
Chapter 4
Fast QRD-RLS Algorithms

José A. Apolinário Jr. and Paulo S. R. Diniz

Abstract Although numerically robust, the QR-decomposition recursive least-
squares (QRD-RLS) algorithms studied in the previous chapter are computation-
ally intensive, requiring a number of mathematical operations in the order of N2,
or O[N2], N being the order of the adaptive filter. This chapter describes the so-
called fast QRD-RLS algorithms, i.e., those computationally efficient algorithms
that, besides keeping the attractive numerical robustness of the family, benefit from
the fact that the input signal is a delay line, reducing the complexity to O[N]. The
fast versions of the QRD-RLS algorithms using real variables are classified and
derived. For each algorithm, we present the final set of equations as well as their
pseudo-codes in tables. For the main algorithms, their descriptions are given utiliz-
ing complex variables.

4.1 Introduction

Usually the choice of a given adaptive filtering algorithm for an application relies
on a number of properties such as speed of convergence, steady-state behavior in
stationary environments, and tracking capability in non-stationary environments.
However, very often the algorithm choice is highly correlated to its computational
complexity. In the case of the recursive least-squares(RLS) family of algorithms,
their distinctive features are behavior in finite wordlength implementations and com-
putational burden.
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In case the application at hand has some structure related to the input signal
data vector, such as being composed by a tapped delay line, it is possible to
derive a number of algorithms with lower computational complexity collec-
tively known as fast algorithms.

From the conventional (O[N2]) QR decomposition method [1, 2], a number of
fast algorithms (O[N]) has been derived [3, 4]. These algorithms can be classified
in terms of the type of triangularization applied to the input data matrix (upper or
lower triangular) and type of error vector (a posteriori or a priori) involved in the
updating process. As it can be verified from the Gram–Schmidt orthogonalization
procedure, an upper triangularization of the data correlation matrix Cholesky factor
(in the notation adopted in this work) involves the updating of forward prediction
errors while a lower triangularization involves the updating of backward prediction
errors.

This chapter presents a classification of a family of fast QRD-RLS algorithms
along with their corresponding equations. Specifically, Table 4.1 shows how
the algorithms discussed here will be designated hereafter as well as the clas-
sification of the type of prediction problem the algorithms rely.

Table 4.1 Classification of the fast QRD-RLS algorithms.

Error Prediction
type Forward Backward

A posteriori FQR POS F [3] FQR POS B [5, 6]
A priori FQR PRI F [7] FQR PRI B [4, 8]

It is worth mentioning that the FQR PRI B algorithm was independently devel-
oped in [8] and in [4] using distinct approaches and leading to two different ver-
sions. The approach which will be used here [4] was derived from concepts used
in the inverse QRD-RLS algorithm [9]. The same algorithm (FQR PRI B) was also
derived in [10] as a lattice extension of the inverse QRD-RLS algorithm [11].

In the derivation of fast QRD-RLS algorithms, we start by applying the QR
decomposition to the backward and forward prediction problems whose predic-
tion errors were defined in the previous chapter. We aim the triangularization of the
extended order input data matrix X(N+2)(k), from the expressions involving back-
ward and forward predictions, in order to obtain Q(N+2)(k), such that

Q(N+2)(k)X(N+2)(k) =
[

0
U(N+2)(k)

]
, (4.1)

where the null matrix 0 above has dimension (k−N −1)× (N +2).
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4.2 Upper Triangularization Algorithms
(Updating Forward Prediction Errors)

The first algorithms derived here are those based on forward prediction errors,
namely the FQR POS F [3] and the FQR PRI F [7] algorithms. These algorithms
are presented here for completeness, due to their historical importance, and to pave
the way for the next section which deals with a more attractive class of algorithm in
terms of complexity and stability. As such, we suggest to a reader more interested
in practical implementation to skip this section, and focus on the algorithms based
on the updating of backward prediction errors.

Let us start, from the definition of the weighted backward prediction error vector
eb(k) = db(k)−X(k)wb(k), by pre-multiplying the weighted backward desired vec-

tor db(k) =
[
x(k−N −1) · · · λ (k−N−1)/2x(0) 0T

N+1

]T
by Q(k) and use the recursive

structure of Q(k).1 As a result, two important relations follow.

‖ eb(k) ‖2 = e2
bq1

(k)+λ ‖ eb(k−1) ‖2, and (4.2)[
ebq1(k)
dbq2(k)

]
= Qθ (k)

[
db(k)

λ 1/2dbq2(k−1)

]
, (4.3)

where db(k) = x(k−N −1).
The (upper) triangularization, as seen in (4.1), of X(N+2)(k), as defined in the

previous chapter for the backward prediction problem, is achieved using three dis-
tinct matrices: Q(N+2)(k) = Q′

b(k)Qb(k)Q(k), where Qb(k) and Q′
b(k) are two sets

of Givens rotations applied to generate, respectively, ‖ eb(k) ‖ and ‖ e(0)
b (k) ‖. The

latter quantities are defined in the sequel. As a result, we have

U(N+2)(k) = Q′
θb(k)

[
0T ‖ eb(k) ‖

U(k) dbq2(k)

]

=
[

zT(k) ‖ e(0)
b (k) ‖

R(k) 0

]
, (4.4)

where Q′
θb(k) is a submatrix of Q′

b(k), [z(k)RT(k)]T is the left part of U(N+2)(k),
just excluding the last column, and ‖ e(0)

b (k) ‖ is the norm of the backward error of
a predictor whose number of coefficients is zero.

In the forward prediction problem, the pre-multiplication of the forward weighted

desired vector, d f (k) =
[
x(k) · · · λ k/2x(0)

]T
, by

[
Q(k−1) 0

0T 1

]
and the use of the

recurse expression of Q(k) in the weighted forward error vector e f (k) = d f (k)−

1 The recursive structure of Q(k) is expressed by Q(k) = Q̃(k)
[

1 0T

0 Q(k−1)

]
.
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[
X(k−1)

0T

]
w f (k), leads to two other important relations given by

‖ e f (k) ‖2 = e2
f q1

(k)+λ ‖ e f (k−1) ‖2, and (4.5)[
e f q1(k)
d f q2(k)

]
= Qθ (k−1)

[
d f (k)

λ 1/2d f q2(k−1)

]
, (4.6)

where d f (k) = x(k).
The upper triangularization of U(N+2)(k) in the forward prediction problem is

implemented by pre-multiplying e f (k) by the product Q f (k)
[

Q(k−1) 0
0T 1

]
, where

Q f (k) is a set of Givens rotations generating ‖ e f (k) ‖ by eliminating the first k−N
elements of the rotated desired vector of the forward predictor. The result is

U(N+2)(k) =
[

d f q2(k) U(k−1)
‖ e f (k) ‖ 0T

]
. (4.7)

In order to avoid working with matrices of increasing dimensions, it is possible
to eliminate the identity matrices that are part of the rotation matrices and are the
source of the dimension increase. By eliminating these internal identity matrices,
one can show that [2]

Q(N+2)
θ (k) = Qθ f (k)

[
Qθ (k−1) 0

0T 1

]
, (4.8)

where Qθ f (k) is a single Givens rotation generating ‖ e f (k) ‖ as in (4.5).
If we take the inverses of (4.4) and (4.7), the results are

[U(N+2)(k)]−1 =

⎡
⎣ 0 R−1(k)

1

‖e(0)
b (k)‖

−zT(k)R−1(k)

‖e(0)
b (k)‖

⎤
⎦

=

⎡
⎣ 0T 1

‖e f (k)‖

U−1(k−1)
−U−1(k−1)d f q2

(k)
‖e f (k)‖

⎤
⎦ . (4.9)

We can use the expressions of [U(N+2)(k)]−1 given in (4.9) to obtain the vec-
tors f(N+2)(k + 1) and a(N+2)(k + 1). The choices of these vectors generate dis-
tinct algorithms, that is, updating f(k) (a posteriori forward errors) leads to the
FQR POS F algorithm [3] whereas updating a(k) (a priori forward errors) leads
to the FQR PRI F algorithm [7].

