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Preface to the Second Edition

This new edition expands on some old material and introduces some new sub-
jects. The expanded topics include: parametric stability, logarithms of sym-
plectic matrices, normal forms for Hamiltonian matrices, spacial Delaunay el-
ements, pulsating coordinates, Lyapunov—Chetaev stability applications and
more. There is a new section on the Maslov index and a new chapter on
variational arguments as applied to the celebrated figure-eight orbit of the
3-body problem.

Still the beginning chapters can serve as a first graduate level course on
Hamiltonian dynamical systems, but there is far too much material for a sin-
gle course. Instructors will have to select chapters to meet their interests and
the needs of their class. It will also serve as a reference text and introduction
to the literature.

The authors wish to thank their wives and families for giving them the
time to work on this project. They acknowledge the support of their universi-
ties and various funding agencies including the National Science Foundation,
the Taft Foundation, the Sloan Foundation, and the Natural Sciences and
Engineering Research Council through the Discovery Grants Program.

This second edition in manuscript form was read by many individuals who
made many valuable suggestions and corrections. Our thanks go to Hildeberto
Cabral, Scott Dumas, Vadin Fitton, Clarissa Howison, Jesis Palacian, Dieter
Schmidt, Jaume Soler, Qiudong Wang, and Patricia Yanguas.

Nonetheless, it is the readers responsibility to inform us of additional er-
rors. Look for email addresses and an errata on MATH.UC.EDU/~MEYER/.

Kenneth R. Meyer
Glen R. Hall
Daniel Offin



Preface to the First Edition

The theory of Hamiltonian systems is a vast subject that can be studied from
many different viewpoints. This book develops the basic theory of Hamilto-
nian differential equations from a dynamical systems point of view. That is,
the solutions of the differential equations are thought of as curves in a phase
space and it is the geometry of these curves that is the important object
of study. The analytic underpinnings of the subject are developed in detail.
The last chapter on twist maps has a more geometric flavor. It was written
by Glen R. Hall. The main example developed in the text is the classical
N-body problem; i.e., the Hamiltonian system of differential equations that
describes the motion of IV point masses moving under the influence of their
mutual gravitational attraction. Many of the general concepts are applied to
this example. But this is not a book about the N-body problem for its own
sake. The N-body problem is a subject in its own right that would require a
sizable volume of its own. Very few of the special results that only apply to
the N-body problem are given.

This book is intended for a first course at the graduate level. It assumes
a basic knowledge of linear algebra, advanced calculus, and differential equa-
tions, but does not assume knowledge of advanced topics such as Lebesgue
integration, Banach spaces, or Lie algebras. Some theorems that require long
technical proofs are stated without proof, but only on rare occasions. The
first draft of the book was written in conjunction with a seminar that was
attended by engineering graduate students. The interest and background of
these students influenced what was included and excluded.

This book was read by many individuals who made valuable sugges-
tions and many corrections. The first draft was read and corrected by Ri-
cardo Moena, Alan Segerman, Charles Walker, Zhangyong Wan, and Qiudong
Wang while they were students in a seminar on Hamiltonian systems. Gregg
Buck, Konstantin Mischaikow, and Dieter Schmidt made several suggestions
for improvements to early versions of the manuscript. Dieter Schmidt wrote
the section on the linearization of the equation of the restricted problem at
the five libration points. Robin Vandivier found copious grammatical errors
by carefully reading the whole manuscript. Robin deserves a special thanks.
We hope that these readers absolve us of any responsibility.



viii Preface

The authors were supported by grants from the National Science Foun-
dation, Defense Advanced Research Project Agency administered by the Na-
tional Institute of Standards and Technology, the Taft Foundation, and the
Sloan Foundation. Both authors were visitors at the Institute for Mathemat-
ics and its Applications and the Institute for Dynamics.

Kenneth R. Meyer
Glen R. Hall
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1. Hamiltonian Systems

This chapter defines a Hamiltonian system of ordinary differential equations,
gives some basic results about such systems, and presents several classical
examples. This discussion is informal. Some of the concepts introduced in
the setting of these examples are fully developed later. First, we set forth
basic notation and review some basic facts about the solutions of differential
equations.

1.1 Notation

R denotes the field of real numbers, C the complex field, and F either R or
C. F™ denotes the space of all n-dimensional vectors, and, unless otherwise
stated, all vectors are column vectors. However, vectors are written as row
vectors within the body of the text for typographical reasons. L(F",F™) de-
notes the set of all linear transformations from F™ to F™, which are sometimes
identified with the set of all m x n matrices.

Functions are real and smooth unless otherwise stated; smooth means C'*°
or real analytic. If f(x) is a smooth function from an open set in R™ into R™,
then 9f/0z denotes the m x n Jacobian matrix

COf O
0x1 ox,

of _

dr
Ofm  Ofm
L Oxq ox,, |

If A is a matrix, then A7 denotes its transpose, A~! its inverse, and A~7
the inverse transpose. If f : R™ — R, then f/dx is a row vector; let V f or
V. f or f, denote the column vector (9f/0z)T. Df denotes the derivative of
f thought of as a map from an open set in R into L(R™,R™). The variable ¢
denotes a real scalar variable called time, and the symbol - is used for d/dt.

K.R. Meyer et al., Introduction to Hamiltonian Dynamical Systems and the N-Body
Problem, Applied Mathematical Sciences 90, DOI 10.1007/978-0-387-09724-4_1,
© Springer Science+Business Media, LLC 2009



2 1. Hamiltonian Systems

1.2 Hamilton’s Equations

Newton’s second law gives rise to systems of second-order differential equa-
tions in R™ and so to a system of first-order equations in R?", an even-
dimensional space. If the forces are derived from a potential function, the
equations of motion of the mechanical system have many special properties,
most of which follow from the fact that the equations of motion can be written
as a Hamiltonian system. The Hamiltonian formalism is the natural mathe-
matical structure in which to develop the theory of conservative mechanical
systems.

A Hamiltonian system is a system of 2n ordinary differential equations of
the form

q:Hpa 152 _Hq»

. oH ) L (1.1)
qi = api(t?Qap)a bi = dq (t,q,p), t=1...,n,
where H = H(t,q,p), called the Hamiltonian, is a smooth real-valued func-
tion defined for (t,q,p) € O, an open set in R x R™ x R™. The vectors
g=(q1,---,qn) and p = (p1, ..., pn) are traditionally called the position and
momentum vectors, respectively, and ¢ is called time, because that is what
these variables represent in the classical examples. The variables ¢ and p are
said to be conjugate variables: p is conjugate to ¢. The concept of conjugate
variable grows in importance as the theory develops. The integer n is the
number of degrees of freedom of the system.
For the general discussion, introduce the 2n vector z, the 2n x 2n skew
symmetric matrix J, and the gradient by

K2

oH
82’1

z:m, J:J,,:[Ofé], VH = ,
p - OH
aan

where 0 is the n X n zero matrix and I is the n x n identity matrix. The
2 x 2 case is special, so sometimes .J5 is denoted by K. In this notation (1.1)
becomes

2= JVH(z). (1.2)

One of the basic results from the general theory of ordinary differential
equations is the existence and uniqueness theorem. This theorem states that
for each (to,z9) € O, there is a unique solution z = ¢(t, to, zo) of (1.2) defined
for ¢ near ¢y that satisfies the initial condition ¢(to, to, 2z0) = 2o. ¢ is defined
on an open neighborhood Q of (tg,tg,20) € R***2 into R?". The function
@(t,to, 20) is smooth in all its displayed arguments, and so ¢ is C°° if the
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equations are C°, and it is analytic if the equations are analytic. ¢(t, to, 20)
is called the general solution. See Chicone (1999), Hubbard and West (1990),
or Hale (1972) for details of the theory of ordinary differential equations.

In the special case when H is independent of ¢, so that H : © — R!
where O is some open set in R?", the differential equations (1.2) are au-
tonomous, and the Hamiltonian system is called conservative. It follows that
o(t — to,0,20) = @(t,10,20) holds, because both sides satisfy Equation (1.2)
and the same initial conditions. Usually the ¢y dependence is dropped and
only ¢(t,zp) is considered, where ¢(t,z2p) is the solution of (1.2) satisfying
#(0, z0) = zo. The solutions are pictured as parameterized curves in O C R?",
and the set O is called the phase space. By the existence and uniqueness the-
orem, there is a unique curve through each point in O; and by the uniqueness
theorem, two such solution curves cannot cross in O.

An integral for (1.2) is a smooth function F': O — R! which is constant
along the solutions of (1.2); i.e., F(¢(t,z0)) = F(z0) is constant. The classi-
cal conserved quantities of energy, momentum, etc. are integrals. The level
surfaces F~1(c) C R?", where c is a constant, are invariant sets; i.e., they are
sets such that if a solution starts in the set, it remains in the set. In general,
the level sets are manifolds of dimension 2n — 1, and so with an integral F,
the solutions lie on the set F~!(c), which is of dimension 2n — 1. If you were
so lucky as to find 2n — 1 independent integrals, Fi, ..., Fb,_1, then holding
all these integrals fixed would define a curve in R?”, the solution curve. In
the classical sense, the problem has been integrated.

1.3 The Poisson Bracket

Many of the special properties of Hamiltonian systems are formulated in
terms of the Poisson bracket operator, so this operator plays a central role
in the theory developed here. Let H, F, and G be smooth functions from
O C R' x R® x R™ into R', and define the Poisson bracket of F' and G by

oFToc orFToG
VFTJVG — _
{FrGh =V G_aq op dp Oq
) (1.3)

i aG oG
—;(a% t,p,q api(t,q,p)— o —(t, qp)a (t, qp)>

Clearly {F, G} is a smooth map from O to R! as well, and one can easily
verify that {-,-} is skew-symmetric and bilinear. A little tedious calculation
verifies Jacobi’s identity:

{F.{G,H}} + {G,{H,F}}+{H,{F,G}} =0. (1.4)
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By a common abuse of notation, let F'(t) = F(t, ¢(t, to, 20)), where ¢ is the
solution of (1.2) as above. By the chain rule,

%F(t) = a—F(t, o(t,to, 20)) + {F, H}(t, ¢(t, to, 20))- (1.5)

ot
Hence dH/dt = 0H/0t.

Theorem 1.3.1. Let F,G, and H be as above and independent of time t.
Then

1. F is an integral for (1.2) if and only if {F, H} = 0.

2. H is an integral for (1.2).

3. If F and G are integrals for (1.2), then so is {F,G}.

4. {F,H} is the time rate of change of F along the solutions of (1.2).

Proof. (1) follows directly from the definition of an integral and from (1.5). (2)
follows from (i) and from the fact that the Poisson bracket is skew-symmetric,
so {H,H} = 0. (3) follows from the Jacobi identity (1.4). (4) follows from
(1.5).

In many of the examples given below, the Hamiltonian H is the total
energy of a physical system; when it is, the theorem says that energy is a
conserved quantity.

In the conservative case when H is independent of ¢, a critical point of H
as a function (i.e., a point where the gradient of H is zero) is an equilibrium
(or critical, rest, stationary) point of the system of differential equations (1.1)
or (1.2), i.e., a constant solution.

For the rest of this section, let H be independent of t. An equilibrium
point ¢ of system (1.2) is stable if for every € > 0, there is a 6 > 0 such that
[¢ — &(t, 20)|| < € for all ¢ whenever || — 20| < d. Note that “all ¢” means
both positive and negative ¢, and that stability is for both the future and the
past.

Theorem 1.3.2 (Dirichlet). If ¢ is a strict local minimum or mazimum
of H, then ( is stable.

Proof. Without loss of generality, assume that ¢ = 0 and H(0) = 0. Because
H(0) = 0 and 0 is a strict minimum for H, there is an n > 0 such that
H(z) is positive for 0 < ||z|| < n. (In the classical literature, one says that
H is positive definite.) Let £ = min(e,n) and M = min{H(z) : ||z|| = &},
so M > 0. Because H(0) = 0 and H is continuous, there is a § > 0 such
that H(z) < M for ||z|| < §. If ||z0|| < 6, then H(zo) = H(p(t,20)) < M
for all t. ||p(t, z0)|| < &k < € for all ¢, because if not, there is a time ¢’ when
|lo(t, z0)|| = K, and H(p(t', z9)) > M, a contradiction.
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1.4 The Harmonic Oscillator

The harmonic oscillator is the second-order, linear, autonomous, ordinary
differential equation

i+ w?r =0, (1.6)

where w is a positive constant. It can be written as a system of two first order
equations by introducing the conjugate variable v = & /w and as a Hamilto-
nian system by letting H = (w/2)(z? + u?) (energy in physical problems).
The equations become

. _ OH
= wu = I
(1.7)
. OH
U= —WT = o

The variable w is a scaled velocity, and thus the z,u plane is essentially the
position-velocity plane, or the phase space of physics. The basic existence and
uniqueness theorem of differential equations asserts that through each point
(20, up) in the plane, there is a unique solution passing through this point at
any particular epoch ty3. The general solutions are given by the formula

x(t, to, o, Ug) cosw(t —tg) —sinw(t — o)
i

xo] . (1.8)

u(t, to, o, up) sinw(t —tg) cosw(t —tg)

The solution curves are parameterized circles. The reason that one intro-
duces the scaled velocity instead of using the velocity itself, as is usually done,
is so that the solution curves become circles instead of ellipses. In dynamical
systems the geometry of this family of curves in the plane is of prime impor-
tance. Because the system is independent of time, it admits H as an integral
by Theorem 1.3.1 (or note H = wxi + wuit = 0). Because a solution lies in
the set where H = constant, which is a circle in the x,u plane, the integral
alone gives the geometry of the solution curves in the plane. See Figure 1.1.
The origin is a local minimum for H and is stable.

Introduce polar coordinates, 72 = 22 + 42,0 = tan~!u/z, so that equa-
tions (1.7) become

F=0, 0=—w. (1.9)

This shows again that the solutions lie on circles about the origin because,
7 = 0. The circles are swept out with constant angular velocity.
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A

—// x

Figure 1.1. Phase portrait of the harmonic oscillator.

1.5 The Forced Nonlinear Oscillator
Consider the system

i+ (@) = g(t), (1.10)

where z is a scalar and f and g are smooth real-valued functions of a scalar
variable. A mechanical system that gives rise to this equation is a spring-mass
system. Here, z is the displacement of a particle of mass 1. The particle is
connected to a nonlinear spring with restoring force — f(z) and is subject to
an external force g(t). One assumes that these are the only forces acting on
the particle and, in particular, that there are no velocity-dependent forces
acting such as a frictional force.

An electrical system that gives rise to this equation is an LC circuit with
an external voltage source. In this case, x represents the charge on a nonlinear
capacitor in a series circuit that contains a linear inductor and an external
electromotive force g(t). In this problem, assume that there is no resistance
in the circuit, and so there are no terms in & .

This equation is equivalent to the system

b=y=  i= 1) +e0= -5, (111)
where
H= 1y2 + F(x) —xg(t), F(z)= ’ f(s)ds. (1.12)

2 0
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Many named equations are of this form, for example: (i) the harmonic
oscillator: # 4 w2z = 0; (i) the pendulum equation: § + sin® = 0; (iii) the
forced Duffing’s equation: & + = + ax® = cos wt.

In the case when the forcing term g is absent, g = 0, H is an integral, and
the solutions lie in the level curves of H. Therefore, the phase portrait is easily
obtained by plotting the level curves. In fact, these equations are integrable
in the classical sense that they can be solved “up to a quadrature;” i.e., they
are completely solved after one integration or quadrature. Let h = H(zq, yo)-
Solve H = h for y and separate the variables to obtain

_dx

=Y L oh— 2F (),
V=g (z)
1.13
r dr ( )
t—to=+ | —

xo \/ 2h — 2F(T)

Thus, the solution is obtained by performing the integration in (1.13) and
then taking the inverse of the function so obtained. In general this is quite
difficult, but when f is linear, the integral in (1.13) is elementary, and when
f is quadratic or cubic, then the integral in (1.13) is elliptic.

1.6 The Elliptic Sine Function

The next example is an interesting classical example. In an effort to extend
the table of integrable functions, the elliptic functions were introduced in the
nineteenth century. Usually the properties of these functions are developed
in advanced texts on complex analysis, but much of the basic properties
follow from the elementary ideas in differential equations. Here one example
is presented.

Let k be a constant 0 < k < 1 and sn (¢, k) the solution of

P+ (1+E)r —2k%2® =0, 2(0)=0, &(0)=1. (1.14)

The function sn (¢, k) is called the Jacobi elliptic sine function. Let y = 4.
The Hamiltonian, or integral, is

2H = y* + (1 + k?)z? — k%a* (1.15)
and on the solution curve sn (¢, k), 2H =1, so
sh? = (1 —sn?)(1 — k%sn?). (1.16)

The phase portrait of (1.14) is the level line plot of H. To find this plot,
first graph

{(x) =2h — (1 + kHa? + k*2* = (2h — 1) + (1 — 2%)(1 — k*2?).
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Then take square roots by plotting y? = ¢(z) to obtain the phase portrait of
(1.14) as shown in Figure 1.2.

The solution curve sn (¢, k) lies in the connected component of 2H = 1
which contains z = 0, y = & = 1, i.e., the closed curve encircling the origin
illustrated by the darker oval in Figure 1.2. The solution sn (¢, k) lies on a
closed level line that does not contain an equilibrium point, therefore it must
be a periodic function.

sn (¢, k)

oy
— ;

oy

Figure 1.2. Phase portrait of the elliptic sine function.

Both sn (¢, k) and —sn (—t, k) satisfy (1.14), and so by the uniqueness
theorem for ordinary differential equations, sn (¢, k) = —sn (—t, k), i.e., sn is
odd in t. The curve defined by sn goes through the points x = +1,y = 0
also. As t increases from zero, sn (¢, k) increases from zero until it reaches its
maximum value of 1 after some time, say a time & . (Classically, the constant
k is denoted by K.) Because sn(*k,k) = +1 and si (£k, k) = 0 and both
sn (t+k, k) and —sn (¢t — k, k) satisfy the equation in (1.14), by uniqueness of
the solutions of differential equations it follows that sn (t + k, k) = —sn (¢t —
K, k), or that sn is 4k periodic and odd harmonic in ¢. Thus the Fourier series
expansion of sn only contains terms in sin(j27t/4x) where j is an odd integer.

It is clear that sn is increasing for —k < ¢ < k. Equation (1.14) implies
sh > 0 (so sn is convex) for —x < t < 0, and it also implies si < 0 (so sn is
concave) for 0 < ¢t < k. Thus, sn has the same basic symmetry properties as
the sine function. It is also clear from the equations that sn (¢, k) — sint and
k — m/2 as k — 0. The graph of sn, (¢, k) has the same general form as sint
with 4k playing the role of 2.

The function (k) is investigated in the problems. Classical handbooks
contain tables of values of the sn function, and computer algebra systems such
as Maple have these functions. Thus one knows almost as much about sn (¢, k)
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as about sint. Your list of elementary functions should contain sn (¢, k). In
the problems, you are asked to solve the pendulum equation with your new
elementary function.

There are two other Jacobi elliptic functions that satisfy equations similar
to (1.14). They were introduced in order to extend the number of functions
that can be integrated. In fact, with the three Jacobi elliptic functions, all
equations of the form (1.10) with ¢ = 0 and f(z) a quadratic or cubic polyno-
mial can be solved explicitly. A different and slightly more detailed discussion
is found in Meyer (2001), and the classic text Modern Analysis by Whittaker
and Watson (1927) has a complete discussion of the Jacobi elliptic functions.
Many of the formulas will remind one of trigonometry.

1.7 General Newtonian System

The n-dimensional analog of (1.10) is

Mz + VF(z) = g(t), (1.17)

where z is an n-vector, M is a nonsingular, symmetric n X n matrix, F is a
smooth function defined on an open domain O in R™, VF' is the gradient of
F, and g is a smooth n-vector valued function of ¢, for ¢ in some open set in
R!. Let y = M. Then (1.17) is equivalent to the Hamiltonian system

oOH O0H
P=— =M1 j=——— =-VF t 1.1
v= Y, Y 5 VF(z)+g(t), (1.18)
where the Hamiltonian is
1
H= §yTM_1y+F(x) —aTg(t). (1.19)

If x represents the displacement of a particle of mass m, then M = mI where
I is the identity matrix, y is the linear momentum of the particle, %yTM —ly
is the kinetic energy, g(t) is an external force, and F' is the potential energy.
If g(t) = 0, then H is an integral and is total energy. This terminology is
used in reference to nonmechanical systems of the form (1.17) also. In order
to write (1.18) as a Hamiltonian system, the correct choice of the variable
conjugate to = is y = M, the linear momentum, and not &, the velocity.

In the special case when g = 0, a critical point of the potential is a
critical point of H and hence an equilibrium point of the Hamiltonian system
of equations (1.18). In many physical examples, M is positive definite. In
this case, if 2’ is a local minimum for the potential F', then (z’,0) is a local
minimum for H and therefore a stable equilibrium point by Theorem 1.3.2.

It is tempting to think that if 2’ is a critical point of F' and not a minimum
of the potential, then the point (2’,0) is an unstable equilibrium point. This
is not true. See Laloy (1976) and Chapter 13 for a discussion of stability
questions for Hamiltonian systems.
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1.8 A Pair of Harmonic Oscillators
Consider a pair of harmonic oscillators

j+w2I:O, y+:u2y207

which as a system becomes the Hamiltonian system

b —wu 28 i
& =wu= o, y=po= 2
(1.20)
u——wx——a—H U= — ——a—H
- - 85C 9 - ,Lty - ay )
where the Hamiltonian is
H =2 +u?) + S + 7).
In polar coordinates
r? = %(xQ—l—uz), 0 =tan " u/x,
2 _ M, 2 2 _ -1
Pl ), o=t oy,
the equations become
=0, 0=-w,
(1.21)
lb = 07 ¢ =M
and they admit the two integrals
L= = (@) +ud),  h=p =20+ (122)

In many physical problems, these equations are only the first approximation.
The full system does not admit the two individual integrals (energies), but
does admit H as an integral which is the sum of the individual integrals.
Think, for example, of a pea rolling around in a bowl; the linearized system
at the minimum would be of the form (1.20). In this case, H~1(1) is an
invariant set for the flow, which is an ellipsoid and topologically a 3-sphere.

Consider the general solution through rg, 6o, po, o at epoch t = 0. The
solutions with rg = 0 and py > 0 or pg = 0 and 79 > 0 lie on circles and
correspond to periodic solutions of period 27/ and 27 /w, respectively. These
periodic solutions are special and are usually called the normal modes.

The set where 7 =19 > 0 and p = po > 0 is an invariant torus for (1.20)
or (1.21). Angular coordinates on this torus are 6 and ¢, and the equations
are
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0=-w,  ¢=—u (1.23)

the standard linear equations on a torus. See Figure 1.3.

If w/p is rational, then w = pr and p = g7, where p and ¢ are relatively
prime integers and 7 is a nonzero real number. In this case the solution of
(1.23) through 6y, ¢ at epoch t = 0 is 6(t) = 6y — wt, P¢(t) = ¢o — ut,
and so if T = 27 /7, then 6(T) = 6y + p2m and ¢(T) = ¢¢ + q27. That is,
the solution is periodic with period 7" on the torus, and this corresponds to
periodic solutions of (1.20).

If w/p is irrational, then none of the solutions is periodic. In fact, the
solutions of (1.23) are dense lines on the torus see Section 1.9), and this
corresponds to the fact that the solutions of (1.20) are quasiperiodic but not
periodic.

~

Figure 1.3. Linear flow on the torus.

We can use polar coordinates to introduce coordinates on the sphere,
provided we are careful to observe the conventions of polar coordinates: (i)
r >0, (ii) § is defined modulo 27, and (iii) » = 0 corresponds to a point.
That is, if we start with the rectilinear strip r > 0, 0 < 0 < 27, then identify
the 6 = 0 and 6 = 27 edges to get a half-closed annulus, and finally if we
identify the circle r = 0 with a point, then we have a plane (Figure 1.4).

Starting with the polar coordinates r, 6, p, ¢ for R*, we note that on the
3-sphere, F = r? 4 p2 =1, so we can discard p and have 0 < r < 1. We use
1,0, ¢ as coordinates on S3. Now r, § with 0 < r < 1 are just polar coordinates
for the closed unit disk. For each point of the open disk, there is a circle with
coordinate ¢ (defined mod 27), but when r = 1, p = 0, so the circle collapses
to a point over the boundary of the disk. The geometric model of S? is given
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Figure 1.4. The polar coordinate conventions.

by two solid cones with points on the boundary cones identified as shown
in Figure 1.5a. Through each point in the open unit disk with coordinates
r,0 there is a line segment (the dashed line) perpendicular to the disk. The
angular coordinate ¢ is measured on this segment: ¢ = 0 is the disk, ¢ = =
is the upper boundary cone, and ¢ = —m is the lower boundary cone. Each
point on the upper boundary cone with coordinates 7,60, ¢ = 7 is identified
with the point on the lower boundary cone with coordinates r,6,¢ = —m.
From this model follows a series of interesting geometric facts.

For a, 0 < a < 1, the set where r = « is a 2-torus in the 3-sphere,
and for a = 0 or 1, the set r = « is a circle. Because r is an integral for
the pair of oscillators, these tori and circles are invariant sets for the flow
defined by the harmonic oscillators. The two circles r = 0,1 are periodic
solutions, called the normal modes. The two circles are linked in 52, i.e., one
of the circles intersects a disk bounded by the other circle in an algebraically
nontrivial way. The circle where » = 1 is the boundary of the shaded disk in
Figure 1.5b, and the circle r = 0 intersects this disk once. It turns out that
the number of intersections is independent of the bounding disk provided one
counts the intersections algebraically.

Consider the special case when w = g = 1. In this case every solution is
periodic, and so its orbit is a circle in the 3-sphere. Other than the two special
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identify

(a) A model of S* (b) An orbit on §*

Figure 1.5. S% as a circle bundle over S2.

circles, on each orbit as 6 increases by 27, so does ¢. Thus each such orbit
hits the open disk where ¢ = 0 (the shaded disk in Figure 1.5) in one point.
We can identify each such orbit with the unique point where it intersects the
disk. One special orbit meets the disk at the center, so we can identify it with
the center. The other special orbit is the outer boundary circle of the disk
which is a single orbit. When we identify this circle with a point, the closed
disk whose outer circle is identified with a point becomes a 2-sphere.

Theorem 1.8.1. The 3-sphere, S3, is the union of circles. Any two of these
circles are linked. The quotient space obtained by identifying a circle with a
point is a 2-sphere (the Hopf fibration of S3).

Let D be the open disk ¢ = 0, the shaded disk in Figure 1.5. The union
of all the orbits that meet D is a product of a circle and a 2-disk, so each
point not on the special circle r = 1 lies in an open set that is the product
of a 2-disk and a circle. By reversing r and p in the discussion given above,
the circle where r = 1 has a similar neighborhood. So locally the 3-sphere
is the product of a disk and a circle, but the sphere is not the product of
a 2-manifold and a circle. (The sphere has a trivial fundamental group, but
such a product would not.)

When w = p and p = ¢ with p and q relatively prime integers, all solutions
are periodic, and the 3-sphere is again a union of circles, but it is not locally
a product near the special circles. The nonspecial circles are p, g-torus knots.
They link p times with one special circle and ¢ times with the other.

These links follow by a slight extension of the ideas of the previous propo-
sition. A p, g-torus knot is a closed curve that wraps around the standard
torus in R? in the longitudinal direction p times and in the meridional direc-
tion ¢ times. If p and q are different from 1, the knot is nontrivial.
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/

/

Figure 1.6. The trefoil as a toral knot.

Figure 1.6 shows that the 3,2 torus knot is the classical trefoil or clover-
leaf knot. The first diagram in Figure 1.6 is the standard model of a torus:
a square with opposite sides identified. The line with slope 3/2 is shown
wrapping three times around one way and twice around the other. Think of
folding the top half of the square back and around and then gluing the top
edge to the bottom to form a cylinder. Add two extra segments of curves
to connect the right and left ends of the curve to get the second diagram in
Figure 1.6. Smoothly deform this to get the last diagram in Figure 1.6, the
standard presentation of the trefoil. See Rolfsen (1976) for more information
on knots.

1.9 Linear Flow on the Torus

In order to show that the solutions of (1.23) on the torus are dense when w/u
is irrational, the following simple lemmas from number theory are needed.

Lemma 1.9.1. Let § be any irrational number. Then for every e > 0, there
exist integers q and p such that

|gd —pl<e. (1.24)

Proof. Case 1: 0 < 6 < 1. Let N > 2 be an integer and Sy = {sd —r: 1 <
s,7 < N}. For each element of this set we have | s§ — r |< N. Because ¢
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is irrational, there are N? distinct members in the set Sy; so at least one
pair is less than 4/N apart. (If not, the total length would be greater than
(N? —1)4/N > 2N.) Call this pair s6 —r and s'6 — r’. Thus

4 4
Take N > 4/e,q = s — s’ and p = r’ — r to finish this case. The other cases
follow from the above. If —1 < § < 0, then apply the above to —d; and if

| § |[> 1, apply the above to 1/4.

Lemma 1.9.2. Let § be any irrational number and & any real number. Then
for every € > 0 there exist integers p and q such that

lgd—p—¢€l<e (1.26)

Proof. Let p’ and ¢’ be as given in Lemma 1.9.1, so n = ¢/d — p’ satisfies
0 <| 1 |< €. There is a integer m such that | mn — £ |< e. The lemma follows
by taking ¢ = mq’ and p = mp'.

Theorem 1.9.1. Let w/p be irrational. Then the solution curves defined by
Equations (1.23) are dense on the torus.

Proof. Measure the angles in revolutions instead of radians so that the angles
0 and ¢ are defined modulo 1 instead of 2. The solution of equations (1.23)
through 6 = ¢ =0 at t =0 1is 0(t) = wt, P(t) = pt. Let € > 0 and £ be given.
Then § = £ and ¢ = 0 mod 1 is an arbitrary point on the circle ¢ = 0 mod 1
on the torus. Let § = w/u and p, ¢ be as given in Lemma 2. Let 7 = ¢/p, so
0(1) = 0q, () = q. Thus, | 8(7) —p—& |< €, but because p is an integer, this
means that 6(7) is within € of &; so the solution through the origin is dense
on the circle ¢ = 0 mod 1. The remainder of the proof follows by translation.

1.10 Euler-Lagrange Equations

Many of the laws of physics can be given as minimizing principles and this
led the theologian-mathematician Leibniz to say that we live in the best of
all possible worlds. In more modern times and circumstances, the physicist
Richard Feynman once quoted that of all mathematical-physical principles,
the principle of least action is one that he has pondered most frequently.

Under mild smoothness conditions, one shows in the calculus of variations
that minimizing the curve functional with fixed boundary constraints

B8
Flg) = / L), d0)dt, o) = gur  a(8) = a5

leads to a function q : [, 3] — R™ satisfying the Euler-Lagrange equations
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4oL OL _ (1.27)
dt ¢  0Oq
These equations are also known as FEuler’s equations.

Here we use the symbol ¢ with two meanings. The function L is a function
of two variables and these two variables are denoted by ¢, ¢, so L/9¢ denotes
the partial derivative of L with respect to its second variable. A solution of
(1.27) is a smooth function of ¢, denoted by ¢(t), whose derivative with respect
to t is ¢(t).

In particular, if ¢, ¢ are the position-velocity of a mechanical system sub-
ject to a system of holonomic constraints and K(¢) is its kinetic energy, P(q)
its potential energy, and L = K — P the Lagrangian then (1.27) is the equa-
tion of motion of the system — see Arnold (1978), Siegel and Moser (1971),
or almost any advanced texts on mechanics.

More generally, any critical point of the action functional F'(-) leads to the
same conclusion concerning the critical function ¢(-). Moreover, the boundary
conditions for the variational problem may be much more general, including
the case of periodic boundary conditions, which would replace the fixed end-
point condition with the restriction on the class of functions

This is an important generalization, in as much as all the periodic solutions
of the N-body problem can be realized as critical points of the action, sub-
ject to the periodic boundary condition. In fact, this observation leads one to
look for such periodic solutions directly by finding appropriate critical points
of the action functional, rather than by solving the boundary value prob-
lem connected with the Euler equations. This is called the direct method
of the calculus of variations, which is a global method in that it does not
require nearby known solutions for its application. This method has recently
helped the discovery of some spectacular new periodic solutions of the N-
body problem that are far from any integrable cases and which are discussed
in subsequent chapters. We give a very simple example of this method be-
low, together with some extensions of this method to the question of global
stability of periodic solutions.

Here are the ingredients of the argument that relates the critical points
of F' to the Euler-Lagrange equations. Suppose that ¢. is a one parameter
curve of functions through the critical function ¢ that satisfies the boundary
constraints. That is, ¢o(t) = ¢(t), o <t <, and g.(a) = ¢o, ¢(8) = g3
in the case of fixed boundary conditions, or ¢.(a) = ¢.(5) in the case of
periodic conditions. In either of these cases, one would naturally infer that
the composite function g(e) = F(q.) has a critical point at e = 0. Assuming
that we are able to differentiate under the integral sign, and that the variation
vector field

€)= oralt

e=0
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is smooth, we find that

dF(q)-§ = - F(qc)

B roL oL .
e—O:/Oé (&U§+ax€)dt

oL |° B/ doL oL
=5 f [ (i a) e

The last line of (1.28) is done using an integration by parts. It is not
difficult to see that if the function ¢ is critical for the functional F' with
either set of boundary conditions, then the boundary terms and the integral
expression must vanish independently for an arbitrary choice of the variation
vector field £(¢). This leads to two conclusions: first, that the Euler-Lagrange
equations (1.27) must vanish identically on the interval o < ¢ < 3 and second,
that the transversality conditions

De
(1.28)

or |°
0§ =0 (1.29)

«
should also hold for the critical function ¢ at the endpoints «, 3. In the case
of fixed boundary conditions, these transversality conditions don’t give any
additional information because &(a) = &(8) = 0. In the case of periodic
boundary conditions, they imply that

oL oL

874(01) :%(

because £(a) = £(8). As we show below, this guarantees that a critical point
of the action functional with periodic boundary conditions, is just the con-
figuration component of a periodic solution of Hamilton’s equations.

We have shown in (1.28) that we can identify critical points of the func-
tional F'(-) with solutions of the Euler equations (1.27) subject to various
boundary constraints. One powerful and important application of this is that
the Euler—Lagrange equations are invariant under general coordinate trans-
formations.

B), (1.30)

Proposition 1.10.1. If the transformation (x,&) — (q,q) is a local diffeo-
morphism with

B . 0Oq .

then the FEuler—Lagrange equations (1.27) transform into an equivalent set of
Euler—Lagrange equations

doL 9L _
ds 9 Oz

where the new Lagrangian is defined by the coordinate transformation
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- dq
L(x,z) = L(q(x), —(x) - x).

(z,8) = L(g(2), 5~ (2) - &)
Proof. The argument rests on two simple observations. First, the condition
that F'(q) take a critical value is independent of coordinates; and second, the
functional F'(¢q) transforms in a straightforward manner

From this, we conclude that the critical points of F(-) correspond to critical
points of F(-) under the coordinate transformation. The conclusion of the
proposition follows, because we have shown in (1.28) that critical points of
F(-) are solutions of the Euler equations for the Lagrangian L, and critical
points of F(-) are solutions of the Euler equations for the Lagrangian L.

Sometimes L depends on ¢t and we wish to change the time variable also.
By the same reasoning, if the transformation (z,z’,s) — (g, ¢,t) is

G (z,8)2" + qs(x, 5)
to(x,s)2’ +ts(z,s)’

g=q(z,s), t=t(zs), ¢=q(z,a',s)=

then the Euler-Lagrange equations (1.27) become
49L 9L _
ds 0z’  Oxr
where ' = d/ds and

L(z, 2, s) = L(q(x, s),4(z, 2, s), t(x, 5)).

We consider one interesting example here, whereby the variational structure
of certain solutions is directly tied to the stability type of these solutions.
We follow this thread of an idea in later examples, especially when we ap-
ply the variational method to finding symmetric periodic solutions of the
N-body problem. The mathematical pendulum is given by specifying a con-
strained mechanical system in the plane with Cartesian coordinates (z,y).
The gravitational potential energy is U(z,y) = mgy and the kinetic energy
K(i,9) = £(#% + §%). The constraint requires the mass m to lie at a fixed
distance [ from the point (0,1) so that 2 + (y — 1) = [?. Introducing a local
angular coordinate # mod 27 on the circle 2 + (y — [)? = 12 and expressing
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the Lagrangian in these coordinates we find the Lagrangian and the resulting
Euler-Lagrange equations,

L(6,6) = %ml292 + mgl(1 + cos(0)), mi%0 = —mglsin(h).

The equations in 6 follow by the invariance of Euler-Lagrange equations
(1.27), see Proposition (1.10.1)) The factor mgl is subtracted from the po-
tential to make the action positive, and doesn’t affect the resulting differen-
tial equations. The action of the variational problem is the integral of the
Lagrangian, so we study the periodic problem

F(q) = /0 (;mﬂ(f +mgl(1+ cos(q))) dt, q(0) =q(T).

We make the simple observation that the absolute minimizer of the action
corresponds to a global maximum of the potential, and the global minimum
of the potential corresponds to a mountain pass critical point of the action
functional
F(+r) < F(q), F(0)=min max F(q).
deg ¢=1

The first inequality may be easily verified, because the kinetic energy is pos-
itive and the potential takes a maximum value at +x. In the second case,
the maximum is taken with respect to loops in the configuration variable,
which make one circuit of the point 0 before closing. This is described by
the topological degree = 1. The minimum is then taken over all such loops,
including the limit case when the loop is stationary at the origin.

It is interesting to observe here that the global minimum of the action
functional corresponds to a hyperbolic critical point, and the stable critical
point (see Dirichlet’s theorem (1.3.2)) corresponds to a mountain pass type
critical point. This fact is not isolated, and we discuss a theory to make this
kind of prediction concerning stability and instability in much more general
settings when we discuss the Maslov index in Section 4.5.

One could consider the forced pendulum equations, as was done in Section
1.5. Here the analysis and the results become essentially more interesting,
because there are no longer any equilibrium solutions; however, the direct
method of the calculus of variations leads to some very interesting global
results for this simple problem, which we describe briefly. The Euler equation
and the action functional become

mi%6 = —mglsin(0) + f(t), f(t+T)= f(t),

T
Fl) = [ (G4m0 + cost) + af(0)) e, a(0) = (7).

In this problem, the question of stable and unstable periodic solutions be-
comes an interesting nonelementary research topic. The first question one
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encounters here is the question of existence of T-periodic solutions. There
is a simple analytical condition on the forcing term f that guarantees the
existence of both minimizing and mountain pass critical points for the action
functional. This condition is that the mean value of f is zero, fOT fdt =0. By
our earlier discussion on the equality of periodic solutions and critical func-
tions, this guarantees nontrivial harmonic oscillations of the forced pendulum
equation (see Mawhin and Willem (1984)). The related question concerning
which forcing terms f can admit such T-periodic solutions of the Euler equa-
tions is an open problem.

The next question one might well ask is whether our earlier observation
on stability and other dynamical properties is again related to the variational
structure of minimizing and mountain pass critical points, when they can be
shown to exist. This question is pursued when we discuss the Maslov index,
but it suffices to say that the minimizing critical periodic curves continue to
represent unstable periodic motion, and mountain pass critical points can be
used to show the existence of an infinite family of subharmonic oscillations of
period kT when the minimizing solution is nondegenerate (see Offin (1990)).
There is at this time no global method of determining whether such a har-
monic oscillation is stable. The next section elaborates on this pendulum
example in a more geometrical setting.

The Euler-Lagrange equations often have an equivalent Hamiltonian for-
mulation.

Proposition 1.10.2. If the transformation (q,q,t) — (q,p,t) is a diffeo-
morphism, with p defined by

Pzafq’

then the Euler—Lagrange equation (1.27) is equivalent to the Hamiltonian

system
oo . OH

= 87])’ p= 767(]’
with H(q,p,t) = pTq— L(q,q,t).
Proof. First,
,_40L 9L _ OH
p_dtﬁq_ﬁq_ 4’
and second,
oH . 0¢ 0LOq .

o T Pap " aqap 1

In the Hamiltonian formulation, the transversality conditions (1.29) become
p- §|Z = 0, which for periodic boundary conditions becomes p(a) = p(5).
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1.11 The Spherical Pendulum

In the spherical pendulum, a particle, or bob, of mass m is constrained to
move on a sphere of radius [ by a massless rigid rod. The only forces acting
on the bob are the frictionless constraint force and the constant gravitational
force. This defines a holonomic system. Let the origin of the coordinate system
be at the center of the sphere, so the constraints are ||¢|| =, ¢- ¢ = 0. Thus
position space is the sphere, and phase space (position-velocity space) is the
set of all tangent vectors to the sphere, the tangent bundle of the sphere. The
Newtonian formulation of the problem is

mq = 7mgl€3 + R(qa Q)>

where ¢ is the acceleration due to gravity, es = (0,0,1), and R(q,q) is the
force of constraint. Because the constraint must be normal to the sphere, we
have R(q,q) = r(q, ¢)q, with r a scalar. The constraint implies that ¢-¢ =0
and ¢- ¢+ q-§ = o. The latter restriction can be used to find R explicitly
yielding a very ugly system. Fortunately, we can ignore this by introducing
appropriate coordinates and using the coordinate invariance of the Euler—
Lagrange equations.

The problem is symmetric about the g3 axis, and so admits one component
of angular momentum, A = m(q X ¢) - ez, as an integral, because

dA . .
7; =m(q x q) - e3 + (¢ x —mgez +1(q,q)q) - e3 = 0.
Lemma 1.11.1. If A3 =0, then the motion is planar.

Proof. As = q14a — q2¢1 = 0, or dq1/q1 = dga/g2 which implies g1 = ¢ qo.

The planar pendulum is of the form discussed in Section 1.5 and is treated
in the problems also, so we assume that Az # 0 and thus the bob does not
go through the north or south poles.

Because the bob does not go through the poles, there is no problem in
using spherical coordinates. A discussion of the special coordinates used in
celestial mechanics appears in Chapter 7, and Section 7.5 deals with spherical
coordinates in particular. For simplicity, let m = [ = g = 1. The kinetic and
potential energies are

1. 1 . ) .
K:§||Q||2:§{¢2+sm2¢02}, P={q-e3+1} ={1—cos¢},

and the Lagrangian is L = K — P. Instead of writing the equations in La-
grangian form, proceed to the Hamiltonian form by introducing the conjugate
variables © and ¢ with
0L . oL .
= — =sin?¢f, D=-"— =4,
00 0¢
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so that o2
R
H= 3 {45 + sin2¢} + {1 — cos ¢},
and the equations of motion are
OH e . o0H
“96 sie 77 o0 "
. H . H
d):aa—@:di, @z—%:@2csc2¢cot¢—sin¢.

H is independent of 6, so © = —0H/00 = 0 and O is an integral of motion.
This is an example of the classic maxim “the variable conjugate to an ignor-
able coordinate is an integral;” i.e., 6 is ignorable, so @ is an integral. © is
the component of angular momentum about the es axis.

The analysis starts by ignoring 6 and setting © = ¢ # 0, so the Hamilto-
nian becomes

2
H= 0 A0),  Add)= 5 +{1—coso), (131)
2 sin” ¢
which is the Hamiltonian of one degree of freedom with a parameter c. H is
of the form kinetic energy plus potential energy, where A. is the potential
energy, so it can be analyzed by the methods of Sections 1.5 and 1.6. The
function A, is called the amended potential.

This is an example of what is called reduction. The system admits a
symmetry, i.e., rotation about the e axis, which implies the existence of an
integral, namely (©). Holding the integral fixed and identifying symmetric
configurations by ignoring 6, leads to a Hamiltonian system of fewer degrees
of freedom. This is the system on the reduced space.

It is easy to see that A.(¢) — 400 as ¢ — 0 or ¢ — 7 and that A. has
a unique critical point, a minimum, at 0 < ¢. < 7 (a relative equilibrium).
Thus ¢ = ¢., @ =0 is an equilibrium solution for the reduced system, but

0=—5—t+0, O=c, ¢=¢., D=0
sin® ¢,
is a periodic solution of the full system.

The level curves of (1.31) are closed curves encircling ¢., and so all the
other solutions of the reduced system are periodic. For the full system, these
solutions lie on the torus which is the product of one of these curves in the
¢, P-space and the circle @ = ¢ with any 6. The flows on these tori can be
shown to be equivalent to the linear flow discussed in Section (1.9).

1.12 The Kirchhoff Problem

Mechanical problems are not the only way Hamiltonian systems arise. Kirch-
hoff (1897) derived the equations of motion of N vortices of an incompressible
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fluid moving in the plane under their mutual interaction. Let 7; be the po-
sition vector of the ith vortex whose circulation is k;; then the equations of
motion are

ou
ki, =K— , j=1,...,N, (1.32
7 anj )
where
01
U= Z Kikglog [Imi — njl, K = 10" (1.33)
1<i<j<N

If we set 7; = (¢i,pi), p = (p1,---,Pn), and ¢ = (q1,...,¢n) the equations
become
ou ou

j=—, p=——. 1.34

=%, =%, (1.34)
Sometimes these equations can be treated like the N-body problem to be
introduced in Chapter 2. We shall develop some of the more basic facts about
these equations in the problems.

Problems

1. Let x,y, z be the usual coordinates in R3, r = xi+yj+2k, X =, Y =9,
Z=%2,R=r=Xi+Yj+ Zk.

a) Compute the three components of angular momentum mr x R.

b) Compute the Poisson bracket of any two of the components of angular
momentum and show that it is £m times the third component of
angular momentum.

c¢) Show that if a system admits two components of angular momentum
as integrals, then the system admits all three components of angular
momentum as integrals.

2. A Lie algebra A is a vector space with a product * : A x A — A that
satisfies

a) a*b= —b=xa (anticommutative),

b) ax (b+c¢) =ax*b+ ax*c (distributive),

¢) (aa) *b = aaxDb) (scalar associative),

d) ax(bxc)+bx(cxa)+cx(axb) =0 (Jacobi’s identity),

where a,b,c € A and a € R or C.

a) Show that vectors in R? form a Lie algebra where the product * is
the cross product.

b) Show that smooth functions on an open set in R?” form a Lie algebra,
where fx g ={f, g}, the Poisson bracket.

c) Show that the set of all n x n matrices, gl(n,R), is a Lie algebra,
where Ax B = AB — BA, the Lie product.
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3. The pendulum equation is 6 +sinf = 0.

a) Show that 2I = %92 + (1 —cosf) = %92 + 2sin?(#/2) is an integral.

b) Sketch the phase portrait.

¢) Make the substitution y = sin(6/2) to get > = (1—y?)(I —y?). Show
that when 0 < I < 1, y = ksn (t,k) solves this equation when k?
= I. (You have solve the pendulum equation in terms of the elliptic
sine function.)

4. Use the definitions introduced in the section on Jacobi sine function.

a) Show

B ! dr
o= |,

b) In the integral above, make the substitution 7 = sinu to get

L /W/Q du
S {1—K2sin?u}/2’

c) Use the binomial series to expand the denominator in the above
integrand into a series in k2 sin®u. Use Wallis’s formula,

2 [, 1-3-5---(2n—1)
J— 1 n d =
W/O S =TT 6 (2n)

to integrate term by term to get

2 2
oo 1 9 1-3 n
e @) () e )

. Continue the notation of the previous problem.

a) Show that k(k) — 7/2 as k — 0 and x(k) — oo as k — 1.

b) Show k(k) is increasing in k.

c) Sketch a plot of x versus k.
Show that the Kirchhoff problem can have equilibrium solutions.
Let H : R?™ — R be a globally defined conservative Hamiltonian, and
assume that H(z) — oo as ||z|| — oo. Show that all solutions of z =
JV H (z) are bounded. (Hint: Think like Dirichlet.)
If a particle is constrained to move on a surface in R? without friction,
then the force of constraint acts normal to the surface. If there are no
external forces, then the particle is said to be a free particle on the surface,
and the only force acting on the particle is the force of constraint. In the
free case, acceleration is normal to the surface. In differential geometry,
a curve on a surface that minimizes distance (at least locally), is called
a geodesic, and it can be shown that geodesics are characterized by the
fact that their acceleration is normal to the surface. Thus, a free particle
moves on a geodesic.
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a) Consider a free particle on the 2-sphere S? = {x € R? : ||z|| = 1}.
It moves to satisfy an equation of the form & = Az, where A is the
scalar of proportionality. Show that A = —||#[|?, 274 = 0, and X is
constant along a solution (i.e., d\/dt = 0).

b) Show that if the initial velocity is nonzero, then the solutions are
great circles.

c¢) Show that the set of unit tangent vectors to S2, called the unit tan-
gent bundle of 52 and denoted by 7752, is an invariant set and is
given by {(z,y) € R* xR’ : ||z]| = 1, |ly[| = 1,27y = 0}

d) Show that the unit tangent bundle of the two sphere is the same
as SO(3,R), the special orthogonal group. SO(3,R) is the set of all
3 x 3 orthogonal matrices with determinant equal +1, or the set of
all 3 x 3 rotation matrices. (Hint: Think of the orthonormal frame
consisting of the unit tangent, normal, and binormal vectors.)

9. If the metric on a surface is given in local coordinates, z = (x!,22),
by ds?> = Z?,j:l gij(x)dz'dz? where {g;j(z)} is a smooth 2 x 2 positive
definite matrix, then define the Lagrangian by

2
Lia,d) = (1/2) 3 giyla)i'd.
i,j=1
Show that the Lagrange equations are of the form
2
i+ Y Ifi(@)iti) =0,
i,j=1
where I} are the Christoffel symbols

2
09gsi 09gs; 09i;
Fk — ks J J
K Zg (axj + Ox; Ozs )’

s=1

and {g" (z)} is the inverse of {g;;(z)}.



2. Equations of Celestial Mechanics

Science as we know it today started with Newton’s formulations of the three
laws of motion, the universal law of gravity, and his solution of the 2-body
problem. With a few simple principles and some mathematics, he could ex-
plain the three empirical laws of Kepler on the motion of Mars and the other
planets. The sun and one planet can be considered as a 2-body problem in
the first approximation; this was relative easy for him to solve.

Newton then turned his attention to the motion of the moon, which re-
quires three bodies: the sun, Earth, and moon, in the first approximation. His
inability to solve the 3-body problem lead him to remark to the astronomer
John Machin that “his head never ached but with his studies on the moon.”!
The 3-body problem thus became the most celebrated problem in mathemat-
ics.

2.1 The N-Body Problem

Consider N point masses moving in a Newtonian reference system, R?, with
the only force acting on them being their mutual gravitational attraction.
Let the ith particle have position vector ¢; and mass m; > 0.

Newton’s second law says that the mass times the acceleration of the
ith particle, m;dg;, is equal to the sum of the forces acting on the particle.
Newton’s law of gravity says that the magnitude of force on particle i due
to particle j is proportional to the product of the masses and inversely pro-
portional to the square of the distance between them, Gm;m;/||q; — ¢:||* (G
is the proportionality constant). The direction of this force is along a unit
vector from particle ¢ to particle j, (g; —¢i)/l/g;: — ¢;||. Putting it all together
yields the equations of motion

N
mi = 3 gmim;(g; —a:) _ 90U (2.1)
Ny qu:*QjH?’ 3%"
j=1,i#£j

where
! Newton manuscript in Keynes collection, King’s College, Cambridge, UK. MSS
130.6, Book 3; 130.5, Sheet 3.

K.R. Meyer et al., Introduction to Hamiltonian Dynamical Systems and the N-Body
Problem, Applied Mathematical Sciences 90, DOI 10.1007/978-0-387-09724-4_2,
© Springer Science+Business Media, LLC 2009
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v= Y gmam; (2.2)

ooy e — gl

In the above, G = 6.6732x 10~ 1m3/ sec?kg, is the gravitational constant, U is
the self-potential or the negative of the potential. Let ¢ = (q1,...,qn) € R3Y

and M = diag(mq, m1, ma,...,my, my,my); thus Equations (2.1) are of
the form U

Mij— —=0. 2.3

i~ 3 (2.3)

Define p = (p1,...,pn) € R*N by p = Mg, so p; = m;¢; is the momentum
of the ith particle. The equations of motion become

N
qz:pi/mi:f’ pi= Z R PP (2.4)
Opi L =gl 9qi
where the Hamiltonian is
H=T-U, (2.5)

and T is kinetic energy

ry Il ( Zmznqm) 26)

Here again the correct conjugate of position ¢ is momentum p.

2.1.1 The Classical Integrals

The N-body problem is a system of 6N first-order equations; so, a complete
solution would require 6N — 1 time-independent integrals plus one time-
dependent integral. It is now fairly clear that for N > 2, it is too optimistic
to expect so many global integrals. However, we show that for all N there
are ten integrals for the system.
Let
L=pi+--+pnN

be the total linear momentum. From (2.4) it follows that L = 0, because each
term in the sum appears twice with opposite sign. This gives C' = 0, where

C=miq1+ - -mngn

is the center of mass of the system because C' = L. Thus the total linear
momentum is constant, and the center of mass of the system moves with
uniform rectilinear motion. Integrating the center of mass equation gives
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C = Lot + Cp, where Ly and Cy are constants of integration. Ly and Cj are
functions of the initial conditions, and thus are integrals of the motion. Thus
we have six constants of motion or integrals, namely, the three components
of Ly and the three components of Cj.
Let
A=q Xp1+-qn X pN

be the total angular momentum of the system. Then

dA

E_El (4; X pi + qi X Py)

_qu szwZZ gmimjqi < (4 —a) _

lai — a;11°

The first sum above is zero because ¢; X ¢; = 0. In the second sum, use
¢ % (¢ — @) = ¢; x ¢ and then observe that each term in the remaining
sum appears twice with opposite sign. Thus the three components of angular
momentum are constants of the motion or integrals also. Remember that
energy, H, is also an integral, so we have found the ten classical integrals of
the N-body problem.

2.1.2 Equilibrium Solutions

The N-body problem for N > 2 has resisted all attempts to be solved; indeed,
it is generally believed that the problem cannot be integrated in the classical
sense. Over the years, many special types of solutions have been found using
various mathematical techniques. In this section we find some solutions by
the time-honored method of guess and test.

The simplest type of solution one might look for is equilibrium or rest
solutions. From (2.1) or (2.3), an equilibrium solution would have to satisfy

ou
— =0 for i=1,...,N. (2.7)
dq ;
However, U is homogeneous of degree —1; and so, Euler’s theorem on homo-
geneous functions,

> v 8% U. (2.8)

Because U is the sum of positive terms, it is positive. If (2.7) were true, then
the left side of (2.8) would be zero, which gives a contradiction. Thus there
are no equilibrium solutions of the N-body problem.
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2.1.3 Central Configurations

For a second type of simple solution to (2.1), try ¢;(t) = ¢(t)a;, where the a;s
are constant vectors and ¢(t) is a scalar-valued function. Substituting into
(2.1) and rearranging yields

|6 [> ¢~ dmia; = Z w. (2.9)

j=Lj#i

Because the right side is constant, the left side must be also; let the constant

be A. Therefore, (2.9) has a solution if there exist a scalar function ¢(t), a
constant A, and constant vectors a; such that

. Ao
é=— , 2.10
oF 210
N
gmim;(a; —a;)
—Amiai: Z W, Zzl,...,N. (211)
J=1,ji 7o

Equation (2.10) is a simple ordinary differential equation (the one-dimensional
Kepler problem!); and so has many solutions. For example, one solution is
at?/3 where o = 9)\/2. This solution goes from zero to infinity as ¢ goes
from zero to infinity. Equation (2.11) is a nontrivial system of nonlinear alge-
braic equations. The complete solution is known only for N = 2,3, but there
are many special solutions known for N > 3.

Now consider the planar N-body problem, where all the vectors lie in R2.
Identify R? with the complex plane C by considering the ¢;, p;, etc., as com-
plex numbers. Seek a homographic solution of (2.1) by letting ¢;(t) = ¢(t)as,
where the a;s are constant complex numbers and ¢(t) is a time-dependent
complex-valued function. Geometrically, multiplication by a complex number
is a rotation followed by a dilation or expansion, i.e., a homography. Thus we
seek a solution such that the configuration of the particles is always homo-
graphically equivalent to a fixed configuration. Substituting this guess into
(2.1) and rearranging gives the same equation (2.9), and the same argument
gives Equations (2.10) and (2.11. Equation (2.10) is now the two-dimensional
Kepler problem. That is, if you have a solution of (2.11) where the a;s are pla-
nar, then there is a solution of the N-body problem of the form ¢; = ¢(t)a;,
where ¢(t) is any solution of the planar Kepler problem, e.g., circular, elliptic,
etc. The complete analysis of (2.10) is carried out in Section 2.2.1; also see
Section 7.4.

A configuration of the N particles given by constant vectors ai,...,an
satisfying (2.11) for some A is called a central configuration (or c.c. for short).
In the special case when the a;s are coplanar, a central configuration is also
called a relative equilibrium because, as we show, they become equilibrium
solutions in a rotating coordinate system. Central configurations are impor-
tant in the study of the total collapse of the system because it can be shown
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that the limiting configuration of a system as it tends to a total collapse is a
central configuration. See Saari (1971, 2005).

Note that any uniform scaling of a c.c. is also a c.c. In order to measure
the size of the system, we define the moment of inertia of the system as

LN
1= 1S mila® (2.12)
i=1
Then (2.11) can be rewritten as
ou ol
- A— =0 2.13
where ¢ = (¢1,...,9n) and a = (ay,...,an). The constant A\ can be consid-

ered as a Lagrange multiplier; and thus a central configuration is a critical
point of the self-potential U restricted to a constant moment of inertia man-
ifold, I = Iy, a constant. Fixing I fixes the scale.

Let a be a central configuration. Take the dot product of the vector a and
Equation (2.13) to get

ou o1

a—q(a) ~a+)\8fq(a) ca=0. (2.14)
Because U is homogeneous of degree —1, and I is homogeneous of degree 2,
Euler’s theorem on homogeneous functions gives —U + 2AI = 0, or

> 0. (2.15)

Summing (2.11) on 4 gives > m;a; = 0, so the center of mass of a c.c. is at
the origin. If A is an orthogonal matrix, either 3 x 3 in general or 2 X 2 in the
planar case, then clearly Aa = (Aay,...,Aayn) is a c.c. also with the same
A\ If 7 # 0, then (ray,Tas,...,Tay) is a c.c. also with A replaced by \/73.
Indeed, any configuration similar to a c.c. is a c.c. When counting c.c., one
only counts similarity classes.

2.1.4 The Lagrangian Solutions

Consider the c.c. formula (2.11) for the planar 3-body problem. Then we
seek six unknowns, two components each for ay, as, az. If we hold the center
of mass at the origin, we can eliminate two variables; if we fix the moment
of inertia I, we can reduce the dimension by one; and if we identify two
configurations that differ by a rotation only, we can reduce the dimension by
one again. Thus in theory you can reduce the problem by four dimensions,
so that you have a problem of finding critical points of a function on a two-
dimensional manifold. This reduction is difficult in general, but there is a
trick that works well for the planar 3-body problem.



32 2. Equations of Celestial Mechanics

Let p;; = |lgi — g;]| denote the distance between the ith and jth particles.
Once the center of mass is fixed at the origin and two rotationally equivalent
configurations are identified, then the three variables pi2, po3, p31 are local
coordinates near a noncollinear configuration. That is, by specifying the angle
between a fixed line and g2 — ¢1, the location of the center of mass, and the
three variables p1s, p23, p31, then the configuration of the masses is uniquely
specified. The function U is already written in terms of these variables because

mim meom msm
Ug( e LA 31). (2.16)
P12 P23 P31

Let M be the total mass, i.e., M = > m;, and assume that the center of
mass is at the origin; then

S mimypi; =52, > maimgllgi — g1
=2 > mimgllail|* — 232, 30 mimy(gis 45)
+ 205 20 mamllgy?
=2MTI — 2%, migi, . ; myq;) +2M1
=4M].

Thus, if the center of mass is fixed at the origin,

1
I= YNYi zz: zj: mimjp?j. (2.17)

So, I can be written in terms of the mutual distances also. Holding I fixed
is the same as holding I* = %(mlgp%Q + ma3p3s + ma1p3;) fixed. Thus, the
conditions for U to have a critical point on the set I* = constant in these
coordinates is

— g 4 Amamypy =0, (6,4) = (1,2),(2,3),(3, 1), (2.18)

iJ

which clearly has as its only solution p12 = p23 = p31 = (Q/)\)*l/?’. This
solution is an equilateral triangle, and A is a scale parameter. These solutions
are attributed to Lagrange.

Theorem 2.1.1. For any values of the masses, there are two and only two
noncollinear central configurations for the 3-body problem, namely, the three
particles are at the vertices of an equilateral triangle. The two solutions cor-
respond to the two orientations of the triangle when labeled by the masses.
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It is trivial to see in these coordinates that the equilateral triangle c.c. is
a nondegenerate minimum of the self-potential U.

The above argument would also show that for any values of the masses,
there are two and only two noncoplanar c.c. for the 4-body problem, namely,
the regular tetrahedron configuration with two orientations.

2.1.5 The Euler-Moulton Solutions

Consider the collinear N-body problem, so ¢ = (q1,...,qn) € RY. Set §' =
{q : I(q) = 1}, an ellipsoid or topological sphere of dimension N —1 in R¥; set
G = {C(q) = >_m4q; = 0}, a plane of dimension N—1in R¥;and S = $'N G,
a sphere of dimension N — 2 in the plane G. Let A}, = {q : ¢; = ¢;} and
A" = UAjj; so U is defined and smooth on RM\A’. Because 4’ is a union
of planes through the origin, it intersects S in spheres of dimension N — 3,
denoted by A.

Let U be the restriction of U to S\ A4, so a critical point of U is a central
configuration. Note that S\ A has N! connected components. This is because
a component of S\A corresponds to a particular ordering of the ¢;s. That
is, to each connected component there is an ordering ¢;, < ¢, < -+ <
iy Where (i1,i2,...,iy) is a permutation of 1,2,..., N. There are N! such
permutations. Because Y — oo as ¢ — A, the function I/ has at least one
minimum per connected component. Thus there are at least N! critical points.

Let a be a critical point of U, so a satisfies (2.11) and A = U(a)/2I(a).

The derivative of U at a in the direction v = (v1,...,vn) € TpS is
DU(a)(v) =~ gmlmﬂ’ﬂn + A miai, (2.19)
a; — a;

and the second derivative is

D*U(a)(v,w) = 22 |szmj ((wj —w;)(vj — vi))—|—)\2miwwi. (2.20)

a;j — ail?

From the above, D?U(a)(v,v) > 0 when v # 0, so the Hessian is positive
definite at a critical point and each such critical point is a local minimum of I.
Thus there can only be one critical point of & on each connected component,
or there are N! critical points.

In counting the critical points above, we have not removed the symmetry
from the problem. The only one-dimensional orthogonal transformation is a
reflection in the origin. When we counted a c.c. and its reflection we have
counted each c.c. twice. Thus we have the following.

Theorem 2.1.2. (Euler-Moulton) There are exactly N/2 collinear central
configurations in the N -body problem, one for each ordering of the masses on
the line.
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These c.c. are minima of ¢ only on the line. It can be shown that they
are saddle points in the planar problem.

2.1.6 Total Collapse

There is an interesting differential formula relating I and the various energies
of the system.

Lemma 2.1.1 (Lagrange—Jacobi formula). Let I be the moment of in-
ertia, T be the kinetic energy, U the potential energy, and h the total energy
of the system of N-bodies, then

I=2T—-U=T+h (2.21)

Proof. Starting with (2.12) differentiate I twice with respect to ¢ and use
(2.3), (2.6), and (2.8) to get

N N
T= "migi-di+ > migi -
1 1

N N
= millal+ > g
1 1 ¢

=2T-U.

This formula and its variations are known as the Lagrange—Jacobi formula
and it is used extensively in the studies of the growth and collapse of gravi-
tational systems. We give only one simple, but important application.

First we need another basic result.

Lemma 2.1.2 (Sundman’s inequality). Let ¢ = || A|| be the magnitude of
angular momentum and h =T — U the total energy of the system, then

< 4I(I - h). (2.22)
Proof. Note
¢ = [lA| = [ 22 migi ¥ gl
< 2omillgillllgll = 2 Cv/malla ) (v/mallgsll)-
Now apply Cauchy’s inequality to the right side of the above to conclude
< S millasl? S mallgsl| = 2127

The conclusion follows at once from the Lagrange—Jacobi formula.
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Theorem 2.1.3 (Sundman’s theorem on total collapse). If total col-
lapse occurs then angular momentum is zero and it will only take a finite
amount of time. That is, if I(t) — 0 ast — t; then t; < oo and A =0.

Proof. Let h be the total energy of the system, so by (2.21) I = T + h.
Assume I(t) is defined for all ¢ > 0 and I — 0 as t — co. Then U — oo and
because h is constant 7' — oo also. So there is a t* > 0 such that [ > 1 for
t > t*. Integrate this inequality to get I(t) > %tQ + at + b for t > t* where a
and b are constants. But this contradicts total collapse, so total collapse can
only take a finite amount of time.

Now suppose that I — 0 as t — t; < oo and so as before U — oo and
I — oo. Thus, there is a to such that I(t) > 0 on tp < t < t;. Because
I(t) > 0, I>0o0nty, <t< t1, and I(t) — 0 as t — t; it follows that I1<0
onty <t <t

Now multiply both sides of Sundman’s inequality (2.22) by —ITI"'>0to
get

1 5. .
—16211_1 < hI—1I.
Integrate this inequality to get

1 1.
1c2logr1 < hIf§Iz+K§ I+ K

where K is an integration constant. Thus
102 < hI+ K .
4" 7 logl—!

As t — t1, I — 0 and so the right side of the above tends to zero. But this
implies ¢ = 0

2.2 The 2-Body Problem

In Section 7.1 we introduce a new set of symplectic coordinates for the V-
body problem known as Jacobi coordinates. When N = 2, the Jacobi coor-
dinates reduce the 2-body problem to a solvable problem. For N = 2 the
Jacobi coordinates are (g, u, G,v) where

g = v1q1 + V2qo, G = p1 + po,
U =q2 —(qi1, v = —UVaP1 + V1P2,
where
mq mso mims
= - ) Vv=ma + ma, =

— = —_—
b
mi + mo mi + Mo mi1 + mo
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So g is the center of mass, G is total linear momentum, wu is the position of
particle 2 as viewed from particle 1, and v is a scaled momentum. As we show
in Section 7.1 this change of variables preserves the Hamiltonian character of
the problem.

The Hamiltonian of the 2-body problem in these Jacobi coordinates is

_NGIE L Qe mamy
2v 2M lul]

H

and the equations of motion are

_om_G o, om_
=86 ~ v T Ty
Gl OH_ v OH _ muma
Cov M’ o ou

This says that total linear momentum G is an integral and the center of mass g
moves with constant linear velocity. By taking g = G = 0 as initial conditions
we are reduced to a problem in the u, v variables alone. The equations reduce

to
G(my1 + mo)u

[l
This is just the central forced problem or the Kepler problem discussed in
the next section. This says that the motion of one body, say the moon, when
viewed from another, say the earth, is as if the earth were a fixed body with
mass my + msy and the moon were attracted to the earth by a central force.

’[:l:

2.2.1 The Kepler Problem

Consider a two body problem where one particle is so massive (like the sun)
that its position is fixed to the first approximation and the other particle has
mass 1. In this case, the equations describe the motion of the other body are

Mg

1= "1qF (2:23)

where ¢ € R? is the position vector of the other body and p is the constant
Gm where G is the universal gravitational constant and m is the mass of the
body fixed at the origin. In this case by defining p = ¢, this equation becomes
Hamiltonian with

2
H:HL” e

2l

Equation (2.23) or Hamiltonian (2.24) defines the Kepler problem. As
we have just seen, the 2-body problem can be reduced to this problem with
m = mi+ ms.

(2.24)
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As before A = ¢ x p, the angular momentum, is constant along the solu-
tions; and so, the three components of A are integrals. If A = 0, then

d((}) (gxq)xq Axgq
22 ) = = =0. (2.25)
dt \ [lq|l gl llql13

The first equality above is a vector identity, so, if the angular momentum
is zero, the motion is collinear. Letting the line of motion be one of the
coordinate axes makes the problem a one degree of freedom problem and so
solvable by formulas (1.9). In this case the integrals are elementary, and one
obtains simple formulas (see the Problem section).

If A # 0, then both ¢ and p = ¢ are orthogonal to A; and so, the motion
takes place in the plane orthogonal to A known as the invariant plane. In this
case, take one coordinate axis, say the last, to point along A, so, the motion
is in a coordinate plane. The equations of motion in this coordinate plane
have the same form as (2.23), but ¢ € R2. In the planar problem only the
component of angular momentum perpendicular to the plane is nontrivial;
so the problem is reduced to two degrees of freedom with one integral. Such
a problem is solvable “up to quadrature.” It turns out that the problem is
solvable (well, almost) in terms of elementary functions, as we show in the
next section.

Let A= (0,0,¢) # 0, and ¢ = (rcos@,rsin0,0). A straightforward calcu-
lation shows that 720 = c. A standard calculus formula gives that the rate
at which area is swept out by a radius vector is just %T‘2é; thus, the particle
sweeps out area at a constant rate of ¢/2. This is Kepler’s second law.

2.2.2 Solving the Kepler Problem

There are many ways to solve the Kepler problem. One way is given here and
other ways are given Section 7.4.1 and Section 7.6.1.
Multiply Equation (2.25) by —u to get

d ( q ) —1q .
—u— L) =Aax 2 = Axp.
dt \ |lqll llqll®

Integrating this identity gives

] <e + ﬁ”) =px A4, (2.26)

where e is a vector integration constant. Because ¢ - A = 0, it follows that
e-A = 0. Thus if A # 0, then e lies in the invariant plane. If A = 0, then
e = —q/|lq|| and then e lies on the line of motion and e has length 1.
Let A # 0 for the rest of this section. Dot both sides of (2.26) with ¢ to
obtain
pe-qg+llg) =qg-pxA=qgxp-A=A-A,
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and then,
Jall = © 22)
e-q+|q|| = — .
W
with ¢ = || 4]. _
If e = 0, then [l¢| = ¢*/p, a constant. Because r?6 = ¢ where ¢ =

(rcosf,rsinf,0) we have § = u?/c®. So when e = 0, the particle moves on a
circle with uniform angular velocity.

Now suppose that e # 0 and € = ||e||. Let the plane of motion be illustrated
in Figure 2.1. Let r,0 be the polar coordinates of the particle with angle
measured from the positive ¢; axis. The angle from the positive ¢; axis to e
is denoted by g, and the difference of these two angles by f = 6§ — g. Thus,
e-q=ercos f and Equation (2.27) becomes

A/
=— 2.2
" 1+ e€cosf (2.28)

Consider the line ¢ illustrated in Figure 2.1 that is at a distance of ¢2/pue
from the origin and perpendicular to e as illustrated. Equation (2.28) can be

rewritten
2
c
rze(—rcosf),
L€

which says that the distance of the particle from the origin is equal to € times
its distance from the line £. This gives Kepler’s first law: the particle moves
on a conic section of eccentricity € with one focus at the origin. Recall that
0 < e < 1is an ellipse, ¢ =1 is a parabola, and € > 1 is a hyperbola.

Equation (2.28) shows that r is at its closest approach when f = 0 and so
e points to the point of closest approach. This point is called the perihelion
if the sun is at the origin or the perigee if the earth is at the origin. We use
perigee. The angle g is called the argument of the perigee and the angle f is
called the true anomaly.

2.3 The Restricted 3-Body Problem

A special case of the 3-body problem is the limiting case in which one of the
masses tends to zero. A careful derivation of this problem is given in Chapter
7 after the transformation theory is developed.

In the traditional derivation of the restricted 3-body problem, one is asked
to consider the motion of an infinitesimally small particle moving in the plane
under the influence of the gravitational attraction of two finite particles that
revolve around each other in a circular orbit with uniform velocity. It is hard
to see the relationship this problem has to the full 3-body problem. For now
we simply give the Hamiltonian for the planar problem. Let the two finite
particles, called the primaries, have mass ¢ > 0 and 1 — x> 0. Let © € R? be
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Figure 2.1. The elements of a Kepler motion.

the coordinate of the infinitesimal particle in a uniformly rotating coordinate
system and y € R? the momentum conjugate to z. The rotating coordinate
system is so chosen that the particle of mass p is always at (1 — p,0) and the
particle of mass 1 — p is at (—u,0). The Hamiltonian governing the motion
of the third (infinitesimal) particle in these coordinates is

1
H=gllyl* - 2" Ky - U, (2.29)

where .,y € R? are conjugate,

01
K_JQ_{—IO}’

and U is the self-potential
pol—p
U=-—
dq * dy ’
with d; the distance from the infinitesimal body to the ith primary, or

(2.30)

di = (v1 = 1+ p)? + a3, di = (z1+p)* +a3. (2.31)

The equations of motion are
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H
(2.32)
. OH oU
v=—g ~ Kyt

The term 27 Ky in the Hamiltonian H reflects the fact that the coordinate
system is not a Newtonian system, but a rotating coordinate system. It gives
rise to the Coriolis forces in the equations of motion (2.32). The line joining
the masses is known as the line of syzygy.

The proper definition of the restricted 3-body problem is the system of
differential equations (2.32) defined by the Hamiltonian in (2.29). It is a two
degree of freedom problem that seems simple but has defied integration. It
has given rise to an extensive body of research. We return to this problem
often in the subsequent chapters.

In much of the literature, the equations of motion for the restricted prob-
lem are written as a second-order equation in the position variable z. Elimi-
nating y from Equation (2.32) gives

ou
P —2Kt —x=— 2.33
i Fow= o (2.33)
and the integral H becomes
1 1
H = o]jal]* = 5ol - U. (2:34)

Usually in this case one refers to the Jacobi constant C as the integral of
motion with C = —2H + p(1 — p); i.e.,

C = ||lz|* +2U + p(1 — p) — ||&]1%.
Sometimes one refers to
V= |lz|? + 20 + p(1 - p)

as the amended potential for the restricted 3-body problem.
The spatial restricted 3-body problem is essentially the same, but we need
to replace K = Js by
010
K=|-100
000

throughout. Use
di = (v1 = 14+ p)? + a3 + a3, d3 = (e1 +p)° + 23 + 3,
in the definition of U, and note that amended potential becomes
V =a% + a3+ 2U + p(l — p),

with a corresponding change in the Jacobi constant.
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2.3.1 Equilibria of the Restricted Problem

The full 3-body problem has no equilibrium points, but as we have seen there
are solutions of the planar problem in which the particles move on uniformly
rotating solutions. In particular, there are the solutions in which the particles
move along the equilateral triangular solutions of Lagrange, and there are
also the collinear solutions of Euler. These solutions would be rest solutions
in a rotating coordinates system. Because the restricted 3-body problem is
a limiting case in rotating coordinates, we expect to see vestiges of these
solutions as equilibria.

From (2.32), an equilibrium solution for the restricted problem would
satisfy

oU
0=y+ Kx, 0=Ky+—, (2.35)
ox
which implies
ou oV
— el = — 2.
0 $+a$ or 0 5 (2.36)
where V is the amended potential
V = ||z|* 4+ 2U + u(1 — p). (2.37)

Thus an equilibrium solution is a critical point of the amended potential.

First, seek solutions that do not lie on the line joining the primaries. As
in the discussion of the Lagrange c.c., use the distances dy, dy given in (2.31)
as coordinates. From (2.31), we obtain the identity

ot +aj = pdi + (1 — p)d; — p(l — p), (2.38)

so V can be written

2 2(1 —
Vo pd2 4 (1= a2+ 21 2= (2.39)
dq da
The equation dV/dz = 0 in these variables becomes
1—
pdy— 2 =0, (- - Lo g, (2.40)

di d3

which clearly has the unique solution d; = dy = 1. This solution lies at the
vertex of an equilateral triangle whose base is the line segment joining the two
primaries. Because there are two orientations, there are two such equilibrium
solutions: one in the upper half-plane denoted by L4, and one in the lower
half-plane denoted by L5. The Hessian of V' at these equilibria is

52‘/{6%‘ 0 }

az | 0 6(1—p)
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and so V has a minimum at each equilibrium and takes the minimum value
3.

These solutions are attributed to Lagrange. Lagrange thought that they
had no astronomical significance, but in the twentieth century, hundreds of
asteroids, the Trojans, were found oscillating around the £4 position in the
sun—Jupiter system and similar a number, the Greeks, were found oscillating
about the L5 position. That is, one group of asteroids, the sun, and Jupiter
form an equilateral triangle, approximately, and so does the other group.
With better telescopes many more asteroids have been found.

Now consider equilibria along the line of the primaries where x5 = 0. In
this case, the amended potential is a function of x1, which we denote by x
for the present, and so V' has the form

2 201 —
V=22t R ) (2.41)

(@—1+p)  (z+p
In the above, one takes the signs so that each term in the above is positive.
There are three cases: (i) x < —u, where the signs are — and —; (ii) —u <
x < 1 — p, where the signs are — and +; and (iii) 1 — p < x, where the signs
are + and +. Clearly V — oo as ¢ — +o0, as ¢ — —pu, or as x — 1 — i, so
V has at least one critical point on each of these three intervals. Also

2

YV gy 2 2-w (2.42)

da? (z—1+p)?  (z+p)?
where the signs are again taken so that each term is positive; so, V' is a convex
function. Therefore, V' has precisely one critical point in each of these inter-
vals, or three critical points. These three collinear equilibria are attributed to
Euler and are denoted by L1, Lo, and L3 as shown in Figure 2.2. In classical
celestial mechanics literature, these equilibrium points are called libration
points, hence the use of the symbol L.

2.3.2 Hill’s Regions

The Jacobi constant is C =V — |||, where V is the amended potential and
so V' > C. This inequality places a constraint on the position variable x for
each value of C, and if x satisfies this condition, then there is a solution of
the restricted problem through that point x for that value of C. The set

H(C) ={z:V(x) = C}

is known as the Hill’s region for C, and its boundary where equality holds is
called the zero velocity curves.

As seen before, V' has critical points at the libration points £;,7 = 1,...,5.
Let C; = V(L;) be the critical values. As we have shown, the collinear points
L;, i =1,2,3 are minima of V along the x-axis, but they are saddle points
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Figure 2.2. The five equilibria of the restricted problem.

in the plane. A careful analysis shows that for 0 < p < 1/2, the critical values
satisfy

3=C4ZO5<01§CQ<03.

See Szebehely (1967) for a complete analysis of the Hill’s regions with figures.

Problems

1.

2.
3.

Draw the complete phase portrait of the collinear Kepler problem. Inte-
grate the collinear Kepler problem.

Show that p?(e? — 1) = 2hc for the Kepler problem .

The area of an ellipse is ma?(1 *62)1/2, where a is the semi-major axis. We
have seen in Kepler’s problem that area is swept out at a constant rate
of ¢/2. Prove Kepler’s third law: The period p of a particle in a circular
or elliptic orbit (¢ < 1) of the Kepler problem is p = (27/,/f)a®/2.

Let
01
= o)
then
cost sint
exp(Kt) = {—sint cost] ’

Find a circular solution of the two-dimensional Kepler problem of the
form ¢ = exp(Kt)a where a is a constant vector.
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5. Assume that a particular solution of the N-body problem exists for all
t > 0 with A > 0. Show that U — oo as t — oco. Does this imply that the
distance between one pair of particles goes to infinity? (No.)

6. Hill’s lunar problem is defined by the Hamiltonian

where z,y € R2.

a) Write the equations of motion.

b) Show that there are two equilibrium points on the z;-axis.

c) Sketch the Hill’s regions for Hill’s lunar problem.

d) Why did Hill say that the motion of the moon was bounded? (He
had the Earth at the origin, and an infinite sun infinitely far away
and x was the position of the moon in this ideal system. What can
you say if x and y are small?



3. Linear Hamiltonian Systems

3.1 Preliminaries

In this chapter we study Hamiltonian systems that are linear differential
equations. Many of the basic facts about Hamiltonian systems and symplectic
geometry are easy to understand in this simple context. The basic linear
algebra introduced in this chapter is the cornerstone of many of the later
results on nonlinear systems. Some of the more advanced results which require
a knowledge of multilinear algebra or the theory of analytic functions of a
matrix are relegated to the appendices or to references to the literature. These
results are not important for the main development.

We assume a familiarity with the basic theory of linear algebra and linear
differential equations. Let gl(m,F) denote the set of all m x m matrices with
entries in the field F (R or C) and Gi(m,F) the set of all nonsingular m x m
matrices with entries in F. Gl(m,F) is a group under matrix multiplication
and so is called the general linear group. I = I,,, and 0 = 0,, denote the
m X m identity and zero matrices, respectively. In general, the subscript is
clear from the context.

In this theory a special role is played by the 2n x 2n matrix

0 I
[0 -
Note that J is orthogonal and skew-symmetric; i.e.,

Jt=J" =1 (3.2)

Let z be a coordinate vector in R??, I an interval in R, and S : I —
gl(2n,R) be continuous and symmetric. A linear Hamiltonian system is the
system of 2n ordinary differential equations

. ,O0H B
Z= JE = JS(t)z = A(t)z, (3.3)
where
H=H(tz) = %zTS(t)z7 (3.4)

K.R. Meyer et al., Introduction to Hamiltonian Dynamical Systems and the N-Body
Problem, Applied Mathematical Sciences 90, DOI 10.1007/978-0-387-09724-4_3,
© Springer Science+Business Media, LLC 2009
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A(t) = JS(t). H, the Hamiltonian, is a quadratic form in the zs with coeffi-
cients that are continuous in t € I C R. If S| and hence H, is independent of
t, then H is an integral for (3.3) by Theorem 1.3.1.

Let ty € I be fixed. From the theory of differential equations, for each
29 € R there exists a unique solution ¢(t,t,,z) of (3.3) for all t € I
that satisfies the initial condition ¢(to,t0,20) = 20. Let Z(t,to) be the 2n x
2n fundamental matrix solution of (3.3) that satisfies Z(to,%9) = I. Then
(]5(75, to, ZO) = Z(t, tQ)ZO.

In the case where S and A are constant, we take tg = 0 and

Z(t):eAt:eprt:ZA t .

i=1

- (3.5)

A matrix A € gl(2n,TF) is called Hamiltonian (or infinitesimally symplec-
tic), if

ATJ+JA=0. (3.6)
The set of all 2n x 2n Hamiltonian matrices is denoted by sp(2n,R).

Theorem 3.1.1. The following are equivalent: (i) A is Hamiltonian, (ii)
A = JR where R is symmetric, and (i) JA is symmetric.

Moreover, if A and B are Hamiltonian, then so are AT, aA (a € F),
A+ B, and [A,B]= AB - BA .

Proof. A= J(—JA) and (3.6) is equivalent to (—JA)T = (—JA); thus (i) and
(i) are equivalent. Because J? = —I, (ii) and (iii) are equivalent. Thus the
coefficient matrix A(t) of the linear Hamiltonian system (3.1) is a Hamiltonian
matrix.

The first three parts of the next statement are easy. Let A = JR and
B = JS, where R and S are symmetric. Then [A,B] = J(RJS — SJR)
and (RJS — SJR)T = STJTRT — RTJTST = —SJR + RJS so [A,B] is

Hamiltonian.

In the 2 x 2 case,

_|ab
A_{W}
and so,
T . 0 a+5
AJJrJA[_a_(S 0 ]

Thus, a 2 X 2 matrix is Hamiltonian if and only if its trace, a 4 9, is zero. If
you write a second-order equation & + p(t)& + ¢(t)x = 0 as a system in the
usual way with & = y, y = —q(t)x — p(t)y, then it is a linear Hamiltonian
system when and only when p(t) = 0. The p(¢t)& is usually considered the
friction term.
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Now let A be a 2n x 2n matrix and write it in block form

ab
1= )
and so . .
T | e=c¢ a' +d
A ‘]+JA_[—a—dT—b+bT]

Therefore, A is Hamiltonian if and only if a” + d = 0 and b and c are
symmetric. In higher dimensions, being Hamiltonian is more restrictive than
just having trace zero.

The function [-,-] : gl(m,F) x gl(m,F) — gl(m,F) of Theorem 3.1.1 is
called the Lie product. The second part of this theorem implies that the set
of all 2n x 2n Hamiltonian matrices, sp(2n,R), is a Lie algebra. We develop
some interesting facts about Lie algebras of matrices in the Problem section.

A 2n x 2n matrix T is called symplectic with multiplier p if

TTJT = pJ, (3.7)

where p is a nonzero constant. If u = +1, then T is simply symplectic. The
set of all 2n x 2n symplectic matrices is denoted by Sp(2n,R).

Theorem 3.1.2. If T is symplectic with multiplier p, then T is nonsingular
and

Tt =t Jrty. (3.8)

If T and R are symplectic with multiplier pn and v, respectively, then TT,T~1,
and TR are symplectic with multipliers p, p~', and pv, respectively.

Proof. Because the right-hand side, pJ, of (3.7) is nonsingular, T' must be
also. Formula (3.8) follows at once from (3.7). If T' is symplectic, then from
(3.8) one gets TT = —puJT-1J; so, TJTT = TJ(—puJT~1J) = pJ. Thus TT
is symplectic with multiplier u. The remaining facts are proved in a similar
manner.

This theorem implies that Sp(2n,R) is a group, a subgroup of GI(2n,R).
Weyl says that originally he advocated the name “complex group” for
Sp(2n,R), but it became an embarrassment due to the collisions with the
word “complex” in the connotation of complex number. “I therefore pro-
posed to replace it by the corresponding Greek adjective ‘symplectic.”” See
page 165 in Weyl (1948).

In the 2 x 2 case

I3

and so
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T 7 0 ad — By
T = {—aé—i—ﬂ’y 0 }

So a 2 x 2 matrix is symplectic (with multiplier p) if and only if it has

determinant +1 (respectively u). Thus a 2 x 2 symplectic matrix defines a

linear transformation which is orientation-preserving and area-preserving.
Now let T be a 2n x 2n matrix and write it in block form

T= [Z Z} (3.9)

and so

T T T T
T |@c—ca ad—cb
rJr= {ch—dTa de—dTb}

Thus 7T is symplectic with multiplier  if and only if a”d — ¢Tb = pl and

a”c and bTd are symmetric. Being symplectic is more restrictive in higher

dimensions. Formula (3.8) gives

dt —uT
-1 _ -1
T =up |:—CT aT} . (3.10)
This reminds one of the formula for the inverse of a 2 x 2 matrix!

Theorem 3.1.3. The fundamental matriz solution Z(t,ty) of a linear Hamil-
tonian system (3.3) is symplectic for all t,tg € 1. Conversely, if Z(t,to) is a
continuously differential function of symplectic matrices, then Z is a matrix
solution of a linear Hamiltonian system.

Proof. Let U(t) = Z(t,to)T JZ(t,ty). Because Z(to,to) = I, it follows that
Ulte)=J. Ut) = 2702+ 2772 = ZT(ATJ + JA)Z = 0; so, U(t) = J.

It ZTJZ = J for t € I, then ZTJZ + ZTJZ = 0; so, (ZZ HTJ +
J(ZZ=') = 0. This shows that A = ZZ~' is Hamiltonian and Z = AZ.

Corollary 3.1.1. The (constant) matriz A is Hamiltonian if and only if et
is symplectic for all t.

Change variables by z = T'(t)u in system (3.3). Equation (3.3) becomes
= (T"'AT — T 'T)u. (3.11)
In general this equation will not be Hamiltonian, however:

Theorem 3.1.4. If T is symplectic with multiplier u=*, then (3.11) is a
Hamiltonian system with Hamiltonian

H(t,u) = %uT(MTTS(t)T + R(t))u,

where
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R(t) = JT7'T.

Conversely, if (3.11) is Hamiltonian for every Hamiltonian system (3.3), then
U is symplectic with constant multiplier .

Proof. Because TJTT = p=1J for all t, TJTT + TJTT = 0 or (T-'T)J +
J(T'T)T = 0; so, T~'T is Hamiltonian. Also T-'J = pJT7; so, T~ AT =
T~YJST = pJTTST, and so, T AT = J(uT7T ST) is Hamiltonian also.

Now let (3.11) always be Hamiltonian. By taking A = 0 we have that
T-17 = B(t) is Hamiltonian or T is a matrix solution of the Hamiltonian
system

o = vB(t). (3.12)

So, T(t) = KV (t,t), where V(t,ty) is the fundamental matrix solution of
(3.12), and K = T'(to) is a constant matrix. By Theorem 3.1.3 , V is sym-
plectic.

Consider the change of variables z = T'(t)u = KV (¢,19)u as a two-stage
change of variables: first w = V (¢, tp)u and second z = Kw. The first trans-
formation from u to w is symplectic, and so, by the first part of this theo-
rem, preserves the Hamiltonian character of the equations. Because the first
transformation is reversible, it would transform the set of all linear Hamilto-
nian systems onto the set of all linear Hamiltonian systems. Thus the second
transformation from w to z must always take a Hamiltonian system to a
Hamiltonian system.

If z = Kw transforms all Hamiltonian systems z = JCz, C' constant and
symmetric, to a Hamiltonian system @ = JDw, then JD = K~ 'JCK is
Hamiltonian, and JK ! JCK is symmetric for all symmetric C. Thus

JK-1JCK = (JK-'JCK)T = KTCJK~TJ,
C(KJKTJ) = (JKJKT)C,
CR=RTC,

where R = KJKTJ. Fix i, 1 < i < 2n and take C to be the symmetric
matrix that has +1 at the ¢,% position and zero elsewhere. Then the only
nonzero row of C'R is the ith, which is the ith row of R and the only nonzero
column of RTC is the ith, which is the ith column of R”. Because these
must be equal, the only nonzero entry in R or R” must be on the diagonal.
So R and RT are diagonal matrices. Thus R = RT = diag(ry,...,T2,), and
RC — CR = 0 for all symmetric matrices C. But RC' —CR = ((rj —1;)cij) =
(0). Because ¢;;, ¢ < j, is arbitrary, r; = r;, or R = —ul for some constant
p. R=KJKTJ = —ul implies KJKT = p.J.

This is an example of a change of variables that preserves the Hamiltonian
character of the system of equations. The general problem of which changes of
variables preserve the Hamiltonian character is discussed in detail in Chapter
6.
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The fact that the fundamental matrix of (3.3) is symplectic means that the
fundamental matrix must satisfy the identity (3.7). There are many functional
relations in (3.7); so, there are functional relations between the solutions.
Theorem 3.1.5 given below is just one example of how these relations can be
used. See Meyer and Schmidt (1982b) for some other examples.

Let z1,20 : I — R2™ be two smooth functions; we define the Poisson
bracket of z; and 23 to be

{21, 22} (t) = 2L () T 2 (2); (3.13)
s0, {21,222} : I — R?" is smooth. The Poisson bracket is bilinear and skew
symmetric. Two functions z1 and z5 are said to be in involution if {z1, 20} = 0.
A set of n linearly independent functions and pairwise in involution functions
21,...,2n are said to be a Lagrangian set. In general, the complete solution
of a 2n-dimensional system requires 2n linearly independent solutions, but
for a Hamiltonian system a Lagrangian set of solutions suffices.

Theorem 3.1.5. If a Lagrangian set of solutions of (3.3) is known, then a
complete set of 2n linearly independent solutions can be found by quadrature.
(See (3.14).)

Proof. Let C' = C(t) be the 2n x n matrix whose columns are the n linearly
independent solutions. Because the columns are solutions, C' = AC; because
they are in involution, C*7.JC = 0; and because they are independent, C7'C is
an n X n nonsingular matrix. Define the 2n x n matrix by D = JC(CTC)~.
Then DTJD = 0 and CTJD = —I, and so P = (D, C) is a symplectic
matrix. Therefore,

e[

DTJ
change coordinates by z = P( so that

(= PUAP - P)C = { CTSD+CTJD o]

-DTSD-DTJD 0
All the submatrices above are n x n. The one in the upper left-hand corner is

also zero, which can be seen by differentiating CTJD = —1J to get CTJD +
CTJD = (AC)YJD +CTJD = CTSD + CTJD = 0. Therefore,

u =0, here ¢ = U
b=-—DT(SD+JDyu, 5T v

which has a general solution u = wug,v = vg — V (t)ug, where

t
V()= | DT(SD+ JD)dt. (3.14)
to
A symplectic fundamental matrix solution of (3.3) is Z = (D — CV, C). Thus
the complete set of solutions is obtained by performing the integration or
quadrature in the formula above.
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This result is closely related to the general result given in a later chapter
which says that k integrals in involution for a general Hamiltonian system
can be used to reduce the number of degrees of freedom by k and, hence, the
dimension by 2k.

Recall that a nonsingular matrix 7" has two polar decompositions, T =
PO = O'P’, where P and P’ are positive definite matrices and O and O’
are orthogonal matrices. These representations are unique. P is the unique
positive definite square root of TT7; P’ is the unique positive definite square
root of TTT, O = (TTT)~Y/?T; and O' = T(TTT)~ /2.

Theorem 3.1.6. IfT is symplectic, then the P,O, P’',O’ of the polar decom-
position given above are symplectic also.

Proof. The formula for T~! in (3.8) is an equivalent condition for T to be
symplectic. Let T = PO. Because T~! = —JT7J, O~'P~' = —JOTPTJ =
(JTOTJ)(JTPTJ). In this last equation, the left-hand side is the product
of an orthogonal matrix O~! and a positive definite matrix P~!, as is the
right-hand side a product of an orthogonal matrix J~'O.J and a positive
definite matrix J7 P.J. By the uniqueness of the polar representation, O~! =
J7OTJ = —JOTJ and P~! = JTPJ = —JPTJ. By (3.8) these last rela-
tions imply that P and O are symplectic. A similar argument gives that P’
and O’ are symplectic.

Theorem 3.1.7. The determinant of a symplectic matriz is +1.

Proof. Depending on how much linear algebra you know, this theorem is
either easy or difficult. In Section 4.6 and Chapter 5 we give alternate proofs.
Let T be symplectic. Formula (3.7) gives det(T7JT) = det T det J det T =
(det T)? = det J = 1 so det T = 41. The problem is to show that det T = +1.

The determinant of a positive definite matrix is positive; so, by the polar
decomposition theorem it is enough to show that an orthogonal symplectic
matrix has a positive determinant. So let T" be orthogonal also.

