Chapter 4
Fast QRD-RLS Algorithms

José A. Apolinério Jr. and Paulo S. R. Diniz

Abstract Although numerically robust, the QR-decomposition recursive least-
squares (QRD-RLS) algorithms studied in the previous chapter are computation-
ally intensive, requiring a number of mathematical operations in the order of N2,
or O[N?], N being the order of the adaptive filter. This chapter describes the so-
called fast QRD-RLS algorithms, i.e., those computationally efficient algorithms
that, besides keeping the attractive numerical robustness of the family, benefit from
the fact that the input signal is a delay line, reducing the complexity to &'[N]. The
fast versions of the QRD-RLS algorithms using real variables are classified and
derived. For each algorithm, we present the final set of equations as well as their
pseudo-codes in tables. For the main algorithms, their descriptions are given utiliz-
ing complex variables.

4.1 Introduction

Usually the choice of a given adaptive filtering algorithm for an application relies
on a number of properties such as speed of convergence, steady-state behavior in
stationary environments, and tracking capability in non-stationary environments.
However, very often the algorithm choice is highly correlated to its computational
complexity. In the case of the recursive least-squares(RLS) family of algorithms,
their distinctive features are behavior in finite wordlength implementations and com-
putational burden.
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In case the application at hand has some structure related to the input signal
data vector, such as being composed by a tapped delay line, it is possible to
derive a number of algorithms with lower computational complexity collec-
tively known as fast algorithms.

From the conventional (& [NZD QR decomposition method [1, 2], a number of
fast algorithms (€[N]) has been derived [3, 4]. These algorithms can be classified
in terms of the type of triangularization applied to the input data matrix (upper or
lower triangular) and type of error vector (a posteriori or a priori) involved in the
updating process. As it can be verified from the Gram—Schmidt orthogonalization
procedure, an upper triangularization of the data correlation matrix Cholesky factor
(in the notation adopted in this work) involves the updating of forward prediction
errors while a lower triangularization involves the updating of backward prediction
errors.

This chapter presents a classification of a family of fast QRD-RLS algorithms
along with their corresponding equations. Specifically, Table 4.1 shows how
the algorithms discussed here will be designated hereafter as well as the clas-
sification of the type of prediction problem the algorithms rely.

Table 4.1 Classification of the fast QRD-RLS algorithms.
Error Prediction
type Forward | Backward

A posteriori || FQR_POS_F [3] | FQR_POS_B [5, 6]
A priori FQR_PRI_F [7] FQR_PRI_B [4, 8]

It is worth mentioning that the FQR_PRI_B algorithm was independently devel-
oped in [8] and in [4] using distinct approaches and leading to two different ver-
sions. The approach which will be used here [4] was derived from concepts used
in the inverse QRD-RLS algorithm [9]. The same algorithm (FQR_PRI_B) was also
derived in [10] as a lattice extension of the inverse QRD-RLS algorithm [11].

In the derivation of fast QRD-RLS algorithms, we start by applying the QR
decomposition to the backward and forward prediction problems whose predic-
tion errors were defined in the previous chapter. We aim the triangularization of the
extended order input data matrix X(V+2) (k), from the expressions involving back-
ward and forward predictions, in order to obtain QW*2) (k), such that

U(N+2) (k)

where the null matrix 0 above has dimension (k—N —1) x (N +2).

QM (k)X (k) = [ g ] : (4.1)
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4.2 Upper Triangularization Algorithms
(Updating Forward Prediction Errors)

The first algorithms derived here are those based on forward prediction errors,
namely the FQR_POS_F [3] and the FQR_PRI_F [7] algorithms. These algorithms
are presented here for completeness, due to their historical importance, and to pave
the way for the next section which deals with a more attractive class of algorithm in
terms of complexity and stability. As such, we suggest to a reader more interested
in practical implementation to skip this section, and focus on the algorithms based
on the updating of backward prediction errors.

Let us start, from the definition of the weighted backward prediction error vector
ey (k) = dp(k) —X(k)wp(k), by pre-multiplying the weighted backward desired vec-

T
tor dp (k) = [x(k —N—1) - A*=N=D/2x(0) O;H} by Q(k) and use the recursive

structure of Q(k)." As a result, two important relations follow.

les(k) |2 = e}y, (K)+A || €5 (k—1) |2, and (4.2)
evg, (k) | _ dy (k)
[d[;@(k)} = Qolk) [l'/zd;z(k— 1)] : (43)

where dp (k) = x(k—N —1).

The (upper) triangularization, as seen in (4.1), of XV +2>(k), as defined in the
previous chapter for the backward prediction problem, is achieved using three dis-
tinct matrices: QN+ (k) = Q) (k)Qy (k)Q(k), where Q, (k) and Q) (k) are two sets
of Givens rotations applied to generate, respectively, || e,(k) || and || e}()o) (k) ||. The
latter quantities are defined in the sequel. As a result, we have

U(k) dpg, (k)

2 (k) || el (k
_ {R((k)) [ e, 0( ) ] , (4.4)

U(N+2)(k) _ Q/eh(k) [ 0r || es(k) ]

where Qf, (k) is a submatrix of Q) (k), [z(k)RT (k)] is the left part of UN*2)(k),

just excluding the last column, and || eéo) (k) || is the norm of the backward error of
a predictor whose number of coefficients is zero.

In the forward prediction problem, the pre-multiplication of the forward weighted
desired vector, ds(k) = [x(k) - lk/zx(O)]T, by {Q(]:)T_ h (1)] and the use of the

recurse expression of Q(k) in the weighted forward error vector ey (k) = ds(k) —

~ T
! The recursive structure of Q(k) is expressed by Q(k) = Q(k) { I 0 } .

0 QK1)
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{X(]:)T_ 1)} w(k), leads to two other important relations given by
| er(k) |* = ef,, (k) +A || ef(k—1) ||*, and (4.5)
] = oo [ngl o

where dy(k) = x(k).
The upper triangularization of Uv+2) (k) in the forward prediction problem is
Qk-1)0
o7 L where
Q/ (k) is a set of Givens rotations generating || e/ (k) || by eliminating the first k — N
elements of the rotated desired vector of the forward predictor. The result is

UM+ (k) = [||dé£ﬁ/(<])€)|| U(I:)T_ 1)] . 4.7)

In order to avoid working with matrices of increasing dimensions, it is possible
to eliminate the identity matrices that are part of the rotation matrices and are the
source of the dimension increase. By eliminating these internal identity matrices,
one can show that [2]

implemented by pre-multiplying e/ (k) by the product Q(k) {

Q) =urw | ¥V @38)

where Qg (k) is a single Givens rotation generating || es(k) || as in (4.5).
If we take the inverses of (4.4) and (4.7), the results are

0 R !(k)
U2 = 1 R
Ll ol el ol
S
Hef< Il
= | oty gy U =D, (0) | - 4.9)
U k=) =g

We can use the expressions of [UN*2)(k)]~! given in (4.9) to obtain the vec-
tors fV+2)(k + 1) and a™*+2)(k + 1). The choices of these vectors generate dis-
tinct algorithms, that is, updatlng f(k) (a posteriori forward errors) leads to the
FQR_POS_F algorithm [3] whereas updating a(k) (a priori forward errors) leads
to the FQR_PRI_F algorithm [7].

