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The Moment of Inertia Tensor

9.1. Introduction

We know that Euler 's first law (5.43) relates the total external applied force
on a rigid body to the motion of its center of mass, and in the next chapter we
shall demonstrate that Euler's second law (5.44) relates the total external applied
torque to the body's rotational motion through its moment of momentum vector.
The latter involves introduction of the moment of inertia tensor studied here; and,
of course, the first law involves the location of the center of mass of the body. We
begin, therefore , with the concept of the center of mass of a complex structured
body and illustrate its application to a materially nonhomogeneous body having
a complex shape and cavities . Then the inertia tensor is introduced, and its com­
ponents for some special homogeneous bodies are determined. Afterwards , some
important physical properties of the moment of inertia tensor, properties actually
characteristic of all kinds of symmetric tensors, are derived. Consequently, as an
additional benefit, study of the inertia tensor provides tools useful, for example , in
the study of the mechanics of deformable solid and fluid materials in which stress,
strain, and deformation rate tensors playa major role.

9.2. The Center of Mass of a Complex Structured Rigid Body

The center of mass of a rigid body qj is a unique point that moves with the
body and whose position vector x*(qj) in an arbitrary spatial frame is defined by
(5.12), namely,

m(qj)x*(qj) = Lx(P)dm(P). (9.1)

Although the center of mass point mayor may not be situated at a material point,
its motion and momentum are the same as those of a particle of mass m(qj), the
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(9.3)

(9.4)

body's mass. Determination of the center of mass of a homogeneous body having
a simple geometrical shape is straightforward. In general, however, bodies are
complex structures that often do not have conveniently simple geometrical shapes,
they may not be materially homogeneous, and they may have cavities. A body
composed of an assembly of materially different homogeneous bodies with holes
is a typical example . In this case, the body may be treated as a composition of several
simpler bodies each of whose mass and center of mass are readily determined. As
a consequence, a complex structured body is called a composite body .

To derive the equation for the center of mass of a complex structured body,
we consider an arbitrary rigid and possibly materially nonhomogeneous body ~
having a complex shape with cavities . Now divide~ into n separate, geometrically
or materially simple parts ~k so that ~ = Uk= 1~k . Then the total mass of~ may
be written as

m(~) =1.'" dm(P) =t 1dm(P) = t: mi; (9.2)
Uk=,9'lk k=1 9'lk k=1

in which mk == m(~k) is the total mass of the k1h simple part. Each part may be
materially different and nonhomogeneous. This natural result shows that the total
mass ofa composite body ~ is equal to the sum of the masses of its simple parts
~k .

If ~ has p separate cavities (fk , say, we may imagine that each cavity is
filled with material having the same mass distribution as ~. In this case, we may
consider an auxiliary solid body defined by ~s = ~ Uf=l f5k and apply (9.2) to
obtain

p

m(~s) = m(~) + L m( f5k ).
k=1

Therefore, the mass of the actual body is determined by
p

m(~) = m(~s) - Lm( f5k) ,
k=l

whose interpretation is evident. The same relation follows from (9.2) applied di­
rectly to ~ =~s \ Uf=If5k , the auxiliary solid body with all of its separate filled
cavities removed . Clearly, (9.4) may be applied to any separate part ~j having a
cavity ~ .

In the same way, the integral in (9.1) for ~ = Uk=l ~k may be written as

Lx(P)dm(P) =t f
86

k x(P)dm(P) = tm(~k)x*(~d, (9.5)

in which (9.1) has been applied to each separate part ~k in the first sum. Thus, by
(9.1) , the center ofmass x*(~) ofa composite body ~ is provided by

n

m(~)x*(~) = L m(~dx*(~d.
k=l

(9.6)
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Of course, each part may be materially different and nonhomogeneous. Notice that
(9.6) has the same form as (5.5) for the center of mass of a system of particles,
each "particle" being a center of mass object.

Similarly, if !?13 contains p cavities 01: , use of !?13 = !?13s\ Uf=, ·6k in (9.1) de­
livers

p

m(!?13)x*(gj]) = m(!?13s)x*(!?13s) - Lm(0k)x*(t§k) , (9.7)
k=1

in which x*(!?13s) is the center of mass of the solid body fJ3s composed of n solid
parts !?13t , and x*(t§k) is the center of mass of the k1h materially similar solid
body that fills the hole tBk in !?13k. Clearly, m(!?13s) may be found by use of (9.2)
applied to !?13s. Then mUi3) is given by (9.4) , and the first term on the right in
(9.7) may be obtained by use of (9.6) applied to !?13s, that is, m(!?13s)x*(!?13s) =
L~=I m(!?13sdx*(93sd, where 93Sk is the k1h solid simple part of 93s.

If we view a cavity 01: as a "body" of negative volume, hence negative mass,
and materially similar to the simple body fJ3k containing 6k , (9.7) may be rewritten
in the same form as (9.6); and (9.4) can be cast in the form of (9.2) . Hence, the
rule ofcompositionfor the center ofmass x*(!?13) ofa complexstructured body !?13
ofmass m(!?13) is summarizedby thefamiliar generalformula

n

m(!?13)x*(!?13) = L mkxk,
k=l

n

with m(!?13) = L mi,

k=l

(9.8)

Herein mk == m(!?13k) and xk== x*(!?13d denote the mass and the center of mass of
the eh "body" !?13k> respectively.

Example 9.1. For an easy illustration, consider the homogeneous cylinder
in Fig . 5.3, page 13. The central cylindrical hole is identified as 01 . The mass of
the solid , homogeneous cylinder called !d3s is m(!?13s) = prrrJ£, and the mass of
a materially similar solid that fills 01 is m(01) = prrrle. Thus, from (9.4) or the
second equation in (9.8), the total mass of the tube !?13 = !?13s \ 01 is

m(;YJ) = m(!?13s) - m(t'8\) = prr£(rJ - rl).

In addition, for a homogeneous solid circular cylinder, we have

(9.9a)

(9.9c)

in frame cp in Fig . 5.3. Hence, by (9.9a) and (9.7) or the first equation in (9.8),

rr £2 £
m(!?13)x*(!?13) = PT(rJ - rl)k = m(!?13)2: k .

Thus, as we know, x*(ge) = 4£k in frame cpo
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9.3. The Moment of Inertia Tensor

Lex x(P) denote the position vector from a base point Q of a rigid body g(3
to a material parcel of mass dm(P) at P. The tensor I Q(g(3) defined by

IQ (g(3) = fqg [Ix - x) 1 - x @ x] dm,

is called the moment of inertia tensor relative to Q, sometimes, briefly, the inertia

tensor. Herein we recall from (3.31) the identity tensor 1 = Dijeij and from (3.24)
the tensor product of vectors a and b for which a @ b = ai bjeij , where eij == ei @

ej is the tensor product basis associated with the orthonormal vector basis ek . Also,
we observe the summation rule for repeated indices. From (9.10), [I Q ] = [M L 2] ,

typical measure units being slug ft2 or kg . rrr' .
Referred to a frame IfJ = {Q ;ek}, the inertia tensor has the representation

(9.11)

(9.12)

in terms of its scalar components IS = ei . IQe j referred to eij, in accordance with
(3.15). It is seen from (9.10) that the moment of inertia tensor is symmetric: I Q =
I~, that is, IS = IR. Hence, only six of its nine scalar components are independent.
From here onward, to simplify the component notation, the superscript Q usually
is written only when we wish to emphasize the reference point being used.

Observe in (9.10) and (9.11) that only the base point need be fixed relative
to the body; the reference frame IfJ = {Q; ek} need not be. If IfJ is not an imbedded
reference frame , however, the moment of inertia tensor referred to IfJ generally will
vary with time as the body turns relative to 1fJ. But if IfJ is an imbedded frame, then
I Q is a constant tensor whose components at Q will depend only on the body 's
fixed orientation in 1fJ. In general then, the components oflQ depend on the choice
of reference point and on the orientation of the basis directions in the body. We
shall return to these aspects later; but first the rectangular Cartesian components
of I Q in a body reference frame are described and a few general examples are
studied.

9.4. Rectangular Cartesian Components of the Inertia Tensor

Let ek = ik be a rectangular Cartesian reference basis at Q.Then the position
vector of P from Q in the body frame IfJ = {Q ;ed is x(P) = Xkik, and x @ x =
Xjxkijk . Use of these relations and 1 = Djkijk in (9.10) yields

I Q = [L (x - XDjk - XjXk)dm] ijk,
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and hence the rectangular Cartesiancomponents of the moment of inertia tensor
are given by

Ijk = L(x x8j k - xjxk)dm . (9.13)

Now let (XI, X2, X3) = (x, y, z) as usual, and note that x . x = x2+ l + Z2.
Then (9.13) yields the explicit component relations

III =1(l +z2)dm, 122 =1(x
2+z2)dm, 133 =1(x

2+l)dm, (9.14)
ill ill ill

lvz = 121 = -1 xydm, 113 = 131= -1 xzdm; 123 = 132 = -1 yzdm,
ill ill ill

(9.15)

(9.17)

i.; == -113 = 1xzdm,
fill

Iyz == -lz3 =1yzdm.
fill

(9.16)
Therefore, the reader must exercise caution when consulting other sources.

It follows from (9.14) that

III +122 = h3 +21 z
2dm,

ill

The three components (9.14) are called normal componentsofinertia, and the six
symmetric components (9.15) are known as products of inertia. It is important to
note that in many dynamics books the products of inertia are defined somewhat
differently as follows :

Ixy == r lv: =1xydm,
fill

which occasionally is useful in calculations involving the normal components.
Also,

trIQ = III + /22 + h3 = 2 [ r2dm, (9.18)
1fi1l

where r 2 = x . x is the squared distance from Q to the mass element dm . This rule
involves a principal invariant of I Q whose value in every reference basis at Q is
the same.

For a homogeneous body, the mass density p = dm ldv is a constant which
may be extracted from the inertia integrals (9.14) and (9.15). The volume integrals
that remain define what are known as volume moments ofinertia.

9.4.1. Moments of Inertia for a Lamina

A thin, flat body q) of negligible thickness h and elemental plane material
area dA(P) may be conveniently modeled as a plane body, or lamina for which
h -+ 0 and 17(P) == dm(P)/dA(P), the ratio of the element of mass at P to the
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element of area at P, is the mass density per unit area. Also, A( fK3) =1mdA(P)
defines the total plane material area of fK3. Let the lamina plane be the xy-plane .
Then when z -+ 0 in (9.14) and (9.15), we obtain the moment of inertia tensor
components for a lamina:

(9.20)

(9.19)III = 1i dm,
Y6

112 = -1 xydm,
m

For a homogeneous lamina, the constant density 1] may be removed from these
integrals. The area integrals that remain define what are known as area moments
of inertia.

9.4.2. Moment of Inertia About an Arbitrary Axis and the Radius of Gyration

The normal components of inertia in (9.14) and (9.19) have the general form

Inn = [ ;:2dm, (9.21)Jge
in which r is the perpendicular distance from the axis n (with unit vector n) to
the element of mass dm, as shown in Fig. 9.1. Thus, (9.21) is called the moment
of inertia about the axis n through the point Q. The result (9.21), however, holds
more generally for an arbitrary axis through Q. The general proof is left for the
reader in Problem 9.1. Another viewpoint is described in Problem 9.2.

The radius ofgyration about the axis n is a positive scalar R; defined by

(9.22)

n

x

y Figure 9.1. Schema for the moment of inertia
about an axis n.
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Since m(f%3)R~ = Inn , the squared radius of gyration R~ is the average value of the
integral (9.21). Further, it can be shown (see Problems 9.3 and 9.4.) that 133 = mR 2

is the moment of inertia about the central z-axis of a thin circular tube or ring of
radius R. Therefore, by (9.22), the radius of gyration of any body f%3 may be
interpreted geometri cally as the radius of an equivalent thin circular tube or ring
having the same mass m(f%3) and moment of inertia Inn(f%3) about the n-axis as
those of the given body f%3.

