Chapter 7
Tool Point Dynamics Prediction

The secret to creativity is knowing how to hide your sources.

- Albert Einstein

In Chapters 4, 5, and 6 we analyzed several aspects of milling with the ultimate
goal of enabling a priori stability and surface location error predictions in order
to improve productivity. We described frequency-domain solutions that offer
closed form expressions for both stability (Chapter 4) and surface location error
(Chapter 5). The primary inputs to these analyses are the force model coeffi-
cients and tool point frequency response function, or FRF. In this chapter, we
apply the receptance coupling technique to prediction of the tool point response
in order to complement the frequency-domain process models detailed pre-
viously.! We also include a brief review of Euler-Bernoulli beam theory and
provide closed form solutions for the direct and cross receptances (FRFs) under
free-free and clamped-free boundary conditions.

7.1 Motivation

While impact testing (Section 2.6) provides a convenient approach to obtaining
the tool-holder-spindle-machine® FRF (typically measured at the tool point), it
requires a separate set of measurements for each assembly. For example, if there
are 25 tools in a machine tool’s magazine, then a minimum of 50 measurements
are required (one each for the x and y directions, assuming the axial compliance
in the z direction is negligible). Further, if the tool insertion length is modified
due to new requirements or inadequate control during tooling setup, the mea-
surements must be repeated for that tool-holder combination. This requirement

! If the tool point FRF is known, the modal fitting procedure described in Section 2.5 can be
applied to identify the modal parameters required for time-domain simulation as well.

2 The workpiece can also be the source of significant dynamic compliance. However, we will
limit our discussions to situations where the workpiece can be assumed to be rigid relative to
the tool-holder-spindle-machine assembly.
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236 7 Tool Point Dynamics Prediction

for multiple measurements certainly does not preclude the application of the
process analyses we’ve discussed in production environments. However, the
required time and cost for impact testing does pose an obstacle to convenient
implementation at the shop floor level.

IN A NUTSHELL Although FRF measurements provide us

with essential information, they are specific to the setup. The

tool-holder-spindle-machine FRF changes strongly with tool

length and diameter, for example. Unfortunately, modern CNC

systems encourage poor setup repeatability by including tool
length offset correction. Although this may enable you to put the tool point at
the correct geometric location, it also leads to almost certain variability in day
to day machining performance due to the change in assembly dynamics.

While no predictive approach replaces actual data, the requirement for a

separate measurement of every conceivable setup can lead to a substantial number
of measurements. In this chapter we describe a new method that eliminates the
need to measure each tool-holder in a particular spindle. By combining measure-
ments of a simple artifact inserted in the spindle in question with models of tools
and holders, we can perform off line FRF predictions for a range of tools.

7.2 Basic Receptance Coupling

Rather than consider the tool-holder-spindle-machine combination as a single
assembly, we can view it as being composed of three separate entities, specifi-
cally, the tool, the holder, and the spindle-machine. Of these three, the tool and
holder are convenient to model because they are not structurally complicated.
The spindle-machine, on the other hand, is much more challenging. Spindle
dynamics modeling, often completed using finite element analysis, requires
detailed knowledge of the mechanical design, bearing stiffness values (which
depend on the assembly tolerances), and damping levels®. For commercial
machining centers, the spindle design is often proprietary or unavailable to
the end user, and the bearing stiffness values are difficult to obtain. Also, first
principle estimates of the spindle damping remains an active research area.
Comparable problems are encountered in modeling the machine dynamics,
particularly obtaining the damping values, which often depend on multiple
energy dissipation mechanisms and locations. Even more problematic, different
lengths and diameters of tools may activate these mechanisms by differing
amounts (especially within the spindle).

3 Author T. Schmitz acknowledges conversations with N. Arakere, University of Florida,
regarding dynamic modeling of rotating systems.
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FOR INSTANCE A short, large diameter tool may be very
stiff and emphasize the spindle modes in the assembly FRF. The
primary damping source in this case would be the spindle bear-
ings and interface between the spindle and motor rotor. If the
tool is long and slender, by contrast, the spindle may appear
nearly rigid (but not always!*). This tool geometry would generally emphasize
the damping in the tool-tool holder-spindle interfaces with relatively less energy
dissipated by the spindle bearings.

W

This leads us to a scenario where we can consider modeling those components
that lend themselves to this activity (the tool and holder) and measuring the
difficult-to-model element (the spindle-machine)’. Additionally, rather than
describing the modeled and measured parts, or substructures, using modal
parameters, for example, it is sensible to develop substructure FRFs since the
assembly FRF is a primary input for the analytical milling process analyses. A
convenient approach for joining these substructure FRFs to obtain the assem-
bly response is receptance coupling [1, 2], or receptance coupling substructure
analysis (RCSA) as referenced in recent literature [3—12]. Prior to detailing
RCSA for tool point FRF prediction, let’s examine receptance coupling solu-
tions for some simple dynamic systems.

7.2.1 Two Component Rigid Coupling

As shown in Fig. 7.2.1, two components, I and II, are to be rigidly coupled to
form assembly III. The coupling coordinates are x;, and x;; for the two

Fig. 7.2.1 Rigid coupling of components I and II to form assembly III. The force F| is applied
to the assembly in order to determine H;

4 See Example 7.5.2.

> Author T. Schmitz recognizes “hallway” discussions with Dr. J. Pratt, National Institute of
Standards and Technology, Gaithersburg, MD, in forming this observation.
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substructures I and II, respectively. The corresponding assembly coordinate,
X1, is located at the same physical location as x|, and x, after they are joined.
An attractive aspect of receptance coupling is that the component FRFs are
only required at the coupling locations and any point where the assembly
response is to be predicted [13—15]. Therefore, the direct (see Section 2.4)
assembly response, Hj(w) = %, due to a harmonic force applied at coordinate
X can be fully described using the direct component receptances /i1414(w) = %
and hyp1p(w) = % obtained from harmonic forces applied at x;, and x1;, respec-

tively. Note that we’ve used upper case variables to designate assembly terms
and lower case variables to identify component terms.

To determine the assembly response, we must first state the compatibility
condition, xy;, — x1, = 0, which represents the rigid coupling between compo-
nent coordinates x;, and x;,. We can therefore write x;, = x;, = X, due to our
decision to locate assembly coordinate X at the (rigid) coupling point. We must
also define the equilibrium condition, fi, + f1, = Fi, which equates the internal
(component) and external (assembly) forces. Let’s substitute for the displace-
ments in the compatibility equation.

X1p — X1 =10

hlblbflb - hlalafla =0

We next use the equilibrium condition, rewritten as fi, = F| — fip, to elim-
inate f1,. Rearranging enables us to solve for fi,.

hipip fib — hiaiaF1 + Marafis =0
(hiata + hsip)fis = hiaraFi

fis = (Mara + hipis)  hiaiaF)

Now that we have f},, we can again use the equilibrium condition to deter-
mine f,.

Jia = Fi1 — fip

fia = (l — (hata + hlblb)_]hlala)Fl

We solve for H;; as shown in Eq. 7.2.1. This equation gives the direct
assembly response at the coupling coordinate, X7, as a function of the compo-
nent receptances. These frequency dependent, complex valued receptances may
have any number of modes. There are no restrictions on the relationship between
the number of modes and coordinates as with modal analysis (i.e., we saw in
Section 2.4 that the number of modeled modes and coordinates must be equal to
obtain square matrices when using modal techniques).
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_ XX Madia
F Fi Fi

= Iata — Mata(ata + M) " Mata (7.2.1)

IN ANUTSHELL The spindle-machine FRF, which is difficult

to model, is determined by measurement. As we’ve discussed, the

FRF shows the real and imaginary parts of the frequency depen-

dent motion at a selected coordinate in response to a force. The

tool and holder, on the other hand, are modeled using beam
theory. The measured and modeled FRFs are connected at the appropriate
coordinate; this is the essence of receptance coupling. Using this approach, the
FRF of the assembled structure can be predicted at any coordinate on the
modeled portion of the assembly.

Similarly, we can predict the assembly response at another coordinate,
not coincident with the coupling point, by defining the component
receptance at the desired location. Consider Fig. 7.2.2, where the direct
assembly response at X is again desired, but this location is now at another
point on component I. We again assume x; and X; are collocated before
and after coupling. The new coupling coordinates at the rigid coupling point
are x,, and x,,. The component receptances corresponding to Fig. 7.2.2
are hy :% and o, :% for 1, and haypop :ﬁ for 1I. The compatibility
condition for the rigid coupling is x5, — x, = 0 and we can therefore write
Xoy = Xz = X». Also, x; = X;. The equilibrium conditions are f>, + f>, = 0
and f1 = F).

To determine H;; = %’ we’ll first write the component displacements. For I,
we now have two forces acting on the body, so the displacements are:

X1 =hifi + hiafoa and  xoy = hoalfi + haaoafra (7.2.2)

h

Fig. 7.2.2 Example showing
rigid coupling of
components I and II to form
assembly III. The force F; is
applied to the assembly in
order to determine H;

and H21
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For 11, we have xy, = hapopfap. Substitution into the compatibility condition
gives:

honanfap — haa /i — haaaf2a = 0. (7.2.3)

We apply the equilibrium conditions to replace f; and eliminate f5,

(faa = =/
Tapaefor — haat 1 + hawaaf2n = 0. (7.2.4)

This enables us to group terms and solve for f5,. Specifically, we
have that /5 = (M4 +h2b2b)_lhz,,1F1. Therefore, we can also write
Jra = —(haa +h2b2b)_lhzalF1. Substitution of this force value into the Hy;
expression gives us the desired result; see Eq. 7.2.5. Again, the assembly
response is written as a function of the component direct (%111, f2.,04, and hopp)
and cross (/12, and /) receptances.

oo - X1 hifi + hiafra _ hirfi — Moa(haasa + howas) ™ haat Fy
1 F1 F1 F1 Fl

hitFr — haa(hasa + hasas) ™ hoar Fi
F

(7.2.5)

H, = = i1 — hioa(haasa + howos) ™ oa

We can also use f>, to determine the cross receptance H,;. See Eq. 7.2.6.

1o = X2 _ %2 _ hoafi + hadfa _ haafi — haaa(haaa + hass)” hoat Fy
TR R F F

_ Ina By — haaza(haaza + hasan) ™ haat Fy
F

(7.2.6)

1
= a1 — Mawa(Maara + hapaw) ™ hoat

In an analogous way, we can find the direct and cross receptances, H,, and
H,, respectively, due to a force applied at X». See Fig. 7.2.3. The component

Fig. 7.2.3 Example showing
rigid coupling of
components [ and II to form
assembly III. The force F; is
applied to the assembly in
order to determine H»»,

and Hi,
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receptances are again fhy; = % and hyp, = ;ZL for I, and /ippp = % for II. The
compatibility condition for the rigid coupling remains as xp, — x5, = 0. How-
ever, the equilibrium condition is f>, + f2p = F>.

