Chapter 4
General Pell’s Equation

This chapter gives the general theory and useful algorithms to find positive integer
solutions (x,y) to general Pell’s equation (4.1.1), where D is a nonsquare positive
integer, and N a nonzero integer. There are five good methods for solving the general
Pell’s equation:

1. The Lagrange—Matthews—Mollin (LMM) method;

2. Brute-force search (which is good only if |N| is small and the minimal positive
solution to Pell’s resolvent is small);

. Use of quadratic rings;

. The cyclic method;

5. Lagrange’s system of reductions.

W

Of these five, we will present only the first three, with two versions for the third
one. These two last algorithms are comparable in terms of effectiveness. For the
cyclic method see [67] and for the Lagrange’s system of reductions see [52] or [142].

4.1 General Theory

In a memoir of 1768, Lagrange gave a recursive method for solving the equation
x> =Dy’ =N 4.1.1)

with ged(x,y) = 1, where D > 1 is not a perfect square and N # 0, thereby
reducing the problem to the situation where |N| < /D, in which case the positive
solutions (x,y) are found among the pairs (p,, g,), with p,/g, a convergent of the
simple continued fraction for v/D.

It does not seem to be widely known that Lagrange also gave another algorithm
in a memoir of 1770, which may be regarded as a generalization of the well-known
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method of solving Pell’s equation and negative Pell’s equation presented in Sec-
tion 3.3 by using the simple continued fraction for v/D (see [196]). Quadratic
Reciprocity (see [21, 185] and [179] for various applications)

In what follows we will call (4.1.1) the general Pell’s equation. First we will
present the general method of finding the solutions to this equation following the
presentation in [56, 112, 125, 126, 151] and [161].

Like in Section 3.5 we will consider the Pell’s resolvent

u? —Dv? =1. (4.1.2)

Let (u,,vn)n>0 be the general solution to the equation (4.1.2) given in The-
orem 3.2.1. Assume that equation (4.1.1) is solvable and let (x,y) be one of its
solutions. Then

(1t + vaV'D) (x + yVD) = (upx + v,yD) + (1ny + v,x)VD
and
(Upx + v,yD)? — D(upy + v,x)? = (x* = Dy*)(u? —Dv>) =N-1=N.
It follows that (x,,, y,)»>0, where
X, = xu, + Dyv, and vy, = yu, + xv, 4.1.3)

satisfies the general Pell’s equation. Hence every initial solution to (4.1.1) generates
its own family of infinitely many solutions.

This method of generating solutions is called the multiplication principle.

The main problem here is to decide whether or not two different initial solutions
generate different general solutions described above.

We say that solution (x,, y,),>0 given by (4.1.3) is associated with the solution
(4n, Un)n>0. The set of all solutions associated with each other forms a class of
solutions to (4.1.1).

Next we will show a way to decide whether the two given solutions (x,y) and
(x',y") belong to the same class or not. In fact, by using the method given in
Theorem 3.5.2 it is easy to see that the necessary and sufficient condition for these
two solutions to be associated with each other is that the numbers

xx' — Dyy' and yx' — xy’
N N

are both integers.

Let K be the class consisting of the solutions (x,, y,)a>0 defined by (4.1.3). Then
(%4, —¥n)n>0 also constitutes a class, denoted by K. The classes K and K are said
to be conjugates of each other. Conjugate classes are in general distinct, but may
sometimes coincide; in the latter case we speak of ambiguous classes.
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Among all the solutions (x,y) in a given class K we now choose a solution
(x*,¥*) in the following way: let y* be the least nonnegative value of y which occurs
in K. If K is not ambiguous, then the number x* is also uniquely determined, for the
solution (—x*,y*) belongs to the conjugate class K. If K is ambiguous, then we get
a uniquely determined x* by prescribing that x* > 0. The solution (x*, y*) defined
in this way is said to be the fundamental solution of the class.

In the fundamental solution, the number |x*| has the least value which is possible
for |x| when (x,y) belongs to K. The case x* = 0 can occur when the class is
ambiguous, and similarly for the case y* = 0.

If N = +£1, there is only one class and it is ambiguous.

Suppose now that N is positive.

Theorem 4.1.1. If (x,y) is the fundamental solution of the class K of the equation
(4.1.1) and if (uy, v1) is the fundamental solution of the Pell’s resolvent (4.1.2), then
the following inequalities hold:

0< <yt IV (4.14)
(%1
0<y< —m—=—VN. (4.1.5)
2(%1 + 1)

Proof. If inequalitiej (4.1.4) and (4.1.5) are true for a class K, they are also true for
the conjugate class K. Thus we may assume that y is positive.
It is clear that

xuy — Dyvy = xup — /(x> = N)(u? — 1) > 0. (4.1.6)

Consider the solution (xu; — Dyvy, yu; — xv1) which belongs to the same class

as (x,y). Since (x,y) is the fundamental solution of the class and since by (4.1.6)
xu1 — Dywv; is positive, we must have xu; —Dyv; > x. From this inequality it follows

that

x*(uy —1)2 > D*y?0? = (x> = N)(u? — 1)

or
uy — 1 N
>1 -
u; +1— x2
1
and finally x? < 3 (u1 + 1)N. This proves inequality (4.1.4) and it is easily seen that
(4.1.4) implies (4.1.5). ad

Suppose next that N < 0 and call (4.1.1) the general negative Pell’s equation.
With a proof similar to the one in Theorem 4.1.1 we have
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Theorem 4.1.2. If (x,y) is the fundamental solution of the class K of the general
negative Pell’s equation and if (u1,v1) is the fundamental solution of the Pell’s
resolvent (4.1.2), then the following inequalities hold:

0< yf < /=Y .17
(%1

0 < ———/|N|. 4.1.8

VS = VIV (@18

From Theorems 4.1.1 and 4.1.2 we deduce

Theorem 4.1.3. If D is a nonsquare positive integer and N is a nonzero integer, then
the equation (4.1.1) has a finite number of classes of solutions. The fundamental
solutions of all the classes can be found after a finite number of trials by means
of the inequalities (4.1.4), (4.1.5) and (4.1.7), (4.1.8). If (x*,y*) is the fundamental
solution of the class K, then all the solutions in K are given by (x,,yn)n>0, where

Xn = X"u, + Dy*vn and 'y, = y*un +x"v,
and (U, vy)n>0 represents the general solution of Pell’s resolvent including £1, if

necessary.

Remark. The upper bounds for fundamental solutions that generate the classes of
solutions of general Pell’s equation (4.1.1) found in Theorems 4.1.1 and 4.1.2 can
still be improved. In [76] it is shown that

N
0< < VEN, 0<y< %
where € = uy; + vV D.

In the private communication (L. Panaitopol, personal communication, December
2001) the following better upper bounds are mentioned

\N|u1 +N |N|u1 —N
< <3\ — <4/ —.
Oshlsy—5— 0<y=y/—55

In the above delimitations (u1, v1) denotes the fundamental solution to the Pell’s
equation (4.1.2).

We denote by k(D, N) the number of classes of solutions of the equation (4.1.1),
and by K(D, N) the set of the fundamental solutions of all classes.

Theorem 4.1.4. Let p be a prime. Then each of the general Pell’s equations

x> —Dy*=+p (4.1.9)
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has at most one solution (x,y) in which x and y satisfy the inequalities (4.1.4) and
(4.1.5), or (4.1.7) and (4.1.8), respectively, provided that x > 0.

If the equation (4.1.9) is solvable, then it has one or two solutions satisfying the
above conditions, according as the prime p divides 2D or not.

Proof. Suppose that (x,y) and (x1,y;) are two solutions of (4.1.9) satisfying the
conditions in the first part of Theorem 4.1.4. Thus the numbers x,y,x; and y; are
nonnegative.

Eliminating D between relations

x? — Dy? = +p, x?—Dy%:ip (4.1.10)

yields x2y? — x2y? = 4p(y? — y?). Thus xy; = x1y (mod p).
Furthermore, from (4.1.10) we obtain

(xx1 F Dyy1)? — D(xy1 F x1y)* = p°.

In the equation

xx1 FD 2 xXy1 Fx 2
(1 yyl) —D(yl 1y> ~1 (4.1.11)
p p

let us choose the sign such that the congruence xy; = +x;y (mod p) is satisfied.
Then the two squares on the left-hand side are integers. If xy; F x1y # 0, from
(4.1.11) we conclude that

|xy1 F x1y| > vip. (4.1.12)

On the other hand, by applying inequalities (4.1.4) and (4.1.5), or (4.1.7) and
(4.1.8), respectively, we obtain |xy; F x1y| < v1p, which is contrary to (4.1.12).
The remaining case is xy; F x1y = 0, which is obviously possible only for x = x;
and y = y;. Thus the first part of Theorem 4.1.4.

Consequently, there are at most two classes of solutions. Suppose that (x,y) and
(x, —y) are two solutions which satisfy inequalities (4.1.4) and (4.1.5), or (4.1.7)
and (4.1.8), respectively. These solutions are associated if and only if p divides the
two numbers 2xy and x> + Dy? = 2Dy? + p. Since y cannot be divisible by p, the
numbers 2x and 2D are divisible by p. But if 2D is divisible by p, then so is 2x. Thus,
the necessary and sufficient condition for (x,y) and (x, —y) to belong to the same
class is that 2D is a multiple of p. Thus proves the second part of the theorem. O

The following example illustrates how the method described in Theorem 4.1.4
can be applied.

Consider the equation x> — 2y? = 119. The fundamental solution of its Pell’s
resolvent u? — 2v% = 1 is (3,2). The following solutions of our equation satisfy
inequalities (4.1.4) and (4.1.5): (11, 1), (—11,1), (13,5), (—13,5). It is not difficult
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to show that these numbers are all fundamental solutions in different classes.
Thus the number of classes is four but only solutions (11,1) and (13,5) satisfy
Theorem 4.1.4. The form of the integer N is very important. For instance, in the
paper [174] are considered the equations x> — Dy? = +¢(23! — 1).

We will now present an example which illustrates how one can use
Theorem 4.1.4. We will now rely on the result in our paper [16]. In [37] the
following question is posed: Does the Diophantine equation

82—y =7 (4.1.13)

have infinitely many solutions in positive integers?

Recently, in the paper [114] the more general equation ax?> — by? = c is
considered. It is shown that if ab is not a square and the above equation has a positive
integer solution (xg, yg), then it has infinitely many positive integer solutions. This
property is a direct consequence of the multiplication principle. In the paper [143]

a simple criterion for solving both equations x> — Dy? = ¢ and x> — Dy?> = —cis
presented.

In what follows, we will find all solutions to the equation (4.1.13). We can write
the equation (4.1.13) in the following equivalent form: y> — 8x> = —7. This is a

special case of (4.1.9). In our case, p = 7 and p does not divide 2D = 16. Applying
Theorem 4.1.4 we deduce that the equation (4.1.13) has two classes of solutions and
these are generated by (—1,1) and (1, 1). The Pell’s resolvent u? — 8v? = 1 has the
fundamental solution (u7,v1) = (3,1) and its general solution (u,,v,),>0 is given
by (see formulas (3.2.6)):

Uy = % [(3+ \/g)n + (3 a \/g)"} (4.1.14)
=55 |6+ 8) - (3-9)]

Applying Theorem 4.1.3 it follows that all solutions to the equation (4.1.13) are
given by (X, y»)n>0 and (xJ,, y;,)»>0, where

{xn:u,,—i—vn and {xﬁlzun—vn
/
yil:un+8vn

yn = —Uy + 81}}1
and (u,, U”)nzo is defined in (4.1.14). We obtain two classes of solutions:

(x,y) = (1,1), (4,11), (23,65), (134,379), ...

and

(,y') = (2,5), (11,31), (64,181), (373,1055),...

respectively.
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Remark. We will describe now the set of rational solutions to the Pell’s equation

u? — Dv? = 1. A family of such solutions was given in Remark 4 in Section 3.2.

For fixed positive integers m and n consider the general Pell’s equation x* —

Dy? = (mn)?. Consider the set of all its integral solutions (x,y) satisfying n|x and
mly and let S, , be the set of all pairs (x—l, y—l) , where x = x1n, y = yym. The set
m’ n
of all rational solutions to x> — Dv? = 1 is then given by S = U Snn-
m,n>1
The following interesting result was proved in the paper [72].

Theorem 4.1.5. Let D = a® + (2b)?, with a,b € Z. If D is a prime, the following
hold:

1) The equation x*> — Dy? = a is solvable.
2) The equation x> — Dy* = 4b is solvable.

If D is not prime, then both 1) and 2) can fail. For instance 221 = 10% 4 112 =
52 + 142, but for a = +5 or 11 the equation x2— 221y2 = g has no solution mod
13, while for b = £5 or £7 the equation x2— 221y2 = 4b has no solution mod 17.

4.2 Solvability of General Pell’s Equation

Disregarding any time considerations, Theorem 4.1.1 may be used to determine
whether any general Pell equation is solvable or not. Following the reference
[204], let consider the general Pell equation x?> — 43y? = 35. According to
Theorem 4.1.1, if it is solvable, then any of its fundamental solutions (x,y) must

lie within the following bounds: 0 < |x| < { 35(3482 + 1)/2} = 246 and

0<wv< {532\/35/(2(3482 + 1))} = 37, where (3482, 532) is the fundamental

solution to the Pell’s resolvent u? — 43v? = 1. After checking all 9102 possible

combinations of (x,y) we see that the equation x? — 43y? = 35 is not solvable.
With regards to computational efficiency, the question of solvability for the

considered example is no match for modern computers. But, what happens when

(1 — D)IN|

N gets large? Clearly, — 00, a8 N — to00. Thus, Theorem 4.1.1,

though a nice tool, does not allow one to efficiently decide if a particular general Pell
equation is solvable. In the reference [204] is mentioned the equation x*> — 313y? =
172635965 and the fact that, using the actual computation force, we need about
69806785 years to prove the unsolvability, following the method provided by
Theorem 4.1.1. Thus, in this particular example, with N = 172635965 relatively
small, using the approach in Theorem 4.1.1 will take a considerable amount of time.
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The question of solvability of the general Pell’s equation can be formulated into
two problems:

Pell Decision Problem (PDP). Given a positive integer D > 2 which is not a
perfect square, and an integer N, is there an efficient means to decide if the equation
(4.1.1) is solvable?

