Chapter 5
Equations Reducible to Pell’s Type Equations

5.1 The Equations x2 — kxy? +y* =1
and x? — kxy? +y* =4

An interesting problem concerning the Pell’s equation u?> — Dv? = 1 is to study
when the second component of a solution (u, v) is a perfect square. This question is
equivalent to solving the equation

X2 - py*=1. (5.1.1)

The equation (5.1.1) was intensively studied in a series of papers (see [116-118]).
We begin this section by mentioning the main result about the above equation.

Theorem 5.1.1. For a positive nonsquare integer D there are at most two solutions
to the equation (5.1.1). If two solutions exist, and ep denotes the fundamental unit in
the quadratic field Q(\/D), then they are given by (x1,y1), (x2,y2), X1 < Xz, where
x1 +Y3IVD = ep and x5 + y3V/D is either €2, or €5, with the latter case occurring
for only finitely many D.

Following the recent paper [221] we first prove a generalization of Theo-
rem 5.1.1. We then use this result to completely solve the equations
¥ —koy? 4yt =1 (5.1.2)
and

X% —kxy? +y* = 4. (5.1.3)

Let D = ¢%d, with e an integer and d a positive squarefree integer. Then ep =
a+bvd e . . .
T\[, where a and b are positive integers with the same parity, and satisfy
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a* — db? = (—1)*4, where o € {0,1}. Define A\p = ), to be the fundamental
solution u+v+/d to X? —dY? = 1, with u and v positive integers. Then \p = (¢p)°,
where

lifaand b are evenand o = 0
o= 2¥fa and b areevenand o« = 1 (5.1.4)
3 ifaand b are odd and o = 0

6 if a and b are odd and oo = 1.

Lemma 5.1.2 ([55]). Let D be a nonsquare positive integer. If the equation X* —
DY? = 1 is solvable in positive integers X, Y, then either X2 + Y\/B = Ap
or \3. Solutions to X* — DY? = 1 arise from both \p and \3 only for D €
{1785, 7140, 28560}.

Lemma 5.1.3. [f there are two solutions to equation (5.1.1), then they are given by
X+ Y2V/D = €D, Ef)forD € {1785, 28560}, and X + Y2V/D = €D, s% otherwise.

Proof. Let T 4 U+/D denote the fundamental solution in positive integers to the
Pell’s equation x> — Dy? = 1, and for k > 1 let T} + UVD = (T + U\/E)k.

If there exist two indices k; and ko for which Uy, and Uy, are squares, then by
Theorem 5.1.1, (k1,k2) = (1,4) or (k1,k2) = (1,2). If there are integers x and y
such that U; = x2 and Uy = y?, then since Uy = 2T»Us, there exist integers w and
z such either (o, Us) = (w?,272), or (Ta, Us) = (2w?,z2). The latter case is not
possible, since it would imply the existence of three solutions to X?> — DY* = 1,
contradicting Theorem 5.1.1. In the former case, since 272 = Uy = 2T, Uy, there
are integers u and v > 1 such that 77 = v2 and U; = u®. We thus have solutions
to X* — DY? = 1 arising from both ¢p and 3. By Lemma 5.1.2, we deduce that
D € {1785,7140, 28560}, and since U; = 2 and D = 7140, we have finally that
D € {1785,28560}. O

Lemma 5.1.4 ([117]). The only positive integer solutions to the equation X> —
2Y* = —lare (X,Y) = (1,1), (239, 13).

Lemma 5.1.5 ([45]). The only positive integer solutions to the equation 3X* —
2Y? = lare (X,Y) = (1,1), (3,11).

Lemma 5.1.6 ([38]). With the notations in the proof to Lemma 5.1.3, if Ty, = 2x?
for some integer x, then k = 1.

Theorem 5.1.7. Let D be a nonsquare positive integer with D ¢ {1785,7140,
28560}. Then there are at most two positive indices k for which U, = 2°y* with
y an integer and § = 0 or 1. If two solutions ki < ko exist, then ky = 1 and ks = 2,
and provided that D # 5, T+ U~/D is the fundamental unit in Q(\@) or its square.
For D € {1785,7140,28560}, the only solutions to U, = 2°y* arek = 1, k = 2,
and k = 4.

Proof. If one of the equation x> — Dy* = 1, x> — 4Dy* = 1 is not solvable,
then the result follows from Lemma 5.1.3 applied to 4D and D respectively.



5.1 The Equations x> — kxy? +y* = 1 and x® — kxy? +y* =4 109

Therefore we may assume that both of these equations are solvable. Let k and !/
be indices for which U, = z% and U; = 2w?. Tt follows from the binomial theorem
that not both of k and [ are odd.

Assume first that k and [ are both even. We will show that this leads to D €
{1785, 7140, 28560}. Letting / = 2m, then there are integers u > 1 and v such that
T,, = u? and U,, = v?. Then by Lemma 5.1.2, either m = 1 or m = 2. Also, by
Lemma 5.1.3, and the fact that k is even, either (k,m) = (2,1), (k,m) = (4,1) and
D € {1785,28560}, or else k = m. The first case is not possible since it would
imply k = [ = 2, and this contradicts the assumed forms of U; and U;. Thus, for
D ¢ {1785,28560}, we have that k = m, and furthermore, the only possibility is
k = m = 2. Since Uy = 2T, Uy, there are positive integers a, b for which either
(Ty,Uy) = (a®,2b%) or (T1,U;) = (2a2,b%). From the identity To = 277 — 1,
these two possibilities yield the respective equations u?> = 2a* — 1 or u? = 8a* — 1.
The equation u?> = 8a* — 1 is not solvable modulo 4. By Lemma 5.1.4, the only
positive integer solution to the equation u? = 2a* — 1, with u > 1, is u = 239 and
a = 13. Therefore, T; = 169, and U; = 2b? for some integer b. The only choice
for b is b = 1, which results in D = 7140.

We can assume that k and [ are of opposite parity. First assume that / is even,
! = 2m, and that k is odd. Thus, we have that Us, = 2w?. From the identity
Usy = 2T,,U,,, and the fact that (7,,, U,,) = 1, it follows that there are integers u
and v such that T, = u? and U,, = v?. By Lemma 5.1.2, either m = 1 or m = 2, and
T: + Ulﬁ = Ap. Furthermore, by Lemma 5.1.3, either k = mork = 1,m = 2. If
k = m, then since k is odd and m = 1 or 2, we have that k = 1 and [ = 2, which is
our desired result. On the other hand, if k = 1 and m = 2, then [ = 4, and we have
that Uy = 2w?, Uy = v?%, and T, = u®. As in the previous paragraph, this leads to
D = T7140.

Now assume that / is odd and & is even, k = 2m. Therefore, Us,, = 2T,,U,, = 72,
and it follows that there are integers u and v such that either (T,,, U,) = (2u?,v?)
or (T, Up) = (u?,20?). In the first case, Lemma 5.1.3 implies that (m, k) = (1,2),
since U,, and Uj are both squares. Therefore U, is a square, and 22 properly divides
U, for some integer o > 0, Since U; = 2w?, 226+ properly divides U, for some
integer 3 = 0. From the fact that [ is odd, the binomial theorem exhibits that the
same power of 2 divides U; and U, thus leading to a contradiction. In the case
that (7,,, U,,) = (u?,2v?), Lemma 5.1.2 shows that m = 1 or m = 2, and that
Ty + Uiv/D = Ap. Also, by Lemma 5.1.3 applied to 4D, either m = [ or (I,m) =
(1,2). The former possibility leads to / = 1 and k = 2, which is the desired result.
The latter possibility implies that k = 4, and that Ty = u?, U, = 2v?, Since
U, = 2T, Uy, there are integers a and b such that T} = a?, and U; = b?. Therefore,
u? =Ty = 2T? — 1 = 2a* — 1, and by Lemma 5.1.4, it follows that 7; = 169, and
hence that D = 1785 or D = 28560.

It remains to prove that for D # 5, T + U VD = T: + U 1\/5 is the fundamental
unit ep in Q(\@), or its square. Letting T+ U VD = €4, then we need to prove that
¢ = 1orc = 2, where c is defined in (5.1.4).

Let D = [2d with d squarefree. Let \y = ¢ + uv/d, and for k > 1, define
)\’; = + uk\/;l. Then T + UVD = Ay =t + u,\/ﬁ for some integer r, and
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u; = lU; for each i > 1. We assume now that U; = 2%1x% and Uy = 2‘52))2 for some
integers x and y. Then u, = 2011x2 and uo, = 292 Iy?. Since uo, = 2t,u,, it follows
that 7, = z2 or 272 for some integer z. By Lemma 5.1.3 and Lemma 5.1.6, either
r = 1 or r = 2. This implies that ¢ divides 12. We wish to show that 4 does not
divide c. If 4 divides c, then r = 2 and N(g4) = —1, and so there are the integers
V > 1and W such that V2—W2d = —1, with to+tusv/d = )2 = (V+W\/3)4. Since
r = 2, Lemma 5.1.6 shows that 7o = z2. Therefore, t5 = 72 = 8V* + 8V2 + 1, and
as it was shown in [117] that this equation implies V = 0, we have a contradiction.
Therefore ¢ divides 6, and to complete the proof of the theorem, we need to show
that 3 does not divide c.

