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Highest Weight Theory

By studying the L? functions on a compact Lie group G, the Peter—Weyl Theorem
gives a simultaneous construction of all irreducible representations of G. Two im-
portant problems remain. The first is to parametrize G in a reasonable manner and
the second is to individually construct each irreducible representation in a natural
way. The solution to both of these problems is closely tied to the notion of highest
weights.

7.1 Highest Weights

In this section, let G be a compact Lie group, T a maximal torus, and AT (gc) a
system of positive roots with corresponding simple system I1(gc). Write

= P g

aeA*(ge)

so that
7.1 gc=n"®tcdn"

by the root space decomposition. Equation 7.1 is sometimes called a triangular
decomposition of gc since n* can be chosen to be the set of strictly upper, re-
spectively lower, triangular matrices in the case where G is GL(n, IF). Notice that
[tc®nT,nT]CnTand [tc ®n~,n ] Cn.

Definition 7.2. Let V be a representation of g with weight space decomposition V =
@AEA(V) Vi

(a) A nonzero v € Vy, is called a highest weight vector of weight 1, with respect to
At(ge) ifntv =0, i.e.,if Xv = 0forall X € n'. In this case, A is called a highest
weight of V.

(b) A weight X is said to be dominant if B(:, a) > 0 for all @ € I1(gc), i.e., if A lies
in the closed Weyl chamber corresponding to A™ (gc).
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As an example, recall that the action of su(2)c = sl(2, C) on V,(C?), n € Z=°,
from Equation 6.7 is given by

E- (5™ = ki 57!
H- (X = (n = 2k) 2807

Fo@hy ™) = (e —n) g

and recall that {V,(C?) | n € Z="} is a complete list of irreducible representa-
tions for SU (2). Taking it = diag(6, —0), 0 € R, there are two roots, £¢€,, where
€1n(diag(d, —0)) = 26. Choosing A* (s[(2, C)) = {ey,}, it follows that z} is a high-
est weight vector of V, (C?) of weight n<2. Notice that the set of dominant analyti-
cally integral weights is {n“} | n € 7). Thus there is a one-to-one correspondence
between the set of highest weights of irreducible representations of SU (2) and the set
of dominant analytically integral weights. This correspondence will be established

for all connected compact groups in Theorem 7.34.

Theorem 7.3. Let G be a connected compact Lie group and V an irreducible repre-
sentation of G.

(a) V has a unique highest weight, A.

(b) The highest weight Ay is dominant and analytically integral, i.e., Ao € A(T).

(c¢) Up to nonzero scalar multiplication, there is a unique highest weight vector.

(d) Any weight A € A(V) is of the form

)\.=)\.0— Z n;o;

a;€ll(gc)

forn; € Z7°,

(e) Forw € W, wV, = V,,, so that dim'V, = dim V,,,. Here W(G) is identified
with W(A(gc)), as in Theorem 6.43 via the Ad-action from Equation 6.35.

(f) Using the norm induced by the Killing form, |A|| < ||Ao|| with equality if and only
if A = wko for w € W(gc).

(g) Up to isomorphism, V is uniquely determined by .

Proof. Existence of a highest weight 1 follows from the finite dimensionality of V
and Theorem 6.11. Let vy be a highest weight vector for A and inductively define
Vo, = Vu_1 + n=V,_; where Vy = Cug. This defines a filtration on the (n~ @ t¢)-
invariant subspace Vo, = U, V,, of V. If o € I1(gc), then [gy, n7] S n™ @ t¢. Since
9. Vo = 0, a simple inductive argument shows that g,V,, C V,. In particular, this
suffices to demonstrate that V, is gc-invariant. Irreducibility implies V = V and
part (d) follows.

If A; is also a highest weight, then A; = Ao — > _m;; and Ag = A} — Y m;q;
for n;,m; € Z=°. Eliminating A; and Ao shows that — Y n;e; = Y m;a;. Thus
—n; = m;,sothatn; = m; = 0and A = X¢. Furthermore, the weight decomposition
shows that Vo, NV, = Vi = Cuy, so that parts (a) and (c) are complete.

The proof of part (e) is done in the same way as the proof of Theorem 6.36. For
part (b), notice that r,, Ao is a weight by part (e). Thus
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B()"Oa O‘L

)»() - 2— = )»() - Z nja;
Blag, ) ! o, e (ge)
forn; € 7ZZ%. Hence 238‘) g; = n;, so that B(Ao, ;) > 0 and Ay is dominant.

Theorem 6.27 shows that Ag (in fact, any weight of V) is analytically integral.

For part (f), Theorem 6.43 shows that it suffices to take A dominant by using the
Weyl group action. Write A = Ao — Y_ n;¢;. Solving for Ao and using dominance in
the second line,

Ioll> =17 +2 > miBG, @)+
a;€ll(gc)

E n;Q;

a;€ll(gc)

E n;a;

a;€ll(gc)

2

> A% + > A%

In the case of equality, it follows that Za, eM(ge) Mi%i = 0,sothatn; = 0and A = A.

For part (g), suppose V' is an irreducible representation of G with highest weight
Ao and corresponding highest weight vector v). Let W = V @ V' and define
W, = W,_1 + n"W,_1, where Wy = C(vo, vy). As above, Woo = U, W, is a
subrepresentation of V @ V’. If U is a nonzero subrepresentation of W, then U
has a highest weight vector, (uo, u). In turn, this means that u, and u;, are highest
weight vectors of V and V', respectively. Part (a) then shows that C(uo, uy) = Wo.
Thus U = Wy and W, is irreducible. Projection onto each coordinate establishes
the G-intertwining map V = V', O

The above theorem shows that highest weights completely classify irreducible
representations. It only remains to parametrize all possible highest weights of irre-
ducible representations. This will be done in §7.3.5 where we will see there is a
bijection between the set of dominant analytically integral weights and irreducible
representations of G.

Definition 7.4. Let G be connected and let V' be an irreducible representation of G
with highest weight A. As V is uniquely determined by X, write V (1) for V and write
X, for its character.

Lemma 7.5. Let G be connected. If V ()) is an irreducible representation of G, then
V()* = V(—wod), where wy € W(A(ge)) is the unique element mapping the
positive Weyl chamber to the negative Weyl chamber (c.f. Exercise 6.40).

Proof. Since V (1) is irreducible, the character theory of Theorems 3.5 and 3.7 show
that V (1)* is irreducible. It therefore suffices to show that the highest weight of
V (A)* is —woh.

Fix a G-invariant inner product, (-, -),on V (1), sothat V(L)* = {u, | v € V(Q)},
where u,(v) = (v, v) for v’ € V(1). By the invariance of the form, g, = g
for g € G, so that Xy, = uyx, for X € g. Since (-, -) is Hermitian, it follows that
Zuy = po(zy for Z € gc.
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Let v; be a highest weight vector for V (1). Identifying W (G) with W(A(gc)")
and W(A(gc)) as in Theorem 6.43 via the Ad-action of Equation 6.35, it follows
from Theorem 7.3 that wyv;, is a weight vector of weight woA (called the lowest
weight vector). As (Y) = —Y for Y € it and since weights are real valued on it, it
follows that fi,,., is a weight vector of weight —woA.

It remains to see that n"wov, = 0 since Lemma 6.14 shows n™ = n~. By
construction, woA™* (gc) = A~ (gc) and w} = I, so that Ad(wo)n~ = n™. Thus

n~wovy, = wo (Ad(wy " n") vy = went v, =0

and the proof is complete. O

7.1.1 Exercises

Exercise 7.1 Consider the representation of SU(n) on /\” C". For T equal to the
usual set of diagonal elements, show that a basis of weight vectors is given by vectors
of the form e;, A --- A ¢, with weight 3P | &,. Verify thatonly e; A --- Ae, is a
highest weight to conclude that /\” C" is an irreducible representation of SU (n) with
highest weight Y /| ;.

Exercise 7.2 Recall that V,(IR"), the space of complex-valued polynomials on R"
homogeneous of degree p, and H,(IR"), the harmonic polynomials, are representa-
tions of SO (n). Let T be the standard maximal torus given in §5.1.2.3 and §5.1.2.4,
let hj = Ezj_sz — E2j,2j—1 et,l <k<m= L%J, 1.e., hj is an embedding of
01
-10
(1) Show that /; acts on V,(R") by the operator —x3;0y,,_, + X210k,
(2) For n = 2m + 1, conclude that a basis of weight vectors is given by polynomials
of the form

), and let €; € t* be defined by €;(h ) = —ié; ;s (c.f. Exercise 6.14).

. i . im .k . k1
(ep A+ ixp)?t - (o1 X0 (X1 — 0x2)™ -+ (o1 — 1X0) ™ Xy

lo+ Y., ji + Y., ki = p, each with weight >, (k; — ji)e;.
(3) For n = 2m, conclude that a basis of weight vectors is given by polynomials of
the form

. i . jm . k . ki
(x1 F+ixp)’ o (et A i) (g — i)™ -+ (g1 — ixn)™,

> i Ji + > ; ki = p, each with weight ), (k; — ji)e;.

(4) Using the root system of so(n, C) and Theorem 2.33, conclude that the weight
vector (x; — ix2)” of weight pe; must be the highest weight vector of H,(R") for
n>3.

(5) Using Lemma 2.27, show that a basi's of highest weight vectors for V,(R") is
given by the vectors (x; — ixy)P=% ||x||21 of weight (p — 2j)e;, 1 < j <m.

Exercise 7.3 Consider the representation of SO (n) on /\” C" and continue the no-
tation from Exercise 7.2.
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(1) For n = 2m + 1, examine the wedge product of elements of the form e;;_; iey;
as well as ey, 1 to find a basis of weight vectors (the weights will be of the form
*e€j,---xe€j, withl < j; < ... < j, < p). For p < m, show that only one is
a highest weight vector and conclude that /\” C" is irreducible with highest weight
i1 €i-

(2) For n = 2m, examine the wedge product of elements of the form e;;_; £iey; to
find a basis of weight vectors. For p < m, show that only one is a highest weight vec-
tor and conclude that /\” C" is irreducible with highest weight "7 €;. For p = m,
i"z_ll € e, In
C" is the direct sum of two irreducible representations.

show that there are exactly two highest weights and that they are )
this case, conclude that A"

Exercise 7.4 Let G be a compact Lie group, T a maximal torus, and A" (gc) a
system of positive roots with respect to tc with corresponding simple system IT(gc).
(1) If V(1) and V ()') are irreducible representations of G, show that the weights of
V(X)) ® V(1) are of the form w + u’, where u is a weight of V (A) and u’ is a weight
of V(1.

(2) By looking at highest weight vectors, show V (A + A’) appears exactly once as a
summand in V(1) ® V(L)).