In some situations PDP can be reduced to the case when D is a prime (see for
instance Theorem 3.6.2).

Pell Search Problem (PSP). Assuming that the equation (4.1.1) is solvable, can we
find all fundamental solutions in the Pell classes in a reasonable amount of time?

Notice that a general criterion for solvability is, in effect, a solution to a PDP. In
this section we address the problem of finding a general criterion for solvability of
general Pell equation and give a partial solution. Most of the tests that we develop
throughout this section are based on the reference [204] and do not rely on integer
factorization. However, a few of the implementations based on these results will rely
heavily on the efficiency of integer factorization, which is likely no more efficient
than tests based on the Pell class approach.

4.2.1 PDP and the Square Polynomial Problem

In what follows we will show that the PDP is equivalent to the problem of deciding
whether or not a particular second degree polynomial with integer coefficients has a
square integer value. In this respect we formulate the following concrete problem:

Square Polynomial Decision Problem (SPDP). Does there exist an algorithm
that, for any odd prime p and N € Z with gcd(N,p) = 1 decides if there is for
2

a‘—N .
is a

some a with N = a® (mod p) and n € Z such that pn*> — 2an +

square?
The SPDP and the PDP for specific D and N may be formulated in terms of

N
arithmetical functions. Let p be a prime, N € Z, with () = 1 and consider
P

N
the equation x> — py? = N. Since <> = 1 we have > = N (mod p) for

some positive integer a. Note that, thév Tonelli-Shanks algorithm, assuming the
Generalized Riemann Hypothesis, efficiently find an integer a such that a®> =
(mod p) (see [159, pp. 110-115]).

Following the reference [204], define the functions

a>—N

1if pn? — 2an + is a square for some

¢(p,N) =

integers n and a with a> = N (mod p)
—1 otherwise
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and

1 if x2 — py? = N is solvable
,N) = .
vip,N) { —1 otherwise.
Clearly, in the definition of ¢(p, N) we can assume that a € Z,.
Now, we have the proper terminology to prove the following result.

N

Theorem 4.2.1. Let p be an odd prime and N € 7 with () = 1. Then,
4

¥(p,N) = Lifand only if (p,N) = 1.

Proof. 1f(p,N) = 1, then we have u? — pm? = N for some integers u, m. Observe

that y> = N (mod p). To %)rove ¢(p,N) = 1 we must sh0w2that there is an integer
“ is a square. But, we have “

n such that pn? — 2un + = m?, hence we

p
choose n = 0. Therefore ¢(p,N) = 1.

Suppose ¢(p,N) = 1. That is, there are integers n,m and u € Z, such that

u> —N

u?> = N (mod p) and pn? — 2un + = m?. The last relation is equivalent

p
to (u + pn)? — pm? = N, so the pair (u + pn, m) is a solution to the general Pell’s
equation x> — py? = N. Thus, the relation 1)(p, N) = 1 holds. 0

The result in Theorem 4.2.1 proves that SPDP is equivalent to PDP.

4.2.2 The Legendre Test

The Legendre symbol and the Quadratic Reciprocity Law provide the first test for
the solvability of general Pell’s equation.

N

Theorem 4.2.2. If () = —1then ¢)(p,N) = —1, that is x* — py?> = N is not
p

solvable.

Proof. If the equation x> — py?> = N were solvable, then u?> — pv? = N for some
integers u and v. Therefore, u> — N = pov?, hence u> = N (mod p), implying

N . .
() = 1, contradicting our assumption. O
p

N M
Corollary 4.2.3. If () = 1and <> = —1, then the equation
p p

x* — py? = MN

is not solvable.
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Example 1. Consider the general Pell’s equation x> — 17y?> = —46. Using the
properties of the Legendre symbol, we have

(#)-GE)-60)-()6)
-(3)-()-0)--

hence, according to Theorem 4.2.2, the considered equation is not solvable.

4.2.3 Legendre Unsolvability Tests

This subsection uses the Quadratic Reciprocity Law and some properties of the
Legendre symbol to obtain some tests for the unsolvability of general Pell’s
equation.

Theorem 4.2.4. Let p be an odd prime and N a positive integer. If p = 3 (mod 4)
N

and () = 1, then the equation x*> — py?> = —N is not solvable.
p

Proof. 1f the equation is solvable, then we have r2— ps2 = —N, for some integers
—N

r,s. It follows > = —N (mod p), hence () = 1. Using the standard
p

properties of the Legendre symbol we get

NOREE
-G -G)6)-()-

By the Quadratic Reciprocity Law, this only happens when p = 1 (mod 4),

and

contradicting our assumption. a

Example 2. Consider the equation x*> — 11y?> = —5. Since (4,1) is a solution to
5

x? —11y? = 5, we have (11) = 1. Since 11 = 3 (mod 4), by Theorem 4.2.4, we

obtain that the considered equation is not solvable.
The next result is given in [204] and it yields a general test for the unsolvability
of a large class of general Pell’s equations.

Theorem 4.2.5. Let p be a prime, p = 3 (mod 4), and N = m?n with n square
free. If x> — py? = N is solvable, thenn =1 (mod 4).
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Proof. Suppose that n = 3 (mod 4). Since x> — py? = N is solvable, there are
u,v € Z such that u> — pv? = m?n. We shall collect the following three facts:

(i) (”) —1.
p
q

(ii) If g is a prime divisor of n with ¢ = 3 (mod 4), then | = | = —1.
p

(iii) Letr =|{q: g|n and ¢ is an odd prime and ¢ = 3 (mod 4)}|. Then r is odd.

2 2 2

Since u? — pv? = m?n, we have u?> — m*n = pv% So, X?> = N (mod p) is

2
solvable. Thus, (n) = (mn> = 1. This proves (i).
p

p
Now suppose that g is a prime divisor of n. So, n = gng for some ng € Z. Thus,
2
u? — pv? = gng and so X?> = pv? (mod p) is solvable. So, <p) = (pv) =
q q

1. By the Quadratic Reciprocity Law, we know that, since p = ¢ = 3 (mod 4),

<p) _ (q) So, — <q) = 1. This proves (ii).
q p p

Letn=¢q1...9r qry1--.q1, Where g1 = ... = g, = 3 (mod 4) and g,+1 =
... = q = 1 (mod 4). If r is even, then we may arrange these first r primes in
pairs as follows: (¢1 - g2), (¢3 - q4), - - -, (gr—1 - q,)- Then, for i even with 1 <i < r,
(gi—1-q;)) =9 =1 (mod 4). But, then n = (q1 - q2) - (g3 - q4) - .- (¢r—1 - qr) -
gr+1---q1 =1 (mod 4) contrary to assumption. This proves (iii).

Againletn = ¢1...4,qr41...q, where g1 = ... = ¢, = 3 (mod 4) and
gr41 = ... =¢q =1 (mod 4). Because r is odd, by (ii) we have

(?) (i’) = (=1)...(=1) = (-1) = —1.
(q;1>...(‘5> =1..1=1"=1.

Therefore, by (i) we obtain

L (p) _ <q1...q,i,+1...ql>
(3 (2) (5)- (@)

a contradiction. O

Also,

The result in Theorem 4.2.5, when expressed using the contrapositive, yields a
nice test for unsolvability. We state this as the following consequence.



66 4 General Pell’s Equation

Corollary 4.2.6. Let N = m?n with n square free. If p is a prime withp =n = 3
(mod 4), then the equation x> — py?> = N is not solvable.

The next consequence follows immediately.

Corollary 4.2.7. If p = N = 3 (mod 4) and M = 1 (mod 4), then the equation
x? — py? = MN is not solvable.

Example 3. Consider the equation x> — 31y? = 1008. We have 1008 = 122 .7
and 7 = 3 (mod 4). Corollary 4.2.6 allows us to conclude that the equation is not
solvable.

The next result requires that we know a prime factor > 3 of N.

Theorem 4.2.8. Let q be an odd prime divisor of N. If the equation x> — py?> = N
is solvable, then (p) =1.
q

Proof. Assume that u> —pv? = N, for some integers u, v. Because N = 0 (mod gq),
it follows u? = pv? (mod q).

2
Therefore, (‘DU> =1, hence (p) = 1. 0
q q

In the case when we can find an odd prime divisor of N, the contrapositive to
Theorem 4.2.8 provides a nice test for unsolvability.
Corollary 4.2.9. Let g be an odd prime divisor of N. If (p) = —1, then the
q
equation x> — py®> = N is not solvable.

Now, we are in position to discuss the solvability of the equation
x% — 313y? = 172635965,

considered at the beginning of this section. Because 5 is a prime divisor of
313

172635965 and =) = —1, we may use Corollary 4.2.9 to conclude the

unsolvability of the equation.

Corollary 4.2.10. Let g be an odd prime divisor of N. If p or ¢ = 1 (mod 4) and

<q> = —1, then the equation x> — py*> = N is not solvable.

p

Proof. Because p or ¢ = 1 (mod 4), we have (p) = (q) = —1, and we can
q p
use the result in Corollary 4.2.9.

Corollary 4.2.11. Let N = m?n, where n is square free. If p is a prime with p = 5
(mod 8), and n is even, then the equation x* — py?> = N is not solvable.
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N
Proof. Suppose that u?> — pv? = N, for some integers u, v. It follows <> =1,
p

n m*n . .
hence <> = () = 1. Since n is even, we have n = 2ng, ng € 7Z, and
p p
2710 2
— | = 1. Because p = 5 (mod 8), we have | — | = —1. Therefore, n has
p p

a prime factor g such that 1) = —1. But, n is square free, so ¢ must be odd.

)4
Moreover, from p = 5 (mod 8), it follows p = 1 (mod 4) and the conclusion
follows from Corollary 4.2.9. a

The following application is given in the reference [204].

Example 4. Consider the equation x> — 181y? = 1908360. We have 181 = 5
(mod 8) and 1908360 = 182 - 5890 with 5890 = 2-5-19- 31 even and square free.
Applying Corollary 4.2.11, it follows the unsolvability of the equation.

4.2.4 Modulo n Unsolvability Tests

We will describe a simple but useful way to test the unsolvability of general Pell’s
equation.

Theorem 4.2.12. If the equation x> — Dy?> = N is not solvable in Z.,, for some
positive integer n > 2, then it is not solvable in integers.

Proof. Assume that u> — Dv?2 = N for some integers u,v. The remainder upon
dividing u?> — Dv? by n will be the same as the remainder in the division of N by n.
Therefore, the equation x> — Dy? = N is solvable in Z,. Thus, by the contrapositive,
the result follows. d

Note that if the equation x> — Dy? = N is solvable in Z, for some positive integer
n > 2, then it is not necessarily the case that it is solvable in integers.

Theorem 4.2.13. Let p be a prime with p = 3 (mod 4), and N an odd integer. If
the equation x*> — py? = N is solvable, then N = 1 (mod 4).

Proof. Wehavea? =01 (mod 4), and by direct calculation, we see that x> —o0y? =
x? —3y? = 0,1, or 2 (mod 4). Therefore, if N = 3 (mod 4), the equation is not
solvable in Z,4, and, by mod 4 test, the equation is not solvable in integers. O

Using the same argument, but in Zg, we can prove the following result.

Theorem 4.2.14. Let p be a prime withp = 1,3, or 5 (mod 8), and N an integer
with N = 2 (mod 4). Then the equation x*> — py* = N is not solvable.
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4.2.5 Extended Multiplication Principle

We now give some tests for the solvability of general Pell’s equation, using an
extension of the multiplication principle discussed in Section 4.1.

Extended Multiplication Principle. If u> — Dv?> = M and r*> — Ds*> = N, then
(ur &+ Dvs)? — D(us & vr)? = MN, where the signs + and — correspond.

The above identity is also called the Bhaskara identity, according to the name of
the Hindu mathematician mentioned in Section 3.1.

We can reformulate this algebraic property as follows: If the general Pell’s
equations u?> — Dv? = M and r?> — Ds?> = N are solvable, then the equation
x? — Dy? = MN is also solvable.

As an application to the Extended Multiplication Principle, we present an
extension of the result involving the negative Pell’s equation, and contained in
Theorem 3.6.2.

Theorem 4.2.15. Let p be a prime withp = 1 (mod 4). The equation

X —py? =—N

is solvable if and only if the equation x> — py> = N is solvable.

Proof. By Theorem 3.6.2, we know that the negative Pell’s equation

u? —pvt=-1

is solvable. Now, the result directly follows from the Extended Multiplicative
Principle. a

Remark. Notice that if we can factor N, say N = Nj ...N; and show, for all i =
1,...,s, that the equation x> — Dy? = N; is solvable, then using successively the
Extended Multiplication Principle we obtain that the equation x> — Dy? = N is
solvable.

The converse of the above remark need not hold, as the next example illustrates.

Example 5. Considering the equation x> — 37y? = 192, we have 192 = 42 . 12 =
82 . 3. The equations x> — 37y? = 12 and x> — 37y? = 42 are clearly solvable,
hence according to the Extended Multiplication Principle, it follows the considered
equation is solvable. On the other hand, if we use the second factorization of 192,
we see that x> — 37y? = 3 is not solvable (apply Theorem 4.1.1 where (u1,v1) =
(73, 12). Thus, we may not conclude that the unsolvability of x> — 37y? = 3 implies
the unsolvability of x? — 37y? = 192.
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4.3 An Algorithm for Determining the Fundamental
Solutions Based on Simple Continued Fractions
(The LMM Method)

We will describe an almost forgotten algorithm due to Lagrange, for deciding the
solvability of general Pell’s equation (4.1.1), where ged(x,y) = 1 and D > 0 is
not a perfect square. In the case of solvability, the fundamental solutions are also
constructed.