Assume that 3 divides ¢. Then T + U+/D is the cube of a unit in Q(\/B) of

a+bvD

the form , where a and b are odd, and a® — b2D = 4. Moreover, T =

2
-3
a(a 5 )isodd, and so either T + UvVD = X2 + Y2/Dor T + UVD =

X2 + 2Y%V/D, ie., T is not of the form 2X2. It follows that a(a® — 3) = 2X2. If
(a,a®> — 3) = 1, then since a is odd, a = A% and a* — 3 = 2B? for some integers
A, B, which is not possible by considering this last equation modulo 8. Therefore
(a,a®> — 3) = 3, and there are integers A, B for which a = 342 and a® — 3 = 6B,
which results in the equation 34* — 282 = 1. By Lemma 5.1.5 the only positive
integer solutions to this equation are (A,B) = (1,1) and (A,B) = (3,11). This
shows that either a = 3 or a = 27. The case a = 3 yields D = 5, which we have
excluded. The case a = 27 yields that either D = 29 or D = 725. It is easily
checked that the hypotheses are not satisfied for both of these values of D. a

Corollary 5.1.8. For k = 169, the only positive integer solutions to x*> — (k> — 1)
v =1 are (x,y) = (169, 1), (6525617281, 6214).

For k > 1 and k # 169, the only positive integer solution (x,y) to x* — (k* — 1)
vyt = 1is (x,y) = (k, 1), unless k = 2v? for some integer v, in which case (x,y) =
(8v* — 1,20) is the only other solution.

For k > 1 there is no positive integer solutions (x,y) to x> — (k* — 1)yt = 4,
unless k = v? for some integer v, in which case (x,y) = (4v* — 2,2v) is the only
solution.

Proof. The particular case k = 169 is easily verified for both equations, and so we
assume that k > 1 and k # 169. The fundamental solution to x*> — (k* — 1)y? =1
is (k,1). Fori > 1 define T; + U;v/k? — 1 = (k + vk2 — 1). There is always the
solution (x,y) = (k,1) to x> — (k? — 1)y* = 1, and so by Theorem 5.1.7, if there
is another solution, it must come from 75 + UsvVk2 — 1 = 2k% — 1 + 2kvVk2 — 1,
ie., (x,y) = (2k? — 1,/2k). This entails that 2k is a perfect square, and hence that
k = 2v? for some integer v, This gives (x,y) = (8v* — 1, 2v).

k2 —1
We note that if k is odd, then the minimal solution to x% — ( 1 ) =1

is (x,y) = (k,2), from which it follows that for k even or odd, any solution to
x? — (kK — 1)y?> = 4 has both x and y even. Now let (x,y) be a positive integer
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solution to x? — (k? — 1)y* = 4, then x and y are even, and (u,v) = (x/2,y/2) is
a positive integer solution to u? — 4(k* — 1)v* = 1, and hence there is a positive
integer i for which U; = 202, By Theorem 5.1.7, since U; = 1 is already a square,
i = 2. Therefore u + 2v?Vk? —1 = To + UsVk® — 1 = 2k — 1 + 2kvV/k2 — 1,
and hence k = v2. This leads to the solution (x,y) = (4v* — 2,2v) to the equation
x% — (k? — 1)y* = 4. This completes the proof. 0

Theorem 5.1.9. Let k be an even positive integer.

1) The only solutions to equation (5.1.2) in nonnegative integers (x,y) are (k, 1),
(1,0), (0,1), unless either k is a perfect square, in which case there are also the
solutions (1,v/k), (k* — 1,Vk), or k = 338 in which case there are the solutions
(x,y) = (114243, 6214), (13051348805, 6214).

2) The only solution in nonnegative integers x,y to the equation (5.1.3) is (x,y) =
(2,0), unless k = 2v? for some integer v, in which case there are also the

solutions (2,/2k), (2k* — 2,/2k).

Proof. Letting k = 2s, then we can rewrite the equation x> — kxy? 4+ y* = 1 as
(k=) = (s> =1 =1.

Aside from the trivial solution (x,y) = (1,0), Corollary 5.1.8 implies that the
only solutions are y = 1, x — sy2 = +s, unless s = 2v? for some integer v, in which
case there is also the solutions y = 2v and x — sy? = £(8v* — 1), or k = 338.
In either case, the solutions listed in Corollary 5.1.8 lead to the solutions given in
Theorem 5.1.9.

The equation x> — kxy® + y* = 4 can be rewritten as

(x—s5y?)? = (s> — 1)yt = 4.
Corollary 5.1.8 shows that, aside from the trivial solution (x,y) = (2,0), there
is no solution in positive integers unless s = v for some integer v, in which case

y = 2v and x — sy? = +4v* — 2. It follows that k = 202, y = \/2k, and either x = 2
orx =2k — 2. O

5.2 The Equation x2" — Dy? =1

In this section we will discuss the solvability of the equation
X2 — Dy? =1, (5.2.1)
where D is a nonsquare positive integer and # is an integer greater than 1. When

n = 2 its solvability was discussed in the papers [51, 231, 232] and in the section
above.
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In what follows we also employ the equations
¥ =2 =1, (5.2.2)
and
X —2y? =1, (5.2.3)

where p is a prime > 5.
They were studied by elementary methods in the paper [51].
We first present two useful results.

Lemma 5.2.1. If the equation (5.2.2) has positive integer solution (x,y) # (1,1),
then 2p|y.

Proof. Suppose (x, y) is a positive integer solution of (5.2.2). Then

¥ 4+1 9
1) - = 2y~.
(x+1) x+1 4
7 +1
Since (x+ 1, H) = 1 or p, we have
x+1
X +1
1=2y3 =y3 = 5.2.4
X+ Yoo a7 Y2 YEYwn ( )
or
X +1
1=2py}, —— =py2 = . 525
X+ PYL g T P2 Y= P ( )

x+1
By the result of [119], % = y%, therefore x = 1. Thus (5.2.4) gives
X
x=y=1.
For (5.2.5) clearly p|y. We will prove 2|y with the elementary method given
in [51].
If 2 1y, from (5.2.2), we have x = 1 (mod 8). Put

P41
A =" > 1and 24,
x+1

andso A() =1 (mod 8).Let 1 < I < p be a positive odd integer. Then there exist
an integer r, odd, 0 < r < [, and 2k such that p = 2kl +rorp = 2kl —r.
If p = 2kl + r, then

((x+ DA — 1)%x +1 _ X +1
x+1 ox+1

Alp) = A(r) (mod A(D)),  (5.2.6)
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since x' = (x + 1)A(l) — 1. Now (A(p),A(l)) = A((p,1)) = A(1) = 1. Thus (5.2.6)

gives

If p = 2kl — r, then [ — r is even. Thus

A) _ (o AG (A
A(l) ( A(1)> (A(l)> ’
since A(l) =1 (mod 8) and

Alp) = X TA(I(2k — 1)) + A(l) — x'"A(r).

For [, r, we have

l=2kyr+e1r1, O<ri<r,
r = 2kory + &ara, O<r2<r1,

Fe—1 = 2k:+1rs +€s+lrs+1a 0< Ts4+1 < s,
Vs = Kg+2Fs+1,

wheree; = £1(i=1,...,s+1)andr; (i =1,...,5 + 1) are odd integers. Since

(I,p) = 1, we have ry11 = 1. Hence

(4 - (50 - (i) - (4 - ()
ST (Af(xf) )> - <j<(l)>> - (A(lra) -

X +1
Now, from ﬁ = py3, we have

(py2)? = pA(p) (mod A(l)).

Thus
() G- (4)-) -
A(D) A(D) p p ’
since x = —1 (mod p) and so A(I) = I (mod p), We have a contradiction if / is

taken as an odd quadratic nonresidue of p. This proves the result.

O
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Lemma 5.2.2. The equation (5.2.3) has only positive integer solutionx = 3,y = 11
(when p = 5).

