
Chapter 5

Surface Location Error in Milling

No amount of experimentation can ever prove me right; a single
experiment can prove me wrong.

- Albert Einstein

In Chapter 4 we described analytical approaches to determining the stability
behavior of milling. We showed stability lobe diagrams that identify stable and
unstable combinations of spindle speed and axial depth of cut in a graphical
format. We also developed time-domain simulations that predict forces and
displacements for straight and helical teeth square endmills and helical teeth
ball endmills. These simulations could also be employed to determine stability.
In this chapter, we presume that stable cutting conditions have been selected
and we investigate the influence of forced vibrations on part geometric accu-
racy. We refer to part errors that occur due to forced vibrations as surface
location errors and again apply both analytical frequency-domain and time-
domain approaches to their prediction.

5.1 Surface Location Error

As we’ve seen, the process dynamics can impose significant limitations on
milling efficiency due to chatter, or self-excited vibrations that lead to large
forces, displacements, and poor surface quality. However, productivity can also
be limited by forced vibrations which cause surface location error, or workpiece
geometric inaccuracies that result from dynamic displacements of the tool
during stable milling [1-14]. Other limiting factors include, for example,
machine tool quasi-static positioning errors, thermal errors, contouring errors,
and tool wear [15], but we do not address these here.

A visual explanation of the surface location error phenomenon is provided in
Fig. 5.1.1. Even under stable cutting conditions, the tool experiences forced/
synchronous vibrations which depend on the system frequency response
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function, FRF, and excitation frequency (or tooth passing frequency, see
Eq. 4.1.14), as well as other process parameters, including the radial and axial
depths of cut, feed per tooth, and force model coefficients (although the actual
cutting force doesn’t inherently obey our selected force model, we do require a
model with corresponding coefficients for simulation purposes). In Fig. 5.1.1a,
we conveniently assume that the tool vibration follows a sinusoidal profile in
the feed direction while peripheral milling a square shape. The position of the
tool in its periodic vibration cycle as is exits the downmilling cut determines the
actual location of the machined surface1. In Fig. 5.1.1b, due to the selected
tooth passing frequency, the surface is undercut, i.e., less material is removed
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Fig. 5.1.1 Demonstration of surface location error. (a) Intended down milling cut geometry.
(b) Undercut example. (c) Overcut example

1 This also explains why a vibrating tool can leave a smooth surface. Because the tool
vibration is synchronous with rotation, the tool is in the same position each time it creates
the new surface.
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than commanded. In this case, the tool vibration is away from the intended

surface at each instant that a tooth is exiting the cut (only these cutter angles are

shown and the lateral scale is greatly exaggerated). Figure 5.1.1c represents the

overcut condition where more material is removed than commanded. Now the

tool vibration is toward the intended surface when the tool is exiting the cut.

Analogous representations could be provided for up milling, except we are

interested in the tool location as it enters the cut.
The source of the surface location error behavior is the variation of the

machine-spindle-holder-tool, and potentially the workpiece-fixture, FRF mag-

nitude and phase with forcing frequency (as shown in Fig. 2.2.3, for example).

Due to the change in phase with tooth passing frequency (spindle speed), the

time lag between the force and vibration varies. Therefore, the location of the

cutter in its vibration cycle when leaving the surface depends on the selected

spindle speed. The dependence of surface location error on the phase lag

between the forcing function and displacement causes significant variation

near the natural frequency (considering a single degree of freedom system for

simplicity) because for the lowly damped tool point FRFs typically observed in

practice, the phase changes rapidly in this frequency range. To explore this

behavior, we first describe a frequency-domain solution to surface location

error and then demonstrate the spindle speed dependence with numerical

examples.