The main purpose of this section is to present a version of Lagrange’s algorithm
which uses only the technique of simple continued fractions.

A related algorithm is given in [158] but each of the cases D = 2 or D = 3 and
N < 0 needs separate consideration. Also, unlike our algorithm, the approach in
[158] requires the calculation of the fundamental solution of Pell’s resolvent.

Lagrange’s algorithm has been rediscovered in [141]. The method there is more
complicated than ours, as it uses the language of ideals and semi-simple continued
fractions, in addition to that of simple continued fractions.

First we need a result which is an extension of Theorem 172 in [88].
Lemma4.3.1. Ifw = PCHR

oC+S

0>0,S>0andPS—QR==+1,0rS=0and Q =R =1, then P/Q is a
convergent to w. Moreover if Q # S > 0, then

, where ( > 1 and P,Q,R, S are integers such that

Ezpnfl""_kpn7 kZO
S qn—1 +in1

Also, ¢ + k is the (n + 1)-th complete convergent to w. Here k = 0 if Q > S, while
k>1ifQ<S.

Proof. In [88] only the case Q > S > 0 is considered. We write

P
- = <a0;a17"~7an> :Iﬁ

0 4n

and assume PS — QR = (—1)"~!. Then
PnS — gnR = PS — OR = pugn—1 — Pn—19n;

SO pn(S - Qn—l) = qn(R *pn—l)-
Hence ¢,|(S — ¢n—1). Then from g, = QO > S > 0 and g, > g,—1 > 0, we
deduce |S — g,—1| < g, and hence S — ¢,—1 = 0. Then S = g,—1 and R = p,,_1.
Also

W= PC+R :PnC+Pn—1
QC+S Qn<+Qn71

= <a0;al7"'7ana<>'
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IfS=0and Q=R =1,thenw = [P,{] and P/Q = P/1 = po/qo.

IfQ=SthenQ=S=1andP—R=+1.IfP=R+ 1, thenw = [R,1,(],
soP/Q = (R+1)/1 = p1/qa. f P =R—1,thenw = [R— 1,1+ (] and
P/Q = (R—1)/1=po/qo.

If 0 < S, then from g,|(S — ¢,—1) and

S_anl > Q_anl =d4n — qn-1 Zoa
we have S — ¢,—1 = kq,,, where k > 1. Then

_ PC+R . PG + pu—1 + kpy pn(C +k) + D1

w = = =
QC+S QnC""CInfl +kCIn Qn(C"_k) +Qn71

and w = (ap; ay,...,an, ¢ + k). O

Theorem 4.3.2. Suppose x> — Dy? = N is solvable in integers x > 0, y > 0, with
ged(x,y) = 1 and let Qp = |N|. Then ged(Qo,y) = 1. Define Py by x = —Pgy
(mod Qq), where D = P3 (mod Q) and —Qp/2 < Py < Qp/2.

Let w = (Py + /D) /Qq and let x = QuX — Pyy. Then

(i) X/yisaconvergent A,_1/B,_1 of wifx > 0;
(i) Qn = (—1)"N/IN|.
Proof. With Qy = |N|, x = QoX — Pyy and x> — Dy?> = N, we have

Pox+Dy= —P2y+ Dy = (—P2 + D)y =0 (mod Q).

Hence the matrix

Pox+Dy
[P R} _ | X2
oS y X

has integer entries and determinant A = +1. For

y(Pox + Dy)
Qo
(x + Poy)x  y(Pox + Dy)
Qo B Qo
x? — Dy?

= —— = +41.
Qo

A =Xx—

PC+R

Also, if ¢ = VD and w = (Py + V/D)/Qy, it is easy to verify that w = N

Then the lemma implies that X/y is a convergent to w.
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Finally, X = Q()X — P()y = QoAn,1 — Pan,1 = Gn,1 and
N=x>-Dy* =G>, —DB>_; = (—1)"Q0,.

Hence Q, = (—1)"N/|N|. O

Remark. The solutions u of u> = D (mod Qq) come in pairs +uy, ..., +u,, where
0 < u; < Qp/2, together with possibly u,1 = 0 and u, o = Qp/2. Hence we can
state the following:

Corollary 4.3.3. Suppose x> — Dy?> = N is solvable, with x > 0 and y > 0,
ged(x,y) = 1 and Qg = |N|. Let x = —Pyy (mod Qq), where Py = +u;
(mod Q) and x = QoX — Poy. Then X/y is a convergent A,_1/B,—1 of w; =
(ui +v/D)/Qo or ] = (—u; + VD) /Qo and Q, = (—1)"N/|N|.

4.3.1 An Algorithm for Solving the General Pell’s Equation
(4.1.1)

In view of the Corollary 4.3.3 we know that the primitive solutions to x> — Dy? = N
with y > 0 will be found by considering the continued fraction expansions of both
wiand wf for1 <i<r+2.

One can show that each equivalence class contains solutions (x,y) with x > 0
and y > 0, so the necessary condition Q, = (—1)"N/|N| occurs in both w; and w].
Hence we need only consider w;.

Suppose that w; = (u; + v'D)/Qo = lao, . . ., 4, @1, Gigi)-

If x> — Dy? = N is solvable, there are infinitely many solutions and hence Q, =
+1 holds for w; for some n in the range t + 1 < n < t 4 [. Any such n must have
0,=1as (P, + \@) /Oy is reduced for n in this range and so Q,, > 0. Moreover,
if 1 is even, then the condition (—1)" = N/|N]| is preserved.

In addition, there can be at most one such n. For if P, = VD is reduced, then
P, = [v/D] and hence two such occurrences of Q, = 1 within a period would give
a smaller period.

We also remark that / is odd if and only if the fundamental solution of Pell’s
equation has norm equal to —1. Consequently, a solution of x> — Dy? = N gives rise
to a solution of x2 — Dy? = —N; indeed we see thatift+1 <n <t+land k > 1,
then Gyx—1 + Buyu—1VD = n6(Gu—1 + Bu—1 @), where 7 is the fundamental
solution of x* — Dy* = +1. Hence G2,,_, — DBZ,,_, = —(G2_, — DB2_)) if
N(no) = —1.

Putting these observations together, we have the following:

Theorem 4.3.4. Forl <i<r+2, let

Wi = (M,' + \/B)/QO = <a07' sy Apy Apg 1y - e aat+l>-
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(a) Then a necessary condition for x> — Dy?> = N, ged(x,y) = 1, to be solvable is
that for someiini = 1,...,r+2, we have Q,, = 1 for somenint+1 < n < t+1,
where if L is even, then (—1)"N/|N| = 1.

(b) Conversely, suppose for w;, we have Q,, = 1 for some nwitht+1 <n <t+1
Then

(i) Iflis even and (—1)"N/|N| = 1, then x* — Dy*> = N is solvable and it has
solution G,_1 + B,_1V/D.
(ii) If lis odd, then G,_1 + B,_1V/D is a solution of x> — Dy* = (=1)"|N
while G,y 11 + Bny1_1V/D is a solution of x*> — Dy? = (—1)"*1|N]|.
(iii) At least one of the G,_1 + B,_1V'D with least B,_1 satisfying Q, =
(=1)"N/|N|, which arise from continued fraction expansions of w; and
wi, is a fundamental solution.

i

Remarks. 1) Unlike the case of Pell’s equation, @, = %1 can also occur for n <
t + 1 and can contribute to a fundamental solution. If N(n) = 1, one sees that to
find the fundamental solutions for both x? — Dy2 = =N, it suffices to examine
only the cases O, = +1, n < r+ [. However if N(n) = —1, one may have to
examine the range t + [+ 1 < n <t + 2[ as well.

2) It can happen that [ is even and that x> — Dy? = N is solvable and has solution
x = Fu;y (mod Qp), while x> — Dy?> = —N is solvable and has solution x =
+u;y (mod Qy), with i # j. (Of course, if |[N| = p is prime, this cannot happen,
as the congruence u? = D (mod p) has two solutions if p does not divide D and
one solution if p divides D.)

An example of this is D = 221, N = 217 (see Example 2 later). Then u; = 2,
uy = 33. Also, [ = 6 and (2++/221) /217 produces the solution —2 4 /221 of x? —
221y? = —217, whereas (33 — 1/221)/217 produces the solution —179 + 12/221
of x? — 221y? = 217.

Example 1 (Lagrange). x*> — 13y? = £+101.
We find the solutions of P2 = 13 (mod 101) are £-35.

(a) We have 35+ VI3 Vi3 =[0,2,1,1,1,1,1,6].
101
i|0]| 1 1(231|4/5(6|7]|8
P;| 35|—-35(11|—-2(3|1|2|1]| 3
0;1101|—-12|9 41313141 1
Al O 1 |1 3/ 5| 8[13| 86
Bi| 1 2 3|5 (8/13|21(34|225

We observe that O3 = Qs = 1. The period length is odd, so both the
equations x> — 13y? = £101 are solvable. With G, = QoA, — PyB,, we have

Gy=101-1—34-3=—4, x+y/13=—4+3V13, x> —13y’=—101;
G7=101-13-35-34=123, x+yV13=123+34V13, x>—13y*=101.
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—-35+ 13 .
(b) We have —>t V13 _ [-1,1,2,4,1,1,1,1,6].
101
ilol1]2]34]s5]6 7] 8
p-35]-66/23| 13|12 1] 3
oil101]—4312] 1433 [ 4] 1

Al —-1| 0 |—1|—4|-5|-9|—14|-23|-152
Bil 1|1 |3[13{16(29| 45 | 74| 489

We observe that O3 = Qg = 1. Hence

Gy=101 - (—=1)—(—35) - 3=4, x+yV13=A + 313, x* — 13y? = —101;
G7=101 - (—23)—(—35) - 74=267, x+yV13=267+74V13, x*~13y*=101.

Hence —4 + 3+/13 and 123 + 34+4/13 are fundamental solutions for the
equations x> — 13y? = —101 and x> — 13y? = 101 respectively.

We have 17 = 649 + 180+/13, so the complete solution of x* — 13y = —101
is given by x + y\/13 = 0" (+4 + 3\/ﬁ), n € Z, while the complete solution
of x2 — 13y? = 101 is given by x 4+ yv/13 = £n"(£123 + 34V/13),n € Z.

Example 2. x* — 221y% = £217.
We find the solutions of P3 = 221 (mod 217) are +2 and +33.

2++221

(a) We have 917

=[0,12,1,6,2,6, 1, 28].

i|0 1213|415 6 7
P;i| 2 |-2|14|11}13| 13 | 11 | 14
Qi217| 1 |25(4 13| 4 | 25 1
Al 0|11 7]|15] 97 | 112 | 3233
B;| 1 |12(13]|90(193|1248|1441|41596

We observe that Q1 = Q7 = 1. The period length is even and (—1)" = —1.
Hence the equation x? — 221y? = —217 is solvable.

Go=217-0-2-1=-2, x+yV221 = —2+4221, x*—221y* = —217.

il 0] 1 |23|4|5/6|78
P;| 33 |—33[13|5|7(8| 7 |3|4
0;|101|—10] 9 |6]5|3[10|7|9

We see that the condition Q,, = 1 does not holds for 3 < n < 8.
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4.4 Solving the General Pell’s Equation

4.4.1 The PQa Algorithm for Solving Pell’s and Negative
Pell’s Equations

This algorithm is at the heart of all the algorithms to solve Pell’s equations presented
here. The input to the algorithms is three integers, D, Py, Qy, where D > 0 is not a
square, Qg > 0, and P% =D (mod Qy). Recursively compute, for i > 0

a; = int(P,- + \/5)/Ql,
Piy1 = a;Q; — P,

and
Qis1=(D—P},)/0;.

Also compute G; and B; as follows. Begin with G_3 = —Py, G_1 = Qy, B_2 =
]., and B,1 = 0. Then for i > 0, set G,‘ = a,»G,»,l +G,',2, and set B,’ = a[Bi,l +B,',2.
Sometimes one also computes A; asA_o = 0,A_; = 1,and A; = a;A;—1 + A;_o for
i 2 0. Then G,‘ = Q()A[ - P()Bl'.

Note that G? — DB? = (—1)""1Q,;1Qy. This relation will be important to us
because all of the methods of solution we discuss will involve setting Qg = |N|,
and finding those i so that (—1)1Q;,; = N/|N|. Then (G;, B;) will be a solution
to the equation being considered. From a computational viewpoint, also note that,
in some sense, G; and B; will typically be large, while Qg and Q,; will be small.
So this equation sometimes allows accurate computation of the left-hand side when
numbers on the left-hand side exceed the machine accuracy available. Exactly how
far to carry these computations is discussed with each use below.

The sequence g; is the simple continued fraction expansion of (Py + \5) /Qo,
and the A;/B; are the convergents to this continued fraction. Each of the sequences
P;, Q;, and g; is periodic from some point, although not necessarily the same point
for all three. Starting from the right point, the periodic part of the sequence P; is
palindromic. For each of the sequences Q; and a;, the periodic part, less the last
term, is palindromic.

To solve the equation x> — Dy? = =1, apply the PQa algorithm with Py = 0 and
Qo = 1. There will be a smallest i with a; = 2ag, which will also be the smallest
i > 0 so that Q; = 1. There are two cases to consider: this i is odd, or this i is even.

If this 7 is odd, then the equation x2 - Dy2 = —1 has solutions. The minimal
positive solution is given by x = G;_1, y = B;_1. For any positive integer k, if k
is odd then x = Gy;_1, y = By is a solution to the equation x> — Dy? = —1,
and all solutions to this equation with x and y positive are generated this way. If k
is an even positive integer, then x = Gy;—1, y = By;—1 is a solution to the equation
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x? — Dy? = 1, and all solutions to this equation with x and y positive are generated
this way. The minimal positive solution to x> — Dy? = 1is x = Gaj_1,y = Bg;_1.