Proof. From (5.2.3), we have

P_1
Yoo (5.2.7)

x—1
if p 1 y. By the result of [119], the solution of (5.2.7) is x = 3 (when p = 5). Thus
(5.2.3) has positive integer solution x = 3,y = 11 (when p = 5).
If p|y, then 2|y by Remark 1. From (5.2.3), (1 + v/—2y)(1 — v/=2y) = x”. With
the assumption (1 + /—2y,1 — /—2y) = 1, we have

1++—2y=(a+bV—=2)P, x=a*+2b (5.2.8)
where a, b are integers. Since 2|y, from (5.2.3), it follows that
x=1 (mod 8). (5.2.9)

From (5.2.8) and (5.2.9), we have 2|b and b # 0. Now, (5.2.8) gives
l=d+ (’;) @2 by=2)% 4+ (p’j 1)a(b\/—2)"1. (5.2.10)

Thus «|1 and so a = +1.
If a = —1, then (5.2.10) gives

-1

2= (g) (bV=2)>+ -+ (pp )(bﬁ)ﬂl,

and so p|2 which is impossible.
If a = 1, then we have

0= (’;) (bV=2)%+ - + <pp 1) (bv/=2)~ 1. (5.2.11)

1 Sk p 2k p B ]‘
Since 2|b and b # 0, let 2% ok (bv—-2) 1<k< 5 , clearly s; > s;
(k > j). Thus (5.2.11) is impossible. O
Theorem 5.2.3. If n > 2 and the negative Pell’s equation u®> — Dv?> = —1 is

solvable, then the equation (5.2.1) has only one solution in positive integers: x = 3,
y =22 (whenn =>5,D = 122).

Proof. Let Q = ug+ voV/D be the smallest solution to the equation x> — Dv? = —1,
Q = up—voV/D, and let n = Uy+Vy+/D be the fundamental solution of the equation
U? —DV? = 1,7 = Uy — Vo/D. Then, we have n = Q2.



5.2 The Equation x? — Dy? = 115
Suppose (x,y) is any positive integer solution of (5.2.1). Then

m_|_ﬁm B 92m+§2m

n
_){l = =
2 2 ’

m> 0. (5.2.12)

Clearly, without loss of generality, we may assume that n = 4 orn = p (p is odd
prime).

(a) If n =4, then (5.2.12) gives

—m\ 2

and so x = 1, m = 0, which is impossible since m > 0.
(b) If n = p (p is odd prime), then (5.2.12) gives

N 2
= <Q;Q> — (=1 (5.2.13)

(b.1) When 2|m, let m = 2s, s > 0; then (5.2.13) gives

2s a2 2
P +1=2 <Q;Q> . (5.2.14)

Suppose p = 3. Then by (5.2.14), we have (see [218])

QQ‘Y 623
P . L (5.2.15)
2
and
QQS 623
x =23, % —78. (5.2.16)

Clearly (5.2.15) is impossible, since s > 0, and (5.2.16) is also
impossible since

=25 —s\ 2
0% 4+Q O+ Q E
g 2 2 - (=)

is odd.
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2 —2s
Thus p > 3. For (5.2.14) we have 2p| ;— by Lemma 5.2.1.
However, 2| o gﬁzs is impossible.
(b.2) When 2 1 m, we have
Qm ﬁlﬂ 2
¥ —1=2 (;) , (5.2.17)

andsox = 1, (" + ﬁm)/Z = 0 when p = 3 (see [218]). If p > 3, then
(5.2.17) gives x = 3, (" + Q") /2 = 11 (when p = 5) by Lemma 5.2.2.
Thus (5.2.1) has only positive integer solution x = 3, y = 22 (when
n=>5,D=122). O

Theorem 5.24. Ifn = U; + Viv/D is the Sfundamental solution to Pell’s equation
U? — DV? = 1, then the positive integer solutions to equation (5.2.1) do not satisfy

X+ yWD=n" n>2 m>0.
Proof. If
X+ yWD=n" n>2m>0,

then we have

4m —4m 2m —om\ 2
=" ;”7 :2(" ;”7 ) — 1 (5.2.18)

By Lemma 5.2.1, the equality (5.2.18) is impossible since 2 { (n*" + 7°™)/2 and
m > 0. O

As applications of the above results we will discuss now some interesting
problems in number theory.
In 1939 (see [70]) it was conjectured that the equation

(Zl) =y, n>m>2k>3 (5.2.19)

has no integer solution. In [70] it is proved that the conjecture is right when m > 4,
leaving the cases m = 2 and m = 3 unsolved. Now, we can deduce the following
result:

Corollary 5.2.5. The equation

()-r

has no positive integer solution (n,y) withn > 3 and k > 2.
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-1
Proof. From (;) = % = y* we have

n—1=2% n=yk y=yy,
or
n—l:y%", n:2y%k7 Y =yiy2.
Hence
yak 1 = 2y%, (5.2.20)

If 2|k, then (5.2.20) clearly gives |y1y2| < 1; on the other hand, n > 3 and
(;) = y**imply |y| = |y1y2| > 1. Here we have a contradiction. If 2 t k, k > 2,

we may conclude from Theorem 5.2.3 and Lemma 5.2.1 that (5.2.20) is impossible.

O
Define the generalized Pell sequence by

xo=1, x1=a, Xyp2=2ax,41 — Xy, (5.2.21)
where a is an integer greater than 1.
Corollary 5.2.6. The equation

Xan = Y"

has no positive integer solution (n,y), when m > 3.
Proof. From (5.2.21) we have x,, = % n >0, where « = a + a2 — 1 and

a = a— Va2 — 1 are roots of the trinomial z2 — 2az + 1. Let a2 — 1 = Db?, where
D > 0 is squarefree and b is positive integer. Then

a=a+bVD, a=a—-bVD and aa=1.

2vD

satisfies

Thus y, = a

X2 —Dy? =1. (5.2.22)

By Theorem 5.2.4, the relation (5.2.22) is impossible when 4|n, x, = y" and
m > 3. O
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Clearly, if a = 2u® + 1 (u > 0), then Db* = a* — 1 = 4u*(u® + 1). Thus 2ulb.
Letting b = 2uv, we have u? 4+ 1 = Dv?. Hence, using Theorem 5.2.3, we obtain

Corollary 5.2.7. For the generalized Pell sequence
xo=1, x1 =2 +1, Xpp2 =220 + Dxpp1 — X,

where u is positive integer, x, is never an m" power if m > 3, except for x; =
2-117 +1 =35,

Remarks. 1) In the paper [129] it is studied the equation (5.2.1), where n = p is a
prime. The main two results given there are:

1.If p = 2 and D > exp(64), then (5.2.1) has at most one positive integer
solution (x, y).

2. If p > 2 and D > exp(exp(exp(exp(10)))), then 2 { m, where (x,y) is a
solution to (5.2.1) expressed as

X +yVD=¢eT

and £; = uy; + v1V/D is the fundamental solution to the Pell’s equation
2 2
u® — Dv° = 1.

2) In the paper [189] it is studied the equation m* — n* = py?, where p > 3is a

prime, and then the equations x* +6px2y? 4+ p2y* = 72, ¢c; (x* +6px2y? + p?y*) +
dpdy (x3y + pxy®) = z2, for p € {3,7,11,19} and (cx, d;) is a solution to the
Pell’s equation ¢ — pd? = 1 or to the negative Pell’s equation c? — pd? = —1.

3) In the paper [190] is considered the equation x* — g* = py?3, with the following
conditions: p and ¢ are distinct primes, x is not divisible by p, p = 11 (mod 12),
g = 1 (mod 3), x is not divisible by p, p = 11 (mod 12), ¢ = 1 (mod 3),p
is a generator of the group (Z;7 -), and 2 is a cubic residue mod ¢. This equation
has been solved in the general case in the paper [121].

5.3 The Equationx? + (x + 1)> + -+ 4+ (x +n — 1)?
=y +O0+1)*+---++n+k—-1)°

In the paper [2] the relation 52 = 32 + 42 was considered as the simplest solution
in positive integers to various Diophantine equations, in particular, as the simplest
solution for the case n = 1 to

Kt (@ )2 4 (0 27 (b= 1)
=+ G+ 12+ 0422+ + v+ ) (5.3.1
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i.e., the case where the sum of n consecutive squares equals the sum of n + 1
consecutive squares. The complete set of solutions of (5.3.1) for all positive integers
n, for which n and n 4 1 are squarefree, was given in [2] and [4].

The relation 52 = 32 + 42 may also be considered as the simplest solution in
positive integers for the case k = 2 of the sum of k consecutive squares is a perfect
square. This problem is treated in [5].

In this section, we consider the equation (5.3.1) as the special case for k = 1 of

P+ (x+ 1P+ (274 (x+n—1)°
=y 4+ G+1)2+00+2)°+ -+ +n+k—1) (5.3.2)
i.e., the case where the sum of n consecutive squares equals the sum of n + &
consecutive squares, and present results for £k > 2. We will use the approach in [3].

Theorem 5.3.1. The equation (5.3.2) is not solvable for k = 3,4, or 5 (mod 8).

