CHAPTER

10

THE INTEGER POWERS x" AND (bx+c)"

With n =0, £1, £2, -+ this chapter concerns the function (bx + ¢)" and its special b = 1, ¢ = 0 case. The powers
1, x, x*, - and the reciprocal powers 1, x"!, x 2, - are the units from which power series are built. Such expansions
and their applications are addressed in Section 10:13. Section 10:14 provides a brief exposition on the intriguing
and useful lozenge diagrams.

10:1 NOTATION

The two formulas (bx + c¢) " and 1/(bx + c)" are equivalent in all respects. The powers x* and x are termed the
square and the cube of x respectively, and the special properties of functions containing these units are addressed
in Chapters 15 and 16.

In the general notation % P is known as the base and o as the power or exponent. In this chapter [and in
Chapter 12] the family of functions in which the base is the primary variable is treated, with the exponent held
constant. In contrast, Chapter 26 is concerned with functions in which the exponent varies and the base is held
constant. The instance in which both the base and the power are the same variable is touched on briefly in Sections
26:2 and 26:13.

10:2 BEHAVIOR

The power function is defined for all values of x and for all integer n except that x”" is undefined when both x
and » are zero. Figures 10-1 and 10-2 illustrate the behavior of x” for n =0, 1, £2, +3, +4, £7 and £12. Notice the
contrasting behavior of the positive and negative powers. Note also how the reflection properties depend on whether
n is even or odd.

If n is positive, (bx + ¢)" has a zero of multiplicity » [Section 0:7] at x = —¢/b. This value of x is the site of an
infinite discontinuity in (bx + ¢)" when » is negative.
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10:3 DEFINITIONS

The function (bx + ¢)" is defined by:
D

—1,-2,-3,
bx+c

n

J=1

10:3:1 (bx+c)' =41 n

H(bx+c) n=12.3,--

J=1

I
el

10:4 SPECIAL CASES

Whenn =0
10:4:1 (bx+c)" =1 n=0

and when 7 = %1, reduction occurs to the functions treated in Chapter 7. 0° is generally undefined, though it may
be ascribed a value of either O or 1 in certain contexts.
When b =0, (bx + ¢)" reduces to a constant [Chapter 1] for all values of ¢ and n.

10:5 INTRARELATIONSHIPS

The function x” obeys the simple reflection formula

., x" n=0,+£2,44,.--
10:5:1 (—x)" =
—x" n==+1,+£3,45,.-

For the (bx + ¢)" functions, reflection occurs about x = —¢/b

o5 ol

The recurrences

10:5:3 (bx +¢)" = (bx +c)(bx + )"
and
—n+l
10:5:4 (bt oy = EEF) T
bx+c

apply, as do the laws of exponents

10:5:5 (bx+c)" (bx+c)" =(bx+c)"™"

10:5:6 Mz(bxv%)”""
(bx+c)"

and

10:5:7 [(bx+c)”]m =(bx+c)™



84 THE INTEGER POWERS x" AND (bx+c)" 10:6

The simplest instances

10:5:8 X =yt =(x=y)x+y)

10:5:9 Xyt =(xty)(F Fay+7)
10:5:10 x =yt = (=) ) (60 +)7)
10:5:11 x4+y4=(x2—\/5xy+y2)(x2+x/§xy+y2)

of function-subtraction and function-addition formulas for integer powers generalize to formulas involving the
cosine function [Chapter 32]:

(n-1)/2 .
10:5:12 Ty"'=(x+y) H {x +2xycos(2j )+y } n=13,5--
Jj=1 n
n/2 ) 2]7'5_75 5
10:5:13 x”+y”=H X" +2xycos +y n=2,4,6,---
J=1
(n-2)/2 2jm
10:5:14 X'=y'=(x+y)x—y) H {x —2xycos( j+y } n=2,4,6,--
Jj=1 n

As elaborated in Section 17:7, x" £ )" may always be expressed as the product of n factors, possibly complex; for
example, 10:5:11 becomes the product of four factors, each of which is subsumed in x = (1£i)y/ V2.
Finite series of positive or negative integer powers may be summed as geometric series:

n+l
10:5:15 1+x+x2+---+x"1+x”:11x
-Xx

n=12,3,---

x—x"

10:5:16 l+x " +x72 + X" +x" = n=1273,--

x—1

The corresponding infinite series are summable only for restricted ranges of x, as discussed in Section 10:13.