9.4.3. Moment of Inertia Properties of Symmetric Bodies

When n is the x- , y-, or z-axis, (9.21) coincides with the integrals in (9.14) and
(9.19) . Thus, 1[1 = lxx, 122 = Iyy , 133 = Izz, the normal Cartesian components,
often are called moments of inertia about the X- , y -, z-axes, respectively. These
integrals always are positive-valued, whereas the products of inertia (9.15) and
(9.20) may be positive, negative, or zero. For a homogeneous body having a plane
ofsymmetry, if one ofthe coordinate planes contains the body plane ofsymmetry,
the products ofinertia involving the coordinate variable perpendicular to this plane
will vanish. Consider, for example , the homogeneous body shown in Fig. 9.2 for
which the x z-plane is a body symmetry plane . Then the shape of the body surface
to the right of this plane may be written as Ys = f(x , z), and its surface to the
left of this plane is described by Ys = - f(x, z). Notice in (9.15) that both 1I2
and 123 contain y , the variable perpendi cular to the xz-plane , the body symmetry
plane . Thus, these products of inertia vanish upon integration with respect to the

z

y

.>
x

Figure 9.2. A homogeneous body having an xz-plane of symmetry.
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(9.23)

Figure 9.3. A homogeneous semicircular ring of variable cross section having an xy-plane of symmetry.

y variable. To see this, consider 112 in (9.15). With dm = pdxdzdy == d udy, we
have

! [j ! (X' Z) ]
112 = - ydy xdti = O.

(x ,Z) - I (x ,Z)

Therefore, referred to coordinate planes that include a body plane of symmetry,
at least two of the products of inertia for a homogeneous body will vanish. We
shall return to this important property momentarily in some general remarks on
axisymmetric bodies .

Example 9.2. What are the matrix and tensor forms of I Q for the homoge ­
neous body in Fig. 9.3 referred to the body frame rp = {Q; id?

Solution. Since the xy-plane is a body plane of symmetry for this homoge ­
neous body, by (9.15),113 = 123 = 0 in tp, Therefore, referred to the body frame
rp in Fig. 9.3, we have the component matrix

o ]o ,
h3

(9.24)

Now, consider a body having two orthogonal planes of symmetry. The line
formed by the intersection of two orthogonal planes of symmetry of a body is called
an axis ofsymmetry, and a body having an axis of symmetry is called axisymmetric.
The plane geometrical figure formed by a cut through the body normal to an axis
of symmetry is called a cross section. The cross section describes both the exterior
and interior axisymmetric shapes of the body. Any line in the cross section through
the axis of symmetry intersects the body at boundary points equidistant from the
axis, and hence the point on the axis of symmetry in the cross .section is called
the center of symmetry. Now recall our previous result on a homogeneous body
having a coordinate plane of symmetry. In consequence, ifthe orthogonal planes of
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symmetry ofan axisymmetric homogeneous bodyarechosen as coordinate planes
ofa bodyframe cp = {Q; i, j, k}, then all products of inertia vanish relative to Q
in tp, andhencethematrix[IQlfor themomentofinertia referred to cp is diagonal:
IQ = diag[lll , 122 , 133] .

A body having a circular (or annular), but not necessarily axially uniform
cross section perpendicular to its central axis is called a body of revolution. A
body of revolution having a cavity may be characterized by an internal surface
of revolution different from its exterior surface of revolution, in which case the
cross section is a circular annulus whose width varies along the central axis of
rotational symmetry. Clearly, a body of revolution is an axisymmetric body for
which everyplane through its axis of symmetry is an identical plane of symmetry;
its exterior and interior boundaries in the cross section are circles. Therefore, if the
axisofsymmetry ofa homogeneous bodyofrevolution is thez-axisofa bodyframe
cp = {Q; i, j, k}, say, then all products of inertia vanish and 111 = l n relative to
every point Q on the axis of symmetry. Hence, in every body frame at Q that
includes the i3 coordinate direction, the moment of inertia tensor for a body of
revolution, with or without a cavity of revolution, has the same diagonal form
I Q = I l l (i ll + izz) + h3h3 ' A homogeneous solid circular cylinder or tube, an
ellipsoid of revolution with a central spherical cavity, and a right circular cone
with a central conical cavity are examples of bodies of revolution that share these
properties.

Let the frame <I> = {Q; Ik } be fixed in space , and cp = {Q; ik } fixed in the body
at point Q. Suppose that a homogeneous rigid body is turning about a fixed axis of
rotational symmetry 13 = i3 through Q. Then at every instant of time the values of
the moment of inertia components referred to <I> are indistinguishable from their
corresponding values referred to cp, all constant. In fact, the moment of inertia
components at every instant of time will have the same values with respect to any
reference frame at Q that contains the fixed central axis of rotational symmetry. If
the homogeneous body is axisymmetric but not a body of revolution, however, the
moments of inertia about orthogonal axes perpendicular to the axis of symmetry
and rotation will be independent of time only when these axes are fixed in the body.
For illustration, picture a homogeneous right elliptical cylinder, an axisymmetric
body, turning about the z-axis, the axis of symmetry through Q, and visualize
the (ellipse) frame cp at different instants in its rotation relative to <1>. Clearly, the

components /8 and /z~ vary with the orientation of the body when determined
in <1>, whereas both are constant when referred to ip, Therefore, we may rightly
speculate that dynamical problems generally will be greatly simplified by use of a
body reference frame .

9.5. Moments of Inertia for Some Special Homogeneous Bodies

The foregoing examples illustrate some general properties ofall homogeneous
bodies. In this section, the focus shifts to three specific axisymmetric homogeneous
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Figure 9.4. Geometry for a homogeneous rectangular block.

bodies-a rectangular body, a circular cylindrical body, and a sphere . The inertia
tensors for these and some related slender bodies are derived.

9.5.1. Moment of Inertia Tensor for a Rectangular Body

The moment of inertia tensor Ie for a homogeneous rectangular block of
length t, width w, and height h is determined with respect to a body frame cp =
{C; iZl at its center of mass C and oriented as shown in Fig. 9.4. The results are
then specialized to obtain the inertia tensor for a thin rectangular plate of thickness
h and for a thin rod of length e.The body frame at S in Fig. 9.4 is reserved for
future use.

The homogeneous block has constant mass density p, and hence its center of
mass C is at the centroid. The components Ijk of the inertia tensor Ie referred to
cp are given by (9.14) and (9.15) . Specifically, for the rectangular block,

III = pe jh/2 [jW/2(l + z2)dY] dz = p e~h (w2 + h2).
-h /2 - w/2 1

That is, with m == m(913) = pewh for the mass of the block,

m(w2+h2)
III = (9.25a)

12

Noting the correspondence (x, y, z) '"V (e, w, h) and permuting the symbols ac­
cordingly in the last two relations in (9.14) while bearing in mind (9.25a), we
find

(9.25b)

All products of inertia are zero. (Why?) Collecting these results in (9.11), we obtain
the moment ofinertia tensor for a homogeneous rectangular parallelepiped:

I
m(w2 + h2L. m(e2 + h2L. m(e 2+ w2L.

e - I + I + I (9 26)- 12 11 12 22 12 33' .
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(9.27)

referred to the center of mass body frame cp = {C; iZ l. Notice that the matrix of
(9.26) is diagonal.

9.5.1.1. Moment ofInertia ofa Thin Rectangular Plate

A thin plate of negligible thickness h is a lamina , a plane body in thexy-plane,
with mass density TJ = ph per unit area. Hence, m = TJ£w. Upon neglecting the
h2 terms in (9.26), we obtain the moment of inertia tensor for a thin rectangular
plate:

mw2.* m£2 .* m(£2 + w2).*
Ie - --I + -I + 1- 12 II 12 22 12 33 '

referred to the center ofmass body frame cp = {C ; iZl . Notice that 133 = III + 122
in accordance with the general rule in (9.19) valid for every plane body.

9.5.1.2. Moment of Inertia ofa Thin Rod

Let a = '1W denote the mass per unit length of the homogeneous body, so
that m = o t: Now, neglect terms of order w2 in (9.27) to obtain the moment of
inertia tensor for a thin rod:

I m£2 ('* .* )e = 12 122 + 133 '

where the rod axis is the ir -axis in cp = {C; iZ l.

9.5.2. Moment of Inertia of a Circular Cylindrical Body

(9.28)

The inertia tensor for a homogeneous, circular cylindrical tube of inside radius
r., outside radius r0 ' and length £ is derived relative to a center of mass body frame
cp = {C; in situated at £/2 from 0 in Fig. 5.3, page 13, with i3= k. The result is
then applied to find the inertia tensor for a solid cylinder, an annular lamina, a thin
circular disk, and a thin rod.

We begin with the cylindrical tube. The moment of inertia about the z-axis is
obtained from the last equation in (9.14). Introducing cylindrical coordinates with
x 2 + l = r2 and noting that dm = p2nr£dr, we have

133 = 1.r 2dm = 2np£ fror3dr = ::'p£(r: - ri)·
>ii3 r i 2

With m = pA£ and the cross sectional area A = n(r; - r;), we obtain

m (2 2)133 = 2" ro + ri • (9.29a)
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The z-axi s is the central axis for this body of revolution; so, III = 122, and hence
by (9.17), 2111 = 133 + 2 f..jj z2dm , in which dm = p Adz: For a homogeneous
material,

(9.29b)

and hence with (9.29a) ,

(9.29c)

The products of inertia vanish. (Why?) Collecting (9.29a) and (9.29c), we reach
the moment ofinertia tensor for a homogeneous circular cylindrical tube referred
to the center ofmass body frame ifJ = {C; iZI:

(9.30)

9.5.2.1. Moment ofInertia ofa Solid Cylinder

Now consider a solid cylinder for which r» = rand rt = O. Then (9.30)
reduces to the moment ofinertia tensorfor a solid circula r cylinder referred to the
center ofmass body frame ifJ = {C; iZI:

(9.31)

where m = pnr2£. Upon neglecting the term smr 2 in (9.31), we recover the inertia
tensor (9.28) for a thin rod, except now the rod axis is ii. Therefore, the actual
cross sectional geometry of a slender rod is unimportant.

9.5.2.2. Moment ofInertia ofan Annular Plate

Relations (9.30) and (9.31) are used next to derive inertia tensors for similar
plane bodies having mass density 'I per unit area. First, consider an annular plate, or
flat washer, of negligible thickness eand area A = n(r; - rl) . Then withm = 'lA ,
(9.30) yields the moment of inertia tensorfor a homogeneous annular plate relative
to the body frame ifJ = {C ; iZI:

I m ( 2 2)C* "* 2"* )c = 4" ro + ri III + 122 + 133, (9.32)
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9.5.2.3. Moment of Inertia of a Thin Circular Disk

367

(9.33)

Finally, with ro = R, rt = 0, and m = nn R2
, (9.32) reduces to the moment

of inertia tensorfor a homogeneous, thin circulardisk relative to q; = {C; ik}:

1 m R2('* .* 2'* )e = - III + 122 + 133 ,
4

Notice that (9.33) also follows directly from (9.31) upon neglecting terms in e2•

In agreement with the last rule in (9.19) for every plane body, it is seen in both
(9.32) and (9.33) that 133 = hI + li: holds.

9.5.3. Moment of Inertia Tensor for a Sphere

The moment of inertia tensor for a homogeneous sphere of radius R is derived
relative to a body frame q; = {C ; ik}at its center. Clearly, every plane through C is
a plane of symmetry, so all products of inertia vanish and III = 122 = 1)3. Hence,
by (9.18), 3IlI = 2 JfJB r2dm. The surface area of a sphere of radius r is 4rrr2

, so

the elemental mass of a spherical shell of thickness dr is dm = p4rrr2dr; and the
foregoing relation yields

8 lR
4 2 2III = -prr r dr = -rn.R ,

3 a 5

where m = ~pn R3 is the total mass of the sphere. Therefore, in every body refer­
ence frame at its center, the moment of inertia tensor for a homogeneous sphere
is

2 2
Ie = SmR 1. (9.34)

Exercise 9.1. Show that, relative to its center C, the moment of inertia tensor
for a nonhomogeneous sphere of radius R whose mass density p = p(r) varies

with the radius r E[0, R] is spherical; i.e., Ie = Ie 1, where Ie = 8; JaR r4per)dr .
For constant p, this returns (9.34). 0

This concludes discussion of the moment of inertia tensor for a few homoge­
neous rigid bodies. Additional results are summarized in the table of properties in
Appendix D, and some further examples are provided in the problems.