4.2.1 The FQR POS F algorithm

In the FQR POS F algorithm, vector f(N+2)(k + 1) = [U(N+2)(k + 1)]−T

x(N+2)(k + 1) is expressed in terms of the relations obtained in the forward and
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backward prediction problems. We shall first use the expression for [U(N+2)(k)]−1

in (4.9) that comes from the backward prediction evaluated at instant k + 1 to cal-
culate f(N+2)(k +1). In this case, we replace x(N+2)(k +1) by [xT(k +1) x(k−N)]T

and then pre-multiply the result by Q′T
θb(k + 1). The outcome, after some alge-

braic manipulations (using Equation (4.4) to help with the simplification of the
expression), is

f(N+2)(k +1) = Q′
θb(k +1)

[
εb(k+1)

‖eb(k+1)‖
f(k +1)

]
. (4.10)

Using the expression for [U(N+2)(k)]−1 originated from the forward prediction
case, at instant k +1, and replacing x(N+2)(k +1) by [x(k +1) xT(k)]T, we obtain

f(N+2)(k +1) =

[
f(k)

ε f (k+1)
‖e f (k+1)‖

]
. (4.11)

By combining (4.10) and (4.11), it is possible to derive an expression to update
f(k), which is given by

[
εb(k+1)

‖eb(k+1)‖
f(k +1)]

]
= Q′

θb
T(k +1)

[
f(k)

ε f (k+1)
‖e f (k+1)‖

]
. (4.12)

Once we have f(k+1), we can extract the angles of Qθ (k+1) by post-multiplying
this matrix by the pinning vector [1 0 · · · 0]T. From the partitioned expression of
Qθ (k), we can see that the result is

Qθ (k +1)
[

1
0

]
=

[
γ(k +1)
f(k +1)

]
. (4.13)

However, the quantities required to compute the angles of Q′
θb

(k + 1) are not
available at instant k so that a special strategy is required. The updated Q′

θb
(k + 1)

is obtained [2, 12] with the use of vector c(k +1) defined as

c(k +1) = Q̂(N+2)
θ (k +1)Q′

θb(k)
[

1
0

]

= Q′
θb(k +1)

[
b
0

]
. (4.14)

The submatrix Q̂(N+2)
θ (k + 1) consisting of the last (N + 2)× (N + 2) elements

of Q(N+2)
θ (k +1) is available from (4.8) (forward prediction) and b does not need to

be explicitly calculated in order to obtain the angles θ ′
bi

.
Finally, the joint process estimation is calculated with the same expressions pre-

viously used for the conventional QRD-RLS algorithm. The FQR POS F equations
are presented in Table 4.2. A detailed description of this algorithm is found in
Appendix 1.
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Table 4.2 The FQRD POS F equations.

FQR POS F
for each k
{ Obtaining e fq1

(k +1):[
e f q1 (k +1)
d f q2 (k +1)

]
= Qθ (k)

[
x(k +1)

λ 1/2d f q2 (k)

]

Obtaining Qθ f (k +1):
‖ e f (k +1) ‖=

√
e2

f q1
(k +1)+λ ‖ e f (k) ‖2

cosθ f (k +1) = λ 1/2 ‖ e f (k) ‖ / ‖ e f (k +1) ‖
sinθ f (k +1) = e f q1 (k +1)/ ‖ e f (k +1) ‖
Obtaining c(k +1):

Q(N+2)
θ (k +1) = Qθ f (k +1)

[
Qθ (k) 0

0T 1

]

Q̂(N+2)
θ (k +1) = last (N +2)× (N +2) elements of Q(N+2)

θ (k +1)

c(k +1) = Q̂(N+2)
θ (k +1)Q′

θb(k)
[

1
0

]

Obtaining Q′
θb(k +1):[

b
0

]
= Q′

θb
T(k +1)c(k +1)

Obtaining f(k +1):[
εb(k+1)

‖eb(k+1)‖
f(k +1)

]
= Q′

θb
T(k +1)

[
f(k)

ε f (k+1)
‖e f (k+1)‖

]

Obtaining Qθ (k +1):[
1
0

]
= QT

θ (k +1)
[
γ(k +1)
f(k +1)

]

Joint Process Estimation:[
eq1 (k +1)
dq2 (k +1)

]
= Qθ (k +1)

[
d(k +1)

λ 1/2dq2 (k)

]

e(k +1) = eq1(k +1)/γ(k +1) % a priori error
ε(k +1) = eq1 (k +1)γ(k +1) % a posteriori error

}

4.2.2 The FQR PRI F algorithm

Expressing a(N+2)(k +1) = [U(N+2)(k)]−Tx(N+2)(k +1)/
√
λ in terms of the matri-

ces in (4.9) and pre-multiplying the expression for [U(N+2)(k)]−1 originated from
the backward prediction problem by Q′

θb(k)Q
′T
θb(k) yields

[
eb(k+1)√
λ‖eb(k)‖

a(k +1)

]
= Q′

θb
T(k)

[
a(k)

e f (k+1)√
λ‖e f (k)‖

]
. (4.15)

Given a(k +1), the angles of Qθ (k +1) are found through the following relation
obtained by post-multiplying QT

θ (k +1) by the pinning vector.

[
1/γ(k +1)

0

]
= Qθ (k +1)

[
1

−a(k +1)

]
(4.16)
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By noting that the angles of Q′
θb

(k +1) can be updated with the same procedure
used in the FQR POS F algorithm, we already have all the necessary equations of
the fast QR-RLS algorithm as presented in Table 4.3. The detailed description of
this algorithm is also found in Appendix 1.

Table 4.3 The FQRD PRI F equations.

FQR PRI F
for each k
{ Obtaining e f (k +1):[

e f q1 (k +1)
d f q2 (k +1)

]
= Qθ (k)

[
x(k +1)

λ 1/2d f q2 (k)

]

e f (k +1) = e f q1 (k +1)/γ(k)
Obtaining a(k +1):[

eb(k+1)√
λ‖eb(k)‖

a(k +1)

]
= Q′

θb
T(k)

[
a(k)

e f (k+1)√
λ‖e f (k)‖

]

Obtaining Qθ f (k +1):
‖ e f (k +1) ‖=

√
e2

f q1
(k +1)+λ ‖ e f (k) ‖2

cosθ f (k +1) = λ 1/2 ‖ e f (k) ‖ / ‖ e f (k +1) ‖
sinθ f (k +1) = e f q1 (k +1)/ ‖ e f (k +1) ‖
Obtaining c(k +1):

Q(N+2)
θ (k +1) = Qθ f (k +1)

[
Qθ (k) 0

0T 1

]

Q̂(N+2)
θ (k +1) = last (N +2)× (N +2) elements of Q(N+2)

θ (k +1)

c(k +1) = Q̂(N+2)
θ (k +1)Q′

θb(k)
[

1
0

]

Obtaining Q′
θb(k +1):[

b
0

]
= Q′

θb
T(k +1)c(k +1)

Obtaining Qθ (k +1):[
1/γ(k +1)

0

]
= Qθ (k +1)

[
1

−a(k +1)

]

Joint Process Estimation:[
eq1 (k +1)
dq2 (k +1)

]
= Qθ (k +1)

[
d(k +1)

λ 1/2dq2 (k)

]

e(k +1) = eq1(k +1)/γ(k +1) % a priori error
ε(k +1) = eq1 (k +1)γ(k +1) % a posteriori error

}

4.3 Lower Triangularization Algorithms
(Updating Backward Prediction Errors)

Following similar steps as in the upper triangularization, it is possible to obtain
the lower triangular matrix U(N+2)(k) from the forward and backward prediction
problems.
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Before presenting the derivations, we remark that the fast QRD-RLS algo-
rithms with lower triangularization of the input data matrix or, equivalently,
updating backward prediction errors, are of minimal complexity and back-
ward stable under persistent excitation [5, 11].

In the backward prediction problem, the lower triangular U(N+2)(k) is obtained
through the use of Q(N+2)(k) = Qb(k)Q(k), where Qb(k) is a set of Givens rotations
applied to generate ‖ eb(k) ‖. The resulting Cholesky factor is

U(N+2)(k) =
[

0T ‖ eb(k) ‖
U(k) dbq2(k)

]
. (4.17)

On the other hand, in the forward prediction problem, the lower triangular matrix
U(N+2)(k) is formed by pre-multiplying the forward weighted error vector e f (k)

by the product Q′
f (k)Q f (k)

[
Q(k−1) 0

0T 1

]
, where Q f (k) and Q′

f (k) are two sets of

Givens rotations generating ‖ e f (k) ‖ and ‖ e(0)
f (k) ‖, respectively. The resulting

expression is

U(N+2)(k) = Q′
θ f (k)

[
d f q2(k) U(k−1)
‖ e f (k) ‖ 0T

]
=

[
0 R(k)

‖ e(0)
f (k) ‖ zT(k)

]
, (4.18)

where [RT(k) z(k)]T represents the last (N + 1) columns of U(N+2)(k). By consid-
ering the fact that (4.2), (4.3), (4.5), and (4.6) hold, ‖ e f (k) ‖ can be recursively
computed using (4.5).