4.2.1 The FOQR_POS_F algorithm

In the FQR_POS_F algorithm, vector fN*2)(k + 1) = [UN*2)(k + 1)]T
xNV+2)(k 4 1) is expressed in terms of the relations obtained in the forward and
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backward prediction problems. We shall first use the expression for [UN*2) (k)] ~!
in (4.9) that comes from the backward prediction evaluated at instant k + 1 to cal-
culate fV+2) (k4 1). In this case, we replace XV *2) (k+1) by [x" (k+1) x(k—N)]T
and then pre-multiply the result by Q/gb(k + 1). The outcome, after some alge-
braic manipulations (using Equation (4.4) to help with the simplification of the
expression), is

V2 (k1) = Qy (k+1)

ey (k+1)
llep(k+D)[ | (4.10)
f(k+1)

Using the expression for [UN*2)(k)]~! originated from the forward prediction
case, at instant k + 1, and replacing xV+2) (k+ 1) by [x(k+ 1) x"(k)]T, we obtain

f(k
VD (k+1) = l s,-<(k+)1> ] (4.11)
lles(k+1)]|

By combining (4.10) and (4.11), it is possible to derive an expression to update
f(k), which is given by

ke, T £(k)
e, (k+ =Qp, (k+1)| er(kt1) (4.12)
f(k+1)] Te DT

Once we have f(k+ 1), we can extract the angles of Qg (k+ 1) by post-multiplying
this matrix by the pinning vector [10 --- 0]T. From the partitioned expression of
Qg (k), we can see that the result is

Qo(k+1) [(1)] - [}/((1]:11))} (4.13)

However, the quantities required to compute the angles of ng (k+ 1) are not
available at instant k so that a special strategy is required. The updated Qle,, (k+1)
is obtained [2, 12] with the use of vector ¢(k + 1) defined as

el 1) = Q5"+ DQau(h) |
= Qp,(k+1) {g} . (4.14)

The submatrix ng”) (k+ 1) consisting of the last (N +2) x (N +2) elements

of QE,NH) (k4 1) is available from (4.8) (forward prediction) and b does not need to
be explicitly calculated in order to obtain the angles 6,;,.

Finally, the joint process estimation is calculated with the same expressions pre-
viously used for the conventional QRD-RLS algorithm. The FQR_POS_F equations
are presented in Table 4.2. A detailed description of this algorithm is found in
Appendix 1.
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Table 4.2 The FQRD_POS_F equations.

FQR_POS_F

for each k
{ Obtaining ey, (k+1):
e/ql(kJrl)} —Oulk { x(k+1) }
{dfqz(k"‘l) Qs (k) AP dyg, (k)
Obtaining Qg s(k+ 1):
s+ 1) 1= /e, (k+ 1)+ 2 | es(0) |2
cosby(k+1)= 2" |ler(k) || / || ep(k+1) |
sinOp(k+1) =epq (k+1)/ || ep(k+1) ||
Obtaining ¢(k+ 1):
k) 0
Q) k1) =Qurtier ) | % |
ngﬁ) (k+ 1) =last (N +2) x (N+2) elements of Q(9N+2) (k+1)
N 1
c(k+1) = QM (k+ 1)Qy, (k) M
Obtaining Qf, (k+1):
3] =Qp, " (k+)e(k+1)
Obtaining f(k+ 1):

e | oy T | o
e (k+ = +1 ef(k+1)
fk+1) o Te D]

Obtaining Qg (k+1):

(1] A1 y(k+1)

_0] = Qk+1) {f(kJrl)

Joint Process Estimation:

e (k+1)7] d(k+1)

k1) | = QETD 212, )
e(k+1)=eq (k+1)/y(k+1) % a priori error
e(k+1)=eq (k+1)y(k+1) % a posteriori error
}

4.2.2 The FOR_PRI F algorithm

Expressing a2 (k4 1) = [UY*2) (k)] TxN+2) (k4 1) /v/A in terms of the matri-
ces in (4.9) and pre-multiplying the expression for [UN*2)(k)]~! originated from
the backward prediction problem by Qp, (k)Q’ o (k) yields

eplkt1) . a(k)
Valles k)l | = Qlyp (k) | ep(kt) 4.15)
a(k+1) VAler (0]

Given a(k + 1), the angles of Qg (k + 1) are found through the following relation
obtained by post-multiplying Qg (k+ 1) by the pinning vector.

[W(ﬁ“)} — Qp(k+1) {—a(ll—l—l)} (4.16)
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By noting that the angles of Qj (k+ 1) can be updated with the same procedure
used in the FQR_POS_F algorithm, we already have all the necessary equations of
the fast QR-RLS algorithm as presented in Table 4.3. The detailed description of

this algorithm is also found in Appendix 1.

Table 4.3 The FQRD_PRI_F equations.

FQR_PRI_F

for each k
{ Obtaining ef(k+1):

erg (k+1)] x(k+1)
[dﬁl (k+ 1)} = Qs(k) {l‘/zd_mz (k)]
e (K1) = e7gy (k4 1)/7(K)

Obtaining a(k+1):
ekt 1) a(k)
VA ley (k)| } :Q/ebT(k) ep(kt1) }
a(k+1) Valles (]
Obtaining Qg ¢ (k+1):

les(k+1) [|= \/eﬁ-,,I (k+1)+2 [l es(k) |7

cosbr(k+1)=21"2 |l er(k) || / || ef(k+1) |
sinbp(k+1) = esq (k+1)/ [ ef(k+1) ||
Obtaining ¢(k+1):

Qo (k) 0}

Q" (k+1) = Qos(k+1) [ o
Q(QNH) (k+ 1) =last (N +2) x (N+2) elements of Qg”z) (k+1)
el 1) = Q50 Dy 4 | |

Obtaining Qf, (k+1):

3 =Q,, (k+ e(k+1)
Obtaining Qg (k+ 1):

[1/y(k+1)] _ 1

I 0 =Qo(k+1) —a(k+1)
Joint Process Estimation:

(e (k+1)] d(k+1)
dp (it 1) | = QEED 2129, G

e(k+1)=eg (k+1)/y(k+1) % a priori error
e(k+1)=eq (k+1)y(k+1) % a posteriori error

}

4.3 Lower Triangularization Algorithms
(Updating Backward Prediction Errors)

Following similar steps as in the upper triangularization, it is possible to obtain
the lower triangular matrix UN+2) (k) from the forward and backward prediction

problems.
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Before presenting the derivations, we remark that the fast QRD-RLS algo-
rithms with lower triangularization of the input data matrix or, equivalently,
updating backward prediction errors, are of minimal complexity and back-
ward stable under persistent excitation [5, 11].