9.6. The Moment of Inertia of a Complex Structured Body

A complex structured body g'J = U~=l g'Jk may be regarded as a composition
of several materially or geometrically simple bodies g'Jk whose moment of inertia
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tensors are known or may be readily determined. Hence, for the composite body
ri3, (9.10) may be written as

IQ(ri3) = t:1[(x · x) 1 - x 0 x] dm,
k=] d'Jk

in terms of the simple parts ri3k of ri3, each of which may be materially different
and nonhomogeneous. Then application of (9.10) to each body ri3k yields the
composition rule for the moment of inertia tensor for a composite body, relative
to Q:

n

I Q(ri3) = L I Q(ri3k ) .

k=l
(9.35)

Hence, with respect to an assigned body frame rp = {Q; ek}, the moment ofinertia
tensorfor a composite body is equal to the sum ofthe inertia tensors for its simple
parts referred to rp.

If ri3 has p cavities 6k, say, we may imagine that each cavity is filled with
material having the same mass distribution as ri3. The composition rule (9.35)
applied to the auxiliary solid body ri3s = ri3 Uf=l 6k determines the moment of
inertia tensor for ri3 = ri3S\ Uf=l 6k in accordance with

p

I Q(.C1B) = IQ(Y8s) - l:)Q(0k).
k=l

(9.36)

On the other hand, if a cavity 6k is viewed as a "body" of negative mass and
materially similar to the simple body ri3k containing 0k , (9.36) may be summarized
in the form (9.35). Each inertia tensor in the sum (9.35), however, must be referred
to the same body frame rp at Q. In consequence, we shall need to know how
to transform the inertia tensor components for each of the separate parts, from a
reference frame at a point P conveniently chosen for calculation of the components
for a separate part, to another reference frame at another point Q appropriate for
the tensor components for the composite body. Before we tackle this problem,
however, let us consider two examples of homogeneous bodies that require only
a single reference frame . The second example is noteworthy because it shows
that neither symmetry nor material homogeneity of a body is necessary for the
vanishing of products of inertia .

Example9.3. A homogeneous rectangular parallelepiped of length e and
square cross section of side h has a circular hole of radius R drilled lengthwise
through its center, as shown in Fig. 9.5. Determine the moment of inertia tensor
components of the drilled block referred to the center of mass body frame rp =
{C;ik}.
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Figure 9.5. A homogeneous block !1B havinga drilled hole.
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Solution, The center of mass of the homogeneous drilled block !?l3 = !?l3s \ fl
is at the center of the hole. Here !?l3s denotes the solid rectangular block and fl
identifies a homogeneous circular cylinder of the same material which we imagine
fills the hole. Thus, with respect to ip, (9.36) yields

(9.37a)

Recalling (9.26) for a homogeneous solid parallelepiped with w = hand (9.31)
for a homogeneous solid cylinder of radius R, bearing in mind the arrangement of
the coordinate axes in Fig. 9.5 and in Fig. 5.3, page 13, for the cylinder, we obtain
from (9.37a), referred to the body frame cp = {C; it},

f7l) msh
2

, . ms 2 2 ' . ' .IcCJOJ) = -6-111+12(h +e )(122 +133)

[
meR

2
,. me ( 2 e

2
) ' . ,.]- -2-111 + 4 R +"3 (122 + 133) , (9.37b)

wherein the mass m s of the solid block and me of the cavity body are given by

(9.37c)

Hence, by (9.4) , the mass of the drilled block is

m(!?l3) = m s - me = pe(h2
- 7T R2

). (9.37d)

Use of (9.37c) and (9.37d) in (9.37b) yields the moment of inertia tensor compo­
nents for the homogeneous, drilled parallelepiped referred to the center of mass
frame ip:

1 m(!?l3)e2

122 = 133 = - III + (9.37e)
2 12

D
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Figure 9.6. A complex structured rigid body composed of homogeneous, but materially different parts 98,
and 982 .

Example 9.4. The complex structured body g(J = g(J1 U g(J2 in Fig. 9.6 con­
sists of a semicircular ring g(J1 of variable cross section, shown in Fig. 9.3, and
a right conical shell g(J2. The bodies are made of different homogeneou s materi­
als welded together along their common circular boundary in the xy-plane. Find
the matrix of the moment of inertia tensor for the composite body g(J referred to
({J = (Q;id·

Solution. Let IQ(g(3I) and IQ(g(32) denote the moment of inertia tensors for
g(3 l and g(32 referred to the same body frame ({J = {Q; ik } in Fig. 9.6. For the com­
posite body g(3 = g(3 l U g(32, (9.35) yields I Q (g(3) = IQ(g(3I) + IQ(g(32)' The matrix
of IQreferred to ({J = {Q ;id has the form (9.24), and that oflQfor the conical
shell is diagonal with I{'I = I~~. (Why?) Thus, with [IQ]= diag[l{'I' I{'I' I~;] and
introduction of the I notation in (9.24) yields the moment of inertia tensor for the
nonhomogeneous, composite body g(3referred to ({J :

[

/ {I + I{'I 1{2 0]
[IQ ] = 1{2 1~2 + I{'] 0 .

o 0 1~3 + I~;

The xy-plane clearly is not a plane of geometrical symmetry for g(J, not to
mention the nonhomogeneous nature of the assembly, yet 113 = 123 = O. Thus,
while symmetry of a homogeneou s body with respect to an a,B-plane normal to
y implies that the products of inertia lay = Ipy = 0, body symmetry is not a
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necessary condition for the vanishing of products of inertia. The general nature of
this noteworthy observation will be explored after the transformation laws for the
inertia tensor under parallel translation and rotation of the reference frame are in
hand. D

9.7. The Parallel Axis Theorem

The parallel axis theorem is a useful transformation rule that provides re­
lations connecting the moment of inertia tensor components in parallel bases
at two base points. To deduce this rule, let us consider a rigid body gJ of any
shape, homogeneous or not, and suppose that IQ(gJ) is known in the body frame
cp = {Q; id at a base point Q. The problem is to determine Is(gJ) in a parallel
body frame 1ft = IS; ik } at another base point S, as shown in Fig. 9.7. The position
vectors of a material point P from Q and S are respectively denoted by x(P) and
pep) = r(Q) + x(P), where r(Q) is the position vector of Q from S. Let 0 denote
either the · or 0 operation, recall (9.1), and consider

Lp 0 pdm = r 0 r Ldm + roLxdm + Lxdm 0 r+ Lx 0 xdm

= m( gJ)[r 0 r + r 0 x* + x* 0 r] + [ x 0 xdm, (9.38)1m
where x* is the position vector of the center of mass C from Q in cpoThus, use of
(9.38) in (9.10) applied at S leads to the general point transformation rule for the
moment of inertia tensor:

Is(gJ) = IQ(gJ) + m(gJ)[(r· r)l - r 0 r+(2r . x*)l - r 0 x* - x* 0 r] .

(9.39)

Figure9.7. Schema for the parallel axis theorem.
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This cumbersome expression is readily simplified by our choosing Q at the
center of mass C located at p* from S in Fig. 9.7; for then x* = p* - r = 0, and
(9.39) yields the following reduced point transformation rule :

wherein, with m = m(~),

I~(~) == m[(p* . p*)l - p" 0 p*],

(9.40)

(9.41)

(9.42)

is the moment of inertia of the center ofmass particle relative to S. Accordingly,
rule (9.40) states that the moment of inertia relative to any point S is equal to the
moment ofinertia relative to the center ofmass point C plus the moment ofinertia
ofthe center ofmass particle relative to S.

An important geometrical interpretation of (9.40) derives from its Cartesian
component form in a body reference frame 1/f = {S; id . Write p* = x *i + y*j +
z*k for the position vector of C from S in (9.41) to obtain the components of the
inertia tensor of the center of mass particle relative to S:

[

m(y*2+ Z*2) -mx*y* -mx*z*]
[I~] = -mx *y* m(z*2 + x *2) -my*z* .

-mx*z* -my*z* m(x*2 + y*2)

So far, the frame 1/f = {S; ik } at S may have any orientation relative to ({J = {C; it}
at C. But we now consider the case when ik = it, so that the coordinate directions
at S are parallel to those at C . Then (9.40) yields the six component relations
IA = 1ft + 1ft,and use of (9.42) gives , as example,

I s I C + d 2 I S I C + I S* I C * * (943)II = 11 m I ' 23 = 23 23 = 23 - my Z , .

in which dr = y*2 + Z*2 is the square of the perpendicular distance between the
parallel axes i l at S and if = i l at C in Fig. 9.8. More generally, the six tensor
component relations in a common Cartesian tensor basis iab are summarized by

I s IC d 2 I S I C I S* (944)aa = aa + m a' ab = ab + ab i •

in which a, b = 1,2,3 (no sum) and b "I a. Here d; is the square of the distance
between the parallel ia-axis at S and the i~-axis at C , I;; == <ma' b", and a", b"
are the a, b coordinates of the center of mass particle from S. For a = 2, b = 3,
for example, a" = y*, b* ~ z*, and hence If3* = -my*z* in (9.43) and di =
x*2 + Z*2. In view of (9.44) , the point transformation rule (9.40) is characterized
by the following useful theorem.

The parallel axis theorem: The moment of inertia about an axis at S is
equal to the moment of inertia about a parallel axis at the center ofmass C plus
the product ofthe mass and the square ofthe perpendicular distance between the
parallel axes. Further; the product of inertia with respect to orthogonal axes at S
is equal to the product of inertia with respect to the same parallel axes at C plus
the corresponding product inertia of the center ofmass particle relative to S.
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Figure 9.8. Geometrical interpretation of translation terms in the parallel axis rules (9.43).

Now consider a simple parallel shift of the axes along a coordinate direction,
say, the z-axis.Then both base points Sand C atd = z* from S are on the z-axis, and
x* = y* = O. Therefore, all products of inertia of the center of mass particle vanish
in (9.42), and (9.44) simplifies to I f! = IR + md", 112 = I~ + md 2, 113 = It ,
and I;b = I~ , a i= b = 1,2,3, in accordance with the parallel axis theorem . If the
body is homogeneous and the z-axis also is an axis of symmetry, then I;b = I~ = 0
as well. (What can be said if the mass density of the axisymmetric body varies
with z?)

Exam ple 9.5. The moment of inertia tensor Ie for a homogeneous rectan­
gular block is given in (9.26). Find the inertia tensor components with respect to
parallel axes at the corner point S in Fig. 9.4, page 364.

Solution. To determine Is , we apply the point transformation law (9.40).
First, note that the center of mass C has coordinates (x* , y*, z*) = (£/ 2, w /2, h/2)
in the parallel frame at S; therefore, (9.42) yields relative to S the moment of inertia
component matrix for the center of mass particle:

m m m
_(w2+ h2) - - £w - - £h
4 4 4

m
m (h2+ £2)

m
[I~] = --£w - - wh (9.45a)

4 4 4

m m m
--£h --wh _ (£2 + w2)

4 4 4

The moment of inertia compon ents of the block in a parallel frame at C are given
in (9.26), and, with (9.45a), the point transformation law (9.40) delivers the inertia
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Figure 9.9. Application of the parallel axis theorem to a composite
pendulum.

tensor components of the block in the parallel frame at S:

m m m
-(w2+ h2) --£w --£h
3 4 4

m
m (h2+ £2)

m
[Is] = --£w --wh (9.45b)

4 3 4

m m m
--£h --wh _(£2 + w2)

4 4 3

Notice that no products of inertia occur in (9.26) for Ie, whereas all products of
inertia appear in (9.45b) for Is. Of course, the same result may be obtained from
(9.44). This is left as an exercise for the reader. D

Example 9.6. A complex structured pendulum assembly in Fig . 9.9 consists
of a homogeneous spherical body !?lJs of radius R and mass M fastened to a homo­
geneous, but materially different thin rod 9(3, of length £, mass m, and supported
by a small hinge pin at H . Find the moment of inertia tensor for the pendulum
assembly referred to the body frame If! = {H; ik } .

Solution. The moment of inertia tensor relative to H for the composite pen­
dulum assembly !?lJ = !?lJs U !?lJ, is given by (9.35):

(9.46a)

Therefore, we shall need to determine the inertia tensor for each simple part !?lJk

in the body frame If! = {H; id in Fig . 9.9. Since the separate homogeneous parts
!?lJk are materially different, the composite body !?lJ is neither homogeneous nor
materially uniform. Nevertheless, because each part is a homogeneous body of
revolution that shares the same i)-axis of symmetry. all products of inertia for the
separate bodies, and hence for the assembly, vanish with respect to all base points
of parallel frame s along the common i)-axis, specifically, relative to If! at H .