(3) Suppose V (v) is an irreducible summand of V(1) ® V(1') and write the highest
weight vector of V (v) in terms of the weights of V(1)® V (1). By considering a term
in which the contribution from V (L) is as large as possible, show that v = A + u’ for
a weight u’ of V().

Exercise 7.5 Recall that V,, ,(C") from Exercise 2.35 is a representations of SU (n)

on the set of complex polynomials homogeneous of degree p in zy, ... , z, and ho-
mogeneous of degree ¢ in 7y, ... , Z, and that H, ,(C") is an irreducible subrepre-
sentation.

1) If H = diag(zy, ... ,t,) with Zj tj = 0, show that H acts on V, ,(C") as
>t (=2;0:, +7;0).

(2) Conclude that ' - - - Zoz7! ... 0, > jkj=pand} ;l; = q,is aweight vec-
tor of weight Zj(lj —kj)E;.

(3) Show that — pe, is a highest weight of V), o(C").

(4) Show that ge; is a highest weight of V ,(C").

(5) Show that ge; — pe, is the highest weight of H, ,(C").

Exercise 7.6 Since Spin, (R) is the simply connected cover of SO(n), n > 3, the
Lie algebra of Spin, (R) can be identified with so(n) (a maximal torus for Spin, (R)
is given in Exercise 5.5).

(1) For n = 2m + 1, show that the weights of the spin representation S are all weights
of the form % (e - - - + €,) and that the highest weight is % (€14 -+ €n).

(2) For n = 2m, show that the weights of the half-spin representation S* are all
weights of the form % (+£e; - - - £ €,) with an even number of minus signs and that
the highest weight is % (14 -+ €1+ e€n).

(3) For n = 2m, show that the weights of the half-spin representation S~ are all
weights of the form % (L€ - - - £ €,) with an odd number of minus signs and that

the highest weight is % €1+ -+ €n_1 — €n).
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7.2 Weyl Integration Formula
Let G be a compact connected Lie group, T a maximal torus, and f € C(G). We
will prove the famous Weyl Integration Formula (Theorem 7.16) which says that
1

dg = d “NdeT dt,
/Gf(g) g Wl ) ) G/Tf(gtg )dgT dt

where d(t) = ]_[%N(gc) |1 —&_o(t)|* fort € T. Using Equation 1.42, the proof
will be based on a change of variablesmap ¢ : G/T xT — G givenby ¥ (gT,t) =
gtg~'. In order to ensure all required hypothesis are met, it is necessary to first
restrict our attention to a distinguished dense open subset of G called the set of
regular elements.

7.2.1 Regular Elements

Let G be a compact Lie group with maximal torus 7 and X € g. Recall from Def-
inition 5.8 that X is called a regular element of g if 35(X) is a Cartan subalgebra.
Also recall from Theorem 6.27 the bijection between the set of analytically integral
weights, A(T), and the character group, x(7), that maps A € A(T) to &, € x(T)
and satisfies

& (exp H) = e
for H € t.

Definition 7.6. Let G be a compact connected Lie group with maximal torus 7.

(a) An element g € G is said to be regular if Z;(g)° is a maximal torus.

(b) Write g™ for the set of regular element in g and write G™# for the set of regular
elements in G.

(¢)Fort e T, let

dny =[] ad—&.0).

acA(gce)

Theorem 7.7. Let G be a compact connected Lie group.

(a) g'°¢ is open dense in g,

(b) G™¢ is open dense in G,

(c) If T is a maximal torus andt € T, t € T™ if and only if d(t) # 0,

(d) For H € t, e is regular ifand only if H € B = {H € t | «(H) ¢ 27iZ,
o € A(go)},

() Gt = Ugeq (gT™8g7").

Proof. Let [ be the dimension of a Cartan subalgebra and n = dim g. Any element
X € g lies in at least one Cartan subalgebra, so that dim(ker(ad(X))) > [. Thus

det(ad(X) — AI) = Z cr (XA,
k=l
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where ¢ (X) is a polynomial in X. Since ad(X) is diagonalizable, X is regular if and
only if dim(ker(ad(X))) = [. In particular, X is regular if and only if ¢;(X) # 0.
Thus g™¢ is open in g. It also follows that g™ is dense since a polynomial vanishes
on a neighborhood if and only if it is zero.

For part (b), similarly observe that each g € G lies in a maximal torus so that
dim(ker(Ad(g) — I)) > [. Thus

det(Ad(g) — A1) = Y () — D,
k=l

where ¢ (g) is a smooth function of g. From Exercise 4.22, recall that the Lie algebra
of Zg(g) is 34(g) = {X € g | Ad(g)X = X}. Since Zs(g)? is a maximal torus if
and only if 34(g) is a Cartan subalgebra, diagonalizability implies g is regular if and
only if ¢;(g) # 0. Thus G™2 is open in G.

To establish the density of G™, fix a maximal torus T of G. Since the eigenval-
ues of Ad(e") are of the form ¢**) for @ € A(gc)U{0}, it follows that e is regular
if and only if H € E. Since E differs from t only by a countable number of hyper-
planes, E is dense in t by the Baire Category Theorem. Because exp is onto and con-
tinuous, 77 is therefore dense in T. Since the Maximal Torus Theorem shows that
G = Ugeg (§Tg™"), counting eigenvalues of Ad(g) shows G™8 = U,cq (g7™¢g™").
Density of G™# in G now follows easily from the density of 7% in T'. O

Definition 7.8. Let G be a compact connected Lie group and 7 a maximal torus.
Define the smooth, surjective map ¢ : G/T x T — G by

v(gT, 1) = gtg™".

Abusing notation, we also denote by i the smooth, surjective map ¥ : G/T x
Tr¢ — G'™¢ defined by restriction of domain.

It will soon be necessary to understand the invertibility of the differential d :
Ter(G/T) X T{(T) — T4e-1(G) for g € G and ¢ € T. Calculations will be sim-
plified by locally pulling G/T x T back to G with an appropriate cross section for
G/T.Write m : G — G/T for the natural projection map.

Lemma 7.9. Let G be a compact connected Lie group and T a maximal torus. Then
g=1t (g N @%A(gm ga) and there exists an open neighborhood Uy of 0 in
(gn PBocaiao) 8« ) s0 that, if Ug = exp Uy and Ug,r = nUg, then:

(a) the map U, ity Ug 5 Ug,t is a diffeomorphism,

(b) Ug,r is an open neighborhood of eT in G/ T,

(c) UsT = {gt | g € Ug, t € T} is an open neighborhood of e in G

(d) The map & : UgT — G/T x T given by £(gt) = (gT,t) is a smooth, well-
defined diffeomorphism onto Ug,7 x T.

Proof. The decomposition g = t @ (g NP, Algo) ga) follows from Theorem 6.20.
In fact, (g N @%A(gc) ga) is spanned by the elements 7, and K, for ¢ € A(gc)-
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Since the map (H, X) — efeX, H e tand X € (g al EB%A(M) ga), is therefore a
local diffeomorphism at 0, it follows that there is an open neighborhood Uy of 0 in
(6 N Poeage) 9«) on which exp is a diffeomorphism onto Ug.

Recall that 7,7 (G/T) may be identified with g/t. Thus by construction, the dif-
ferential of 7 restricted to T, (Ug) at e is clearly invertible, so that 7 is a local diffeo-
morphism from Ug at e. Thus, perhaps shrinking Uy and Ug, we may assume that

Ug/r is an open neighborhood of eT in G/T and that the maps Uy ey Ug = Ug/r
are diffeomorphisms. This finishes parts (a) and (b).

For part (c), UgT is a neighborhood of e since the map (H, X) — efeX isa
local diffeomorphism at 0. In fact, there is a subset V of T so that UgV is open.
Taking the union of right translates by elements of T, it follows that U T is open.

For part (d), suppose gt = g't’ with g, ¢’ € Ug and t,t' € T. Then rg = ng/,
so that g = g’ and ¢ = ¢’. Thus the map is well defined and the rest of the statement
is clear. O

Using Lemma 7.9, it is now possible to study the differential dvr : To7r (G/T) X
T,(T) — T4-1(G). This will be done with the map & and appropriate translations
to pull everything back to neighborhoods of e in G.

Lemma 7.10. Let G be a compact connected Lie group and T a maximal torus.
Choose Ug € G asin Lemma 7.9. Forg € Gandt € T, let¢ : UgT — G be given
by

¢ =ly g1 0% oy x1) 0,
where & is defined as in Lemma 7.9. Then the differential d¢ : g — g is given by
dg(H + X) = Ad(g) [(Ad(t™") — 1) X + H]
for H € tand X € (8N Pyenqe) 9o) and
det(d¢) = d(1).

Proof. Calculate

d ) d 5 _
do(H) = £¢(e*”>|s:o = agemg =0 = Ad(9)H

d sX d -1 sX, —sX _—1 -1
dp(X) = —p(e7 )= = gt e te " g [s—0 = Ad(gr" )X — Ad(g)X,
ds ds
so that the formula for d¢ is established by linearity. For the calculation of the de-
terminant, first note that det Ad(g) = 1. This follows from the three facts: (1) the
determinant is not changed by complexifying, (2) each g lies in a maximal torus, and
(3) the negative of a root is always a root. The problem therefore reduces to show-
ing that the determinant of (Ad(t’l) — I) on @aeA(gc) o 18 ]_[%A(gﬁ)(l — ey,
Since dim g, = 1 and Ad(z~") acts on g, by e™*1"? where "’ = ¢, the proof fol-
lows easily. The extra negative signs are taken care of by the even number of roots
(since A(gc) = A™(gc) U A7 (go)) o
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Theorem 7.11. Let G be a compact connected Lie group and T a maximal torus.
The map

¥ :G/T x T™ — G given by
y(eT, 1) = gtg™!
is a surjective, |W(G)|-to-one local diffeomorphism.

Proof. For g € G and t € T™, Lemma 7.10 and Theorem 7.7 show that v is a
surjective local diffeomorphism at (g7, t). Moreover if w € N(T), then

(7.12) Y(gw T, wrw™) = v(gT, 1).

Since gw™!'T = gT if and only if w € T, it follows that |y ~'(grg™")| > [W(G)|.

To see that ¥ is exactly |W(G)|-to-one, suppose gtg~' = hsh™! forh € G
and s € T, By Theorem 6.36, there is w € N(T), so that s = wtw~!. Plugging
this into gtg~! = hsh™! quickly yields w' = g~'hw € Zg(t). Since t is regular,
Zo =T. Being the identity component of Z5(T), ¢,y preserves T, so that w’ €
N(T). Hence

(hT,s) = (gw'w™'T, wrw™") = (gw'w™'T, ww 'rww™).
Since this element was already known to be in ¥~ (gzg~") by Equation 7.12, we
seethat W’l(gtg’l)| < |W(G)|, as desired. O
7.2.2 Main Theorem

Let G be a compact connected Lie group and 7 a maximal torus. From Theorem

1.48 we know that
/ f(g)dg = f ( / f(gt)dt> 4T
G 6/t \JT

for f € C(G). Recall that the invariant measures above are given by integration
against unique (up to 1) normalized left-invariant volume forms wg € /\TOP(G)

and wg/r € /\I*OP(G /T). In this section we make a change of variables based on
the map ¢ to obtain Weyl’s Integration Formula. To this end write n = dim G,
| = dim T (also called the rank of G when g is semisimple), and write ¢t : T — G
for the inclusion map. Recall that w : G — G/ T is the natural projection map.