IN A NUTSHELL The concept of surface location error may
be surprising to some readers. In CNC programming packages,

the tool is modeled as a cylinder (or perhaps a cylinder with a

spherical end), the workpiece is modeled as a prismatic solid, and

the workpiece is created by the relative motion of the cylinder

with respect to the solid. However, the tool is not a cylinder. It is a collection of

cutting edges that rotate together.
It is obvious to many that the tool and workpiece are not rigid. This is

certainly one of the reasons for making a roughing pass followed by a finishing

pass. This intuition reveals the static surface location error. However, actual

surface generation is more complicated than a static deflection. The variable

cutting force, even in stable machining, causes the tool to vibrate. The surface

location is controlled by the position of the tool in its cycle of vibration at the

time that a tooth is in a position to generate the final surface. The tool may

exhibit large vibrations, yet still produce an accurately located surface. Alter-

nately, these large vibrations may produce significant errors in the surface

location.
By analogy, we might imagine that the vibrating tool is like a swing on a

playground. The surface generation is like the moment of contact between the

pusher and the swing. The pusher can stand far behind the swing and push as

the swing reaches its peak displacement (poorly located surface) or the pusher
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may stand to the side and push the swing as it passes through its equilibrium
position (perfectly located surface).

Of course, the cutting operation is more complicated. Naturally, the surface
location error is spindle speed dependant. The spindle speed sets the frequency of
the force exciting the vibration and, therefore, defines the resulting displacement
according to the frequency response function. In addition, if the cutter teeth are
helical, then different levels of the surface are generated at different instants in
time. The surface location error along a line parallel to the tool’s rotation axis,
therefore, varies from the tip of the tool to the full axial depth of cut.

5.2 Frequency-Domain Solution

In chapter 4 we described the average tooth angle [16] and Fourier series
[17] approaches to stability behavior prediction in milling. Both were fre-
quency-domain methods that relied on knowledge of the FRF and force
model coefficients. To complement these analytical tools, we now describe a
frequency-domain solution to surface location error [18]. Together, these
provide a comprehensive picture of the role of milling dynamics in process
productivity.

In order to determine surface location error using a frequency-domain (or
steady-state) approach, we make two basic assertions. First, although vibra-
tions of the cutter occur in both the x and y directions, the y direction vibrations
dominate the final surface location for an x direction feed. Second, regeneration
can be neglected in stable machining. Based on these assumptions, the concept
is to: 1) express the y direction cutting force in the frequency-domain, Fy(!)
using a Fourier series; 2) determine the frequency-domain y displacement,Y(!),
by multiplying Fy(!) by the machine-spindle-holder-tool direct FRF (measured
or modeled at the tool point) in the y direction,

Y !ð Þ
Fy !ð Þ; and 3) inverse Fourier

transform this result and sample at the cut entry (up milling) or exit (down
milling) to find the surface location error. Note that, unlike time-domain
simulation, the tool point FRF can be used directly without the requirement
for a modal fit in this approach.

5.2.1 Fourier Force Model

If we apply the cutting force model provided in Eq. 5.2.1, which relates the
tangential, Ft, and normal, Fn, cutting force components to the axial depth of
cut, b, and chip thickness, h, Fy(�) can be expressed as shown in Eq. 5.2.2. In this
equation, the summations account for all possible teeth within the cut, a circular
tool path is assumed, ft is the feed per tooth, and g(�i) is the switching function
previously defined in Eq. 4.3.10. Also, the angle of each tooth, i (Nt total), at any
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instant in time is �i ¼ !tþ 2p
Nt

i� 1ð Þ (rad), where ! is the spindle rotating
frequency (in rad/s).

Ft �ð Þ ¼ ktbh �ð Þ þ kteb

Fn �ð Þ ¼ knbh �ð Þ þ kneb
(5:2:1)
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The equivalent Fourier series for the y direction cutting force can be written
once the Fourier coefficients, an and bn, are determined.

Fy �ð Þ ¼
XNt

i¼1
a0 þ

X1

n¼1
an cos n�ið Þ þ bn sin n�ið Þð Þ

 !