First , consider the homogeneous sphere of radiu s R and mass M = jrrpR)
for which Ic(!?lJs ) is given by (9.34) in every reference frame at its center C ;
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and note that e+ R is the distance between the parallel axes Iir ' ii I at C for the
sphere and iiI, hI at H. Then, by the parallel axis theorem in (9.44), II~ = I2~ =
~MR2 + M(e + R)2, I3~ = ~MR2, and hence the inertia tensor for the sphere
relative to H in rp is

IH(gJs) = [~MR2
+ u« + R)2] (ill + h2) + ~MR

2i]3'
(9.46b)

The same result follows easily from the parallel axis theorem in (9.40), from
whichIH(gJs) = lc(gJs) + I~(gJs), whereinI~(gJs) = M(e + R)2(i ll + h2),the
moment of inertia of the center of mass of the sphere relative to H. Thus, with
(9.34), (9.46b) follows .

Now recall (9.28) for a thin rod of length e, note in Fig. 9.9 that the rod axis
is i3, and rewrite (9.28) to obtain, with m == m( gJr) = a e,

me2

Ic<gJr) = --u-(i11 + i22) , (9.46c)

where now C is the center of mass of the rod which is at e/2 from H, i.e. the
distance between the parallel axes {ir, iiI at C for the rod and Iii, hI at H. Then,
bytheparallelaxistheoremin(9.44),II~ = I2~ =me2/l2+me2/4, I3~ = 0; so,
the inertia tensor for the homogeneous thin rod relative to H in rp is

f7l) me2
• •

I H (;7ur ) = -3-(111 +122) . (9.46d)

As before, the same result follows from the tensor form of the parallel axis
theorem in (9.40), from which IH(gJr) = lc(gJr) + I~(gJr), wherein I~(gJr) =
(me2/4)(i

l l + h2), the moment of inertia of the center of mass of the rod relative
to H .

We are now prepared to calculate IH(gJ) for the pendulum assembly. Substitu­
tion of (9.46b) and (9.46d) into (9.46a) delivers the inertia tensor for the pendulum
assembly relative to the hinge H in the body frame tp:

gJ [2 22m 2]. . 2 2.IH ( ) = SM R + M(e + R) + 3e (111 + 122) + SM R 133 . (9.46e)

o

Let us return briefly to the first expression in (9.44) and notice that each of its
terms is positive; hence, I;a > Ifa for every point S and for each choice of axis a.
Therefore, the moment ofinertia about an axis has its smallest value at the center
ofmass . A similar statement does not hold for the products of inertia in the second
relation in (9.44) , because their signs are indefinite; but their smallest absolute
values at every point plainly are zero. Since we have infinitely many choices for
center of mass axes , however, these observations prompt an interesting question:
For what directions at the center of mass, or any other point, are the moments of
inertia greatest and least? We shall return to this question later. First , we shall need
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to consider the transformation of tensor components induced by a rotation of the
frame of reference.

9.8. Moment of Inertia Tensor Transformation Law

The inertia tensor I Q referred to Cartesian frames cp = {Q; ed and tp' =
{Q; e~} at Q has the same representation (9.11), and hence

(9.47)

The change of vector basis defined by ej = A j kek, or by its inverse ek = A jkej,
in which A jk == cos(ej, ek), induces a change of the corresponding tensor product
bases in accordance with (3.101). Consequently, under a change of frame by a
rotation of the bases at Q, in terms of the matrix notation in (3.108), we obtain
the Cartesian tensor transformation lawfor the moment of inertia componentsat
Q:

(9.48)

where A = [A jk] = [cos(ej , ek)]. The reader may confirm this important rule by
tracing its derivation starting with the change of basis in (9.47) .

Example9.7. Find the moment of inertia tensor for a homogeneous rectangu­
lar block of mass m = 6 slug, referred to body frames cp = {C; ik } and cp' = {C; i~}
defined in Fig. 9.10 at the center of mass C .

x'

Figure 9.10. Application of the transformation law for the moment of inertia tensor referred to a rotated
frame tp' ,
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Solution. The component matrix Ie of the moment of inertia tensor for
the homogeneous block may be read from (9.26). With m = 6 slug, e= 8 ft,
w = h = 6 ft, we find in rp = IC; id the tensor component matrix

[

36 0 0 ]
Ie = 0 50 0 .

o 0 50
(9.49a)

The matrix I~ in tp' is obtained from (9.48). It is seen from Fig. 9.10 that the
transformation matrix A = [cos (i~ , iq ) ] is given by

[

4/5 3/5
A = - 3/5 4/5

o 0
(9.49b)

and its use in the first rule in (9.48) provides

[

4/5 3/ 5 0] [36 0 0] [4/5
I~ = - 3/5 4/5 0 0 50 0 3/5

o 0 1 0 0 50 0

- 3/5 0]
4/5 0 . (9.49c)
o I

Hence, the matrix I~ of the inertia tensor referred to tp' = IC; i~} in Fig. 9.10 is

[

1026/ 25
I~ = 168625

168/ 25 0 ]
11 24/ 25 0 slug · ft2 •

o 50
(9.49d)

Notice that all products of inertia vanish in rp but not in rp ' .
It is useful to note the invariance of trI Q as a check on the calculation. By

(9.49d), trIc= 1026/ 25 + 11 24/ 25 + 50 = 136. This agrees with trle = 136 ob­
tained from (9.49a). 0

Exercise 9.2. Because of the symmetry of a homogeneous sphere with re­
spect to every plane through its center C, its inertia tensor (9.34) has the same
components in every reference frame at C. (i) Consider any tensor T whose matrix
T in a Cartesian basis ek is a scalar multiple of the identity matrix: T = r I , say.
Apply the tensor transformation law (3.108) to show that T has the same compo­
nents in every basis e~ ; indeed, T = r I , and hence T is called a spherical tensor.
(ii) A homogeneous cube, of course, does not have global symmetry with respect
to every plane through its center C; so it is surprising that its inertia tensor is
spherical. Show that the moment of inertia tenso r f or a homogeneous cube of side
a with mass m = pa 3 is

1 2
Ie = 6ma 1. (9.50)

Other striking examples are the hemispherical shell shown in Fig. D.l1 and the
hemisphere in Fig. D.13 of Appendix D. See Problems 9.10 and 9.11. 0



378 Chapter 9

9.9. Extremal Properties of the Moment of Inertia Tensor

We have seen that all of the products of inertia vanish for every homogeneous
body having at least two orthogonal planes of symmetry with respect to a body
reference frame. A homogeneous cube, however, is a particularly striking example
in that (9.50) shows that the products of inertia for a cube vanish in every reference
frame at its center, underscoring our earlier observation that geometrical symmetry
of a body is not necessary for the vanishing of its products of inertia in a body
reference frame. But the most remarkable part of the story is yet untold . We are
going to show that however complex the body geometry and regardless of its
material distribution, there always exists at each point of a body an imbedded
reference frame, called a principal frame , with respect to which the products of
inertia vanish . Moreover, two of these are the directions for which the normal
components of the inertia tensor assume their greatest and least values at each
point. To demonstrate this, however, it is convenient to first study the method of
Lagrange multipliers, a neat analytical technique that enables one to determine
the stationary values of a function of several variables related by some specified
constraint conditions.

The principal problem is introduced next. Then the Lagrange method of
undetermined multipliers is described, and the method is illustrated in an easily
visualized mechanical control problem. Afterwards, the extremal properties of the
normal components of the inertia tensor are determined by Lagrange's method, and
these properties are then characterized geometrically by Cauchy 's inertia ellipsoid.
The procedure for finding the body axes relative to which all products of inertia
vanish at a specified body point is illustrated.

9.9.1. Introduction to the Principal Values Problem

Let n be an arbitrary unit vector at Q in an assigned body frame cp = {Q ;ek}.

The moment of inertia about the axis n at Q is the normal component of the inertia
tensor I Q for the direction n defined by

In~ = n · IQn. (9.51)

Clearly, the value of In~ depends on the direction n. The main problem, therefore,
is to find the direction s n = Vkek in the body frame cp at Q for which the normal
components of the moment of inertia tensor are largest and least.

The normal component In~ is a function of the three direction cosines Vk of
the unit vector n, thus subject to the constraint equation

(9.52)

Therefore, the three variables Vk are not independent. The constraint equation
(9.52) can be used to express anyone of the Vk in terms of the others, the result
substituted into (9.51) , and the stationary values In~ then determined in the usual
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(9.53)

way. This procedure, though straightforward in principle, often prove s tedious;
and sometimes it does not give a correct solution (see Problem 9.46 ). A more
convenient, systematic scheme, applicable to a function of p variables related by
q < P constraint equations, is provided by Lagrange's method of undetermined
multipliers.

9.9.2. The Method of Lagrange Multipliers

Consider a scalar-valued function D(u) of the Carte sian components Uk of the
p -dimensional vector field variable u = Ukik. Let as(u)/au == (a s / aud ik define
the gradient of a general scalar function S(u) with respect to u . With no constraints
on u , a neces sary condition that D (u) have a stationary value is that

aD (u ) aD(u)
dD(u) = --dUk = -- . du = 0,

aUk au

hold for all values of the differentials dui ; that is, for all vectors d uo Since the
variables Ukare assumed independent, their differe ntia ls can be assigned arbitrarily.
We are thus led by (9.53) to p equations aD/auk = 0 in the p scalar components Uk
of u, that is, aD (u) / au = O. These are the usual necessary conditions for existence
of extrema of D (u ).

Now suppose that the components Uk must satisfy a constraint equation
F (u) = O. Then only p - 1 of the p components Uk are independent. In addi­
tion to (9.53), u also must satisfy

aF(u)
dF (u ) = -- . du = O.

au
(9.54)

Since du , cannot be varied arbitrarily in (9.53) and (9.54), the extreme values of
D(u) are no longer determined by the p equations aD(u) /a uk = 0, nor equiva­
lently by aD/au = O. Also, in general, aF(U)/aUk =1= O. Observe , however, that
(9.53) and (9.54) show that the vectors oI) /au and a F/ au are perpendicular to the
same vector du for which any p - I components du , can be varied arbitrarily, the
plh component being fixed by the constraint equation F(u) = O. These condi tions
imply that aD / au and aF / au must be parallel vectors so that aD / au = Aa F / au
at the stationary point, where Ais an unspecified, essentially arbitrary scalar inde­
pendent of u, called a Lagrange multiplier, to be determined as needed.

To prove this, we introduce an auxi liary function

G( u) == D(u) - AF(u) , (9.55)

(9.56)

where Ais an arbitrary scalar to be determined as needed. Then the extreme values
of D (u) subject to the constraint F (u) = 0 are determined from the extrema of
G(u) upon setting a G(u)/au = O. Indeed, since

(
aD aF ) ( aD aF )dG(u)= -- A- ·du= -- A- dUk=O,
au au aUk aUk
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must hold for an arbitrary value of A, we may choose A so that the coefficient
of anyone of the p differentials du, in (9.56) vanishes, assuming of course that
for this choice aF/aUk i- O. Then the components of du that remain in (9.56)
are independent and can be varied arbitrarily. In consequence, it follows that all
coefficients of the differentials in (9.56) must vanish. Therefore, the necessary
condition for an extremum of G(u) is provided by

ec aD aF- = - -A- = O. (9.57)
au au au

Thus, (9.57) detennines the stationary values of D(u) subject to the constraint

F(u) = O. (9.58)

Indeed, the system of p + I equations (9.57) and (9.58) determine the p compo­
nents Uk and the scalar multiplier A for which G(u) has an extremum . Now, at an
extremal point u = u", say, the constraint F(u') = 0 must be satisfied, and hence
(9.55) shows that G(u') = D(u') ; that is, the stationary values of D are the same
as those of G. This procedure is known as the method ofLagrange multipliers.

The method may be extended to q < P constraints by introduction of q
undetermined Lagrange multipliers Ar • In this case, we introduce the auxiliary
function G(u) == D(u) - 2::;=1 ArFr(u), in which the q constraints to be satis­
fied at the stationary points are Fr(u) = O. Then the necessary conditions for an
extremum of D(u) = 0 subject to these constraints are given by aG(u)/au =
aD(u)/au - 2::;=1 ArClFr(u)/Clu = O. By setting ClG(u)/ClAr = -Fr(u) = 0, we
may recover the q constraint equations.

An application of Lagrange's method to a mechanical control problem whose
solution is easily visualized follows .