Taking the inverse of (4.17) and (4.18), we have the following results:

[U(N+2)(k)]−1 =

[ −U−1(k)dbq2
(k)

‖eb(k)‖ U−1(k)
1

‖eb(k)‖ 0T

]

=

⎡
⎣

−zT(k)R−1(k)

‖e(0)
f (k)‖

1

‖e(0)
f (k)‖

R−1(k) 0

⎤
⎦ . (4.19)

With the results obtained from (4.19), we can once more express vectors

f(N+2)(k + 1) and a(N+2)(k + 1) in terms of the submatrices of
[
U(N+2)(k +1)

]−1
.

If we update f(k), the resulting algorithm is the FQR POS B whereas, by updating
a(k), one generates the FQR PRI B algorithm.
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4.3.1 The FQR POS B algorithm

Expressing f(N+2)(k + 1) = [U(N+2)(k + 1)]−Tx(N+2)(k + 1) in terms of the matrix
in (4.19) originating from the the forward prediction problem, and pre-multiplying
the resulting expression by Q′

θ f (k +1)Q′T
θ f (k +1) yields

[
εb(k+1)

‖eb(k+1)‖
f(k +1)

]
= Q′

θ f
(k +1)

[
f(k)

ε f (k+1)
‖e f (k+1)‖

]
. (4.20)

For this particular algorithm, we provide extra implementation details which
are similar to the other fast QRD-RLS algorithms. We start by pointing out that
matrix Q′

θ f
(k) in (4.20) corresponds to the set of rotations used in (4.18) to

eliminate d f q2(k) over ||e f (k)|| such that the resulting matrix U(N+2)(k) is lower
triangular.

Therefore, making explicit the structure of Q′
θ f

(k), the part of (4.18) given by the

product Q′
θ f

(k)
[
dT

f q2
(k) ‖ e f (k) ‖

]T
can be expressed as

[
0

‖ e(0)
f (k) ‖

]
= Q′

θ f (k)
[

d f q2(k)
‖ e f (k) ‖

]
=

⎡
⎣

IN 0 0
0T cosθ ′

fN
(k) −sinθ ′

fN
(k)

0T sinθ ′
fN

(k) cosθ ′
fN

(k)

⎤
⎦ · · ·

· · ·

⎡
⎣

cosθ ′
f0
(k) 0T −sinθ ′

f0
(k)

0 IN 0
sinθ ′

f0
(k) 0T cosθ ′

f0
(k)

⎤
⎦

⎡
⎢⎢⎢⎣

d f q21(k)
...

d f q2N+1(k)
‖ e(N+1)

f (k) ‖

⎤
⎥⎥⎥⎦ ,

︸ ︷︷ ︸⎡
⎢⎢⎢⎢⎢⎣

0
...

d f q2N+1 (k)
‖ e(N)

f (k) ‖

⎤
⎥⎥⎥⎥⎥⎦

(4.21)

where, for this first multiplication, the quantity cosθ ′
f0
(k)d f q21(k) −

sinθ ′
f0
(k) ‖ e(N+1)

f (k) ‖ was made zero and the quantity sinθ ′
f0
(k)d f q21(k) +

cosθ ′
f0
(k) ‖ e(N+1)

f (k) ‖ corresponds to ‖ e(N)
f (k) ‖.

In the ith multiplication, for i ranging from 1 to N +1, we have:

{
cosθ ′

fi−1
(k)d f q2i(k) = sinθ ′

fi−1
(k) ‖ e(N+2−i)

f (k) ‖
‖ e(N+1−i)

f (k) ‖= sinθ ′
fi−1

(k)d f q2i(k)+ cosθ ′
fi−1

(k) ‖ e(N+2−i)
f (k) ‖

(4.22)

The two expressions in (4.22) are represented graphically in Figure 4.1. From this

figure, one clearly observes that ‖ e(N+1−i)
f (k) ‖ can also be computed as follows.
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e(N+2−i)
f (k)

θ fi−1
(k)

θ fi−1
(k)

d fq2i (k)

e
(N+

1−i
)

f

(k)

cosθ f i−1
(k)

e
(N+

2−i
)

f

(k)

sin
θ f i−1

(k)
d fq2

i
(k)

Fig. 4.1 Multiplication of Q′
θ fi

(k): computing cosθ ′
fi−1

(k) and sinθ ′
fi−1

(k).

‖ e(N+1−i)
f (k) ‖=

√
d2

f q2i
(k)+ ‖ e(N+2−i)

f (k) ‖2 (4.23)

After computing ‖ e(N+1−i)
f (k) ‖, the sine and the cosine are given below.

⎧
⎪⎪⎨
⎪⎪⎩

cosθ ′
fi−1

(k) =
‖e(N+2−i)

f (k)‖

‖e(N+1−i)
f (k)‖

sinθ ′
fi−1

(k) =
d f q2i

(k+1)

‖e(N+1−i)
f (k)‖

(4.24)

In the derivation of (4.20), it can be observed that the last element of f(k + 1)
is x(k+1)

‖e(0)
f (k+1)‖

. The term
ε f (k+1)

‖e f (k+1)‖ can be calculated as γ(k)sinθ f (k + 1) where

sinθ f (k +1) =
e f q1

(k+1)
‖e f (k+1)‖ is the sine of the angle of rotation matrix Q f (k +1).

Using or not this information, the prior knowledge of the last element of f(k+1),
leads to two distinct versions of the FQR POS B algorithm. The first version [6]
uses this information as following discussed. Multiplying (4.20) by Q′T

θ f , we obtain

the relation (4.25) with εb(k+1)
‖eb(k+1)‖ being represented by f0(k + 1), ε f (k+1)

‖e f (k+1)‖ by

fN+2(K), and the ith element of f(k) by fi(k), for i ranging from 1
to N +1.
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[
f(k)

fN+2(k)

]
=

⎡
⎢⎢⎢⎣

f1(k)
...

fN+1(k)
fN+2(k)

⎤
⎥⎥⎥⎦ = Q′T

θ f (k)
[

f0(k +1)
f(k +1)

]

=

⎡
⎣

cosθ ′
f0
(k) 0T sinθ ′

f0
(k)

0 IN 0
−sinθ ′

f0
(k) 0T cosθ ′

f0
(k)

⎤
⎦ · · · Q′T

θ fN+1−i
(k +1) · · ·

· · ·

⎡
⎣

IN 0 0
0T cosθ ′

fN
(k) sinθ ′

fN
(k)

0T −sinθ ′
fN

(k) cosθ ′
fN

(k)

⎤
⎦

⎡
⎢⎢⎢⎢⎢⎣

f0(k +1)
...

fN−1(k +1)
fN(k +1)

fN+1(k +1)

⎤
⎥⎥⎥⎥⎥⎦

,

︸ ︷︷ ︸
⎡
⎢⎢⎢⎢⎢⎢⎣

f0(K +1)
...

fN−1(k +1)
fN+1(k)

aux1

⎤
⎥⎥⎥⎥⎥⎥⎦

(4.25)

In the last multiplication above, the results (as shown below the underbrace) denoted
by fN+1(k) and aux1 are such that, for the ith multiplication (with i from 1 to N +1),
we have:

fN+2−i(k) = cosθ ′
fN+1−i

(k +1) fN+1−i(k +1)

−sinθ ′
fN+1−i

(k +1)auxi−1 (4.26)

auxi = −sinθ ′
fN+1−i

(k +1) fN+1−i(k +1)

+cosθ ′
fN+1−i

(k +1)auxi−1 (4.27)

where aux0 = fN+1(k +1) is the last element of f(k +1) which is known a priori.
From (4.26), we can easily obtain fN+1−i(k + 1) as in Equation (4.28) and with

this value compute auxi in (4.27) such that fN+2(k) = auxN+1 (which is actually not
used afterwards).

fN+1−i(k +1) =
fN+2−i(k)− sinθ ′

fN+1−i
(k +1)auxi−1

cosθ ′
fN+1−i

(k +1)
(4.28)

In the second version of this algorithm [5], we compute first
e f (k+1)

‖e f (k+1)‖ =
γ(k)e f q1

(k+1)
‖e f (k+1)‖ and then (4.20) is used in a straightforward manner.

Once we have f(k + 1), we find Qθ (k + 1) with the same relation used in the
upper triangularization algorithms, (4.13). Moreover, the joint process estimation
is carried out in the same manner as in the forward prediction-based algorithms.
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Table 4.4 The FQR POS B algorithm.