Lemma 7.13. Possibly replacing wr by —wr (which does not change integration),
there exists a G-invariant form or € )\ (G), so that

wr = "or
and

wG = (ﬂ*wc;/T) AN (37/“
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Proof. Clearly the restriction map (*|, : g* — t* is surjective. Choose any (&7), €
N\ (G)e, s0 t* (@71), = (wr),r. Using left translation, uniquely extend (@7), to a
left-invariant form @7 € /\;(G). Since ¢ commutes with left multiplication by G,
it follows that (*@w7r = wr. Since 7 also commutes with left multiplication by G,
m*wg/r € /\i_;(G) is left-invariant as well. Thus (7*wg,7) A @7 € N\, (G) is
left-invariant and therefore (n*a)(; /T) A &7 = cwg for some ¢ € R by uniqueness.

Write 7r; for the two natural coordinate projections 7y : G/T x T — G/T and
my ¢ G/T x T — T. Using the notation from Lemma 7.9, observe that 7|y,r =
7y o &, so that

mrwe)r = E T wG)T
on UgT. Similarly, observe that I|; = 7, o £ o ¢, so that (* (S*nz*a)r) = wr. Thus
g ior = o7 + o

on UgT for some w € A\J(UgT) with *o = 0.

We claim that (7*wg,7) A @ = 0 on UgT. Since  is a diffeomorphism, this is
equivalent to showing (ni“a)g/r) A =0, where o = (5’1)*60 € /\7(UG/T x T)
satisfies 1*§*w’ = 0. Now «’ can be written as a sum o' = le:o fi (n]*a);) A
(nfw}%), where f; is a smooth functionon G/T x T, a)/j € /\7(UG/T), and a)LJ €

/\I*—j(T)' Without loss of generality, we may take 7wy = 1. As I|lr = my o0& o1
and (my o0& o) (1) = eT fort € T, it follows that 0 = (*§*0’ = fyw;'. Therefore

w = Z‘I/:, fi (nl*a/]) A (n;a);’_j). Since w7 is a top degree form, wg,r A = 0,

Jj =1, so that (7T1*CUG/T) A =0, as desired.
It now follows that

cwg = (T*wer) A or = (T*w6)T) A (O + ©)
(7.14) = E*[(ﬂrwg/r) AN (JT;C()T)]
on UgT. Looking at local coordinates, it is clear that (nika)g/f) A (ng‘a)T) # 0,
so ¢ # 0. Replacing wr by —wr if necessary, we may assume ¢ > 0. Choose any

continuous function f supported on UgT and use the change of variables formula to
calculate

Cf /fo&'il(gT,t)dtdgTzc/‘ /f(gt)dtdgT:c/f(g)dg
G/T JT G/T JT G

= / fewg = fE U we ) A (T50r)]
UgT UsT

:/ fO§71 (ﬂrwg/r)/\(ﬂ;a)T).
Ug/rxT

Since it follows immediately from the definitions (Exercise 7.7) that
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(7.15) fo& ! (nfwg 1) A (Tfwr) :/

UgrxT G/T

/ fo& NgT, t)dtdgT,
T

¢ =1, as desired. O

Theorem 7.16 (Weyl Integration Formula). Let G be a compact connected Lie
group, T a maximal torus, and f € C(G). Then

1
dg = d “NdgT dt,
/Gf(g) g Wl ) ) G/Tf(gtg )dgT dt

where d(t) = [Tyear(ge) |1 — - () fort € T.

Proof. Since Theorem 7.7 shows that G™* is open dense in G and 7™ is open dense
in T, it suffices to prove that

flg)dg =

d(;)/ (gtg~ Y dgT dt.
s WG Jrow @O Jp T (878 8

To this end, recall that Theorem 7.11 shows that ¢ : G/T x T™ — G™ is a
surjective, | W (G)|-to-one local diffeomorphism. We will prove that

(7.17) lﬂ*wG =d(t) (7'[1*CUG/T) AN (JTZ*CL)T) y

where | and 7, are the projections from Lemma 7.13. Once this is done, the theorem
follows immediately from Equation 1.42.

To verify Equation 7.17, first note that there is a smooth function§ : G/T xT —
R, so that

V0 lger = [8 (Twesr) A (TFwr)] .

since the dimension of top degree form is 1 at each point. Since Ug,r x T is
a neighborhood of (eT, €), Equation 7.14 shows [(7fwe;r) A (Tjwr)] ler.e =
(S’l)* wge, SO that

w*l;t—lg—le|e = w*a)(;|g,g71 = (lg—l X lt—l)* [5 (7'[1*(1)6/7") A\ (ﬂz*a)T)] |(eT,e)
= (g1 x 1) (") [80 (g x 1) 0 & w] .-
Thus
¢*wcle = (lg-1g-1 0¥ o ly x 1) 08)  wgle = [8 0 (g x I;) 0 £ wG] .

By looking at a basis of A\[(G),, it follows that §(gT, 1) = § o (lg X lt) o&l, =
det(d¢). This determinant was calculated in Lemma 7.10 and found to be

dn= [] a-t.n= [] N-&.0F. o

aeA(ge) aeAt(ge)
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7.2.3 Exercises

Exercise 7.7 Verify Equation 7.15.

Exercise 7.8 Let G be a compact connected Lie group and 7 a maximal torus. For
H € t, show that

. .o (a(H)
d(ely = 270l 1_[ sm2< T )

aeA*(ge)
Note that @ (H) € iR.

Exercise 7.9 Let f be a continuous class function on SU (2). Use the Weyl Integra-
tion Formula to show that

2 (7 : 0 =0\ cin2
f(g)dg = — f(diag(e'”, e ")) sin” 0 d6,
SUQ2) T Jo

c.f. Exercise 3.22.

Exercise 7.10 Let G be a compact connected Lie group and 7 a maximal torus (c.f.
Exercise 6.29).
(1) If £ is an L'-class function on G, show that

1
/Gf(g)dgz |W(G)|/Td(t)f(t)dt.

(2) Show that the map f — |W(G)|_1 df|r defines a norm preserving isomorphism
between the L'-class functions on G land the W-invariant L'-functions on 7.

(3) Show that the map f — |W(G) | > D f |7 defines a unitary isomorphism between
the L class functions on G to the W-invariant L* functions on T', where D(e”) =
]_[%N(QC) (1 - e“”(H)) for H € t(so DD = d).

Exercise 7.11 For each group G below, verify d(t) is correctly calculated.
(1) For G = SU(n), T = {diag(e'®) | >, 6 = 0}, and ¢ = diag(e'%),

0; — 6
d(t) = 2" in? ( 2L—=1).
) | | sin 5

1<j<k<n

(2) For either G = SO(2n + 1), T as in §5.1.2.4, and

t = blockdiag << _C(;isnggk 2:)22]; ) ' 1)

or G = SO(Ez,41), T as in Lemma 6.12, and ¢ = diag(e'®, e7%, 1),

0; — 06 0; +6 0;
_ A2n? .2 J k -2 (Y k .2 J
d(it)y=2 | | sin (—2 )sm (—2 ) | | sin (—2>.

1<j<k=<n 1<j<n
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A3 For either G = SO(2n), T as in §5.1.2.3, and

_ . cos Oy sin0
t = blockdiag (( —sinfy cosf ))
or G = SO(Ey,), T asin Lemma 6.12, and ¢ = diag(e'%, e /%),
0, —06 0;+06
d() = 22"=D | 1_[ sin’ (—" 5 k> sin’ (—] —; k) .
<j<k<n
@ For G = Sp(n) realized as Sp(n) = UQRn) N Sp(n,C) and T =

{t = diag(e®%, e~1%)},

d(t) =22 l_[ sin? <¥> sin’ (ej ;9k> l_[ sin® (6;) .

1<j<k=<n l<j=n

7.3 Weyl Character Formula

Let G be a compact Lie group with maximal torus 7. Recall that Theorem 3.30
shows that the set of irreducible characters { x; } is an orthonormal basis for the set of
L? class functions on G.

Assume G is connected and, for the sake of motivation, momentarily assume G
is simply connected as well. In §7.3.1 we will choose a skew-W -invariant function
A defined on T, so that |A(t)|> = d(¢). It easily follows from the Weyl Integra-
tion Formula that {A x, |7} is therefore an orthonormal basis for the set of L> skew-
W-invariant functions on 7" with respect to the measure |W(G)|’1 dt (c.f. Exercise
7.10).

On the other hand, it is simple to write down another basis for the set of L? skew-
W-invariant functions on 7 by looking at alternating sums over the Weyl group of
certain characters on 7. By decomposing x;|r into characters on 7, it will follow
rapidly that these two bases are the same. In turn, this yields an explicit formula for
x> called the Weyl Character Formula.

7.3.1 Machinery

Let G be a compact Lie group with maximal torus 7'. Recall that Theorem 6.27
shows there is a bijection between the set of analytically integral weights and the
character group given by mapping A € A(T) to &, € x(T). The next definition sets
up similar notation for more general functions on t.

Definition 7.18. Let G be a compact Lie group with maximal torus 7.
(a) Let f : t —> C be a function. We say f descends to T if f(H + Z) = f(H) for
H, Z e twith Z € ker(exp). In that case, write f : T — C for the function given by

fey = f(H).
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() If f : t —> C satisfies f(wH) = f(H) forw € W(A(gc)Y), f is called W-
invariant.

(©If F: T — C satisfies F(cy,t) = F(¢t) forw € N(T), F is called W-invariant.
@If f:t— Csatisfies f(wH) = det(w) f(H) for w € W(A(gc)), f is called
skew-W -invariant.

(@) If F: T — C satisfies F(c,t) = det(Ad(w)|¢) F(¢) forw € N(T), F is called
skew-W -invariant.

In particular, for A € A(T), the function H — ¢*) on t descends to the function
& on T. Also note that detw € {£1} since w is a product of reflections.

Lemma 7.19. Let G be a compact connected Lie group with maximal torus T.

(a) If f : t = Cdescends to T and is W-invariant, then f : T — C is W-invariant.
(b) Restriction of domain establishes a bijection between the continuous class func-
tions on G and the continuous W -invariant functions on T .