Example 9.8. A bell crank mechanism having a telescopic control ann 0 P
is shown in Fig. 9.11. The control pin P is constrained to move in a straight slot
defined by the equation y = 1 - x . To design the crank, the designer must know
the shortest distance d from the origin to the line of motion of P, an easy geometry

y

Figure 9.11. Application of the method of Lagrange multipli­
ers to the design analysis of a bell crank mechanism .
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problem. Find by geometry and then by the method of Lagrange multipliers the
point on this line which is closest to the origin, and thus determine d.

Solution. The geometrical solution is evident in Fig. 9.11. The shortest line
oA is the perpendicular bisector of the hypotenuse of the isosceles right triangle
whose length is J'i. Hence, d = J'i/2 is the shortest distance from 0 to the line
of motion of P, the nearest point to 0 being the midpoint A at x = ~(i + j).

Now let us see how the method of Lagrange multipliers is used to find the
place x = ~i + I]j on the line y = 1 - x which is nearest the origin in Fig. 9.11.
The problem is to minimize the function d(P) = (x· X)I/2, or more conveniently,
the related squared distance function

subject to the constraint relation

F(x) = ~ + I] - I = 0,

(9.59a)

(9.59b)

specifying that the point (~, 1]) is constrained to the line y +x = 1. Notice that
neither of(x)/o~ nor of(x) /ol] vanishes, as required below (9.56). Now use
(9.59a) and (9.59b) to form the auxiliary function

G(x) =D(x) - AF(x) = ~2 + r? - A(~ + I] - I), (9.59c)

in accordance with (9.55). Then, by (9.57), the extremal points are determined by

oG(x)
-- =2~-A=0,
o~

oG(x)
-- = 21] - A = o.

01]
(9.59d)

Consequently, A = 2~ = 21] , and use of this result in the constraint equation (9.59b)
yields the nearest point coordinates ~ = I] = ~ , from which (9.59a) delivers the

minimum value D(x) = d 2 = ~ . Therefore, the nearest point on the line from 0

is at x = ~(i + j), at a distance d = J'i /2 from O. 0

Lagrange's systematic method of undetermined multipliers in this example is
just about as easy as the elementary geometrical solution . Now consider another
example where the conclusion is not so apparent.

Example 9.9. An atomic particle is confined to a rectangular box of sides
a, b, c in which its ground state energy is $ = kO/a2 + 1/b 2 + 1/c 2

), where k is
a constant. Find the dimensions of a box of constant volume for which the energy
is least.

Solution. The rectangular box has volume V(a, b, c) = abc = y , a con­
stant. The problem is to find the smallest value of D(a, b, c) = $ (a , b, c) among
all positive values of a, b, c for which the volume constraint F(a, b, c) =
V(a , b, c) - Y = 0 holds . To apply Lagrange's method , we form the auxiliary
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function

Chapter9

(
1 I 1 )G(a, b, e) == $ (a , b, c) - A(V(a, b, c) - y) = k 2 + 2 + 2" - A(abc - y) ,
ab c

in accordance with (9.55). Notice that aFfaa = be :j:. 0, for example, and hence
the assumption below (9.56) is satisfied. The extremal values of G(a, b, e) are then
determined by

sc 2k
- = -- - Abe=O
aa a3 '

sc 2k
-=--- Aac=O
ab b3 '

eo 2k
- =-- -Aab = O
ac c3 '

from which, with the aid of the constraint condition,

2k 2k 2k- = - = - = - Aabe = - Ay.
a2 b2 c2

Hence, a = b = e; that is, the box for which the ground state energy is least is a
cube of side a. Consequently, $ min = 3k/a 2 is the smallest value of the ground
state energy consistent with the constant volume constraint. 0

See Problems 9.23 through 9.30 and 9.45 for additional examples. We now
return to the major problem posed earlier below (9.51).

9.9.3. Principal Values and Directions for the Inertia Tensor

Consider a rigid body of any sort, homogeneous or not. The principal problem
is to find all directions n for which the normal components

(9.60)

of the inertia tensor at a point Q in a body reference frame are greatest and least,
subject to the unit vector constraint condition

F( n) == n . n - I = O. (9.61)

The problem is best solved by the method of Lagrange multipliers. We thus intro­
duce the auxiliary function (9.55),

G(n) == IQn . n - A(n . n - 1), (9.62)

in which A is an undetermined scalar, independent of n . The extreme values of
(9.62) are then obtained by differentiation with respect to the three scalar compo­
nents Vk of n = Vk ik in accordance with (9.57). Bearing in mind the symmetry of
I Q, we find in direct notation

aG(n)
-- = 2IQn - 2An = O.an
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Hence, the extremal directions and values of the inertia tensor are determined by
the vector equation

(I Q - AI)o = 0, (9.63)

called the principal vector equation, together with the constraint equation (9.61).
In index notation, bearing in mind the summation rule , this system offour algebraic
equations for A and Vk is written as

(9.64)

or, explicitly, in expanded notation with the superscript Q suppressed,

(/11 - A ) V] + 112V2 + I13v3 = 0,

121VI + (/22 - A)V2 + h 3V3 = 0,

131VI + h2 V2 + (/33 - A)V3 = 0,

V? + vi + v~ = 1.

(9.65)

(9.66)

Nontrivial solutions of the homogeneous system (9.63), i.e. the first three
equations of (9.65), exist if and only if

[

I I I - A 112

det(IQ - AI) = det 112 122 - A
1 13 123

This yields a cubic equation for A, called the characteristic equation:

f(A) == _A3 + JI A
2

- hA + h = 0,

in which J I , Ji . h are defined by

(9.67)

(9.68)

These are the principal invariants ofthe moment ofinertia tensor I Q. See (3.113) .
The real cubic equation (9.67) has at least one real , positive root A = AI ,

say, so there exists at least one real extremal direction 0 = 01 determined by the
system (9.65) . In fact, it is proved later that because I Q is a real-valued symmetric
tensor, (9.67) always has three real roots Ak, all positive. Therefore, there exist
three corresponding mutually perpendicular directions Ok determined by (9.65)
that define a special basis at Q, called the principal basis or principal directions.
Two of these directions are the directions at Q with respect to which the normal
components of the inertia tensor assume their maximum and minimum values, all
determined by the roots Ak. of (9.67), called the principal values of I Q. To see
this, let 0 be a principal direction for the characteristic root A. Then from (9.63)
and (9.61), 0 . IQo = A for each extremal direction n. That is, the three roots Ak
of the characteristic equation (9.67) are the extreme values of the function (9.60)
for which the constraint (9.61) is satisfied. Moreover, these are the moments of
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inertia about the axes defined by the corresponding principal directions nk. So, the
principal values also are known as the principal moments of inertia .

For future notational convenience, henceforward, the principal basis is de­
noted by ek, and i j k denote the corresponding principal components of the inertia
tensor at Q. Then, for the principal value A = Ak and its corresponding principal
direction n = ek, for a fixed value of k = 1,2,3, (9.63) becomes

IQek = Akek (no sum on k) ,

and the principal components i j k of I Q are given by

i j k = ej • IQek = Akej . ek = AkOjk (no sum on k) .

Consequently, in the principal reference basis ej at Q, we have

ill = A) , i22 = A2 , i33 = A3,

i 12 = i21 = i 13 = i31 = i23 = i32 = O.

(9.69)

(9.70)

(9.71 )

Therefore, all products of inertia vanish, and thus attain their smallest absolute
values, in the principal reference frame. We shall have no need to determine their
maximum absolute values . (See Problem 9.45 .) It follows from the first three
relations in (9.71) that the three principal values Ak are the moments of inertia
about the principal axes, and these values may be ordered so that

(9 .72)

and hence, ill and i33 are the largest and smallest values of ln~ among all possible
normal components of I Q at Q. We thus have the following remarkable result.

The principal axes theorem: At each point Q of an arbitrary rigid body,
homogeneous or not, there exists an orthonormal basis ek with respect to which the
products ofinertia are zero, the moments ofinertia about these axes assume their
greatest and least values, and the inertia tensor at Qhas the unique representation

IQ (:1c3) = i8ell + i2~e22 + iBe33'

referred to the principal tensor basis ejk = ej 0 ek.

(9.73)

Recall that among all moments of inertia about parallel axes, regardless of the
geometry and material distribution of the body, the smallest value occurs about an
axis at the center of mass. Therefore, by the principal axes theorem, the absolute
minimum moment of inertia of a body about an axis is given by the smallest
principal moment ofinertia at its center ofmass. The principal axes of the inertia
tensor for a homogeneous body having geometrical symmetry often are readily
determined by inspection, as shown in earlier examples. For a nonhomogeneous
or composite body, however, it is usually necessary to apply the principal axes



The Moment of Inertia Tensor 385

analysis . The importance of the analysis rests on the reduction of the inertia tensor
to its simplest diagonal form (9.73). The procedure is illustrated next in a numerical
example.

Example 9.10. Find the principal values and directions for an inertia tensor
I Q whose component matrix at Q in frame q; = {Q; id is

[

5/2 -3/2 0]
I Q = -3/2 5/2 ° kg · m

2.

° ° 3

(9.74a)

Solution. The principal values of I Q at Qare determined by the characteristic
equation (9.66) for the matrix (9.74a) :

3

5 2
-- A
2

°
that is,

f( A) = (3 - A)(A - 4)(A - 1) = 0.

Hence, the three principal values ordered so that Al ::: A2 ::: A3 are

(9.74b)

A2 = 3, (9.74c)

(9.74d)

It follows that the greatest and least normal components of the inertia tensor at Q
are ill = AI = 4 kg . m2 and h 3 = A3 = 1 kg -m2, respectively.

The principal directions at Q are determined by the system (9.65). With
(9.74a) , these take the form

(~ - A) VI - ~V2 = 0,

-~V I + (~ - A) V2 = 0,
(3 - A)V3 = 0,

vf + v~ + vj = I.

This system of equations in Vk is to be solved for each principal value in (9.74c).

For A = Al = 4, (9.74d) yields VI = -V2 = ±J2/2, V3 = 0, and hence the first
principal direction e, = vkik referred to q; is

(9.74e)
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Use of A = A2 = 3 in (9.74d) delivers VI = V2 = 0, V3 = ±l. Thus, the second
principal axis is

(9.74f)

Finally, the third principal direction orthogonal to el and e2 is given directly by
e3 = el x e2:

~ ~(")' Ie3 = =fT II + 12 '" A,3 = . (9.74g)

The triple of vectors ek define the principal directions of a frame ((; = {Q ;ek}
with respect to which the products of inertia vanish and the inertia tensor has
diagonal form at Q. Notice that six unit vectors have been found. The difference in
sign means only that either ek or its opposite may be chosen as a principal vector.
It is customary, however, to select the principal basis to form a right-hand set, in
which case the signs for el and e2, say, may be chosen arbitrarily and e3is then
determined in accordance with the right-hand rule. With this concluded, the results
referred to the original Cartesian body frame at Q are

~ ~(' .)
e l = T I] -12 ,

~ 2
A2 = 122 = 3 kg . m , (9.74h)

The principal vectors ek are described relative to the original body frame cp =
{Q ;id . The orthogonal transformation matrix A : ik -+ eko i.e. A j k = cos(ej , ik},
from the frame cp to the principal body frame ((; = {Q;ed may be read from
(9.74h) :

[

~/2

A= °
-~/2

-~/2 0]° I.

-~/2 °
(9.74i)

This matrix diagonalizes the original matrix I Q in (9.74a), as the reader may
confirm from the tensor transformation law (9.48) written as i Q = AIQAT . Thus,
in the principal basis ,

(9.74j)

D

The canonical form (9.73) of the inertia tensor in the principal reference
system at Q is independent of the shape of the body and its distribution of material.
In particular, however, the principal axes of inertia for a homogeneous rigid body
with two orthogonal planes of symmetry are easily identified at a point Q on the
axis of symmetry, the first principal axis ; call it e\. The other two principal axes
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e2 and e3 lie in the orthogonal planes of symmetry, perpendicular to et and to
each other at Q, ordered so that e3 = et x e2. This identifies the principal basis at
Q relative to which the products of inertia of a homogeneous axisymmetric body
vanish and I Q has the canonical form (9.73). When e3 is the axis ofa homogeneous
body of revolution, any orthogonal pair of planes through the axis are identical
orthogonal principal planes of symmetry, and hence every direction in the cross

section is a principal body axis for which i8 = i2~ .
More generally, however, the foregoing analysis for an arbitrary body has

avoided the important special cases in which two or three of the principal values Ak
are equal. This topic is explored geometrically in the next section and analytically
later. It is found that when two principal values are equal, say AI = A2 i- A3 , every
direction in the plane perpendicular to e3 is a principal direction for I Q • This
occurs, for example, in the special case described above, when e3 is the axis of a
homogeneous body of revolution, as illustrated in equations (9.30) through (9.33)
for homogeneous circular cylinders and tubes. Moreover, if all three principal
values of inertia of an arbitrary body are equal, then I Q = At, and every direction
at Q is a principal direction. The inertia tensors for a homogeneous sphere (9.34)
and for a cube (9.50) have these spherical tensor properties. A thin hemispherical
shell and a homogeneous hemisphere are especially striking additional examples
for which the inertia tensor is spherical. (See Figs . D.11 and D.13 in Appendix D.)

