13. Stability and KAM Theory

Questions of stability of orbits have been of interest since Newton first set
down the laws that govern the motion of the celestial bodies. “Is the universe
stable?” is almost a theological question. Even though the question is old
and important, very little is known about the problem, and much of what is
known is difficult to come by.

This chapter contains an introduction to the question of the stability and
instability of orbits of Hamiltonian systems and in particular the classical
Lyapunov theory and the celebrated KAM theory. This subject could be
the subject of a complete book; so, the reader will find only selected topics
presented here. The main example is the stability of the libration points of
the restricted problem, but other examples are touched.

Consider the differential equation

3= f(2), (13.1)

where f is a smooth function from the open set O C R™ into R™. Let the
equation have an equilibrium point at {y € O; so, f({y) = 0. Let ¢(¢,({) be
the general solution of (13.1). The equilibrium point (y is said to be positively
(respectively, negatively) stable, if for every € > 0 there is a 6 > 0 such that
[lo(t, ¢)—Coll < eforall t > 0 (respectively, t < 0) whenever || —(pl| < d. The
equilibrium point (p is said to be stable if it is both positively and negatively
stable. In many books “stable” means positively stable, but the above conven-
tion is the common one in the theory of Hamiltonian differential equations.
The equilibrium (j is unstable if it is not stable. The adjectives “positively”
and “negatively” can be used with “unstable” also. The equilibrium (y is
asymptotically stable, if it is positively stable, and there is an n > 0 such
that ¢(t, () — o as t — +oo for all || — (ol <.

Recall the one result already given on stability in Theorem 1.3.2, which
states that a strict local minimum or maximum of a Hamiltonian is a
stable equilibrium point. So for a general Newtonian system of the form
H = p"Mp/2 + U(q), a strict local minimum of the potential U is a sta-
ble equilibrium point because the matrix M is positive definite. It has been
stated many times that an equilibrium point of U that is not a minimum is
unstable. Laloy (1976) showed that for

U(q1,q2) = exp(—1/q7) cos(1/q1) — exp(—1/g3){cos(1/q2) + g5},
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the origin is a stable equilibrium point, and yet the origin is not a local
minimum for U. See Taliaferro (1980) for some positive results along these
lines.

Henceforth, let the equilibrium point be at the origin. A standard ap-
proach is to linearize the equations; i.e., write (13.1) in the form

z=Az+g(2),

where A = 0f(0)/0z and g(z) = f(z) — Az; so, g(0) = 9g(0)/0z = 0.
The eigenvalues of A are called the exponents (of the equilibrium point).
If all the exponents have negative real parts, then a classical theorem of
Lyapunov states that the origin is asymptotically stable. By Proposition 3.3.1,
the eigenvalues of a Hamiltonian matrix are symmetric with respect to the
imaginary axis; so, this theorem never applies to Hamiltonian systems. In
fact, because the flow defined by a Hamiltonian system is volume-preserving,
an equilibrium point can never be asymptotically stable.

Lyapunov also proved that if one exponent has positive real part then the
origin is unstable. Thus for the restricted 3-body problem the Euler collinear
libration points, L1, Lo, L3, are always unstable, and the Lagrange triangular
libration points, £4 and L5, are unstable for u3 < p < 1 — py by the results
of Section 4.1.

Thus a necessary condition for stability of the origin is that all the eigen-
values be pure imaginary. It is easy to see that this condition is not sufficient
in the non-Hamiltonian case. For example, the exponents of

71 =z + 2121 + 23),
Zo = —z1 + ZQ(Z% +Z%)

are +i, and yet the origin is unstable. (In polar coordinates, 7 = r® > 0.)
However, this equation is not Hamiltonian.

In the second 1917 edition of Whittaker’s book on dynamics, the equations
of motion about the Lagrange point £4 are linearized, and the assertion is
made that the libration point is stable for 0 < p < p1 on the basis of this
linear analysis. In the third edition of Whittaker (1937) this assertion was
dropped, and an example due to Cherry (1928) was included. A careful look
at Cherry’s example shows that it is a Hamiltonian system of two degrees
of freedom, and the linearized equations are two harmonic oscillators with
frequencies in a ratio of 2:1. The Hamiltonian is in the normal form given in
Theorem 10.4.1; i.e., in action—angle variables, Cherry’s example is

H =2l — I, + L 1)/? cos(¢1 + 2¢2). (13.2)

Cherry explicitly solves this system, but we show the equilibrium is unstable
as a consequence of Chetaev’s theorem 13.1.2.
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13.1 Lyapunov and Chetaev’s Theorems

In this section we present the parts of classical Lyapunov stability theory as
it pertains to Hamiltonian systems. Consider the differential equation (13.1).

Return to letting (y be the equilibrium point. Let V' : O — R be smooth
where O is an open neighborhood of the equilibrium point (5. One says that
V is positive definite (with respect to (p) if there is a neighborhood @ C O
of ¢y such that V(¢p) < V(z) for all z € O\ {¢o}. That is, (o is a strict local
minimum of V. Define V : O — R by V(z) = VV(2) - f(2).

Theorem 13.1.1 (Lyapunov’s Stability Theorem). If there ewists a
function V' that is positive definite with respect to (o and such that V <0 in
a neighborhood of (o then the equilibrium (o is positively stable.

Proof. Let € > 0 be given. Without loss of generality assume that ¢, = 0
and V(0) = 0. Because V(0) = 0 and 0 is a strict minimum for V, there is
an 7 > 0 such that V(2) is positive for 0 < ||z|| < n. By taking 7 smaller if
necessary we can ensure that V(z) < 0 for ||z|| <7 and that 1 < € also.

Let M = min{V (z) : ||z|| = n}. Because V(0) = 0 and V is continuous,
there is a ¢ > 0 such that V(z) < M for ||z]| < § and 0 < n. We claim that if
[[€]] < & then [|¢(t,¢)|| < n < eforall t>0.

Because [|C]| < § < n there is a t* such that ||¢(t, ()| < nforall0 <t < t*
and t* is the smallest such number. Assume ¢* is finite and so ||¢(¢t*, {)|| = 7.
Define v(t) = V(¢(¢,¢)) so v(0) < M and 0(t) < 0 for 0 < ¢ < t* and so
v(t*) < M. But v(t*) = V(4(t*,¢)) > M which is a contradiction and so t*
is infinite.

Consider the case when (13.1) is Hamiltonian; i.e. of the form
2 =JVH(z), (13.3)

where H is a smooth function from O C R?" into R. Again let zg € O be an
equilibrium point and let ¢(¢, () be the general solution.

Corollary 13.1.1 (Dirichlet’s stability theorem 1.3.2). If z, is a strict
local minimum or maximum of H, then zy is a stable equilibrium for (13.3).

Proof. Because £H is an integral we may assume that H has a minimum.
Because H = 0 the system is positively stable. Reverse time by replacing ¢
by —t. In the new time H= 0, so the system is positively stable in the new
time or negatively stable in the original time.