Proof. The sum S of squares of n consecutive integers, modulo 4, is listed in the
table:

n 1 2 3 4 5 6 7 8
S (mod4)0orl1lor2220r3300r30

Clearly, beginning with n = 9, the row for S (mod 4) must repeat itself and
continue to do so with the length of the period equal to 8. Now, if the sum of n
consecutive squares is to equal the sum of n + 3 consecutive squares, there must
be, for some n, a number in the S-row which also appears in the S-row for n + 3.
This, however, is not the case for any value of n. Since the column of entries in the
S-row repeats with period 8, the same is true for any value of k = 3 (mod 8). The
same argument can be used to prove the nonexistence of solutions for k = 4 or 5
(mod 8). O

Theorem 5.3.2. The equation (5.3.2) is not solvable for k = 7,11,16, or 20
(mod 27).

Proof. Using the formula for the sum of the first n squares, (5.3.2) can be
rewritten as

nx® 4+ n(n—Dx+n(n—1)(2n —1)/6
=n+ky’ +(n+k)n+k—1)y+n+k)(n+k—1)(2n+2k—1)/6

or

n2x+n—12=n+k)Q2y+n+k—1)>+kn® +kn+k(k* —1)/3.  (53.3)



120 5 Equations Reducible to Pell’s Type Equations

Letting
z=2x+n—1 and w=2y+n+k—1,
we can rewrite (5.3.3) as
nz> = (n+ k)w? + kn® + k2n + k(k* — 1)/3. (5.3.4)

Considering first the case where k = (mod 27), we substitute into (5.3.4) k =
27\ 4 7 and obtain

nz? = (n+ 2T+ 1)w? + 27T\ + 1)n® + (27T +7)n
+ (27A + 7)(243)\% + 126\ + 16). (5.3.5)

Ifn =0 (mod 3), the left-hand side is congruent to 0, modulo 3, while the right-
hand side is congruent to w2+ 1, modulo 3, so that w? = 2, which is a contradiction.
If n = 2 (mod 3), a contradiction is similarly obtained as the left-hand side is
congruent to 2z2, modulo 3, and the right-hand side congruent to 1, modulo 3.

Ifin (5.3.5),n =1 (mod 3), we obtain

72 =2w? (mod 3),

which is satisfies only if z = w = 0 (mod 3), so that we can set

!

z=37 and w=3w, n=3m+1,

which, when substituted into (5.3.5) yields

(3m 4 1)92"° = (3m+27TA+8)9w'*+(27A+7) (3m+1)2+(27A+7)2 (3m+1)
+(27X 4 7)(243)\% + 126\ + 16),

which immediately leads to a contradiction, since the left-hand side is congruent to
0, modulo 9, while the right-hand side is congruent to 6, modulo 9.

By substituting into (5.3.4) k = 27TA 4+ 11, k = 27\ + 16, and k = 27\ + 20, and
using the procedure shown above for k = 27\ 4 7, we can similarly show that there
are no solutions for (5.3.2) if k = 11, 16, or 20 (mod 27). O

We now turn to the question of finding values of k for which solutions to (5.3.2)
exist. Such solutions can be obtained either by an analysis of (5.3.4) which is
equivalent to (5.3.2) or by programming a computer to find solutions directly from
(5.3.2). Using both methods, all values of k£ < 100, not excluded by Theorems 5.3.1
and 5.3.2, were considered and solutions found for the values of k indicated in the
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following table. In each case, we also list a solution for the indicated value of n and
give x and y, as defined by (5.3.2).

k n b y |k n x y |k n X y

6 5 28 15 (39 2 25169 5539 |64 16 740 294
8 3 137 67 |40 5 378 104 |71 2 378 23
9 3 23 6 (4111 1551 690 |72 10 163 13

10 5 25 8 (4225 77 18 (7373 217 102
15 2 2743 933 |46 1 3854 539 |78 5 754 143
1717 33 11 (48 2 2603 496 |7979 312 166
183 127 38 |49 2 210 14 |80 3 2196 376
2211 38 7 |50 3 243 30 (81 3 1257 195
23 2 8453 2379 (5439 160 67 |8643 188 51
24 2 24346 6740 |55 55 128 51 |87 2 510565 76493
2525 123 70 |56 14 151 33 |8989 227 97
26 3 1417 442 |5719 183 56 |90 3 3521 586
31 4 196 49 |58 11 36927 14712|94 33 608 253
32 3 239723 70167(62 25 5316 2813 |95 2 716 51
3311 313 137 |63 2 236 5 |96 1 679 15

Thus the first entry in the table means that
28% + 297 + 302 + 312 + 32% = 15% + 16? + - .- + 257,

In the table above, no attempt was made to list for each given value of k the
smallest value of n for which there exists a solution, since, as is evident from an
inspection of the table, small values of n are frequently associated with very large
values of x and y.

For each pair of values (k,n) for which a solution is given in the above table,
infinitely many additional solutions can be obtained as follows.

Letting

k(k? — 1)
3

kn® + k°n + =A

equation (5.3.4) can be rewritten as nz> — (n + k)w? = A or, multiplying both sides
by n,
u?> —Dw? =N, (5.3.6)

where u = nz, D = n(n+ k), N = nA.
Now if (h,, k) is the general solution of Pell’s equation

W —-Dk*=1 (5.3.7)
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and (uq,w1) is any solution to the general Pell’s equation (5.3.6), then
Uy = urh, + Dwik,, wp, = uik, Twih,, m>0 (5.3.8)

are solutions to the equation (5.3.6). For details we refer to Section 4.3.

On the other hand, equations (5.3.8) do not necessarily give all solutions for a
given pair of values (k, n). Indeed, any attempt to find all solutions for given n and
k is bound to lead to presently unsurmountable difficulties as complete solutions
of (5.3.6) are available only for n < /D, and this condition will generally not be
satisfied for k > 1 (see Section 4.3.4).

While in the case k = 1 (see [4] and [5]) it was shown that solutions exist for
all values of n, for which n and n 4 1 are squarefree, it can easily be shown that
for k > 1, even if there exists a solution for some rn, there may be none for others.
Thus, for example, it can be shown that for k = 6, solutions can exist only if n = 1
or 5 (mod 6). Such facts can be established by arguments similar to those used in
the proof of Theorem 5.3.1, making use of the facts that the sequence of values of
S (mod 4) in the table of that proof has period 8 and that, if a similar table were
constructed for the sequence of values of S (mod 3), it would have period 9.

It is of interest to note that Theorems 5.3.1 and 5.3.2, together with the table of
solutions of equation (5.3.2) for k¥ < 100, presented above, answers for all but 6
values of k the question as to whether or not a solution of (5.3.2) exists for values of
k < 100. These 6 values are k = 2, 14, 30, 66, 82, 98. No general method for proving
the existence or nonexistence of solutions in individual cases seems to suggest itself.
To illustrate typical proofs, we show below the ones for the case k = 2, where the
knowledge of the Jacobi symbol is involved leads to a solution, and k = 14, where
an analysis of the highest power of 2 dividing the constant term of (5.3.4) solves the
problem.

Theorem 5.3.3. The equation (5.3.2) is not solvable for k = 2.

Proof. The sum S of the squares of n consecutive integers, modulo 12, is listed in
the following table.

S (mod 12)
0,1,4, or 9
lorb
2o0rb
2o0r6
3,6,7, or 10
7

4,7,8, or 11
Oor8
Oor9
lor9
1,2,5, or 10
2

© 00 J O Uk W N~ S

I
N = O
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Obviously, for 13 < n < 24, the values of S (mod 12) are those of the above
table increased by 2, while those for 25 < n < 36 are those of the above table
increased by 4, etc. From this, it is immediately seen that all values of n except
n=>5or 1l (mod 12) cannot give solutions.

Now substituting n = 12m + 5 into (5.3.4) yields

(12m + 5)z% = (12m + T)w? + 72(2m + 1),
so that
—272 =72(2m +1)? (mod 12m + 7)
or
22 = —36(2m 4+ 1)? (mod 12m + 7),
which means that the Jacobi symbol (—1/12m + 7) must have the value +1, which
is a contradiction.

An entirely similar analysis for the case n = 12m + 11 leads to another
contradiction. O

Theorem 5.3.4. The equation (5.3.2) is not solvable for k = 14.

Proof. By simple congruence analysis we find that all values of n except n = 1
(mod 4) can be excluded. Now substituting n = 4m + 1 into (5.3.4) yields

(4m +1)z% = (4m + 15)w? + 14(4m + 1)* + 196(4m + 1) + 910. (5.3.9)
Considering the above equation, modulo 4, we obtain 72 = 3w? (mod 4), which

shows that z and w must both be even.
Now, if m is even, then (5.3.9) can be rewritten by letting m = 2m’ as

(8m + 1)22 = (8m’ + 15)w? + 224(4m’> + 8m’ + 5).