The a0 term, for example, can be found using Eq. 5.2.3, where the integral for a
full revolution of the selected tooth may be divided into three parts. The three
subsequent integrals are delineated by �1, which represents the cut entry angle in
downmilling or cut exit angle in upmilling, and p rad, which defines themaximum
angle that a tooth can be engaged in the cut (if � is defined positive in a clockwise
sense from the positive y axis). See Fig. 5.2.1. Considering a down milling cut, for
example, only the middle of the three integrals in Eq. 5.2.3 is nonzero due to the
switching function embedded in Fy(�). Performing the relevant integration for
down milling yields Eq. 5.2.4. For up milling, only the first integral in Eq. 5.2.3 is
nonzero and the integration limits become zero to �1 in Eq. 5.2.4.
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Fig. 5.2.1 Angles for Fourier series integrals. (a) Up milling. (b) Down milling
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The an coefficients are computed using Eq. 5.2.5 and the bn coefficients using
Eq. 5.2.6. Again, the integrals can be partitioned using �1 and p as shown in
Eq. 5.2.3. Closed-form equations for the n=3, 4, 5, . . . coefficients are determined
by observing the recursive patterns after integration. See Appendix C.

an ¼
1

p

Z2p

0

Fy �ð Þ cos n�ð Þd� (5:2:5)

bn ¼
1

p

Z2p

0

Fy �ð Þ sin n�ð Þd� (5:2:6)

To accurately represent milling forces, however, it is also necessary to account
for the influence of the teeth helix angle, �. This can be accomplished by section-
ing the tool intoA axial slices. Each slice is assumed to have a zero helix angle and

the slices are rotated relative to one another by the angle� ¼ 2db tan �ð Þ
d (rad), where

db is the slice height and d is the cutter diameter (see Fig. 4.5.3). The Fourier series

is now written as Fy �ð Þ ¼
PA

j¼1

PNt

i¼1
a0 þ

P1

n¼1
an cos n�ið Þ þ bn sin n�ið Þð Þ

� �

, where

�i ¼ !tþ 2p
Nt

i� 1ð Þ � � j� 1ð Þ. Naturally, a larger number of slices improves

the force fidelity.

Example 5.2.1: Fourier series force dependence on number of coefficients As
expected, the accuracy of the Fourier series force depends on the number, n, of
coefficients included in the series. Figure 5.2.2 shows a comparison of the y

direction force determined by time-domain simulation and its Fourier series for
n = 5 and n = 50. The cutting conditions are: up milling, 25% radial immer-
sion, Nt = 4, d = 19 mm, � = 30 deg, b = 1 mm, ft = 0.1 mm/tooth, kt =
700 N/mm2, kn = 210 N/mm2, kte = kne = 0 N/mm, and != 300p rad/s (i.e.,
the spindle speed, �, is 9000 rev/min, or rpm). Figure 5.2.2 was generated using

the MATLAB
1 program p_5_2_1_1.m included on the companion CD. The

MATLAB
1 function eval, used to evaluate strings, was implemented to enable

an arbitrary number of Fourier coefficients to be computed without requiring
significant reprogramming.

Example 5.2.2: Frequency-domain surface location error calculations The four
steps for frequency-domain surface location error prediction, namely:
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� using a Fourier series to determine Fy(t) and applying the discrete Fourier
transform to obtain Fy(!);

� calculating the frequency-domain y displacement using Y !ð Þ ¼ Y !ð Þ
Fy !ð ÞFy !ð Þ,

where Y !ð Þ
Fy !ð Þ is the y direction machine-spindle-holder-tool direct FRF (at the

tool point);
� inverse Fourier transforming Y(!) to obtain y(t); and
� sampling it at the cut entry (for up milling) or exit (for down milling),

are carried out in p_5_2_2_1.m. The function, p_5_2_2_2.m, called from
within p_5_2_2_1.m, actually completes the individual surface location error
computations.

To compare the surface location error (SLE) in up and down milling,

simulations were completed for the following conditions: 50% radial immersion

(up and down milling) at spindle speeds from 6900 rpm to 7800 rpm, Nt = 4,
�=30 deg, d=12.7 mm diameter, ft=0.1 mm/tooth, b=1mm, kt=700 N/

mm2, kn = 210 N/mm2, kte = kne = 0 N/mm, symmetric structural dynamics

with a stiffness of 1� 107 N/m, 1% damping (i.e., a damping ratio, �, of 0.01),
and 500 Hz natural frequency. The results are displayed in Fig. 5.2.3, where 50
terms were used in the Fourier series force model. It is seen that the surface

location error yields an overcut surface in both instances. For up milling, the

positive SLE means that cutter is radially deeper into the cut than commanded

when creating the final surface. Similarly, for down milling, the negative SLE
indicates that the cutter is farther into the cut than desired.