FQR POS B
for each k
{ Obtaining d f q2 (k +1):[

e f q1 (k +1)
d f q2 (k +1)

]
= Qθ (k)

[
x∗(k +1)

λ 1/2d f q2 (k)

]

Obtaining ‖ e f (k +1) ‖:
‖ e f (k +1) ‖=

√
|e f q1 (k +1)|2 +λ ‖ e f (k) ‖2

Obtaining Q′
θ f (k +1):[

0
‖ e(0)

f (k +1) ‖

]
= Q′

θ f (k +1)
[

d f q2 (k +1)
‖ e f (k +1) ‖

]

Obtaining f(k +1):[
εb(k+1)

‖eb(k+1)‖
f(k +1)

]
= Q′

θ f (k +1)

[
f(k)

ε f (k+1)
‖e f (k+1)‖

]

Obtaining Qθ (k +1):[
1
0

]
= QT

θ (k +1)
[
γ(k +1)
f(k +1)

]

Joint Process Estimation:[
eq1 (k +1)
dq2 (k +1)

]
= Qθ (k +1)

[
d∗(k +1)
λ 1/2dq2 (k)

]

e(k +1) = e∗q1
(k +1)/γ(k +1) % a priori error

ε(k +1) = e∗q1
(k +1)γ(k +1) % a posteriori error

}

As a result, we have now available all the required expressions composing the
FQR POS B algorithm as presented in Table 4.4. The detailed descriptions of two
different versions of this algorithm is found in Appendix 2.

4.3.2 The FQR PRI B algorithm

This last algorithm of this family is obtained by expressing vector a(N+2)(k + 1) =
[U(N+2)(k)]−Tx(N+2)(k + 1)/

√
λ in terms of the expression for

[U(N+2)(k)]−1 in (4.19) originated from the forward prediction problem. Next, by
pre-multiplying a(N+2)(k + 1) by Q′

θ f (k)Q
′T
θ f (k), the following updating equation

results. [
eb(k+1)√
λ‖eb(k)‖

a(k +1)

]
= Q′

θ f (k)

[
a(k)

e f (k+1)√
λ‖e f (k)‖

]
(4.29)

It is again important to mention that the last element of a(k + 1) in (4.29) is

already known to be equal to x(k+1)√
λ‖e(0)

f (k)‖
. This fact leads to two different versions

of the same algorithm: the same approach used in (4.20) for vector f(k) can be
employed here for vector a(k).
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Table 4.5 The FQR PRI B algorithm.

FQR PRI B
for each k
{ Obtaining d f q2 (k +1):[

e f q1 (k +1)
d f q2 (k +1)

]
= Qθ (k)

[
x∗(k +1)

λ 1/2d f q2 (k)

]

Obtaining a(k +1):[
eb(k+1)√
λ‖eb(k)‖

a(k +1)

]
= Q′

θ f (k)

[
a(k)

e f (k+1)√
λ‖e f (k)‖

]

Obtaining ‖ e f (k +1) ‖:
‖ e f (k +1) ‖=

√
|e f q1 (k +1)|2 +λ ‖ e f (k) ‖2

Obtaining Q′
θ f (k +1):[

0
‖ e(0)

f (k +1) ‖

]
= Q′

θ f (k +1)
[

d f q2 (k +1)
‖ e f (k +1) ‖

]

Obtaining Qθ (k +1):[
1/γ(k +1)

0

]
= Qθ (k +1)

[
1

−a(k +1)

]

Joint Process Estimation:[
eq1 (k +1)
dq2 (k +1)

]
= Qθ (k +1)

[
d∗(k +1)
λ 1/2dq2 (k)

]

e(k +1) = e∗q1
(k +1)/γ(k +1) % a priori error

ε(k +1) = e∗q1
(k +1)γ(k +1) % a posteriori error

}

Once more, if we have a(k + 1), we can find Qθ (k + 1) using (4.16) and the
joint process estimation is carried out as seen in the previous chapter, i.e., updating
dq2(k) from d(k) and dq2(k− 1) as well as computing the error (a priori or a pos-
teriori) from the rotated error eq1(k). The FQR PRI B equations are presented in
Table 4.5. The detailed descriptions of the two versions of this algorithm is found in
Appendix 2.

In terms of computational complexity, Table 4.6 shows the comparisons among
the four fast QRD algorithms according to their detailed pseudo-codes in Appen-
dices 1 and 2. Note that p = N +1 is the number of coefficients.

Table 4.6 Comparison of computational complexity.

ALGORITHM ADD MULT. DIV. SQRT

FQR POS F [3] 10p+3 26p+10 3p+2 2p+1

FQR PRI F [7] 10p+3 26p+11 4p+4 2p+1

FQR POS B (VERSION 1) [6] 8p+1 19p+4 4p+1 2p+1
FQR POS B (VERSION 2) [5] 8p+1 20p+5 3p+1 2p+1

FQR PRI B (VERSION 1) [4] 8p-1 19p+2 5p+1 2p+1
FQR PRI B (VERSION 2) [8] 8p+1 20p+6 4p+2 2p+1
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4.4 The Order Recursive Versions of the Fast QRD Algorithms

The fast QRD-RLS algorithms employing lower triangularization of the input
data matrix are known as “hybrid QR-lattice least squares algorithms”. It is clear
from previous sections that these algorithms may update the a posteriori or the
a priori backward prediction errors. Moreover, they are known for their robust
numerical behavior and minimal complexity but lack the pipelining property of the
lattice algorithms.

The main goal of this section is the presentation of the order recursive (or lat-
tice) versions of the fast QR algorithms using a posteriori and a priori back-
ward errors or FQR POS B and FQR PRI B algorithms according to our clas-
sification. The equations of these algorithms are combined in an order recur-
sive manner such that they may be represented as increasing order single-loop
lattice algorithms [13]. These order recursive versions can then be implemented
with a modular structure, which utilizes a unique type of lattice stage for each
algorithm.

Before their derivation, in order to help their understanding, let us specify in
Table 4.7 the meaning of each variable used in both algorithms. It is worth men-

Table 4.7 Summary of variables used in FQR POS B and FQR PRI B algorithms.

d f q(k) : rotated forward desired vector
d f q2(k) : last N +1 elements of d f q(k)

e f (k) : forward error vector
‖ e f (k) ‖ : norm of e f (k)

e f q(k) : rotated e f (k)
e f q1 (k) : first element of e f q(k)
Qθ (k) : Givens matrix (updates the Cholesky factor)

x(k) : input signal
λ : forgetting factor

Q′
θ f (k +1) : Givens matrix that annihilates d f q2(k +1) in (4.18)

‖ e(0)
f (k) ‖ : norm of e f (k) in a zero coefficient case

f(k) : a posteriori normalized errors
a(k) : a priori normalized errors

eb(k) : backward error vector
‖ eb(k) ‖ : norm of eb(k)

ε f (k) : a posteriori forward prediction error
e f (k) : a priori forward prediction error
εb(k) : a posteriori backward prediction error
eb(k) : a priori backward prediction error
γ(k) : product of cosines of the angles of Qθ (k)

eq(k) : rotated error vector
eq1 (k) : first element of eq(k)
dq(k) : rotated desired vector

dq2 (k) : last N +1 elements of dq(k)
d(k) : desired signal
e(k) : a priori output error
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tioning here that a variable with no superscript implies in an N-th order quantity or,
equivalently, is related to an N + 1 coefficients filtering. Let us take as illustration

the norm of the forward energy: ‖ e f (k) ‖=‖ e(N+1)
f (k) ‖.

The internal variables found in fast QR algorithms are closely related to those
found in conventional lattice algorithms. This was indeed the approach used in [5, 8]
to develop these algorithms originally and the implications are well explained in
those two references. As pointed out in [5], within this framework was the solution
to the parameter identification problem first addressed using fast QR algorithms. The
work of [14] stresses the fact that sinθ ′

fi
(k) and sinθ ′

fi
(k−1) represent the reflection

coefficients of the normalized lattice RLS algorithms (a priori and a posteriori).
On the other hand, the main idea behind the generation of a lattice (or fully lat-

tice) version of the fast QR algorithms is the merging of their equations using order
updating instead of fixed order variables. This can be done when partial results pos-
sess this order updating property. This is indeed the case of the lower triangular-
ization type algorithms since the internal variables are synchronized at instant k or
k − 1 (only order updating). The same facility in obtaining lattice versions is not
observed in those algorithms employing upper triangularization (FQR POS F and
FQR PRI F) since the normalized errors present in the orthogonal matrix Qθ (k) are
of different orders at distinct instants of time (order and time updating).