Since letting z = 27/, w = 2w’ leads exactly as shown above to the conclusion
that z’ and w’ must be even, we let z = 47’ and w = 4w’ and divide by 16 to obtain

(8m' + 1) = (8m' + 15)w'> + 14(4m’> + 8m’ + 5).
Considering this equation modulo 8, we obtain
12

=W’ +6 (mod 8),

which is a contradiction, since the left-hand side is congruent to 0,1, or 4 (mod 8),
while the right-hand side is congruent to 2,5, or 6 (mod 8).
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oW m 18 0dd, then (5.3.9) can be rewritten etting m = 2m’ + 1 as
N is odd, then (5.3.9) b itten by letting 2m' +1
(8m' +5)7° = (8m’ + 19)w' + 448(2m’> + 6m’ + 5)
or, diving both sides by 64 and letting w = 8w/, z = 87/, as
(8m' +5)7° = (8m + 19w + 7(2m"> + 6m’ +5).
Considering this equation modulo 4, we obtain
Z* =3w? +3 (mod 4),

which again is a contradiction. O

54 The Equationx?+2(x+1)2+..-4+n(x+n—1)2 =y?
In this section, following [229], we will discuss the equation

A2+ 1) 4+ n—1)2 =y? (5.4.1)
determining the values of n for which it has finitely or infinitely many positive
integer solutions (x, y).
Theorem 5.4.1. For each n > 2 the equation (5.4.1) is solvable and it has infinitely

+1)

many solutions unless is a perfect square.

Proof. The equation (5.4.1) can be written immediately into the form

e

The substitutions

nn+1)
2 )

3
u=3x+2n-1), U:%

k =
along with the observation

(n—Dnn+1)(n+2)
4

=k(k—1)
reduce (5.4.2) to the general Pell’s equation

w—k?’=1—k (5.4.3)
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For all positive integral values of k, the equation (5.4.3) admits the solution uy =
2n + 1, vg = 3, corresponding to the solution x = 1, y = k of (5.4.1) which is the
familiar formula for the sum of the first n cubes. Thus (5.4.1) has always at least one

solution.
(n+1)
2

n . .
Now, let k = be a nonsquare. In this case the Pell’s equation

U? —kv? =1 (5.4.4)

has the solutions (U, Vin)m>0 given in Sections 3.2, 3.3, 3.4.
By using the theory of general Pell’s equation developed in Chapter 4, it follows
that if (ug, vo) is a solution of (5.4.3), then

uy, = ugU, + kvgVy, vy = voU, +ugVy,, m=0,1,... (54.5)

are solutions to (5.4.3).
These will give solutions to (5.4.1) in all cases where

Up +2 —2n kv,
X = 3 and y= 3 (5.4.6)
are integers. We proceed to examine these.

Ifn=1 (mod 3),thenk = 1, ug = 0, vg = 0 (mod 3), and each u,,, v,, given
in (5.4.5) will satisfy u,, = 0, v,, = 0 (mod 3), which imply that x and y in (5.4.6)
are integers.

Ifn = 2 (mod 3),then k = 0, uyp = 2, v9 = 0, U3 = 1 (mod 3) hence
Up = 1or2 (mod 3).For Uy =1 (mod 3) the relations (5.4.5) show that u,,, = 2,
Uy +2 —2n = 0, kv, = 0 (mod 3), hence x and y in (5.4.6) are integers. For
Up = 2 (mod 3) we have u,, = 1 (mod 3), and x is not an integer. However, in
this case, from (5.4.5), uy11 = 2 (mod 3) so that the corresponding x and y are
integers.

Analogous study of the case n = 0 (mod 3) gives a similar result. Hence, in all
cases, at least alternate members of the infinite sequence of solutions to (5.4.3) give
integral values of x, y which satisfy the equation (5.4.1). a

Remark. One may determine explicitly (see [15]) the integers n for which k =
nn+1)
2
n(n + 1) = 2s? or, equivalently, (2n + 1) — 8s% = 1. The last Pell’s equation has

solutions (2n; + 1, 5;);>1, where

is a perfect square. This reduces to finding the solutions to the equations

N

o+ 1= {(3+ x/é)l + (3 - \/é)l] . (5.4.7)



126 5 Equations Reducible to Pell’s Type Equations

From (5.4.7) it follows that all positive integers n with the above property are
given by

2

I I
(v2+1) ;(ﬂ_l)] if 7is odd
n = (5.4.8)
I 172
2 (1 + \/5)2\_/5(1 — \/5) 1 if [ is even

5.5 The Equation (x + a)(y? + b) = F?(x,y,z)
In this section we study the general class of Diophantine equations
(* +a)(y* +b) = F*(x,y,2) (5.5.1)

where F : Z, X Zy X Z — Z* is a given function and a, b are nonzero integers
satisfying |al, || < 4.

It is clear that if only one of x* +a or y + b is a perfect square, then the equation
(5.5.1) is not solvable. In the given hypothesis, x? + a and y? + b are simultaneously
nonzero perfect squares only if |a| = 3 and |b| = 3 in which situation (x,y) is one
of the pairs (1,1), (1,2), (2,1), (2,2). For these pairs we must have

F(1,1,z) =44, F(1,2,2) =+2, F(2,1,z) =+2, F(2,2,z) = +1.
(5.5.2)

It remains to find z from the corresponding equations in (5.5.2), a problem that is
strictly dependent upon the function F.

In order to have a unitary presentation of our general method, we may assume
thatx > 3andy > 3.

From the above considerations we may assume that none of x? + a and y? + b is
a perfect square. From (5.5.1) it follows that x?> + a = du® and y? + b = dv? for
some positive integers d, u, v. The last two equations can be written as

X —du?=—a and y? —dv?=—b (5.5.3)

which are general Pell’s equations of the form X2 — dY? = N, where |N| < 4.
Define the set

P(a,b) ={d € Z : disnonsquare > 2 and (5.5.3) are solvable} (5.5.4)

and for any d in P(a, b) consider the general solutions (x(d), u(d)) and (y(d), v(d))
to the equations (5.5.3) (see Chapter 4 for details).
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We have x%(d) + a = du®(d) and y?(d) + b = dv?(d) hence
F(x(d),y(d),z) = £du(d)v(d). (5.5.5)
Denote by Z, the set of all integers z satisfying the equation (5.5.5).
The solutions to the equation (5.5.1) are (x(d),y(d),z), where d € P(a,b) and

7€ Z,.
To illustrate this method let us consider the following concrete examples.

5.5.1 The Equation x> +y?® +7z2 + 2xyz = 1

In the book [25] the above equation is solved in integers. Indeed, it is equivalent to
(@ =10* ~1) = (v +2)?% (5.5.6)

an equation of the form (5.5.1), where a = b = —1 and F(x,y,z) = xy + z.
In this case P(—1,—1) = {d > 0 : d nonsquare}, as we have seen in Chapter 3.
Let (s;(d), t;(d)) >0 be the general solution to Pell’s equation s? — df> = 1. From
the general method, it follows that the integral solutions to the given equation are

(£sm(d), £5,(d), —sm(d)sn(d) £ dt,,(d)1,(d)), (5.5.7)
forallm,n > 0andd € P(—1,-1).
Using either of relations (3.2.2), (3.2.5), or (3.2.6), one can prove the following

equalities

Sm(d)su(d) + dtyy(d)ty(d) = Spin(d), myn>0
sm(d)sp(d) — dtp(d)t,(d) = sp—n(d), m>n>0.

The triples (5.5.7) become

= (5.5.8)
n

H
%)
=
S
H
.S
=
|
)

3

|

pay
=

3 3
IV

IV
=

where the signs + and — correspond.

Given the symmetry of the equation in x, y, z, in order to obtain all of its solutions,
we need to also consider the triples obtained from (5.5.8) by cyclic permutations.
We mention that the solutions found in [216] are not complete.

Remark. The equation

Py +2+2ayz=1 (5.5.9)
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has an interesting history. Its geometric interpretation has been pointed out in [30],
where it is shown that it reduces to finding all triangles whose angles have rational
cosines.

The general solution in rational numbers of this equation is given [33]:

_192—|—c2—a2 a’+c?—b? a’ +b%—¢?

X

e 2ac 2ab

In the paper [167] it is noted that apart from the trivial solutions (+1,0,0),
(0,+1,0), (0,0,=+1), all integral solutions to the equation (5.5.9) are given by the
following rule: if p, g, r are any integers with greatest common divisor 1 such that
one of them is equal to the sum of the other two and if # > 1 is any integer, then

x = *ch(pd), y=+ch(gh), z= tch(rf)

where § = In (u +Vu? — 1) and u > 1 is an arbitrary integer.
In the papers [148, 149] it is studied the more general Diophantine equation

¥4y P+ 22+ 29z = n. (5.5.10)

It is proved that this equation has no solutions in integers if n = 3 (mod 4),
n=6 (mod 8),n==+3 (mod 9),n =1 — 4k? with k # 0 (mod 4) and k has no
prime factors of the form 4j+ 3, or n = 1 —3k? with (k,4) = 2, (k,3) = 1 and k has
no prime factors of the form 3j 4 2. On the other hand, one solution to the equation
(5.5.10) implies infinitely many such solutions, except possibly when 7 is a perfect
square having no prime factors of the form 4;j + 1. Also, there are infinitely many
solutions if n = 2" and r is odd, but only the solutionx =y = 0, z = 23 and its
cyclic permutations when r is even.