If the smallest i so that a; = 2ayq is even, then the equation x> — Dy? = —1 does
not have any solutions. For any positive integer k, x = Gy;—1, y = By;—1 is a solution
to the equation x> — Dy? = 1, and all solutions to this equation with x and y positive
are generated this way. In particular, the minimal positive solution to x> — Dy? = 1
isx = Gi—17 y= B,'_l.

The sequences P; and q; are periodic with period i after the zero-th term, i.e.,
the first period is Py to P; for the sequences Pj, and a; to a; for the sequence a;.
The sequence Q; is periodic starting at the zero-th term, i.e., the first period is Qg to
Oi-1.

In Sections 3.2-3.5 and 3.6, respectively, we give several methods to generate
all solutions to either Pell’s and negative Pell’s equations once the minimal positive
solution is found.

4.4.2 Solving the Special Equations x> — Dy? = +4

In some ways, solutions to the equation x* — Dy? = 44 are more fundamental than
solutions to the equation x> — Dy? = +1. The most interesting case is when D = 1
(mod 4), so we cover that first.

When D =1 (mod 4), apply the PQa algorithm with Py = 1 and Qy = 2. There
will be a smallest i > 0 so that a; = 2ag — 1. This will also be the smallest i > 0
so that Q; = 2. The minimal positive solution to x?> — Dy? = +4 is then x = G;_1,
y = B;_;. If i is odd, it will be a solution to the —4 equation, while if i is even it
will be a solution to the +4 equation and the —4 equation will not have solutions.
Periodicity of the sequences P;, Q;, and a; is similar to that for the -1 equation.

If D = 0 (mod 4), then for any solution to x> — Dy?> = +4, x must be even.
Set X = x/2, set Y =y, and solve X? — (D/4)Y? = 41.If (X, Y) is the minimal
positive solution to this equation, then x = 2X, y = Y is the minimal positive
solution to x> — Dy? = 4. Alternatively, one can apply the PQa algorithm with
Py = 0 and Q¢ = 2. If i is the smallest index so that @; = 2ag, then the minimal
positive solution is (G;_1,Bi_1).

If D = 2 or 3 (mod 4), then by considerations modulo 4 one can that both x
and y must be even. Set X = x/2, set ¥ = y/2, and solve X? — DY? = +1. If
(X,Y) is the minimal positive solution to this equation, then x = 2X, y = 2Y is the
minimal positive solution to x> — Dy? = +4. Alternatively, use the PQa algorithm
with P = 0and Qg = 1, butset G_» = 0,G_1 = 2,B_o = 2,and B_; = 0.
If i is the smallest index so that @; = 2ag, then the minimal positive solutions is
(Gi—1,Bi—1).

As with the -1 equation, all solutions can be generated from the minimal positive
solution. Consider first the equation x2 — Dy? = 4. If (x;,y) is the minimal positive
solution to this equation, then for the n-th solution we have
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Xn + yn\/B - 2”71 (xl + Y1 \/B)n
4.4.1)
Xp — yuV'D = F(xl — yl\/B)".
Therefore
<X1 +y1\/5> <x1—y1\5>
= —o-—] +|——=—
2 2
4.4.2)
n n
_ 1 | {xa+nvD)  [x-ynVD
yﬂ \/5 2 2 M
‘We also have the recursion
1
Xpt1 = §(X1Xn + Dy1yn)
(4.4.3)

1
Yn+1 = 5(}’1% +x1yn)

The relations (4.4.3) could be written in the following useful matrix form

< +1> 2 ( yl) ( ) ( )
Yn+1 y1i x1 Yn
Yn 2 y1i x1 Yo

where (xg,y0) = (2, 0) is the trivial solution.

We can express all integer solutions to the positive equation by the following
formula

from where

%(un + vn\FD) =g, (W) , ne€z, (4.4.6)
where ¢, is 1 or —1. Indeed, for n > 0 and ¢, = 1 we get all negative solutions.
For n > 0 and ¢, = —1 we obtain all solutions (u,, v,) with u, and v, negative.
Forn < 0 and ¢, = 1 we have (u,,v,) with u, > 0 and v, < 0, while n < 0
and ¢, = —1 gives u, < 0 and v, > 0. The trivial solutions (2,0) and (—2,0) are
obtained for n = 0.



4.4 Solving the General Pell’s Equation 77

Formula (4.4.6) captures all symmetries of equation (u,v) — (—u,—v),
(u,v) = (u,—v), (u,v) — (—u,v). Therefore, in 2D the points (u,, v,) represents
the orbits of the action of the Klein four-group Zy X Zo, i.e., points obtained by the
180 degree rotation, the vertical reflection, and by the horizontal reflection.

Now suppose the equation x> — Dy?> = —4 has solutions, let (x1,y;) be the
minimal positive solution, and define x,,y, by the equation x, + yn\f = [(x1 +
y1v/D)"]/(2"~1). Then if n is odd, (x,,,) is a solution to the equation x> — Dy? =
—4, and if n is even then (x,,y,) is a solution to the equation x> — Dy? = 4. All
positive solutions to these two equations are so generated. The pair (x,, y,) in (4.4.2)
also alternately generates solutions to the +4 and —4 equation.

The set of solutions can be summarized as follows.

Theorem 4.4.1. Let (x1,y1) be the minimal positive solution to x> — Dy? = +4.
Then for any solution to x> — Dy?> = +4, there is a choice of signs + and —, and an
integer n such that

%(x +yVD) = + (W) . (4.4.7)

In some ways, the equation x> —Dy? = +4 is more fundamental than the equation
x?—Dy? = £1. The numbers 1 and 4 are the only N’s so that, for any D, if you know
the minimal positive solution to the equation x> — Dy? = +N, you can generate all
solutions, and you can do this without solving any other Pell’s equation. Also, if
you know the minimal positive solution to x> — Dy? = 44, you can generate all the
solutions to x2—Dy? = +1. But the converse does not hold. The best that can be said
as a converse is that for D not 5 or 12, the solutions to the equation x2— Dy2 =44
can be derived from the intermediate steps when the PQa algorithm is used to solve
the equation x? — Dy? = £1.

When D = 1 (mod 4), considerations modulo 4 show that for any solution to
x? — Dy? = 44, x and y are both odd or both even. If the minimal positive solution
has both x and y even, then all solutions have both x and y even. In this case, every
solution to x> — Dy? = #1 is just one-half of a solution to x> — Dy? = +4. If the
minimal positive solution to x> — Dy?> = +4 has both x and y odd, then D = 5
(mod 8), every third solution has x and y even, and all other solutions have x and
y odd. In this case, every solution to x> — Dy? = =1 is just one-half of one of the
solutions to x? — Dy? = 44 that has both x and y even. When D = 1 (mod 4), the
equation x> — Dy? = —4 has solutions if and only if the equation x> — Dy? = —1
has solutions.

When D = 0 (mod 4), considerations modulo 4 show that for any solution to
x? — Dy? = 44, x is even. If the minimal positive solution has y even, then all
solutions have y even (and x is always even). In this case, every solution to x? —
Dy? = =1 is just one-half of a solution to x> — Dy? = 44. If the minimal positive
solution to x?> — Dy? = 44 has y odd, then every other solution has y even, and
every other solution has y odd. In this case, every solution to x> — Dy? = =+1 is
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just one-half of one of the solutions to x> — Dy? = +4 that has x and y both even.
When D = 0 (mod 4), it is possible for these to be solutions to x> — Dy? = —4,
but not solutions to x> — Dy? = 1. This happens for D = 8,20, 40, 52 and many
more values. Of course, x> — Dy? = —1 never has solutions when D = 0 (mod 4).

When D =2 (mod 4) or D = 3 (mod 4), all solutions to x> — Dy? = +4 have
both x and y even. Every solution to x> — Dy? = =1 is just one-half of a solution
to x2 — Dy? = +4. The equation x> — Dy? = —4 has solutions if and only if the
equation x> — Dy? = —1 has solutions.

The cases D = 1 (mod 4) for D squarefree, and D = 4r for r = 2 or 3
(mod 4), r squarefree, are treated in [53]. The material we have presented above
is not addressed directly in either [159] or [142]. For example, the proof that the
method for solving the equation works in the case d = 1 (mod 4) is not trivially
derived from the material in one or both of these sources.

Remark. Concerning the equation x> — Dy? = —4 the following conjecture is still
open: Let p be a prime = 1 (mod 4) and let (x1,y1) be the fundamental solution to
the equation x*> — py?> = —4. Then y; Z 0 (mod p).

This has been verified for all primes p < 2000 with p = 5 (mod 8) and for
all primes p < 100000 with p = 1 (mod 8). Also, it has been shown that y; # 0
(mod p) if and only if By # 0 (mod p), where the Bernoulli numbers B, are
defined by the series

4.4.3 Structure of Solutions to the General Pell’s Equation

As we have seen in Section 4.1, if (r,s) is a solution to x> — Dy? = N, and (1, u)
is any solution to its Pell’s resolvent, then for x = rt + Dsu, y = ru + st, (x,y)
is a solution to the equation x> — Dy? = N. This follows from the multiplication
principle:

(r* — Ds*)(* — Du*) = (rt + Dsu)?* — D(ru + st)?.

This fact can be used to separate solutions to x> — Dy?> = N into equivalence
classes. Two solutions (x,y) and (r,s) are equivalent if there is a solution (¢, u) to
1> — Du? = 1 sothat x = rt + Dsu and y = ru + st.

It may help to view the set of solutions geometrically. If N > 0, then, as an
equation in real numbers, x> — Dy? = N is a hyperbola with the x-axis as its axis,
and the y-axis as an axis of symmetry. The asymptotes are the lines x & yv/D = 0.
Let (¢,u) be the minimal positive solution to x> — Dy? = 1. Draw the graph of
x> — Dy? = N over the reals. Mark the point (v/N,0), which is on this graph.
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Now mark the point (v/N,u\/N), which is also on the graph. Continue marking
points so that if (x,y) is the most recent point marked, then the next point marked is
(xt + Dyu, xu + yt). All of the points marked so far, apart from the first, have x > 0
and y > 0. Now, for each point (x,y) that has been marked, mark all of the points
(£x, £y) not yet marked.

The marked points divide the graph into intervals. Make the interval
((v/N,0), (tv/N,u\/N)] a half-open interval, and then make the other intervals
on this branch half-open by assigning endpoints to one interval. Make the intervals
on the other half-open by mapping (x,y) in the right branch to (—x, —y) on the left
branch. If there are integer solutions to x> — Dy? = N, then

1) No two solutions within the same (half-open) interval are equivalent,
2) Every interval has exactly one solution in each class, and
3) The order of solutions by class is the same in every interval.

Instead of starting with the point (v/N,0), we could have started with any point
(r,s) on the graph, and marked off the points corresponding to 4(r + sv/D)(t +
u\/D)". The above three comments still apply.

The situation is similar in the case N < 0, except that the graph has the y-axis
as its axis, and the x-axis is an axis of symmetry. If the negative Pell’s equation
x? — Dy? = —1 is solvable, then any of its solutions can be used to generate a
correspondence between solutions to x> — Dy? = N and x> — Dy? = —N.

Within a class there is a unique solution with x and y nonnegative, but smaller
than any nonnegative solution. This is the minimal nonnegative solution for the
class. There is also either one or two solutions so that y is nonnegative, and is less
than or equal to any other nonnegative y in any solution (x,y) within the class. If
there is one such solution, it is called the fundamental solution. If there are two such
solutions, then they will be equivalent and their x-values will be negatives of each
other. In this case, the solution with the positive x-value is called the fundamental
solution for the class.

When tabulating solutions, it is usually convenient to make a list consisting of
one solution from each class. Often, this list will consist of the minimal nonnegative
solutions, or the fundamental solutions. Given any solution in a class, it is easy to
find the fundamental solution or the minimal nonnegative solution for that class.

The results are summarized in the following

Theorem 4.4.2. Given any solution in a class, all solutions in that class are derived
from solutions to the equation x*> — Dy* = 1. If (r,s) is any particular solution to
x2 —Dy? = N, (x,y) is any other solution to the same equation in the same class as
(r,s) and if (t1,u1) is the fundamental solution to the Pell’s resolvent, then for some
choice of signs 4+ and —, and for some integer n

x+yVD = +(r + sV'D)(t; + u1VD)". (4.4.8)

We can write formulas similar to those presented for cases N = +1 and N = +4
in Section 4.4.2.
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4.4.4 Solving the Equation x> — Dy? = N for N < v/D

When 1 < N? < D, apply the PQa algorithm with Py = 0, Qyp = 1. Continue the
computations until you reach the first i > 0 with G — DB? = 1 (i.e., Q;+1 = 1 and
i+ 1liseven). For1l <j < i, if Gj2 — DBj2 = N/f? for some f > 0, add fG;,fB; to
the list of solutions. When done, the list of solutions will have the minimal positive
member of each class.

The list of all solutions can be generated using the methods of the previous
section. Alternatively, all positive solutions can be generated by extending the PQa
algorithm indefinitely.

4.4.5 Solving the Equation x> — Dy?> = N by Brute-Force
Search

Let (#,u) be the minimal positive solution to x> — Dy?> = N.If N > 0, set y; = 0,

t—1)N N T+ 1IN
and y, = (2D).IfN<O,sety1:\/j’andy2: <+270)||'F°r

y1 <y < yo,if N+ Dy? is a square, set x = /N + Dy2. If (x,) is not equivalent to
(—x,y), add both to the list of solutions, otherwise just add (x, y) to the list. When
finished, this list gives the fundamental solutions.

EDIIN

This method works well if y5 is not too large, which means that 5D

not too large. Hence it suffices to search between the bounds y; and ys.
To generate all solutions be performing this algorithm, refer to the structure of
solutions of general Pell’s equation given in Section 4.4.3.