We next show how to combine the equations of FQR POS B in order to obtain
its order recursive version. Starting from (4.6), we rewrite this equation evaluated
at k + 1, with an explicit form of Qθ (k) in terms of a product of N + 1 Givens

rotations Qθi(k) and with e(0)
f q1

(k +1) = x(k +1); we suggest the reader to check, in
the previous chapter, the structure of Qθi(k) for the lower triangularization case.

⎡
⎢⎢⎢⎣

e f q1(k +1)
d f q21(k +1)

...
d f q2N+1(k +1)

⎤
⎥⎥⎥⎦ =

⎡
⎣

cosθN(k) −sinθN(k) 0T

sinθN(k) cosθN(k) 0T

0 0 IN

⎤
⎦ · · ·

· · ·

⎡
⎣

cosθ0(k) 0T −sinθ0(k)
0 IN 0

sinθ0(k) 0T cosθ0(k)

⎤
⎦

⎡
⎢⎢⎢⎢⎣

e(0)
f q1

(k +1)
λ 1/2d f q21(k)

...
λ 1/2d f q2N+1(k)

⎤
⎥⎥⎥⎥⎦

(4.30)

The product of the first two terms, from right to left, results in

⎡
⎢⎢⎢⎢⎢⎢⎣

cosθ0(k)e
(0)
f q1

(k +1)− sinθ0λ 1/2d f q2N+1(k)
λ 1/2d f q21(k)

...
λ 1/2d f q2N (k)

sinθ0(k)e
(0)
f q1

(k +1)+ cosθ0(k)λ 1/2d f q2N+1(k)

⎤
⎥⎥⎥⎥⎥⎥⎦

. (4.31)
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The first and last terms of the above equation are, respectively, e(1)
f q1

(k + 1) and
d f q2N+1(k + 1). If the other products are computed, one can reach the following
relations:

e(i)
f q1

(k +1) = cosθi−1(k)e
(i−1)
f q1

(k +1)

−sinθi−1(k)λ 1/2d f q2N+2−i(k) (4.32)

d f q2N+2−i(k +1) = sinθi−1(k)e
(i−1)
f q1

(k +1)

+cosθi−1(k)λ 1/2d f q2N+2−i(k) (4.33)

where i belongs to the closed interval between 1 and N +1.

If we use a similar procedure with the equation

⎡
⎣

0

‖ e(0)
f (k +1) ‖

⎤
⎦ =

Q′
θ f (k + 1)

[
d f q2(k +1)

‖ e f (k +1) ‖

]
which is part of (4.18) used in the FQR POS B algo-

rithm, we will find

cosθ ′
fi−1

(k +1) =
‖ e(i)

f (k +1) ‖

‖ e(i−1)
f (k +1) ‖

, and (4.34)

sinθ ′
fi−1

(k +1) =
d f q2N+2−i(k +1)

‖ e(i−1)
f (k +1) ‖

. (4.35)

In the last equation, i varies from 1 to N +1 and the updating of the forward error
energy is performed by the following generalization of (4.5)

‖ e(i)
f (k +1) ‖=

√
λ ‖ e(i)

f (k) ‖2 +[e(i)
f q1

(k +1)]2. (4.36)

All other equations are combined in a single loop by computing partial results
from the partial results of the previous equations. The resulting algorithm is des-
cribed in detail in Appendix 3 and, although not identical, is similar to the one
presented in [15]. A stage of its lattice structure is depicted in Figure 4.2, where
the rotation and angle processors can be easily understood from the algorithmic
description.

Finally, the lattice version of the FQR PRI B algorithm is obtained in a way
which is very similar to the one used to derive the lattice version of the FQR POS B
algorithm [4]. The algorithm is shown in Appendix 3 and Figure 4.3 depicts one
stage of the lattice structure for this algorithm.



4 Fast QRD-RLS Algorithms 103

dfq2N+2-i(k+1),efq1(k+1)
(i)

efq1(k+1)
(i-1)

efq1(k+1)
(i)

eq1(k+1)
(i-1)

eq1(k+1)
(i)

θi-1(k+1)

γ (k+1)
(i-1)

γ (k+1)
(i)

||ef(k+1)||
(i-1)

||ef(k+1)||
(i)

θ’fi-1(k+1)

fN+2-i(k+1) fN+1-i(k+1)
auxi-1 auxi

z–1

z–1

θi-1(k+1)

θi-1(k)

Fig. 4.2 One stage of the FQR POS B lattice structure.

z–1

z–1

z–1

dfq2N+2-i(k+1),efq1(k+1)
(i)

efq1(k+1)
(i-1)

efq1(k+1)
(i)

eq1(k+1)
(i-1)

eq1(k+1)
(i)

θi-1(k+1)

1/γ (k+1)
(i-1)

1/γ (k+1)
(i)

||ef(k+1)||
(i-1)

||ef(k+1)||
(i)

θ’fi-1(k+1)

θ’fi-1(k)

aN+2-i(k+1) aN+1-i(k+1)
auxi-1 auxi

θi-1(k+1)

θi-1(k)

Fig. 4.3 One stage of the FQR PRI B lattice structure.
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This section presented the order recursive or lattice versions of the fast
QRD-RLS algorithms that update a posteriori and a priori backward errors.
Results from the Gram–Schmidt orthogonalization can be used to conjec-
ture that only the fast QR algorithms using lower triangularization, i.e., those
updating backward prediction errors, would have their lattice versions easily
implementable.

It can be observed from simulation results (not shown here) that the performance
of the order recursive versions, in finite-precision implementations, is comparable
to that of the original algorithms. The lattice versions have basically the same com-
plexity as their original algorithms (FQR POS B and FQR PRI B) and lower com-
plexity than the fast QR lattice algorithms previously proposed in [16].

4.5 Conclusion

This chapter presented the so-called fast versions of the QRD-RLS family
of algorithms. In here, fast QRD-RLS algorithms using a priori and a posteri-
ori forward and backward errors (based on upper or lower triangularization of the
input data matrix) were derived. A comprehensive framework was used to classify
the four fast QRD-RLS algorithms and their presentation were based on simple
matrix equations, while detailed algorithmic descriptions were provided in appen-
dices.

For those with a suitable application at hands and willing to select a fast QRD-
RLS algorithm, as a finger rule, we stress the importance of those based on the
updating of backward prediction errors (lower triangular algorithms as per the nota-
tion adopted in this chapter). Although they all might have similar computational
complexity, the FQR PRI B and the FQR POS B algorithms present the desired
feature of proven stability. The fast QRD-RLS algorithms can be used whenever the
input signal vector consists of a delay line; in case where we have distinct signals
each consisting of a delay line, multichannel versions are appropriate; this topic is
addressed in Chapter 6.

Finally, it is worth mentioning that fast QRD-RLS algorithms do not provide the
filter coefficients (transversal form) explicitly; they are however embedded in the
internal variables. In applications where these weights are desirable, weight extrac-
tion techniques can be used as described in Chapter 11.



4 Fast QRD-RLS Algorithms 105

Appendix 1 - Pseudo-Code for the Fast QRD-RLS Algorithms
Based on Forward Prediction Errors

1. The FQR POS F algorithm:

FQR POS F [3]
Initialization:
‖ e f (k) ‖= δ = small positive value; d f q2(k) = dq2(k) = zeros(N +1,1);
cosθ(k) = cosθ ′

b(k) = ones(N +1,1); sinθ(k) = sinθ ′
b(k) = zeros(N +1,1);

γ(k) = 1; f(k) = zeros(N +1,1);
for k = 1,2, . . .