To determine Hy, = %, we begin by writing the component displacements.
For 1, the displacements are:

X1 = hlZa_fZa and X2q = h2a2£1.fZ(1~ (727)

For I1, we have xu, = hopp fo5. Substitution in the compatibility condition
gives:

hawp fob — haa2a fra = 0. (7.2.8)

We apply the equilibrium condition, f>, = F, — f2», to eliminate f>,in Eq. 7.2.8.
hapon fov — hoa2a F2 + hoaza for = 0 (7.2.9)

This enables us to group terms and solve for f5,. We find that
Jor = (hawa + hzbzh)_lhz,lz,le. Again using the equilibrium condition, we can

write f, = (1 — (Mg + /12;,2;,)71/12,12,1)&. Equation 7.2.10 gives the desired

H>; expression.

X xu Iografoa  M2a2a (1 — (haa2a + h2b2b)_lh2(12a) F
=22 —
R R K £ (7.2.10)
_ TaaaFs — haaaa(hawaa + o)~ hoapaFa
V)

H>) = Iara — Maaza(haaza + hawos) Moana

We use f>, to find the cross receptance H, as well. See Eq. 7.2.11.

XX hoafa_ hlZa(l — (h2a2a + h2b2b)7lh2a2a)F2
TR R B F (7.2.11)

Hyy = hiza — hioa(haaaa + hows) ™ o

7.2.2 Two Component Flexible Coupling

Let’s continue with the system shown in Fig. 7.2.1, but now couple the two
components through a linear spring, described by the constant k. This is
displayed in Fig. 7.2.4. The component receptances are hj,, = % and
hipy = % and the equilibrium condition is £}, + f1, = F1,. These are analogous

to the rigid coupling case. However, the compatibility condition now becomes:
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Fig. 7.2.4 Flexible coupling
of components I and II to
form assembly III. The force
Fy,1s applied to the
assembly in order to
determine H,,, and Hp,

k(x1p = X14) = =f1p- (7.2.12)

Because the component and assembly coordinates are coincident, we have

that x,, = X», and xy, = X5;,. To determine Hy,1, = );l‘”, let’s first substitute the

component displacements in the compatibility condition. See Eq. 7.2.13.

k(hipis f1o — hiataf1a) = —f15 (7.2.13)

Using the equilibrium condition, fi, = Fi, — fi5, we can eliminate fj, to
obtain the equation for fj,.

k(hpis fis — haraFra + Maafiv) = —f1p
khipip fio — khiaraFra + khiara fis = —/ip

1
(hlala + hlhlh + E)flb = hlalaFla

n-!
Jin = (hlala + hipiy + %) hataF1a

Using fj, and the equilibrium condition, we find that
fla = (1 — (hata + hip1e +%)71h1a1a)Fla. Substitution then yields the direct

assembly receptance Hi,1, as shown in Eq. 7.2.14. We can see that this equation
simplifies to Eq. 7.2.1 as k approaches infinity (rigid connection).

1
Xia _ Xta _ Matefia _ hlala(l — (Mata + hipp + 1) hlala)Fla

Hy, = =
TR, Fi Iy, Iy

(7.2.14)

=
Higa = Mata — Mala (hlala + hipiy + %> hiata



7.2 Basic Receptance Coupling 243

The cross receptance due to the force F, is provided in Eq. 7.2.15.

Nl
X xu hwwfis Msis(Paa + vy +3) MaaFia

Hipra =
YT R, Fu Iy, Fiq,

(7.2.15)

n-!
Hipra = hipip (hlala + hipp + %) hiaia

As shown in Fig. 7.2.5, we can alternately apply the assembly force to
coordinate X ;. The component receptances and displacements are unchanged,
but the equilibrium condition is fi, + fi» = F1p. Similarly, we modify the com-
patibility condition to be:

k(x1a = x15) = ~f1a- (7.2.16)

Substitution for the component displacements and f}, (from the equilibrium
condition) yields the expression for fi,,.

k(hiaiafia — s Fip + hipis fia) = —fia
khaafia — khipipFrp + khipip fia = —f1a

1
(hlala + hipiy + E)fla = hipipF1p

, !
Jia = (hlala + hipiy + %) hip1pF1p

Again applying the equilibrium condition, fi, = Fy, — f14, We obtain
fip = (1 — (Mata + hipp + %)_lhlblb)Flb. Substitution then gives the assembly

direct and cross receptances due to Fy,,.

Fig. 7.2.5 Flexible coupling of components I and II to form assembly II1. The force Fy, is
applied to the assembly in order to determine H,,1, and H .15
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11
Xip _x1p _ b _ hlhlb(l — (Mata + hp1p + 1) hlhlb)Flh

H E—— -
1h1b F]b F]b Flb F]b (7217)
1 _]
Hiptp = hiptp — hipip <hlala + hip1p + %> hip1p
-1
Hip = Xia _ Xla _ hiatafla _ h1a1a<hlala + hpp + %) hipinFip
S e Flb (7.2.18)

-
Higp = hiata (hlala + hipiy + E) hipip

Similar to the rigid connection example depicted in Fig. 7.2.2, we can again
add another coordinate, not located at the coupling location, and apply the
external force at that point. See Fig. 7.2.6. The component displacements are
again x| = hy f1 + h2afre and xoq = hog1 f1 + howpa foo for substructure I and
X2 = hopop fop for substructure I1. The equilibrium conditions are fa, + fa = 0
and f; = F). The compatibility condition is:

k(x2p — X24) = —f2- (7.2.19)

As before, the component and assembly coordinates are coincident, so we
have that x; = X1, x2, = X4, and xp, = X5p. To determine Hy = ;—1‘, let’s first

substitute the component displacements in the compatibility condition. See
Eq. 7.2.20.

k(havas for — haatfi — haa2afoa) = —f20 (7.2.20)

Using the equilibrium conditions, we can eliminate f>, and replace f; with F;
to obtain the equation for f,.

Fig. 7.2.6 Flexible coupling
of components I and II to
form assembly III. The force
Fy is applied to the assembly
in order to determine H,,
Hsqy, and Hopy
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k(hapontra — haat Fi + haaaafon) = —f
khowonfor — khaat Fi 4 khagafos = —fop

1
<h2a2a + hapop + %>f2b = a1 Fi

Nt
S = <h2u2u + hopop + %> haa1 Fiy

Applying the equilibrium condition f>, = —f>,, we obtain:

, N
Jra = — <hZa2a + hapop + E) hoa1 F1.

This enables us to write the direct and cross receptances as shown in
Egs. 7.2.21 and 7.2.22, respectively. We note that these equations simplify to
the rigid coupling results provided in Egs. 7.2.5 and 7.2.6 as k approaches
infinity. The assembly cross receptance at coordinate X», is given by
Eq. 7.2.23.

, : 1
Xi _xi _hifi + hodha — ih - hioa(haaza + hovos + 1) haat Fy

Hy =2t =21 = -
Fi  F F Fy
1 (7.221)
hit Fy = hizg(hagoa + hopos + 1) hoat F A
Hy =2 12 ”aFI Q) L= by — hig h2a2a+h2b2b+% haa
Xow  Xa  hoafi + hada  MaFi — haa(haaa + hovs + ﬁ)flhzalF 1
o = F B F - Fy
1 (7.2.22)
-
Hyu1 = haal — haza <h2a2u + hopop + %) haa1
-1
i X2 X hopanfon Towan (Maasa + hovy + 1) hoat Fy
MTFETR F F
(7.2.23)

=
Hop = hopop <hzaza + hapop + %) hoai

Let’s now apply the external force, F,,, to coordinate X,, as shown
in Fig. 7.2.7 in order to determine the assembly receptances Hj,»,,
Hyp,, and  Hipp, The component displacements are x; = hiyfo, and
Xoa = howafra < TA3B2tlsb for substructure I and x,, = hoyopfa, for substruc-
ture II. The equilibrium condition is f5, + fo» = F2, and the compatibility
condition is:
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Fig. 7.2.7 Flexible coupling
of components I and II to
form assembly III. The force Jav o
F>, is applied to the |
I I

assembly in order to
determine Hs,4, Hoprg, and it X

X2b X2a
H 12a \ _

k(x2p — X24) = —f2- (7.2.24)

We first determine the force f>, by substituting the component displacements
in Eq. 7.2.24 and replacing f>, with F>, — f5.

k(hoponfan — haazaFaa + haawrafan) = —fan
kh2b212f2b - kh2a2aF2a + kh2a2af2b = _f2b

1
(hzaza + hopop + k)fzb = hwata

1 -1
J“Zb = (hZaZa + thZb + E) hZﬂZIIFZLI

Again using the equilibrium condition we find the equation for f5,,.
!
Jra = Fog — fop = (1 - <hzaza + hopop + %> hzm) Faq

The direct and cross receptances for this situation (depicted in Fig. 7.2.7) are
provided in Egs. 7.2.25 through 7.2.27.

1\ 1
Xoa _ %2 _ Mpaba _ hZaZu(l — (h2a2a + hows + 1) hZuZu)FZu

H 2a2a =

FZa - F_Za F2u F2a (7225)

N
Hopa = haoa — hoaa (h2a2a + hapop + k> haaoe

. .
Xop X howowfor hasas(h2aa + hovos + 1) haazaFaa
Hypy=——=——= =
FZa FZa F2b F2a (7226)

N
Hopog = hapop <h2a2a + hopop + —) haa2a

k
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Fig. 7.2.8 Flexible coupling
of components I and II to

form assembly III. The force Sop faa
F,, is applied to the |
assembly in order to [ [
determine Hoyp, Hogop, and it Xy Y, X
Hyyy

-1

X o hogh M2 (1 = (h2a2a + howos + 1) hzaza) Fa

Hpy=—=—= =

FZa FZa FZa F2a (7227)

-
Hiog = hioq — h124 (hzaza + hopop + %) h2a24

Our final scenario for the two component flexible coupling is shown in
Fig. 7.2.8. Here, we apply the external force F»;, to coordinate X», to obtain
the direct and cross assembly receptances Hyop, Houpop, and Hysy,. The compo-
nent displacements are the same as the previous case: x| = hjyfr, and
X2a = Mogaafra for substructure I and x,;, = hiypopfas for substructure 1. However,
the equilibrium condition is modified to be f, + f2» = F2, and the compatibility
condition is rewritten as:

k(x24 = X2p) = —f2a- (7.2.28)

We find f>, by substituting the component displacements in Eq. 7.2.28 and
replacing f5, with Fs, — f>,.

k(haazafaa — havapFap + hovanfaa) = —fra
khawatra — kKhapn Fob + kKhaponfoa = —fra

1
(h2u2u + hopop + %>f 20 = Moo Fop

Nt
Jra = (hzaza + hopop + %) hopopFap

Again using the equilibrium condition we find the equation for f5,,.
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N
S = Fop — fru = (1 - <hZa2(z + hapop + %) hzbzb) Fy

The direct and cross receptances for the case shown in Fig. 7.2.8 are given in
Eqgs. 7.2.29 through 7.2.31.