Using the block representation in (3.9) for T, formula (3.10) for 7!, and
the fact that T is orthogonal, T~! =TT, one has that T is of the form

Define P by

11 il IR U R
P—\/g[z _u]’ F —ﬁ{_u u]

Compute PTP~! = diag((a — bi), (a + bi)), so

det T = det PTP~! = det(a — bi) det(a + bi) > 0.
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3.2 Symplectic Linear Spaces

What is the matrix J? There are many different answers to this question
depending on the context in which the question is asked. In this section we
answer this question from the point of view of abstract linear algebra. We
present other answers later on, but certainly not all.

Let V be an m-dimensional vector space over the field F where F = R or
C. A bilinear form is a mapping B : VXV — F that is linear in both variables.
A bilinear form is skew symmetric or alternating if B(u,v) = —B(v,u) for
all u,v € V. A bilinear form B is nondegenerate if B(u,v) =0 for all v € V
implies © = 0. An example of an alternating bilinear form on F™ is B(u,v) =
uT'Sv, where S is any skew-symmetric matrix.

Let B be a bilinear form and ey, ..., e, a basis for V. Given any vector
v € V, we write v = Ya,e; and define an isomorphism @ : V —-F" :v — a =
(a1, ..., ). Define s,; = B(e;, e;) and S to be the m x m matrix S = (s;5),
the matrix of B in the basis (e). Let &(u) = b= (01,...,Bm); then B(u,v) =
YXa;3;B(ei,ej) = bT Sa. So in the coordinates defined by the basis (e;), the
bilinear form is just b Sa where S is the matrix (B(e;, ¢;)). If B is alternating,
then S is skew-symmetric, and if B is nondegenerate, then S is nonsingular
and conversely.

If you change the basis by e; = Y'¢;; f; and @ is the matrix Q) = (g;;), then
the bilinear form B has the matrix R in the basis (f), where S = QRQT.
One says that R and S are congruent (by Q). If @ is any elementary matrix
so that premultiplication of R by @ is an elementary row operation, then
postmultiplication of R by QT is the corresponding column operation. Thus
S is obtained from R by performing a sequence of row operations and the
same sequence of column operations and conversely.

Theorem 3.2.1. Let S be any skew-symmetric matriz; then there exists a
nonsingular matriz Q such that

R =QSQ"T = diag(K,K,...,K,0,0,...,0),

01
k=[01)
Or given an alternating form B there is a basis for V such that the matriz of
B in this basis is R.

where

Proof. If S = 0, we are finished. Otherwise, there is a nonzero entry that
can be transferred to the first row by interchanging rows. Preform the cor-
responding column operations. Now bring the nonzero entry in the first row
to the second column (the (1,2) position) by column operations and preform
the corresponding row operations.

Scale the first row and the first column so that +1 is in the (1,2) and so
that —1 is in the (2,1) position. Thus the matrix has the the 2 x 2 matrix K
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in the upper left-hand corner. Using row operations we can eliminate all the
nonzero elements in the first two columns below the first two rows. Performing
the corresponding column operation yields a matrix of the form diag(K, S’),
where S’ is an (m — 2) x (m — 2) skew symmetric matrix. Repeat the above
argument on S’.

Note that the rank of a skew symmetric matrix is always even; thus, a
nondegenerate, alternating bilinear form is defined on an even dimensional
space.

A symplectic linear space, or just a symplectic space, is a pair, (V,w)
where V is a 2n-dimensional vector space over the field F, F = R or F = C,
and w is a nondegenerate alternating bilinear form on V. The form w is called
the symplectic form or the symplectic inner product. Throughout the rest of
this section we shall assume that V is a symplectic space with symplectic
form w. The standard example is F?" and w(x,y) = 7 Jy. In this example
we shall write {z,y} = 27 Jy and call the space (F?",.J) or simply F?", if no
confusion can arise.

A symplectic basis for V is a basis v1, ..., v, for V such that w(v;,v;) =
Jij, the 4, jth entry of J. A symplectic basis is a basis so that the matrix of
w is just J. The standard basis ey, ..., e2,, where ¢; is 1 in the i¢th position
and zero elsewhere, is a symplectic basis for (F?",.J). Given two symplectic
spaces (V;,w;),i = 1,2, a symplectic isomorphism or an isomorphism is a
linear isomorphism L : Vi — V3 such that wa(L(x), L(y)) = w1 (z,y) for all
x,y € Vq; that is, L preserves the symplectic form. In this case we say that
the two spaces are symplectically isomorphic or symplectomorphic.

Corollary 3.2.1. Let (V,w) be a symplectic space of dimension 2n. Then V
has a symplectic basis. (V,w) is symplectically isomorphic to (F*",J), or all
symplectic spaces of dimension 2n are isomorphic.

Proof. By Theorem 3.2.1 there is a basis for V such that the matrix of w is
diag(K,...,K). Interchanging rows 2i and n + 2i — 1 and the corresponding
columns brings the matrix to J. The basis for which the matrix of w is J is
a symplectic basis; so, a symplectic basis exists.

Let v1,...,v2, be a symplectic basis for V and u € V. There exist
constants «; such that u = Y a;v;. The linear map L : V — F?"
u— (aq,...,Q9,) is the desired symplectic isomorphism.

The study of symplectic linear spaces is really the study of one canonical
example, e.g., (F27, J). Or put another way, .J is just the coefficient matrix of
the symplectic form in a symplectic basis. This is one answer to the question
“What is J77.

If V is a vector space over F, then f is a linear functional if f : V —
F is linear, f(au + Bv) = af(u) + Bf(v) for all u,v € V, and o,8 € F.
Linear functionals are sometimes called 1-forms or covectors. If E is the vector
space of displacements of a particle in Euclidean space, then the work done
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by a force on a particle is a linear functional on E. The usual geometric
representation for a vector in E is a directed line segment. Represent a linear
functional by showing its level planes. The value of the linear functional f
on a vector v is represented by the number of level planes the vector crosses.
The more level planes the vector crosses, the larger is the value of f on v.

The set of all linear functionals on a space V is itself a vector space
when addition and scalar multiplication are just the usual addition and scalar
multiplication of functions. That is, if f and f’ are linear functionals on V
and « € T, then define the linear functionals f + f’ and «f by the formulas
(f + () = f(v) + f'(v) and (af)(v) = af(v). The space of all linear
functionals is called the dual space (to V) and is denoted by V*.

When V is finite dimensional so is V* with the same dimension. Let
UL, ..., Uy be a basis for V; then for any v € V, there are scalars f',..., f™
such that v = fluj +- -+ f™u,,. The f? are functions of v so we write f(v),
and they are linear. It is not too hard to show that f!,..., f™ forms a basis
for V*; this basis is called the dual basis (dual to uq,...,u). The defining
property of this basis is f'(u;) = 5;» (the Kronecker delta function, defined
by 5; =1if i = j and zero otherwise).

If W is a subspace of V of dimension r, then define W° = {f € V*: f(e) =
0 for all e € W}. WY is called the annihilator of W and is easily shown to be
a subspace of V* of dimension m — r. Likewise, if W is a subspace of V* of
dimension 7 then W0 = {e € V: f(e) = 0 for all f € W*} is a subspace of
V of dimension m — r. Also W = W. See any book on vector space theory
for a complete discussion of dual spaces with proofs, for example, Halmos
(1958).

Because w is a bilinear form, for each fixed v € V the function w(v,-) :
V — R is a linear functional and so is in the dual space V*. Because w is
nondegenerate, the map b : V. — V* : v — w(v,-) = ¢” is an isomorphism.
Let # : V¥ — V : v — v# be the inverse of b. Sharp, #, and flat, b, are
musical symbols for raising and lowering notes and are used here because
these isomorphisms are index raising and lowering operations in the classical
tensor notation.

Let U be a subspace of V. Define Ut = {v € V : w(v,U) = 0}. Clearly
U+ is a subspace, {U,U+} =0 and U = U++.

Lemma 3.2.1. Ut = U%. dimU + dim U+ = dimV = 2n.

Proof.

Ut ={zr €V :w(z,y) =0 for all y € U}
={zcV:a’(y) =0 for all y € U}
={2zecV:2’clU%

_ UO#,

The second statement follows from dim U+ dim U° = dim V and the fact that
# is an isomorphism.
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A symplectic subspace U of V is a subspace such that w restricted to this
subspace is nondegenerate. By necessity U must be of even dimension, and
so, (U,w) is a symplectic space.

Proposition 3.2.1. If U is symplectic, then so is UL, and V = U @ U*.
Conversely, if V=U & W and w(U,W) =0, then U and W are symplectic.

Proof. Let x € UNU*; so, w(z,y) = 0 for all y € U, but U is symplectic so
2 = 0. Thus UN UL = 0. This, with Lemma 3.2.1, implies V = U @ U+.

Now let V=TU®W and w(U, W) = 0. If w is degenerate on U, then there
isan z € U,  # 0, with w(z,U) = 0. Because V=U@® W and w(U, W) = 0,
this implies w(x, V) = 0 or that w is degenerate on all of V. This contradiction
yields the second statement.

A Lagrangian space U is a subspace of V of dimension n such that w is
zero on U, i.e., w(u,w) = 0 for all u,w € U. A direct sum decomposition
V =U & W where U, and W are Lagrangian spaces, is called a Lagrangian
splitting, and W is called the Lagrangian complement of U. In R? any line
through the origin is Lagrangian, and any other line through the origin is a
Lagrangian complement.

Lemma 3.2.2. Let U be a Lagrangian subspace of V, then there exists a
Lagrangian complement of U.

Proof. The example above shows the complement is nonunique. Let V = F2?
and U C F?". Then W = JU is a Lagrangian complement to U. If z,y € W
then © = Ju,y = Jv where u,v € U, or {u,v} = 0. But {z,y} = {Ju, Jv} =
{u,v} =0, so W is Lagrangian. If z € UN JU then 2 = Jy with y € U. So
x,Jr € Uand so {x,Jz} = —||z]|> =0 or 2 = 0. Thus UNW = ¢.

Lemma 3.2.3. Let V = U & W be a Lagrange splitting and x1,...,2,
any basis for U. Then there exists a unique basis yi,...,yn of W such that
Tlyeeoy TnyYls-- -, Yn 1S a symplectic basis for V.

Proof. Define ¢; € W° by ¢;(w) = w(zs,w) for w € W. If Sy = 0,
then w(} a;x;,w) = 0 for all w € W or w(} a;x;, W) = 0. But because
V=U®W and w(U,U) = 0, it follows that w(>_ a;x;, V) = 0. This implies
> ajx; = 0, because w is nondegenerate, and this implies a; = 0, because
the z;s are independent. Thus ¢, ..., ¢, are independent, and so, they form
a basis for WY, Let y1, ..., y, be the dual basis in W; so, w(x;,y;) = ¢i(y;) =
0ij-

A linear operator L : V — V is called Hamiltonian, if

w(Lz,y) +w(z,Ly) =0 (3.15)
for all z,y € V. A linear operator L : V — V is called symplectic, if
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w(La, Ly) = w(z,y) (3.16)

for all x,y € V. If V is the standard symplectic space (F?",J) and L is a
matrix, then (3.15) means 27 (LT J+J L)y = 0 for all # and y. But this implies
that L is a Hamiltonian matrix. On the other hand, if L satisfies (3.16) then
2T LT JLy = 2™ Jy for all z and y. But this implies L is a symplectic matrix.
The matrix representation of a Hamiltonian (respectively, symplectic) linear
operator in a symplectic coordinate system is a Hamiltonian (respectively,
symplectic) matrix.

Lemma 3.2.4. Let V = U ® W be a Lagrangian splitting and A : V —
V a Hamiltonian (respectively, symplectic) linear operator that respects the
splitting; i.e., A : U — U and A : W — W. Choose any basis of the form
given in Lemma 3.2.3; the matriz representation of A in these symplectic
coordinates is of the form

T T
{BO _g} (respectively, [% Bo_l}). (3.17)

Proof. A respects the splitting and the basis for V is the union of the bases for
U and W, therefore the matrix representation for A must be in block-diagonal
form. A Hamiltonian or symplectic matrix which is in block-diagonal form
must be of the form given in (3.17).

3.3 The Spectra of Hamiltonian and Symplectic
Operators

In this section we obtain some canonical forms for Hamiltonian and sym-
plectic matrices in some simple cases. The complete picture is very detailed
and would lead us too far afield to develop fully. We start with only real
matrices, but sometimes we need to go into the complex domain to finish
the arguments. We simply assume that all our real spaces are embedded in
a complex space of the same dimension.

If A is Hamiltonian and 7T is symplectic, then T-'AT is Hamiltonian
also. Thus if we start with a linear constant coefficient Hamiltonian system
%z = Az and make the change of variables z = T'u, then in the new coordi-
nates the equations become @ = (T~'AT)u, which is again Hamiltonian. If
B =T7'AT, where T is symplectic, then we say that A and B are symplec-
tically similar. This is an equivalence relation. We seek canonical forms for
Hamiltonian and symplectic matrices under symplectic similarity. In as much
as it is a form of similarity transformation, the eigenvalue structure plays an
important role in the following discussion.

Because symplectic similarity is more restrictive than ordinary similarity,
one should expect more canonical forms than the usual Jordan canonical
forms. Consider, for example, the two Hamiltonian matrices
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01

-10 10

both of which could be the coefficient matrix of a harmonic oscillator.
In fact, they are both the real Jordan forms for the harmonic oscillator.
The reflection T' = diag(1, —1) defines a similarity between these two; i.e.,
T~ YA,T = A,. The determinant of T is not +1, therefore T is not symplec-
tic. In fact, A; and A, are not symplectically equivalent. If T71A;T = A,
then T~ exp(A;t)T = exp(Ast), and T would take the clockwise rotation
exp(A;t) to the counterclockwise rotation exp(Ast). But, if T were symplec-
tic, its determinant would be +1 and thus would be orientation preserving.
Therefore, T' cannot be symplectic.

Another way to see that the two Hamiltonian matrices in (3.18) are not
symplectically equivalent is to note that Ay = JI and Ay = J(—I). So
the symmetric matrix corresponding to A; is I, the identity, and to As is
—1. 1is positive definite, whereas —I is negative definite. If A; and A; where
symplectically equivalent, then I and —I would be congruent, which is clearly
false.

A polynomial p(A) = @A™ + @y A"+ -+ ag is even if p(—)\) =
p(A), which is the same as ax = 0 for all odd k. If A\ is a zero of an even
polynomial, then so is —\g; therefore, the zeros of a real even polynomial
are symmetric about the real and imaginary axes. The polynomial p(\) is a
reciprocal polynomial if p(A) = A™p(A~1), which is the same as ax = @,
for all k. If \g is a zero of a reciprocal polynomial, then so is )\61; therefore,
the zeros of a real reciprocal polynomial are symmetric about the real axis
and the unit circle (in the sense of inversion).

Proposition 3.3.1. The characteristic polynomial of a real Hamiltonian
matriz is an even polynomial. Thus if X is an eigenvalue of a Hamiltonian
matriz, then so are —\, X, —N\.

The characteristic polynomial of a real symplectic matriz is a reciprocal
polynomial. Thus if \ is an eigenvalue of a real symplectic matriz, then so

are \71, )\, X%

Proof. Recall that det J = 1. Let A be a Hamiltonian matrix; then p(\) =
det(A — M) = det(JATJ — X\I) = det(JATJ + A\JJ) = detJdet(A +
M) det J = det(A+ AI) = p(=N).

Let T be a symplectic matrix; by Theorem 3.1.7 det T = +1. p(\) =
det(T — A1) = det(TT — XI) = det(—JT'J = \I) = det(=JT" T+ \JJ) =
det(=T71+AI) = det T~ det(—I+AT) = A2 det(=A"T+T) = A2"p(A~1).

Actually we can prove much more. By (3.6), Hamiltonian matrix A sat-
isfies A = J71(—AT)J; so, A and — AT are similar, and the multiplicity of
the eigenvalues Ag and —\g are the same. In fact, the whole Jordan block
structure will be the same for A\g and —\g.
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By (3.8), symplectic matrix T satisfies T-' = J1T7.J; so, T~ and TT
are similar, and the multiplicity of the eigenvalues Ay and Ay L are the same.
The whole Jordan block structure will be the same for Ay and A L

Consider the linear constant coefficient Hamiltonian system of differential
equations

i = Ax, (3.19)

where A is a Hamiltonian matrix and Z (t) = et ig the fundamental matrix

solution. By the above it is impossible for all the eigenvalues of A to be in
the left half-plane, and, therefore, it is impossible for all the solutions to be
exponentially decaying. Thus the origin cannot be asymptotically stable.

Henceforth, let A be a real Hamiltonian matrix and T a real symplectic
matrix. First we develop the theory for Hamiltonian matrices and then the
theory of symplectic matrices. Because eigenvalues are sometimes complex,
it is necessary to consider complex matrices at times, but we are always be
concerned with the real answers in the end.

First consider the Hamiltonian case. Let A be an eigenvalue of A, and
define subspaces of C2" by 7, (\) = kernel (A — AI)¥, n(\) = U2"n(N). The
eigenspace of A corresponding to the eigenvalue A is n(A) = n1(A), and the
generalized eigenspace is nf()\). If {x,y} = 2TJy = 0, then = and y are
J-orthogonal.

Lemma 3.3.1. Let A\ and p be eigenvalues of A with A\ + pu # 0, then
{n(A), n(u)} = 0. That is, the eigenvectors corresponding to X\ and [ are
J-orthogonal.

Proof. Let Az = Az, and Ay = py, where z,y # 0. Mx,y} = {Az,y} =
ot AT Jy = =2 JAy = —{=, Ay} = —p{z,y}; and so, (A + p){z,y} = 0.

Corollary 3.3.1. Let A be a 2nx2n Hamiltonian matrix with distinct eigen-
values A1, ..., A, —A1, ..., —Apn; then there exists a symplectic matriz S (pos-
sibly complex) such that STYAS = diag(A1, ..., An, = A1, -+, —An)-

Proof. Let U = n1(A1) U---Uni(An) and W = n1(=A1) U+ Uni(=An); by
the above, V=T & W is a Lagrange splitting, and A respects this splitting.
Choose a symplectic basis for V by Lemma 3.2.3. Changing to that basis is
effected by a symplectic matrix G; i.e., G"'AG = diag(B", —B), where B has
eigenvalues A1, ..., \,. Let C be such that C~7 BTCT = diag(\y,...,\y) and
define a symplectic matrix by Q = diag(CT,C~1). The required symplectic
matrix is S = GQ.

If complex transformations are allowed, then the two matrices in (3.18)
can both be brought to diag(i, —i) by a symplectic similarity, and thus one is
symplectically similar to the other. However, they are not similar by a real
symplectic similarity. Let us investigate the real case in detail.
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A subspace U of C" is called a complexification (of a real subspace) if U
has a real basis. If U is a complexification, then there is a real basis x1, ...,z
for U, and for any u € U, there are complex numbers «j, ..., a, such that
u=o1r1 + -+ apr,. But then w =a121 + -+ + a,x, € U also.

Conversely, if U is a subspace such that v € U implies w € U, then U is a

complexification. Because if x1, ...,z is a complex basis with z; = u; 4+ v;1,
then u; = (z; +7;)/2 and v; = (x; — T;)/2i are in U, and the totality of
ULy . vey Uk, V1, ..., U, Span U. From this real spanning set, one can extract a

real basis. Thus U is a complexification if and only if U = U (i.e., u € U
implies @ € U).

Until otherwise said let A be a real Hamiltonian matrix with distinct
eigenvalues A\1,...,A\p, —A1, ..., —A, so 0 is not an eigenvalue. The eigenval-
ues of A fall into three groups: (1) the real eigenvalues +aq, ..., tas, (2) the
pure imaginary +011, . .., £5,4, and (3) the truly complex £y, +d14, ..., £y +
0¢4. This defines a direct sum decomposition

V = (@;U;) @ (&;W;) © (®,Z;) , (3.20)
where
U; = n(ay) ®n(—ay)
W; = n(8;i) & n(—B;i)

Zj = {n(v; + 6;4) @ n(y; — 6;4)} & {n(—; — 6;4) ® n(—; + d;9)}.

Each of the summands in the above is an invariant subspace for A. By Lemma
3.3.1, each space is J-orthogonal to every other, and so by Proposition 3.2.1
each space must be a symplectic subspace. Because each subspace is invariant
under complex conjugation, each is the complexification of a real space. Thus
we can choose symplectic coordinates for each of the spaces, and A in these
coordinates would be block diagonal. Therefore, the next task is to consider
each space separately.

Lemma 3.3.2. Let A be a 2 x 2 Hamiltonian matriz with eigenvalues *a,
a real, a # 0. Then there exists a real 2 X 2 symplectic matriz S such that

1 |« 0
STHAS = [O —a} . (3.21)
Proof. Let Ax = ax, and Ay = —ay, where z and y are nonzero. Because

x and y are eigenvectors corresponding to different eigenvalues, they are in-
dependent. Thus {x,y} # 0. Let u = {z,y} " 'y: so, x,u is a real symplectic
basis, S = (x,u) is a real symplectic matrix, and S is the matrix of the
lemma.

Lemma 3.3.3. Let A be a real 2 x 2 Hamiltonian matriz with eigenvalues
+6i, 08 # 0. Then there exists a real 2 X 2 symplectic matriz S such that
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S1AS = [_Oﬂﬂ . or SAS= [g _oﬁ] . (3.22)
Proof. Let Ax = ifzx, and z = u + vi # 0. So Au = —fv and Av = [u.
Because u + iv and u — iv are independent, u and v are independent. Thus
{u,v} =5 #0. If § = 4% > 0, then define S = (y"tu,y 1v) to get the first
option in (3.22), or if § = —y2 < 0, then define S = (y~!v,y " 1u) to get the
second option.

Sometimes it is more advantageous to have a diagonal matrix than to have
a real one; yet you want to keep track of the real origin of the problem. This
is usually accomplished by reality conditions as defined in the next lemma.

Lemma 3.3.4. Let A be a real 2 x 2 Hamiltonian matriz with eigenvalues
+06i, B # 0. Then there exist a 2 X 2 matriz S and a matriz R such that

s—lAsz{Zg’gﬂ}, R:{?é], STJS =+2iJ, 5=SR. (3.23)

Proof. Let Ax = ifx, where x # 0. Let © = u + iv as in the above lemma.

Compute {x,Z} = 2i{v,u} # 0. Let v = 1/4/| {v,u} | and S = (yx,~T).

If S satisfies (3.23), then S is said to satisfy reality conditions with respect
to R. The matrix S is no longer a symplectic matrix but is what is called
a symplectic matrix with multiplier £2i. We discuss these types of matrices
later. The matrix R is used to keep track of the fact that the columns of
S are complex conjugates. We could require STJS = +2iJ by allowing an
interchange of the signs in (3.23).

Lemma 3.3.5. Let A be a 4 x4 Hamiltonian matrixz with eigenvalue £y =41,
v #0, 6 #0. Then there exists a real 4 X 4 symplectic matriz S such that

S1AS = [BT 0 ]

0 —-B
where B is a real 2 X 2 matriz with eigenvalues +7 + §i.

Proof. U = n(~; +6;i) @n(y; — ;i) is the complexification of a real subspace
and by Lemma 3.3.1 is Lagrangian. A restricted to this subspace has eigen-
values +7v £ di. A complement to U is W = n(—~,; + d;i) & n(—y; — 9,i).
Choose any real basis for U and complete it by Lemma 3.2.4. The result
follows from Lemma 3.2.4.

In particular you can choose coordinates so that B is in real Jordan form;

S0,
_ |7
B_{ M]
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This completes the case when A has distinct eigenvalues. There are many
cases when A has eigenvalues with zero real part; i.e., zero or pure imaginary.
These cases are discussed in detail in Section 4.7. In the case where the
eigenvalue zero is of multiplicity 2 or 4 the canonical forms are the 2 x 2 and
4 x 4 zero matrices and

0100 010 0

01 0000 00 0 +1

{00]’ 0000 000 0 (3:24)
00-10 00-10

The corresponding Hamiltonians are

+n7 /2, §am, Eam £ 03 /2.

In the case of a double eigenvalue +ai, o # 0, the canonical forms in the
4 x 4 case are

0 0 a0 0 a 00
0 0 0+a 0 0 00
0 000 | 110 0 a (3.25)
0 Fa 0 0 0 +1 -0 0

The corresponding Hamiltonians are

(e/2)(&F +n7) £ (a/2)(& +13),  albem — &) F (€1 + &)/2.

Next consider the symplectic case. Let A\ be an eigenvalue of T', and de-
fine subspaces of C?" by ng(A\) = kernel (T — AI)*, nt(\) = U2"nx()\). The
eigenspace of T' corresponding to the eigenvalue A is n(A) = n1(A), and the
generalized eigenspace is n'(\). Because the proof of the next set of lemmas
is similar to those given just before, the proofs are left as problems.

Lemma 3.3.6. If A and p are eigenvalues of the symplectic matriz T such
that Ap # 1; then {n(N\),n(p)} = 0. That is, the eigenvectors corresponding
to XA and p are J-orthogonal.

Corollary 3.3.2. LetT be a 2nx2n symplectic matrix with distinct eigenval-
UES A1y e vy An, )\1_1, ooy A\, L then there exists a symplectic matriz S (possibly
complex) such that

STITS = diag( A1, ..., A, AT L, A0 D).

n

If complex transformations are allowed, then the two matrices

{_aﬁg}’ and [g_aﬁ}’ o+ %=1,
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can both be brought to diag(« + i, — i) by a symplectic similarity, and

thus, one is symplectically similar to the other. However, they are not similar

by a real symplectic similarity. Let us investigate the real case in detail.
Until otherwise said, let T be a real symplectic matrix with distinct eigen-

values A1, ..., Ap, )\1_1, ..., A\, 1, so 1 is not an eigenvalue. The eigenvalues of
T fall into three groups: (1) the real eigenvalues, ulﬂ, o, pEL (2) the eigen-
values of unit modulus, a= 14, ..., a, £ 5,1, and (3) the complex eigenvalues

of modulus different from one, (y; £ 614)*!, ..., (v £ 6;4)*!. This defines a
direct sum decomposition

V= (®;U;) ® (&;W;) & (8;Z;) , (3.26)
where
Uj = n(ps) ®n(u; )
Wj = nla; + Bji) @ nlag — Bsi)

Zj = {n(v; + 6;1) ®n(v; — ;1) } ® {n(y; + 6;0) " @ nly; — 6;4) 7'}

Each of the summands in (3.26) is invariant for 7. By Lemma 3.3.6 each
space is J-orthogonal to every other, and so each space must be a symplectic
subspace. Because each subspace is invariant under complex conjugation,
each is the complexification of a real space. Thus we can choose symplectic
coordinates for each of the spaces, and T in these coordinates would be block
diagonal. Therefore, the next task is to consider each space separately.

Lemma 3.3.7. Let T be a 2 x 2 symplectic matriz with eigenvalues p*', p
real, and p # 1. Then there exists a real 2 X 2 symplectic matriz S such that

—1 M 0
sors=[n 0],

Lemma 3.3.8. Let T be a real 2 x 2 symplectic matrix with eigenvalues
a+Bi, a4+ %=1, and B # 0. Then there exists a real 2 x 2 symplectic
matriz S such that

S7ITS = {_‘)‘ﬁﬂ or S7ITS = {g _aﬁ] (3.27)

Sometimes it is more advantageous to have a diagonal matrix than to have

a real one; yet you want to keep track of the real origin of the problem. This
is usually accomplished by reality conditions as defined in the next lemma.

Lemma 3.3.9. Let T be a real 2 x 2 symplectic matrix with eigenvalues
atxpi, a®+p%2 =1, and B # 0. Then there exists a 2 x 2 matriz S and a
matriz R such that
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1 _|a+pBi O |01
s TS_[ 0 oz—,@zl7 R_[IO ’
STJS = +2iJ, and S = SR.

Lemma 3.3.10. Let T be a 4 x 4 symplectic matriz with eigenvalues (v £
§i)FL 42462 £ 1, and § # 0. Then there exists a real 4 x 4 symplectic matriz
S such that

BT 0 }

—1 o
SITS = { 0 B!

where B is a real 2 X 2 matriz with eigenvalues +7 + §i.

In particular you can choose coordinates so that B is in real Jordan form;

=[]

This completes the case when T has distinct eigenvalues.

SO

)

3.4 Periodic Systems and Floquet—Lyapunov Theory

In this section we introduce some of the vast theory of periodic Hamiltonian
systems. A detailed discussion of periodic systems can be found in the two-
volume set by Yakubovich and Starzhinskii (1975).
Consider a periodic, linear Hamiltonian system
OH
z

where
L r
H=H(tz) = 27 S(t)z, (3.29)
and A(t) = JS(t). Assume that A and S are continuous and T-periodic; i.e.

AR +T)=Al), St+T)=S(t) forallteR

for some fixed T' > 0. The Hamiltonian, H, is a quadratic form in the zs
with coefficients which are continuous and T-periodic in ¢t € R. Let Z(t) be
the fundamental matrix solution of (3.28) that satisfies Z(0) = I.

Lemma 3.4.1. Z(t+T) = Z(t)Z(T) for allt € R.

Proof. Let X(t) = Z(t +T) and Y (t) = Z()Z(T). X(t) = Z(t + T) =
At +T)Z(t+T) = A(t)X (t); so, X(t) satisfies (3.28) and X (0) = Z(T).
Y (¢) also satisfies (3.28) and Y (¢) = Z(T'). By the uniqueness theorem for
differential equations, X (t) = Y (¢).
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The above lemma only requires (3.28) to be periodic, not necessarily
Hamiltonian. Even though the equations are periodic the fundamental ma-
trix need not be so, and the matrix Z(7') is the measure of the nonperodicity
of the solutions. Z(T) is called the monodromy matrix of (3.28), and the
eigenvalues of Z(T) are called the (characteristic) multipliers of (3.28). The
multipliers measure how much solutions are expanded, contracted, or rotated
after a period. The monodromy matrix is symplectic by Theorem 3.1.3, and
so the multipliers are symmetric with respect to the real axis and the unit
circle by Proposition 3.3.1. Thus the origin cannot be asymptotically stable.

In order to understand periodic systems we need some information on
logarithms of matrices. The complete proof is long, therefore the proof has
been relegated to Section 4.3. Here we shall prove the result in the case when
the matrices are diagonalizable.

A matrix R has a logarithm if there is a matrix @ such that R = exp @,
and we write @@ = log R. The logarithm is not unique in general, even in the
real case, because I = expO = exp2nJ. If R has a logarithm, R = exp @,
then R is nonsingular and has a square root R'/? = exp(Q/2). The matrix

n=[ 4]

has no real square root and hence no real logarithm.

Theorem 3.4.1. Let R be a nonsingular matriz; then there exists a matriz
Q such that R = exp Q. If R is real and has a square root, then QQ may be
taken as real. If R s symplectic, then QQ may be taken as Hamiltonian.

Proof. We only prove this result in the case when R is symplectic and has
distinct eigenvalues because in this case we only need consider the canonical
forms of Section 3.3. See Section 4.3 for a complete discussion of logarithms
of symplectic matrices.

Consider the cases. First

w0 |  |logp O
o8 [0 M‘l} - [ 0 —10gu}
is a real logarithm when g > 0 and complex when p < 0. A direct computa-

tion shows that diag(u, #~1) has no real square root when u < 0.
If o and S satisfy a? 4+ 3% = 1, then let # be the solution of oz = cos § and

(3 = sin @ so that
a Bl |00
e %52 ) = [ 50d]

Lastly, log diag(BT,B~!) = diag(log BT, — log B) where

_ |1 d
B_{—M}’
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and
10 06
log B = log p [0 1} + [_00} )

is real where p = /(2 + 62), and v = pcosf and d = psin6.

The monodromy matrix Z(7T) is nonsingular and symplectic so there ex-
ists a Hamiltonian matrix K such that Z(T) = exp(KT). Define X(t) by
X(t) = Z(t) exp(—tK) and compute

Xt+T)=Zt+T)expK(-t—-T)
=Z(t)Z(T)exp(—KT)exp(—Kt)
= Z(t) exp(—Kt)
= X (t).

Therefore, X (t) is T-periodic. Because X (¢) is the product of two symplectic
matrices, it is symplectic. In general, X and K are complex even if A and Z
are real. To ensure a real decomposition, note that by Lemma 3.4.1, Z(2T) =
Z(T)Z(T); so, Z(2T) has a real square root. Define K as the real solution of
Z(2T) = exp(2KT) and X (t) = Z(t) exp(—Kt). Then X is 2T periodic.

Theorem 3.4.2. (The Floquet-Lyapunov theorem) The fundamental matrix
solution Z(t) of the Hamiltonian (3.28) that satisfies Z(0) = I is of the form
Z(t) = X(t)exp(Kt), where X(t) is symplectic and T-periodic and K is
Hamiltonian. Real X (t) and K can be found by taking X (t) to be 2T -periodic
if mecessary.

Let Z, X, and K be as above. In Equation (3.28) make the symplectic,

periodic change of variables z = X (t)w; so,

i=Xw+ X = (Ze Kt — Ze KU KYw + Ze Kt
= AZe Kty — Ze Kt Kw + Ze Kt

= Az = AXw = AZe Kty

and hence
—Ze B Kw+ Ze Bl =0

or
W = Kw. (3.30)

Corollary 3.4.1. The symplectic periodic change of variables z = X (t)w
transforms the periodic Hamiltonian system (3.28) to the constant Hamilto-
nian system (3.30). Real X and K can be found by taking X(t) to be 2T -
periodic if necessary.

The eigenvalues of K are called the (characteristic) exponents of (3.28)
where K is taken as log(Z(T')/T) even in the real case. The exponents are
the logarithms of the multipliers and so are defined modulo 273 /T
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Problems

1.
2.

Supply proofs to the lemmas and corollaries 3.3.6 to 3.3.10.
Prove that the two symplectic matrices in formula (3.27) in Lemma 3.3.8
are not symplectically similar.
Consider a quadratic form H = (1/2)z7 Sz, where S = ST is a real
symmetric matrix. The index of the quadratic form H is the dimension
of the largest linear space where H is negative. Show that the index of
H is the same as the number of negative eigenvalues of S. Show that
if S is nonsingular and H has odd index, then the linear Hamiltonian
system # = JSx is unstable. (Hint: Show that the determinant of JS is
negative.)
Consider the linear fractional (or Mébius transformation)

1+2 w—1

DT w— = ——.
1—-2 w+1

b:z—-w=

a) Show that ¢ maps the left half plane into the interior of the unit
circle. What are @(0),®(1), P(i), P(00)?

b) Show that ¢ maps the set of m x m matrices with no eigenvalue +1
bijectively onto the set of m X m matrices with no eigenvalue —1.

c) Let B = &(A) where A and B are 2n x 2n. Show that B is symplectic
if and only if A is Hamiltonian.

d) Apply @ to each of the canonical forms for Hamiltonian matrices to
obtain canonical forms for symplectic matrices.

Consider the system (*) M+ Vg =0, where M and V are n x n sym-

metric matrices and M is positive definite. From matrix theory there is

a nonsingular matrix P such that PTMP = I and an orthogonal matrix

R such that RT(PTVP)R = A = diag(\1, ..., \n). Show that the above

equation can be reduced to p+ Ap = 0. Discuss the stability and asymp-

totic behavior of these systems. Write (*) as a Hamiltonian system with

Hamiltonian matrix A = Jdiag(V,M~!). Use the above results to obtain

a symplectic matrix T such that

0 I
T YAT =
—A0

(Hint: Try T = diag(PR,P~TR)).

. Let M and V be as in Problem 4.

a) Show that if V' has one negative eigenvalue, then some solutions of
(*) in Problem 4 tend to infinity as ¢ — +oo.

b) Consider the system (**) MG+ VU(q) = 0, where M is positive
definite and U : R — R is smooth. Let gy be a critical point of U
such that the Hessian of U at gy has one negative eigenvalue (so gg
is not a local minimum of U). Show that ¢o is an unstable critical
point for the system (**).



7.

10.

11.
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Let H(t,z) = 327S(t)z and ((t) be a solution of the linear system with
Hamiltonian H. Show that

d )
al = ot
i.e.,
d )

%H(t,C(t)) = &H(EC(U)

Let G be aset. A product on G is a function from G x G into G. A product

is usually written using infix notation; so, if the product is denoted by

o then one writes a o b instead of o(a,b). Addition and multiplication

of real numbers define products on the reals, but the inner product of

two vectors does not define a product because the inner product of two

vectors is a scalar not a vector.

A group is a set G with a product o on G that satisfies (i) there is a unique

element e € G such that a o e = e 0 a = a for all a € G, (ii) for every

a € G there is a unique element ¢~ € G such that aoa™' =a"loa = e,

(iii) (aob)oc=ao (boc) for all a,b,c € G. e is called the identity, a~!

the inverse of a, and the last property is the associative law.

Show that the following are groups.

a) G =R, the reals, and o = +, addition of real numbers. (What is e?
Ans. 0.)

b) G = C, the complex numbers, and o = 4+, addition of complex num-
bers. (What is a=1? Ans -a.)

¢) G =R\{0}, the nonzero reals, and o = -, multiplication of reals.
d) G = Gl(n,R), the set of all n X n real, nonsingular matrices, and
o = - matrix multiplication.

Using the notation of the previous problem show that the following are
not groups.

a) G = E3, 3-dimensional geometric vectors, and o = x, the vector

cross product.

b) G = RT, the positive reals, and o = +, addition.

¢) G =R, and o = -, real multiplication.

A subgroup of a group G is a subset H C G, which is a group with the
same product. A matrix Lie group is a closed subgroup of Gl(m,F). Show
that the following are matrix Lie groups.

a) GIl(m,F) = general linear group = all n X n nonsingular matrices
b) Sl(m,F) = special linear group = set of all A € Gi(m,F) with

det A =1.

¢) O(m,F) = orthogonal group = set of all m x m orthogonal matrices.
d) So(m,TF) = special orthogonal group = O(m,F) N Si(m,F).

e) Sp(2n,F) = symplectic group = set of all 2n x 2n symplectic matrices.
Show that the following are Lie subalgebras of gl(m,F), see Problem 2
in Chapter 1.

a) sl(m,F) = set of m xm matrices with trace = 0. (sl = special linear.)
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12.

13.

14.

15.

16.
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b) o(m,F) = set of m x m skew symmetric matrices. (o = orthogonal.)
c) sp(2n,F) = set of all 2n x 2n Hamiltonian matrices.
Let Q(n,F) be the set of all quadratic forms in 2n variables with coef-
ficients in F, so ¢ € Q(n,R), if ¢(z) = %J}TS.Z‘, where S is a 2n x 2n
symmetric matrix and = € F?".
a) Prove that Q(n,TF) is a Lie algebra, where the product is the Poisson
bracket.
b) Prove that ¥ : Q(n,F) — sp(2n,F) : q(z) = 327 Sz — JS is a Lie
algebra isomorphism.
Show that the matrices

-11 -2 0
and
0 —1 0 —1/2

have no real logarithm.
Prove the theorem: et € G for all ¢ if and only if A € A in the following
cases:

a) When G = Gl(m,R) and A = gl(m,R)
b) When G = Si(m,R) and A = sl(m,R)

¢) When G = O(m,R) and A = so(m,R)

d) When G = Sp(2n,R) and A = sp(2 n R)
Consider the map @ : A — G : A — e = > ° A"/nl. Show that & is
a diffeomorphism of a neighborhood of 0 € A onto a neighborhood of
I € G in the following cases:
a) When G = Gl(m,R) and A = gl(m,R)
b) When G = Si(m,R) and A = sl(m,R)

¢) When G = O(m,R) and A = so(m,R)
d) When G = Sp(2n,R) and A = sp(2n,R)
(Hint: The linearization of @ is A — I + A. Think implicit function
theorem.)
Show that Gi(m,R) (respectively Si(m,R), O(m,R), Sp(2n,R)) is a
differential manifold of dimension m? (respectively, m?, m(m — 1)/2,
(2n? + n)). (Hint: Use the problem above and group multiplication to
move neighborhoods around.)
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This chapter contains various special topics in the linear theory of Hamil-
tonian systems. Therefore, the chapter can be skipped on first reading and
referred back to when the need arises. Sections 4.1, 4.2, 4.4, and 4.5 are
independent of each other.

4.1 Critical Points in the Restricted Problem

In Section 2.3.1 it was shown that the restricted problem of three bodies has
five equilibrium points. They are the three collinear points £1, Lo, and L3,
and the two triangular points £4 and L5. We use the methods developed in
this chapter to investigate the behavior of solutions near these equilibria. Only
if the corresponding linearized system has periodic solutions can we hope to
find solutions of the full nonlinear system that will liberate near one of these
equilibrium points. In Chapter 13 we investigate the nonlinear stability of
these points. The presentation given in this section is due to Professor Dieter
Schmidyt.
The Hamiltonian function of the restricted problem of three bodies is

1
H = 5(1/% +95) + zoyr — 2192 — U, (4.1)

where U is the self-potential given by

1 —

U
dq da

with
3 — (xy +p)?+23 and  di — (o +p—1)* + 22

If 21, x5 is a critical point of the amended potential,

1
V=51 +a5) + Uz, 2), (4.2)

then x1, z2, y1 = —x2, Y2 = x1 is an equilibrium point. Let & and & be

one of the five critical points of (4.2). In order to study the motion near this
equilibrium point, we translate to new coordinates by

K.R. Meyer et al., Introduction to Hamiltonian Dynamical Systems and the N-Body
Problem, Applied Mathematical Sciences 90, DOI 10.1007/978-0-387-09724-4 4,
© Springer Science+Business Media, LLC 2009
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ur =1 — &1, v =y + &,

Uy = x3 — &2, vy =y — &1.

This translation to the new coordinates (u1,us,v1,v2) is obviously symplec-
tic; so, we can perform this change of coordinates in the Hamiltonian (4.1)
and preserve its structure. Expanding through second-order terms in the new
variables, we obtain

1
a5 (Umlmlu% + 2lex2’LL1’LL2 + Ux2x2U2) 4+

1
H= 5(“% +v3) + uzv1 — ugvz — 5

There are no linear terms because the expansion is performed at an equilib-
rium and the constant term has been omitted because it contributes noth-
ing in forming the corresponding system of differential equations. The above
quadratic Hamiltonian function gives rise to the following Hamiltonian ma-
trix

0 1 1 0

-1 0 0 1
(4.3)
Ugiaq Usias 0 0

_U:ElIQ U:EQ:EQ -1 0

The eigenvalues of this matrix determine the behavior of the linearized sys-
tem. The characteristic equation is

M (4= Viyor = Vaows)N2 4 Viyay Vanay — V2

oy = 0
The partial derivatives are

3wy +p)?—d? 3wy +pu—1)% - d’
Vzlzl :1+(1_/1') (xl ﬂ) 1 + (xl M ) 2

3 d3 ’
Vz To — 3Z1$2(1 —H + ﬁ),
1T2 di, dg
3z3 — d3 33 — d3
Vipz, =1+ (1 - M) d‘? H dg

They have to be evaluated at the critical points. Thus we have to consider
the collinear points and the triangular points separately.

Lemma 4.1.1. At the collinear points, the matriz (4.3) has two real eigen-
values and two purely imaginary eigenvalues.
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Proof. By direct computation one finds that for the collinear points

Vxlml =1+ 2(1 - M)d;s + Qlu/d;?’ >0
Viray, =0
VIQIQ =1- (1 - H)dfsﬂdgg < 0.

Only the last statement requires some additional work. We present it for £
and leave the other cases as exercises.

If (£1,0) are the coordinates of the Eulerian point £1, then dy = & + p,
de = & — 1+ p, and & is the real solution of V., = 0, that is, of a quintic
polynomial

& — (1= p)dy® — pdy® = 0.

We use this relationship in the form
(1= p)di® =di — pdy® — o

when we evaluate the second derivative of V' at (£1,0); that is, we get

1 ) .
Visas = 1= -(di = pudy™ = 1) = pudy”

=L a4+d2—ddy®)
dy
H -3
== )
dl( d;°) <0

The last equality follows from d; = 1 4 dy and the inequality follows then
from the fact that 0 < dy < 1.

Setting A =2 — $(Vay0, + Vaga,) and B = Vi, 4, Viyo, the characteristic
equation for the collinear points takes on the form

A +24X2-B=0

with the solutions
N =-A4++A%2+ B.

Because B > 0 the statement of the lemma follows. It also means that the
collinear points of Euler are unstable. Therefore, some solutions that start
near the Fuler points will tend away from these points as time tends to
infinity.

Lemma 4.1.2. At the triangular equilibrium points, the matriz (4.3) has
purely imaginary eigenvalues for values of the mass ratio p in the interval
0 < p < p, where py = (1 —69/9). For pn = py the matriz has the
repeated eigenvalues +iv/2/2 with nonelementary divisors. For u; < p < %,
the eigenvalues are off the imaginary axis. (u1 is called Routh’s critical mass
ratio. )
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Proof. Because the coordinates for the Lagrangian point £4 have been found
tobe & = % —pand & = %\/3, the second derivatives of V' can be computed
explicitly. They are

3 3V3 9
Viye, = 1 Viye, = T4 (1 - 2.“’)5 Viywy = 1
The characteristic equation for (4.3) is then
27
M2+ Z“(l — ) =0. (4.4)

It has the roots

M\ = %{flis/lpr(lfu)}. (4.5)

When the above square root is zero, we have the double eigenvalues 4iv/2/2.
This occurs for = p1 = £(1—-v/69/9), that is, for Routh’s critical mass ratio
(and due to symmetry also for 1 — py). It can be seen that the matrix (4.3)
has nonsimple elementary divisors, which means it is not diagonalizable. We
return to this case later on.

For uy < p < 1 — py, the square root in (4.5) produces imaginary values,
and so A will be complex with nonzero real part. The eigenvalues of (4.3)
lie off the imaginary axis, and the triangular Lagrangian points cannot be
stable. In this case the equilibrium is said to be hyperbolic.

This leaves the interval 0 < pu < p; (and 1 — gy < p < 1) where the
matrix (4.3) has purely imaginary eigenvalues of the form +iw; and +iws.
We adopt the convention that w; will be the larger of the two values so that
w1 and we are uniquely defined by the conditions that follow from (4.4),

0<wy < ? < wq,
wi +wi =1, (4.6)

27u(1 — )

2 2
Wiwy = 1

We restrict now our attention to the case when the mass ratio p is smaller
than Routh’s critical value pp. The quadratic part of the Hamiltonian func-
tion near L4 is

1 1 3v3 5
Q= — (v +v2) + ugvy — ugve + —us — = (1 — p)ugug — —ul.
2 8 4 8
We construct the symplectic linear transformation which brings this Hamil-
tonian function into its normal form. In terms of complex coordinates, this
normal form turns out to be
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K= 72‘0112121 + iWQZQ§2.

It is the Hamiltonian function for two harmonic oscillators with frequencies
wy and ws. Because the original Hamiltonian was indefinite, the two terms
do not have the same sign.

When we perform these calculations it is not very convenient to work
with the parameter p. It hides the symmetry of the problem with respect to
W= % The calculations are simpler if we use 1 — 2 as a parameter instead
of . At the same time we can simplify the calculations further by absorbing

the factor 3v/3 into this parameter. We thus introduce
v =3V3(1 —2p).

The other difficulty in performing the calculations by hand and even more
so by machine has to do with the fact that the expressions for w; and ws are
rather lengthy and it is easier to express everything in terms of these variables
instead of p. But wy and wo are not independent as (4.6) shows. Indeed, in
order to simplify intermediate results, one has to use these relationships. One
strategy is to replace w2 by 1 — w? whenever it occurs and thus restrict the
exponents of wy to 0 and 1. But most expressions are shorter if the symmetry
between the frequencies w; and ws is preserved within the formulas.

Our approach reduces the problem so that it has the minimum number
of essential parameters. We divide the Hamiltonian function by wy, and set
w = wy/wi. Due to our previous convention for wy; and ws one sees that w
lies in 0 < w < 1. We use the second formula in (4.5) to express the terms
containing w; and wq as a function of w. The third relationship in (4.5) then

reads
16w?

2
Tvwy 770
or
o 27+ 38w? +27w?
B (14 w?)?

The last form is used to limit the exponent of v to 0 and 1 in all intermediate
expressions.

The Hamiltonian matrix derived from (4.3) is

“Ii_1/4 44 01

/4 54 -1 0

Its eigenvalues are +i and +iw. The eigenvectors belonging to +i and to +iw
are denoted by a; and as, respectively. They are given by
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~ 1 -

—(w? + 1)y + 8ivw? + 1
9w? + 13

(W + 1)y +i(w? +5)/Vw? +1
9w? + 13

9w? +5 —iyvw2 +1
I 902 + 13 |

- 1 -

—(w? 4+ 1)y + Biwvw? + 1
13w2 49

2= (W? + 1)y +iw(5w? +1)/Vw? +1

13w?2 +9
5w? +9 — iywvw? + 1
L 13w2 49 .

Because af Ja; = —ir?/2 and ol Ja, = ir2/2, where r; and 7o are the
positive real roots of

) 16(1 — w?) ) 16(1 — w?)

re = and 75 = )
Vw2 £ 1(9w? + 13) > Vw? +1(13w2 +9)

respectively, we create the transformation matrix 7" to the new set of complex-
valued variables (z1, 22,%1,%2) by

T = (a1/r1,a/re,a1/r1,02/1T2).

Because we have T7JT = %i] , the transformation is symplectic with multi-
plier %z The old and new Hamiltonians are related by

K(Zl,22,§1,§2) = *QiQ(Ul,Ug, U17U2)7

which leads to
K = —iz1Z1 + iwz22s. (48)

We remark in passing that 7" is not the only symplectic matrix that accom-
plishes the transformation to this complex normal form. The matrix

(@1/7“%,042/7“%, 0&1,&2)

would do the same and at the same time has a simpler form than 7. On the
other hand, the reality conditions for it are more complicated. The advantage
of a simpler form is lost when we want to go back to real coordinates.
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Therefore, we stay with the above form for T" and introduce a new set of
real variables (&1, &2, m,m2) by z; = & +1in;, j = 1, 2. It is a symplectic trans-
formation with multiplier —2i, and the transformed Hamiltonian becomes

M= 2(&+) — 2 +d) (19)

The transformation from the original coordinates to these new coordinates is
then given by

T &1
=—— RS ,
Y1 2v1 — w? m
Y2 2
where R is the matrix
[ 9w? +13 13w? +9 0 0 i

—y(w?+1) —y(w?+1) 8w?*+1) —-8w?+1)

yw?+1)  yw?+1) w45  —5w?-1)

9w? +5 5w2+9 —y(w?+1) yw?+1)

and S is the diagonal matrix

6 ding [ VAL VWA
P\VoZ 3 o(13a? 1 9

1 N )
Vo +1vV902 + 13" V2 +1vV902 + 13/

The matrix A in (4.7) and the subsequent Hamiltonian H in (4.9) have
been scaled. The true matrix of the restricted problem at L4 is wiA.
The transformations given above will diagonalize w;A also. In fact K in
(4.8) becomes K = —iwiz1Z1 + iwez2Z2, and H in (4.9) becomes H =
(w1/2)(&F +nf) — (w2/2)(3 +n3)-

The above transformation becomes singular when w = 1. This is due to the
fact that the Hamiltonian matrix (4.7) is not diagonalizable when v = /23
or when p = p1. We construct the linear transformation which brings

0 1 1 0

~1 0 0o 1
A=V2 (4.10)
~1/4  V23/4 0 1

| V23/4 5/4 -1 0
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into its complex normal form

C= (4.11)

-1 0 0 —

C = . (4.12)

For the eigenvalue +i of the matrix A, we calculate the eigenvector o and
the generalized eigenvector 3. They are given by

[24/23 + 8iv/2] [—8v/2 — 8iv/23]

—-10 , 0
a=r , ﬁzsa—kg ,
2 + iv46 —v/46 — 48

| 2v/23 + 3iv/2 | | 17v/2 — 8iv/23 |

where 7 and s are complex-valued constants that have to be determined so
that the transformation is symplectic. Due to the form of C the transforma-
tion matrix T from real coordinates to the new complex coordinates has to
be T = (3,3, a,@).

The only terms that are nonzero in T7JT are 7J3, 37 Ja, and those
directly related to them. We compute

BT Ja = (80vV2)r7 and BTJB =i16V2{103(r3) — rT}.

In order to get a symplectic transformation to the new complex coordi-
nates (21, 29, 23, 24), we set 7 = 1/4/80v/2 and s = —ir/10. From the form of
the matrix C, it also follows that the reality conditions have to be z; = Z5
and z3 = Z4. It requires that the transformation to real position coordinates
&1,& and their conjugate momenta 71,72 has to be set up in the following
special way
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z1 =& + 1o,
29 = & — 1€,
z3 =M1 — N2,

zZ4 =M1 +in2.

This form is forced upon us if we want to preserve the two-form; that is,
dz1 A dzg + dzo Adzy = 2(d&1 A diy + d€y A dn). (It is shown in Chapter 6
that this ensures the transformation is symplectic.)

Summarizing, we first transformed the original Hamiltonian function
V2H into the complex normal form

K = 72'2123 + iZQZ4 + 2122,

which we then transformed into the real normal form

H=—-&ne+&m + %(f% +&3).

The composite transformation from the original to the new real coordinates
is given by

EN [ 42 9v23 —10v23 —40v2] [& ]

T 5 0 -5 50 0 &
= 155 . (413)
Y1 V462 49 10  —5V46| | m

Yo | | —37v2/2 9v23 —10v23 —15v2 | | m2 ]

S

The transformations given above take the matrix A in (4.10) to its normal
form but A = v/2B where B is the true matrix at L. Similarly the transfor-
mations take v/2Q to normal form where Q is the true quadratic Hamiltonian
at £4. The transformations take Q to K = (v/2/2){—iz123+i2024+ 2122} and
H = (vV2/2){—E1ma + Eamy + (€2 4+ €2)/2}. In order to get @ into its true nor-
mal form, one additional scaling, & — v/2&;, n; — 1/+/21;, is required. This
scaling is symplectic, and the Q becomes (v/2/2){—&1mo + & }+ (62 +€2) /2.

Problem

1. Hill’s lunar problem is defined by the Hamiltonian

lylI? T 1 Lo o 2
H=T0 o Try =~ (322

where z,y € R2.
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a) Write the equations of motion.

b) Show that it has two equilibrium points on the z;-axis.

c) Show that the linearized system at these equilibrium points are
saddle-centers; i.e., it has one pair of real eigenvalues and one pair of
imaginary eigenvalues.

4.2 Parametric Stability

Stability questions for Hamiltonian systems have been studied because the
time of Newton. Is the solar system stable? This is an easy question to ask
with obvious consequences, but it difficult to answer. We have seen some sim-
ple results for linear systems, some positive and some negative. A satisfactory
stability theory for Hamiltonian systems exists for linear autonomous and pe-
riodic systems only. The richness of this theory in this simplest of all cases
foreshadows the complexity of the nonlinear problem discussed in Chapter
13. We present all the essential features of this theory and the reader will find
an extensive discussion of periodic systems with examples in the two-volume
set by Yakubovich and Starzhinskii (1975).

Consider a periodic Hamiltonian system

i=P(t)z, P{t+T)=P(). (4.14)

Recall that if Z(t) is the fundamental matrix solution of (4.14), then Z(t)
is symplectic, Z(T) is called the monodromy matrix of the system, and the
eigenvalues of Z(T') are called the (characteristic) multipliers of the system.
By the Floquet—Lyapunov theory and Corollary 3.4.1 there is a periodic sym-
plectic change of variables z = Q(t)w which reduces the periodic Hamiltonian
system (4.14) to the constant system

w = Aw. (4.15)
The period of @ is either T or 2T and either
AT =Z(T) or AT = Z(2T) = Z(T)>.

(Recall, this result depends on the existence of a Hamiltonian logarithm of a
symplectic matrix which was only established in the case when the symplectic
matrix was diagonalizable in Chapter 3. We do not need the full result here.
A complete treatment of the logarithm is given in Section 4.3.)

The eigenvalues of A are called the (characteristic) exponents of the sys-
tems (4.14) and (4.15). The exponents of a periodic system are defined mod-
ulo 27i because in this case the matrix A is the logarithm of the monodromy
matrix.
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A linear periodic Hamiltonian system is stable if all solutions are bounded
for all t € R. (For linear Hamiltonian systems stability is equivalent to the
origin is positively and negatively stable; see the Problems).

If Equation (4.14) is the mathematical model of a physical problem, then
the coefficients in the equation, i.e., the matrix P(t), may not be known
exactly. Is the question of stability sensitive to small changes in the Hamilto-
nian matrix P(t)? This question gives rise to the following concept. A linear
periodic Hamiltonian system is parametrically stable or strongly stable if it
and all sufficiently small periodic linear Hamiltonian perturbations of it are
stable. That is, (4.14) is parametrically stable if there is an ¢ > 0 such that
Z = R(t)z is stable, where R(t) is any periodic Hamiltonian matrix with the
same period such that ||Q(t) — R(t)| < € for all ¢. For a constant system the
definition is the same except that the perturbations remain in the constant
class.

Autonomous Systems. Now consider the constant system (4.15) only. So-
lutions of the constant system (4.15) are linear combinations of the basic
solutions of the form t* exp(\t)a, where k is a nonnegative integer, a is a
constant vector, and A is an eigenvalue of A. All solutions of (4.15) will tend
to 0 as t — oo (the origin is asymptotically stable) if and only if all the eigen-
values of A have negative real parts. By Proposition 3.3.1 this never happens
for a Hamiltonian system. All solutions of (4.15) are bounded for ¢ > 0 if and
only if (i) all the eigenvalues of A have nonpositive real parts and (ii) if A is
an eigenvalue of A with zero real part (pure imaginary), then the k in the
basic solutions, t* exp(\t)a, is zero. This last condition, (ii), is equivalent to
the condition that the Jordan blocks for all the pure imaginary eigenvalues
of A in the Jordan canonical form for A are diagonal. That is, there are no
off-diagonal terms in the Jordan blocks for pure imaginary eigenvalues of A.
For Hamiltonian systems by Proposition 3.3.1 if all the eigenvalues have non-
positive real parts, then they must be pure imaginary. Thus if a Hamiltonian
system has all solutions bounded for ¢ > 0, then all solutions are bounded for
all time. This is why for linear Hamiltonian systems, the meaningful concept
of stability is that all solutions are bounded for all ¢ € R.

Proposition 4.2.1. The linear constant Hamiltonian system (4.15) is sta-
ble if and only if (i) A has only pure imaginary eigenvalues and (ii) A is
diagonalizable (over the complex numbers).

Let A = JS, where S is a 2n X 2n constant symmetric matrix, and
H(z) = 327 5% is the Hamiltonian.

Lemma 4.2.1. If the Hamiltonian H is positive (or negative) definite, then
the system (4.15) is parametrically stable.

Proof. Let H be positive definite. Because H is positive definite, the level
set H = h where h is a positive constant is an ellipsoid in R?” and hence a
bounded set. Because H is an integral, any solution that starts on H = h
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remains on H = h and so is bounded. So H being positive definite implies

(4.15) is stable. (This is just a special case of Dirichlet’s Theorem 1.3.2.)
Any sufficiently small perturbation of a positive definite matrix is positive

definite, and so any sufficiently small perturbation of (4.15) is stable also.

Lemma 4.2.2. If (4.15) is parametrically stable, then the eigenvalues of A
must be pure imaginary, and A must be diagonalizable.

Proof. If (4.15) is parametrically stable, then it is stable.

Recall that n()\) denotes the eigenspace and nf(\) denotes the generalized
eigenspace of A corresponding to the eigenvalue A.

Lemma 4.2.3. If (4.15) is parametrically stable, then zero is not an eigen-
value of A.

Proof. Assume not; so, A is parametrically stable and 7(0) = 17(0) is not
trivial. By the discussion in Section 3.4, the subspace 7(0) is an A-invariant
symplectic subspace; so, A restricted to this subspace, denoted by A’, is
Hamiltonian. Because A is diagonalizable so is A’. But a diagonalizable ma-
trix all of whose eigenvalues are zero is the zero matrix; i.e., A" = 0. Let B be
a Hamiltonian matrix of the same size as A’ with real eigenvalues 4-1; then
€B is a small perturbation of A’ = 0 for small € and has eigenvalues +¢. Thus
by perturbing A along the subspace 7(0) by €B and leaving A fixed on the
other subspaces gives a small Hamiltonian perturbation that is not stable.

Let system (4.15) be stable and let A have distinct eigenvalues
+0614, ..., 1051,

with §8; # 0. The space n(+03;i) ® n(—pB;i) is the complexification of a real
space V; of dimension 2n; and A restricted to V; is denoted by A;. V; is
a symplectic linear space, and A; is invariant. A; is a real diagonalizable
Hamiltonian matrix with eigenvalues +03;i. Define the symmetric matrix S;
by A; = JS; and H; the restriction of H to V;.

Lemma 4.2.4. The system (4.15) is parametrically stable if and only if the
restriction of (4.15) to each V; is parametrically stable, i.e. if and only if
each Hamiltonian system with Hamiltonian H; and coefficient matriz A; is
parametrically stable.

Theorem 4.2.1 (Krein—Gel’fand). Using the notation given above, the
system (4.15) is parametrically stable if and only if

1. All the eigenvalues of A are pure imaginary.

2. A is nonsingular.

3. The matriz A is diagonalizable over the complex numbers.

4. The Hamiltonian H; is positive or negative definite for each j.
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Thus for example, the systems defined by the Hamiltonians
2H = (21 +yi) — 423 +v3)  and  2H = (a7 +47) + (23 + 1)
are parametrically stable, whereas the system defined by the Hamiltonian
2H = (a1 +y7) — (23 +43)
is not parametrically stable.

Proof. First, the if part. Given A let V be the decomposition into the invariant
symplectic subspaces V1, ..., V, as defined above. Then there is an € so small
that if B is any Hamiltonian e-perturbation of A, then there are B-invariant
symplectic spaces Wy,..., W, with W; close to V;. Moreover, dimV; =
dim W, the eigenvalues of B restricted to W; are close to £0;4, and the
Hamiltonian H ; of B restricted to W is positive or negative definite. Because
H ; is positive or negative definite on each W; all the solutions of the system
with coefficient matrix B are bounded, and hence the system is stable.

Second, the only if part. What we need to show is that if the Hamilto-
nian is not definite on one of the spaces A;, then some perturbation will be
unstable. We know that A; is diagonalizable and all its eigenvalues are +/3;
thus by a linear symplectic change of variables

1 < 2 2

We must show that if H; is not positive or negative definite then the system
is not parametrically stable. So there must be one plus sign and one minus
sign in the form for Hj.

Without loss of generality we may assume (; = 1 and the first term
is positive and the second term is negative and forget all the other terms.
That is, there is no loss in generality in considering the Hamiltonian of two
harmonic oscillators with equal frequencies; namely

2H = (af +y7) — (23 + y3)-
Then the perturbation
2H, = (22 +y?) £ (22 + y2) + eyryo

is unstable for small €, because the characteristic equation of the above system
is (A% + 1) + €%; and so, the eigenvalues are ++/(—1 =& i), which has real
part nonzero for € # 0.
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Periodic Systems. One way to reduce the parametric stability questions
of the periodic system (4.14) to the corresponding question for the constant
system is to use the Floquet—Lyapunov theorem which states that there is a
T or 2T-periodic (hence bounded) change of variables that takes the periodic
system (4.14) to the constant system (4.15). The system (4.14) is paramet-
rically stable if and only if the system (4.15) is parametrically stable. This
approach requires a detailed analysis of the logarithm function applied to
symplectic matrices given later in this chapter. A simpler and more direct
approach using a simple Md&bius transform is given here.

Consider the periodic system (4.14) with fundamental matrix solution
Y (t) and monodromy matrix M =Y (T).

Lemma 4.2.5. Y(t) is bounded for all t if and only if M* is bounded for all
integers k. That is, the periodic system (4.14) is stable if and only if M* is
bounded for all k.

Proof. Both Y (kKT +1t) and Y (t)M* satisfy Equation (4.14) as functions of ¢
and they satisfy the same initial condition when ¢ = 0, so by the uniqueness
theorem for differential equations Y (kT + t) = Y (t)MF*. Because Y (t) is
bounded for 0 < t < T the result follows from this identity. Thus the stability
analysis is reduced to a study of the matrix M under iteration.

The next two results are proved in a manner similar to the corresponding
results for the constant coefficient case.

Proposition 4.2.2. The periodic Hamiltonian system (4.14) is stable if and
only if (i) the monodromy matriz Y (T) has only eigenvalues of unit modulus
and (ii) Y (T) is diagonalizable (over the complex numbers).

Lemma 4.2.6. If (4.14) is parametrically stable then +1 are not multipliers
of the monodromy matriz Y (T).

The particular Mobius transformation
p:z—w=(z—1)(z+1)"", ptiw—z=1+w) (1 -w)?

is known as the Cayley transformation. One checks that ¢(1) = 0,¢(i) =
i,¢(—1) = oo and so ¢ takes the unit circle in the z-plane to the imaginary
axis in the w-plane, the interior of the unit circle in the z-plane to the left
half w-plane etc. ¢ can be applied to any matrix B that does not have —1
as an eigenvalue and if A is an eigenvalue of B then ¢(\) is an eigenvalue of

¢(B).

Lemma 4.2.7. Let M be a symplectic matriz that does not have the eigen-
value —1; then C = ¢(M) is a Hamiltonian matriz. Moreover, if M has only
eigenvalues of unit modulus and is diagonalizable, then C = ¢(M) has only
pure imaginary eigenvalues and is diagonalizable.
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Proof. Because M is symplectic MTJM = MJMT = J and C = ¢(M) =
(M—I)(M+1)"' = (M+I)"*(M—1I). We must show that JC is symmetric.

(Je)r

(M +1)"T(M —1)TJT

—(MT +1)"Y(MT —1)J

= (MY 4+ ST M - g
—J(M 4 D)L (M = 1) L

= —J(M- '+ )N (M —T)

= —JI +M)~Y(I—-M)=JC.

Assume the monodromy matrix M = Y (T) is diagonalizable and £1 are
not eigenvalues. Then C' = ¢(M) is defined and Hamiltonian. Let C' have
distinct eigenvalues

614, .. ., £Bsi,

with 8; # 0. The space n(+03;i) & n(—03;i) is the complexification of a real
space V; of dimension 2n; and C restricted to V; is denoted by C;. V; is
a symplectic linear space, and C; is invariant. C; is a real diagonalizable
Hamiltonian matrix with eigenvalues 3. Define the symmetric matrix S;

by C; = JS; and H;(u) = 3u” Sju where u € V;.

Theorem 4.2.2 (Krein—Gel’fand). Using the notation given above, the
system (4.14) is parametrically stable if and only if

1. All the multipliers have unit modulus.

2. £1 are not multipliers.

3. The monodromy matric M = Y (T) is diagonalizable over the complex
numbers.

4. The Hamiltonian H; is positive or negative definite for each j.

Problems

1. Let ¢(¢,¢) be the solution to the linear periodic Hamiltonian system
(4.14) such that ¢(0,¢) = ¢. The zero solution (the origin) for (4.14)
is stable if for every e > 0 there is a 6 > 0 such that ||| < ¢ implies
llo(t, ¢)|| < € for all ¢ € R. Prove that all solutions of (4.14) are bounded
(i.e. the system is stable) if and only if the origin is stable.

4.3 Logarithm of a Symplectic Matrix.

The simplest proof that a symplectic matrix has a Hamiltonian logarithm
uses the theory of analytic functions of a matrix. This theory is not widely
known therefore we give a cursory introduction here. This proof and some
of the background material are found in Yakubovich and Stazhinskii (1975).
See Sibuya (1960) for a more algebraic, but not necessarily simpler proof.
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4.3.1 Functions of a Matrix

k

Let A be any square matrix and f(z) = >, ax2z" a convergent power series.

We define f(A) by
F(A) =" apAk.
k=0

Use any norm on matrices you like, e.g., || A|| = sup |a;;|, and you will find that
f(A) has essentially the same radius of convergence as f(z). The theory of
analytic functions of a matrix proceeds just as the standard theory: analytic
continuation, persistence of formulas, integral formulas, etc. For example

efte? = 24, (sin A)? + (cos A)? =T
still hold, but there is one major cavitate. Namely, formulas such as
etel = ATB sin(A+ B) =sin Acos B + sin Bcos A

only hold if A and B commute. Any formula that can be proved by rearrang-
ing series is valid as long as the matrices involved commute.

The definition behaves well with respect to similarity transformations.
Because

(P'AP)* = P~'APP 'AP...PT'AP = Pl AP

it follows that
f(PT*AP) =P 1 f(A)P.

Hence, if A is an eigenvalue of A then f()) is an eigenvalue of f(A).
If N is a Jordan block then f(N) has a triangular form:

T fN) 0 e 0 0 T
AO0---00 /() fO) -0 0
1A---00 : : . .

N=|:: Pils FIN) = peeny) fR3 ()

001 00y fEA0)

L k=1 (k—2)! ---f(A)f(A)_

The integral calculus extends also. The integral formula
£4) = 5 ¢ (1= 7 1 Oc (116)

holds provided the domain of analyticity of f contains the spectrum of A
in its interior and I' encloses the spectrum of A. One checks that the two
definitions agree using residue calculus.
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In particular

=L b (1 )ac A:iﬁa—A)*CdQ

211 21

which seem uninteresting until one writes I" = ) I';, where I} is a contour
encircling just one eigenvalue A\;. Then I =) P; and A=) A; where

pP=—— L (gI A)~tde, Aj=—

J 27

1

I—A dc.
s (€1 =4
P; is the projection on the generalized eigenspace corresponding to A; and
A; = APj; is the restriction of A to this generalized eigenspace.

4.3.2 Logarithm of a Matrix

Let A be nonsingular and let log be any branch of the logarithm function
that contains the spectrum of A in the interior of its domain. Then

B = log(4) = — fr (CT = A) " log()dc (4.17)

21

is a logarithm of A. Of course this logarithm may not be real even if A is
real. The logarithm is not unique in general, even in the real case, in as much
as I =expO = exp2nJ.

Lemma 4.3.1. Let A be a real nonsingular matriz with no negative eigen-
values. Then A has a real logarithm.

Proof. Let A have distinct eigenvalues \q,..., g, with )\; not a negative
number for all 7. The set of eigenvalues of A is symmetric with respect to
the real axis. Let I7,..., I, be small nonintersecting circles in the complex
plane centered at Ay, ..., A, respectively, which are symmetric with respect
to the real axis. Thus conjugation, z — Z, takes the set of circles I7,..., I}
into itself (possibly permuting the order).

Let Log be the branch of the logarithm function defined by slitting the
complex plane along the negative real axis and —7 < arg(Log z) < 7. Then
a logarithm of A is given by

1< _
=logA = 5 ;fr (¢CI —T) 'Log ¢dC. (4.18)

Let conjugation take I'; to —I's = I'; (the minus indicates that conjugation
reverses orientation). Then
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1 1 _ _ o
3wt §, (€T how Gt =~ fp (G =) Log CaC
1 _
=-5= _Fs(a —T) 'Log ¢d¢ (4.19)
_ 1 =1
= omi I ((I —T)" Log ¢d¢

s

So conjugation takes each term in (4.18) into another, which implies that B
is real.

If A has a real logarithm, A = exp B, then A is nonsingular and has a real
square root A2 = exp(B/2). A straightforward computation shows that the

matrix
-1 1
n= {3 ]

has no real square root and hence no real logarithm. But, the matrix

0 =

B [—1 0 } B [ cos T Si1'17T:| B [—w 0}

S = = . =e
0 -1 —sin7 cosm

has a real logarithm even though it has negative eigenvalues. This can be

generalized.

We say that a real nonsingular matrix C' has negative eigenvalues in pairs
if it is similar to a matrix of the form diag(A, D, D) where A is real and has no
negative eigenvalues and D is a matrix with only negative eigenvalues. That
is, the number of Jordan blocks for C' of any particular size for a negative
eigenvalue must be even.

Theorem 4.3.1. A nonsingular matriz C' that has negative eigenvalues in
pairs has a real logarithm.

Proof. The logarithm of A is given by Lemma 4.3.1, so we need to consider
the case when C' = diag(D, D). The matrix —D has only positive eigenvalues,
so log(—D) exists as a real matrix by Lemma 4.3.1. Let

be [log(;jp) log?ID)} B [?rl qﬂ ! [log(O_D) log(OD)] |

Notice that in the above E is the sum of two commuting matrices. So

0 wnl| [log(-=D) 0
LT OL{ 0 log(—D)} :{D 0]
0D]

(&
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4.3.3 Symplectic Logarithm
Turn now to the symplectic case.

Lemma 4.3.2. Let A be a real symplectic matriz with no negative eigenval-
ues; then A has a real Hamiltonian logarithm.

Proof. Let A have distinct eigenvalues Ay, ..., Agg, with A\; not a negative
number for all ¢. The set of eigenvalues of A is symmetric with respect to
the real axis and the unit circle by Proposition 3.3.1. Let I7,...,I5; be
small nonintersecting circles in the complex plane centered at Aq,..., Ao,
respectively, which are symmetric with respect to the real axis and the unit
circle. Thus conjugation, z — z, and inversion, z — 1/z, take the set of circles
I, ..., Iy into itself (possibly permuting the order).

As before let Log be the branch of the logarithm function defined by
slitting the complex plane along the negative real axis and —7 < arg(Log z) <
7. Then a logarithm of A is given by

1 2k
B=logA=_— ; ](Fj (¢TI — A) " 'Log ¢dC. (4.20)

The matrix B is real by the argument in the proof of Lemma 4.3.1 so it
remains to show that B is Hamiltonian.

Let inversion take I into I’y (inversion is orientation-preserving). Make
the change of variables ¢ = 1/€ in the integrals in (4.20) and recall that
A1 = —JATJ. Then

(¢ —A) 'Log ¢d¢ = {(1/§)I — A}~!(~Log &)(—d¢/€?)
= (I —€A)~ "¢ "Log £d¢
= {A(I - €A)~" + ¢ T} Log €d¢
(4.21)
={(A7!' —&D)"t + ¢ T} Log €d¢

{(=JABTAJ — €)™ + ¢} Log £d¢

= —J(AT — €171 JLog &d€ + €1 Log £d€.

The circle I'; does not enclose the origin, thus f{‘lLog £d¢ = 0 on I for
all j. Making the substitution ¢ = 1/¢ in (4.20) and using (4.21) shows that
B =JB"J or JBT + BJ = 0. Thus B is Hamiltonian.

We say that a symplectic matrix G has negative eigenvalues in pairs if
it is symplectically similar to a matrix of the form diag(A, C, C) where A is
symplectic and has no negative eigenvalues and C' is symplectic and has only
negative eigenvalues. The symplectic matrix J is replaced by diag(J, J, J).
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Theorem 4.3.2. A real symplectic matriz that has negative eigenvalues in
pairs has a real Hamiltonian logarithm.!

Proof. The proof proceeds just as the proof of Theorem 4.3.1.

Problems

1. Discuss the question of finding a real, skew-symmetric logarithm of an
orthogonal matrix

4.4 Topology of Sp(2n,R)

The group Sp(2n,R) is a manifold also and in this section we discuss some
of its topology following the class notes of Larry Markus (ca. 1968). A cru-
cial element in this analysis is the existence of the polar decomposition of a
symplectic matrix found in Theorem 3.1.6. In particular this theorem says
that

Sp(2n,R) = PSp(2n,R) x OSp(2n,R)

as manifolds (not groups) where PSp(2n,R) is the set of all positive definite,
symmetric, symplectic matrices and OSp(2n,R) = Sp(2n,R) N O(2n,R) is
the group of orthogonal symplectic matrices.

Proposition 4.4.1. PSp(2n,R) is diffeomorphic to R*™*+Y . 0Sp(2n,R) is
a strong deformation retract of Sp(2n,R).

Proof. Let psp(2n,R) be the set of all symmetric Hamiltonian matrices. If
A € psp(2n, R) then e is symmetric and symplectic. Because A is symmetric
its eigenvalues are real and e? has positive eigenvalues so e? is positive
definite. Any T € PSp(2n,R) has a real Hamiltonian logarithms, so the
map @ : psp(2n,R) — PSp(2n,R) : A — e is a global diffeomorphism.

It is easy to see that M € psp(2n,R) if and only if

A B
=15 5]
where A and B are symmetric n X n matrices. And so PDSp(2n,R) is a
diffeomorphism to R™(7+1)

Proposition 4.4.2. OSp(2n,R) is isomorphic to U(n,C) the group of n xn
unitary matrices.

! The statement of the theorem on logarithms of symplectic matrices in Meyer
and Hall (1991) is wrong.
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Proof. If T € Sp(2n,R) then in block form

_Tab B R ey
T_|:Cd:|’ T _|:_CT dT ’

with a’d — ¢'b = I and a”'c and b”d both symmetric; see Section 3.1.
If T € OSp(2n,R), then by the equation 7-! =TT we have that

a b
=[5
with a®a 4+ bTb = I and aTb symmetric.
The map @ : OSp(2n,R) — U(n,C) given by

@:{ ¢ b]»—>a+bi
—b a

is the desired isomorphism.

Because O(1,C) is just the set of complex numbers of unit modulus, we
have

Corollary 4.4.1. Sp(2,R) is diffeomorphic to S* x R2.

Let us turn to the topology of U(n,C), for which we follow Chevally
(1946).

Proposition 4.4.3. U(n,C) is homeomorphic to S* x SU(n,C).

Proof. Let G be the subgroup of U(n,C) of matrices of the form G(¢) =
diag(e'?,1,1,...,1) where ¢ is just an angle defined mod 2. Clearly, G is
homeomorphic to S*.

Let P € U(n,C) and det P = ¢'?; then P = G(¢)Q where Q € SU(n,C).
Because G N SU(n,C) = {I} the representation is unique. Thus the map
G x SU(n,C) — U(n,C) : (G,Q) — GQ is continuous, one-to-one and onto
a compact space so it is a homeomorphism.

Lemma 4.4.1. Let H C G be a closed subgroup of a topological group G. If
H and the quotient space G/H are connected then so is G.

Proof. Let G =U UV where U and V are nonempty open sets. Then 7 : G —
G/H maps U and V onto open sets U’ and V' of G/H and G/H =U"UV’.
G/H is connected so there is a gH € U'NV'. gH = (gHNU)U (gHNV),
but because H is connected so is gH. Therefore there is a point common to
(gHNU)U(gHNV) and hence to U and V. Thus G is connected.

Lemma 4.4.2. U(n,C)/U(n — 1,C) and SU(n,C)/SU(n — 1,C) are home-
omorphic to S?"~1.
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Proof. Let H be the subgroup of U(n,C) of matrices of the form H =
diag(1,H’) where H' is a (n — 1) X (n — 1) unitary matrix. This H has a
1 in the 1,1 position and 0 in the rest of the first row and column. Clearly H
is isomorphic to U(n — 1,C).

Let ¢ : U(n,C) — C™ : Q — (the first column of Q). ¢ is continuous and
because @ is unitary its columns are of unit length so ¢ maps onto S?"~1. If
?(Q) = ¢(P) then Q = PH where H € H. ¢ is constant on the cosets and so

¢:U(n,C)/H — $*"71: (QH) = ¢(Q)

is well defined, continuous, one-to-one and onto. The spaces involved are
compact thus ¢ is the desired homeomorphism. The same proof works for
SU(n,C)/SU(n —1,C).

Proposition 4.4.4. The spaces SU(n,C), U(n,C), and Sp(2n,R) are con-
nected topological spaces.

Proof. SU(1,C), U(1,C) are, respectively, a singleton and a circle so con-

nected. By Lemmas 4.4.1 and 4.4.2, SU(2,C), U(2, C) are connected. Proceed

with the induction to conclude that SU(n,C), U(n,C) are connected.
Propositions 4.4.1 and 4.4.2 imply that Sp(2n,R) is connected.

Corollary 4.4.2. The determinant of a symplectic matriz is +1.

Proof. From TTJT = .J follows det T = £1. The corollary follows from the
proposition because det is continuous.

Proposition 4.4.5. SU(n,C) is simply connected. The fundamental groups
m1(U(n,C)) and m1(Sp(2n,R)) are isomorphic to Z.

Proof. To prove SU(n,C) is simply connected, we use induction on n.
SU(1,C) = {1} and so is simply connected which starts the induction. As-
sume n > 1 and SU(n — 1,C) is simply connected. Using the notation of
Lemma 4.4.2, ¢ : SU(n,C) — S?"~! and ¢~1(p) = H where p € S?"~! and
H is homeomorphic to SU(n — 1,C) and thus simply connected.

Let K1 = {c € C": Re; >0}, Ko = {c € C": Rey <0}, and K3 =
{c € C" : Rey; = 0} (think northern hemisphere, southern hemisphere, and
equator). K7 and K5 are 2n — 1 balls and K75 is a 2n — 2 sphere. We write

SU(H,(C) = X1 UXQ,

where X; = {¢71(p) : p € K;}. X; and X5 are bundles over balls and thus
products; i.e., X; = K1 x H for i = 1, 2. Therefore by the induction hypothesis
they are simply connected. X7, X5, X3 = X1N X5 are all connected. So by van
Kampen’s theorem X; U X5 = SU(n,C) is simply connected. See Crowell
and Fox (1963).

That the fundamental groups 1 (U(n,C)) and 71 (Sp(2n,R)) are isomor-
phic to Z follows from Propositions 4.4.1, 4.4.2, and 4.4.3.
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Problems

1. Let v and v be any two nonzero vectors in R?”. Show that there is a
2n x 2n symplectic matrix A such that Au = v. (The symplectic group
acts transitively on R?" \ {0}.)

4.5 Maslov Index and the Lagrangian Grassmannian

We have seen earlier how the dynamics of subspaces of initial conditions of
Lagrangian type for the Hamiltonian flow may be important and useful to
discuss the full dynamics of the linear vector field Xg. We look at another
facet of such subspaces here when we consider the collection of all Lagrangian
subspaces of a given symplectic space. Our goal is to explain recent applica-
tions to the study of stability for periodic integral curves of Xg. Further as-
pects of those ideas we touch upon here may be found in Arnold (1985,1990),
Cabral and Offin (2008), Conley and Zehnder (1984), Contreras et al. (2003),
Duistermaat (1976), Morse (1973), Offin (2000). We work initially in the non-
linear case to describe a geometric setting for these ideas before specializing
our computations in the case of linear vector fields along periodic solutions
of XH.
The symplectic form w on R2" is a closed nondegenerate two form

=1

A Lagrange plane in a symplectic vector space such as R?" is a maximal
isotropic subspace, therfore an n-dimensional subspace A C R?" with w|y = 0
is a Lagrangian subspace. For example

)‘:{(07q27'"aqnaphoa"'ao)}

is a Lagrange plane in R?". Note that a symplectic transformations P &
Sp(2n) map Lagrange planes to Lagrange planes because w|py = 0 whenever
w|,\ =0.

Let M denote a manifold with metric tensor (-,-) , and H : T*M — R a
smooth function convex on the fibers. We denote local coordinates (q1, - . ., qn)
on M, and (pi,...,pn) on the fiber T7M. An n-dimensional submanifold
i: L — T*M is called Lagrangian if i*w = 0. An interesting and important
example of a Lagrangian manifold is the graph of 7S(x), z € R™. This is
the manifold £ = {(z,7S(x))|x € R™}, for which we have the property that
the line integral with the canonical one form > p;dg; on a closed loop v in £
is zero. This follows easily from the fact that the path integral of a gradient in
R™ is path independent. An application of Stokes theorem then implies that



92 4. Topics in Linear Theory

L is a Lagrangian manifold because fU w = 0 for any surface o C L spanned
by ~. For this example, that £ is a Lagrangian manifold may be seen in an
equivalent way, using the symmetric Hessian of the function S(x), as a direct
computation in the tangent plane to £ by showing that the symplectic form
w vanishes on an arbitrary pair of vectors which are tangent to L.

In applications, the Lagrange manifolds considered will belong to an in-
variant energy surface, although it is not necessary to make this restriction.
Given the Hamiltonian vector field Xz on 7% M, we consider the energy sur-
face B, = H~1(h) which is invariant under the flow of Xy . The canonical
projection 7 : H~!(h) — M has Lagrangian singularities on the Lagrangian
submanifold i : £ — H~'(h) when d(i*m) is not surjective. Notice that the
mapping i*7 is a smooth mapping of manifolds of the same dimension. At a
nonsingular point, this mapping is a local diffeomeorphism. Thus Lagrangian
singularities develop when the rank of this mapping drops below n. As an
example, we observe that the graph of 57S(x) denoted £ above, has no La-
grangian singularities, the projection 7 is always surjective on £. On the other
hand if A ={(0,q92,...,¢n,p1,0,...,0)} and v = {(¢1,0,...,0,0,p2,...,pn)}
then £ = graph B, is a Lagrange plane when B : A — ~, and w(\, BA) is a
symmetric quadratic form on the Lagrange plane A. Moreover the singular set
on L consists exactly of the codimension one two-sided surface dq; /9p; = 0.
The fact that this surface is two sided comes from the fact that as a curve
crosses the singular set where dq;/9p; = 0, the derivative changes sign from
positive to negative or vice versa. This is the typical case for singular sets
of the projection map 7. Another example is afforded by the embedded La-
grangian torus 7" which will almost always develop Lagrangian singularities
when projected into the configuration manifold M. The following result of
Bialy (1991) is easy to state and illustrates several important facts mentioned
above

H:T"MxS'—-R, M=R, or M =5"

H is smooth and convex on the fibers of the bundle
7:T*M x St — M x St.

Let A — T*M x S' be an embedded invariant 2-torus without closed orbits,
and such that 7|y is not a diffeomorphism. Then the set of all singular points
of 7|, consists of exactly two different smooth nonintersecting simple closed
curves not null homotopic on A. This result illustrates the general fact that
the singular set in £ is a codimension one manifold without boundary. This
singular set is called the Maslov cycle. We will develop the theory of this
counting of Lagrangian singularities along a given curve in £, which is also
called the Maslov index. This counting argument can be seen clearly in the
case of the embedded torus whose singular set consists of two closed curves. A
given closed curve 7 on L intersects the Maslov cycle in a particular way, with
a counting of these intersections independent of the homology class which
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belongs to. The Maslov index then is the value of a cohomology class on a
closed curve v within a given homology class.

In addition this result indicates that the kind of Lagrangian singularities
developed may be a topological invariant for the Lagrangian submanifold £
which while true will not be pursued here. This idea is at the root of the
method to determine stability type of periodic orbits utilizing the counting
of Lagrangian singularities along a given closed integral curve I

As a first step, we mention that in general the singular set on £ consists
of points where the rank of the mapping ¢*7 is less than n. Thus the singular
set can be decomposed into subsets where the rank is constant and less than
n. The simple component of the singular set corresponds to the case where
rank = n — 1. The boundary of this set consists of points where rank <
n — 1. The singular set is a manifold of codimension 1, whose boundary has
codimension bigger or equal to 3. Thus the generic part of the singular set
is a two sided codimension one variety whose topological boundary is empty.
A given closed phase curve z(t) C L intersects this cycle transversely, and
we may therefore count the algebraic intersection number of such a closed
curve with positive contributions as the curve crosses the singular set from
negative to positive and negative contributions coming as the curve crosses
from positive to negative. This counting is known as the Maslov index of
z(t), 0<t<T, where T denotes the period of z(t).

To classify these singularities, it is sometimes helpful to project the locus
of singular points into the configuration manifold M. This geometric no-
tion allows us to define caustic singularities which are the locus of projected
singular points ¢*7 : £ — M. Suppose that £ is an invariant Lagrangian
submanifold, and that I" C £ is a region which is foliated by phase curves of
the vector field Xpg. Caustics occur along envelopes of projected extremals
Ye = wl, which foliate L.

Caustic singularities have been studied in geometric optics for a long time.
The analogy here is that integral curves of Xy correspond to light rays in
some medium. Now the focusing of projected integral curves on manifold M,
corresponds to the focusing of light rays. A caustic is the envelope of rays
reflected or refracted by a given curve they are curves of light of infinite
brightness consisting of points through which infinitely many reflected or
refracted light rays pass. In reality they often can be observed as a pattern
of pieces of very bright curves; e.g., on a sunny day at the seashore on the
bottom beneath a bit of wavy water .

The caustic singularities play an important role in the evaluation of
the Morse index for the second variation of the action functional A(g) =
fOTL(q,q')dt7 q(t) = mz(t) which we discussed earlier with various types of
boundary conditions. The Morse index turns out to be a special case of the
Maslov index, which is an important technique for evaluation of the Maslov
index. We shall discuss these details more fully below and in the Chapter 12.
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In the discussion above, the Lagrangian singularities arise from the sin-
gularities of the Lagrangian map ¢*7. In this setting, the vertical distribution
V. = kernel dn(z), z € T*M plays an important role. In effect, the Maslov
index as described above may be calculated by counting the number of in-
tersections of the tangent plane T ;)£ with the vertical V) along a curve
z(t) € L. In the following we abstract this and consider the intersections with
an arbitrary Lagrange plane A however the case above is the setting for our
applications. To make precise the considerations above, we turn to the linear
theory of Lagrange planes in a given symplectic vector space such as R2".
The following result in Duistermaat (1976) is very useful for understanding
Lagrange planes in the neighborhood of a given one.

Lemma 4.5.1. If A and v are transverse Lagrange planes in R?" so that
AN~y =0 ,and B : X\ — v is linear, then o = graph B = {l+ Bl|l € A} is a
Lagrange plane if and only if w(\, BA) is a symmetric quadratic form on .

Proof. First assume that « is a Lagrange plane. Then for a pair of vectors
l1,l5 in A, we have w(ly + Bly,ls + Bls) = 0 and

w(ll, Blg) — w(lg, Bll) = w(ll, Blg) + w(Bll, 12)

= w(l1 + Bly, Blg) + w(Bll, lg)

= w(h + Bll, lg + Blg) — w(l1 + Bll, ZQ) + W(Bll, lg)
—w(Bll, ZQ) + W(Bll, lg)
=0.

On the other hand, if w(X, B)\) is a symmetric quadratic form, then the
computation above shows that w(l;+Bly,l2+Bly) = 0 for every pair Iy, ls € .
Therefore « is a Lagrange plane.

If we denote by A,, the topological space of all Lagrange planes in R?", called
the Lagrangian Grassmannian, then the set of Lagrange planes A°(v) which
are transverse to a given one v, A°(y) = {\ € A,|]A\N~y = 0}, is an open set in
A,. The Lemma above gives a parameterization for all Lagrange planes in the
open set A%(y), in terms of symmetric forms on a given subspace A € A°(v).
Moreover, the set of Lagrange planes in a neighborhood of A which do not
intersect A is diffeomorphic with the space of nondegenerate quadratic forms
on A. We can think of this map a — w(\, BA), where a = graph B, as
a coordinate mapping on the chart A°(v), and the dimension of the kernel
ker w(A, BA) equals the dimension of the intersection graphB N A.

Definition 4.5.1. If a, A € A°(y) and o = graph B, then the symmetric
form on X associated with « is denoted Q(\,v; o) = w(A, BA).

From these considerations it is easy to see that the dimension of A,, is
in(n + 1). Moreover, it is also easy to understand why the Maslov cycle
of a Lagrange plane ) is a topological cycle, and that its codimension is

one on its relative interior where it is a smooth submanifold. Recall that
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the Maslov cycle consists of the Lagrange planes which intersect the given
Lagrangian plane A in a subspace with dimension larger than or equal to 1
(Arnold refers to this set as the train of the Lagrange plane A). Therefore if
AR (y) = {B € A(n)|dim BN X = k}, then the Maslov cycle of A is

M) = ] 4¥W)

k>1

However we can compute the codimension of M(\) quite nicely using the
quadratic forms Q(\,~; 8), where 8 € A¥()). It is clear on a moments reflec-
tion that if dimension of the kernel of Q(A,v;3) = k, then Q(X,~; ) must
have a k-dimensional 0 block, and therefore that the submanifold A¥()) is
codimension 1k(k + 1) in A,. In conclusion, A'(\) is an open submanifold
of codimension one, and its boundary consists of the closure of A%(\) which
has codimension 3 in A,. Thus the closure of the submanifold A'()) is an
oriented, codimension one topological cycle.

To describe the index of a path of Lagrange planes A; in a neighborhood
of a given plane A, when the endpoints of A\; are transverse to A we observe
that the space of nondegenerate quadratic forms is partitioned into n + 1 re-
gions depending on the number of positive eigenvalues of the quadratic form
w(A, BA), the so called positive inertia index. The singular set of Lagrange
planes ¥(\) which intersect A is a codimension one manifold in Ay given
by the condition det w(\, BA) = 0. We map the curve A\; = graph B; to the
corresponding curve of symmetric operators on A denoted Q(A,v; A). This
curve has real eigenvalues which are continuous functions of the parameter
t. These eigenvalues may cross the zero eigenvalue which signals an intersec-
tion of the curve \; with the fixed plane A. Such crossings may occur either
from — to + or from + to —. We count the algebraic number of crossings
with multiplicity with the crossing from — to 4+ as a positive contribution,
and from + to — as a negative contribution. The Maslov index then for a
curve A\; whose endpoints do not intersect A, denoted [A; A], is the sum of
the positive contributions minus the negative contributions. If on the other
hand the endpoints of the curve )\; are not transverse to A we use the conven-
tion specified by Arnold (1985) and stipulate the Maslov index in this case is
obtained by considering a nearby path in Ay, say oy, so that the correspond-
ing eigenvalues of Q(\,~; ;) which are perturbations of the eigenvalues of
Q(A,v; A) are nonzero at the endpoints. Moreover on the right endpoint, all
zero eigenvalues are moved to the right of zero (positive domain) , while at
the left hand endpoint, all zero eigenvalues are moved to the left.