For the moment consider a Hamiltonian system of two degrees of freedom
that has an equilibrium at the origin and is such that the linearized equations
look like two harmonic oscillators with distinct frequencies wy, wa, w; # 0.
The quadratic terms of the Hamiltonian can be brought into normal form by
a linear symplectic change of variables so that the Hamiltonian is of the form
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w w
H =+ (2% +47) £ 5 (@5 +3) + -
If both terms have the same sign then the equilibrium is stable by Dirichlet’s
Theorem. However, in the restricted problem at Lagrange triangular libration
points £4 and L5 for 0 < g < pp the Hamiltonian is of the above form, but
the signs are opposite.

Theorem 13.1.2 (Chetaev’s theorem). Let V : O — R be a smooth
function and 2 an open subset of O with the following properties.

(o € 012.

V(z) >0 for z € £2.

V(z) =0 for z € 012.

V(z) =V(2) f(z) >0 for z € 0.

Then the equilibrium solution (o of (13.1) is unstable. In particular, there is a
neighborhood Q of the equilibrium such that all solutions which start in QN2
leave Q) in positive time.

Proof. Again we can take (y = 0. Let € > 0 be so small that the closed ball of
radius € about 0 is contained in the domain O and let @ = 2N{]|z|| < €}. We
claim that there are points arbitrarily close to the equilibrium point which
move a distance at least € from the equilibrium.

@ has points arbitrarily close to the origin, so for any 6 > 0 there is a
point p € @ with ||p|| < ¢ and V(p) > 0.

Let v(t) = V(¢(t,p)). Either ¢(t,p) remains in @ for all t > 0 or ¢(¢,p)
crosses the boundary of @ for the first time at a time ¢* > 0.

If ¢(t,p) remains in @ then v(t) is increasing because v > 0 and so v(t) >
v(0) > 0 for t > 0. The closure of {¢(¢,p) : t > 0} is compact and © > 0 on
this set so v(t) > k> 0 for all ¢ > 0. Thus v(t) > v(0) + kt — oo as t — oc.
This is a contradiction because ¢(t,p) remains in an e neighborhood of the
origin and v is continuous.

If ¢(t,p) crosses the boundary of @ for the first time at a time t* > 0,
0(t) > 0 for 0 < ¢t < ¢* and so v(t*) > v(0) > 0. Because the boundary of
@ consist of the points ¢ where V(¢q) = 0 or where ||g|| = ¢, it follows that
ot = .

Cherry’s counterexample in action—angle coordinates is
H =2 — I + I, cos(¢1 + 2¢). (13.4)
To see that the origin is unstable, consider the Chetaev function
W = —I/*I, sin(¢y + 262),

and compute
. 1
W =20L1,+ 5[5.
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Let 2 be the region where W > 0. In 2, Iy # 0; so, W > 0in £2. £2 has points
arbitrarily close to the origin, so Chetaev’s theorem show that the origin is
unstable even though the linearized system is stable.

Theorem 13.1.3 (Lyapunov’s instability theorem). If there is a smooth
function V : O — R that takes positive values arbitrarily close to (o and is
such that V.=V - f is positive definite with respect to Cy then the equilibrium
Co is unstable.

Proof. Let 2 ={z:V(z) > 0} and apply Chetaev’s theorem.

As the first application consider a Hamiltonian system of two degrees of
freedom with an equilibrium point and the exponents of this system at the
equilibrium point are +wi, £\, w # 0, A # 0; i.e. one pair of pure imaginary
exponents and one pair of real exponents. For example, the Hamiltonian of
the restricted problem at the Euler collinear libration points £y, Lo, and L3
is of this type. We show that the equilibrium point is unstable. Specifically,
consider the system

H = %(ﬁﬂ/f) + Azays + H (z,y) (13.5)
where H' is real analytic in a neighborhood of the origin in R* in its displayed
arguments and of at least third degree. Note that we have assumed that the
equilibrium is at the origin and that the quadratic terms are already in normal
form. As we have already seen, Lyapunov’s center theorem 9.2.1 implies that
the system admits an analytic surface called the Lyapunov center filled with
periodic solutions.

Theorem 13.1.4. The equilibrium at the origin for the system with Hamil-
tonian (13.5) is unstable. In fact, there is a neighborhood of the origin such
that any solution which begins off the Lyapunov center leaves the neighborhood
in both positive and negative time. In particular, the small periodic solutions
given on the Lyapunov center are unstable.

Proof. There is no loss in generality by assuming A is positive. The equations
of motion are

= +8HT .__W_aHT
1= WY1 E Y1 = 1 o7,

. OHT . OH?t
To = ATo + Y2 = —Ay2 — .
(9y2 8.’E2

We may assume that the Lyapunov center has been transformed to the co-

ordinate plane xo = yo = 0; i.e. ©5 = 3o = 0 when x5 = yo = 0. That means

that H' does not have a term of the form x4 (27y7") or of the form ys (z7y]").
Consider the Chetaev function V = (23 — y3) and compute
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. OHT OHT
V=A3+9y3) + T2 —
(z3 +y3) 283/2 y26y2

= A3 +y3) + W(z,y).

We claim that in a sufficiently small neighborhood @ of the origin ||W (z, y)|| <
(A/2)(23+y3) andso V > 0 on Q\{xz = yo = 0}; i.e. off the Lyapunov center.
Let H' = H} + H] + HJ where H] is independent of 5, y2, Hi is quadratic
in x9,1ys, and H;[ is at least cubic in xa,yo. Hg contributes nothing to W
H2T contributes to W a function that is quadratic in xs, y2 and at least linear
in 21,1, and so can be estimated by O({z? + y2}/2)O ({22 + y3}); and H]
contributes to W a function that is cubic in 29, y» and so is O({z3 +y3}%/?).
These estimates prove the claim.

Let 2 = {22 > 2} NQ and apply Chetaev’s theorem to conclude that all
solutions which start in {2 leave @ in positive time. If you reverse time you
will conclude that all solutions which start in 2= = {23 < 3} N Q leave Q
in negative time.

Proposition 13.1.1. The Euler collinear libration points L1, Lo, and L3 of
the restricted 3-body problem are unstable. There is a neighborhood of these
points such that there are no invariant sets in this neighborhood other than
the periodic solutions on the Lyapunov center manifold.

As the second application consider a Hamiltonian system of two degrees
of freedom with an equilibrium point and the exponents of this system at
the equilibrium point are +a + (i, o # 0; i.e., two exponents with positive
real parts and two with negative real parts. For example, the Hamiltonian of
the restricted problem at the Lagrange triangular points £, and Ls is of this
type when pp < p < 1 — 1. We show that the equilibrium point is unstable.
Specifically, consider the system

H = a(z1y1 + 22y2) + By122 — yoz1) + Hi (2, y), (13.6)

where H' is real analytic in a neighborhood of the origin in R* in its displayed
arguments and of at least third degree. Note that we have assumed that the
equilibrium is at the origin and that the quadratic terms are already in normal
form.