1
Xop _ Xap _ ot _ h2b2b(1 — (h2a2a + howos +§) h2b2b)F2b

H = — =
TRy Fy Fa F (7.2.29)
N
Hopop = hapop — hopop (h2112a + hopop + E) hawop
, 1
Xow  Xou  awaa Maa(haaa + hasos + 1) howosFap
Haan = Iy - Fa B Iy - Fy
1 (7.2.30)
-
Hypp = hagoa <h2(12a + hopop + %> hapap
-1
Xt xt hiafa Moa(haaa + hovee +5) " hasasFas
o = " F ™ Pu P
. ‘ (7.2.31)

=
Hiy = g <h2a2a + hapop + E) hopop

7.2.3 Two Component Flexible, Damped Coupling®

As we discussed in Section 2.1, damping is always present in mechanical
systems. Therefore, as a final step in our receptance coupling of bodies I and
I1 to form assembly III, we can expand the model in Fig. 7.2.6 to include viscous
damping at the coupling interface. See Fig. 7.2.9.

INANUTSHELL We recognize that the interface between the
tool and holder, as with any common interface, is not rigid. Small
relative motions between these bodies can produce damping.

¢ Author T. Schmitz gratefully acknowledges collaboration with Dr. T. Burns, National
Institute of Standards and Technology, Gaithersburg, MD, in developing the damping
analysis.
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Fig. 7.2.9 Viscously

damped, flexible coupling of

components I and II to form S Jaa N
assembly I1I. As with the | |

two component flexible *l-’ [ [
coupling case, the force F| is I X . Xy X
applied to the assembly in X _______

order to determine H,
Hyy, and Hyp,

The expressions for the component displacements and equilibrium conditions
remain unchanged relative to the flexible coupling derivation when we add
damping. However, the compatibility condition is now:

k(x% — x2a) + iwc(x2;, — XQQ) = —f, (7.2.32)

where we have assumed harmonic motion so that the velocity dependent
damping forces can be express in the form iwcx. Equation 7.2.32 can be
rewritten as:

(k + iwc)(be — X2a) = —f2p. (7.2.33)

If we substitute the complex, frequency dependent variable & for
(k +iwc), then we see that the compatibility equation takes the same
form as shown in Eq. 7.2.19 and we can simply replace k£ in Eq. 7.2.21
with k&’ to obtain Eq. 7.2.34 [5]. This defines the direct FRF at coordinate
X1 on assembly III in Fig. 7.2.9. The same substitution can be made in the
other assembly receptances derived for the two component flexible cou-
pling in order to obtain the two component flexible, damped coupling
results.

1\ !

Hyy = hiy — hig (hZaZa + hapop + P) haal (7.2.34)

Before proceeding with a numerical example, we present Table 7.2.1 which

summarizes the receptance coupling equations developed in the previous
paragraphs.
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Table 7.2.1 Direct and cross receptances for two component coupling. The connection type
(labeled C-type) is R, rigid, or F, flexible. The receptance type (labeled R-type) is D, direct, or
C, cross. The corresponding figure and equation numbers are also included

C-  Substructure

type coordinates Receptances Fig. Eq.
1 I R-type

R xy, xi D Hii = Mg — Mata(Mata + Mois)iata 7.2.1 7.2.1

R X1, X2y X2 D Hy = hy — ]112[,(]72“2“ + 112[,2;,)71}12(11 722 7.2.5
C Hy = haat — hogaa(hoaa + h2[)2h)_1]72a1 7.2.6
D H22 = hzaQ(, — 112a21,(h2(,2,, + /12},2},)71/12(12(, 723 7210
C Hp = hlZu — 1’[12(1(’12(12[, + ]12/,2[,)71112‘,2(, 7.2.11

F v,  x, D Hiata = hata = hata(hiata + hiptp + D) " hiata 724 7.2.14
C thla = hl/)lh(hlula +h1blh +%)7lhlalu 7.2.15
D Hipip = hiprp — /11;,1;,(111“1“ + Mp1p +%)7l]11h1b 7.2.5 7.2.17
C Hiap :hlala(hlala+]71blla+%)71hlhlb 7.2.18

F  xXnxw X D Hyy = it — hisa(haasa + howss +2) " o 72.6 7221
C H2al = ]12441 — hzaga (172(12(4 + hz/,z[; + %)71]12‘,1 7.2.22
C Hopy = hopp (haaza + howas + %)71/1%1 7.2.23
D Hypa = Mapa — hoara (/12(,2,, + hapap + %)qhzazl, 7.2.7 7.2.25
C Haa = hayop (haaza + hawap + 1) g 7.2.26
C Hiza = hizq — ha(haaza + hasas + %)71/”2(&1 7.2.27
D Hopop = hosop — oo (haaza + hasap + %)4/121;21; 7.2.8 7.2.29
C Haop = haaza(haaza + hawap + 1) o 7.2.30
C Hizp = hiza(h2a2a + hovos +1) oy 7.2.31

IN ANUTSHELL Asalways, improved accuracy of the model
and prediction comes at the expense of increased model com-
plexity and/or measurement requirements. Prediction of the
natural frequency of the assembly, for example, does not place
the same demands on the model as prediction of the dynamic
stiffness (including damping). Accurate frequency response function prediction
and, by extension, the corresponding stability lobe diagram requires more care.

Example 7.2.1: Comparison of assembly modeling techniques Let’s now com-
plete an example where we compare receptance coupling to the methods we
discussed in Sections 2.3 and 2.4: modal analysis and complex matrix inversion.
As shown in Fig. 7.2.10, two single degree of freedom spring-mass-damper
systems, I and II, are to be connected using the linear spring element, k., to
form the new two degree of freedom assembly, III [16]. The assembled system’s
equations of motion are determined as shown in Sections 2.3 and 2.4. The matrix
representation of these equations, after substituting the assumed harmonic form
of the solution, is provided in Eq. 7.2.35. This equation takes the same form as
Eq. 2.4.2, (s*[M] + s[C] + [K]){X}e" = {F}¢", where we've substituted the



7.2 Basic Receptance Coupling 251
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Fig. 7.2.10 Flexible coupling of spring-mass-damper systems I and II to form the two degree
of freedom assembly 111

Laplace variable s for the product iw and [M], [C], and [K] are the lumped
parameter mass, damping, and stiffness matrices in local coordinates,
respectively.

m 0 cg 0 ki + k. —k, i Xia 0
s* +5 + _
0 m 0 o —ke kot ke | Xip Fip
mys® + s+ (ki + k) —k, 1( X4 0
—k, mas® + cas + (ko + ko) | | X Fip
(7.2.35)

7.2.4 Modal Analysis

We can use the equations of motion shown in Eq. 7.2.35 to find the modal solution
for the assembled system. If we assume that proportional damping exists (i.e., [C]
= a[M] + B[K], where o and 3 are real numbers), damping can be neglected in the
modal solution. Note that this solution is also independent of the external force,
Fi;,. We write the characteristic equation for this system as shown in Eq. 7.2.36. The
quadratic roots of this 4™ order equation, 57 and s3, give the two eigenvalues
(st = —w2, and 53 = —w?,, where w,; <w,;) for the two degree of freedom system.
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(m152 + (kl + k(,‘)) (m252 + (kz + kc’)) - kz = 0 (7 2 36)
I’n1n’12S4 T (m] (k2 + kc) + m2(k1 + kc))Sz + (k] + kc)(k2 + kc) - k(z =0 B

Substitution of these eigenvalues, normalized to the coordinate of interest
(coordinate X, in this case), into either of the original equations of motion,
again neglecting damping and the external force, yields the eigenvectors (mode
shapes). Selecting the top equation from Eq. 7.2.35, for example, gives:

Xla kc
= 7.2.37
Xy ms?+ (ki + k) ( )

The mass, damping, and stiffness matrices are diagonalized using the
modal matrix (composed of columns of the eigenvectors), P, defined in

Eq. 7.2.38. Specifically, we have that: [M,] = [P]"[M][P] = [mql 0 },

0 my
[C,] = [P)[C][P] = {"g)l C‘;],and [K,] = [P)T[K][P] = ["gl qu} 2

on these modal values, we calculate the associated damping ratios,
fql2 The modal solution for the direct FRF at coordinate

Co12 = 23/kgramg s’
Xj, of the assembled system is then expressed as shown in Eq. 7.2.39,
w

where 2= oo’

. Based

Te(s7) 3 (35)1 (7.2.38)

PR PRI, EENT) BUNTIE S

Fis kg \ (1= +(2¢um)) ka2 \(1 -2 +(2¢pr)

7.2.5 Complex Matrix Inversion”

Equation 7.2.35 can be compactly written as [A]{X} = {F}. As shown in

Section 2.4, complex matrix inversion is carried out using {X}{F} '=[4]"'
to determine the assembly direct and cross FRFs. The inverted [A4] matrix for
this two degree of freedom example is:

7 As discussed in Section 2.4, complex matrix inversion, rather than modal analysis, is applied
when the damping may not be proportional.
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Fig. 7.2.11 Receptance

coupling representation of ) )
joining spring-mass-damper i Sa
systems I and II to form the

two degree of freedom
assembly 111 11

|: an *a12:| |:*w2mz + iwer + (kz + k(v) ke :|
—ay Ay ke —wrmy + iweyp + (kv + k)

A= —
] ay - ap —apn-ay  (—wtmy +iwey + (ky + ko)) (—wrmy + iwey + (ko + k) — k2

where we’ve replaced s with iw relative to Eq. 7.2.35. The individual terms in the
inverted [A4] matrix are:

Xia Xig
Hia. Hi,
[A]71: [F}a Fllr] _ |: lala 111b:|' (7.2.40)

X Xy
Fr F Hipia  Hipip

7.2.6 Receptance Coupling

This case is the same as the two component flexible coupling example shown in
Fig. 7.2.5. Replacing k with k.in Eq. 7.2.17, we obtain Eq. 7.2.41. See Fig. 7.2.11.

-1
Xy _ xip _ i B /’llb]b<1 - (hlala + hipie +%) /111,”,>F1b

Fip  Fi Fip Fup (7.2.41)

X1

!
Ty Hipip = hipip — hipip (hlala + hipp + —> hipip
|

3

To compare the three methods, we select the mass, damping, and stiffness
values shown in Table 7.2.2 for the model in Fig. 7.2.10. We note that proportional

Table 7.2.2 Mass, damping, and stiffness values for Ex. 7.2.1

Parameter Value

ny 3 kg

) 200 N-s/m
ky 2 x 10° N/m
ny 2 kg

c 100 N-s/m
ky 1 x 10° N/m

k. 5% 105 N/m
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Fig. 7.2.12 Comparison of
three methods for H,,,,
calculation. It is seen that
the modal analysis, complex
matrix inversion, and
receptance coupling
methods nominally agree
(superimposed solid lines).
The component receptances,
hia14 and hypy,, are also
shown

damping exists («
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0and 3 = 1 x 10~*) for the selected system, so the modal

approach may be applied. The MATLAB®R) program used to produce Fig. 7.2.12,
which displays both the component receptances and the assembly receptance
computed using the three methods, is provided on the companion CD as
p_7_2 1 _1.m. The frequency dependent differences between the complex matrix
inversion result, which was obtained through vector manipulations only by calcu-

lating the H,;y, result directly:

1 1
100 150

1
200

250 300

—Re
— Im |+

Receptance errors (m/N) Modal errors (m/N)

50

100 150
Frequency (Hz)

200

250 300

Fig. 7.2.13 Real and imaginary parts of difference between complex matrix inversion and
modal analysis (top) and real and imaginary parts of difference between complex matrix
inversion and receptance coupling (bottom). Receptance coupling agrees much more closely
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—w2m1 + iwey + (kl + k(,)
(—w2m1 + iwey + (ky + kc))(—w2l’}’Z2 + iwer + (ky + k) — k% ’

Hypp =

and the modal and receptance coupling method results are shown in Fig. 7.2.13.
It is seen that the errors introduced by the modal method (top) are approxi-
mately 4 x 103 times greater than the errors associated with the receptance
technique (bottom). The differences between the three techniques are intro-
duced by numerical round off errors in the mathematical manipulations. How-
ever, the improved numerical accuracy obtained with receptance coupling
(vector manipulations) over modal coupling (matrix manipulations) is another
benefit of the receptance coupling approach.