4.4.6 Numerical Examples

In order to see how the algorithms that we have presented work, we will examine a
few numerical examples. Computations were done by using MATHEMATICA.

Example 1. Consider the equations
x% —109y* = £1.

Apply the PQa algorithm with Py = 0 and Qy = 1. The following table gives the
index, 7, and then the several calculated quantities for i = —2 to 30.
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i Pi Qi a; G,‘ B,‘ G2 — 10932
—2 0 1 —109
-1 1 0 1

0 0 110 10 1 -9

110 9 2 21 2 5

2 85 3 73 7 —12

3 712 1 94 9 7

4 5 7 2 261 25 —4

59 4 4 1138 109 15

6 715 1 1399 134 -3

7 8 3 6 9532 913 3

810 3 6 58591 5612 —15

9 815 1 68123 6525 4
10 7 4 4 331083 31712 -7
11 .9 7 2 730289 69949 12
12 512 1 1061372 101661 -5
13 75 3 3914405 374932 9
14 8 9 2 8890182 851525 -1
1510 120 181718045 17405432 9
16 10 9 2 372326272 35662389 -5
17 8 5 3 1298696861 124392599 12
18 712 1 1671023133 160054988 -7
19 5 7 2 4640743127 444502575 4
20 9 4 4 20233995641 1938065288 —15
21 715 1 24874738768 2382567863 3
22 8 3 6 169482428249 16233472466 -3
2310 3 6 1041769308262 99783402659 15
24 815 1 1211251736511 116016875125 —4
25 7 4 4 5886776254306 563850903159 7
26 9 7 2 12984804245123 1243718681443 —12
27 512 1 18871580499429 18075659584602 5
28 7 5 3 69599545743410 6666427435249 -9
29 8 9 2 158070671986249 15140424455100 1
30 10 1 20 3231012985468390 309474916537249 -9

We have ag = 10, and the first i so that a; = 2aq is i = 15, at which point
a5 = 20. Hence the period of a; is 15, which is odd, and so the equation x2 —
109y? = —1 has solutions. The minimal positive solution to x> — 109y? = —1 is
x = 8890182, y = 851525. The minimal positive solution to x> — 109y? = 1 is

x = 158070671986249, y = 15140424455100.

Example 2. Let us examine now the equations
x% —109y? = +4.

As D = 1 (mod 4), apply the PQa algorithm with Py = 1 and Qg = 2. The
following table gives the index, 7, and the standard quantities for i = —2 to 14.
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i P Qi a; G; B; G2 — 109B2

-2 -1 1 —108
-1 2 0 4
01 25 9 1 —28
19141 11 1 12
25 62 31 3 —-20
3 7101 42 4 20
4 3101 73 7 —-12
57 6 2 188 18 28
6 514 1 261 25 —4
79 29 2537 243 28
8 914 1 2798 268 —-12
95 62 8133 779 20
10 710 1 10931 1047 —20
11 310 1 19064 1826 12
12 7 6 2 49059 4699 —28
13 514 1 68123 6535 4
14 9 2 9662166 63424 —28

We have ag = 5, and the first i so that a; = 2ap—11isi = 7, at which pointa; = 9.
Hence the period of g; is 7, which is odd, and so the equation x2 - 109y2 = —4 has
solutions. The minimal positive solution to x> — 109y? = —4 is x = 261, y = 25.
The minimal positive solution to x> — 109y? = 4 is x = 68123, y = 6525.

Note that the third solution to x> — 109y? = +4 can be computed from

1 .
1(261 + 25v/109) = 17780364 + 1703050+/109.

Upon dividing by 2, we get the minimal positive solution x = 8890182,
y = 851525 to negative Pell’s equation x*> — 109y? = —1.
Example 3. Consider the equation
x% —129y% = —5.

From Theorem 4.1.4 it follows that if this equation is solvable, then it has exactly

two classes of solutions.
Here N < +/D. Apply the PQa algorithm with Py = 0, Qp = 1.

i P Qi a G; B; G2 — 129B2

-2 0 1 —-129
-1 1 0 1
00 111 11 1 -8
111 8 2 23 2 13
2 513 1 34 3 -5
3 8 5 3 125 11 16
4 716 1 159 14 -3
59 3 6 1079 95 16
6 916 1 1238 109 -5
7 7 5 3 4793 422 13
8 813 1 6031 531 -8
9 5 8 2 16855 1484 1
10 11 1 22 376841 33179 -8
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The only f > 0 so that f? divides —5 is f = 1. Reviewing the above for G7 —
1298142 = —b, we find solutions (x,y) equal to (34,3) and (1238,109). Thus, there
are two classes of solutions, and these are the minimal positive solutions for these
classes.

Example 4. Let us use the brute-force search method to find the fundamental
solutions of

x% — 61y? = 15.

The minimal positive solution to Pell’s resolvent x> — 61y?> = 1 is x =
1766319049, y = 226153980. As N = 15 is positive, the lower search limit for
y is 0, and the upper limit is

\/15(1766319049 —1)

~ 14 2.
5 61 736,70

So we search on y from 0 to 14736. Only y = 11 and y = 917 yield solutions, so
the four fundamental solutions are x = +86, y = 11, and x = £7162, y = 917.

Example 5. For the same equation above, we will apply now the LMM algorithm
given in Section 4.3.

The only f > 0 so that f2 divides 15 is f = 1. Set m = 15. The z’s with
—15/2 < z<15/2and z2 = 61 (mod 15) are z = +1,z = +4.

Upon performing the PQa algorithm with Py = 1, Qg = 15, and d = 61, the first
Q; = %1 occurs at Qg = 1. The corresponding solution has x = Gg = 2593 and
y = Bg = 332. For this (x,y), x> — 61y?> = —15. The equation x> — 61y? = —1 is
solvable and the minimal positive solution is x = 29718, y = 3805. Applying this
to the solution (2593, 332) gives the solution x = 154117634, y = 19732741 to the
equation x> — 61y* = 15. This is equivalent to the fundamental solution (—86,11).

Performing the PQa algorithm with Py = —1, Qg = 15, and d = 61, gives the
first O; = £1 at Q4 = 1, yielding the fundamental solution (86, 11) to the equation
x? —61y? = 15.

Performing the PQa algorithm with Py, = 4, Qp = 15, and d = 61, gives the
first Q; = +1 ate Q19 = 1, yielding the fundamental solution (7162,917) to the
equation x> — 61y = 15.

Performing the PQa algorithm with Py = —4, Qg = 15, and d = 61, gives the
first Q; = 41 at Q3 = 1, yielding the solution (31, 4) to the equation x*> — 61y? =
—15. Applying the minimal positive solution to x> — 61y?> = —1 gives the solution
x = 1849678, y = 236827 to the equation x> — 61y? = 15. This is equivalent to the
fundamental solution (—7162,917).
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4.5 Solvability and Unsolvability of the Equation
ax? — by’ =¢

Using the results in our papers [13, 14] and [17] we will present two general methods
for solving the equation

ax®> —by* =c. “4.5.1)

We will also give sufficient conditions such that equation (4.5.1) is unsolvable
in positive integers. In the special case ¢ = 1, the equation (4.5.1) was studied in
Section 3.5.

The equation (4.5.1) is also considered in the recent paper [114], where a, b, c are
positive integers with ged(a, b) = 1. The author showed that if (4.5.1) is solvable,
then it has infinitely many positive integer solutions. But his result is in fact a variant
of the multiplication principle.

The following result given in [172] completely solves the problem of determining
all solutions to equation (4.5.1).

Theorem 4.5.1. Let a,b be positive integers such that ged(a,b) = 1 and a is
squarefree, and let ¢ be a nonzero integer. Denote D = ab, N = ac. Then (u,v)
is a solution to the general Pell’s equation

w? —Dv? =N 4.5.2)

if and only if (g, v) is solution to (4.5.1).

Proof. Let (x,y) be a solution to (4.5.1). It follows that (ax)? —aby? = ac, so (ax, y)
is a solution to the associated general Pell’s equation (4.5.2).

Conversely, if (4, v) is a solution to (4.5.2), from the relation u? — abv? = ac we
obtain a|u?. Taking into account that a is squarefree it follows that a|u. Therefore

u = aja and (a1a)? — abv? = ac yield aa? — bv? = ¢, i.e., (iv) is a solution
a
to (4.5.1). O

Remarks. 1) From the above result it is clear that (4.5.1) is solvable if and only if
the associated general Pell’s equation (4.5.2) is solvable.

2) The assumption that a is squarefree is not a restriction. Indeed, if a = a;m?
and a; is squarefree, then the equation (4.5.1) becomes a;X? — by? = ¢, where
X = mx, i.e., an equation of the same type.

3) In order to solve (4.5.1) we determine all solutions (u, v) to the general Pell’s

equation (4.5.2). The desired solutions are given by ( ﬂ’ v).

The equation (4.5.1) is strongly connected to the general Pell’s equation (4.5.2)
and to the Diophantine equation

as* — bt* = 1. (4.5.3)
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The solvability of these three equations is studied in the following theorem [17]:
Theorem 4.5.2. Suppose that ged(a,b) = 1 and ab is not a perfect square. Then:

1) If the equations (4.5.2) and (4.5.3) are solvable, then (4.5.1) is also solvable and
all of its solutions (x,y) are given by

X = Sou + btyv, 'y = tou + asgv 4.5.4)

where (u,v) is any solution to (4.5.2) and (so,to) is the minimal solution to
(4.5.3).

2) If the equations (4.5.1) and (4.5.3) are solvable, then (4.5.2) is also solvable.

3) If the equations (4.5.1) and (4.5.2) are solvable and there exist solutions (x,y),
(u,v) such that

ux — bvy —avx + uy

and
c c

are both integers, then (4.5.3) is solvable.
Proof. 1) We have

ax® — by? = a(sou + btgv)? — b(tou + asyv)? =
= (as? — bi2)(u® —abv?®) =1-c = c,

and it follows that (x, y), given in (4.5.4), is a solution to the equation (4.5.1).
Conversely, let (x,y) be a solution to (4.5.1), and let (so, %) be the minimal
solution to the equation (4.5.3). Then (u,v), where u = asox — btgy and v =
—tox + spy is a solution to the general Pell’s equation (4.5.2). Solving the above
system of linear equations with unknowns x and y yields x = sou + btyv and
y = fou + asgv, i.e., (x,y) has the form (4.5.4).
If (x,y) and (s,?) are solutions to (4.5.1) and (4.5.3), respectively, then (u,v),
with u = asx — bty and v = —#x + sy is a solution to (4.5.2). Moreover, each
solution to (4.5.2) is of the above form. Indeed, if (u,v) is an arbitrary solution
to (4.5.2), then (x,y), where x = su + brv and y = tu + asv, is a solution to
(4.5.1). Thus, solving the above system of linear equations in u, v, it follows that
u = asx — bty and v = —tx + sy.
3) Let (x,y) and (u,v) be solutions to (4.5.1) and (4.5.2), respectively, for which

2

~

b —
s= O g and r= O TW g
c c

Then (s, 7) is a solution to (4.5.3). |

Remarks. 1) The equation 8x? — y? = 7 is solvable and all of its solutions were
determined in Section 4.1. For this equation, the associated equations (4.5.2) and
(4.5.3) are u? — 8v? = 7 and 8s? — 12 = 1, respectively. It is interesting to see
that both these equations are unsolvable.
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2) In case of solvability of equations (4.5.2) and (4.5.3), the formulas (4.5.4) point
out an alternative way to express the solutions to equation (4.5.1).

Theorem 4.5.3. Let a,c be relatively prime positive integers, not both perfect
squares, and let b and d be integers. The equation

ax? — cy? = ad — be (4.5.5)

is solvable if and only if the numbers an+ b and cn+ d are perfect squares for some
positive integer n. In this case, the number of such n’s is infinite.

Proof. If (xo,y0) is a solution to the equation (4.5.5), then by Theorem 4.5.2,
(Xm, ym>mZO, where

Xm = XoUm + €Y0Ums  Ym = AX0Um + YoUm (4.5.6)
are solutions to this equation. Here (u,, v;n)m>0 denotes the general solution to
Pell’s equation u? — acv® = 1.

Then ax? — cy? = ad — bc,m = 0,1,2, ..., hence

a(x> —d) =c(y2 —b), m=0,1,2,... 4.5.7)

Since a and c are relatively prime, from (4.5.7) it follows that a|y? — b and
clx —d,m=0,1,2,....Let

2 d
Ry = == , m=0,1,2,... (4.5.8)
Clearly, n,, is a positive integer for each m and
anm—&—b:y,zn7 cnm—l—d:xi, m=0,1,2,...

i.e., the numbers an + b and cn + d are simultaneously perfect squares for infinitely
many positive integers n.

If the equation (4.5.5) is not solvable in positive integers, then an + b and cn + d
cannot be both perfect squares. Indeed, if we assume that there is a positive integer
ng such that ang + b = y3 and cng + d = x2 for some positive integers X, yo, then
by eliminating ng it follows that ax3 — by3 = ad — bc, in contradiction with the
unsolvability of equation (4.5.5). a

Theorem 4.5.4. Let a and b be positive integers such that for all positive integers
n, an + b is not a perfect square. Then the equations

ax® — (am+vo)y* =¢, m=0,1,2,... (4.5.9)

and
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(am+wo)x* —ay* =¢, m=0,1,2,... (4.5.10)

are not solvable in positive integers. Here c is a nonzero integer and (ug,vo) and
(wo, So) are the minimal solutions to the equations au — bv = ¢ and bw — as = ¢,
respectively.

Proof. The general solutions to the linear Diophantine equations au — bv = ¢ and
bw — as = c are (U, V) m>0 and (W, Sm)m>0, respectively, where

Uy = uUg +bm, v, =v9+am and w, =wy+am, s, =s9+bm

(see [198]). Assume now that equation (4.5.9) is solvable and let (x, y) be a solution.