It should be mentioned explicitly, that the Maslov index as here described
is a homotopy invariant, with fixed endpoints for the path A; due to the fact
that M(\) is a cycle in A,,. This remark implies in particular that the Maslov
index of a curve A; can be computed from a nearby path which crosses the
Maslov cycle M()) transversely, and only intersects the simple part of the
cycle, where the intersection number is +1 or —1.
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There are several translations of the Maslov index which are important
in applications. Two of these are the Conley—Zehnder index, and the Morse
index which we alluded to above. Roughly, the Maslov index of the vertical
space is equivalent to the Morse index when the curve ); is a positive curve, in
the sense that it intersects the Maslov cycle of the vertical space transversely
and only in the positive sense. An important case arises when the curve
At = d.¢i )\, where ¢; denotes the flow of a Hamiltonian vector field X g
in R?" with the Hamiltonian convex in the momenta 9?H/dp* > 0. Then
the curve \; € A, intersects the vertical distribution only in the positive
sense and this condition also implies that the flow direction is transverse to
the vertical distribution Duistermaat (1976), Offin (2000). In the following
discussion we let ¢, denote the flow of the Hamiltonian vector field X g with
convex Hamiltonian 9*H/dp®> > 0. Recall that the action functional with
fixed boundary conditions

T
Flg) = / Lq(t), 4¢(8)dt, q(0) = a0, 4(T) =

leads to consideration of the critical curves ¢(t) = wz(t), 0 <t < T where
z(t) is an integral curve of the Hamiltonian vector field Xy such that ¢(0) =
g0, q(T) = q1. For such a critical curve ¢(t), the second variation is the
quadratic form d? F(q)-£, where £(t) is a variation vector field along q(t) which
satisfies the boundary conditions £(0) = £(T") = 0. These boundary conditions
arise as natural with the fixed endpoint problem discussed earlier. The second
variation measures second order variations in the action along the tangent
directions given by the variation vector field £(¢). It is shown in textbooks
on the calculus of variations that the number of negative eigenvalues of the
second variation is a finite number provided that the Legendre condition
holds 92L/0v? > 0, which is equivalent to the condition of convexity of the
Hamiltonian; see Hestenes (1966). This finite number is the Morse index of
the critical curve ¢(t) for the fixed endpoint problem. It is known that this
index depends crucially on the boundary conditions but in the case of fixed
endpoint it is the number of conjugate points (counted with multiplicity)
along the critical arc q(t).

A time value t( is said to be conjugate to 0 if there is a solution ((t) =
d.1)#:¢(0), 0 <t < T of the linearized Hamiltonian equations along z(t),
such that 7¢(0) = 0 = 7w ((tg). Of course the projected vector field w((t)
is just one example of a variation vector field £(¢) along ¢(t), however it
plays a crucial role in determining the Morse index. We observe that the
condition for existence of conjugate points can be equivalently described by
allowing the vertical plane V(z) at ¢ = 0 to move with the linearized flow
d,¢¢, and to watch for the intersections of this curve of Lagrange planes with
the fixed vertical plane V(z(tg)) at z(tp). The Morse index formula for the
fixed endpoint problem can be now stated
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conjugate index = Z dim [d.¢V (2) NV (¢:2)]
0<t<T

which is a special case of the intersection number for the curve of Lagrangian
planes d, ¢,V (z) with the fixed distribution V (¢;z).

An important generalization of the fixed endpoint example is the case
of periodic boundary conditions which will play an important role in the
applications to periodic solutions of the N-body problem

Fg) = / Lq(t). 4(t)dt, q(0) = g(T). (4.22)

The second variation of the action functional for critical curves ¢(t) = mwz(t)
may be calculated easily from equation (1.28) by differentiating the first
variation along the variation vector field £(t). We will denote the second vari-
ation by d?F(q(t)) - ¢ whose domain consists of absolutely continuous vari-
ation vector fields £(t) which satisfy the same periodic boundary conditions
&(T) = €(0). In this case the Maslov—Morse index is modified slightly from
the fixed endpoint case to include the case of periodic boundary conditions
for variation vector fields.

index d*F = Y dim[d.¢V(2) NV (¢2)] + indexd®F(q(t))|w,
0<t<T
(4.23)
where W denotes the subspace of variation vector fields ((t) = d¢:((0) along
z(t) which are periodic in the configuration component

W= {c= &g+ g le(r) = ne(0) | (124)

We refer to the variation vector fields £(¢) = w((t), ((t) = d¢+((0) as Jacobi
fields along the phase curve z(t) = ¢yz. The second variation restricted to
the subspace of Jacobi fields, periodic in the configuration component has
a simpler form due to the fact that they are integral curves of the linear
vector field DX g (2(t)), 0 <t < T, the integral term in the second variation
vanishes, leaving only the endpoint contribution. Using the periodic boundary
conditions of the Jacobi fields associated with the subspace W yields

d*F(q(t))lw = (¢(T),&(T)) — (n(0),£(0))
(€(T),£(0)) = (n(0), &(T))

= w(¢(0),¢(T))

= w(W,dorW).

An application of this formula to the case when n = 1 yields the case studied
by Morse for scalar variational problems with periodic boundary conditions

. . . 0if (n(T)—n(0))£(0) >0
index d’>F(q(t)) = conjugate index + { 1 i (77(T) B :]7(0))5(0) <0,
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where 7(t) denotes the Jacobi field which satisfies the periodic boundary
condition &(T") = £(0). The correction term to the conjugate index was called
the concavity by Morse (1973). Incidentally, it is easy to see that the subspace
W is always contains nonzero terms, because we have the useful formula

(dz¢T - ld)W = V(Z)7

where V(z) denotes the vertical space at z. This implies in particular that
if the linearized flow along z(¢) has no T-periodic solutions, then W has
dimension n.

To tie some of these ideas together, we mention a theorem of Bondarchuk
(1984) which describes a typical case of the Maslov index for hyperbolic
periodic orbits of a Hamiltonian vector field Xz with convex Hamiltonian H.
It is easy to see that the stable and unstable manifolds of z(t) are Lagrangian
submanifolds because the symplectic form must vanish for any pair of tangent
vectors along z(t). The Lagrangian singularities of the stable or unstable
manifold relative to the canonical projection w : H~1(h) — M occur at those
moments along z(¢) when the tangent space to the stable or unstable manifold
becomes vertical. If A denotes the tangent plane to the stable manifold for
example at the point z(0), then the ¢ parameter values of the singularities
of the moving plane d,¢;\ are called focal points for the Lagrange plane .
Counting these singularities along z(t) for one period will yield the Maslov
index of the stable or unstable manifolds in H~1(h).

Theorem 4.5.1. If z(t) is T-periodic and hyperbolic on its invariant energy
surface H=1(h) (the Poincaré map on H~1(h) has eigenvalues which lie off
the unit circle) , then the Morse index of the second variation d*F(nz(t)) with
periodic boundary conditions, is equal to the Maslov index of the local stable or
unstable manifolds W7 _(z(t)), Wi.(2(t)). In particular, if [d.oX; V (2(t)] =
k € Z* where 0 < t < T then [d,¢:\;V (2(t)] = mk over m covers of the
periodic phase curve 0 <t < mT.

In special circumstances, the subspace W (see equation (4.24)) is Lagrangian:
for example in the case described above in Bondarchuk’s theorem or in the
time reversing case Offin (2000), or in case the orbit is symmetric under
an Abelian group of symplectic symmetries Cabral and Offin (2008), or in
case the periodic orbit lies on an invariant energy surface H~1(h) for a two
degree of freedom Hamiltonian system. This last case is equivalent to the
one-dimensional case described above for the periodic problem of the calculus
of variations. This Lagrangian property of the subspace W will be shown to
lead to an interesting possibility to analyze the orbits for qualitative behavior
based only the values of the Maslov index. This opens the door to predict-
ing analytically the stability type of the periodic orbit, without recourse to
numerical techniques. It has been shown that in the one dimensional case
considered by Morse, the stability type of an underlying periodic orbit can
be deduced solely from the parity of the Maslov index Offin (2001). We shall
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use these formulas for the Maslov-Morse index of the second variation in
applications, and exploit the properties of the iterated Maslov index when
we can show that the subspace W is Lagrange.

The other important translation of the Maslov index is the Conley—
Zehnder (1984), which concerns a curve of symplectic matrices in Sp(2n)
rather than a curve of Lagrange planes. Because the topology of Sp(2n) is
similar to the topology of A,,, it is not surprising that the two theories are by
and large equivalent. The role of the singular cycle is played in the Conley—
Zehnder theory by codimension one cycles which are essentially submanifolds
of symplectic matrices having eigenvalues 1. The Conley—Zehnder index has
been extensively studied by Long (2002) and we will refer the reader to this
source to investigate further the Maslov index in this case. We shall detail
how to compute the Maslov index for the case of critical curves of variational
problems further in the chapter on applications.

4.6 Spectral Decomposition

In this section we complete the spectral analysis of a Hamiltonian matrix A
and a symplectic matrix T'. Here we drop the assumption that these matrices
are diagonalizable. The material in this section is be used in Sections 4.7
and 4.3 and to some extent in Sections 4.2 and 4.1. The main references on
Hamiltonian matrices discussed in this section and in Section 4.7 are still
Williamson (1936,1937,1939), but we follow the presentation in Laub and
Meyer (1974).

Recall the definition of the generalized eigenspace. Let A be an eigenvalue
of A, and define subspaces of C?" by ni()\) = kernel (A — A ). From ele-
mentary linear algebra ni(A) C ni4+1(A\) and for each eigenvalue X there is a
smallest k’, 1 < k'’ < 2n, such that

M (N) = M p1(A) = 2 (X) = -+

Let nf(A\) = mu (\). The eigenspace of A corresponding to the eigenvalue A is
n(A\) = n1()\), and the generalized eigenspace is 17 ()\). The same definitions
hold for any matrix including 7'

Also recall that if {z,y} = 27 Jy = 0, then = and y are J-orthogonal.

Proposition 4.6.1. Let A (respectively T') be any 2n x 2n real Hamiltonian
(respectively, symplectic) matriz with eigenvalues X and p, A+ # 0 (respec-
tively, A\ # 1). Then {nt(\),nT (1)} = 0; i.e., the generalized eigenspaces are
J-orthogonal.

Proof. Let A be Hamiltonian with eigenvalues A and u, A + 4 # 0. By
Lemma 3.3.1, {m(A\),n1(x)} = 0; so, make the induction assumption that
{(A), ()} = 0. We first show that {nr+1(A), ()} = 0. Recall that
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{Az,y} = —{x, Ay} for all z,y € V. Let u € nr1(A) and v € ng(p); so,
(A= M)k*1y =0 and (A — plI)¥v = 0. Then
0 = {u, (A — uD)*u}
= {u, (A+ M + [\ — p]])*v}

.i0<§>(A;ij&h@4+AIVv}

k
k . ;
=> () (A=) {(=A+ M) u, v}
j_0<3> !

Because u € ng11(\), we have (—A-+ M )7u € ng(N\) for j = 1,2,...; so all the
terms in the last sum above are zero except the term with j = 0. Therefore
(=X — p)*{u, v} = 0. This proves {nr+1(A\),nx(1)} = 0. A similar argument
shows that {ne+1(A),ne()} = 0 implies {ne41(A), me+1(p)} = 0; thus by
induction the lemma holds for Hamiltonian matrices.

Let T be symplectic and Tx = Az, Ty = puy, where x,y # 0 and Au # 0.
Then

Mz,y} ={Tx,y} =2"T"Jy =27 JT 'y = 2" Jp~ 'y = = Ha, y},

so {x,y} = 0 or {n(A),n(p)} = 0. This is the initial step in the induction
which proceeds just as in the Hamiltonian case. See Laub and Meyer (1974).

Let A be a real Hamiltonian matrix. The eigenvalues of A fall into four

groups:
(i)  The eigenvalue 0
(ii)  The real eigenvalues +aq, ..., tas

(iii) The pure imaginary +034i,...,£5,i
(iv)  The truly complex +y3 & 014,. ..,y & 04
This defines a direct sum decomposition

V=Xo (@,;U)) ® (&;W;) ® (8;Z;),

where
X = n1(0),
U; = n'(ey) &0t (—ay),
W, =0t (8;1) ® 0t (=5;1),

Zy = {n'(v; + 0;1) @l (75 — 6;0)} ® {n'(—; — 6;4) @' (=5 + 6;0)}-
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Each of the spaces given above is an invariant subspace for A. By Lemma 4.6.1
each space is J-orthogonal to every other, and so by Proposition 3.2.1, each
space must be a symplectic subspace. Because each subspace is invariant
under complex conjugation, each is the complexification of a real space. Thus
we can choose symplectic coordinates for each of the spaces so that A in these
coordinates is block diagonal. Therefore, the next task would be to consider
each space separately.

For the discussion assume that the a; and v, are positive. Regroup the
spaces as follows.

V=IaNaP,

[=Xo(@;W,),
(4.25)
N = (&;n'(=ay)) & (&;{n' (= — 6;0) & n' (=5 + 5;1)})

P = (@1 (+a;)) @ (8;{n' (+7; — 6;1) @ n' (+7; + 6;1)}) .

All these spaces are real and A invariant. I is symplectic and the restriction of
A to I has only pure imaginary eigenvalues. All the eigenvalues of A restricted
to N (respectively, P) have negative (respectively, positive) real parts. N @ P
is symplectic and the splitting is Lagrangian. The following lemma is a direct
result of Lemma 3.2.4.

Proposition 4.6.2. Let A be a real, 2n x 2n, Hamiltonian matriz all of
whose eigenvalues have nonzero real parts; i.e., I = 0. Then there exists a
real 2n x 2n symplectic matriz P such that P~YAP = diag(BT,—B), where
B is a real n X n matriz, all of whose eigenvalues have negative real parts. In
particular, B could be taken in real Jordan form.

It remains to consider the restriction of A to I. The detailed and lengthy
discussion of these normal forms is given in Section 4.7.
Let T be a real symplectic matrix. The eigenvalues of T fall into five

groups:
(i) +1
(i) -1
(iii) The real eigenvalues u1i17 sy pEt
(iv)  The eigenvalues of unit modulus ay £ By, ..., £ Bri
(

v The eigenvalues of modulus different from one
(1 £619)FL, o (e £ 6pd)EL
This defines a direct sum decomposition

V=XaoYao @,U;) e (®,W,) ® (®,Z;) (4.26)

where
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X=nl(+1),  Y=n'(-1),

U; =n'(v) @n'(v; ),

W = n' (o + B50) ® ' (a; — B;i),

Zi = {n'(v; + 8;0) @0t (v; — 6;9)} ® {n'((v; — 6;9) ") @' ((v; + 650) )}
Each of the summands in the above is an invariant subspace for 7. By Lemma
4.6.1, each space is J-orthogonal to every other, and so each space must be
a symplectic subspace. Because each subspace is invariant under complex
conjugation, each is the complexification of a real space. Thus we can choose
symplectic coordinates for each of the spaces so that T" in these coordinates is
block diagonal. Because each of the spaces in the above is symplectic it must
be even-dimensional and so, the multiplicity of the eigenvalue —1 is even.
The restriction of T to nf(—1) has determinant +1. This gives another proof
of Theorem 3.1.7.

Corollary 4.6.1. The determinant of a symplectic matriz is +1.
Again we can group these spaces together, as follows.
V=I&NagP,

I=XaY® (9,;W;),
N = {n'(v; + §;1) @ n' (v; — 6;0)},

P = {nf((v; + ;)" @n'((; — 6;9) ")}
All these spaces are real and T invariant. I is symplectic and the restriction
of T to I has only eigenvalues with unit modulus. All the eigenvalues of T
restricted to N (respectively, P) have modulus less than (respectively, greater
than) one. N@® P is symplectic and the splitting is Lagrangian. The following
lemma is a direct result of Lemma 3.2.4.

Proposition 4.6.3. Let T be a real, 2n x 2n, symplectic matriz all of whose
eigenvalues have modulus different from one; i.e., 1 = 0. Then there exists a
real 2n x 2n symplectic matriz P such that P~'*TP = diag(BT,B~1), where
B is a real n x n matriz, all of whose eigenvalues have negative real parts. In
particular, B could be taken in real Jordan form.

It remains to consider the restriction of T to I. For this discussion we refer
the reader to Laub and Meyer (1974).

Problems

1. Prove Lemma 3.4.1 for the symplectic matrix 7" by using induction on
the formula {ng()\), 7% (1)} = 0, where n;,(\) = kernel (T* — \I).
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4.7 Normal Forms for Hamiltonian Matrices

By the discussion of Section 4.6 it remains to study a Hamiltonian matrix
where all the eigenvalues have zero real part. We further subdivide this into
the case when the matrix has only the eigenvalue zero and to the case when
the matrix has a pair of pure imaginary eigenvalues. These two cases are
covered in the next two subsections.

4.7.1 Zero Eigenvalue

Throughout this subsection V is a real symplectic linear space with Poisson
bracket {-,-} ({z,y} = 27 Jy), and A : V — V is a real Hamiltonian linear
operator (or matrix) whose sole eigenvalue is zero; i.e., A is nilpotent.

Theorem 4.7.1. V = ®;U; where U; is an A-invariant symplectic subspace
and there is a special symplectic basis for U;. Let the dimension of U; be
2s x 2s and Bs the matriz of the restriction of A to U; in this basis. Then

N 0
Bs = ;
D —NT
where
000---00 000---00
100---00
010---00 00000
N: N ? D: e ?
000---00 838:::82
000---10
and d =0 or 1 or —1.
The Hamiltonian is
s—1 (5
Hé‘—j;xjy]+1 5955

Remarks: By has rank 2s — 2 whereas B4 has rank 2s — 1 so they are not
similar. The Hessian of H; (respectively. of H_;) has index s (respectively,
s —1) so B4y and B_; are not symplectically similar.
By is the coefficient matrix of the pair of nth-order equations
d’x d’y

dts 7 dts

written as a system and B, is the coefficient matrix of the 2nth-order equa-

tion equations
d*z

dtQS
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written as a system. The exponential of By is easy to compute because the
series expansion terminates due to the fact that By is nilpotent. For example,
if s =2 we compute

1 0 0 0

Bt t 1 00
€ —6t3/31 —§t2/20 1 —t
st2/2! 6t 0 1

The proof of this proposition requires a series of lemmas and some defini-
tions. The general ideas are used over and over. Let A have nilpotent index
k+1;ie., A*¥ #£0, A**1 = 0. By the Jordan canonical form theorem, V has
a basis of the form

U1, A’Ul, ey Asl’l)l
V2, 14’[)27 ey A821}2
S
Upy, Avpy oo, Ao,
where A%*ly; =0,i=1,...,r. However, this basis is not symplectic.

Let A be the commutative algebra,
A={aol + 1A+ asA? + -+ . A" - o € R}

and V be V considered as a module over A. Note that vy, ..., v, is a basis for
V. Given a set of vectors S let £(.S) denote the linear span of this set in the
module sense.

Let & = agl + a1 A+ as A2 + - + o AF and define

D" = apl — a1 A+ agA? — -+ (=1)Fai AF,
/1(45) = O,
Qw,y) = {A%z,y} + {A g A+ o+ {a,y} AR

Lemma 4.7.1. For all 31,02 € R, &,$1,P5 € A, and x,x1,T2,Yy,y1,Yy2 €V,

1. ‘Q(‘T7y) = <_1)k+19(y’x)*;

Q(B1P121 + BoPoxa,y) = L1P12(x1,y) + BaPaf2(x2,y),
Q(x, f1P1y1 + B2Paya) = (1271 2(z,y1) + B2 P502(7, y2),
2(x,y) =0 for all y implies © =0,

{Pz,y} = A(202(z,y)).

Crds to o

Proof. A is Hamiltonian so {Az,y} = —{z, Ay} which yields the first
statement. By the linearity of the Poisson bracket 2(81x1 + Baxa,y1) =
0102(x1,y1) + B282(x2,y1). Note that

AQ(z,y) = A{0+ {AFz, y} T + - + {Az,y} AP 4 {z, y} A*
=0+ {AFz,y} A+ + {Az,y} A + {2, y} AFH!
= {A* Az gy} T + {AP 1Az g} + -+ {Az,y} AP + 0
= Q(Ax,y).
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Thus AR(x,y) = 2(Az,y) and with the linearity this implies the second
statement. The third statement follows from the first two. The nondegeneracy
of {2 follows at once from the nondegeneracy of the Poisson bracket. The last
statement is just a computation.

Lemma 4.7.2. & = apl + an A + a2 A% + -+ + o, AF is nonsingular if and
only if ag # 0. If @ is nonsingular then it has a nonsingular square root ¥
such that ¥* = sign (ag)P.

Proof. Let ¥ = Z?:o BrAF. Then U = Zf:o{Zé:o a;jB—j}A! so to find

an inverse we must solve

l
agfo =1 and Zajﬁlszo for I1=1,...,k.

J=0

The first equation has as its solution 8y = 1/ag. The remaining equation can
be solved recursively for §;, j =1,...,k.
Assume ag > 0, then to solve ¥? = & leads to oy = Z;ZO B;Bi1—;. For

[ = 0 the formula is cg = B2 which has a solution By = ,/ag. The remaining
B; are again found by recursion. If ap < 0 then solve ¥? = —& as above.

Lemma 4.7.3. Let W C V be an A-invariant subspace and let the subscript
W indicate the restriction of all the various objects to this subspace. That is,
Aw = A|W; the nilpotent index of Aw is kw +1 < k+1; Aw is the algebra
generated by Ay ; Qw = Q|(W x W); and let W denote W considered as an
module over Ay .

Let &1,...,&y be a basis for W. By relabeling if necessary suppose that
2(&,&1) is nonsingular.

Then there ezist a basis ew,&s, ..., &, for W with Qw(ew,ew) = £,
Ow(ew,&;) = 0 for j = 2,...,7, and W = L(ew) ® L(&,...,&,). Also
ew,Awew, ... ,A’;‘?’ ew s a basis for L(ew) as a vector space over R.

Proof. For notional convenience in this proof we drop the subscript W.
Note that k must be odd for from Lemma 4.7.1 we have 2(£1,&) =
(—1)**102(&,£1)*. The coefficient ag of I in 2(£1,€&;) must be nonzero by
Lemma 4.7.2 and is invariant under the *-operation so ag = (—1)*Ttay # 0
because k is odd. Thus @ = 2(&1,&1) = 2(&1,61)* so that @ must be of the
form ool + as A% + - + ag_1 AF~1. We say that & is even.

Because @ = @* is nonsingular, by Lemma 4.7.2 there exists a square
root ¥ such that ¥? = sign (a)®. Moreover, from the proof of Lemma 4.7.2,
it is clear that @« is even; i.e., ¥ = ¥*. Suppose that ag > 0. (A precisely
analogous proof works when ap < 0.) Let e be defined by & = We (or
e =Ww~1¢). Then

PO =0% =@ = (£,6) = 2(We,We) = PT* e, e).
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Thus 2(e,e) = I (or 2(e,e) = —I when ag < 0).
Now, for j =2,...,7, let £ = &; — 2(e,{;)*e. Then

(e, &) = 2(e, &) — 2(e, (e, &i)*e)
= (e, &) — 2(e, &) (e, e)
= (e, &) — 2(e, &)
=0.

The transformation from the basis {1,82,...,§, to e,&, ..., is invertible,
thus the latter set of vectors is also a basis for W.

Lemma 4.7.4. Let W, W, Aw, Q2w be as in Lemma 4.7.3 (except now Aw
is nilpotent of index mw +1 < k+1). Suppose again that &1, ... ,&, is a basis
for W, but now Q2w (§;,&;) is singular for all 5 = 1,...,v and by relabeling
if mecessary Q2w (&1,&2) is nonsingular.

Then there exists a basis fw,gw,&s, ..., &, for W such that

'QW(fWagW) = Ia

Qw (fw, fw) = 2w (gw, gw) = Qw (fw, ;) = 2w (gw, &) = 0,

and W = L(fw,gw) @ L(&,...,&,) where L(fw,gw) has a vector space
basis fw, ..., ApY fw, 9w, ..., A" gw.

Proof. Again for notational convenience we drop the W subscript. Also we
may assume that (2(&1,&) = I; if not, simply make a change of variables.
There are two cases to consider.

Case 1: m is even. By Lemma 4.7.1, 2(§;,&;) = (—1)™T102(&;,&)* =
—02(&,&)* thus 2(&;,&;) is of the form a1 A + azA® + -+ + a1 A™1
which we call odd. Also by Lemma 4.7.1, £2(£2,&1) = —1I. Let f =& + P&,
where @ is to be found so that Q2(f, f) = 0 and & is odd.

0=0f,f) = 2(&1,&) + 2(&, D) + 2(PEs, &1) + 2(PEa, PE2)
= 02(&1,61) + D" — D+ PP*(2(Ea, &a).

Because we want @ = —®*, we need to solve

?= %[9(&,61) +202(6,6)]

Notice that the product of three odd terms is again odd, so the right hand
side is odd. Clearly, we may solve recursively for the coefficients of @ starting
with the coefficient of A in &.

Case 2: m is odd. By Lemma 4.7.1 2(§;,&;) is even and because it is
singular ag = 0. Also 2(&,&1) = I. Set f = & + $&; and determine an even
@ so that 2(f, f) = 0. We need to solve

1

b= -
2

[Q(glagl) + ¢2Q(£27§2)]-
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The right hand side is even and we can solve the equation recursively starting
with the coefficient of A2.

In either case f,&a,. .., &, is a basis and we may assume that 2(f, &) =1
(and (&, f) = =£I accordingly as m is odd or even). Let h = & —
102(&,&) f. One can check that 2(h, h) = 0 whether m is even or odd. Let g
be defined by h = £2(f, h)*g. Then £2(g,g) = 0 and Q2(f,h) = 2(f,h)2(f, 9)
so £2(f,g) = I. Finally, note that £2(g, h) = I if m is odd and —1I if m is even.
Let & = &§;F2(g,&;)" f—2(f,€;)*g (minus sign when m is odd and plus sign
when m is even). One checks that 2(f,&}) = £2(g,¢;) =0for j =3,...,7.

Proposition 4.7.1. Let A : V — V be nilpotient, then V has a symplectic
decomposition
V=U,&--- U, Vi ®---®V3

into A-invariant subspaces. Furthermore, U; has a basis e;, ..., A¥e; (A|U;
is nilpotent with index k; +1 < k+1) with

s, R +1 Zf S = kj
{A%joej} = {O otherwise,

and Y; has a basis f;j, Afj,...,A™ f; g5, Agj,..., A" g; (A|Y; is nilpotent
of index m; +1 < k+1) with

otherwise

Wy ={g oo

and
{A%f;, i} ={A%95,9;} =0 for all s.

Proof. Let &1, ... ,& be a basis for V. First we need to show that £2(&;,§;) is
nonsingular for some i and j (possibly equal). Suppose to the contrary that
£2(&;, ;) is singular for all ¢ and j. By Lemma 4.7.2, the coefficient of I must
be 0; i.e., {A¥¢;, &} = 0. Furthermore, {AFthitl2¢, ¢} = 0 for all nonnega-
tive integers 1, I by the nilpotence of A. Fix [;. Then {AF(Al¢;), A¢;} =0
for all Iy > 0. Because {A2¢; : I > 0} forms a basis for V and {-,-} is non-
degenerate, we conclude that A¥(Ah¢;) = 0. But [y is arbitrary so A* =0,
which contradicts the hypothesis of £ + 1 as the index of nilpotence of A.

By relabeling if necessary, we may assume that either £2(£1, &) or £2(&1,&2)
is nonsingular. In the first case apply Lemma 4.7.3 and in the second case
Lemma 4.7.4. We have either V = L(ew ) ©Z, where Z = L(&,...,&,) or V =
L(fw,gw) © Z where Z = L({3,...,&). In the first case call Uy = L(ew);
in the second case call Y1 = L(fw, gw). In either case repeat the process on
7.

Proof (Theorem 4.7.1). All we need to do is construct a symplectic basis for
each of the subspaces in Proposition 4.7.1.

Case 1: A|U;. Let A|U; be denoted by A, U denote U; and k + 1 the
index of nilpotence of A. Then there is an e € U such that {A¥e,e} = +1
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and {A%, e} = 0 for s # k. Consider the case when {AFe, e} = +1 first and
recall that k£ must be odd. Let | = (k + 1)/2. Define

g =A"te, p;j= (—1)kFI=igb =0 for j=1,...,1
Then for i, j=1,...,1,

{qia QJ} = {Ai__lea A]_l}
= (—1p A 2.}
=0 because i +j —2<k—1,

{(pip;} = {(—1)FHImigb+izic (_1)k+1=jgh+1=ic}
= (71)k‘+1*i{A2k7ifje’e}
=0 because 2(k +1)—i—j>k+1,

{qi,p;} = {ATTe, (—1)kH1-T Ak +1-d ¢}
= {Ak‘%’i*je’ 6}

_Jlifi=j
T\ 0ifd # g
Thus q¢1,...,p; is a symplectic basis. With respect to this basis A has the

matrix form Bg given in Proposition 4.7.1 with § = (—1)%.
In the case {AFe, e} = —1 define

g =A"te, p;= (—1)k=IAM =0 for j=1,...,1

to find that A in these coordinates is Bs with § = (—1)*1.

Case 2: A|Y;. Let A]Y; be denoted by A, Y denote Y; and m—+1 the index
of nilpotence of A. Then there are f,g € Y such that {A®f, f} = {A%g,¢} =
0, {A™f, g} =1, and {A°f, g} = 0 for s # m. Define

g =ATN p=(=)mTTIATT g,

and check that q1,...,p, is a symplectic basis for U. The matrix represen-
tation of A in this basis is the By of Theorem 4.7.1.

4.7.2 Pure Imaginary Eigenvalues

Throughout this section let A : V — V be a real Hamiltonian linear operator
(or matrix) that has a single pair of pure imaginary eigenvalues +iv, v # 0.
It is necessary to consider V as a vector field over C the complex numbers so
that we may write V = nf(iv) @ nf(—iv).

Theorem 4.7.2. V = @;W; where W; is an A-invariant symplectic subspace
and there is a special symplectic basis for W;. If C is the matriz of the
restriction of A to W; in this basis, then C' has one of the complex forms
(4.27), (4.32) or one of the real forms (4.29), (4.30),(4.31), or (4.33).
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This case is analogous to the nilpotent case. Let B = A|nf(iv) — ivI
and suppose that B is nilpotent of index k + 1 < n. Let A be the algebra
generated by B, i.e., A= {apl + 1B+ + apB : aj € C} and let V be
nt(iv) considered as a modual over A.

Let & = agl + a1 B + asB? + - - - + o, B and define

&* = agl —a1B + aB? — - + (—1)ka,B*,

A(¢) = ag,
Qz,y) = {B*z,y}] + {B*'2,y}B + - - - + {=,y} B*.

The next three lemmas are proved as are the analogous lemmas for the
nilpotent case.

Lemma 4.7.5. For all 81,02 € C, &,P1,P5 € A, and x,21,T2,Y,y1,Yy2 € V
we have

1. ‘Q(Iay) = (71)k+19(y7x)*7

2. 2(B1D171 + BaPaxa,y) = [1P192(x1,y) + P2Paf2(x2,y),
3. 2z, B1P1y1 + BaDay2) = L1971 2(x,y1) + B2P592(x, y2).
4. 2(x,y) =0 for all y implies x =0,

5. (@0, 5} = A(@0(z, ).

Lemma 4.7.6. & = agl + a1 B + asB? + - - - + o, B* is nonsingular if and
only if ag # 0.

Lemma 4.7.7. Let ® = aogl + oy B + aaB? + -+ + o, BF be nonsingular
and satisfy @ = (=1)**1@*. If k is even (respectively, odd), then ® has

a nonsingular square root ¥ such that WW* = isign (ag/1)P (respectively,
Y* = sign (a)®P). Moreover, ¥ = (—1)F+1g*,
Proposition 4.7.2. Let A:V — V have only the pure imaginary eigenval-

ues tiv and B = A —ivI. Then V has a symplectic decomposition into the
A-invariant of the form

V=0 o0)o 0 Us0Us)®d V1oV e & (Y0 Yp)
where U; and Y; are subspaces of n'(iv).
 Uj has a basis e;, Bey, . .., B¥e; where B|U; is nilpotent of index kj +1,
U; has a basis €5, Bej, . .. ,Bkjéj, and
+1 ’ifS:kj, kj Odd,
{B%e;,€;} = i ifs=kj, k; even,
0  otherwise.
Yj has a basis f;,Bfj,. .., Bkiijgj, Bgj, ..., Bkigj_ where B|Y; is nilpo-
tent of index k; + 1, Y; has a basis f, ..., kagj, ey kagj, and
s£o= lifS:kij,
B fj’g_]} o {0 otherwise
{Bsfj,fj} = O all S,
{B?gj,g;} =0 all s.

)
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Proof. The proof of this proposition is essentially the same as the proof of
Proposition 4.7.1 and depends on extensions of lemmas like Lemma 4.7.3 and
Lemma 4.7.4. See Theorem 14 and Lemmas 15 and 16 of Laub and Meyer
(1974).

Proof (Theorem 4.7.2). The real spaces W; of the theorem have as their
complexification either one of (U;®U;) or one of (Y;®Y;). Using Lemma 4.7.2
we construct a symplectic basis for each of these subspaces.

Case 1: Let us consider (U; & Uj) first and drop the subscript. Indeed,
for the moment let V = (U; @ U;) and A = A|(U; @ U;), etc. Then there
is a complex basis e, Be, ..., B¢, & Be,...,B*¢ and {B*e,eé} = a where
a = £1, £i. Consider the complex basis

uj = Bi e, v; = a M=kt =1 k1.
Because (U; @ U;) is a Lagrangian splitting {u;,us} = {v;,vs} = 0.

{Uja Us} = {Bj—le’ a—l(_l)k—s+1Bk—s+1é}
=a {BFti~se, e}

_J1ifj=s,
"~ 1 0 otherwise

Thus the basis is symplectic and in this basis A has the form

iv00---00
1iv0---00
N0 0 1iv---00
,  where N = , (4.27)
T
0 =N 000--iw0
000---1q3v

and the reality condition is u; = a(—1)*"9*29;_;,5. The real normal forms
depend on the parity of k.
Case k odd: The reality condition is u; = a(—1)7"'0_; 12 where a = £1.
Consider the following real basis

1 .
V2Ruj = —=(uj +a(=1)?top_ji0),  j odd,

- V2
q; = 1 i1 .
V23u; = —Q(UJ —a(—1)" vk_jy2), j even,
i
(4.28)
1 -1 )
V2R, = ﬁ(vj —a(—1) " uk_j42), Jj odd,
pj =

—V2Qw; = E(—vj —a(—=1)7"tug_j42), j even.

A direct computation verifies that {¢;,¢s} = {pj,p;} =0for j,s =1,...,n
and {¢;j,ps} =0for j,s =1,...,nand j # s. If j is odd
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{g5,p5} = 3{uj + a(=1)7 " op_jyo,v5 — a(—=1)7 tug_jyo}
sHws, v} = {vk—jro, uk—j42}] =1

and if j is even

{gj,p;} = %{ j—a(=1) " g2, —vj — a(=1) a0}
5[ {uj,vj}—l—{vk 2 Uk—j12}] = 1.

Thus (4.28) defines a real symplectic basis and the matrix A in this basis is

[00 0 ---0 0 v
000 ---0v 1
000 ---v-10
}, where = : : (4.29)
00 v ---0
Ov—-1---0
(V10 -0

0 aN
—aNT 0

o O O -
o O O

For example, when £k =1 and a = 1,

0 0 Ov
0 0vil
A= -1-rv00
—-v 0 00

The Hamiltonian is

1
H = v(z123 + y192) + = (27 + 13).

5(

Noting that A is the sum of two commuting matrices, one semisimple and
one nilpotent, we have

1000 cos vt 0 0 sinvt
aAt — 010¢ 0 cosvt sinvt 0
—t010 0 —sinvt cosvt 0
10001 —sinvt 0 0 cosvt
cosvt 0 0 sin vt
| —tsinvt cosvt sinvt tcosvit
" | —tcosvt —sinvt cosvt —tsinvt
| —sinuvt 0 0 cos vt

Normal forms are not unique. Here is another normal form when k = 1;
consider the following basis
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1

q1 = \/§§Ru1 = ﬁ(ul —|—ﬂ1) = %(TM +CL’U2)
1

qQ = V2SQu, = E(ul —uy) = \/lil(ul — avs)
1

pr= V2Rv = ﬁ(vl +71) —%(vl — aus)

p2 = —\/5%1]1 = 7(1}1 — 171) =1 (’Ul +au2).

V2i V2i
This is a symplectic basis. In this basis
Ov 00
a=|7V0 00 (4.30)
Oa—-v0

the Hamiltonian is

a
H =v(zoy1 — x1y2) — E(I% + x%)?

and the exponential is

cosvt sinwvt 0 0

At —sinvt  cosvt 0 0
- atcosvt atsinvt cosvt sinwvt
—atsinvt atcosvt —sinvt cosvi

i

where a = £1.
Case k even: In this case a = =+i and the reality condition is u; =
a(—1)70g_j4+2. Consider the following real basis

1 .
G = V2Ruy = 75(%‘ +a(=1)vr—j12),
, 1 ,
pj = (—1)]\/5%11,]- = 7\@(1@- + d(—1)1+1uk,j+2)7

for j = 1,...,k + 1. By inspection {g;,¢s} = {pj,ps} =0, {g;,ps} = 0 for
j # s and

{405} = 5{uy + al=1) v, A(=1)7 M up—ja + v}
= 3({uj,v} — aa{vp_jyo, up—jio} = 1.

Thus the basis is symplectic and A in this basis is

A= {_ﬁ _%T}, (4.31)
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where
[000---000] [0 00 ---00-v
100---000 000 0 v o0
010---000 000 :--—-v00
N=]001---000{, M=+ ,
0 0—-v--- 000
000---100 0Ov O0O---000
1000---010 | |-v0 0 --- 00 0 |
and the Hamiltonian is
k+1 _ k
H=2vY (=1 (@@ + yiyh—ja1) + D (2555501 + 255019;).
j=1 j=1
The matrix A is the sum of commuting matrices
N 0 0M
A=B+C, B_[O_NT}, c_[_MO},
so et = eBteCt where
12 th cos Mt +sin Mt
Bt _ 20 kL Ct _
P =B+Bt+ B+ -+ B e LSith coth}
In particular when k = 2
1000 0 O
t100 0 O
B |5 t10 0 0
e = 2 s
0001 —t %
0000 1-—t
0000 0 1
cos vt 0 0 0 0 +sinvt
0 cos vt 0 0 Fsinvt 0
ct 0 0 cosvt xsinvt 0 0
€= 0 0 Fsinvt cosvt 0 0
0 +sinvt 0 0 cos vt 0
Fsinwvt 0 0 0 0 cos vt

Case 2: Now let us consider (Y; @ Y;) and drop the subscript. Because

20f,f) = 2(g,9) =0 and 2(f,g) = I, by definition of {2 we have

1ifs=k
0 otherwise

(B, F} = {B'g.g} =0, forall s, {Bf.5}— {

Let
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Bi—1
uj = (—1)I=k=1Bi-k=2g
and _
(—1)k=i+1 Bh=itlg
v = B2k—it2f

forj=1,...;k+1
forj=k+2,...,2k+2

forj=1,...;k+1
forj=k+2,...,2k+2.

One can verify that this is a symplectic basis and with respect to this basis

[iv 0 0 --- 0 0]
N o 0 0 (1)11“)88
0-N 0 W
A= 0 0 _NT 0 , where N = L (4.32)
0.0 o0 NT 000 iv0
1000 - 1iv|
with the reality conditions
o V2k—j+3 for j=1,...,k+1
YT —tak_jis  for j=k+2,...,2k+2.
Define the following real symplectic basis
o V2Ru forj=1,...,k+1
U=\ —V2Sugp_js  forj=k+2,... 2k+2
L ﬂ:\/iéRng_j_;rg for ] = 1, - ,k—|— 1
Pi= A —v2su, for j=k+2,...,2k+2
with respect to this basis
N-M 0 0
M NT 0 0
A= 0 0 _NT | (4.33)
0 0 M -N
where ~ _
o) 000
100---00
N=1]010---00 , M=|::: D (4.34)
IR 00v---00
. Ov0---00
00010 (20000
The matrix A = B + C where B and C are the commuting matrices
N 0O 0 O [0 —M 0 0
0ONT 0 0 M 0 0 O
B=1o 0o Nt 0| “Tlo 0 0-m
00 0 -N (0 0 M 0
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so et = BteCt where
t2 th
eBt:B+Bt+B2§+~~+BkH,
cosMt —sin Mt 0 0
ct | sinMt cos Mt 0 0
€= 0 0 cos Mt —sin Mt
0 0 sin Mt cos Mt

When k£ = 1 the Hamiltonian is

H = v(x1ys + 22y3 — x3y2 — Ta4y1) + (21y2 + T4y3)

Problems

115

1. Prove Lemma 3.4.1 for the symplectic matrix T by using induction on
the formula {ng()\), 7% (1)} = 0, where () = kernel (T* — \I). (See

Laub and Meyer (1974).)

2. Write the 4th-order equation 2(*) = 0 as a Hamiltonian system. (Hint:

See the canonical forms in Section 4.6.)
3. Compute exp At for each canonical form given in Section 4.7.



5. Exterior Algebra and Differential Forms

Differential forms play an important part in the theory of Hamiltonian sys-
tems, but this theory is not universally known by scientists and mathemati-
cians. It gives the natural higher-dimensional generalization of the results of
classical vector calculus. We give a brief introduction with some, but not all,
proofs and refer the reader to Flanders (1963) for another informal introduc-
tion but a more complete discussion with many applications, or to Spivak
(1965) or Abraham and Marsden (1978) for a more complete mathematical
discussion. The reader conversant with the theory of differential forms can
skip this chapter, and the reader not conversant with the theory should re-
alize that what is presented here is not meant to be a complete development
but simply an introduction to a few results that are used sparingly later.

In this chapter we introduce and use the notation of classical differen-
tial geometry by using superscripts and subscripts to differentiate between
a vector space and its dual. This convention helps sort out the multitude of
different types of vectors encountered.

5.1 Exterior Algebra

Let V be a vector space of dimension m over the real numbers R. The best
examples to keep in mind are the space of directed line segments in Euclidean
3-space, E2, or the space of all forces that can act at a point. Let V¥ denote
k copies of V; ie., VF =V x --- x V (k times). A function ¢ : V¥ — R is
called k-multilinear if it is linear in each argument; so,

¢(a17'"aar—17au+ﬂv7ar+la-"aak)

= a¢(a17 sy Qr—1, Uy Qpy 1, - - '7ak) +/8¢(a17 sy Qr—1,V,Qpq 1, - - 7ak)

for all ay,...,ax,u,v € V, all a, 5 € R, and all arguments, r = 1,..., k. A
1-multilinear map is a linear functional that we sometimes call a covector or
I-form. In R™ the scalar product (a,b) = a’b is 2-multilinear, in R?" the
symplectic product {a,b} = aT Jb is 2-multilinear, and the determinant of an
m X m matrix is m-multilinear in its m rows (or columns). A k-multilinear
function ¢ is skew-symmetric or alternating if interchanging any two argu-
ments changes its sign. For a skew-symmetric k-multilinear ¢,

K.R. Meyer et al., Introduction to Hamiltonian Dynamical Systems and the N-Body
Problem, Applied Mathematical Sciences 90, DOI 10.1007/978-0-387-09724-4_5,
© Springer Science+Business Media, LLC 2009
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¢(ala"'7ara"',asv"'7ak):7¢(a1,~~';as""aam"'vak)

for all ay,...,ax € V and all r,s = 1,...,k,r # s. Thus ¢ is zero if two
of its arguments are the same. We call an alternating k-multilinear function
a k-linear form or k-form for short. The symplectic product {a,b} = a”.Jb
and the determinant of an m X m matrix are alternating. Let A = R and
A% = A*(V) be the space of all k-forms for k > 1. It is easy to verify that
AF is a vector space when using the usual definition of addition of functions
and multiplication of functions by a scalar.

In E3, as we have seen, a linear functional (a 1-form or an alternating
1-multilinear function) acting on a vector v can be thought of as the scalar
project of v in a particular direction. A physical example is work. The work
done by a uniform force is a linear functional on the displacement vector of
a particle.

Given two vectors in E3, they determine a plane through the origin and
a parallelogram in that plane. The oriented area of this parallelogram is a 2-
form. Two vectors in E* determine (i) a plane, (ii) an orientation in the plane,
and (iii) a magnitude, the area of the parallelogram. Physical quantities that
also determine a plane, an orientation, and a magnitude are torque, angular
momentum, and magnetic field.

Three vectors in E3 determine a parallelepiped, and its oriented volume
is a 3-form. The flux of a uniform vector field, v, crossing a parallelogram
determined by two vectors a and b is a 3-form.

f /
7

ay

Y

4 ay

Figure 5.1. Multilinear functions.

If 4 is a 2-multilinear function, then ¢ defined by ¢(a,b) = {¢(a,b) —
P(b,a)}/2 is alternating and is sometimes called the alternating part of
1. If ¢ is already alternating, then ¢ = . If @ and B are 1-forms, then
@(a,b) = a(a)B(b) — a(b)B(a) is a 2-form. This construction can be general-
ized. Let Py be the set of all permutations of the k numbers 1,2,...,%k and
sign: P, — {+1, —1} the function that assigns +1 to an even permutation
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and —1 to an odd permutation. So if ¢ is alternating, ¢(ay(1),.-.,0ek)) =
sign(o)¢(a,...,ar). If ¢ is a k-multilinear function, then ¢ defined by

1 .
(b(alv s 7ak) = E Z Slgn(a)'l/}(aa(l)a veey aﬂ(k’))
ceP

is alternating. We write ¢ = alt (¢). If ¢ is already alternating, then ¢ =
alt (). If a € AF and 8 € A", then define a A 3 € A¥+™ by

(k+r)!

or
a/\ﬁ(a/h .. 'aak-i-T)
= ZUEP Sign(o)a(ag(l), e ,aa(k))ﬁ(ao(k+1), ey ag(k+r)).

The operator A : A¥ x A™ — A**" is called the exterior product or wedge
product.

Lemma 5.1.1. For all k-forms «, r-forms 3 and 8, and s-forms ~:

1.aN(B+0)=aAB+aNd.

2. aN(BAY)=(aAB)Ay.
3 anB=(-1FBAa.

Proof. The first two parts are fairly easy and are left as exercises. Let 7 be
the permutation 7 : (1,...,kk+1,...;k+r) — (k+1,...,k+n1,...,k);
i.e 7 interchanges the first k entries and the last r entries. By thinking of 7
as being the sequence

(1,...,kk+1,..k+r)— (k+1,1,...)k,k+2,...)k+7)
— (k+1,k+2,1,...,k+3,...;k+7r)— - — (k+1,...,k+r1,...,k),

it is easy to see that sign(r) = (—1)**. Now

a ﬁ(ah s aa/k-‘rT‘)
= dep Sign(o—)a(ao(l), ey ao(k))ﬂ(aa(k-i-l)v s 7aa'(k+1"))
=D sepsign(o o T)a(sor(1)s - - - 5 Goor(k)) B(Aoor(kt1)s - - - s Goor(ktr))

= oepsign(o)sign(7)B(ax(1), - -+ Go(r))(Ag(ra1)s - - - 5 o (ktr))
= (1) B A .

Let eq,...,en be a basis for V and f!,..., f™ be the dual basis for the
dual space V*; so, fi(e;) = 6; where
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sio 1 ifi=j
3710 ifi#j.

This is our first introduction to the subscript-superscript convention of dif-
ferential geometry and classical tensor analysis.

Lemma 5.1.2. dim A* = <TIZ) In particular a basis for A* is

{fil/\fiz/\.../\fik;1§i1<i2<"'<7;}c§m}-

Proof. Let I denote the set {(i1,...,1x) 1 4; € Z,1 < iy < -+ < i < m}
and fi = f4 A .- A f* when i € I. From the definition, f* A fi2 A -2 A
f*(ej,...,e; ) equals 1if 4, j € I and i = j and equals 0 otherwise; in short,
fiej) = d;.

Let ¢ be a k-form and define

= Bleis e )T ANLEN A fE = (e [

i€l iel

Let v; = Za{ejJ =1,...,k, be k arbitrary vectors. By the multilinearity
of ¢ and 1), one sees that ¢(vy,...,vx) = ¥(v1,...,v); so, they agree on all
vectors and, therefore, are equal. Thus the set {f?:i € I'} spans A*.
Assume that

D i i fPAFTA A fE =0,

icl
For a fixed set of indices sq, ..., s, let rgy1,..., 7y be a complementary set;
i€, S1y..., 8k, Thtl,---,Tm 1S just a permutation of the integers 1,...,m.
Take the wedge product of (5.1) with f™+t A+ A f™ to get

N G infUASEA A SEA A A T =0, (5.1)

iel

The only term in the above sum without a repeated f in the wedge is the
one with i1 = s1,...,9; = sk, and so it is the only nonzero term. Because
S1y++-ySkyTht1,---,Tm IS just a permutation of the integers 1,...,m, f1 A
FO2N A [N fTRRLA A fTm = £ LA A ™. Thus applying the sum
in (5.1) to e1,...,em gives as, s, = 0. Thus the fi,i € I, are independent.

In particular, the dimension of V™ is 1, and the space has as a basis the
single element f1 A --- A f™.

Lemma 5.1.3. Letg',...,g" € V*. Then g',---,g" are linearly independent
if and only if gt A--- A g" # 0.
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Proof. If the gs are dependent, then one of them is a linear combination of the
others, say g" = 37" g% Then g A---Ag" =31 asg' A---Ag" L Ags.
Each term in this last sum is a wedge product with a repeated entry, and so
by the alternating property, each term is zero. Therefore g' A--- A g" = 0.

Conversely, if g',..., ¢g" are linearly independent, then extend them to a
basis ¢g',...,¢",...,¢™. By Lemma 5.1.2, g A---Ag" A---A g™ # 0, so
gt A Agn#0.

A linear map L : V — V induces a linear map Ly : A¥ — AF by the
formula Lpé(as,...,ax) = ¢(Lay,...,Lag). If M is another linear map
of V onto itself, then (LM), = MyLy, because (LM)go(aq,...,ar) =
¢(LMaq,...,LMay) = Lydp(Maq,...,Mar) = MpLipé(as,...,ar). Recall
that Al = V* is the dual space, and L; = L* is called the dual map.

If V.= R™ (column vectors), then we can identify the dual space V* = Al
with R™ by the convention f «— f, where f € V¥ f € R™, and f(z) = fo.
In this case, L is an m X m matrix, and Lx is the usual matrix product.
Lif is defined by Lif(z) = f(Lz) = fTLz = (LT f)Tx; so, the matrix
representation of Ly is the transpose of L; ie., Li(f) = LT f. The matrix
representation of Ly is discussed in Flanders (1963).

By Lemma 5.1.2, dim A™ = 1, and so every element in A™ is a scalar
multiple of a single element. L,, is a linear map; so, there is a constant ¢
such that L,,f = £f for all f € A™. Define the determinant of L to be this
constant ¢, and denote it by det(L); so, Ly, f = det(L) f for all f € A™.

Lemma 5.1.4. Let L and M : V — V be linear. Then
1. det(LM) = det(L) det(M).
2. det(I) =1, where I : V — V is the identity map.
3. L is invertible if and only if det(L) # 0, and, if L is invertible,
det(L™1) = det(L) L.

Proof. Part (1) follows from (LM),, = M,, L,, which was established above.
(2) follows from the definition. Let L be invertible; so, LL~! = I, and by
(1) and (2), det(L)det(L™!) = 1; so, det(L) # 0 and det(L~!) = 1/det(L).
Conversely assume L is not invertible so there is an e € V with e # 0 and
Le = 0. Extend e to a basis,e; = e,ea,...,e,. Then for any m-form ¢,
Lpod(er,...,em) = ¢(Ley,...,Ley) = &(0,..., Ley) = 0. So det(L) = 0.

Let V.=R™, ey, ea,..., 6, be the standard basis of R™, and let L be the
matrix L = (L7); so, Le; = > ; Lje;. Let ¢ be a nonzero element of A™.

det(L)p(er,...,em) = Lnd(er,...,em) = ¢(Lex, ..., Len)
=3 X, oL ey Lie;,,)
- Zjl o ij le'l o Lzﬁm(b(ejlv' €

= oep sign(o)LT(l) e Lfn(m)qb(el, ceyem)
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In the second to last sum above the only nonzero terms are the ones with
distinct es. Thus the sum over the nonzero terms is the sum over all permu-
tations of the es. From the above,

det(L Zblgn VLT o) L LM
o€eP

which is one of the classical formulas for the determinant of a matrix.

5.2 The Symplectic Form

In this section, let (V,w) be a symplectic space of dimension 2n. Recall
that in Chapter 3 a symplectic form w (on a vector space V) was defined to
be a nondegenerate, alternating bilinear form on V, and the pair (V,w) was
called a symplectic space.

Theorem 5.2.1. There exists a basis {1, ..., f?™ for V* such that
w=Y_ fIAfT (5.2)
i=1

Proof. By Corollary 3.2.1, there is a symplectic basis eq,...,ea, so that
the matrix of the form w is the standard J = (J) or J;; = w(e;, e;). Let
fY ..., f* € V* be the basis dual to the symplectic basis e1,...,es,. The
2-form given on the right in (5.2) above agrees with w on the basis eq, . .., eap.

The basis f1,..., f2" is a symplectic basis for the dual space V*. By the
above, W = WAWA - Aw (n times ) = &n!fE A f2A--- A f2", where the
sign is plus if n is even and minus if n is odd. Thus w™ is a nonzero element
of A?". Because a symplectic linear transformation preserves w, it preserves
w™, and therefore, its determinant is +1. (This is the second of four proofs
of this fact.)

Corollary 5.2.1. The determinant of a symplectic linear transformation (or
matriz) is +1.

Actually, using the above arguments and the full statement of Theorem
3.2.1, we can prove that a 2-form v on a linear space of dimension 2n is
nondegenerate if and only if ™ is nonzero.

5.3 Tangent Vectors and Cotangent Vectors

Let O be an open set in an m-dimensional vector space V over R, ey, ..., e,
a basis for V, and f!,..., f™ the dual basis. Let x = (z!,...,2™) be coor-
dinates in V relative to eq, ..., e, and also coordinates in V* relative to the
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dual basis. Let I = (—1,1) C R!, and let ¢ be a coordinate in R!. Think of
V as R™. (We use the more general notation because it is helpful to keep a
space and its dual distinct.) R™ and its dual are often identified with each
other which can lead to confusion.

Much of analysis reduces to studying maps from an interval in R! into O
(curves, solutions of differential equations, etc.) and the study of maps from
O into R! (differentials of functions, potentials, etc.). The linear analysis of
these two types of maps is, therefore, fundamental. The linearization of a
curve at a point gives rise to a tangent vector, and the linearization of a
function at a point gives rise to a cotangent vector. These are the concepts
of this section.

A tangent vector at p € O is to be thought of as the tangent vector to
a curve through p. Let g,¢' : I — O C V be smooth curves with g(0) =
g'(0) = p. We say g and ¢’ are equivalent at p if Dg(0) = Dg’(0). Because
Dg(0) € L(R,V), we can identify L£(R,V) with V by letting Dg(0)(1) =
dg(0)/dt € V. Being equivalent at p is an equivalence relation on curves,
and an equivalence class (a maximal set of curves equivalent to each other)
is defined to be a tangent vector or a vector to O at p. That is, a tangent
vector, {g}, is the set of all curves equivalent to g at p; i.e., {g} = {¢’: I —
O : ¢'(0) = p and dg(0)/dt = dg’(0)/dt}. In the x coordinates, the derivative
is dg(0)/dt = (dg*(0)/dt,...,dg™(0)/dt) = (v,...,9™); so, (1, ...,4™) are
coordinates for the tangent vector {g} relative to the x coordinates. The set
of all tangent vectors to O at p is called the tangent space to O at p and
is denoted by 7,0. This space can be made into a vector space by using
the coordinate representation given above. The curve & : t — p + te; has
d&;(0)/dt = e; which is (0,...,0,1,0,...,0) (1 in the ith position) in the z
coordinates. The tangent vector consisting of all curves equivalent to &; at p
is denoted by 9/dz". The vectors 9/dxzt,...,8/0z™ form a basis for T,0 .
A typical vector v, € T,O can be written v, = v'9/0x1 + -+ + Ym0 /0xy,.
In classical tensor notation, one writes v, = vt9/0x;; it was understood
that a repeated index, one as a superscript and one as a subscript, was to
be summed over from 1 to m. This was called the Einstein convention or
summation convention.

A cotangent vector (or covector for short) at p is to be thought of as the
differential of a function at p. Let h,h’' : © — R! be two smooth functions.
We say h and b’ are equivalent at p if Dh(p) = Dh/(p). (Dh(p) is the same
as the differential dh(p).) This is an equivalence relation. A cotangent vector
or a covector to O at p is by definition an equivalence class of functions.
That is, a covector {h} is the set of functions equivalent to h at p; i.e.,
{h} = {0 : © — R! : DKW (p) = Dh(p)}. In the z coordinate, Dh(p) =
(Oh(p)/0xt, ... ,0Kh(p)/0x™) = (M1,- - Mm); 80, (M1, .., Mm) are coordinates
for the covector {h}. The set of all covectors at p is called the cotangent
space to O at p and is denoted by 7;O. This space can be made into a
vector space by using the coordinate representation given above. The function
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2" 1 O — R! defines a cotangent vector at p, which is (0,...,1,...0) (1 in
the ith position). The covector consisting of all functions equivalent to z°
at p is denoted by dx’. The covectors dz',...,dxz™ form a basis for ;0. A
typical covector v? € T;O can be written 7 dzt + - +nmdz™ or n;dz’ using
the Einstein convention.

In the above two paragraphs there is clearly a parallel construction being
carried out. If fact they are dual constructions. Let g and i be as above; so,
hog:ICR! — R By the chain rule, D(h o g)(0)(1) = Dh(p) o Dg(0)(1)
which is a real number; so, Dh(p) is a linear functional on tangents to curves.
In coordinates, if

dg 0 dg™ 0 1 0 0
_ 0 0 — _ - m_____
{o} = v = ( )8;101 teoet dt ( )axm i 0x1 ety 0T,
and
oh oh
h} =P = —(p)da* ——(p)da™ = mdz* + -+ + nypdz™
{h} = vt =g @)de + -4 5= p)de™ =mda + -+ nmdz
then
vP(vp) = D(h o g)(0)(1)
dg' . Oh dg™ oh
= 2 () == 0)——
T 0) () -+ (0 (9)
=yt
=y ( Einstein convention).
Thus 7,0 and T,;O are dual spaces.
At several pomts in the above discussion the coordinates z!,..., 2™ were
used. The natural question to ask is to what extent do these definitions
depend on the choice of coordinates. Let y',...,y™ be another coordinate

system that may not be linearly related to the xs. Assume that we can change
coordinates by y = ¢(x) and back by x = ¥(y), where ¢ and ¢ are smooth
functions with nonvanishing Jacobians, D¢ and D). In classical notation,
one writes z' = z%(y), ¥/ = y/(x), and D¢ = {dy? /0x'}, Db = {92 /0y’ }.

Let g : I — O be a curve. In z coordinates let g(t) = (al(t),...,a™(t))
and in y coordinates let g(t) = (b*(t),...,b™(t)). The x coordinate for the
tangent vector v, = {g} is a = (da'(0)/dt,...,da™(0)/dt) = (a*,...,a™),
and the y coordinate for v, = {g} is b = (db'(0)/dt,...,db™(0)/dt) =
(B, ..., ™). Recall that we write vectors in the text as row vectors, but they
are to be considered as column vectors. Thus a and b are column vectors. By
the change of variables, a(t) = ¥(b(t)); so, differentiating gives a = D (p)b.
In classical notation ai(t) = xi(b(t)); so, da'/dt =~,(dxz" /9y’ )db’ /dt or

8 D .
o = Z 8y3 Einstein convention). (5.3)
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This formula tells how the coordinates of a tangent vector are transformed.
In classical tensor jargon, this is the transformation rule for a contravariant
vector.

Let h : O — R! be a smooth function. Let h be a(x) in x coordinates
and b(y) in y coordinates. The cotangent vector v» = {h} in x coordinates
is a = (Ja(p)/0x',...,0a(p)/0x™) = (a1,...,qy) and in y coordinates it is
b = (9b(p)/oy*,...,0b(p)/Oy™) = (B1,--.,Bm). By the change of variables
a(z) = b(¢(x)); so, differentiating gives a = Dé(p)T'b. In classical notation
a(z) = b(y(z)); so, a; = da/dx' = Zj(ab/ayj)(ayj/axi) =2, B;(dy? J0x?)
or
N

= oxt

_ oy
Bi (= 9

oy B; Einstein convention). (5.4)

This formula tells how the coordinates of a cotangent vector are transformed.
In classical tensor jargon this is the transformation rule for a covariant vector.

5.4 Vector Fields and Differential Forms

Continue the notation of the last section. A tangent (cotangent) vector field
on O is a smooth choice of a tangent (cotangent) vector at each point of O.
That is, in coordinates, a tangent vector field, V', can be written in the form

m
i\ 9 iy 9
V=V(z) = ;v (@) (=v'(@)57). (5.5)
where the v' : O — R, i = 1,...,m, are smooth functions, and a cotangent

vector field U can be written in the form

U=Ux) =Y ux)dr' (= ui(z)da), (5.6)
i=1
where u; : O — R',i = 1,...,m, are smooth functions.

A tangent vector field V' gives a tangent vector V(p) € T,0 which was
defined as the tangent vector of some curve. A different curve might be used
for each point of O; so, a natural question to ask is whether there exist a
curve g : I C R — O such that dg(t)/dt = V(g(t)). In coordinates this is

W _ (g,

This is the same as asking for a solution of the differential equation z = V(x).
Thus a tangent vector field is an ordinary differential equation. In classical
tensor jargon it is also called a contravariant vector field.

A cotangent vector field U gives a cotangent vector U(p) € T,;O which
was defined as the differential of a function at p. A different function might
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be used for each point of O; so, a natural question to ask is whether there
exists a function h : O — R! such that dh(z) = U(z). The answer to this
question is no in general. Certain integrability conditions discussed below
must be satisfied before a cotangent vector field is a differential of a function.
If this cotangent vector field is a field of work elements; i.e., a field of forces,
then if dh = —U, the h would be a potential and the force field would be
conservative. But, as we show, not all forces are conservative.

Let p € O, and denote by A’; O the space of k-forms on the tangent space
T,0. A k-differential form or k-form on O is a smooth choice of a k-linear
form in A’;O for all p € O. That is, a k-form, F', can be written

F = Z fim,_ik(m,zg,...,xm)dx“ Ao Adzt®

1<ii << <m

= fi(z)da',

i€l

(5.7)

where the functions f;, . ;, : O — R are smooth. In the last expression in
(5.7), I denotes the set {(i1,...,4x) : @5 € Z,1 < i3 < -+ < i < m},
and dz® = dz™ A --- A dx?*. Because Ag(’) = R, 0-forms are simply smooth
functions, and because All,(’) =T,0, l-forms are covector fields.

In classical analysis, everything was a vector. In R3, 1-forms are often
identified with (or confused with) vector fields. For example, the differential
of a function, df = f,dx + f,dy + f.dz, is treated as a vector field by writing
Vf =grad f = fzi+ f,j+ f.k. That is why one calls a force a vector and
not a covector even when it is the gradient of a potential function.

Also, because the dimension of the space of 2-linear forms in a 3 dimen-

sional space is
3
()~

classically 2-forms in R3 were identified with (or confused with) vector fields.
Usually one identifies a(j Ak) +b(k A1)+ c(iAj) with the vector ai+ bj+ ck.
Think about the cross product of vectors. This is why angular momentum
and magnetic fields are sometimes misrepresented as vectors.

Given a O-form F, (i.e., a function) dF' is a 1-form. The natural gener-
alization is the exterior derivative operator d which converts a k-form F' as
given in (5.7) into a (k + 1)-form dF by the formula

G Ofiyin 5 ; i
dF:Z | Z dej/\dxl/\--oAd:c’*
7=1 1< <<, <m (58)

= ZiEI dfl AN dl’z

Lemma 5.4.1. Let F' and G be smooth forms defined on an open set O.
Then
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d(F+G)=dF +dG.

d(FAG)=dF NG+ (=1)%) F A dG.

d(dF) =0 for all F.

If F is a function, then dF agrees with the standard definition of the
differential of F,

5. The operator d is uniquely defined by the properties given above.

™o e~

Proof. Part (4) is obvious, and parts (1), (2), and (5) are left as exercises.
Only part (3) is proved here. Let i be a multiple index, and so the summations
on ¢ range over I. Let F =), fidx®. Then

m m 32fi ] ;
d(dF) => ") ( o, Em) dz® A da? A da
i k=1

2 f 2 . . .
:Z ( 0" fi O’ fi )dxk/\dxj/\d:nl

dx;0r),  Orpox;

The last sum is zero by the equality of mixed partial derivatives.

Remark: The first four parts of this lemma can be used as a coordinate-
free definition of the operator d. Formula (5.8) shows its existence, and part
(v) shows its uniqueness.

Let (z,y,z) be the standard coordinates in R? and 1i,j,k the usual unit
vectors. If F(z,y, 2) is a function, then

is the usual differential. The classical approach is to make the differential a
vector field by defining

oF, OF, OF

Next consider a 1-form F = a(x,y, z)dz + b(z,y, 2)dy + c(z,y, z)dz; then

dc  0b da  Oc b Oa
F_— -~ T T~ -~ T A T A .
d < y z)dy/\dz+<iz f;v)dZ/\dx+< - y)dxAdy

The classical approach is to make this F' a vector field F' = ai + bj + ck and
to define a new vector field by

dc  Ob\ . da Oc) . ob  Oa
VXFcuﬂF<5y_(9z>l+<6z_8a:>‘]+(6x_8y)k'
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Now let F' be a 2-form so F' = a(z,y,z)dy A dz + b(x,y, z)dz A de +
c(z,y, z)dx A dy and

Oa 0b Oc
dF = <ax+ay+az>d:c/\dy/\dz.

The classical approach would have considered F' as a vector field F' = ai +
bj + ck and defined a scalar function

V.F=divF = (a“ ob 86).

o "oy T o:

The statement that d(dF) = 0, or d*> = 0, contains the two classical state-
ments curl (grad F) = 0 and div (curl F) = 0.

A Ek-form F' is closed if dF = 0. A k-form F is exact if there is a (k — 1)-
form G such that F' = dG. Part (iii) of Lemma 5.4.1 says that an exact form
is closed. A partial converse is also true.

Theorem 5.4.1 (Poincaré’s lemma). Let O be a ball in R™ and F a
k -form such that dF = 0. Then there is a (k — 1)-form g on O such that
F=dg.

Remark: This is a partial converse to d(dg) = 0. Note that the domain of
definition, O, of the form F is required to be a ball. The theorem says that in a
ball, a closed form is exact. The 1-form, F = (zdy — ydx)/(z* + y?), satisfies
dF = 0, but there does not exist a function, g, defined on all of R?\ (0, 0) such
that dg = F. The form F' is the differential of the polar angle 8 = arctan(y/x)
that is not a single-valued function defined on all of R?\(0,0). However, it
can be made single valued in a neighborhood of any point in R?\(0,0), e.g.,
for any point not on the negative x-axis, one can take —m < 6 < 7, and for
points on the negative z-axis, one can take 0 < 6 < 27. Because F' locally
defines a function we have dF' = 0.

Poincaré’s lemma contains classical theorems: (i) if F' is a vector field
defined on a ball in R? with curl F = 0, then there is a smooth function g
such that F = grad (g), and (ii) if F' is a smooth vector field defined on a
ball such that div F = 0, then there is a smooth vector field g such that
F = curlg.

Proof. The full statement of the Poincaré lemma is not needed here; only the
case when k& = 1 is used in subsequent chapters. Therefore, only that case is
proved here. The proof of the full theorem can be found in Flanders (1963),
or Spivak (1965) or Abraham and Marsden (1978).

Let F' =", fi(z)dz"’ be a given 1-form.

afi i i afi 8f‘ i i
dF:ZZ(azj)dx]Adx :Z<8Ij—axji>dx]/\dm.
g

i<j
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So dF = 0 if and only if 0f; /027 = df;/dx". Define

g(z) :/0 Zfi(tx)xidt.

So
1 Atz
- /0 {mffdit) + fj(tfv)} dt
1 q
_ /O = Atf (1)} dt
= tfj(tx)’(l) = fj(@).
Thus dg = F.

Note that the function g defined in the proof given above is a line integral
and the condition dF' = 0 is the condition that a line integral be independent
of the path.

Corollary 5.4.1. Let F = (F,...,F™) be a vector valued function defined
in a ball O in R™. Then a necessary and sufficient condition for F to be the
gradient of a function g : O — R is that the Jacobian matriz (OF/0x7) be
symmetric.

Proof. First, to see that it is a corollary, consider F' as the differential form
F = Fldz! +--- + F™dxz™. Then by the above,

i J . .
dF =" <8F _oF )dxmdxﬂ.

s\ Qzi Ozt
1<J

So dF = 0 if and only if the Jacobian (9F?/0z7) is symmetric. The corollary
follows from part (iii) of Lemma 5.4.1 and Theorem 5.4.1.

5.5 Changing Coordinates and Darboux’s Theorem

To change coordinates for vector fields or differential forms, simply trans-
form the coordinates as was done in Section 5.3 using the Jacobian of the
transformation. In particular, let z and y be coordinates on O, and assume
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that the change of coordinates is given by x = ¢ (y) and the change back
by y = ¢(x), or in classical notation = z(y) and y = y(x). Assume the
Jacobians, D¢ = (9y’ /0x') and D = (0z¢/dy’), are nonsingular.

If a vector field V is given by

and we set a(z) = (al(z),...,a™(x)), b(y) = (ﬂl(y), ..., 8™(y)), then

a=Di(b) or o' = Z W (5.9)
If a differential 1-form is given by
F= a@dr =3 Gy’
i=1 i=1
and we set a(z) = (a1(z),...,am(x)), b(y) = (61(y), ..., Bm(y)), then
a=bD¢ or gi (5.10)

If a differentiable 2-form F' is given by

:ii x)dz’ A da? :ZZ,BZ] )dy' A dy’ (5.11)

1=1 j=1

and we set A = (oy;), B = (8;;) (A and B are skew-symmetric matrices),
then

Oy" Oy 5
oz’ Bmﬂ

A =Dy"BDy or a”—zz

s=1r=1

(5.12)

Let O be an open set in R?”. A 2-form F on O is nondegenerate if F" =
FAFA---AF (n times) is nonzero. As we saw above, the coefficients in
a coordinate system of a 2-form can be represented as a skew-symmetric
matrix. As we saw in Section 5.2, a linear 2-form is nondegenerate if and
only if the coefficient matrix is nonsingular. Thus the 2-form F in (5.11) is
nondegenerate if and only if A (or B) is nonsingular on all of O. A symplectic
structure or symplectic form on O is a closed nondegenerate 2-form. The
standard symplectic structure in R?" is

0= Z dz' NdzZT = Z dq' A dp'. (5.13)
i=1 ‘
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where z = (2',...,2%") = (¢%,...,¢",p',...,p") are coordinates in R?". The

coefficient matrix of {2 is just J. By Corollary 3.2.1, there is a linear change of
coordinates so that the coefficient matrix of a nondegenerate 2-form is J at
one point. A much more powerful result that is not needed in the subsequent
chapters is the following.

Theorem 5.5.1 (Darboux’s theorem). If F' is a symplectic structure on
an open ball in R?™ | then there exists a coordinate system z such that F in
this coordinate system is the standard symplectic structure §2.

Proof. See Abraham and Marsden (1978).

A coordinate system for which a symplectic structure is 2 is called a sym-
plectic coordinate (for this form). A symplectic transformation, ¢, is one that
preserves the form {2 or preserves the coefficient matrix .J; i.e., D¢ JD¢ = .J.

5.6 Integration and Stokes’ Theorem

We do not need any result from integration theory on manifolds, and so we do
not develop the theory here. To tease the reader into learning more about this
subject, consider a weak form of the general Stokes’ theorem. It illustrates the
power and beauty of differential forms. Let M be an n-dimensional oriented
manifold with an (n — 1)-dimensional boundary OM. Let the boundary OM
be oriented consistently with M. Let w be an (n — 1)-form on M; so, dw is
an n-form on M. One can define the integral of an n-form on an n-manifold
in a logical way, and then one has:

/ w:/ dw (Stokes’ theorem).
oM M

This one general theorem contains Green’s theorem, the divergence theo-
rem, and the classical Stokes’ theorem of classical vector calculus. See Spivak
(1965) for a complete discussion of the general Stokes’ theorem and all its
ramifications.

Problems

1. Show that if f!,..., f* are 1-forms, then
fHar) - fFar)

fEA- AR, ... ar) = det

fHar) - fF(ar)
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2. Show that the mapping (f!, f2) — f! A f2 is a skew-symmetric bilinear
map from V* x V¥ — A2,
3. Let F and G be 0-, 1- or 2-forms in R3. Verify Lemma 5.4.1 in this case.
4. a) Let F = adx + bdy + cdz be a 1-form in R? such that dF = 0. Verify
that da/0y = 0b/0x, Da/Dz = de/Ox, Dc/Oy = Ob/Dz. Also verify
that if

1
flzyy,2) = / (a(tx, ty, tz)x + b(tx, ty, t2)y + c(tz, ty, tz)z)dt,
0

then F' = df.

b) Let F be a 2-form in R® such that dF = 0. Verify that if FF =
ady A dz + bdz A dx + edx A dy, then da/Ox + 9b/dy + dc/dz = 0.
Also verify that F' = df where

=

fol a(tx,ty, tz)tdt) (ydz — zdy)
(fo (tz,ty, tz tdt) (2dx — zdz)

<f0 (tz, ty, tz tdt) (xdy — ydz).

5. Prove that the A operator is bilinear and associative. (See Lemma 5.1.1.)
6. a) Show that the operator d which operates on smooth forms is linear,
ie, d(F+G)=dF +dG.
b) Show that d satisfies a product rule, d(FAG) = dF AG+(—1)3e(F) FA
dG.
c¢) Show that if ¢ is a mapping which takes smooth k-forms to (k + 1)-
forms and satisfies
i. 6(F 4+ G)=0F + G,
ii. §(FAG)=06FAG+ (—1)%s)F ASG,
iii. 6(6F) =0 for all F,
iv. If F'is a function, then §F agrees the standard definition of the
differential of F', then § is the same as the operator d given by
the formula in (5.8).

7. Let Q(q,p) and P(q,p) be smooth functions defined on an open set in R2.
Consider the four differential forms 21 = PdQ — pdq, {25 = PdQ + qdp,
23 = QdP + pdq, 24 = QdP — qdp.

a) Show that (2; is exact if and only if £2; is exact for ¢ # j.

b) Show that (2; is closed if and only if 2; is closed for i # j.

c) Show that if £2; is exact (or closed) then so is © = (Q —q)d(P +p) —
(P — p)d(Q + q). (Hint: d(gp) = qdp + pdq is exact.)



6. Symplectic Transformations

The form of Hamilton’s equations is very special, and the special form is
not preserved by an arbitrary change of variables; so, the change of variables
that preserve that special form is very important in the theory. This chapter
sets forth the basic theory of such changes of variables and thus presents
the introduction to the local theory of underlying geometry of Hamiltonian
mechanics: symplectic geometry. Some examples and applications are given
in this chapter and many more specialized examples are given in Chapter 7.

6.1 General Definitions

Let £ :0 — R*™ : (t,2) — ¢ = Z(t,2) be a smooth function where O is
some open set in R?"*1; = is called a symplectic function (or transformation
or map etc.) if the Jacobian of = with respect to z, D2 5(t,2) = 05/0z, is a
symplectic matrix at every point of (¢, z) € O. Sometimes we use the notation
Dy = for the Jacobian of =, and sometimes the notation 9=/9z is used. In
the first case we think of the Jacobian Dy=" as a map from O into the space
L(R?" R?™) of linear operators from R?" to R?", and in the second case, we

think of 05/0z as the matrix

0= 0=
o5 B .82’1 .82271
87 - |: :
? aEQn 35271
821 aZQn

Thus = is symplectic if and only if

o= o=T

92" 0z
Recall that if a matrix is symplectic then so is its transpose, therefore we
could just as easily transpose the first factor in (6.1). Because the product
of two symplectic matrices is symplectic, the composition of two symplectic

maps is symplectic by the chain rule of differentiation. Because a symplectic
matrix is invertible, and its inverse is symplectic, the inverse function theorem

=J. (6.1)

K.R. Meyer et al., Introduction to Hamiltonian Dynamical Systems and the N-Body
Problem, Applied Mathematical Sciences 90, DOI 10.1007/978-0-387-09724-4_6,
© Springer Science+Business Media, LLC 2009
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implies that a symplectic map is locally invertible and its inverse, Z(t, (), is
symplectic where defined. Because the determinant of a symplectic matrix is
+1, the transformation is orientation and volume-preserving.

If the transformation z — ¢ = Z(t, z) is considered a change of variables,
then one calls ( symplectic or canonical coordinates. Consider a nonlinear
Hamiltonian system

2=JV,H(t, z), (6.2)
where H is defined and smooth in some open set O C R?"*1. Make a sym-
plectic change of variables from z to { by

¢ =Z=(t z) with inverse z = Z(¢,() (6.3)

(so ¢ = 2(t,Z(t,0)), 2 = Z(t,Z(t,2))). Let O € R?>"*! be the image of O
under this transformation. Then the Hamiltonian H (¢, z) transforms to the
function H(t,¢) = H(t, Z(t,¢)). Later we abuse notation and write H(t,¢)
instead of introducing a new symbol, but now we are careful to distinguish
H and H. The equation (6.2) transforms to

. OE 0=
0= g 0 ’
o= 0= oH 0= '
= E(f,z) + g(taz)J <8C(t7C)8z(t’ Z)> (6.4)
o= oH
_ 924 + JVH(t,Q)
ot "’ 2=2Z(t,¢) ‘ o

The notation in the second to last term in (6.4) means that you are to take
the partial derivative with respect to ¢ first and then substitute in z = Z(t, ().
If the change of coordinates, =, is independent of ¢, then the term 05/0t
is missing in (6.4) ; so, the equation in the new coordinates is simply ¢ =
J VCH' , a Hamiltonian system with Hamiltonian H. In this case one simply
substitutes the change of variables into the Hamiltonian H to get the new
Hamiltonian H. The Hamiltonian character of the equations is preserved.
Actually the system (6.4) is still Hamiltonian even if = depends on ¢, provided
O is a nice set, as we show.

For each fixed ¢, let the set @, = {¢ : (¢,{) € O} be a ball in R?". We
show that there is a smooth function R : @ — R! such that
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—(t,2) = JV¢R(t, Q). (6.5)

Ot = laz(eo)
R is called the remainder function. Therefore, in the new coordinates, the
equation (6.4) is Hamiltonian with Hamiltonian R(t,¢) + H(t,¢). (In the
case where O, is not a ball, the above holds locally; i.e., at each point of
p € O there is a function R defined in a neighborhood of p such that (6.5)
holds in the neighborhood, but R may not be globally defined as a single-
valued function on all of @.) By Corollary 5.4.1, we must show that J times
the Jacobian of the left-hand side of (6.5) is symmetric. That is, we must
show

r=rr7,
where 52 5
= Z
oto cez(t,0) 9
Differentiating (6.1) with respect to ¢ gives
=" 0= =T )
atos (A gy A+ (b2 T (62) =0
(6.6)
o=-T 0*=T 0%z 0=~1

t,z)JJ +J

oz ) Gz gz 7 gy (b2 =0
Substituting z = Z(t,¢) into (6.6) and noting that (0=71/92)(t, Z(t,¢)) =
0Z(t,¢) yields —I'" + I' = 0. Thus we have shown the following.

Theorem 6.1.1. A symplectic change of variables on O takes a Hamiltonian
system of equations into a Hamiltonian system.

A partial converse is also true. If a change of variables preserves the
Hamiltonian form of all Hamiltonian equations, then it is symplectic. We do
not need this result and leave it as an exercise.

6.1.1 Rotating Coordinates

Let

K[ 20 emter - |

be 2 x 2 matrices, and consider the planar N-body problem; so, the vectors
¢, p; in Section 2.1 are 2-vectors. Introduce a set of coordinates that uniformly
rotate with frequency w by

coswt sinwt
—sinwt coswt

(6.7)

u; = exp(wKt)q;, v; =exp(wKt)p;. (6.8)

Because K is skew symmetric, exp(wKt) is orthogonal for all ¢; so, the change
of variables is symplectic. The remainder function is —Xwu? Kv;, and so the
Hamiltonian of the N-body problem in rotating coordinates is
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N
- wul Kv; — Z ”umlimj (6.9)
1 1<i<j<N 17

Jlvil|®
2mi

N
=y
=1

The remainder term gives rise to extra terms in the equations of motion that
are sometimes called Coriolis forces.

1=

6.1.2 The Variational Equations

Let ¢(t,7,¢) be the general solution of (6.2); so, ¢(7,7,{) = (, and let
X(t,7,¢) be the Jacobian of ¢ with respect to (; i.e.,

X(t,7.6) = Gt 7.0).
X(t,7,() is called the monodromy matrix. Substituting ¢ into (6.2) and dif-
ferentiating with respect to ¢ gives
. 0’H
X = JS(thv C)X’ S(thv C) = ﬁ(tvd)(tv,rv C)) (610)

Equation (6.10) is called the variational equation and is a linear Hamiltonian
system. Differentiating the identity ¢(7,7,¢) = ¢ with respect to ¢ gives
X(7,7,() = I, the 2n x 2n identity matrix; so, X is a fundamental matrix
solution of the variational equation. By Theorem 3.1.3, X is symplectic.

Theorem 6.1.2. Let ¢(t,7,() be the general solution of the Hamiltonian
system (6.2). Then for fized t and 7, the map ¢ — ¢(t,7,() is symplectic.
Conversely, if ¢(t,7,() is the general solution of a differential equation z =
f(t,2), where f is defined and smooth on I x O, I an interval in R and
O a ball in R*™, and the map ¢ — &(t,7,¢) is always symplectic, then the
differential equation z = f(t, z) is Hamiltonian.

Proof. The direct statement was proved above; now consider the converse.
Let ¢(t,7,¢) be the general solution of 2 = f(t,2), and let X(¢,7,() be the
Jacobian of ¢. Differentiate (6.1) (with = replaced by X) with respect to t to
show that X is Hamiltonian, and thus —JX is symmetric. But X(t,7,¢) =
Of/0z(t, d(t,7,C)); so,—JOf /Oz is symmetric. Because O is a ball, —Jf is a
gradient of a function H by Corollary 5.4.1. Thus f(¢,2) = JVH(t, 2).

This theorem says that the flow defined by an autonomous Hamiltonian
system is volume-preserving. So, in particular, there cannot be an asymp-
totically stable equilibrium point, periodic solution, etc. This makes the sta-
bility theory of Hamiltonian systems difficult and interesting. In general, it
is difficult to construct a symplectic transformation with nice properties us-
ing definition (6.1). The theorem above gives one method of assuring that
a transformation is symplectic, and this is the basis of the method of Lie
transforms explored in Chapter 9.
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6.1.3 Poisson Brackets

Let F(t,z) and G(t,z) be smooth, and recall the definition of the Pois-
son bracket {F,G}.(t,2) = V.F(t,2)TJV.G(t,z). Here we subscript the
bracket to remind us it is a coordinate dependent definition. Let F’(t,() =
F(t,Z(t,¢)) and G(t,¢) = G(t, Z(t,¢)) where Z(t,¢) is symplectic for fixed
t; so,

{F,G}c(t,¢) = VP, Q)T IV G(L,Q)

T T T
- (”(t,ovzm,za,c») 72z

i oc V-Gl Z(.)

0z 0z
= VF(t,2(6:0)" 57T 75 (6 OVC( 2(1,0))

= V.F(t, Z(t,()TIV.G(t, Z(t,())

= {Fv G}Z(t’ Z(tv C))

This shows that the Poisson bracket operation is invariant under symplectic
changes of variables. That is, you can commute the operations of computing
Poisson brackets and making a symplectic change of variables.

Theorem 6.1.3. Poisson brackets are preserves by a symplectic change of
coordinates.

Let {; = Zi(t, z) be the ith component of the transformation. In compo-
nents, Equation (6.1) says

{Zi, 55} = Jij, (6.11)

where J = (J;5).
If the transformation (6.3) is given in the classical notation

Qi =Qila,p), P =P(q,p), (6.12)
then (6.11) becomes
{Q:i,Q;} =0, {P;,P;} =0, {Qi, Pj} = 04j, (6.13)
where d;; is the Kronecker delta.

Theorem 6.1.4. The transformation (6.3) is symplectic if and only if (6.11)
holds, or the transformation (6.12) is symplectic if and only if (6.13) holds.
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6.2 Differential Forms and Generating Functions

Definition (6.1) is easy to check a posteriori, but it is difficult to use this
definition to generate a symplectic transformation with desired properties.
This section contains only a local analysis; so,we assume that everything is
defined in some ball about the origin in R?".

6.2.1 The Symplectic Form

Recall that in Chapter 5 we defined the (standard) symplectic form to be

n n

1 ) , n . ) n , ]
0 =- Jijdz' Ndz? = dz' Nz = dq* Ndp* = dgNdp. (6.14
5 ;; i ; ; ' Adp’ = dgndp. (6.14)
Here we have used the notation of differential geometry and Chapter 5 by
using superscripts for components instead of subscripts. Also we have z =
(z4,...,22") = (¢, ...,q", pt, ..., p") as usual. §2 is closed, df2 = 0, but, in
fact, it is exact because

2 =da, a= Z q'dp® = qdp. (6.15)

i=1

In short, £2 is a closed nondegenerate (the coefficient matrix is nonsingular)
2-form. By Darboux’s theorem discussed in Chapter 5, for any closed, non-
degenerate 2-form, there are local coordinates such that in these coordinates
the 2-form is given by (6.14). This says that J is simply the coefficient matrix
of a closed, nondegenerate 2-form in Darboux coordinates. The left-hand side
of (6.1) is just the transformation law for a 2-form with coefficient matrix J;
so, a symplectic transformation is a transformation that preserves the special
form of the differential form (2. In two-dimensions {2 = dq A dp, the area
form in R?, and so we see again that a two-dimensional symplectic transfor-
mation is area-preserving. In higher dimensions, being symplectic is far more
restrictive than simply volume-preserving.

6.2.2 Generating Functions
Use classical notation z = (g, p) so that the standard symplectic form is
n
N= qu’ Adp' = dg A dp.
i=1

Let Q@ = Q(q,p), P = P(q,p) be a change of variables, and assume the func-
tions Q and P are defined in a ball in R?". This change of variables is sym-
plectic if and only if
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dg Adp = dQ A dP.

This is equivalent to d(gdp — QdP) = 0 or that o1 = qdp — QdP is exact. o1
is exact if and only if o9 = 01 + d(QP) = gdp + PdQ is exact. In a similar
manner the change of variables Q = Q(q,p), P = P(q,p) is symplectic if and
only if any one of the following forms is exact.

o1 = qdp — QdP, oy = qdp + PdQ,
(6.16)
o3 = pdg — PdQ), o4 = pdg + QdP.

Because the functions ) and P are defined in a ball, exact forms are closed
by Poincaré’s lemma; so, the change of variables is symplectic if and only if
one of the functions S1, S5, S3, 54 exists and satisfies

dS]_(]?, P) =01, dSQ(paQ) =02,

dS3(QaQ) = 03, dS4(Q7P) = 04.

In the above formulas, there is an implied summation over the components.

These statements give an easy way to construct a symplectic change of
variables. Assume that there exists a function Si(p, P) such that dS; = oy;
S0,

0SS
dsS, = a dp + 9P dP = qdp — QdP.
So if 58 Py
— 1 — 1
1=, (p,P), Q@ 5P (p, P) (6.17)

defines a change of variables from (g, p) to (@, P), then it is symplectic. By
the implicit function theorem, the equations in (6.17) are solvable for P as a
function of ¢ and p and for p as a function of @) and P when the Hessian of
S1 is nonsingular. Thus in a similar manner we have the following.

Theorem 6.2.1. The following define a local symplectic change of variables:

05, 05, 9251 . .
=Ly p _ 91 p .
q p (p,P), @Q 2P (p, P) when OpOP is nonsingular;
o 05, . 0Ss 8232 ) ) )
q= 781) (p,Q), P= %(n Q) when 200 s nonsingular;
(6.18)
_ 95, 08y o2s,
p= 9q (¢.Q), P= 70 (¢,Q) when 8200 is nonsingular;
_ 0S4 B 0S5y 0%S, . .
p= Bq (¢,P), Q= ﬁ(q, P) when 9q0P is nonsingular.
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The functions S; are called generating functions. For example, if Sa(p, Q) =
pQ@, then the identity transformation Q = ¢, P = p is symplectic, or if
S1(p, P) = pP, then the switching of variables Q = —p, P = q is symplectic.

6.2.3 Mathieu Transformations

If you are given a point transformation @ = f(q), with df/dq invertible,
then the transformation can be extended to a symplectic transformation by
defining Sy(q, P) = f(¢)* P and

Q:f(Q)7 p=

One can also add a function F(q) to Sy to get Si(q, P) = f(¢)T P+ F(q) and

of oF

Q= f(q), :%(Q)PJF afq(q)-

These transformations were studied by Mathieu(1874).

6.3 Symplectic Scaling

If instead of satisfying (6.1) a transformation ( = Z(t, z) satisfies

= =T

where p is some nonzero constant, then ( = Z(¢,2) is called a symplectic
transformation (map, change of variables, etc.) with multiplier u. Equations
(6.2) become

¢ =pJVeH(t,C) + JVR(t, ),

where all the symbols have the same meaning as in Section 6.1. In the time-
independent case, you simply multiply the Hamiltonian by pu.

As an example consider scaling the universal gravitational constant G.
When the N-body problem was introduced in Section 2.1, the equations
contained the universal gravitational constant G. Later we set G = 1. This
can be accomplished by a symplectic change of variables with multiplier. The
change of variables ¢ = aq’,p = ap’ is symplectic with multiplier o2, and
so the Hamiltonian of the N-body problem, (2.5), becomes

ZHPZHQ Z E miim;
2m, o3 ||g !

3 _
1<y @ g = 4
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If we take a® = G, then in the prime coordinates the gravitational constant
will be 1. ¢ has the dimensions of distance, and p has the dimensions of
distance-mass/time; and so the change of variables can be done by changing
the units of distance only. A better way to make the universal gravitational
constant unity is to change the unit of mass. The scaling given here is simply
an example.

6.3.1 Equations Near an Equilibrium Point

Consider a Hamiltonian that has a critical point at the origin; so,
L r
H(z) = 57 Sz + K(z),

where S is the Hessian of H at z = 0, and K vanishes along with its first
and second partial derivatives at the origin. The change of variables z = ew
is a symplectic change of variables with multiplier e~2; so, the Hamiltonian
becomes

H(w) = %wTSw + e 2K (ew) = %wTSw + O(e).

In the above, the classical notation, O(e), of perturbation theory is used.
Because K is at least third order at the origin, there is a constant C' such
that |e’2K(ew)| < Ce for w in a neighborhood of the origin and e small,
which is written e 2K (ew) = O(e). The equations of motion become

w = Aw + O(e), A=JS. (6.19)

If ||w|| is about 1 and e is small, then z is small. Thus the above transformation
is useful in studying the equations near the critical point. To the lowest order
in € the equations are linear; so, close to the critical point the linear terms
are the most important terms. This is an example of what is called scaling
variables, and ¢ is called the scale parameter. To avoid the growth of symbols,
one often says: scale by z — ez which means replace z by ez everywhere.
This would have the effect of changing w back to z in (6.19). It must be
remembered that scaling is really changing variables.

6.3.2 The Restricted 3-Body Problem

In the traditional derivation of the restricted 3-body problem, one is asked
to consider the motion of a particle of infinitesimal mass moving in the plane
under the influence of the gravitational attraction of two finite particles that
move around each other on a circular orbit of the Kepler problem. Although
this description is picturesque, it hardly clarifies the relationship between the
restricted 3-body problem and the full problem. Consider the 3-body problem
in rotating coordinates (6.9) with N = 3 and w = 1. Let the third mass be
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small by setting ms = €2 and considering € as a small positive parameter.
Making this substitution into (6.9) and rearranging terms gives

Here H, is the Hamiltonian of the 2-body problem in rotating coordinates;

e., (6.9) with N = 2. € is a small parameter that measures the smallness
of one mass. A small mass should make a small perturbation on the other
particles, thus, we should attempt to make e measure the deviation of the
motion of the two finite particles from a circular orbit. That is, € should
measure the smallness of the mass and how close the two finite particles
orbits are to circular. To accomplish this we must prepare the Hamiltonian
so that one variable represents the deviation from a circular orbit.

Let Z = (uy,uz,v1,v2); so, Hs is a function of the 8-vector Z. A circular
solution of the 2-body problem is a critical point of the Hamiltonian of the
2-body problem in rotating coordinates; i.e., Ha. Let Z* = (a1, a2,b1,b2) be
such a critical point (later we specify Z*). By Taylor’s theorem

Hy(2) = Hy(Z7) + %(Z ~ 28z - Z)+ 012 - Z*|P),

where S is the Hessian of Hy; at Z*. Because the equations of motion do
not depend on constants, drop the constant term in the above. If the motion
of the two finite particles were nearly circular, the Z — Z* would be small;
so this suggests that one should change variables by Z — Z* = €U, but to
make the change of variables symplectic, you must also change coordinates by
uz = &,v3 = €2n, which gives a symplectic change of variables with multiplier
€2, The Hamiltonian becomes

{1 St g on

The quantity in the braces in the above is the Hamiltonian of the restricted
3-body problem, if we take m; = p,mo =1 — p,a1 = (1 — p,0), and ay =
(—u,0). The quadratic term above is simply the linearized equations about
the circular solutions of the 2-body problem in rotating coordinates. Thus to
first order in € the Hamiltonian of the full 3-body problem is the sum of the
Hamiltonian for the restricted problem and the Hamiltonian of the linearized
equations about the circular solution. So, to first-order, the equations of the
full 3-body problem decouples into the equations for the restricted problem
and the linearized equations about the circular solution.

In Chapter 9, this scaled version of the restricted problem is used to
prove that nondegenerate periodic solutions of the restricted problem can be
continued into the full 3-body problem for small mass.
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6.3.3 Hill’s Lunar Problem

One of Hill’s major contributions to celestial mechanics was his reformula-
tion of the main problem of lunar theory: he gave a new definition for the
equations of the first approximation for the motion of the moon. Because
his equations of the first approximation contained more terms than the older
first approximations, the perturbations were smaller and he was able to ob-
tain series representations for the position of the moon that converge more
rapidly than the previously obtained series. Indeed, for many years lunar
ephemerides were computed from the series developed by Brown, who used
the main problem as defined by Hill. Even today, most of the searchers for
more accurate series solutions for the motion of the moon use Hill’s definition
of the first approximation.

Before Hill, the first approximation consisted of two Kepler problems: one
describing the motion of the earth and moon about their center of mass, and
the other describing the motion of the sun and the center of mass of the
earth-moon system. The coupling terms between the two Kepler problems
are neglected at the first approximation. Delaunay used this definition of the
first approximation for his solution of the lunar problem, but after 20 years
of computation he was unable to meet the observational accuracy of his time.