In the backward prediction problem, the lower triangular UV+2) (k) is obtained
through the use of QV+2) (k) = Q, (k)Q(k), where Qy (k) is a set of Givens rotations
applied to generate || e,(k) ||. The resulting Cholesky factor is

U () = I e(k) II} _ (4.17)

l:U(k) dblh (k)

On the other hand, in the forward prediction problem, the lower triangular matrix
UN*2)(k) is formed by pre-multiplying the forward weighted error vector e (k)

k—1)0
by the product Q' (k)Qy (k) [Q( o7 ) 1} , where Q(k) and Q/;(k) are two sets of
Givens rotations generating || es(k) || and || e<f0> (k) ||, respectively. The resulting
expression is ‘

dyq, (k) U(kl)}:[ 0 ROy

U(N+2)(k) _ Q/Gf(k) |:|| ef(k) || oT ” e;O)(k) H zT(k)

where [RT (k) z(k)]T represents the last (N + 1) columns of UN*2)(k). By consid-
ering the fact that (4.2), (4.3), (4.5), and (4.6) hold, || es(k) || can be recursively
computed using (4.5).

Taking the inverse of (4.17) and (4.18), we have the following results:

Ky, () ¢
W42 (-1 — | —Tem— U (k)
U0 = l T

Heb§ Il
&1

Tes KT

= 1P 1w | . (4.19)

With the results obtained from (4.19), we can once more express vectors
fV+2)(k+ 1) and a2 (k+ 1) in terms of the submatrices of [U(N”) (k+1)

If we update f(k), the resulting algorithm is the FQR_POS_B whereas, by updating
a(k), one generates the FQR_PRI_B algorithm.
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4.3.1 The FQR _POS _B algorithm
Expressing fV+2) (k+ 1) = [UN+2) (k4 1)] TxN*2) (k + 1) in terms of the matrix

in (4.19) originating from the the forward prediction problem, and pre-multiplying
the resulting expression by Qj (k+1)Q’ };f(k +1) yields

ey L (k+1) i)
okt | =Qp (k+1)| ekt |- (4.20)
f(k+1) ! Ter DT

For this particular algorithm, we provide extra implementation details which
are similar to the other fast QRD-RLS algorithms. We start by pointing out that
matrix Q’ef(k) in (4.20) corresponds to the set of rotations used in (4.18) to

eliminate dy,, (k) over ||e;(k)|| such that the resulting matrix UN*2)(k) is lower
triangular.
Therefore, making explicit the structure of Q;_)f (k), the part of (4.18) given by the

T
product Q’ef (k) [d}qz (k) |l er(k) H} can be expressed as

0 ae () Iy 0 0
T .
l” e(o)(k) ”1 — QoK) [ ef;zk) ”} - OT cos G;N(k) —sin BI}N(k)
f 0" sin6;, (k) cosy (k)
dyg, (k)
cos 0}, (k) 0T —sin 0} (k) . :I
0 Iy 0 N B CE)
sin 07, (k) 07 cos 67, (k) '{?vzﬁf)l( )
ey (k) |
0
df‘!%\l]\/Jrl (k)
e ()

where, for this first multiplication, the quantity cos0} (k)dsg, (k) —
sin 07, (k) || e;NH)(k) | was made zero and the quantity sin@ (k)dye, (k) +

N+1 N
cos 6}, (k) || (k) || corresponds to || e (k) ||

In the ith multiplication, for i ranging from 1 to N + 1, we have:

o (N+2—i)
{ cos 0| (k)dsg2; (k) = sin 0} (k) || e} " (k) | 42

1—i . 2—i
1™ (k) [|=sin @) (K)dpqa, (k) +cos8;_ (k) || €7 (k) |

The two expressions in (4.22) are represented graphically in Figure 4.1. From this

figure, one clearly observes that || e(fNH*i) (k) || can also be computed as follows.
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dyqp,; (k)

0w |
Fig. 4.1 Multiplication of Qj . (k): computing cos 87, (k) and sin6; _ (k).
(N+1— N+2
I 100 1=, 0+ [ €72k | (423)

N+ll()

After computing || e ||, the sine and the cosine are given below.

cos 0} (k) —“e;N+2_i)(k)||
i1 (N+1—i)
ller )l (4.24)
. 9/ k o df‘ﬂi (k+1) :
sin _|( )=

e 0w

In the derivation of (4.20), it can be observed that the last element of f(k+ 1)

is % e term HZE’IE—E;H can be calculated as y(k)sin@(k + 1) where
sin@f(k+1) = ﬁ is the sine of the angle of rotation matrix Qs(k+1).

Using or not this information, the prior knowledge of the last element of f(k+ 1),
leads to two distinct versions of the FQR_POS_B algorithm. The first version [6]
uses this information as following discussed. Multiplying (4.20) by Q’g > We obtain

. L gkt ) er(kt1)
the relation (4.25) with Heb ES) being represented by fo(k + 1), Ter G T by

fv+2(K), and the ith element of f(k) by fi(k), for i ranging from 1
to N+ 1.
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fi(k)
f(k) } _ : _ o7 [fo(k+1)}
o] = | | =00 R
Iv+2(k)
cos 8 (k) 0T sin6;, (k)
— 0 Iy 0 Q/ng+l—i(k+l)
sin 07, (k) 0" cos 6, (k)
Jo(k+1)
Iy 0 0 .
0T cos@) (k) sin@ (k) : (4.25)
Iy N 1(k+1) |
0T —sin 0}, (k) cos 6 (k) fZ}Né]E+—:))
Ini(k+1)
fo(K+1)
fuik+ 1)
T+ (k)

In the last multiplication above, the results (as shown below the underbrace) denoted
by fv+1(k) and aux; are such that, for the ith multiplication (with i from 1 to N+ 1),
we have:

fnvia—i(k) = cos 6}N+1—i(k+ 1) fysi—i(k+1)

—sin G}NH# (k+ 1)aux;—; (4.26)
aux; = —sin GJLNHﬂ'(k + l)fN+1,,'(k + 1)
+cos G}MH (k+ 1)aux;_ (4.27)

where auxy) = fy4+1(k+ 1) is the last element of f(k + 1) which is known a priori.

From (4.26), we can easily obtain fyi—;(k+ 1) as in Equation (4.28) and with
this value compute aux; in (4.27) such that fy-,(k) = auxy; (which is actually not
used afterwards).

fue1—i(k+1) = Svra-i(k) —sin6p - (k+ Daux;
+1—i COSG}N+1 (k+1)

—i

(4.28)

In the second version of this algorithm [5], we compute first Hz;g:%i)“ =
Y(K)esq, (k+1)

lles(k+1]

Once we have f(k+ 1), we find Qg (k+ 1) with the same relation used in the
upper triangularization algorithms, (4.13). Moreover, the joint process estimation
is carried out in the same manner as in the forward prediction-based algorithms.

and then (4.20) is used in a straightforward manner.
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Table 4.4 The FQR_POS_B algorithm.