Then ax? — (am~+wvg )y2 = c. But by considerations above, ¢ = au,, —bv,,. It follows
that
2 2 _
ax* — (am + vo)y* = auy, — by,

hence the equation (4.5.3), where d = u, and ¢ = u, is solvable. From
Theorem 4.5.3 we obtain that an + b is a perfect square for some n, in contradiction
with the hypothesis. a
Example 1. The numbers 10n+ 3 are not perfect squares,n = 0, 1, 2, . ... Choosing

¢ = 1, we find the minimal solutions to the equations 10 — 3v = 1 and 3w — 10s =
1. They are (1, 3) and (7, 2), respectively. From Theorem 4.5.4 it follows that the
equations

10x% — (10m+3)y* =1 and (10m+7)x* —10y* =1, m=0,1,2,...

are not solvable.

Remark. In many situations it is not easy to find the minimal solutions (ug, vg) and
(wo, o) to the equations au — bv = ¢ and bw — as = c, respectively. In this cases
we may replace (ug, vg) and (wq, so) by any solution to the above equations and the
results in Theorem 4.5.4 remain true.

Example 2. The numbers 5n + 2 are not perfect squares for any positive integer
n. The equations 5u — 2v = ¢ and 2w — 5s = ¢ have (c,2c) and (3¢, c) among
their solutions, respectively. It follows that u,, = ¢ + 2m, v,, = 2c¢ + 5m, and
Wy =3c+0om,s, =c+2mm=0,1,2,....

From Theorem 4.5.3 we obtain that the equations

5x2 — (5m+2c)y* =c and (5m+3c)x® =5y =¢, m=0,1,2,...

are not solvable.

Example 3. In a similar manner, starting with the nonsquare numbers 3n + 2, n =
0,1,2,..., we deduce that equations
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3x2 —(Bm+c)y =c and (3m+20)x* =3y’ =¢, m=0,1,2,...

are not solvable in positive integers.
There are many situations in which the unsolvability of an equation of the type
(4.5.1) can be proven by using modular arithmetics arguments.

Example 4 ([193]). The equation
(4m+3)x% — (4n+1)y° =1

where m and n are positive integers, is not solvable.
Indeed, x>,y = 0 or 1 (mod 4) and so (4m + 3)x> = 0 or 3 (mod 4) and
(4n+1)y> =0or 1 (mod 4). By combining the residues, we obtain

(4m + 3)x* — (4n+1)y* £ 1 (mod 4).
Example 5 ([192]). In a similar manner, we can prove that equations
(4k 4+ 2)x* — (41+3)y* =1 and Tmx* — (Tn+1)y* = 1,

where k, ! and m, n are positive integers, are also not solvable.
A criterion for solvability (unsolvability) for a class of general Pell’s equations
is given in [100] (see also subsection 4.2.4).

Theorem 4.5.5. For N a squarefree integer, the equation
x> —22 =N 4.5.11)

is solvable if and only if it is solvable modulo N.

Proof. By multiplicativity, it suffices to show that x> — 2y? = N has a solution for
N = —1,N =2, and N = p for p an odd prime such that 2 is congruent to a square
modulo p. For N = —1,use 12 = 2-12 = —1;for N = 2,use 22 — 2- 12 = 2,
Now suppose p is an odd prime such that 2 is congruent to a square modulo p.
Find x, y such that x> — 2y? is divisible by p but not by p? (if it is divisible by p?, fix
that by replacing x with x + p). Now form the ideal (x + yv/D, p). Its norm divides
p? and x? — 2y2, so it must be p. 0

Incidentally, one can replace 2 by any integer D such that Q(ﬁ) has unique
factorization, provided that x> — Dy? = —1 has a solution. It turns out (but is
by no means obvious!) that unique factorization implies that D is prime, and it is
believed (but not proved) that Q(\/B) has unique factorization for about 75 % of the
primes D. Moreover, existence of a solution of x> — Dy? = —1 then implies D = 1
(mod 4), but nor every prime congruent to 1 modulo 4 will work (try D = 5).
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4.6 Solving the General Pell Equation by Using
Quadratic Rings

The main purpose of this section is to present an algorithm for finding all positive
integer solutions to the general Pell’s equation

x> —Dy’ =k (4.6.1)

where d is a nonsquare positive integer and k is a nonzero integer. We will follow
the method described in [76] (see also [171]).

Let (x,y) be an integral solution of (4.6.1), i.e., x* — Dy?* = k. We are going to
use the results in Section 2.2.2. We have N (1) = k, where . = x + /Dy € R. If g¢
is the fundamental unit of the ring R found in Theorem 3.4.1, then we will denote

. €0, ifN(Eo) =1
~ &2, if N(go) = —1.

Then the vectors (1,1) and [(g) form a base in the linear space R?. Indeed, if
a(l,1)+Bl(e) = 0, with a, f € R, then a+S1n|e| = 0 and a+ S In [] = 0. Since
In|g| = —In|e| # 0, from the previous two relations it follows that « = 3 = 0.

If = x+yVD € Rand N(u) = k, then k # 0 implies u # 0, i.e., the vector
I() is well defined in R?. By using the fact that (1, 1) and /(¢) form a base in R2,
we deduce the existence of v,y € R such that /(1) = «(1,1) + vi(g). This means
that

Ing=a+~ylnle] and InfE=a+~vyInfE.
In particular, it follows that
In k| =In|N(u)| =In|p| +In|g| = 2a 4+ yIn|N(e)| = 2a,
i.e.,

Iy

and I(u) T(1,1)+71(E).

a_1n|k|
T2

Let a be the closest integer to 7, and let 1p = £~ *p. Then p ~ g and N(ug) =
N(u) = k. In addition,

_ Iy
)

I(p10) (1, 1) +ml(e),

1
where || < 3 and y; = v — a. Therefore
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In |k| In ||

In |k
In |uo| = +v1lne and ln|ﬁ0\:?+711n|§|=#—%ln5
(we have used here that ¢ > 1). It follows that
In |k| 1 _ In |k| 1
’1n|,uo|—2 §§1n5 and 1n|,u0|—T gilne.

The above inequalities can be written as

[k [k
In L—‘Sln|u0|§ln\/€|k| and In ggln\ﬁo\gln\/dk\.

We obtain

k k| _
W < ol < Ve ana /™ < ) < Ve (462)

The numbers |110| and |fi,| can be written as s + /D, where s and ¢ are positive
integers. Since tv/D < max{|uol, [fip|} < \/¢|k|, we have

k
t < % and s < +/elk|. (4.6.3)

We will now describe the actual algorithm.

Step 1. Search for elements ji1, iz, . . . , jt, in R of the form s + £v/D such that s, ¢
are positive integers satisfying inequalities (4.6.3) and N(y;) =k, i =1,2,...,r.

From the inequalities (4.6.3) it follows that there are finitely many such p’s in R.
This fact also follows from Theorem 2.2.3.

Step 2. From Theorem 3.4.1 it follows that all elements . € R with N(u) = k are
of the form p = ! or u = £l for some i € {1,2,...,r} and some integer .

Finally, let us mention that we can determine the fundamental unit ¢y € R in a
finite number of steps. For this part we refer to Section 3.3, where we employed
continued fractions.

4.7 Another Algorithm for Solving General Pell’s Equation

In what follows we will present a different algorithm for solving the general Pell’s
equation (4.6.1). Our approach is based on the one given in [171] and [95].

It suffices to consider solutions (x,y) to (4.6.1) such that the positive integers x
and y are relatively prime.
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If |k| < /D, then we apply Theorem 3.3.1. When k # (—1)""'g,1 for all n,
the equation (4.6.1) is not solvable. When k = (—1)""'g,; for some n, the pair
(hu, k) is a solution to the general Pell’s equation (4.6.1) and all other of its integral
solutions are given by

x+yVD = (+h, + k,l\/B)El, 1€ Z,
where is the fundamental solution of the Pell’s resolvent.

If k| > VD, then we write k = ko, where § = +1 and kg is a positive
integer. Since x and y are relatively prime, there exist integers x; and y; such that
xXy1 —yxy = 0.

It follows that

(xx1 — Dyy1)? = D = (xx; — Dyy1)* — D(xy; — yx1)* =
= (x> = Dy*)(x] — Dy}) = k(x} — Dy3) = 0ko(x} — Dy?).

Hence
(xx1 — Dyy1)* — D = bko(x} — Dy}). (4.7.1)

If (x0,y0) is a solution to the equation xy; — yx; = ¢, then the general solution
to this equation is given by

x1=xo+tx and y; =yo+1ty, te€Z.
We have
xx; — Dyy1 = xxg — Dyyo + t(x* — Dy*) = xxo — Dyyo + t5ko.
We will choose ¢ such that
lxxy — Dyyi| < %0 (4.7.2)

Denoting by [ the positive integer |xx; — Dyy1 |, from (4.7.1) we obtain

xj — Dy} =

=nh 4.7.3
ko M (4.7.3)

where 7 = £1 and 4 is a positive integer.

k
Using the inequalities VD < kpandl < 50, from (4.7.3) it follows that

k2
2 70
max{D, [*} e {ko’ 4 } k2
h < < = — = ko.
ko ko ko
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If h < ko, then we apply again Theorem 3.3.1 and obtain x; and y; such that
x} — Dy? = nh. From the equalities xy; — yx; = § and xx; — Dyy; = 4=/ we deduce
the following formulas:

—dDy; £ 1 —d0x1 1
g ODnED o —onEly

i o 4.7.4)

Hence the integers x and y can be obtained from the equality
nh(x +yVD) = (x1 + y1VD)(+l — 6vVD).
Taking norms in the above equality yields
h?(x* — Dy*) = (x§ — Dy})(I* — D) = nh - nh - ko = h*bko,
and so x? — Dy? = 0ko = k.
Therefore, if x and y given in (4.7.4) are integers, then (x,y) is a solution to the
general Pell’s equation (4.6.1).

If h > /D, then we apply again the described procedure.
The considerations above can be summarized in the following algorithm.

Step 1. Find all solutions to the congruence

> =D (mod ko),

ki
where [ is a positive integer and 0 < [/ < 50. Denote by I1, l2, . . ., I, those satisfying

k
the inequalities 0 < [ < 50. Set

2_D
bko

:nihh i:1,2,...,77

where 7; = +1 and A; is a positive integer.
Step 2. If kg < v/D, apply Theorem 3.3.1.
Step 3. If kg > /D, consider the equations

x%—Dyf:nihi, i=1,2,...,r.

From the previous observations we have 0 < h; < kg, i =,1,2...,r.
Step4. Fixie {1,2,...,r}.

I. If h; < /D, apply Theorem 3.3.1 to get the solutions to the equation x? — Dy? =
n:h;. Then the solutions (x, y) are among those given by
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—5Dy; + Iy —x; =+ iy,
x= VT g oy = MW (4.7.5)
nihi nih;

IL If h; > /D, repeat Step 3, replacing & by 7; and ko by h;. Since 0 < h; < ko,
after finitely many operations we will find all solutions to the given equation.

Remark. The two algorithms presented in Sections 4.5 and 4.6 are comparable.
None is superior to the other and, moreover, they complete one another. The
algorithm in Section 4.5 is preferable for large k’s or large D’s. The second is more
efficient for small k’s, for example when & satisfies the inequalities — VD < k<D
(see also Subsection 4.3.4).

4.8 The Diophantine Equation ax? + bxy + cy> = N

The standard approach to solving the equation
ax* + bxy +cy* =N (4.8.1)

in relatively prime integers x,y, is via reduction of quadratic forms, as in [127].
There is a parallel approach in [71] which uses continued fractions.

However, in a memoir of 1770, Lagrange, gave a more direct method for solving
(4.8.1) when ged(a, b, ¢) = ged(a, N) = 1 and D = b? — 4ac > 0 is not a perfect
square. This seems to have been largely overlooked. (Admittedly, the necessity part
of his proof is long and not easy to follow.)

In [175], equation (4.8.1) is solved when N = £y, where

. 2 2
= min |ax® 4+ bxy + cy“|.
(x,y)#(070)| yter]

The approach is similar to Lagrange’s reduction to the case N = +1.

In the doctoral dissertation [157] the equation (4.8.1) is also discussed, using
a standard convergent sufficiency condition of Lagrange, which resulted in the
restriction D > 16, thus making rigorous the necessity part of Lagrange’s
discussion. Only the case b = 0 is discussed in detail, along the lines of [57].

The approach using the convergent criterion of Lemma 4.3.1, which results in no
restriction on D, while allowing us to deal with the non-convergent case, without
having to appeal to the case = 1 in [175], whose proof is somewhat complicated.

The continued fractions approach also had the advantage that it produces the
solution (x, y) with least positive y from each class, if gcd(a, N) = 1.

The assumption ged(a, N) = 1 involves no loss of generality. For as pointed out
by Gauss in his Disquisitiones (see [95]), there exist relatively prime integers «, 7y
such that aa® + bary + cy? = A, where gcd(A, N) = 1. Then, if ad — By = 1, the
unimodular transformation x = aX + 3Y, y = yX + &Y converts ax? + bxy + cy? to
AX? 4 BXY + CY?. Also, the two forms represent the same integers.



94 4 General Pell’s Equation

Let us illustrate how we can solve (4.8.1) via the reduction of the quadratic form
in the left-hand side. By multiplying both sides of (4.8.1) by 4a and completing the
square we obtain

(2ax + by)* — Dy* = 4aN, (4.8.2)

where D = b? — 4ac. Assume that D > 0 and D is not a perfect square. Then
(4.8.2) is a general Pell’s equation. Let (u,,v,) be the general solution to its Pell’s
resolvent u? — Dv? = 1 and let («, 3) be the fundamental solution of the class K to
the equation X? — DY? = 4aN (see Section 4.1). Following [39], we have:

Theorem 4.8.1. All integer solutions (x,,yn)n>1 to (4.8.1) are given by

(o — bB)u, — (baw — DS,
% (4.8.3)

Xp =

Yn = Bun + oy,

where (U, Vy)n>1 is the solution to the Pell’s resolvent, and (e, () is the fundamen-
tal solution of the class K.