In Hill’s definition of the main problem, the sun and the center of mass
of the earth-moon system still satisfy a Kepler problem, but the motion of
the moon is described by a different system of equations known as Hill’s
lunar equations. Using heuristic arguments about the relative sizes of various
physical constants, he concluded that certain other terms were sufficiently
large that they should be incorporated into the main problem. This heuristic
grouping of terms does not lead to a precise description of the relationship
between the equations of the first approximation and the full problem.

In a popular description of Hill’s lunar equations, one is asked to consider
the motion of an infinitesimal body (the moon) which is attracted to a body
(the earth) fixed at the origin. The infinitesimal body moves in a coordinate
system rotating so that the positive z axis points to an infinite body (the
sun) infinitely far away. The ratio of the two infinite quantities is taken so
that the gravitational attraction of the sun on the moon is finite.

Here we give a derivation of Hill’s lunar problem as a limit of the re-
stricted problem following these heuristics. To see this we make a sequence
of symplectic coordinate changes and scaling.

Start with the restricted problem given in Section (2.3) in x, y coordinates
and move one primary to the origin by the change of coordinates

1 —x1+1—p, Ty — T2,
Y1 — Y1, y2 —y2+1—p,
so that the Hamiltonian becomes
1 1-—
H= 5 (yf + y%) — Y21 + Y122 — R E (1 — )z, (6.20)
T1 T2
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where
2 2 2 2 2 2
ri = (x1 +1)° + 3, ry =] + 5.

(Here we drop all constants from the Hamiltonian.) By Newton’s binomial
series
1 3
(I+u}y" V2 =1—-u+u?+--
2 8
e}
— L—r :—(1—u){1—x1+m2—1x2+~~}
(@1 + 1)% + 23 B

and the Hamiltonian becomes

1 1
H =3 (yi +43) = pomr + 4122 — % = (L= pfat = gas+--} (6:21)

We consider the mass p as a small parameter and distance to the primary to
be small by scaling
x—pBPe, oy -ty

which is symplectic with multiplier ;~2/3 so the Hamiltonian becomes

H=L+0(u'?), (6.22)

where L is the Hamiltonian of Hill’s lunar problem

1 1 1
L= ) (41 +3) — yor1 +yra2 — Tl ~ 3 + Exg. (6.23)

The Hamiltonian L has an equilibrium point at
(w1, @2, 91, 92) = (=371/%,0,0,-371/%),

which is the limit of the equilibrium point £, as g — 0 in the scaling given
above. The exponents at this equilibrium point are ii\/Q\ﬁ -1, \/Z\ﬁ + 1.

Problems

1. Show that if you scale time by ¢ — ut, then you should scale the Hamil-
tonian by H — u~'H.

2. Scale the Hamiltonian of the N-body problem in rotating coordinates,
so that w is 1.

3. Cousider the restricted 3-body problem (see Section 2.3). To investigate
solutions near oo, scale by x — € 2z, y — ey. Show that the Hamiltonian
becomes H = —axT Ky + 3{||y||?/2 — 1/||z||} + O(€?). Justify this result
on physical grounds.

4. Consider the restricted 3-body problem (see Section 2.3). To investigate
solutions near one of the primaries first shift the origin to one primary
as was done in Section 6.3.3. Then scale by 2 — €%z, y — ey, t — €t.
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5. Give an example of a linear symplectic transformation that is not given
by a generating function as given in Theorem 6.2.1.
6. Let T : (¢,p) — (Q, P) = (Q(g,p), P(¢,p)) be a symplectic transforma-
tions defined on an open set in R2.
a) Show that w = (Q — q)d(P + p) — (P — p)d(Q + ¢q) is closed.
b) Assume that the domain of definition of @ and P is such that
Poincaré’s lemma applies, so w = dS. Assume also that £ = P + p,
7 = Q+q is a valid change of coordinates (not necessarily symplectic).
Show that the critical points of S are fixed points of transformation
T:(q,p) = (Q,P).
c) Let S = ¢%/2 + pp + p3/3 where pu is a parameter. Find the critical
points of S as p varies. Compute the map T corresponding to this
S. What can you say about T’s fixed points as u varies? (See Meyer
(1970) for an application of this generating function to bifurcation
theory.)



7. Special Coordinates

The classical subject of celestial mechanics is replete with special coordinate
systems some of which bear the names of the greatest mathematicians. We
consider some these special coordinates in this chapter. Because the topics
of this chapter are special in nature the reader is advised to selectively read
a few sections first and then refer back to this chapter when the need calls.

7.1 Jacobi Coordinates

Jacobi coordinates are ideal coordinates for investigations of the N-body
problem. First, one coordinate locates the center of mass of the system, and
so it can be set to zero and ignored in subsequent considerations. Second,
one coordinates is the vector from one particle to another, and this is useful
when studying the case when two particles are close together. Third, another
coordinate is the vector from the center of mass of N — 1 particles to the
Nth, and this is useful when studying the case when one particle is far from
the others.

Let g;,p; € R3 fori =1,..., N be the coordinates of the N-body problem
as discussed in Section 2.1. Define a sequence of transformations starting with
g1 = q1 and pu; = my and proceed inductively by

Uy = 4k — Gk—1,
Ti oS g = (/) (Maqe + t—19%—1), (7.1)

PE = Hk—1 + Mg

for k = 2,..., N. u is the total mass, and gy is the position vector of the
center of mass of the system of particles with indices 1,2, ..., k. The vector uy
is the position of the kth particle relative to the center of mass of the previous
k — 1 particles (see Figure 7.1). Consider T} as a change of coordinates from
Jk—1,U2, ..., Uk—1,qky---, 4N to Gk, U2, -« -, Uk Gk+15- - -, N OF Slmply from
Jk—1,qk 10 gk, up+1. The inverse of T} is

L= (k—1/ pc )k + g,
T, (7.2)
Ge—1 = (—=mk/ pir)ur + G-
K.R. Meyer et al., Introduction to Hamiltonian Dynamical Systems and the N-Body

Problem, Applied Mathematical Sciences 90, DOI 10.1007/978-0-387-09724-4_7,
© Springer Science+Business Media, LLC 2009
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This is a linear transformation on the ¢ variables only, i.e., on a Lagrangian
subspace; so, Lemma 3.2.4 forces the transformation on the p variables in or-
der to have a symplectic transformation. To make the symplectic completion
of T}, define Gy = p; and

v = (Hk—1/pk)Pr — (M /o) Gr—1,
Qr (7.3)
G =pr + Gi-1,

o= + (my/pr)Gr,
Qy : (7.4)
Gr-1= =k + (pr—1/px) G-

If we denote the coefficient matrix in (7.1) by A, then the coefficient matrices
in (7.2), (7.3), and (7.4) are A=' A=T and AT respectively; so,the pair
Ty, Qk is a symplectic change of variables. Thus the composition of all these
changes is symplectic, and the total set gy, uo,...,un,GN,ve,. .., vy forms
a symplectic coordinate system known as the Jacobi coordinates.

Figure 7.1. Jacobi coordinates for the 3-body problem.

These variables satisfy the identities
k-1 X Gr—1+ g X pr = gk X Gg + ug, X vy,

and

|Gr—a]? . el _ Gk n [[og]?
2pp—1 2my, 2 2M;,

where My, = mypg—1/pr. Thus kinetic energy is

N N
lpel® _ 1GNP lvel|?
KE = = + ,
Z: ka 2,UIN kz::Q 2Mk
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and total angular momentum is
N N

A:ZQkXPk:gNXGNJrZukka. (7.5)
1 2

Also, gy is the center of mass of the system, and Gy is the total linear
momentum.

Unfortunately, the formulas for the variables u; and vy are not simply
expressed in terms of the variables g, and pg. Note that

U2 = (42 — q1-

Let d;; = ¢; — g; and so the Hamiltonian of the N-body problem in Jacobi
coordinates is

R (< i ol g~ i, 76)
2unv oMy 2 il
Note that the Hamiltonian is independent of gy, and so, Gy =0or Gy is
an integral of the system. When a variable does not appear in the Hamilto-
nian, it is called ignorable, and its conjugate variable is an integral. Because
gn = Gn/un, the center of gravity moves with uniform rectilinear motion.
In general, one may assume that the center of mass is fixed at the origin of
the system and so sets gy = G = 0, which reduces the problem by three
degrees of freedom in the spatial problem.
In the planar problem, one verifies

N N
> i Kpr = ghKGn + > ujf Kuy,
1 2
which is the same as the formula for angular momentum given above. So the

Hamiltonian of the planar N-body problem in rotating coordinates with the
center of mass fixed at the origin is

N 5 N
v mm;
=Y % +> uf Ko - o (7.7)
k=2 k 2 1<i<j<nN N7

7.1.1 The 2-Body Problem in Jacobi Coordinates
When N = 2, then (7.6) with go = G2 = 0 takes the simple form

_ el mame
oM ]

where v = vg,u = us = g2 — q1, M = myma/(my + mgy). This is just the
Kepler problem, and so in Jacobi coordinates the 2-body problem is just the
Kepler problem. This says that the motion of one body, say the moon, when
viewed from another, say the earth, is as if the earth were a fixed body and
the moon were attracted to the earth by a central force.

(7.8)
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7.1.2 The 3-Body Problem in Jacobi Coordinates

In the 3-body problem the distances between the bodies, and hence the po-
tential, are not too complicated in Jacobi coordinates. Moreover, the Hamil-
tonian of the 3-body problem in Jacobi coordinates is transformed to polar
coordinates in Section 6.2, which is used in Chapter 8 to understand reduc-
tion of the 3-body problem and to establish the existence of periodic solutions
for two small masses (Poincaré’s periodic solutions of the first kind).

Let

mime mg(my + me
M; = ————, M; = ¥,
mi + mo m1+m2—|—m3
(7.9)
ma mi
Q)= ———, o = ———;
my + mo mi1 + ma

then the Hamiltonian of the 3-body problem with center of mass fixed at the
origin and zero linear momentum in Jacobi coordinates is
_ [z n [[vs]|* _ ma mims maomg

H — — .
2My  2Ms  luell flus + aouz|| [Jus — g

(7.10)

See Figure 7.1. Sometimes one numbers the N-bodies from 0 to N —1. In this
case all the subscripts in (7.10) except the subscripts of the a’s are reduced
by 1, which looks nicer to some people.

7.2 Action—Angle Variables

The change from rectangular coordinates g, p to polar coordinates 7, ¢ is not
symplectic, but because

dg Ndp = rdr Adp = d(r®/2) A dé
the following define a symplectic change of variables.

I=3(+p%) =12, ¢ = arctan(p/q),
(7.11)
q = V21 cos ¢, p = V2Isin .

Therefore, I, ¢ are symplectic (or canonical) coordinates called action—angle
coordinates. In Chapter 3, we saw that the harmonic oscillator could be
written as a Hamiltonian system with Hamiltonian

H=2(¢" +p%) = w,

2
and in action—angle coordinates, the equations of motion are
. OH . OH
I = — = 0, = = = — .
96 O=—Br =Y
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So the solutions move on the circles I = constant with uniform angular
frequency w in a counterclockwise direction.
Action—angle variables are used quite often in perturbation theory, for
example, Duffing’s equation has a Hamiltonian
H= 2@+ + 2
2 4%
where 7 is a constant. Writing Duffing’s Hamiltonian in action—angle variables
gives
H=TI+4+~I%cos*p=1+ %I2{3+4COSQ¢+COS4¢}.

The last term in the braces in the above formula is an example of a Poisson.
A Poisson series in 7 = v/2I and ¢ is a Fourier series in ¢ with coefficients
that are polynomials in r. Such series arise from substituting action—angle
variables into a power series expansion in ¢ and p, but not all Poisson series
come about in this manner. Action—angle variables are used and misused so
often in celestial mechanics that we investigate this point next.

7.2.1 d’Alembert Character

Consider a Poisson series
glr,¢) = Z aipor’ + Z Z(aijri cos jé + b7 sin j).

The Poisson series g(r, ¢) comes from a power series f(q,p) = Y. fi;¢'p’ if
g(r,0) = f(rcos ¢, rsin @).

The Poisson series g has the d’Alembert character if a;; = 0, b;; = 0 unless
1> j,and i = j mod 2 (i.e., i and j have the same parity).

Theorem 7.2.1. The Poisson series g comes from a power series if and only
if it has the d’Alembert character.

Proof. x'y? = 't cos® psin’ ¢. Claim: cos’ ¢sin’ ¢ has a Fourier polynomial
of the form ag + X{ay, cos k¢ + by sin k¢}, where a, = by, = 0 unless k < i+
and k = i+ j mod 2. The claim is clearly true for ¢ + 7 = 1; so, assume it’s
true for i + j < N, and let i + j = N. Let i # 0; then
cos’ ¢sin? ¢ = cos ¢lcos™ ! psin? ¢
= cos ¢lag + Y _{ay coskd + By sinko}]
= agcosp+ > (ag/2)[cos(k + 1)¢ + cos(k — 1)¢]

+ > (Bk/2)[sin(k + 1)¢ + sin(k — 1)9).
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The induction hypothesis gives o, = 0,8, = 0 unless ¥ < ¢+ j — 1, and
k =i+ 7 — 1 mod 2. The last polynomial above shows that the induction
hypothesis is true for ¢ + j = N. Similar formulas hold when j # 0. So a
power series gives rise to a Poisson series with the d’Alembert character.

Conversely, if 7* cosb¢ satisfies a > b and a = bmod 2, then cosbp =
R(expip)® = a sum of terms like cos(b — 2s)¢sin 2s¢. The d’Alembert char-
acter gives a = b+ 2p so r®cosbp = a sum of terms like 2P {r*=2P cos(b —
2p¢) Hr* sin(2pd)} = (2 +y?)Pa’= 2Py’

Perturbation analysis is often done in action—angle variables. Keeping
track of the d’Alembert character of the change of variables in action—angle
variables is important in order to keep track of the fact that the change of
variables is analytic in rectangular variables.

Say you want an analytic Hamiltonian with a fivefold symmetry. In polar
coordinates the functions r*, cos 5, sin 56 are all invariant under the rotation
0 — 0 + 27 /5 but are not analytic in rectangular coordinates. The functions
72k r2k+5 cos 50, and r251° sin 56 all are invariant under the rotation § — 6 +
27 /5 and have the d’Alembert character; therefore, any linear combination
(finite or uniformly convergent for r < p, p > 0) gives an analytic function
in rectangular coordinates with a fivefold symmetry.

7.3 General Action—Angle Coordinates

Consider a Hamiltonian H(x,y) defined in a neighborhood of the origin in
R2, such that the origin is a center for the Hamiltonian flow. Thus the origin
is encircled by periodic orbits. Assume that the origin is a local minimum of
H, and H(0,0) = 0. We seek symplectic action—angle variables (L, ¢) where
¢ is an angle defined mod 27 and the Hamiltonian is to be of the form
H(L,¢)=2(L).

Let R(h) = the component of {(z,y) € R? : H(z,y) < h} that contains
the origin. Because dz A dy = dL A df we must have

// dmAdyz// dLNdl =2nL
R(R) R(R)

1 1
L:—// dx Ndy = — xdy.
2 ) SR 21 Joarn)

Thus the variable L is just the area of the region R(h). The last integral in
the formula for L is classically called the action. The equations of motion in
the new coordinates are

or

L=0, {=-2'(L), (7.12)

therefore L is a constant and ¢ = £y — 2'(L)t. Thus £ is a scaled time, scaled
so that it is 2w-periodic.
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Let the period of the orbit be p(h). We wish to find symplectic variables
(L,¢) defined in a neighborhood of the origin with ¢ an angle defined mod
2m and L is its conjugate momentum so that the Hamiltonian becomes a
function of L alone. With H = 2(L) the equations become (7.12). Thus the
period of the orbit is 27/ | £2'(L) |. Therefore, we must have

2
g = (L)
or o or
p(£2)

The differential equation above defines the function 2(L) in terms of p(h).
The sign is chosen so that +27 /(L) is positive (the period).

In the Kepler problem H = —1/2a, P = 2ma®/? where a is the semi-major
axis. So p(h) = m271/2(—h)~3/2. Thus the equation to solve is

0 = 23/2(_0)3/2.
Separating variables gives
(—02)73/2d40 = 23/24L

(—2)~1/2 =2'/2[,
Thus the Hamiltonian must be

1

Now consider the Hamiltonian system

H= 30+ F@). F@) = [ fnar

where xf(z) > 0 for 0 < x < g, so the origin is a center. So for small
positive h the set H = h is a closed orbit. Because ¢ is constant, ¢ is a
constant multiple of time ¢, in particular ¢ = ¢y — 2'(Lo)t. In order to fix
initial conditions, let ¢ and ¢ be measured from the positive z-axis. A one
degree of freedom Hamiltonian system is integrable up to quadurature. To
this end, let a denote the point on the positive z-intercept of H = h, so
F(a) = 2(L). From the equation

1
§y2 + F(I) = ha
solve for y,
d
Y=o = £{2h — 2F (z)}}/?,

Todt
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separate variables
dt = +{2h — 2F (x)} "/ ?dx,

and so

t= j:/a Ty IR (7.14)

The angle ¢ is —§2'(Lg)t. The orbit is swept out in a clockwise direction, so
if the angle £ is to be measured in the usual counterclockwise direction for
small £ and ¢, the minus sign should be used in (7.14).

To construct the symplectic change of variables consider the generating
function

W) - [ “(20(1) - 27 ()} de

with
)= %Lf = {20(L) - 2F(2)}"/?
;yz + F(z) = £2(L)
and
—OW /24 Hx
L= = —20(0) - 2P} 2 o Lo —2F( )32
= —t2'(L).

(The first term in the formula for ¢ is zero by the definition of a.) Thus
the change of variables is symplectic. We call these variables action—angle
variables (for the Hamiltonian) H. If H = (2 + y?)/2, the usual harmonic
oscillator, then ¢ = tan~!(y/z) and L = (2% + y?)/2. A more interesting
example is given in Section 7.7, Delaunay elements.

7.4 Polar Coordinates

Let x,y be the usual coordinates in the plane and X,Y their conjugate mo-
menta. Suppose we wish to change to polar coordinates, r,6 in the x—,y-
plane and to extend this point transformation to a symplectic change of vari-
ables. Let R,© be conjugate to r,0. Use the generating function S = Sy =
Xrcosf + Yrsinf, and so

R B
:E—@X—rcos, y—ay—rsm,
R:§=XCOSQ+YSH19:M
or r
@:@:ersinﬁJrYrcosﬁzfoyX.

00
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If we think of a particle of mass m moving in the plane, then X = mi and
Y = my are linear momenta in the x and y directions; so, R = m7 is the
linear momentum in the r direction, and @ = mxy — myt = mr26 is the
angular momentum. The inverse transformation is

X = Rcosf — (?) sin 6,
Y = Rsinf + (6) cos 0.
r

7.4.1 Kepler’s Problem in Polar Coordinates
The Hamiltonian of the planar Kepler’s problem in polar coordinates is

1 I 1 6?
H=-(X*4+Y?) - —"— =_(R*+ =

2( YY) (22 4+ 92) 2( 72
Because H is independent of 6, it is an ignorable coordinate, and @ is an
integral. The equations of motion are

)—% (7.15)

i =R, é:%,
r
o (7.16)
. M .

These equations imply that @, angular momentum, is constant, say c; so,
P=R=—— L. (7.17)

This is a one degree of freedom equation for r; so, it is solvable by the method
discussed in Section 1.5. Actually, this equation for 7 can be solved explicitly.

Assume ¢ # 0; so, the motion is not collinear. In (7.17) make the changes
of variables u = 1/r and dt = (r?/c)df so

. cd cdr| o5 5d 2du71 99y
T_ﬁdeLQM}_CudG%LdG oo

2
C H 2.3 2

=—— 5 =cu” —pu
3 2 )

or
'+ u=p/c, (7.18)

where ' = d/df. Equation (7.18) is just the nonhomogeneous harmonic oscil-
lator which has the general solution u = (u/c?)(1+ e cos(f — g)), where e and
g are integration constants. Let f = 6 — g; so,
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(c*/1)

= > .1
1+ ecosf (7.19)

Equation (7.19) is the equation of a conic section in polar coordinates. Con-
sider a line ¢ in Figure 7.2 that is perpendicular to the ray at angle g through
the origin and at a distance ¢?/u. Rewrite (7.19) as

2
re(crcosf>,
ep

which says that the distance of the particle to the origin r is equal to e times
the distance of the particle to the line ¢, ¢?/(eu) — 7 cos f. This is one of
the many definitions of a conic section. One focus is at the origin. e is the
eccentricity, and the locus is a circle if e = 0, an ellipse if 0 < e < 1, a
parabola if e = 1, and a hyperbola if e > 0.

Figure 7.2. The elements of a Kepler motion.

The point of closest approach in Figure 7.2 is called the perihelion if the
sun is the attractor at the origin or the perigee if the earth is. The angle f is
called the true anomaly and g the argument of the perihelion (perigee).

7.4.2 The 3-Body Problem in Jacobi—Polar Coordinates

Consider the 3-body problem in Jacobi coordinates with center of mass at
the origin and linear momentum zero; i.e., the Hamiltonian (7.10). Introduce



7.5 Spherical Coordinates 157

polar coordinates for us and ug as discussed above. That is, let

ug = (rycosfy,r18inby), uz = (rgcosby,rosinbsy),

Vg = (Rl cos 6 — (Ql) sin 6y, Ry sinf + (81) Cos 91) ,
T 1

V3 = <R2 cos By — <62> sin 6y, Ry sin 05 + (92) cos 92) ,
T2 T9

so, the Hamiltonian (7.10) becomes

1 92 1 92 momma
He_—_Jp2 (21 )2 (B2 L Mo
2M2 {Tl * <’I“% )} + 2M3 {TQ + ’l"% 1

momms

- V13 + a2r? — 2aqgrir2 cos(fz — 61)

(7.20)

mims

- \/7‘3 + a2r? — 2047179 cos(f2 — 01).

The constants are the same as in (7.9), but here we number the masses
mg, m1,Mo. Note that the Hamiltonian only depends on the difference of the
polar angles, 65 — 6.

7.5 Spherical Coordinates

Sometimes the discussion of a spatial problem is easier in spherical coor-
dinates. This section is used to define the three-dimensional Delaunay and
Poincaré elements which in turn are used to establish three-dimensional pe-
riodic solutions of the restricted problem.

Let x,y, z be the usual coordinates in space and X, Y, Z their conjugate
momenta. We wish to change to spherical coordinates (p, 6, ¢), the radius,
longitude, and colatitude and their conjugate momenta P, @, ®. The standard
definition of spherical coordinates is

x = psin ¢ cos b, y = psin ¢sin6, Z = pcos ¢. (7.21)
To extend this point transformation use the Mathieu generating function

S =5,=Xpsingpcosf + Ypsin¢sinf + Zpcos ¢,

SO
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P = gi = Xsin¢cosf + Y sin¢sinf + Z cos ¢
= (e X +yY +22)/p = p,
. 7.22
8:g—g:—Xpsinqbsin@—i—Ypshuﬁcost—Xy+Yx:p29 ( )
oS ) ) 9 o
P = 9 = Xpcosgcost +Ypcospsinh — Zpsin ¢ = p° cos® ¢p¢.

Thus R is the radial momentum, and © is the z-component of angular mo-
mentum. From these expressions compute
Z =Pcos¢— (®/p)sin ¢,
Psing + (®/p)cosd = X cosf + Y sin 6,
O/(psing) = =X sinf + Y cosf.

From the last two formulas compute X? + Y2 without computing X and
Y. You will find that the Hamiltonian of the Kepler problem in spherical
coordinates is

1 P2 ©e? 1
H=_ PM—+}— 7.23
2 { P p?sin?¢ P (7.23)
and the equations of motion are
? 62 1
p:HP:P, P:—Hp: 3 o _727
p> pising  p
b= Ho——2 O=-Hy=0 (7.24)
B @_pQSinzng7 e :
. e . ©2%\ cos
¢:H¢:f27 ¢H¢<2> .3¢.
p p= ) sin” ¢

Clearly, ©, the z-component of angular momentum, is an integral, but so
is G defined by

@2
@(.2+@> (7.25)
sin” ¢
We show that G is the magnitude of total angular momentum after we in-

vestigate the invariant plane in spherical coordinates.
The equation of a plane through the origin is of the form azx+ 8y +~vz =0
or in spherical coordinates

asingcosf + Bsingsind 4+ ycosp =0
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or

asin(f — 0y) = beot . (7.26)

Let the plane meet the x—, y-plane in a line through the origin with polar
angle 6 = {2 (the longitude of the node) and be inclined to the z,y-plane by
an angle 4 (the inclination).

When 6 = 2, ¢ = 7/2 so we may take 6y = (2. Let ¢,,, be the minimum ¢
takes on the plane, so ¢, +i = 7/2. ¢y, gives the maximum value of cot ¢ and
sin has its maximum value of +1. Thus from (7.26) a = b cot ¢y, or asin ¢,,, =
bcos ¢,,. Take a = cos¢,, = sini and b = sin¢g,, = cosi. Therefore, the
equation of a plane in spherical coordinates with the longitude of the node
{2 and inclination i is

sinisin(f — §2) = cosicot . (7.27)

Use (7.25) to solve for @ and substitute it into the equation for $, then
eliminate p? from the equations for ¢ and 6, to obtain

¢:¢:{G2— o2 }1/21:{6‘2— o? }1/2 sin? ¢
P sin? ¢ p? sin? ¢ C] '

Separate variables and let § = 2 when ¢ = 7/2, so that {2 is the longitude
of the node. Thus

[l 62 —1/2 0
/ {02 - } sin2¢dp= | 07 ldd=(0-N)/O
0

sin® ¢ %)

- /U{GQ —O*(1+u?)} Pdu =
0 (7.28)

_971/ {62 _ u2}71/2du _
0

O~ tsin H(u/B) =

The first substitution is u = cot ¢ and £ is defined by 3? = (G2 —-6?)/62.
Therefore,
—cot ¢ = £0sin(f — 2).

Finally

cosicot ¢ = sinisin(f — §2), (7.29)

where
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2

ﬁQZGz—@QZ 5. sin?i

6?2 cos?i’
Equation (7.29) is the equation of the invariant plane. The above gives © =
+G cosi. Because i is the inclination and © is the z-component of angular

momentum this means that G is the magnitude of total angular momentum.
In the above take 6y to be {2 the longitude of the node.

(7.30)

7.6 Complex Coordinates

There are many different conventions used with complex coordinates in
Hamiltonian mechanics. We present two of them here.

First, we look at a one degree of freedom problem defined in the plane
R? with coordinates x,y. Here & and y are conjugate variables in the sense
of Hamiltonian mechanics.

Because the real numbers are a subset of the complex numbers now we
think of x,y as coordinates in C?. Consider the change of coordinates from
xz,y to z,w given by

z=x — 1y, w = x + 1y,
(7.31)

Z+w W=z
2 YT T

If x,y are real numbers then z and w are conjugate complex numbers and

conversely. That is, the real plane {(x,y) : z,y € R} C C? is mapped linearly

by (7.31) onto the plane {(z,w) : z,w € C?, w = z} and conversely.
Consider a formal or convergent series

floy) = aga'y
i

and

o) = £ (5012 ) = TS A

i.e., g is obtained from f by the change of variables (7.31). It is easy to see
that f is a real series (i.e., all a;; are real) if and only if

Amn = Anm~
In other words f(z,y) = f(Z,y) if and only if g(z,w) = g(w, z). These
restrictions on g are called reality conditions.
The transformation (7.31) is symplectic with multiplier 2¢ and so the
Hamiltonian H (z,y) is replaced by 2i H ((z+w) /2, (w—2)/(2i)). (To eliminate
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the multiplier some people divide some of the terms in (7.31) by 2¢ or even
V2i.)

As an example consider the Hamiltonian of the harmonic oscillator
Lo 9
H= 5(95 +y°),
which is transformed by (7.31) to
H =izw

and the equations of motion become

. O0H | . 0H
3 —

= — =1z W= ———— = —iw.
ow ’ 0z

Because we are interested in real problems with real x and y we are only
interested in z and w with w = Z. Thus we eliminate the proliferation of
symbols by using z and Z.

For example, the Hamiltonian of the harmonic oscillator is written H =
1zZ and the equation of motion is z = iz.

Second, consider a two degree of freedom problem defined in R* with
coordinates z,y where = (21,22) and y = (y1,y2) are real 2-vectors and
are conjugate in the sense of Hamiltonian mechanics. Consider the change of
coordinates from (x1,x2,y1,y2) to (z,Z, w,w) given by

Z = 11 + 1w, w =1 (y1 — iys)
(7.32)
Z=x1 — ixa, W= % (y1 +iy2).

This is a symplectic change of variables in as much as
dzy AN dyy + dxs A dys = dz A dw + dZ A dw.
A prime example of the use of these coordinates is the regularization of

collisions in the Kepler problem.

7.6.1 Levi—Civita Regularization

The Kepler problem has a removable singularity, namely the collision. The
process of removing the singularity has become known as Levi-Civita regu-
larization. Consider the planar Kepler problem with Hamiltonian

1 1
H=-|y? - —+—,
5191 ER
where now x,y are to be considered as complex numbers. The additive con-
stant d?/2 does not affect the equations of motion and its use becomes clear
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shortly. Note that H = 0 corresponds to the traditional Hamiltonian equal
to —d?/2; ie., |y|?/2 — 1/|x| = —d?/2.

First make a symplectic change of variables from x,y to z,w using the
generating function

Sy, z) =y
_98 _ . _ 95 _
:vfa—yfz, w78272yz'

The Hamiltonian becomes
1
8|z[2

H= {|w* + 4d°|z|* — 8} .

The expression in the braces above is the Hamiltonian of two harmonic os-
cillators with equal frequencies. To remove the multiplicative factor we use a
trick of Poincaré to change the time scale and yet still keep the Hamiltonian
character of the problem.

The Poincaré trick applies to a general Hamiltonian of the form H(z) =
¢(x)L(z) where ¢(x) is a positive function. The equations of motion are
& = JVH = ¢JVL + LIV¢. On the level set L = 0 the equations of
motion become & = ¢JVL or 2’ = JVL where we reparimeterize the time
by dr = ¢(z)dt and ' = d/dr. Thus the flow defined by L on L = 0 is a
reparameterization of the flow defined by H on H = 0.

Returning to the Kepler problem we change time by

4|z|2dr = dt
and consider the Hamiltonian

1
L= (] +4’=P?).

By the above remarks the flow defined by H on the set H = 0 (energy equal
to —d?) and the flow defined by L on the set L = 4 are simply reparimeteri-
zations of each other.

Notice that the change has x = 2° so z and —z are mapped to the same
x. The change becomes one-to-one if one identifies the antidotal points (z,w)
and (—z,—w). The set where L = 4 is a 3-sphere, S3, and the 3-sphere with
antidotal points identified is real projective three space RP3. The flow defined
by L on L = 4 does not have a singularity and so a collision orbit is carried
to a regular orbit of the system defined by L.

The flow defined by L is two harmonic oscillators. One can think of it as
the Hamiltonian of a particle of mass 1 that moves in the w-plane which is
subjected to the force of a linear spring attached to the origin with spring
constant 4d2. This is a super-integrable system that admits the three inde-
pendent integrals

2

1 1
By = (i +4d%2), By = S(wi+4d%23), A= zws - 2w,
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which are energy in the z; direction plane, energy in the zo direction, and
angular momentum.

7.7 Delaunay and Poincaré Elements

There is an old saying in celestial mechanics that “no set of coordinates
is good enough.” Indeed, classical and modern literatures are replete with
endless coordinate changes. There are two sets of coordinates that make the 2-
body problem particularly simple and thus simplify perturbation arguments.
The first set of variables, the Delaunay elements, are valid for the elliptic
orbits, and the second set, the Poincaré elements, are valid near the circular
orbits of the Kepler problem

7.7.1 Planar Delaunay Elements

Here the ideas discussed in Section 7.3 are used to create action—angle vari-
ables for the Kepler problem. These variables are called Delaunay elements,
named after the French astronomer of the 19th century who used these coor-
dinates to develop his theory of the moon. Delaunay elements are valid only
in the domain in phase space where there are elliptic orbits for the Kepler
problem.
The Hamiltonian of the Kepler problem in symplectic polar coordinates
(r,0,R,0) is
1 , ©? 1
HQ{R + r2} . (7.33)
Angular momentum, ©, is an integral, so for fixed © # 0 this is a one degree
of freedom system of the form discussed in Section 7.3, except the origin of
the center is at 7 = © (the circular orbit). Set H = —1/2L? and solve for the
r value of perigee (when R = 0) to get that a = L[L — (L? — ©2%)/2]. Note
that L2 > ©2 and L = 6 correspond to the circular orbits of the Kepler
problem.
To change to Delaunay variables (¢, g, L, G) we use the generating function

TG o2 1)Y?
W(r,G,L,G)—HG—i—/a {_§2+§_L2} d,

where a = a(L,G) = L|L — (L? — G*)'/?]. Thus
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R W _ [ G 2 1"
o r2 r L2 ’
oW

=% =

oW G2 2 110 (oG 2 1\,
€_3L__{_a?+a_L2} 6L+/(l{_52+5_L2} deL

=t/L3,

oW @2 o2 1) Y/ @
QZ%ZM/Q {£2+€L2} <£2>d59f
(7.34)

G = O, so G is angular momentum. Solving for —1/2L? in the expression for
R and using (7.33) yields H = —1/2L? as is expected.

The first quantity in the definition of ¢ is zero by the definition of a and
the integral in the second quantity is just time, t. So £ = —t/L? where t is
measured from perigee, so £, is measured from perigee also. Recall that to
change independent variable from ¢ (time) to f (true anomaly) in the solution
of the Kepler problem we set df = (©/r?)dt = (G/r?)dt. Thus because dt =
(—G?/€% + 2/¢ — 1/L?)~'/2d¢ the integrand in the definition of g is just
df , and the integral gives the true anomaly, f, measured from perigee. Thus
g =0 — f is the argument of the perigee.

£ is known as the mean anomaly and it is an angular variable in that it is
defined modulo 27, but it is not measured in radians as is true anomaly f.
Radian measure of an angle is the ratio of the arc length subtended by the
angle to the circumference of the circle normalized by 27. Because the time
derivative of £ is constant it measures the area swept out by Kepler’s second
law. Thus a definition of the measure of £ is the ratio of the area sector swept
to the total area normalized by 27. That is,

area of sector swept out from perigee

f=2m area of ellipse

See Figure 7.3.

One says that the Kepler problem is solved, but that is true only up to
a certain point. From the initial conditions one can easily compute the orbit
of the solution, but not where the particle is on that orbit as a function of
time. What if you ask the station master, “Where is the train?” and all he
says is, “It’s on this track.” Refer to any classical text on celestial mechanics
for a discussion of the relations between true anomaly f and mean anomoly

L.
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Figure 7.3. Delaunay angles.

7.7.2 Planar Poincaré Elements

The argument of the perihelion is clearly undefined for circular orbits; so,
Delaunay elements are not valid coordinates in a neighborhood of the circular
orbits. To overcome this problem Poincaré introduced what he called Kepler
variables but which have become known as Poincaré elements. Make the
symplectic change of variables from the Delaunay variables (¢, g, L, G) to the
Poincare variables (Q1, Q2, P1, P2) by

Q1=L+g, Q2 = [2(L — G)]*? cos,
P =1, Py = [2(L — G)]Y/?sin L.

The Hamiltonian of the Kepler problem (2.24) becomes

1 1 1
H=-(X24YY)—- —— =
XY (x> +y?) 2P’

and the Hamiltonian of the Kepler problem in rotating coordinates becomes

1 1 1 1
H = §(X2+Y2)—(1’Y—yx)—WZ—TIDE—P1+§(Q%+P22)-

Q1 is an angular coordinate defined modulo 27, and the remaining coor-
dinates @2, P;, and are rectangular variables. Q2 = P> = 0 correspond to the
circular orbits of the 2-body problem. Even though these new coordinates are
defined from the Delaunay elements, which are not defined on the circular
orbits, it can be shown that these are valid coordinates in a neighborhood of
the direct circular orbits. There is a similar set for the retrograde orbits.
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7.7.3 Spatial Delaunay Elements

We change from spherical coordinates (p, 0, ¢, P,©,®) to Delaunay elements
(¢,9,k, L,G, K) where the first three variables are angles defined mod 2.
Consider the generating function

[ K2 1/2
W(p707¢1L7G7K):9K—|—/ {G2_} dec+

x/2 sin? ¢
(7.35)
e o2 1P
[
a ISR
where a = a(L,G) = L[l — (L? — G?)]. The change of coordinates is
oW a2 2 1\'?
P:7: —_ - — —
dp p* p L7
ow
-2 _k
© 06
2 1/2
@zawz{a?—.Kz}
P sin” ¢
ow  [rf 6 2 1\
é:=/{—+—} d¢L™3 = —t/ L3
oL J, &£ ¢ L2 ¢ / (7.36)

oW ¢ K2 Y2
= —_ G? — Gd
FTe /7r/2 { sin? } ¢

¢ 2y —1/2
e [ o) (e
0K /2 sin” ¢ sin® ¢

Because © = K, K is the z-component of angular momentum, the expres-
sion for @ gives that G is the magnitude of total angular momentum, and the
expression for P ensures that H = —1/2L?. { = —t/L3 where t is measured
from perigee, and so ¢ is the mean anomaly. The integral in the definition of
k is the first integral in (7.28), so k = 6 — (0 — 2) = (2 the longitude of the
node.
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The first integral in the formula for g is integrated as follows.

1/

¢ K%\~ cos?i) 2
2
[e-sm) Teen [L{gR)

B /¢ sin Cd¢
7/2 \/sin? ¢ — cos2i

cos ¢ du

=— —_ (u = cos()
0 V1 —u? —cos?i
cos ¢ du

0 Vsin? i — 4?2

. _q [cos¢
—sin —
sin

= —0O.

Therefore,
. 9 _ .
sng — s1n(7r/ ‘ ®) _ 51.111.b.
sin g sin

The angle o is defined by the spherical triangle with sides (arcs measured
in radians) 6, ¢ = /2 — ¢, o, and spherical angle 7. Recall the law of sines
for spherical triangles and see Figure 7.4.

Thus o measures the position of the particle in the invariant plane. Be-
cause f is the true anomaly measured from the perigee in the invariant plane
g = o0 — [ is the argument of the perigee measured in the invariant plane.

7.8 Pulsating Coordinates

A generalization of rotating coordinates is pulsating coordinates. These are
coordinates that rotate and scale in with a solution of the Kepler problem.
These coordinates are the natural coordinates to use when discussing the
elliptic restricted 3-body problem.

Let us recall some basic formulas from the Kepler problem and its solution.
Let ¢ = (¢1, ¢2) be any solution of the planar Kepler problem, r the length
of ¢, and c its angular momentum, so that

b= —H(ij, r= m, ¢ = Pr¢pa — Pachr, (7.37)

where the independent variable is ¢, time, and "= d/dt, = d?/dt*. Rule out
collinear solutions by assuming that ¢ # 0 and then scale time so that ¢ = 1.
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Figure 7.4. The definition of o.

The units of distance and mass are chosen so that all other constants are 1.
In polar coordinates (r,8), the equations become

P—rf*=—1/r2,  d(r?)/dt = dc/dt = rf + 270 = 0. (7.38)
The fact that ¢ = 726 = 1 is a constant of motion yields
P13 = —1/r% (7.39)

Equation (7.39) is reduced to a harmonic oscillator u” + u = 1 by letting
u = 1/r and changing from time ¢ to f the true anomaly of the Kepler
problem, by dt = r?df and ' = d/df. The general solution is then

r=r(f)=1/(1+ecos(f —w)), (7.40)

where e and w are integration constants, e being the eccentricity and w the
argument of the pericenter. When e = 0, the orbit is a circle, when 0 < e < 1,
an ellipse, when e = 1, a parabola, and when e > 1, a hyperbola. There is no
harm in assuming that the argument of the pericenter is zero, so henceforth
w = 0.

Define a 2 x 2 matrix by

1 — P2

p2 P1

so A7 = (1/r?)AT and A=T = (A7)~ = (1/r?)A, where AT denotes the
transpose of A.

A= , (7.41)
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Consider the planar 3-body problem in fixed rectangular coordinates (g, p)
given by the Hamiltonian

H = H; Z”“” ) U= Y (7.42)

2m, e =

Pulsating coordinates are the symplectic coordinates defined below by
two symplectic coordinate changes. First, make the symplectic change of
coordinates

¢ =AX;, pi=ATY;=1/r?)AY; fori=1,2,3. (7.43)

Recall that if H(z) is a Hamiltonian and z = T(¢)u is a linear symplectic
change of coordinates, then the Hamiltonian becomes H (u)+ (1/2)u” W (t)u,
where W is the symmetric matrix W = JT~!'T . Compute

wl| 0 I][r24" 0 A -0
- |-I0 0 AT| [0 (r24—2r37A)

_ 0 —r2ATA)T
T [-r24TA 0 '

(7.44)

Recall that W is symmetric or use AT A = 2] to get the 1,2 position. Now

—r2ATA =172 {__7“1’" _if} : (7.45)

Note that ||AX|| = r||X]||, so the Hamiltonian becomes

Z Y2 1 (X)_sz:XTy_izN:XTJY» (7.46)
2 2my; r P2 Lo .
i=1 i=1

Change the independent variable from time ¢ to f the true anomaly of the
Kepler problem by dt = r2df,’ = d/df, H — r?H so that

Ivill? M o Ty N T
Z o U = =T XTY, =y X[ v (7.47)

=1 i=1

The second symplectic change of variables changes only the momentum by
letting

Xi = Qi Yi=P + a;Qi, (7.48)
where the a; = a;(f) are to be determined. This defines the pulsating coor-
dinates (Q;, P;) for i = 1,..., N. To compute the remainder term, consider

e[S e
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Thus the remainder term is (1/2) 3" o(f)QTQ; and the Hamiltonian be-
comes

Ll a1\ g
H:Z QTZni TU(Q)+<T7;T)ZQZPi
i=1 i=1
(7.50)

—ZQTJP +Z<2 z+ff—f )QTQZ

Choose «; so that the third term on the right in (7.50) vanishes; i.e., take
a; = m;r' /r. To compute the coefficient of Q7'Q; in the last sum in (7.50),
note that

"\’ A . 2r(r')? d [r dr 3
— — J— = — = _— —_— = _— = :]_— . ].
(5)-(%) A g () e e

where the last equality comes from the formula (7.39). Thus the Hamiltonian
of the N-body problem in pulsating coordinates is

=

N (1_ ) N
Q) =Y QIIP+ 53 mQfQi,  (752)

i=1 ' i=1 i=1

and the equations of motion are

P;
Q/i = E - JQia

(7.53)

P/Z:T%fjplf(lfT)szl

These are particularly simple equations considering the complexity of the
coordinate change.

7.8.1 The elliptic restricted 3-body problem

Consider the 3-body problem in pulsating coordinates but index from 0 to
2. Recall that a central configuration of the 3-body problem is a solution
(Qo, Q1,Q2) of the system of nonlinear algebraic equations

ou
Qi

for some scalar A. By scaling the distance, A may be taken as 1. Thus a central
configuration is a geometric configuration of the three particles so that the

+ /\szZ =0 for i = O, 1, 2 (754)
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force on the ith particle is proportional to m; times the position. This is
the usual definition of a central configuration. Define a relative equilibrium
as a critical point of the Hamiltonian of the N-body problem in pulsating
coordinates. This is slightly different from the usual definition of a relative
equilibrium.

Lemma 7.8.1. The relative equilibria are central configurations.

Proof. The critical points of (7.52) satisfy

0H oU

_ P (1 — 0. —
20, TaQﬁ‘]”L( r)ym;Q; = 0,
oH P, B
BPi_E_JQZ_O'

From the second equation P; = m;JQ);. Plugging this into the first equation
gives

—roU/0Q; — miQ; + (1 —r)m;Q; = —r {0U/0Q; + m;Q;} = 0.

Because r is positive, this equation is satisfied if and only if 0U/0Q; +m;Q; =
0.

Let H3 and Us be the Hamiltonian and self-potential of the 3-body prob-
lem written in pulsating coordinates. Consider also the 2-body problem with
particles indexed from 1 to 2 with H; and U, the Hamiltonian and self-
potential of the 2-body problem written in pulsating coordinates. We have

Nk g 1=~ 7
H?’:ZTi_TU?(Q)_ZQi TP+ > miQf Qs
1=0 1=0 =0

(7.55)

”10”2 2 : _ Mmomy; Q P (1 ) I
2m0 ||Q0 —QJ” 0 0 mo 0 0 2z

Assume that one mass is small by setting mg = 2. The zeroth body is known
as the infinitesimal and the other two bodies are known as the primaries. Let
Z be the coordinate vector for the 2-body problem, so Z = (Q1, Q2, P1, P),
and let Z* = (ay,a2,b1,by) be any central configuration for the 2-body prob-
lem. By Lemma 7.8.1, VH(Z*) = 0. The Taylor expansion for Hj is

Ha(2) = Ha(2") + 5(Z = 2T S()(Z = 2+,

where S(f) is the Hessian of Hy at Z*. Forget the constant term H(Z*).
Change coordinates by
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Qo=¢ Po=en, Z-Z" =V (7.56)

This is a symplectic transformation with multiplier e~2. Making this change
of coordinates in (7.55) yields

Hs =R+ %VTS(f)V + O(e), (7.57)

where R is the Hamiltonian of the conic (i.e., circular, elliptic, etc.) restricted
3-body problem given by

= Lz - i i er gy U (7.58)
2 2 i€~ ail 2

To the zeroth order, the equations of motion are

£ =+ JE
(7.59)
Z Hff ol L (g
VI D)V, D(f) = IS(F). (7.60)

The equations in (7.59) are the equations of the conic restricted problem
and those in (7.60) are the linearized equations of motion about the relative
equilibrium.

When e = 0, Equations (7.59) and (7.60) are time-independent and (7.58)
is the Hamiltonian of the circular restricted 3-body problem. When 0 < e < 1,
Equations (7.59) and (7.60) are 2m-periodic in f and (7.58) is the Hamiltonian
of the elliptic restricted 3-body problem.

In the classical elliptic restricted 3-body problem the masses of the pri-
maries are m; = 1 —pu > 0,my = p > 0, and they are located at
a3 = (—p,0),a2 = (1 — p,0). The parameter p is called the mass ratio
parameter. Thus the Hamiltonian of the classical elliptic 3-body problem is

L e (B gy e
Rl —r (50 £ ) et S0 ey

where

dy ={(& +p)? +E32, do={(& — 1+ p)?+ &G
(7.62)
r=r(f)=1/(1+ecosf), 0<e<]l.
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Problems

1.

2.

Write the functions r2*, 72545 cos 50, and r?**°sin 56 in rectangular co-
ordinates. Sketch the level curves of 12 + r° cos 56.

In Section 7.4.1, the equations for the Kepler problem were written in
polar coordinates. Because angular momentum, ©, is a constant set © =
¢, investigate the equation for r, 7 = R= —c?/r3 4 u/r?, using geometric
methods.

In Section 7.6.1 the three integrals F7, Fo, A of the regularized Kepler
problem were given. Compute the total algebra of integrals of the regu-
larized Kepler problem.



8. Geometric Theory

This chapter gives an introduction to the geometric theory of autonomous
Hamiltonian systems by studying some local questions about the nature of the
solutions in a neighborhood of a point or a periodic solution. The dependences
of periodic solutions on parameters are also presented in the case when no
drastic changes occur; i.e., when there are no bifurcations. Bifurcations are
addressed in Chapter 11. Several applications to the 3-body problem are
given. The chapter ends with a brief introduction to hyperbolic objects and
homoclinic phenomena.

The geometric theory of Hamiltonian systems is vast and far from com-
plete. Some of the basic definitions and results from the theory of dynami-
cal systems are given to put the topic in context. In most cases, the back-
ground theory for ordinary (non-Hamiltonian) equations is given first. The
non-Hamiltonian theory is fairly well documented in the literature, there-
fore the more lengthy proofs are given by referral. See, for example, Chicone
(1999).

8.1 Introduction to Dynamical Systems

Consider an autonomous system of ordinary differential equations of the form

i = f(x), (8.1)

where f : O — R™ is smooth and O is an open set in R™. Let ¢ (t) be
a solution of (8.1) defined for t € (a,w). A geometric representation of a
solution (for a nonautonomous as well as an autonomous system) is the graph
of ¥, {(t,%(t)) : t € (a,w)}, in O x (,w) C R™TL position—time space. See
Figure 8.1. The fundamental existence and uniqueness theorem for differential
equations asserts that there is one and only one solution through a point
& € O when t = tg; so, there is one and only one graph of a solution through
a point (£,t9) € O x R.

Because (8.1) is independent of any ¢, the translate of a solution, ¥ (t —7),
is a solution also. (There is no clock for an autonomous equation and so no
initial epoch.) If one thinks of ¢ as a curve in @ C R™, then all translates of
the solution 1 give the same curve in R™. The parameterized curve ¢ (t) in

K.R. Meyer et al., Introduction to Hamiltonian Dynamical Systems and the N-Body
Problem, Applied Mathematical Sciences 90, DOI 10.1007/978-0-387-09724-4_8,
© Springer Science+Business Media, LLC 2009
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Figure 8.1. Solutions and orbits of © = —z.

R™ is called a trajectory, and the oriented but unparameterized curve ) (t)
is called an orbit. An orbit is the set {i(t) : t € (o, w)} with the orientation
coming from the orientation of (o,w) in R, and a trajectory is the map
¥ : (a,w) — R. In dynamical systems, the geometry of the trajectories/orbits
in R™ is the object of study.

If ¢;(t), © = 1,2, are two solutions with ©1(t1) = wa(t2), then x(t) =
Yot — t1 + t2) is also a solution of (8.1) with x(¢1) = ¥a(t2) = ¥1(t1); so,
by the uniqueness theorem for differential equations, x(t) = ¥o(t —t1 +t2) =
1(t). So if two solutions meet, they are simply time translates of each other
and have the same orbit in O. Thus orbits never cross in O.

Let ¢(t, &) denote the general solution of (8.1) that is the maximal solution
of (8.1) which satisfies ¢(0,&) = ¢ for £ € O.

Lemma 8.1.1. Ift and 7 are such that ¢(1,&) and ¢(t + 7,€) are defined,
then

¢(t> ¢(Tv E)) = (b(t + 7, g) (82)

Proof. Both sides of (8.2) are solutions of (8.1) and are equal to ¢(7, &) when
t = 0. Thus by the uniqueness theorem for differential equations, they are
equal where defined.

Lemma 8.1.2. Let & € O be an equilibrium point; so, f(&) = 0. If
o(t,&") — & ast — t'+ (respectively, t — t'—) and &' # &, then t' = 400
(respectively, t' = —oco.) It takes an infinite amount of time to come to rest!

Proof. Assume not, so t’ is finite. Then 7n(t) = & is one solution through &,
at time ¢’ and so is ¥(t), where ¥(t) = ¢(t,&’) for t < ¢ and ¥(t) = & for
t > t'. But this contradicts the uniqueness theorem for differential equations.

Let g : O — R be smooth and positive, then a reparameterization of the
solutions of (8.1) is defined by



8.1 Introduction to Dynamical Systems 177

dt = g(x)dr, (8.3)
and if ' = d/dr, then Equation (8.1) becomes
2 = f(z)g(x). (8.4)

The solution curves of (8.1) and (8.2) are the same, only their parameteriza-
tions are different.

Lemma 8.1.3. There exists a reparameterization of (8.1) such that all so-
lutions are defined for all t.

Proof. We only prove this theorem when O = R™. Let g(z) = 1/(1+]f(z)]]).
The equation 2’ = f(x)g(z) = h(z) satisfies ||h(z)|| < 1 for all z. A solution
1(t) is either defined for all time or tends to oo in finite-time. But ||¢(¢)]| < 1
implies || (¢)|| < ||¥(0)|| + ¢; so, ¢ must be defined for all ¢.

In the general case when O # R™, one can construct a smooth function
g : O — R such that g(z) — 0 and f(z)g(z) — 0 as z — 0O where 9O is the
boundary of O. By the above argument, the solutions of ' = h(x) = f(z)g(x)
will be defined for all ¢. By defining h(z) = 0 for € O, the equations and
solutions would be defined for all x € R™ also.

Assume that the function f(z) in (8.1) is defined and smooth on all of O
and that all the solutions of (8.1) are defined for all ¢ € R. By the discussion
given above, these assumptions are always valid after a reparameterization,
so these assumptions do not limit the discussion of the geometry of the orbits.
Let ¢(t, &) be the solution of (8.1) that satisfies ¢(0,£) = € and define ¢,(&) =
@(t,&). By this definition and Lemma 8.1.1, the family {¢;} satisfies

¢o = id = the identity map on O, (8.5)
Pt 0 Or = Prir.

This implies ¢, has an inverse ¢_; and so ¢, is a homeomorphism for all ¢. Any
family of smooth mappings satisfying (8.5) defines a dynamical system or a
flow on O. If (8.1) is a Hamiltonian system of equations, then ¢, is symplectic
for all ¢ by Theorem 6.1.2. In this case, the family of smooth maps ¢; defines
a Hamiltonian dynamical system or a Hamiltonian flow. Sometimes the name
dynamical system is used even if the solutions are not defined for all .

A trajectory ¢:(&0) = ¢(t,&p) is periodic if there is a T # 0 such that
Pt +T,&) = é(t, &) for all t € R. The number T is called a period, and the
least positive T is called the period.

Two dynamical systems ¢; : O — O and 9, : Q — Q are (topologically)
equivalent if there is a homeomorphism A : O — Q that carries orbits of ¢
onto orbits of ¥; and vice versa. Usually it is required to preserve the sense or
orientation of the orbits also. Thus two dynamical systems are equivalent if
the geometry of their orbits is the same, but the timing may not be the same.
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The homeomorphism will take equilibrium points to equilibrium points and
periodic orbits to periodic orbits. The dynamical systems defined by the two
harmonic oscillators & = w;y, ¥ = —w;x, 1 = 1,2 w; > we > 0 are equivalent,
because the identity map takes orbits to orbits, but because their periods
are in general unequal, they would not be equivalent if the parameterization
were required to be preserved.

Lemma 8.1.4. ¢:(&o) is periodic with period T if and only if ¢ (&) = &o.

Proof. Tt ¢+(&p) is periodic, then set ¢ = 0 in ¢(t + T,&) = ¢(t,&0) to get
H(T, &) = ¢(0,80) = &o- If ¢r(&0) = &o, then apply ¢; to both sides and
apply (8.5) to get ¢(t + T, &0) = ¢t 0 o7 (€0) = ¢e(60) = d(2, o).

An invariant set is a subset ) C O such that if £ € @, then ¢(¢,£) € Q
for all ¢. That is an invariant set is a union of orbits.

A linear equation © = Az, A a constant m X m matrix, defines a linear
dynamical system 1);(z) = e’z on R™. If A is a Hamiltonian matrix, then
the map is a symplectomorphism. The origin is an equilibrium point. If zy =
ug + ivg is an eigenvector corresponding to a pure eigenvalue A\ = iw, w # 0,
then ey is a 27 /w periodic solution. In fact, the two-dimensional real linear
space span {u, v} is filled with 27 /w periodic solutions.

If none of the eigenvalues of the matrix A are pure imaginary, then the
matrix A is called hyperbolic, and the equilibrium point at the origin is
called hyperbolic also. If all the eigenvalues of A have real parts less (greater)
than zero, then the e*r — 0 as t — +oo (respectively as t — —oo) for
all . Neither of these cases happens for a Hamiltonian matrix A because
the eigenvalues of a Hamiltonian matrix are symmetric with respect to the
imaginary axis. If A has k eigenvalues with negative real parts and m —
k eigenvalues with positive real parts, then by the Jordan canonical form
theorem there is a nonsingular m x m matrix P such that P71AP = A’ =
diag(B, C), where B is a k x k matrix with eigenvalues with negative real
parts, and C' is an (m — k) x (m — k) matrix with eigenvalues with positive
real parts. The matrix P can be thought of as the matrix of a change of
variables, so that in the new variables, A has the form A’ = diag(B, C). Thus
in this case A preserves the splitting R™ = R* x R™~F; i.e., the coordinate
planes R* x {0} and {0} x R™~* are invariant sets. If z € R* x {0}, then
eNtr — 0 as t — 400, and if z € {0} x R™ ¥, then eA"z — 0 as t — —o0.
Figure 8.2a indicates the orbit structure for the hyperbolic, symplectic matrix
A’ = diag(—1,+1).

If all the eigenvalues of the matrix A are pure imaginary and A is simple
(diagonalizable), then A is called elliptic, and the equilibrium point at the ori-
gin is called elliptic. By the Jordan canonical form theorem, there is a nonsin-
gular, m x m matrix P such that P~1AP = A’ = diag(wyJ,...,wJ,0,...,0)
where J is the 2 x 2 matrix
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Then €4 = diag(R(wit), ..., R(wkt),1,...,1), where R(f) is the rotation
matrix

R(0) = [

Figure 8.2b indicates the orbit structure for the elliptic, symplectic matrix
R(6).

cosf sinf
—sinf cosf |’

s
N/

(a) hyperbolic (b) elliptic

Figure 8.2. Linear dynamical systems.

If p is an equilibrium point for the nonlinear equation (8.1), then the
equation & = Az, where A = Df(p) = 0f(p)/0x, is called the linearization
of (8.1) at p. The equilibrium point p is called hyperbolic or elliptic as matrix
A is called.

A famous theorem of Hartman (1964) says that the flow near a hyperbolic
equilibrium point is equivalent to a linear flow. That is, if p is a hyperbolic
equilibrium for (8.1), then there are neighborhoods O of p and Q of the
0 € R™ and a homeomorphism h : O — Q such that h maps orbits of (8.1)
onto orbits of £ = Azx. No such theorem is true for elliptic equilibrium points.

8.2 Discrete Dynamical Systems

Closely related to differential equations are diffeomorphisms that define dis-
crete dynamical systems. Because discrete dynamical systems are first intro-
duced in this section, several examples are given.

8.2.1 Diffeomorphisms and Symplectomorphisms

A map ¥ : O — R™, O open in R™, is a diffeomorphism if ¢ is differentiable
and has a differentiable inverse. In particular a diffeomorphism is a homeo-
morphism of O onto (O). In many cases it is required that 1 take O into
0,9¥(0) = O, in which case 9 is said to be a diffeomorphism of O. Let k be a
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positive integer, and let ¢¥* = o o... 01, k times, be the k" composition
of 1 with itself. So 1! = 1. Define ¥)° = id, the identity map (id(z) = x) and
Wk =4 Toyp ™ o-.-09p!, k times, be the kth composition of 1)~1, the
inverse of 1. If 1 is a diffeomorphism of O, then ¥ is defined for all k£ and is
a diffeomorphism of O for all k. In general ¢)* may be defined for some k and
on only a part of O. In either case, it is easy to verify that *T5 = ¥ o ¢*
whenever the two sides are defined. If ¥ is a symplectic diffeomorphism, then
1) is called a symplectomorphism.

A discrete dynamical system is simply a diffeomorphism % of a set O. A
discrete Hamiltonian dynamical system is simply a symplectomorphism of a
set O. If we let Z be the integers and ¥ (k, &) = *(€), then ¥ : ZxR™ — R™
is analogous to the general solution of a differential equation. In fact ¥(k,£)
is the general solution of the difference equation z(k+1) = v (x(k)), z(0) = &.

The set {"(p) : —00 < n < 400} is called the orbit of the point p. A
point p € O such that ¢ (p) = p is called a fixed point (of ¢), and a point
p € O such that ¥ (p) = p, for some positive integer k, is called a periodic
point (of 7)), and k is called a period. The least positive integer k such that
Y*(p) = p is called the period.

Two discrete dynamical systems ¢ : O — O and ¢ : Q — Q are (topolog-
ically) equivalent if there is a homeomorphism h : O — Q that carries orbits
of ¢ onto orbits of 1 and vice versa. This is the same as ho ¢ =1 o h.

A nonsingular linear map x — Az, A a constant m X m matrix, defines
a discrete dynamical system ¢ (z) = Az on R™. If A is a symplectic matrix,
then the map is a symplectomorphism. The origin is a fixed point. If x( is
an eigenvector corresponding to an eigenvalue A which is a kth root of unity,
M =1, then zg is a period point of period k, because A¥zy = \ezy = zo.

If none of the eigenvalues of the matrix A have modulus 1, then the matrix
A is called hyperbolic, and the fixed point at the origin is called hyperbolic
also. If all the eigenvalues of A have modulus less (respectively, greater) than
one, then A"z — 0 as n — +oo (respectively, as n — —oo) for all z. Neither
of these cases happens for a symplectic matrix A. If A has k eigenvalues with
modulus less than 1 and m — k eigenvalues with modulus greater than 1,
then by the Jordan canonical form theorem, there is a nonsingular, m x m
matrix P such that P~1AP = A = diag(B, C), where B is a k x k matrix with
eigenvalues of modulus less than 1, and C'is an (m —k) x (m — k) matrix with
eigenvalues of modulus greater than 1. The matrix P can be thought of as the
matrix of a change of variables, so that in the new variables, A has the form
A = diag(B, C). Thus in this case, A preserves the splitting R™ = R¥ x R"™~*;
i.e., A carries the coordinate plane R¥ x {0} into itself and the coordinate
plane {0} x R™~* into itself. If x € R* x {0}, then A"z — 0 as n — 400
and if z € {0} x R™~F then A"z — 0 as n — —oo. Figure 8.2a indicates the
orbit structure for the hyperbolic, symplectic matrix A = diag(1/2,2), but
now remember that an orbit is a sequence of discrete points not a continuous
curve.
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If all the eigenvalues of the matrix A have modulus 1 and A is diago-
nalizable, then A is called elliptic and the fixed point at the origin is called
elliptic. By the Jordan canonical form theorem there, is a nonsingular, m xm
matrix P such that P~AP = A = diag(R(61),...,R(6k),*1,...,+1) where
R(0) is the rotation matrix

cos 6 sin 6
R(0) = |:Sin0 cosﬂ}

or the reflection matrix

cos20 sin260
R(9) = [Sin 20 — cos 29} ’

A is the direct sum of rotations and reflections. Figure 8.2b indicates the
orbit structure for the elliptic, symplectic matrix R(f), but now remember
that an orbit is a sequence of discrete points not a continuous curve.

If 9 is a general nonlinear diffeomorphism with fixed point p (respectively,
periodic point p of period k), then p is called hyperbolic or elliptic as matrix
D(p) (respectively, Di*(p)) is called.

A famous theorem of Hartman (1964) says that near a hyperbolic fixed
point, a diffeomorphism is equivalent to its linear part. That is, if p is a
hyperbolic point for ¢, then there are neighborhoods O of p and Q of the
0 € R™ and a homeomorphism h : O — Q such that h maps orbits of ¥ onto
orbits of z — Ax. No such theorem is true for elliptic fixed points.

8.2.2 The Henon Map

The Henon map is the quadratic map of R? into itself defined by H : (z,y) —
(2',y'), where

=a-y-2a®  w=y,

(8.6)
y =z, y=a—a' +y°?
and « is simply a parameter. The map is one-to-one and onto because its
inverse is a quadratic map also. The Jacobian of this map is clearly +1, so the
map is area-preserving, and (8.6) defines a discrete Hamiltonian dynamical
system.

The Henon map has fixed points at (1 +v1l—a),l+/1- a). The one
at (1 +vV1—-—a,1++/1—- a) is hyperbolic for all a < 1, and the one at
(1-v1—a, 1-+/1-a)iselliptic for 0 < o < 1 and hyperbolic for a < 0.
The Henon map has been extensively studied by computer simulation.
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8.2.3 The Time T Map

If ¢(t, &) is the general solution of the autonomous differential equation & =
f(z), then for a fixed 7 the map ¢ : £ — ¢(7,€) is a diffeomorphism because
its inverse is 71 : € — ¢(—7,€). It is called the time 7 map. If the differential
equation is Hamiltonian, then % is a symplectomorphism.

Let p be a fixed point of ¥, ¥(p) = ¢(r,p) = p. Then by Lemma 8.1.4
p is an initial condition for a periodic solution of period 7. In a like manner
a periodic point of period k is an initial condition for a periodic solution of
period k7. This example is somewhat artificial because the choice of 7 was
arbitrary. There is no clock in an autonomous system.

The harmonic oscillator ¢ = H/0p = wp, p = —0H/0q = —wq, H =
(w/2)(q? + p?) defines the discrete Hamiltonian system

q coswT sinwTt | | q
{p} - {—Sian COSu)T:| [p] ’ (8.7)
a rotation of the plane by an angle wr. The origin is an elliptic fixed point
for this system.

8.2.4 The Period Map
Consider a periodic differential equation
T = f(t,x), fE+7z)=f(tz), >0. (8.8)

Let ¢(t,€) be the general solution; so, ¢(0,&) = £. The mapping ¢ : £ —
o(1,€) is called the period map (sometimes the Poincaré map). If Equation
(8.8) is defined for all z € R™ and the solutions for all ¢, 0 < t < 7, then ¢
defines a discrete dynamical system; and if the equation is Hamiltonian, then
1) defines a discrete Hamiltonian system. By the same argument as above, a
fixed point of v is the initial condition of a periodic solution of period 7, and
a periodic point of period k is the initial condition of a periodic solution of
period k.

A natural question to ask is whether all diffeomorphisms and symplec-
tomorphisms are time 7-maps of autonomous equations or period maps of
periodic systems. Later we show that time 7-maps are much simpler than
general diffeomorphisms but that period maps are essentially the same as
diffeomorphisms.

A diffeomorphism 1) : R™ — R™ is isotopic to the identity through dif-
feomorphisms if there exists a smooth function @ : [0, 7] x R™ — R™ such
that for each t € [0, 7] the map ®(¢,) : R™ — R™ is a diffeomorphism and
$(0,¢) = ¢ and &(7,€) = P(&) for all £ € R™. There is a similar definition
where diffeomorphism and m are replaced by symplectomorphism and 2n
throughout. The period map %(§) = ¢(7,£) of a periodic system is clearly
isotopic to the identity through diffeomorphisms. In fact:
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Theorem 8.2.1. A necessary and sufficient condition for a diffeomorphism
1 : R™ — R™ to be isotopic to the identity through diffeomorphisms is that
Y is the period map of a periodic system of the form (8.8). Also if v is
isotopic to the identity through symplectomorphisms, then Equation (8.8) is
Hamiltonian.

Proof. First a little trickery with smooth functions. The function « defined
by a(t) = 0 for t < 0 and «(t) = exp(—1/t) for t > 0 is a smooth function. (It
is an easy argument to show that the right and left derivatives of «a are zero
at t = 0 by I'Hopital’s rule.) The function 8(t) = a(t — 7/3)/(a(t — 7/3) +
a(27/3 —t)) is smooth, and §(t) =0 for ¢t < 7/3, and B(¢t) =1 for t > 27/3.

Let @ : [0,7] x R™ — R™ be the isotopy. Define =(t,&) = @(3(t),€); so,
Z(t,-) is the identity map for 0 < t < 7/3 and is the diffeomorphism ) for
27/3 <t < 7. Let X(t,n) be the inverse of Z(¢,£); so, X (¢, Z(t,£)) = £. Now

0= 0= — -
E(tag) = E(LX(tv‘:(t’g))) = F(t’:(t7£))a
where 9z
F(t,z) = E(t,X(t,x)).

So =(t,€) is the general solution of & = F(¢,z). Because = is constant in ¢
for 0 <t <7/3 and 27/3 <t <7, F is identically zero for 0 < ¢t < 7/3 and
27/3 <t < 7. Therefore, the T—periodic extension of F is smooth. Thus = is
the general solution of a 7—periodic system, and 1 is a period map because
Y(&) = E(1,&). If @ is symplectic, then F' is Hamiltonian by Theorem 6.1.2.

For example, let ¢(z) = Az + g(x), where ¢g(0) = 9¢(0)/0x = 0; so, the
origin is a fixed point. If A has a logarithm, so A = exp B, then &(t,x) =
exp(Bt) + tg(z) is an isotopy through diffeomorphisms near the origin.

For a symplectic map you must be a little more careful. First, if ¢/(z) =
x4 ¢'(z), where ¢’(0) = 9¢’(0)/0x = 0, then by Theorem 6.2.1, ¢ : (q,p) —
(Q, P), where ¢ = 8S(p,Q)/dp, P = 8S(p,Q)/9Q, S(p, Q) = p" Q + s(p, Q),
where s is second order at the origin. Then S(t,p, Q) = pYQ + ts(p, Q) gen-
erates an isotopy to the identity through symplectomorphisms for ¢, &' (¢, );
(i.e., (1,-) = ¢ and @(0,-) = identity). Now if ¢(z) = Az + g(x) write
Y(z) = A(x+ ¢'(x)), and an isotopy for ¢ is P(t,x) = exp(Bt)P'(t,x), where
B is a Hamiltonian logarithm of A.

8.2.5 The Convex Billiards Table

Let I" be a smooth, closed, convex curve in the plane. Imagine a point moving
in the interior of I' like a billiard ball on a table with boundary I'. In the
interior, the point moves on a straight line and is reflected off the boundary
by Snell’s law of reflection: the angle of incidence is equal to the angle of
reflection. Let the curve I' be parameterized by arc length s measured from
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a fixed point on the curve in the counterclockwise direction. Because the
curve is closed, the parameter s can be considered as an angle. A contact
of the moving point (the billiard ball) with the boundary curve I' can be
coordinatized by s, the point of contact, and «, the angle of incidence. The
angle of incidence « is measured by the sign convention shown in Figure 8.4;
s0, 0 < a < 7. Thus the contacts are parameterized by the points (s, ) in
the annulus A = I' x (0, 7). Define a map B : A — A that takes a contact
(s, @) to the next contact (s', ') as shown in Figure 8.4. Let £ be the length of
the path of the moving point between successive contacts (s,a) and (s',a/).
Then d¢ = cos o ds — cos o ds’. Because d?¢ = 0, sinada Ads = sino’a A ds’
or deAds = dc Nds', where ¢ = cosa and ¢’ = cos . Thus if we use the arc
length s and the cosine of the angle of incidence, ¢ = cos «, as coordinates,
the billiards map B is area-preserving and defines a discrete Hamiltonian
system on the annulus I" x (—1,1). A periodic point of this map corresponds
to a closed path of the billiard ball.

Figure 8.3. The billiard table.

8.2.6 A Linear Crystal Model

The following mechanical system was suggested as a model for a one-
dimensional crystal. Consider an infinite wire bent into the shape of the
sine curve {(z,y) € R? : y = (k/2m)sin(27z)}, where k& > 0 is simply a
parameter. The wire is placed parallel to the ground, the z—axis, so that
the force of gravity acts in the negative y—direction as shown in Figure 8.4.
On this wire there are a countable number of beads (atoms) that can slide
freely without friction, but each is subjected to the force of gravity and a
linear attractive force to its nearest neighbors. The attractive force is not
proportional to the distance between the beads, but to the projection of the
distance on the x—axis. The problem is to find the equilibrium states of the
system.

Let (x;,9:), yi = (k/27m)sin(27x;) be the position of the ith bead, and
so the sequence {x;}°° represents the state of the system. The physical
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(xjs)'lz}

(x3,¥3)
(‘xiﬂyl)

Figure 8.4. Crystal model.

assumptions imply that the total force on the ith bead, f;, is
fi= (i1 — ;) + (Tig1 — @) + kcos(2ma;). (8.9)

The three terms in (8.9) are the forces on the ith bead due to the bead on
the left, the bead on the right, and the force due to gravity, in that order. At
an equilibrium state f;41 = f; or

(xi — .131‘4_1) + (1‘1’4_2 — xi-i—l) + kcos(27mji+1) (810)
= (-1 — ;) + (Tig1 — x;) + kcos(2ma;).
Define the local energy or generating function by

1 k
h(ﬂji,ﬂji+1) = 5(1’7;4_1 — Il) —+ % Sin(27‘('131') (811)

and the total energy by the formal sum
H =" h(zi,zi41). (8.12)

The formal condition for a critical point of H, VH = 0, gives

— Dih(xi, xi41) + Doh(xi—1, 2;) =

0, (8.13)
—(xi41 — i) — kcos(2mx;) + (x; —x4-1) =0,
for all i. Here, and below, D;, i = 1,2 denotes the partial derivative with
respect to the ith argument. Subtracting one of the equations in (8.13) from
the next gives (8.10). So a formal solution of VH = 0 is an equilibrium state.
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Consider h as a generating function defining an area-preserving mapping
(see Theorem 6.2.1) T: R xR - R xR : (z,y) — (2/,y), where

y = —Dih(x,2), (8.14)
y' = Doh(z,2").

From the form of h, it follows that if T'(z,y) = (2/,y'), then T(z + 1,y) =
(' + 1,y’) and vice versa. So T is well defined when the first argument is
defined modulo 1, or we can consider T as a map of S! x R, where S! = R/Z.
It can be shown that T is one-to-one and onto.

The interesting fact about T is that a T-orbit defines an equilibrium state
for the crystal model. In fact we have:

Theorem 8.2.2. {x;}>_ is an equilibrium state; i.e., satisfies (8.9), if and

only if {(zi,y:)}>° is a T-orbit.

Proof. T(x;,y;) = (Tit1,yi+1) for all ¢ if and only if y; = —D1h(z;, z;41) and
Yir1 = Doh(w;, 2i41) for all 4 if and only if —Dih(w;, zi41) = yi = Doh(zi-1,
x;) for all 7 if and only if {x;}>° satisfies (8.13) or {z;}>° is an equilibrium
state.

These last two examples are area-preserving mappings of the annulus
S! x R, where St = R/Z. The rich theory of these maps is the topic of the
Chapter 14.

8.3 The Flow Box Theorem

This section investigates the local flow and local integrals near a nonequilib-
rium point. Consider first an ordinary differential equation

i = f(@), (8.15)

where f is smooth on O, an open set in R™, and let ¢(¢,£) be the solution
of (8.15) such that ¢(0,&) = £. The analogous results for diffeomorphism are
developed in the Problem section. A point r € O is an ordinary point for
(8.15) if f(r) # 0, otherwise r is a critical point, an equilibrium point or a
rest point.

Theorem 8.3.1 (The flow box theorem). Let r € O be an ordinary point
for (8.15), then there exists a change of coordinates y = (x) defined near r
such that in the new coordinates, Equations (8.15) define a parallel flow; in
particular, the equations become

=1 ;=0 i=2,...,m. (8.16)
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Proof. Let r be the origin in R™. Because f(0) = a # 0, one component
of a is nonzero, say a; # 0. The solutions cross the hyperplane z; = 0
transversely, and so the new coordinates will be the time from the crossing
of this hyperplane and the n — 1 coordinates where the solution hits the
hyperplane; see Figure 8.5. That is, define the change of variables by

$:¢(91a0,y2,93,-~-7yn)- (817)

Inasmuch as ¢(0,&) = &, %(07 0) = I, and so

a1 0---0

61‘ a21...0

—(0) = 8.18

WO ) (&1
an 0 -1

which is nonsingular because a; # 0. Thus (8.17) defines a valid change of
coordinates near 0. The first variable, y1, is time; so, ¢ = 1 and the variables
Y2, ..., Yn are initial conditions; so, ¥y = y3 = --- =y, = 0.

Figure 8.5. The flow box.

A set of smooth functions Fi, ..., Fj defined on O C R™ are independent
at r € O if the vectors VFy(r),..., VFi(r) are linearly independent.

Corollary 8.3.1. Near an ordinary point, the system (8.15) has m — 1 in-
dependent integrals.

Proof. In the y coordinates, s, . . . , Y., are constants of the motion and clearly
independent.

Assume that (8.15) admits an integral F'(z), where F' : O — R is smooth
and I is nondegenerate at r € O; i.e., VF(r) # 0.
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Theorem 8.3.2. If (8.15) admits a nondegenerate integral F at v € O,
where T is an ordinary point for (8.15), then the flow box coordinates given
in Theorem 8.3.1 can be chosen so that F(y) = ya.

Proof. Let y' be the coordinate system given by Theorem 8.3.1. Because
F is an integral, F' is independent of yj, and because F' is nondegenerate
OF(0)/0y; # 0, for some ¢ = 2,...,m, say for i = 2. Change coordinates by
yi=vy, fori=1,3,4,...,mand yo = F(y5,...,Yp,)-

Consider a Hamiltonian system
2=JVH(z), or (8.19)
q = Hp7 p = 7an
where z = (¢,p) and H is a smooth function defined on the open set O C R".

Theorem 8.3.3 (The Hamiltonian flow box theorem). Let r € O C
R2™ be an ordinary point for (8.19), then there exist symplectic coordinates
{y} defined near r such that the Hamiltonian becomes H(y) = yn+1, and the
equations of motion become

o0H

B ayn-l-l

o =1, §;=0 for i=2,...,2n. (8.20)

Proof. Again let r be the origin in R?". Make a linear symplectic coordinates
change so that JVH(0) = (1,0,...,0) (see the Problems section). Let ¢ =
q(t,&,n), p =p(t, &, n) be the general solution of (8.19) with g(0,£,7) = £ and
q(0,&¢,mn) = n. For small values of ¢, these functions can be inverted to give
E=¢&(t,q,p), n =T7(t, q,p). Because JVH(0) = (1,0,...,0), we can solve the
equation & (¢, ¢,p) = 0 for ¢ to give t = t(q, p).

Define the new coordinates by

Y1 = %((Lp)a Yn+1 = H(Q7p)7
(8.21)

Yi :fl(i(Qap)vébp)) Yn+i :ﬁz(E(Q7p)7Q7p)a 1227771

By Theorems (6.1.2) and (6.1.3), for fixed ¢, {¢;,&;} = {7;,7;} = 0 and
{&,7,;} = dij. Now check that (8.21) is symplectic. Let 2 < i,j < n.

i dy; Oy; Oy; 0y;
{yi,yj}z( vi 0u; _ O y) (8.22)

— \9qx Opr.  Opk Ok

_k <\ 0t Oq  Oqi ot Opr ~ Opk

(Fo (%,
ot Opr,  Opk ot 0q,  Oqy
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- " |0¢;, [ ot 9, ot OE;
=@+ |5 s~ oy
— Q. Opk - Opr. Oy,

3 (8t8§i ot agi)
ot \0quOps  Opr Oq

— = 0. — . 9&. _ _ 9\ !
— ©E) - [;;{fl,sj} - ;;{sl,si}] () -o

The simplification from the second to last line, follows by the identities
Ot/0qn = —(9¢,/0qr)/(0€,/0t) and Ot/dpr = —(0&1/0pk)/(9€,/0t). In a
similar way, {y;,y;} = 0 when n+2 < ¢,j < 2n and {y;, Yn4;} = 0;; for
1=1,...,n

{y1,v14n} = {t,H} = 1 because the time rate of change of ¢ along a
solution is 1. Because £; and 7, are integrals and y;,, = H, it follows that
{Yi, y14nt =0for i =2,...,2n.

Let 2 <4 <n. Then

" /0t Oy Ot Oy
{yhyi}:Z( Y y)

— \ dq Opr.  Opr, a
" [ Of [OF, O a§i> ot (agi ot agi)]
_ 9 A (T R .
a [8qk <8t oor oo ) opn \ ot 0qr T 0g )| (823
—1

- (at‘% o a§> {51,5}<351> 0.
k=1

dqr, Opr.  Ipx Oy,

In a similar manner {y1,y;} =0fori=n+2,...,2n.

For an alternate proof see Moser and Zehnder (2005).
A set of smooth functions Fi, ..., Fj, defined on O C R?" are in involution
if {F;, F;} =0for 1<i,j<k.

Corollary 8.3.2. Near an ordinary point in the Hamiltonian system (8.19)
has n independent integrals in involution.

Proof. In the coordinates of Theorem 8.3.2, the coordinates 7q,...,n, are
independent integrals in involution.

Return to the ordinary Equation (8.15) for the moment. The construction
of the coordinate system of Theorem 8.3.1 requires the complete solution of
the equations. In this case, m — 1 integrals are known. In many cases some
but not all the integrals are known, in which case some simplification of the
system is possible.

Theorem 8.3.4. Assume that Equation (8.15) has k, 1 < k < m, integrals
that are independent at some point r € O C R™. Then locally the equations
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can be reduced to an (m — k)-dimensional system that depends on k parame-
ters. Moreover, this reduction does not require the complete knowledge of the
solutions as in Theorem 8.3.1.

Proof. Let r be the origin and Fi, ..., Fj be the integrals. Because they are
independent, the Jacobian (0F;/0x;) has a nonzero subdeterminant of size
k X k; assume that it is the subdeterminant with 1 < 4, j < k. Change
variables by
yi=Fi(x) fori=1,...,k
(8.24)
Yi = T; fori=k+1,...,n.

It is clear that this transformation has a nonsingular Jacobian at the origin
and so defines a valid change of coordinates. Because y1, . . ., yx are integrals,
the equations in the new coordinates are of the form

v, =0 fori=1,...,k
(8.25)
ylzgl(yhaym) fori:k+1a"'vm'
The first k equations integrate to give y; = «;, a constant, for i = 1,... k.

Substituting these constants into the remaining equations gives an (m — k)-
dimensional system with k parameters.

Consider the Hamiltonian system (8.19) again. If H is independent of one
coordinate, say ¢;, then p; = 0H/0q; = 0 or p; is an integral. Similarly if
H is independent of p;, then ¢; is an integral. If H is independent of one
coordinate, then it is called an ignorable coordinate, and its conjugate is an
integral.

Let ¢; be ignorable; so, p; is an integral, and p; = a, a constant. When the
variable p; is replaced by the parameter a in (8.19), the equations in (8.19)
are independent of ¢; and p,. The equations for go, ..., ¢y, p2,...,p, are the
equations of a Hamiltonian system of n — 1 degrees of freedom that depend
on a parameter «. If these equations are solved explicitly in terms of ¢, these
solutions can be substituted into the ¢; equation and g; can be determined
by a single integration or quadrature. Thus an ignorable coordinate reduces
the equations to a system of equations of n — 1 degrees of freedom containing
a parameter and a quadrature.

In Hamiltonian systems, an integral gives rise to an ignorable coordinate
and many integrals in involution give rise to many ignorable coordinates.

Theorem 8.3.5. Let Fiy,...,Fr, 1 < k < n, be smooth functions on O,
which are in involution and independent at a point r € O C R?™. Then there

exist symplectic coordinates (§,m) at r such that in these coordinates F; = n;
fori=1,... k.

Proof. This theorem is left as an exercise. Use induction on k, the number of
functions.
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Theorem 8.3.6. Assume that the Hamiltonian system (8.19) has k integrals
Fy, ..., Fy, in involution which are independent at some point r € O. Then
there exist symplectic coordinates &, n such that &1, ...,&k are ignorable. So
the system can be reduced locally to a Hamiltonian system with n — k degrees
of freedom depending on k parameters and k quadratures.

For the N-body problem in Jacobi coordinates (see Section 5.3) the three
components of the center of mass g = (miq1 + -+ + mygn)/M are ignor-
able, and the conjugate momenta are the three components of total linear
momentum, G = p; + --- + py. Jacobi coordinates effect a reduction in the
number of degrees of freedom by 3.

The planar Kepler problem admits the z component of angular momen-
tum as an integral. In polar coordinates r,6, R,© of Section 5.3, 6 is an
ignorable coordinate, and its conjugate momentum, ©, angular momentum,
is an integral.

8.4 Noether’s Theorem and Reduction

The last section discussed integrals in involution, but the classic three com-
ponents of angular momentum are not in involution. Also all the results are
local results. A complete discussion of the general case where there are global
integrals that are not in involution requires a lot of symplectic geometry that
would require a long premature digression. Therefore, only the classical cases
are considered here.

8.4.1 Symmetries Imply Integrals

Let v; be a Hamiltonian flow on R?"; so,

i) For fixed ¢, the map 1; : R?" — R2" is symplectic.
ii) ¥g = id, the identity of R?".
iil) ¥y 0 s = Py for all £, s € R.

By Theorem 6.1.2, 9(t,£) = ¢(§) is the general solution of a Hamiltonian
system & = JVF(x), where F : R*" — R is smooth.

Consider a Hamiltonian H(x). Then 1, is a symplectic symmetry for the
Hamiltonian H if

H(z) = H(¥(t, x)) = H(¢(x)) (8.26)
for all z € R?" and all t € R.
Theorem 8.4.1 (Noether’s theorem). Let 1); be a symplectic symmetry

for the Hamiltonian (8.26). Then F is an integral for the Hamiltonian system
with Hamiltonian H.
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Proof. Differentiate (8.26) with respect to ¢ to get
OH((t, x)) 0y(t, x)

0= or ot
_ OH(2)) IR 2)
or or

={H, F}(y(t, z)).

Consider the N-body problem with coordinates z = (¢q,p) € RN, The
Hamiltonian 2.5 is invariant under translations. That is, if b € R3, then v, :
(q1,---,aN,D1,---,PN) — (g1 + th,...,qn + tb,p1,...,pN) is a symplectic
symmetry for the N-body problem. The Hamiltonian that generates v; is
F = b"(p1 + -+ pn). So by Noether’s theorem, F' = b%(p; + -+ + pn)
is an integral for all b, and so linear momentum, L = p; + --- + py, is an
integral for the N-body problem. In general translational invariance implies
the conservation of linear momentum.

Let G be the subgroup of Sp(6N,R) consisting of all matrices of the
form T = (A,..., A), where A € SO(3,R) (the special orthogonal group or
group of three-dimensional rotations). Then the Hamiltonian H of the N-
body problem, (2.5), has G as a symmetry group. That is, H(Tx) = H(x)
for all T € G. This simply means that the equations are invariant under a
rotation of coordinates. The algebra of Hamiltonian matrices, A, for G is the
set of all Hamiltonian matrices of the form B = (C,...,C), where C'is a 3x 3
skew symmetric matrix. So et € G, and H(x) = H(eP!z) for all x € R?"
and t € R. Thus 9;(z) = Pz is a symplectic symmetry for the Hamiltonian
of the N-body problem. The Hamiltonian that generates v;(z) = eBlz is
F=3%", q! Cp;, and so by Noether’s theorem it is an integral for the N-
body problem. If we take the three choices for C' as follows,

0 00 001 010
00 1], 0oo0o0|, |[-100], (8.27)
0-1 0 ~100 000

then the corresponding integrals are the three components of angular mo-
mentum. So the fact that the Hamiltonian is invariant under all rotations
implies the law of conservation of angular momentum.

8.4.2 Reduction

Symmetries give rise to further reductions. In the first example, the Hamilto-
nian of the N-body problem is invariant under translations, and so linear mo-
mentum is invariant. Holding linear momentum fixed, say equal zero, places
three linear constraints on the system; so, the space where linear momen-
tum is fixed is a (6N — 3)-dimensional subspace of R®V. But two configura-
tions of the IV bodies that are translations each other can be identified; i.e.,
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(Q17 <o qNyPLy - 7pN) and (Q1 + b7 <o gN + bapla v 7pN) can be identiﬁeda
where b is any vector in R?. Making this identification reduces the dimension
by another three dimensions, making the total space (6N — 6)-dimensional.
This space is called the reduced space.

The easiest way to do the reduction just discussed is to use the Jacobi
coordinates given in Section 7.1. The variable gy is the center of mass, and
all the other position coordinates u1,...,uy are relative coordinates; so, the
identification given above gives

(gN+b,’ll,1,.--,'LLN,GN,’Ul,...,'UN)N(gN,’ltl,.-.,'LLN,Gn,’Ul,...,’UN).

A representative of the equivalence class is (0,u1,...,un,GnN, V1,...,UN);
i.e., set where the center of mass is at the origin. Linear momentum, Gy,
is an integral. So the reduction discussed above is accomplished by setting
gn = 0 and fixing Gy, say to zero. The problem is described by a Hamiltonian
on an even-dimensional space, the reduced space. The Hamiltonian on the
reduced space is (7.6) with gy = G = 0. Note that the problem is not
Hamiltonian when just the integrals of linear momentum are fixed, but it is
when these integrals are fixed and points are identified by the translational
symmetry.

Now consider the SO(3,R) symmetry that gives rise to the angular mo-
mentum integrals. There are three angular momentum integrals that are in-
dependent except at the origin. Consider the subset, M C R®V, of phase
space where angular momentum is some fixed, nonzero vector V. This is a
(6N — 3)-dimensional space (submanifold) that is invariant under the flow
defined by the N-body problem. Not all rotations leave M fixed, only those
that are rotations about V. That is, let G be the subgroups of G, and hence
of Sp(6N,R), consisting of all matrices of the form T = (A4,..., A) where
A € SO(3,R) and AV = V (rotations about V). G is the same as (iso-
morphic to) SO(2,R), rotations of the plane. This can be seen by changing
coordinates so that V' is along one of the coordinate axes. G and SO(2,R) are
one-dimensional, because they can be parameterized by the angle of rotation.

Clearly, if T € G, then T leaves M invariant; so, two points, z,z’ € M can
be identified if Tz = 2’; i.e., if one configuration can be rotated into the other
by a rotation about V. Let B be the identification space M/ ~, where z ~ 2’
when z € Tz’ for some T € G. It turns out that M is (6N — 3)-dimensional,
and B is (6N — 4)-dimensional. The interesting fact is that B is symplectic,
and the flow of the N-body problem is Hamiltonian on B; i.e., there are local
coordinates on B that are symplectic, and the equations of motion of the
N-body problem are Hamiltonian. (Technically, B is a symplectic manifold.)

The two reductions can be done together. The N-body problem is a first-
order system of differential equations in a 6N-dimensional space R%V. The
first reduction of placing the center of mass at the origin and fixing linear
momentum reduces the problem to a linear subspace of dimension 6N — 6.
Fixing angular momentum reduces the problem to a (6N — 9)-dimensional
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space, M. Identifying configurations that differ by a rotation about the an-
gular momentum reduces the problem to the reduced space B of dimension
6N — 10. This last operation is classically called the elimination of the node.
The reduced N-body problem is a time-independent Hamiltonian system
on the symplectic space B. Two further reductions can be accomplished by
holding the Hamiltonian (energy) fixed and eliminating time to get a nonau-
tonomous system of differential equations of order 6N — 12. The reduction
of the N-body problem is classical, with the elimination of the node due to
Jacobi. The general results about the symplectic nature of the reduced space
are in Meyer (1973) and Marsden and Weinstein (1974).

The proofs of all the facts about the reductions, symplectic manifolds,
etc., would require a long digression, but a treating of a special case will
whet the reader’s interest. The reader is referred to the original articles or to
Abraham and Marsden (1978) for the complete discussion. Let us consider
the planar 3-body problem. Recall from Section 7.1 that the Hamiltonian
of the 3-body problem in Jacobi coordinates with the center of mass at the
origin and linear momentum equal to zero is

g vl el momy moms mams (g o)
2My - 2My o lual o flue + aoua ]l Juz — aan]
where
M1 _ mimo ’ M2 _ mz(ml + mo) ’
m1 + myo mo +mq + my
(8.29)
m mo
0y = —————, o = ———.
mi + mg my + mo

This affects the first reduction. Putting this Hamiltonian in polar coordinates
gives

momsi

1 1
H=oup (R O/} + g (R + (O3/r8)} + = (830)
moms
V3 + a2r? — 2agri7 cos(02 — 67)
mimso

V73 + adr? + 2a17i79 cos(fz — 0;) .

Because the Hamiltonian depends only on the difference of the two polar
angles, make the symplectic change of coordinates

¢1 =0y — 01, Oy = —05 + 204,
(8.31)
D1 =20, + 0, P;=0,+06,

so that (8.30) becomes
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1 2
H:ﬁzgqumlégﬁ} (8.32)
1 2 momy
— — D)
+”@{&+ 2)?/r3} + -

moms

/13 + a2r? — 2agrira cos(ér)
mimsa

\/T2 + 0417"1 + 2a7r1 19 cos(gbl)

Note that the Hamiltonian is independent of ¢2, so ¢2 is an ignorable coor-
dinate, therefore, its conjugate momentum @, = @5 + O, total angular is an
integral. The reduction to the reduced space is done by holding @, fixed and
ignoring ¢o. The Hamiltonian (8.32) has three degrees of freedom, (71, r2, ¢1),
and one parameter ®s.

8.5 Periodic Solutions and Cross-Sections

In view of the results of the previous sections, it would seem that the next
question to be considered is the nature of the flow near an equilibrium point.
This is one of the central and difficult questions in local geometric theory.
It turns out that many of the questions about equilibrium points are very
similar to questions about periodic solutions. This section introduces this
similarity.

8.5.1 Equilibrium Points

Consider first a general system

i= f(z), (8.33)

where f : O — R™ is smooth, and O is open in R™. Let the general solu-
tion be ¢(t,£). An equilibrium solution ¢(t,&’) is such that ¢(t,&') = ¢ for
all t. Obviously ¢(t,&') is an equilibrium solution if and only if f(&') = 0.
So questions about the existence and uniqueness of equilibrium solutions
are finite-dimensional questions. The eigenvalues of 0f(¢’)/0x are called the
(characteristic) exponents of the equilibrium point. If 9f(£)/dz is nonsingu-
lar, or equivalently the exponents are all nonzero, then the equilibrium point
is called elementary.

Proposition 8.5.1. FElementary equilibrium points are isolated.

Proof. f(¢') =0 and 0f(¢’)/0x is nonsingular; so, the implicit function the-
orem applies to f; thus, there is a neighborhood of ¢ with no other zeros of

f.
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The analysis of stability, bifurcations, etc. of equilibrium points starts
with an analysis of the linearized equations. For this reason, one shifts the
equilibrium point to the origin, and (8.33) is rewritten

&= Azr + g(x), (8.34)

where A = 9f(0)/0z, g(z) = f(x) — Ax; so, g(0) = 0 and 9g(0)/0z = 0.
The eigenvalues of A are the exponents. The reason the eigenvalues of A are
called exponents is that the linearized equations (e.g., g(x) = 0 in (8.34))

have solutions which contain terms such as exp(At), where ) is an eigenvalue
of A.

8.5.2 Periodic Solutions

A periodic solution is a solution ¢(t,¢’), such that ¢(t + T,&") = ¢(¢,&')
for all ¢, where T is some nonzero constant. T is called a period, and the
least positive T" which satisfies that relation is called the period or the least
period. In general, an equilibrium solution will not be considered as a periodic
solution; however, some statements have a simpler statement if equilibrium
solutions are considered as periodic solutions. It is easy to see that if the
solution is periodic and not an equilibrium solution, then the least period
exists, and all periods are integer multiples of it.