{ e(0)
f q1

(k +1) = x(k +1);
for i = 1 : N +1

{ e(i)
f q1

(k +1) = cosθi−1(k)e
(i−1)
f q1

(k)− sinθi−1(k)λ 1/2d f q2i (k);

d f q2i (k +1) = sinθi−1(k)e
(i−1)
f q1

(k)+ cosθi−1(k)λ 1/2d f q2i (k);
}
e f q1 (k +1) = e(N+1)

f q1
(k +1);

‖ e f (k +1) ‖=
√

e2
f q1

(k +1)+λ ‖ e f (k) ‖2;cosθ f (k +1) = λ 1/2 ‖ e f (k) ‖ / ‖ e f (k +1) ‖;

sinθ f (k +1) = e f q1 (k +1)/ ‖ e f (k +1) ‖; c(k +1) = [1; zeros(N +1,1)];
for i = 1 : N +1
{ cN+3−i(k +1) = −sinθ ′

bN+1−i
(k)c1; c1(k +1) = cosθ ′

bN+1−i
(k)c1;

}
caux = [0; c(k +1)];
for i = 1 : N +1
{ oldvalue = cauxi+1 ;

cauxi+1 = sinθi−1(k)caux1 + cosθi−1(k)cauxi+1 ;
caux1 = cosθi−1(k)caux1 − sinθi−1(k)oldvalue;

}
oldvalue = caux1 ;
caux1 = cosθ f (k +1)caux1 − sinθ f (k +1)cauxN+3 ;
cauxN+3 = sinθ f (k +1)oldvalue+ cosθ f (k +1)cauxN+3 ;
c(k +1) = caux(2 : N +3);
for i = 1 : N +1

{ oldvalue = c1; c1 =
√

c2
1 + c2

i+1;

cosθ ′
bi−1

(k +1) = oldvalue/c1; sinθ ′
bi−1

(k +1) = −ci+1/c1;
}
f(N+2)(k +1) = [f(k); sinθ f (k +1)γ(k)]; aux0 = f (N+2)

1 (k +1);
for i = 1 : N +1

{ auxi = cosθ ′
bi−1

(k +1)auxi−1 − sinθ ′
bi−1

(k +1) f (N+2)
i+1 (k +1);

fi(k +1) = sinθ ′
bi−1

(k +1)auxi−1 + cosθ ′
bi−1

(k +1) f (N+2)
i+1 (k +1);

}
γ(0)(k +1) = 1;
for i = 1 : N +1
{ sinθi−1(k +1) = fi(k +1)/γ(i−1)(k +1);

cosθi−1(k +1) =
√

1− sin2θi−1(k +1);
γ(i)(k +1) = cosθi−1(k +1)γ(i−1)(k +1);

}
γ(k +1) = γ(N+1)(k +1); e(0)

q1 (k +1) = d(k +1);
for i = 1 : N +1

{ e(i)
q1 (k +1) = cosθi−1(k +1)e(i−1)

q1 (k +1)− sinθi−1(k +1)λ 1/2dq2i (k);
dq2i (k +1) = sinθi−1(k +1)e(i−1)

q1 (k +1)+ cosθi−1(k +1)λ 1/2dq2i (k);
}
eq1 (k +1) = e(N+1)

q1 (k +1); e(k +1) = eq1 (k +1)/γ(k +1);
}
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2. The FQR PRI F algorithm:

FQR PRI F [7]
Initialization:
‖ e f (k) ‖= δ = small positive value; d f q2(k) = dq2(k) = zeros(N +1,1);
cosθ(k) = cosθ ′

b(k) = ones(N +1,1); sinθ(k) = sinθ ′
b(k) = zeros(N +1,1);

1/γ(k) = 1; a(k) = zeros(N +1,1);
for k = 1,2, . . .

{ e(0)
f q1

(k +1) = x(k +1);
for i = 1 : N +1

{ e(i)
f q1

(k +1) = cosθi−1(k)e
(i−1)
f q1

(k)− sinθi−1(k)λ 1/2d f q2i (k);

d f q2i (k +1) = sinθi−1(k)e
(i−1)
f q1

(k)+ cosθi−1(k)λ 1/2d f q2i (k);
}
e f q1 (k +1) = e(N+1)

f q1
(k +1); e f (k +1) = e f q1 (k +1)[1/γ(k)];

a(N+2)(k +1) = [a(k);
e f (k+1)

λ1/2‖e f (k)‖
]; aux0 = a(N+2)

1 (k +1);

for i = 1 : N +1

{ auxi = cosθ ′
bi−1

(k)auxi−1 − sinθ ′
bi−1

(k)a(N+2)
i+1 (k +1);

ai(k +1) = sinθ ′
bi−1

(k)auxi−1 + cosθ ′
bi−1

(k)a(N+2)
i+1 (k +1);

}
‖ e f (k +1) ‖=

√
e2

f q1
(k +1)+λ ‖ e f (k) ‖2;

cosθ f (k +1) = λ 1/2 ‖ e f (k) ‖ / ‖ e f (k +1) ‖;
sinθ f (k +1) = e f q1 (k +1)/ ‖ e f (k +1) ‖
c(k +1) = [1; zeros(N +1,1)];
for i = 1 : N +1
{ cN+3−i(k +1) = −sinθ ′

bN+1−i
(k)c1;

c1(k +1) = cosθ ′
bN+1−i

(k)c1;
}
caux = [0; c(k +1)];
for i = 1 : N +1
{ oldvalue = cauxi+1 ;

cauxi+1 = sinθi−1(k)caux1 + cosθi−1(k)cauxi+1 ;
caux1 = cosθi−1(k)caux1 − sinθi−1(k)oldvalue;

}
oldvalue = caux1 ;
caux1 = cosθ f (k +1)caux1 − sinθ f (k +1)cauxN+3 ;
cauxN+3 = sinθ f (k +1)oldvalue+ cosθ f (k +1)cauxN+3 ;
c(k +1) = caux(2 : N +3);
for i = 1 : N +1

{ oldvalue = c1; c1 =
√

c2
1 + c2

i+1;

cosθ ′
bi−1

(k +1) = oldvalue/c1; sinθ ′
bi−1

(k +1) = −ci+1/c1;
}
1/γ(0)(k +1) = 1;
for i = 1 : N +1

{ 1/γ(i)(k +1) =
√

[1/γ(i−1)(k +1)]2 +a2
i (k +1);

cosθi−1(k +1) = 1/γ(i−1)(k+1)

1/γ(i)(k+1)
;

sinθi−1(k +1) = ai(k+1)

1/γ(i)(k+1)
;

}
γ(k +1) = 1/[1/γ(N+1)(k +1)]; e(0)

q1 (k +1) = d(k +1);
for i = 1 : N +1

{ e(i)
q1 (k +1) = cosθi−1(k +1)e(i−1)

q1 (k +1)− sinθi−1(k +1)λ 1/2dq2i (k);
dq2i (k +1) = sinθi−1(k +1)e(i−1)

q1 (k +1)+ cosθi−1(k +1)λ 1/2dq2i (k);
}
eq1 (k +1) = e(N+1)

q1 (k +1); e(k +1) = eq1 (k +1)/γ(k +1);
}
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Appendix 2 - Pseudo-Code for the Fast QRD-RLS Algorithms
Based on Backward Prediction Errors

1. The FQR POS B algorithm:

The first version of this algorithm is based on the fact that the last element of
f(k +1), fN+1(k +1) = x(k+1)

‖e(0)
f (k+1)‖

, is known in advance.

FQR POS B - Version 1 [6]
Initialization:
d f q2(k) = zeros(N +1,1); dq2(k) = zeros(N +1,1);
cosθ(k) = ones(N +1,1); sinθ(k) = zeros(N +1,1);
‖ e f (k) ‖= δ = small positive value; f(k) = zeros(N +1,1);
for k = 1,2, . . .

{ e(0)
f q1

(k +1) = x∗(k +1);
for i = 1 : N +1

{ e(i)
f q1

(k +1) = cosθi−1(k)e
(i−1)
f q1

(k +1)− sin∗θi−1(k)λ 1/2d f q2N+2−i (k);

d f q2N+2−i (k +1) = sinθi−1(k)e
(i−1)
f q1

(k +1)+ cosθi−1(k)λ 1/2d f q2N+2−i (k);
}
e f q1 (k +1) = e(N+1)

f q1
(k +1); ‖ e f (k +1) ‖=

√
|e f q1 (k +1)|2 +λ ‖ e f (k) ‖2;

‖ e(N+1)
f (k +1) ‖=‖ e f (k +1) ‖;

for i = 1 : N +1

{ ‖ e(N+1−i)
f (k +1) ‖=

√
‖ e(N+2−i)

f (k +1) ‖2 +|d f q2i (k +1)|2;

cosθ ′
fi
(k +1) =‖ e(N+2−i)

f (k +1) ‖ / ‖ e(N+1−i)
f (k +1) ‖;

sinθ ′
fi
(k +1) = d∗

f q2i
(k +1)/ ‖ e(N+1−i)

f (k +1) ‖;
}
aux0 = x(k +1)/ ‖ e(0)

f (k +1) ‖; fN+1(k +1) = aux0;
for i = 1 : N

{ fN+1−i(k +1) =
fN+2−i(k)−sinθ ′∗

fN+1−i
(k+1)auxi−1

cosθ ′
fN+1−i

(k+1) ;

auxi = −sinθ ′
fN+1−i

(k +1) fN+1−i(k)+ cosθ ′
fN+1−i

(k +1)auxi−1;
}
γ(0)(k +1) = 1;
for i = 1 : N +1
{ sinθi−1(k +1) = fN+2−i(k +1)/γ(i−1)(k +1);

cosθi−1(k +1) =
√

1−|sinθi−1(k +1)|2;
γ(i)(k +1) = cosθi−1(k +1)γ(i−1)(k +1);

}
γ(k +1) = γ(N+1)(k +1); e(0)

q1 (k +1) = d∗(k +1);
for i = 1 : N +1

{ e(i)
q1 (k +1) = cosθi−1(k +1)e(i−1)

q1 (k +1)− sin∗θi−1(k +1)λ 1/2dq2N+2−i (k);
dq2N+2−i (k +1) = sinθi−1(k +1)e(i−1)

q1 (k +1)+ cosθi−1(k +1)λ 1/2dq2N+2−i (k);
}
eq1 (k +1) = e(N+1)

q1 (k +1); e(k +1) = e∗q1
(k +1)/γ(k +1);

}
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The second version of the FQR POS B algorithm is based on the straightforward

computation of f(k+1) according to (4.20) and requires the calculation of
e f (k+1)

‖e f (k+1)‖ .