10:6 EXPANSIONS

If n is positive, (bx + ¢)” may be expanded binomially as the finite series

10:6:1 (bx+c¢)" =c”" +nc" 'bx +n(nT'1) "2hI 4 neh" T B = Z(])[bxj n=0,1,2,--
. Jj=0 c

for all x, where (;lj is the binomial coefficient of Chapter 6. If» is negative, the series is infinite and takes the form

1 w /. oV
10:6:2 (bx+c)"=c"+nc"-‘bx+M "2p2x? g C"Z(] - 1)(ﬂj n=—1,-2,-3, |x|<[S
2! s c b
or
i n—1 NV
10:6:3  (bx+c)' =b"x"+nch"'x" " +---=b"x ”Z / n [ij n=-1,-2,-3,-- | x[> E‘
j=0 ] bx b

depending on the magnitude of x. Section 6:14 presents some of the specific examples.
Positive integer powers may be expanded in terms of Pochhammer polynomials [Chapter 18]



10:7 THE INTEGER POWERS x" AND (bx+c)” 85

10:6:4 xX"=Y o (x—j+1),=> ()0} (-x), n=0,1,2, -
=0 =0
where 6!/ is a Stirling number of the second kind [Section 2:14], or in terms of Chebyshev polynomials of the first

kind [Chapter 22]:
7T, ()
Yln)T1 (%)

n=0,2,4, -

10:6:5 X" =y (x)+ T, (x) +y ", T, (x) +--
n=1,3,5,

For example, x° =3 2T, (x) + = T, (x) + & Ts(x) . The coefficients y(/.") are zero whenever » and j are of unlike parity
or j exceeds 7. y(o) = yi” 1 Other (”) are positive rational numbers that are calculable by sufficient applications
of the recursion formulas " = ;yf" b 7 =y + 490 Jand for j > 2, Y(") = ;yml) + ;y(,"ll)

similar to 10:6:5 exist for each orthogonal polynomial family [Chapters 21-24].

Expansions

10:7 PARTICULAR VALUES

For b not equal to zero, (bx + ¢)" adopts the particular values:

x=-(1+c)/b| x=-c/b | x=(-c)/b
n<0 -1y 00 1
n=0 1 undef 1
n>0 (-1 0 1

10:8 NUMERICAL VALUES

Equator’s power function routine (keyword power) can calculate integer (or non-integer) powers. Additionally,
the “variable construction” feature of Equator [Appendix C] allows ¢”, or wt” + k, to be used as the argument of
another function.
10:9 LIMITS AND APPROXIMATIONS

The limiting behavior of x” is evident from Figures 10-1 and 10-2. Note that the discontinuity suffered by x™”
at x = 0 is of the +oo|+oo variety when n = 2,4,6,- but is —oo|+oo for n =1,3,5,
10:10 OPERATIONS OF THE CALCULUS

The rule for differentiation
10:10:1 %(berc)" =nb(bx +c)"”

is the m = 1 case of the multiple-differentiation formula
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" b" (bx+c)"™ <
10:10:2 9 et oy ={(”)m (bx+c) e
0 m>n
that employs the Pochhammer notation [Chapter 18]. General formulas for indefinite and definite integration are:
n+l
e P
10:10:3 [ bt+eyde=4 (n+1)b
—c/b e nz_l,_z,_:;’...
. 0 n=-1,0,1,2,--
10:10:4 bt+c)'dt = i
[t +c) (bx+c) o3
’ (—n-1)b
n+l n+1
(bx, +¢)"" =(bx, +¢) = 0,142,43, .-
* (n+1)b
10:10:5 I(bt+c)"dt=
. 1. [ bx +c
0 _ln n=-1
b \bx,+c
Differintegrals [Section 12:14] of the nonnegative power x” are given by the formula
d“x" nlx**

10:10:6 n=0,12,-- x>0

A"  T(n—p+1)
where I' is the gamma function [Chapter 43].
On Laplace transformation, a nonnegative integer power obeys the simple formula

10:10:7 O]t” exp(—st)dt =L {r"} = ik n=01,2, -
0

n+l
S

Negative integer powers cannot be transformed, but powers of the reciprocal linear function transform as follows,
provided ¢ # 0:

. \ , b (—es) & -bY
10:10:8 6[([)1"‘0) exp(-st)dt = S;e{(bt+c) }:m{—GXPLCI;—SJEI(%j+ ;(] —1)'£gj :|

for n=-1,-2,-3,-. The transform generates a product of the exponential [Chapter 26] and exponential integral
[Chapter 37] functions.