7.3 Advanced Receptance Coupling

The primary difference between the simple examples we’ve considered so far
and tool-holder-spindle-machine modeling is that we now need to consider not
only lateral displacements (x;/X;) and forces (f;/F}), but also rotations about
lines perpendicular to the beam axis (¢;/0©;) and bending couples (11,/M)). 89 To
begin this discussion, let’s consider the solid cylinder-prismatic cantilever beam
assembly shown in Fig. 7.3.1. To determine the assembly dynamics, all four
bending receptances must be included in the component descriptions (i.c.,
displacement-to-force, /;;, displacement-to-couple, /; rotation-to-force, ny,
and rotation-to-couple, p;).

Let’s summarize the steps required to predict the Fig. 7.3.1 assembly
receptances.

1. Define the components and coordinates for the model. In this simple exam-
ple, we can select two components: a prismatic beam with fixed-free (or
cantilever) boundary conditions and a cylinder with free-free (or unsup-
ported) boundary conditions; see Fig. 7.3.2.

o
yd
o

0,

Fig. 7.3.1 Rigid coupling of solid cylinder and prismatic beam to form cantilevered assembly

8 We will not consider axial or torsional vibrations in this analysis.

° Author T. Schmitz acknowledges significant collaboration with Dr. M. Davies, University
of North Carolina at Charlotte, in the early application of receptance coupling to tool point
FREF prediction.
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Fig. 7.3.2 Solid cylinder and
prismatic beam components

X
3 x2a
used to form cantilevered / X
assembly / /
2b
6

9241

2. Determine the component receptances. We can use either measurements or
models. For the models, an elegant choice is the closed form receptances
presented by Bishop and Johnson [1] for flexural vibrations of uniform
Euler-Bernoulli beams with free, fixed, sliding, and pinned boundary condi-
tions. Of course, the Timoshenko beam model or other approaches may also
be applied. See Section 7.4. For measurements, we can follow the procedures
outlined in Section 2.6.

3. Based on the selected model from step 1, express the assembly receptances as
a function of the component receptances. As demonstrated in Section 7.2, we
determine the assembly receptances using the component displacements/
rotations, equilibrium conditions, and compatibility conditions.

We begin the analysis of the system shown in Figs. 7.3.1 and 7.3.2 by writing
the component receptances. Note that we have placed coordinates at the pre-
diction location (1), which would represent the tool point for a tool-holder-
spindle assembly, and coupling locations (2a and 2b). For the cylinder, we have
the following direct receptances at the coordinate 1 end:

X1 X1 01 01
hhi=— lhi=— njy=-— =—. 7.3.1
11 I 11 P 11 I P . ( )

The corresponding cross receptances at the same location are:

X X 0 0
]?L loy = m_zla Mi2a =f2—la Pi2a = Wzla (7.3.2)

At coordinate 2a on the cylinder, the direct and cross receptances are written
as shown in Eqgs. 7.3.3 and 7.3.4, respectively.

hi2e =

X2a X2a 024 024
hwa =——  hoa=— Mwi=—7— praa=— (7.3.3)
f 2a ma, .f2a 2a
X24 X2a 92(1 92u
ha =— ba=— Mg =— puaa=— (7.3.4)
fl nj f1 mi

Similarly, for the prismatic beam, the direct receptances at the coupling
location 2b are described by Eq. 7.3.5.
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X2p Xap 02 02
hapop = T by = S M = I Py = (7.3.5)
% % S %

To simplify notation, the component receptances can be compactly repre-
sented in matrix form as shown in Egs. 7.3.6 through 7.3.9 for the cylinder and
Eq. 7.3.10 for the prismatic beam:

Gt = Y or g = o, (1.3

0 L7 P mi
X2a [ howa  bawa Y
{ ) } B o - ]{fz } or {uz} = [Rowzal{q24}, (7.3.7)
92“ L"2a2a  P2a2a my,
e L )
{xl } _ |2 2 ]{ f } or {u1} = [Ri24){q24}, (7.3.8)
01 L712a  Pl2a my,
a (hoa1 ba
{xz } _ [ 2a1 Dal ]{fl } or {ur,} = [Rost}{q1}, and  (7.3.9)
92“ L72a1  P2al mi

{xzh } _ [ hopan Dapop } { S } or {uz} = [Ruap){qa}, (7.3.10)

02 Lnopan Pavan | Ly

where R;; is the generalized receptance matrix that describes both translational
and rotational component behavior [6, 10, 17] and u; and ¢g; are the corresponding
generalized displacement/rotation and force/couple vectors. To visualize R;;, we
can think of each frequency dependent 2x2 R; matrix as a page in a book with
every page representing a different frequency value. Flipping through the book
from front to back scans the frequency values from low to high through the
modeled or measured bandwidth. Naturally, all receptances in the coupling
analysis must be based on the same frequency vector (resolution and range).

We write the component receptances, using the new notation, as:
u; = Ruqy + Ripaqa and  uy, = Rog1q1 + Rowaqra for the cylinder, and
s, = Ropopqap for the prismatic beam. If we apply a rigid connection between the
two components, the compatibility condition is: uy, — up, = 0. Additionally, if we
again specify that the component and assembly coordinates are at the same physical
locations, then we have that u; = U} and uy, = u, = U, (due to the rigid coupling).

We can write the assembly receptances as shown in Eq. 7.3.11, which again
implements the generalized notation:

{Ul}_|:Gll G12:|{Q1} (73.11)

U, Gy Gn|l02) o
X | Hy Ly| o _J 5 -

where U; = {@[}, G = [Ni/ Py |’ and Q; = M, [ To determine the

assembly receptance at the free end of the cylinder, G;;, we apply Q; to
coordinate U; as shown in Fig. 7.3.3, where the generalized U; and u; vectors
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U,

/ U,

Fig. 7.3.3 Receptance coupling model for determining G, and G,;. Rigid coupling is assumed

are shown schematically as “displacements”, although we recognize that they
describe both lateral translation and rotation. The associated equilibrium con-
ditions are: ¢», + g2, = 0 and ¢; = Q;. By substituting the component displace-
ments/rotations and equilibrium conditions into the compatibility condition,
we obtain the expression for ¢, shown in Eq. 7.3.12. The component force g5, is
then determined from the equilibrium condition ¢,, = —¢,. The expression for
G 1s given by Eq. 7.3.13. We find the corresponding cross receptance matrix,
G»1,in a similar manner; see Eq. 7.3.14. Note that G;; and G»; comprise the first
column of the receptance matrix in Eq. 7.3.11.

Uy — g =0

Ropopqon — Roarq1 — Rowoaqra = 0

(7.3.12)
(Roa2a + Ropp )2 — Roat Q1 = 0
-1
@2 = (Roga + Ropop) ™ Roa1 Q1
G =8 —wm Rigi+Riaq2 _ R1Q1—Rina(RowatRoson) ' Ron 01
=9 ~0o — [ - [
» Hy, Ly (7.3.13)
Gii = Ri1t — Ria(Rowza + Ropop)™ Roal =
Ny Py
_ U wa _ Rouqi+Rowaqra Rt 01— Rowra(Rouza+ Rosay) ' Roat O
G = 0 [ - [
. Hy Ly (7.3.14)
Ga1 = Rout — Rowpa(Rowra + Ropop)” Roul =
Ny Py



7.3 Advanced Receptance Coupling 259

0,

/ljj? .
|

92q
D

Fig.7.3.4 Receptance coupling model for determining G,, and G,. Rigid coupling is assumed

To find the receptances in the second column of Eq. 7.3.11, we apply Q> at U,,
as shown in Fig. 7.3.4. The component receptances are: u; = Ry,q2, and
Uz = Ropaqaa for the cylinder, and uy, = Ropapqap for the prismatic beam. For
the assumed rigid connection the compatibility condition is again: uy, — uz, = 0.
The equilibrium condition is: gz, + g2 = Q>. By substituting the component
displacements/rotations and equilibrium condition into the compatibility condi-
tion, we obtain the expression for ¢,, shown in Eq. 7.3.15. The component force
@2 1s then determined from the equilibrium condition ¢y, = Q> — g2, The
expression for Gy, is provided by Eq. 7.3.16. We find the corresponding cross
receptance matrix, G1,, in a similar manner as shown in Eq. 7.3.17.

Uop —Upg =0

Raponqan — Roa2aq2a = 0

Ropanqan — Roa2aQ2 + Roazaqor =0 (7.3.15)
(Raa + Ronap)qop — Rowra@r = 0

G2 = (Raza + Ropn) ™ Ra2a Q2

G _ U Uy Rz(,zl,qz(, _ R2c/2a(l_(R251214+R21121$)71R2c/2a)Q2
2= 0= =

0 O 0> 0>

. Hy L (7.3.16)
G22 = R2c12a - R2a2u(R2a2a + RZ/)Z/)) IRZaZ(z = |: :|

Ny Py
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Table 7.3.1 Direct and cross receptances for generalized two component coupling. The
connection type (labeled C-type) is R, rigid. The receptance type (labeled R-type) is D, direct,
or C, cross. The figure and equation numbers are also included. Similarities to the correspond-
ing entries in Table 7.2.1 are evident

Substructure
C-type coordinates Receptances Fig. Eq.
1 11 R-type
R U, sy Uy, D Gi1 = Rit — Riza(Roaaa + R2b2b)7]1$2al 7.3.3 7.3.13
C Ga1 = Roat — Roaza(Raaza + Rapop) ™ Roai 7.3.14
D G22 = R2¢12a - R2(12(I(R2¢12a + R2b2h)71R2a2u 7.3.4 7.3.16
C G2 = Rizg — Rioa(Roana + Ropn) ' Rouna 7.3.17
Gy — Ul — w1 _ R _ Rizg (1= (Ragrat Rawon) ™" Roaza ) 0
279,70, 0> 0>

Hp L (7.3.17)
Np P 12]

We see that the procedure to model the systems with both displacement and
rotations is analogous to the examples provided in Section 7.2. Let’s again
summarize the receptance terms in tabular form; see Table 7.3.1. Due to the
clear similarities to Table 7.2.1, we will not derive the receptances for the other
two component coupling cases. The only consideration is that for non-rigid

coupling, we replace the scalar stiffness term, %, from the displacement-to-force

G12 = Riza — Riza(Rauza + Ropap) ™ Rowra = [

-1
analyses with the matrix expression [k} , where:

[=ler w2l
kxm kﬁm
The subscripts for the stiffness matrix entries indicate their function. For
example, kg, represents resistance to rotation due to an applied force. As shown
in Eq. 7.2.34, these four real valued stiffness terms are augmented by the corre-

sponding damping expressions if viscous damping is included at the coupling
location [11]. The new complex, frequency dependent stiffness matrix is:

M _ [ R+ iweyy kop + iwegy
K 4 1wy Koy + iwcom .