Theorem 13.1.5. The equilibrium at the origin for the system with Hamil-
tonian (13.6) is unstable. In fact, there is a neighborhood of the origin such
that any nonzero solution leaves the neighborhood in either positive or nega-
tive time.

Proof. We may assume a > 0. The equations of motion are
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. HT . ot
i = ary + fro + 5—, &g = —fr) + awg + )
8y1 8y2
. oOHT | oH'
h=—-ay1+0By2———, Y2=-Py1—ay2+—.
8.’£1 8952

Consider the Lyapunov function
L o 2 2 2
V= 5(931 + 23 — Y1 — ¥2)

and compute )
V=a@?+ad+2+y3)+ W

where W is at least cubic. Clearly V takes on positive values close to the
origin and V is positive definite, so all solutions in {(z,y) : V(z,y) > 0}
leave a small neighborhood in positive time. Reversing time shows that all
solutions in {(x,y) : V(z,y) < 0} leave a small neighborhood in positive
time.

Proposition 13.1.2. The triangular equilibrium points L4 and Ls of the
restricted 3-body problem are unstable for p; < p < 1 — py. There is a
neighborhood of these points such that there are mo invariant sets in this
neighborhood other than the equilibrium point itself.

The classical references on stability are Lynpunov (1892) and Chetaev
(1934), but very readable account can be found in LaSalle and Lefschetz
(1961). The text by Markeev (1978) contains many of the stability results for
the restricted problem given here and below plus a discussion of the elliptic
restrict problem and other systems.

13.2 Moser’s Invariant Curve Theorem

We return to questions about the stability of equilibrium points later, but
now consider the corresponding question for maps. Let

F(z) = Az + f(2) (13.7)

be a diffeomorphism of a neighborhood of a fixed point at the origin in R™;
so, f(0) = 0 and 0f(0)/0z = 0. The eigenvalues of A are the multipliers of
the fixed point.

The fixed point 0 is said to be stable if for every ¢ > 0 there isa § > 0
such that ||[F*(2)|| < e for all ||z|| < & and k € Z.

We reduce several of the stability questions for equilibrium points of a
differential equation to the analogous question for fixed points of a diffeo-
morphism. Let us specialize by letting the fixed point be the origin in R? and
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by letting (13.7) be area-preserving (symplectic). Assume that the origin is
an elliptic fixed point; so, A has eigenvalues A and A\™! = X\, | A [= 1. If A = 1,
—1, /1 = e®™/3_ or v/1 = i then typically the origin is unstable; see Meyer
(1971) and the Problems.

Therefore, let us consider the case when A is not an mth root of unity for
m =1,2,3,4. In this case, the map can be put into normal form up through
terms of order three; i.e., there are symplectic action—angle coordinates, I, ¢,
such that in these coordinates, F : (I,¢) — (I',¢'), where

I'=1+cI,¢),
(13.8)
¢ =¢+w+al +d(l,e),

and X\ = exp(wi), and ¢,d are O(I%/?). We do not need the general results
because we construct the maps explicitly in the applications given below.

For the moment assume ¢ and d are zero; so, the map (13.8) takes circles
I = Iy into themselves, and if a # 0, each circle is rotated by a different
amount. The circle I = I is rotated by an amount w + aly. When w + aly =
27p/q, where p and ¢ are relatively prime integers, then each point on the
circle I = I is a periodic point of period q.

If w+ aly = 27, where § is irrational, then the orbits of a point on
the circle I = I are dense (¢ = d = 0 still ). One of the most celebrated
theorems in Hamiltonian mechanics states that many of these circles persist
as invariant curves. In fact, there are enough invariant curves encircling the
fixed point that they assure the stability of the fixed point. This is the so
called “invariant curve theorem”.

Theorem 13.2.1 (The invariant curve theorem). Consider the mapping
F:(I,¢) — (I',¢') given by

I'=T+¢ete(I,9,¢),
(13.9)
¢ =¢+w+eh(I)+etd(l, ¢,¢),

where (i) ¢ and d are smooth for 0 < a < I <b< o0, 0<e< e, and all ¢,
(i) ¢ and d are 2w-periodic in ¢, (iii) r and s are integers s > 0,7 > 1, (iv) h
is smooth for 0 < a < I <b<oo, (v)dh(I)/dI #0 for 0 <a<I<b< o0,
and (vi) if I' is any continuous closed curve of the form = = {(I,¢) : I =
O(¢),0 : R — [a,b] continuous and 2m-periodic }, then E N F(E) # 0.

Then for sufficiently small €, there is a continuous F-invariant curve I’
of the form I' = {(I,¢) : I = &(¢),P : R — [a,b] continuous and 27 —
periodic }.

Remarks.

1. The origin of this theorem was in the announcements of Kolmogorov who
assumed analytic maps, and the analog of the invariant curve was shown
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to be analytic. In the original paper by Moser (1962), where this theorem
was proved, the degree of smoothness required of ¢, d, h was very large,
(333, and the invariant curve was shown to be continuous. This spread
led to a great deal of work to find the least degree of differentiability
required of ¢, d, and h to get the most differentiability for the invariant
curve. However, in the interesting examples, ¢, d, and h are analytic, and
the existence of a continuous invariant curve yields the necessary stability.

2. The assumption (v) is the twist assumption discussed above, and the
map is a perturbation of a twist map for small e.

3. Assumption (vi) rules out the obvious example where F maps every point
radially out or radially in. If F' preserves the inner boundary I = a and
is area-preserving, then assumption (vi) is satisfied.

4. The theorem can be applied to any subinterval of [a,b], therefore the
theorem implies the existence of an infinite number of invariant curves. In
fact, the proof shows that the measure of the invariant curves is positive
and tends to the measure of the full annulus a <1 <b as e — 0.

5. The proof of this theorem is quite technical. See Siegel and Moser (1971)
and Herman (1983) for a complete discussion of this theorem and related
results.

The following is a slight modification of the invariant curve theorem that
is needed later on.

Corollary 13.2.1. Consider the mapping F : (I,¢) — (I',¢") given by

I'=T+e€c(I,p,e),
(13.10)
¢ = ¢+ eh(P)] + €d(I,¢,¢),

where (i) ¢ and d are smooth for 0 < a < I <b< o0, 0<e< e, and all ¢,
(ii) ¢ and d are 27-periodic in ¢, (iii) h(¢) is smooth and 2m-periodic in ¢,
and () if I' is any continuous closed curve of the form = = {(I,¢) : [ =
O(¢),0 : R — [a,b] continuous and 2m-periodic, then =N F(Z) # (.

If h(¢) is monzero for all ¢ then for sufficiently small €, there is a con-
tinuous F-invariant curve I' of the form I' = {(I,¢) : I = &(¢),P : R —
[a,b] continuous and 27 — periodic}.