10:11 COMPLEX ARGUMENT

Via a binomial expansion [Section 6:14], integer powers of the complex variable z, may be expressed as a pair
of power series. For example, if # is positive

20 _yz 7 L /2 _yz J
10:11:1 Z"=(x+iy)' =x Z (21.) 7 +ix""y ,Z: (2j+1j?

j=0 =0

while, for a negative power, one can split the function into real and imaginary components as
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In these two equations the rectangular representation z = x + iy of a complex variable has served as the vehicle for
expressing the properties of the power function when its argument is complex. For this function, however, it is more

-1t/2

Il
D

0=-mn/2

rewarding to use the polar representation z = p exp(i 0) of a complex number. With this approach, de Moivre’s
theorem [Section 32:11] leads to

10:11:3 z" =p" exp(nif) = p" [cos(nO) + isin(nd)|
irrespective of the sign of n (there is a pole at the origin when # is negative). The real part is
10:11:4 Re[z"]=p" cos(nB) where p=(x"+y*)""? and 0 =arctan(y/x)+ TC[l - sgn(x)]/2

with the expression for Im[z"] having sin replace cos, but being otherwise similar. Figure 10-3 is a polar graph
illustrating equation 10:11:4 and its imaginary counterpart for the case n = 5. In this representation the parts (real
or imaginary) are zero at the center, with the red and blue “petals” respectively representing positive and negative
excursions. At the edges of their petals, the parts adopt the value & p". Equator’s complex number raised to a real
power routine (keyword compower) uses equation 10:11:4, and its congener Im[z"] = p"sin(n0), to compute the real
and imaginary parts of (x+iy)".

The reciprocal power s " undergoes Laplace inversion to give #”"'/(n-1)! and this generalizes to

oL+i0

ny—n—1 _
10:11:5 (bs+c)”Mds=S{(bs+c)”}=bt—exp(—0tj n=-1,-2,-3,---
. 27 (—n-1)! b

o—r

10:12 GENERALIZATIONS

The restriction that the power be an integer is removed in Chapter 12. Quadratic functions [Chapter 15], cubic
functions [Chapter 16], and polynomials [Chapters 17-24] are weighted finite sums of nonnegative integer powers.
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10:13 COGNATE FUNCTIONS: power series

An infinite sum of weighted positive powers of a variable is a power series

2 Jopi j
10:13:1 ay+ax+ax’++ax +=Y ax
=0

The a’s, which are generally functions of j, but not of x, are the coefficients of the series, while a;x” is the typical
term. A similar series in which the general term is a jx‘“ﬁj is a Frobenius series; by redefining the variable to be
x* and by withdrawing a factor of x*, such a series can be converted to a power series.

Some special cases of power series in which the coefficients are drawn from the set (1,0,-1) include:

1
10:13:2 l+x+x*+x+x*+.- = -1<x<l1
1¥x
1] 1 1
10:13:3 X+X +xX +x +xX +- == - = x2 —l<x<1
211-x 1+x 1-x

to which many others could be appended. These are summable series of integer powers whose exponents increase
linearly, but one may also sum similar series in which the exponents increase quadratically, as follows

10:13:4 1—x+x4—x9+x16—---=%{94[0,L§x)]+1} O0<x<l
T
10:13:5 1+x+x4+x9+x16+---=%{93(0,_ln§x)]+1} 0<x<l
T
10:13:6 x+x9+x25+x49+x81+---=%92(0,L2(x)J 0<x<1
T

in terms of exponential theta functions [Section 27:13] of zero parameter. The quantity {-In(x)}/n* that appears in
these formulas is closely related to the nome function discussed in Section 61:15.

Addition and subtraction of power series is straightforward. Thus if 4, B and C are the power series z ajxj ,
Zb jxj and ZC jxj , then if 4 + B = C one has ¢; = a; + b;,. The rules for exponentiation and multiplication are

j
10:13:7 A"=C where c¢,=a, and c/.z.LZ:(j+k)a/.7k+1ck71 forj=1,2,3,---
- J9 k= '
and
;
10:13:8 AB=C where ¢;=) ab,,
k=0

but when C = A/B, the expression for ¢; is too elaborate to be generally useful. In an operation known as reversion
of series, apower series 4 in the variable x is converted into a power series for x, with a normalized 4 as the variable.
2 2 2
B y k d =1, d,=-a,, d,=2a;-aa,, d,=5a,(aa,—-a;)—a;a,,
—-a
10:13:9 x= aIde( - j where d, =7a;(2a; —3a,a,) +3a; (a; +2a,a,) - aas,