5.5.2 The Equation x> + y? +z? — xyz = 4

The problem of finding all triples of positive integers (x,y,z) with the property
mentioned above appears in [7]. These triples were found by using our general
method described at the beginning of this section. Indeed, writing the equation in
the equivalent form

(= 4)(y* —4) = (xy — 22)°

we note that in (5.5.1) we have a = b = —4 and F(x,y,z) = xy — 2z. Both of
the equations (5.5.3) reduce to the special Pell’s equation s> — df?> = 4, which was
extensively discussed in Section 4.3.2. Let (s;(d), #;(d));>0 be the general solution
to the equation s? — dt? = 4 given in (4.4.2) or (4.4.5). From (5.5.5) we obtain
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1
1= i(sm(d)sn(d) + dtn(d)ty(d)) = Sm+n(d)
and
1
2 = §(Sm(d)sn(d) —dty(d)t,(d)) = S\m—nl(d)-
The general positive integral solutions to the equation x> 4 y? + z2 — xyz = 4 are
(sm(d), 30(d), Smtn(d)), myn > 0and (s,,(d), s,(d), Sp—n(d)), m>n>0

along with the corresponding permutations.

5.5.3 The Equation (x®> +1)(y> +1) = z2

In order to solve this equation in positive integers x,y,z note thata = b = 1 and
F(x,y,z) = z. The equations (5.5.3) become the negative Pell’s equation s? — dr?> =
—1. As we have seen in Section 3.6 the set P(1, 1) is far from easy to describe. The
general solution of this equation is

(Sma Sny dtmtn) )

where m,n > 0 andd € P(1,1).
In a similar way one can solve the equations in (k + 1) variables:

(D)2 +1)...(xF£1) =) (5.5.11)

for any choice of the signs + and —.

5.5.4 The Equation (x* — 1)(y%> — 1) = (z2 — 1)?

The problem of finding all solutions in positive integers to the equation
P -1)0*-1)= (1) (5.5.12)

is still open [82]. Partial results concerning this equation were published in [120,
222, 227], and [228].

In what follows we will describe the set of solutions to the equation (5.5.12). Our
description will show the complexity of the problem of finding all of its solutions.
The equation (5.5.12) is of the type (5.5.1), where a = b = —1 and F(x,y,z) =
72 — 1. By using the general method presented at the beginning of this section,
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we can describe the set of solutions to (5.5.12) in the following way: Fix a nonsquare
d > 2 and consider the Pell’s equation s2 — dr?2 = 1. Tt is clear that the solutions to
(5.5.12) are of the form (S, Sn, Zm,n)mn>0, Where (s, tx)k>o is the general solution
to the above Pell’s equation, z,, , = /1 + dt,ut,, m,n > 0 and 1 + di,,t, is a perfect
square.

Let

Ca = {(SmsSns2mn) © 1+ dtnty is a square, m,n > 0}.

The set of all solutions to (5.5.12) is

c=J ¢

d>2
VagQ

Note that for all nonsquare d > 2, C; contains the infinite family of solutions
(Smy Smy Sm), m > 0, but this is far from determining all elements in C,.

5.6 Other Equations with Infinitely Many Solutions

5.6.1 The Equation x*> + axy +y*> =1

In the book [26] we determine all integers a for which the equation
2 2 _
X Faxy+y =1 (5.6.1)

has infinitely many integer solutions (x,y). In case of solvability, we find all such
solutions. Clearly, (5.6.1) is a special case of the general equation (4.8.1).

Theorem 5.6.1. The equation (5.6.1) has infinitely many integer solutions if and
only if |a] > 2.

Ifa = =2, the solutions are (m,m+1), (m+1,m), (—m,—m—1), (—m—1,—m),
m € Z.

If a = 2, the solutions are (—m,m+1), (m+1,—m), (m,—m—1), (—m—1,m),
m € Z.

If la| > 2, the solutions are

(_Un» Un+1>7 (Um _U11+1)7 (_Un+1; Un)7 (’UnJrla _Un)7 (562)
where
1 DR n _ DR n
v, = atva (YR a0 (5.63)
a?—4 2 2
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Proof. Rewrite the given equation in the form
(2x 4+ ay)? — (a* — 4)y* = 4. (5.6.4)

If |a| < 2, then the curve described by (5.6.4) is an ellipse, and so only finitely
many integer solutions occur.

If |a| = 2 then the equation (5.6.1) has infinitely many solutions, since it can be
written as (x £y)? = 1.

If |a| > 2, then a® — 4 is not perfect square. In this case we have a special Pell’s
equation of the form

u? — (a® — 4)? = 4. (5.6.5)

This type of equations was extensively studied in Section 4.3.2.
Note that a nontrivial solution to (5.6.5) in (a, 1). Using the formula (4.4.2) we
obtain the general solution (uy, v,),>1 to (5.6.5), where

a+vaZ—1\ a—vaZ—1\
e\ ) T\ )

<a+\/a2—4>n_ (a— a2—4>n1’ > 1
2 2 -

From formulas (4.4.3) the sequences (u,),>1, (Un)n>1 satisfy the recursive
system

1

a? —4

Up =

1
Upp1 = E[aun + (a® — 4)v,]

(5.6.6)
1
Upg1 = §(un +av,), n > 1.

From (5.6.4) it follows that the nontrivial integer solutions (x,y) to the equation
(5.6.1) satisty

2x4+ay==u, and y==4v,, n>1 (5.6.7)

where the signs + and — correspond.
If 2x + ay = u, and y = v,, then from (5.6.6) it follows that

1 1
x= i(u" —av,) = i[aun,l + (a® = 4)v,_1 — au,_1 — @*v,_1] = —V,_1.
We obtain the solution (—vy, Vy41)n>1. The choice 2x + ay = —u, and y =
—uv, yield the solution (v, —v,+1)a>1 Which in fact reflects the symmetry (x,y) —
(—x, —y) of (5.6.1).
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The last two solutions in (5.6.2) follow from the symmetry (x,y) — (v, x) of the
equation (5.5.1). a

Remark. In the case a = —m, where m is a positive integer, the equation (5.6.1)
was solved in positive integers by using a complicated method involving planar
transformations in [31, pp. 70-73].

X241,
5.6.2 The Equation ——— =a“ + 1
y*+1

We will prove that if a is any fixed positive integer, then there exist infinitely many
pairs of positive integers (x,y) such that

x2 41

This means that the set {J,, = m? +1: m = 1,2,...} contains infinitely many
pairs (Jy, Jy) such that J, = J,J,.
The equation (5.6.8) is equivalent to the general Pell’s equation

¥ — (a® +1)y* = d* (5.6.9)

We notice that equation (5.6.9) has particular solutions (a*> — a + 1,a — 1) and
(a®> +a+ 1,a + 1). Let (ty, vy)n>0 be the general solution of its Pell’s resolvent
u? — (a® + 1)v? = 1. The fundamental solution to the Pell’s resolvent equation is
(ur,v1) = (2a® + 1, 2a).

Following (4.1.3), we construct the sequences of solutions (x,y,),>0 and
(x),, ¥n)n>0 to the equation (5.6.8):

X = (a® —a+ Du, + (a—1)(a® + 1)v, (5.6.10)

3o = (@ — Dy + (a2 —a + 1)v, B
and

/ 2 2

p = (@ +at D + (a+ 1)+ Do, (5.6.11)

= (a+1)un+(a +a+1>vn

We will show now that for all a > 3 the solutions (X, Y )n>0, (X}, ¥},)n>0 are all
distinct. In this respect, following the criterion given in Section 4.1 it suffices to see
that at least one of the numbers

' wWd Iy
XX yy and X Xy
N N
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is not an integer. Here (x,y) and (x',y’) are solutions to the general Pell’s equation
X2 — dY? = N. Indeed,

o —yy'd _ (a*—a+1)(@®+a+1)—(a—1)(a+1)(a®+1)

N a?
_ a4+a2+ai_"4+1 =1+a£2 ¢ 7.
Remarks. 1) The equation
FHDO*P+1)=+1 (5.6.12)

was known even to Diophantus. It was him who pointed out the solutions
(k,0,k), (k,k & 1,k* £+ k + 1), where k is a positive integer and the signs +
and — correspond.

The problem of finding all solutions to (5.6.12) in positive integers appears in
[173]. Unfortunately, the solution presented there was incorrect.