Proof. For part (a), recall that the identification of W(G) with W(A(gc)Y) from
Theorem 6.43 via the Ad-action of Equation 6.35. It follows that when f descends
to T and is W-invariant, then f(c,t) = f(¢t) forw € N(T)andr € T.

For part (b), suppose F' : T — C is W-invariant and fix gy € G. By the Maximal
Torus Theorem, there exists iy € G, so ty = c,80 € T. Extend F to a class func-
tion on G by setting F(go) = F (). This is well defined by Theorem 6.36. It only
remains to see that if F is continuous on 7', then its extension to G is also continuous.

For this, suppose g, € G with g, — go. Choose h, € G,sot, = cj,8, € T.
Since G is compact, passing to subsequences allows us to assume there is 1, € G
and 7y € T, so that h, — hj and #, — ¢;. In particular, 7, = cy,go so that, by
Theorem 6.36, there exists w € N(T) with wty = #;. Thus

F(gn) = F(t,) — F(ty) = F(ty) = F(g).
Since we began with an arbitrary sequence g, — g, the proof is complete. O

Let G be a compact Lie group, T a maximal torus, and AT (gc) a system of
positive roots with corresponding simple system I1(gc) = {«y, ... , &}. Recall from
Equation 6.39 the unique element p € (it)* satisfying p(hy,) = 2 g((;’ 0;)) =1,
1<j<L ’

Lemma 7.20. Let G be a compact Lie group with a maximal torus T.

(@) p =33 enrge)®

(b) For w € W(A(gc)), wo — p € R € A(T), and so the function &,,_, descends
toT.

Proof. For part (a), write I[1(gc) = {og,...q;} and let p’ = %Z%A+(gc)a (c.f.
Exercise 6.34). By the definitions, it suffices to show that ra,.p’ = p’. For this, it
suffices to show that r,; preserves the set At (go)\fe;}. If = At (go)\{a;} is
written as o = Xm0y with ng, > 0, kg # j, then the coefficient of oy, in ry, a0 =
a — a(hy;)aj is still ng,, so that ry o € AT (go) \ e}

Part (b) is straightforward. In fact, it is immediate that

wp — p = > * )
ae[wA+(ge)INA~ (gc)
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Definition 7.21. For G a compact Lie group with a maximal torus 7', let A : t - C
be given by

A(H) = (ea(H)/2 _ e—a(H)/z)
aeﬂgc)

for H € t.

Lemma 7.22. Let G be a compact Lie group with a maximal torus T.

(a) The function A is skew-symmetric on t.

(b) The function A descends to T if and only if the function H — e~ ") descends
toT.

(c) The function |A|2 always descends to T and there |A(t)|2 =d@),teT.

Proof. For part (a), it suffices to show that A o r,, = —A for @ € AT (g¢).
This follows from three observations. The first is that composition with r;,, maps
(e“/z — e""/z) to — (e‘)‘/2 - e’“/z). The second is that if B € AT (g¢) satisfies
ref = P, then composition with ry, fixes (ef/> — e7#/2). For the third, suppose
B € AT (gc) \{a} satisfies r, 8 # B. Choose B/ € AT (gc), so that either 7, 8 = B’
or re 8 = —B'. Then composition with r, fixes (ef/> — e #/%) (e#/2 — e=F'/2).

For part (b), write p = % Zaem(gc) o to see that

(7.23) e PAH) = l_[ (1 _ ew(H))

aeAt(go)

for H € t. Since the function H — [],ca+ (g, (1 —€7*") clearly descends to 7,
part (b) is complete. For part (c), calculate

IAH)|? = e " A(H)e P A(H) = 1_[ - e—ct(H)|2

a€AT(gc)
to complete the proof. O

Note that although e™” often descends to a function on T, it does not always
descend (Exercise 7.12). Also note that the function d(¢) plays a prominent role
in Weyl Integration Formula. In particular, we can now write the Weyl Integration
Formula as

1
7.24 dg = A 2/ NdgTd
(7.24) /Gf(g) g |W(G)|/T| @®)| G/Tf(gtg )dgT dt

for connected G and f € C(G).
For the next definition, recall from the proof of Theorem 7.7 that

E={H et|a(H) ¢ 2riZ for all roots o}

is open dense in t and exp E = T™.
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Definition 7.25. Let G be a compact Lie group with a maximal torus 7. Fix an ana-
lytically integral weight . € A(T). Let ®, : E — C be given by

A ) I(H
Zwew(A(gC)) det(w) elwG+p)I(H)
A(H)
det(w) elwG+p)—pl(H)

0,(H) =

— ZWEW(A(QC))
HaeA*(gc) (1 - e—oz(H))

for H € E.

Lemma 7.26. Let G be a compact connected Lie group with a maximal torus T. Fix
an analytically integral weight . € A(T). The function ©, descends to a smooth
W -invariant function on T™®. In turn, this function, still denoted by ®;, uniquely
extends to a smooth class function on G™&.

Proof. The first expression for ®, shows that it is symmetric since the numerator and
denominator are skew-symmetric. The second expression for ®; shows it descends
to a function on 7"# since the numerator and denominator both descend to 7" and the
denominator is nonzero on E. The final statement follows as in Lemma 7.19. O

7.3.2 Main Theorem

Let G be a compact connected Lie group with a maximal torus 7. For 1, 1 € A(T),
the function &, : T — C can be viewed as a 1-dimensional irreducible representation
of T. As aresult, &, and &,/ are equivalent if and only if the are equal as functions.
This happens if and only if A = A". By the character theory of T, it follows that

1ifx=A
(7.27) /Téx(t)é-w(t) dt = { 0ifA£A.

Theorem 7.28 (Weyl Character Formula). Let G be a compact connected Lie
group with a maximal torus T. If V(L) is an irreducible representation of G with
highest weight A, then the character of V (X), x», satisfies

Xx1.(8) = ©x(g)
for g € G™8.

Proof. First note it suffices to prove the theorem for g = e, H e E. Next for
vy € A(T),let D, : t = C be the skew-symmetric function defined by

D,(Hy= Y det(w)e™
weW(A(ge))

The proof will be completed by showing that x; (e)A(H) = D, ,(H) for H € t.
To this end, by considering the weight decomposition of V (1), write x, =
>_y,eaqr i€y, as afinite sumon T forn; € ZZ°. Thus
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0(eMAH) =TT (1—e) 3= njen

aeAt(gc) v €A(T)

— Z mje(V.ier)(H)

vi€A(T)

for some m; € Z. Since Y is symmetric and A is skew-symmetric, x; (e"YA(H)
is skew-symmetric as well. Noting that the set of functions {e"/** | y; € A(T)}
is independent, the action of r, coupled with skew-symmetry shows that m; = 0
if y; + p is on a Weyl chamber wall. Recalling that the Weyl group acts simply
transitively on the open Weyl chambers (Theorem 6.43), examination of the the Weyl
group orbits of A(T) + p and skew-symmetry imply that

H
Xu(e™)A(H) = > m; Dy, (H),
y;i€A(T), y;j+p strictly dominant

where strictly dominant means B(y; + p, ;) > 0 for o; € Il(gc), i.e., ¥j + p lies
in the open positive Weyl chamber.

Next, character theory shows that f G| Xx|2 dg = 1. Thus the Weyl Integration
Formula gives

1
(7.29) 1= —/ IA1? X2 )? dt
W) Jr ’

m] DV} +p dt.
+p str. dom.

i
WO T, carn.s;

2
Here ‘ZyjeA(T), y4p str. dom. mijJ,er‘ descends to T since |A|? |x,|* descends to
T. In fact, the function H — e"’(H)Dyf+p(H) descends to T since e®"itP =P does.

Therefore D, 1, D, +, = (¢7°D,,1,) (e77D,, ,) descends to T and

! f D,.,D, . dt ! > det(ww) / £ £ dt
— , } =— et(ww w(y+0)5—w(yy :
\W(G)| Jr Vit =yptp |W(G)| v T o r (vj+p) (yy+p)

Since y; + p and y; + p are in the open Weyl chamber, w(y; + p) = w'(y; + p) if
and only if w = w’ and j = j’. Thus

1 _— 1ifj=j
D, . D, ., dt = o .
|W(G)|/; vith ke {olfné/.

In particular, this simplifies Equation 7.29 to

1= Z m?

y;€A(T), yj+p str. dom.

Finally, since m; € Z, all but one are zero. Thus thereisay € A(T) with y + p
strictly dominant so that x,(e”)A(H) = +=D,,(H). To determine y and the &
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sign, notice that the weight decomposition shows that x; (ef') = e*) + ... where
the ellipses denote weights strictly lower than L. Writing

(e AH) = "My (eMe P AH) = (9D 1) T (1—e™),
a€AT(ge)

we see ;. (e)A(H) = e?+PUH) 1 In particular, expanding the function H —
x:(e)A(H) in terms of {e”i™ | y; € A(T)}, it follows that ¢*** appears with
coefficient 1. On the other hand, similarly expanding £D, ,, we see that the only
term of the form e?/*# appearing for which y; + p is dominant is e? . Therefore
A = y, the undetermined = sign is a +. O

7.3.3 Weyl Denominator Formula

Theorem 7.30 (Weyl Denominator Formula). Let G be a compact connected Lie
group with a maximal torus T. Then

A(H)= Y det(w)e™ ™
weW(A(ge))

for H € t.

Proof. Simply take the trivial representation V (0) = C with x¢(g) = 1 and apply

the Weyl Character Formula to g = e for H € E. The formula extends to all t by
continuity. O

Note the Weyl Denominator Formula allows the Weyl Character Formula to be
rewritten in the form

At+p)I(H
1y Duewiaiqey etlw) e

7.31
( ) X)»(e ZWEW(A(QC)) det(U)) e(wp)(H)

for H € twithe € T™ je, H € B.

7.3.4 Weyl Dimension Formula

Theorem 7.32 (Weyl Dimension Formula). Let G be a compact connected Lie
group with a maximal torus T. If V(X)) is the irreducible representation of G with
highest weight )\, then

B+ p, )

dim V(L) = ]_[ B0o. )

a€AT(gc)

Proof. Since dim V(L) = x;(e), we ought to evaluate Equation 7.31 at H = 0.
Unfortunately, Equation 7.31 is not defined at H = 0, so we take a limit. Let u,, € it,
so that p(H) = B(H, u,) for H € t. Then it is easy to see that itu, € E for small
positive ¢ (Exercise 7.13), so that
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dim V() = lin(l) O, (itu,)
—

(7.33) = lim 2 wew(age detw) elw it
’ (=0 Zwew(A(gr)) det(w) e(we)litu,y)

Now observe that
(W + p)(tu,) =it(A + p)(wilup) =it B +p, wilup)
= it B(Wity 1, up) = itp(wityy,) = (W' p)(itUs1).