An illuminating geometrical interpretation of the variation of the normal com­
ponents of the inertia tensor with direction follows . The maximum and minimum
normal components of the inertia tensor are related to the geometry of a quadric
surface , and the principal directions corresponding to equal principal values are
characterized.

9.9.4. Cauchy's Inertia Ellipsoid

Consider an arbitrary rigid body whose inertia tensor I Q is known in frame
cp = {Q ;ek}, and introduce an arbitrary axis n through Q with direction n so that
x == Rn is the position vector on this radial line of a point P at R = [x] from Q,
as shown in Fig. 9.12. Recall (9.51) and note that

(9.75)

is a quadratic form. Of course, the normal component ln~ will vary with the di­
rection n, and R will change with the position of P . On each line n through Q;
however, let us choose P so that its squared distance R2 from Q is inversely pro­
portional to ln~' the moment of inertia about that line ; that is, let C be an arbitrary,
positive constant and measure R along each axis n so that

C
R=-- .

Rn
(9.76)



388 Chapter 9

Arbitrary axis through Q

A

e 1

The principal frame ~

Figure 9.12. Cauchy's inertia ellipsoid at Q.

Then R2In~ = C2, and (9.75), with x = Xkek and I Q =Ijkejk in the body frame
tp, describes the equation of a quadric surface , x . IQx = Ijkxjxk = C2 centered at
Q. In expanded notation this becomes

I11 xf + lz2xi + h3 xj + 2!]2XIX2+ 2113x,X3 + 2123X2X3 = C2. (9.77)

In the principal reference frame rP = {Q ; ed, the products of inertia vanish and the
position vector of Pin rP is x = Xkek. Thus , (9.77) is transformed in the principal
frame <jJ at Q to its simplest canonical form

(9.78)

Equation (9.78), all of whose coefficients are positive, describes the closed
quadratic surface shown in Fig. 9.12-an ellipsoid known as Cauchy's inertia
ellipsoid, or the momental ellipsoid .

Equation (9.77) describe s Cauchy's ellipsoid in the rotated position of the
initially assigned body frame cp = {Q ;ek} in Fig. 9.12, with respect to which the
inertia tensor I Q = I jke jk is known. Equation (9.78) describes the same invariant
ellipsoid in the principal body frame rP = {Q; ek}. For each choice of basis at
the same point Q, equation (9.77) representing the ellipsoid in terms of the new
component coefficients Ijk for a given rigid body f1J will be different. Nevertheless ,
each of these quadratic equations can be transformed to the unique canonical form
(9.78); they all describe the same invariant ellipsoid centered at Q. Indeed, the
momental ellipsoid has the invariant form x . IQx =C2• However, if Q is changed
to another point S, say, the inertia ellipsoid at Q will change to another invariant
ellipsoid X . IsX =B2, say, centered at S; and at the new point S there exists
another basis in which the ellipsoid is described by the canonical form (9.78) with
principal values determined for Is.
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We are now able to visualize the extremal properties of the inertia tensor in
terms of the geometrical properties of its ellipsoid. Fix C in (9.76) to have any

convenientconstant value, say C = 1. Then R = 1/ fJ" and the squared distance
along a radial line from Q to a point P on the momental ellipsoid is numerically
equal to the reciprocal ofthe moment ofinertia ofthe body about that line . In this

case, with Rk == 1/fT,;;, k = 1,2,3, the inertia ellipsoid (9.78) in the principal
reference frame at Q is described by

(9.79)

where R] :::: R2 :::: R3 are the ordered lengths of the three principal semidiameters
of the inertia ellipsoid centered at Q, shown as QD, QE, and QF in Fig. 9.12.
Among all possible lines from Q to any point P on this surface, none can be greater
than RI nor smaller than R3 , the largest and least of the principal semidiameters.

Accordingly, we have i3~ :::: i2~ :::: i8;therefore, among all possible moments of

inertia about axes through Q, none can be larger than iB nor smaller than i8,
the greatest and least of the principal moments of inertia. Moreover, if two of the
principal components of the inertia tensor are equal , then two of the semidiameters
of the inertia ellipsoid also are equal. Suppose, for example, that R2 = R3 = p.
Then the surface is an ellipsoid of revolution about e] in (j; and thus has a circular
cross section for which no direction in its plane is distinguished. Consequently,
the moment of inertia about every axis in this plane is numerically equal to 1/ p2,
and hence every axis in the plane at Q perpendicular to e] is a principal axis for
the inertia tensor. If all three semidiameters of the ellipsoid, and therefore all three
principal values of the inertia tensor, are equal, the ellipsoid is a sphere for which
every axis is a principal axis of inertia at Q.

Exercise 9.3. Set C = Jm(g(3) in (9.76) and recall (9.22). Then R = 1/Rn ,

and hence in Fig. 9.12 the distancefrom Q to the point P where the n axis intersects
the inertia ellipsoid is numerically equal to the reciprocal ofthe radius ofgyration
of the body about that axis. Review the properties of the momental ellipsoid in
these terms . D

Not every ellipsoid centered at Q can be an inertia ellipsoid. The class of
inertia ellipsoids is restricted by the condition that the sum of any two normal
Cartesian components ofthe inertia tensor is not less than the third. It follows from
(9.17), for example , that in any Cartesian frame (j) = {Q; e j } at Q, III + 122 2: ls:
must hold, the equality holding in (j) if and only if the body is a plane body for
which z = 0 in (j), in accordance with (9.19); otherwise, the strict inequality holds.
Thus, if the body is not a plane body , (9.14) yields the three constraints

(9.80)
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Plainly, the same relations hold for the principal components. Consequently, if the
body is not a plane body, the greatest principal moment ofinertia must be smaller
than the sum of the other two.

Each invariant in (9.68), and specifically,

J1 == trIQ = I II + 122 + h3, (9.81)

has the same value in every reference frame at Q. SO, (9.80) and (9.8 1) are useful
as a quick check on numeri cal computations.

In Example 9.10, page 385, for instance, we find from (9.74a) that J I = 8, and
an easy check on the principal values in (9.74c) confirms the same sum. Further,
(9.74a) shows that

II I + 122 = 5 > h3 = 3,
11 5

122 + 133 = - > III = - ,
2 2

(9.82a)

in the assigned frame cp oSimil arly, for the principal values (9.74c), we obtain

AI + A2 = 7 > A3 = I , A2 + A3 = 4 = AI , A3 + Al = 5 > A2 = 3,
(9.82b)

at the same point Q in the principal frame rp = {Q; ek}. The equality in the second
principal axes relation in (9.82b) means that the body is a plane (thin) body in the
principal 23-plane of rp, a fact that is not evident from any relations in frame cp oIn
all cases, the constraints (9.80) are satisfied.

Similar geometrical interpretations of the norm al components of symmetric
tensors for stress and strain in term s of their ellipsoids arise in the study of the
mechanics of deformable solids. This is a reflection of the analytical properties
shared by all symmetric tensors, the principal aspects of which are sketched above.
But to complete the picture some details beg further discussion and analyt ical
clarification presented below. The reader who may wish to move on to the next
chapter, however, will experie nce no serious loss of continuity.

9.10. Loose Ends and Generalities for Symmetric Tensors

The principal axes analy sis developed for the inerti a tensor is applicable to
any symmetric tensor, and symmetric tensor quantities occur often in all areas of
engineering, specifically in the study of mechanics of solids and fluids. In these
and other areas, the tensor entities generally have real-valued components, and
the tensor is said to be real-valued. When T is a real-valued symmetric tensor, its
principal values and directions have important special properties-the principal
values must be real , the principal vectors are mutually orthogonal regardless of
any multiplicity of these principal values, and the component matrix referred to the
principal basis is diagonal. Our objective is to explore these properties in general
term s applicable to all symmetric tensor quantities and thus dispose of a few loose
ends mentioned only briefly and previously described geometrically.
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9.10.1. Summary of the Principal Values Problem

The principal values and directions for an arbitrary tensor T are determined
by the principal vector equation

(T - AI)n = 0, (9.83)

subject to the unit vector constraint

n i n ee L (9.84)

The homogeneous system of algebraic equations (9.83) for the components of n
has a nontrivial solution if and only if

f(A) == det(T - AI) = O. (9.85)

(9.87)

(9.86)

h = det(T).J] = trT,

This provides the characteristic equation for A:

f(A) = _A3 + J1A2
- JzA+ Js = 0,

where the principal invariants J1, J» . h of the tensor T are defined by

1( 2 2)J: = 2 J, - trT ,

The real cubic equation (9.86) has at least one real root AI, say. Depending
on the nature of T, the other two roots A2, A3 are either real or they are complex
conjugates. In any case, (9.86) may be expressed in terms of its factors Ak to
obtain

f(A) = -(A - A])(A - A2)(A - A3) = O.

Comparison of the coefficients in (9.86) and (9.88) shows that

J] = A] + A2 + A3, Jz = A]A2 + A2A3 + A3A1 , h = AI A2A3.

(9.88)

(9.89)

9.10.2. Reality of the Principal Values of a Symmetric Tensor

Recall that for real numbers a and b the conjugate of a complex number
z = a + ib is denoted by z= a - ib. Then z= z is a real number if and only if
b = O. The magnitude of z (or z ) is defined by Izl 2 = Z • Z = a2 + b2• Similarly,
let Q and {3 be real vectors, i.e. vectors having real components. Then '1] = Q + i {3
and ij = Q - i {3 are complex conjugate vectors for which '1] = ij is a real vector
when and only when {3 = O. The magnitude of '1] (or ij) is defined by 1'1]1 2 =
'1] • ij = Q . Q + {3 . {3. Thus, if '1] (hence ij) is a unit vector, then '1] • ij = 1.

We consider only real symmetric tensors, i.e. those having real-valued com­
ponents in every real basis. Equation (9.86), however, requires only that at least
one characteristic value must be real, while the others might be complex conju­
gates. Therefore, it appears that three real principal values might not exist for a real
symmetric tensor, in which case there would be no way to transform the tensor to a
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diagonal form whose components would be real. We now prove that the principal
values ofa real symmetric tensor are real.

Suppose that two of the principal values of a real symmetric tensor Tare
complex conjugates A and X, and let n = a + if3 and ii = a - i f3 denote the
corresponding complex conjugate principal vectors for Aand X. Then, for any real
tensor T, by (9.83),

Tii = Xii,Tn = An,

where the unit principal vectors satisfy

n ·ii= 1.

(9.90a)

(9.90b)

Now form the inner product of the first equation in (9.90a) by ii, the second by n,
introduce (9.90b), and recall the transpose rule (3.42) to obtain

n . (TT - T)ii = A-X.

Thus, if T = TT, then A = X, and hence A is real. That is, the principal values of
a real symmetric tensor are real. An alternative proof is provided as an exercise .

Exercise 9.4. Let A = a + i band n = a + if3 be a principal pair for a
real symmetric tensor T . Use only the first equation in (9.90a), identify its real
and imaginary parts, and prove from these relations that b = 0, and hence A is
~. D

9.10.3. Orthogonality of Principal Directions

Let Aa and Ap be any two distinct principal values of a symmetric tensor T
with corresponding principal vectors n, and np . Then, by (9.83),

Tn, = Aana, Tnp = Apnp (no sum on ex and {3),

and by the previous argument, we reach

n, . (TT - T)np = (Aa - Ap)na . np (no sum on ex and {3),

where Aa =1= Ap . Hence, ifT is symmetric, n, . np = O. Consequently, the principal
vectors corresponding to distinct principal values ofa real symmetric tensor are
mutually perpendicular. The proof breaks down if any two principal values are
equal.