Because the frequency-domain surface location error simulation neglects

regeneration, stable conditions are predicted in all instances (i.e., only forced

vibrations are considered). Therefore, these calculations must be accompanied
by the appropriate stability lobe diagram to select stable machining parameters.

The Fourier series approach stability lobe diagram corresponding to the
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Fig. 5.2.2 Force
reconstruction using time-
domain (solid line) and
Fourier series (dotted line:
n = 5; dashed line: n = 50).
Additional coefficients
increase the force fidelity
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selected up milling scenario is provided in Fig. 5.2.4. The stability lobe diagram

for 50% radial immersion down milling is nearly identical and is not shown.

The test range for the surface location error simulations is indicated by the solid

line. It is verified that the selected cutting conditions for Fig. 5.2.3 are in the

stable zone. Figure 5.2.4 was generated using the MATLAB
1 program

p_5_2_2_3.m.
To compare surface location error trends over a broader range, calculations

were completed using the same system under 50% radial immersion up milling

for spindle speeds from 6900 rpm to 7700 rpm and axial depths from 0.5 mm to

5mm. See the dotted rectangle in Fig. 5.2.4. The surface location error contours

(lines of constant error) are provided in Fig. 5.2.5, where 50 terms were again

used for the Fourier series force. An interesting aspect of this figure is the high

sensitivity of surface location error to spindle speeds near 7500 rpm. Using

Eq. 4.3.7, we see that the best speeds for increasing axial depth of cut without

chatter are:
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Fig. 5.2.3 Surface location error (SLE) for Ex. 5.2.2. Both up and down milling lead to an
overcut condition
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�best ¼
fn � 60

Nþ 1ð Þ �Nt
¼ 500 � 60

Nþ 1ð Þ � 4 ¼
7500

Nþ 1ð Þ :

For the right-most (N = 0) lobe highlighted by the rectangular simulation

range in Fig. 5.2.4, the best speed is therefore in the high slope surface location

error range. This high slope indicates that small errors in our knowledge of the

system dynamics or spindle speed could lead to significant changes in the

predicted error and affect our ability to compensate by tool path adjustments,

for example. We also see that the error tends to increase with axial depth. This

result is expected given that the force magnitude, and consequently the
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Fig. 5.2.5 Surface location error contours for rectangular stable zone identified in Fig. 5.2.4.
High sensitivity of the error to spindle speed is observed near 7500 rpm, the traditional best
speed for increased chatter-free axial depth of cut
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Fig. 5.2.4 Stability lobe
diagram for Ex. 5.2.2 (50%
radial immersion up
milling). Two test ranges are
also identified: (solid line)
6900 rpm to 7800 rpm at
1 mm axial depth; and
(dotted line rectangle)
6900 rpm to 7700 rpm with
axial depths from 0.5 mm to
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vibration level, scales with axial depth. While these results do not preclude the

use of the best speeds equation to select a preferred spindle speed, it does

demonstrate that combining consideration of surface location error with stabi-
lity may lead to a slightly different spindle speed choice to balance the two

requirements. This is explored further at the end of this section. Figure 5.2.5 was
generated using the MATLAB

1 program p_5_2_2_4.m.
A natural question to ask is if this same variation in surface location error

also occurs in higher N value stability lobes. To answer this question, let’s
complete simulations for the spindle speed range from 2000 rpm to

10000 rpm. This span encompasses the first three best speeds (N = 0, 1, and
2) at 7500 rpm, 3750 rpm, and 2500 rpm. Using a 25% radial immersion to raise

the critical stability limit (the depth at which the cut is stable for all spindle
speeds) and enable an axial depth of 0.75mm, but maintaining consistency in all

other conditions with respect to Fig. 5.2.5, produces the error variation dis-

played in Fig. 5.2.6 (p_5_2_2_5.m).We see that the surface location error shows
sensitivity to spindle speed at each of the best speeds.