2
k=1

a 3 2 3 2 2 4
d, =76a;(2a,a, — ay) + a;, (a,a, + a,a,) —4a; a,(a; + a,a,)]—a, a,
There is no general formula for the d coefficients. The operations of differentiation and integration may be carried
out term-by-term and generate other power series. Differintegration generally produces a Frobenius series.
Operations on convergent power series do not necessarily preserve convergence.
As Sections 6 of most of the chapters in this A#/as will attest, almost all mathematical functions may be
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expanded via the Maclaurin series (Colin Maclaurin, 1698 - 1746, a Scottish mathematical prodigy, who defended
his master’s thesis at the age of 14)
x> d’f x d*f = x/ d/f

e VT e O L g

df
10:13:10 fx) = £(0) +x——(0) + (0)
This is the special y = 0 case of the Taylor series 0:5:1. This formula permits most functions that can be repeatedly
differentiated to be expressed as power series. Accordingly, a truncated version of such a power series is commonly
used as a source of the (approximate) numerical value of a function for some specified value of the argument x:

J ) 1d/f
:13: ~ x’ L =—
10:13:11 f(x) ;:Oa,x a, Ty

(0) large J

One may steadily increase J, calculating these partial sums the while. Equator frequently employs this tactic,
ceasing the incrementation when three consecutive partial sums are identical (to the precision of the computation).
Unfortunately, many series are not sufficiently convergent to yield adequate numerical approximations even when
J has the large values accessible with speedy computers. Other numerical problems, in the form of rounding errors
and precision loss, arise from the finite number of significant digits carried by most computer programs. These
difficulties are mostly encountered when the terms in the Maclaurin series alternate in sign. Alternative methods
are then sought, or a careful check is kept of the significance lost, the precision of the final answer being adjusted
accordingly.

One simple remedy that is often effective is to convert the truncated power series into a concatenation (or
“nested sum”) that may be summed “backwards”

10:13:12 f(x)z(((---((%b‘,x+l)bklx+1)bJ72x+---+1)b2x+1)b1x+1)a0 by=a;la,

Notice that this formula incorporates the ruse, useful only when the series alternates in sign, of halving the final
summed term. A similar, and often helpful, stratagem is to convert the series to the continued fraction [see 0:6:12]

10:13:13 f(x) ~ 20 b bx | bpox byax bx
l1-bx—bx— b, ,x—b, x— 2

but there are no guarantees in this field, which is as much art as science.

There exist more radical techniques for finding numerical values of f(x). Though often classified under the
“summation of series” rubric, these approaches actually abandon the 10:13:11 expansion of f(x) in favor of some
other representation, such as a rational function [Section 14:13], a standard continued fraction [Section 0:6] or a non-
Maclaurin series. In Section 10:14, some of these techniques will be discussed in the context of lozenge diagrams,
but a simpler transformation, due to Euler, will be exposed here.

The Euler transformation replaces the power series f(x) = Z ajx-’ by

1 X x Y x Y 1& X k
10:13:14 f(x)=—|e —+4e| ——| 4e.| — | +---|==Y e | —
) x{ +x 2(1+x] 3(1+x) } xkzzll k(l+x]

By equating coefficients, one easily finds that ¢, = a,, e, = a,ta,, e; = a, +2a,+a, , and generally

< (k-1
10:13:15 ek=_Z( ; )a,.
Jj=0
The transformed series frequently has much improved convergence, so that a truncated version of 10:13:14 may
provide an acceptable numerical approximation.
For very large values of the argument x, most of these summation strategies fail to deliver useful numerical
values. Fortunately, for most functions, f, there exist power series expansions of f(1/x). These are generally
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asymptotic series, so that increasing the number of summed terms improves the approximation only up to a certain
(x-dependent) point. An asymptotic relationship is indicated by the symbol “~” replacing the usual “=". For
example, the asymptotic expansion [see 41:6:6]

b 1 1 x 3x* 15x%° —xY
10:13:16 —exp| — |erfe| ——= [~V ——+—— +eee= 27 - —
Vx p(xj (&j 24 3 2, )(2j

yields a power series, values of early partial sums of which, for
x=0.15, are shown in Figure 10-4 as black dots. These initially
converge towards the correct result (0.937597-+), shown by the .