9.10.4. Multiplicity of Principal Values

If a real tensor T has repeated principal values, then all must be real, whether
T is symmetric or not; but it is not evident that the principal vectors must be orthog­
onal, nor in fact if they need be distinct. Suppose, for example , that all principal
values of T are unity; then (9.83) provides only one system of equations Tn = n
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and n . n = 1 for the principal vectors corresponding to A= I. This raises the
question of whether the number of principal vectors also reduces to a single vec­
tor. The answer is no. 1fT is symmetric and has a principal value AI ofmultiplicity
m = 2 or 3, so that the characteristic equation (9.88) has afactor (A - AI)m, then
there exist at least m orthogonal principal vectors corresponding to the same AI.
The proof follows.

We know that there exists at least one principal pair A = A3 and n = e3, say,
such that Te3 = Ae3. Let ek be an orthonormal basis for which e, =h Then el .
Te3 = Tl3 = T3l = 0, ez · Te3 = TZ3 = T3Z= 0, e3· Te3 = T33 = A3 , and so the
symmetric tensor T has the component matrix

(9.91a)

that is, referred to cp = {O; el , ez, e3}, T has the representation

(9.91b)

in which S is a two-dimensional symmetric"tensor.
Regardless of the possible multiplicity of the principal values for T, we now

wish to determine if it is possible to find a nonzero vector U = uaea, (a = 1,2)
in the plane P of el and ez for which Tu = AU holds . From (9.91b) , we note that
Tu = Su; therefore, we seek a vector u i= 0 in P such that

(S - At)u = 0; that is, (TafJ - AOafJ )UfJ = 0, (a , f3 = 1,2). (9.91c)

The homogeneous system (9.91c) will have a nontrivial solution u provided that
det(S - At) = 0. Because S is real and symmetric, this real quadratic equation in
A has two real roots. In consequence, there exists at least one vector u in P for
which (9.91c) holds . Therefore, A = AZ and u == ez, say, is a principal pair for S,
hence also a second principal pair for T . Since the basis directions ek in the plane
P were arbitrary, we may now assign them so that ez = ez. Then referred to cp =
{O;ed, we have Sez = AZeZ, and therefore ez · Sez=Tzz = AZ , el . Sez=T1z =
TZI=0, wherein we recall the second equation in (9.91b). Thus, the matrix (9.91a)
referred to cp = {O ;ek}={ 0 ; ei , ez,e3} now has the diagonal form

[

Ti l

T= °
°

(9.91d)

Finally, in view of (9.9Id), we have Tel=TkJek=TlleI ; and hence el also
is a principal direction for T and Til = AI is the corresponding principal value.
Notice that we have nowhere assumed that the principal values of T must be
distinct. Consequently, regardless of the possible multiplicity ofprincipal values
for a symmetric tensor T, there always exist at least three mutually orthogonal
directions ek that may be chosen as a principal basis ek with respect to which T
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has the diagonal form

Chapter 9

(9.92)

This is called the spectral representation for T.
Suppose, however, that T has a principal value of multiplicity m = 2, say,

A) = A2 =A. Then the foregoing theorem assures existence of at least two orthog­
onal directions eI, e2 corresponding to the same Aso that Tea = Aea (a = 1,2).
Now, an arbitrary unit vector n in the plane of ea may be written as

n = (n . ea)ea;

so, we have

Tn = (n . ea)Tea = (n . ea)Aea = An.

In consequence, every vector n in the plane perpendicular to e3, the direction
corresponding to the distinct principal value for T, is a principal direction for
T corresponding to the repeated principal value A) = A2 = A. Similarly, ifT has
three equal principal values Al = A2 = A3 = A, then T = AI, and every spatial
direction n is a principal direction for T.

The multiplicity properties of the symmetric tensor T are precisely those
described geometrically by the Cauchy momental ellipsoid. A Cauchy ellipsoid
with two equal principal radii is an ellipsoid of revolution, every direction in the
cross section being a principal direction. When all three principal radii are equal,
the ellipsoid is a sphere for which every direction is a principal direction. Some
further topics on symmetric tensors are described in Problems 9.34, 9.37, 9.41, and
9.45. See also Problem 9.40 in which T =I- TT . We conclude with two examples.

Example 9.11. A symmetric tensor T has scalar components

[
12 0]

T= 2 I 0 ,
o 0 I

(9.93a)

referred to cp = {o ; ek}' Determine the principal values and directions for T.

Solution. The principal values for Tin (9.93a) are determined by (9.85):

I - A
det(T - At) = 2

o
which has three real roots

2
I-A

o

o
o = (1 - A)[(1 - A)2 - 4] = 0,

1 - A

(9.93b)

Hence, A2 = -1 is the algebraically smallest normal component of T and Al = 3
is the greatest. We note that trT= 3 from (9.93a) and confirm that the sum of the
principal values (9.93b) is the same.
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With n = Vkek in rp and use of (9.93a) , the principal vector equation (9.83)
and the constraint (9.84) may be expanded as

(l - A) VI + 2V2 = 0,

2vI +(l - A)V2 = 0,

(1 - A)V3 = 0,
2 2 2 1

VI + v2 + v3 = .

(9.93c)

With A = A3 = 1, (9.93c) yields VI = V2 = 0, V3 = ±l ; thus n == e3 = ± e3.
Similarly, for A = A2 = -1, VI = -V2 = ±,J'i/2, V3 = 0, and hence n == e2=
± (,J'i/2)(el - e2)' The third principal vector orthogonal to e2 and e3 is given by
el = e2 x e3 = =F(,J'i/2)(et + e2)' The signs are fixed as we please, but such that
the triple ek forms a right-hand basis . We thus find the following principal values
and directions for T :

Al = 3 "-' el = (,J'i/2)(el + e2),

A2 = -1 "-' e2 = (-/2/2)(-e] + e2),

A3 = 1 "-' e3 = e3.

Hence, by (9.92), in the principal basis eb

(9.93d)

(9.93e)

Notice that T cannot be a moment of inertia tensor for a rigid body, because
T22 < O. This is' not evident from (9.93a) for which all of the diagonal compo­
nents are positive and the inequalities (9.80) are satisfied, which is not true for
(9.93e).

Finally, it is useful to note from (9.93d) the orthogonal transformation matrix
A : ek --+ ek for which Aij=cos(ei' ej} :

[
,J'i/2 ,J'i/2 0]

A = -,J'i/2 ,J'i/2 0 .
o 0 1

(9.93f)

Hence, the transformation A that diagonalizes T in (9.93a) in accordance with the
tensor transformation law T = ATAT describes a 45° counterclockwise rotation
of ek --+ ek about their common axis e, = e3, to yield the matrix of the tensor T
in (9.93e). 0

Example 9.12. If the T33 component of Tin (9.93a) is replaced by T33 = -1,
the characteristic equation for the new tensor has a repeated root A3 = A2 = -1
and A] = 3. Hence, every vector in the plane normal to el is a principal direction
corresponding to A2 = -1. In particular, the same two vectors e2, e3 given in
(9.93d) are principal vectors for the new tensor.
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Problems

9.1. Let n be a unit vector along an arbitrary imbedded axis n through a base point Q in
Fig. 9.1, page 360, and let x be the position vector from Q to the mass element dm . Begin with
definition (9.10) and derive (9.21), wherein In~ == n . IQn.

9.2. The second moment vector I~(£??3) relative to Q for a fixed direction n in Fig. 9.1 is
defined by

I~(£??3) = { x x (n x x)dm .
J!J!J

(P9.2a)

(i) Show by vector algebra that n· I~=ln~' the integral in (9.21). (ii) More generally, expand the
triple product to show in direct notation that

(P9.2b)

and thus prove that the component of the second moment vector in the direct ion m is given
by m· I~= m - IQn =Ifln ' Now show that m· I~= n · I~ , and hence Ifln=IRn. Notice that if
m = n, this yields (9.21) for the moment of inertia about the axis n; and if m · n = 0, Ifln is the
product of inertia for the orthogonal directions m and n.

9.3. Although the inertia tensor for a thin body may be derived as a limit case of a similar
thick body, it is also straightforward to obtain results for thin bodies directly. Apply (9.14) to
derive the inertia propertie s referred to If = {C ; ikl atthe center of mass for (a) the homogeneous
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thin tube in Fig. 0 .5 of Appendix 0, (b) the homogeneous thin rod shown in Fig. 0.7, and (c)
the homogeneous thin spherical shell in Fig. 0 .10.

9.4. Find the mass, the center of mass,and the components of the moment of inertia tensor for
the thin homogeneous rod forming the circular sector in Fig. 0.8. Apply the results to determine
these properties for a homogeneous semicircular wire and a thin circular ring.

9.5. Determine the mass, center of mass, and inertia tensor 10 for a homogeneous, circular
cylindrical sector having a central angle 20, inner radius Ri, outer radius Ro, and length L. Refer
all quantities to a body frame rp = {o ; ik } at the central point 0 with i3 being the cylinder axis
and i l bisecting both the central angle and the length . Derive as limit cases the properties for (a)
a thin-walled circular sector, and (b) a thin circular rod described in Fig. 0 .8.

9.6. Find the mass, center of mass, and moment of inertia tensor for the homogeneous thin
conical shell in Fig. 0.4, referred to rp = {o ; ik } •

9.7. Determine the mass, center of mass, and moment of inertia tensor for the homogeneous
semicylinder of length e and radius R shown in Fig. 0 .9, referred to the body frame rp = {o; ik }.

9.8. Derive the inertia tensor properties for the homogeneous right rectangular pyramid
described in Fig. 0 .2.

9.9. Apply (9.29c) to derive the moment of inertia tensor for a homogeneous thin-walled
circulartube of mean radius r, referred to rp = {C; ii:}. Use the result to deduce the inertia tensor
for a plane circular wire of radius R.

9.10. (a) Find the mass, center of mass, and moment of inertia tensor at 0 for the homo­
geneous thin hemispherical shell in Fig. 0.11. (b) Derive from these results the same properties
for the entire thin spherical shell in Fig. 0 .10.

9.11. (a) Find the mass, center of mass, and moment of inertia tensor at 0 for the homoge­
neous hemisphere in Fig. 0 .13. (b) Derive from these results the same properties for a sphere of
radius R. (c) Use the solution for a solid sphere to deduce the inertia tensor for the thick-walled ,
homogeneous spherical shell in Fig. 0 .10.

9.12. A portion of a thick-walled, homogeneous projectile casing whose inner and outer
parallel surfaces are frustums of similar coaxial cones is shown in the figure. Apply the properties
of a homogeneous right circular cone in Fig. 0 .3 to determine the mass of the casing and its
moment of inertia about the z-axis, referred to the body frame rp = (o ; ik ) .

i 3

.~.

Problem 9.12. I,
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9.13. The figure shows an arbitrary diametral cross section of a homogeneous flywheel
made of a grade of stee l of density P = 15 slug/ ft", Determin e its moment of inertia about the
z-axis, What is the radiu s of gyration about the z-axis?

z
•~----- 20''--- - --+;

1/2'

y

Problem 9.13.

9.14. The moment of inertia tensor for a sector of a homogeneous circular rod is given in
Fig. D.8. Derive its inertia tensor in a parallel frame tp = {C ; it} at its center of mass. What is
the inertia tensor for a semici rcular wire referred to cp?

9.15. Derive by integration the inertia tensor for the thin rod in Fig . D.7, referred to frame
rP = {O; ik } at its end point O. Confirm the result by use of the parallel axis theorem applied to
the tensor Ie given there.

9.16. A nonhomogeneous thin rigid rod of length I has a mass density p(x ) that varies with
the distance x from one end 0 such that dp (x )/dx = PI, a con stant, and p(O) = Po. (a) Find
the mass of the rod and determine its moments of inertia relative to O. (b) Find the moments
of inertia relat ive to the center of mass of the rod. (c) Derive from the results in (a) and (b) the
corresponding propert ies for a homogeneous thin rod. (d) Consider a rod for which p(l) = 2Po,
and thus determine all of the properties found more generally in (a) and (b).

9.17 . Apply the propert ies in Fig. D.9 for a homoge neous semicylinder to derive the moment
of inertia tensor for (a) a solid cylinder referred to frame cp = {O ; ik}, and (b) a semicy linder in
a parallel frame rP' = {C; ikl at its center of mass.