IN A NUTSHELL It can be seen that over broad segments of
the spindle speed range, the surface location error is quite small.

However, there are also narrow bands in which the surface

location error is large or changes rapidly from large negative to
large positive values, for example. Unfortunately, these sections

of extreme speed sensitivity are located within the stable zones of the stability
lobe diagram. It is for this reason that the combined ability to choose stable

cutting parameters as well as predict the surface location error is so important.

As noted in Section 5.1, it is the change in phase with frequency that varies the
time lag between the force and vibration and causes the surface location error

dependence on spindle speed. Further, the variation in phase with tooth passing
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Fig. 5.2.6 Variation in
surface location error from
2000 rpm to 10000 rpm for
the system described in
Ex. 5.2.2. The up milling
radial immersion is 25% and
the axial depth is 0.75 mm.
The behavior is periodic
with error sensitivity near
the best speeds identified in
Eq. 4.3.7
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frequency (zero to -180 deg for a single degree of freedom system) is strongest

near the natural frequency. The repetitive behavior observed in Fig. 5.2.6 occurs

as increasing harmonics of the fundamental tooth passing frequency excite the

system resonance. Figure 5.2.7 shows the spectra of the y direction cutting force

for 7500 rpm and 3750 rpm (p_5_2_2_6.m). At 7500 rpm (top), the first

harmonic, or fundamental peak, is coincident with the 500 Hz natural fre-

quency. At 3750 rpm, (bottom) the first harmonic occurs at 250 Hz, but the

second harmonic now matches the natural frequency. Similarly, the third

harmonic excites resonance at 2500 rpm (not shown). The surface location

error magnitude decreases with each increasing N value because the energy in

the subsequent harmonics reduces. Figure 5.2.8 is included to demonstrate this

phenomenon pictorially.
As a final activity before considering the effect of the helix angle on

surface location error, let’s investigate the influence of radial depth of cut.

We’ll use the same dynamic system with a spindle speed range of

6900 rpm to 7800 rpm and vary the radial engagement for down milling

from 50% to 20% in decrements of 10%. The corresponding starting

angles are {90, 101.5, 113.6, and 126.9} deg, respectively, as calculated

using Eq. 4.1.5 and the exit angle is always 180 deg for down milling

based on the circular tool path approximation. Let’s select an axial depth

below the 50% radial immersion critical stability limit. We can see from

Fig. 5.2.4 that b = 0.35 mm ensures stable conditions for any spindle

speed so we’ll apply that value (although Fig. 5.2.4 is for up milling, the

stability limit is similar for down milling at the same radial immersion in

this case). The results, which were obtained using p_5_2_2_7.m, are pro-

vided in Fig. 5.2.9. We see that the transition from overcutting (negative

error for down milling) to undercutting (positive error for down milling)

near the N = 0 best spindle speed shifts to the left as the radial
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Fig. 5.2.7 Force spectrum for 7500 rpm (top) and 3750 rpm (bottom)
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immersion is reduced. Also, the shape of the error profile changes and the
peak-to-peak magnitude decreases. The latter occurs because the force
level reduces with smaller radial depth of cut.

5.2.2 Variation in Surface Location Error with Axial Location

As discussed in Section 4.5, the effect of the helical cutting edge geometry is that
the full length of the cutting edge does not enter (or exit) the cut at the same
instant. The edge nearest the free end of the tool enters first and there is an
increasing delay of the cut entry (and exit) for points on the edge that are farther
from the free end (toward the spindle). The helical square endmill geometry
considered here is shown in Fig. 5.2.10.

Due to the entry delay for up milling and exit delay for down milling, the
surface location error varies with axial location (z direction) along the helical
cutting edge length. Effectively, this occurs because the surface location is deter-
mined by the time dependent y vibration, but all points along the surface (in the z
direction) are not generated simultaneously. Relative to the free end of the cutter,

the angular delay along the tool axis is� ¼ 2 zj j tan �ð Þ
d (rad), where zj j is the absolute

value of the distance from the end. The corresponding time delay is �
��2p
60

ðsÞ, where�

is the spindle speed in rpm. The surface along the cutter axis (from the free end
toward the spindle) is therefore produced at progressively later points in time
while the cutter vibration state varies continuously. This leads to a periodic
variation in the surface location error with the z value, as shown in [14].