Since detw = det(w™'), the Weyl Denominator Formula rewrites the numerator in
Equation 7.33 as

det(w) eWOFIGtu,) Z det(w) WP itusg,) A(itqu)
weW(A(ge)) weW(A(ge))

— 1—[ (ea(iruw)/z B e—a(itqu)/Z)
a€A*(gc)

= 1_[ (it()l(u)h_,.p)%—---)
aeAt(ge)

= @@l TT Bl i+p) +--

a€A*(go)

where the ellipses denote higher powers of ¢. Similarly, the Weyl Denominator For-
mula rewrites denominator in Equation 7.33 as

det(w) e@P 1) — (it)|A+(96)| l_[ B(a,p) +---
weW(A(gc)) aeAt(gc)

which finishes the proof. O

7.3.5 Highest Weight Classification

Theorem 7.34 (Highest Weight Classification). For a connected compact Lie group
G with maximal torus T, there is a one-to-one correspondence between irreducible
representations and dominant analytically integral weights given by mapping
V(A) — A for dominant . € A(T).

Proof. We saw in Theorem 7.3 that the map V (L) — A is well defined and injec-
tive. It remains to see it is surjective. For any A € A(T), Lemma 7.26 shows the
function ®; descends to a smooth class function on G™¢. The Weyl Integral Formula
to calculates

0,1° d A(1)O,|* dt
/| a”d |W(G)| ngl (1)6; ]
1 2
- / det(w) Eyrpy| dt
WO e @aon
1
- det , w —w’ dt.
|[W(G)| Z € (ww)/TE ()Hrp)é: (A+p)

w,w'eW(A(gc))
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When 1 is also dominant, A + p is strictly dominant so that, as in the proof of the
Weyl Character Formula, Equation 7.27 shows that

/ sw()Hﬁp)gfw’()Hrp) dt = 8w,w’-
T

As a result, fG 10, dg = 1 for any dominant A € A(T). In particular, ®, is a
nonzero L? class function on G.

Now choose any irreducible representation V (1) of G and note that the function
©®, extends to the character x,,. By the now typical calculation,

_ 1 _
X0, dg = IA)>©,0, dt
/G we (W(G)I Jree e

1
= det(ww/)/ Sw(u+o) 6w Gitp) di
|W(G)| w,w'eW(A(gc)) T
T 10 if £ A

Since Theorems 7.3 and 3.30 imply that {x,, | there exists an irreducible representa-
tion with highest weight u} is an orthonormal basis for the set of L? class functions
on G, the value of |, G X..©;. dg cannot be zero for every such . In particular, this
means that there is an irreducible representation with highest weight A. O

7.3.6 Fundamental Group

Here we finish the proof of Theorem 6.30. This is especially important in light of
the Highest Weight Classification. Of special note, it shows that when G is a simply
connected compact Lie group with semisimple Lie algebra, then the irreducible rep-
resentations are parametrized by the set of dominant algebraic weights, P. In turn,
this also classifies the irreducible representations of g (Theorem 4.16). At the oppo-
site end of the spectrum, Theorem 6.30 shows that the irreducible representations of
Ad(G) = G/Z(G) (Lemma 5.11) are parametrized by the dominant elements of the
root lattice, R. The most general group lies between these two extremes.

Lemma 7.35. Let G be a compact connected Lie group with maximal torus T. Let
G = G\G™E. Then G*¢ is a closed subset with codim G*"¢ > 3 in G.

Proof. Tt follows from Theorem 7.7 that G is closed and the map ¥ : G/T x
TS — GS" is surjective. Moreover ¢ € T*" if and only if there exists @ €
At (ge), s0 &, () = 1 so that Tsing — Uea+(ge) ker&y. As a Lie subgroup of T, ker&,
is a closed subgroup of codimension 1. Let U, = {gtg~' | g € G and ¢ € ker£&,}, so
that G¥"¢ = UEA*(QC) U,.

Recall that 34(t) = {X € g | Ad(z) X = X} (Exercise 4.22). Since Ad(¢) acts on
Oo as &, (t), it follows that g N (g—o D go) C 34(t) when ¢ € ker,. Now choose a
standard embedding ¢, : SU(2) — G corresponding to « and let V,, be the compact
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manifold V, = G/(p,(SU(2))T) x ker&,. Observe that dim V, = dimG — 3 and
that ¥ maps V,, onto U,. Therefore the precise version of this lemma is that G*" is
a finite union of closed images of compact manifolds each of which has codimension
3 with respect to G. O

Thinking of a homotopy of loops as a two-dimensional surface, Lemma 7.35 cou-
pled with standard transversality theorems ([42]), show that loops in G with a base
point in G™# can be homotoped to loops in G™&. As a corollary, it is straightforward
to see that

71 (G) = m(G™®).

Let G be a compact Lie group with maximal torus 7. Recall from Theorem 7.7
that e € T™2 if and only if H € {H € t | a(H) ¢ 2miZ for all roots o}. The
connected regions of {H € t | a(H) ¢ 2miZ for all roots a} are convex and are
given a special name.

Definition 7.36. Let G be a compact Lie group with maximal torus 7'. The connected
components of {H € t | «(H) ¢ 2miZ for all roots «} are called alcoves.

Lemma 7.37. Let G be a compact connected Lie group with maximal torus T and
fix a base ty = e € T™ with Hy € t.
(a) Any continuous loop y : [0, 1] — G™ with y (0) = ty can be written as

y(s) = cg e
with go = e, H(0) = Hy, and the maps s — g,T € G/T and s — H(s) € t¢
continuous. In that case, g, € N(T) and

H(1) = Ad(g1) "Hy + X,

for some X, € 2miker&. The element X, is independent of the homotopy class of

y.
(b) Write Ay for the alcove containing Hy. Keeping the same base t,, the map

71 (G™8) = AgN{wHy+ Z | w € W(A(ge)") and Z € 2mi A(T)*}
induced by y — X, is well defined and bijective.

Proof. Using the Maximal Torus Theorem, write y (s) = ¢, T(s) with 7(s) € T™%,
7(0) = 1y, and gp = e. In fact, since y : G/T x T™ — G2 is a covering, the lifts
s > 1(s) e T™ and s — g,T € G/T are uniquely determined by these conditions
and continuity. Since exp : t*¢ — T is also a local diffeomorphism (Theorem
5.14), there exists a unique continuous lift s — H(s) € t*°¢ of 7, so H(0) = Hy and
y(s) = cg e,

As y is a loop, y(0) = y(1), so e = ¢, eV, Because e and eV are
regular, T = Zg(e™)? = ¢, Zg(e# M) = ¢, T, so that g; € N(T) is a Weyl group
element. Writing w = Ad(g;), it follows that Hy = wH (1) modulo 27i ker &, the
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kernel of exp : t — T. Therefore write H(1) = w™'Hy + X, for some X, €
2riker€.

To see that X, is independent of the homotopy class of y, suppose y’ : [0, 1] —
G*™¢ with y’(0) = 1, is another loop and that y (s, ¢) is a homotopy between y and
y’. Thus y(s,0) = y(s), y(s,1) = y'(s), and y(0,¢) = y(1,t) = ty. Using the
same arguments as above and similar notational conventions, write y’(s) = cgieH )
and H'(1) = w'~'Hy + X; Similarly, write y (s, t) = cgueH(S") and H(l,s) =
w; ' Hy + X, (s). Notice that wy = w, w1 = w', X,,(0) = X, and X, (1) = X;.
Since w; and X, (s) vary continuously with s and since W(T) and 2miker £ are
discrete, wy and X, (s) are constant. This finishes part (a).

For part (b), first note that continuity of H (s) implies that H (1) is still in Ay,
so that the map is well defined. To see surjectivity, fix H € Ao N {wHy + Z |
w € W(A(ge)Y) and Z € 2miA(T)*} and write H' = w'~'Hy + Z' for w' €
W(A(ge)Y) and Z' € 2miker £. Choose a continuous path s — g, € G, so that
gy = e and Ad(g)) = w’. Let H'(s) = Hy + s(H' — Hp) € Ao and consider the
curve y'(s) = cge'®. Since y'(0) = fp and y'(1) = e¥'7' = M*Z =15, y' is
a loop with base point #y. By construction, X,, = H’, as desired. To see injectivity,
observe that if X, = X,» with ¥ (s) = ¢, e and " (s) = ¢z, e @, then y (s, 1) =
cg eI TDHO+H"() s 3 homotopy between the two. O

Lemma 7.38. Let G be a compact connected Lie group with maximal torus T.
(a) Each homotopy class in G with base e can be represented by a loop of the form

y(s) = e

for some X, € 2mwikeré, i.e., for some X, in the kernel ofexp : t — T. The surjec-
tive map from 2mi ker € to 1 (G) induced by X, — y is a homomorphism.

(b) Fix an alcove Ay and Hy € Ay. The above map restricts to a bijection on
{Z e2nikerE | wHy + Z € Ag for some w € W(A(ge)Y)}

Proof. Lemma 7.37 shows that each homotopy class in G with base #y can be repre-
sented by a curve of the form y (s) = cg e/ with H(1) = Ad(g1)"'Hp + X, for
some X, € 2miker €. Using the homotopy y (s, 1) = ¢, eI HO T Hots(HD=Ho)l
we may assume H (s) is of the form H(s) = Hy + s (Ad(gl)_l Hy+ X, — Ho).

Translating back to the identity, it follows that each homotopy class in G with
base e can be represented by a curve of the form

y(s) = e~ Hoc, oHis (A Hot X, —Ho)

Using the homotopy y (s, 1) = e 'Hoc, ¢!Hots(tAden™ Hot Xy —1H) - we may assume
y(s) = cge**r. Finally, using the homotopy y (s, ) = c,,e**7, we may assume
y (s) = ¢**». Verifying that the map y — X, is a homomorphism is straightforward
and left as an exercise (Exercise 7.24). Part (b) follows from Lemma 7.37. ]

Note that a corollary of Lemma 7.38 shows that the inclusion map T — G
induces a surjection 7 (T) — 7 (G).
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Definition 7.39. Let G be a compact connected Lie group with maximal torus 7.
The affine Weyl group is the group generated by the transformations of t of the form
H — wH + Z forw € W(A(gc)Y) and Z € 2wiRY.

Lemma 7.40. Let G be a compact connected Lie group with maximal torus T.

(a) The affine Weyl group is generated by the reflections across the hyperplanes
a~'Qmin) fora € A(ge) andn € Z.

(b) The affine Weyl group acts simply transitively on the set of alcoves.