0.945 T T T

blue line, but then wander away. The ruses and transformations 0.940 .
discussed above and in the next section remain useful, and are
doubly necessary because wantonly increasing the number of
terms is not an option with asymptotic series. Thus, halving the
last term in a partial sum leads to the red points in Figure 10-4.
Clearly these ameliorate the difficulty without overcoming the 0.930 ! ! !

asymptoticity. 0 3 6 9 12
number of terms

0.935

partial sum
[ ]
L ]
o

°e Figure 10-4

10:14 RELATED TOPIC: lozenge diagrams

A lozenge diagram is a two-dimensional array of numbers (or symbols representing numbers) arranged in a
fashion that aids the conceptualization of certain useful operations performed on power series. Each element of the
lozenge diagram is characterized by two integer indices, #» and m, each index taking nonnegative integer values. The
element itself is denoted [;J, but only those elements in which the indices have like parities appear. The
arrangement of the elements, as shown below, is such that most occupy a vertex of at least one rhombus, and as
many as four.

(3] <« northernmost row

—E

HI H I We

Ne— —7Z

N .
southwestern diagonal

The lozenge diagram extends indefinitely to the right and downwards. In most applications, numbers or symbols
are entered into the “northernmost”, m = 0, row. A specific propagation rule is then applied to create new entries
in the diagram. The sequencing of propagation may proceed row by row downwards or, often more conveniently,
by creating new entries in the order [}] [f] B] [f] [;‘J BJ [17] ,and so on. The propagation rules vary according
to the operation for which the lozenge diagram is being used, but in all cases the element [fn ] is computed, by
arithmetic operations, from the adjacent elements [7 R J , [j’n’}l} ,and ['jﬂ o J Often, the final output information appears
in the “southwestern” diagonal, that is, in the elements in which » and m are equal. Four applications of the lozenge
diagram will be elaborated in this section [see Wimp for details]. In the first, a Padé table [Section 17:12] is created
from a power series. In the second and third, power series are transformed and thereby summed numerically. In
the fourth, a power series is converted into a continued fraction.

Successive partial sums of the standard power series Zajxj may be fed into the northernmost row of the

lozenge diagram, so that
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10:14:1 [2g]=a0+a1x+a2x2+---+anx” n=0,12,---

In this application, the propagation rule used to form successive elements in the lozenge diagram is the Schmidt-
Wynn transformation, or the e-algorithm. 1t is

1
[m ] ] when  m=1 b first row

m—1 | m-1 | or S — E_W

otherwise N+

10:14:2 B
other rows

n 1
|:m—2i|+ [ n+1 7] n—1
L m—1_| - [mfl ]
The second alternative in 10:14:2 provides a convenient mnemonic based on the points of the compass viewed from
the center of each rhombus. A portion of the lozenge diagram derived in this way from the power series for the
exponential function exp(x) follows:

1 1+x 1+ x+1x? I+x+ix?+1x° l+x+ix?+1x +Lx*
1 2 6 24
X x’ x’ x*
1+1x 1+§x+%x2 1+§x+%x‘+$—4x%
1-1x 1-1x 1-1x
-2 12 12 -6 48 72
x x X ¥ox X
1+%x+ﬁx2
l—%eréxz

As a comparison with the table in Section 17:12 shows, not all the entries in the lozenge diagram are members of
the Padé table, but those for which m and » are even, shown in red, are. And not all members of the Padé table can
be generated by this propagation rule; the others, however, can be found similarly by starting with the reciprocal of
the power series for the reciprocal of the function, in this case 1/exp(-x), as the input. All the expressions shown
in red are valid approximations to exp(x). Among these rational functions, the most useful often are those that lie
on the southwestern diagonal, which are 1, (1+1x)/(1-1x), (1+1x+Lx*)/(1—Lx+Lx?), - inthis case. For
most functions these diagonal Padé approximants are better approximations, and in some cases phenomenally better
approximations, to the function, than are the partial sums of the truncated power series.