We can use the MATLAB
1 program p_5_2_2_8.m to investigate this behavior.

Similar to the time-domain simulations in Sections 4.5 and 4.6, the tool is discretized
into axial slices. The angular delay with z location is handled by changing the times
at which the y(t) vector is sampled to determine surface location error. For axial
slices not at the tool point, the time vector is sampled later than the cut entry (up
milling) or exit (down milling) by dX*(cnt-1)/(omega/60*2*pi), where
cnt = 1, 2, 3. . . is the index of the current axial slice (equal to 1 at the tool
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Enters cut later 
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Spindle location 

Fig. 5.2.10 The helical endmill geometry causes the cutting edge to enter and exit the cut at
later instants in time when moving from its free end toward the spindle (the feed direction is to
the left for this figure)
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point), the delay angle per slice is dX = 2*db*tan(gamma*pi/180)/d
(rad), db is the slice width in the z direction, gamma is the helix angle (deg), and
dis the tool diameter. Figure 5.2.11 shows the results for 50% radial immersion up
milling with the same specifications provided previously. The spindle speed is
7500 rpm and the axial depth of cut is 12 mm; the stability of this cut was verified
using p_5_2_2_3.m. Clearly, the surface location error is strongly dependent on the
axial location for this example, where the zj j ¼ 0 location corresponds to the tool’s
free end and the orientation is the same as shown in Fig. 5.2.10. We should state
explicitly here that all previous figures reported results for the error only at the free
end of the cutting tool. For comparison purposes, p_5_2_2_8.m was used to
calculate the surface location error for b = 6 mm at 3750 rpm, the N = 1 best
speed from Fig. 5.2.4. This result is provided in Fig. 5.2.12. We see that the general
profile is maintained relative to Fig. 5.2.11, although the error magnitude is
decreased (the smaller axial depth gives smaller force and deflection) and the spatial
period (in z) is reduced.

Let’s explore what happens to surface location error and its axial variation if
we select the axial depth for constant cutting force, as described in Section 4.5.
For the selected tool, the constant cutting force axial depth is:

b ¼ d � �p
2 tan �ð Þ ¼

12:7 � 90 p
180

2 tan 30ð Þ ¼ 17:3mm:

Unfortunately, this axial depth is unstable for the given FRF and force
model, even at the N= 0 best speed of 7500 rpm. If the helix angle is increased
to 45 deg, however, the constant force depth becomes 10.0 mm, which is stable
at 7500 rpm. In this case, the constant force eliminates the surface location error
variation with axial depth due to the time invariance of the vibration, i.e.,
constant force yields constant deflection (after the initial transients have

−400 −200 0 200 400 600 800
0 

2 

4 

6 

8 

10 

12 

SLE (μm) 

|z
| (

m
m

) 

Fig. 5.2.11 Surface location
error variation with axial
location for b = 12 mm,
� = 7500 rpm, and
� = 30 deg (helix angle).
The zj j ¼ 0 position
corresponds to the tool’s
free end (see Fig. 5.2.10)
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decayed) so the time at which the cutter enters or exits the cut does not change

the error. We must realize that the resulting surface location error still is not

zero, even for the constant force condition. The error is simply determined from

the ratio of the force to the stiffness, where k ¼ 1� 107 N/m for this example.

The MATLAB
1 program p_5_2_2_9.m was used to generate Fig. 5.2.13, which

displays the y direction force, Fy = 284 N at steady state, and corresponding

deflection, y ¼ 284
1�107 ¼ 2:8� 10�5 m= 28 mm. For the selected up milling 50%

radial immersion cut, this gives an overcut surface. However, the error is small
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Fig. 5.2.12 Surface location error variation with axial location for b=6mm, � =3750 rpm,
and � = 30 deg
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Fig. 5.2.13 Constant y direction cutting force and displacement when b=10.0 mm for a helix
angle of 45 deg on the four tooth, 12.7 mm diameter endmill
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relative to the 12 mm axial depth, non-constant force results shown in
Fig. 5.2.11.