2) Itisclear thatif y = x + 1, then (x> + 1)(»? +1) = (X2 + 1)(x2 + 2x + 2) =
(x? +x + 1) + 1, hence the equation (5.6.12) has infinitely solutions (x, y, z),
where x and y are consecutive positive integers.

In the case when x is fixed, the problem of finding infinitely many y and
z satisfying (5.6.12) also appears in [205] and it is solved by using a suitable
negative Pell’s equation.

3) A weaker version of the same problem appears in [89] as follows: the sequence
of numbers J; = 2+ 1,1 = 1,2,... contains an infinity of composite numbers
Jy = Jn - J. In fact, in the mentioned reference, for an arbitrary fixed m, only
three pairs of corresponding n, N are found:

sz—m-&-l =Jn Im-1, J1112+m+1 =Jm - Imt1 and 121112+m =Jm - Jomz.

4) The equation (5.6.8) is completely solved in rational numbers in [50]. Its general
solution is given by

x = f(a)
_ 2r(a)
y=a—1+ r?(a) +1 r2(a)+1f(a)’
where
Fla) = —a+ (@® 4+ 1)(r(a) £ 1)2

r?(a) + 2ar(a) — 1

and r(a) is any rational function of a.
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5) A slightly modified equation is given by

2
1
;—71 — 2 (5.6.13)

This equation can be solved completely [139]. Indeed, it is equivalent to
¥ - -1DF=1
It is not difficult to see that (y, 1) is the fundamental solution to this equation

and that all solutions are given by (x,,y,z.),>0, Where y is any integer greater
than 1 and

w5 [+ vo=1) "+ (- V)]

in =

s [ v - )]

6) Another equation related to (5.6.12) is

x?+1
Erwie 2. (5.6.14)

This equation can be solved completely as well. We write it under the form
= (D=1,

a negative Pell’s equation with minimal solution (y, 1). Using formulas (3.6.3)
we obtain the general solution (x,, Z,)n>0,

- [(HW)W (- m)?"“}

= ! [(er \/yT)Zn+1 ( W)W}

+

All solutions to (5.6.14) are given by (x,,y,zs)s>0, Where y is any positive
integer.
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5.6.3 The Equation (x +y +2)? = xyz

Generally, integer solutions to equations of three or more variables are given in
various parametric forms. In this section we will construct different families of
infinite nonzero integer solutions to the equation:

(x+y+2)?%=xyz (5.6.15)

Following our paper [8] we will indicate a general method of generating such
families of solutions. We start by performing the transformations

u-+v u—uv

5 ta y=—F—+a z=b (5.6.16)

X =

where a and b are nonzero integer parameters that will be determined in a convenient
manner. The equation becomes

b
(u+2a+b)? = 1(142 — v?) + abu + a*b.

Imposing the conditions 2(2a + b) = ab and b(b — 4) > 0 yields the general
Pell’s equation

(b — 4)u* — bv* = 4[(2a + b)? — a*b]. (5.6.17)

The imposed conditions are equivalent to (a — 2)(b — 4) = 8,and b < O or b > 4.
A simple case analysis shows that the only pairs of integers (a, b) satisfying them
are: (1,—4), (3,12), (4,8), (6,6), (10, 5).

The following table contains the general Pell’s equations (5.6.17) corresponding
to the above pairs (a, b), their Pell’s resolvents, both equations with their fundamen-
tal solutions.

(a,b) |General Pell’s equation (5.6.17)|Pell’s resolvent and its
and its fundamental solution | fundamental solution
(1,—4) 2u? —v? = =8, (2,4) rr—2s=1, (3,2)
(3,12) | 2u? — 30v? =216, (18,12) | r* — 65> =1, (5,2)
(4,8) u? — 2v% =128, (16,8) r?—2s=1, (3,2)
(6,6) u? — 3v? = 216, (18,6) rr—3s2=1, (2,1)
(10,5) u? — 5v% = 500, (25,5) r? — 552 =1, (9,4)

By using the formula (4.5.2) we obtain the following sequences of solutions to
the equations (5.6.17):

u,(nl) = 2r,(n1) + 4s,(n1), v,sql) = 4r,(n1) + 4s,(nl)
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where r + s,(nl)\[ 3+ Qﬁ)m, m > 0;

u?) =18r2) + 3655, 0P =12r) + 365

where 7 + s v/6 = (5 +2v/6)", m > 0;
u,(,,?’) = 16r,(n3) + 16sfn3)7 Ur(ng) = 8rr(n3) + 165,(713)

where r,(,,) —i—s,(,f’)\/? =3+ 2\/5)’”, m > 0;

ul® =18, 4 185

m

@ = 6 + 185

where rm (4)\[ 2+ \/g)'"7 m>0

ul = 2575 4 2550 ) = 5,05) 4 954(5)

where r(s) + s,(ns)\/g =(9+ 4\/5)’”, m > 0.
Formulas (5.6.16) yield the following five families of nonzero integer solutions
to the equation (5.6.15):

XD = 3r,(,,1) —|—4s,(nl) +1, y,(nl) = —r,(nl) +1, z,(nl) =—4, m>0

X =15r2 1365 +3, yP =32 13 PD=12, m>0
x,(n?’) = 12r(3) + 16s(3) +4, y,(n?’) = 4r,§13) + 4, z,(,,?’) =8 m=>0
B =127 1185 16, ¥y =6rP 46, V=6, m>0
9 =1570) 4255 10, yP =10/ 410, P =5 m>0.
Remark. In the recent paper [78] the following approach to generates solutions to

the equation (5.6.15) is indicated. Taking z = kx—y, for some integer k, our equation
is equivalent to y? — kxy + x(k + 1) = 0, which is a quadratic equation in y, hence

1
_ = 2,2 _ 2
y—2(kxj:\/kx 4(k+1) x).

Now, let k2x2 — 4(k + 1)2x = a2, for some integer a. Treat this relation as a
quadratic equation in x, we have

=2(k+1)% + /4(k+ 1)* + k2a2.
Again, consider 4(k + 1)* + k?a® = b?, for some integer b. Considering the last

equation as (2(k+1)?)?+ (ka)? = b?, which is a Pythagorean, we get the following
two possible situations
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b=u?®+0? b= u®+v?
ka=u?>—v* and ka = 2uv
(k+1)? = uv 2(k + 1) = u? — v?

where u,v € Z. Therefore, in order to generate solutions to equation (5.6.15), we
2 2

start with two integers u, v such that uv or is a perfect square (k + 1)2.

sz’l)z

k

2
Then, we find a = ora= % and b = u? + v2. Finally, we obtain

1
x=2(k+1)%+b, yzi(kx:lza), z=kx—y.

Clearly, every pair (u,v) generates at most two values of k for each system
considered above. Let us illustrate the method by the following special situation.

3 5
Example. Let ka = i(k +1)%4 b = i(k + 1), be the special solutions to the

equation (2(k + 1)?)? + (ka)®> = b>. Then we obtain from families (x,y) the
solutions:

(9(k+1)2 6(k+1)2>’ (9(k+1)2 3(k+1)2>’

2k2 7 k 2k2 7 k
(k1) (k+1)? (k1) 2(k+1)?
2k 7k ’ 2k2 k ’
In order to get integer solutions, the only possibilities are k = —3, —1, 1, 3, giving

the solutions (0,0,0), (18,12,6), (8,16,8), (—2,2 — 4), (-2, -8, 6).

5.6.4 The Equation (x +y +z + t)? = xyzt

Using the method described in Section 5.6.3 we will generate nine infinite families
of positive integer solutions to the equation

(x+y+z+10)*=xyzt. (5.6.18)

We will follow the paper [9].
The transformations

"‘;”+a, y:u;U—l—a, i=b, t=c (5.6.19)

where a, b, ¢ are positive integers, bring the equation (5.6.18) to the form

b
(u+2a+b+c) = Zc(u2 — v?) + abcu + a*be.
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Setting the conditions 2(2a + b + ¢) = abc and bc > 4, we obtain the following
general Pell’s equation

(bc — 4)u® — bev® = 4[(2a + b + ¢)? — a®bc). (5.6.20)

There are nine triples (a, b, ¢) up to permutations satisfying the above conditions:
(1,6,4), (1,10,3), (2,2,6), (3.4,2), (3,14,1), (5,2,3), (4,1,9), (7,1,6), (12,1,5).

The following table contains the general Pell’s equations (5.6.20) corresponding
to the above triples (a,b,c), their Pell’s resolvent, both equations with their
fundamental solutions.