FQR_POS_B

for each k
{ Obtaining d g, (k+1):

epq (k+1) | x*(k+1)
| dyg, (k+1) = Qs (k) A1y, (k)
Obtaining || ey (k+1) |:
ler(k+1) 1= /lesq, (k+ D+ [ er (k) [
Obtaining Q) ork+1):

0

0
e (k+1) |
Obtaining f(k+1):
[ e(k+1)
lesk+D | = Q) (k+1
f(k+1) ok 1)

dsy, (k+1
Qef("“)[ue o )H

f(k)
e (k+1)
L lles (k+D)1]
Obtaining Qg (k+1):
(1] A1 y(k+1)
_0} =Qolk+1) {f(k-ﬁ-l)
Joint Process Estimation:
eql(kJrl)} Ok [ d*(k+1) }
=Qq(k+1
a1 ] = QEED 202,
e(k+1)=¢, (k+1)/y(k+1) % a priori error
ek+1)=ep (k+1)y(k+1) % a posteriori error

}

As a result, we have now available all the required expressions composing the
FQR_POS_B algorithm as presented in Table 4.4. The detailed descriptions of two
different versions of this algorithm is found in Appendix 2.

4.3.2 The FQR _PRI B algorithm

This last algorithm of this family is obtained by expressing vector a¥*2) (k+1) =
UV ()] TxNV*2) (k + 1)/v/A in  terms of the expression for
[UN42) (k)] =" in (4.19) originated from the forward prediction problem. Next, by
pre-multiplying a®¥*2) (k4 1) by Q) 7 (k)Q g 7(k), the following updating equation
results.

r:‘b(k+l)
V2| (k

a(k+1 )

a(k)
Qe (k) | erlk+1) (4.29)
VAlley (k)

It is again important to mention that the last element of a(k+ 1) in (4.29) is
x(k+1)
VA wll”
of the same algorithm: the same approach used in (4.20) for vector f(k) can be

employed here for vector a(k).

already known to be equal to This fact leads to two different versions
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Table 4.5 The FQR_PRI_B algorithm.

FQR_PRI_B

for each k
{ Obtaining d sy, (k+1):

erq (k+1) | x(k+1)
] e |1 o
Obtaining a(k+ 1):
e:-’(gcﬁ)l) :|

e;,(k+l)
VA ”% } Qp (k)
a(k+1) ! VAlles ®)]

Obtaining || es(k+1) ||:

ler(k+1) = lerg,(k+ D+ 2 [ es (k) 7
Obtaining Qp (k+1):

0 Y df 7(k+]) :|
MWHMH‘%“+WMM+N
Obtaining Qg (k + 1):

1/y(k+1)} Qo(k+1) {_a(lirl)}

._I oint Process Estimation:
eq (k+1) | d*(k+1)
qz(kJrl) =Qq(k+1) ll/quz(k)
(k+1)—e (k+1)/y(k+1) % a priori error
etk+1)=ey (k+1)y(k+1) % a posteriori error
}

99

Once more, if we have a(k+ 1), we can find Qg(k+ 1) using (4.16) and the
joint process estimation is carried out as seen in the previous chapter, i.e., updating

dy, (k) from d(k) and d, (k —

1) as well as computing the error (a priori or a pos-

teriori) from the rotated error e, (k). The FQR_PRI_B equations are presented in
Table 4.5. The detailed descriptions of the two versions of this algorithm is found in
Appendix 2.

In terms of computational complexity, Table 4.6 shows the comparisons among
the four fast QRD algorithms according to their detailed pseudo-codes in Appen-
dices 1 and 2. Note that p = N 41 is the number of coefficients.

Table 4.6 Comparison of computational complexity.

| ALGORITHM [ ADD | MULT. | DIV. | SQRT |
[ FQR_POS_F [3] [[ 10p+3 | 26p+10 | 3p+2 | 2p+1 |
[ FQR_PRLF [7] [[ 10p+3 | 26p+11 | dp+d | 2p+1 |

FQR_POS_B (VERSION 1) [6] 8p+1 19p+4 4p+1 2p+1

FQR_POS B (VERSION 2) [5] || 8p+l | 20p+5 | 3p+1 | 2p+I

FQR_PRIB (VERSION 1) [4] || 8p-1 | 19p+2 | 5p+1 | 2p+I

FQR_PRI_B (VERSION 2) [8] 8p+1 20p+6 4p+2 2p+1
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4.4 The Order Recursive Versions of the Fast QRD Algorithms

The fast QRD-RLS algorithms employing lower triangularization of the input
data matrix are known as “hybrid QR-lattice least squares algorithms”. It is clear
from previous sections that these algorithms may update the a posteriori or the
a priori backward prediction errors. Moreover, they are known for their robust
numerical behavior and minimal complexity but lack the pipelining property of the
lattice algorithms.

The main goal of this section is the presentation of the order recursive (or lat-
tice) versions of the fast QR algorithms using a posteriori and a priori back-
ward errors or FQR_.POS_B and FQR_PRI_B algorithms according to our clas-
sification. The equations of these algorithms are combined in an order recur-
sive manner such that they may be represented as increasing order single-loop
lattice algorithms [13]. These order recursive versions can then be implemented
with a modular structure, which utilizes a unique type of lattice stage for each
algorithm.

Before their derivation, in order to help their understanding, let us specify in
Table 4.7 the meaning of each variable used in both algorithms. It is worth men-

Table 4.7 Summary of variables used in FQR_POS_B and FQR_PRI_B algorithms.

dy, (k) : rotated forward desired vector
dyp2(k) : last N+ 1 elements of d s, (k)
ey (k) : forward error vector
e (k) ||+ norm of e (k)
ey (k) : rotated es (k)
eyq, (k) : first element of ey, (k)
Qg (k) : Givens matrix (updates the Cholesky factor)
x(k) : input signal
A : forgetting factor
o7 (k+1) : Givens matrix that annihilates d g (k+1) in (4.18)
I esco) (k) || - norm of ef(k) in a zero coefficient case
f(k) : a posteriori normalized errors
a(k) : a priori normalized errors
e, (k) : backward error vector
|l e5(k) || : norm of e (k)
€¢(k) : a posteriori forward prediction error
ef(k) : a priori forward prediction error
&y (k) : a posteriori backward prediction error
ep(k) : a priori backward prediction error
y(k) : product of cosines of the angles of Qg (k)
e, (k) : rotated error vector
eq, (k) : first element of e, (k)
d, (k) : rotated desired vector
dy, (k) : last N+ 1 elements of d, (k)
d(k) : desired signal
e(k) : a priori output error
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tioning here that a variable with no superscript implies in an N-th order quantity or,
equivalently, is related to an N + 1 coefficients filtering. Let us take as illustration
the norm of the forward energy: || es(k) ||=|| eﬁfNH)(k) II.