It is evident from the burgeoning complexity of the scheme that as a means of constructing, algebraically by
hand, diagonal approximants of ever-larger order, the Schmidt-Wynn procedure soon becomes prohibitively tedious.
However, it is simple to program the propagation rule to process numbers rather than symbols. In this way, a
sequence of numerical values of the partial sums of power series may be converted arithmetically into a sequence
of numerical values of the diagonal rational functions. For the case of the exponential function, the diagonal
approximants (equal to 1, 3, 2.71429, 2.71831, -- when x = 1) do not converge to the true value (2.71828 to six
digits) very much faster than do the partial sums (1, 2, 2.5, 2.66667, 2.70833, 2.71667, ---) themselves. Consider,

however, the x = 1 instance of the function [Section 37:6] that has the asymptotic power series expansion
10:14:3 f(x)~ Zj!(—x)j =1—x+21x" =3I +41x* =51 +--.
j=0

The sequence of partial sums is shown in red as the northernmost row in the lozenge diagram below, together with
early results of Schmidt-Wynn transformation
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| 0 2 -4 20 -100 620
-1 / ¥ Vs o V20
% P % 0 v
A % o o
s 7 2% -
238 9y

WLE

In this application, it is again only every second element in the southwestern diagonal that provides a useful output.
Even though the series 10:14:3 is atrociously divergent when x = 1, the red diagonal sequence takes the values
1.0000, 0.6667, 0.6154, 0.6027, that soon converge towards the “correct” value 0.5963 [equation 2:5:7] of f(1).
Equator frequently uses this so-called e-transformation to evaluate function values from poorly convergent power
series. Note that, in this particular application of the lozenge diagram, it is advantageous to enter the negative of
successive terms of the original power series directly into the second (7 = 1) row, rather than calculating them from
the northernmost (m = 0) row. By so doing, one avoids the significance loss that comes from subtracting two partial
sums that may be nearly equal.

Another procedure, named the n-transformation, is a somewhat similar application of a lozenge diagram. Again
the northernmost row represents power series 10:14:3, but with the difference that each element is now the numerical
value of a ferm in the series, rather than being its partial sum. Keeping with the x = 1 instance of function 10:14:3
as our example, the lozenge diagram for the n-algorithm is

1 -1 2 -6 24 -120 720
pA % R4 VA -20 7
6 ¥ Ao % 2%
i b2 s %
% % %17 '
A Win

18
1241

In compass-point format, the propagation rule used by the n-algorithm is

TH-T hen - 5=[1]
(/E)— (/W) when 2= h
10:14:4 S={N+E-W when  S=[5][1][¢]
1 n n n
e =[]}

(1/N)+(1/E)—(1/W)

For the n-algorithm, a// the elements in the southwestern diagonal are useful: they represent successive terms in a
numerical series corresponding to the x = 1 version of 10:14:3. From entries as far as n = m = 6, one has

10:14:5 fO = 1=+ Jo =7+ 1= Yoo+ Wom =

Note the identity of this result with that obtained from the [2] result of the e-transformation.

Our final application of lozenge diagrams is that developed by Heinz Rutishauser (Swiss mathematician,
1918 -1970). Any power series may be written as a concatenation (or nested sum):

10:14:6 f(x)=a,+ax+ax’ ++ax +--=a,+bx(1+bx(1+bx(l+..+bx(1+
j (1)
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where b, = a/a; ;. Note that for an alternating series, all b’s are negative. It is the bx terms that are fed into the
northernmost row of a lozenge diagram in the Rutishauser transformation [see Acton]. Notice that b,x enters [0}

0
b,x enters [é] and generally [2{{2} = b;x. The propagation rule for this algorithm is simple but bizarre:
-E+W when Sz[fJ
10:14:7 S =4 NEIW when S =[5 ].[5].[¢]+
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N-E+W when S=[71][1][5]~
Note that the a, term, that leads the series in 10:14:6, plays no part in the algorithm. The output from the
transformation does not relate directly to the power series that was input, but to an equivalent continued fraction.
If, for the elements on the southwestern diagonal, we adopt the nomenclature ¢ x = [ ] =bx, c,x= [ ], cx = [ 3]
and generally cx = [jﬂ , then the continued fraction in question is

10:14:8 F(x) = Ay CX CX C3X C,X CsX  CgX

Thus the a coefficients of the original series have been converted, via the concatenation b coefficients, to the
continued fraction ¢ constants. The Rutishauser algorithm fails when applied to the x = 1 case of 10:14:3, the
example treated previously. As an alternative, we reconsider the exponential series

= x’ 1

10:14:9 f(x)=exp(x)= = a=— bszf.
j=0J* J: J
this time with x unspecified, and construct the following lozenge diagram:
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It follows that

10:14:10 exp(x) = - Z¥ £ X ¥ 16X gX

The occurrence of zeros or infinities in lozenge propagation calculations can disable the procedure. Sometimes
it is possible to proceed without penalty by replacing the infinity or zero, respectively, by a very large or a very small
number, such as the 10’ used by Equator for this purpose during e-transformations.