Lemma 8.5.1. A necessary and sufficient condition for ¢(t,£’) to be periodic
with a period T is
o(T,&) =¢, (8.35)

where T is nonzero.
Proof. This is a restatement of Lemma 8.1.4.

This lemma shows that questions about the existence and uniqueness of
periodic solutions are ultimately finite-dimensional questions. The analysis
and topology of finite-dimensional spaces should be enough to answer all
such questions.

Let ¢(t,&") be periodic with least period T. The matrix 9¢(T,¢")/0¢ is
called the monodromy matrix, and its eigenvalues are called the (character-
istic) multipliers of the period solution. It is tempting to use the implicit
function theorem on (8.35) to find a condition for local uniqueness of a pe-
riodic solution. To apply the implicit function theorem to (8.35) the matrix
0¢(T,&")/0¢ — I would have to be nonsingular, or +1 would not be a multi-
plier. But this will never happen.

Lemma 8.5.2. Periodic solutions of (8.33) are never isolated, and +1 is
always a multiplier. In fact, f(£') is an eigenvector of the monodromy matriz
corresponding to the eigenvalue +1.
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Proof. Because (8.33) is autonomous, it defines a local dynamical system; so,
a translate of a solution is a solution. Therefore, the periodic solution is not
isolated. Differentiating the group relation ¢(7,¢(¢,£')) = @(t + 7,€’) with
respect to t and setting ¢ = 0 and 7 = T gives

9¢

67§(T7 5,)¢(075/) = (b(T? 5/)3
a¢ ’ n o_ /
%(T,f )f(&) = f(&).

Inasmuch as the periodic solution is not an equilibrium point, f(£) # 0.

Because of this lemma, the correct concept is “isolated periodic orbit.”
In order to overcome the difficulties implicit in Lemma 8.5.2, one introduces
a cross-section. Let ¢(¢,&’) be a periodic solution. A cross-section to the
periodic solution, or simply a section, is a hyperplane X of codimension one
through ¢’ and transverse to f(£). For example, X would be the hyperplane
{z : a¥(xz — &) = 0}, where a is a constant vector with a’ f(¢’) # 0. The
periodic solution starts on the section and, after a time T, returns to it. By
the continuity of solutions with respect to initial conditions, nearby solutions
do the same. See Figure 8.6. So if £ is close to & on X, there is a time 7 (&)
close to T such that ¢(7(£),€) is on X. T(§) is called the first return time.
The section map, or Poincaré map, is defined as the map P : & — ¢(7 (£),§)
which is a map from a neighborhood N of £ in X into X.

L]

Figure 8.6. The cross-section.

Lemma 8.5.3. If the neighborhood N of £ in X is sufficiently small, then
the first return time, T : N — R, and the Poincaré map, P : N — X, are
smooth.
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Proof. Let ¥ = {x : a®'(xz — ¢') = 0}, where aT f(¢') # 0. Consider the
function g(t,&) = aT (¢(t, &) — &'). Because g(T,¢') = 0 and 9g(T, &) /ot =
al (T, &) )0t = a® f(€') # 0, the implicit function theorem gives a smooth
function 7 (§) such that g(7(£),£) = 0. g being zero defines X so the first
return time, 7, is smooth. The Poincaré map is smooth because it is the
composition of two smooth maps.

The periodic solution now appears as a fixed point of P; indeed, any
fixed point, £”, of P is the initial condition for a periodic solution of period
T(&"), because (T(¢"),£") would satisfy (8.35). A point £&” € N such that
PE(£") = ¢" for some integer k > 0 is called a periodic point of P of period
k. The solution (8.33) through such a periodic point will be periodic with
period nearly kT

The analysis of stability, bifurcations, etc. of fixed points starts with an
analysis of the linearized equations. For this reason, one shifts the fixed point
to the origin and writes the Poincaré map

P(y) = Ay + g(y), (8.36)

where A = 9P(0)/9y, g(y) = P(y) — Ay, so g(0) = 0, and 9g(0)/dy = 0.
The eigenvalues of A are the multipliers of the fixed point. The reason the
eigenvalues, \;, of A are called multipliers is that the linearized map (e.g.,
g(x) = 0) in (8.36) takes an eigenvector to A; times itself. A fixed point is
called elementary if none of its multipliers is equal to +1.

Lemma 8.5.4. If the multipliers of the periodic solution are 1, s, ..., Am,
then the multipliers of the corresponding fixed point of the Poincaré map are
Aoy A

Proof. Rotate and translate the coordinates so that & = 0 and f(¢') =
(1,0,...,0); so, X' is the hyperplane 1 = 0. Let B = 9¢(T,¢’)/0¢, the mon-
odromy matrix. By Lemma 8.5.1, f(¢’) is an eigenvector of B corresponding
to the eigenvalue +1. In these coordinates,

lrzaxzx

" (8.37)
B=. . 8.37

A

0

Clearly the eigenvalues of B are +1 along with the eigenvalues of A.

We also call the eigenvalues As, ..., A, the nontrivial multipliers of the
periodic orbit. Recall that an orbit is the solution considered as a curve in
R™, and so is unaffected by reparameterization. A periodic orbit of period T'
is isolated if there is a neighborhood L of it with no other periodic orbits in L
with period near to T. There may be periodic solutions of much higher period
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near an isolated periodic orbit. A periodic orbit is isolated if and only if the
corresponding fixed point of the Poincaré map is an isolated fixed point. A
periodic orbit is called elementary if none of its nontrivial multipliers is +1.

Proposition 8.5.2. Elementary fixed points and elementary periodic orbits
are isolated.

Proof. Apply the implicit function theorem to the Poincaré map.

8.5.3 A Simple Example

Consider the system
i=y+a(l—2*—y?), (8.38)
g=—z+y(l—-a®—y?),

which in polar coordinates is

i =r(l—r?), (8.39)
6= _1-

)

—_

see Figure 8.7. The origin is an elementary equilibrium point, and the unit
circle is an elementary periodic orbit. To see the latter claim, consider the
cross-section § = 0 mod 27. The first return time is 27. The linearized
equation about » = 1 is r = —2r, and so the linearized Poincaré map is
r — rexp(—4n). The multiplier of the fixed point is exp(—4).

)
)

//§§ B

Figure 8.7. Phase portrait of the example.
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8.5.4 Systems with Integrals

By Lemma 8.5.2, the monodromy matrix of a periodic solution has +1 as
a multiplier. If Equation (8.33) were Hamiltonian, the monodromy matrix
would be symplectic by Theorem 6.1.2, and so by Proposition 3.3.1, the
algebraic multiplicity of the eigenvalue +1 would be even and so at least
2. Actually, this is simply due to the fact that an autonomous Hamiltonian
system has an integral.

Throughout this subsection assume that (8.33) admits an integral F,
where F' is a smooth map from O to R, and assume that ¢(¢,¢’) is a periodic
solution of period T'. Furthermore assume that the integral F' is nondegen-
erate on this periodic solution; i.e., VF(’) is nonzero. For a Hamiltonian
system the Hamiltonian H is always nondegenerate on a nonequilibrium so-
lution because VH (') = 0 would imply an equilibrium.

Lemma 8.5.5. If F is nondegenerate on the periodic solution ¢(t,&’), then
the multiplier +1 has algebraic multiplicity at least 2. Moreover, the row
vector OF (£')/0x is a left eigenvector of the monodromy matrixz corresponding
to the eigenvalue +1.

Proof. Differentiating F(¢(t,€)) = F(§) with respect to £ and setting £ = ¢’

and t =T yields
OF(() 09(T,¢) _ OF({)
Ox ac Oz
which implies the second part of the lemma. Choose coordinates so that
f(€') is the column vector (1,0,...,0)T and OF(¢')/0x is the row vector
(0,1,0,...,0). Because f(¢’) is a right eigenvector and OF({')/0x is a left
eigenvector, the mondromy matrix B = 0¢(T, &) /€ has the form

(8.40)

(lzzz...x
0100...0
Ozzzx...x
B=\ozzz.. . =z (8.41)

Ozxxzx...x

Expand by minors p(A\) = det(B — AI). First expand along the first column
to get p(A) = (1 — X)det(B’ — AI), where B’ is the (m — 1) x (m — 1) matrix
obtained from B by deleting the first row and column. Expand det(B’ — AI)
along the first row to get p(\) = (1 — A)?det(B” — \I) = (1 — \)2q()\), where
B" is the (m — 2) x (m — 2) matrix obtained from B by deleting the first two
rows and columns.

Again there is a good geometric reason for the degeneracy implied by this
lemma. The periodic solution lies in an (m — 1)-dimensional level set of the
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integral, and typically in nearby level sets of the integral, there is a periodic
orbit. So periodic orbits are not isolated.

Consider the Poincaré map P : N — X, where N is a neighborhood of
& in X. Let u be flow box coordinates given by Theorem 8.3.2 so that &’
corresponds to u = 0; Equations (8.33) are u; = 1, us = 0,...,u,, = 0, and
F(u) = ug. In these coordinates, we may take X' to be u; = 0. Because ug
is the integral in these coordinates, P maps the level sets us = constant into
themselves; so, we can ignore the us component of P. Let e = ug; let X be
the intersection of X' and the level set F' = e; and let y1 = us, ..., Ym—2 = Um
be coordinates in X.. Here e is considered as a parameter (the value of the
integral). In these coordinates, the Poincaré map P is a function of y and the
parameter e. So P(e,y) + (e, Q(e,y)), where for fixed e, Q(e, -) is a mapping
of a neighborhood N, of the origin in X, into X.. @ is called the Poincaré
map in an integral surface,; see Figure 8.8. The eigenvalues of 9Q(0,0)/dy
are called the multipliers of the fixed point in the integral surface or the
nontrivial multipliers. By the same argument as above, we have the following
lemma.

Figure 8.8. Poincaré map in an integral surface.

Lemma 8.5.6. If the multipliers of the periodic solution of a system with
nondegenerate integral are 1,1, A3, ..., A, then the multipliers of the fized
point in the integral surface are A3, ..., Ap.

Lemma 8.5.7. If the system is Hamiltonian, then the Poincaré map in an
integral surface is symplectic.

Proof. In this case, use the Hamiltonian flow box theorem (Theorem 8.3.3).
In this case, H = 1y, and the equations are {&; =1, =0for i =2,...,n and
1n; =0fori=1,...,n. The cross-section is £&; = 0, and the integral parameter
is 71 = e. The Poincaré map in an integral surface in these coordinates is in
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terms of the symplectic coordinates &o, ..., &y, n2,...,n, on X.. Because the
total map x — ¢(T, x) is symplectic (Theorem 6.1.2), the map y — Q(e,y)
is symplectic.

If none of the trivial multipliers is 1, and the integral is nondegenerate on
the periodic solution, then we say that the periodic solution (or fixed point)
is elementary.

Theorem 8.5.1 (The cylinder theorem). An elementary periodic orbit
of a system with integral lies in a smooth cylinder of periodic solutions pa-
rameterized by the integral F. (See Figure 8.9.)

Proof. Apply the implicit function theorem to Q(e,y) —y = 0 to get a one-
parameter family of fixed points y*(e) in each integral surface F' = e.

Figure 8.9. Cylinder of periodic solutions.

8.6 The Stable Manifold Theorem

In this section we discuss some important theorems about the local struc-
ture of differential equations near equilibrium and diffeomorphisms near fixed
points by introducing the concept of a hyperbolic point. These theorems are
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classical, and their proofs appear in many standard textbooks, so we do not
prove them here. In the next section we carry forth the generalization to
hyperbolic sets. In the last 50 years, the subject of hyperbolic dynamical sys-
tems has become a subject of its own. See the monographs by Szlenk (1981),
Palis and de Melo (1980), and Robinson (1999). Hamiltonian dynamics is
more the study of elliptic points than hyperbolic points, therefore we con-
centrate on the elliptic case and refer the reader to the literature for some of
the proofs for the hyperbolic theorems.
Let the equation
z = f(x) (8.42)

have an equilibrium point at = p; so, f(p) = 0. Let A = df(p)/0x; so, A
is an m X m constant matrix. The eigenvalues of A are called the exponents
of equilibrium point p. The linearization of (8.42) about x = p is y = Ay,
where y = & — p. We say that p is a hyperbolic equilibrium point for (8.42),
if A has no eigenvalues with zero real part; so, all the eigenvalues have either
positive real parts or negative real parts. Thus the solutions of the linearized
equation are sums of exponentially increasing and decreasing terms. The set
of all solutions tending to zero is a linear subspace, as is the set of all solutions
tending away from zero. The full nonlinear equations have similar sets, which
is the subject of the following theorems.

At first the results are local; so, one can shift the equilibrium point to the
origin and write (8.42) in the form

&= Az + g(x), (8.43)

where g(z) = f(z) — Ax; so, g(0) = Dg(0) = 0, and A is an m x m real
constant matrix with no eigenvalue with zero real part. Let ¢(¢,€) be the
general solution of (8.43); so, ¢(0,&) = &£. Let € > 0 be given; then the local
stable manifold is

Wie) ={£ e R™:|4(t,&)] <e forall ¢t <0} (8.44)
and the local unstable manifold is
Wh(e) ={£ e R™ : |¢(t,&)| < e for all t <0} (8.45)

If the reader is not familiar with the definition of a manifold, simply read
the remark following the statement of the theorem.

Theorem 8.6.1 (Local stable manifold for equations). Let A have d
eigenvalues with negative real parts and m — d eigenvalues with positive real
parts. Let g be as above. Then for € sufficiently small, W*(g) and W"(e) are
smooth manifolds of dimensions d and m — d, respectively. If & € W?*(e) (re-
spectively, £ € W (e) ), then ¢(t,€) — 0 ast — +oo (respectively, ¢(t,£) — 0
ast — —o0). Actually, there is a smooth, near identity change of coordinates
that takes the stable and unstable manifolds to (different) coordinate planes.
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Proof. See Hale (1972) or Chicone (1999).

Remarks. By a linear change of coordinates, if necessary, we may assume

that
B0
a=[oe)

where B is a d X d matrix with eigenvalues with negative real parts, and C' is
an (m—d) x (m—d) matrix with positive real parts. Writing R™ = R?xR™~4,
(w,z) € R™ = RY x R™~4; 50, Equation (8.43) becomes

Z = Bz + h(z,w), (8.46)
w = Cw + k(z,w),

where h, g, and their first partials vanish at the origin. One proof of the
existence of the stable manifold establishes the existence of a change of co-
ordinates of the form £ = z, n = w — u(z), which makes the £ coordinate
hyperplane invariant or at least locally invariant. The function w is shown
to be smooth and small with «(0) = Du(0) = 0. Thus in the new coordi-
nates, the local stable manifold is a piece of the d-dimensional linear space
n = 0. In the original coordinates, the local stable manifold is the graph of
the function u. Because u(0) = Du(0) = 0, the stable manifold is tangent to
the d-dimensional linear space z = 0. See Figure 8.10.

/-m “

" (e)

Figure 8.10. Local stable, and unstable manifolds.

This is a local result; so, a natural question to ask is what happens to these
manifolds. Now we show how to continue these manifolds. Assume f in (8.42)
is globally defined and let the general solution ¢(t,£) of (8.42) be globally
defined; so, ¢ defines a dynamical system. The (global) stable manifold is

W2 =W?(p) ={{ € R"™ : ¢(t,§) — p as t — +o0}, (8.47)
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and the (global) unstable manifold is
WY =WH4p)={£ eR™: ¢, —p as t — —o0}. (8.48)

Theorem 8.6.2 (Global stable manifold for equations). Let p be a
hyperbolic equilibrium point with d exponents with negative real parts and m—
d exponents with positive real parts. Then the stable manifold is an immersed
d-dimensional submanifold. That is, there exists a smooth function I' : R —
R™ which is globally one-to-one, and DI" has rank d everywhere. Similarly,
the unstable manifold is an immersed m — d submanifold.

Proof. See Palis and de Melo (1980).

There are similar theorems for diffeomorphisms. Consider a diffeomor-
phism
Y R™ — R™ (8.49)

with a fixed point p. Let A = 9¢(p)/dz; so, A is an m x m constant matrix.
The eigenvalues of A are called the multipliers of p. The linearization of (8.49)
about z = p is y — Ay, where y = z — p. We say that p is a hyperbolic fixed
point if A has no eigenvalues with absolute value equal to 1. The set of all
trajectories tending to zero is a linear subspace, as is the set of all solutions
tending away from zero.
The first theorem is local; so, shift the fixed point to the origin and con-
sider
x — P(z) = Az + g(x), (8.50)

where ¢ is defined and smooth in a neighborhood of the origin in R™ with
g(0) =0, Dg(0) = 0. Define the stable manifold as

Wi(e) = {z e R™ : |®"(z)| < e for all k >0} (8.51)
and the unstable manifold similarly.

Theorem 8.6.3 (Local stable manifold for diffeomorphisms). Let A
have d eigenvalues with absolute value less than 1 and m — d eigenvalues
with absolute value greater than 1. Let g be as above. Then for e sufficiently
small, W*(e) and W*(g) are smooth manifolds of dimensions d and m — d,
respectively. If € € W*(g) (respectively, £ € W¥(¢)), then ®*(¢) — 0 as k —
+o0o (respectively, D¥(¢) — 0 as k — —o0). Actually there is a smooth, near
identity change of coordinates that takes the stable and unstable manifolds to
(different) coordinate planes.

Assume 1 in (8.49) is a global diffeomorphism; so, it defines a dynamical
system. The (global) stable manifold is

WS =W3(p) = {6 e R™ : ¥ (&) — p as k — 400}, (8.52)

and the (global) unstable manifold is similarly defined.
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Theorem 8.6.4 (Global stable manifold for diffeomorphisms). Let p
be a hyperbolic fized point for i with d multipliers with absolute value less
than 1 and m — d multipliers with absolute value greater than 1. Then the
stable manifold is an immersed d-dimensional submanifold. That is, there
exists a smooth function I' : R? — R™ that is globally one-to-one, and DI’
has rank d everywhere. Similarly, the unstable manifold is an immersed m—d
submanifold.

For the rest of the section let 1 in (8.49) be a diffeomorphism of R?, p
be a hyperbolic fixed point with one multiplier greater than one and one
multiplier less than one so that the stable and unstable manifolds of p are
smooth curves. A point ¢ € W?*(p)NWH(p), q¢ # p, is called a homoclinic point
(homoclinic to p). Because ¢ is in both the stable and unstable manifolds of
p,*(q) — p as k — o0, the orbit of ¢ is said to be doubly asymptotic to p.
If the curves W#(p) and W*(p) are not tangent at ¢, the intersection is said to
be transversal, and ¢ is said to be a transversal homoclinic point. Henceforth,
let g be a transversal homoclinic point, homoclinic to p; see Figure 8.11.

Figure 8.11. Transverse intersection of stable and unstable manifolds.

The stable and unstable manifolds are invariant, and so ¥*(q) € W*(p) N
W(p) for all k, or the whole orbit of a homoclinic point consists of homoclinic
points. In a neighborhood of the hyperbolic point p, the diffeomorphism v is
well approximated by its linear part, and so it contracts in the stable manifold
direction and expands in the unstable direction. This results in the following;:

Theorem 8.6.5 (Palis’ lambda lemma). Let A be any interval in the
unstable manifold with p in its interior. Let A be a small segment transverse
to the stable manifold. Then for any e > 0, there is a K such that for k > K,
YF(N) is within the & neighborhood of A . Moreover, if a € A, b € ¢*()\), and
dist (a,b) < € then the tangents to A and (N\)* are within ¢.

Proof. See Palis and de Melo (1980) and Figure 8.12.
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Figure 8.12. The lambda lemma.

This theorem says that the small segment A of the unstable manifold
is stretched out and that C' approximates the whole unstable manifold by
iterates of 1.

Now let ¢ be a transverse homoclinic point and A a small segment of the
unstable manifold at q. Images of this small segment A are stretched out along
the unstable manifold until the image again intersects the stable manifold as
shown in Figure 8.13. So a homoclinic point begets another homoclinic point
near the first. Repeating the argument you get the following.

Theorem 8.6.6 (Poincaré’s homoclinic theorem). A4 transversal homo-
clinic point is the limit of transversal homoclinic points.

Proof. See Poincaré (1899) and Figure 8.13.

uU

Figure 8.13. The Poincaré tangle.
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8.7 Hyperbolic Systems

This section, like the last, contains an introduction to some general topics
in dynamical systems that are well documented in the literature. Therefore,
very few proofs are given.

8.7.1 Shift Automorphism and Subshifts of Finite Type

Let I, = {1,2,...,n} and ¥ = ¥(n) = [I=_I,, that is, X is the collection
of all infinite-bisequences on the symbols 1,2, ...,n. X is called the sequence
space. Thus if s € X, then s = (..., s_1, 89, $1, S2, . . .), or more simply writ-
ten, s = ...S_1S0 - 8182 ..., where the zeroth position is to the left of the
decimal point -. Define a distance function on X by d(s,r) = 1/k, where
k =14 max{|j| : s; = 7;}; so, two elements of X' are close, if they agree
in a lot of positions around the decimal point. It can be shown that X is
homeomorphic to the Cantor set.

Let o : X — X be the shift map or shift automorphism defined by o(s); =
Si+1; i.e., o shifts the decimal point one place to the right. Clearly o is a
homeomorphism. The map o : X — X defines a dynamical system, called
the full shift on n symbols. (It is not differentiable, but it is continuous.) As
a dynamical system the map has many interesting properties, among which
are those given in Proposition 8.7.1.

The shift on two symbols can be considered as flipping a fair coin and
taking 1 to mean heads and 2 to mean tails. Any infinite sequence of flipping
of a coin is represented by an element of X' and o can be thought of as the
action of flipping the coin.

Proposition 8.7.1. Let o : X — X be the full shift on n symbols. Then

1. o has periodic points of all periods.

2. The periodic points are dense.

3. Given any two periodic points p,q € X, there is a point r € X with
a*(r) — p as k — oo and o*(r) — q as k — —oo. Moreover, the set of
such orbits is dense.

Remarks. A dynamical system that has a dense orbit is called transitive.
If p # q, then r is called a heteroclinic point and if p = ¢, then r is called a
homoclinic point. One speaks of heteroclinic and homoclinic orbits also.

Proof. The proof of all these properties uses the same idea; so, all but one
(part 2) is an exercise. We show that there is a periodic point arbitrary close
to any given point. To that end, let ¢ € X and € > 0 be given. Let N be so
large that 1/N < ¢ and let s be the finite sequence ¢_Ng—_N+1-*Goq1 - gN-
Construct a bi-infinite sequence r by concatenating an infinite number of
times; so, 7 = -+ - sss- - - (the decimal point is placed in one of the segments
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s to the right of ¢p). The points r and ¢ agree on a block of length at least
N about the decimal point; so, d(r,q) < 1/N < e. Shifting the decimal point
2N +1 places brings the sequence r back to itself; so, r is periodic with period
2N + 1. Thus there is a periodic point, r, arbitrarily close to the arbitrary
point q.

The shift automorphism has many interesting invariant sets, and one type
of invariant set which has many nice properties is a subshift of finite-type. A
transition matrix is an n x n matrix K = {k;;} with entries which are either
0 or 1. For any transition matrix K, define a subset of X by X(K) = {¢ € X :
kg;qis, = 1 for all i}. In other words, adjacent pairs of entries in a sequence
q € X (K) determine a nonzero entry in K. The transition matrix K serves as
a litany of which values can follow which in a sequence ¢ € X'(K) in the sense
that g;+1 can follow ¢; if and only if kg, = 1. In the case kq,q,,, = 1, we
write as ¢; — ¢;+1 for short. Alternately, the zeros in the transition matrix
K rule out certain adjacent pairs in a sequence. For example, if n = 2 and

01
w= 1)
then X'(K) consists of all bi-infinite sequences that do not have two adjacent
1s. In general, X'(K) is a closed invariant subset of X, and o : X(K) — X(K)
is called a subshift of finite type. If all the entries of K are 1, then X(K) =
J),and for emphasis, this is called the full shift.

Subsequently we need one particular subshift. Henceforth, let L = L,, be
the transition matrix

[01000---000]
00100---000
00010---000

00001---000
L= . . (8.53)

00000 010
00000 001
(10000 001]

That is, L has 1s on the first superdiagonal as well as at the n,1 and n,n
positions. Thus 1 — 2,2 —- 3,...,n—1 - n,and n — n, n — 1. Let an
overbar on a symbol, or sequence of symbols, mean that it is to be repeated
infinitely often; so, 1.2345 = ---111.23455 - - -.

Proposition 8.7.2. Consider the dynamical system o : ¥(L) — X(L).

1. It has a unique fixed point.
2. It has periodic points of all periods greater than or equal to n.
3. The periodic points and the points homoclinic to them are dense.
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4. There is an invariant subspace X* C X (L) for o™ such that o™ : X* —
X* is equivalent to o : X(2) — X(2), the full shift on two symbols.

Proof. The fixed point is f = n.n. The point 7.123 - - - i is homoclinic to f.
A periodic point of period n is 12---n - 12---n; a periodic point of period
n+1is12---nn-12---nn; etc.

Define X* as those sequences r € X(L) of the form ---r_q7¢ - rirg- -+,
where r; is either the sequence a = 12---n or § = nn---n. o” shifts the
decimal point by n positions and so moves the decimal point over a complete
block. Define a map h from X* to X(2) by h:---r_jrg-rirg -+ — ---$_180"
$189+++, where s; = 1 if r;, = a, and s; = 2 if r; = (. This map is a
homeomorphism and takes orbits of o* : X* — X* to orbits of o : $(2) —
X(2). This is the equivalence referred to in part 4.

8.7.2 Hyperbolic Structures

The main result discussed in this section is the Smale—Conley theorem which
says that a homoclinic point begets an invariant set which is equivalent to
the subshift of finite-type o : X(L) — X(L); the precise statement is given
in a subsequent subsection. But before this theorem is discussed, some pre-
liminaries are necessary. Consider a diffeomorphism

¢ R™ — R™. (8.54)

With this dynamical system is associated a linear dynamical system, ¥ :
R™ x R™ — R™ x R™ (the variational system) defined as follows.

¥ (p,u) = (¢(p), D(¥)(p)w). (8.55)

Here R™ and its tangent space T,R™ are identified; really ¥ : R"™ x TR™ —
R™ x TR™. Write
Ur(p,u) = (W*(p), Y (p, k)u). (8.56)
Recall that £(R™,R™) is the space of linear maps from R™ into R™ (i.e.,
m X m matrices). Let A C R™ be a compact invariant set for ¢). A compact
invariant set A C R™ has a hyperbolic structure or is a hyperbolic set or
1) admits an exponential dichotomy over A, if there are constants K and p,
0 < u < 1, and a continuous mapping P : A — L(R™ ,R™) such that P(p) is
a linear projection operator that satisfies

PW"(p)Y (p.k) =Y (p, k)P(p) (8.57)
and

1Y (p, k) P(p)ul| < Kp¥|lull, peA, k>0, (8.58)
1Y (p,k)[I — P(p)]u|| < Kp~*|lul|, peA, k<O.
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Define E; = range (P(p)) and E; = kernel (P(p)); then because P(p)
is a projection, R™ = E; @ Ej, range(P(p)) = kernel(I — P(p)), and
kernel (P(p)) = range (I — P(p)). The splitting of the tangent space given
by T,R™ = R™ = E5 © E} is continuous in p € A. Formula (8.57) states that
the linear map Y (p, k) preserves the splitting, in that

Y(p,k): EZ — ]EZ, Y(p,k): IEZ — IEZ, (8.59)
where ¢ = ¥*(p), and Formulas (8.58) state that the linear map ultimately
contracts vectors in E7 and expands vectors in Ej.

8.7.3 Examples of Hyperbolic Sets

(a) A hyperbolic fixed point, p, of ¢ : R™ — R™ is a hyperbolic set. Let
A = D¢(p); so, R™ = E* @ E* where A|E® has eigenvalues with modulus less
than 1, and A|E" has eigenvalues with modulus greater than 1. The operator
P(p) is the projection onto E*, and (I — P(p)) is the projection onto E*. The
stable (unstable) manifold is tangent to E*(E%) at p. ¥(u,p) = (Au, p).

(b) Thom’s toral example (see Figure 8.14). Let
11 [ 2-1
i) 2]

A has eigenvalues (3+1/5)/2 > 1 and (3—+/5)/2 < 1 and so is hyperbolic with
a one-dimensional stable direction and a one dimensional unstable direction.
Because these eigenvalues are irrational, the slopes of the stable and unstable
directions are irrational.

Because A and A~! have integer entries, they map the integer lattice
7 x 7 into itself and so A and A~! can be considered as maps of the 2-torus
T? = R?/Z? into itself. Call this map of the torus A. The fixed point at the
origin becomes a hyperbolic fixed point for A, which by the same argument
as found in Section 1.2 has a stable and unstable manifold, both of which are
dense in the torus. These stable and unstable manifolds cross in a dense set;
so, the homoclinic points are dense also. Let ¢ be a fixed positive integer and
Q={(a/q,8/q) : 0 < a,B < q}. Amaps @ into itself and so is a permutation
of this finite set; so, some power of A fixes ). Thus all points with rational
coordinates are periodic points, and the set of periodic points is dense.

The whole manifold T? has a hyperbolic structure under A. The projec-
tion P(p) = P is the projection onto the eigenspace of A corresponding to
the eigenvalue (3 —1/5)/2 < 1. A diffeomorphism of a manifold that has a
hyperbolic structure everywhere is called an Anosov system, after the Rus-
sian mathematician who did much of the early studies of such systems. One
of his main theorems is that a small perturbation of an Anosov system is
equivalent to the original system, and so the geometry of the orbits is not



212 8. Geometric Theory

Figure 8.14. Thom’s torus example.

affected much by small perturbations. This property is known as structural
stability. See Palis and de Melo (1980) for more discussion of these ideas.

(c) A transversal homoclinic point (see Figure 8.15). Let ¢ : R™ — R™
have a hyperbolic fixed point at p, and let g be a transversal homoclinic point;
so, the stable and unstable manifolds (curves) of p intersect in a nontrivial
way at q. Let A be the closure of the orbit of ¢; so, A = {p}U{y*(q) : k € Z}.
A has a hyperbolic structure. At each point of the orbit of ¢, the space E? is
the tangent space to the stable manifold of p, and E" is the tangent space to
the unstable manifold of p. At p itself, E* and E* are as in example (a). Under
positive and negative iterations, the orbit of ¢ gets close to the hyperbolic
fixed point p. Careful estimations yield the inequalities in (8.57).

E¥(g)

E*(q)

E%(g")

Figure 8.15. Transversal homoclinic point.Transversal homoclinic point.
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8.7.4 The Shadowing Lemma
A bi-infinite sequence
x=(..,2_1,20,%1,...), x; €ER™

is an a-pseudo-orbit (for ©) if ||xgr1 — ¥(xk)|| < « for all k. That is, an
a-pseudo-orbit differs from an actual orbit by at most a jump of distance «
at each point. A pseudo-orbit = (..., 2_1, 29,1, ...) is S-shadowed by an
orbit {1*(y)} if ||z — ¥*(y)|| < B. One of the most striking theorems in the
theory of hyperbolic systems is the shadowing lemma of Bowen and Anosov.
(Some say the result was known to Lamont Cranston and Margo Lane.)

Theorem 8.7.1 (The shadowing lemma). Let A C R™ be a compact
invariant set for 1 : R™ — R™ that has a hyperbolic structure. Then for
every 3 > 0, there is an o > 0 such that every a-pseudo-orbit in A is (-
shadowed by an orbit {*(y)}. Moreover, there is a By > 0 such that if
0 < B < Bo, then the -orbit is uniquely determined by the a-pseudo-orbit.

See Robinson (1999).

8.7.5 The Conley—Smale Theorem

The existence of a transverse homoclinic point for a planar diffeomorphism
implies a certain amount of chaos in the dynamical system as is seen in the
next theorem.

Theorem 8.7.2 (Conley—Smale). Let ¢ : R? — R? be a diffeomorphism
with a hyperbolic fixed point at p and let q be a transverse homoclinic point
that is homoclinic to p. Then there is an invariant set I' C R? and an n such
that ¢ : I' — I' is equivalent to o : X(L,) — X(Ly,).

Proof. This is just an outline. Refer to Figure 8.16. As discussed above, the
closure of the orbit of ¢, A = {p} U {¥*(q) : k € Z} has a hyperbolic structure.
Let By be as given in the shadowing lemma. Let 3 be less than §; and also
43 < dist (q,v%(q)) for all k # 0. Because ¥*(q) — p and ¢ # p, 3 can be
taken positive. The disks of radius # about p and ¢ do not intersect. Let o be
given by the Shadowing Lemma corresponding to this 8, but further require
that « is less than (. Draw a disk of radius «/2 about p and call it D. Draw
disks of radius «/2 about all points of the orbit of ¢ that lie outside D. «
may have to be contracted slightly so that all the disks are disjoint.

Let r be the first point on the backward orbit of ¢ which lies in D; so,
r=1"%(),k> 0,7 € D,and ¢(r) ¢ D. Let the forward orbit of 7 be denoted
by r; = ¥'~1(r); so, 71 = r. Let n be such that r, is the first point on the
forward orbit of r in D; so, r1,ry € D,and r; € D fori =2,3,...,n—1. See
Figure 8.16.



214 8. Geometric Theory

Let L = L,, be the n x n matrix given in (8.53) and X (L) the subshift
defined by it. An element s € X'(L) is used to define an a-pseudo orbit, and
so by the shadowing lemma, a -orbit. The pseudo-orbit corresponding to
$=...8-15081... 18 p(s) = {rs,} = ...y Ts_1,Ts9sTsys--- . This encoding
gives only one option: if the pseudo-orbit is at r,, it can either jump to r; or
skip in place; i.e., r, may be followed by r, itself. Because r1,r,, and ry11
are all within the disk D which has radius «/2, this jump is at most a jump
by a distance a. Every other point r;, i # n, on the pseudo-orbit must be
followed by ;11 = ¥(r;), and so there is no jump there.

By the shadowing lemma, there is a unique orbit {¢)(y)} which §-shadows
the pseudo-orbit p(s). Let h(s) = y; so, h : X(L) — R2. It follows from the
proof of the shadowing lemma that A is continuous. To see that h is one-to-
one, let h(s) = y and h(s’) = y’, where s # s’. Because s and s are different in
some entry, and in particular one must be at g for some j, say p(s); = ¢, and
the other is not, p(s’); # ¢. By construction, dist (p(s);, p(s’);) > 40, and so
dist (h(s);,h(s");) > 208, and so h(s) # h(s’). Thus h is a continuous, one-to-
one mapping of a compact Hausdorff space, and thus, is a homeomorphism.

Let s € X(L) and h(s) = y. By the above construction, the t-orbits of
¥(y) and h(o(s)) are -shadows on each other, and so by uniqueness are
equal, thus ¥)°h = h°0, and 1 and o are equivalent.

Figure 8.16. The Conley—Smale theorem.



8.7 Hyperbolic Systems 215

Problems

1. Let {¢:} be a smooth dynamical system; i.e., {¢;} satisfies (8.5). Prove
that ¢(t,&) = ¢+(€) is the general solution of an autonomous differential
equation.

2. Let 9 be a diffeomorphism of R™; so, it defines a discrete dynamical
system. A nonfixed point is called an ordinary point. So p € R™ is an
ordinary point if ¢)(p) # p. Prove that there are local coordinates x at an
ordinary point p and coordinates y at ¢ = 1(p) such that in these local
coordinates y1 = x1,...,Ym = Zn. (This is the analog of the flow box
theorem for discrete systems.)

3. Let 9 be as in Problem 2. Let p be a fixed point p of 1. The eigenvalues
of 0vY(p)/0x are called the (characteristic) multipliers of p. If all the
multipliers are different from 41, then p is called an elementary fixed
point of ¥. Prove that elementary fixed points are isolated.

4. a) Let 0 < a < b and £ € R™ be given. Show that there is a smooth

nonnegative function v : R™ — R which is identically +1 on the ball
lz — ¢|| < a and identically zero for ||z — &|| > b.

b) Let O be any closed set in R™. Show that there exists a smooth,
nonnegative function § : R™ — R which is zero exactly on O.

5. Let H(q1,...,qN,P1,---,PN), i, i € R3 be invariant under translation;
S0, H(Ql + 8., + $7p1a"'apN) = H(Q17--'7qN7p17"'7pN) for all
s € R3. Show that total linear momentum, L = Y p;, is an integral. This
is another consequence of the Noether theorem.

6. An m x m nonsingular matrix T is such that T2 = I is a discrete sym-
metry of (or a reflection for) & = f(x) if and only if f(Tx) = —T f(z) for
all x € R™. This equation is also called reversible in this case.

a) Prove: If T is a discrete symmetry of (1), then ¢(t, 7€) = To(—t, &)
where ¢(t,€) is the general solution of z = f(x).

b) Consider the 2 x 2 case and let T' = diag(1, —1). What does f(Tz) =
—Tf(x) mean about the parity of f; and f2? Show that Part (a)
means that a reflection of a solution in the x; axis is a solution.

7. Let T be a discrete symmetry of Equation (8.26). Let FIX = {x € R™:
Tx = z}. Show that if ¢(t) is a solution of (1) with ¢(0) € FIX and
¢(T) € FIX for some T # 0, then ¢ is 2T-periodic.

8. Let G be a matrix Lie group; i.e., G is a closed subgroup of the general
group GL(m,R). (See the Problem section at the end of Chapter 3.) G
is a symmetry group for @ = f(x) if Tf(x) = f(Tz) for all T € G and
x e R™.

a) Prove: If G is a symmetry group, then ¢(¢,T¢) = To(t,£), where ¢
is the general solution of & = f(z).

b) Consider the 2 x 2 case where G is SO(2,R) the group of rotations of
the plane (i.e., orthogonal matrices with determinant +1.) In polar
coordinates (r,6), & = f(x) becomes 7 = R(r,8), § = O(r,0). Prove
that the symmetry condition implies R and @ are independent of 6.
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9.

10.

11.

12.
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Now let & = f(x) be Hamiltonian with Hamiltonian H : R*" — R; so,

f(z) = JVH(x). A matrix T is antisymplectic if 77 JT = —J. An anti-

symplectic matrix 7 such that 72 = I is a discrete symplectic symmetry

for H if H(Tx) = H(x).

a) Prove: A discrete symplectic symmetry of the Hamiltonian is a dis-
crete symmetry of the equation & = f(z).

b) Consider a general Newtonian system as discussed in Section 1.2 of
the form H(z,p) = $p" M ~'p + F(x) where z,p € R" and M is a
nonsingular, symmetric matrix. De fine T = diag(I, —1); so, T? = I,
show that T is antisymplectic and H (T (z,p)) = H(x,p).

c¢) Consider the restricted 3-body problem as discussed in Section 2.1.
Let T = diag(1,—-1,—1,1); show H(T(z,y)) = H(z,y) where H is
the Hamiltonian of the restricted 3-body problem (2.29).

d) What is FIX of Problem 7 for these two examples?

Use Problems 7 and 9.

a) Show that the solution of the restricted problem which crosses the
x1 axis (the line of syzygy) at a time ¢; and later at a time t5 is a
period of period 2(t2 — 7).

b) Show that the above criterion is x5 = y; = 0 at times #; and t5 in
rectangular coordinates, and § = nm (n an integer), R = 0 in polar
coordinates.

Let G be a matrix Lie group of symplectic matrices; i.e., G is a closed

subgroup of the symplectic group Sp(2n,R). Let = f(z) be Hamilto-

nian with Hamiltonian H. G is a symmetry group for the Hamiltonian

H it HTz) = H(x) for all T € G. Prove: A symmetry group for the

Hamiltonian H is a symmetry group for the equations of motion.

Prove that the tangent spaces to points in a hyperbolic set can be

renormed so that the constant K in (8.58) can be taken as 1. (Hint:

If w € T, A, A hyperbolic, then w = u + v, u € Ej and v € Ej. De-

fine the norm | - [}, in T, A by [Jwl|}, = max(|[ull, [[v]|,), where [lull, =

SI;P){KIN’“lY(Pv k)ul : k > 0} and [[v]|, = sup{K " " |[Y (p, k)v]| : k <

0}.



9. Continuation of Solutions

In the last chapter, some local results about periodic solutions of Hamilto-
nian systems were presented. These systems contain a parameter, and the
conditions under which a periodic solution can be continued in the param-
eter were discussed. Because Poincaré used these ideas extensively, it has
become known as the Poincaré’s continuation method; see Poincaré (1899).
By Lemma 8.5.1, a solution ¢(t, &) of an autonomous differential equation is
T-periodic if and only if ¢(T,¢&") = &', where ¢ is the general solution. This
is a finite-dimensional problem since ¢ is a function defined in a domain of
R™*! into R™.

This chapter presents results that depend on the finite-dimensional im-
plicit function theorem, i.e., how periodic solutions (“can be continued”).
Chapter 10 discusses the bifurcations of periodic solutions. Chapter 12 intro-
duces some infinite-dimensional results based on variational methods. Chap-
ter 14 presents a treatment of fixed point methods as they apply to Hamil-
tonian systems.

After giving some elementary general results a variety of families of pe-
riodic solutions is given in the restricted problem and the 3-body problem.
The first result is a simple proof of the Lyapunov center theorem with appli-
cations to the five libration points in the restricted problem. Then in the next
three sections, the circular orbits of Kepler’s problem are continued into the
restricted problem when one mass is small (Poincaré’s solutions), when the
infinitesimal is near a primary (Hill’s solutions), and when the infinitesimal is
near infinity (comet solutions). Lastly, a general theorem on the continuation
of periodic solutions from the restricted problem to the full 3-body problem
is given. A more complete discussion with more general results can be found
in Moulton (1920) and Meyer (1999).

9.1 Continuation Periodic Solutions

Assume that the differential equations depend on some parameters; so, con-
sider

&= f(z,v), (9.1)

K.R. Meyer et al., Introduction to Hamiltonian Dynamical Systems and the N-Body
Problem, Applied Mathematical Sciences 90, DOI 10.1007/978-0-387-09724-4_9,
© Springer Science+Business Media, LLC 2009
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where f : O x Q@ — R™ is smooth, O is open in R™, and Q is open in
R*. The general solution ¢(,¢, v) is smooth in the parameter v also. Let &
be an equilibrium point when v = v/, f(£',2') = 0; a continuation of this
equilibrium point is a smooth function u(v) defined for v near v’ such that
u(v') = ¢, and u(v) is an equilibrium point for all v, ie. f(u(v),v) = 0.
Recall (see Section 8.5) that an equilibrium point £’ for (9.1) when v = v/,
f(&,V) =0, is elementary if 9f(&',v')/9¢ is nonsingular, i.e., if zero is not
an exponent.

Let the solution ¢(t,&’,v") be T-periodic. A continuation of this periodic
solution is a pair of smooth functions, u(v),7(v), defined for v near v’ such
that u(v') = ¢, 7(v') = T, and ¢(t, u(v),v) is 7(v)-periodic. One also says
that the periodic solution can be continued. This means that the solution
persists when the parameters are varied, and the periodic solution does not
change very much with the parameters.

The solution ¢(t,&’,v") is T-periodic if and only if ¢(T,&',v') = &'. This
periodic solution is elementary if +1 is an eigenvalue of the monodromy
matrix 9¢(T, &', v")/0¢ with multiplicity one for a general autonomous dif-
ferential equation and of multiplicity two for a system with a nondegen-
erate integral (e.g., a Hamiltonian system). Recall that the eigenvalues of
0(T, &', v') /0 are called the multipliers (of the periodic solution). Drop one
+1 multiplier for a general autonomous equation, and drop two +1 multipli-
ers from the list of multipliers for an autonomous system with an integral to
get the nontrivial multipliers. If the nontrivial multipliers are not equal to
one then the periodic solution is called elementary.

Proposition 9.1.1. An elementary equilibrium point, or an elementary pe-
riodic solution, or an elementary periodic solution in a system with a nonde-
generate integral can be continued.

Proof. For equilibrium points, apply the implicit function theorem to the
function f(x,v) = 0. By assumption, f(&',v') =0, and 9f(&’',v')/0z is non-
singular; so, the implicit function theorem asserts the existence of the function
u(v) such that u(v') = ¢ and f(u(v),v) =0.

Because the existence of the first return time and the Poincaré map de-
pended on the implicit function theorem these functions depend smoothly
on the parameter v. For the rest of the proposition, apply the implicit func-
tion theorem to P(z,v) —x = 0, where P(z,v) is the Poincaré map of the
cross-section to the periodic solution when v = v/

Similarly, if the system has an integral I(z,v), then the construction of
the Poincaré map in an integral surface depends smoothly on v. Again apply
the implicit function theorem to the map Q(x,v) — x = 0, where Q(z,v) is
the Poincaré map in the integral surface of the cross-section to the periodic
solution when v = /.

There is a similar definition of continuation and a similar lemma for fixed
points.
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Corollary 9.1.1. The exponents of an elementary equilibrium point, and the
multipliers of an elementary periodic solution (with or without nondegenerate
integral) vary continuously with the parameter v.

Proof. For equilibrium points, the implicit function theorem was applied to
f(z,v) = 0 to get a function u(v) such that u(v') = ¢ and f(u(v),v) = 0.
The exponents of the equilibrium u(v) are the eigenvalues of 0f (u(v),v)/0x.
This matrix varies smoothly with the parameter v, and so its eigenvalues vary
continuously with the parameter v. (See the Problem section for an example
where the eigenvalues are not smooth in a parameter.) The other parts of the
theorem are proved using the same idea applied to the Poincaré map.

Corollary 9.1.2. A small perturbation of an elliptic (respectively, a hyper-
bolic) periodic orbit of a Hamiltonian system of two degrees of freedom is
elliptic (respectively, hyperbolic).

Proof. If the system has two degrees of freedom, then a periodic solution has
as multipliers +1, +1, A\, A = A~1, and so the multipliers lic either on the real
axis or the unit circle. If the periodic solution is hyperbolic, then X and A~}
lie on the real axis and are not 0 or +1. A small change cannot make these
eigenvalues lie on the unit circle or take the value 0 or £1. Thus a small
change in a hyperbolic periodic solution is hyperbolic. A similar argument
holds for elliptic periodic solutions.

9.2 Lyapunov Center Theorem

An immediate consequence of the discussion in the previous section is the
following celebrated theorem.

Theorem 9.2.1 (Lyapunov center theorem). Assume that the system

i = f(x)
admits a nondegenerate integral and has an equilibrium point with exponents
+wi, Az, ..., A, where iw # 0 is pure imaginary. If A; /iw is never an integer
for j =3,...,m, then there exists a one-parameter family of periodic orbits

emanating from the equilibrium point. Moreover, when approaching the equi-
librium point along the family, the periods tend to 2m/w and the nontrivial
multipliers tend to exp(2mA;/w),j =3,...,m.

Remark. The Hamiltonian is always a nondegenerate integral.

Proof. Say that x = 0 is the equilibrium point, and the equation is

T = Az + g(z),
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where ¢(0) = 0g(0)/0z = 0. Because we seek periodic solutions near the
origin, scale by x — ex where € is to be considered as a small parameter. The
equation becomes
&= Az + O(e),

and when € = 0, the system is linear. Because this linear system has exponents
+wi, it has a periodic solution of period 27/w of the form exp(At)a, where
a is a fixed nonzero vector. The multipliers of this periodic solution are the
eigenvalues of exp(A2w/w), or 1,1,exp(27\;/w). By assumption, the non-
trivial multipliers are not +1, and so this periodic solution is elementary.
From Proposition 9.1.1, there is a periodic solution of the form exp(At)a +
O(e). In the unscaled coordinates, the solution is of the form € exp(At)a +
O(€?), and the result follows.

9.2.1 Applications to the Euler and Lagrange points

In Section 4.1, the linearized equations at the five libration (equilibrium)
points of the restricted 3-body problem were analyzed. The eigenvalues at
the three collinear libration points Ly, Lo, L3 of Euler were shown to be a
pair of real eigenvalues and a pair of pure imaginary eigenvalues. Thus the
Lyapunov center theorem implies that there is a one-parameter family of
periodic solutions emanating from each of these libration points.

By symmetry we may assume that 0 < p < 1/2. At the equilateral tri-
angle libration points Ly, L5 of Lagrange, the characteristic equation of the
linearized system was found to be

27
M2 T =),
where p is the mass ratio parameter. The roots of this polynomial satisfy

N = (-1 VT 21— ),

which implies that for 0 < p < py = (1 —+/69/9)/2 ~ 0.0385, the eigenvalues
are distinct pure imaginary numbers +wii, +woi, with 0 < wo < wy. Because
iws /1wy is less than 1 in modulus, the Lyapunov center theorem implies that
there is a family of periodic orbits emanating from £, with period approach-
ing 27 /wq for all p,0 < p < py. This family is called the short period family.

Define u, to be the value of u for which wy/we = 1. If 0 < p < pq and
W # e, r = 1,2, ..., then the Lyapunov center theorem implies that there
is a family of periodic orbits emanating from £4 with period approaching
27 Jwa. This family is called the long period family.

The mass ratio u, satisfies

Lo, 162 \'?
Fr=973% M+ 12

S0, 0+ < s < g < .
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9.3 Poincaré’s Orbits

The essence of the continuation method is that the problem contains a pa-
rameter, and for one value of the parameter, there is a periodic solution whose
multipliers can be computed. The restricted 3-body problem has a parameter
1, the mass ratio parameter, and when p = 0, the problem is just the Kepler
problem in rotating coordinates. The Kepler problem has many periodic so-
lutions, but they all have their multipliers equal to +1 in fixed coordinates,
whereas the circular orbits have nontrivial multipliers in rotating coordinates.
Thus the circular solutions of the Kepler problem can be continued into the
restricted problem for small values of p.

The reason that all the multipliers are +1 for the Kepler problem in fixed
coordinates is that all the periodic solutions in an energy level have the same
period and so are not isolated in an energy level (see Proposition 8.5.2).

The Hamiltonian of the restricted problem is

lyll> - po l—p
=W gy, P 9.2
9 xT y dl d2 ) ( )
where d? = (z1 — 1+ p)? + 23, d3 = (z1 + p)? + 23, and
01
L

Recall that 7 Ky is just angular momentum. Consider ;& as a small pa-
rameter; so, the Hamiltonian is of the form

2
1
I ey — L O(p). (9.3)

H =
2 ]

Be careful of the O(u) term because it has terms that go to infinity near
the primaries; therefore, a neighborhood of the primaries must be excluded.
When p = 0, this is the Kepler problem in rotating coordinates. Put this
problem in polar coordinates (see Section 6.2) to get (when p = 0)

1 & 1
H == 2.2 - = 4

2(R+T2> 0--. (9-4)
. .02 1
T:R, R:ﬁ—ﬁ,

(9.5)

=9 1 é-o

r

Angular momentum © is an integral; so, let @ = ¢ be a fixed constant.
For ¢ # 1, the circular orbit R = 0, r = ¢? is a periodic solution with period
| 2me3/(1 — ¢3) | (this is the time for # to increase by 27). Linearizing the r
and R equations about this solution gives
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7 =R, R=—c"5r,

which has solutions of the form exp(=it/c?), and so the nontrivial multipliers
of the circular orbits are exp(4i27/(1 — ¢®)) which are not +1, provided
1/(1 — ¢?) is not an integer. Thus we have proved the following theorem.

Theorem 9.3.1 (Poincaré). Ifc # 1 and 1/(1—c?) is not an integer, then
the circular orbits of the Kepler problem in rotating coordinates with angular
momentum ¢ can be continued into the restricted problem for small values of
w. These orbits are elliptic.

The rotating coordinates used here rotate counterclockwise, and so in fixed
coordinates the primaries rotate clockwise. If ¢ < 0, then 6 < 0, and 1/(1—¢?)
is never an integer. Orbits with negative angular momentum rotate clockwise
in either coordinate system and so are called retrograde orbits.

If c>0,c#1,and 1/(1 — ¢?) is not an integer, then in the fixed coor-
dinates, these orbits rotate counterclockwise and so are called direct orbits.
The circular orbits of the Kepler problem when 1/(1 — ¢3) is an integer, say
k, undergo a bifurcation when p # 0, but this is too lengthy a problem to be
discussed here.

9.4 Hill’s Orbits

Another way to introduce a small parameter is to consider an infinitesimal
particle to be very near one of the primaries. This is usually referred to as
Hill’s problem because he extensively investigated the motion of the moon,
which to a first approximation is like this problem.

Consider the restricted problem where one primary is at the origin; i.e.,
replace 1 by 1 — ¢ and y2 by y2 — p; so, the Hamiltonian (9.2) becomes

||y||2 T I 1—p 15
H="" -3¢ Ky— — — —— - =
B xz Yy d; ds + pzy 2M7

where d3 = (v1 — 1)? + 22, d3 = 2?2 + 23. Introduce a scale parameter ¢ by
changing coordinates by x = €2¢, y = e ', which is a symplectic change
of coordinates with multiplier e~!. In the scaling, all constant terms are
dropped from the Hamiltonian because they do not affect the equations of
motion. Note that if ||£]| is approximately 1, then ||z is about €2, or ||z|
is very small when e is small. Thus € is a measure of the distance of the
infinitesimal particle from the primary at the origin and so is considered as
the small parameter. We fix the mass ratio parameter, p, as arbitrary (i.e.,
not small), and for simplicity we set ¢2 = 1 — pu,c¢ > 0. The Hamiltonian

becomes )

2
H=¢3 {”772” - ||C€||} — " Kn+O(e).
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The dominant term is the Hamiltonian of the Kepler problem, and the next
most important term is the rotational term; so, this formula says that when
the infinitesimal is close to the primary that has mass ¢ = 1 — p the main
force on it is the gravitational force of that primary. The next most important
term is the Coriolis term.

Kepler’s third law says that the period of a circular orbit varies with
the radius to the 3/2 power; so, time should be scaled by t — e 3t and
H — €8 H, and the Hamiltonian is

2

B ||n||2_c}_” o
H‘{2 fey e Kol

Introduce polar coordinates as before; so,

2 2
H:;(RQ—#Q )—i—639+0(64),

=)
. e 2
T:R, R:ﬁ—ﬁ,

. (9.6)
9.:*2_63, 9:0

T

In (9.6) the terms of order €! have been omitted. Omitting these terms makes
© an integral. The two solutions, ©® = +¢, R = 0,7 = 1, are periodic solutions
of (9.6) of period 27 /(c F €?). Linearizing the r and R equations about this
solution gives

r=R, R = —c%r.

These linear equations have solutions of the form exp(=+ict), and so the non-
trivial multipliers of the circular orbits of (9.6) are exp(+ic2r/(c F €3)) =
+1 4 32mi/c + O(€°).

Consider the period map in a level surface of the Hamiltonian about
this circular orbit. Let u be the coordinate in this surface, with u = 0,
corresponding to the circular orbit when € = 0. From the above, the pe-
riod map has a fixed point at the origin up to terms of order €3 and is
the identity up to terms of order €2, and at €3 there is a term whose Ja-
cobian has eigenvalues +2mi/c. That is, the period map is of the form
P(u) = u+ e3p(u) + O(e*), where p(0) = 0, and dp(0)/du has eigenvalues
+27i/c; so, in particular, dp(0)/0u is nonsingular. Apply the implicit func-
tion theorem to G(u,€) = (P(u) — u)/e3 = p(u) + O(e). Because G(0,0) = 0
and 0G(0,0)/0u = Op(0)/Ju, there is a smooth function u(e) such that
G(u(e),e) = 0 for all e sufficiently small. Thus the two solutions can be
continued from the equations in (9.6) to the full equations, where the O(e?)
terms are included. These solutions are elliptic also.

In the scaled variables, these solutions have r ~ 1 and period T ~ 2.
In the original unscaled variables, the periodic solution has |z| ~ €* with
period T ~ 271e 3.
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Theorem 9.4.1. There exist two one-parameter families of nearly circular
elliptic periodic solutions of the restricted 3-body problem that encircle a pri-
mary for all values of the mass ratio parameter. These families of orbits tend
to the primary.

9.5 Comets

Another way to introduce a small parameter is to consider orbits that are
close to infinity. In the Hamiltonian of the restricted problem (9.2), scale the
variables by & — € 2z, y — ey; this is symplectic with multiplier e. The
Hamiltonian becomes

_ T 3 ||?J||2 _ L 5
H=-1"Ky+e 5 Tl + O(¢e). (9.7)

Now € small means that the infinitesimal is near infinity, and (9.7) says that
near infinity the Coriolis force dominates, and the next most important force
looks like a Kepler problem with both primaries at the origin. Again change
to polar coordinates to get

2
H=-64+¢6 [; <R2+@ ) 1} + 0(e),

) r
. e 1
s 3 _ 3
T—GR, R—E (7"3_7'2)7

(9.8)
92—1+63TQ2, 6=

As before, the terms of order €® have been dropped from the equations in
(9.8), and to this order of approximation, © is a integral. A pair of circular
periodic solutions of (9.8) are © = +1, R = 0, » = 1, which are periodic of
period 27/(1 F €3). Linearizing the r and R equations about these solutions
gives

i =éeR, R =—ér

These linear equations have solutions of the form exp(4ie®t), and so the
nontrivial multipliers of the circular orbits of (9.8) are exp(ie327r/(1F€3)) =
+1+6327mi+O(e5). Repeat the argument given in the last section to continue
these solutions into the restricted problem.

Theorem 9.5.1. There exist two one-parameter families of nearly circular
large elliptic periodic solutions of the restricted 3-body problem for all values
of the mass ratio parameter. These orbits tend to infinity.
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9.6 From the Restricted to the Full Problem

In this chapter, four classes of periodic solutions of the restricted problem
have been established: Lyapunov centers at the libration points, Poincaré’s
orbits of the first kind, Hill’s lunar orbits, and comet orbits. All of these
families are elementary, and most are elliptic. In this section, these solutions
and more are continued into the full 3-body problem, where one of the three
particles has small mass.

Periodic solutions of the N-body problem are never elementary because
the N-body problem has many symmetries and integrals. As was shown in
Section 8.5, an integral for the system implies +1 as a multiplier of a periodic
solution. In fact, the multiplicity of +1 as a multiplier of a periodic solution
is at least 8 in the planar N-body problem and at least 12 in space. The
only way around this problem is to exploit the symmetries and integrals
themselves and to go directly to the reduced space as discussed in Section
8.4.

A solution of the N-body problem is called a (relative) periodic solution
if its projection on the reduced space is periodic. Note that it need not be
periodic in phase space; in fact, it is not usually. A periodic solution of the
N-body problem is called an elementary periodic solution, if its projection
on the reduced space is periodic and the multiplicity of the multiplier of the
periodic solution on the reduced space is exactly 2; i.e., it is elementary on
the reduced space.

The main result of this section is the following general theorem.

Theorem 9.6.1. Any elementary periodic solution of the planar restricted
3-body problem whose period is not a multiple of 2w can be continued into the
full 8-body problem with one small mass.

See Hadjidemetriou (1975). The proof is an easy consequence of two pro-
cedures that have previously been discussed: the scaling of Section 6.3 and
the reduction in Section 8.4. These facts are recalled now before the formal
proof of this theorem is given.

Recall the scaling given in Section 6.3; i.e., consider the planar 3-body
problem in rotating coordinates with one small particle, ms = €2. The Hamil-
tonian is then of the form

Hy = ”U?’” —ul Kvg — Zneml + Hy, (9.9)

where Hs is the Hamiltonian of the 2-body problem in rotating coordinates.
€ is a small parameter that measures the smallness of one mass. A small
mass should make a small perturbation on the other particles, thus, € should
measure the smallness of the mass and how close the two finite particles’
orbits are to circular. To accomplish this, use one variable that represents
the deviation from a circular orbit.
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Let Z = (u1,us,v1,v2); so, Hy is a function of the 8-vector Z. A circular
solution of the 2-body problem is a critical point of the Hamiltonian of the
2-body problem in rotating coordinates, i.e., Ha. Let Z* = (a1, a2,b1,b2) be
such a critical point (later we specify Z*). By Taylor’s theorem

H(Z) = Hy(Z%) + 5(Z ~ 2°)S(Z ~ 2°) 4 O(|12 - 2°P),

where S is the Hessian of Hy at Z*. Because the equations of motion do not
depend on constants, drop the constant term in the above. Change variables
by Z — Z* = €U, usz = £, v3 = €1, which is a symplectic change of variables
with multiplier e 2. The Hamiltonian becomes

H3 =G+ iUTSU + O(e),

1 2 e (9.10)
i 2 TK _ 71
G = ol ~€"Rn =

G in (9.10) is the Hamiltonian of the restricted 3-body problem if we take
my =, me =1—p, a3 = (1 —p,0), az = (—p,0). (Because it is necessary
to discuss several different Hamiltonians in the same section, our usual con-
vention of naming all Hamiltonians H would lead to mass confusion.) The
quadratic term above simply gives the linearized equations about the circular
solutions of the 2-body problem in rotating coordinates. Thus to first order in
€, the Hamiltonian of the full 3-body problem decouples into the sum of the
Hamiltonian for the restricted problem and the Hamiltonian of the linearized
equations about the circular solution.

Now look at this problem on the reduced space. Let U = (q1, g2, p1,p2)
and M = €2 +my + my = €2 + 1 (total mass); so, u; = a; — eg; and v; =
—m;Ka; — €p;. The center of mass C, linear momentum L, and angular
momentum A in these coordinates are

1
C= M{EQf —e(miqr +maq2)},

L = €n—e(p1 + p2),
A=e¢TKn— (a1 —eq1)TK(miKay + ep1) — (az — eq2)T K(maKag + eps).

Note that when € = 0, these three qualities depend only on the variables of
the 2-body problem, U = (g1, g2, p1,p2), and are independent of the variables
of the restricted problem, £, 7. So when € = 0, the reduction is on the 2-body
problem alone.

Look at the reduction of the 2-body problem in rotating coordinates with
masses pu and 1 — p, and let v = p(1 — p). Fixing the center of mass at the
origin and ignoring linear momentum is done by moving to Jacobi coordinates
which are denoted by (a, 3); see Section 7.1. Replace (u,v) with (a, 8) to get
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14

T = —aTKp3 - .
v [l

Put this problem in polar coordinates (see Section 6.2) to get

,
. R 62 v
pe 2t -7

v’ vrd 2’
.6 .

vr

The reduction to the reduced space is done by holding the angular momen-
tum, O, fixed and ignoring the angle 6 (mod out the rotational symmetry).
The distance between the primaries has been chosen as 1; so, the relative
equilibrium must have r = 1; therefore, @ = v. The linearization about this
critical point is

7= R/v, R=—ur.

This linear equation is a harmonic oscillator with frequency 1 and comes from
the Hamiltonian S = %(RQ/V +vr?).

In summary, the Hamiltonian of the 3-body problem on the reduced space
when € = 0 is

1
HR:G+S:G+§(R2/V+I/T2).

Proof. Let & = ¢(t), n = 1(t) be a T-periodic solution of the restricted prob-
lem with multipliers 1,1, 7,7~!. By assumption 7 # 1 and T # k27, where k
is an integer. Now & = ¢(t), n = ¥(¢), r = 0, R = 0 is a T-periodic solution
of the system whose Hamiltonian is Hg, i.e., the Hamiltonian of the 3-body
problem on the reduced space with € = 0. The multipliers of this periodic
solution are 1,1, 7,77 %, exp(iT), exp(—iT). Because T is not a multiple of
27, exp(£iT) # 1, and so this solution is elementary. By Proposition 9.1.1
this solution can be continued into the full problem with € # 0, but small.

9.7 Some Elliptic Orbits

All of the multipliers of the elliptic solutions of the Kepler problem in either
fixed or rotating coordinates are +1, because they are not isolated in an
energy level; see Proposition 8.5.2. Thus there is no hope of using the methods
used previously, however, the restricted problem has a symmetry that when
exploited properly proves that some elliptic orbits can be continued from the
Kepler problem into the restricted problem. The main idea is given in the
following lemma.
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Lemma 9.7.1. A solution of the restricted 3-body problem (9.2) that crosses
the line of syzygy (the x1-axis) orthogonally at a time t = 0 and later at a
time t = T/2 > 0 is T-periodic and symmetric with respect to the line of
SYzYgy-

Proof. This is an easy consequence of the exercises following Chapter 8.

That is, if © = ¢(t), y = 1(t) is a solution of the restricted problem such that
22(0) = y1(0) = 22(T/2) = y1(T/2) = 0, where T > 0, then this solution is
T-periodic and symmetric in the z;-axis.

In Delaunay coordinates (¢, g, L, G) (see Section 7.7), an orthogonal cross-
ing of the line of syzygy at a time tg is

U(to) = n, g(to) = mm, n,m integers. (9.11)

These equations are solved using the implicit function theorem to yield the
following theorem.

Theorem 9.7.1. Let m,k be relatively prime integers and T = 2mm. Then
the elliptic T-periodic solution of the Kepler problem in rotating coordinates
that satisfies

Woy=m,  g(0)=m  L0)=m/k
and does not go through x = (1,0) can be continued into the restricted problem
for p small. This periodic solution is symmetric with respect to the line of
SYzYgy-

Proof. (See Barrar (1965).) The Hamiltonian of the restricted 3-body prob-
lem in Delaunay elements for small p is

1
212
and the equations of motion are

-G+ O(p),

{=1/L%+O(p), L=040(e),
(9.12)

g=-140(n), G =0+ O(e).

Let L3 = m/k, and let £(t, A, u), g(t, A, p), L(t, A, 1), G(t, A, 1) be the solu-
tion that goes through ¢ =7, g =m, L = A, G = anything at t = 0; so, it is
a solution with an orthogonal crossing of the line of syzygy at ¢t = 0.

From (9.12) £(t, A,0) = t/A3 + 7, g(t, A,0) = —t + 7. Thus £(T'/2, Lo, 0) =
(14 k)m and ¢g(T'/2, Lo,0) = (1 — m)7, and so when p = 0, this solution has
another orthogonal crossing at time 7'/2 = mn. Also

oL/t a/oA k/m —3n(k*/m)'/?
det = det # 0.
0g/0t 0g/0A t=T 2, L= Lo =0 -1 0

Thus the theorem follows by the implicit function theorem.
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It is not too hard to show that for a fixed m and k, only a finite number

of such elliptic orbits pass through the singularity at the other primary, x =
(1,0). This rules out a finite number of collision orbits and a finite number
of Gs.

It is only a little more difficult to establish the existence of symmetric

elliptic periodic solutions near a primary as in Section 9.4 (see Arenstorf
(1968)). It is also easy to show the existence of symmetric elliptic periodic
solutions near infinity as in Section 9.5 (see Meyer (1981a)).

Problems

1.

Consider a periodic system of equations of the form & = f(¢, x,v) where
v is a parameter, and f is T-periodic in ¢, f(t + T, x,v) = f(t,z,v). Let
@(t,&,v) be the general solution, ¢(0,&,v) = &.

a) Show that ¢(t,&’,v') is T-periodic if and only if ¢(T,&',v") = ¢'.

b) A T-periodic solution ¢(t,£’,v’) can be continued if there is a smooth
function xi(v) such that £(v) = &', and ¢(T,£(v'), V') is T-periodic.
The multipliers of the T-periodic solution ¢(t,&’,v’) are the eigen-
values of 0¢(T,¢&',v')/0¢. Show that a T-periodic solution can be
continued if all of its multipliers are different from +1.

. Consider the classical Duffing’s equation i+x+vyx3 = Acoswtor i =y =

OH /0y, § = —z—~x3+ Acoswt = —OH /dx, where H = (1/2)(y? +2%)+
yat /4 — Ax coswt. Show that if 1/w # 0,41,42 43, ..., then for small
forcing A and small nonlinearity  there is a small periodic solution of the
forced Duffing’s equation with the same period as the external forcing,
T = 2w /w. In the classical literature this solution is sometimes referred
to as the harmonic. (Hint: Set the parameters v and A to zero; then the
equation is linear and solvable. Note that zero is a T-periodic solution).
Show that the eigenvalues of

0-1

w0

are continuous in pu but not smooth in pu.
Hill’s lunar problem is defined by the Hamiltonian

lylI? T 1 Lo o 2
H=0 o Try o =~ (322

where z,y € R?. Show that it has two equilibrium points on the z; axis.
Linearize the equations of motion about these equilibrium points, and
discuss how Lyapunov’s center and the stable manifold theorem apply.

. Show that the scaling used in Section 9.4 to obtain Hill’s orbits for the

restricted problem works for Hill’s lunar problem (Problem 4) also. Why
doesn’t the scaling for comets work?
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6. Prove Lemma 9.7.1, and verify that (9.11) is the condition for an orthog-
onal crossing of the line of syzygy in Delaunay elements.



10. Normal Forms

Perturbation theory is one of the few ways that one can bridge the gap be-
tween the behavior of a real nonlinear system and its linear approximation.
Because the theory of linear systems is so much simpler, investigators are
tempted to fit the problem at hand to a linear model without proper justi-
fication. Such a linear model may lead to quantitative as well as qualitative
errors. On the other hand, so little is known about the general behavior of a
nonlinear system that some sort of approximation has to be made.

Many interesting problems can be formulated as a system of equations
that depend on a small parameter € with the property that when € = 0 the
system is linear, or at least integrable. This chapter develops a very powerful
and general method for handling the formal aspects of perturbations of linear
and integrable systems, and the next two chapters contain rigorous results
that depend on these formal considerations.

10.1 Normal Form Theorems

In this section the main theorems about the normal form at an equilibrium
and at a fixed point developed in this chapter are summaries without proof.
Upon a first sitting a reader may want read this section, skip the details in
the rest of the chapter, and go on to other topics.

10.1.1 Normal Form at an Equilibrium Point

Consider a Hamiltonian system of the form
Hy(z) =Y Hi(x). (10.1)
i=0

In order to study this system we change coordinates so that the system in the
new coordinates is simpler. The definition of simpler depends on the prob-
lem at hand. In this chapter we construct formal, symplectic, near-identity
changes of variables + = X(y) = y + - -, such that in the new coordinates
the Hamiltonian becomes

K.R. Meyer et al., Introduction to Hamiltonian Dynamical Systems and the N-Body
Problem, Applied Mathematical Sciences 90, DOI 10.1007/978-0-387-09724-4_10,
© Springer Science+Business Media, LLC 2009
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H#(y) :ZHi(y)- (10.2)

If the Hamiltonian H# meets the criteria for being simple then the system
is said to be in normal form. It is important to understand the implications
of a formal transformation. Even though the original system (10.1) is a con-
vergent series for x in some domain, the series expansion for the change of
variables X (y) will not converge in general. Thus the series (10.2) does not
necessarily converge. The only way to obtain rigorous results based on this
theory is to truncate the series expansion for X at some finite order to obtain
a finite (hence convergent) series for X. In this case only the first few terms
of H# are in normal form. In general, if the series for X is truncated after
the Nth term then the series for H# will be convergent, but only the terms
up to and including the Nth will be in normal form.

Various methods for transforming a system into normal form have been
given because the middle of the nineteenth century, but we present the
method of Lie transforms because of its great generality and simplicity. The
simplicity of this method is the result of its recursive algorithmic definition
which lends itself to easy computer implementation.

Our first example is the classical theorem on the normal form for a Hamil-
tonian system at a simple equilibrium point. Consider an analytic Hamilto-
nian, Hy, which has an equilibrium point at the origin in R?", and assume
that the Hamiltonian is zero at the origin. Then Hy4 has a Taylor series ex-
pansion of the form (10.1) where H; is a homogeneous polynomial in x of
degree i + 2; so, Ho(x) = %xTSx, where S is a 2n x 2n real symmetric ma-
trix, and A = JS is a Hamiltonian matrix. The linearized equation about the
critical point x = 0 is

&= Az = JSx = JVHy(z), (10.3)

and the general solution of (10.3) is ¢(t, &) = exp(At)¢ . A traditional analysis
is to solve (10.3) by linear algebra techniques and then hope that the solutions
of the nonlinear problem are not too dissimilar from the solutions of the linear
equation. In many cases this hope is unjustifiable. The next best thing is to
put the equations in normal form and to study the solutions of the normal
form equations. This too has its pitfalls.

Theorem 10.1.1. Let A be diagonalizable. Then there exists a formal, sym-
plectic change of variables, v = X (y) = y+ - - -, which transforms the Hamil-
tonian (10.1) to (10.2) where H' is a homogeneous polynomial of degree i + 2
such that

Hi(ety) = H(y), (10.4)

foralli=0,1,..., ally € R*™, and all t € R.

For example consider a two degree of freedom system in the case when
the matrix A is diagonalizable and has distinct pure imaginary eigenvalues



10.1 Normal Form Theorems 233

+iwy, Two. In this case we may assume that after a symplectic change of
variables the quadratic terms are

w w
Hy(z) = 71(:13% + m%) + 72(:103 + xi) =wi i +wals, (10.5)

where in the second form we use the action—angle coordinates

1 1 T T
Il = f(sc%—kmﬁ), _[2:*(1'%-"-1'421)7 §Z51 :tan_l i, ¢2:tan_1 74
2 2 T T2

The linear equations (10.3) in action—angle coordinates become
L=0, =0, ¢1=-w1, ¢=-ws.

The condition (10.4) requires the terms in the normal form to be constant
on the solutions of the above equations. These equations have as solutions
I = 19 and I, = I§ where I? and I§ are constants. I = I and I = I
where 19 > 0 and I9 > 0 defines a 2-torus with angular coordinates ¢; and
¢2. This type of flow on a torus was discussed in detail in Section 1.9.

There are two cases depending on whether the ratio wy/ws is rational
or irrational. In the case when the ratio is irrational the flow on the torus
defined by the equations above is dense on the torus and so the only con-
tinuous functions defined on the torus are constants, therefore, the terms in
the normal form will depend only on the action variables I, I5. On the other
hand, if the ratio is rational, say w;/we = p/q, then the terms in the normal
form may contain a dependence on the single angle ¥ = q¢1 — poo.

Thus: If Hy in (10.1) is of the form (10.5) then the normal form for the
system 1s

H#* =Y H'(I, 1)
=0

when the ratio wy/ws is irrational, and

H# = ZHi(I1,[27Q¢1 — po2)
i=0

when wy /ws = p/q.

This covers the normal form at the equilibrium point £4 of the restricted
3-body problem when 0 < p < p1. A multitude of interesting stability and
bifurcation results follow from simple inequalities on a finite number of terms
in this normal form.

In the case where the matrix A is not diagonalizable the only change in
the statement of Theorem 10.1.1 is that the condition (10.4) is replaced by

H(eAty) = Hi(y),

where AT is the transpose of A.
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Consider a two degree of freedom Hamiltonian system at an equilibrium
point when the exponents are +iw with multiplicity two and the linearized
system is not diagonalizable. The normal form for the quadratic part of such
a Hamiltonian was given as

1)
Ho = w(z2y1 — T1y2) + 5(50:{ + 23),

where w # 0 and § = £1. In this case

£ o

0
0
0
—w

ooq
%oo&
o & oo

The normal form in this case depends on the four quantities

In = 2oy1 — 212, 2= (951 —|—x2)
Iy = 5(yf +93), F4:;v1y1+x2y2.

Note that {I,I5} =0 and {I, I3} = 0. The system is in Sokol’skii normal
form if the higher-order terms depend on the two quantities I'; and I3, that
is, the Hamiltonian is of the form

6 oo
S(@t +23) + > Hor(wayn — 219,57 + v3),

H# = w(zoy1 — 7192) + 5
k=1

where Hyj is a polynomial of degree k in two variables. The first few terms
of this normal form determine the nature of the stability and bifurcations at
the equilibrium point £4 of the restricted problem when p = p;.

10.1.2 Normal Form at a Fixed Point

The study of the stability and bifurcation of a periodic solution of a Hamil-

tonian system of two degrees of freedom can be reduced to the study of

the Poincaré map in an energy level (i.e., level surface of the Hamiltonian).

Sometimes the value of the Hamiltonian must be treated as a parameter.
Consider a diffeomorphism of the form

Fy:NCR> - R?:z — f(z), (10.6)

where NN is a neighborhood of the origin in R?, and f is a smooth function
such that
t of

f(O)ZO, de 8()—1'

The origin is a fixed point for the diffeomorphism because f(0) = 0, and it is
orientation-preserving and area-preserving because det df/0x = 1. This map
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should be considered as the Poincaré map associated with a periodic solution
of a two degree of freedom Hamiltonian system.

The linearization of this map about the origin is x — Az where A is the
2 x 2 matrix (0f/0x)(0). Because the determinant of A is 1 the product of its
eigenvalues must be 1. The eigenvalues A\, \~! of A are called the multipliers
of the fixed point. There are basically four cases:

1. Hyperbolic fixed point: multipliers real and A\ # +1

2. Elliptic fixed point: multipliers complex conjugates and A # +1
3. Shear fixed point: A = +1, A not diagonalizable

4. Flip fixed point: A = —1, A not diagonalizable

As before in order to study an area-preserving map we can change coor-
dinates so that the map in the new coordinates is simpler. Here we consider
a formal symplectic, near-identity change of variables © = X(y) =y + ---,
such that in the new coordinates the map (10.6) becomes

F#:y—g(y). (10.7)

If the map F# meets the criteria for being simple then the map is said to
be in normal form. It is important to understand the implications of a formal
transformation. Even though the original system (10.6) is a convergent series
for z in some domain, the series expansion for the change of variables X (y)
will not converge in general. Thus the series (10.7) does not converge in
general. The only way to obtain rigorous results based on this theory is to
truncate the series expansion for X at some finite order to obtain a finite
(hence convergent) series for X. In this case only the first few terms of F'#
will be in normal form. In general, if the series for X is truncated after the
Nth term then the series for F# will be convergent, but only the terms up
to and including the Nth will be in normal form.

Hyperbolic fixed point. In the hyperbolic case after a change of variables

we may assume that
A0
A= [O )\_1} ’

with A # £1 and real. The mapping (10.7) is in normal form with F# :
(u,v) — (v',v") where y = (u,v) with

u' = ul(uv)

v = vl(uv)~L,
where £ is a formal series in one variable, f(uv) = A+ ---.

The map takes the hyperbolas uv = constant into themselves. The trans-
formation to normal form actually converges by a classical theorem of Moser
(1956).

Elliptic fixed point. In the elliptic case when A is a complex number of
unit modulus certain reality conditions must be met. Consider the case when
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A has eigenvalues A\*! = exp(+wi) # +1; i.e., the origin is an elliptic fixed
point. First assume that A is not a root of unity. Change to action—angle
variables (I, ¢); The normal form in action—angle variables in this case is
F# . (I,¢) — (I',¢') where

=1, ¢ =¢+D),

where ¢ has a formal expansion ¢(I) = —w + I - - -. If a diffeomorphism is in
this form with 8 # 0, then the origin is called a general elliptic point, or F#
is called a twist map. This map takes circles, I = const, into themselves and
rotates each circle by an amount ¢(I).

Now consider the case when the diffeomorphism has an elliptic fixed point
whose multiplier is a root of unity. Let A be a kth root of unity; so, A\¥ = 1,
k > 2, and A = exp(h2mi/k), where h is an integer. The origin is called
a k-resonance elliptic point in this case. The normal form in action—angle
variables in this case is F# : (I,¢) — (I’,¢’) where

I' = I+ 2aI"?sin(k¢) + -,
(10.8)
¢ = ¢+ (2nh/k) + al*=2/2 cos(kp) 4+ BT 4 - -

Shear fized point. Consider the cases where the multiplier is +1. If A = I,
the identity matrix, the system is so degenerate that there is no normal form
in general. Otherwise, by a coordinate change we have

-] 109

The important terms of the normal form F# : (u,v) — (u/,v’) are

v=utv—---,
(10.10)
v=v—Bu .

The ellipsis may contain other quadratic terms and higher-order terms.
Flip periodic point. Now consider the case when A has eigenvalue —1. In
this case the generic form for A is

—1+1
=it

The quadratic terms can be eliminated and the important terms of the normal
form F# : (u,v) — (u',v) are
W=—u—v+---,
(10.11)
v =—v+Bud .

The ellipsis may contain other cubic terms and higher-order terms.
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10.2 Forward Transformations

One of the most general methods of mathematics is to simplify a problem
by a change of variables. The method of Lie transforms developed by Deprit
(1969) and extended by Kamel (1970) and Henrard (1970b) is a general
procedure to change variables in a system of equations that depend on a
small parameter. Deprit’s original method was for Hamiltonian systems only,
but the extensions by Kamel and Henrard handle non-Hamiltonian equations.
Only the Hamiltonian case is treated here.

10.2.1 Near-Identity Symplectic Change of Variables

The general idea of this method is to generate a symplectic change of variables
depending on a small parameter as the general solution of a Hamiltonian
system of differential equations; see Theorem 6.1.2. X (e,y) is said to be
a near-identity symplectic change of variables (or transformation ), if X is
symplectic for each fixed e and is of the form X (e,y) = y+0(¢e); i.e., X(0,y) =
y. Because X (0,y) = y, 0X(e,y)/0y is nonsingular for small € so by the
inverse function theorem, the map y — X(e,y) has a differentiable inverse
for small €. Both X and its inverse are symplectic for fixed e.
Consider the nonautonomous Hamiltonian system

d
d—: = JVW (e, z) (10.12)
and the initial condition

z(0) =y, (10.13)

where W is smooth. The basic theory of differential equations asserts that
the general solution of this problem is a smooth function X(e,y) such that
X(0,y) = y, and by Theorem 6.1.2, the function X is symplectic for fixed
e. That is, the differential equation (10.12) and the initial condition (10.13)
define a near-identity symplectic change of variables.

Conversely, let X (g,y) be a near-identity symplectic change of variables
with inverse function Y (g, z) such that X (e,Y (e,2)) = v and Y (e, X (¢,y)) =
y where defined. Y is symplectic too. Differentiating Y (e, X (¢, y)) = y with
respect to € yields

aYy 0X aYy

%(S,X(E,y))g(s,y) + E(&X(s,y)) =0
or )
0X Y oY
e = |G xen] Grexen).
This means that X (e,y) is the general solution of
dx Y Loy
== U(e,z), whereU(e,z)= {ax(e,x)] E(e,x)
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This equation is Hamiltonian so, there is a function W(e,x) such that
U(e,z) = JVW (e, z). This proves the following.

Proposition 10.2.1. X (e,y) is a near-identity symplectic change of vari-
ables if and only if it is the general solution of a Hamiltonian differential
equation of the form (10.12) satisfying initial condition (10.13).

A Hamiltonian system of equations generates symplectic transformations di-
rectly, which is in contrast to the symplectic transformations given by the
generating functions in Theorem 6.2.1, where the new and old variables are
mixed.

10.2.2 The Forward Algorithm

Let X(e,y), Y(e,z), and W(e,z) be as above; so, X(g,y) is the solution
of (10.12) satisfying (10.13). Think of z = X (e,y) as a change of variables
r — y that depends on a parameter. Throughout this chapter, when we
change variables, we do not change the parameter e.

Let H(e,z) be a Hamiltonian and G(e,y) = H(e, X (g,y)); so, G is the
Hamiltonian H in the new coordinates. We call G the Lie transform of H
(generated by W). Sometimes H is denoted by H, and G by H*, and some-
times G is denoted by L(W)H to show that G is the Lie transform of H
generated by W. Let the function H = H,, G = H*, and W all have series
expansions in the small parameter €. The forward algorithm of the method
of Lie transforms is a recursive set of formulas that relate the terms in these
various series expansions.

In particular let

H(e,x) = H,(s,7) = 3 <Z> HY(2), (10.14)
=0
Gle,y) =H (e,y) =) (f,) Hi(y), (10.15)
=0 ’
Wz =3 (;) Wi (). (10.16)
i=0 ’

The method of Lie transforms introduces a double indexed array {H}}, 1,] =
0,1,... which agrees with the definitions given in (10.14) and (10.15) when
either ¢ or j is zero. The other terms are intermediary terms introduced to
facilitate the computation.

Theorem 10.2.1. Using the notation given above, the functions {H;}7 1=
1,2,...,5=0,1,... satisfy the recursive identities

i,
Hy=Hi 1+ (i) {H;Z ., Wi} (10.17)
k=0
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Remarks. The above formula contains the standard binomial coefficient

(1) = w5

Note that because the transformation generated by W is a near identity
transformation, the first term in H, and H* is the same, namely H{. Also note
that the first term in the expansion for W starts with W;. This convention
imparts some nice properties to the formulas in (10.17). Each term in 10.17
has indices summing to ¢+ j, and each term on the right-hand side has upper
index 7 — 1.

In order to construct the change of variables X (e,y), note that X is the
transform of the identity function or X (e,y) = L(W)(id), where id(z) = x.

The interdependence of the functions {sz} can easily be understood by
considering the Lie triangle

Hyg

!

1y — 1}

! !

HY — H} — HZ.
! ! !

The coefficients of the expansion of the old function H, are in the left column,
and those of the new function H* are on the diagonal. Formula (10.17) states
that to calculate any element in the Lie triangle, you need the entries in the
column one step to the left and up.

For example, to compute the series expansion for H* through terms of
order €2, you first compute Hg by the formula

Hy = HY + {Hg, W1}, (10.18)
which gives the term of order ¢, and then you compute
Hy = Hy +{Hy, W} + {Hg, W2},
H§ = H! + {Hgj, W1}
Then H*(e,2) = H)(z) + H} (z)e + HE(x)(2/2) + - - -.

Proof. (Theorem 10.2.1) Recall that H*(e,y) = G(e,y) = H(e, X(g,y)),
where X (e,y) is the general solution of (10.12). Define the differential op-
erator D = Dy by

DF(e,x) = or

5 (e,2) + {F,W}(e,x),

so that
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d% (F(m) ) — DF(e, )

Define new functions by HY = H, H* = DH*"', i > 1. Let these functions
have series expansions

=X (e,y) I:X(E»y).

s0, o
e -3 (5
(&) £ (5o )
£(5) (- (o)

So the functions H are related by (10.17). It remains to show that H* = G
has the expansion (10.15). By the above and Taylor’s theorem

cen =3 (5) iaty)

e=0

e n dm
2 () (e )
o n! ) de z=X(e,y) /) .—p
£ el
o n! =X (g,y) =0

10.2.3 The Remainder Function

Assume now that the Hamiltonian and hence the equations are time depen-
dent; i.e., consider

&= JVH(,t, 1), (10.19)

where H has an expansion
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H(e,t,x) = Ho(e, t,x) = i (j) HY(t,z). (10.20)

Make a symplectic change of coordinates, + = X (e,t,y), which transforms
(10.19) to the Hamiltonian differential equation

y=JVG(et,y) + JVR(e, t,y) = JVK(e, t,y),

where G(e,t,y) = H*(e,t,y) = H(e,t, X(e,t,y)) is the Lie transform of H,
R is the remainder function, and K = G + R is the new Hamiltonian. Let G,
R, and K have series expansions of the form

Genn =3 (5)Hitn.  retn =3 (5) s

=0 =0

K(s,t,y) = i (j,) Ki(t,y).

=0

Let the symplectic change of variables X (e,t,y) be the general solution of
the Hamiltonian system of equations

d.
d% = JVW (e, t,2), z(0) =y,

where W (e, t, ) is a Hamiltonian function with a series expansion of the form

Wieta)=3 (3) Wi (t,z).

1=0

The variable t is simply a parameter, and so the function G = H* can be
computed by formulas (10.17) in Theorem 10.2.1 using the Lie triangle as a
guide. The remainder term R needs further consideration.

Theorem 10.2.2. The remainder function is given by

R(e,t,y) / LW () (s,t,y)ds. (10.21)

Proof. Making the symplectic change of variable z = X (e, t,y) in (10.19)
directly gives

o fax\ 7! oX\™ 0X
- (%) Crmaexean - (5) et

By the discussion in Section 6.1 the first term on the right-hand side is JVG,
and so,
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X “lox
JVR(&“,t,y) = - <8y(€7tay)> W(F;vtay)'

A(e) = 0X(e,t,y)/0y is the fundamental matrix solution of the variational
equation; i.e., it is the matrix solution of

dA 2w
ds_(Jw(

stX(sty)))A A(0) =1.
Differentiating 0X (e,t,y)/0c = JVW (e,t, X (e, t,y)) with respect to ¢t shows
that B(g) = 0X(e,t,y)/0t satisfies

dB *wW
de (J Ox?

9*wW
O0x0ot

(e,t, X (e, t y))) B+J (e,t, X (g,t,y)).

Because X(0,t,y) = y, B(0) = 0, and so, by the variation of constants
formula,

82
BE) = [ A@AG) I (et X(s s

therefore,

-1
JVR( L y) = - (a;;(e,t,w) O et) = -4 BGe)

/ A(s (stX(sty))d
1 82
_ 70" W
A JA(s) Bxat(s’t’X(s’t’y))dS
0 [°OW
- gz X
J@y 5 —(s,t, X(s,t,y))ds

= —J—/ LW () (s,t,y)ds.

In the above, the fact that A is symplectic is used to make the substitution
A1 J = JAT.

Thus, to compute the remainder function, first compute the transform
of —OW/dt, and then integrate it. That is, let S, (e,t,z) = > (/i) S2(t, ),
where SY(t,x) = —OW;_1(t,z)/0t. Compute the Lie transform of S, by the
previous ?lgorithms to get LIW)(S) = S*(e,t,z) = > (¢'/i1)Si(t, z). Then

=5".

For example, to compute the series expansion for K = G + R, the new
Hamiltonian, through terms of order 2, set K3 = HY, then compute K¢ by
the formulas
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oW,

Hé:H?+{H8’W1}’ Ré:_wa

Ky = Hy + Ry,
which gives the term of order ¢, and then compute

OW- oW
m--22{%rwl m-mem

Then K*(g,2) = K{(z) + e K} (x) + %Kg(x) +--

10.3 The Lie Transform Perturbation Algorithm

In many of the cases of interest, the Hamiltonian is given, and the change
of variables is sought to simplify it. When the Hamiltonian, and hence the
equations, are in sufficiently simple form, they are said to be in “normal
form,” an expression whose meaning is discussed in detail later.

10.3.1 Example: Duffing’s Equation

In (6.15) the Hamiltonian of Duffing’s equation was given as

1
H= (¢ +p) + %q“ (10.22)
in rectangular coordinates, (¢,p), and in action—angle variables, (I, ¢), it was
given as
H=1+ %12(3+40052¢+cos4¢). (10.23)

The Hamiltonian is analytic in rectangular coordinates, and so has the
d’Alembert character. Consider v as a small parameter by setting ¢ = 7/8;
so, H(e,1,¢) = H*(e,1,¢) = H{(I,¢) + eH{ (I, $), where

HY) =1, HY = I?(3 + 40826 + cos 4¢).
By formula (10.18),

S0,

oWy
d¢ -
Choose Wy so that H} contains as few terms as possible (one definition of
normal form). For the transformation generated by W to be analytic in

rectangular coordinates, W must be a Poisson series with the d’Alembert
character. Thus the simplest form for H} is

Hj = I*(3 + 4cos 2¢) + cos 4¢) —
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H} =317,

which is accomplished taking
W, = I*(2sin2¢ + i sin4¢).
With this W7, the Hamiltonian in the new coordinates, (J,8), would be
H.(e,J,0)=J+ %Jz +0(y?),

and the equations of motion would be

. 3
J=0(1*), f6=-1- %JﬂL 0(?).

In these coordinates, up to terms O(?), the solutions move on circles J =
constant with uniform angular frequency —1 — (3y/4)J.

Let us do this simple example again, but this time in complex coordinates
z =q+1ip, Z = q — ip. This change of variables is symplectic with multiplier
21; so, the Hamiltonian becomes

i

H(z,2) =izz + 3 244237 4 62227 + 422 + 24).

H is real in the rectangular coordinates (g, p), so H is conjugated by inter-
changing z and z; i.e., H(z,2) = H(Z, z). This is the reality condition in these
variables. Let ¢ = /32 and

HY =izz, HY =i(2" + 4232 +62%2% + 422% + 2%);
so Equation (10.18) becomes
1/ oW ow
Hi =i(2" +42%2 + 62222 + 4223 + 2 + 3 (zaz — Zaz) :

Try W = az®z?; then (20W/0z + 20W/0%) /2 = a(a — 3)z2" /2; so, all the
terms in HY can be eliminated except those with o = 3. That is, if we take
W = —i(2*/2 + 4237 — 422% — 7/2),

then
H, = HY + H} =i2z + (37i/16)(22)* + O(e?).

Notice that both W and H, satisfy the reality condition and so are real
functions in the original coordinates (g,p). The two methods of solving the
problem (action—angle variables and complex variables) give the same results
when written in rectangular coordinates.
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10.3.2 The General Algorithm

The main Lie transform algorithm starts with a given Hamiltonian that de-
pends on a small parameter e, and constructs a change of variables so that
the Hamiltonian in the new variables is simple. The algorithm is built around
the following observation.

Consider the Hamiltonian H, (e, z) with series expansion as given in Equa-
tion (10.14); so, all the H? are known. Assume that all the entries in the Lie
triangle are known down to the Nth row; so, the H]l are known for i+j < N,
and assume that the W; are known for i < N. Let L} i+7 < N, be computed
from the same initial Hamiltonian, but with Uy,..., Uy where U; = W; for
i=1,2,...,N —1and Uy =0. Then

Hi=Lifori+j<N
- (10.24)
HY =L} +{HY, Wy} fori+j=N.

This is easily seen from the recursive formulas in Theorem 10.2.1. Recall the
remark that the sum of all the indices must add to the row number; so, Wy
does not affect the terms in the first N — 1 rows. The second equation in
(10.24) follows from a simple induction across the Nth row.

From this observation, the algorithm is as follows. Assume all the rows
in the Lie triangle have been computed down to the (N — 1)st row, that
W1, ...,Wx_1 have been determined, and that the terms H},. .., Hév_l are
in normal form; i.e., simple in some sense. Now it is time to compute Wy so
that HY' is in normal form. To compute the Nth row do the following.

Step 1: Compute the Nth row from the formulas in Theorem 10.2.1 assuming
that Wy = 0, and call these terms L%, i +j = N.

Step 2: Solve the equation HYY = LYY + {HS, Wy} for Wy and HY, so that
Hév is in normal form or simple.

Step 3: Add {H{, Wy} to each term in the Nth row; i.e., calculate H} =
Li+{Hy,Wy} foralli+j=N.

Step 4: Repeat for the next row.

Of course the definition of normal form and simple depends on the equa-
tion HYY = L{ + {HJ, W}, which in turn depends on HJ. This equation is
called the Lie equation or the homology equation.

10.3.3 The General Perturbation Theorem

The algorithm can be used to prove a general theorem that includes almost
all applications. Use the notation of Section 10.2.