Proof. Consider the symplectic change of variables from the action—-angle
variables I, ¢ to the action—angle variables J v defined by the generating

function . )
dr T odr
S(J, :JM—l/ —_ M:/ -
(:9) e o h(D)
So .

o8 dr aS  MJ
- A7 = Mﬁl/ — = —= —,
Y=%7 o h(r) 96~ h(9)

and the map in the new coordinates becomes
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J = J+0(e), V' =+ eMJ + O(?).

The theorem applies in the new coordinates.

13.3 Arnold’s Stability Theorem

The invariant curve theorem can be used to establish a stability result for
equilibrium points as well. In particular, we prove Arnold’s stability theorem
using Moser’s invariant curve theorem.

As discussed above, the only way an equilibrium point can be stable is
if the eigenvalues of the linearized equations (the exponents) are pure imag-
inary. Arnold’s theorem addresses the case when exponents are pure imagi-
nary, and the Hamiltonian is not positive definite.

Consider the two degree of freedom case, and assume the Hamiltonian
has been normalized a bit. Specifically, consider a Hamiltonian H in the
symplectic coordinates x1, x2,y1,y2 of the form

H=Hy+ Hy+ -+ Hoy + HT, (13.11)

where

1. H is real analytic in a neighborhood of the origin in R*.
2. Ho,, 1 < k < N, is a homogeneous polynomial of degree k in Iy, I, where
L= (22 +9y?)/2,i=1,2.

3. HT has a series expansion that starts with terms at least of degree 2N +1.
4. Hy = w17 — wols, w; nonzero constants;
5. Hy = (Al + 2BI1 1, + CI3), A, B, C, constants.

There are several implicit assumptions in stating that H is of the above
form. Because H is at least quadratic, the origin is an equilibrium point. By
(4), Hy is the Hamiltonian of two harmonic oscillators with frequencies wq
and wo; so, the linearized equations of motion are two harmonic oscillators.
The sign convention is to conform with the sign convention at £4. It is not
necessary to assume that w; and ws are positive, but this is the interesting
case when the Hamiltonian is not positive definite. Hy, 1 < k < NN, depends
only on I; and Is; so, H is assumed to be in Birkhoff normal form (Corollary
10.4.1) through terms of degree 2N. This usually requires the nonresonance
condition kyjw; + kows # 0 for all integers kq, ko with | k1 | + | k2 |< 2N, but
it is enough to assume that H is in this normal form.

Theorem 13.3.1 (Arnold’s stability theorem). The origin is stable for
the system whose Hamiltonian is (13.11), provided for some k, 1 < k < N,
Doy, = Hop(wa,wy) # 0 or, equivalently, provided Hs does not divide Hay. In
particular, the equilibrium is stable if
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1
D, = 5{Awg + 2Bwiwy + Cwi} # 0. (13.12)

Moreover, arbitrarily close to the origin in R*, there are invariant tori
and the flow on these invariant tori is the linear flow with irrational slope.

Proof. Assume that Dy = -+ = Doy_o = 0 but Doy # 0; so, there exist
homogeneous polynomials Fyr, K = 2,..., N — 1, of degree 2k such that
Hsy, = HyFsj—o. The Hamiltonian (13.11) is then

H:H2(1—|-F2+"'+F2N—4)+H2N+HT-

Introduce action—angle variables I; = (22 + y?)/2, ¢; = arctan(y;/x;), and
scale the variables by I; = €2J;, where ¢ is a small scale variable. This is
a symplectic change of coordinates with multiplier ¢ ~2; so, the Hamiltonian
becomes

H = HyF + V"2 Hyn 4+ O(2V 1),

where
F=1 + 62F2 + -4 €2N74F2N_4.

Fix a bounded neighborhood of the origin, say | J; |< 4, and call it O so that
the remainder term is uniformly O(e*¥*1) in O. Restrict your attention to
this neighborhood henceforth. Let h be a new parameter that will lie in the
bounded interval [—1,1]. Because F =1+ -- -, one has

H—eN"'"h=KF,
where
K =H,+ €2N72H2N + O(EzN?l).

Because F' =1+ --- the function F is positive on O for sufficiently small e
so the level set when H = >N ~1h is the same as the level set when K = 0.
Let z = (J1, Ja2, 1, ¢2), and let V be the gradient operator with respect to
these variables. The equations of motion are

2=JVH = (JVK)F + K(JVF).
On the level set when K = 0, the equations become
2=JVH = (JVK)F.

For small €, F' is positive; so, reparameterize the equation by dr = Fdt, and
the equation becomes
2= JVK(z),

where ' = d/dr.
In summary, it has been shown that in O for small €, the flow defined by
H on the level set H = 2N ~1h is a reparameterization of the flow defined by
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K on the level set K = 0. Thus it suffices to consider the flow defined by K.
To that end, the equations of motion defined by K are

T = O(2N-1),

OH

o 2N -2 2N 2N-1

o1 =w—e g o) (13.13)
H

Py = +wy — eQN_ZL 2N O(e*N 1),

0J>

From these equations, the Poincaré map of the section ¢ = 0 mod 27 in the
level set K = 0 is computed, and then the invariant curve theorem can be
applied.

From the last equation in (13.13), the first return time 7' required for ¢
to increase by 27 is given by

62N—2 8H2N
wo 8J2

T:<1+

w2

) +O0(2N 7).

Integrate the ¢; equation in (13.13) from 7 = 0 to 7 = T', and let ¢1(0) = ¢y,
d1(T) = ¢* to get

6" = o+ (w1 - e2N28H> T+0(e*"™)
0J1
w1 aN_o [ 2T OHsN OH;n 2N-1
= - 2 D - I -
®o W(w2) € <w2) <w2 a7, +wy o, + O(e )

(13.14)
In the above, the partial derivatives are evaluated at (Ji, Jz). From the rela-
tion K = 0, solve for Jy to get Jo = (wy/w2)J1 + O(e?). Substitute this into
(13.14) to eliminate J5, and simplify the expression by using Euler’s theorem
on homogeneous polynomials to get

¢ = o +a+ENT2BINT L O(2N T, (13.15)

where v = —27(wy /wy) and § = =2 (N/w) ™) Hon (wa, w1 ). By assumption,
Doy = Han(wa,wr) # 0; so, 8 # 0. Along with (13.15), the equation J; —
J1+0(e2N 1) defines an area-preserving map of an annular region, say 1/2 <
J1 < 3 for small e. By the invariant curve theorem for sufficiently small e,
0 < e < €9, there is an invariant curve for this Poincaré map of the form
J1 = p(é1), where p is continuous, 27 periodic, and 1/2 < p(¢1,¢) < 3 for
all ¢1. For all €, 0 < € < ¢, the solutions of (13.13) which start on K =0
with initial condition J; < 1/2 must have J; remaining less than 3 for all 7.
Because on K = 0 one has that J, = (w1 /we)J1 + -+, a bound on J; implies
a bound on Jy. Thus there are constants ¢ and k such that if J;(7), Jo(7)
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satisfy the equations (13.13), start on K = 0, and satisfy | J;(0) |< ¢, then
| J;(1) |< Kk for all 7 and for all h € [-1,1],0 < e < €.