IN A NUTSHELL The helix of the tool allows the surface
location error to vary along the axis of an endmill. For this
reason, a perfectly ground, exactly centered, and correctly
balanced endmill that is rotating in a spindle with no error
motions may still produce a non-straight sidewall during per-

ipheral milling. The error along the wall that is parallel to the axis of the tool is a
record of the tool’s dynamic displacement as it rotates because different levels of
the wall (bottom to top) are created at successive instants in time during the
tool’s rotation.

5.2.3 Combining Stability and Surface Location Error
in a Single Diagram

As a final activity in this section, let’s combine the stability and surface
location error data in a single diagram. We’ll consider the following condi-
tions: 50% radial immersion up milling at spindle speeds from 2800 rpm to
10000 rpm, Nt = 4, � = 30 deg, d = 12.7 mm diameter, ft = 0.1 mm/
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Fig. 5.2.14 Stability (dotted line) and surface location error (solid line) information combined
in a single ‘‘super’’ diagram. The solid contour lines identify the {spindle speed, axial depth}
combinations where the error level is 100 mm. The simulation parameters are: 50% radial
immersion up milling, Nt = 4, � = 30 deg, d = 12.7 mm diameter, ft = 0.1 mm/tooth, kt =
700 N/mm2, kn=210 N/mm2, kte = kne=0N/mm, and symmetric structural dynamics with
a stiffness of 1x107 N/m, 1% damping, and 500 Hz natural frequency
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tooth, b = 0.4 mm to 5 mm (for the surface location error calculations),
kt = 700 N/mm2, kn = 210 N/mm2, kte = kne = 0 N/mm, and symmetric
structural dynamics with a stiffness of 1� 107 N/m, 1% damping, and
500 Hz natural frequency. The results are displayed in Fig. 5.2.14, where
15 terms were used in the Fourier series force model2. The MATLAB

1

program p_5_2_2_10.m was executed to generate the figure, which displays
the stability boundary (dotted line) in addition to surface location error
contours (solid lines) at a constant error level of 100 mm; note that the
surface location error was calculated at the free end of the tool for this
example. The error level is larger within the contours similar to Fig. 5.2.5.
This ‘‘super’’ diagram shows that a portion of the stable zone (inside the
error contours) is inaccessible if the user desires the surface location error to
be less than 100 mm. The information provided in Fig. 5.2.14 could be used
at the process planning stage, for example, to select machining conditions
that satisfy both stability and accuracy requirements.

5.3 Cycloidal Tool Path Time-Domain Simulation

Similar to Sections 4.4 and 4.5., we now detail a time-domain milling
simulation based on the ‘Regenerative Force, Dynamic Deflection Model’
described by Smith and Tlusty [6]. The simulation includes the contribution
of the tool vibrations to the instantaneous chip thickness and provides
predictions for both force and deflection in the x (feed) and y directions.
Vibrations along the tool axis, or z direction, are not considered. We also
model the cycloidal motion of the cutter teeth, rather than assuming a
circular tool path. Other instances of cycloidal tool path simulations from
the literature are provided in [19–21], for example. Our approach [22] is
similar in nature to that described in [21].

We begin the milling simulation by first defining the cutting parameters,
including spindle speed, �, feed per tooth, ft, radial and axial depths of cut, a
and b, respectively, and the number of teeth, Nt. We then describe the system
dynamics using the modal mass, m, damping, c, and stiffness, k, values for any
number of modes in the x (feed) and y directions. As detailed in Section 2.5,
these values are typically obtained from impact tests followed by amodal fitting
procedure, such as the peak picking method.