Theorem 10.3.1. Let {P;}32,, {Qi}2,, and {Ri}2, be sequences of linear
spaces of smooth functions defined on a common domain O in R?™ with the
following properties.
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1. Q; CPii=1,2,....

2. H e P;,i=0,1,2,....

3. {Pi,Rj}CPi+j,i+j:1,2,....

4. forany D € P;,i=1,2,..., there exist B € Q; and C € R; such that

B=D+{H],C}. (10.25)

Then there exists a W with a formal Hamiltonian of the form (10.16) with
W; € Riyi = 1,2,..., which generates a near-identity symplectic change of
variables x — y such that the Hamiltonian in the new variables has a series
expansion given by (10.15) with Hi € Q;,i =1,2,.. ..

Remarks. The Lie equation (10.25) is the heart of a perturbation prob-
lem. H{ defines the unperturbed system when ¢ = 0, so it is supposed to
be well understood. For example, it might be the harmonic oscillator or the
2-body problem. Equation (10.25) can be rewritten

B=D+F(C)

where F = {H{),-} is a linear operator on functions. One must analyze this
operator to determine in what linear spaces the equation (10.25) is solv-
able. Roughly speaking the Hamiltonian (10.14) starts with terms in the
P-spaces (HY € P;), and the equation in normal form has terms in the O-
space (H} € Q;). The Q-spaces are smaller than the P-spaces (Q; C P;). So
the normal form is “simpler.” The transformation is generated by a Hamil-
tonian differential equation with Hamiltonian W in the R-spaces (W; € R;).
D is an old term, B is a new term, and C' is a generator.

Proof. Use induction on the rows of the Lie triangle.

Induction hypothesis I,,: Let HjZ € Pipjfor 0<i+j<mand W; € Ri,Hé €
Q,; for1<i<n.

Iy is true by assumption, and so assume I,,_;. By Equation (10.17)

n—2
n—1
=82+ Y (M) U W) + W)
k=0

The last term is singled out because it is the only term that contains an ele-
ment, W,,, which is not covered by the induction hypothesis or the hypothesis
of the theorem. All the other terms are in P,, by I,—1 and (3). Thus

H’rl],fl = E1 + {H(())a Wn}a

where E! € P, is known. A simple induction on the columns of the Lie
triangle using (10.17) shows that

H;, = E°+ {Hy, W,},



10.3 The Lie Transform Perturbation Algorithm 247

where E° € P, for s =1,2,...,n, and so
HY = E" +{H),W,}.
By (4), solve for W,, € R,, and H} € Q,. Thus I, is true.

The theorem given above is formal in the sense that the convergence of
the various series is not discussed. In interesting cases the series diverge, but
useful information can be obtained in the first few terms of the normal form.
One can stop the process at any order IV to obtain a W that is a polynomial
in € and so converges. From the proof given above, it is clear that the terms
in the series for H* up to order N are unaffected by the termination. Thus
the more useful form of Theorem 10.3.1 is the following.

Corollary 10.3.1. Let N > 1 be given, and let {P;}N,{Q:}Y ., and
{R:}N., be sequences of linear spaces of smooth functions defined on a com-
mon domain O in R with the following properties.

1. Q;CP;yi=1,2,...,N.

2. H) € P;,i=0,1,2,...,N.

3. {Pi,R]’}CPi+j,i+j:1,2,...,N.

4. Forany D € P;,i=1,2,..., N, there existB € Q; and C € R; such that

B=D+{HJ,C}. (10.26)

Then there exists a polynomial W,

N-1 ,
Wea) =Y (Z) Wit (2), (10.27)

=0

with W; € R;,i=1,2,...,N, such that the change of variables x = X (e,y)
where X (€,y) is the general solution of dx/de = JVW (¢,z),x(0) =y, trans-
forms the convergent Hamiltonian

H(e,z) = Hi(e,x) = Z (i:) HY (z) (10.28)

=0

to the convergent Hamiltonian

N i
G(e,z) = H*(e,y) = Z (3) Hi(y) + 0N, (10.29)

=0
with H € Q;,i =1,2,...,N.

The nonautonomous case. In the nonautonomous case, the algorithm is
slightly different. The remainder function, R (e, t,y), is the indefinite integral
of S*(e,t,y), where S*(e,t,y) = —L(W)(0W/0t)(s,t,y), the Lie transform
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of S, = —9W/0t. One constructs two Lie triangles, one for the Hamiltonian
H and one for the function S. Because R is the indefinite integral of S*, if
you want the new Hamiltonian up to terms of order £V, then you need all
the Lie triangle for H, down to the Nth row, but only down to the (IV —1)st
for S. One simply works down the two triangles together, but with the S
triangle one row behind.

Assume that all the entries in the Lie triangle for H are known down to
the Nth row (H},z + j < N) and that all the entries in the Lie triangle for
S, are known down to the (N — 1)st row (S%,i+j < N — 1) using the W;
for i < N. Let G;-,i + j < N, be computed from the same Hamiltonian; so,
GY = HY for all i, but with Uy, ...,Uy, where U; = W, fori =1,2,...,N—1
and Uy = 0. Let Q; be the terms in the Lie triangle for the remainder using
the U/s. Then

H}:Géfori—i—j<N, S;:Qéfori+j<N—1,

H} = G%+ {H§, Wy} fori+j =N, S;::Q;—aa@ for i+j=N—1.
(10.30)
This is easily seen from the recursive formulas in Theorem 10.2.1.

From this observation, the algorithm is as follows. Assume that all the
rows in the Lie triangle for H have been computed down to the (N — 1)st
row, that all the rows in the Lie triangle for S, have been computed down
to the (N — 2)nd row and that Wi,...,Wy_1 have been determined, and
that the H}, ... ,Hévfl are in normal form. Now it is time to compute Wy
so that HY is in normal form.

Step 1: Compute the Nth row for H and the (N —1)st row for the remainder
assuming that Wy = 0, and call these terms G;-,i + 7 =N, and Q;,z +j =
N — 1, respectively.

Step 2: Solve the equation HY = GY + Q="' + {H), Wy} — 0Wy /0t for
Wy and HY' so that HY' is in normal form or simple.

Step 3: Add {H{, W} to each term in the Nth row for H, and add OWy /0t
to each term in the (N — 1)st row for S.

Step 4: Repeat.

The nonautonomous version of Theorem 10.3.1 is as follows.

Theorem 10.3.2. Let {P;}2,, {Q:}2,, and {R;}2, be sequences of linear
spaces of smooth functions defined on a common domain O in R! x R2™. Let
R; be the space of all derivatives of functions in R;. Assume the following:

1. Q; CPii=1,2,....

2. H) € P;,i=0,1,2,....

3. {Pi,Rj} C Piyj and {Pi,R;} C Piyj. fori+j=1,2,....

4. For any D € P;,i=1,2,..., there exists B € Q; and C € R; such that
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oC
B=D+{H{,C} - o (10.31)
Then there exists a W with a formal Hamiltonian of the form (10.16) with
Wi € Rt = 1,2,..., that generates a near-identity symplectic change of

variables © — y such that the Hamiltonian in the new variables has a series
expansion given by (10.15) with H{ € Q;,i =1,2,....

Duffing’s equation revisited. Consider the Hamiltonian (10.23) of Duff-
ing’s equation as written in action—angle variables. The operator { HJ,C} =
0C'/0¢ is very simple to understand. Equation (10.31) becomes

oC
B=D+ 95
If D is a finite Poisson series with d’Alembert character, then by taking B to
be the term of D that is independent of the angle ¢ and C = [(B — D)d¢, B
and C satisfy this equation. This leads us to the following definitions of the
spaces.

Let P; be the space of all finite Poisson series with d’Alembert character
corresponding to homogeneous polynomials of degree 2i + 2 in rectangular
coordinates. So an element in P; is of the form I**! times a finite Fourier
series in ¢. Let Q; be the space of all polynomials of the form AI**!, where
A is a constant. Let R; be the subspace of P; of Poisson series without a
term independent of ¢. So P; = Q; ® R;. Because the Poisson bracket of
homogeneous polynomials of degree 2i + 2 and degree 2j + 2 is a polynomial
of degree 2(i+ j) + 2, and because symplectic changes of coordinates preserve
Poisson brackets, we have {P;, R;} C P;y;. Thus by Corollary 10.3.1, there
exists a formal, symplectic transformation that transforms the Hamiltonian
of Duffing’s equation into the form

=3 (5) mo

=0 :

and the equations of motion become

J=0, éz—%(é,]):—w(e,ﬂ.

Thus formally, the solutions move on circles with a uniform frequency
w(e, J), which depends on € and J. By the theorems of Poincaré (1885) and
Riissman (1959) the series converges in this simple case.

Uniqueness of normal forms: One of the important special cases where
Theorem 10.3.1 applies is when the operator F; = {HJ,-} : P; — P; is
simple; i.e., when P; = Q; ® R;, @Q; = kernel (F;), and R; = range (F;). In
this case, the Lie equation (10.25) has a unique solution. This is not enough
to assure uniqueness of the normal form. One needs one extra condition.
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Theorem 10.3.3. Let {P;}2,, be sequences of linear spaces of smooth func-
tions defined on a common domain O in R*™. Let F; = {HJ,-} : P; — P; be
simple; so, Py = Q; ® R;, Q; = kernel(F;), R; = range (F;). Assume

1. H e P;, i=0,1,2,....
2. {Pi,Rj} C Pigj, i+j=1,2,....

Then there exists a W with a formal expansion of the form (10.16) with W; €
Ri,i =1,2,..., such that W generates a near-identity symplectic change of
variables x — y which transforms the Hamiltonian H. (e, x) with the formal
series expansion given in Equation (10.14) to the Hamiltonian H*(e,y) with
the formal series expansion given by Equation (10.15) with Hf € Q;,i =
1,2,....

Moreover, if

{Qi;Qj}:Oa iaj:172a"'a

then the terms in the normal form are unique.

Remark. All the obvious remarks about the time-dependent cases hold
here also. The normal form is unique, but the transformation taking the
equation need not be unique. Clearly this theorem applies to the Duffing
example. We do not need this theorem in our development. See Liu (1985)
for a proof or see the Problems section.

10.4 Normal Form at an Equilibrium

Consider an analytic Hamiltonian H that has an equilibrium point at the
origin in R?"?, and assume that the Hamiltonian is zero at the origin. Then
H has a Taylor series expansion of the form

(oo}

H(z) = Hy(z) = > Hi(x), (10.32)
=0

where H; is a homogeneous polynomial in = of degree ¢ + 2; so, Ho(z) =
%IETS.I, where S is a 2n x 2n real symmetric matrix, and A = JS is a
Hamiltonian matrix. The linearized equations about the critical point z = 0
are

&= Az = JSx = JVHy(x), (10.33)

and the general solution of (10.33) is ¢(t, &) = exp(At)¢ .

The classical case. The matrix A is simple if it has 2n linearly indepen-
dent eigenvectors that may be real or complex. The matrix A being simple is
equivalent to A being similar to a diagonal matrix by a real or complex sim-
ilarity transformation. This is why A is sometimes said to be diagonalizable.
The classical theorem on normal forms is as follows.
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Theorem 10.4.1. Let A be simple. Then there exists a formal symplectic
change of variables,
r=Xy)=y+---, (10.34)

that transforms the Hamiltonian (10.32) to
H*(y) =Y H'(y), (10.35)
i=0

where H is a homogeneous polynomial of degree i + 2 such that
H'(eMy) = H'(y), (10.36)
foralli=0,1,..., ally € R?", and all t € R.

Remark. Formula (10.36) is the classical definition of normal form for
a Hamiltonian near an equilibrium point with a simple linear part. Formula
(10.36) says that H? is an integral for the linear system (10.33); so, by The-
orem 1.3.1, (10.36) is equivalent to

{H', H°} =0 (10.37)
for all 3.

Proof. In order to study the solutions near the origin, scale the variables
by z — ex. This is a symplectic transformation with multiplier ¢~2; so, the
Hamiltonian becomes

H(e,z) = Hu(e,2) = (j) HY(x), (10.38)

=0

where HY = i!H;. Because we are working formally, we can set € = 1 at the
end, or we can rescale by  — £7x.
Let P; be the linear space of all real homogeneous polynomials of degree

i+ 2; so, H? € P;. Because A is simple, A has 2n linearly independent

eigenvectors si, ..., So, corresponding to the eigenvalues Aq,...,; Aay. The s;
are row eigenvectors; so, s;A = A;s;. Let 2r of the eigenvalues be complex,
and number them so that \; = /_\n+i fori =1,...,r. Choose the eigenvectors
so that s; = 8,44 for ¢ = 1,...,7. The other eigenvalues and eigenvectors

are real. Let K € P;; so, K is a homogeneous polynomial of degree i + 2.
Because the s; are independent, K may be written in the form

K =3 fmim s (512)™ (522) -+ (5202)"", (10.39)
where the sum is over all mq + - -+ + mag,, = i + 2. So the monomials in

B = {(s12)" (s22)™* - - - (s20,2)™*" :mq + -+ + Moy, =1+ 2} (10.40)
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span P;. It is also clear that they are independent; so, form a basis for P;. The
coefficients in (10.39) may be complex but must satisfy the reality condition
that interchanging the subscripts m; and m,4; for ¢ = 1,...,r in the &
coefficients is the same as conjugation.

Now let F = F; : P; — P; be the linear operator of Theorem 10.3.3 as
it applies to Hamiltonian systems, that is, define F by F(G) = {HJ,G} =
—(0G/0x)Ax; so,

F((s12)™ (s22)™2 - - - (s20) ™"

= —(miA + -+ mapday)(s12)™ (s22)™2 - - - (S9p) ™2

So the elements of B are eigenvectors of F and the eigenvalues are —(mq A1 +
coo 4+ MapAap), M1 + -+ + ma, = i+ 2. Thus we can define F-invariant
subspaces

ICi = span{(s12)™ (s22)™2 - - - (S2,0)"2" My + -+ + Moy =1 + 2,
MiAL + -+ Mapap = O},

Ri= {(Sl‘r)ml (st)mz e (San)mmL imy+ -+ ma, =1+ 2;
miAL + - + mapAa, # 0},

In summary, KC; = kernel (F), R; = range (F), and P; = K; ® R;. Thus this
classical theorem follows from the first part of Theorem 10.3.3 because we
have shown that the operators F; : P; — P; are simple. However, the extra
condition in Theorem 10.3.3 is not satisfied in general; so, the normal form
may not be unique.

Birkhoff (1927) considered a special case of the above.

Corollary 10.4.1. Assume that the quadratic part of (10.32) is of the form
H()(JE) = Z /\jxj-rn+j7 (1041)
j=1

where the A;s are independent over the integers; i.e., there is no nontrivial
relation of the form

> kX =0, (10.42)
=1

where the k; are integers. Then there exists a formal symplectic change of
variables x = X(y) = y + --- that transforms the Hamiltonian (10.32)
to the Hamiltonian (10.35), where H7(y) is a homogeneous polynomial of
degree j + 1 in the n products Y1Yns1,---sYnYon- S0, H (y1,...,y2n) =
H# (y1Ynt1,- - - > YnY2n) where H? is a function of n wvariables. Moreover,
in this case, the normal form is unique.
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Remark. Formally the equations of motion for the system in normal form
are )
Yi = ijjH#(ylyn+1z ey YnY2n),

Uitn = —Yi+nDiH? (Y1Ynt1s - - - YnYon)-

Here D; stands for the partial derivative with respect to the jth variable.
In this form, the system of equations has n formal integrals in involution,
I = y1Yn+1,- - In = Yn¥Yon.

In the case when the A\; = iw; are pure imaginary and the y; are the
complex coordinates discussed in Lemma 3.3.4, then we can switch to action—
angle variables by y; = \/I;/2¢"% | y,; = \/I;/2¢7"%i. The Hamiltonian in
normal form is a function of the action variables only; so, the Hamiltonian is

Hf(I,...,1I,), and the equations of motion are
j,_ajT_O b; = 87HT_ (I L)
]—a¢] = U, ;= aIJ —w] 1yeesdp)-

Here w;(I1,...,I,) = £w; + - -+, and the sign is determined by the cases in
Lemma 3.3.2. Setting the action variables equal to nonzero constants, I; =
c1,-..,1, = cp, defines an invariant set which is an n-torus with n angular
coordinates ¢1, ..., ¢n. On each torus the angular frequencies w;(Iy,...,I,),
are constant, and so, define a linear flow on the torus as discussed in Section
1.2. The frequencies vary from torus to torus in general.

Notation. For this proof, and subsequent discussions, some notation is
useful. Let Z = Zi" denote the set of all 2n-tuples of nonnegative integers; so,
k € Z means k = (ki,...,kan), ki > 0, k; an integer. Let |k| = k1 + - - - + kap.
If 2 € R* and k € Z, then define 2% = zF1ahz ... ghen

Proof. The linear part is clearly simple. Let H'(y) = 3 hxy", where the
sum is over k € Z,|k| = i + 2. The general solution of the linear system is
Yi = Yio €Xp(Nit), Yitn = Yitn,0xp(—Ast) for i = 1,...,n. Formula (10.36)
implies that >~ hy exp t{(k1 —kni1) A1 +- -+ (kn —kan) An }y* is constant in ¢,
and this implies that {(k1 —kp41)A1+- - -+ (kn — k2,) A, = 0. But because the
Ms are independent over the integers, this implies k1 = kp11,. .., kn = kan.
That is, H* is a function of the products y1yn+t1,-- -, Yny2n only.

By the remark above, the kernel consists of those functions that depend
only on Iy, ..., I, and not on the angles in action—angle variables. Therefore,
the extra condition of Theorem 10.3.3 holds, and the normal form is unique.

Remark. If the condition (10.42) only holds for |ki| + --- + |kn| < N,
then the terms in the Hamiltonian up to the terms of order IV can be put in
normal form, and these terms are unique.

The general equilibria. In the 1970s, the question of the stability of the
Lagrange triangular point £4 was studied intensely. For Hamiltonian systems,
it is not enough to look at the linearized system alone, because the higher-
order terms in the normalized equations can change the stability (see the
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discussion in Chapter 11). The matrix of the linearization of the equations
at £4 when p = py is not simple as was seen in Section 4.1. The normal form
for this case, and other similar cases was carried out by the Russian school;
see Sokol’skij (1978). First Kummer (1976,1978) and then Cushman, Deprit,
and Mosak (1983), used group representation theory. Representation theory
is very helpful in understanding the general case, but there are simpler ways
to understand the basic ideas and examples. In Meyer (1984b) a theorem
like Theorem 10.4.1 above was given for non-Hamiltonian systems but A was
replaced by AT in (10.36); so, the terms in the normal form are invariant
under the flow exp(ATt) . A far better proof can be found in Elphick et al.
(1987), which is what we present here.

The proof of Theorem 10.4.1 rested on the fact that for a simple matrix, A,
the vector space R?" is the direct sum of the range and kernel of A4, and this
held true for the operator F = {H{, -} defined on homogeneous polynomials
as well. The method of Elphick et al. is based on the following simple lemma
in linear algebra known as the Fredholm alternative and an inner product
defined on homogeneous polynomials given after the lemma.

Lemma 10.4.1. LetV be a finite-dimensional inner product space with inner
product (-,-). Let A : V — V be a linear transformation, and A* its adjoint
(so (Az,y) = (z,A*y) for all x,y € V). Then V = R @ K* where R is the
range of A and K* is the kernel of A*.

Proof. Let = € R; so, there is a u € V such that Au = x. Let y € K*; so,
A*y = 0. Because 0 = (u,0) = (u, A*y) = (Au,y) = (y,x), it follows that
R and K* are orthogonal subspaces. Let K be the kernel of A. In a finite
dimensional space, dimV = dim R 4+ dim K and dim K = dim K*. Because
R and K* are orthogonal, dim(R + K*) = dim R + dim K* = dimV; so,
V=Ro K"

Let P = P; be the linear space of all homogeneous polynomials of degree
j in 2n variables z € R?". So if P € P, then

P(@)= > prt" = D Dhiksoko, @) 057 w52
|k|=3 |k|=3
Define P(9) to be the differential operator
ak
|k|=j

where we have introduced the notation

ok ok k2 dhan

Ozk gzt gake  gpken

Let Q € P, Q(x) = Y qnx" be another homogeneous polynomial, and define
an inner product < -,- > on P by
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< P,Q>=P(0)Q(z).

To see that this is indeed an inner product, note that 0¥z /0z% = 0if k # h
and OFzh /0xk = k! = kylka! - - - ko, if k = h; so,

<PQ>= Y klprg.
[k|=j

Let A = JS be a Hamiltonian matrix where S is a symmetric matrix of the
quadratic Hamiltonian H?; so, H°(x) = %xTS:U. From Theorem 10.3.1 and
the proof of Theorem 10.4.1, the operator of importance is F(A4) : P — P,
where

oP d m
FVP = {HY, P} = -5~ Az = = P(e*'a)
Lemma 10.4.2. Let A : R*™ — R?*" be as above and AT its transpose (so
AT is the adjoint of A with respect to the standard inner product in R?").

Then for all P,Q € P,
< P(x),Q(Ax) >=< P(A"x),Q(z) > (10.44)

o (10.43)

and
< P,F(A)Q >=< F(AT)P,Q > . (10.45)

That is, the adjoint of F(A) with respect to < -,- > is F(AT).
Proof. Equation (10.44) follows from (10.43) because (10.43) implies

< P(z),Q(e™xz) >=< P(e* '2),Q(z) > .

Differentiating this last expression with respect to ¢t and setting ¢ = 0 gives
(10.45). . o
Let y = Az (ie., y* = Z ; A%xd) and F(y) = F(Axz). Inasmuch as

Z 8y 8xﬂ

it follows that 9/0x = AT9/0y.
< P(x),Q(Ax) >= P(0,)Q(Ax) = P(AT9,)Q(y) =< P(ATy),Q(y) > .

Theorem 10.4.2. Let A be a Hamiltonian matriz. Then there exists a for-
mal symplectic change of variables, x = X (y) =y + - - -, that transforms the
Hamiltonian (10.32) to

— Z H(y), (10.46)

where H7 is a homogeneous polynomial of degree j + 2 such that
HI (A" ty) = HI(y), (10.47)
forall j=0,1,..., ally € R®>", and all t € R.



256 10. Normal Forms

Remark. Let H{ (z) = H}(z) = 327 Rz be the quadratic Hamiltonian

for the adjoint linear equation; so, A7 = JR. Then (10.47) is equivalent to
{H',Hp} =0
forj=1,2,....

Proof. By Theorem 10.3.1, we must solve Equation (10.25) or F(A)C' + D =
B, where D € P; = P is given, and C € @; = P, and D € Q; =
kernel (F(AT)). By Lemma 10.4.2, we can write D = B — G, where B €
kernel(F(AT)); so, {B,H%} = 0, and G € range (F(A)); so, G = F(A)C,
C € P. With these choices, (10.30) is solved. Verification of the rest of the
hypothesis in Theorem 10.3.1 is just as in the proof of Theorem 10.4.1.

Theorem 10.4.1 is a corollary of this theorem because when A is simple, it is
diagonalizable, and so, its own adjoint. We proved Theorem 10.4.1 separately,
because the proof is constructive.

Examples of normal forms in the nonsimple case. Consider the Hamilto-
nian system (10.32), where n =1 and z = (g, p). Let

Ho(q,p) = p*/2, H{ (q,p) = —¢*/2,
Jo1 s [oo0
Bl el
Because
e [ 10
exp(ATt) = [1+t 1}’

(10.47) implies that the higher-order terms in the normal form are inde-
pendent of p, or H® = H'(p,-). Thus the Hamiltonian in normal form
is p?/2 + G(q), which is the Hamiltonian for the second-order equation
d+ g(q) = 0, where g(q) = 0G(q)/0q.

Now consider a Hamiltonian system with two degrees of freedom with a
linearized system with repeated pure imaginary roots that are nonsimple. In
Section 4.6, the normal form for the quadratic part of such a Hamiltonian
was given as

1)
Hy = w(&m —&im2) + 5(5% +&3),

where w # 0 and § = £1. The linearized equations are

&1 0w 00][&
Hl —w o0 0o0]]|e&
m| |—-00 0 wl||m
T2 0 =0 —wO0| [n

The transpose is defined by the Hamiltonian
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1)
Hy =w(&m —&n2) — = (i +n3),

2
and the transposed equations are
& 0-w—3 0] [&
52 | w 0 0 -0 52
m| |00 0 —w m
72 00 w O M2

Sokol’skij (1978) suggested changing to polar coordinates (see Section 6.2) to
make the transposed equations simple. That is, he changed coordinates by

M =1rcosb, R = (&m + &n2)/r,

N2 =rsind, O =mé& — 2.
In these coordinates,

2
H()T:—w@—l—ng, Ho—w@—i—(s (R2+@>

and the transposed equations are
r =0, ézw, R=946r, 6=0.

Thus the higher order terms in the normal form are independent of # and R
and so depend only on 7% = n? + 73 and © = & — N2é1.
Thus the theory of the normal form in this case depends on three qualities

1 1
I'n = &m — &, F2=§(§%+€§)7 F3=§(77%+77§)-
The Hamiltonian Hy = wlj + I, and the higher-order terms in the normal
form are functions of Iy and I3 only. This is known as Sokol’skij’s normal
form.

10.5 Normal Form at £,

Recall that in Section 4.1, we showed that the linearization of the restricted
3-body problem at the Lagrange triangular point £4 had two pairs of pure
imaginary eigenvalues, Fiws, +iws when 0 < p < g1 = (1 —1/69/9), and
that there are symplectic coordinates so that the quadratic part of the Hamil-
tonian is

Hy = wil] —wals,

where I, I, ¢1, ¢ are action—angle variables.
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Recall that in Section 8.5, we defined p, to be the value of p for which
wi/we =7, and that 0+ < pug < po < p1. When 0 < p < pq, and p # o, us
then by Corollary 10.4.1, the Hamiltonian of the restricted 3-body problem
can be normalized through the fourth-order terms; so, the Hamiltonian be-
comes

1
H=wl —wly+ 5(AIl2 +2BL I, + CI3) +---.

After six months of hand calculations, Deprit and Deprit-Bartholome com-
puted:
1, (81 —696w? + 124w})

A= B T2 (1 = 5ed)

Clwiwp(43+ 64wiw3)

B =
6 (1 —2w?)2(1 — 5wi)’

C’(wl,wg) == A(wg,wl).

Meyer and Schmidt (1986) computed the normal form through terms of sixth-
order by computer. The results are too lengthy to reproduce here. It did serve
as an independent check of the calculations of Deprit and Deprit-Bartholome.
In Section 4.1, the quadratic part of the Hamiltonian of the restricted 3-
body problem at £4 for u = p; was brought into normal form by a linear
symplectic change of coordinates. In these coordinates, the quadratic part of
the Hamiltonian is of the form

1
Hy = w(&m —&n2) + 5(5% + &) =wly + Iy,

where w = v/2/2 and § = +1.
The normal form for the Hamiltonian of the restricted 3-body problem at
Ly for p = p; is of the form

H=wly+ Iy +cl?+2d T+ 4el2 + - -
— 1(¢2 2
= w(&am — &im2) + 5(§7 + &)

+e(bom — E1m2)® + d(nF + n3) (Eam — Em2) +e(nf +m3)° + -+

where ¢, d, e are constants. As another related problem, consider a quadratic
Hamiltonian Q(y,e) that depends on a parameter e, which for ¢ = 0 is
Hy. That is, Q(y,e) = Qo(y) + eQ1(y) + -+, where Qo = Hp. Then this
Hamiltonian can be brought into normal form to an order so that Q1,Qo, ...
depend only on Iy and I. (See Schmidt (1990) for the calculations.)

The quadratic part of the Hamiltonian of the restricted 3- body problem
at the Lagrange triangular point, L4, for values of the mass ratio parameter
1 = p1 + € can be brought into normal form by a linear symplectic change of
coordinates. The normal form up to order 4 looks like
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Q=wl + Iy +e{aly +bI3} + -+
= w(&m — &me) + 5 (& + &)
+e{a(am — &) + %b(m + ) e

Schmidt (1990) calculated that

a=3V69/16,  b=23V69/3.

10.6 Normal Forms for Periodic Systems

This section reduces the study of the normal forms for symplectomorphisms
to the study of normal forms of periodic systems. Then as examples, the
normal forms for symplectomorphisms of the plane are given in preparation
for the study of generic bifurcations of fixed points given in Chapter 11.

The reduction. The study of a neighborhood of a periodic solution of an
autonomous Hamiltonian system was reduced to the study of the Poincaré
map in an energy surface by the discussion in Section 8.5. This Poincaré map
is a symplectomorphism with a fixed point corresponding to the periodic
orbit.

Let the origin be a fixed point for the symplectomorphism

U(x) =T+ (), (10.48)

where I' is a 2n x 2n symplectic matrix, and v is higher-order; i.e., 1(0) =
01(0)/0x = 0. By Theorem 8.2.1 and the discussion following that theorem,
if I" has a logarithm, then (10.48) is the period map of a periodic Hamiltonian
system. Because ¥2(z) = I'?x + ---, and I'? always has a logarithm, if ¥ is
not a period map, then ¥? is. Except for one example given at the end of
this chapter, only the case when I" has a real logarithm is treated here.
Given a periodic system, by the Floquet-Lyapunov theorem (see Theo-
rem 3.4.2 and the discussion following it), there is a linear, symplectic, peri-
odic change of variables that makes the linear part of Hamiltonian equations
constant in t. Thus the study of symplectomorphisms near a fixed point is
equivalent to studying a 27-periodic Hamiltonian system of the form

Hy(t,x) = i Hi(t, ), (10.49)
1=0

where H; is a homogeneous polynomial in x of degree i + 2 with 27-periodic
coefficients, and Ho(t,x) = 327 Sz where S is a 2n x 2n real constant sym-
metric matrix, and A = JS is a constant, real, Hamiltonian matrix. The
linearized equations about the critical point z = 0 are
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i = Az = JSz = JVHy(x), (10.50)

and the general solution of (10.50) is ¢(t, &) = exp(At)¢E.

The general periodic case. Here, the generalization of the general normal
form given in Section 10.4 is extended to periodic systems. As before, we
consider the periodic system (10.49) but no longer assume that the linear
system is simple. First let us consider the generalization of Theorem 10.4.2.

Consider the 27-periodic equations

i= Atz + f(t), (10.51)
i=A(t)z, (10.52)
j=—At)"y. (10.53)

Equation (10.52) is the homogeneous equation corresponding to the nonho-
mogeneous equation (10.51), and (10.53) is the adjoint equation of (10.52).

Lemma 10.6.1. The nonhomogeneous equation (10.51) has a 2m-periodic
solution ¢(t) if and only if

for all 2m-periodic solutions y(t) of the adjoint equation (10.53).
Proof. Let x(t,xq) be the solution of (10.51) with x(0,z¢) = xo. Then

£(t,20) = X (t)zo + / X(0)YT () f(5)ds,

where X (¢) and Y (¢) are the fundamental matrix solutions of (10.52) and
(10.53), respectively; so, X ! = YT The solution is 27-periodic if and only
if x(t,zg) = x, or

Bz =g,

where
27

B=1-X(2m), g= X(©2m)Y 7T (s)f(s)ds.
0
By Lemma 10.4.1, the linear equation Bxy = g has a solution if and only if
vTg = 0 for all v with BTv = 0. That is, there is a 2m-periodic solution if
and only if

2m
/ v X (2m)Y T (s)f(s)ds =0 for all v with X (27)Tv = v.
0
But if X(27)Tv = v, then the integral above is fo% vIYT(s)f(s)ds = 0.

But X(27)Tv = v if and only if Y(27)v = v and if and only if Y(s)v is a
2m-periodic solution of (10.53).
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Consider the periodic Hamiltonian system (10.49). Scale by = — ez as
in the proof of Theorem 10.4.1, and use the same notation for the scaled
Hamiltonian. By Theorem 10.3.2 we must define spaces P;, Q;, and R; with
Q; C P;, HY € P;, Hi € Q;, W; € R;. The Lie equation to be solved in this
case is 90

0
E=D+{H;,C} ETR
where D is given in P;, and we are to find £ € Q; and C € R;.

Let B be the adjoint of A; i.e., the transpose in the real case. Define
K(z) = (1/2)2T Rz, where B = JR; so, K is the Hamiltonian of the adjoint
linear system. Let P; be the space of polynomials in z with coefficients that
are smooth 27-periodic functions of t. Let F = {H{,-} : P; — P;, and let 7 =
{K,-}:P; = P;. T is the adjoint of F if we use the metric defined by Elphick
et al. that was used in Section 10.4. Therefore, given D, the Lie equation has
a unique 2m-periodic solution, C, where E is a 2m-periodic solution of the
homogeneous adjoint equation

0={K, E}+ %—f. (10.54)

Characterizing the 2r-periodic solutions of (10.54) defines the normal form.
Expand the elements of P; in Fourier series. Let E = d(z)e'™!, and substitute
into (10.54) to get

0={K,d} +imd.
Thus one characterization of the normal form is in terms of the eigenvectors

of T = {K,-} : P; — P;. That is, Q; has a basis of the form {d(z)e"™ : d is
an eigenvector of 7 corresponding to the eigenvalue im. }

Theorem 10.6.1. Let H'(z) = Ho(z) = 127 Sz, where A= JS is an arbi-
trary, constant Hamiltonian matriz, and let B be the adjoint of A. Then there
exists a formal, symplectic, 2mw-periodic change of variables © = X (t,y) =
y+ - which transforms the Hamiltonian (10.49) to the Hamiltonian system

oo

§=JVH#(t,y),  H*(t,y)=> H'(ty), (10.55)
i=0
where )
; OH'
{H$7K}+E =0 fori=1,2,3,..., (10.56)
or equivalently,
Hi(t,ePlz) = H(0,2) fori=1,2,3,.... (10.57)

Corollary 10.6.1. Let A be simple and have eigenvalues +A1, ..., £\,. As-
sume that A1,..., A\, and i are independent over the integers; i.e. there is no
relation of the form kiA + -+ + ky, A\, = mi, where ky,...,k, and m are



262 10. Normal Forms

integers. Then there exists a formal, symplectic, 2w-periodic change of vari-
ables v = X(t,y) = y + - - - which transforms the Hamiltonian (10.49) to an
autonomous Hamziltonian system

y=JVH*(y), H*(y)=> H'(y), (10.58)
i=0
where H° = Hy, and _
{H',H°} =0, (10.59)
or equivalently, . .
Hi(eMy) = H(y) (10.60)

foralli=0,1,2,..., y € R t € R.

Proof. Let A = B = diag(A1,...,A\n, —A1,...,—A,). A typical term in the
normal form given by Theorem 10.6.1 is of the form h(t,z) = hpe'™zt.
Applying (10.57) to this term gives

hk; exp{im + (kl — kn+1)>\1 + -+ (kn — kzn))\n}t =0.

By the assumption on the independence, this can only hold if m = 0,k =
kn41,--.,kn = kap. Thus the Hamiltonian is in the normal form of Birkhoff
as described in Corollary 10.4.1.

Corollary 10.6.2. Let I' be simple and have a real logarithm. Then there
exists a formal, near-identity, symplectic change of variables v — y such that
in the new coordinates the symplectomorphism in (10.48) is of the form

P(y) = I'y + o(y), (10.61)

where

o(I'y) =I'gp(y) or P(I'y) =I'd(y). (10.62)

Proof. Let I' = exp(2wA). Because I is simple, so is A, and therefore it can
be taken as its own adjoint. Then by the reduction given above, the map
(10.48) is the period map of a system of Hamiltonian differential equations.
Assume that the symplectic change of coordinates has been made so that the
Hamiltonian is in normal form, and let the equations in these coordinates
be ¢ = Ay + f(t,y). Condition (10.57) implies f(t,e?tz) = eA*£(0,x), and
this implies f(t,I'z) = I'f(t,z). Let {(t,n) be a solution of this equation
with £(0,n) = n. Define ((t,n) = I'¢(t, I 'n), so £(0,n) = ¢(0,n) =1. £ =
P{AE + f(1.€)} = ATE + Tf(t,€) = AT¢ + f(t.T€) = AC + f(1.C). By
the uniqueness theorem for ordinary differential equations £(t,n) = ((¢,n) =
I&(t, I'n); so, the period map satisfies (10.61).
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General hyperbolic and elliptic points. Consider as examples the case when
n = 1; so, ¥ in (10.48) is a symplectomorphism of the plane with a fixed
point at the origin.

First, consider the case when I' has eigenvalues j, 4!, where 0 < p <
1; i.e., the origin is a hyperbolic fixed point. By Lemma 3.3.7, there are
symplectic coordinates, say x, so that

_ |~ 0
el

Let 2ra = ln pu; so, I' = exp(2wA) where

a 0
A= [0 a] .

By the discussion given above, the symplectomorphism ¥ is the period map
of the 2m-periodic system (10.49) with Ho(z) = axjzs. By Corollary 10.6.1,
there is a formal, 2m-periodic, symplectic change of variables x — y that
transforms (10.49) to the autonomous system (10.58) with (10.60) holding.
The solution of the linear system is y1 () = y10e®t, y2(t) = yage™ !, therefore
the condition (10.60) implies that the Hamiltonian (10.58) is a function of the
product y1y2 only. Let H# (y) = K7 (y192) = ay1y2 + K (y12). By the above
discussion, the normal form for (10.48) is the time 27-map of the autonomous
system whose Hamiltonian is K#. The equations defined by K# are

U1 =y (a+k(y1y2)),

U2 = —y2(a + k(y1y2)),

where k is the derivative of K. These equations have 1y as an integral, and
so the equations are solvable, and the solution is

y1(t) = yro exp(t(a + k(y1y2))),

Y2(t) = y20 exp(—t(a + k(y1y2)))-

Thus the normal form for (10.48) in this case is

y19(y1y2)
W(y) = )
y29(y1y2) ™
where g has a formal expansion g(u) = pu + ---. If a symplectomorphism

is in this form, then the origin is called a general hyperbolic point. This
map takes the hyperbolas y;y2 = constant into themselves. In this case, the
transformation to normal form converges by a classical theorem of Moser
(1956).
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Next consider the case when A has eigenvalues A = o+ i, A = o — i,
where o2 4+ 32 = 1, 3 # 0; i.e., the origin is an elliptic fixed point. By Lemma
3.3.9 there are symplectic coordinates, say x, so that

A0
= {0 x} -
Let I" = exp(2mA), where

wi 0
A= [ 0 —wi] '
Assume that w is not an integer; that is, A is not a root of unity. By the
discussion given above, the symplectomorphism ¥ is the period map of the
2m-periodic system (10.49) with Hy(z) = iwz1ze. By Corollary 10.6.1, there
is a formal, 27-periodic, symplectic change of variables, * — y, which trans-
forms (10.49) to the autonomous system (10.58) satisfying (10.60). Equation
(10.60) implies that the Hamiltonian is a function of y;2 only. Let H# (y) =
K#(y1y2) = iwy1y2 + iK(y192). By the above discussion, the normal form
for (10.48) is the time 2m-map of the autonomous system whose Hamiltonian

is K#. Change to action—angle variables (I, ¢); so, the Hamiltonian becomes
H#(I,¢) = K#(I) = wl + K(I). The equations defined by K# are

I=0, é=w—k()

where k is the derivative of K. These equations have I as an integral, and so
the equations are solvable, and the solution is

I(t) = Io, B(t) = ¢o + (—w + k(Io))t.

Thus the normal form for (10.48) in action—angle variables in this case is

010 = |5, |

where ¢ has a formal expansion g(I) = —w + 1 - - -. If a symplectomorphism
is in this form with § # 0, then the origin is called a general elliptic point, or
¥ is called a twist map. This map takes circles into circles and rotates each
circle by an amount g(I).

Higher resonance in the planar case. Let us consider the case whenn = 1,
and the symplectomorphism ¥ has an elliptic fixed point whose multiplier is
a root of unity. Theorem 10.6.1 and Corollary 10.6.2 apply as well.

Let I" have eigenvalues A\ = o + 3i, A = o — 3i, where X is a kth root
of unity; so, \¥ = 1, k > 2, and A\ = exp(h2mi/k), where h is an integer.
The origin is called a k-resonance elliptic point in this case. By Lemma 3.3.9,
there are symplectic coordinates, say x, so that
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A0
r=153):
Let I' = exp(2mA), where

A= [ i)

Because A is diagonal, it is its own adjoint. By the discussion given above the
symplectomorphism ¥ is the period map of the 27-periodic system (10.49)
with Ho(z) = (hi/k)(z122), where the reality condition is Z; = x5. The
normal form for the Hamiltonian is given by Theorem 10.6.1 above.

Let h(t,z) be a typical term in the normal form expansion, so

h = ety gl
The term h satisfies (10.57) if and only if
(h/k)(m1 —meo)i+ si = 0;

so it is in the normal form if A is

(z122)™  or aMale "
where r = (m1 — m2)h/k, and m, my, mg,r are integers.

In action—angle coordinates (I, ¢), H°(I, ) = (h/k)I, and the solution of
the linear system is I = Iy, ¢ = ¢o — (h/k)t. Thus H#(t,1, ) is a function of
I and (k¢+ht); so, let H#(t,1,¢) = K#(I,k¢+ht) = (h/k)I+K (I, kp-+ht).

The lowest-order terms that contain ¢, the new terms, are z¥e~"" and
zkeh . In action-angle coordinates these terms are like I%/2 cos(k¢ + ht) and
I*/2sin(k¢ + ht). Thus the normalized Hamiltonian is a function of I and
(k¢ + ht) only, and it is of the form

H#(t,1,¢) = (h/k)] + al? +bI3 + - +

+1%/2{a cos(kp + ht) + Bsin(ke + ht)} +---. (10.63)
The equations of motion are
I = I1*/?{—asin(k¢ + ht) 4+ Bcos(k¢ + ht)} + - -,
; h k (k—2)/2 )
¢:—E—2aI—§I {acos(k¢ + ht) + Bsin(k¢ + ht)} + - -.
(10.64)

By a rotation, ¢ — ¢ + J; the first sin term can be absorbed into the cos
term, so there is no loss in generality in assuming that 8 = 0 in (10.63) and
(10.64). Henceforth, we assume this rotation has been made, and so, 5 = 0.

Note that in the d) equation in (10.64), there are two nonlinear terms.
When k& > 4, the term that contains the angle is of higher-order in I, whereas
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k = 3 it is lower-order. When k = 4, the two terms are both of order I'. We
show in later chapters on applications that the cases when k = 3 or 4 must
be treated separately.

The 27-map is then of the form

I=1Iy— oI ?sin(kee) + - -,
(10.65)
¢ = ¢o — (2mh/k) — draly + arkI*=2/2 cos(kepo) + - - - .

Normal forms when multipliers are £1. Consider the cases where the
multiplier is +1 first. For this problem no trigonometric functions are used,
therefore assume that the periodic systems are periodic with period 1. If I"
has the eigenvalue +1, then either I" is the identity, and A is the zero matrix,
or there are symplectic coordinates such that

1+1

01 (10.66)

erXpA=|:

], where A = [0 il].

00

In the first case, when I" = I and A = 0, Theorem 10.6.1 gives no information,
and this is because the situation is highly degenerate and nongeneric.

Therefore, consider the case when I" and A are as in (10.66) with the plus
sign; so, the adjoint of A is B where

B= [?8] exp(Bt) — [1‘1)}

Let * = (u,v). Condition (10.57) of Theorem 10.6.1 is H(u,v + ut,t) =
Hi(u, v,0). This condition and the fact that H' must be periodic in ¢ implies
that H*(u,v,t) = K"(u). Thus the normal form is

H#(t,u,v) = v?/2 + K(u) = v*/2 4+ Bu®/3 + - - (10.67)
and the equations of motion are

’l.l,:’l)+"~7

- (10.68)

b= =S (w) = —Bu -

The period map is not so easy to compute and is not so simple. Fortunately,
in applications, the critical information occurs at a very low order. By using
the Lie transform methods discussed in the Problem section one finds that
the period map is (u,v) — (u,v") where

u’:u—H)—%(Guz—f—4uv—+—v2)—|—~~7
(10.69)

v/:v7§(3u2+3uv+v2)+~~.
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Now consider the case when I" has eigenvalue —1. Consider the case when
-10
r=[3 4]
first because it has a real logarithm,

_ _ 0 1/2
I'=exp2mA, A= [1/2 0 }

This is almost the same as the higher-order resonance considered in the pre-
vious subsection. Corollary 10.6.2 implies that the normal form in this case
is simply an odd function. That is, &(y) = —y + ¢(y) is in normal form when
o(—y) = —o(y).

Now consider the case when
-1 -1
r- [ . J |
We make two changes of coordinates to bring this case to normal form. First,
instead of the usual uniform scaling, scale by £, — 1, x5 — €2z so that
the map (10.48) becomes ¥(x) = —z + O(e). This nonuniform scaling moves
the off-diagonal term to the higher-order terms, and now the lead term is the
same as discussed in the last paragraph. Thus there is a symplectic change
of coordinates z = R(x) such that in the new coordinates z, the map (10.48)

is odd; i.e., RoW o R7Y(2)=Z(2) = 'z + --- is odd.
Write

2(2) = —A(z) = —{22 + ((2)}, where 2 — [(1) ” .

Now {2 is of the form discussed above, and so, there is a symplectic change
of coordinates y = S(z) which puts A in the normal form given by the time
1-map of a Hamiltonian system of the form (10.67), where now K (u) is even.
Because A is odd, the transformation S can be made odd also; see problems.
Thus S o Ao S™! = @ is in the normal form given by the time 1-map of a
Hamiltonian system of the form

H# (t,u,v) = v*/2 + K(u) = v?/2 + put /4 + - -. (10.70)
Using the method discussed in the problems gives O : (u,v) — (u/,v"), where
v =u+v— é%(lOu?’+10u2v+5uv2+v3)+-~-,

(10.71)
v =v— §(4u3+6u2v+4uv2+v3)+-~-.
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Combining these changes of coordinates and using the fact that S is odd, it
follows that (So R) oW o (So R)~! = —6. That is, in the new coordinates,
the map is just the negative of (10.71), or the normal form for the map is

u’:—u—v—l—%(10113+1Ou2v+5uv2+v3)+~--,

(10.72)
/ B

v :—v+§(4u3+6u2v+4uv2+v3)+---.

Problems

1. a) The normal form for a Hamiltonian system with HJ(q,p) = p?/2 is
H*(q,p) = p?/2 + Q(q). This normal form also appears in Section
10.6 when the case of multipliers equal to +1 is discussed. Carefully
draw the phase portrait for the system with Hamiltonian H(q,p) =
p?/2 + Bq® when 3= +1 and —1.

b) In Section 10.6 when the multiplier —1 is discussed the normal form
is H*(q,p) = p*/2 + Q(q) with Q even. Carefully draw the phase
portrait for the system with Hamiltonian H(q, p) = p*/2+ 3¢* when
06 =+1and —1.

2. a) Compute the next term in the normal form of the unforced Duffing
equation (10.22) by hand. Recall that HJ, HY, H} and W; are given
in Section (10.3). (Hint: To get the next term you do not have to
compute all of H{, H§ and Wa. H? is the term which is independent
of ¢ in HI+{HY, W1}. Show that {HY, W1} has no term independent
of ¢. Now H{ = HY +{H?, W1} + {H{, W>}, HZ = 0, so you need to
compute the term independent of ¢ in {HY, W1 }.)

b) Using Maple, Mathematica, etc., find the first four terms in the nor-
mal form for the unforced Duffing equation.

3. The Hamiltonian for Duffing’s equation is of the form (¢ + p?)/2 + P(p)

where P is an even polynomial.

a) Show that such a Hamiltonian in action—angle variables is a Poisson
series with only cosine terms.

b) Show that the Poisson bracket of two Poisson series, one of which
is a cosine series and the other of which is a sine series, is always a
cosine series.

c) Let H; and W; be from the normalization of such a Hamiltonian with
an even potential. Show that H ]Z can always be taken as a cosine series
and W; as a sine series. (Hint: Define the spaces P;, Q;, and R; of
Theorem 10.3.1.)

4. Consider a Hamiltonian differential equation of the form

T = EF#(E,t“’ﬂ) = gFl(t7x) +E2F2(t7x) 4+ cee
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where F' is T-periodic in t. Show that there is a formal symplectic series
expansion ¢ = X (&,t,y) = y+- - - which is T-periodic in ¢ and transforms
the equation to the autonomous Hamiltonian system § = eF#(y) =
eFY(y) +e*F?(y) + - - -. Show that Fl(y) = (1/T) fOT Fy(r,y)dr; ie., F!
is the average of F} over a period. This is called the method of averaging.
(Hint: Use Theorem 10.6.1 and remember F{ = 0.)

. Use the notation of the previous problem. Show that if F1(¢) = 0 and
OF'(€)/0xz is nonsingular, then the equation & = eFy (e, t,z) has a T-
periodic solution ¢(t) = £ + O(e).

. Analyze the forced Duffing’s equation,

i+ x=ce{dr+y2>+ Acost} =0

in three different ways, and show that the seemingly different methods
give the same intrinsic results. The parameter § is called the detuning
and is a measure of the difference between the natural frequency and
the external forcing frequency. Remember that a one degree of freedom
autonomous system has a phase portrait given by the level lines of the
Hamiltonian.

a) Write the system in action—angle coordinates, and compute the first
term in the normal form, Fj, as was done for Duffing’s equation.
Analyze the truncated equation by drawing the level lines of the
Hamiltonian. (See Section 9.2. )

b) Write the system in complex coordinates and compute the first term
in the normal form, F}, as was done for Duffing’s equation in Section
10.3. Analyze the equation.

c) Make the “van der Pol” change of coordinates

x| | cost sint| |u
y| | —sintcost| |v

and then compute the first average of the equations via Problems 4

and 5. Analyze the equations. See McGehee and Meyer (1974).

. Consider a Hamiltonian of two degrees of freedom of the form (10.32), = €

R*. Let Ho(x) be the Hamiltonian of two harmonic oscillators. Change

to action—angle variables (I, I, ¢1, ¢2) and let Hy = w1y + wals. Use

Theorem 10.4.1 to show that the terms in the normal form are of the form

aIf/ZIS/Q cos(r¢1 + s¢a) or bI’f/Zlg/2 sin(r¢; + s¢2), a and b constants, if

and only if rwy + sws = 0, and the terms have the d’Alembert character.

See Henrard (1970b).

. Consider a Hamiltonian H(z) with general solution ¢(¢,&). Observe

that the ith component of ¢ is the Lie transform of z;; i.e., ¢;(¢,&) =

L (2;)(€), where ¢ is replaced by t.

a) Show that ¢;(t,&) = [z; + {@;, H}t + {{z;, H}, H}t?/2 + -- -]I:E.

b) Using Maple, Mathematica, etc., write a simple function to compute
the time 1 maps given in (10.69) and (10.71) (Make sure that you
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compute the time series far enough to pick up all the quadratic and
cubic terms in the initial conditions.)

9. Prove Theorem 10.3.3, the uniqueness theorem. (Hint: Show that if the
normal form is not unique then there are two different Hamiltonians H
and K which are both in normal form and a generating function W
carrying one into the other. Show that the terms in the series expansion
for W must lie in the kernel of Q;. Then show that this implies that
W =0.)



11. Bifurcations of Periodic Orbits

This chapter and Chapter 13 use the theory of normal forms developed in
Chapter 9. They contain an introduction to generic bifurcation theory and
its applications. Bifurcation theory has grown into a vast subject with a
large literature; so, this chapter can only present the basics of the theory.
The primary focus of this chapter is the study of periodic solutions, their
existence and evolution. Periodic solutions abound in Hamiltonian systems.
In fact, a famous Poincaré conjecture is that periodic solutions are dense in
a generic Hamiltonian system, a point that was established in the C! case by
Pugh and Robinson (1983).

11.1 Bifurcations of Periodic Solutions

Recall that in Section 8.5 the study of periodic solutions of a Hamiltonian
system was reduced to the study of a one-parameter family of symplectic
maps, the Poincaré map in an integral surface. The integral surface is in a level
set of the Hamiltonian, and the parameter is the value of the Hamiltonian on
that level set. If the Hamiltonian has n degrees of freedom, then the phase
space is 2n-dimensional, and the section in the integral surface has dimension
2n — 2. This effects a reduction of dimension by two.

A fixed point of the Poincaré map corresponds to a periodic solution
of the Hamiltonian system. The questions answered in this section are: (1)
When can a fixed point be continued? (2) What typically happens when you
cannot continue a fixed point? (3) Are there other periodic points near a
fixed point? However, to keep the notation simple, the discussion is limited
to symplectic maps of two dimensions that depend on one-parameter. This
corresponds to a two degree of freedom autonomous system or a one degree of
freedom periodic system. In two dimensions, a map is symplectic if and only
if it is area-preserving; so, henceforth that term is used. A warning should be
given: the proper generalization of the theory presented below would be to
symplectic maps not just volume-preserving maps.

Even the restriction to area-preserving maps is not enough for a complete
classification, because the number of types of bifurcations is manifold. There-
fore, only the “generic case” is considered in this section. The word “generic”
can be given a precise mathematical meaning in the context of bifurcation

K.R. Meyer et al., Introduction to Hamiltonian Dynamical Systems and the N-Body
Problem, Applied Mathematical Sciences 90, DOI 10.1007/978-0-387-09724-4_11,
© Springer Science+Business Media, LLC 2009
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theory, but here only the intuitive meaning is given in order to avoid a long
mathematical digression. Consider the set of all smooth area-preserving map-
pings depending on some parameter; then a subset of that set is generic if
it has two properties: it is open and it is dense. A subset is open if a small
smooth perturbation of a mapping in the subset is also in the subset. So
the defining properties of elements of the subset are not sensitive to small
perturbations, or the elements are “stable” under perturbations. A subset is
dense if any element in the set can be approximated by an element of the
subset. The set of area-preserving mappings satisfying the properties listed
in the propositions given below can be shown to be generic: see Meyer (1970).

ionElementary Fixed Points Let P : O xI — O : (z,pu) — P(x,u) be a
smooth function where I = (—pug, po), o > 0, is an interval in R, and O is
an open neighborhood of the origin in R2. For fixed p € I, let P,=P(,p):
O — O be area-preserving; so, det(0P(z, u)/0xz) = 1. Let the origin be a fixed
point of P when u = 0; i.e., P(0,0) = 0. The eigenvalues of A = 9P(0,0)/0x
are the multipliers of the fixed point. In two dimensions, the eigenvalues of
the symplectic matrix, A, are (1) real reciprocals, or (2) on the unit circle, or
(3) both equal to —1, or (4) both equal to +1. If the multipliers are different
from +1, the fixed point is elementary.

Proposition 11.1.1. An elementary fized point can be continued. That is,
if x = 0 is an elementary fized point for P when u = 0, then there exists
a py > 0 and a smooth map & : (—p1,p1) — O with P(&(u),n) = &(w).
Moreover, the multipliers of the fixed point £(u) vary continuously with ;
so, if x = 0 is elliptic (respectively, hyperbolic) when p = 0, then so is &(u)
for small p.

Proof. The implicit function theorem applies to G(z,u) = P(z,pu) —x = 0,
because G(0,0) = 0, and 90G(0,0)/0x = A — I is nonsingular; so, there is a
€(p) such that G({(p), 1) = P(&(n), p) — &(1) = 0. The multipliers of {(y)
are the eigenvalues of OP(&(u), u)/0x, and the eigenvalues of a matrix vary
continuously (not always smoothly) with a parameter.

In particular, an elliptic (respectively, hyperbolic) fixed point can be contin-
ued to an elliptic (respectively, hyperbolic) fixed point.

There are several figures in this chapter. These figures show the approxi-
mate placement of the fixed points and their type, elliptic or hyperbolic, as
parameters are varied. That is all they are meant to convey. They are drawn
as if the diffeomorphism were the time-one map of a differential equation.
Thus, for example, the drawing of an elliptic point shows concentric circles
about the fixed point. Do not assume that the circles are invariant curves
for the map. These curves suggest that the mapping approximately rotates
the points. Figure 11.1 shows two depictions of an elliptic fixed point. The
one on the left shows that the points near the elliptic point move a discrete
distance and is a more accurate depiction, whereas the figure on the right
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indicates invariant curves. The figure on the right is slightly misleading, but
is less cluttered and therefore is used in this chapter.

f}f

f 1.

s By

Figure 11.1. Rendering of elliptic fixed points.

11.1.1 Extremal Fixed Points.

Consider the case when the multipliers are equal to +1. In this case, the
simple implicit function theorem argument fails and for a good reason. Many
different things can happen depending on the nonlinear function; so, the
simple conclusions of Proposition 11.1.1 may not hold in this case. As an
extreme, consider the case when A = I and P(u,z) = x + up(z), where p(x)
is an arbitrary function. The fixed points of P(u,z) for p # 0 are the zeros of
p(z); because p(z) is arbitrary, the fixed point set can be quite complicated:
in fact, it can be any closed set in R2. In light of this potential complexity,
only the typical or generic situation for a one-parameter family is considered.

Definition. The origin is an extremal fixed point for P when p = 0, if
there are symplectic coordinates (u,v) so that P : (u,u,v) — (u/,v"), where

u/ 1 al [u ~y
= + i + + . (11.1)
v 01 v ) pu? + -

and o = +1,53 # 0 and 6 # 0. First, note that it is assumed that when p = 0
the linear mapping is already in Jordan normal, the matrix is not simple
(o = £1), and that one nonlinear term is nonzero. Second, because ¢ # 0,
the perturbation does not leave the origin as a fixed point. We are considering
the unfolding of a shear fixed point. It is not necessary to put the full map
into normal form. However, if (11.1) is in the normal form as discussed in
Section 10.6, then the assumption that 5 # 0 means that the first nonlinear
term in the normal form appears with a nonzero coefficient.
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Proposition 11.1.2. Let 0 € O C R? be an extremal fized point for P when
w = 0. Then there is a smooth curve o : (—Ta,72) = I x QO : 7 — (u(7),&(7))
of fized points of P, P(fi(1),&(7)) = &(7), with T = 0 giving the extremal
fized point, 7(0) = (0,0).

The extremal point divides the curve of fixed points into two arcs. On one
arc the fized points are all elliptic, and on the other, the fixed points are all
hyperbolic. Moreover, the parameter u achieves a nondegenerate mazimum
or minimum at the extremal fized point; so, there are two fixed points when
1 has one sign and no fized points when p has the other. The proof contains
precise information on the relationship between the signs and the nature of
the fized points.

Proof. The equations to be solved are

O=v —-u=av+puy+---,

O=v —v=pd+Bu+---.

Because a # 0 and § # 0, these equations can be solved for v and p as a
function of u. (Note the difference between this proof and the proof of Propo-
sition 11.1.1: one of the variables solved for in this proof is the parameter.)
The solution is of the form #(u) = O(u?) and fi(u) = (—=8/8)u? + O(u?); so,
the map is o : 7 — (f(7), 7, 9(7)). The extreme point is obtained when 7 = 0.
Note that if 3§ > 0, then f obtains a nondegenerate maximum when 7 = 0,
and if 89 < 0 then [ obtains a nondegenerate minimum when 7 = 0.
The Jacobian of the map along this solution is

1l o
2pr 1) T

and so the multipliers are 1 £ (2a37)%/2 + ---. Hence, when af > 0, the
fixed point is elliptic for 7 < 0 and hyperbolic for 7 > 0 and vice versa when
af < 0.

Figure 11.2 shows the curve o in I x O. I is the horizontal axis and O is
depicted as a one-dimensional space, the vertical axis. In the case shown the
1 achieves a nondegenerate maximum on the curve at the origin. Consider
the case depicted in Figure 11.2. For p negative there are two fixed points
in O, one elliptic and one hyperbolic, see Figure 11.3a. As p approaches zero
through negative values these fixed points come together until they collide
and become a degenerate fixed point when p = 0; see Figure 11.3b. For
positive p there are no fixed points in Q; see Figure 11.3c.

11.1.2 Period Doubling

The solutions given by the implicit function theorem are locally unique; so,
there is a neighborhood of an elementary or an extremal fixed point that
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u, v

elliptic points

"
hyperbolic points
Figure 11.2. The curve o.
N
9><,\ )
/|
/|
(a) (b) (c)

Figure 11.3. Extremal fixed point.

contains no other fixed points. But, there may be periodic points of higher
period near one of these fixed points. There are no periodic points near a
hyperbolic or extremal fixed point (see Problem section), but there may be
one near an elliptic fixed point. Let x = 0 be an elementary fixed point
for P when p = 0; so, by Proposition 11.1.1, there is a smooth curve &£(u)
of fixed points. This fixed point can be shifted to the origin by considering
P'(u,p) = P(u+&(u), n) — &(p). Assume that this shift has been done, and
revert to the original notation; i.e., assume that P(0, ) = 0.
Let P,(x) = P(x,u) = Az + - - -; then

Pl’f(x):PHOPMo“-oPﬂ(x):Akx+....
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A k-periodic point satisfies the equation Pff(a:) = AFz + ... = z which has
a unique solution, z = 0, unless A* — I is singular, or one of the eigenvalues
of A is a kth root of unity. Thus k-periodic points may exist near a fixed
point with a multiplier that is a kth root of unity. In fact, generically they do
bifurcate from fixed points whose multipliers are kth roots of unity, in this
subsection, the case when k = 2 is considered; i.e., when the multipliers are
—1.

Let us see what the generic assumptions are for this case. The map C :
w— OP(0,p)/0x is a curve in Sp(2,R), the set of all 2 x 2 real matrices with
determinant equal to +1. Sp(2, R) is a three-dimensional space because there
is one algebraic identity among the four entries of the matrix. Let M be a
subspace of Sp(2,R). If M is a discrete set of points or a curve, then a small
perturbation of C would miss M, and if C already misses M, then a small
perturbation of C would still miss M. Thus one open and dense condition
(a generic condition) is for C to miss a discrete set or a curve in Sp(2,R).
If M is a surface in the three-dimensional space Sp(2,R), then the curve C
would in general hit M in a discrete set of points and cross the surface with
nonzero velocity. This is generic when M is a surface.

The set of matrices Ms = {A € Sp(2,R) : trace A = —2} is the set
of matrices in Sp(2,R) with eigenvalue equal to —1. It is a surface because
the matrices satisfy the additional algebraic identity, trace A = —2. The
set {—1} € M, is a discrete point; thus, generically, the curve C intersects
Mo\{—=T} in a discrete set of points, and at these points, d(trace C(p))/du #
0. Thus along a curve of elementary fixed points, there are isolated points
where the multipliers are —1, and the Jacobian is not simple. At these points,
the map can be put into the normal form described in Chapter 10. It is
also generic for the first term in the normal form to appear with a nonzero
coefficient. This informal discussion leads to the following definition.

Definition. The origin is a transitional periodic point for P at p = 0 if
there are symplectic coordinates (u,v) so that P : (u,v) — (u/,v"), where

u' -1 « U a b U .
= —|-'u _|— +...7
v 0 -1 v cd| |v Bud 4 -

and a =+1,¢c#0, 5 #0.

There are three conditions in this definition. First, when p = 0, the mul-
tipliers are —1, and the Jacobian matrix is not diagonalizable, o # 0. Second,
inasmuch as

-1 « a b

det +pu +-p=1-pla+d+ac)+---=1, (11.2)
0 -1 cd

¢ = —(a+b)/a, and so the condition ¢ # 0 implies that the derivative of the
trace of the Jacobian is nonzero. Third, 8 # 0 is the condition that the first
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term in the normal form when p = 0 is nonzero. It is not necessary that the
map be put into normal form completely, simply eliminate all the quadratic
terms, and then assume that 8 # 0. We are considering the unfolding of a
flip fixed point.

Proposition 11.1.3. Let the origin be a transitional fized point for P when
w=0. Let p be small. If ac > 0, then the origin is a hyperbolic fixed point
when p > 0 and the origin is an elliptic fized point when p < 0 (vice versa
when ac < 0).

If Be > 0 (respectively, Bc < 0), then there exists a periodic orbit of period
2 for P, when p < 0 (respectively 1 > 0), and there does not exist a periodic
orbit for u > 0 (respectively, p < 0). As p tends to zero from the appropriate
side, the period-2 orbit tends to the transition fized point.

For fized i, the stability type of the fixed point and the period-2 orbit are
opposite. That is, if for fized p the origin is elliptic, then the periodic point
is hyperbolic and vice versa. (See Figure 11.4.)

Remark. The fixed point is called a transition point because the stability
type of the fixed point changes from hyperbolic to elliptic, or vice versa. At
the transition point, a new period 2 point appears on one side of y = 0; this
is called period doubling in the literature. One says that the period-2 point
bifurcates from the transition point.

Proof. By (11.2) the trace of the Jacobian at the origin is —2+pu(a+d)+--- =
—2 — pac—+ - - - which implies the first part of the proposition. Compute that
the second iterate of the map is (u,v) — (u”,v"), where

u =u— 200+,
V" = v —2ucu + plac — 2d)v — 26u + .

Because a # 0, the equation u” — u = —2av + --- = 0 can be solved for v as
a function of p and u. Call this solution o(u, ). The lowest-order terms in o
are of the form kpu and k’u®, where k and k' are constants. Substitute this
solution into the equation v/ — v to get

1"

V" —v = —2pucu —28u + - - -.

The origin is always a fixed point, thus u is a common factor, and therefore
the equation to solve is

(" =) ju = —2puc—2Bu® 4 ---.

Because ¢ # 0, this equation can be solved for p as a function of u; call this
solution fi(u) = —(8/c)u?® + ---. If Bc > 0, then there are two real solutions,

ug(p) = £+/—cu/B+ - for p < 0, and none for p > 0, and vice versa when
Be < 0. Thus (u+(p), 0(us(p), ) are two fixed points of P?, but because
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they are not the origin, they are not fixed points of P,. Therefore, they are
periodic points of period 2. The Jacobian is

a(u”,v//) . 1 2« "

(u,v) 0 1 —2cp — 66U ---

The multipliers are 1+ +4/—acp+- - - because u? = —cu/B+- - - along these
solutions, and so are hyperbolic if acyy < 0 and elliptic when acp > 0.

4o

There are two basic cases. Case A: the periodic point is elliptic, and case B:
the periodic point is hyperbolic. These are depicted in Figure 11.4. In the
figure it is assumed that cc > 0 and case A is when B¢ > 0 and case B is
when f[c < 0.

ICORSE

Case A

3/

(a) (b) (c)
Case B
\_ -/ NN
[
(a) (b) (c)

Figure 11.4. Transitional point. Case A: (a) u < 0; (b) u = 0; (¢) u > 0. Case B:
(a) p < 0; (b) p=0; (c) p>0.

11.1.3 k-Bifurcation Points

From the discussion of the last section, periodic points are likely near a fixed
point that has multipliers which are kth roots of unity. In the last subsection
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the generic case of a fixed point with multiplier —1, a square root of unity,
was discussed, and in this section, the remaining cases are discussed. Recall
the normal forms given in Section 10.6.

Definition. The origin is a k-bifurcation point, k > 3, for P when p = 0,
if there are symplectic action—angle coordinates (I, ¢) so that P : (I,¢,u) —
(I',¢"), where

I' =1 —2y1%/?sin(k¢) + - - -,
(11.3)
¢ = ¢+ (2rh/k) +ap+ BT+ -+ ~yI[F=2/2 cos(kg) + - -,

and

a# 0,7 # 0 when k = 3.
a#0,v#0,0+v#0 when k = 4.
a#0,6#0,v%#0 when k > 5.

The linearized map is I’ = I, ¢’ = ¢ + (2h/k) + ap. So when p = 0, the
multipliers are exp(+£27hi/k), a kth root of unity. The assumption a # 0 is
the assumption that the multipliers pass through the kth root of unity with
nonzero velocity. When k£ > 5, the terms with ¢ dependence are higher order,
and the map when p = 0is of the form I’ = I+ - ¢/ = o+ (27h/k)+LI1+- - .
The assumption that § # 0 is the twist assumption, and a map satisfying
this assumption is called a twist map. Twist maps are discussed in the next
section, and in Chapter 13. The assumption that v # 0 is the assumption that
the first angle-dependent term in the normal form appears with a nonzero
coefficient. This term is referred to as the resonance term, and it is very
important to the bifurcation analysis given below. The resonance term is of
lower order than the twist term when k& = 3 and vice versa when k£ > 5. When
k = 4, they are both of the same order. Therefore, the case k = 3 and k =4
is special and must be treated separately.

Proposition 11.1.4. Let the origin be a 3-bifurcation point for P when p =
0. Let p be small. Then there is a hyperbolic periodic orbit of period 3 that
exists for both positive and negative values of p and the periodic point tends
to the 3-bifurcation point as p — 0 from either side. (See Figure 11.5.)

Proof. Compute the third iterate of the map P, as P} : (I,¢) — (I°,¢%),

where
I? =1 —2yI%?sin(3¢) + - - -,

¢ = ¢ + 2mh + 3au + 3yI/2 cos(3¢) + - - -
The origin is always a fixed point; so, I is a common factor in the formula
for I3. Because v # 0, the equation (I* — I)/(—2vI%/?) = sin(3¢) + ---
can be solved for six functions ¢;(I,n) = jn/3+---,5 = 0,1,...,5. For
even jwehavecos3¢; = +1 + ---, and for odd jwehavecos3¢; = —1 + - --.
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Substituting these solutions into the ¢ equation gives (¢® — ¢ — 2h7)/3 =
ap £ ~yI'? + ..., The equations with a plus sign have a positive solution
for I when avypu is negative, and the equations with the minus sign have a
positive solution for I when a~yu is positive. The solutions are of the form

I;/Q = Fau/v + - --. Compute the Jacobian along these solutions to be
o, 6%) [1 o] 0 F6u1 ]
ol,¢) [01 (£3v/2)1; % 0

and so the multipliers are 1 £ 3|v|1 Jl / 2, and the periodic points are all hyper-

bolic.

&,

%t
AN

Figure 11.5. A 3-bifurcation point.

Proposition 11.1.5. Let the origin be a k-bifurcation point, k > 5, for P
when u = 0. Let p be small. Then when af < 0 (respectively, aff > 0)
there exist an elliptic and also a hyperbolic periodic orbit of period k for
w > 0 (respectively, p < 0) and no periodic orbit of period k when p < 0
(respectively, p > 0). As p — 0 from the appropriate side, both the elliptic
and hyperbolic orbits tend to the k-bifurcation point. (See Figure 11.6.)

Remark. These periodic orbits are said to bifurcate from the fixed point
when p = 0. Each orbit consists of k points, and there are exactly two periodic
orbits.

Proof. Compute the kth iterate of the map P, as Pff s (I,0) — (IF,¢F),
where
IF =1 —291%/?sin(k¢) + - - -,
(11.4)
OF = ¢ + 2hm + akp + BRI + -

The origin is a fixed point for all p, thud the first equation is divisi-
ble by I*/2. By the implicit function theorem, there are 2k solutions of
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(IF —1)/(—2vI*/?) = sin(k¢) +- - - = 0; call them ¢; (I, ) = jm/k+---. Sub-
stitute these solutions into the equation (¢* —¢—2h7)/k = au+BI+--- = 0.
For each of the ¢;, this second equation has a solution I; = —au/G+-- - that
gives a positive I provided afBu < 0.

The Jacobian at these solutions is

a(I*,¢k) _ {1 0} [o —QkWIf/Qcos(k(i)j)} L

oI, ) 01 kp3 0
and so the multipliers are 1+ k4/ i2fyﬂ]f/2 + - -+, where the plus sign inside
the square root is taken for even j because cos(k¢;) = +1 + ---, and the

minus sign inside the square root is taken for odd j.

Figure 11.6. A 6-bifurcation point

The case when k = 4 is sometimes like the case when k = 3 and sometimes
like the case when k > 5 depending on the relative size of the twist term and
the resonance term.

Proposition 11.1.6. Let the origin be a 4-bifurcation point for P when p =
0. Let v be small. Then:

Case A. If B+~ have different signs, then there is a hyperbolic periodic
orbit of period 4 that exists for both positive and negative u and tends to the
4-bifurcation point as p — 0 from either side.

Case B. If B+~ have the same sign, then when a(8+7) < 0 (respectively,
a(BLy) > 0), there exists an elliptic and a hyperbolic periodic orbit of period
4 for u > 0 (respectively, u < 0) and no periodic orbit of period 4 when p < 0
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(respectively, p > 0). As p — 0 from the appropriate side, both the elliptic
and hyperbolic orbits tend to the 4-bifurcation point.

Proof. Compute the fourth iterate of the map P, as P! : (I,¢) — (I%,¢%),

w
where
I* =T —2yI%sin(4¢) + - -,

¢* = ¢+ 2hm + dap + 4{B + ycos(4p) H + - - -

Because the origin is a fixed point for all u, the first equation is divisible
by I%. By the implicit function theorem there are eight solutions of (I* —
I)/(—=2vI?) = sin(4¢) + - -+ = 0; call them ¢;(I, u) = jm/4 + . Substitute
these solutions into the equation

(61— 6 — 2hm) /4 = o+ {5+ ycos(A6,)} + - =
ap+ {8ty +---=0.

For each of the ¢;, this equation has a solution I; = —au/{f+~v}+--- which
gives a positive I provided a{f £+ vy}u < 0. So if 8 £+ v have different signs
then one group of four solutions exists for positive 1 and the other group for
negative y; this is Case A and is similar to Proposition 11.1.4. If 5+~ are
of the same sign, all eight solutions exist for ;1 on one side on 0; this is Case
B and is similar to Proposition 11.1.5. The calculation of the multipliers is
similar to the calculations given above.

11.2 Duffing Revisited

This section develops some new ideas in order to analyze two types of bifur-
cations that occur in Duffing’s equation. The first is an extremal, and the
second is a k-bifurcation.

Duffing at 1-1 resonance. Here the classical Duffing equation is consid-
ered, even though it has been discussed in many texts. Most of the classical
treatments miss the fact that there is an extremal periodic solution as de-
fined in Section 11.1, and therefore their treatment is incomplete. Consider
the classical Duffing’s equation

&+ wie +ya® = Acoswet, (11.5)
or
0H
T=wpy=—,
Y ay
(11.6)
73 oH
Y= —WpT — —T° + — COSWel = ———,
Wn, n ox
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where 4
) 2 Y ooa
H= 5 (y° + %) + 4wnsc u)nxcosu)et. (11.7)

When the nonlinearity is absent, v = 0, and there is no external forcing,
A = 0. This is simply the harmonic oscillator with a frequency w,,, the natural
frequency. The general solution is ¢4 = acoswy,t + Bsinwy,t.

If the nonlinearity is absent, v = 0, the external force is present, A #
0, and the two frequencies are unequal, w., # w,, then the equation has
a particular solution ¢, = Bcosw.t, B = A/(w? — w?2). In this case, the
particular solution is the unique solution that is periodic with frequency the
same as the external frequency w., and period T = 27 /w.. The variational
equation for this solution is obtained by setting A =y =0 in (11.6), and the
period map is computed to be (z,y) — (2',y’), where

| | cosw,T sinw,T | |z
[y’} o [sinwnT coswnT} [y} '
Thus the multipliers of this solution are exp(£2miw,, /w. ), which are not equal
to +1 provided w,, /we # 0, +£1,+2,+3,.... In this case, the particular solu-
tion is elliptic, hence elementary, and so it can be continued into the nonlinear
problem for small v # 0.

In summary, if w,/we # 0, £1,42,43,..., then for small forcing and
small nonlinearity, there is a small periodic solution of (11.5) with the same
period as the external forcing. In the classical literature this solution is some-
times referred to as the harmonic.

The question is what happens when w,/w, = 0,£+1,4+2,43,.... To this
end consider the case when w,, /w, is near +1 by setting w2 =1 — €6, we = 1,
where € is a small parameter. The interesting things happen not just when
the ratio of the frequencies is 1, but also when the ratio is near 1; so, the
parameter 9 is introduced. It is called the detuning. Assume that the nonlin-

earity and forcing are small by using the following replacements, v — —ev,
A — eA. That is, consider the equation

&+ x=e{dx +ya® + Acost},

or
& =y=0H/0y,
= —x + e{dx +ya3 + Acost} = —0H/Ox,

where

H = (1/2)(2* + y?) — e{62%/2 + ya* /4 + Az cost}. (11.8)

Change to action—angle variables by setting x = v/2I cos ¢, y = v 21 sin ¢, so
that the Hamiltonian becomes

H =1 —¢{6Icos® ¢+ ~yI?cos* ¢ + AV2I cos pcost}. (11.9)
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By Theorem 10.6.1, the normal form for (11.9) depends on I and (¢ +¢). To
find the first term in the normal form, substitute the identities

cos? ¢ = (1 + cos2¢)/2,
cos* ¢ = (3 +4cos2¢ + cos4g)/8,
cos ¢ cost = (cos(¢ + t) + cos(¢p —t))/2

into (11.9), and keep only the terms in I and (¢ + t) to obtain the normal
form:

H=1T1—e{(5/2)I + (37/8)I* + A(I/2)*%cos(p+ 1)} +---.  (11.10)

Integrate the normalized equations from 0 to 27 to get the period map to be
(I’ ¢) - (I/’ ¢/)’ Where

I' =1+ e{m2'2 A1 ?sin ¢} + - -,
(11.11)
Qb/ = ¢*27T+€7T{(5+g[+a[71/2cos¢}+...,

where g = 3v/2 and a = (24)~'/2. Solving the equation (I' — I)/e = 0
using the implicit function theorem gives two solutions, ¢ (e, ¢) = 0+ O(e)
and ¢_(e,¢) = 7+ O(e), with singL = 0+ O(e) and cospL = +1 + O(e).
Substituting these solutions into the equation (¢’ — ¢)/2mwe = 0 gives 6+ gl +
al='/2 £ O(€) = 0. Solve this equation for § by the implicit function theorem
to get

b=—glFal Y2 4.... (11.12)

Thus if € is small, for each (I,6) satisfying (11.12) there are two 27w-periodic
solutions of (11.10). The graph of (11.10) when € = 0 has a maximum when
ag > 0 and a minimum when ag < 0 at | a/g |*/3. In either case, the second
derivative is nonzero at extrema, and so (11.12) has a maximum/minimum
at a point I’ =| a/g [?/3 +0(e), &' = (3/2)(2a%g)*/3 + --- even when e is
nonzero and small.

Consider the case when a and g are positive. The free parameter is the
detuning, 6. When § < ¢’ there are three values of I that satisfy Equation
(11.12) and hence six periodic solutions. As § approaches ¢’ from below,
two of these I values approach each other, and when § = ¢’ they collide.
For § > ¢’ there is only one I solution. This reminds one of an extremal
bifurcation where an elliptic and a hyperbolic point come together.

In order to calculate the multipliers, calculate the Jacobian to be

o', ¢') 1 +e(21)'/2A

oI,¢) | —en(dd/dI) 1
Note the term in the lower left, 9¢'/OI = —ewdd/dI, is exact. The character-
istic equation is (A —14----)2 £ (27 A(21)*/? 4 --.)(dd/dI). The two solutions
near the extrema have different signs for dé/dI; so, one is elliptic and one
is hyperbolic. Thus the extrema (11.12) correspond to an extremal periodic
points.
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11.2.1 k-Bifurcations in Duffing’s Equation

In applications it is difficult to verify the hypothesis v # 0 for a k-bifurcation
point when k is large. This is difficult even with an algebraic processor, be-
cause the map must be put into normal form to very high order. In applica-
tions the period map is typically known only approximately, and it is not in
full normal form. In several examples it is easy to compute that « # 0 and
G # 0. With this information alone and an ingenious idea of Birkhoff, the
existence of a bifurcation can be detected, but the uniqueness of the periodic
orbits cannot. Refer to Equation (11.3).

Definition. The origin is a weak k-bifurcation point, k > 5, for P when
=0, if there are symplectic action—angle coordinates (I, ¢) so that P is as
in Equation (11.3) with « # 0 and 8 # 0.

Proposition 11.2.1. Let the origin be a weak k-bifurcation point for P, k >
5, when = 0. Then when af < 0 (respectively, a8 > 0) P, has{, 00 > { > 2,
periodic orbits for each p, p > 0 (respectively, u < 0). As u — 0 from
the appropriate side, all the periodic orbits tend to the origin (the weak k-
bifurcation point).

Remark. This is simply an existence theorem for each fixed p. In partic-
ular, the number of periodic orbits ¢ may depend on y, and the orbits may
not, vary continuously in p except at p = 0.

Proof. As in the proof of Proposition 11.1.5, compute PZf to be as given
in (11.4). Because a # 0 and 8 # 0, the equation (¢* — ¢ — 2hm)/k =
ap+ GBI+ --- = 0 can be solved for I to give I*(¢p,pu) = —au/B+ ---.
Let I, denote the closed curve {(I,¢) : I = I*(¢,u)}, the circle of zero
rotation. Because Plf is area-preserving, the curve I, and its image P;f(l“ )
must intersect; i.e., I}, N PE(I},) # 0. For small p, both I}, and P¥(I,)
are smooth curves that meet a ray from the origin in only one point. Let
xel,n P5<FH)' Because x € I, its angular coordinate does not change
under Pl’f, and because x € I, OPl’f (I',) its radial coordinate does not change
under Pl’f; so, = is a fixed point of P/f. Thus there is at least one periodic
orbit. Using the same argument as found in Birkhoff (1927) one can show that
if there are a finite number of points in the intersection then one must have
index 41, and one must have index —1; so, there are at least two periodic
orbits.

By a similar argument Birkhoff proved the following.

Proposition 11.2.2. Near a general elliptic point there are periodic points
of arbitrary high period.

In Birkhoff’s theorem there is no parameter; so, he had to make careful
estimates to show that the curve of zero rotation, Iy, existed for large k. See
Birkhoff (1927) for the complete proof.
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Consider the forced Duffing’s equation (11.5) again; only this time, assume
that only the forcing term is small by substituting A — €A. Normalize the
time by setting w, = 1 and w, = w. Thus consider the Hamiltonian

H = (1/2)(y* + 2?) + vz /4 — €Az cos wt. (11.13)

By the argument at the beginning of the previous subsection Duffing’s equa-
tion has a small, order ¢,27/w-periodic solution, the harmonic, provided
1/w # 0,£1,£2,43,...; so, assume that w is away from these values.
When € = 0 the harmonic is the constant zero function, and its multipli-
ers are exp(£2mi/w). Fix k > 5. By the implicit function theorem, there
is a smooth function wy,/;(€) such that the multipliers of the harmonic are
exp(£27hi/k) and wy /i (€) = k/h + --- for small €. Define a new parameter
w by p = w — wi(e), the detuning parameter. When g = 0 the harmonic
has multipliers that are kth roots of unity. When p % 0 but u and € are
small, the multipliers of the harmonic are exp +i(2wh/k + a(e)pu+ - - -) where
a(0) = —2m(h/k)? # 0.

The period map about the harmonic can be put into normal form through
the twist term, because the low resonance cases have been excluded. When
€ =0 and p = 0, the computations in Section 10.3 show that in new action—
angle variables, one has

H =1+ (37/8)I* + O(e).
By integrating the equations from ¢ = 0 to ¢t = 2wk/h, the period map is
I'=1+0(e),
@' = ¢ —2rh/k — (3wky/2h)I + O(e).

So when € = 0 and g = 0, the twist coeflicient is —(37wkvy/2h) # 0, and by
continuity, it is nonzero for small €. Therefore Proposition 11.2.1 applies. For
each k > 5 and small ¢, Duffing’s equation with Hamiltonian (11.13) has a
small 27-periodic solution with multipliers exp(£27ih/k) when w = wy, (€).
At least two periodic solutions of period 2kw/w bifurcate from the harmonic
as w varies from wy, /1, (€). These periodic solutions occur for w > wyx(€) when
7 > 0, and they occur for w < wy,/,(€) when v < 0.
These solutions are called subharmonics in the classical literature.

11.3 Schmidt’s Bridges

In Section 9.3, the circular orbits of the Kepler problem were continued into
the restricted problem to give two families of periodic solutions for small val-
ues of the mass ratio parameter p. These families are known as the direct and
retrograde orbits, depending on whether they rotate in the same or opposite
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direction as the primaries in the fixed coordinate system. In Section 9.7, some
of the elliptic periodic solutions of the 2-body problem were continued into
the restricted problem as symmetric periodic orbits.

Schmidt (1972) showed that these elliptic periodic solutions lie on fam-
ilies of symmetric periodic solutions that connect the direct and retrograde
orbits. That is, for small u, there is a smooth family of symmetric periodic
solutions of the restricted problem, ¢(¢, i, ), where « is the parameter of the
family such that for —1 < a < +1, ¢(¢,0,a) is an elliptic periodic solution,
@(t,0,—1) is a direct circular periodic solution, and ¢(¢,0,41) is a retrograde
circular periodic solution of the Kepler problem in rotating coordinates. Of
course, this family contains a collision orbit, but there is a natural way to
continue a family through a collision. Such a family is called a bridge of
periodic solutions (connecting the direct and retrograde orbits).

The complete justification of Schmidt’s bridges would take too much time,
but one of the bifurcations is given here. Consider the restricted problem for
small p in Poincaré coordinates (see Section (7.7)); so, the Hamiltonian is

1

H=——1
2P?

—P1+%(Q§+P22)+O(u). (11.14)
These coordinates are valid in a neighborhood of the direct circular orbits
when p = 0. Recall that Q)5 is an angular coordinate, and when p = 0, the
direct circular orbits are Qo = P> = 0. In Section 9.3 these periodic orbits
were continued into the restricted problem for small p, and these solutions
have Q2, P, coordinates that are O(u). This result is reproved below.

The condition for an orthogonal crossing of the line of syzygy in these
coordinates is

Ql =mm, QQ = 07
where m is an integer.

SO let Ql(taplvp%u)? QQ(tvplvp%ﬂ)a Pl(tvplyp%ﬁb)? P2(t7p17p27ﬂ) be the
solution that satisfies Q1 = Q2 = 0, P, = p1, P, = ps when ¢t = 0. Then the

equations to solve for a symmetric T-periodic solution are

Ql(T/27p17p2a/u’) = (1/]9? - 1)T/2 —mm + O(:U’) = 07
(11.15)
Q2(T/2,p1,p2, 1) = p2sin(T/2) + O(p) = 0.

The direct circular orbits correspond to m = =£1; take +1 for definiteness.
When p = 0 these equations have a solution pf3 = j (arbitrary), p; = 0,
T =2r/(j —1). Because

0(Q1.Q) _[Li-1) 0
o, po) 0 sin(r/(j - 1))’

which is not zero when j # (s +1)/s, s = 1,2,3,..., the implicit function
theorem implies that these solutions can be continued into the restricted
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problem for small p. This is a second proof of the existence of the direct
circular orbits.

Assume that the Q)2, P> coordinates have been shifted so that the circular
orbits are at Q2 = P» = 0 for all small p. This only affects the O(u) terms
in (11.14). Let k and n be relatively prime integers. The first equation in
(11.15) has a solution T = 27n, p;® = k/n, m = k —n when p = 0, and
because 0Q1 /0t = (1/p;® —1)/2 = (k —n)/2n # 0 it can be solved for
T = T(p1,p2, 1) = 2(k — n)n/(1/p7® — 1) + O(p). Substitute this solution
into the second equation in (11.15) to get

/2 ppn) = pasin T o =0 (1)

as the equation to be solved. Because the circular orbit has been shifted to

the Q2, P origin, Equation (11.16) is satisfied when ps = 0; so, ps is a factor.
Thus to solve (11.16) it is enough to solve

sin { =174+ 0 =

This equation has a solution, p; = pi(p2,p) = (n/k)*3 + O(u), again by
the implicit function theorem. This gives rise to a periodic solution for all
p2 that are small including po = 0. So this family is parameterized by pa,
0 < py <6 (small), for p small. The period of the solutions in this family
is approximately 2n7 for po # 0. Where ps = 0, this periodic solution is the
direct circular orbit established before.

11.4 Bifurcations in the Restricted Problem

Many families of periodic solutions of the restricted problem have been stud-
ied and numerous bifurcations have been observed. Most of these bifurcations
are generic one-parameter bifurcations. Other bifurcations seem to be generic
in either the class of symmetric solutions or generic two parameter bifurca-
tions. We claim that these bifurcations can be carried over to the 3-body
problem mutatis mutandis using the reduction found in Section 9.6. Because
there are a multitude of different bifurcations and they are all generalized in
a similar manner we illustrate only one simple case, the 3-bifurcation.

Let p(t,h) be a smooth family of nondegenerate periodic solutions of the
restricted problem parameterized by Hg; i.e., Hr(p(t,h)) = h, with period
7(h). When h = hg let the periodic solution be pg(t) with period 7o; so
po(t) = p(t,ho) and 79 = 7(hg). We say that the 7g-periodic solution pg(t)
of the restricted problem is a 3-bifurcation orbit if the cross-section map
(Y, @) — (¢’,¥’) in the surface Hgr = h for this periodic orbit can be put
into the normal form
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Y =+ (21k/3) + a(h — ho) + P2 cos(3Y) + - - -
U =W — 2603/ ?sin(3) + - - -
T=m+---

and k = 1,2, and « and ( are nonzero constants. In the above 1, ¥ are nor-
malized action—angle coordinates in the cross-section and intersect Hr = h,
and T is the first return time for the cross-section. The periodic solution
p(t, h) corresponds to the point ¥ = 0. The multipliers of the periodic solu-
tion po(t) are 41, +1,et2k7m/3 =2kmi/3 (cube roots of unity) so the periodic
solution is a nondegenerate elliptic periodic solution. Thus this family of pe-
riodic solutions can be continued into the reduced problem provided 7y is not
a multiple of 27 by the result of Section 9.6.

The above assumptions imply that the periodic solution p(¢,h) of the
restricted problem undergoes a bifurcation. In particular, there is a one-
parameter family, ps(t, h), of hyperbolic periodic solution of period 379 + - - -
whose limit is po(t) as h — hyg.

Theorem 11.4.1. Let po(t) be a 3-bifurcation orbit of the restricted problem
that is not in resonance with the harmonic oscillator; i.e., assume that 31y #
2nm, for n € Z. Let p(t, h,e) be the T(h,¢e)-periodic solution which is the
continuation into the reduced problem of the periodic solution p(t,h) for small
€. Thus p(t, h,e) — (p(t,h),0,0) and 7(h,e) — 7(h) as e — 0.

Then there is a function ho(g) with ho(0) = ho such that p(t, ho(e),€) has
multipliers

+1’_|_1,e+2krri/3,e—2k7ri/37€+~ri + 0(5)76—7-1' + 0(6);

i.e., exactly one pair of multipliers is cube roots of unity.

Moreover, there is a family of periodic solutions of the reduced problem,
ps(t, h,e) with period 37(h,e) + - -+ such that p3(t,h,e) — (p3(t, h),0,0) as
e — 0 and ps(t, h,e) — p(t, ho(e),€) as h — ho(e). The periodic solutions
of the family p3(t, h,e) are hyperbolic—elliptic; i.e., they have two multipliers
equal to +1, two multipliers that are of unit modulus, and two multipliers
that are real and not equal to £1.

Proof. Because the Hamiltonian of the reduced problem is H = Hg + %(T2 +
R?) + O(g) we can compute the cross-section map for this periodic solution
in the reduced problem for ¢ = 0. Use as coordinates ¢, ¥, r, R in this cross
section and let 7 = h — hg. The period map is (¢, ¥,r, R) — (', ¥, 7', R'),
where
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W = (Y, W,r, Ry, €) = 9 + (2mk/3) + an + /% cos(3y) + - --
U =0 (Y, W, r,R,n,e) =W — 28032 sin(3¢) + - - -

TI _ T/(¢7g/a T, R77775) _ r
[R’} = [R’(w,W,T,R,nya)} =B M o

where

B [ cosT sinT] '
—sinT cosT

The periodic solution of the restricted problem is nondegenerate therefore it
can be continued into the reduced problem and so we may transfer the fixed
point to the origin; i.e., U =7 = R = 0 is fixed.

Because a # 0 we can solve ¢'(0,0,0,0,n,¢) = 27k/3 for n as a function
of € to get 7j(g) = h — ho(e). This defines the function hyg.

Compute the third iterate of the period map to be

(1/1,@ T, R) B (¢3»@3a7”37 Rs)a

where
V3 =1 + 27k + 3am + 3602 cos(3¢)) + - -,

3 =W — 28032 sin(3¢h) + - - -,

rs 5|
HEIAES
Because 37 # 2km the matrix B3 — I is nonsingular, where I is the 2 x 2
identity matrix. Thus we can solve the equations > —r = 0, R*> — R = 0 and
substitute the solutions into the equations for ¥ —¢ =0, ¥3 — ¥ = 0.

The origin is always a fixed point; so, ¥ is a common factor in the formula
for ¥3. Inasmuch as 3 # 0, the equation

(W3 —w)/(—280/?) = sin(3¢) + - - -

can be solved for six functions 9; (¥, h) = jn/3+---,j=0,1,...,5. For even
j, cos3; = +14---, and for odd j, cos3¢p; = —1 + ---. Substituting these
solutions into the 1 equation gives

(Y® — ) — 2hm) /3 = am £ B2 4 ...

The equations with a plus sign have a positive solution for ¥ when af7 is
negative, and the equations with the negative sign have a positive solution
for ¥ when afn is positive. The solutions are of the form le/Z = Fan/p.
Compute the Jacobian along these solutions to be
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0 65w

+(38/2)w; 0

e =[]

and so the multipliers are 1£3|an|, and the periodic points are all hyperbolic-
elliptic.

There are many other types of generic bifurcations, e.g., extremal, period
doubling, k-bifurcations with k > 3, etc. If such a bifurcation occurs in the
restricted problem and the period of the basic periodic orbit is not a multiple
of 27 then a similar bifurcation takes place in the reduced problem also. The
proofs are be essentially the same as the proof given above.

11.5 Bifurcation at L4

One of the most interesting bifurcations occurs in the restricted problem at
the libration point £4 as the mass ratio parameter passes through the critical
mass ratio of Routh, u;. Recall that the linearized equations at £4 have two
pairs of pure imaginary eigenvalues, ‘w4, twsi for 0 < p < u1, eigenvalues
+i+/2/2 of multiplicity two for p = p1, and eigenvalues +a =+ 3i, a # 0,3 # 0
for p; < p < 1/2; see Section 4.1. For p < py and g near pg, Lyapunov’s
center theorem, 9.2.1, establishes the existence of two families of periodic
solutions emanating from the libration point £4. But for p; < p < 1/2; the
stable manifold theorem, 8.6.1, asserts that there are no periodic solutions
near £4. What happens to these periodic solutions as p passes through uq?