Proof. Let X = 2ax + by, Y =y, and N; = 4aN. By Theorem 4.1.3, we obtain the
general solution to X2 — DY? = N

X, = au, + DBv, and Y, = Bu, + av,.
Solving the linear system

{ 2ax, + by, = au, + Dfv,
Yn = 6un + av,

we get the formulas (4.8.3).

Now let us show that x, is an integer. To prove this, it is enough to show 2a |
a — bf and 2a | ab — D. Indeed, we have o — b = 2ax and
ab—fBD = ab—B(b* —4ac) = (a —bB)b+4ach = 2axb+4acB = 2a(xf+2cp),

and the properties follow. a
Example. The equation in Example 5, page 54, in the book [22] is reduced to
2 2 _
x° =5xy+y = -3 (4.8.4)
In the reference [22] the equation (4.8.4) is solved by Fermat’s method of infinite
descent. Let us illustrate the method in Theorem 4.8.1 for finding the solutions to

(4.8.4). The equation (4.8.4) is equivalent to

(2x — 5y)? — 21y? = —12.
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Let X = 2x—>5y and Y = y. We obtain the general Pell’s equation X2 —21Y? = —12.
The Pell’s resolvent u? —21v? = 1 has the fundamental solution (u1,v1) = (55,12),
hence its general solution (u,,v,),>1 is given by u, + v,V/21 = (55 4 12v/21)",
Using the upper bounds in the Remark after Theorem 4.1.3, we have

N +N  [12-55-12
O§|X|§\/| |”12+ \/ 12 eEi— s,

2

IN|u; — N \/12~55+12
0<Y< = =16 = 4.
< —\/ 2D 2.21

Therefore, we obtain the possibilities |X| = 0,1,...,18 and Y = 1,2,3,4. Then
we get four solutions (3, 1), (—3,1), (18,4), (=18, 4) to the equation X? — 21Y? =
—12. It is easy to check that these solutions are not associated with each other and
they generates four classes of solutions to the above general Pell’s equation. From
Theorem 4.8.1 we get all integer solutions to equation (4.8.4):

(4w, + 18vy, uy + 3vy), (t + vy, uy — 30y),
(19u,, + 87vy, 4u, + 18v,,), (u, — 3vy,, 4u, — 18v,), n > 1.

These four classes of solutions give a partition of the solution obtained in the above-
mentioned reference [22].

4.9 Thue’s Theorem and the Equations x> — Dy? = +N

In this section, following the papers [86, 87, 128] and [225] we show how to
obtain explicit representations of certain integers in the form x?> — Dy? for small
D > 1, using a constructive version of Thue’s theorem based on Euclid’s algorithm.
Amongst other things, if > = D (mod N), D # 1 (mod N) is solvable and
ged(D,N) = 1, N odd, we show how to find the following representations:

N=28k=+1 N = x2 — 22

—N =x2 —2y?

N=12k+1 N = x? — 3y?
N=12k—1 —N = x? — 3y?
N=5k+1 N = x? — 5y?
N=5bk—-1 —N =x2—5y?

N =24k +1or 24k — 5 N = x? — 6y?

N =24k —1or24k+5 —N = x? — 6y?

N = 28k + 1, 28k + 9 or 28k + 25| N = x> — Ty?
N = 28k — 1, 28k — 9 or 28k — 25|—N = x> — T7y?
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4.9.1 Euclid’s Algorithm and Thue’s Theorem

Let a and b be natural numbers, a > b, where b does not divide a. Let ry = a,
ri =b,andfor 1 <k < n, rp_1 = reqr + riy1, where 0 < 11 < rpand r,, = 0.
Define sequences sq, S1, ..., S,4+1 and #p, t1, ..., 41 by

so=1,85=0,10=0,1 =1, i1 = — Gt + =1, Sk+1 = —qQiSk + Sk—1,

for 1 < k < n. Then the following are easily proved by induction:

() sk = (=1 sels e = (=1 s
() 0=|s1]| < |s2| <...|$nt1l;
(i) 1= |n| <l < - <l|tg1];

(iv) a = |t|ri—1 + [tr—1|rrfor 1 <k <n—+1;

V) nn=sia+nubforl <k<n+1.

Theorem 4.9.1 (Thue). Let a and b be integers, a > b > 1 with gcd(a,b) = 1.
Then the congruence bx = y (mod a) has a solution in nonzero integers x and y
satisfying |x| < v/a, |y] < a.
Proof. As r, = ged(a,b) = 1,a > y/a > 1, and the remainders rg, ..., 7, in
Euclid’s algorithm decrease strictly to 1, there is a unique index k such that r,_; >
va > ri. Then the equation a = |fx|re—1 + |txk—1|re gives a > |x|r—1 > |&]V/a.
Hence || < +/a.

Finally, r, = sxa + tb, so bty = r;, (mod a) and we can take x = 4, y =ry. O

4.9.2 The Equation x? — Dy? = N with Small D

Let N > 1 be an odd integer, D > 1 and not a perfect square. Then a necessary
condition for solvability of the equation x> — Dy? = £N with ged(x,y) = 1 is
that the congruence u?> = D (mod N) is solvable. From now on we assume this,

D
together with gcd(D,N) = 1 and 1 < u < N. Then the Jacobi symbol (N) =1

D
We note that if N is prime, then (N) = 1 also implies that W=D (mod N) is

solvable.
If we take @ = N and b = u in Euclid’s algorithm, the integers 7 — Di? decrease
strictly for k = 0, ..., n, from a® to 1 — D¢? and are always multiples of N. For

12 — Dt} = t2u® — Dt = £2(u> — D) =0 (mod N).
If k is chosen so that r;_1 > VN > 1y, as in the proof of Thue’s theorem, then as

N = rk,1|tk\ + rk‘lkfl‘ > I’kfl‘lkl, 4.9.1)
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we have |t;| < v/N and
— DN < r} — Dt} <N. (4.9.2)
Hence rf — Dt? = —IN, —1 <1< D.Infact, 1 <[ < D, so
— DN < r? — Dt} < —N. (4.9.3)
Also r2 + IN = Dt? and hence Dt? > IN,

IN
|t| > D (4.9.4)

From equation (4.9.1), N > ry_1|#| and inequality (4.9.4) implies

DN
rg—1 < o 4.9.5)

4.9.3 The Equations x*> — 2y?> = +N

2
The assumption (N) = lis equivalent to N = +1 (mod 8). Also 1 <[ < 2, so
I =1 and (4.9.3) gives rZ — 217 = —N. Hence from equation (4.9.5) with D = 2,
r—1 < V2N and

~N=r}—2}<rl -2  <rl, <2N.

Thus rf_; —2t7_; = N.

Example. Let N = 10000000033, a prime of the form 8n + 1. Then u = 87196273
gives k = 10, rig = 29015, t19 = —73627, rg = 118239, tg = 44612 and r3, —
213, = —N, r3 — 212 = N.

Remark. We can express ry_1 and #;_1 in terms of ¢ and #;. The method is useful
later for delineating cases when D = 5,6, 7:
Using the identities
(}’krk,1 — Dtklk,1)2 — D(tkrk,1 — tk,lrk)z = (7‘,? — Dt,f)(r,%ﬁl — Dl‘,gfl) (496)

and

(=N = rity—1 — n—1ty, 4.9.7)
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we deduce that
rere—1 — Ditr—1 = €N, (4.9.8)

where ¢ = +1.

From equation (4.9.8) we see that e = 1, as ;1 < 0. Hence
rerk—1 + DTiTy—1 = N, (4.9.9)

where T}, = |t;|. Then solving equations (4.9.7) and (4.9.9) with D = 2 for r,_; and
Ty—1 yields

r—1=—rg + 2T, Ti1 =T — 1t

The integers N, |N| < 200, such that the equation x> — 2y? = N is solvable are:
+1, £2, £4, £7, £8, +9, £14, £16, £17, £18, £23, £25, +28, £31, £32, +34,
+36, +41, £46, £47, £49, £50, £56, £62, 63, £64, +68, £71, £72, £73,
£79, £81, £82, £89, +£92, £94, £97, £98, £100, £103, £112, £113, £119,
+121, +£124, £126, £127, £128, £136, £137, £142, +144, £146, £151, £153,
+158, £161, £162, £164, £167, £169, £175, £178, 184, £188, £191, £193,
£194, £196, £199, +200.

The following table presents the numbers k(2,N) of classes of solutions and
the sets K(2,N) of fundamental solutions of classes of x> — 2y?> = N, when the
equations are solvable and N is positive or negative, |N| < 18 [161].

2 =22 =N [k2,N)K2,N) |

¥ —2y? = 1 12,1

X% =2y = -2 1 1(4,3)
x2—2y? =4 1 ((6,4)

x2 -2yt =4 1 ((2,2)

¥ —-22 =7 2 1(3,1), (5,3)
¥ -2y =7 2 (1,2), (5,4)
x* -2y =38 1 |(4,2)

x? -2y = -8 1 |(8,6)
x2—2y?=9 1 1(9,6)
x?—22=-91] 1 |[(3,3)

¥ —2y? =14 2 |(4,1), (8,5)
¥ —2y2=-14] 2 [(2,3), (6,5)
x*—2y? =16 1 |(12,8)

¥ —2y?=-16] 1 |[(4,4)

x? —2y? =17 2 [(5,2), (7,4)
¥ —-2y2 =171 2 [(1,3), (9,7)
x? —2y? =18 1 |(6,3)

¥ =2 =-18] 1 |[(12,9)
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Here are four examples of general Pell’s equations x? — 2y = N, with N big:
k(2,833) = 6 and K(2,833) = {(29,2), (31,8), (35,14), (49,28), (61,38), (79,52)};
k(2,1666) = 5 and K(2,1666) = {(42,7), (46,15), (54,25), (62,33), (98,63)};
k(2,2737) = 7 and K(2,2737) = {(53,6), (55,12), (57,16), (75,38), (107,66),
(117,74), (135,88)}; k(2,3689) = 8 and K(2,3689) = {(61.,4), (67,20), (71,26),
(83,40), (89,46), (109,64), (121,74), (167,110)}.

4.9.4 The Equations x* — 3y? = +N

3
The assumption (N) = 1 is equivalent to N = £1 (mod 12). From equation
(4.9.3), we have —3N < r? — 3t} < —N.Hence rf — 317 = —2N or —N.

Case 1. Assume N = 1 (mod 12). Then rf — 317 = —N would imply the
contradiction rf = —1 (mod 3).

|3N
Hence r? — 3f2 = —2N and inequality (4.9.5) implies r,_1 < 5 Hence

3N
—ON =1 =32 <r} =32, <rP < 5>
Consequently, 72 | — 32, = N.
We find 2ry_1 = —r; + 3Ty and 2T, = —ry + Ty.

Case 2. Assume N = —1 (mod 12). Then r? — 312 = —2N would imply the
contradiction rf = 0 (mod 3). Hence rf — 312 = —N and inequality (4.9.5) implies
r—1 < V3N. Hence

~N=r} 32 <rl =3t , <rl, <3N.

Consequently, r7_; — 3t7_; = N or 2N. However, r?_; — 3t2_, = N implies the
contradiction r7_; = —1 (mod 3). Hence rf_; — 3t7_; = 2N.

We find Th—1 = —TFr + 3Tk and Tk,1 = —r;+ Tk.

The integers N, |N| < 200, such that the equation x> — 3y? = N is solvable are:
1,4,6,9, 13, 16, 22, 24, 25, 33, 36, 37, 46, 49, 52, 54, 61, 64, 69, 73, 78, 81, 88,
94, 96, 97, 100, 109, 117, 118, 121, 132, 141, 142, 144, 148, 150, 157, 166, 169,
177, 181, 184, 193, 196, 198, —2, —3, =8, —11, —12, —18, —23, —26, —27, —32,
—39, —44, —47, —48, —50, —59, —66, —71, —72, —74, =75, —83, —92, —98, —99,
—104, —107, —108, —111, —122, —128, —131, —138, —143, —146, —147, —156,
—162, —167, =176, —179, —183, —188, —191, —192, —194, —200.

The following table contains the numbers k(3,N) of classes of solutions and
the sets K(3,N) of fundamental solutions of classes of x> — 3y> = N, when the
equations are solvable and N is positive or negative, |[N| < 27 [161].
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x> —32=N_[k(3,N)|K(3,N)
2 _3y2 =4 1 [(4,2)
2-3y2=6 1 {(3,1)
2-3y2=9 1 [(6,3)

x? —3y? =13 2 |(4,1), (5,2)
2 _3y? =16 1 |(8,4)
2 3y? =22 2 [(5,1), (7,3)
2 _3y? =24 1 (6,2)
2 _3y? =25 1 [(10,5)
2-3?2=-3| 1 |((3,2)
2_3yr=-8| 1 |[(2,2)
2 _3y2=—11| 2 [(1,2), (4,3)
2 _3y2=-12| 1 [(6,4)
2_3y2=-18 1 [(3,3)
2-3y?=-23 2 |(2,3), (5,4)
2 _3y2=-26] 2 [(1,3), (7,5)
2 _3y2=-27 1 [(9,6)

Here are five example of equations x> — 3y? = N, with N big: k(3,121) = 3
and K = {(13.4), (14.5), (22.11)}: k(3,253) = 4 and K(3,253) = {(16.1), (19.6),
(20,7), (29,14)}; k(3, 1573) = 5 and K(3, 1573) = {(40,3), (41,6), (44,11), (55.22),
(6429)); k(3,3289) = 8 and K(3,3289) = {(58,5), (59.8), (61,12), (67.20),
(74,27), (86,37), (94.43), (101,48))" k(3,3718) = 6 and K(3,3718) = {(61,1),
(65,13), (71,21), (79,29), (91,39), (119,59)}.