FQR POS B - Version 2 [5]
Initialization:
d f q2(k) = zeros(N +1,1); dq2(k) = zeros(N +1,1);
cosθ(k) = ones(N +1,1); sinθ(k) = zeros(N +1,1);
‖ e f (k) ‖= δ = small positive value; f(k) = zeros(N +1,1); γ(k) = 1
for k = 1,2, . . .

{ e(0)
f q1

(k +1) = x∗(k +1);
for i = 1 : N +1

{ e(i)
f q1

(k +1) = cosθi−1(k)e
(i−1)
f q1

(k +1)− sin∗θi−1(k)λ 1/2d f q2N+2−i (k);

d f q2N+2−i (k +1) = sinθi−1(k)e
(i−1)
f q1

(k +1)+ cosθi−1(k)λ 1/2d f q2N+2−i (k);
}
e f q1 (k +1) = e(N+1)

f q1
(k +1);

‖ e f (k +1) ‖=
√
|e f q1 (k +1)|2 +λ ‖ e f (k) ‖2;

‖ e(N+1)
f (k +1) ‖=‖ e f (k +1) ‖;

for i = 1 : N +1

{ ‖ e(N+1−i)
f (k +1) ‖=

√
‖ e(N+2−i)

f (k +1) ‖2 +|d f q2i (k +1)|2;

cosθ ′
fN+1−i

(k +1) =‖ e(N+2−i)
f (k +1) ‖ / ‖ e(N+1−i)

f (k +1) ‖;

sinθ ′
fN+1−i

(k +1) = d∗
f q2i

(k +1)/ ‖ e(N+1−i)
f (k +1) ‖;

}
aux0 =

γ(k)e∗f q1
(k+1)

‖e f (k+1)‖ ;

for i = 1 : N +1
{ fi−1(k +1) = cosθ ′

fN+1−i
(k +1) fi(k)− sinθ ′∗

fN+1−i
(k +1)auxi−1;

auxi = sinθ ′
fN+1−i

(k +1) fi(k)+ cosθ ′
fN+1−i

(k +1)auxi−1;
}
εb(k+1)

‖eb(k+1)‖ = f0(k +1);
fN+1(k +1) = auxN+1;
γ(0)(k +1) = 1;
for i = 1 : N +1
{ sinθi−1(k +1) = fN+2−i(k +1)/γ(i−1)(k +1);

cosθi−1(k +1) =
√

1−|sinθi−1(k +1)|2;
γ(i)(k +1) = cosθi−1(k +1)γ(i−1)(k +1);

}
γ(k +1) = γ(N+1)(k +1);
e(0)

q1 (k +1) = d∗(k +1);
for i = 1 : N +1

{ e(i)
q1 (k +1) = cosθi−1(k +1)e(i−1)

q1 (k +1)− sin∗θi−1(k +1)λ 1/2dq2N+2−i (k);
dq2N+2−i (k +1) = sinθi−1(k +1)e(i−1)

q1 (k +1)+ cosθi−1(k +1)λ 1/2dq2N+2−i (k);
}
eq1 (k +1) = e(N+1)

q1 (k +1); e(k +1) = e∗q1
(k +1)/γ(k +1);

}
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2. The FQR PRI B algorithm:

The first version of this algorithm is based on the fact that the last element of a(k+1)
(or aN+1(k +1) = x(k+1)√

λ‖e(0)
f (k)‖

) is known in advance.

FQR PRI B - Version 1 [4]
Initialization:

‖ e(0)
f (k) ‖=‖ e f (k) ‖= δ = small positive value; a(k) = zeros(N +1,1);

d f q2(k) = zeros(N +1,1); dq2(k) = zeros(N +1,1);
cosθ(k) = ones(N +1,1); cosθ ′

f (k) = ones(N +1,1);
sinθ(k) = zeros(N +1,1); sinθ ′

f (k) = zeros(N +1,1);
for k = 1,2, . . .

{ e(0)
f q1

(k +1) = x∗(k +1);
for i = 1 : N +1

{ e(i)
f q1

(k +1) = cosθi−1(k)e
(i−1)
f q1

(k +1)− sin∗θi−1(k)λ 1/2d f q2N+2−i (k);

d f q2N+2−i (k +1) = sinθi−1(k)e
(i−1)
f q1

(k +1)+ cosθi−1(k)λ 1/2d f q2N+2−i (k);
}
e f q1 (k +1) = e(N+1)

f q1
(k +1);

aux0 = x∗(k+1)

λ 1/2‖e(0)
f (k)‖

; aN+1(k +1) = aux0;

for i = 1 : N

{ aN+1−i(k +1) =
aN+2−i(k)−sinθ ′

fi−1
(k)auxi−1

cosθ ′
fi−1

(k) ;

auxi = −sinθ ′∗
fi−1

(k)aN+1−i(k +1)+ cosθ ′
fi−1

(k)auxi−1;
}
‖ e(N+1)

f (k +1) ‖=‖ e f (k +1) ‖=
√

|e f q1 (k +1)|2 +λ ‖ e f (k) ‖2;
for i = 1 : N +1

{ ‖ e(N+1−i)
f (k +1) ‖=

√
‖ e(N+2−i)

f (k +1) ‖2 +|d f q2i (k +1)|2;

cosθ ′
fN+1−i

(k +1) =‖ e(N+2−i)
f (k +1) ‖ / ‖ e(N+1−i)

f (k +1) ‖;

sinθ ′
fN+1−i

(k +1) = d∗
f q2i

(k +1)/ ‖ e(N+1−i)
f (k +1) ‖;

}
1/γ(0)(k +1) = 1;
for i = 1 : N +1
{ 1/γ(i)(k +1) =

√
[1/γ(i−1)(k +1)]2 + |aN+2−i(k +1)|2

cosθi−1(k +1) = 1/γ(i−1)(k+1)
1/γ(i)(k+1)

;

sinθi−1(k +1) =
a∗N+2−i(k+1)
1/γ(i)(k+1)

;

}
γ(k +1) = 1/[1/γ(N+1)(k +1)]; e(0)

q1 (k +1) = d∗(k +1);
for i = 1 : N +1

{ e(i)
q1 (k +1) = cosθi−1(k +1)e(i−1)

q1 (k +1)− sin∗θi−1(k +1)λ 1/2dq2N+2−i (k);
dq2N+2−i (k +1) = sinθi−1(k +1)e(i−1)

q1 (k +1)+ cosθi−1(k +1)λ 1/2dq2N+2−i (k);
}
eq1 (k +1) = e(N+1)

q1 (k +1); e(k +1) = e∗q1
(k +1)/γ(k +1);

}



110 José A. Apolinário Jr. and Paulo S. R. Diniz

The second version of the FQR PRI B algorithm is based on the straightfor-
ward computation of a(k + 1) according to (4.29) and requires the calculation of

e′f (k+1)
√
λ‖e f (k)‖

.

FQR PRI B - Version 2 [8]
Initialization:
‖ e f (k) ‖= δ = small positive value; a(k) = zeros(N +1,1); γ(k) = 1;
d f q2(k) = zeros(N +1,1); dq2(k) = zeros(N +1,1);
cosθ(k) = ones(N +1,1); cosθ ′

f (k) = ones(N +1,1);
sinθ(k) = zeros(N +1,1); sinθ ′

f (k) = zeros(N +1,1);
for k = 1,2, . . .