In a interesting paper, Buchanan (1941) proved, up to a small computa-
tion, that there are still two families of periodic solutions emanating from
the libration point £4 even when g = pq. This is particularly interesting, be-
cause the linearized equations have only one family. The small computation
of a coeflicient of a higher-order term was completed by Deprit and Henrard
(1969), thus showing that Buchanan’s theorem did indeed apply to the re-
stricted problem. Palmore (1969) investigated the question numerically and
was led to the conjecture that the two families detach as a unit from the li-
bration point and recede as p increases from py. Finally, Meyer and Schmidt
(1971) established a general theorem that established Palmore’s conjecture
using the calculation of Deprit and Deprit-Bartholomé (1969). Unfortunately,
a spurious factor of v/2 occurred in the application of Deprit’s calculation.
Subsequently, this theorem has been proved again by several authors by es-
sentially the same method. It has become known as the Hamiltonian—Hopf
bifurcation.

By the discussion in Section 3.3, the normal form for a quadratic Hamil-
tonian (linear Hamiltonian system) with eigenvalues +wi, w # 0, with mul-
tiplicity two, which is nonsimple, is

Qo = w(&m — &n2) + (§/2) (67 + &), (11.17)
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where § = £1 which gives rise to the linear system of equations z = Az,
where

&1 0 w 00
&2 |—w 0 00

=2 A= T50 g (11.18)
M2 0 —6—wo

Consider a smooth quadratic perturbation of Qq; i.e., a quadratic Hamilto-
nian of the form Q(v) = Qo+vQ1+- - -, where v is the perturbation parameter.
By the discussion in Sections 9.3 and 9.4, there are three qualities that are
important in the theory of normal forms for this problem, namely,

Iy=&m—&np, L= (§4E)/2, Ii=mi+n)/2

The higher-order terms in Q(v) are in normal form if they are functions of
I and I3 only. Assume that Q(v) is normalized through terms in v, so that
Q1:GF1+bF3 or

Q(v) = wl + 6Ty +v(aly +bI3) +---.

Change to complex coordinates at this point; so, introduce new coordinates
by
Y1 =& + i, Yo =& — i€,

Y3 = m1 — 112, Ya = 1M1+ in2.

This change of coordinates is symplectic with multiplier 2. Note that the
reality conditions are y; = g2 and ys3 = g4. We keep the form of Q(v) and
make the change in the I's; so,

I = i(y2ya —1y3), T2 =11y2, I3 =y3ya.

The equations of motion are w = (By + vBj + - - -)w, where

Y1 —wt 0 0 0
_ | Y . 0 wi 0 O
w1l BTl 0 Sswioo
Ya -6 0 0 —wi
—ai 0 0 b
0 ai b O
Bi=1"9 0a 0
0 0 0 —ai

The characteristic polynomial of Q(v) is

(N2 + (w+va)?}? 4 20b6{\? — (w + va)?} + v2b262,

which has roots
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A=F(w+wva)it vV—-bov+---. (11.19)

So the coefficient a controls the way the eigenvalues move in the imaginary
direction, and the coefficient b controls the way the eigenvalues split off the
imaginary axis. The assumption that b = 0 means that the eigenvalues move
off the imaginary axis when bdv < 0.

Now consider a nonlinear Hamiltonian system depending on the param-
eter v which has Q(v) as its quadratic part and when v = 0 has been nor-
malized in accordance with the discussion in Section 10.4 (Sokol’skii normal
form) through the fourth-order terms; i.e., consider

1
H(v) =wl + 6y +v(aly +bl3) + 5(crf +2dN T3 +el3) +---, (11.20)

where here the ellipsis stands for terms that are at least second-order in v or
fifth-order in the ys. Scale the variables by

Yy — e2y1, Y2 — e2y2,
Y3 — €Y3, Ya — €Y4, (11.21)
v — 621/,

which is symplectic with multiplier €3; so, the Hamiltonian becomes
1
H = wI + €(8% + vbIs + 5er??) + O(€?). (11.22)

The essential assumption is that all the terms shown actually appear; i.e.,
w#0,0==21,b+#0, e #0. The equations of motion are

71 = —wiyy + e{vbys + e(y3ya)va},

U2 = wiyz + e{vbys + e(ysya)ys) },
(11.23)

U3z = wiys — €0Ya,
Ys = —wiys — €6y1.

Note that the O(e?) terms have been dropped for the time being. Equa-
tions (11.23) are of the form

= Cu+ef(u,v), (11.24)
where v is a 4-vector, f is analytic in all variables,
f0,v) =0, C = diag(—wi,wi,wi, —wi),

exp(CT) =1, f(e“u,v) = e f(u,v),
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where T' = 27 /w. This last property is the characterization of the normal form
in the case where the matrix of the linear part is simple; see Theorem 10.4.1.
The scaling has achieved this property to first-order in €. For the moment,
continue to ignore the O(e?) terms. Let 7 be a parameter (period correction
parameter or detuning); then u(t) = e('=¢7)C%y v a constant vector, is a
solution if and only if

D(r,v,v) =7Cv+ f(v,v) =0. (11.25)

Thus if v satisfies (11.25), then e(!=¢7)¢y is a periodic solution of (11.24) of
period T/(1 —er) = T(1 + €T + - -+). For Equations (11.23) with the O(e?)
terms omitted, one calculates

[ —iwTvy + vbuy + er?oy |
iwTvy + vbug + erlug
D(r,v,v) = =0, (11.26)

IwTU3 — OUg

—iwTV4 — 0V

where 72 = v3v4. Solving for v; from the last equation, substituting it into
the first equation, and canceling the vy yields

w?r? — der? = sbv. (11.27)

A solution of (11.27) gives rise to a 3-parameter family of periodic solutions
(2-parameter family of periodic orbits) of (11.23) in the following way. Choose
vg arbitrary; i.e., v3 = a1 + g, where a; and as are parameters. Then
Ve = a1 — dag, 12 = a% + a%. Take 7 arbitrary; i.e., 7 = as. Then solve
for v; and ve by the last two equations in (11.26). Fixing r determines a
circle of periodic solutions that corresponds to one periodic orbit; thus, the
2-parameter family of periodic orbits is parameterized by r and 7.

The analysis depends on the sign of the two quantities de and db, especially
de. There are two qualitatively different cases: Case A when de is positive,
and Case B when Je is negative.

Case A: de > 0; see Figure 11.7.

For definiteness, let db be positive because the contrary case is obtained
by changing the sign of v. Figure 11.7 is drawn under this convention. For
fixed v, the graph of (11.27) is a hyperbola (two lines through the origin
when v = 0), but only the part where r > 0 is of interest. The parameter
7 is the correction to the period. By the paragraph above, a fixed solution
of (11.27), r # 0, fixes the length of vz and so fixes the special coordinates
V1, Vg, U3, U4 Uup to a circle. Thus a point in the 7,7 plane, r # 0, on the graph
of (11.27) corresponds to a periodic orbit of (11.23) with period T'/(1 — e).
r = 0 corresponds to the libration point at the origin.
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Figure 11.7. Graph of (11.26) when de is positive.

By (11.19), when v > 0 and small, the eigenvalues of the linear part,
By + vBy + - -+, are two distinct pairs of pure imaginary numbers; so, Lya-
punov’s center theorem implies that there are two families of periodic solu-
tions emanating out of the origin. When v > 0, the graph of (11.27) is two
curves emanating out of the line » = 0. This corresponds to two families
of periodic solutions of (11.23) emanating out of the origin, and hence, it
corresponds to the two Lyapunov families.

When v = 0, the graph of (11.27) is two lines emanating out of the origin,
which again corresponds to two families of periodic solutions emanating out
of the origin. In this case, these two families correspond to the two families
of Buchanan (1941). When v < 0, the graph of (11.27) is a single curve that
does not pass through the origin and thus corresponds to a single family of
period orbits of (11.23) that do not pass through the origin.

Case A summary: The two Lyapunov families emanate from the origin
when dbv is positive. These families persist when v = 0 as two distinct families
of periodic orbits emanating from the origin. As dbrv becomes negative, the
two families detach from the origin as a single family and move away from
the origin.

Case B: §e < 0; See Figure 11.8.

For definiteness let db be positive as before. Figure 11.8 is drawn under
this convention. For fixed v > 0, the graph of (11.27) is an ellipse.

By (11.19) when v > 0 and small, the eigenvalues of the linear part,
By + vBy + -+, are two distinct pairs of pure imaginary numbers; so, Lya-
punov’s center theorem implies that there are two families of periodic solu-
tions emanating out of the origin. These families correspond to the upper
and lower halves of the ellipse. In this case, the two Lyapunov families are
globally connected. As v tends to zero, this family shrinks to the origin and
disappears. For v < 0 there are no such periodic solutions.

Case B summary: The two Lyapunov families emanate from the origin
when §bv is positive and are globally connected. These families shrink to the
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Figure 11.8. Graph of (11.26) when de is negative.

origin as dbv tends to zero through positive values. When §br is negative,
there are no such periodic solutions.

Now we show that these conclusions remain valid when the O(€?) terms
in (11.23) are present. If the O(€?) terms are included, (11.23) is of the form
W = Cu+ f(u,v) + O(e?). Let ¢(t,v,v,€) be the general solution of this
equation with ¢(0,v,v,€) = v. Let 1(v, 7,v,¢€) be this solution after a time
T(1+er); ie.,

Vv, T, v€) = ¢(T(1+ €7),v,v,€) = v+ eD(7,v,v) + O(€?)
=v+e{7Cv+ f(v,v)} + O(e?).

A periodic solution corresponds to a solution of (v, 7,v,€) = v, and so the
equation to be solved is

D(v,1,v,€) = (¢Y(v,7,v,€) —v)/e = D(1,v,v) + O(e) = 0. (11.28)

Equations (11.28) are dependent because Equations (11.23) admit H as an
integral. Because H(v + ¢D) = H(v), it follows by the mean value theorem
that VH(v*)D = 0, where v* is a point between v and v + €D. Because
VH(v*) = (—iwys,...) + -, if Dy = D3 = Dy = 0, then D; = 0, except
maybe when y3 = 0. Thus only the last three equations in (11.28) need to be
solved because the solutions sought have y3 # 0.

From the last two equations in (11.28), one solves, by the implicit function
theorem for vy and vs to get v1 = —iwWTdv4+- -, V2 = iwWTIV3+- - -. Substitute
these solutions into the second equation to get

d(vs,v4, T, v €) = (W2T? — edr? — bov)(—dv3) + eg(vs, va, 7,€) = 0. (11.29)

Because the origin is always an equilibrium point, d and g vanish when wg
and vy are zero. Let vs = re??, vy = re™*? and divide (11.29) by (—d7) to get
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d'(r,0,7,v,€) = (WT? — edr? — bov)e® + eg'(r,0,7,€) = 0.

Because ed # 0, this equation can be solved for 72 to get 72 = R(0,1,v,¢) =
(w72 —bdv)/ed 4 -+~ for all 0, all 7, | T |< 79, and all €, ] € |< €. So r = VR
yields a real solution when R > 0. The analysis of the sign of R leads to the
same qualitative conclusions as before.

To get back to the unscaled equations, fix € = ¢/2 for all times. The
scaling is global and so it is invertible globally. Trace back from the solution
r?2 = R(0,T,v,¢0/2) to get &, &, 1, n2 as functions of 6,7, v.

Theorem 11.5.1. Consider a Hamiltonian of the form (11.20) with w # 0,
0==41,b#0,e#0.

Case A: de > 0. The two Lyapunov families emanate from the origin
when 6bv is small and positive. These families persist when v = 0 as two
distinct families of periodic orbits emanating from the origin. As bv becomes
negative, the two families detach from the origin as a single family and recede
from the origin.

Case B: de < 0. The two Lyapunov families emanate from the origin when
0bv is small and positive, and the families are globally connected. This global
family shrinks to the origin as 6bv tends to zero through positive values. When
0bv is small and negative, there are no periodic solutions close to the origin.

One can compute the multipliers approximately to show that in Case A the
periodic solutions are elliptic. In Case B, the periodic solutions are initially
elliptic as they emanate from the origin but go through extremal bifurcations
to become hyperbolic. See the Problems section or Meyer and Schmidt (1971).

Case A occurs in the restricted problem at £4 as the mass ratio parameter
1 passes through the critical mass ratio pp. This theorem verifies the numeric
experiments of Palmore.

Problems

1. Let @ = Q(q,p), P = P(q,p) define a smooth area-preserving diffeomor-
phism of a neighborhood of the origin ¢ = p = 0.

a) Show that 2 = (P —p)d(Q + q) — (Q — q)d(P + p) is a closed form
in ¢,p (i.e., df2 = 0), and so by Poincaré’s lemma, there is a function
G = G(q,p) defined in a neighborhood of the origin such that dG =
0.

b) Let the origin be a fixed point whose multipliers are not —1; so,
£ =Q+ q, n = P+ p defines new coordinates, and 0G/9¢ = P — p,
0G/0n = Q — q. Thus a fixed point corresponds to critical points of
G. Show that if G = {a€? +28&n+n?}/2 with 4A = ay— 32 £ —1,
then

d(Q, P) I [A=-p)—ay —2v

d(q,p) 1+4A 200 1+8%) —ay|"
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Thus a maximum or minimum of G corresponds to an elliptic fixed
point, and a saddle point corresponds to a hyperbolic fixed point.
c¢) Draw the level surfaces of G = ¢%/2 + ep + p®/3 as the parameter
varies.

d) Show that the fixed point is an extremal fixed point if and only if
G = 0G/0q = 0G/0p = 0>G/0p? = 9>°G/0q0p = 0 and 0*G/0q* #
0, 92G/0pde # 0, 3G /Op> # 0. See Meyer (1970).

2. Consider the forced Duffing equation at 1-3 resonance. That is, consider
H, = I+ e{yI? cos® ¢ + ATY? cos ¢ cos 3t} + (€2/2)01 cos’¢,

which is the forced Duffing equation written in action—angle variables.
Note that the Hamiltonian is 27 /3-periodic in ¢. The normalized Hamil-
tonian is

H* = ¢-3.1?

= e5
/2

+&{*2A“3/2 cos3(t+ ¢) + 174 1% + 1661 — A*} + -+ -.

a) Write the Hamiltonian, the normalized Hamiltonian, and the equa-
tions of motion in rectangular coordinates.

b) Analyze the normalized systems. Remember to bring the harmonic
to the origin.

3. The bifurcation for the forced Duffing equation at 1-2 resonance is not, as
predicted in the section, a generic bifurcation, and this is due to the fact
that this equation has additional symmetries because the Hamiltonian is
even. Consider a Hamiltonian like the forced Duffing equation, but has
a cubic term in the Hamiltonian (a quadratic in the equations). That is,
consider

H, =1+ e{kI*?cos® ¢ + AI'/? cos ¢ cos pt} + (€2/2)61 cos? ¢.

Note that the Hamiltonian is w-periodic in t. The normalized Hamiltonian
is

H* =T+ (€2/48){—12AkI cos 2(t + ¢) + 45K>T° + 2461 — 4A%} + - -

a) Write the Hamiltonian, the normalized Hamiltonian, and the equa-
tions of motion in rectangular coordinates.
b) Analyze the normalized systems. Remember to bring the harmonic
to the origin.
4. Using Mathematica, Maple, or an algebraic processor of your choice,
write a normalization routine that normalizes Duffing’s equation at ¢ — p
resonance; i.e., write a program that normalizes

H, = qI 4 e{61 cos® ¢ + 1% cos* ¢ + AI'/? cos ¢ cos pt}.
Analyze the cases p/q =1/3,2/3,3/4, etc.
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5. Consider the proof in Section 11.5.

2)

b)

)

d)

Show that the Jacobian of D in (11.26) is

iwr 0 ev? vb + 2er?
oD | 0 iwrvb+2er®  ev?
v | 0 =8  dwr 0

-6 0 0 —wT

Show that because of the dependency of the equations, the Jacobian
is singular. Also show that the determinant of the minor obtained
by deleting the first row and third column is ev3, which is nonzero if
V3 75 0.

Show that the multipliers of the solutions found in Section 11.5 are
of the form 1, 1, 1 +€puy +---, 1 +€us + - - -, where 1 and po are the
nonzero eigenvalues of 9D/dv.

Show that in Case A of Section 11.5; i.e., de > 0, that the periodic
solutions found are elliptic.

6. Use the notation of Section 11.5.

a)

b)

Show that the value of the Hamiltonian (11.22) along a solution of
(11.27) is H = —2w?767r% = (2w?/e){dbvt — w33}

Show that in Case A that, the periodic solutions can be parameter-
ized by the Hamiltonian.

7. Consider a Hamiltonian of the form

1
H =kl +wly + 5(AIf +2BL1> + CI) + -

where I; = (2? + y?)/2,w > 0, k is a nonzero integer, and the ellipsis
represents terms of degree at least 5 in the xs and ys.

a)

b)

Show that Lyapunov’s center theorem implies the existence of a fam-
ily of periodic solutions (the short period family) of approximate
period 27 /kw that emanate from the origin when | k [> 1.

Use the ideas of Section 11.5 to show that there is a family of periodic
solutions (the long period family) of approximate period 27 /w that
emanates from the origin when B — kC' # 0.

Using the normal form calculations for the restricted problem at Ly,
show that the long period family exists even when pu = p;, for ¢ =
4,5,6,. ...



12. Variational Techniques

Recently, an interesting example of a highly symmetric T-periodic solution
of the Newtonian planar 3-body problem with equal masses was rediscovered
by Chenciner and Montgomery (2000). This particular family of solutions
was investigated earlier by Moore (1993) using numerical techniques, how-
ever the methods of Chenciner and Montgomery were analytical, using global
variational methods applied to families of curves which encode the 12th order
symmetry group D3 X Zo. As it turned out, the method provided a break-
through in analyzing global families of periodic orbits of the N-body problem.
Chenciner—-Montgomery’s orbit is referred to as the figure eight as the con-
figuration component of the orbit is realized by the three masses chasing one
another around a fixed figure eight curve in the plane with the masses distin-
guished on the eight by a 7'/3 phase shift. Such solutions are now referred to
as choreographies after C. Simé coined this expression to describe the amaz-
ing dance that these particles maintain under their mutual gravitational at-
traction. Apparently the first such choreography discovered was by Lagrange
almost 240 years ago when he discovered the equilateral triangular solutions
of the 3-body problem. The uniformly rotating Lagrangian solutions are a
choreography on a circle. Many other choreographies with arbitrary number
of equal masses have been identified by numerical minimization for symmet-
ric and nonsymmetric curves; Simé (2002). The figure eight is distinguished
by its stability, as well as having a purely analytic argument for its existence.
A continuous family may be chosen so that either energy or period may be
used to parameterize the family.

The figure eight solutions are not close to any integrable cases of the 3-
body problem. Based on numerical evidence by Simé (2002), Chenciner and
Montgomery (2000) have announced orbital (elliptic) stability of this orbit
and Roberts (2007) has given a convincing numerical proof of elliptic linear
stability based on a geometric argument that factors the monodromy matrix
into the sixth power of the “first hit map”. The first hit map arises by con-
sidering the symmetry reduced monodromy matrix acting on an isoenergetic
cross-section modulo a discrete symmetry group.

The analytic variational argument constructs one twelfth of the orbit by a
reduced variational principle on a zero angular momentum level set, with the
remaining segments of the orbit constructed from reflections and rotations.

K.R. Meyer et al., Introduction to Hamiltonian Dynamical Systems and the N-Body
Problem, Applied Mathematical Sciences 90, DOI 10.1007/978-0-387-09724-4_12,
© Springer Science+Business Media, LLC 2009
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One of the main analytical obstacles to overcome in this argument is to show
that the orbit segment in a fundamental domain has no collision singularities.
The variational technique applied to the Newtonian action functional fairly
easily yields a minimizing curve, however the real possibility arises that the
minimizing curve includes collision as was understood already by Poincaré in
his research on the 3-body problem.

In Section 8.4 we discussed reduction by symmetries and the reduced
space that carries a symplectic structure. In the setting of the figure eight,
we have occasion to study this construction more closely. The zero momentum
level set can be realized as a cotangent bundle by projection along an SO(2)
symmetry acting diagonally on position and momenta of the phase space
resulting in the reduced space T*(M/SO(2)). This space gives the setting
of the variational problem. More recent methods for constructing the eight
include a topological shooting method of Moeckel (2007) based on the Conley
index. One tantalizing feature of this family is that perturbation analysis
cannot be extended from known solutions to include this family. Moreover
the stability of the orbit cannot be deduced from continuation arguments
except through numerical results; see for example Simé (2002) and Roberts
(2007).

Because this groundbreaking work, other families of symmetric peri-
odic solutions have been found using a combination of variational methods
Chenciner and Venturelli (2000), Chenciner and Montgomery (2000), Ferrario
and Terracini (2004), Cabral and Offin (2008), Chen (2001) which avoid colli-
sion singularities. Moreover there have now been hundreds of choreographies
found by numerical techniques; see Simé (2002). The question of collision
for solutions defined by variational methods in the action functional with
Newtonian potential is an important component of the analysis, that has
been resolved to large extent by a result of Marchal (2002) that was used by
Ferrario and Terracini (2004) to investigate more thoroughly the interplay
between the symmetry group and the variational method for collision-free
solutions.

Our goal in this chapter is to explain the variational construction of this
type of symmetric orbit, and to show that the variational argument can be
used to find other periodic orbits, having the same braid structure as the
orbit of Chenciner—Montgomery, but which due to the symmetry invariance
may be seen in fact to be hyperbolic (in the nondegenerate setting). This last
work brings in the ideas mentioned earlier in Section 4.5 on the Maslov index
of sections of Lagrange planes along a closed phase curve.

12.1 The N-Body and the Kepler Problem Revisited

We recall the basic ingredients of the N-body problem; see Chapter 2. We
pay particular attention to the variational aspects of the periodic solutions
of the N-body problem. The configuration r = (r1,...,ry) describes spatial
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positions of N masses my,...,my where r; € R3. Interaction between the
masses is determined by the Newtonian potential function

on the set of noncollision configurations (where r; # r;, ¢ # j). The Hamil-
tonian for the N-body problem is the sum of kinetic plus potential

N

1
H(Tla"'aTNap?”la"'vaN): E Qmem 2+V(I’)
- 7
i

We study the Hamiltonian vector field Xy in coordinates

. 1 . oU(r)
T = Dr; Pr, = )
m; 87‘1'

i=1,...,N (12.1)

where the function U(q) = —V(q) is called the force function or self-potential.
The vector field X given by Equations (12.1) generates a noncomplete flow
¢; on the phase space T* M, some solutions will have collision singularities
in finite time.

Let us recall some details from Section 8.4 on symmetries and reduction.
The Galilean group of translations in R3, as well as the group of simultaneous
rotation of all masses about a fixed point may be lifted to the phase space
as a symplectic action that leaves H invariant. By Noether’s theorem 8.4.1,
the integrals corresponding to the group of translations of the motion are the
total linear momentum,

l=p1+p2+ps.

whereas those of the rotation group yield the angular momentum vector
J = ZN r; X pr,. Because H is translation invariant, we recognize that his
means that any periodic solutions for Equations (12.1) will occur in continu-
ous families parameterized by the elements of the group. For the variational
theory, it is convenient to remove the translation degeneracy by fixing the
total linear momentum to be zero, and identifying the configurations that
differ by a translation. This fixes the center of mass at the origin of R3, and
we are led to consider the configuration manifold modulo translations

M:{r:(rl,...,rN)|Zmiri:0,7"Z-7érj, z;éj} (12.2)

The angular momentum level set J~!(c) is invariant under the flow, and
the reduced space J~1(c)/G., where G, = SO(2) is the subgroup of SO(3)
which fixes J~1(c), is a symplectic space equipped with the flow of the reduced
Hamiltonian vector field. For the planar 3-body problem which is discussed
more fully in the next section, this reduced space is six dimensional. After
fixing a value h of the reduced energy, we are situated on a five-dimensional
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manifold Z(h,c¢), which carries the essential dynamics of the planar 3-body
problem.

We recall the fact that the planar N-body problem always admits uni-
formly rotating solutions that generalize the circular rotational solutions of
the Kepler equation. These solutions are called relative equilibria. We re-
call the construction of these orbits from Chapter 2. We let I(q) denote the
moment of inertia of the configuration

N
I(q) =Y mi(ri,rs). (12.3)

Recall (Section 2.1.3) the configuration gy is a central configuration if ¢q is
a critical point of U(q) restricted to the level set 1='(1). Solutions to the
N-body equations (12.1) of the form

for fixed go = (r1,...,7n) € M, require that

__a Ulgp) _ a Ulg)
la* T(q0) ja*

where |go|* = I(go) = r2. This differential equation for a(t) can be scaled as
follows (using r as scaling parameter).
ra ra o )

w9 wa el

Therefore a(t) must satisfy the Kepler equation

a(t) = —#ﬁ(qo), Ulq) = U(ﬁ). (12.5)

All central configurations go admit homothetic solutions ¢(t) = a(t)qo,
a(t) € R satisfies (12.5). Such homothetic solutions end in total collapse.
Ejection orbits are the time reversal of collision orbits. Coplanar central con-
figurations admit in addition homographic solutions where each of the N
masses executes a similar Keplerian ellipse of eccentricity e, 0 < e < 1.
When e = 1 the homographic solutions degenerate to a homothetic solution
that includes total collapse, together with a symmetric segment correspond-
ing to ejection. When e = 0, the relative equilibrium solutions are recovered
consisting of uniform circular motion for each of the masses about the com-
mon center of mass.

Turning to the variational properties of homographic solutions (12.4),
we define the action for absolutely continuous T-periodic curves ¢(t) in the
collision less configuration manifold M,
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21 U(r)dt, qe Ar. (12.6)

’ 1
Arta) = [ 5l

where the function space of such curves with square integrable derivatives
is denoted by Ar. We use the period T as a parameter in this functional,
inasmuch as we wish to compare solutions with different periods.

Because the work of Sundman (1913) on the 3-body problem, it is known
that the action Ar stays finite along collision orbits of Equations (12.1).
For this reason, special care must be taken when considering the variational
problem. Due to the exclusion of collision points in M, the space Ar is not
complete. If the action stays finite along a sequence of curves tending to
collision, then such a limiting curve on the boundary of the functional space
A could provide the minimizing loop. This is exactly the situation discovered
by Gordon (1970) for the Kepler problem.

Gordon found that for fixed period T, the actual minimizing solutions are
arranged in families of ellipses, parameterized by eccentricity e, including the
degenerate ellipse when eccentricity e = 1.

All of these elliptical paths have the same action. The collision ejection
orbit appears as a limit case on the boundary of the family of curves, and in
fact realizes the minimizing action! He also found that the minimum value of
the action functional (realized by elliptical families having period T) could
be computed as

T
1,. [
AIT((q)Z/O §Hq|\2+mdt:3(2w)”3 (w2313, (12.7)

where we have added the superscript K to denote the Keplerian action inte-
gral. The homographic and homothetic solutions ¢(t) = a(t)qo (see Equation
(12.5)) share the property in which the action Ar(q) along such a trajec-
tory ¢, can be determined as uncoupled Keplerian orbits. Substituting the
homothetic curves into the action functional (12.6) we find that

T 2/3
Ar(a(t)go) = r2/0 %éﬂ + |a(1t)|UI(-ZO)dt = 3(2m)/3 (U(qo)) P s,

which we recognize as a scaled version of the Keplerian action (12.7).

12.2 Symmetry Reduction for Planar 3-Body Problem

In this section we explain the unique geometry of the variational problem
whose solutions are the figure eight choreographies. The planar 3-body prob-
lem has 6 well known integrals that reduce the dimension of the phase space
from 12 to 6. In addition the quotient by the rotational group SO(2) reduces
the dimension by one more. We discuss the topology and geometry of the
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reduced configuration space, which is crucial for the variational construction
of the figure eight.

The 3-body problem describes the dynamical system which consists of
three masses interacting through their mutual gravitational attraction. The
planar 3-body problem restricts the three masses to the coordinate plane
z = 0 in R3. Let ¢; € R? denote the position of the ith body whose mass
is m;, and whose velocity is v;. Interpreting this as a complex variable, we
set ¢ = (q1, g2, q3) € C? which describes the configuration of the system and
p = (my1v1, mave, mavs) € C? the momentum vector. The configuration of the
system should be thought of as an oriented triangle in the plane, with the
three masses at the vertices. The dynamical system is governed by Hamilton’s
equations (12.1) with N = 3. The force function is
Ulq) = M2 mims mams

— . 12.8
T —rall T Tr—rall * e — ol (128)

Fixing the center of mass at the origin restricts the configuration and the
momentum to 4-dimensional subspaces of C? respectively. The action of the
rotation group SO(2) on phase space

R- (Q7p) = (ququQaRq37Rp17Rp2aRp3)’ R = ei9 (129)

gives a further reduction on the level set of the angular momentum vector
J1(c).

The Hamiltonian itself is invariant under the flow, and setting the value
H = h, we reduce the dimension by one more. Finally, we quotient the re-
sulting energy-momentum level set by the action of SO(2). This reduces the
dimension by one as well, leaving the five-dimensional quotiented energy—
momentum set ='(h,w), Moeckel (1988). In the quotiented manifold Z'(h,w),
we identify all phase points that differ by a simultaneous rotation of con-
figuration and momentum. The reduced configuration space is obtained by
projecting out the momenta. We think of a point in the reduced configuration
space as consisting of equivalence classes of oriented triangles in the plane,
up to translation and rotation. We introduce a simple geometrical model
of the reduced configuration space, that facilitates the understanding of the
variational problem.

In addition to the SO(2) invariant kinetic and potential energies, the
polar moment of inertia (12.3) can be used for understanding the reduced
configuration space. The function v/I = r measures the size of the oriented
triangle formed by the three masses. Notice that the system undergoes triple
collision when r = 0.

The configuration space consists of all possible configurations

M ={(r,q)|r>0,1I(q) = 7‘2, Zmiri = 0}. (12.10)

Inasmuch as we are interested in collision-free configurations only, we set
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N = M/{(r,q)lg; = g5, for i # j}. (12.11)

The reduced configuration space is defined by identifying configurations
that differ by a fixed rotation. This gives us the quotient space M/SO(2).
Before the removal of the collisions, the space of configurations (12.10) is
homeomorphic to RT x S2. This can be seen from the fact that the three-
sphere, I(q) = r?, fibers as a circle bundle over the two-sphere, using the
Hopf fibration (Section 1.8). The shape sphere is defined as

S = {q| Iq) =15 mir; = o} /St (12.12)

The double collisions correspond to rays emanating from the origin, and
triple collision corresponds to the origin ¢ = 0, because we have restricted
the center of mass at the origin (Equation (12.10)). Each ray representing
double collision configurations pierces the shape sphere in only one point.
We should think of points of S describing equivalence classes of oriented
triangles, normalized so that I(q) = 1.

The most important features of the shape sphere (12.12), as described
in Moeckel (1988), are three longitudinal circles on the sphere, which meet
at the north and south poles, and the meridian circle £ of the equator. The
longitudinal circles correspond to the three branches of oriented isosceles
configurations, with the ith mass on the symmetry line. We denote these
circles by M;, +=1,2,3.

At the north pole, the longitudinal circles M; come together at the La-
grangian central configuration which is an equilateral triangle. There are two
of these equilateral configurations, one at each pole, corresponding to a choice
of orientation of the three masses. Each of the longitudinal circles M; meet the
equator in another central configuration, the Eulerian collinear configuration
E;, and also in a double collision point. The equator £ describes the totality
of collinear configurations. On the equator there are three double collision
points, separated by three symmetric degenerate isosceles configurations Fj,
which were mentioned above. For the 3-body problem, all of the central con-
figurations, that is, solutions of the dynamical equations that correspond to a
rigid rotation of the initial configuration, were discovered by Euler (collinear)
and Lagrange (equilateral). These solutions exist for all choices of the masses
m;.

When the force function U is restricted to the shape sphere, the main fea-
tures that were described above can be given a more analytical interpretation.
The function U|;—; takes its absolute minimum at the two Lagrange central
configurations. The Eulerian collinear points FE; are also critical points for
this function, but are now saddle points. Finally, the force function takes its
supremum —+o0o at the three double collision points on the equator.

The Hill’s regions C(h,w) of the reduced configuration space, are the
projected images of the energy—momentum sets =(h,w) onto the reduced
configuration space M/SO(2). The topological structure of these sets and
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their bifurcations give enormous insight into the kinds of orbits that can
be imagined, and sometimes proven to exist mathematically. Without any
restriction on energy, we mention here the fact that the zero momentum
set w™1(0) projects onto the entire reduced configuration space. That is,
if we restrict the total momentum to be zero, then any possible reduced
configuration can be realized. This is not true for nonzero momentum in
general by Moeckel (1988).

Finally, we describe the reflection symmetry of the shape sphere S, which
is important. This is the reflection symmetry about the equator which can
be realized as follows. If we identify each ¢; as a complex variable, then

M= {q: (a1,42,43) € C° | Zmiqizo}. (12.13)
The reflection across the first coordinate axis on M is
o(q) == (¢, 43), (12.14)

and the fixed point set of o is

Fixo={q¢=(01,02,%)| ¢ =&} - (12.15)

When the reflection is dropped to the reduced configuration space M/SO(2),
the resulting map is called the reflection across the line of masses (also called
the syzygy axis); see Meyer (1981b) and the fixed point set (12.15) projects
onto the equatorial plane £ of collinear configurations. The reduced symme-
try o restricted to the shape sphere S fixes the equator £, and reflects the
northern hemisphere onto the southern hemisphere. Without causing confu-
sion, we refer henceforth to the reduced symmetry with the same notation as
the reflection o.

In the inertial frame, that is, the fixed coordinate system before quoti-
enting the group SO(2), we can visualize the reduced symmetry o by first
rotating the configuration into a position so that o is represented by reflec-
tion across the first coordinate axis. After describing a general principle of
reduction on the zero momentum set, we need to describe how this Zy sym-
metry generated by o on M/SO(2) can be extended into the phase space by
describing how it should act on velocity.

12.3 Reduced Lagrangian Systems

The dynamics of the problem were described in the last section by appealing
to the Hamiltonian structure of the problem. In contrast, the variational
structure is contained on the Lagrangian side. The Lagrangian for the 3-body
problem is

3
1
Lg.v) = 2 ma? + o)
i=1
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where the force function U is the same as given in equation (12.8). The
Hamiltonian equations (12.1) are equivalent to the Euler—Lagrange equations
(1.27).

As explained in Chapter 1, the Euler-Lagrange equations (1.27) are also
the equations for critical points of the action functional,

T
Ag) = / L(g,¢)dt, g€ H'0,T), (12.16)
0

where the Sobolev space H'[0, 7] consists of absolutely continuous parame-
terized arcs with values in the configuration manifold M and with L?[0, T
derivatives ¢. This space is the completion of the space of C? curves that
we considered in Chapter 1, and is necessary for the existence theory we use
here. The boundary conditions are suppressed for the moment.

The variational principle can be reduced modulo translations as well as
the reduction by rotations explained in the previous section. It turns out that
a variational principle using only reduced configurations modulo translations
and rotations is equivalent to restricting the momentum value at 0. To explain
this equivalence, we make a slight detour and discuss a slightly more general
version based on a Lie group G of symmetries acting on the configuration
manifold.

Let us consider more generally, a C® mechanical Lagrangian system on
the tangent bundle of a Riemannian manifold M,

L:TM —R
1
L(q,’U) = §Kq(v) + U(Q)7

where K, (v) = [|v]|2 is twice the kinetic energy, and U : M — R is the force
function. We denote the Riemannian metric on T,M associated with the
kinetic energy by K,(v,w) for tangent vectors v, w € T, M. We also assume
that there is a Lie group G acting freely and properly on M, which is denoted
g9(q) = g - g, for g € G. In this case we have the principal bundle

T M — M/G

The Lie algebra of G is denoted &, and the pairing between & and &* is
denoted < -,- >. Moreover, it is assumed that the group action lifts to the
tangent bundle of M, by isometrics on T'M,

g9-(q,v) =(9-¢,Tgv).
Finally, we assume that the Lagrangian L is G-invariant
gL=L, ged.

In this setting the equivariant momentum map, which generalizes the
angular momentum J(q, p), is given by
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J:TM — &~ (12.17)

<J(Qa U)a€> = KQ(U7X§)7 g € 6 (1218)

where X¢(g) denotes the infinitesimal generator of the one-parameter sub-
group action on M, associated with the Lie algebra element £ € &. Noether’s
theorem states that Equation (12.18) is a conservation law for the system.
We use the velocity decomposition in Saari (1988), but in this more gen-
eral setting. For fixed momentum value J(gq,v) = u, the velocity decomposi-
tion is given by
vg = horqv + veryv, (12.19)

where,
verqv = X¢, and horq = v — vergv, (12.20)

and ¢ = &, € G is the unique Lie algebra element such that
3(g, Xe) = . (12.21)

The uniqueness of the element £ € G given by Equation (12.21) is given in the
case of the N-body problem in Saari (1988) , and the general case considered
here may be found in Marsden (1992), Arnold (1990). or Section 8.4.

From Equations (12.18) through (12.21), it follows that the space of hor-
izontal vectors

HOTQ = {(CL’U)'J((LU) = 0} (1222)

and the space of vertical vectors
Very = ker(Tym) (12.23)

are orthogonal complementary subspaces with respect to the Riemannian
metric K. It is also clear, due to the equivariance of J, that the horizontal
vectors are invariant under the G-action on T'M. The mechanical connection
of Marsden (1992) is the principal connection on the bundle 7 : M — M/G,

a:TM — G, (¢qv)—¢§ Xe=verg. (12.24)

In the setting of the planar N-body problem, the vertical component
of the velocity is that velocity which corresponds to an instantaneous rigid
rotation, and which has the angular momentum value p.

For completeness, we summarize the argument in Arnold (1990) which
gives the description of the reduced space J=1(0)/G.

Theorem 12.3.1. The zero momentum set J=1(0), modulo the group orbits,
has a natural identification as the tangent bundle of the reduced configuration
space,

J7H0)/G = T(M/G). (12.25)
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Proof. Tt suffices to notice that when p = 0, the vertical component of velocity
is zero, vergv = 0. Thus the points of J~1(0) naturally project onto points in
T(M/QG) with the projection in the velocity component along the subspace
(12.23) orthogonal to the horizontal space (12.22).

With the velocity decomposition given by Equations (12.19) through (12.21),
it is now a simple matter to see how the Lagrangian drops on the momentum
level set J71(0). First of all, the kinetic energy decomposes naturally, because
(12.22) and (12.23) are orthogonal subspaces,

Kq(v) = K°v) + K% (v), (12.26)

where
K;ed(v) = Ky(horqv), K[ (v) = Kq(verqu). (12.27)

This allows us to define the reduced Lagrangian on the reduced space
J=H(0)/G,

L™ T(M/G) — R, L"*(q,v) = KJ* () + U(q), (12.28)

where (G,?) is an arbitrary element of J~1(0) that projects to (q,v) €
T(M/QG). Tt is important when considering the properties of extremals to
consider the projected metric on T(M/SO(2)), which is called the reduced
metric,

KI*Nv,w) = Kg(0,®), (v,w) € T(M/SO(2)), (0,®) € Hory. (12.29)

We have the reduced variational principle, based on the space H[0,T] of
parameterized curves in the reduced configuration space M/SO(2).

AT (z) = /T Lz, %), xe€ HL(M/SO(2)). (12.30)
0

This action functional has the familiar property that critical points (with
respect to certain boundary conditions that are suppressed here) correspond
to solutions of the reduced Euler-Lagrange equations. Moreover, the action
functional (12.30) is equivariant with respect to the Z? symmetry generated
by o (Equation (12.14)), as well as the dihedral symmetry which we consider
in the next section.

12.4 Discrete Symmetry with Equal Masses

The figure eight periodic orbit discovered by Chenciner and Montgomery
(2000) has the discrete symmetry group Zs x D3. This symmetry drops to the
reduced space J71(0)/SO(2). We have already described the Zy symmetry
on M/SO(2) generated by reflection across the syzygy axis, o in Equation
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(12.14). The elements of D? on the other hand, are generated by interchanging
two of the equal masses. We explain how the symmetry o can be extended to
a time-reversing symmetry on the reduced space T'(M/SO(2)). For a general
treatment of time reversing symmetries, see Meyer (1981b). Secondly we show
that if A € D3, then the product o\ generates a time-reversing symmetry
on reduced phase space. Moreover the Z; subgroup generated by such a
product has a fixed point set corresponding to the normal bundle of one of
the meridian circles on the shape sphere.

We extend the reflection symmetry o by isometries on the reduced space

T(M/S50(2)),
Y :T(M/SO(2)) — T(M/SO(2)), (q,v)+— (o(q),—do(v)). (12.31)

This symmetry leaves the reduced Lagrangian invariant, and reverses the
symplectic form on T'(M/SO(2)). By standard arguments is possible to see
that the Hamiltonian flow ¢; is time reversible with respect to X

and that the fixed point set is
Fix(Z) = {(¢,v)] ¢ € £, (q,0) L &}, (12.33)

where £ denotes the equatorial circle of the shape sphere (12.12).

Next, we consider the D3 symmetry, generated by interchanging two of
the masses. Using the complex notation established in Equation (12.13), we
define the reflection symmetry on the reduced configuration space M/SO(2),

Mg s M/SO(2) — M/SO(2), q¢=(q1,42,43) — (g2, 01,43) € C°,
(12.34)
which effects an interchange between masses m; and ms. When the masses
are equal this symmetry leaves the force function U (12.8) invariant, and also
extends to the reduced space by isometrics,

Az s T(M/SO(2)) — T(M/SO2)),  (4,v) = (Aia(q), dAr2(v)).

(12.35)
The symmetry A; 2 on the reduced space T(M/SO(2)), leaves the reduced
Lagrangian L"¢¢ invariant, which implies that the symmetry takes orbits to
orbits. Clearly, there are three generators of this type for the 3-body problem
with equal masses. These three group elements form the generators of the
dihedral group of order three D3.

The effect of the interchange symmetry A; 2 on the shape sphere S, Equa-
tion (12.12), can be described as follows. The meridian circle Mj intersects
the equator in the Eulerian configuration F3 (the mass mg in the middle)
and the double collision point between masses mq and ms. The reflection
A1,2 rotates the shape sphere through angle 7, about the axis through these
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two points, holding these two points fixed, so that the northern hemisphere
is rotated onto the southern hemisphere.

Now we want to consider the group element o \. In the statement of the
theorem below, the condition (¢,v) L M5 means that v, the principal part
of the tangent vector (q,v), is orthogonal in the reduced metric (12.29) to
Ty Ms.

Theorem 12.4.1. The reflection X' - Ay 2 is a time-reversing symmetry on
T(M/SO(2)), which leaves the Lagrangian L™ invariant and such that

Fix(X - A1 2) = {(q,v)|(¢g,v) L M3} .

Proof. Whereas both symmetries o and \; » were lifted to the tangent space
by isometrics, only X is a time-reversing symmetry on T(M/SO(2)) (it re-
verses the canonical symplectic form) whereas A;  is a symplectic symmetry
(it fixes the symplectic form). The product therefore, is a time-reversing,
antisymplectic symmetry. The fixed point set of X'A; 5 can be found by di-
rect calculation. Recall our earlier observation, that the meridian circle M3
is invariant under the symmetry A; 2. This implies that M; is fixed by the
symmetry o\; 2, because o takes M;' to M5 . Finally, it is not difficult to
see using (12.31),(12.33) that any tangent vector (q,v) € T,Mjz is reversed
by X'Ay2, and any normal vector (q,v) L Mj is fixed by this map.

12.5 The Variational Principle

The periodic orbit of Chenciner and Montgomery is described using the re-
duced action functional (12.30), making use of the reduced symmetries dis-
cussed in the last section.

We first consider certain boundary conditions for the variational problem.
Recall that by E; we denote the ray of configurations emanating from the
origin, which consist of all Fulerian collinear configurations with the mass m;
in the middle. The two-dimensional manifold M;' denotes the portion of the
meridian plane Mj3 that projects into the northern hemisphere of the shape
sphere S (Equation (12.12)), between rays corresponding to double collision
(of masses m; and msy) and the Eulerian configuration Fj.

The variational problem that is introduced by Chenciner—-Montgomery is

Area(@) =min Area(), Fip = {z € H'[0,T]| z(0) € E1,2(T) € M5 }.
1,2

(12.36)

The variational problem (12.36) enjoys the advantage of a well-understood
existence theory, which is easily applied in this setting. Although our main
goal is that of describing the properties of the solution, it is convenient to in-
clude the discussion on existence, because this argument is used again below.
Summary of existence proof. The existence of a solution to the variational
problem (12.36) can be deduced using standard arguments (originally due to
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Tonelli) based on the fact that the reduced action is bounded below, coercive
on the function space E o, and is weakly lower-semicontinuous in the velocity.
A minimizing sequence has bounded L? derivatives, which converge weakly
to an L? function. The minimizing sequence can thereby be shown to be
equi-Lipschitzian, and hence has a uniformly convergent subsequence. The
limit curve provides a minimizing solution, using the property of weak lower-
semicontinuity.

Thus the existence of a solution a(t) of the reduced Euler-Lagrange equa-
tions on T'(M/SO(2)) is assured which joins in an optimal way the manifolds
E; and Ms. Using the transversality property (see Section 1.10 where these
conditions are discussed for the case of periodic boundary conditions) at the
endpoints of such an arc, we deduce that

a(0) € By, (aT),&(T)) L M?3. (12.37)

The more difficult problem to overcome is the avoidance of collision sin-
gularities; that is, we want to ensure that o : [0, 7] — M /SO(2), where M
is defined as the set of configurations that exclude collisions (12.11). The dif-
ficulty with the variational construction of «(t) arises because, as explained
above for the Keplerian action, the collision orbits have finite action and could
thus compete as the limiting case of a minimizing sequence. The basic ar-
gument introduced by Chenciner—-Montgomery explains how the variational
principle excludes such collision trajectories. This argument is used again
later in a different setting. Thus we can summarize this argument here.

The noncollision of minimizing curves is based on comparing the action
with a much simpler problem, that of the 2-body problem. To prepare for this
comparison, the collision action A, of the two-body problem is introduced

Az(T) =
inf{ action of Keplerian collision orbit in time T between two masses}.

This action is computed by using evaluations of action integrals (12.7) for
the collision trajectories in the 2-body problem; see Gordon (1970).

Now the comparison with the values of the reduced action functional can
be described following the argument from Chenciner and Montgomery (2000).
The key observation is that the reduced action can be viewed as parameter-
dependent (on the three masses m;) and the reduced action along any arc
is lowered by setting one of the masses to zero. Because A(mq,ms, ms3;x) >
A(mq,mg, 0; ), it follows that if z(¢) solves the variational problem (12.36),
and z(t) has a collision singularity, then A(z) > Ay. Using careful numerical
length estimates, it is proven in Chenciner and Montgomery (2000) that

min A,¢q(z) < Az, (12.38)
E12

A different argument in Chen (2001) using analytical methods , gives the
same inequality as (12.38).
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Now suppose that o which satisfies (12.36) suffers a collision in the time
interval [0, 7. Then A"*¥(a) > Ay which contradicts Equation (12.38). Thus
the solution of the variational problem (12.36) has no collision singularities.

At this juncture the extremal arc «(t), having been shown to be collision-
free, may be considered on its maximal interval of existence. In particular the
dynamical features of «(t) and the symmetry structure that encodes them
now come to the fore.

Using the full symmetry group Zs x D? , the arc o can be extended to
give a periodic solution. The first extension uses property (12.37) together
with Theorem (12.4.1), which extends the arc from E; to Fs.

Lemma 12.5.1. The arc a;(t) has a symmetric extension as(t) to the in-
terval [0, 2T, relative to the meridian circle Ms, so that

ax(0) € By, (ax(T),cé2(T)) L M3, «(2T) € E,.

Proof. We recall that the fixed point set of o A; o is the meridian circle M3,
and o\ 2 takes By to Es. It follows from (12.37) and the extension of oA; o
to T'M, that

(Oél(T), Oél(T)) € FIX(ZALQ)

Therefore the symmetric extension ag(t), on the interval [0,277] is a solu-
tion of the (reduced) Euler-Lagrange equations, and satisfies the boundary
conditions specified.

The remainder of the figure eight orbit can now be constructed by apply-
ing the interchange symmetries of D3. The extension between E, and Fj3
is obtained by reparameterizing the symmetric arc Aj saa(t), 0 <t < 2T.
Recall that the endpoints of as(t) are Eq, E respectively, and that the sym-
metry A; 3 fixes Ey, and exchanges F; and Ej. Thus we define as(t) =
M,302(2T — t), and a4 (t) = Ag302(2T — ¢). This last arc joins E3 = a4(0)
to E1 = ayq(2T). If we add the resulting arcs together (using the obvious
parameterization) oaq (t) + az2(t) + as(t) + as(t) we find an extremal that
intersects M3 orthogonally at its endpoints. Thus this combined arc can be
continued by the time-reversing symmetry oA; 5 to give a closed orbit having
minimal period 127

12.6 Isosceles 3-Body Problem

In this section we discuss some global results on existence and stability for
symmetric periodic solutions of the isosceles 3-body problem, see Cabral and
Offin (2008). The isosceles 3-body problem can be described as the special
motions of the 3-body problem whose triangular configurations always de-
scribe an isosceles triangle Wintner (1944). It is known that this can only
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occur if two of the masses are the same, and the third mass lies on the sym-
metry axis described by the binary pair. The symmetry axis can be fixed or
rotating. We consider below the case where the symmetry axis is fixed.

We assume that m; = mo = m. The constraints for the isosceles problem
can be formulated as

me:O, <ry—r9,€3 >=0, <(r1+r2),ei >=0, +=1,2,
(12.39)
where e, e, e3 denote the standard orthogonal unit vectors of R3. We con-

sider the three-dimensional collisionless configuration manifold M;q, modulo
translations
Migo ={a = (r1,72,73) | 75 # 75, q satisfies(12.39)}, (12.40)

and restrict the potential V to the manifold Miy,, V = V| M When
all three masses lie in the horizontal plane, the third mass must be at the
origin and the three masses are collinear. The set of collinear configurations
is two-dimensional, and is denoted by S.

There is a Zy symmetry o : Mg, — Mg,
collinear configurations that leaves the potential V invariant. An elementary
argument shows that orbits which cross this plane orthogonally are symmetric
with respect to o. We can lift o to T* Mg, as a symplectic symmetry of H,
namely R(q,p) = (oq,7p).

We use cylindrical coordinates (r, 6, z) on the manifold Mjg,, where z de-
notes the vertical height of the mass m3 above the horizontal plane, and (r, )
denotes the horizontal position of mass m, relative to the axis of symmetry.
The corresponding momenta in the fiber T Mjy, are denoted (p;, pg,p-). In

cylindrical coordinates, the Hamiltonian is

r — or across the plane of

_ D p: ~m? 2mms (12.4)
dm  Amr? o 2ma(52 +1)  2r (274 22(1+ 522 :

With these coordinates, the symmetry o takes (r,6,z) — (r,0,—z). The
plane of collinear configurations is now identified with the fixed-point plane
Fix o/{z = 0,r = 0}.

Mg, has an SO(2) action that rotates the binary pair around the fixed

symmetry axis and leaves V invariant, namely e?’q = (¢?ry, €!ry, r3). Lifting
this as a symplectic diagonal action to T M;q, we find that H is equivariant,
which gives the angular momentum of the system as a conservation law.
The reduced space J7'(c)/SO(2) & T*(M;4,/SO(2)) comes equipped
with a symplectic structure together with the flow of the reduced Hamiltonian
vector field obtained by projection along the SO(2) orbits; see Meyer (1973)
and Marsden (1992). Setting pp = ¢ and substituting in Equation (12.41)
gives H. = H(r,0, z,p., ¢,p.) and the reduced Hamiltonian vector field X g,

on T% (Mg, /SO(2)) is
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12.7 A Variational Problem for Symmetric Orbits

We now turn to an analytical description of periodic orbits, using a symmetric
variational principle. In general when we consider a family of periodic orbits
parameterized by the period T, it is not possible to specify the functional
relation with the energy, nor for that matter angular momentum.

Consider the fixed time variational problem

AFO(x) = inf Ar(q),

180
dso— 1S L 12 v d (12.42)
T (q) = ; Z2m_llpnll +U(r) dt,

Aigo = {q € H'([0,T], Migo) | a(T) = 06"'2”/361(0)} :

The function space A;q, contains certain paths that execute rotations and
oscillations about the fixed point plane S. It is not difficult to see that A°
is coercive on Ajg,, using the boundary conditions given. Indeed if ¢ € A;q,
tends to oo in Mg, then the length [ of ¢ will also tend to oo due to the
angular separation of the endpoints ¢(0),¢(7"). An application of Holder’s
inequality then implies that the average kinetic energy of ¢ will tend to oo
as well. This coercivity of the functional AR on the function space Ajg,

together with the fact that ANC is bounded below implies that the solution
of the variational problem (12.42) exists by virtue of Tonelli’s theorem.

We also show that the solution of (12.42) is collision-free, and can be
extended to a periodic integral curve of X, provided that the masses satisfy

the inequality
m? + dmms 9 m + 2mg
— < (M +2mm3) [ . 12.43
3v2 ( 3) 2m + mg ( )

Theorem 12.7.1. A minimizing solution of (12.42) is collision free on the
interval 0 < t < T, for all choices of the masses m, mg.

Proof. The argument rests on comparing the collision—-ejection homothetic

paths that also satisfy the boundary conditions of Ajy,, for 3-body central
configurations. First of all, notice that collinear collision with a symmetric
congruent ejection path rotated by 27/3 will belong to A;g, because o = id
on §. Moreover, symmetric homothetic equilateral paths also belong to A;g,,
provided that we ensure that the congruent ejection path is rotated by e?27/3

so as to satisfy the conditions of Ajq,.
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Denote the collinear collision—ejection curve in Ajq by ¢1(t), which con-
sists of the homothetic collinear collision-ejection orbit in S, with collision
at Ty = T/2, and so that ¢, (T) = €**™/3¢;(0). Because this path gives the
same action as the action of an individual collision—ejection orbit in time 7',
we can compare this with the action of % the uniformly rotating collinear
relative equilibrium having period 37T'. Using the concavity of (12.7) in the
period T' it can easily be seen that the path ¢1(¢), 0 <t < T has action that
is strictly bigger than the corresponding action of the path which consists of
% collinear relative equilibrium. Thus, the collinear collision—ejection path in
Aigq is not globally minimizing. Now we let g1 (t) denote the collinear relative
equilibrium.

We wish to compare this action with the action of a symmetric homoth-
etic equilateral path. In this case we let go(t) denote a homothetic path for
the equilateral configuration ¢, with collision at time 7'/2, together with a
congruent symmetric segment consisting of the path e /3qy(t + T/2).

We now proceed to compare the action for the two types of motion of
the 3-body problem described above, which are based on the two central
configurations consisting of the equilateral triangle, denoted ¢g, and that of
the collinear relative equilibrium, denoted ¢;. This remark is used now to
make the comparison between the two types of motion in Mjg,. Our first
important observation is that the symmetric homothetic collision-ejection
path go(t) described above, has the same action as a periodic homothetic
collision—ejection path, with the same period T'. In turn, the periodic homo-
thetic collision—ejection path has the same action as the uniformly rotating
equilateral configurations having the same period T, ¢(t) = ei2mt/T g,

Next we compute the force function U(q), and the moment of inertia (12.3)
for the two types of configurations, equilateral and collinear. We denote the
common mutual distance for the two configurations corresponding to period
T rotation by Iy (equilateral), and {; (collinear). A direct computation yields

m2 + 2mms
» 1(qo) = ng (12.44)

m? + 2mm
Ulqo) = TS

whereas for collinear configurations,

m? + dmms

, I(q1) = 2ml3. (12.45)
21,

Ulq) =
We can compute the action functional on each of the two uniformly ro-

tating configurations, equilateral and collinear. Using the expression (12.7)
for the action, we have

A0(0) = 32m)17 (0(a)) T

LA (@) = @0 (0() 31



12.7 A Variational Problem for Symmetric Orbits 319

We argue that qo(t) does not fulfill the requirements for a global minimizer
of the action in A;q, whenever the inequality U(q) < 3U(qo) is met. This
can be tested using the expressions (12.44) and (12.45) to obtain

~ (m? + 2mmg)3
U = U = _—_—
0 (%0)ro 2m + mg

(m? + 4mms)/m
NG :

The inequality U(q1) < 3U(go) is equivalent to (12.43). To analyze this in-
equality further, notice that the expression appearing on the right of the
inequality (12.43) satisfies

U1 = U(Ql)rl =

m + 2mg 1
2m+ms = /2

It is now a simple exercise to deduce that (12.43) holds for all choices of the
masses.

Now, we make the simple argument which shows that the solution of the
isosceles variational problem outlined here cannot have any collision singu-
larities. The minimizing curve x(t) € Ajg,, if it does contain collision sin-
gularities, must consist of arcs of the N-body equations (12.1) which abut
on collision. But each of these arcs beginning or ending with collision, would
have to have zero angular momentum by the results of Sundman (1913). This
implies that the symmetry condition stated in the definition of A;y, could
not be fulfilled, unless z(t) were a symmetric homothetic collision—ejection
orbit. However, both the collinear and the equilateral homothetic orbits in
Aigo are not globally minimizing, provided that inequality (12.43) is fulfilled.

We now address the question of whether the solution of (12.42) gives
a new family of periodic solutions, and in particular whether the relative
equilibrium solutions might provide a solution. We employ a technique similar
to that used in Chenciner and Venturelli (2000). As was discussed in the
section on geometry of reduction above, the shape sphere {I = } describes
the similarity classes of configurations up to rotation and dllatlon. If q(t)
denotes such a collinear relative equilibria solution, it is possible to construct
a periodic vector field ((t), tangent to Ajy, at ¢(t), and which points in the
tangent direction of the shape sphere, transverse to the equatorial plane of
collinear configurations. The fact that the collinear central configurations are
saddle points, only minimizing U(q) = —V over the collinear configurations
in the sphere {I = 3}, implies that d>AX°(q) - ¢ < 0. Hence ¢(t) cannot be

an absolute minimizer for the isosceles action ANO.

Using the equivariance of the symmetries with respect to the flow of (12.1)
we can see the following.
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Theorem 12.7.2. The solution q(t) to the variational problem (12.42) may
be extended so as to satisfy the relation q(t + T) = 0e?>™/3q(t). The corre-
sponding momentum p(t) satisfies the same symmetry p(t+T) = ae?™/3p(t).
Together, the pair (q(t),p(t)) may be extended to a 6T periodic orbit of the
Hamiltonian vector field Xy for isosceles Hamiltonian (12.41) which under-
goes two full rotations and sixz oscillations in each period, and which is not
the collinear relative equilibrium in S.

Proof. Critical points of AN on ;o must satisfy the transversality condi-
tion )
SAT (q) - € = (&, p)]g =0,
where £(t) is a variation vector field along q(t) satisfing &(T) = oe™?™/3£(0).
Therefore
(oe™™3p(T) — p(0),£(0)) = 0,

which implies that p(T) = 0e>™/3p(0) because £(0) is arbitrary.

Now 0e??7/3 generates a symplectic subgroup of order 6 on T* M;g, which
fixes the Hamiltonian H. Therefore, 0e’2™/3(q(t), p(t)) is also an integral curve
of the Hamiltonian vector field Xg. Let (z(¢),y(t)) = (¢(t +T),p(t +T)) de-
note the time shifted integral curve of X . Then (2(0), p(0)) = (¢(T),p(T)) =
oe’?™/3(q(0), p(0)). By uniqueness of the initial condition, we conclude that
(z(t),y(t)) = 0e’®™/3(q(t), p(t)) as stated in the theorem.

Iterating the symmetry ce?™/3 shows

(¢(27), p(2T)) = "7/3(¢(0), p(0)),

and

ae’™™/3(q(0), p(0)),
therefore ¢(6T), p(6T) = €127/3(¢(0), p(0)) which shows as well as periodicity,
that the orbit undergoes two full rotations and six oscillations before closing.

For given integers (M, N) we can study the more general variational prob-
lem

ABO@) = il Ar(g), AR(q / > gyl 4 Uw) dt. (12.46)

Aar, Ny

Ay = {a € HY0,T], Migo) | 4(T) = 0e /N g(0)}.

The function space Ay, n) contains certain paths that execute M rota-
tions and N oscillations about the fixed point plane S before closing. Using
similar techniques to those above, it is shown in Cabral and Offin (2008) that
the following generalization of the families of periodic orbits occur.
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Theorem 12.7.3. The solution q(t) to the variational problem (12.46) is
collision-free on the interval [0, T| provided that the inequality MU, < NU,.
This occurs in the equal mass case, provided that M < %N , and in the
case when mg = 0 when M < N. The solution q(t) may be extended so as to
satisfy the condition q(t + T) = oe>M™/Ng(t), and together with p(t) gives
a NT-periodic integral curve of (12.1) in the case where N is even, and an
2NT -periodic integral curve in the case where N is odd.

12.8 Instability of the Orbits and the Maslov Index

In this section we discuss the application of the Maslov index of the periodic
orbits discussed above, to consider the question of stability.

Theorem 12.8.1. The o-symmetric periodic orbit that extends the solution
q(t) to the variational problem (12.46) is unstable, and hyperbolic on the
reduced energy-momentum surface H—1(h) whenever (q,p) is nondegenerate
in the reduced energy surface.

The proof uses the second variation of the action, and symplectic properties
of the reduced space J=1(c)/SO(2) where J(g,p) = c. The Maslov index of
invariant Lagrangian curves is an essential ingredient. More complete details
on the Maslov index in this context are given in Offin (2000) and that of
symplectic reduction in Marsden (1992).

The functional and its differentials evaluated along a critical curve ¢(¢) in
the direction & € Ty A, n) are

T
. 1
1SO — -
.AT (Q) = /0 § om; Hpm‘
N T d U
SARO(q) £ = <pm£i>\%’+/o D (= ggbri + g bt

. - T d 92U
PA@EO) = &l + [ -Gt 5o €
i i

24 U(r)dt

We defined the Jacobi field along ¢(t) as a variation of the configuration
&(t)0/0q which together with the variation in momenta 7(t)0/0p, satisfies
the equations

— = Mg, o aq aq

124
dt dt ( 7

Such Jacobi fields are used to study stability properties of (q(t),p(t)). We
are particularly interested in the Jacobi fields £(¢) that satisfy the boundary
relation &(T) = oe?M7/N¢(0), because these are natural with respect to the
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variational problem (12.46). We show below that an important subset of them
will correspond to the variations within /1( wm,N) belonging to the tangent
of this space at ¢(t), and moreover may be used to decide the stability of
(q(t),p(t))-

Due to symmetry invariance of the flow of the Hamiltonian vector field
X, it is possible to see that the second variation §2.A%°(g) will always have
degeneracies (zero eigenvalues) in the direction of the constant Jacobi field
£(t)0/0q = r—19/06. Such degeneracies can be removed by considering vari-
ations in the reduced configuration space My, /SO(2). Moreover, by conser-
vation of energy and angular momentum, further degeneracies of the second
variation are given by variations £(¢)9/dq so that ((t) = £(t)0/dq+n(¢)0/dp
is transverse to the energy momentum surface of the periodic orbit (¢(t), p(t)).
In other words, we can only expect nondegenerate effects in the second vari-
ation if we choose variations ((t) = £(¢)0/0q + n(t)0/0p which modulo their
rigid rotations by e’ are tangent to this energy-momentum surface. To ef-
fect this kind of reduction of Jacobi fields, it is most useful to return to our
discussion of the symmetry reduced space from Section 12.2.

The reduced space is defined to be the set of equivalence classes of config-
urations and momenta on the c-level set of the angular momentum up to rigid
rotation; that is, P. = J71(¢)/SO(2). Using the cylindrical coordinates of the
symmetric mass m; introduced earlier, it is easily seen that P, is a symplectic
space which is symplectomorphic to T (Mg, /SO(2)). The reduced symplec-
tic form on P, is the canonical one in these coordinates. Let H,. denote the
reduced Hamiltonian on the reduced space P,.. In reduced cylindrical coor-
dinates, this can be computed by simply substituting 8 = 0 and pg = ¢ in
the original Hamiltonian for the isosceles problem (as we mentioned earlier
in Section 12.2 on the description of the isosceles problem)

HC(T7 Z7p’l"7pz) = H(T7 O? Z7PT7 c?pZ)‘

Now we consider the reduced energy-momentum space H *(h). The direc-
tions tangent to this manifold thus becomes the natural place to look for
positive directions of the second variation.

We therefore consider an essential direction for the second variation, those
Jacobi fields in Tj ;) A(ar, vy Which together with the conjugate variations 7(t)
will project along the rigid rotations to variations that are everywhere tangent
to the energy surface H~*(h) in the reduced space J~!(c)/SO(2). This means

that if o 5 &lt) 0 5
_ 7 a o(t) 0 K
€t = 605 + L0 + a5

r

is our Jacobi field in cylindrical coordinates, where r(t) is the radial compo-
nent of the configuration of ¢(t), then the symmetry reduced Jacobi field is
just
) 0
t) =& (0)=— () =-
6(0) = 6u(t) 5 +E:(0) 2

T
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Notice in addition that &y(¢) = 1 for all Jacobi variations. This procedure is
therefore obviously reversible, if

() = & (1) o + &)

is a reduced Jacobi variation then

0 1 0 0
€0 =605 + 5 &M,

is a solution to (12.47).
We need to consider the projection of the reduced space into the reduced
configuration space

m:J7H(e)/S0(2) — Mig,/S0(2),

and denote the vertical space of the projection at = (q,p) by V) =
ker d,m. Recall that a subspace )\ of tangent variations to J~1(c)/SO(2) is
called Lagrangian if dimA = 2, and w|y = 0. We consider the invariant La-
grangian subspaces of Jacobi fields and conjugate variations {(t) = £(¢)0/0q+
n(t)0/0p which are tangent everywhere to H~1(h) within J=!(c)/SO(2), and
for which £(t),m(t) satisfy (12.47). Because this is a three-dimensional man-
ifold, we find that every two-dimensional invariant Lagrangian curve that
is tangent to H_!(h) includes the flow direction Xy, and one transverse
direction field,

A = span ((6), X, (=())),  dHL(G(t)) = 0.

A focal point of the Lagrangian plane A is the value t = ¢y, where d, 7 : Ay, —
Migo/SO(2) is not surjective. These Lagrangian singularities correspond to
the vanishing of the determinant

_ {,-(t )pr(t ) _
D(ty) = det [gz(tg) pz(tg)] =0, (12.48)

where (£, &) denotes the reduced configuration component of a reduced vari-

ational vector field along (¢(t), p(t)). Now we study the invariant Lagrangian
curve A; of reduced energy-momentum tangent variations

Ao = {€(0) = £(0)0/9q +n(0)0/0p | &(T) = 0£(0), dHc(f(O)m(O))(Z 0} -)
12.49
Evidently, the subspace A§ is not empty, because Xy (¢(0),p(0)) € A§.

Lemma 12.8.1. If the periodic integral curve (q(t), p(t)) is nondegenerate on
the reduced energy-momentum manifold H=1(h) within J=1(¢)/SO(2), then
Ay is Lagrangian.
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Proof. We need to show that dimAj = 2, and that w[ys = 0. The last con-
dition follows immediately from the first and from the fact that variations
within A} are tangent to H~'(h). We prove the first condition on the di-
mension of Aj. The key to this is to make the following observations on the
mapping P — o,

(P —o)TH;'(h) C T,H; ' (h), = (q(0),p(0))
ker (P —0) = (Xnu,)(2))
(P —o0)\, C ker dp,.

Both the Poincaré mapping and the symmetry o lifted to the cotangent bun-
dle leave the energy surface H~!(h) invariant. The first observation then
follows by projecting from T*(M;s,) onto the reduced energy—momentum
manifold. The second property follows exactly from the condition on nonde-
generacy of the periodic orbit (q(t),p(t)), because vectors in the kernel will
give rise to periodic solutions of the linearized equations that are tangent to
P.. For ¢ € Aj, the last condition can be seen from the computation

dp,7(P — )¢ = (§(T) — 0£(0))9/9q = 0.

From the first two conditions we see that P — ¢ is an isomorphism when
restricted to T, H~1(h)/ (X, )(z)), and this can be used to define the trans-
verse variation ¢(0) € A\§ modulo (Xg_)(z)) which, by virtue of the third con-
dition, must be the preimage under P — o of a vertical vector in T, H ~1(h).

Next we state the second-order necessary conditions in terms of reduced
energy—momentum variations, in order that ¢(¢) is a minimizing solution of
the variational problem (12.46). We recall that the symplectic form and the
symplectic symmetry o drop to J71(c)/SO(2), and we denote these without
confusion, respectively, by w and . Similarly, we let P denote the sym-
plectic map that is the relative Poincaré map for the reduced Jacobi fields

@), n(t) = ((E+T),n(t+T)).

Proposition 12.8.1. If the curve q(t) is a collision-free solution of the vari-
ational problem (12.46), and when projected by m is nondegenerate as a peri-
odic integral curve of Xp_ then A§ has no focal points in the interval [0,T),
and

w(Ay, o AT) = w(AG, oPAS) > 0.

Proof. The fact that A\§ has no focal points on [0,77] is classical. From the
expression (12.47) for the second variation we may deduce that

= <06722M”/N77i(T) —1:(0),£(0))
_ w(Aé,O’e_iQMTr/N)\;)

> 0.
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The last follows because ge~?M™/NP(£(0),7(0)) = (£(0), ge=2M™/Ny(T).
Moreover, because we are working in the reduced energy—momentum space,
we can drop the action of the rotation e~?M7/N and the final inequality
reads w(A§, aPAS) > 0.

Now we consider the reduced Lagrangian planes A§, o AL = oPAS.

Lemma 12.8.2. The Lagrange planes (cP)"A§ have no focal points in the
interval 0 < ¢ <T.

Proof This argument proceeds by showing that the successive iterates
(oP)" Ay have a particular geometry in the reduced space of Lagrangian
planes. This geometry then allows a simple comparison between the focal
points of A\§ and that of P™A§.

Recall that the Lagrange planes (oP)"A; are all generated by a single
tranverse variational vector field (£(t),7n(t)), so that at ¢ = 0 we need to
consider only the initial conditions (£(0),7(0)). We observe from Proposition
(12.8.1) that w(A§, oPAS) > 0 that is w((£(0),7n(0)),oP(£(0),7n(0))) > 0.
Recall that the reduced symplectic form w restricted to the tangent of the
level set H~!(h) is nothing more than the signed area form in the reduced
plane of transverse vector fields (£(¢),n(t)) for which dH.(£(¢),n(t)) = 0.
The fact that w > 0 on the pair A§,cPA§ implies an orientation of these
subspaces in the plane. In particular, cPAf is obtained from Aj by rotating
counterclockwise, by an angle less than 7. Moreover, o’PA§ must lie between
Aj and the positive vertical V|, ,, due to the fact that both Lagrange planes
have the same horizontal component £(0). Now, as ¢t changes over the interval
[0, T], the vertical Lagrange plane V|, ) rotates initially clockwise, and the
Lagrange plane \§ cannot move through the vertical V|, ;) due to the fact
that A\j is focal point free in this interval. The comparison between A§, cPAf,
mentioned above, amounts to the statement that the first focal point of cPAj
must come after the first focal point of A§. Due to Proposition (12.8.1), we
infer that 0P\ is focal point free on the interval [0, T].

The argument given between A, P A§ can be repeated for oPAS, (0P)2 N\
because w(aPAS, (6P)2N;) > 0, by application of the symplectic mapping
oP. Moreover, as we have just shown above, cPAj is focal point free on
[0,7] so that comparing with (oP)?\} and using the orientation supplied
by the symplectic form w indicates that (oP)2\} is focal point free on the
interval [0, 7] as well.

This argument is applied successively to each of the interates (6P)"Af.

Lemma 12.8.3. The reduced Lagrange plane A\j of transverse variations is
focal point free on the interval 0 <t < oo.

Proof The argument proceeds by showing that \j is focal point free on each
of the intervals [0,T1],[T,2T],.... This property holds for the first interval
[0,T], due to the second order conditions in Proposition (12.8.1). The next
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interval and succeeding ones, can be explained because (oP)"A§, is focal
point free on [0, 7). In particular, cPA§ is focal point free on [0, 7] implies
that PA§ is focal point free on [0,7], because oV ) = V| p). Therefore
A§ is focal point free on [0,2T]. The iterates (oP)" 1 \} are also focal point
free on [0, T], together with the fact that P = Po implies similarly that A\§
is focal point free on [0, (n 4+ 1)T]. This concludes the proof.

Because there is no rotation of the Lagrange planes A; (Lemma 12.8.3),
we can ask what obstruction there is to prevent this. The answer given in the
next theorem is that the Poincaré map must have real invariant subspaces.

Theorem 12.8.2. Under the assumptions of Proposition 12.8.1, there are
(real) invariant subspaces for the reduced Poincaré map P?. These subspaces
are transverse when 62Az(q) is nondegenerate when restricted to the sub-
space in the reduced space of tangential variations To) A, Ny which are also
tangent to the reduced energy surface H; 1(h).

Proof. The proof proceeds by examining the iterates (oP)" A} of the subspace
Ay of tangential Jacobi variations in the reduced energy-momentum space
H:1(h). By Lemma 12.8.2 and the fact that w((oP)"A§, (cP)" 1N > 0,
the iterates (6P)"™Ag must have a limit subspace 8 = lim, o (0P)"A§. The
subspace [ is thereby Lagrangian, and invariant for the symplectic map oP.

Therefore this implies that inasmuch as P = Po,

oPB=p
PB =00
P?B =Pofs
=oPp
= 8.

Because \j is focal point free on the interval 0 <t < oo, and V|, ;) can
have no focal points before Ag, it follows that V|, ) can have no focal points
in 0 <t < oo. However more is true, because the forward interates of V|, )
cannot cross any of the subspaces (cP)"\§ it is not difficult to see that the
subspace (3 can be also represented as the forward limit of the iterates P™
of the vertical space, 8 = lim,, oo P"V|(5,p). It follows that 3 represents the
reduced transverse directions of the stable manifold of (g, p).

Using Lemma 12.8.3 it follows that backward iterates of the vertical space
V|(z,p) under P cannot cross the subspace \j. Therefore the unstable manifold
« may be represented as the limit in backward time, a = lim,, .o« P7"V|(5 ).

Finally, to show transversality of the subspaces 3, a we can use the fact
that in the case where (g, p) is nondegenerate, w(A§, oPAS) > 0, by virtue of
Proposition 12.8.1. This implies that in the case of nondegeneracy w(«, 3) >
0, which implies transversality.
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12.9 Remarks

In this chapter we have chosen two simple yet interesting and complex ex-
amples from the global study of periodic solutions of the 3-body problem.
In the first example, the symmetry group of the orbit contains a dihedral
component D3 X Zsy. In the second example, the symmetry group Zg is far
simpler and consequently we can say a great deal about the stability type of
the orbit families. The Maslov theory is an ideal topic to apply in this exam-
ple. This technique for studying global stability of periodic families was first
applied to the case of Zs symmetry generated by a time reversing symmetry
in Offin (2000). The analytic stability analysis of the figure eight at this time
remains a mystery, yet it seems tantalizingly close to resolution. Other orbits
that are noteworthy and which fall into the category of those determined by
symmetric variational principles are interesting objects of current research.
These include the “crazy eights” or figure eights with less symmetry, Fer-
rario and Terracini (2004), and the “hip-hop” family of equal mass 2N-body
problem as well as some of the fascinating examples described in Simé (2002)
and Ferrario and Terracini (2004). The hip-hop orbits, discovered initially by
Chenciner and Venturelli (2000), have spatio-temporal symmetry group Zs,
named by Chenciner as the Italian symmetry. This family has also been an-
alyzed using the Maslov theory for stability. They fall into the category of a
cyclic symmetry group without time reversal, similar to the isosceles example
we studied above. The stability type of the hip-hop family is identical to that
of the isosceles families, hyperbolic on its energy—momentum surface, when
nondegenerate. A recent result of Buono and Offin (2008) treats this case of
cyclic symmetry group in general, and again the families of periodic orbits
in this category are all hyperbolic whenever they are nondegenerate on their
energy—momentum surface. A forthcoming paper by Buono, Meyer and Offin,
analyzes the dihedral group symmetry of the crazy eights. As a final comment
we mention that other methods have been developed Dell’ Antonio (1994), for
analyzing stability of periodic orbits in Hamiltonian and Lagrangian systems
that are purely convex in the phase variables.
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Questions of stability of orbits have been of interest since Newton first set
down the laws that govern the motion of the celestial bodies. “Is the universe
stable?” is almost a theological question. Even though the question is old
and important, very little is known about the problem, and much of what is
known is difficult to come by.

This chapter contains an introduction to the question of the stability and
instability of orbits of Hamiltonian systems and in particular the classical
Lyapunov theory and the celebrated KAM theory. This subject could be
the subject of a complete book; so, the reader will find only selected topics
presented here. The main example is the stability of the libration points of
the restricted problem, but other examples are touched.

Consider the differential equation

3= f(2), (13.1)

where f is a smooth function from the open set O C R™ into R™. Let the
equation have an equilibrium point at {y € O; so, f({o) = 0. Let ¢(¢,{) be
the general solution of (13.1). The equilibrium point (y is said to be positively
(respectively, negatively) stable, if for every € > 0 there is a 6 > 0 such that
lo(t, ) —Coll < e forall t > 0 (respectively, t < 0) whenever || —(pl| < d. The
equilibrium point (p is said to be stable if it is both positively and negatively
stable. In many books “stable” means positively stable, but the above conven-
tion is the common one in the theory of Hamiltonian differential equations.
The equilibrium (, is unstable if it is not stable. The adjectives “positively”
and “negatively” can be used with “unstable” also. The equilibrium (y is
asymptotically stable, if it is positively stable, and there is an n > 0 such
that ¢(t, () — o as t — +oo for all || — (ol <.

Recall the one result already given on stability in Theorem 1.3.2, which
states that a strict local minimum or maximum of a Hamiltonian is a
stable equilibrium point. So for a general Newtonian system of the form
H = p"Mp/2 + U(q), a strict local minimum of the potential U is a sta-
ble equilibrium point because the matrix M is positive definite. It has been
stated many times that an equilibrium point of U that is not a minimum is
unstable. Laloy (1976) showed that for

U(q1,q2) = exp(—1/q7) cos(1/q1) — exp(—1/g3){cos(1/q2) + g5 },

K.R. Meyer et al., Introduction to Hamiltonian Dynamical Systems and the N-Body
Problem, Applied Mathematical Sciences 90, DOI 10.1007/978-0-387-09724-4_13,
© Springer Science+Business Media, LLC 2009
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the origin is a stable equilibrium point, and yet the origin is not a local
minimum for U. See Taliaferro (1980) for some positive results along these
lines.

Henceforth, let the equilibrium point be at the origin. A standard ap-
proach is to linearize the equations; i.e., write (13.1) in the form

2= Az +g(2),

where A = 0f(0)/0z and g(z) = f(z) — Az; so, g(0) = 9g(0)/0z = 0.
The eigenvalues of A are called the exponents (of the equilibrium point).
If all the exponents have negative real parts, then a classical theorem of
Lyapunov states that the origin is asymptotically stable. By Proposition 3.3.1,
the eigenvalues of a Hamiltonian matrix are symmetric with respect to the
imaginary axis; so, this theorem never applies to Hamiltonian systems. In
fact, because the flow defined by a Hamiltonian system is volume-preserving,
an equilibrium point can never be asymptotically stable.

Lyapunov also proved that if one exponent has positive real part then the
origin is unstable. Thus for the restricted 3-body problem the Euler collinear
libration points, L1, L2, L3, are always unstable, and the Lagrange triangular
libration points, £4 and L5, are unstable for p; < p < 1 — py by the results
of Section 4.1.

Thus a necessary condition for stability of the origin is that all the eigen-
values be pure imaginary. It is easy to see that this condition is not sufficient
in the non-Hamiltonian case. For example, the exponents of

21 = 20 + 21(2% + 23),
2o = —2z1 + ZQ(Z% + Z%)

are &4, and yet the origin is unstable. (In polar coordinates, 7 = 7% > 0.)
However, this equation is not Hamiltonian.

In the second 1917 edition of Whittaker’s book on dynamics, the equations
of motion about the Lagrange point £4 are linearized, and the assertion is
made that the libration point is stable for 0 < p < w1 on the basis of this
linear analysis. In the third edition of Whittaker (1937) this assertion was
dropped, and an example due to Cherry (1928) was included. A careful look
at Cherry’s example shows that it is a Hamiltonian system of two degrees
of freedom, and the linearized equations are two harmonic oscillators with
frequencies in a ratio of 2:1. The Hamiltonian is in the normal form given in
Theorem 10.4.1; i.e., in action—angle variables, Cherry’s example is

H =2l — I, + I 1)/? cos(¢1 + 2¢2). (13.2)

Cherry explicitly solves this system, but we show the equilibrium is unstable
as a consequence of Chetaev’s theorem 13.1.2.
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13.1 Lyapunov and Chetaev’s Theorems

In this section we present the parts of classical Lyapunov stability theory as
it pertains to Hamiltonian systems. Consider the differential equation (13.1).

Return to letting (y be the equilibrium point. Let V' : O — R be smooth
where O is an open neighborhood of the equilibrium point (3. One says that
V is positive definite (with respect to (p) if there is a neighborhood @ C O
of {p such that V(¢p) < V(z) for all z€ O\ {¢o}. That is, (o is a strict local
minimum of V. Define V : O — R by V(z) = VV(2) - f(2).

Theorem 13.1.1 (Lyapunov’s Stability Theorem). If there ewists a
function V' that is positive definite with respect to (o and such that V <0 in
a neighborhood of (o then the equilibrium (o is positively stable.

Proof. Let € > 0 be given. Without loss of generality assume that ¢, = 0
and V(0) = 0. Because V(0) = 0 and 0 is a strict minimum for V, there is
an 7 > 0 such that V(2) is positive for 0 < ||z|| < n. By taking n smaller if
necessary we can ensure that V(z) < 0 for ||z|| <7 and that 7 < € also.

Let M = min{V (z) : ||z|| = n}. Because V(0) = 0 and V is continuous,
there is a ¢ > 0 such that V(z) < M for ||z]| < § and 0 < n. We claim that if
IC]] < & then [|¢(t, Q)| < n < eforall t > 0.

Because ||C]| < § < n there is a t* such that ||¢(¢, ()| < nforall0 <t < t*
and t* is the smallest such number. Assume ¢* is finite and so ||¢(¢*, {)|| = 7.
Define v(t) = V(¢(¢,¢)) so v(0) < M and 0(t) < 0 for 0 < ¢ < t* and so
v(t*) < M. But v(t*) = V(4(t*,¢)) > M which is a contradiction and so t*
is infinite.

Consider the case when (13.1) is Hamiltonian; i.e. of the form
z2=JVH(z), (13.3)

where H is a smooth function from O C R?" into R. Again let zg € O be an
equilibrium point and let ¢(¢, () be the general solution.

Corollary 13.1.1 (Dirichlet’s stability theorem 1.3.2). If z, is a strict
local minimum or maximum of H, then zy is a stable equilibrium for (13.3).

Proof. Because £H is an integral we may assume that H has a minimum.
Because H = 0 the system is positively stable. Reverse time by replacing ¢
by —t. In the new time H = 0, so the system is positively stable in the new
time or negatively stable in the original time.

For the moment consider a Hamiltonian system of two degrees of freedom
that has an equilibrium at the origin and is such that the linearized equations
look like two harmonic oscillators with distinct frequencies wy, wo, w; # 0.
The quadratic terms of the Hamiltonian can be brought into normal form by
a linear symplectic change of variables so that the Hamiltonian is of the form
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w w
H =+ (2% +47) £ 5 (@5 +3) + -
If both terms have the same sign then the equilibrium is stable by Dirichlet’s
Theorem. However, in the restricted problem at Lagrange triangular libration
points £4 and L5 for 0 < g < pp the Hamiltonian is of the above form, but
the signs are opposite.

Theorem 13.1.2 (Chetaev’s theorem). Let V : O — R be a smooth
function and 2 an open subset of O with the following properties.

Co € 012.

V(z) >0 for z € £2.

V(z) =0 for z € 012.

V(z) =V(2) f(z) >0 for z € 2.

Then the equilibrium solution (o of (13.1) is unstable. In particular, there is a
neighborhood Q of the equilibrium such that all solutions which start in QN2
leave Q) in positive time.

Proof. Again we can take (y = 0. Let € > 0 be so small that the closed ball of
radius € about 0 is contained in the domain O and let @ = 2N{]|z|| < €}. We
claim that there are points arbitrarily close to the equilibrium point which
move a distance at least € from the equilibrium.

Q@ has points arbitrarily close to the origin, so for any ¢ > 0 there is a
point p € @ with ||p|| < ¢ and V(p) > 0.

Let v(t) = V(¢(t,p)). Either ¢(t,p) remains in @ for all ¢ > 0 or ¢(¢,p)
crosses the boundary of ) for the first time at a time ¢t* > 0.

If ¢(t,p) remains in @ then v(t) is increasing because v > 0 and so v(t) >
v(0) > 0 for ¢t > 0. The closure of {¢(¢,p) : t > 0} is compact and v > 0 on
this set so v(t) > k > 0 for all ¢ > 0. Thus v(t) > v(0) + kt — oo as t — oc.
This is a contradiction because ¢(t,p) remains in an e neighborhood of the
origin and v is continuous.

If ¢(t,p) crosses the boundary of @ for the first time at a time t* > 0,
0(t) > 0 for 0 < ¢t < ¢* and so v(t*) > v(0) > 0. Because the boundary of
@ consist of the points ¢ where V(¢) = 0 or where ||g|| = ¢, it follows that
ot = .

Cherry’s counterexample in action—angle coordinates is
H =2 — I + I"*I, cos(¢y + 2¢2). (13.4)
To see that the origin is unstable, consider the Chetaev function
W = —I/*I, sin(¢y + 262),

and compute
. 1
W =20L1,+ 5[5.
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Let {2 be the region where W > 0. In 2, I # 0; so, W > 0in £2. £2 has points
arbitrarily close to the origin, so Chetaev’s theorem show that the origin is
unstable even though the linearized system is stable.

Theorem 13.1.3 (Lyapunov’s instability theorem). If there is a smooth
function V : O — R that takes positive values arbitrarily close to (o and is
such that V.=V - f is positive definite with respect to Cy then the equilibrium
Co is unstable.

Proof. Let 2 ={z:V(z) > 0} and apply Chetaev’s theorem.

As the first application consider a Hamiltonian system of two degrees of
freedom with an equilibrium point and the exponents of this system at the
equilibrium point are +wi, £\, w # 0, A # 0; i.e. one pair of pure imaginary
exponents and one pair of real exponents. For example, the Hamiltonian of
the restricted problem at the Euler collinear libration points £y, L5, and L3
is of this type. We show that the equilibrium point is unstable. Specifically,
consider the system

H = %(ﬁﬂ/f) + Azays + H (z,y) (13.5)
where H' is real analytic in a neighborhood of the origin in R* in its displayed
arguments and of at least third degree. Note that we have assumed that the
equilibrium is at the origin and that the quadratic terms are already in normal
form. As we have already seen, Lyapunov’s center theorem 9.2.1 implies that
the system admits an analytic surface called the Lyapunov center filled with
periodic solutions.

Theorem 13.1.4. The equilibrium at the origin for the system with Hamil-
tonian (13.5) is unstable. In fact, there is a neighborhood of the origin such
that any solution which begins off the Lyapunov center leaves the neighborhood
in both positive and negative time. In particular, the small periodic solutions
given on the Lyapunov center are unstable.

Proof. There is no loss in generality by assuming A is positive. The equations
of motion are

= +8HT .__W_aHT
1= WY1 E Y1 = 1 o7,

. OHT . OH?t
To = ATa + Y2 = —Ay2 — .
(9y2 8.’E2

We may assume that the Lyapunov center has been transformed to the co-

ordinate plane xo = yo = 0; i.e. ©3 = 3o = 0 when x5 = yo = 0. That means

that H' does not have a term of the form x5 (27y7") or of the form y(z7y]").
Consider the Chetaev function V = (23 — y3) and compute
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. OHT OHT
V=X23+9y3) + T2 —
(z3 +y3) 283/2 y26y2

= A3 +y3) + W(z,y).

We claim that in a sufficiently small neighborhood @ of the origin ||W (z, y)|| <
(A/2)(23+y3) andso V > 0 on Q\{zz = ya = 0}; i.e. off the Lyapunov center.
Let H' = H} + H] + HJ where H] is independent of 5, y2, Hi is quadratic
in x9,1ys, and H;[ is at least cubic in za,yo. Hg contributes nothing to W;
H2T contributes to W a function that is quadratic in x3, y2 and at least linear
in 21,1, and so can be estimated by O({z2 + y2}/2)O({22 + y3}); and H]
contributes to W a function that is cubic in 29, y» and so is O({z3 +y3}%/?).
These estimates prove the claim.

Let 2 = {22 > 2} NQ and apply Chetaev’s theorem to conclude that all
solutions which start in {2 leave @ in positive time. If you reverse time you
will conclude that all solutions which start in 2= = {23 < 3} N Q leave Q
in negative time.

Proposition 13.1.1. The Euler collinear libration points L1, Lo, and L3 of
the restricted 3-body problem are unstable. There is a neighborhood of these
points such that there are no invariant sets in this neighborhood other than
the periodic solutions on the Lyapunov center manifold.

As the second application consider a Hamiltonian system of two degrees
of freedom with an equilibrium point and the exponents of this system at
the equilibrium point are +a + (i, a # 0; i.e., two exponents with positive
real parts and two with negative real parts. For example, the Hamiltonian of
the restricted problem at the Lagrange triangular points £, and Ls is of this
type when py < p < 1 — p1. We show that the equilibrium point is unstable.
Specifically, consider the system

H = a(z1y1 + 22y2) + By122 — yoz1) + Hi (2, y), (13.6)

where H' is real analytic in a neighborhood of the origin in R* in its displayed
arguments and of at least third degree. Note that we have assumed that the
equilibrium is at the origin and that the quadratic terms are already in normal
form.

Theorem 13.1.5. The equilibrium at the origin for the system with Hamil-
tonian (13.6) is unstable. In fact, there is a neighborhood of the origin such
that any nonzero solution leaves the neighborhood in either positive or nega-
tive time.

Proof. We may assume a > 0. The equations of motion are
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. HT ) ot
T = axy + fro + 5—, &y = —fr) + awy + )
8y1 8y2
. oOHT | oH'
h=-ay1+PBy2———, Y2=-Py1—ay2+——.
8.’£1 8952

Consider the Lyapunov function
L o 2 2 2
V= 5(931 + 23 — Y1 — ¥2)

and compute )
V=a@d+ad+2+y3)+ W

where W is at least cubic. Clearly V' takes on positive values close to the
origin and V is positive definite, so all solutions in {(z,y) : V(z,y) > 0}
leave a small neighborhood in positive time. Reversing time shows that all
solutions in {(x,y) : V(z,y) < 0} leave a small neighborhood in positive
time.

Proposition 13.1.2. The triangular equilibrium points L4 and Ls of the
restricted 3-body problem are unstable for p; < p < 1 — py. There is a
neighborhood of these points such that there are mo invariant sets in this
neighborhood other than the equilibrium point itself.

The classical references on stability are Lynpunov (1892) and Chetaev
(1934), but very readable account can be found in LaSalle and Lefschetz
(1961). The text by Markeev (1978) contains many of the stability results for
the restricted problem given here and below plus a discussion of the elliptic
restrict problem and other systems.

13.2 Moser’s Invariant Curve Theorem

We return to questions about the stability of equilibrium points later, but
now consider the corresponding question for maps. Let

F(z) = Az + f(2) (13.7)

be a diffeomorphism of a neighborhood of a fixed point at the origin in R™;
so, f(0) = 0 and 0f(0)/0z = 0. The eigenvalues of A are the multipliers of
the fixed point.

The fixed point 0 is said to be stable if for every € > 0 there isa § > 0
such that |[F*(2)|| < e for all ||z|| < & and k € Z.

We reduce several of the stability questions for equilibrium points of a
differential equation to the analogous question for fixed points of a diffeo-
morphism. Let us specialize by letting the fixed point be the origin in R? and
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by letting (13.7) be area-preserving (symplectic). Assume that the origin is
an elliptic fixed point; so, A has eigenvalues A and A\™' = X\, | A [= 1. If A = 1,
—1, /1 = e?™/3_ or v/1 = i then typically the origin is unstable; see Meyer
(1971) and the Problems.

Therefore, let us consider the case when A is not an mth root of unity for
m =1,2,3,4. In this case, the map can be put into normal form up through
terms of order three; i.e., there are symplectic action—angle coordinates, I, ¢,
such that in these coordinates, F : (I,¢) — (I',¢'), where

I'=1+cI,¢),
(13.8)
¢ =¢+w+al +d(I,e),

and A = exp(wi), and ¢,d are O(I*/?). We do not need the general results
because we construct the maps explicitly in the applications given below.

For the moment assume ¢ and d are zero; so, the map (13.8) takes circles
I = Iy into themselves, and if a # 0, each circle is rotated by a different
amount. The circle I = I is rotated by an amount w + aly. When w + aly =
27p/q, where p and ¢ are relatively prime integers, then each point on the
circle I = I is a periodic point of period q.

If w+ aly = 27, where § is irrational, then the orbits of a point on
the circle I = I are dense (¢ = d = 0 still ). One of the most celebrated
theorems in Hamiltonian mechanics states that many of these circles persist
as invariant curves. In fact, there are enough invariant curves encircling the
fixed point that they assure the stability of the fixed point. This is the so
called “invariant curve theorem”.

Theorem 13.2.1 (The invariant curve theorem). Consider the mapping
F:(I,¢)— (I',¢') given by

I'=T+¢etc(I,9,¢),
(13.9)
¢ =¢+w+eh(I)+etd(l, ¢,¢),

where (i) ¢ and d are smooth for 0 < a < I <b< 00, 0<e< e, and all ¢,
(i) ¢ and d are 2w-periodic in ¢, (iii) r and s are integers s > 0,7 > 1, (iv) h
is smooth for 0 < a < I <b<oo, (v)dh(I)/dIl #0 for 0 <a<I<b< o0,
and (vi) if I' is any continuous closed curve of the form & = {(I,¢) : I =
O(¢),0 : R — [a,b] continuous and 2m-periodic }, then E N F (&) # 0.

Then for sufficiently small €, there is a continuous F-invariant curve I’
of the form I' = {(I,¢) : I = &(¢p),P : R — [a,b] continuous and 27 —
periodic }.