9.18. Derive the moment of inertia tensor for the homogeneous right circular cone in
Fig. D.3, referred to frame cp = {O; id in its base, and to a parallel frame at its cent er of
mass.

9.19. Use the properties of the solid cone in Fig . D.3 to find its moment of inert ia tensor
IQ referred to a parallel frame 1/r = {Q;id at its vertex Q. Let P be a point on the base circl e
at r = r i I from 0, and determine at Q the moment of inertia tensor component about the edge
line Q P, referred to 1/r .

9.20. A model of a crankshaft asse mbly for a one cylinder engine is shown in the figure.
Use the table of properties in Appendi x D to find the radiu s of gyration of the asse mbly about
the axis 0 A, referred to cp = {o ; id .

9.21. The plane of a homogeneous thin disk makes a 30° angle with the vertica l plane, as
shown in the figure. Determin e the inertia tensor Ie for the disk in the body frame 1/r = {C; i~} .

9.22. A homogeneous, thin rectangular plate of mass m = 2 kg is welded to a horizontal
shaft , as shown in the diagram. Find its inertia tensor Ie in the plate frame 1/r = {C;ed .
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10

Problem 9.21.

Note: All Dimensions are in Centimeters.

Probl em 9.20.

Problem 9.22.
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9.23. Find by the method of Lagrange multipliers the point P in the plane XI + Xz + X3 = 3
nearest to the origin. Sketch the portion of this surface for Xk :::: °and provide a geometrical
description of the point P in this region .

9.24. A particle moves on a curve defined by the intersection of the plane 2x + 4y = 5 and
the paraboloid XZ+ zZ = 2y . What is the greatest elevation z = h that the particle may reach in
the motion ? Note that there are two constraints here.

9.25. A particle P initially at the place (0, 0, 12) is constrained by forces to move in the
plane 2x + 3y + z = 12. Find the equation of the straight path for which the motion of P passes
the point where the potential energy function V(x) = 4xz + yZ+ zZ has a minimum.

9.26. What are the volume V and the moment of inertia tensor Ie for the largest homoge­
neous rectangular block having sides parallel to the coordinate planes and which can be inscribed
in the ellipsoid (x /a)z + (y /b? + (z/ c)z = I? The constants a, b, c are the principal semidiam­
eters of the ellipsoid.

9.27. A particle P moves along the line through the points (1,0,0) and (0,1 ,0). Find the
point on this line at which P is nearest to the line X = Y = z. What is the shortest distance
between these lines?

9.28. In continuum mechanics, a Bell material is a constrained elastic solid material for
which the first principal invariant JI = trV of the symmetric Cauchy-Green deformation tensor
V must satisfy the rule JI = 3 in every deformation from the undeformed state where V = 1. The
three principal values Ak of V, all positive, are called principal stretches. The principal invariants
of V are defined by (9.89). Determine the extremal values of the second and third principal
invariants of V. Are these extrem a their largest or smallest values?

9.29. Find the work done in moving a particle from a place at x = i + j + k to the place at
which the potential energy function V(x , y , z) = x - 2y +2z has a maximum value among all
points (x , y, z) located on a sphere of radius 3.

9.30. An electron moves in the plane ax + by + cz + d = 0. Find the point in this plane at
which the electron can be closest to the origin in frame rp = {O; ik}, and determ ine its shortest
distance from O .

9.31. Consider the symmetric tensor T = 1 - 4(elz + eZI) referred to the Cartesi an frame
sp = {O ; ek}. (i) Find the principal values and directions forT. (ii) Identify the basis transformation
matrix A : ek --+ ek, the principal basis for T, and describe its geometrical character. (iii) Apply
the tensor transformation law to demonstrate that A diagonalizes the matrix T in ek to form T in
ek .Could T be the inert ia tensor for some body in rp? Appropriate units are assumed.

9.32. Consider two symmetric tensors: T = 2ell + 5e22 - e33 + 4(eZ3+ e3Z) in ek and
U = -ell + 6e22 + e33 + 2(e23+ e3Z) in ek. Determine the principal values and directions for T
in ek . Is the tensor U the same as T but merely referred to another basis ek?

9.33. A homogeneous, thin rectangular plate has sides x= a and y = 2a. (a) Find by
integration the moment of inertia tensor 10 referred to a Cartesian frame rp = (O ;ed at the
comer point 0 and parallel to the plate edges x and y. (b) Confirm the result by application of
(9.27) and the parallel axis theorem . (c) Determ ine in rp the principal values and direction s for
the inert ia tensor at O .

9.34. A certain symmetric tensorT is given by T = 15ell + 25e22+ 30e33 - lO(e13 + e31)
in sp = (Q ;ed. (a) Write the equation for its ellipsoid in ip ; and find its principal ellipsoid.
(b) Could T be the inertia tensor at Qfor some rigid body? Could it be the inertia tensor for a plane
body?

9.35. Let T be the matrix in a Cartesian frame rp of a tensor T, and consider another tensor
U whose matrix in rp is U = a'I' , where a is a scalar. (a) Prove that the same proportional relation
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holds in every Cartesian referencesystem. What can be said about the correspondingprincipal
valuesand directionsfor U andT? (b) Let ex = 1/5 and consider the tensorT definedin Problem
9.34. Solve that problemfor the tensorU.

9.36. A homogeneous, thin square plate of side a has a square hole of side b punched
throughits center, as illustrated. (a) First, consider the plate withoutthe hole. Find by integration
the inertiatensor for the solidplate referredto the frame <I> = {C;ikI,and then read from this the
result referred to the frame cp = {C;nk! making an angle () with <I> in the plane of the plate, as
shown. What is the radius of gyrationof the plate about the axis n, and about any other axis in
the plane? (b) Nowconsiderthe plate with the hole. Determinethe inertia tensor for the punched
plate (i) referred to <I> at C and (ii) referredto a parallel frame 1/1 = {Q;Ik! at the corner Q.

Q

p

1-4-- - - - a ----~
Problem 9.36.

9.37. The matrix in 1/1 = {Q ;Ik I of the inertia tensor I Q for the punchedplate describedin
the previousproblemhas the general form

[

A -B
I Q = - 8 A

o 0
~ ],

2A
(P9.37)

where A > B > O. (a) Find the principalvaluesand directionsfor IQ. (b) Interpret the geometry
of the principal directions for I Q , and relate it to the geometryof the punched plate. Are these
directions evident from the plate geometry? (c) Use the results of Problem 9.36 to find by the
parallel axis theorem the principal valuesof the inertia tensor at Q.

9.38. The inertia tensor10 in the frame 1/1 = {o; ik I has the componentmatrix

I I
2(ex+{3) -(ex -{3) 0

2

10 = I I (P9.38)
-(ex -{3) 2(ex + {3) 0
2

0 0 y
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where a, f3 ,y are positive constants . Find the principal values and directions for the inertia tensor.
Describe the angular orientation of the principal frame relative to 1{! .

9.39. (a) Find by integration the inertia tensor Ie for the homogeneous, rectangular plate
of mass m in a plate frame 1{! = {C; ed, and thus determine Ie in the plate frame ~ = (C ;ed
shown in the figure. (b) Find the inertia tensor I Q at the comer Q in the plate frame 1{! = {Q; ek}'
(c) Determine in 1{! the principal values and directions for I Q at Q. Here the ek are not principal
vectors .

Problem 9.39.

9.40. Because a tensor and its transpose have the same principal invariants, they have
the same characteristic equation and hence the same principal values. Their principal vectors.
however. need not be the same. (a) Prove that T and TT have the same principal invariants.
(b) Now consider the tensor T = ell + e22 + 3e33 + el2 + 2e2! in the Cartesian frame rp =
{o; ed. Find the principal values and directions for T and for TT , and determine their prin­
cipal invariants . (c) Determine the angles between the principal vectors for T, and do the same
for TT . Sketch the principal vectors for both tensors in tp, and describe the geometry. (d) Are the
principal vectors ofT mutually orthogonal? Are those ofTT mutually orthogonal?

9.41. Consider the symmetric tensor T = ~(ell + e22) - ~(eI2 + e21)+ 3e33 referred to
ek. Show that the principal values of T are non-negative. Therefore, T has a unique, positive
symmetric square root defined by T I (2= JIj'ell + v'A2e22 + JX)e33 in the principal basis ek
ofT. Find T I (2 in ek and check your solution by the matrix multiplication T = T 1(2T I (2 in ei :

9.42. Determine in the principal basis ek the positive square root of the symmetric tensor
U whose component matrix referred to rp = {o ; ek} is

u=[i
-I

I
3
-I

-I]-I .
3

(P9.42)

Let (;1(2 denote the principal matrix of UI(2 in ek. Identify the basis transformation matrix
required to transform (;1(2 into U I(2 in rp . See Problem 9.41.

9.43. Since I Q is a positive, symmetric tensor, in accordance with the theorem stated in

Problem 9.41, it has a unique positive, symmetric square root I~2 . Hence, we may define the
unique gyration tensor

(P9.43a)
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so that mG~ = I Q. The tensors GQ and IQ have the same principal directions, and the principal
values of GQ are the familiar radii of gyration (9.22) about the principal axes ek, namel y,

(P9.43b)

The matrix (P9.37) shows that RP= Rf = .jA/m, Rf = .j2A/m are the radii of gyration
about the Ik axes at Q. (a) What are the principal components of GQ for the tensor with matrix
(P9.37)? (b) Identify the princip al directions from Problem 9.37, and determine the components
of GQ referred to t/J = {Q;Id in terms of the principal radii of gyration (P9.43b). Of course, the
normal components G£, of the gyration tensor G Q in t/J generally are not the same as the radii
of gyration R~ given above .

9.44. A tensor W has the Cartesian component matrix

(P9.44)

referred to cp = {o ;ed. Find the positive square root of W referred to ip, See Problem 9.41.

9.45. Although the greate st values of the products of inertia of a rigid body are unimportant,
the determ ination of the extrem al values of the nondiagonal components of a symmetric tensor
is important in the study of the properties of stress and strain tensors in continuum mechanics,
for example. Let T be a symmetric tensor and m and n orthogonal unit vectors. The orthogonal
shear or product component of T for the pair (m , n) is defined by Te« == m . Tn. (a) Apply the
method of Lagrange multipliers to derive a system of two vector equations that determine among
all possible pairs (m, n) those orthogonal directions for which Tmn has its greatest absolute value
ITmnImax· (b) How are the Lagrange multipliers related to the components of T in the extremal
directions and to ITmnImax? (c) Derive from the vector equations in (a) two equations for the
sum and difference of the extremal directions m and n. Interpret these equati ons in terms of the
principal values Ta and principal directions ea for T , and thus show that the product components
of T have their maximum absolute value with respect to a basis with directions m and n that
bisect the principal directions for T . That is, show that'

_ { 1~ I I T2 - T3 1 1~1}ITmnlmax-max 2 ' 2 ' 2 '

where m and n are the orthogonal directions

(P9.45a)

(P9.45 b)

(or their opposites) for which ITmnImax = ~ ITa - Thl in (9P.45a). Of course, the least absolute
value for the orthogonal shear or product components of T occurs for the principal basis where
they all vanish.

, A very short elegant proof of the maximum orthogonal shear component of a symmetric tensor is
given by Ph. Boulanger and M.A. Hayes, Shear, shear stress and shearing, Journal of the Mechanics
and Physics of Solids 40, 1449-1457 (1992). An earlier alternate proof that uses the geometrical
properties of pairs of conjugate semi-diameters of ellipses is provided by M.A. Hayes, A note on
maximum orthogonal shear stress and shear strain, Journal ofElasticity 21, 117-1 20 (1989).
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9.46. tConsider a particle P with potential energ y Vex, y) = 4x + y + yZ . The motion of
P is constrained so that the point (x, y) lies on the circle x 2 + 2x + yZ + y = 1. Determine
the extremal values of the potential energy. (a) First, apply the constraint equation to write
V (x, y ) = V(x) and thus show that the usual substitution procedure fails to deliver a real solution
for any extrema of Vex, y) . (b) Apply the method of Lagrange mult ipliers and show that the
potenti al energy has both maximum and minimum values at distinct points on the circle . Find
these point s and determine the energy extrema.

t I thank Professor Michael A. Hayes for suggesting this example and for recalling the aforementioned
references on maximum orthogonal shear.
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