7.4 Beam Receptances

To describe the lateral vibration and associated rotation at the ends of uni-
form beams, we may apply Euler-Bernoulli beam theory. Many sources are
available for full equation development, such as[1, 18], and we refer the reader
to these texts for a detailed analysis. However, we’ll review some of the basic
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concepts before presenting the closed form equations developed by Bishop
and Johnson [1].

For a uniform elastic beam subject to lateral vibrations, y, we can write the
differential equation:

2
oy ﬂ@ = (7.4.1)
o pAox*

to describe its lateral motion as a function of time, z, and position along the
beam, x, where E is the beam’s elastic modulus (N/m?), 7 is the 2"¢ moment of
area/area moment of inertia (m®), p is the density (kg/m?), and A is the cross
sectional area (m?). This equation assumes that the axis of the undeflected beam
lies along the x direction and an infinitesimal slice of the deflected beam is
bounded by plane faces. If we assume a harmonic disturbance, we can use the
trial function y = Y(x) sin(w?), where w is the frequency, to eliminate the time
dependence. See Eq. 7.4.2, where \* = o224,

rY

—— - XY=0 7.4.2

Ox* ( )
The general solution to Eq. 7.4.2 is given in Eq. 7.4.3. In this equation, 4, B,

C, and D are constants that are determined from the boundary conditions. See
Table 7.4.1.

Y = Acos(A\x) + Bsin(Ax) + Ccosh(Ax) + Dsinh(Ax) (7.4.3)

Example 7.4.1: Tip receptances for clamped-free beam In this example, we’ll use
Eq. 7.4.3 and Table 7.4.1 to determine the receptances at the free end of a
clamped-free beam. Let’s first consider a harmonic force applied in the positive
ydirection at the free end of the uniform beam of length L as shown in Fig. 7.4.1

and find H;| = % and Ny = %‘ From Table 7.4.1, the boundary conditions at

coordinate 2 (clamped), where x = 0, are y =0 and % = 0. At coordinate 1

Table 7.4.1 Boundary conditions for Euler-Bernoulli beam receptance calculations [1]

End description Boundary conditions
Clamped y =0, % =0

Free 22; =0, 3—; =0

Pinned y=0, % -0

Sliding ¥ _0,20—0
Harmonic force Fsin(wt) 377‘ =0, g\‘; = —Lsin(wr)

. . . 52y . Py
Harmonic bending couple M sin(w?) T2 = grsin(wi), Z—Y‘; =0
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Fig. 7.4.1 Clamped-free 2 1
uniform beam with a
harmonic force applied at L
the free end
X
F| =Fsin (wt)
y
(free), where x = L, the boundary conditions are g 5 =0and g L= — Eilsm(wt)

Using these four end conditions let’s determine the four coefficients 4, B, C, and
Din Eq. 7.4.3.

At x = 0, we have that y =0 and ¢ d) = 0. Therefore, we can use Eq. 7.4.3
directly and substitute x = 0 to obtcun Eq 7.4.4.

Vo= Y]iog=A4+C=0 (7.4.4)

This gives 4 = —C. Using the slope boundary condition at x = 0, we
calculate the first derivative of Eq. 7.4.3 with respect to y and evaluate it at x =
0 to get Eq. 7.4.5, which yields the relationship B = —D.

aY

gy _0Y
o Ox|,

5. =AB+D)=0 (7.4.5)

Atx = L, weﬁrstapplydzfo See Eq. 7.4.6.

x|,

_ Y

=32|._= A2(=Acos(AL) — Bsin(AL) + Ccosh(AL) + Dsinh(AL)) = 0(7.4.6)
=L

x=L

Substituting for 4 and B in Eq. 7.4.6, we obtain:

C(cos(AL) + cosh(AL)) + D(sin(AL) + sinh(AL)) = 0. (7.4.7)

e L sin(wr) at x = L and again substitute for 4 and B to

We next use =T H

find:

C(—sin(AL) + sinh(AL)) 4+ D(cos(AL) + cosh(AL)) = sin(wt). (7.4.8)

F
~ NEI
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Let’s now rewrite Eqs. 7.4.7 and 7.4.8 in matrix form and solve for the
coefficients C and D. See Eq. 7.4.9.

in(AL inh(AL C 0
sin(AL) + sinh(AL) } _ b sin(wr) (7.4.9)
cos(AL) +cosh(AL) | | D — g
We can use Cramer’s rule [19] to determine C and D. Writing Eq. 7.4.9 in the

cos(AL) + cosh(AL)
—sin(AL) + sinh(AL)

generic form [4]{x} = {B}, or |:all

7.4.10 and x, by 7.4.11.

arn X1 o b1 .
Clzz]{xz } = {b2 }, we find x; by Eq.

by ap
by ax biaxn — byap
X = - (7.4.10)
any an| anan —anan
a  an
ayir by
ay b anby — ar by
o= - (7.4.11)
apy a2 ajpdyy — dx1dg2
a  an

Substitution in Eq. 7.4.10 gives C, while Eq. 7.4.11 is used to find D. See

Eqgs. 7.4.12 and 7.4.13.
0

F
)\3

sin(wt)

sin(AL

)
)

sinh(AL)

- -

cos(AL

cosh(AL)

F
(sin(AL) + sinh(AL))
C— NEI

cos(AL) + cosh(AL)
—sin(AL) + sinh(AL)

sin(AL) + sinh(A\L) ‘ -

)
cos(AL) + cosh(AL) (7.4.12)
)

(cos(AL) + cosh(AL))" —(—Sin(AL) 1 simh(AL) (L) £ simh(L)

C=

F(sin(AL) + sinh(AL))

SNTEI(T + cos(ML) cosh (L)) ()

cos(AL) + cosh(AL) 0

—sin(AL) + sinh(AL)

F in(wt)
g Sin(w

F
b ~E (cos(AL) + cosh(AL))

cos(AL) + cosh(AL)
—sin(AL) + sinh(AL)

sin(AL) +sinh(AL) | —
cos(AL) + cosh(AL) ‘ (7.4.13)

(cos(AL) + cosh(AL))*—(—sin(AL) 4 sinh(AL))(sin(AL) + sinh(AL)) sin(wt)
p— __ Fleos(AL) +cosh(AL))

2M3EI(1 + cos(AL) cosh(AL)) sin(wr)
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We determine Y by substituting the equations for C and D, together with the
relationships 4 = —Cand B = —D, in Eq. 7.4.3. Because x = L atcoordinate 1,
we also substitute L for x. The result is provided in Eq. 7.4.14.

Y1 = Acos(AL) + Bsin(AL) + Ccosh(AL) 4+ D sinh(AL)

Yy = —Ccos(AL) — Dsin(AL) + Ccosh(AL) + Dsinh(AL)
Y1 = C(—cos(AL) + cosh(AL)) + D(—sin(AL) + sinh(AL))
F(sin(AL) + sinh(AL))
2M3EI(1 + cos(AL) cosh(AL))

sin(w?)(—cos(AL) + cosh(AL))—

= 7.4.14
5 Af;;{fffg;;g’;?gj}f&) 1S sinO\L) + simhn$) Y
(sin(AL) + sinh(AL))(cos(AL) — cosh(AL))
Y, — 2M3EI(1 + cos(AL) cosh(AL)) a Fsin(wr)

(cos(AL) + cosh(AL))(sin(AL) — sinh(AL))
2M3EI(1 + cos(AL) cosh(AL))

Finally, the displacement-to-force tip receptance at the free end of the beam
is written as shown in Eq. 7.4.15.

(sin(AL) + sinh(AL))(cos(AL) — cosh(AL))
2MEI(1 4 cos(AL) cosh(AL)) a )
- i i Fsin(wt)
(cos(AL) 4 cosh(AL))(sin(AL) — sinh(AL))

Y) 2N EI(1 + cos(AL) cosh(AL))
F Fsin(wt)
(sin(AL) + sinh(AL))(cos(AL) — cosh(AL)) (7.4.15)

2M3EI(1 + cos(AL) cosh(AL)) B

(cos(AL) 4 cosh(AL))(sin(AL) — sinh(AL))
2M3EI(1 + cos(AL) cosh(AL))

_sin(AL) cosh(AL) — cos(AL) sinh(AL)
N N EI(1 + cos(AL) cosh(AL))

H11:_

Hll

To determine the rotation-to-force tip receptance, we return to Eq. 7.4.3 and
substitute for 4, B, C, and D.

Y = (C(—cos(Ax) 4 cosh(Ax)) + D(—sin(Ax) + sinh(Ax))) (7.4.16)

We then obtain rotation by differentiating Y with respect to x, © = ‘é—ﬁ, and

evaluate this expression at x = L. Finally, we divide this result by F; to find
Ny =9 See Eq. 7.4.17.

sin(AL) sinh(AL)

N =
" N2EI(T + cos(AL) cosh(AL))

(7.4.17)
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Fig. 7.4.2 Clamped-free 2 1
uniform beam with a
harmonic bending couple L |
applied at the free end I
A
IJ x
M, =M sin (wf)
y
The remaining tip receptances are L} = Yll and Py 0‘ . We find these

terms by applying the harmonic bending couple M| = M sm(wt) at coordinate
1 as shown in Fig. 7.4.2. The boundary conditions at coordinate 2 (x = 0) are
=0 and OJY = 0. The boundary conditions at coordinate 1 (x = L) are
g\}z = Mlsm(wt) and gi = 0. We find the coefficients 4, B, C, and D from
Eq. 7.4.3 in the same manner as described in the previous paragraphs.
At x = 0, the situation is identical to the force application case shown in
Fig. 7.4.1soweobtain 4 = —Cand B= —D. Atx = L, we first use ? as

demonstrated in Eq. 7.4.18.

Oxz - )\’EI

2 2 -4 AL) — Bsin(AL
?y| oyl _ )\2( cos(AL) 51.n( )+> M sin(wr) (74.18)
ox2| _, Ox*| ., Ccosh(\L) + Dsinh(\L) NEI
Substitution for 4 and B in Eq. 7.4.18 gives:
C(cos(AL) + cosh(AL)) + D(sin(AL) 4 sinh(AL)) = )\Z—E]sm(wt). (7.4.19)

We next apply g\é =0 (at x = L) and substitute for 4 and B to get:
C(—sin(AL) + sinh(AL)) + D(cos(AL) + cosh(AL)) = 0. (7.4.20)

Expressing Eqs. 7.4.19 and 7.4.20 in matrix form yields:

cos(AL) +cosh(AL)  sin(AL) +sinh(AL) ] ( C M
—sin(AL) +sinh(AL) cos(AL) + cosh()\L)} { D } { | EI} sin(wr). (7421)

Again applying Cramer’s rule, we obtain equations for C and D.
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_ M(cos(AL) + cosh(AL))

~ 2X2EI(1 + cos(AL) cosh(AL))
M(—sin(AL) + sinh(AL))

~ 2X2EI(1 + cos(AL) cosh(AL))

sin(wt) (7.4.22)

D =

sin(wr) (7.4.23)

We find Y, by substituting Eqs. 7.4.22 and 7.4.23, together with the relation-
ships A = —Cand B = —D, in Eq. 7.4.3. We also set x = L. The result is given
in Eq. 7.4.24.

