iI>1f [KZ]Ich + 2n (1, y)], (3.47)
y>T
Zn(ia y) = C;Ly + aFn+1(Un+1)(ia y) (348)

From (3.10), we have v,(i,2) > fn(i,2). This inequality, along with
(3.9), ensures forn =1,2,...,N—1 and i = 1,2,..., L that

Zn(i,x) — 400 as x — 00. (3.49)
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Furthermore, from the last part of Theorem 3.1, it follows that v,41 is
continuous; therefore z,(i,x) is continuous.

In order to obtain (3.46), we need to prove that z,(i,x) is K’-convex.
This is done by induction. First, vy(i,2z) is convex by definition and
therefore, K-convex for any K > 0. Let us now assume that for a given
n < N—1and i, vp41(i,2) is K’ -convex. By Assumption (3.45), it is
easy to see that z,(i,z) is aK} | 1-convex, hence also K!-convex. Then,
Theorem C.2.3 implies that hy,(i,z) is K!-convex. Therefore, v, (i, ) is
K!-convex. This completes the induction argument.

Thus, it follows that z,(i,r) is K¢-convex for each n and i. In view
of (3.49), we apply Theorem C.2.3 to obtain the desired s, ; and S, ;.
According to Theorem 3.2 and the continuity of z,, the optimal feedback
policy defined in (3.46) is optimal. O

THEOREM 3.5 Let Assumptions (i)-(ii), (3.1), (3.9), and (3.43)—(3.45)
hold for the cost functions for the infinite horizon problem. Then, there

exists a sequence of numbers sy ;, Sni, n=0,1,..., with s,; < S, ; for
each i € I, such that the feedback policy

. . | Shi—x, 2 <spy,

U (i, ) = { 0. v > s (3.50)
is optimal.

Proof. Let v, denote the value function. Define the functions z, and
hy, as above. We know that z,(i,2) — oo as z — +o00 and z,(i,z) € L7
forallnandi=1,2,..., L.

We now prove that v,, is K,-convex. Using the same induction as in
the proof of Theorem 3.4, we can show that vy, (4, ), defined in (3.26),
is K!-convex. This induction is possible since we know that vy, (i, )
satisfies the dynamic programming equations (3.27) and (3.28). It is
clear from the definition of K-convexity that this property is preserved
under monotone limit procedures. Thus, the value function v, (i,x),
which is the limit of vy, (i, 2) as m — oo, is K}-convex.

From Theorem 3.3 we know that v, satisfies the dynamic program-
ming equations (3.27) and (3.28). Therefore, we can obtain an optimal
feedback policy U = {tn, Upt1, ...}, for which the infimum in (3.27) is
attained. Because z, is K!-convex and ls.c., @, can be expressed as in

(3.50). O

REMARK 3.3 It is important to emphasize the difference between the
(s,5) policies defined in (3.46) and (3.50). In (3.46), an order is placed
when the inventory level is s or below, whereas in (3.50) an order is
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placed only when the inventory is strictly below s. Most of the literature
uses the policy type (3.46). While (3.46) in Theorem 3.4 can be replaced
by (3.50) on account of the continuity of z,, it is not possible to replace
(3.50) in Theorem 3.5 by (3.46), since z, is proved only to be l.s.c.

REMARK 3.4 In the stationary infinite horizon discounted cost case dis-
cussed in the next section, we are able to prove that the value function
is locally Lipschitz, and therefore continuous. The proof is provided in
Chapter 5, Lemma 5.3. Thus, in this case, policies of both types (3.50)
and (3.46) are optimal.

3.6. Stationary Infinite Horizon Problem

If the cost functions, as well as the distributions of the demands, do
not explicitly depend on time, i.e., for each k

ck(iau) = c(i7u)7 fk(zvx) = f(iw%')v and dsi,k = &;,

then it can be easily shown that the value function v, (i,2) does not
depend on n. In what follows, we will denote the value function of the
stationary discounted cost problem by v“(:,-), in order to emphasize
the dependence on the discount factor «. In the same manner as in
Section 3.4, it can be proved that the function v® satisfies the dynamic
programming equation

v*(i,x) = f(i,z) + thrzlfé{c(i,u) + aF(vY) (i, +u)}, (3.51)

where F' is the same as F),;1, defined in (3.8), i.e.,
L 00
Fo(i,y) = 3 pi /0 b(j y — €)dbi(€),
j=1

for b € B".

Furthermore, for any «, 0 < a < 1, there is a stationary optimal feed-
back policy U* = (u®(i,x),u*(i,x),...), where u®(i,x) is the minimizer
on the RHS of (3.51). Moreover, if the cost functions also satisfy the
Assumptions (3.43)—(3.45) introduced in Section 3.5, then we can obtain
pairs (s, S¢) such that either of the (s, S&)-policies of types (3.50) and
(3.46) is optimal; (see Remark 3.4).

3.7. Concluding Remarks and Notes

This chapter, based on Beyer and Sethi (1997) and Beyer et al. (1998),
generates the discounted infinite horizon inventory model involving fixed
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costs that have appeared in the literature, to allow for unbounded de-
mand and costs with polynomial growth. We have shown the existence
of an optimal Markov policy, and that this can be a state-dependent
(s,S) policy.

This chapter makes several specific contributions. It extends the
proofs of existence and verification of optimality in the discounted cost
case given in Chapter 2, to allow for more general costs including l.s.c.
surplus cost with polynomial growth.

Some problems of theoretical interest remain open. One might want
to show that the value function in the discounted nonstationary infinite
horizon case is continuous if the surplus cost function is continuous.



	3.  Discount Cost Models with Polynomially Growing Surplus Cost
	3.1 Introduction 
	3.2 Formulation of the Model 
	3.3 Dynamic Programming and Optimal Feedback Policy 
	3.4 Nonstationary Discounted Infinite Horizon Problem 
	3.5 Optimality of (s,S)-type Ordering Policies 
	3.6 Stationary Infinite Horizon Problem 
	3.7 Concluding Remarks and Notes 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