{ e(0)
f q1

(k +1) = x∗(k +1);
for i = 1 : N +1

{ e(i)
f q1

(k +1) = cosθi−1(k)e
(i−1)
f q1

(k +1)− sin∗θi−1(k)λ 1/2d f q2N+2−i (k);

d f q2N+2−i (k +1) = sinθi−1(k)e
(i−1)
f q1

(k +1)+ cosθi−1(k)λ 1/2d f q2N+2−i (k);
}
e f q1 (k +1) = e(N+1)

f q1
(k +1);

aux0 =
e f q1

(k+1)

γ(k)λ 1/2‖e f (k)‖
;

for i = 1 : N +1
{ ai−1(k +1) = cosθ ′

fN+1−i
(k)ai(k)− sinθ ′

fN+1−i
(k)auxi−1;

auxi = sin∗θ ′
fN+1−i

(k)ai(k)+ cosθ ′
fN+1−i

(k)auxi−1;
}

eb(k+1)
λ 1/2‖eb(k)‖ = a0(k +1);
aN+1(k +1) = auxN+1;
‖ e f (k +1) ‖=

√
|e f q1 (k +1)|2 +λ ‖ e f (k) ‖2;

‖ e(N+1)
f (k +1) ‖=‖ e f (k +1) ‖;

for i = 1 : N +1

{ ‖ e(N+1−i)
f (k +1) ‖=

√
‖ e(N+2−i)

f (k +1) ‖2 +|d f q2i (k +1)|2;

cosθ ′
fN+1−i

(k +1) =‖ e(N+2−i)
f (k +1) ‖ / ‖ e(N+1−i)

f (k +1) ‖;

sinθ ′
fN+1−i

(k +1) = d∗
f q2i

(k +1)/ ‖ e(N+1−i)
f (k +1) ‖;

}
1/γ(0)(k +1) = 1;
for i = 1 : N +1
{ 1/γ(i)(k +1) =

√
[1/γ(i−1)(k +1)]2 + |aN+2−i(k +1)|2;

cosθi−1(k +1) = 1/γ(i−1)(k+1)
1/γ(i)(k+1)

;

sinθi−1(k +1) =
a∗N+2−i(k+1)
1/γ(i)(k+1)

;

}
γ(k +1) = 1/[1/γ(N+1)(k +1)]; e(0)

q1 (k +1) = d∗(k +1);
for i = 1 : N +1

{ e(i)
q1 (k +1) = cosθi−1(k +1)e(i−1)

q1 (k +1)− sin∗θi−1(k +1)λ 1/2dq2N+2−i (k);
dq2N+2−i (k +1) = sinθi−1(k +1)e(i−1)

q1 (k +1)+ cosθi−1(k +1)λ 1/2dq2N+2−i (k);
}
eq1 (k +1) = e(N+1)

q1 (k +1); e(k +1) = e∗q1
(k +1)/γ(k +1);

}
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Appendix 3 - Pseudo-Code for the Order Recursive FQRD-RLS
Algorithms

1. Order recursive version of the FQR POS B algorithm:

LATTICE FQR POS B
Soft-constrained initialization:
ε = small positive value;
for i = 0 : N +1

{ ‖ e(i)
f (k) ‖= ε;

}
d f q2(k) = zeros(N +1,1); dq2(k) = zeros(N +1,1);
cosθ(k) = ones(N +1,1); sinθ(k) = zeros(N +1,1);
f (k) = zeros(N +1,1);
for each k

{ e(0)
f q1

(k +1) = x(k +1);

‖ e(0)
f (k +1) ‖=

√
[e(0)

f q1
(k +1)]2 +λ ‖ e(0)

f (k) ‖2;

aux0 = x(k+1)

‖e(0)
f (k+1)‖

;

fN+1(k +1) = aux0;
γ(0)(k +1) = 1;

e(0)
q1 (k +1) = d(k +1);

for i = 1 : N +1

{ d f q2N+2−i (k +1) = sinθi−1(k)e
(i−1)
f q1

(k +1)+
cosθi−1(k)λ 1/2d f q2N+2−i (k);

e(i)
f q1

(k +1) = cosθi−1(k)e
(i−1)
f q1

(k +1)−
sinθi−1(k)λ 1/2d f q2N+2−i (k);

‖ e(i)
f (k +1) ‖=

√
[e(i)

f q1
(k +1)]2 +λ ‖ e(i)

f (k) ‖2;

cosθ ′
fi−1

(k +1) =‖ e(i)
f (k +1) ‖ / ‖ e(i−1)

f (k +1) ‖;

sinθ ′
fi−1

(k +1) = d f q2N+2−i (k +1)/ ‖ e(i−1)
f (k +1) ‖;

fN+1−i(k +1) =
fN+2−i(k)−sinθ ′

fi−1
(k+1)auxi−1

cosθ ′
fi−1

(k+1) ;

auxi = −sinθ ′
fi−1

(k +1) fN+1−i(k +1)+ cosθ ′
fi−1

(k +1)auxi−1;

γ(i)(k +1) =
√

[γ(i−1)(k +1)]2 − [ fN+2−i(k +1)]2;

cosθi−1(k +1) = γ(i)(k+1)
γ(i−1)(k+1)

;

sinθi−1(k +1) = fN+2−i(k+1)
γ(i−1)(k+1)

;

dq2N+2−i(k +1) = sinθi−1(k +1)e(i−1)
q1 (k +1)+

cosθi−1(k +1)λ 1/2dq2N+2−i (k);
e(i)

q1 (k +1) = cosθi−1(k +1)e(i−1)
q1 (k +1)−

sinθi−1(k +1)λ 1/2dq2N+2−i (k);
}
e(k +1) = e(N+1)

q1 (k +1)/γ(N+1)(k +1);
}
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2. Order recursive version of the FQR PRI B algorithm:

LATTICE FQR PRI B
Soft-constrained initialization:
ε = small positive value;
for i = 0 : N +1

{ ‖ e(i)
f (k) ‖= ε;

}
d f q2(k) = zeros(N +1,1); dq2(k) = zeros(N +1,1);
cosθ(k) = ones(N +1,1); cosθ ′

f (k) = ones(N +1,1);
sinθ(k) = zeros(N +1,1); sinθ ′

f (k) = zeros(N +1,1);
a(k) = zeros(N +1,1);
for each k

{ aux0 = x(k+1)√
λ‖e(0)

f (k)‖
;

aN+1(k +1) = aux0;

e(0)
f q1

(k +1) = x(k +1);

‖ e(0)
f (k +1) ‖=

√
[e(0)

f q1
(k +1)]2 +λ ‖ e(0)

f (k) ‖2;

1/γ(0)(k +1) = 1;

e(0)
q1 (k +1) = d(k +1);

for i = 1 : N +1

{ aN+1−i(k +1) =
aN+2−i(k)−sinθ ′

fi−1
(k)auxi−1

cosθ ′
fi−1

(k) ;

auxi = −sinθ ′
fi−1

(k)aN+1−i(k +1)+ cosθ ′
fi−1

(k)auxi−1;

d f q2N+2−i (k +1) = sinθi−1(k)e
(i−1)
f q1

(k +1)+
cosθi−1(k)λ 1/2d f q2N+2−i (k);

e(i)
f q1

(k +1) = cosθi−1(k)e
(i−1)
f q1

(k +1)−
sinθi−1(k)λ 1/2d f q2N+2−i (k);

‖ e(i)
f (k +1) ‖=

√
[e(i)

f q1
(k +1)]2 +λ ‖ e(i)

f (k) ‖2;

cosθ ′
fi−1

(k +1) =‖ e(i)
f (k +1) ‖ / ‖ e(i−1)

f (k +1) ‖;

sinθ ′
fi−1

(k +1) = d f q2N+2−i (k +1)/ ‖ e(i−1)
f (k +1) ‖;

1/γ(i)(k +1) =
√

[1/γ(i−1)(k +1)]2 +[aN+2−i(k +1)]2;

cosθi−1(k +1) = 1/γ(i−1)(k+1)
1/γ(i)(k+1)

;

sinθi−1(k +1) = aN+2−i(k+1)
1/γ(i)(k+1)

;

dq2N+2−i(k +1) = sinθi−1(k +1)e(i−1)
q1 (k +1)+

cosθi−1(k +1)λ 1/2dq2N+2−i (k);
e(i)

q1 (k +1) = cosθi−1(k +1)e(i−1)
q1 (k +1)−

sinθi−1(k +1)λ 1/2dq2N+2−i (k);
}
e(k +1) = e(N+1)

q1 (k +1)[1/γ(N+1)(k +1)];
}
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