Proof. Recall that h, € RY and notice the reflection across the hyperplane
a~'2nin) is given by rp, n(H) = rp, H + 2mih, (Exercise 7.25). Since the Weyl
group is generated by the reflections ry,,, part (a) is finished. The proof of part (b) is
very similar to Theorem 6.43 and the details are left as an exercise (Exercise 7.26).
]

Theorem 7.41. Let G be a connected compact Lie group with semisimple Lie alge-
bra and maximal torus T. Then w,(G) = kerE/RY = P/A(T).

Proof. By Lemma 7.38, it suffices to show that the loop y(s) = X, X, €
2miker€, is trivial if and only if X, € 2mi RY. For this, first consider the stan-
dard su(2)-triple corresponding to « € A(gc) and let ¢, : SU(2) — G be the
corresponding embedding. The loop y,(s) = e*"*%« is the image under ¢, of the
loop s — diag(ez””, e~y in SU(2). As SU(2) is simply connected, y,, is trivial.
Thus there is a well-defined surjective map 27i ker £/2mwi RY — m1(G).

It remains to see that it is injective. Fix an alcove Ag and Hy € Ay. Since
2rikeré C 2miPY, Ag — X, is another alcove. By Lemma 7.40, there is a
w € W(A(ge)Y) and H € 2miRY, so that wHy + H € Ay — X,. Thus
wHy + (X, + H) € Ay. Because the loop s — e is trivial, we may use a ho-
motopy on y and assume H = 0, so that wHy + X, € Ag. Butas Hy + 0 € Ao,
Lemma 7.38 shows that y must be homotopic to the trivial loop s — €*°. O

7.3.7 Exercises

Exercise 7.12 Show that the function ¢” descends to the maximal torus for SU (n),
SO((2n), and Sp(2n), but not for SO (2n + 1).

Exercise 7.13 Let G be a compact Lie group with a maximal torus 7. Let u, € it,
sothat p(H) = B(H, u,) for H € t. Show that itu, € & for small positive .

Exercise 7.14 Show that the dominant analytically integral weights of SU(3) are
all expressions of the form A = nm| 4+ mm, forn,m € 7ZZ% where m;, 7, are the
fundamental weights w; = %el,z + %62,3 and m, = %61_2 + %62’3. Conclude that

n+1D(m+Dn+m+2)
5 )

dim V() =
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Exercise 7.15 Let G be a compact Lie group with semisimple g and a maximal torus
T. The set of dominant weight vectors are of the form A = Zi n;m; where {m;} are
the fundamental weights and n; € Z=°. Verify the following calculations.

(1) For G = SU(n),

dimvoy = [] (1 + H—W)

I<i<j<n J 1

(2) For G = Sp(n),

dim V(1) = H (1+w>

I<i<j<m J 1
ni+...+nj71+2(nj+...+nm71)
IT 1+ P S
1<i<j<m n+li—i—j
ni+"'+nm—l+nm
T (1+ , ~
1<im n+1-—i

(3) For G = Spin,,,, (R),

dmvoy = ] (1+w>

I<i<j<m J 1
I <1+ni+~-~+n,-1 +2(nj+~~nm1)+nm>
I<i<j<m 2m+1—i _j
Y (12t e
1i<m 2n+1—2i

(@) For G = Spin,,,(R),

dmvoy = ] (1 +M)
_]—l

I<i<j<m
1_[ 1+nl.+...+nj71+2(I’lj+"'+nmfl)+nm
L 2m—i—j '
<i<jsm

Exercise 7.16 For each group G below, show that the listed representation(s) V of
G has minimal dimension among nontrivial irreducible representations.

(1) For G = SU (n), V is the standard representation on C" or its dual.

(2) For G = Sp(n), V is the standard representation on C?".

(3) For G = Spin,,, . (R) withm > 2, V = C*"*! and the action comes from the
covering Spin,,, , | (R) — SO(@2m + 1).

(4) For G = Spin,,,(R) withm > 4,V = C?" and the action comes from the
covering Spin,,, (R) — SO(2m).
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Exercise 7.17 Let G be a compact Lie group with a maximal torus 7. Suppose V
is a representation of G that possesses a highest weight of weight A. If dimV =
dim V (1), show that V = V(X) and, in particular, irreducible.

Exercise 7.18 Use Exercise 7.17 and the Weyl Dimension Formula to show that the
following representation V of G is irreducible:

(1) G = SU®n) with V. = A" C" (c.f. Exercise 7.1).

2) G =S0(n) with V = H,, (R") (c.f. Exercise 7.2).

3) G=S5S0@2n+ 1) with V. = A’ C**! 1 < p < n (c.f. Exercise 7.3).
4) G=S0@2n)withV = A\’ C>, 1 < p < n (cf Exercise 7.3).

(5) G =SUm) with V =V, o(C") (c.f. Exercise 7.5).

(6) G = SU(n) with V =V, ,(C") (c.f. Exercise 7.5).

(7) G =S8U(n) with V ="H, ,(C") (c.f. Exercise 7.5).

(8) G = Spiny,,,,(R) with V = S (c.f. Exercise 7.6).

(9) G = Spin,,, (R) with V = S* (c.f. Exercise 7.6).

Exercise 7.19 Let A be a dominant analytically integral weight of U(n) and write
A=Areg+- -+ A€, A € Zwithiy > --- > A,. For H = diag(H,, ..., H,) € t,
show that the Weyl Character Formula can be written as

det (045

Hy _
16.(e7) = det (eG—DH:)

Exercise 7.20 Let G be a compact connected Lie group with maximal torus 7.

(1) If G is not Abelian, show that the dimensions of the irreducible representations
of G are unbounded.

(2) If g is semisimple, show that there are at most a finite number of irreducible
representations of any given dimension.

Exercise 7.21 Let G be a compact connected Lie group with maximal torus 7. For
A € (it)*, the Kostant partition function evaluated at A, P()), is the number of ways
of writing A = ZaeN(gC) mgo with my, € Z79.

(1) As aformal sum of functions on t, show that

[T G+e+e™+-)=> Pe?
A

aeAt(ge)

to conclude that

1=<Z£P(k)e“> [T (1—e™).

aeAt(gc)

For what values of H € t can this expression be evaluated?

(2) The multiplicity, m,,, of @ in V (1) is the dimension of the p-weight space in
V(2). Thus x; = Y uMubu. Use the Weyl Character Formula, part (1), and gather
terms to show that m,, is given by the expression
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me= Y detw)PWh+p)— (n+p).

weW(A(ge))

This formula is called the Kostant Multiplicity Formula.
(3) For G = SU (3), calculate the weight multiplicities for V (€1 2 + 3€2.3).

Exercise 7.22 Let G be a compact connected Lie group with maximal torus 7. The
multiplicity, m,,, of V(u) in V () ® V(1) is the number of times V' (1) appears as a
summand in V (1) ® V(1'). Thus x; x,y = Zu m, X, Use part (1) of Exercise 7.21
and compare dominant terms to show m,, is given by the expression

my= Y detww)P (wk+p) +w' K +p) — (u+2p)).
w,w'eW(A(gc))

This formula is called Steinberg’s Formula.

Exercise 7.23 Let G be a compact connected Lie group with maximal torus 7" and
o € A(ge). Show that ker &, in T may be disconnected.

Exercise 7.24 Show that the map y — X, from Lemma 7.38 is a homomorphism.

Exercise 7.25 Let G be a compact connected Lie group with maximal torus 7.
Show that the reflection across the hyperplane a~!(27rin) is given by the formula
Thyn(H) =rp,H + 2mwinh, for H € t.

Exercise 7.26 Let G be a compact connected Lie group with maximal torus 7. Show
that the affine Weyl group acts simply transitively on the set of alcoves.

7.4 Borel-Weil Theorem

The Highest Weight Classification gives a parametrization of the irreducible repre-
sentations of a compact Lie group. Lacking is an explicit realization of these repre-
sentations. The Borel-Weil Theorem repairs this gap.

7.4.1 Induced Representations

Definition 7.42. (a) A complex vector bundle V of rank n on a manifold M is a man-
ifold V and a smooth surjective map = : V — M called the projection, so that: (i)
for each x € M, the fiber over x, V, = n’l(x), is a vector space of dimension n
and (ii) for each x € M, there is a neighborhood U of x in M and a diffeomorphism
@' (U) = U x C", so that p(Vy) = (y,C") for y € U.

(b) The set of smooth (continuous) sections of V are denoted by I'(M, V) and con-
sists of all smooth (continuous) maps s : M — V,sothatw os = I.

(c) An action of a Lie group G on V is said to preserve fibers if for each g € G and
Xx € M, there exists x’ € M, so that gV, C V,. In this case, the action of G on V
naturally descends to an action of G on M.
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(d) V is a homogeneous vector bundle over M for the Lie group G if (i) the action
of G on V preserves fibers; (ii) the resulting action of G on M is transitive; and (iii)
each g € G maps V, to V,, linearly for x € M.

(e) If V is a homogeneous vector bundle over M, the vector space I'(M, V) carries
an action of G given by

(g5)(x) = g(s(g"'x))

fors e '(M, V).
(f) Two homogeneous vector bundles V and V' over M for G are equivalent if there
is a diffeomorphism ¢ : V — V', sothatr' o = g o 7.

Note it suffices to study manifolds of the form M = G/H, H a closed subgroup
of G, when studying homogenous vector bundles.

Definition 7.43. Let G be a Lie group and H a closed subgroup of G. Given a rep-
resentation V of H, define the homogeneous vector bundle G x g V over G/H by

GxgV=(GxV)/",
where ~ is the equivalence relation given by

(gh,v)~ (g, hv)

forg € G,h € H,and v € V. The projectionmap w : G xy V — G/H is given by
(g, v) = gH and the G-action is given by g’'(g, v) = (g'g, v) for g’ € G.

It is necessary to verify that G x y V is indeed a homogeneous vector bundle over
G/H. Since H is a regular submanifold, this is a straightforward argument and left
as an exercise (Exercise 7.27).

Theorem 7.44. Let G be a Lie group and H a closed subgroup of G. There is a
bijection between equivalence classes of homogenous vector bundles V on G/H and
representations of H.

Proof. The correspondence maps V to V,y. By definition V,y is a representation of
H. Conversely, given a representation V of H, the vector bundle G x g V inverts the
correspondence. O

Definition 7.45. Let G be a Lie group and H a closed subgroup of G. Given a repre-
sentation (7, V') of H, define the smooth (continuous) induced representation of G
by

Ind% (V) = Ind$, (;r) = {smooth (continuous) f : G — V | f(gh) =h~"' f(g)}

with action (g1 f)(g2) = f(g; 'g2) for g; € G.