4.9.5 The Equations x> — 5y> = =N

= lis equivalent to N = £1 (mod 5). Then from equation
(4.9.3), we have —5N < r,f — 5t,§ < —N. Hence r,f — 5[,? = —4N, —3N, —2N
or —N. We cannot have 17 — 52 = —3N, as then (;) = 1. Neither can we have
r? — 512 = —2N, as N is odd.

Case 1. Assume N = 1 (mod 5). Then r} — 52 = —N would imply the
contradiction r{ = —1 (mod 5). Hence rf — 5t2 = —4N. Then r; and #; are both

5
The assumption (
N

5N
odd. Also, inequality (4.9.5) implies r,_; < \/j .Hence —N < r? ;-5 | <N.
Then as in the remark above, we can show that

() if rf_; — 5}, = —N, then
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dre_q = =3ry + 4Ty, 4Ty 1 = —ry + 3Ty,

hence r, = —T; (mod 4).
(i) if 2, — 512_, = N, then

drey = —rg + 5Ty, 4Ty = -1 + Iy,

hence ry = T; (mod 4).

Case 2. Assume N = —1 (mod 5). Then rf — 52 = —4N would imply the
contradiction 77 = 4 (mod 5). Hence r — 52 = —N. Then not both r; and
t are odd. Also, inequality (4.9.5) implies r,_; < +/5N and we deduce that
—N < r}_; —562_; <4N. Consequently, r2_, — 5¢7_; = N or 4N.

Then, as in the remark above, we can show

() if 2, — 52, = N, then
fi1 = —2rg + 5Ty, Ty = —rp + 2T,

hence Fre—1 = —2I’k (I'IlOd 5)
(i) Ifrf ; — 562, = 4N, then

r—1 = —rg+ 5T, Tho1=—rp+ Ty,

hence r,_1 = —r; (mod 5).
Here is a complete classification of the possible cases:
1. N = 5k + 1. Then r? — 517 = —4N, while r and #; are odd.

() re = —T; (mod 4). Thenr? | — 52 ; = —N.
(ii) rx = Ty (mod 4). Thenr? ; — 52, = N.

2. N = 5k — 1. Then r} — 5t = —N, while r; and # are not both odd.

(i) re—1 = —2r; (mod 5). Then r_; — 5¢7_; = N.
(ii) rx—1 = —rx (mod 5). Thenr? ; — 562, = 4N.

The integers N, |N| < 200, such that the equation x? — 5y% = N is solvable are:
+1, £4, £5, 49, +11, +16, £19, +20, +25, £29, +31, +36, +41, £44, +45,
+49, +55, +59, £61, £64, +£71, +76, +79, £80, £81, +89, +95, +99, £+100,
+101, £109, £116, £121, £124, £125, £131, £139, £144, +£145, £149, £+151,
+155, £164, £169, +171, 176, £179, £180, +181, +191, £196, £199.

The following table gives the numbers k(5,N) and the sets K(5,N) of the
equations x*> — 5y2 = N, when they are solvable and N is positive or negative,
IN| < 29 [161].
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x? —5y? = 3 (3,1), (7,3), (18,8)
x5y =5 1 |(5,2)

x% —5y? = 1 {(27,12)

x? —5y? =11 2 |(4,1), (16,7)

x? — 5y? = 16 3 [(6,2), (14,6), (36,16)
x? —5y? =19 2 [(8,3), (12,5)

x% —5y? =20 3 [(5,1), (10,4), (25,11)
x? —5y? =25 1 |(45,20)

=5y =-41] 3 [(1,1), (4,2), (11,5)
¥ —52%=-5] 1 [(20,9)

x? —5y? = -9 1 |(6,3)

¥ =52 =—11] 2 [(3,2), (13,6)

¥ =5y =-16] 3 ((2,2), (8,4), (22,10)
¥ -5 =-19 2 |[(1,2), (31,14)

x? =5y =-20] 3 [(5,3), (15,7), (40,18)
x? —5y?=-25 1 [(10,5)

X —5y2=-29 2 [(4,3), (24,11)

Here are three example of equations x> — 5y = N, with N big: k(5,1276) =
11 and K(5,1276) = {(36,2), (39,7), (41,9), (49,15), (59,21), (76,30, (84,34),
(111,47), (141,61), (211,93), (284,126)}; k(5, 1936) = 8 and K(5, 1936) = {(46,6),
(54,14), (84,32), (116,48), (154,66), (206,90), (294,130), (396,176)}; k(5, 9196) =
18 and K(5,9196) = {(96,2), (99,11), (104,18), (111,25), (121,33), (139,45),
(149,51, (176,66), (201,79), (229,93), (264,110), (321,137), (351,151), (429,187),
(499.219), (576,254), (671,297), (324.366)}.

4.9.6 The Equations x> — 6y? = +N

6
The assumption (N) = 1 is equivalent to N = +£1 (mod 24) or N = +£5

(mod 24). Then from equation (4.9.3), we have —6N < r,? — 6t,? < —N. Hence
1?2 — 617 = —5N, —4N, —3N, —2N or —N. Only —4N is ruled out immediately
and the other possibilities can occur.

As with the case D = 5, there is a complete classification of the possible cases:

1. N =24k — 1 or 24k + 5.

(i) 7 =0 (mod 3). Then 17 — 67 = —3N, r?_, — 617, = —N.
(ii) rx # 0 (mod 3). Then r? — 617 = —N.
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(@) 7t—1 =0 (mod 2). Thenr , — 6£Z_, = 2N.
(b) rx—1 =1 (mod 2). Then r?_, — 62 ; = 5N.

2. N =24k + 1 or 24k — 5:

() i =0 (mod 2). Then r? — 612 = —2N,r?_, — 6t , = N.
(i) 7 =1 (mod 2). Then r? — 612 = —5N.

(@) e = Ty (mod 5). Thenrf | — 62 | =N.
b) r = ka (mod 5). Then r_; — 612, = —2N,r}_, — 62 5 =N.

The integers N, |[N| < 200, such that x> — 6y = N is solvable are: 1, 3, 4, 9,
10, 12, 16, 19, 25, 27, 30, 36, 40, 43, 46, 48, 49, 57, 58, 64, 67, 73, 75, 76, 81,
90, 94, 97, 100, 106, 108, 115, 120, 121, 129, 138, 139, 142, 144, 145, 147, 160,
163,169, 171, 172, 174, 184, 190, 192, 193, 196, —2, —5, —6, —8, —15, —18, —20,
—23, —24, —29, —32, —38, —45, —47, —50, —53, —54, —60, —69, —71, —72, —80,
—86, —87, —92, —95, —96, —98, —101, —114, —116, —125, —128, —134, —135,
—141, —146, —149, —150, —152, —159, —162, —167, —173, —180, —188, —191,
—194, —197, —200.

The following table gives the numbers k(6, N) and the sets KC(6, N) of equations
i N| < 25[161].

x? —6y? =3 1 |(3,1)

x* -6y’ =4 1 {(10,4)

¥ —6y2=9 1 |(15,6)

x2 —6y? =10 2 |(4,1), (8,3)
X —6y? =12 1 |(6,2)

x% —6y? =16 1 1{(20,8)

x? —6y? =19 2 |(5,1), (13,5)
x? —6y? =25 3 ((7,2), (11,4), (25,10)
X2 —6y? = -2 1 [(2,1)

x? —6y? = -5 2 |(1,1), (7,3)
x2 —6y? = —6 1 |(12,5)

¥ -6y =-8] 1 [(4,2)

¥ —6y?=—15 2 [(3,2), (9,4)
¥ —6y2=—-18] 1 |[(6,3)

¥ —6y?=-20 2 [(2,2), (14,6)
¥ —6y2=-23 2 |(1,2), (19,8)

Here are three examples of equations x* — 6y? = N, with N big: k(6,625) = 5
and /C(6,625) = {(29.6), (35,10), (55,20), (73,28), (125,50)}; k(6,2185) = 8
and K(6,2185) = {(47,2), (49,6), (61,16), (79,26), (83,28), (113.42), (173,68),
(211,84)}; k(6,9025) = 9 and K(6,9025) = {(97.8), (101,14), (133,38), (155,50),
(175.60). (209.76), (337.132), (389,154). (475,190)}.
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4.9.7 The Equations x> — Ty? = =N

The assumption (;) = lisequivalentto N = 1,3,9,19,25,27 (mod 28).
As with the case D = 6, there is a complete classification of the possible cases:
1. N=28k+1, 28k + 9, or 28k + 25.
() e = Ty (mod 2). Then r? — 7t} = —6N.
(@) 7. = =Ty (mod 6). Then r_, — 7t2_, = —3N.

(1) 11 = —Ty_1 (mod 3). Thenr? , — 7t2 , = N.
(2) rx—1 = Tr—1 (mod 3). Thenr? , — 712 , = 2N.

(b) rx = Ty (mod 6). Then r?_, — 72, = N.
(i) rx # T (mod 2). Then rf — 717 = —3N.

(@) i, = —T; (mod 3). Thenr? | — 72_, = N.
(b) 1 = Ty (mod 3). Then r_, — 7t2_, = 2N.

2. N = 28k + 3, 28k 4 19, or 28k + 27.
() rx = Tx (mod 2). Then r? — 7t2 = —2N.
(@) rp—1 = —Ty—1 (mod 3). Thenr? ; — 72, = —N.
(b) r4—1 = Ty—1 (mod 3). Then r?_; — 7t7_, = 3N.
(ii) rx # Ty (mod 2). Then rf — 7t = —N.
(@) rg—1 = —Ty—1 (mod 3). Thenrf ; — 72_; = 3N.
(b) r4—1 = Tx—1 (mod 3). Then rf_; — 7t7_, = 6N.

In cases 1(a)(2) and 2(i), the equations rf_, — 7t7_, = 2N and r{ — 7t = —2N
give rise to equations x> — 7y?> = N, —N, respectively, if we write x + y/7 =
(ri—o+tr—oV/T)(3+/T7) and (1 +1:/7) /(3 ++/T), respectively. For if x +yv/7 =

3r— Tt 3t —
(r 4+ tv/7)/(3 + \/7), where r and ¢ are odd, then x = r andy = r
integers and x? — 7y? = (r? — 71?) /2.
We note that 1(a)(2) cannot occur unless N = 0 (mod 3). Then we have

are

— 7T — 5T,
o e = (4.9.10)

—Fi— Ti_ —F_ T
Ppg = ot T et 12:7 L A 1; k=1 4.9.11)

Then (4.9.6) implies ri—1 + The1 = —rp + 2Ty = —rx — T = 0 (mod 3).
Also (4.9.7) implies r—1 = Ty—1 (mod 3). Hence 3 divides r;_1 and T;_; and the
equation r2_, — 7T2_, = —3N then implies that 3 divides N.



4.9 Thue’s Theorem and the Equations x> — Dy? = £N 105

Example. N = 57. The congruence u?> = 7 (mod 57) has solutions u = +8, +11
(mod 57). Thenu = 0 givesk = 2,11 =8t =1, o =1, = 1,150 = -7,
12 -T2 = —6Nandr}_, —7t2 | = N,whileu = 11givesk=2,r; = 11,1; = 1,
ro=2,tg=—5andr? — 7t = —3Nand r?_, — 717_, = 2N.

The integers N, |[N| < 200, such that x> — 7y? = N is solvable are: 1, 2, 4, 8,
9, 16, 18, 21, 25, 29, 32, 36, 37, 42, 49, 50, 53, 57, 58, 64, 72, 74, 81, 84, 93, 98,
100, 106, 109, 113, 114, 116, 121, 128, 133, 137, 141, 144, 148, 149, 162, 168, 169,
177, 186, 189, 193, 196, 197, 200, —3, —6, —7, —12, —14, —19, —24, —27, —28,
—31, —38, —47, —48, —54, —56, —59, —62, —63, —75, —76, —83, —87, —94, —96,
—-103, —108, —111, —112, —118, —124, —126, —131, —139, —147, —150, —152,
—159, —166, —167, —171, —174, —175, —188, —192, —199.

The following table contains the numbers k(7,N) and the sets K(7,N) of the
equations x> — 7y?> = N, when they are solvable and N is positive or negative,
IN| <29 [161].

2 =72 =N _[k(7,N)|K(7,N) \

X —Ty? = 1 13,1)
2_7y?=4 1 [(16,6)
27y = 1 [(6,2)
=Ty =9 3 |(4,1), (11,4), (24,9)
2 -7y? =16 1 [(32,12)
2 7y2 =18 3 1(5,1), (9,3), (19,7)
27yt =21 2 |(7,2), (14,5)
27y =25 1 [(40,15)
2 - 7y? =129 2 |(6,1), (27,10)
2o =-3| 2 |(2,1), (5,2)
27?2 =-6| 2 |[(1,1), (13,5)
2omy2=-71] 1 [(21,8)
2oy =-12] 2 |(4,2), (10,4)
2o7ny?=-14] 1 |(7,3)
2omy2 =191 2 [(3,2), (18,7)
27?2 =-24/ 2 |(2,2), (26,10)
x?—Ty?=-27 4 |(1,2), (6,3), (15,6), (34,13)

Here are three examples of equations x> — 7y? = N, with N big: k(7,2349) =
10 and K(7,2349) = {(51,6), (54.9), (61,14), (82,25), (93,30), (114,39), (131,46),
(194,71), (243,90), (282,105)}; k(7,3249) = 9 and (7, 3249) = {(64,11), (71,16),
(76,19), (111,36), (132,45), (209,76), (232,85), (281,104), (456,171)}; k(7, 4617) =
12 and K(7,4617) = {(68,1), (72.9), (75,12), (93.24), (117,36), (128.41), (163,56),
(180,63), (240,87), (348,129), (387.144), (523,196)}.
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