(a,b,c) |General Pell’s equation (5.6.20) Pell’s resolvent

and its fundamental solution |and its fundamental solution
(1,6,4) | 5u® — 6v2 =120, (12,10) 2 —30s% =1, (11,2)
(1,10, 3)| 13u® — 1502 = 390, (15,13) | > —195s> =1, (14,1)
(2,2,6) 2u® — 3v% = 96, (12,8) r?—6s>=1, (52)
(3,4,2) u? — 20% =172, (12,6) 2 —2s2 =1, (3,2)
(3,14,1)| 5u® — 7v? =630, (21,15) r? —35s2 =1, (6,1)

(4,1,9) | 5u® —9v? =720, (42,30) | r? — 4552 =1, (161,24)
(5,2,3) u? — 3v? = 150, (15,5) r?—3s=1, (2,1)
(7,1,6) u? — 30?2 =294, (21,7) r?—3s2=1, (2,1)
(12,1,5)|  u® —5v? = 720, (30,6) r? — 552 =1, (9,4)

By using the formula (4.4.2) we obtain the following sequences of solutions to
equations (5.6.20):

ulD =12rH + 605, o =10rY + 605V,
where i + 540 /30 = (11 +2v/30)", m > 0
u® =15, £ 19552 @ =13, 4 19552
where i) + 532 /195 = (14 +/195)", m > 0;
u,(n3) = 12r,§13) + 24s,(,,3), v,gf’) = 8;’,(,,3) + 24s,§13),
where 2 + 531/6 = (54 2v6)", m > 0;

u® =127 41250 @ = 6,8 195
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where r + s,(,14)\[ 3+ Qﬁ)m, m > 0;

u® =217 41055, o) =157 + 10552,

where ri) + s3)v/35 = (6 + v/35)", m > 0;
ul® = 42,9 427050 (© = 30-© + 21059,

where 7\ + s\ \/45 = (161 + 24y/45)", m > 0;

o =511 4 1557,

171

u,(,z) = 15r,§17) + 15s,§17),

where rm (7)\[ 2+ \/g)'"7 m>0

uy) =21r) + 21500, oY) = 7Y 4 215

m

® 4+ sOVB =24 V3)", m>0;

where 7y,
u® =30rY + 305, o =6 + 305,

where ) + 5 /5 = (94 4v/5)", m > 0.
Formulas (5.6.19) yield the following nine families of positive integers solutions
to the equation (5.6.18):

A =117 4605V 41, YD =rD 1 D¢ D_y
X2 =14r® 119552 11, Y& =211 B _q0 (D=3
X3 =10, 42458 42 YO —9,8) Lo B _9 4B _g
A0 =12, p 1o 430 Y — 3,4 L3 ) —y ) — 9
O = 18K £ 10550 +3, yO =30 13 =14 =1
x0 = 3670 1+ 24050 +4, YO =6, 43050 +4, O =1, 69
XD =107 + 155 +5, yO =50 45 D=2 =3
X8 =147 1 215® 47 YO 7, L7 B 48 ¢

D =18, £ 305 412, YO =12, p 12 D=1 D=5

Remarks. 1) In [194] only solution (xy(n7),yr(n ) , Zr(n7), t,(,f)) is found.

(6) (6) _(6) (6))

2) Note the atypical form of solution (xp, Ym s Zm " st )m>0-
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5.6.5 The Equation (x +y +z +1t)? = xyzt + 1

The equation
(x+y+z+0)?=xyzt+1 (5.6.21)

is considered in the paper [79], where the method to generate families of solutions
is similar to the one described in the previous section. Introduction of the linear
transformations

XxX=u+v+a, y=u—v+a, z=>,t=c, (5.6.22)

where a, b, ¢ are positive integers, leads (5.6.21) to the form
(bc — 4)u* — bev® = (2a+ b+ ¢)* — a*be — 1, (5.6.23)

in which bc > 4 and 2(2a+b+c) = abc. There are six triples (a, b, ¢) satisfying the
above conditions, namely (5,2,3), (7,1,6), (12,1,5), (1,10,3), (3,14,1), (4,1,9). The
following table contains the general Pell’s equations (5.6.23) corresponding to the
above triples (a, b, ¢), their Pell’s resolvent, both equations with their fundamental
solutions.

(a,b,c) |General Pell’s equation (5.6.23) Pell’s resolvent
and its fundamental solution |and its fundamental solution

(5,2,3) u? — 3% =37, (7,2) r?—3s2=1, (2,1)
(7,1,6) u? — 3v% =173, (10,3) r?—3s2=1, (2,1)
(12,1,5)| u®—5v% =179, (28,11) r2—5s2 =1, (9,4)
(1,10,3)| 13u® — 1502 =97, (7,6) r? — 19552 =1, (14,1)
(3,14,1)| 5u® — Tv? = 157, (10,7) r?—35s2=1, (6,1)
(4,1,9) | 5u® —90v% =179, (50,37) r? —45s? =1, (161,24)

In view of the formula (4.4.2), the following sequences are six families of positive
integer solutions to the corresponding general Pell’s equations (5.6.22):

ul =770 4 65D oD = 2,1 4 75
where r,(,,l) + s,(nl)\/g =(2+ V3)", m > 0.
u® =10, 95 v =342 11052,

m

where r,5,2) + s,(n2)\/§ = (24+V3)", m>0.
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u = 2873 455583 0 =117 4 285(3)

where r,(,,) —i—s,(,f’)\/g =9+ 4\/5)’”, m > 0.

@) = 6rH 4+ 915,

lTl

u,(f) = 7r,(n) + 90s,(n ),

where rm (4)\/ﬁ (14 +1/195)", m > 0.
u® =10/ 4 4950) (5 = 7,05) 4 5055)
) 4 5P)\/35 = (64 V35)", m > 0.

uiy) = 500 + 3330, o) = 37rY) + 25057,

where 1,

where 71 + 350 /5 = (161 + 72v/5)", m > 0.
Formulas (5.6.22) yield the following six families of positive integers solutions
to the equation (5.6.21):

D = 9 1360 45, 50 = 5D — o) 45, 0 =2, 4D =3
B =137 41952 17,y =7, _ 52 7D g D) —¢
() = 17,3 427 112, ) =1 /) =5

m

X =39/ £ 8353 112,y
W =13r® 1815 41,y = 4B @ g W — 0, (D =3
X =177 4 995 + 3, yO) = 37050 _ 5O L 3 6) — 14 (5 —1

(8 = 87r(® 4 5835(0) + 4, y{9) =137 4+ 835 + 4, 29 =1, 1% = 9.

m

5.6.6 The Equationx® +y3 +z2+63 =n

We will prove that if the equation
P+ 42 =n (5.6.24)

has an integral solution (a, b, ¢,d) such thata # b or ¢ # d and —(a+b)(c+d) > 0
is not a perfect square, then it has infinitely many integral solutions.
For this, let us perform the transformations:

x=X+a, y=-X+4+b, z=Y+4+c, t=-Y+d.

Then (a + b)X? + (a® — b?)X + (c + d)Y? + (c? — d*)Y = 0. The last equation
is equivalent to
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(a+b) (X+a;b)2+(c+d) <Y+C;d>2

_ (a+b)fla—b)2 . (c+d>§lc—d)2_ (5.6.25)

From the hypothesis, (5.6.25) is a general Pell’s equation:

AU? —BV? =C (5.6.26)

1
where A=a+b,B=—(c+d),C= Z[(aer)(a —b)*> + (c +d)(c — d)’] and
a—>b c—d
U:X 7’V:Y .
+ =5 + 5 )
We note that (Ug, Vo) = (a— ,C;

5 satisfies the equation (5.6.26) and

consider the Pell’s resolvent 2 — Ds?* = 1, where D = —(a + b)(c + d), with
the general solution (7, S )m>0. From the formula (4.5.2), we obtain the solutions
(Uns Vi) m>o where

It follows that

From these formulas we generate an infinite family of solutions (X, ym,
Zm tm)m>0 to the equation (5.6.24):

a—>b ?—d? +a—|—b
Xp = T — Sm
2 2 2

a—>b 2 —d? a+b
= — Tm + Sm +
yﬂl 2 m 2 m 2

(5.6.27)
c—d a® — b? c+d

Zm = Tm

2 5 Smt 5

c—d a2 — b? +C+d
S, .
2 2 " 2
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Remarks. 1) The main idea of the approach described above comes from [150] and
all computations are given in [10].

2) A special case of equation (5.6.24) appears in the book [24]: Prove that the
equation

Py B34+ =1999

has infinitely many integral solutions (1999 Bulgarian Mathematical Olym-
piad). In this case, one simple solution to the given equation is (a,b,c,d) =
(10,10, —1,0). By using formulas (5.6.27), we obtain the following infinite
family of solutions:

( i) = (=S 410, S50+ 10, == (4 1), = (5 — 1)
my YmsZmstm) = | —5%m 3y 2o0m sy = Um sy a\Um — 5
Aims Y 2 2° 2" 2 2

where r,, + 5,v/20 = (9 + 24/20)™, m > 0. It is not difficult to see that the
integers r,, are all odd and that s,, are all even.
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