The internal variables found in fast QR algorithms are closely related to those
found in conventional lattice algorithms. This was indeed the approach used in [5, 8]
to develop these algorithms originally and the implications are well explained in
those two references. As pointed out in [5], within this framework was the solution
to the parameter identification problem first addressed using fast QR algorithms. The
work of [14] stresses the fact that sin 87, (k) and sin 0} (k — 1) represent the reflection
coefficients of the normalized lattice RLS algorithms (a priori and a posteriori).

On the other hand, the main idea behind the generation of a lattice (or fully lat-
tice) version of the fast QR algorithms is the merging of their equations using order
updating instead of fixed order variables. This can be done when partial results pos-
sess this order updating property. This is indeed the case of the lower triangular-
ization type algorithms since the internal variables are synchronized at instant k or
k —1 (only order updating). The same facility in obtaining lattice versions is not
observed in those algorithms employing upper triangularization (FQR_POS_F and
FQR_PRIF) since the normalized errors present in the orthogonal matrix Qg (k) are
of different orders at distinct instants of time (order and time updating).

We next show how to combine the equations of FQR_POS_B in order to obtain
its order recursive version. Starting from (4.6), we rewrite this equation evaluated
at k+ 1, with an explicit form of Qg (k) in terms of a product of N 4+ 1 Givens

rotations Qg, (k) and with e<f(21>1 (k+1) = x(k+ 1); we suggest the reader to check, in

the previous chapter, the structure of Qg, (k) for the lower triangularization case.

erg (k+1) _
d;f;] (k+1) cos Oy (k) —sin By (k) 0T
o = | sinOy(k) cosOy(k) 0T
0 0 Iy

dfq2N+I (kJr 1)

o] | D
cos (k) 07 —sinbo(k) | | 21724, , (k)

0 Iy 0 (4.30)
sin By (k) 07 cos6y(k) | :
)Ll/zdf’lzN-H (k)
The product of the first two terms, from right to left, results in
cos By (K)el (k+ 1) — sin oA d o, (K)
A 1/2df42| (k)
: 4.31)

Adyp, (k)
sin B (k)e') (k-+1) +cos o (k) 2d gy, (K)



102 José A. Apolindrio Jr. and Paulo S. R. Diniz

The first and last terms of the above equation are, respectively, e(f21 (k+1) and

dfqy., (k+1). If the other products are computed, one can reach the following
relations:

) (k1) = cos b1 (k)el, V(k+1)

—sin 01 (k)A2d oy, (k) (4.32)
dfqanss (k+1) = sin @i (k)el " (k+1)
+cos 01 (A Pdsoy ., (k) (4.33)

where i belongs to the closed interval between 1 and N + 1.
0
If we use a similar procedure with the equation © =
ey (k+1) ]
dyg, (k+1)

[ er(k+1) ||
rithm, we will find

’ef(k +1) which is part of (4.18) used in the FQR_POS_B algo-

(i)
e (k+1
cosOy  (k+1) = w’ (4.34)
‘ ey (k1)
dy, k+1
sin@f,_ (k+1) = fquJrZ—t(Jr) (4.35)

el k+1) |

In the last equation, i varies from 1 to N + 1 and the updating of the forward error
energy is performed by the following generalization of (4.5)

e (k+1) [1= /2 [ (k) 2 +[el) (k+ D] (4.36)

All other equations are combined in a single loop by computing partial results
from the partial results of the previous equations. The resulting algorithm is des-
cribed in detail in Appendix 3 and, although not identical, is similar to the one
presented in [15]. A stage of its lattice structure is depicted in Figure 4.2, where
the rotation and angle processors can be easily understood from the algorithmic
description.

Finally, the lattice version of the FQR_PRI_B algorithm is obtained in a way
which is very similar to the one used to derive the lattice version of the FQR_POS_B
algorithm [4]. The algorithm is shown in Appendix 3 and Figure 4.3 depicts one
stage of the lattice structure for this algorithm.
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et (k+1) >

6.,

» efq,(k+1)

diq2,., (k+1),efqi(k+1)

0, (k+1)
eq (k+1) > » eq(k+1)
0, (k+1)
¥ (k+1) , O > 7 (k1)
lle (k+ Dl > > lle(k+1)ll

0%, (k+1)

fN+2-i(k+] )

> fN+]-i(k+] )

aux,, > > aux,
Fig. 4.2 One stage of the FQR_POS_B lattice structure.
et (k+1) > > et (k+1)
0.,(k)

0., (k+1)

(i-1)

dig2,.., (k+1),efq1(k+1)

(i)

eq,(k+1) > > eq,(k+1)
en(k+1)/L
1y (k1) =O > 17 (k+1)
lle (k+ 1)l > > lle(k+1)ll
0% (k+1)
0%, (k)
aN+2-i(k+1) > aN+l—|(k+1)
aux, > > aux,

Fig. 4.3 One stage of the FQR_PRI_B lattice structure.
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This section presented the order recursive or lattice versions of the fast
QRD-RLS algorithms that update a posteriori and a priori backward errors.
Results from the Gram—Schmidt orthogonalization can be used to conjec-
ture that only the fast QR algorithms using lower triangularization, i.e., those
updating backward prediction errors, would have their lattice versions easily
implementable.

It can be observed from simulation results (not shown here) that the performance
of the order recursive versions, in finite-precision implementations, is comparable
to that of the original algorithms. The lattice versions have basically the same com-
plexity as their original algorithms (FQR_POS_B and FQR_PRI_B) and lower com-
plexity than the fast QR lattice algorithms previously proposed in [16].

4.5 Conclusion

This chapter presented the so-called fast versions of the QRD-RLS family
of algorithms. In here, fast QRD-RLS algorithms using a priori and a posteri-
ori forward and backward errors (based on upper or lower triangularization of the
input data matrix) were derived. A comprehensive framework was used to classify
the four fast QRD-RLS algorithms and their presentation were based on simple
matrix equations, while detailed algorithmic descriptions were provided in appen-
dices.

For those with a suitable application at hands and willing to select a fast QRD-
RLS algorithm, as a finger rule, we stress the importance of those based on the
updating of backward prediction errors (lower triangular algorithms as per the nota-
tion adopted in this chapter). Although they all might have similar computational
complexity, the FQR_PRI_B and the FQR_POS_B algorithms present the desired
feature of proven stability. The fast QRD-RLS algorithms can be used whenever the
input signal vector consists of a delay line; in case where we have distinct signals
each consisting of a delay line, multichannel versions are appropriate; this topic is
addressed in Chapter 6.

Finally, it is worth mentioning that fast QRD-RLS algorithms do not provide the
filter coefficients (transversal form) explicitly; they are however embedded in the
internal variables. In applications where these weights are desirable, weight extrac-
tion techniques can be used as described in Chapter 11.