Going back to the original variables (I1, I, ¢1, ¢2), and the original Hamil-
tonian H, this means that for 0 < e < ¢g, all solutions of the equations
defined by the Hamiltonian (13.11) which start on H = €2V ~1h and satisfy
| 1;(0) |< €2c must satisfy | I;(t) |< 2k forallt and all h € [~1,1],0 < € < .
Thus the origin is stable. The invariant curves in the section map sweep out
an invariant torus under the flow.

Arnold’s theorem was originally proved independent of the invariant curve
theorem; see Arnold (1963a,b), and the proof given here is taken from Meyer
and Schmidt (1986). Actually, in Arnold’s original works the stability cri-
terion was AC — B2 # 0 which implies a lot of invariant tori, but is not
sufficient to prove stability; see the interesting example in Bruno (1987).

The coefficients A, B, and C of Arnold’s theorem for the Hamiltonian
of the restricted 3-body problem were computed by Deprit and Deprit-
Bartholomé (1967) specifically to apply Arnold’s theorem. These coefficients
were given in Section 10.5. For 0 < p < pq, u # pa, pi3 they found

36 — 541wiw? + 644wiws
8(1 — dwiw?) (4 — 25wiw3?)’

Dy=—

which is nonzero except for one value . ~ 0.010,913,667 which seems to
have no mathematical significance (it is not a resonance value), and has no
astronomical significance (it does not correspond to the earth-moon system,
etc.)

In Meyer and Schmidt (1986), the normalization was carried to sixth-order
using an algebraic processor, and Dg = P/(Q) where

731O5+ 1338449 48991830 , = 7787081027 4

P=-= 8 77 1. ¢ 6912
| 2052731645 , 1629138643
1296 ° 324 0
| 1879982000 ; , 368284375 -
81 81 :

Q = wiwz(w? — w3)?(4 — 250)3(9 — 1000),

From this expression one can see that Dg # 0 when pu = p. (Dg = 66.6). So
by Arnold’s theorem and these calculations we have the following.

Proposition 13.3.1. In the restricted 3-body problem the libration points L4
and Ls are stable for 0 < p < piy, o # fa, p3.
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13.4 1:2 Resonance

In this section we consider a system when the linear system is in 1:2 resonance;
i.e., when the linearized system has exponents +iw; and +iws with wy =
2wy. Let w = wy. By the discussion in Section 10.5 the normal form for the
Hamiltonian is a function of Iy, Is and the single angle ¢ + 2¢5. Assume the
system has been normalized through terms of degree three; i.e., assume the
Hamiltonian is of the form

H = 2wl — wly + 61,/* Ty cos ) + HT, (13.16)

where ¢ = ¢y + 2¢o, HI (I}, I2, 61, ¢2) = O((I; + I5)?). Notice this Hamilto-
nian is just a perturbation of Cherry’s example. Lyapunov’s center theorem
assures the existence of one family of periodic solutions emanating from the
origin, the short period family with period approximately 7/2w.

Theorem 13.4.1. If in the presence of 1:2 resonance, the Hamiltonian sys-
tem is in the normal form (13.16) with § # 0 then the equilibrium is unstable.
In fact, there is a neighborhood O of the equilibrium such that any solution
starting in O and not on the Lyapunov center leaves O in either positive or
negative time. In particular, the small periodic solutions of the short period
family are unstable.

Remark. If § = 0 then the Hamiltonian can be put into normal form to
the next order and the stability of the equilibrium may be decidable on the
bases of Arnold’s theorem, Theorem 13.3.1.

Proof. The equations of motion are

1/2 OHT ; g OHT

= —6[1/ Irysiny + —— 901 o1 = —2w — 511 / Iscosp — R
: OHT OH'
IQ:—25[%/2lgsinw+%, ¢2—w 511/2c05¢ L

Lyapunov’s center theorem ensures the existence of the short period family
with period approximately m/2w. We may assume that this family has been
transformed to the plane where I, = 0. So 8HT/(’9¢>2 = 0 when I, = 0.
The Hamiltonian (13.16) is a real analytic system written in action—angle
variables thus the terms in HT must have the d’Alembert character; i.e., a
term of the form I?/*T5/? cos k(g1 +2¢2) must have 8 > 2k and 8 = 2k mod 2
so in particular # must be even. Thus I5 does not appear with a fractional
exponent and because OH'/0¢s = 0 when I, = 0 this means that OHT /¢,
contains a factor Iy. Let OHT/0¢o = LU, (11, 1,2,7) where Uy = O(I; + I5).
Consider the Chetaev function

V = —6I}*I,sine
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and compute
. 1
V=4 {2122 + 21112} + W,

where
7t

1 —1/2 1/2 i
W=—54-17"I —4—[ =
5{2 5 sin a0 1/16%

OH'1
_Ill/QIQ cos vjz— — 2]1/212 oS Y ——
oI,
Because OHT /0¢y = LU, W = LUy where Uy = O((I; + I3)/? and
: 1
V= 5212(5.72 + 211 + Us).

Thus there is a neighborhood O where V > 0 when I # 0. Apply Chetaev’s
theorem with 2 = O N {V > 0} to conclude that all solutions which start
in {2 leave O in positive time. By reversing time we can conclude that all
solutions which start in 2 = O N {V < 0} leave O in negative time.

When
1 1 /611

= = 220 0.0242939
H=m=5"3\ 73

the exponents of the Lagrange equilateral triangle libration point £4 of the
restricted 3-body problem are :i:2\/5i/5, :I:\/L;)z'/';') and so the ratio of the fre-
quencies wj /we is 2. Expanding the Hamiltonian about £4 when p = ps in a
Taylor series through cubic terms gives

H = L {52} — 2V/6112125 — 2523 — 4021y + 40z2y1 + 20yF + 2093 }

mf {=7v6112% + 135232, + 33611z 23 + 13525} + - --

Using Mathematica we can put this Hamiltonian into the normal form (13.16)

with
V5 1111

w=~= ~(0.447213, 5= ~ 1.35542,
5 18v/5

and so we have the following.

Proposition 13.4.1. The libration point L4 of the restricted 3-body problem
is unstable when | = .
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13.5 1:3 Resonance

In this section we consider a system when the linear system is in 1:3 resonance;
i.e., w; = 3ws. Let w = ws. By the discussion in Section 10.5 the normal form
for the Hamiltonian is a function of I;,I> and the single angle ¢, + 3¢s.
Assume the system has been normalized through terms of degree four; i.e.,
assume the Hamiltonian is of the form

1
H = 3wl —wly + 61,213/ cos vy + SUAL 42BN + CI3} + HT, (13.17)

where ) = ¢1 + 3¢, HT = O((I) + 15)*/?). Let
D=A+6B+9C, (13.18)

and recall from Arnold’s theorem the important quantity Dy = %Dw?