(cos(AL) + cosh(AL))(cos(AL) — cosh(AL))
2X2EI(1 + cos(AL) cosh(AL)) .
Vi==l GnAL) - sinh\L)(sinAL) — sinh(ary) | Mm@ (7:424)

2X2EI(1 4 cos(AL) cosh(AL))

We obtain the displacement-to-couple tip receptance at the free end of the beam
by dividing Eq. 7.4.24 by M. A comparison of Eqs. 7.4.25 and 7.4.17 shows us that
the displacement-to-couple and rotation-to-force receptances are identical.

(cos(AL) + cosh(AL))(cos(AL) — cosh(AL))
2X2EI(1 + cos(AL) cosh(AL)) Vi
T (sin(AL) — sinh(AL))(sin(AL) — sinh(AL)) sin{uwr)
Y 2X2EI(1 4 cos(AL) cosh(AL))
M, M sin(wt)
(cos(AL) 4 cosh(AL))(cos(AL) — cosh(AL)) (7.4.25)
2X2EI(1 4 cos(AL) cosh(AL))
(sin(AL) — sinh(AL))(sin(AL) — sinh(AL))
2X2EI(1 + cos(AL) cosh(AL))
B sin(AL) sinh(AL)
"~ MEI(1 + cos(AL) cosh(AL))

Ly =—

Ly

To determine the rotation-to-couple tip receptance, we return to Eq. 7.4.3
and substitute for 4, B, C, and D (according to Eqs. 7.4.22 and 7.4.23).

Y = (C(—cos(Ax) + cosh(Ax)) + D(— sin(Ax) + sinh(Ax))) (7.4.26)

We then find Py, = 2—‘[ by: 1) differentiating Y with respect to x to obtain
rotation © = %; 2) evaluating this expression at x = L; and 3) dividing this
result by M;. See Eq. 7.4.27.

_sin(AL) cosh(AL) + cos(AL) sinh(AL)
B AEI(1 + cos(AL) cosh(AL))

11 (7.4.27)

This process can be repeated for any of the boundary conditions shown in
Table 7.4.1. The tip receptance results for clamped-free and free-free conditions
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Fig. 7.4.3 Free-free uniform 2 1
beam

Table 7.4.2 Euler-Bernoulli beam tip receptances for clamped-free and free-free boundary
conditions [1]. Coordinates 1 and 2 are defined in Figs. 7.4.1 through 7.4.3. Also, \* = ? %
and L is the beam length

HZZ N22 HIZ NIZ P22 LIZ P]Z HI] Nll PII

Ly H>; L, N, Py Ly,
Free-free
—Cy —C) I C4 5 —Cyq C6 —Cy I 5
X pera Ne; Py Aer per Acr P A¢; Acy
Clamped-free

Neg Ny Aes

Terms c¢; through cg

¢; = cos(AL)sinh(AL) — sin(AL) cosh(AL) ¢s = cos(AL) sinh(AL) + sin(AL) cosh(AL)
+

¢y = sin(AL) sinh(\L) ¢6 = sin(AL) + sinh(\L)
¢3 =sin(AL) — sinh(A\L) = EI(cos(AL) cosh(AL) — 1)
¢4 = cos(AL) — cosh(AL) ¢g = EI(cos(AL) cosh(AL) + 1)

(see Fig. 7.4.3) are summarized in Table 7.4.2, where both direct and cross
receptances are included for the free-free beam. No cross receptances are shown
for the clamped-free beam because the response at the tip is zero for any excitation
at the clamped end and the response is always zero at the clamped end. We should
note that the free-free receptances also include the two (zero frequency) rigid body
modes for the uniform beam. The first displacement-to-force rigid body mode, for
example, represents the motion of the unsupported beam (imagine the beam
floating in space) when a force is applied at its mass center and rigid body
translation occurs. The second rigid body mode corresponds to a force applied
at any other location, which causes rigid body rotation about the mass center.
An important omission for the receptance expressions provided in Table 7.4.2
is damping. Because we are considering solid beams under lateral vibration, the
energy dissipation occurs within the beam only; there are no joints to introduce
damping. As discussed in Section 2.1, internal damping is typically classified as
solid, or structural, damping [20]. It is conveniently included in our harmonic
vibration analysis by replacing £/ in A, ¢7, and c¢g with the complex stiffness term
EI(1 + in), where n is the solid damping factor. Representative values for selected
engineering materials are provided in [21]. For tool-holder modeling, typical
values for steel and sintered carbide components are in the 0.001 to 0.002 range.
While the closed form Euler-Bernoulli beam tip receptances provided in
Table 7.4.2 are convenient to apply, accurate solutions are obtained only for
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beams which exhibit small cross sectional area to length ratios (i.e., long slender
beams). An alternative for beams that do not meet this criterion is the
Timoshenko beam model [22]. The corresponding differential equation is given
by:

Oy EIOW\ (ol Oy EI O \_ (I 0y
o pAox* EAG Ot i AG Ox2012 A Ox20r?

) =0, (7.4.28)

where k is a shape factor that depends on the beam cross section [23] and G is the
shear modulus. Equation 7.4.28 is grouped into three sections (i.e., three
parenthetical expressions). We see that the first section matches the Euler-
Bernoulli beam equation provided in Eq. 7.4.1. The second and third sections
account for shear deformations and rotary inertia, respectively. While these
additional terms improve the model accuracy (particularly at higher frequen-
cies), the tradeoff is that a closed form solution is unavailable. Finite element
calculations may be applied, but at the expense of computation time. A descrip-
tion of the Timoshenko free-free beam receptances obtained from finite element
calculations is given in [24].

7.5 Assembly Receptance Predictions

In Sections 7.3 and 7.4, we provided the building blocks for assembly receptance
predictions. In this section, we’ll detail coupling examples to demonstrate their
implementation.

Example 7.5.1: Free-free beam coupled to rigid support As a test of the recep-
tance coupling procedure, let’s couple a free-free beam to a rigid support (i.c., a
wall) to verify that it matches the clamped-free beam response we derived in
Section 7.4. As described in Section 7.3, we have three primary tasks to com-
plete in order to predict the assembly response. First, we must define the
components and coordinates for the model. Here we have two components: a
uniform beam with free-free boundary conditions and a rigid support (which
exhibits zero receptances); see Fig. 7.5.1. Second, we need to determine the
component receptances. We will apply the closed form receptances provided in
Table 7.4.2. Third, based on the selected model, we express the assembly
receptances as a function of the component receptances as shown in Table 7.3.1.

Let’s define the free-free beam to be a solid steel cylinder with a diameter of
10 mm and a length of 125 mm. The elastic modulus is 200 GPa and the density is
7800 kg/m>. We'll select the solid damping factor to be 0.01 for plotting purposes,
but in practice a value near 0.001 would be more realistic. The free-free cylinder’s
direct and cross receptance equations are given in Table 7.4.2, while the wall
receptances are zero. To calculate A\, we need the frequency vector w (rad/s), cross
sectional area, 4, and second moment of area, /. We'll use a frequency range of
5000 Hz with a resolution of 0.1 Hz. The variables 4 and / are defined in Egs. 7.5.1
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Fig. 7.5.1 Rigid coupling of the free-free cylinder to a wall

and 7.5.2 for the cylinder, where d is the cylinder diameter. The displacement-to-
force free-free receptance for the cylinder, /1, is shown in Fig. 7.5.2. We see a first
bending natural frequency of 2884.9 Hz. The rigid body behavior is exhibited as
the dramatic change in the real part as the frequency approaches zero.
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Fig. 7.5.2 Free-free receptance, hyy, for 10 mm diameter by 125 mm long steel cylinder
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2
A= % (7.5.1)
= % (7.5.2)

To rigidly couple the free-free cylinder to the wall, we apply Eq. 7.3.13:

Hy Ly )
G = = Ri1 — Ri2a(Roa2a + Ropop) ™ Roal,
Nii Py

where the generalized receptance matrices Ry, Ri24, Roura, and Ro,; correspond
to the cylinder and Ry, characterizes the wall response. The MATLAB®) pro-
gram p_7_5_1_1l.mis used to complete the receptance coupling procedure. The
results are displayed in Figs. 7.5.3 and 7.5.4. Figure 7.5.3 shows the Hj,
response from the G;(1,1) position (solid line). The dotted line in the figure is
the clamped-free response, Hy; = ;3—‘;;, from Table 7.4.2. We see that the two
curves are identical and the rigid body behavior is no longer present due to the
coupling conditions. A limited frequency range is displayed in Fig. 7.5.3 to
enable close comparison of the first bending mode. However, all bending modes
are included in the Euler-Bernoulli beam receptances. The frequency range is
increased in Fig. 7.5.4 to show the first two assembly bending modes. The
vertical axis (response magnitude) is logarithmic in this plot because the second
mode magnitude is much smaller than the first. Again, we observe exact agree-
ment between the receptance coupling result (solid) and clamped-free recep-
tance (dotted). An interesting aspect of Fig. 7.5.4 is that, in addition to the two
resonant peaks at 453.4 Hz and 2841.4 Hz, we also see an “anti-resonance” at

x 1074

z 27 1

£ o

3

¥ -2t .
300 400 500 600 700
x 1074

. O T T T

Z

E 2 l

g 1

- _6- 1 1 1 i
300 400 500 600 700

Frequency (Hz)

Fig. 7.5.3 Comparison of H;, receptance coupling result (solid line) and clamped-free
response (dotted) for 10 mm diameter by 125 mm long steel cylinder
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Fig. 7.5.4 Semi-logarithmic plot showing the first two bending modes for Hy; tip receptances
obtained from: 1) rigid coupling of free-free beam to wall (solid line); and 2) clamped-free
response (dotted)

1988.1 Hz. At this frequency, the response is very small, even for large input
force magnitudes.

The rotation-to-couple tip receptance determined from the rigid free-
free beam coupling to the wall is also calculated in p_7_5_1_1.m. This
G11(2,2) entry is shown in Fig. 7.5.5 (solid line). The clamped-free response
(dotted line), Py, :A%, again agrees with the receptance coupling result.
We also see that the first mode natural frequency matches the H;; result
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Fig. 7.5.5 Comparison of P;; receptance coupling result (solid line) and clamped-free
response (dotted) for 10 mm diameter by 125 mm long steel cylinder
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(453.4 Hz), but the magnitude is quite different; note the new units of rad/
(N-m).

We’ve already noted that the assembly cross receptances, G1» and G, and
the direct receptances at the clamped end, G,,, are zero. We can verify this by
direct application of Egs. 7.3.14, 7.3.16, and 7.3.17. For the clamped end direct
receptance, Eq. 7.3.16 simplifies as shown in Eq. 7.5.3.