Remarks.

1. The origin of this theorem was in the announcements of Kolmogorov who
assumed analytic maps, and the analog of the invariant curve was shown



13.2 Moser’s Invariant Curve Theorem 337

to be analytic. In the original paper by Moser (1962), where this theorem
was proved, the degree of smoothness required of ¢, d, h was very large,
C333, and the invariant curve was shown to be continuous. This spread
led to a great deal of work to find the least degree of differentiability
required of ¢,d, and h to get the most differentiability for the invariant
curve. However, in the interesting examples, ¢, d, and h are analytic, and
the existence of a continuous invariant curve yields the necessary stability.

2. The assumption (v) is the twist assumption discussed above, and the
map is a perturbation of a twist map for small e.

3. Assumption (vi) rules out the obvious example where F maps every point
radially out or radially in. If F' preserves the inner boundary I = a and
is area-preserving, then assumption (vi) is satisfied.

4. The theorem can be applied to any subinterval of [a,b], therefore the
theorem implies the existence of an infinite number of invariant curves. In
fact, the proof shows that the measure of the invariant curves is positive
and tends to the measure of the full annulus a <1 <b as e — 0.

5. The proof of this theorem is quite technical. See Siegel and Moser (1971)
and Herman (1983) for a complete discussion of this theorem and related
results.

The following is a slight modification of the invariant curve theorem that
is needed later on.

Corollary 13.2.1. Consider the mapping F : (I,¢) — (I',¢") given by

I'=T+ec(I,p,e),
(13.10)
¢ = ¢+ eh(P)] + €d(I,¢,¢),

where (i) ¢ and d are smooth for 0 < a < I <b< 00,0 < €< e, and all ¢,
(ii) ¢ and d are 2w-periodic in ¢, (iii) h(¢) is smooth and 2m-periodic in ¢,
and (i) if I' is any continuous closed curve of the form = = {(I,¢) : I =
O(¢),0 : R — [a,b] continuous and 2m-periodic, then =N F(Z) # 0.

If h(¢) is monzero for all ¢ then for sufficiently small €, there is a con-
tinuous F-invariant curve I' of the form I' = {(I,¢) : I = &(¢),P : R —
[a,b] continuous and 27 — periodic}.

Proof. Consider the symplectic change of variables from the action—-angle
variables I, ¢ to the action—angle variables J v defined by the generating

function . )
dr T o dr
S(J, :JM—l/ —_ M:/ -
(:9) e o h(r)
So .

o8 dr aS  MJ
- = = Mﬁl/ — I = " =,
v=%7 o (r) 96~ h(0)

and the map in the new coordinates becomes
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J' = J+0(e), V' =+ eMJ+ O(?).

The theorem applies in the new coordinates.

13.3 Arnold’s Stability Theorem

The invariant curve theorem can be used to establish a stability result for
equilibrium points as well. In particular, we prove Arnold’s stability theorem
using Moser’s invariant curve theorem.

As discussed above, the only way an equilibrium point can be stable is
if the eigenvalues of the linearized equations (the exponents) are pure imag-
inary. Arnold’s theorem addresses the case when exponents are pure imagi-
nary, and the Hamiltonian is not positive definite.

Consider the two degree of freedom case, and assume the Hamiltonian
has been normalized a bit. Specifically, consider a Hamiltonian H in the
symplectic coordinates x1, x2,y1,y2 of the form

H=Hy+ Hy+ -+ Hoy + HT, (13.11)

where

1. H is real analytic in a neighborhood of the origin in R%.
2. Hok, 1 <k < N, is a homogeneous polynomial of degree k in Iy, I, where
L= (22 +9y?)/2,i=1,2.

3. HT has a series expansion that starts with terms at least of degree 2N +1.
4. Hy = wil; — wals, w; nonzero constants;
5. Hy = (Al + 2BI1 I, + CI3), A, B, C, constants.

There are several implicit assumptions in stating that H is of the above
form. Because H is at least quadratic, the origin is an equilibrium point. By
(4), Hy is the Hamiltonian of two harmonic oscillators with frequencies wq
and ws; so, the linearized equations of motion are two harmonic oscillators.
The sign convention is to conform with the sign convention at L£4. It is not
necessary to assume that w; and ws are positive, but this is the interesting
case when the Hamiltonian is not positive definite. Ho, 1 < k < N, depends
only on I; and Is; so, H is assumed to be in Birkhoff normal form (Corollary
10.4.1) through terms of degree 2N. This usually requires the nonresonance
condition kjw; + kaws # 0 for all integers k1, ko with | k1 | + | k2 |< 2N, but
it is enough to assume that H is in this normal form.

Theorem 13.3.1 (Arnold’s stability theorem). The origin is stable for
the system whose Hamiltonian is (13.11), provided for some k, 1 < k < N,
Doy, = Hop(wa,wy) # 0 or, equivalently, provided Hy does not divide Hay. In
particular, the equilibrium is stable if
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1
D, = 5{Awg + 2Bwiwy + Cwi} # 0. (13.12)

Moreover, arbitrarily close to the origin in R*, there are invariant tori
and the flow on these invariant tori is the linear flow with irrational slope.

Proof. Assume that Dy = -+ = Dony_o = 0 but Doy # 0; so, there exist
homogeneous polynomials Fyr, k = 2,...,N — 1, of degree 2k such that
Hsyy, = HyFsy—o. The Hamiltonian (13.11) is then

H:H2(1—|-F2+"'+F2N—4)+H2N+HT-

Introduce action—angle variables I; = (22 + y2)/2, ¢; = arctan(y;/x;), and
scale the variables by I; = €2J;, where ¢ is a small scale variable. This is
a symplectic change of coordinates with multiplier ¢~2; so, the Hamiltonian
becomes

H = HyF + VN "2Hyn 4+ O(2V 1),

where
F=1 + 62F2 + -4 €2N74F2N_4.

Fix a bounded neighborhood of the origin, say | J; |< 4, and call it O so that
the remainder term is uniformly O(e*¥*1) in O. Restrict your attention to
this neighborhood henceforth. Let h be a new parameter that will lie in the
bounded interval [—1,1]. Because F =1+ -- -, one has

H—eN"'h=KF,
where
K =H,+ €2N72H2N + O(EzN?l).

Because F' =1+ --- the function F is positive on O for sufficiently small e
so the level set when H = 2N ~1h is the same as the level set when K = 0.
Let z = (J1, Ja2, 1, ¢2), and let V be the gradient operator with respect to
these variables. The equations of motion are

2=JVH = (JVK)F + K(JVF).
On the level set when K = 0, the equations become
2=JVH = (JVK)F.

For small €, F' is positive; so, reparameterize the equation by dr = Fdt, and
the equation becomes
2= JVK(z),

where ' = d/dr.
In summary, it has been shown that in O for small €, the flow defined by
H on the level set H = 2V ~1h is a reparameterization of the flow defined by
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K on the level set K = 0. Thus it suffices to consider the flow defined by K.
To that end, the equations of motion defined by K are

T = O(2N-1),

OH.

I 2N -2 2N 2N—-1

oL =w—e o o) (13.13)
Jét

Py = +wy — eQN_ZL 2N 4 O(e*N 1),

0J>

From these equations, the Poincaré map of the section ¢ = 0 mod 27 in the
level set K = 0 is computed, and then the invariant curve theorem can be
applied.

From the last equation in (13.13), the first return time T required for ¢
to increase by 27 is given by

62N—2 8H2N
wo 8J2

T:<1+

w2

) +O0(2N 7).

Integrate the ¢, equation in (13.13) from 7 = 0 to 7 = T', and let ¢1(0) = ¢y,
d1(T) = ¢* to get

6" = o+ (w1 - e2N28H> T+0(e*"™)
0J1
w1 aN_o [ 2T OHan OH;n 2N-1
= - 2 D - I -
b0 W(w2) € <w2) <w2 a7, +wy a7 + O(e )

(13.14)
In the above, the partial derivatives are evaluated at (Ji, Jz). From the rela-
tion K = 0, solve for Jy to get Jo = (w;/w2)J1 + O(e?). Substitute this into
(13.14) to eliminate J, and simplify the expression by using Euler’s theorem
on homogeneous polynomials to get

¢ = o +a+ V2RIV L O(2N T, (13.15)

where @ = —27(wy /wy) and § = =2 (N/w) ™) Hon (wa, w1 ). By assumption,
Doy = Han(wa,wr) # 0; so, B # 0. Along with (13.15), the equation J; —
J1+0(e2N 1) defines an area-preserving map of an annular region, say 1/2 <
J1 < 3 for small e. By the invariant curve theorem for sufficiently small e,
0 < e < €, there is an invariant curve for this Poincaré map of the form
J1 = p(é1), where p is continuous, 27 periodic, and 1/2 < p(¢1,¢) < 3 for
all ¢1. For all €, 0 < € < ¢, the solutions of (13.13) which start on K = 0
with initial condition J; < 1/2 must have J; remaining less than 3 for all 7.
Because on K = 0 one has that Jy = (w1 /we)J1 + -+, a bound on J; implies
a bound on Jy. Thus there are constants ¢ and k such that if J;(7), Jo(7)
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satisfy the equations (13.13), start on K = 0, and satisfy | J;(0) |< ¢, then
| J;(1) |< k for all 7 and for all h € [-1,1],0 < e < €.

Going back to the original variables (I1, Iz, ¢1, ¢2), and the original Hamil-
tonian H, this means that for 0 < e < ¢g, all solutions of the equations
defined by the Hamiltonian (13.11) which start on H = €2V ~1h and satisfy
| 1;(0) |< €2c must satisfy | I;(t) |< 2k forallt and all h € [~1,1],0 < € < .
Thus the origin is stable. The invariant curves in the section map sweep out
an invariant torus under the flow.

Arnold’s theorem was originally proved independent of the invariant curve
theorem; see Arnold (1963a,b), and the proof given here is taken from Meyer
and Schmidt (1986). Actually, in Arnold’s original works the stability cri-
terion was AC — B2 # 0 which implies a lot of invariant tori, but is not
sufficient to prove stability; see the interesting example in Bruno (1987).

The coefficients A, B, and C of Arnold’s theorem for the Hamiltonian
of the restricted 3-body problem were computed by Deprit and Deprit-
Bartholomé (1967) specifically to apply Arnold’s theorem. These coefficients
were given in Section 10.5. For 0 < p < pq, i # pa, pi3 they found

36 — 541wiw? + 644wiws
8(1 — dwiw?) (4 — 25wiw3?)’

Dy=—

which is nonzero except for one value p. ~ 0.010,913,667 which seems to
have no mathematical significance (it is not a resonance value), and has no
astronomical significance (it does not correspond to the earth-moon system,
etc.)

In Meyer and Schmidt (1986), the normalization was carried to sixth-order
using an algebraic processor, and Dg = P/Q where

73105+ 1338449 48991830 , 7787081027 4

P=-= 8 77 178 ¢ 6912
| 2052731645 , 1629138643
1296 ° 324 7
| 1879982900 368284375 -
81 81 ’

Q = wiws(w? — w3)?(4 — 250)3(9 — 1000),

From this expression one can see that Dg # 0 when pu = p. (Dg = 66.6). So
by Arnold’s theorem and these calculations we have the following.

Proposition 13.3.1. In the restricted 3-body problem the libration points L4
and Ls are stable for 0 < p < pi1, o # la, p3.
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13.4 1:2 Resonance

In this section we consider a system when the linear system is in 1:2 resonance;
i.e., when the linearized system has exponents +iw; and +iw, with wy =
2wy. Let w = wy. By the discussion in Section 10.5 the normal form for the
Hamiltonian is a function of I, Is and the single angle ¢ + 2¢5. Assume the
system has been normalized through terms of degree three; i.e., assume the
Hamiltonian is of the form

H = 2wl — wly + 6I,/* Ty cos ) + HT, (13.16)

where ¢ = ¢y + 2o, HI (I}, I2, ¢1, ¢2) = O((I; + I3)?). Notice this Hamilto-
nian is just a perturbation of Cherry’s example. Lyapunov’s center theorem
assures the existence of one family of periodic solutions emanating from the
origin, the short period family with period approximately 7/2w.

Theorem 13.4.1. If in the presence of 1:2 resonance, the Hamiltonian sys-
tem is in the normal form (13.16) with § # 0 then the equilibrium is unstable.
In fact, there is a neighborhood O of the equilibrium such that any solution
starting in O and not on the Lyapunov center leaves O in either positive or
negative time. In particular, the small periodic solutions of the short period
family are unstable.

Remark. If § = 0 then the Hamiltonian can be put into normal form to
the next order and the stability of the equilibrium may be decidable on the
bases of Arnold’s theorem, Theorem 13.3.1.

Proof. The equations of motion are

1/2 OHT ; 0 _1/2 OHT

= —6[1/ Irysiny + —— 901 o1 = —2w — 511 / Iscosyp — oL,
. OHT OH'
IQ:—25[%/2lgsinw+%, ¢2—w 511/2c05¢ L

Lyapunov’s center theorem ensures the existence of the short period family
with period approximately m/2w. We may assume that this family has been
transformed to the plane where I, = 0. So 8HT/(’9¢>2 = 0 when I, = 0.
The Hamiltonian (13.16) is a real analytic system written in action—angle
variables thus the terms in HT must have the d’Alembert character; i.e., a
term of the form I®/*T5/? cos k(g1 +2¢2) must have 8 > 2k and 8 = 2k mod 2
so in particular # must be even. Thus I5 does not appear with a fractional
exponent and because OH'/0¢s = 0 when I, = 0 this means that OHT /¢,
contains a factor Iy. Let OHT/0¢o = LU, (11, 1,2,1) where U; = O(I; + I5).
Consider the Chetaev function

V = —6I}*I,sine
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and compute
. 1
V=4 {2122 + 21112} + W,

where
7t

1 —1/2 1/2 i
W=—64-17"I —4—[ =
5{2 5 sin 90 1/16%

OH'1
_Ill/QIQ cos vjz— — 2]1/212 coS Y ——
oI,
Because OHT /0¢y = LU, W = LUy where Us = O((I; + I3)3/? and
: 1
V= 5212(5.72 + 211 + Us).

Thus there is a neighborhood O where V > 0 when I # 0. Apply Chetaev’s
theorem with 2 = O N {V > 0} to conclude that all solutions which start
in {2 leave O in positive time. By reversing time we can conclude that all
solutions which start in 2 = O N {V < 0} leave O in negative time.

When
1 1 /611

=~ 20 1 0.0242939
H=Hm=5"3\ 3

the exponents of the Lagrange equilateral triangle libration point £4 of the
restricted 3-body problem are :i:2\/5i/5, :I:\/&'/E) and so the ratio of the fre-
quencies wj /we is 2. Expanding the Hamiltonian about £4 when p = ps in a
Taylor series through cubic terms gives

H = L {523 — 2V/6112125 — 2503 — 4021y + 40z2y1 + 20yF + 2093 }

mf {—7v6112% + 135232, + 33v/611z 23 + 13525} + - --

Using Mathematica we can put this Hamiltonian into the normal form (13.16)

with
V5 1111

w =~ ~(0.447213, 5= ~ 1.35542,
5 18V/5

and so we have the following.

Proposition 13.4.1. The libration point L4 of the restricted 3-body problem
is unstable when = .
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13.5 1:3 Resonance

In this section we consider a system when the linear system is in 1:3 resonance;
i.e., w; = 3ws. Let w = ws. By the discussion in Section 10.5 the normal form
for the Hamiltonian is a function of I;, I and the single angle ¢, + 3¢s.
Assume the system has been normalized through terms of degree four; i.e.,
assume the Hamiltonian is of the form

1
H = 3wl —wly + 61,213/ cos yp + SUAL +2BI I + I3} + HT, (13.17)

where ¢ = ¢1 + 3¢, HT = O((I) + 15)%/?). Let
D=A+6B+9C, (13.18)

and recall from Arnold’s theorem the important quantity Dy = %Dw?

Theorem 13.5.1. If in the presence of 1:3 resonance, the Hamiltonian sys-
tem is in the normal form (13.17) and if 6+/3|5| > |D| then the equilibrium
is unstable, whereas, if 6/3|0| < |D| then the equilibrium is stable.

Proof. Introduce the small parameter € by scaling the variables I; — e€l;,
i = 1,2 which is symplectic with multiplier ¢!, the Hamiltonian becomes

H = 3wl — wly + e{0I}* 1% costp + = (AI1 +2BII5 + CIZ)} + O(e?),
and the equations of motion are
I = —65I11/2123/2 sin + O(€?),
I = =361} 13 * sinp + O(€2),

o1 :—Sw—e{ SI7 Y2132 cosap + (AL + BIo)} + O(€2)

: 3
Py =w — 6{5(5]11/2121/2 cos ) + (BI + CIy)} + O(€).
Instability. Consider the Chetaev function
V = —01}* I3 sinep

and compute

{52 ( I3+ 21112))

— 0L* I} (AL + BI; 4+ 3BT + 3CIy) cos | + O(¢?),
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Consider the flow in the H = 0 surface. Solve H = 0 for I, as a function of
I, ¢1, ¢2 to find Iy = 3I; + O(e). On the H = 0 surface we find

V = —3V38I%sintp + O(e)

and
V = e{0%I7 (54 — 0718%/2(A 4 6B + 90) cos )} + O(€?).

If 54 > [0-13%/2D| or 64/3|6| > |D| the function V is positive definite in the
level set H = 0. Because V' takes positive and negative values close to the
origin in the level set H = 0, Chetaev’s theorem implies that the equilibrium
is unstable.

Stability. Now we compute the cross section map in the level set H = €2h
where —1 < h < 1 and the section is defined by ¢ = Omod 27. We use
(I3, ¢1) as coordinates in this cross-section. From the equation H = ¢2h we
can solve for I to find that Io = 3I; + O(e). Integrating the equation for ¢
we find that the return time 7T is

2
w—c(3v3/2cost + (B+3C)} L

QW{HZ <3\2/§5cosw+(3+30)> 11}+~~

T =

w

Integrating the ¢; equation from ¢ = 0 to ¢t = T gives the cross-section map
of the form P : (I1,$1) — (I}, #}), where

I{ = Il + 0(6),
(13.19)

2me

¢4 = 61+~ {(A+6B +9C)1 — 6V3d cos 31} + O(€).

By hypothesis the coefficient of I; in (13.19) is nonzero and so Corollary
13.2.1 implies the existence of invariant curves for the section map. The
stability of the equilibrium follows now by the same argument as found in
the proof of Arnold’s stability theorem 13.3.1.

When
1 /213
= = - — — X U. 1 1
H=Hs =3 30 0.0135160

the exponents of the Lagrange equilateral triangle libration point £4 of the
restricted 3-body problem are +3+/10i/10, +1/10i/10 and so the ratio of the
frequencies w1 /wo is 3.

Using Mathematica we can put this Hamiltonian into the normal form
(13.17) with

w = \{—1700 ~ (0.316228, 0= % = 4.48074
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309 1219 79
== C

~ 1120 ~ 560 ~ 560"
From this we compute

6v/3]0] ~ 46.5652 > | D| ~ 8.34107,
and so we have the following.

Proposition 13.5.1. The libration point L4 of the restricted 3-body problem
is unstable when u = us.

That the Lagrange point £, is unstable when p = s, us was established
in Markeev (1966) and Alfriend (1970,1971). Hagel (1996) analytically and
numerically studied the stability of £4 in the restricted problem not only at
L2 but near ps also.

13.6 1:1 Resonance

The analysis of the stability of an equilibrium in the case of 1:1 resonance is
only partially complete even in the generic case. In a one-parameter problem
such as the restricted 3-body problem generically an equilibrium point has
exponents with multiplicity two, but in this case the matrix of the linearized
system is not diagonalizable. Thus the equilibrium at £4 when p = pq is
typical of an equilibrium in a one-parameter family. An equilibrium with
exponents with higher multiplicity or an equilibrium such that the linearized
system is diagonalizable is degenerate in a one-parameter family.

Consider a system in the case when the exponents of the equilibrium are
+iw with multiplicity two and the linearized system is not diagonalizable.
The normal form for the quadratic part of such a Hamiltonian was given as

B)
Hy = w(ways — x192) + §(ar:‘{ + 3), (13.20)

where w # 0 and § = £1. The linearized equations are

(tl 0 w 00 Iy
i‘g o —w 0 0 0 i)
| |-60 0 w||wn
yg 0 -6—wO Y2

Recall that the normal form in this case depends on the four quantities

1
I = xoy1 —x1y2, In= 5(1‘% + a3),

F3:%(y%+y%)a I'y = zy1 + z2y0,
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and that {I'1, %} = 0 and {I, I3} = 0. The system is in Sokol’skii normal
form if the higher-order terms depend on the two quantities I} and I3 only;
that is, the Hamiltonian is of the form

5 o0
H = w(zayr — 21y2) + i(ﬁ +a3) + Y Hop(woys — 219,57 +13), (13.21)
k=2

where here Hyj, is a polynomial of degree k in two variables.
Consider a system which is in Sokol’skii’s normal form up to order four;
i.e., consider the system

1
H = w(zoy1 — z1y2) + 55(95% + 23)

+{A®W: +43)* + B(zayr — m1y2) (47 + v3) + Claays — 2192)?}

+H (21, 22,91, y2)
(13.22)

where A, B, and C are constants and H' is at least fifth order in its displayed
arguments.

Theorem 13.6.1 (Sokol’skii’s instability theorem). If in the presence
of 1:1 resonance the system is reduced to the form (13.22) with 6A < 0 then
the equilibrium is unstable. In fact, there is a meighborhood @Q of the equi-
librium such that any solution other than the equilibrium solution leaves the
neighborhood in either positive or negative time.

Proof. Introduce a small parameter € by the scaling

xr, — 623:1, XTo — 623327
(13.23)
Y1 — €Y, Y2 — €Y2,

which is symplectic with multiplier ¢ =3 so the Hamiltonian (13.21) is

1)
H = wlaays — o1y) +e{2<x% L ad) AW +y§>2} o). (13.24)

The equations of motion are
iy = wry + dA(y] + Y3y + -,
By = —wry + dAZ +y)y2 + -,
U1 = wys — €0x1 + -+,

ygz—wyl—eéx2+~~~.
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Consider the Lyapunov function
V =00y = §(z1y1 + z2y2),
and compute
V= e{=0%(af + 23) + 40 A(y{ +43)*} + O(e%).

So V takes on positive and negative values and V is negative on Q' = {0 <
2423 +y3+y2 < 1} and for some € = ¢ > 0. Thus by Lyapunov’s instability
theorem 13.1.3 all solutions in {V > 0} N @’ leave the Q' in positive time.
By reversing time we see that all solutions {V < 0} N Q' leave @’ in negative
time.

In the original unscaled variables all solutions that start in

Q={0<e?(2f +23) +e ' (i +yz < 1}
leave @ is either positive or negative time.

The best we can say at this point in the case of 1:1 stability is formal
stability.

Theorem 13.6.2 (Sokol’skii’s formal stability theorem). If in the pres-
ence of 1:1 resonance the system is reduced to the form (13.22) with 0A > 0
then the equilibrium is formally stable. That is, the truncated normal form at
any finite order has a positive definite Lyapunov function that satisfies the
hypothesis of Lyapunov’s stability theorem 13.1.1.

Proof. Given any N > 2 the system with Hamiltonian (13.21) can be nor-
malized by a convergent symplectic transformation up to order 2n; i.e., the
system can be transformed to

1)
H = w(zoy1 — z1y2) + i(x? + a3)

+{AW +y3)* + B(zayr — m1y2) (W7 + v3) + Claayn — 2192)?}

+ S Hop(ayr — 21y, y3 + 3) + H (21, 22,91, 2)

(13.25)
where Hyy, is a polynomial of degree k in two variables and now HT is analytic
and of order at least 2k + 3. Let H” be the truncated system obtained from
the H in (13.25) by setting HT = 0. We claim that the system defined by H”
is stable. Because H” depends only on I, I, and I3 and {I},I}} = 0 for
i=1,2,3 wesee that {I', H'} = 0. Thus I} = x9y; — x1y> is an integral for
the truncated system.

Let V = 206(HT —wll) so V = {V,HT} = 0 and scale the variables by
(13.23) so that



13.7 Stability of Fixed Points 349

V =€ {6% (a7 + 23) + 26A(y7 + 93)*} + O(€%),

so V is positive definite. Thus by Lyapunov’s stability theorem 13.1.1 the
origin is a stable equilibrium point for the truncated system.

When )
p=p=5(1- V69/9) ~ 0.0385209

the exponents of the libration point £4 of the restricted 3-body problem are
two pair of pure imaginary numbers. Schmidt (1990) put the Hamiltonian of
the restricted 3-body problem at £4 into the normal form (13.21) with

@ 6 =1, A= ﬁ
864

The value for A agrees with the independent calculations in Niedzielska (1994)

and Gozdziewski and Maciejewski (1998). It differs from the numeric value

given in Markeev (1978). These quantities in a different coordinate system

were also computed by Deprit and Henrard (1968). By these considerations

and calculations we have the following.

Proposition 13.6.1. The libration point L4 of the restricted 3-body problem
is formally stable when u = u1.

Sokol’skii (1977) and Kovalev and Chudnenko (1977) announce that they
can prove that the equilibrium is actually stable in this case. The proof in
Sokol’skij (1977) is wrong and the proof in Kovalev and Chudnenko (1977)
is unconvincing, typical Doklady papers! It would be interesting to give a
correct proof of stability in this case, because the linearized system is not
simple, and so the linearized equations are unstable.

13.7 Stability of Fixed Points

The study of the stability of a periodic solution of a Hamiltonian system of
two degrees of freedom can be reduced to the study of the Poincaré map in
an energy level (i.e., level surface of the Hamiltonian). We summarize some
results and refer the reader to the Problems or Meyer (1971) or Cabral and
Meyer (1999) for the details. The proofs for the results given below are similar
to the proofs given above.

We consider diffeomorphisms of the form

F:NCR? - R?: 2 — f(2), (13.26)

where N is a neighborhood of the origin in R?, and F is a smooth function
such that
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F(0) =0, det E(z) =1.

The origin is a fixed point for the diffeomorphism because F(0) = 0, and it is
orientation-preserving and area-preserving because det F'/9z = 1. This map
should be considered as the Poincaré map associated with a periodic solution
of a two degree of freedom Hamiltonian system.

The fixed point 0 is stable if for every € > 0 there is a § > 0 such that
|F*(2)| < e for all k € Z whenever |z| < §. The fixed point is unstable if it is
not stable.

The linearization of this map about the origin is z — Az where A is
the 2 x 2 matrix (0f/0x)(0). The eigenvalues A\, \~"! of A are called the
multipliers of the fixed point. There are basically four cases: (i) hyperbolic
fixed point with multipliers real and A # +1, (ii) elliptic fixed point with
multipliers complex conjugates and A # £1, (iii) shear fixed point with A =
+1 and A is not diagonalizable, (iv) flip fixed point with A = —1 and A is
not diagonalizable.

Proposition 13.7.1. A hyperbolic fized point is unstable.

In the hyperbolic case one need only to look at the linearization; in the
other case one must look at higher-order terms. In the elliptic case we can
change to action—angle coordinates (I, ¢) so that the map F : (I,¢) — (I',¢')
is in normal form up to some order. In the elliptic case the multipliers are
complex numbers of the form A\*! = exp +wi # +1.

Proposition 13.7.2. If \*! = exp £27/3 (the multipliers are cube roots of
unity) the normal form begins

I'=T1+2al%?sin(3¢) +---,¢' = ¢+ (7/3) + al'’? cos(3p) + - - .

If a # 0 the fized point is instable.
If X1 = +i (the multipliers are fourth roots of unity) the normal form
begins

I' =1+ 2al%sin(4p) + -, ¢ = ¢+ /2 + {acos(4¢) + B3 +---.

If a > 3 the fized point is unstable, but if o < B the fized point is stable.
If X\ is not a cube or fourth root of unity then the normal form begins

I'=I+4+-- ¢ =pFw+pI+---.
If B # 0 then the fized point is stable.

Proposition 13.7.3. For a shear fized point the multipliers are both +1 and
A is not diagonalizable. The first few terms of the normal form F : (u,v) —
(u',v") are

W=utv—-, V=v-—[0uE+- .

If B # 0 then the fized point is unstable.
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Proposition 13.7.4. For a flip fized point the multipliers are both —1 and
A is not diagonalizable. The first few terms of the normal form F : (u,v) —
(u/,0v") are

W =—u—v+-, vV =—v+Bud .

If B8 > 0 the fixed point is stable and if 3 < 0 the fived point is unstable.

13.8 Applications to the Restricted Problem

In Chapter 9, a small parameter was introduced into the restricted problem
in three ways. First the small parameter was the mass ratio parameter pu;
second the small parameter section was a distance to a primary; and third
the small parameter was the reciprocal of the distance to the primaries.

In all three cases an application of the invariant curve theorem can be
made. Only the first and third are given here, inasmuch as the computations
are easy in these cases.

13.8.1 Invariant Curves for Small Mass

The Hamiltonian of the restricted problem (2.29) for small y is

lyll* 7 1
H 5 z Ky el + O(p).
For g = 0 this is the Hamiltonian of the Kepler problem in rotating coor-
dinates. Be careful that the O(u) term has a singularity at the primaries.
When p = 0 and Delaunay coordinates are used, this Hamiltonian becomes
1
~575

and the equations of motion become

H =

(=1/L3, L=o0,

g:—l7 GZO.

The variable g, the argument of the perihelion, is an angular variable. § = —1
implies that ¢ is steadily decreasing from 0 to —27 and so g = 0 mod 27
defines a cross-section. The first return time is 27. Let ¢, L be coordinates in
the intersection of the cross-section g = 0 and the level set H = constant.
The Poincaré map in these coordinates is

U =0+2n/L3, L'=1L.

Thus when g = 0 the Poincaré map in the level set is a twist map. By the
invariant curve theorem some of these invariant curves persist for small pu.
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13.8.2 The Stability of Comet Orbits

Consider the Hamiltonian of the restricted problem scaled as was done in
Section 9.5 in the discussion of comet orbits; i.e., the Hamiltonian 9.7. In
Poincaré variables it is

1

L, o 2 3
H:—P1+§(Q2+P2)—e 2 P2

+0(€),

where Q7 is an angle defined modulo 27, P is a radial variable, and @, P,
are rectangular variables. For typographical reasons drop, but don’t forget,
the O(€®). The equations of motion are

Q1:—1+63/P13, P1:0,

Q2 = Py, Py = —Qo.

The circular solutions are Q2 = P> = 0+0O(€°) in these coordinates. Translate
the coordinates so that the circular orbits are exactly Q2 = P, = 0; this does
not affect the displayed terms in the equations. The solutions of the above
equations are

Ql(t):Q10+t(—1+€3/P13), Pl(t):Pm,

Q2 (t) = Q2o cost + Pyysint, Py (t) = —Qoosint + Pygcost.

Work near P, = 1,Q2 = P, = 0 for € small. The time for ; to increase by
27 is
T=2r/|-1+/P}|=2n(1+P3) 4+ O(e°).

Thus

Q' = Q2(T) = Qcos2m(1 + P %) + Psin27(1 + 3 P, ?%)
=Q+vPP? +0(?),

P' = Py(T) = —Qsin27(1 + 3P, ) 4+ Pcos 2n(1 + € P, ®)
= —vQP° + P +0(v?),

where Q = Qq0, P = Py, and v = 2we3. Let H = 1, and solve for P; to get
1
P=-1+ 5(Q2 + P?) +0(v),

and hence 3
P =—1- §(Q2 + P%) +0(v),

Substitute this back to get
Q' =Q+vP(-1-3(Q*+ P?) + 0(v?)

P'=P—vQ(~1-2(Q*+ P) + 0O(?).
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This is the section map in the energy surface H = 1. Change to action—angle
variables, I = (Q? + P?)/2, ¢ = tan"}(P/Q), to get

I'=1+0@?%, ¢ =¢+v(-1-3I)+0@W?).

This is a twist map. Thus the continuation of the circular orbits into the
restricted problem is stable.

Problems

1. Let F' be a diffeomorphism defined in a neighborhood O of the origin
in R™, and let the origin be a fixed point for F. Let V be a smooth
real-valued function defined on O, and define AV (z) = V(F(z)) — V(z).

a)

b)

c)
d)

Prove that if the origin is a minimum for V' and AV (x) < 0 on O,
then the origin is a stable fixed point.

Prove that if the origin is a minimum for V' and AV (z) < 0 on
O\{0}, then the origin is an asymptotically stable fixed point.
State and prove the analog of Chetaev’s theorem.

State and prove the analog of Lyapunov’s instability theorem.

2. Let F(x) = Az and V(z) = 27 Sz, where A and S are n x n matrices,
and S is symmetric.

2)
b)

Show that AV (z) = 2T Rz, where R = ATSA - S.

Let S be the linear space on all m X m symmetric matrices and
L =La:8 — S be the linear map L(S) = ATSA — S. Show that
L is invertible if and only if \;A; # 1 for all 4,5 = 1,...,m, where
ALy .-, A are the eigenvalues of A. (Hint: First prove the result when
A = diag(A1,...,A\m). Then prove the result when A = D + €N,
where D is simple (diagonalizable), and N is nilpotent, N™ = 0,
SN = NS, and ¢ is small. Use the Jordan canonical form theorem
to show that A can be assumed to be A = D + €eN.)

Let A have all eigenvalues with absolute value less than 1. Show that
S =3 (AT)'RA" converges for any fixed R. Show S is symmetric
if R is symmetric. Show S is positive definite if R is positive definite.
Show that £(S) = —R; so, L~! has a specific formula when all the
eigenvalues of A have absolute value less than 1.

3. Let F(x) = Az + f(x), where f(0) = 9f(0)/0x = 0.

2)

b)

Show that if all the eigenvalues of A have absolute value less than 1,
then the origin is asymptotically stable. (Hint: Use Problems 1 and
2.)

Show that if A has one eigenvalue with absolute value greater than
1 then the origin is a positively unstable fixed point.

4. Let r =1, =0, and h(I) = I, B # 0 in formulas of the invariant curve
theorem.
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a) Compute F'9, the gth iterate of F, to be of the form (I, ¢) — (I”,¢”)
where
I"=T1+0(e), ¢"=¢+qw+qBl+O0(e).

b) Let 2mp/q be any number between w + a and w + (b, so 27p/q =
w + Bly where a < Iy < b. Show that there is a smooth curve I, =
{(I,$):1=2P(p,€) =Ip+---} such that F'? moves points on I” only
in the radial direction; i.e., ®(¢) satisfies ¢ — ¢ — 2rp = 0. (Hint:
Use the implicit function theorem.)

c) Show that because F'? is area-preserving, I' N F4(I") is nonempty,
and the points of this intersection are fixed points of F'? or ¢g-periodic
points of F.

5. Consider the forced Duffing’s equation with Hamiltonian

1
H = §(q2 +p?) + %q‘l + 7% coswt,
where w is a constant and v # 0 is considered as a small parameter. This
Hamiltonian is periodic with period 27 /w for small €. If w # 1,2, 3,4, the
system has a small (order v?) 27 /w periodic solution, called the harmonic.
The calculations in Section 10.3 show the period map was shown to be

I'=1+0(),

¢' = ¢ —2m/w— (3my/2w)I + O(7*),

where the fixed point corresponding to the harmonic has been moved to
the origin. Show that the harmonic is stable.

6. Using Poincaré elements show that the continuation of the circular orbits
established in Section 6.2 (Poincaré orbits) are of twist type and hence
stable.

7. Consider the various types of fixed points discussed in Section 11.1 and
prove the propositions in 13.7. That is:

a) Show that extremal points are unstable.
b) Show that 3-bifurcation points are unstable.

) Show that k-bifurcation points are stable if k > 5.

) Transitional and 4-bifurcation points can be stable or unstable de-
pending on the case. Figure out which case is unstable. (The stability
conditions are a little harder.) See Meyer (1971) or Cabral and Meyer
(1999).

¢
d



14. Twist Maps and Invariant Circle

14.1 Introduction

This chapter focuses on two aspects of the dynamics of Hamiltonian systems.
We show the existence of orbits with special properties (such as periodic and
quasiperiodic orbits) and we say what we can about the dynamics of large
sets of orbits (such as stability under perturbation of initial condition).

This chapter is different from the preceding ones because the techniques
used come from topology rather than analysis. Because topology is much
easier to visualize in smaller dimensions, we restrict ourselves to two degree
of freedom systems and study the iteration of maps on two-dimensional sets
that arise in these systems. To make things easier still, we add a nondegen-
eracy condition known as the monotone twist condition. This makes some
orbits of the two-dimensional maps have the same dynamics as those in one
dimensional spaces.

The advantage of the topological techniques, and the restriction to lower
dimensions, is that we can draw lots of pictures. Hence, we can “see” the
dynamics. Also, even with all these restrictions, there are many interesting
examples satisfying the hypotheses imposed (see, for example Sections 8.2
and 8.5 and Chapter 13).

The type of maps studied in this chapter are exact symplectic monotone
twist maps of the annulus and cylinder. These maps appeared first in the
work of Poincaré on the restricted 3-body problem. In examples, the exact
symplectic condition comes from the Hamiltonian structure of the problem
and the monotone twist condition is either a nondegeneracy condition or
imposed by the topology of the problem. We focus on the periodic orbits of
these maps, showing a special case of the Poincaré’s last geometric theorem
(also called the Poincaré-Birkhoff theorem) on existence of periodic orbits,
and the Aubry—Mather theorem on existence of quasiperiodic orbits. We close
with a discussion of the relationship between the periodic orbits and the KAM
invariant circles for these maps discussed in Chapter 13. The exposition that
follows owes a great deal to the work of Jungries, Golé, and particularly,
Boyland.

K.R. Meyer et al., Introduction to Hamiltonian Dynamical Systems and the N-Body
Problem, Applied Mathematical Sciences 90, DOI 10.1007/978-0-387-09724-4_14,
© Springer Science+Business Media, LLC 2009
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14.2 Notations and Definitions

Let T = R/Z be the circle with unit circumference; i.e., T is the interval [0, 1]
with 1 and 0 identified. Let A = T x [0,1] be the annulus and C = T x R
be the cylinder. We study diffeomorphisms of A to itself and of C to itself;
however, it is easier to state results if we have a global coordinate system
(i.e., polar coordinates). So, let A = R x [0, 1] be the strip. Then A is the
universal cover of A with natural projection

m:A— A,

that sends points (z,y) and (z + r,y) € A to the same point of A whenever
r € Z. Similarly, R? is the universal cover of C with natural projection

7:R? = C.

We let X and Y denote the projections onto x and y coordinates, respectively;

ie., ;(}:(I’y)ﬂ{z

(the domain is either A or R?).

For any continuous map f : A — A (or f: C — C), there exists a unique
continuous map f : A — A (or f : R? — R2) such X(f(0,0)) € [0,1] and
mof = fom ie, fis a particular lift of f, or f is a polar coordinate
representation of f. Conversely, if f : A — A (or f: R? — R?) satisfies
V(z,y), f(x+1,y) = f(x,y) + (1,0), then there exists f: A — A (or f:C —
C) such that 7o f = fom.

Because it is just easier to work with global coordinates, we state all re-
sults for maps A — A (or R? — R?) and we assume the following restrictions:

All maps f: A — A or (R? — R?) are assumed to satisfy:

(i) fis a C! diffeomorphism.
(ii) X(f(0,0)) € [0,1].

(iil) Y(z,y), f(z + 1, y) = f(z,y).

(iv) f is orientation-preserving.

(v) f is boundary component-preserving.

Remarks. Conditions (ii) and (iii) are that f is a particular lift of a map on
A or C. We could restate conditions (iv) and (v) by saying f is a deformation
of the identity map through diffeomorphisms, so the inside of the annulus (or
bottom of the cylinder) maps to the inside (or bottom).
Examples. (1) Let go(z,y) = (x + y,y). This map makes sense on both A
and R2.

(2) Let, for k € R, gi : R? — R? be given by
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k. k.
gk (z,y) = (m +y+ Py sin(2nz),y + o Sln(27mv))> .

This is called the standard family of maps of the cylinder. It has been exten-
sively studied both analytically and, especially, numerically. We can replace
(k/27) sin(27x) with any smooth function ¢(x) satistying Vz, p(x+1) = ¢(x).
The corresponding one-parameter family of maps is given by

(z,y) = (x+y + ké(x), y + ko(x)),

and is sometimes called a standard family of cylinder maps.

In order to eliminate maps that are not very interesting as dynamical
systems, we must add a condition that “keeps orbits in the annulus”. That
is, we need a condition that eliminates maps that increase the y coordinate of
every point or decrease the y coordinate of every point. Luckily, this condition
is automatically satisfied by maps that come from Hamiltonian systems.

Definition We say f : A — A (or R? — R?) is an exact symplectic map if f
is symplectic with respect to the usual symplectic structure (i.e., symplectic
form w = dz A dy) and for an embedding v : R — A (or R — R?) satisfying
v(z + 1) = y(x) + (1,0), we have

1 1
| YO ExaE)as= [ V(o) T X () s

y =1
+7€a /f@(m))
TSR R 4‘0,,,///
Y(R) + area
=0

x=0 x =1

Figure 14.1. Areas between y(R) and f(v(R)).

Remarks. (1) Because we are in two dimensions, assuming that f is sym-
plectic is the same as assuming that f is area-preserving; i.e., |Df| = 1.

(2) The condition that f is exact symplectic adds to area-preservation a
condition saying that the net area between a nontrivial loop on C and its
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image under f is zero (see Figure 14.1). In particular, the condition that f
be exact symplectic is not satisfied by f : C — C given by f(z,y) = (z,y+1)
even though f is area-preserving.

For an area-preserving map f : A — A, the exact symplectic condition is
satisfied automatically (see Problems).

We introduce one more condition that is both very helpful in analysis
and very frequently satisfied, at least locally. This condition allows us to use
ideas related to the study of maps of the circle to maps of the cylinder and
annulus.

Definition A map f: A — A (or R? — R?) is called a monotone twist map
if there exists an € > 0 such that for all (z,y) € A (or R?)

X))

Figure 14.2. Monotone twist condition.

Remark. Geometrically, this condition states that the image of a segment
x = constant under f forms a graph over the x-axis (see Figure 14.2).

This condition can be expressed in a different way for exact symplectic maps.
Given f: A — A, let B={(z,2') e R? : {f(z,y) :y € [0,1]} n{(zt,y) : y €
[0,1]} # ¢}}; then we have the following.

Theorem 14.2.1. Given f : A — A is an exact symplectic map, f is a
monotone twist map if and only if f has a generating function, S : B — R
such that

. a8 oS
f(x,y) = (zlayl) fo Yy = _%(xazl)ayl = @('rvxl)'
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Remarks. (1) That f has a “locally defined” generating function is auto-
matic (see Section 6.2.2), but that this function is defined on all of A is
a stronger condition. There is a geometrical description of the generating
function that we discuss in the Problems.

(2) The family of monotone twist maps is open in the C! topology; i.e.,
any map sufficiently C! close to a monotone twist map is also a monotone
twist map.

(3) Monotone twist maps are not closed under composition; i.e., if f and
g are monotone twist maps, then fog might not be monotone twist. To get a
family of maps closed under composition, we need to consider “positive tilt”
maps. See Boyland (1988).

(4) The monotone twist condition has already appeared in the discussion
of the KAM theory (see Sections 13.2 to 13.8). There, the twist condition ap-
pears as a condition on higher order terms of the normal form in appropriate
variables.

Examples. (1)The standard family g : R? — R? given above, and, in fact,
any “standard family” of maps are exact symplectic monotone twist maps as
long as fol () dz = 0.

(2) Let Hy : A — R be given by Ho(z,y) = 1y*. Then the Hamiltonian
system associated with Hy is

i OHo _
=+ =
0H,
V== =0

and the time one map of this Hamiltonian flow is (x,y) — (x + y,y), which
is an exact symplectic monotone twist map. If we let H; : A X R — R be a
smooth function that satisfies

(1) V(l’,y,t) € AX ]Ra H1($+ 1ay,t) = Hl(‘r7y7t) = Hl(l',y,t+ 1)7

(i) Va,t € R,0H1(2,0,t)/0x = 0= 0H;(x,1,t)/0x,

(iii) Hy has the form Hi(z,y,t) = 1y* + P(z,y,t) = Ho + P(z,y,t) where
P is sufficiently C? small,

then the time one map of the flow given by the Hamiltonian system with H;
as Hamiltonian is also an exact symplectic twist map of the annulus. That
the map is exact symplectic follows because the system is Hamiltonian (see
Section 6.2).

The monotone twist condition comes from the fact that this time one
map is C! close to the time one map of the Hy system above. Knowing that
0?H, /0y* > 0 gives us an “infinitesimal” twist condition; i.e., the map that
follows the flow from time ¢ to time ¢+ At is a monotone twist map. However,
this condition does not imply the monotone twist condition for the time one
map of the flow for the same reason that compositions of monotone twist
maps need not be monotone twist maps.
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The converse of the discussion above is also true.

Theorem 14.2.2 (Moser (1986)). Given an ezact symplectic monotone
twist map f : A — A there exists a Hamiltonian H : AXR — R that satisfies
(1) V(z,y,t), Hx + 1,y,t) = H(z,y,t) = H(z,y,t + 1)
and
(2) ¥(xz,y,t),0°H(z,y,t)/0y* > 0,
such that f is the time one map of the Hamiltonian system given by H.

Remark. This is close to theorem 8.2.1, the new element being condition (2)
on H; i.e., the infinitesimal twist condition or “Lagrange condition” that is
useful in variational attacks on these systems. Also note that an analogous
discussion can be given for Hamiltonians on the cylinder and maps on R2.

14.3 Elementary Properties of Orbits

Our goal is to discuss the properties of orbits of exact symplectic monotone
twist maps. The first step is to determine which of these orbits are topologi-
cally simple. For us, “simple” means the orbit respects the ordering imposed
by the angular coordinate around the annulus or cylinder. The dynamics of
these simple orbits is the same as orbits for homeomorphisms of the circle.

We start by establishing the notation that allows us to deal with the
lifts of the annulus and cylinder maps. If f : A — A, then for n > 0, f* =
fofofo...of (ntimes)and f7™ = f~loflto...of"t (n times). If
f:A— Aand z € A, then the extended orbit of z under f is

eo(z, f) = eo(z) = {f*(2) + (4,0) : i,j € Z}.

We are only working with maps f : A — A that are lifts of maps f: A —
Aj; then the extended orbit of z € A is the lift of the orbit of the projection
of z; i.e.,

eo(z) = n Y fi(n(2)) :i € Z}.

Because points translated by integers in the x-direction are sent to the same

point by 7 : A — A, to obtain the extended orbit of a point z € A, we take

all translates of the usual orbit under f by vectors (j,0) such that j € Z.
Similarly, we must extend the usual definition of periodic point.

Definition For f: A — A, a point z € A is called a p/¢-periodic point if
f4(z) =z +(p, 0).

Remarks. (1) If f: A — Ais the projection of f and z = 7(Z), then the
statement that z is a p/g-periodic point of f implies that Z is a period ¢
periodic point of f because
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To fq(,%) = fUw(2) = fU(z) = z+ (p,0) = 7(2).

The p in the definition of p/g-periodic point is, therefore, new information.
It says that the ¢ iterates of Z by f “go around” the annulus p times. One of
the reasons to lift to the cover is so that this notion of orbits going around
the center hole of the annulus (or cylinder) can be made precise. (See Peck-
ham(1990).)

(2) We note that a p/g-periodic point of f is also a 2p/2g-periodic point,
but that a 2p/2¢-periodic point need not be a p/g-periodic point. Hence, we
make the following standing assumption.

Notation. When we write z is a p/g-periodic point, we assume, unless oth-
erwise stated, that p and g are relatively prime.

We can think of p/g-periodic points as advancing an average of p/q of a
rotation around the annulus per iterate. The notion of “average rotation per
iterate” can be generalized as follows.

Definition If f: A — A and z € A, then the rotation number of z is

o(z, f) = p(z) = lim w, if it exists.

n— oo n
If the limit does not exist then we say p(z) does not exist.

Examples. (1) For f : A — A and z € A, if z is a p/g-periodic point then
p(z) =p/q.

(2) For go : A — A : (z,y) — (z +y,y), we have p(z,y) = y for all
(z,y) € A.

(3) For f: A — A, the map f restricted to the boundary components of
A gives a map of R which are lifts of circle homeomorphisms; i.e., if we let
hg, h1 : R — R be defined by

hi(z) = X(f(x,7)) fori=0or 1.

We show below (see Lemma 14.3.1) and comments after it) that this implies
that p(z,0) and p(z,1) exist independent of x. (See also Devaney (1986),
Coddinton and Levinson (1955), Arrowsmith and Place (1990).)

Notation. For f: A — A, we let pg = p(z,0) and p; = p(z,1).

One way to describe an orbit of an exact symplectic monotone twist map
is to verify that there is a subset of the annulus that contains the entire
orbit. Subsets with more structure give more information about the orbits
they contain. A particularly useful subset is a (one-dimensional) circle or
loop.

Definition Let v : R — A be a continuous, one-to-one embedding satisfying
v(x 4+ 1) = ~v(z) for all x € R. Then we say that the set I = v(R) is an
invariant circle for f: A — Aif f(I") =T
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Hence, an invariant circle for f : A — A is a curve that is invariant under
f and which projects to a homotopically nontrivial loop in the annulus A.
(See Figure 14.3.) The boundary circles are invariant circles automatically.
An invariant circle in the interior of A separates A into two components,
one for each boundary component. Establishing conditions that imply the
existence of invariant circles is one of the fundamental problems in the study
of monotone twist maps and we return to it at the end of the chapter. (See
also Section 13.2.) For now, we note the following.

y=1 n(l")

%F\

Figure 14.3. Invariant curves.

Proposition 14.3.1. If f: A — A and I' is an invariant circle for f, then
for each z € I, p(2) exists and is independent of I'.

Proof. The map f|r (f restricted to the set I') is a homeomorphism of a
circle and the techniques in Lemma 14.3.1 below (and the references above)
can be applied to show the rotation number exists and is independent of the
point on I

The rotation number does a great deal to characterize the behavior of an
orbit of a map of the annulus. Given a sequence of points in the annulus, it
would be very nice if the rotation number of the limit of these points turned
out to be the limit of their rotation numbers. Because the rotation number
itself is a limit, there is no reason to hope that we can “switch limits.” In
order to ensure that the rotation number of the limit of a sequence of points is
the limit of their rotation numbers, we must restrict to certain special orbits
satisfying the following condition.

Definition Suppose f : A — A is a monotone twist map and z € A. Then z
is called a monotone point and is said to have a monotone orbit if Vzy, z5 €
eo(z), if X(z1) < X(z2), then X(f(z1)) < X(f(22)).
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In other words, an orbit is monotone if f preserves the ordering on the
extended orbit imposed by the ordering of the z-coordinates. We see below
that another way to say this is that the map restricted to the orbit in the
annulus can be extended to a homeomorphism of the circle.

The definition of monotone point and orbit makes sense for arbitrary
annulus maps, but the notion is not very useful without the monotone twist
condition because the lemmas below require that the map respect the -
coordinate ordering in some way. These lemmas state that the set of monotone
orbits is isolated from other orbits. This isolation is the property that makes
it possible to prove monotone orbits exist and that they are closed under
limits.

Lemma 14.3.1. Suppose f : A — A is a monotone twist map and zg € A is
a monotone point for f; then p(zo) exists.

Proof. The proof of this lemma is the same as the proof of the existence of
rotation numbers for orientation-preserving circle homeomorphisms.

Suppose, with no loss of generality, that X (zy) € (0,1). For any n > 0,
there is an integer r € Z such that

X(z0) +7r < X(f"(20)) < X(20) +7r+1.

Because z( is monotone and f"(zp), zo + (r,0),20 + (r + 1,0) € eo(zp), we
know that f preserves the ordering of these points, so

X(f(20) +7 < X(f""(20)) < X(f(20)) + 7+ 1.
Applying f n-times gives

X(z0) +2r <X
<X
<X
<X

[ (z0)) + 1
F*"(20)
["(20)) +7+1
z0) +2(r +1).

~ o~~~

Repeatedly applying f™, we see (by induction) that for all m,
X(z0) + mr < X(f™(20) < X(z0) + m(r +1).
Dividing by nm gives

X(ZO)+ < X(f"™(20)) <X(ZO)+7"+1

r
nm n nm nm n

for all m > 0, which gives
X (" (20))| _ 1

7X(f"m(zo)) —liminf ———| < —.
n

m m—o0o nm n

lim sup

m—0o0
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Next we note that because f is periodic in the z-coordinate, for each n > 0
there is a constant C,, > 0 such that

Vi=1,2,...n, Vz€ A, |X(f'(2)) - X(2)| < Ch.

But then | X (f"™%(20) — X (f™"™(20))| < Cy, for i = 1,2,...,n. That is, for
iterates between the nmth and the n(m + 1)st, points can move a bounded
distance, independent of m. Hence,

'j nm
lim sup M = limsup M
and '
J nm
J—00 J m—oo nm
SO ‘ ‘
J J
lim sup M — liminf M L
Jj—oo J Jj—o0 j n

But n was arbitrary, so lim;_,. X (f7(20))/j exists.

Lemma 14.3.2. Suppose f, : A — A,n=1,2,...1is a sequence of monotone
twist maps and lim,, o fr, = fo with fo also a monotone twist map. Suppose,
for each n = 1,2,... there is a point z, € A such that X(z,) € [0,1] and
zn has a monotone orbit for f,. If zo = lim,_ .o zn, then zo has a monotone

orbit f07’ fO and p(207 fO) = hmn—>oo p(Zn, fn)

Proof. Suppose, for contradiction, that zy is not monotone for fy. Then there
exist i, j, k, and [ such that

X(f5(z0)) + k < X(fg(zo)) +1

but _ ‘
X(f5™(20) + k> X (£ (20)) + 1.

For n sufficiently large, we must have X (f(z,)) +k < X(fi(2n)) + I, so
X(firl(z,)) + k < X(fiT(2,)) + I. Hence, by taking the limit as n — oo,
we see that _

X(fg*(20) + k= X(f§ 7 (20))) + 1.

From the monotone twist condition, it follows (see Figure 14.4) that
Y (/™ (20)) > Y(f§ " (20)).
Hence, again by the monotone twist condition
X(f6(20)) + k> X (f§7(20)) + 1.

Again, this implies that for n sufficiently large
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X7 (zn) + k> X(f2(z0) +1,

contradicting that z, is a monotone for f,. This contradiction implies that
zo must be a monotone point for fy.

To show that the limit of the rotation numbers is the rotation number of
the limit, we note that from Lemma 14.3.1, we know that p(z,, f,) exists for
each n =0,1,.... Moreover, as in the proof of Lemma 14.3.1,

F < X(fi(za) <741

for r,i € Z implies p(zn, fn) € [r/i,(r + 1)/i]. Hence, noting that r <
X(fé(20)) <7+ 1 implies that for n sufficiently large,

r—1<X(fi(zn) <7 +2,

we see that lim, o p(2n, frn) = p(20, fo)-

f o)+ (k,0)

'/——-Nr—’—_\]:f;z (zy) + (k, 0)
f

11 (@) +(k, 0) /—»/l"ﬂ fi*2(zg) + (1, 0)
fheprao o CTED

Figure 14.4. A nonmonotone orbit.

Lemma 14.3.3. Suppose f, : A — A,n=0,1,..., is a sequence of mono-
tone twist maps with f, — fo in the C* topology as n — oo. Fix p,q € Z (p
and q relatively prime) and suppose that for eachn = 1,2, ... there is a point
Zn € A with z, a p/q-periodic point for f,. If zg = lim, . 2, then 2o is a
p/q-periodic point. Moreover, either

(1) For all n sufficiently large, z, is monotone for f, and hence zy is mono-
tone for fo.

(2) For all n sufficiently large, z, is not monotone for f, and hence zy is not
monotone for fy.
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Proof. First we note that because we have, for all n > 0, f%(z,) = 2z, +(p, 0),
taking limits of both sides of this equation gives f{(z0) = z0 + (p,0); i.e., 29
is a p/g-periodic point for fy. (Because p and ¢ are assumed relatively prime,
zo cannot have a period small than ¢.)

If there exists a subsequence z,, — zp with each z,, monotone for f,,,
then zg is monotone for fy by Lemma 14.3.2.

On the other hand, suppose z,, — zp is a subsequence such that z,, is
nonmonotone for f,,, . Then for each ny, there exists 4, j, and [ such that

X(fr(zay)) < X (fr, (20,)) +1, (14.1)
but
X(falt (zny) = X35 (z0,) + L. (14.2)

Each z,, is a p/¢-periodic point, thus we may assume that 0 < i,j < ¢ and
0 <1 < p. Hence, we may choose another subsequence, which we again call
Zn, — %0, such that ¢,j, and [ are independent of z,,. But then zp must
satisfy

X (f3(20)) < X(f§(20)) +1, (14.3)
X (5" (20) = X(f (20)) + 1. (14.4)

If strict inequality holds in the two equations above then zj is not monotone.
If equality holds in either of the two equations above, then the y-coordinate
ordering must be as in Figure 14.5 and the iterates of zy are out of order as
shown.

Hence, we see that if the sequence of z,, has a subsequence which is mono-
tone for f,, then zp is monotone for fj, whereas if it has a subsequence which
is nonmonotone, then zy is nonmonotone for fy. So z, is monotone for f,, for
all n sufficiently large, or z,, is nonmonotone for f,, for all n sufficiently large.

If we think of the p/g-periodic orbits of a monotone twist map as a set with
a natural topology (the Hausdorff topology), then Lemma 14.3.3 says that
the whole set is closed and that the subsets of monotone and nonmonotone
orbits are also closed subsets (see Katok (1982)). The p/g-monotone periodic
orbits are isolated from the other p/g-periodic orbits, and hence, we can hope
to use topological methods to find the monotone periodic orbits.

In the following sections, we prove the existence of many periodic points
for exact symplectic twist maps. We particularly focus on monotone periodic
orbits because they behave well with respect to limits. By taking limits of
monotone periodic orbits we can get many other interesting orbits.

14.4 Existence of Periodic Orbits

The result known as Poincaré’s last geometric theorem or the Poincaré—
Birkhoff theorem states that every exact symplectic monotone twist map
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Figure 14.5. A nonmonotone orbit.

f A — A has two distinct periodic orbits for each rational between the
rotation numbers of f on the boundary components of A. This theorem was
originally conjectured by Poincaré in 1912 (with a weaker twist condition
than monotone twist) and was proven by Birkhoff (1913, 1925) and Brown
and von Newmann (1977) (with the weaker twist condition). Later proofs,
using more machinery from plane topology, have weakened the conditions
necessary and the interested reader should consult Franks (1988).

Even though it is not necessary for the proof of existence of periodic
orbits, we keep the strong monotone twist condition because this lets us
distinguish monotone and nonmonotone periodic orbits. The theorem we use
is the following.

Theorem 14.4.1. Suppose f : A — A is an exact symplectic monotone twist
map with pg and p1 the rotation numbers of f ony =0 and y = 1 boundaries
respectively (see Proposition 14.3.1). If p/q € Q is a rational (in lowest form)
with po < p/q < p1, then f has at least two distinct p/q-periodic orbits.

Remarks. (1) Thus the theorem implies that the projection of f to the
annulus A has two distinct p/g-periodic orbits.

(2) A similar statement holds for exact symplectic monotone twist maps
of the cylinder with no restriction on the rational (other than that it is in
lowest form).

The remainder of this section is devoted to a discussion of the proof of
this theorem. The existence of p/g-periodic orbits is not difficult. We follow a
proof given by LeCalvez (1988) and Casdagli (1987) which uses the monotone
twist condition (even though a weaker twist condition suffices). That there
are actually at least two p/g-periodic orbits is considerably more subtle. We
discuss the plausibility of the existence of two periodic orbits.
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Proof (Ezistence of p/q-periodic orbits). Fix f and p/q € Q as in the theorem.
We need the following notation

Y={zeA: X(f1(2)) = X(2) + p}. (14.5)

Let Uy be the component A ~ X (where ~ denotes subtraction of
sets) containing the y = 0 boundary of A and let V' be the compo-
nent of A ~closure(Up) containing the y = 1 boundary of A. Finally, let
U = A ~closure(V). Then U is open, OU C X, U is simply connected
U+ (1,0) = {2+ (1,0) : z € U} = U, and U contains the y = 0 bound-
ary of A. Let I' = 0U.

Claim. f~Y(I")N T # 0.

Proof (Proof of the Claim). Suppose not. Then f~Y(I'") C U or f~}(I') C
A ~ (closure(U)), so either f~!(closure((U)) C U or closure(U) C f~1(U).
But both of these cases violate the assumption that f is exact symplectic
(i.e., area-preserving). Hence, f~1(I") N I" # 0 and the proof of the claim is

complete.

Claim. Every point z € f~1(I") N I" is a p/g-periodic point for f.

Proof (Proof of the Claim,). Suppose z € f~1(I')NI", then z € I"and f(z) € I’
so X(f1(z)) = X(2) +p and X(f971(2)) = X(f(2)) + p. Because f is a
monotone twist map, we know that there is a unique point on the segment
{(z,y) : © = X(2) + p} such that f(z,y) € {(z,y) : x = X(f(2)) + p}, but
F9(2) € {(@,9) : 7 = X(2) + p} and f97(2) € {(21) : 2 = X(F()) + p} 50
f9(z) is this unique point.

However, because f is a lift of an annulus diffeomorphism, z + (p,0) €
{(2,9) : @ = X(2)+p} has image f(z+ (p,0)) = F(2) + (p,0) in {(z,) : @ =
X(f(2))+p} (see Figure 14.6). Hence, z + (p,0) and f9(z) must be the same
point; i.e., z is a p/g-periodic point and the proof of the claim is complete.

Combining the claims, the proof of existence of p/¢-periodic points for f
is complete.

Proof (Plausability of existence of two p/q-periodic orbits). The idea is to
show that the points of intersection of f~1(I") with I" come in different types
which are invariant under the map f.

First, we may assume that the intersection points of f~1(I') with I" are
isolated, because if they were not, we would have infinitely many distinct
p/g-periodic orbits.

Unfortunately, there is no reason to believe that I" is a smooth curve in A;
i.e., that 0 is a regular value of the function A — R: z — X (f9(2))— X (2) —p.
However, if I' is a smooth curve, then it is easy to divide the intersections
of f~1(I') and I' into types, e.g. “above to below” and “below to above”
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y=1
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z o f(2) fi(z) T f41@)
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Figure 14.6. Images of radial arcs through z and f9(z).

where “above” and “below” are defined in terms of the component of the
complement of I" (see Figure 14.7). The types of intersections are preserved
under the f~!, and hence make up different orbits.

For a complete proof of the existence of at least two p/g-periodic orbits
via the original ideas of Birkhoff (with the weaker twist condition), see Brown
and von Newmann (1977).

)
S )
7LF - NS

below to above above to below tangent

Figure 14.7. Intersections of I" with its preimage.
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14.5 The Aubry—Mather Theorem

We have shown that exact symplectic monotone twist maps of the annulus
or cylinder have many periodic orbits. For each lowest form rational p/q
between the rotation numbers of the map on the boundary circles, there is a
p/q-periodic orbit. We have also shown that for monotone twist maps, certain
periodic orbits called monotone orbits behave nicely with respect to taking
limits.

In this section, we show that exact symplectic monotone twist maps have
monotone p/g-periodic orbits for every p/q between the rotation numbers
on the boundary circles. Moreover, limits of monotone periodic points give
points that have monotone orbits and irrational rotation number. This result
is known as the Aubry—Mather theorem.

Theorem 14.5.1 (Aubry—Mather theorem). For f : A — A, an exact
symplectic monotone twist map with py and p1 the rotation numbers of f on
the boundary circles, for every w € [po, p1], f has a point z, with monotone
orbit and p(z,) = w. Moreover, if w = p/q, then we may choose z, to be a
monotone p/q-periodic point.

The monotone orbits with irrational rotation number are called quasiperi-
odic orbits. Precursors of this theorem were shown by Hedlund in the context
of geodesics on a torus and by Birkhoff for orbits in the billiard problem (see
Section 8.2.5). The techniques used by Aubry and Mather (independently)
were variational. They used a principle of least action and showed that the
minimizers are monotone orbits.

The proof we give below is topological in nature and relies on the two-
dimensionality of the annulus. First we discuss a fixed-point theorem for maps
in two-dimensions. We use this to show how nonmonotone periodic orbits
imply the existence of monotone periodic orbits for monotone twist maps.
We need the area-preservation or exact symplectic conditions to guarantee
the existence of periodic orbits, but given the existence of periodic orbits, the
monotone twist condition suffices to produce the monotone orbits.

14.5.1 A Fixed-Point Theorem

Suppose ¢ : R? — R? is a continuous map and D is a topological disk in R?
with boundary dD. It is convenient to think of D as a rectangle. Let S! be
the unit circle in R2. If g does not have any fixed-points on 9D, we can define
G:0D — St by g(2) = (g9(2) — 2)/ || g(2) — 2z || where || - || is the usual R?
norm. Because dD is homeomorphic to S', we can think of § as a map from
the circle to itself and define the index of g a as the number of times §(z) goes
around S as z goes around dD once with sign used to indicate the same or
opposite directions (clockwise or counterclockwise). The fundamental lemma
we use is the following.
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Lemma 14.5.1. If g : R2 — R? as above has nonzero index on the disk D C
R2, then g has a fized-point in D. Moreover, if g1 : R — R? is sufficiently
close to g in the sup norm topology, then g1 also has nonzero index on D.

Proof. See Milnor (1965).

D

Figure 14.8. Maps with index —1.

We use this lemma in situations schematically represented in Figure 14.8.
Here D is a rectangle tilted to the left and g(D) is a rectangle tilted to the
right with ¢ mapping the boundary of D as shown. The index of g is —1
because taking z € 9D around 9D in one direction implies g(z) goes around
S in the same, or the other direction. Hence, g must have a fixed-point in
D. Moreover, every map sufficiently close to ¢ in the sup norm also has a
fixed-point in D.

14.5.2 Subsets of A

Next we define the subsets of A on which we can use the fixed-point theorem
above. This definition is annoyingly technical because we must take into
account all possible behaviors of a monotone twist map. The basic idea is
that the monotone twist condition guarantees that the strip between two
fixed-points maps in a way to give nonzero index.

Notation. For 21,25 € A with X (21) < X (22), we let
B(z1,22) ={2€ A: X(z1) < X(2) < X(22)}. (14.6)

Also (see Figure 14.9), we let
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IT(z1)={2€A:X(2) = X(21) and Y(2) > Y(21)}, (14.7)
I (z1)={z€A: X(2) =X(z1) and Y(2) < Y(z1)}. (14.8)

Definition For each 21,20 € A, X (21) < X(22) a set C' C closure(B(z1, 22))
is called a positive diagonal if it satisfies the following conditions.

(i) C is the closure of its interior and the boundary of C' = dC is piecewise
smooth.

(ii) C is simply connected.

(111) oC N (I+(Zl) @] Ii(Zg) ~ {21,22}) = 0.

(iv) OC contains a smooth arc connecting I~ (1) and I (z2)U{(z,1) : € R}
and a smooth arc connecting I (z2) and I~ (21) U {(z,0) : z € R}.

We call C' a negative diagonal if it satisfies (i) and (ii) above and

(llll) oC'nN (I_(Z1) U I+(22) ~ {21, Zg}) = @,
(iv’) OC contains a smooth arc connecting I (z1) and I~ (22) U{(z,0) : z €
R} and a smooth arc connecting I~ (z2) and I*(21) U {(z,1) : 2 € R}.

If C is a positive or negative diagonal in B(z1, 22), then there is an order-
ing to the components of 9C'U B(z1, 22); i.e., one is “above” the other. If C'is
a positive diagonal, we call the component of 0C' N B(z1, z2) that intersects
I (22) with the smallest y-coordinate the lower boundary of C and the com-
ponent of OC' N B(z1, 22) that intersects I~ (z1) with the largest y-coordinate
the upper boundary of C. For negative diagonals, replace 1 (z2) with I (21)
and I~ (z1) with I~ (22). (See Figure 14.10.)

It (z)<

AN

Z1 4 B(z,,z5) bz,

17 (z)~ /

Figure 14.9. The set B(z1, 22).

4

~
]
o

The property that makes these sets useful is that they are preserved by
monotone twist maps.
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y=1
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boundary
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lower
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y=0 T . ;
positive diagonal negative diagonal x

Figure 14.10. Diagonals in A.

Lemma 14.5.2. Suppose f : A — A is a monotone twist map and z1,2z2 € A
satisfy X (f(z1)) < X(f(22)). If C is a positive diagonal of B(z1,22), then
f(CYNB(f(z1), f(22)) contains a component Cy which is a positive diagonal
of B(f(z1), f(22)). Moreover, if we collect the components of 0C N B(z1, z2)
into two disjoint sets, a and 3 with o containing the upper boundary of C'
and 3 containing the lower boundary of C, then we may choose Cy so that
its upper boundary is in f(«) and its lower boundary is in f(3).

Proof. The image of the upper boundary of C' must connect f(I1(22)) U
{(z,1) : = > X(f(21))} and f(I~(21)) without intersecting f(I*(z1)) U

f(I7(22)). Similarly, the image of the lower boundary of C' must connect
FI (21)) U{(x,0) : = < X(f(22))} and f(I*(22)) without intersecting
J(IT(21))Uf(I"(22)). Because f preserves orientation, this implies the lemma

(see Figure 14.11).

zZ,¢ *z, 1)

f(zz)
(O

A\ N

Figure 14.11. Image of a positive diagonal.
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14.5.3 Nonmonotone Orbits Imply Monotone Orbits

Finally, we show that a monotone twist map f that has a monotone p/q-
periodic orbit and a nonmonotone p/g-periodic orbit must have a second
monotone p/g-periodic orbit that appears as a fixed-point of f7 in a set with
nonzero degree. This implies that every map sufficiently close to f also has
a monotone p/g-periodic orbit.

Lemma 14.5.3. Suppose f: A — A is a monotone twist map and suppose
that z1, zo, w1, we € A satisfy:

(i) z1,z2 are p/q-periodic points for f.
(i) Fori=0,1,...,q,

X(f'(21)) < X(f'(22)),
X(f"(w1)) < X(f(ws)),
X(f(wn)) < X(f'(22)),
X(f'(21)) < X(f*(w2)).

(i11) X(w;) — X(2;) and X(f%(w;)) — X(f9(2;)) are the same sign for j =
1,2.
(iv) For some i1,ia between 0 and q, for j =1,2

X(f59(wy)) = X(f9(2)) and X(w;) — X(z)
are opposite signs.

Then there exists a negative diagonal D such that
(iii') ¥C € D fori=0,1,....q,X(f'(21)) < X(f(C)) < X(f'(22)),
X(f(wr)) < X(F1(Q) < X(f'(wa))

(iv') The map f4— (p,0) had index —1 on D.

Hence, f9— (p,0) and every map sufficiently close to it has a fized-point in
D.

Proof. We consider several cases, depending on the order of the points
21, z2, w1, and wy in A.

Case 1. Suppose X (w1) < X (21) < X(22) < X (wz). We follow the image
of B(z1,22) in a sequence of steps.

Step 1. Note that f(B(z1,22)) N B(f(z1), f(22)) is a positive diagonal in

B(f(21), f(22)); call it Cy. Also, f~1(C}) is a negative diagonal of B(z1, z2).
(See Figure 14.12.)
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ey

214 b 22 f(Zz)

Figure 14.12. The diagonal C.

Step 2. Hence, using Lemma 14.5.2, we may choose a sequence C; of
positive diagonals of B(f%(21), f*(22)) such that f~1(C;) is a nested sequence
of diagonals of B(z1, z2).

Step 3. We refine the choice of the C;s by following the orbits of the ws.
In particular, fix 41 and 4, such that 0 < iy < iz < ¢, X(f*(w1)) < X(f%(21))
for i < iy, X(f'(w1)) > X(fi(21)) for iy < i < idg, and X(f®2(wy)) <
X(f%(z1)). Then, if we follow the iterates of I*(z;) under f, we must
have that f%(I7(z1)) contains an interval that connects I~(f%(z1) to
IT(f2(22)) U{(z,1) : @ > X(f%(21))} which does not contain z;. Hence,
we may choose C;, so that it does not contain f?2(z;). Similarly, using the
orbit wy we see that for some ¢,0 < ¢ < ¢ we may choose C; so that it does
not contain fi(z3). (See Figure 14.13.)

Step 4. Because z1 and z9 are periodic, the set {¢—(p,0) : ( € Cy} = Cy—
(p, 0) is a positive diagonal of B(z1, z2). By construction, the set D = f~9(C,)
is a negative diagonal of B(z1, 22). Also, 21,20 ¢ D and the upper and lower
boundaries of C, are contained in f9(I*(z1)) and f9(I~(22)), respectively,
with 9C, M B(f7(21), f9(z2)) C f(I* (21))US2(I " (23)). Hence, f7—(p,0) on
D satisfies the conditions of Lemma 14.5.1 and has index —1 on D, so f, and
every map sufficiently close to f, has a p/g-periodic point { € D satisfying
fori=0,1,...,q,

X(f'(wr)) < X(£1(0) < X(f*(w2)),

X(f1(21)) < X(£1(0) < X(f'(22)),
which completes Case 1. (See Figure 14.14.)

For the other cases, we need merely choose the initial box differently and
proceed as above. The argument produces a set with index —1 whose iterates
stay to the right of iterates of z; and w; while staying to the left of iterates
of zo and ws.
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Remark. Other versions of the lemma are necessary if the part of condition
(i) ' 4

Vi, X(f*(w1)) < X(f*(w2))
is not satisfied. If X(f%(w;)) and X (f*(w2)) change order once, then we

obtain a diagonal on which f?—(p,0) has index +1. If they change order twice,
then we are back to index —1, and so on (see Figure 14.13 and Problems).

Figure 14.13. Image of I*(z1).

| Co 0.0 o

Z2 fiz)e [ DANCEY)

y=0 —
X

Figure 14.14. Diagonal C; and its preimage.

To find new p/g—periodic orbits for a given monotone twist map, we
need to find points whose iterates change order as prescribed in the pre-
ceding lemma. For example, consider a monotone twist map f that has a
p/g-monotone periodic point zy and a p/g-nonmonotone periodic point wy.
Because w; is nonmonotone, there is a subset of points z € eo(zg) such that
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X(f'(wy)) — X(f%(2)) changes sign for different i. Let z; be the point of
this set with the largest x-coordinate and let Z; be the point of this set with
smallest x-coordinate.

Let zo be the point in eo(zg) with smallest z-coordinate which is to the
right of z;. We must have zo = f7(Z) + (r,0) for some integers j and r. Let
wg = fI(w1)+(r,0). Then 25 is the point of eo(zp) with smallest z-coordinate
such that X (f%(ws)) — X (f*(22)) changes sign. If X (fi(w;)) < X(f*(wz)) for
all 7, then the points 21, 22, w1, and wy satisfy the conditions of Lemma 14.5.3.
If the iterates of w; and wo change order, then we can apply the remark after
the proof of Lemma 14.5.3. The resulting fixed-points ¢ in the set with index
+1 produced by the lemma are p/g-monotone periodic points because they
satisfy X (f%(z1)) < X(f1(¢)) < X(f(22)) for all i. Hence, we have proven
the following.

Lemma 14.5.4. Suppose f : A — A is a monotone twist map and f has a
p/q-monotone periodic orbit and a p/q-nonmonotone periodic orbit; then f
has a second monotone p/q-periodic orbit. Moreover, every map sufficiently
close to [ also has a p/q-monotone periodic orbit.

One lemma remains to be proven. We need to show that if a monotone
map has a p/g-periodic orbit then it also has a p/g-monotone periodic orbit.
The idea is to construct a one-parameter family of maps starting with the
given map, ending with a map with both p/g-monotone and p/g-nonmonotone
periodic orbits such that all the intermediate maps have p/g-periodic orbits.
Lemmas 14.3.2 and 14.5.4 show that the set of parameter values for which
the corresponding map has a p/g-monotone periodic point is both open and
closed.

Lemma 14.5.5. Suppose f : A — A is a monotone twist map and f has a
p/q-periodic point, then f has a p/q-monotone periodic point.

Proof. Let f : A — A be a monotone twist map with a p/g-periodic point wp.
If this point has a monotone orbit, then we are done, so we assume that wq
is a p/g-nonmonotone periodic orbit. We construct a one-parameter family
of maps fi,t € [0,1] with fy = f such that the extended orbit of wy is the
same for all the f; so f1 has a p/g-monotone periodic orbit.

To construct the family, we first choose a point zy € A and number € > 0
such that the minimum distance between the points of {X (zo) +i/q : i € Z}
and {X(z) : z € eoy,(wo)} is at least 2e. For each point z1 € eoy,(zp) we
need that {fo((X(21),y)) : 0 < y < 1} intersects {(X(z1) +p/q,y) : 0 <
y < 1} in precisely one point. The monotone twist condition guarantees that
this intersection is at most one point. By expanding the annulus radially if
necessary, we can guarantee that there is at least one point of intersection.
By taking e smaller than 1/(2¢) we can form our one-parameter family by
altering fo only in strips of width € about points of {X(z9) +i/q : i € Z}.
This perturbation involves changing the y-coordinates of images of points
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under fo so that fi(z9) = 20 + ip/q as in Figure 14.15. The orbit of wy is
the same for all f; for ¢t € [0,1], therefore we have constructed the desired
one-parameter family.

Now, we note that Lemma 14.3.2 implies that the set of ¢t € [0,1] for
which f; has a p/g-monotone periodic orbit is a closed set. On the other
hand, Lemma 14.5.4 implies that the set of ¢ € [0, 1] for which f; has a p/g-
monotone periodic orbit is an open set. Hence, fp must have a p/g-monotone
periodic orbit.
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Figure 14.15. Action of the deformation of f: as t is varied.

We are now ready to prove the Aubry—Mather theorem:

Proof (Proof of theorem 14.5.1, The Aubry—Mather theorem). Fix f: A — A
an exact symplectic monotone twist map with py < p; the rotation numbers
of f restricted to the boundaries of A. Then for every rational p/q € [po, p1]
in lowest form, f has a p/g-periodic point by Theorem 14.4.1, so it has a
p/g-monotone periodic point by Lemma 14.5.5. For an irrational w € [pg, p1],
we choose a sequence of p,/q, of rationals with lim, . pn/¢, = w and a
sequence z, of p,/q,-monotone periodic points with X(z,) € [0,1]. Some
subsequence of the z,’s converge to z, € A and by Lemma 14.3.2, z, is
monotone with p(z,) = w. Hence, every rotation number possible for f is
represented by a monotone orbit and the proof is complete.

As stated earlier, the exact symplectic assumption on f is to “keep orbits
in the interior of the annulus.” We can replace this condition with more
topological conditions such as the following.

Definition We say a map f : A — A satisfies the circle intersection property
if for every homeomorphism v : R — A satisfying y(z + 1) = v(x) + (1,0)
(i.e., y(R) is the lift of a homotopically nontrivial simple closed curve in the
annulus) we have f(y(R)) N~y(R) # 0.
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Definition We say f satisfies Condition B (for lack of a better name) if
for every € > 0 there exists 21,20 € A and nq,ne > 0 such that Y (z1) <
Y (z)>1—cand Y(f™ (1)) > 1—¢,Y(f"(22) <e.

The Aubry-Mather theorem holds with exact symplectic replaced by ei-
ther circle intersection or condition B.

14.6 Invariant Circles

So far we have shown the existence of special orbits for exact symplectic
monotone twist maps, in particular, periodic orbits and quasiperiodic orbits.
However, all the orbits we have considered so far can (and sometimes do) form
a set of measure zero in the annulus. Happily, it turns out that the existence
or nonexistence of certain types of periodic orbits can have implications about
the qualitative behavior of all orbits.

First, we consider two simple examples. The simplest twist map go(z,y) =
(z 4+ y,y) has the property that all orbits are part of invariant circles formed
by y = constant sets. We can form small perturbations of this map to either
ge(z,y) = (x +y,y + ey — y?)) on the annulus or g.(z,y) = (z+y,y +€) on
the cylinder. These perturbations “break” the y = constant invariant sets of
go and allow the y-coordinate to vary widely over an orbit.

However, neither of these examples satisfies the exact symplectic con-
dition, the circle intersection condition, nor Condition B at the end of the
previous section for € # 0. If we restrict to only exact symplectic monotone
twist maps near gg then the situation is quite different. The KAM theorem
states that some of the y =constant invariant circles persist for small pertur-
bations (see Section 13.2).

In this section we consider the relationship between the periodic orbits
of a monotone twist map and the existence of invariant circles. As in the
previous section, the discussion uses mainly topological techniques. The area-
preservation and exact symplectic conditions are only invoked to eliminate
the examples such as those above that do not have any periodic orbits.

14.6.1 Properties of Invariant Circles

We begin by considering some properties of invariant circles for exact sym-
plectic monotone twist maps.

Definition Given f : A — A, an invariant circle for f is a set I' C A such
that I' is the image of a function v : R — A which is a nonself-intersecting
curve satisfying v(x + 1) = v(z) + (1,0).

Recall from Section 14.3 that an invariant circle I" for amap f: A — A
is the image of a one-to-one embedding v : R — A satisfying y(z +1) = v(x)
for all z.
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Such an invariant curve divides the strip into two components, the com-
ponent containing y = 0 and the component containing y = 1. It turns out
that the area-preservation and the monotone twist conditions combine to put
severe restrictions on what types of invariant circles these maps can have.

Theorem 14.6.1. Suppose f : A — A is an exact symplectic monotone twist
map with an invariant set U C A that satisfies

(i) U is simply connected.

(i6) U +(1,0) = {(z,y) + (1,0) : (3,9) € U} = U.

(i11) U is open and contains {(x,0) : x € R} in its interior.
() UU{(z,1) :z € R} =0.

Then there exists ¢ : R — (0,1), continuous and periodic with period 1 (i.e.,
d(x 4+ 1) = ¢(x)), such that the boundary of U is the invariant circle given
by the graph of ¢ = {(z, ¢(x)) : x € R}. Moreover, there exists a constant K,
independent of U (depending only on f) such that ¢ is Lipschitz with constant
K (i.e., Vr1,22 € R, |p(21) — ¢(x2)|/|x1 — 22| < K ). (See Figure 14.16.)

This remarkable theorem says that there is a one-to-one relationship be-
tween the invariant sets that separate the boundaries of A and Lipschitz
invariant circles. It was first proven by Birkhoff and a proof in modern no-
tation can be found in Herman (1983). However, the ideas involved in the
proof are both simple and elegant, so we outline them here.

(")

x=0 x=1

Figure 14.16. Invariant circles (as graphs).

Proof (Outline of the Proof). The first step is to show that the boundary of
U is a graph. To do this, we identify three types of points in U as follows.

1. A point z € U is called accessible from below if {(X(z),y) : 0 < y <
Y(2)} CU,
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Figure 14.17. Accessible regions.

2. A point z € U is called accessible from the left if z is not accessible
from below and there exists a continuous curve ¢ : [0,1] — U such that
Y (¢(0)) = 0,{(1) = z, there is an interval [0, a] such that X ({(t)) is
strictly increasing for ¢ € [0,a], and ((¢) is not accessible from below for
any t > a.

3. A point z € U is called accessible from the right if there exists a curve
as in (2) with “X({(t)) strictly increasing” replaced by “X (¢(t)) strictly
decreasing.” (See Figure 14.17.)

We call these three sets Up,Ur, and Ug, respectively. They are pairwise
disjoint, U = Ug UUR U Uy, and each of them is periodic (Up + (1,0) = Ug,
etc.).

Now we note that the monotone twist condition guarantees that f(Ur) C
Uy, but f(UL) # Uy, because any vertical boundary of a component of Uy, is
mapped strictly inside Uy, by f. This violates the area-preservation hypothesis
because the image of Uy, (projected to the annulus) would map inside itself.
So U, = 0. Similarly, using f~!, we see that Ur = (). Hence, all points of U
are accessible from below and the boundary of U is the graph of a function
from R to (0,1). (See Figure 14.18.)

Let ¢ : R — (0,1) be such that the graph of ¢ equals U. To show that ¢
is Lipschitz, we note that if the graph of ¢ is too steep, that is, if

[¢(z1) = ¢(z2)|

|21 — 22|

for x1 < o is too large, then the points (x1,¢(z1)) and (22, $(z2)) are close
to a vertical line in A. The monotone twist condition implies that the image
of the graph of this vertical line must be increasing in . The image under f
of the graph of ¢ would not be a graph (see Figure 14.19) contradicting that
the graph of ¢ is invariant. This completes the outline of the proof.
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Figure 14.18. A region accessible from the left and its image.
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Figure 14.19. Effect of the twist map on an almost vertical curve.

Hence, a map f : A — A has an invariant set that contains the y = 0
boundary in its interior if and only if f has an invariant circle that is the
graph of a Lipschitz curve. We can use this to relate the existence of invariant
sets to the existence of particular orbits for f as follows.

Theorem 14.6.2. Suppose f : A — A is an exact symplectic monotone twist
map. Then f does not have an invariant circle in the interior of A if and
only if for all € > 0 there are points z1,z2 € A and ny,n2 > 0 such that
X(z1) < 6 X(f™(21)) > 1 —¢€ and X(22) > 1 — ¢, X(f™(22)) < € (ie.,
satisfies Condition B defined above).

Proof. Fix 0 <e<1/2. Let U ={z€ A:Y(f"(z)) > 1— e for some n > 0}.
The set U is open, f~3(U) C U and U + (1,0) = U. Because f is area-
preserving, f(closure(U)) = closure(U). So W = interior of the closure of U
is an open invariant set. Because the boundary y = 1 is contained in W,
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either the boundary of W separates A in an interior invariant circle in A for
f or the closure of W contains points of the y = 0 boundary of A. Because
f has no interior invariant circles by hypothesis, W must intersect the set
{z€ A:Y(z) <e¢/2},s0 U intersects {z € A: Y (z) < €}. Any point z of this
intersection will serve as z;. Similarly, we can find a point to serve as zs.

A region in an annulus that contains no invariant circles for a map f is
called a zone of instability for f. Arguments similar to the theorem above
show that in a zone of instability for an exact symplectic monotone twist map,
there are orbits that move under iteration from near the inner boundary to
near the outer boundary and vice versa.

One of the basic problems in the study of exact symplectic monotone
twist maps is to estimate the width of the zones of instability and determine
the location of the invariant circles. The following theorem relates the width
of the zones of instability to the existence of certain nonmonotone periodic
orbits.

14.6.2 Invariant Circles and Periodic Orbits

We begin with a lemma stating that the rotation number exists and is unique
for points on an invariant circle.

Lemma 14.6.1. If f : A — A is an exact symplectic monotone twist map
with I' an invariant circle for f then f|r can be thought of as a (lift of a)
homeomorphism of a circle and hence every orbit of f|r is a monotone orbit
and has a well-defined rotation number which is constant over I.

Proof. See Problems.

We can use the rotation number as a type of coordinate to distinguish
invariant circles, asking if a particular map has an invariant circle with a
particular rotation number. To look for an invariant circle on which the ro-
tation number is a particular irrational number w, we study the p/g-periodic
orbits for “nearby” rationals p/q. There are lots of rationals near a particular
irrational, but certain rationals are more nearby than others as the following
standard result shows (see Hardy and Wright (1979)).

Lemma 14.6.2. Each irrational number w € [0,1] has a unique continued
fraction representation in the form

az + ——

where a; are positive integers. The convergents of this continued fraction
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then p/q is a convergent of w.

Hence, the convergents of an irrational number are the “nearby” rational
numbers. This relationship extends to the behavior of monotone twist maps.

Theorem 14.6.3. (Boyland and Hall (1987)) Let f : A — A be an exact
symplectic monotone twist map. Then f has an invariant circle with irrational
rotation number w € (pg, p1) if and only if, for every convergent p/q of w,
every p/q-periodic orbit of f is monotone.

Corollary 14.6.1. If f : A — A is an exact symplectic monotone twist map
and f has a p/q-period orbit that is not monotone (p/q in lowest form), then f
has no invariant circles with rotation number w whenever |w—p/q| < 1/(2¢%).

All orbits on an invariant circle are monotone, thus the fact that low
period nonmonotone periodic orbits imply nonexistence of invariant circles is
not so surprising. This theorem and corollary give an estimate on the width
of the interval of rotation numbers cleared by a given nonmonotonic periodic
orbit.

Proof (Proof of the Corollary). If f has a nonmontone p/g-periodic orbit,
then if p/q is a convergent of w, the theorem implies f does not have an in-
variant circle with rotation number w. As noted above, if |w—p/q| < 1/(2¢?),
then p/q is a convergent of w and the corollary follows.

Proof (Idea of the Proof of the Theorem). Suppose f does not have an invari-
ant circle with rotation number w. Then (see Problems) there is an interval
about w such that f has no invariant circles with rotation number in this
interval (the set of invariant circles is closed). Hence, f has a zone of insta-
bility with boundary circles having rotation number straddling w and hence
there are points whose orbits cross from close to the inner circle to close to
the outer circle and vice versa. By the techniques of the last section, many
nonmonotone p/g-periodic orbits can be constructed for p/q arbitrarily close
to w.
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On the other hand, suppose f has a nonmonotone p/g-periodic point;
call it zg. Then the distance between successive iterates of zy must some-
times be much larger than p/q and sometimes much smaller. Because f
is a monotone twist map, this means that the orbit of zy must sometimes
have a large y-coordinate and, most importantly, the points of eo(zg) are
not arranged the same as points for rigid rotation by p/q. In particular,
there are points z1, 22,23 € €o(zg) such that X(z1) < X(22) < X(z3) but
X(f(=1)) < X(f(23)) < X(f(22)). Any curve passing close to eo(zg) is
mapped into a curve that is not a graph (see Figure 14.20). To make the
quantitative comparison between p/q and the rotation numbers of the pos-
sible invariant circles, we form a circle endomorphism by considering the
z-coordinate of f on eo(zp) and comparing this circle map to f on A eo(z).

Figure 14.20. An arc around eo(zo) and its image.

14.6.3 Relationship to the KAM Theorem

We know that the KAM theorem implies that exact symplectic monotone
twist maps near an integrable map such as fy : (z,y) — (z + y,y) have in-
variant circles for irrationals that are badly approximated by rationals (see
Chapter 13). Combined with the theorem above, this implies that these maps
have only monotone periodic orbits for rational rotation numbers that are
convergents of irrationals that are badly approximated by rationals. Because
all orbits of fp are monotone, we know that for each p/q, there is a neigh-
borhood of fy such that exact symplectic maps in this neighborhood have
only nonmonotone p/g-periodic points. The KAM theorem for these maps is
equivalent to saying that the size of this neighborhood is bounded below for
rationals that are convergents of irrationals that are badly approximated by
rationals, regardless of the size of the denominator. It would be lovely if there
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were a proof of the KAM theorem using these ideas, but none is known at
this time.

14.7 Applications

The monotone orbits for an exact symplectic monotone twist map and their
closures are called Aubry—Mather sets. The z-coordinate ordering is pre-
served, therefore we can “connect” these points together on a circle in the
annulus. This circle is not invariant unless the Aubry—Mather set is dense on
it, but it can still be useful in understanding the rate at which orbits transit
the annulus under iteration by the map.

In the billiards problem of Section 8.2.5 the section map constructed that
corresponds with the billiard ball hitting the edge of the table turns out to be
an exact symplectic (i.e., area-preserving) monotone twist map. Poincaré’s
last geometric theorem implies that there are periodic orbits of every period.
The Aubry—Mather theorem implies that there are quasiperiodic orbits with
irrational rotation number. Finally, the KAM theorem implies that for billiard
tables that are sufficiently close to circular, there are billiard ball orbits whose
points of collision with the boundary are dense on the boundary. Moreover,
there is an associated “stability” statement that orbits which start close to
tangent with the boundary of the table, stay close to tangent for any table
with sufficiently smooth boundaries(see Birkhoff (1927) and Moser (1973)).

The linear crystal model of Section 8.2.6 gives an exact symplectic mono-
tone twist map on the cylinder. Poincaré’s last geometric theorem and the
Aubry—Mather theorem imply the existence of periodic and quasiperiodic
crystals for any potential function. For sufficiently flat potentials, the KAM
theorem yields one-parameter families of crystals between which there is no
“energy barrier;” i.e., the deposited layer of atoms can slide freely along the
underlying surface (see Aubry and Le Daeron(1983) and Bangert(1988)).

For more applications the reader should consult Conley (1962), Moser
(1973), Arnold and Avez (1968) and Chapter 13.

Further Reading

The study of monotone twist maps has a long history, from Poincaré to
Birkhoff, continuing through Moser, Aubry, and Mather, and many others.
Landmark discoveries such as the Aubry—Mather theorem, have led to flurries
of activity as implications, applications, and alternate views of fundamental
results are worked out. Each wave of activity is eventually distilled into texts
and the interested reader can take advantage of this process by starting with
some of these. For example, Arrowsmith and Place (1990) and Katok and
Hasselblatt (1995) cover monotone twist maps and the Aubry-Mather theo-
rem.
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Problems

1. Show that the billiard map of Section 8.2.5 satisfies the monotone twist
condition.

2. Show that the symplectic map arising in the one-dimensional crystal
model of Section 8.2.6 satisfies the monotone twist condition.

3. Show that an area-preserving map on the closed annulus A is automati-
cally exact symplectic.

4. Suppose f : A — A is an exact symplectic monotone twist map. Let
B = {(z,2') € R* : f({(z,y) : y € [0,1]} n{(a",y) : y € [0,1]} # O}
and define h : B — R by setting h(z,z’) to be the area bounded by
y=0,{(2",y) :y € [0,1]} and f({(z,y) : y € [0,1]}. Show that
a) h(z+ 1,2/ +1) = h(x,2').

b) h is a generating function for f (see Katok (1982)).

5. For f: A — A an exact symplectic monotone twist map, show that the
set of invariant circles is closed (i.e., the union of the invariant circles for
f is a closed set).

6. Complete the proof of the other cases of Lemma 13.5.3 including the
cases noted in the remark at the end of its proof.

7. Show that if I" is an invariant circle for an exact symplectic monotone
twist map, then all orbits on I" are monotone.

8. Can a point in A be on more than one invariant circle for an exact
symplectic monotone twist map f : A — A? If so, how?

9. Suppose f : A — A is an exact symplectic monotone twist map and f
has a 2/5-nonmonotone periodic point. What is the largest interval of
rotation numbers for which f is guaranteed to have no invariant circles?
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