Theorem 13.5.1. If in the presence of 1:3 resonance, the Hamiltonian sys-
tem is in the normal form (13.17) and if 6+/3|5| > |D| then the equilibrium
is unstable, whereas, if 6+/3|0| < |D| then the equilibrium is stable.

Proof. Introduce the small parameter ¢ by scaling the variables I; — e€l;,
i = 1,2 which is symplectic with multiplier ¢!, the Hamiltonian becomes

H = 3wl — wly + e{0I}*I3? costp + = (AI1 +2BII5 + CIZ)} + O(e?),
and the equations of motion are
I = —65I11/2123/2 sin + O(e?),
I = —3e1}* 3% sinp + O(€2),

o1 :—Sw—e{ SI7 Y2132 costp + (AL + BIo)} + O(€2)

: 3
Py =w — 6{5(5]11/2121/2 cos + (BI + CIy)} + O(e).
Instability. Consider the Chetaev function
V = —01)* 1} sinep

and compute

{52 ( I3 + 21112))

— 0L* I} (AL + BI; 4+ 3BT, +3CIy) cos | + O(e?),
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Consider the flow in the H = 0 surface. Solve H = 0 for I, as a function of
I, ¢1, ¢2 to find Iy = 317 + O(e). On the H = 0 surface we find

V = —3V36I%sintp + O(e)

and
V = e{0°I} (54 — 6713%/2(A 4 6B + 90) cos )} + O(€?).

If 54 > [6-13%/2D| or 64/3|5| > |D| the function V is positive definite in the
level set H = 0. Because V' takes positive and negative values close to the
origin in the level set H = 0, Chetaev’s theorem implies that the equilibrium
is unstable.

Stability. Now we compute the cross section map in the level set H = ¢2h
where —1 < h < 1 and the section is defined by ¢ = Omod 27. We use
(I3, ¢1) as coordinates in this cross-section. From the equation H = ¢%h we
can solve for I to find that Io = 3I; + O(e). Integrating the equation for ¢
we find that the return time 7T is

2T
o c(3v3/2cost + (B+30)1 L

QW{HZ <3\2/§5cosw+(3+30)> 11}+~~

T =

w

Integrating the ¢; equation from ¢ = 0 to ¢t = T gives the cross-section map
of the form P : (I1,¢1) — (I}, #}), where

I{ = Il + 0(6),
(13.19)

2me

¢h = 61+ —{(A+6B +90)1 — 636 cos 31} + O(€).

By hypothesis the coefficient of I; in (13.19) is nonzero and so Corollary
13.2.1 implies the existence of invariant curves for the section map. The
stability of the equilibrium follows now by the same argument as found in
the proof of Arnold’s stability theorem 13.3.1.

When
1 /213
= = - — — X U. 1 1
H=Hs =3 30 0.0135160

the exponents of the Lagrange equilateral triangle libration point £4 of the
restricted 3-body problem are £3+/10i/10, ++/10i/10 and so the ratio of the
frequencies w1 /wo is 3.

Using Mathematica we can put this Hamiltonian into the normal form
(13.17) with

w = \{—1700 ~ (0.316228, 0= % = 4.48074
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309 1219 79
== cC

T 1120 ~ 560 ~ 560"
From this we compute

6v/3]0] ~ 46.5652 > | D| ~ 8.34107,
and so we have the following.

Proposition 13.5.1. The libration point L4 of the restricted 3-body problem
s unstable when u = ps.

That the Lagrange point £, is unstable when p = ps, ug was established
in Markeev (1966) and Alfriend (1970, 1971). Hagel (1996) analytically and
numerically studied the stability of £4 in the restricted problem not only at
(o but near ps also.

13.6 1:1 Resonance

The analysis of the stability of an equilibrium in the case of 1:1 resonance is
only partially complete even in the generic case. In a one-parameter problem
such as the restricted 3-body problem generically an equilibrium point has
exponents with multiplicity two, but in this case the matrix of the linearized
system is not diagonalizable. Thus the equilibrium at £4 when p = pq is
typical of an equilibrium in a one-parameter family. An equilibrium with
exponents with higher multiplicity or an equilibrium such that the linearized
system is diagonalizable is degenerate in a one-parameter family.

Consider a system in the case when the exponents of the equilibrium are
+iw with multiplicity two and the linearized system is not diagonalizable.
The normal form for the quadratic part of such a Hamiltonian was given as

B)
Hy = w(ways — x192) + §(ar:‘{ + x3), (13.20)

where w # 0 and § = £1. The linearized equations are

(tl 0 w 00 Iy
i‘g o —w 0 0 0 i)
| |-6 0 0 w||wn
yg 0 —6—wO Y2

Recall that the normal form in this case depends on the four quantities

1
I'n = xoy1 —x1y2, In= 5(1‘% + a3),

F3:%(y%+y%)a I'y = z1y1 + 22Y0,
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and that {I'1, %} = 0 and {I, I3} = 0. The system is in Sokol’skii normal
form if the higher-order terms depend on the two quantities I} and I3 only;
that is, the Hamiltonian is of the form

5 o0
H = w(zays — 21y2) + 5@% +a3) + Y Hop(ways — 219,57 +13), (13.21)
k=2

where here Hyj, is a polynomial of degree k in two variables.
Consider a system which is in Sokol’skii’s normal form up to order four;
i.e., consider the system

1
H = w(zoy1 — z1y2) + 55(95% +23)

+{A@W: +43)* + B(zayr — m1y2) (W7 + v3) + Claayy — 2192)?}

+H (21, 22,91, y2)
(13.22)

where A, B, and C are constants and H' is at least fifth order in its displayed
arguments.

Theorem 13.6.1 (Sokol’skii’s instability theorem). If in the presence
of 1:1 resonance the system is reduced to the form (13.22) with 6A < 0 then
the equilibrium is unstable. In fact, there is a meighborhood @Q of the equi-
librium such that any solution other than the equilibrium solution leaves the
neighborhood in either positive or negative time.

Proof. Introduce a small parameter € by the scaling

xr1 — 623:1, XTo — 623327
(13.23)
Y1 — €Y, Y2 — €Y2,

which is symplectic with multiplier ¢~3 so the Hamiltonian (13.21) is

1)
H = wlaays — o1y) +e{2<x% L ad) AW +y§>2} o). (13.24)

The equations of motion are
iy = wry + eAA(y] +y3)y + -,
By = —wry + dAWZ + vy + -,
U1 = wys — €0xT1 + -+,

yngwylfeémgnL”m
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Consider the Lyapunov function
V =00y = §(z1y1 + 22y2),
and compute
V= e{=0%(af + 23) + 40A(y} +43)*} + O(e%).

So V takes on positive and negative values and V is negative on Q' = {0 <
2423 +y3+y3 < 1} and for some € = ¢ > 0. Thus by Lyapunov’s instability
theorem 13.1.3 all solutions in {V > 0} N Q’ leave the Q' in positive time.
By reversing time we see that all solutions {V < 0} N Q' leave @’ in negative
time.