4 Fast QRD-RLS Algorithms 105

Appendix 1 - Pseudo-Code for the Fast QRD-RLS Algorithms
Based on Forward Prediction Errors

1. The FQR _POS F algorithm:

FQR_POS_F [3]

Initialization:
|| ef(k) ||= & = small positive value; dypo (k) = dgp(k) = zeros(N+1,1);
cos0(k) = cos0),(k) = ones(N + 1,1); s5in6 (k) = sin@),(k) = zeros(N + 1, 1);
y(k)=1; f(k) = zeros(N+1,1);
fork=1,2,...
{ efr (k+1) =x(k+1);

fori=1:N+1

{ ey, (et 1) = cosi (K)ef, ! (k) = sin6,1 (k)22 d o, (K):
dpg; (k+ 1) = sin6;_1 (K)eyy, ! (k) + cosOh1 (k)21 2d g, (K);

epa (k1) =™ (k+1);

[ es(k+1) 1= \/efql (kt 1)+ A || es(k) |ProsOy(k+1) = A e (k) [| / | es(k+1) |:
sinBf (k+1) = esq, (k+1)/ [ ef(k+1) [l e(k+1) = [1; zeros(N +1,1)];
fori=1:N+1

{ enssilk+1) = —xin@éNHii(k)c]; ci(k+1) = C”‘?%Nuq (k)eys

}

Cax = [05 c(k+1)];

fori=1:N+1

{ oldvalue = [
Cauxjy) = sinB;—y (k)cawcl +cos6; (k)cazuprl 5
Cauxy = €080;_1 (k)caur, — sin;—; (k)oldvalue;

oldvalue = Cauxy 3
Caury = cosOy(k+ 1)c,m1 — sinBy(k+ 1)60MXN+3 ;

Cauy .3 = $in6y (k+ Doldvalue + cosOf (k+1)cauy, 53

clk+1) =cux(2: N+3);

fori=1:N+1

{ oldvalue = cy; 1 :\/C%JFC?HQ
5059,;"71 (k+1) = oldvalue/cy; sineéiil (k+1) = —ciy1/c13

£V (k4 1) = [£(k); sinBp (k+ 1)y(K)]:  auxo = £ (k+1);

fori=1:N+1

{ aux; = cos@b”;l (k+1)aux;—y 7””'"6’;:’—1 (k+1 )f,(NJr2 (k41);
filk+1) =sin®)  (k+1)aux;_, +cos9b (k+1)f; N+2)(k+ 1);

}

PO (k+1) =

fori=1:N+1

{ sin6_1(k+1) = fi(k+ 1)/ D (k+1);
cosO_y (k+1) = \/1—sin26,_ 1(k+1)

YD (k+1) = cosO_y (k-+ )P (k+1);

Ylk+1) =y (k+1); &) (k+1) =d(k+1);
fori=1:N+1

{ e (k+1) = cosb_y (k+ 1)ell, V) (k4 1) = sin6_y (k+ 1) A 2dp, (k)
dp; (k+1) 7sm9,,](k+1)e¢(” (k+1) +cosB— (k+ 1A 2d 2, (k):

eq (k1) = e ™ (k+1); e(k41) = eq, (k+1)/y(k+1);
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2. The FQR PRI F algorithm:

FQR_PRILF [7]

Initialization:
[lef(k) ||= 6 = small positive value; dyg2 (k) =dgp (k) = zeros(N + 1, 1);
cos0 (k) = cos0),(k) = ones(N + 1,1); 5in (k) = sin0),(k) = zeros(N + 1,1);
1/y(k)=1; a(k) = zeros(N + 1,1);
fork=1,2,...
{ e (k1) =x(k+1);

fori=1:N+1

{ e (k+1) = cost; l(lc)e<f’q]‘>(1<) —siny_y (K)A2d g, (K):
dyg; (k1) = sin6;_1 (k)elf, U (k) + cosOy1 (A 2d o, (K);

epq (k+1) = ey (k+1); ep(k+1) = efq, (k+1)[1/7(K)];
N+2 C_epkt) _ _(N+2) .
a2 (k+ 1) = [a(k); Z]/2“?1(/‘)”], auxo =a; " (k+1);

fori=1:N+1
{ aux; = cos9,§iil (k)auxi_y —sin6)_ (k)a l/:/rz)(k+ 1);
. (N+2)
ai(k+1) = sme’H (k)aux;— +cosé),;i7I (k)a, Hj (k+1);
}
ler(kt1) = \fely, (k- 1)+ er () P
cosOp(k+1) =212 |l ep(k) || / || ep(k+1) |I:
sinfp(k+1) = eqq, (k+1)/ || ep(k+1) |
c(k+1) = [1; zeros(N + 1, 1)];
fori=1:N+1
{ CN+3,i(k+ 1) = 7Sin9}§N+l—i (k)C];
ci(k+1)= cos@;ﬁNHii(k)cl;

}

Caux = [0, L‘(k+ 1)];

fori=1:N+1

{ oldvalue = Cauyy )5
Cauryy = SinO;1 (K)Caur) + 0501 (k) Cansy |3
Cauxy = €080;-1 (k)c,,,,xl — sinB;_ (k)oldvalue;

oldvalue = cqyy, ;
Cawry = cosO(k+ l)ca,ul —sin@ (k+ I)C“L,XN+3 ;

Cauxy 5 = Sinby (k+ 1)oldvalue + cosOf(k+ 1)61"L’CN+3 ;

c(k+1) =cux(2: N+3);

fori=1:N+1

{ oldvalue = cy; =/ +c s
coseb’iil (k+1) = oldvalue/cy; sin%[il (k+1)=—cip1/c13

/7O %k+1) = 1;
fori=1:N+1

{179+ 1) = /P (ot D+ (k1)
056 D ey

cosO_1(k+1)= &1) k+1) ;

sin6;_; (k + 1) i

) 1D @rn)’
y(k+1) = 1/[1/y¥D (k+1)]; ) (k+1) = d(k+1);
fori=1:N+1

{ e (k+1) = cosBy (k+ 1)el, ])(k+l)—sine,-,l(k+l)/l‘/quzi(k);
dip; (k1) = sin6y_y (k+ 1)l (k+ 1) + cosb_y (k+ 1)2"2dya, (K);

eq (k1) = e ™ (k+1); elk+1) =g, (k+1)/y(k+1);
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Appendix 2 - Pseudo-Code for the Fast QRD-RLS Algorithms
Based on Backward Prediction Errors

1. The FQR _POS B algorithm:

The first version of this algorithm is based on the fact that the last element of

flk+1), fyr1(k+1) = ﬁ,is known in advance.