Theorem 7.46. Let G be a Lie group, H a closed subgroup of G, and V a represen-
tation of H. There is a linear G-intertwining bijection between I'(G/H, G xg V)
and Ind$, (V).
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Proof. Identify (G xy V), with V by mapping (1, v) € (G xy V),y to h~ v €
V. Given s € T'(G/H,G xg V), let f; € Indg(V) be defined by fi(g) =
g '(s(gH)). Conversely, given f € Indg(V), let sy € I'(G/H,G xp V) be de-
fined by s, (gH) = (g, f(g)). It is easy to use the definitions to see these maps are
well defined, inverses, and G-intertwining (Exercise 7.28). O

Theorem 7.47 (Frobenius Reciprocity). Let G be a Lie group and H a closed sub-
group of G. If V is a representation of H and a W is a representation of G, then as
vector spaces

Homg (W, Ind% (V)) = Homy (W|y, V).

Proof. Map T € Homg (W, Indg(V)) to S € Homy(W|y, V) by Sr(w) =
(T (w))(e) forw € W and map S € Homy(W|g, V) to Ts € Homg (W, Indf,(V))
by (Ts(w))(g) = S(g~'w). Verifying these maps are well defined and inverses is
straightforward (Exercise 7.28). O

In the special case of H = {e} and V = C, the continuous version gives
I'(G/H,G xg V) = Indg(V) = C(G). In this setting, Frobenius Reciprocity al-
ready appeared in Lemma 3.23.

7.4.2 Complex Structure on G/T

Definition 7.48. Let G be a compact connected Lie group with maximal torus 7.
(a) Choosing a faithful representation, assume G C U (n) for some n. By Theorem
4.14 there exists a unique connected Lie subgroup of G L (n, C) with Lie algebra gc.
Write G for this subgroup and call it the complexification of G.

(b) Fix A*(gc) a system of positive roots and recall n* = . A+ (ge) 8- The corre-
sponding Borel subalgebra is b = tc ® n™.

(c) Let N, B, and A be the unique connected Lie subgroups of GL(n, C) with Lie
algebras n*, b, and a = it, respectively.

For example, if G = U (n) with the usual positive root system, G¢c = GL(n, C),
N is the subgroup of upper triangular matrices with 1’s on the diagonal, B is the sub-
group of all upper triangular matrices, and A is the subgroup of diagonal matrices
with entries in R>°. Although not obvious from Definition 7.48, G is in fact unique
up to isomorphism when G is compact. More generally for certain types of non-
compact groups, complexifications may not be unique or even exist (e.g., [61], VII
§1). In any case, what is important for the following theory is that G¢ is a complex
manifold.

Lemma 7.49. Let G be a compact connected Lie group with maximal torus T.

(a) The map exp : nt — N is a bijection.

(b) The map exp : a — A is a bijection.

(¢) N, B, A, and AN are closed subgroups.

(d) The map from T x a x w* to B sending (t, X, H) — teXe" is a diffeomorphism.
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Proof. Since T consists of commuting unitary matrices, we may assume 7" is con-
tained in the set of diagonal matrices of GL(n, C). By using the Weyl group of
GL(n, C), we may further assume u, = diag(cy, ... , ¢,) with ¢; > ¢;4. Therefore
if X € go, @ € AT(ge), with X =3, ki E; j, then

Z(Ci —cjkijEij =[uy X]=a,)X = Z B(a, p)ki jE; ;.

i,j i,j

Since B(c, p) > 0, it follows that k; ; = 0 whenever ¢; — ¢; < 0. In turn, this shows
that X is strictly upper triangular.

It is well known and easy to see that the set of nilpotent matrices are in bijection
with the set of unipotent matrices by the polynomial map M — e™ with polynomial
inverse M - In(I+(M —-1)) =), (_lk)kﬂ (M — D*. In particular if X,Y € n*,
there is a unique strictly upper triangular Z € gl(n, C), so that eXe! = e?.

Dynkin’s formula is usually only applicable to small X and Y. However, A™ (gc)
is finite, so [X, ..., X\"]is 0 for sufficiently large i; for X; € n*. Thus all
the sums in the proof of Dynkin’s formula are finite and the formula for Z is a
polynomial in X and Y. Coupled with the already mentioned polynomial formula for
Z, Dynkin’s Formula therefore actually holds for all X, Y € n*. As a consequence,
Z € nt and expn™ is a subgroup. Since N is generated by exp n, part (a) is finished.
The group N is closed since exp : n™ — N is a bijection and the exponential map
restricted to the strictly upper triangular matrices has a continuous inverse.

Part (b) and the fact that A is closed in G¢ follows from the fact that a is
Abelian and real valued. Next note that AN is a subgroup. This follows from the
two observations that (an)(a’'n’) = (aa’)((cg-1n)n’), a,a’ € A and n,n’ € N,
and that coneX = exp(e®™X), H € a and X € n*. Since the map from
b=t®adn" — Gg¢ given by (Hy, Hy, X) — efle™eX is a local diffeomor-
phism near 0, products of the form tan,t € T,a € A, and n € N, generate B. Just
as with AN, TAN is a subgroup, so that B = Te%" . It is an elementary fact from
linear algebra that this decomposition is unique and the proof is complete. O

The point of the next theorem is that G/ T has a G-invariant complex structure
inherited from the fact that G¢/ B is a complex manifold. This will allow us to study
holomorphic sections on G/T.

Theorem 7.50. Let G be a compact connected Lie group with maximal torus T. The
inclusion G — G induces a diffeomorphism

G/T = G¢/B.

Proof. Recallthatg = {X+6X | X € gc}, so that g/t and gc /b are both spanned by
the projections of {X, + 60X, | X4 € go» @ € AT (gc)}. In particular, the differential
of the map G — G/ B is surjective. Thus the image of G contains a neighborhood
of eB in G¢/B. As left multiplication by g and g“, g € G, is continuous, the image
of G is open in G¢/B. Compactness of G shows that the image is closed so that
connectedness shows the map G — G¢/B is surjective.
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It remains to see that G N B = T. Let g € G N B. Clearly Ad(g) preserves
gNb =t sothat g € N(T). Writing w for the corresponding element of W(A(gc)),
the fact that g € B implies that w preserves A1 (gc). In turn, this means w preserves
the corresponding Weyl chamber. Since Theorem 6.43 shows that W(A(gc)) acts
simply transitively on the Weyl chambers, w =7 and g € T. O

7.4.3 Holomorphic Functions

Definition 7.51. Let G be a compact Lie group with maximal torus 7. For A € A(T),
write C, for the one-dimensional representation of 7 given by &, and write L, for
the line bundle

L)\ =G Xr C)\.

By Frobenius Reciprocity, I'(G/T, L,) is a huge representation of G. However
by restricting our attention to holomorphic sections, we will obtain a representation
of manageable size.

Definition 7.52. Let G be a compact connected Lie group with maximal torus 7" and
r e A(T).
(a) Extend &, : T — C to a homomorphism & : B — C by

£F(te'feX) = & ()™

forteT,H et,and X e n™.
(b) Let LE = G¢ x g C; where C;, is the one-dimensional representation of B given
by £F.

Lemma 7.53. Let G be a compact connected Lie group with maximal torus T and
A € A(T). Then T(G/T, L;) = I'(Ge/B, L) and Ind§ (&,) = Ind$°(£C) as G-
representations.

Proof. Since the map G — G¢/B induces an isomorphism G/T = G¢/B, any
h € G¢ can be written as h = gb for g € G and b € B. Moreover, if h = g'V/,
g €Gandb' € B, thenthereist € T so g’ = gt and b’ =t~ 'b.

On the level of induced representations, map f € Ind? (&) to Fr € IndgC (Sf)
by Fs(gh) = f(g)eC,(b) forg € G and b € B and map F € Ind5°(£C) to fr €
Ind? (&) by fr(g) = F(g). It is straightforward to verify that these maps are well
defined, G-intertwining, and inverse to each other (Exercise 7.31). O

Definition 7.54. Let G be a compact connected Lie group with maximal torus 7 and
A€ A(T).

(a) Asections € I'(G/T, L,) is said to be holomorphic if the corresponding func-
tion F € Indg“C (E;\C), c.f. Theorem 7.46 and Lemma 7.53, is a holomorphic function
on Gg, i.e., if

dF(iX) = idF(X)

ateach g € Ge and for all X € T,(G¢) where dF(X) = X(Re F) +iX(Im F).
(b) Write I't,o;(G/ T, L;) for the set of all holomorphic sections.
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Since the differential d F' is always R-linear, the condition of being holomorphic
is equivalent to saying that d F' is C-linear. Written in local coordinates, this condition
gives rise to the standard Cauchy—Riemann equations (Exercise 7.32).

Definition 7.55. Let G be a connected (linear) Lie group with maximal torus 7.
Write C*°(G) for the set of smooth functions on G¢ and use similar notation for
G.

(@) For Z e gc and F € C*(Gy), let

d
[dr(Z)F](h) = EF(he’Zn,:o

forh € Ge.For X € gand f € C*(G), let

d
[dr(X)f1(g) = Zf(ge’x)lz:o

forg € G.
(b)For Z =X +iY with X, Y € g, let

drc(Z) =dr(X) +idr(Y).

Note that drc(Z) is a well-defined operator on C*°(G) but that dr(Z) is not
(except when Z € g).

Lemma 7.56. Let G be a compact connected Lie group with maximal torus T, A €
A(T), F € IndgC (éf), and f = F|g the corresponding function in Ind(T; &).
(a) Then F is holomorphic if and only if

drc(Z)F =0

for Z e nt.
(b) Equivalently, F is holomorphic if and only if

drc(Z)f =0
for Z ent.

Proof. Since dl, : T,(Gc) — T,(Gc) is an isomorphism, F is holomorphic if and
only if

(7.57) dFdl, (iZ)) =idF(dl,Z)
for all g € G¢ and X € gc where, by definition,
d
dF(dlyZ) = —F (g¢'li=o = [dr(Z)F1 (2)-
If Z € n*, then e'? € N, so that F(ge'?) = F(g). Thus for Z € n*, Equation

7.57 is automatic since both sides are 0. If Z € t¢, F(ge'?) = F(g)e "*® . Thus for
Z € t¢, Equation 7.57 also holds since both sides are —iA(Z) F(g).
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Since gc = n~ @ tc @ nt, part (a) will be finished by showing Equation 7.57
holds for Z € n~. However, Equation 7.57 is equivalent to requiring dr (i Z)F =
idr(Z)F which in turn is equivalent to requiring dr(Z)F = drc(Z)F.If Z € n™,
thenf0Z e n* and Z + 0Z € g. Thus

dr(Z)F = dr(Z + 0Z)F —dr(0Z)F = drc(Z + 02Z)F = dre(Z) + dre(02),

sothat dr(Z)F = drc(Z)F if and only if drc(6Z) = 0, as desired.