In the original unscaled variables all solutions that start in

Q={0<e?(2f +23) +e ' (y +yz < 1}
leave @ is either positive or negative time.

The best we can say at this point in the case of 1:1 stability is formal
stability.

Theorem 13.6.2 (Sokol’skii’s formal stability theorem). If in the pres-
ence of 1:1 resonance the system is reduced to the form (13.22) with 0A > 0
then the equilibrium is formally stable. That is, the truncated normal form at
any finite order has a positive definite Lyapunov function that satisfies the
hypothesis of Lyapunov’s stability theorem 13.1.1.

Proof. Given any N > 2 the system with Hamiltonian (13.21) can be nor-
malized by a convergent symplectic transformation up to order 2n; i.e., the
system can be transformed to

1)
H = w(zoy1 — x1y2) + i(x? +a3)

+{AW +43)* + B(zayr — m1y2) (W7 + v3) + Claayr — 2192)?}

+ S Hop(ayr — 21y, y3 +y3) + H (21, 22,91, 2)

(13.25)
where Hyy, is a polynomial of degree k in two variables and now HT is analytic
and of order at least 2k + 3. Let H” be the truncated system obtained from
the H in (13.25) by setting HT = 0. We claim that the system defined by H”
is stable. Because H” depends only on I, I, and I3 and {I},I}} = 0 for
i=1,2,3 wesee that {I', H'} = 0. Thus I} = xoy; — x1¥> is an integral for
the truncated system.

Let V = 206(HT —wll) so V = {V,HT} = 0 and scale the variables by
(13.23) so that
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V =€ {6% (a7 + 23) + 26A(y5 + 93)*} + O(€%),

so V is positive definite. Thus by Lyapunov’s stability theorem 13.1.1 the
origin is a stable equilibrium point for the truncated system.

When )
p=p=5(1- V69/9) ~ 0.0385209

the exponents of the libration point £, of the restricted 3-body problem are
two pair of pure imaginary numbers. Schmidt (1990) put the Hamiltonian of
the restricted 3-body problem at £4 into the normal form (13.21) with

@ 6=1, A= ﬁ
864

The value for A agrees with the independent calculations in Niedzielska (1994)

and Gozdziewski and Maciejewski (1998). It differs from the numeric value

given in Markeev (1978). These quantities in a different coordinate system

were also computed by Deprit and Henrard (1968). By these considerations

and calculations we have the following.

Proposition 13.6.1. The libration point L4 of the restricted 3-body problem
is formally stable when = 1.

Sokol’skii (1977) and Kovalev and Chudnenko (1977) announce that they
can prove that the equilibrium is actually stable in this case. The proof in
Sokol’skij (1977) is wrong and the proof in Kovalev and Chudnenko (1977)
is unconvincing, typical Doklady papers! It would be interesting to give a
correct proof of stability in this case, because the linearized system is not
simple, and so the linearized equations are unstable.

13.7 Stability of Fixed Points

The study of the stability of a periodic solution of a Hamiltonian system of
two degrees of freedom can be reduced to the study of the Poincaré map in
an energy level (i.e., level surface of the Hamiltonian). We summarize some
results and refer the reader to the Problems or Meyer (1971) or Cabral and
Meyer (1999) for the details. The proofs for the results given below are similar
to the proofs given above.

We consider diffeomorphisms of the form

F:NCR? - R?: 2z — f(2), (13.26)

where N is a neighborhood of the origin in R?, and F is a smooth function
such that
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F(0) =0, det E(z) =1.

The origin is a fixed point for the diffeomorphism because F'(0) = 0, and it is
orientation-preserving and area-preserving because det F'/9z = 1. This map
should be considered as the Poincaré map associated with a periodic solution
of a two degree of freedom Hamiltonian system.

The fixed point 0 is stable if for every € > 0 there is a § > 0 such that
|F¥(2)| < e for all k € Z whenever |z| < §. The fixed point is unstable if it is
not stable.

The linearization of this map about the origin is z — Az where A is
the 2 x 2 matrix (0f/0x)(0). The eigenvalues A\, \~! of A are called the
multipliers of the fixed point. There are basically four cases: (i) hyperbolic
fixed point with multipliers real and A\ # +1, (ii) elliptic fixed point with
multipliers complex conjugates and A # £1, (iii) shear fixed point with A\ =
+1 and A is not diagonalizable, (iv) flip fixed point with A = —1 and A is
not diagonalizable.

Proposition 13.7.1. A hyperbolic fized point is unstable.

In the hyperbolic case one need only to look at the linearization; in the
other case one must look at higher-order terms. In the elliptic case we can
change to action—angle coordinates (I, ¢) so that the map F : (I,¢) — (I',¢’)
is in normal form up to some order. In the elliptic case the multipliers are
complex numbers of the form A\*! = exp +wi # +1.

Proposition 13.7.2. If \*! = exp £27/3 (the multipliers are cube roots of
unity) the normal form begins

I' =T +2aI%?sin(3¢) + -+, ¢' = ¢ £ (1/3) + al*/? cos(3¢) + - - - .

If a # 0 the fized point is instable.
If A1 = +i (the multipliers are fourth roots of unity) the normal form
begins

I' =1+ 2al%sin(4p) + -, ¢ = ¢+ /2 + {acos(4¢) + B3 + ---.

If a > 3 the fized point is unstable, but if o < B the fized point is stable.
If X\ is not a cube or fourth root of unity then the normal form begins

I'=l+4+--- ¢ =pFw+pI+---.
If B # 0 then the fized point is stable.

Proposition 13.7.3. For a shear fized point the multipliers are both +1 and
A is not diagonalizable. The first few terms of the normal form F : (u,v) —
(u',0") are

W=utv—-, V=v-—[0uE+- .

If B # 0 then the fized point is unstable.
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Proposition 13.7.4. For a flip fized point the multipliers are both —1 and
A is not diagonalizable. The first few terms of the normal form F : (u,v) —
(u,0v") are

W =—u—v+-, vV =—v+Bud .

If B > 0 the fized point is stable and if 3 < 0 the fized point is unstable.

13.8 Applications to the Restricted Problem

In Chapter 9, a small parameter was introduced into the restricted problem
in three ways. First the small parameter was the mass ratio parameter pu;
second the small parameter section was a distance to a primary; and third
the small parameter was the reciprocal of the distance to the primaries.

In all three cases an application of the invariant curve theorem can be
made. Only the first and third are given here, inasmuch as the computations
are easy in these cases.

13.8.1 Invariant Curves for Small Mass

The Hamiltonian of the restricted problem (2.29) for small 4 is

[ — 1
H 5 z Ky el + O(p).
For o = 0 this is the Hamiltonian of the Kepler problem in rotating coor-
dinates. Be careful that the O(p) term has a singularity at the primaries.
When i = 0 and Delaunay coordinates are used, this Hamiltonian becomes
1
~55

and the equations of motion become

H =

(=1/L3, L=0,

g:—l7 GZO.