FQR_POS_B - Version 1 [6]

Initialization:
dyg2(k) = zeros(N + 1, 1); do (k) = zeros(N + 1, 1);
cosO (k) = ones(N + 1,1); sin6 (k) = zeros(N + 1, 1);
|| ef(k) ||= 6 = small positive value;  f(k) = zeros(N + 1,1);
fork=1,2,...
{ e, (k+1) =x(k+1);
fori=1:N+1
[y k1) = o1 (K)ef, " (k1) —sin 011 (2 gy (k)
digpy., (k+1) = sin6;_(k )e}q )(k-i- 1)+ cos6;_1 (k )ll/zdf'quJrzii (k);
}

(N+1)
erq (k+1) —e Pty ller(k+1) = V/lesq (k+ D>+ 4 [ef(k) %
(N+1)
e (k+1) HfHe‘f(kJrl)Il;
forz_] N+1

(N+1— (N+2—
e k1) H—\/H Pk 1) 2 Hd g, (kDI
N 2— N 1—
cos8 (k+1) =] e 2Dkt 1) || /| (k1) |
sind, (k+1) = dj, (k+1)/ [ 1 "<k+1 E

}
auxg = x(k+1)/ || e (k+ 1) || Fupr(k+1) = auxo;
fori=1:N
fnia_i(k)—sin@"; (k+1)aux; |
{ fN+1 ’(k+1) - cosb), e l(k+l> ?

INt1-i

aux,-:—smefNHii(k—&-l)fNH i(k )+cos9fN o (k—l—l)aux, 1

}

YOk+1)=1;

fori=1:N+1

{ sin6_1(k+1) = fyra—ilk+1)/¥ D (k+1);
cosOi—1(k+1) = /1 —|sin;_ (k+1)|?;
YO (k+1) = cos€;_1(k+ 1)Y= D(k+1);

y(k+1) = YD (k+1); eV (k+1) = d*(k+1);
fOI'l—l N+1

{ e (k41) = cosb_1 (k+ 1)eli ) (k+ 1) —sin* 6,1 (k+ 1)A2da,, ,(K);
gy (k1) = sin6;_y (k+ 1)el ) (k+ 1)+ cosy_ (k+ 1A Pdya,, ., ,(K);

e (k+1) =MV (k1) elk+1)=¢ (k+1)/y(k+1);

}
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The second version of the FQR_POS_B algorithm is based on the straightforward
ep(k+1)

computation of f(k+ 1) according to (4.20) and requires the calculation of m

FQR_POS_B - Version 2 [5]

Initialization:
dyy (k) = zeros(N 4 1,1); dy> (k) = zeros(N +1,1);
cosO (k) = ones(N + 1,1); sin@ (k) = zeros(N + 1, 1);
|l es(k) ||= 6 = small positive value; f(k) = zeros(N +1,1); y(k) =
fork=1,2,...
{ &) (k1) =x*(k+1);

fori=1:N+1

{ e%l (k4 1) = cosB;—1(k )e;q )(k+l)—szn 61 (k )kl/2dfq2m2 (k)s

Aty (k+ 1) = sindy1 () (k+ 1)+ cos6y1 (DA gy, (0

efq (k1) =W (k+1);

| ef}5k1+1 = Vlesq, (k+ 1P+ [ er(k) %
+1)

H (k+1) [[=lles(k+1) II;

fort—l N+1

C1eM 1) = /182D Gt 1) 12 g, (k+ D
(N+2— N 1—
cosf, | (k+1>—|\ 1) |/ e k1) )
(N+1—
sind) | (k+1)= dfqz (k+1)/ [ e )(k+1)||;

v(k)ep, (k+1)
a0 = e ey
fori=1:N+1
{ ficr(k+1) = cos®y, | (k+1)fi(k) — sin@"y, - (k+1)aux;y;
aux; = sin@; (k—i—l)f,( ) +cosOp, (k+1)aux, 15

Ty = folk+1);

fN+1(k+l) = AUXN+1;

YOUk+1)=1;

fori=1:N+1

{ sin_1(k+1) = fyza—ilk+1)/¥ D (k+1);
cosO;_1(k+1)=/1—|sin6;_1 (k+1)|%
YO (k+1) = cos€;_1(k+ 1)Y= D(k+1);

ylk+1) = YV (k41);

eV (k+1) = d*(k+1);

fOI'l—l N+1

{ ) (k41) = cosby (k+ 1)eli ) (k+ 1) —sin* 6,1 (k+ 1)A2da,, ,(K);
gy (k1) = sin6;_y (k+ 1)el ) (k+ 1)+ cos;_ (k+ 1A Pdya,, ., (K);
}

eq (k1) = el D (k4 1); e(k+1) = e} (k+1)/y(k+1);

}
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2. The FQR PRI B algorithm:

The first version of this algorithm is based on the fact that the last element of a(k+1)

(orayii(k+1)= \ﬂ('k“;)l ) is known in advance.
FQR_PRI_B - Version 1 [4]

Initialization:

I e(fo) (k) |= ef(k) ||= 6 = small positive value;  a(k) = zeros(N +1,1);

dyg (k) = zeros(N + 1,1); dy (k) = zeros(N+1,1);
cosO (k) = ones(N + 1,1); cos@'f(k) =ones(N+1,1);
sin6 (k) = zeros(N + 1, 1); 5in0' (k) = zeros(N +1,1);
fork=1,2,...

0 * .
{ e (k+1) =x"(k+1);
fori=1:N+1

{ ) (k+1) = cosby_ (ke >(k+1)—sm 6,1 (A 2d gy, 4 (K);
dfqay s i(k+1) = sin6; 1 (k )e(fq (k+1) +cos6; 1 (k )Al/zdﬂﬂmz 1(1‘)?

N- 1
efql(k+1)—e(fq+ (k+1);
X (k+1)
xl/zue;” ol

fori=1:N

auxg = an+1(k+ 1) = auxo;

aNJrz,,-(k)fsinG}i , (k)aux;_

{ansi-ilk+1) = st 1) :
i—1
aux; = —sin®'y, | (k)ay1-i(k+1) +cos6}.  (k)auxi_i;

}
€ k1) =] ek +1) 1= y/Terq FF DPF 2 Ter @ T
fori=1:N+1

L1t 1) = 182Dk 1) |2 gz, (kD
N 2 N 1—i
wsefw (k1 )—He 1) |/ 1N 1)
N 1—i
sind, | (k+1) =djp (k+1)/ || €] )<k+1>||;

1/7<0>(k+ 1)=1,

fori=1:N+1

{1700+ 1) = VAV ket DP +lan ok + 1)
cosO_1(k+1)= YAkt

/79 (k+1)
sin6;_q (k + 1) =

a;‘v+27i(k+l) .
179D (k+1) °

}
y(k+1) = 1/[1/y™¥D (k+1)); k4 1) = d* (k+1);
fOI'l— 1:N+1

{ e (k41) = cosb_1 (k+ 1)eli ) (k+ 1) —sin* 6,1 (k+ 1)A2da,, ,(K);
gy (k1) = sin6;_y (k+ 1)el ) (k+ 1)+ cosy_ (k+ 1A Pdya,, ., ,(K);

e (k+1) =MV (k1) e(k+1) = ¢} (k+1)/y(k+1);