—1
G22 = R2a2a - RZaZa(RZaZa + RZbe) RZaZa

0 07\"
G2 = Ropa — Rowra (RZaZa + [ 0 O}) Ryi2a (7.5.3)

G22 = RZaZa - R2a2a(R2a2a)71R2a2u = R2[12[l - R2a2a =0

Similar results are obtained for the cross receptances in Eqgs. 7.3.14 and

7.3.17 when substituting Ry, = [8 8] .

Example 7.5.2: Free-free beam coupled to clamped-free beam Let’s now consider
the case depicted in Fig. 7.3.3. A 10 mm diameter by 100 mm long steel cylinder
(free-free boundary conditions) is to be rigidly coupled to a clamped-free 50 mm
by 50 mm by 200 mm long steel prismatic beam. The steel elastic modulus,
density, and solid damping factor are 200 GPa, 7800 kg/m>, and 0.01, respec-
tively. (Again, we selected the solid damping value to be artificially high for
display purposes.) The analysis is the same as Ex. 7.5.1 except that the R,y
receptdnces are no longer zero. They are now defined as shown in Table 7.4.2,
Hip =&, Lin= N =52, =5 We'll again use a frequency range of
5000 Hz with a resolution of 0.1 Hz to calculate \. The variables 4 and 7 are
defined in Egs. 7.5.4 and 7.5.5 for the square prismatic beam, where s is the side
length of 50 mm. The displacement-to-force free-free receptance for the cylinder,
hy1, is shown in Fig. 7.5.6 (solid line). The clamped-free square beam tip recep-
tance, hypp, is also displayed (dotted line). We see a first bending natural
frequency of 4507.6 Hz for the free-free beam. The clamped-free beam has a
first bending frequency of 1022.5 Hz.

A=s (7.5.4)

1= (7.5.5)

The application of Eq. 7.3.13 to this scenario using program p_7_5 2 1.m gives
Fig. 7.5.7, which shows H;; for the assembly. We see two modes within the 5000 Hz
frequency range: one at 1045.2 Hz, near the original clamped-free response, and a
second more flexible mode at 680.9 Hz due to the now coupled cylinder. Because the
prismatic beam is much stiffer than the cylinder, it appears to serve as a nearly rigid
support for the cylinder. This may lead us to believe that approximating the
assembly as a cylinder clamped to a wall is adequate. However, let’s investigate
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Fig. 7.5.6 Free-free % 10-8
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Fig. 7.5.7 Assembly displacement-to-force tip receptance H; for the rigidly coupled cylinder
and prismatic beam shown in Fig. 7.3.3

what happens if we modify the prismatic beam to reduce its first bending frequency
to a value near the clamped-free cylinder’s first bending frequency.

Figure 7.5.8 displays /4, for the free-free cylinder (solid line), as well as /1, for a
longer clamped-free prismatic beam (dotted line). The cylinder’s first bending
natural frequency remains at 4507.6 Hz for the free-free boundary conditions.
However, the first bending frequency for the extended clamped-free beam is reduced
to 654.4 Hz. Figure 7.5.9 shows H;; for the cylinder rigidly coupled to a 50 mm
square by 250 mm long prismatic beam. The response is now quite different than the
assembly receptance shown in Fig. 7.5.7 for the 200 mm long prismatic beam. Even
though the cylinder is coupled to a more flexible base (i.e., a longer clamped-free
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Fig. 7.5.8 Free-free receptance, /1, for 10 mm diameter by 100 mm long steel cylinder (solid
line) and clamped-free receptance, /x5, for 50 mm square by 250 mm long steel prismatic
beam (dotted line)
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Fig. 7.5.9 The displacement-to-force tip receptance, H,;, for rigid coupling of the 10 mm
diameter by 100 mm long cylinder to the 50 mm square by 250 mm long prismatic beam is
displayed

beam), the assembly response has a smaller peak magnitude. The minimum ima-
ginary value for the new assembly is —1.865 x 10~% m/N, while the corresponding
value for the shorter (and stiffer) prismatic beam assembly is —3.222 x 10~* m/N;
this represents a 42% compliance'® reduction. The compliance reduction, or

19 Compliance is the inverse of stiffness.
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equivalently the stiffness increase, is due to interaction between the two beams in a
manner analogous to the well known dynamic absorber. When the clamped-free
prismatic beam’s natural frequency is near the coupled cylinder’s natural frequency,
some energy is able to “pass through” the cylinder and excite the stiffer base. The
result is that the energy is more equally partitioned between the two modes and the
assembly response appears stiffer [8]. An electrical equivalent is the impedance
matching strategy used at cable connections. For example, it is common to use
50 © terminations at all connections to encourage signal transmission and avoid
reflection.

One application of this phenomenon is to select tool lengths that encourage the
interaction between the clamped-free tool’s first bending frequency and one of the
spindle natural frequencies (in bending). For slender tools, as the tool overhang
length from the holder face is adjusted, its natural frequency can be modified to
match a spindle natural frequency. This technique, referred to as “tool length
tuning” or simply “tool tuning” [8, 25, 26], can lead to improved dynamic stiffness
(i.e., a smaller magnitude for the tool point FRF) and increased allowable axial
depths of cut. As we saw with the prismatic beam-cylinder coupling, the surprising
outcome is that increasing the tool length can reduce the assembly compliance in
some instances. We should also note that forcing this interaction and encouraging
the two mode response shown in Fig. 7.5.9 will generally lead to competing lobes
(Section 3.4) in the corresponding stability lobe diagram.

7.6 Tool-Holder-Spindle-Machine Receptance Predictions'!

As we noted in Section 7.2, we can consider the tool-holder-spindle-machine
combination as being composed of three parts: the tool, holder, and spindle-
machine [7]. This enables us to use the closed form Euler-Bernoulli beam recep-
tances contained in Table 7.4.2 to describe the tool and holder dynamics; finite
element based Timoshenko beam receptances may also be applied, of course. Due
to modeling challenges, we measure the spindle-machine response using impact
testing techniques. Given the component responses, we then couple their indivi-
dual FRFs to obtain the assembly response via the receptance coupling substruc-
ture analysis (RCSA) approach [7]. Let’s now discuss this procedure in more detail.

Figure 7.6.1 depicts our model composed of the three individual components:
I — tool, I — holder, and III — spindle-machine'?. So far we have not discussed a
three component model. However, by sequentially coupling the components we
can limit the analysis to the two component case. For example, we can first couple
the free-free holder and tool to form the substructure I-I1 identified in Fig. 7.6.2.
To carry out this step, we begin by defining the components and coordinates as

" Author T. Schmitz recognizes the significant contributions of G.S. Duncan, Valparaiso
University, to this section.

12 US Patent application 200700884 56.
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Fig. 7.6.1 Three component receptance coupling model of tool (I), holder (II), and spindle-
machine (III)
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Fig. 7.6.2 (Sub)assembly I-1I composed of tool (I) and holder (II). The generalized force Q; is
applied to U, to determine G;; and G,
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displayed in Fig. 7.6.2. We then calculate the component receptances. If we apply
the Euler-Bernoulli receptances described by Bishop and Johnson [1], the appro-
priate equations are provided in Table 7.4. 2 For I, we have the free-free recep-
tances: hyp =5k, ln=nn =575, pu=35 h2a2u =y haa=mad =32,
Pr2a = 5o, h12a = ha = ﬁ, hoa=ma =5¢  ba =mu=53t, and
Pl2a = Paal = /\ , where \* = &? EI(li ,and L, p, A, E, I, and n depend on the

tool geometry and material properties. For II, we simply replace coordinate 1
with 2b and coordinate 2a with 3a in the previous equations. Additionally, we
must use the holder geometry and material properties to define A\, L, p, 4, E, I,
and 7. We will assume a rigid coupling between these two components and follow
the approaches described previously to determine the I-II (sub)assembly tip
receptances: (direct) G;; and Gs,3,; and (cross) Gz, and Gs,.

To find G1; and Gs,;, we apply Q; to coordinate U; as shown in Fig. 7.6.2.
The components’ displacements/rotations are: u; = Rji1q1 + Ri24924,
g = Roa1q1 + RowzaGra> Uzp = Ropopqop, and uz, = R3upqap. The equilibrium
conditions are: ¢a, + ¢q2» = 0 and ¢ = Q). We substitute the component dis-
placements/rotations and equilibrium conditions into the compatibility condi-
tion, uy, — up, = 0, to obtain the expression for ¢», shown in Eq. 7.6.1. The
component force ¢, is then determined from the equilibrium condition
¢2a = —q2»- The expression for Gy; is provided in Eq. 7.6.2. The cross recep-
tance matrix Gs,; is shown in Eq. 7.6.3.

Uy — g =0
Roppqop — Roaq1 — Rowpaqra = 0
(Raa2a + Ropp )2 — Roat Q1 =0

g2 = (Rouza + Ropp) ™ Roa1 O

-1
Lo Rugi+Riagaa - RuQi—Rina(Rowat+Ropon)” Roa O

1

1 0, [

(7.6.1)

<

G =

Q)
Q)

i, Lu] (7.6.2)
Nit Py

-1
Usa — 30— Rzapqan _ R3awop(RoadatRapan)  Roa1 Q)

G11 = Rii — Riza(Rowa + Ropp) ™ Raal = {

[ [ [

H3ul L3al :|
Niat  P3al

G3a1 -
(7.6.3)
G3a1 = Rsan(Raaza + Rasap) ' Roat = [

We find the remaining tip receptances Gs,3, and Gz, by applying Oz, to
coordinate Uz, as shown in Fig. 7.6.3. The components displacements/rotations
are: u; = Ri2q4q24, Uy = Rowaqra, uzp = Ropopqop + Rop3aqsa,  and
u3qa = R3ppqap + R3u3q934- The equilibrium conditions are: ¢y, + g2, = 0 and
¢3a = Q34 In the same manner as before, we substitute the component displace-
ments/rotations and equilibrium conditions into the compatibility condition,
Uz, — uypy = 0, to determine ¢»,; see Eq. 7.6.4. The component force ¢, is found
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Q3a
Uzq Upp
+ I + u uy
2a
+ .+
924
934 92

Fig.7.6.3 (Sub)assembly I-1I composed of tool (I) and holder (II). The generalized force Q3 is
applied to Us, to determine Gs,3, and G 3,

from ¢, = —¢2,. The equation for the direct receptance Gs,3, is shown in
Eq. 7.6.5, while the cross receptance G3, is provided in Eq. 7.6.6.