The variable g, the argument of the perihelion, is an angular variable. § = —1
implies that ¢ is steadily decreasing from 0 to —27 and so g = 0 mod 27
defines a cross-section. The first return time is 27. Let ¢, L be coordinates in
the intersection of the cross-section g = 0 and the level set H = constant.
The Poincaré map in these coordinates is

U =0+2n/L3, L'=1L.

Thus when p = 0 the Poincaré map in the level set is a twist map. By the
invariant curve theorem some of these invariant curves persist for small pu.
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13.8.2 The Stability of Comet Orbits

Consider the Hamiltonian of the restricted problem scaled as was done in
Section 9.5 in the discussion of comet orbits; i.e., the Hamiltonian 9.7. In
Poincaré variables it is

1

L, o 2 3
H:—P1+§(Q2+P2)—e 2P2

+0(€),

where Q7 is an angle defined modulo 27, P is a radial variable, and @, P,
are rectangular variables. For typographical reasons drop, but don’t forget,
the O(€®). The equations of motion are

Q1:—1+63/P13, P1:0,

Q2 = Py, Py = —Qo.

The circular solutions are Q2 = P> = 0+0O(€°) in these coordinates. Translate
the coordinates so that the circular orbits are exactly Q2 = P, = 0; this does
not affect the displayed terms in the equations. The solutions of the above
equations are

Ql(t):Q10+t(—1+€3/P13), Pl(t):Pm,

Q2 (t) = Q2o cost + Pyysint, Py (t) = —Qoosint + Pygcost.

Work near P, = 1,Q2 = P, = 0 for € small. The time for ; to increase by
27 is
T=2r/|-1+/P}|=2n(1+P73) 4+ O(°).

Thus

Q' = Q2(T) = Qcos2m(1 + P %) + Psin27(1 + P, ?%)
=Q+vPP? +0(v?),

P' = Py(T) = —Qsin27(1 + 3P, ) 4+ Pcos 2n(1 + € P, ®)
= —vQP* + P +0(v?),

where Q = Qa0, P = Py, and v = 27e3. Let H = 1, and solve for P; to get
1
P=—1+ 5(Q2 + P?) +0(v),

and hence 3
P =—1-— §(Q2 + P%) +0(v),

Substitute this back to get
Q' =Q+vP(-1-3(Q*+ P?) + 0(v?)

P'=P—vQ(—1-2(Q*+ P?) + 0O(?).



13.8 Applications to the Restricted Problem 353

This is the section map in the energy surface H = 1. Change to action—angle
variables, I = (Q? + P?)/2, ¢ = tan"}(P/Q), to get

I'=1+0@?%, ¢ =¢+v(—1-3I)+0@W?).

This is a twist map. Thus the continuation of the circular orbits into the
restricted problem is stable.

Problems

1. Let F' be a diffeomorphism defined in a neighborhood O of the origin
in R™, and let the origin be a fixed point for F'. Let V be a smooth
real-valued function defined on O, and define AV (z) = V(F(z)) — V(z).

a)

b)

c)
d)

Prove that if the origin is a minimum for V and AV (x) < 0 on O,
then the origin is a stable fixed point.

Prove that if the origin is a minimum for V' and AV (z) < 0 on
O\{0}, then the origin is an asymptotically stable fixed point.
State and prove the analog of Chetaev’s theorem.

State and prove the analog of Lyapunov’s instability theorem.

2. Let F(x) = Az and V(z) = 27 Sz, where A and S are n x n matrices,
and S is symmetric.

2)
b)

Show that AV (z) = 27 Rz, where R = ATSA - S.

Let & be the linear space on all m X m symmetric matrices and
L =La:8 — S be the linear map L(S) = ATSA — S. Show that
L is invertible if and only if \;A\; # 1 for all 4,5 = 1,...,m, where
ALy .-y A are the eigenvalues of A. (Hint: First prove the result when
A = diag(A1,..., A\m). Then prove the result when A = D + €N,
where D is simple (diagonalizable), and N is nilpotent, N = 0,
SN = NS, and € is small. Use the Jordan canonical form theorem
to show that A can be assumed to be A = D + €eN.)

Let A have all eigenvalues with absolute value less than 1. Show that
S =3 (AT)'RA" converges for any fixed R. Show S is symmetric
if R is symmetric. Show S is positive definite if R is positive definite.
Show that £(S) = —R; so, £L~! has a specific formula when all the
eigenvalues of A have absolute value less than 1.

3. Let F(x) = Az + f(x), where f(0) = 9f(0)/0z = 0.

2)

b)

Show that if all the eigenvalues of A have absolute value less than 1,
then the origin is asymptotically stable. (Hint: Use Problems 1 and
2.)

Show that if A has one eigenvalue with absolute value greater than
1 then the origin is a positively unstable fixed point.

4. Let r =1, =0, and h(I) = I, B # 0 in formulas of the invariant curve
theorem.
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a) Compute F'9, the gth iterate of F, to be of the form (I, ¢) — (I”,¢”)
where
I"=T1+0(e), ¢"=d+qw+qBl+O0(e).

b) Let 2mp/q be any number between w + a and w + (b, so 27p/q =
w + Bly where a < Iy < b. Show that there is a smooth curve I', =
{(I,p):1=2P(p,€) =Ip+---} such that F'? moves points on I” only
in the radial direction; i.e., ®(¢) satisfies ¢ — ¢ — 2rp = 0. (Hint:
Use the implicit function theorem.)

c) Show that because F'? is area-preserving, I' N F9(I") is nonempty,
and the points of this intersection are fixed points of F'? or ¢g-periodic
points of F.

5. Consider the forced Duffing’s equation with Hamiltonian

1
H = §(q2 +p?) + %q‘l + 7% coswt,
where w is a constant and v # 0 is considered as a small parameter. This
Hamiltonian is periodic with period 27 /w for small €. If w # 1,2, 3,4, the
system has a small (order v?) 27 /w periodic solution, called the harmonic.
The calculations in Section 10.3 show the period map was shown to be

I'=1+0(),

¢' = ¢ —2m/w— (3my/2w)I + O(7?),

where the fixed point corresponding to the harmonic has been moved to
the origin. Show that the harmonic is stable.

6. Using Poincaré elements show that the continuation of the circular orbits
established in Section 6.2 (Poincaré orbits) are of twist type and hence
stable.

7. Consider the various types of fixed points discussed in Section 11.1 and
prove the propositions in 13.7. That is:

a) Show that extremal points are unstable.
b) Show that 3-bifurcation points are unstable.

) Show that k-bifurcation points are stable if k > 5.

) Transitional and 4-bifurcation points can be stable or unstable de-
pending on the case. Figure out which case is unstable. (The stability
conditions are a little harder.) See Meyer (1971) or Cabral and Meyer
(1999).

¢
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