For part (b), first, assume F is holomorphic. Since f = F]|g, it follows that
drc(n™) f = 0. Conversely, suppose drc(n™) f = 0. Restricting the above argu-
ments from G¢ to G shows dr(Z)F|, = drc(Z)F|, for g € G and Z € gc. Hence
ifXeg,

d d
(dr(X)F)(gh) = EF(gbe’Xn,:o = EF(ge’Ad(b)Xb)lzzo

— ) %F(ge’ Awxy)
— £, (b) (dr(AdB)X) F)(g) = £,(b) (dre(AdB) X) F)(g)

forge Gandb € B.Thusif Z = X +iY € n" with X, Y € g, note Ad(h)Z € n*
and calculate

(drc(2)F)(gb) = (dr(X)F)(gb) +i(dr(Y)F)(gh)
= &_(b) [(drc(Ad(B)X)F)(g) + (drc(i Ad(D)Y) F)(g)]
= £_(b) (drc(Ad(D)Z) F)(g) = 0,

as desired. O

7.4.4 Main Theorem
The next theorem gives an explicit realization for each irreducible representation.

Theorem 7.58 (Borel-Weil). Let G be a compact connected Lie group and )\ €
A(T).

V(wod) for — A dominant

Fhot(G/T, Ly) = { (O} else

where wy € W(A(gc)) is the unique Weyl group element mapping the positive Weyl
chamber to the negative Weyl chamber (c.f. Exercise 6.40).

Proof. The elements of I',(G/T, L) correspond to holomorphic functions in
Ind(T; (&,). It follows that the elements of I't,(G/T, L;) correspond to the set of
smooth functions f on G, satisfying

(7.59) f(gt) =8, f(8)
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forg e Gandt € T and
(7.60) drc(Z2)f =0

for Z e n™.
Using the C*°-topology on C*°(G), Corollary 3.47 shows that C*°(G)g.fin =
C(G)¢-fin s0 that, by Theorem 3.24 and the Highest Weight Theorem,

C*Grem= P Vv evy)
dom. yeA(T)

as a G x G-module with respect to the r x [-action. In this decomposition, trac-
ing through the identifications (Exercise 7.33) ?? shows that the action of G on
Iot(G/T, L;) intertwines with the trivial action on V (y)* and the standard action
on V(y). Recalling that Lemma 7.5, write ¢ for the intertwining operator

o: P VEwr) @ V) S C(G)m

dom. yeA(T)

Given f € C*°(G), use Theorem 3.46 to write f = > ... ca(r) f, With respect to
convergence in the C*°-topology, where f, = ¢(x,) withx, € V(—woy) @ V(y).

Equation 7.60 is then satisfied by f if and only if it is satisfied by each f,.
Tracing through the identifications, the action of drc(Z) corresponds to the standard
(complexified) action of Z on V (—wypy ) and the trivial action on V (y). In particular,
Theorem 7.3 shows that x,, can be written as x,, = v_,,, ® y, where v_,,, is a
highest weight vector of V(—wgy) and y, € V(y).

Tracing through the identifications again, Equation 7.59 is then satisfied if and
only if tv_y,, = & 5 (F)V_yyy. But since tv_y, = &_yy (£)V_yyy, it follows that
Equation 7.59 is satisfied if and only if woy = A and the proof is complete. O

As an example, consider G = SU (2) with T the usual subgroup of diagonal ma-
trices. Realizing 'y (G /T, §_, esz) as the holomorphic functions in Indg‘c (Eicn )
2

Thot(G/T,§_,2) =

{holomorphic f : SL(2,C) - C| f(g <g aél >) =a"f(g),g e SL22,0C)}.

Since Z1 23 I'b = (& bz +z3 , the induced condition in the case of
22 24 01 22 bzy +z4

a = 1 shows f € IndgC (éicn <, ) 1s determined by its restriction to the first column of
2

-1
SL2,C). Since (Z' 3 ) (a 91 ) = <az] ailz3 ), the induced condition for
22 24 0a azx a= 74

the case of b = 0 shows that f is homogeneous of degree n as a function on the first
column of SL(2, C). Finally, the holomorphic condition shows I',o;(G/T, &_, @ )
can be identified with the set of homogeneous polynomials of degree n on the first
column of SL(2, C). In other words, I'noi(G/T,§_,2) =V, (C?) as expected.
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As a final remark, there is a (dualized) generalization of the Borel-Weil Theorem
to the Dolbeault cohomology setting called the Bott—Borel-Weil Theorem. Although
we only state the result here, it is fairly straightforward to reduce the calculation to
a fact from Lie algebra cohomology ([97]). In turn this is computed by a theorem of
Kostant ([64]), an efficient proof of which can be found in [86].

Given a complex manifold M, write AP (M) = /\;TO’I(M ) for the smooth dif-

ferential forms of type (0, p) ([93]). The £, operator maps AP (M) to APTY(M) and
is given by

p

(Buo) Xo. ... . X)) =D (D Xpo(Xo, ... . X, ... . X))
k=0
+ ) (D oX X)) Koo Ko X X))
i<j

for antiholomorphic vector fields X ;. If V' is a holomorphic vector bundle over M,
the sections of V K) A?(M) are the V-valued differential forms of type (0, p) and
the set of such is denoted A?(M, V). The operator 3 : A”(M,V) — APYY(M, V) is
given by 3 = 1 ® 3 and satisfies 3’ = 0. The Dolbeault cohomology spaces are
defined as

HP(M,V) =kerd/Im3a.

Theorem 7.61 (Bott-Borel-Weil Theorem). Let G be a compact connected Lie
group and » € A(T). If L+ p lies on a Weyl chamber wall, then HP (G/T, L;) = {0}
for all p. Otherwise,

V(w( + p) — p) for p=|{e € A (gc) | B+ p, ) < 0}

HP(G/T, L) = { {0} else,

where w € W(A(gc)) is the unique Weyl group element making w(A + p) dominant.

7.4.5 Exercises

Exercise 7.27 Let G be a Lie group and H a closed subgroup of G. Given a repre-
sentation V of H, verify G x y V is a homogeneous vector bundle over G/ H.

Exercise 7.28 Verify the details of Theorems 7.46 and 7.47.

Exercise 7.29 Let G be a compact connected Lie group with maximal torus 7" and
A€ A(T).

(1) Show that g;f: is a homomorphism.

(2) Show that éf is the unique extension of &, from 7 to B as a homomorphism of
complex Lie groups.

Exercise 7.30 Let G be a compact connected Lie group with maximal torus 7" and
A € A(T). If V is an irreducible representation, show that V = V(1) if and only if
there is a nonzero v € V satisfying bv = Ef (b)v for b € B. In this case, show that v
is unique up to nonzero scalar multiplication and is a highest weight vector.
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Exercise 7.31 Verify the details of Lemma 7.53.

Exercise 7.32 Let G¢ be a complex (linear) connected Lie group with maximal torus
T. Recall that a complex-valued function F on Gg¢ is holomorphic if
dF(dl, (iX)) = idF(dl,X) for all g € Gc and X € gc, where dF(dl,X) =
% F(ge'®)|,—o. Note that d F is R-linear.

(1) In the special case of Gc = C\{0} = GL(1,C), z € G¢, and X = 1, show that
dF(dl.(iX)) = &£ F|. and id F(dl.X) = i~ F|., where z = x + iy. Conclude that
dF is not C-linear for general F and that, in this case, F is holomorphic if and only
if uy = v, and uy, = —v,, where F' = u +iv.

(2) Let {Xj};le be a basis over C for gc. For g € Gg¢, show that the map
¢ : R? — G given by

WXy X g1 Xy i X

(p(xla"-7-xn7y17"~7yn)=ge 4
is a local diffeomorphism near 0, c.f. Exercise 4.12.
(3) Identifying gc with 7, (G ), show dp(9y;10) = dl, X j and dp(dy, |o) = dlz (i X ;).
(4) Given a smooth function F on G¢, write F in local coordinates near g as f =
@*F. Show that F is holomorphic if and only if for each g € G¢, u,; = v, and
Uy, = —vy; where f = u + iv. In other words, F' is holomorphic if and only if it
satisfies the Cauchy—Riemann equations in local coordinates.

Exercise 7.33 In the proof of the Borel-Weil theorem, trace through the various
identifications to verify that the claimed actions are correct.

Exercise 7.34 Let B be the subgroup of upper triangular matrices in GL(n, C). Let
A = Ai€; + --- + X, €, be a dominant integral weight of U (n), i.e., Ay € Z and
M= A

1) Let f : GL(n,C) — C be smooth. For i < j, show that drGE;;) fl, =
idr(E;y) f|g if and only if

n af
0="3 "z,
2T

where g = (zj ) € GL(n, C) and aza,_k = % (aijk + zﬁ) with 2 = xjx +iyjk-
Conclude that dr G E; ;) f = idr(E;y) f if and only if % =

(2) Show that the irreducible representation of U (n) with highest weight A is realized
by

V., = {holomorphic F:GL(n,C)— C| F(gh) = ESHE] e —ae, (DVF(8),
g€ GL(n,C),be B}

with action given by left translation of functions, i.e., (g1 F)(g2) = F (gf1 g2).
(3) Let Fy, : GL(n, C) — C be given by

Fuy(g) = (det )™~ - (det, 1 @)™ (det, g) ™",
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where det;(g; ;) = det; j<x(g; ;). Show that F, is holomorphic, invariant under
right translation by N, and invariant under left translation by N'.

(4) Show that F,,; € V, and show F,,; has weight A,,€; 4 - - 4+ A;¢,. Conclude that
F,». 1s the lowest weight vector of Vy, i.e., that F,, is the highest weight vector for
the positive system corresponding to the opposite Weyl chamber.

(5) Let F,(g) = Fyp(wog), where wo = Ey,, + Eypo + ..., E, 1. Write F, in
terms of determinants of submatrices and show F; is a highest weight for V;.

Exercise 7.35 Let G be a compact Lie group. Show G is algebraic by proving the
following:

(1) Suppose G acts on a vector space V and O and O’ are two distinct orbits. Show
there is a continuous function f on V thatis 1 on O and —1 on O'.

(2) Show there is a polynomial p on V, so that [p(x) — f(x)| < 1forx e OUO'.
Conclude that p(x) > 0 when x € O and p(x) < Owhenx € O'.

(3) Let P be the convex set of all polynomials p on V satisfying p(x) > 0 when
x € O and p(x) < 0 when x € (O'. With respect to the usual action, (g - p) (x) =
p(g~'x) for g € G, use integration to show that there exists p € P that is G-
invariant.

(4) Show that G-invariant polynomials on V are constant on G-orbits.

(5) Let Z be the ideal of all G-invariant polynomials on V that vanish on O. Show
that there is p € Z, so that p is nonzero on (0. Conclude that the set of zeros of Z is
exactly O.

(6) By choosing a faithful representation, assume G € GL(n, C) and consider the
special case of V = M, ,(C) with G-action given by left multiplication of matrices.
Show that G is itself an orbit in V and is therefore algebraic.