Uy — upp =0
Rowaq2a — Roponqas — Rovzaqza = 0

(Rog2a + Ropop)q2a — Rop3aQ3q = 0

—1
94204 = (R2112a + RZbe) R2b3aQ3a
Use  wa  Riga@ia + Raondos  RszaQ3a — Rawop(Roa + Ropop) ™ RopzaQsa

(7.6.4)

G ada — A~ — - -
@ Q3a QSu Q3(1 Q3a

7.6.5
1 H3a3a L3a3a ( )

G3a3u = R3a3u - R3a2b(R2u2u + R2b2b) R2b3tt =

3a3a PBaBa
G — Ui Riuga Rina(Roa + Ropop) ™' Rop3aQsa
Ba= /=7 = =

¢ Q3a Q3a Q3a Q3a (766)

_ Hiz, Lz
G130 = Ri2a(Raa + Ropop) "Ropra = { ¢ a]

N13a P13a

Now that we’ve coupled components I and II to form the (sub)assembly I-11,
we can rigidly couple this result to the spindle-machine. See Fig. 7.6.4, which is



7.6 Tool-Holder-Spindle-Machine Receptance Predictions 279

0

uzp
U,

1II + +

. — I-1T

uy

q1

o

3

934

Fig. 7.6.4 The I-11 (sub)assembly is rigidly coupled to the spindle-machine (I1I) to determine
the tool point receptances, G1;

very similar to Fig. 7.3.3. To apply Eq. 7.3.13, we must make minor modifica-
tions to the subscripts to match our new coordinates. Relative to the original
equation, we see that we must replace coordinate 2a with 3¢ and coordinate 2b
with 3b. Therefore, the tool point receptances are defined by:

G11 = Ryt — Rizg(Rsuza + Rapzp) ™ Rial, (7.6.7)

where the R; matrices are the (sub)assembly matrices from the I-II coupling
result. Therefore, we have: Ry; = Gy from Eq. 7.6.2, R3, = G3, from
Eq. 7.6.3, R3,3, = G343, from Eq. 7.6.5, and R;3, = Gi3, from Eq. 7.6.6. We
still have one matrix in Eq. 7.6.7 that is unknown, however. We do yet not know
the spindle-machine receptances Rsj3p.

7.6.1 Spindle-Machine Receptances

Before discussing R3,3, in more detail, let’s take another look at the model
in Fig. 7.6.1. We notice that the section of the tool holder beyond the
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flange has been artificially separated from the rest of the holder, which
includes the portion that is inserted and clamped in the spindle. There are
two reasons for this approach. First, for a given spindle, all holders
inserted in that spindle will typically have the same flange geometry. In
general, it is only the portion of the holder beyond the flange that varies
from one holder to the next; this is necessary for automatic tool changes.
Second, the portion of the spindle that we need to excite and measure is
the spindle shaft itself. Unfortunately, typical spindle designs do not give
us access to the spindle shaft. It is located within the spindle housing and
interfaces with the holder-spindle coupling mechanism (such as HSK,
CAT, or other). Therefore, it is convenient to consider the holder flange
and taper to be part of the spindle itself. This also locates potential
flexibility in the holder-spindle coupling within the measured spindle recep-
tances so that they do not have to be separately modeled.

Given our discussion of impact testing in Section 2.6, we see that the direct
FRF h3,3, would be straightforward to obtain. We’d simply need to modify a
holder to remove the portion beyond the flange, place this artifact in the
spindle, and then excite spindle-machine at the free end of the holder (on the
flange), while measuring the response at the same location. However, as we’ve
discussed, we also require the direct displacement-to-couple, rotation-to-force,
and rotation-to-couple FRFs to fully populate the Rj;3, matrix. These addi-
tional receptances are not so easy to obtain experimentally. Exciting the system
with an impulsive couple is particularly challenging. Therefore, we can consider
a different approach.

Rather than using a measurement artifact that includes only the flange
and taper, let’s select an artifact that incorporates some length beyond the
flange as shown in Fig. 7.6.5. If we can determine the assembly matrix

Hy Lo
O = [sz P
with a model of the portion of the artifact beyond the flange, to determine Rsy3y,.
By replacing coordinate 1 with 2, coordinate 2a with 3a, and coordinate 25 with
3b in Eq. 7.3.13, we obtain the free end response for the artifact-spindle-
machine assembly:

} experimentally, then we can use this information, together

G2 = Ry — Raza(Raa + Rapsp) ' Raaa. (7.6.8)

We can rearrange Eq. 7.6.8 to isolate Rsssp. See Eq. 7.6.9, where the R;
matrices are obtained from a model of the free-free portion of the artifact
beyond the flange (component II in Fig. 7.6.5) and G, is determined from
measurements. We can describe this decomposition process of identifying the
substructure receptances, Rsp3,, from the measured assembly receptances, G»,
and modeled substructure receptances, Rz, Ry, Ro3, , and Rj,3,, as “inverse
RCSA”.
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Artifact

uzp
Uy

- :l_ _l_a 11 _l_

Fig. 7.6.5 Artifact model for G, measurement; these receptances are subsequently used to
determine Rj;3;, by inverse RCSA (Eq. 7.6.9)

Gr — Ry = —Roe(Ragza + Rypsp) ' Rin
RZ_SIa(RZZ - G22)R3_(;12 = (R3[l3[l + R3b3b)7l

| (7.6.9)
R30(R» — G2)™ Roza = R3za + Rapzp

Rip3p = R3a(Raz — G2) ™' Rasa — Riaza

Our only remaining task is to define the G», receptances. The displacement-

to-force term H, :% is straightforward to obtain. We simply excite the

assembly at coordinate 2, typically via an impact hammer, and record the
response at the same location using, for example, an accelerometer, laser
vibrometer, or capacitance probe. To find the rotation-to-force receptance

Ny = %2, we can implement a first order finite difference approach [27]. By
measuring both the direct FRF H,, and cross FRF H,,» = 42 we can compute

F
N»> according to Eq. 7.6.10. The displacement-to-force c;oss FRF H,, is

obtained by exciting the assembly at U, and measuring the response at coordi-
nate U,,, located a distance S from the artifact’s free end, as shown in Fig. 7.6.6.
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U U

- -

Fig. 7.6.6 Locations for direct and cross artifact-spindle-machine assembly measurements

Equivalently, we could measure H,,,, where the linear transducer is placed at
U, and the force is applied at Uy,

Hy — Hogp _ Hy — Hyy
S S

Ny = (7.6.10)

We can assume reciprocity to establish the equality: L, = N,,. (We see this
same behavior for the free-free beam receptances in Table 7.4.2.) We cannot rely
on reciprocity or finite difference computations to find P,». However, using the
other three artifact-spindle-machine receptances, we can synthesize P, [28]. See
Eq. 7.6.11. Given P»,, we have now fully populated G, and we can use Eq. 7.6.9
to obtain R3h3b-

0, KHX:0 1 N3
Pp=—2="2"2"2 0 [Ny =2

= —== 7.6.11
M, XoM>,F, Hpy H ( )

7.6.2 Summary

Let’s conclude the chapter by summarizing the RCSA steps and discussing
implementation considerations. Given the three component model shown in
Fig. 7.6.1, our initial task is to identify the substructure receptances. We find the
tool (I) and holder (IT) free-free receptances from models. These may be based
on Euler-Bernoulli beam theory or finite element computations, for example.
We use artifact measurements and inverse RCSA to determine the spindle-
machine (IIT) receptances. Once we have the substructure dynamics defined, we
sequentially couple the three component receptance matrices to obtain the tool
point FRF, H;;, that is required for the stability and surface location error
analyses described in Chapters 4, 5, and 6. A benefit of this technique is that
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VI Iv + I II

<

Fig. 7.6.7 Component definitions to account for changes in cross sectional dimensions and
the portion of the tool inserted in the holder

once the spindle-machine receptances have been identified, any tool-holder
combination can be coupled to the selected spindle without the need for addi-
tional measurements.

A final point for consideration is the tool and holder models. One issue is
that a portion of the tool is inserted in the holder; see component III in
Fig. 7.6.7. This gives the potential for cross sections with different material
properties between a steel holder and carbide tool, for example. Equivalent
structural rigidity, El,,, and mass per unit length, pA4.,, values can be calcu-
lated as shown in Eqgs. 7.6.12 and 7.6.13, where the /2 and ¢ subscripts indicate
the holder and tool, respectively. These may then be substituted for the E/ and
pA products in the Euler-Bernoulli beam receptance equations defined in
Table 7.4.2.

El,, = Eply + E/, (7.6.12)

pAeg = pidn + pid; (7.6.13)

A second issue for the Euler-Bernoulli receptances is that constant cross
sectional dimensions are required. Changes in cross section can be accommo-
dated by defining a new component for each constant cross section portion.
Components I through V are defined in Fig. 7.6.7 to represent the required tool
and holder substructures. Here we see that a separate component, I, was defined
for the fluted portion of the tool. This is necessary because the actual 2"
moment of area, 7, and area, A4, for the helical flutes differ from the cylindrical
shank 7 and A4 values. One approach is to define an equivalent diameter that is
then used in the / and A4 calculations. See [29, 30], for example.
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IN A NUTSHELL If measurement of the tool tip FRF is

convenient for the machine tool user, then the information

required for pre-process predictions of machining performance

can be directly obtained. However, if FRF measurements are

difficult for the user to complete, then receptance coupling offers
an alternative.

While receptance coupling requires accurate measurements of the spindle-
machine substructure, these measurements certainly fall within the domain of
expert consultants. If the spindle-machine response is archived and the com-
putations are embedded in software, then the power of a machine tool user to
predict the assembly FRF for a new unmeasured tool is formidable. The
predicted FRF can be used to compute stability lobes and surface location error
and enable the end user significant advantage because he/she will know which
cuts are acceptable and which are not for the selected tool-holder-spindle-
machine combination.

The previous scenario highlights the thrust of this book. It is possible to use
the techniques described here to predict machining performance with sufficient
accuracy that the trial and error process development approach so prevalent in
machining operations today can be rendered obsolete.

Exercises

1. Determine the direct frequency response function, %, for the two degree of
freedom system shown in Fig. e.7.1 using receptance coupling. Express your
final result as a function of m1, ¢, k, and the excitation frequency, w. You may
assume a harmonic forcing function, F>, is applied to coordinate X>.

Fig. e.7.1 Two degree of freedom assembly

2. Determine the direct frequency response function, %, for the two degree of

freedom system shown in Fig. e.7.2 using receptance coupling. Express your
final result as a function of m, ¢, k, and the excitation frequency, w. You may
assume a harmonic forcing function, F, is applied to coordinate X;.

3. Plot the displacement-to-force tip receptance for a sintered carbide cylinder
with free-free boundary conditions. The beam is described by the following
parameters: 19 mm diameter, 150 mm length, 550 GPa elastic modulus,
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and 15000 kg/m® density. Assume a solid damping factor of 0.002. Select a
frequency range that encompasses the first three bending modes and dis-
play your results as magnitude (m/N) vs. frequency (Hz) in a semilog
format.

2m

k
_|_> _|—>
X1 X2
?I """" T e ?
| 11 11 i
i - m - 2m i
; AT
i k 2k i
i | | i
i I [ i
s xon
T m

Fig. e.7.2 Flexible damped coupling of mass (I) to spring-mass-damper (II) to form the two
degree of freedom assembly (I1I)

4. Use receptance coupling to rigidly join two free-free beams and find the free-
free assembly’s displacement-to-force tip receptance. Both steel cylinders are
described by the following parameters: 12.7 mm diameter, 100 mm length,
200 GPa elastic modulus, and 7800 kg/m? density. Assume a solid damping
factor of 0.0015. Once you have determined the assembly response, verify
your result against the displacement-to-force tip receptance for a 12.7 mm
diameter, 200 mm long free-free steel cylinder with the same material proper-
ties. Select a frequency range that encompasses the first three bending modes
and display your results as the real (m/N) and imaginary (m/N) parts vs.
frequency (Hz) using a linear scale.
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