}
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The second version of the FQR_PRI_B algorithm is based on the straightfor-

ward computation of a(k + 1) according to (4.29) and requires the calculation of
ef (k+1)

Valles 0
FQR_PRI_B - Version 2 [8]

Initialization:
|| es(k) ||= 6 = small positive value; a(k) = zeros(N +1,1); y(k) =
dyy (k) = zeros(N + 1,1); dy (k) = zeros(N+1,1);
cosO(k) = ones(N+1,1); cos@}(k) = ones(N +1,1);
sin6 (k) = zeros(N + 1, 1); sin0' (k) = zeros(N +1,1);
fork=1,2,...
{ &5 (k1) =x*(k+1);

fori=1:N+1

{ e;i;l (k+1)=cos6;_(k )e<fq )(k—‘r 1) —sin*6;_; (k)k1/2dfq2N+H (k);
digag.s (k1) = sin;_y (k)e(fql (k+1) +cos_ (K)Ad sy, 1 (K):

N+1
epq (k+1) =W (k+1);

auxg = e (k1)
YA 2 les (k)]
fori=1:N+1

{ ai1(k+1) = cost | (k)ai(k) —sin®, (k)aux;-y;
aux; = sin* 0 (k)a;(k )+cos6f (k)aux, 1
ep(k+1) .

TPleyie — S0+ 1):

an+1(k+1) = auxyii;

lep(k+1) = lerq (k+ P+ 2 [ es (k) %

N+1
1™ (k+ 1) |=] ep(k+1) [:
fort—l‘N—O—l
L1t 1) = 182Dk 1) |2 gz, (kD

N 2 N 1—i
wsefw (k1 )—He 1) |/ 1N 1)
sind, | (k+1) =djp, (k+1)/ [ ')<k+1> I

/7O %k+1) =1
fori=1:N+1
{ /YO (k+1) = VI1/¥ D (k+ D] +lana-i(k+ 1%

i1)

cosO;_i(k+1)= %;
. A (k+1

sin6y_1 (k+ 1) = D,

}
yk+1) = 1/[1/y™¥ D (k+ 1) O k+1) =d* (k+1);
fOI'l— 1:N+1

{ e (k41) = cosb_1 (k+ 1)eli ) (k+ 1) —sin* 6,1 (k+ 1)A2da,, ,(K);
gy (k1) = sin6;_y (k+ 1)el ) (k+ 1)+ cosy_ (k+ 1A Pdya,, ., ,(K);

e (k+1) =MV (k1) e(k+1) =ef (k+1)/y(k+1);

}
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Appendix 3 - Pseudo-Code for the Order Recursive FQRD-RLS

Algorithms

1. Order recursive version of the FQR_POS _B algorithm:

LATTICE FQR_POS_B

Soft-constrained initialization:
€ = small positive value;
fori=0:N+1

{l ef (k) ||=&:
}
d g (k) = zeros(N + 1,1); dgp (k) = zeros(N + 1,1);
cosO(k) = ones(N +1,1); sin@ (k) = zeros(N + 1, 1);
f(k) = zeros(N+1,1);
for each k
{ ej(&)l (k+1) =x(k+1);
el k4 1) [1= /e k+ DI+ 4[] k) |1
(k+1 )
Hé’ k1))l
i (k+ 1) = auxo;
YO k41)=1;
e5,1>(k+1) d(k+1);
fori=1:N+1
{drgar (k1) = sin61 (K)ef, ) (k+ 1)+
cos0;—1(k)A l/de‘IZNJrZ—i (k);
e%l (k+1) = cos6;_; (k)e(jf;l)(kJr 1)—
sin6;_1 (k ))Ll/zd,«qz,v+2 (k);

e k+1) = we,»;l kDR | D k) |1

1
cosOf l(k+1) =|| ef (k+1) /1 ef’ (k+1) IIs
sinb), (k+1)=dppy. (k+1)/ | k1) |:

Ivsa-ilk)—sin®f | (k+1)aux;_y
Inri-i(k+1) = 0059,’c (k+1) ;

aux; = —stn@’ (k+1)fN+1 ,(k+1)+cos9/;](k+l)aux,-,1;
P (k+1) ¢[W Dk+ D)2 = [fysa-ilk+ D%

cosOi_(k+1)= ﬂ)()ik(:i)l)

sin;_(k+1) = f;,V<I+2 (k’:rll)

dq2usa-i(k+1) = sinf_y (k+ Vel (k+ 1)+
cos0;_ (k—i—l)/’L]/qusz (k);
e (k+1) = cos6;_ 1(k+1)e£,l )(k—f—l)
sin6;_1 (k+1)A /2d92N+2—i (k);

auxy =

}
e(k+1) = eV (k+ 1) /YD (k4 1);

}
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2. Order recursive version of the FOQR_PRI _B algorithm:

LATTICE FQR_PRI_B

Soft-constrained initialization:
€ = small positive value;
fori=0:N+1

{1l (k) 1= &

}
d e (k) = zeros(N +1,1); dgp (k) = zeros(N +1,1);
cosO(k) = ones(N +1,1); cosG’f(k) = ones(N +1,1);
sin@ (k) = zeros(N + 1,1); 5in6's (k) = zeros(N +1,1);
a(k) = zeros(N + 1, 1);

for each k

{ auxp = B ()

VAl w)’
an+1(k+ 1) = auxo;

;2)] (k+ 1) =x(k+1);

el k1) [1= /18 (k+ DI+ 2] (k) |1
1/yO%k+1)=1;

eg?)(k+1)=d(k+1);

fori=1:N+1

ayno—i(k)—sin®  (k)aux;_;
{ aNJrl*i(kJr 1) - - cns@}-_ j;lzli) :
aux; = —sin@j, | (k)aNH,,-(k—&.- 11) +cos0) (k)aux;-1;
df gy, (k1) = sin6i_y (k) V(k+1)+
4 cosOi-1(k)A'Pdypy, , ,(K);
e_(f';l (k+1)=cosO;_; (k )e(fq1 )(k-i-l)
sin;_1 (k )Al/ dfqrn.s i (K);
e (k+1) ||= \/[€qu (k+ DR+ | el (k) |
1)
cos)  (k+1)=[ e (k+1) | / | e} (k+1) |
smefiil(k-l—l)7dfqu+z,i(k+ )/l efl D (k""l) ;
/79 (k+1) \/[I/W Dk + P+ [anso-i(k+ 1)]%;
144 1>(1<+1)
cosO_1(k+1)= e
. Gkt 1)
sinB;_y(k+1) = %
dg2nai(k+1) = sinf_y (k+ el (k+ 1)+
cos0;_1 (k+1)A /2dq2N+27,. (k);
el(;l) (k+1)=cos6;_ (k+ l)eglfl)(k—i- 1)—
sin;_1 (k+1)AY2dg, (k)

}
e(k+1) = el ) (k4 1)1/ N D (k+1);

}
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