We determine the forces and deflections by numerical integration over small

steps in time, dt ¼ 60
SR�� (sec), where SR is the number of steps per cutter

revolution and � is expressed in rpm. In each time step, we rotate the cutter

2 In general, it is not necessary to use a large number of terms to represent the force. It is
usually only necessary that the first few harmonics be characterized since higher order
harmonics often have little impact on the system behavior.
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by an angle, d� ¼ 360
SR (deg). We then calculate the current nominal coordinates

of each tooth on the cutter (Cxj,Cyj) according to Eq. 5.3.1, where r is the cutter
radius, �j is the tooth angle, j is the tooth number which varies from 1 to Nt,

df ¼ Ntft
SR is the incremental feed during the time step dt, and xtool and ytool are the

tool center coordinates determined in the previous time step (set equal to
zero initially).

Cxj ¼ r sin�j þ dfþ xtool

Cyj ¼ r cos�j þ ytool
(5:3:1)

In order to calculate the instantaneous chip thickness at each time step, we
compare the (Cxj,Cyj) coordinates of the current tooth (i.e., pointC in Fig. 5.3.1)
to the surface coordinates recorded during the prior tooth passage at the same
angular orientation. However, because we are not applying the circular tool path
assumption, it is not required that a data point exist at this angle from the prior
pass. Therefore, we must complete a search to determine the two points from the
previous tooth passage which bound this angle; we refer to these points asA and
B in Fig. 5.3.1. We then carry out linear interpolation between pointsA and B to
determine point D, which lies on the line between point C and the cutter origin
[23]. The coordinates of point D, (Dxj, Dyj), are given in Eq. 5.3.2:

Dxj ¼
tan �j
� �
� AxjC� � tan �j

� �
� Ayj þ tan �j

� �
� Cyj � Cxj

tan �j
� �
� C� � 1

Dyj ¼ Ayj � AxjC
� þDxjC

�

; (5:3:2)

where C� ¼ Ayj�Byj
Axj�Bxj. We include the nonlinearity that is exhibited when the

vibration amplitude is large enough that a tooth leaves the cut by setting the
chip thickness, hj, equal to zero if:

Current

x

y

Previous tooth path 

CA

B
D

φj

xtool

ytool

Tooth

Fig. 5.3.1 Determination of instantaneous chip thickness by linear interpolation for cycloidal
tool path
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Cxj � xtool
� �2þ Cyj � ytool

� �2
q

5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Dxj � xtool
� �2þ Dyj � ytool

� �2
q

: (5:3:3)

Wemust also query twoother conditions for the chip thickness calculation. First,
wemust determine if the current tooth is bounded by the specified radial immersion.
Second,wemust verify that the chip thickness has not been reduced during cut entry
for downmilling or cut exit for upmilling. The chip thickness reduction that occurs
at the cut exit for up milling, for example, is exhibited in Fig. 5.3.2.

To determine if the current tooth is bounded by the selected radial depth of
cut (i.e., engaged in the cut), we use the value ytest, which gives the y direction
coordinate of the desired surface as shown in Fig. 5.3.2. For up milling with less
than or equal to 50% radial immersion, cutting occurs ifCyj is greater than ytest.
This situation is depicted in Fig. 5.3.2. If the up milling radial immersion is
greater than 50%, then Dyj must be greater than ytest if cutting is to occur (note
that ytest is negative in this case). For down milling, Cyj must be less than ytest if
the radial immersion is less than or equal to 50% and cutting is to take place
(ytest is again negative). If the radial immersion is greater than 50%, it is
required that Dyj be less than ytest if cutting is to occur. In each case, provided
the chip thickness is not reduced at the cut exit (up milling) or entry (down
milling), as shown in Fig. 5.3.2, and the tooth has not vibrated out of the cut
(Eq. 5.3.3), then hj is calculated according to Eq. 5.3.4:

hj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Cxj �Dxj
� �2þ Cyj �Dyj

� �2
q

: (5:3:4)

To check if the chip thickness reduction condition is met, we again compare
the tooth coordinates to ytest. The thickness reduction occurs if the following
circumstances are satisfied: 1) up milling, less than or equal to 50% radial
immersion: Dyj is less than ytest; 2) up milling, greater than 50% radial immer-
sion: Cyj is less than ytest; 3) down milling, less than or equal to 50% radial
immersion: Dyj is greater than ytest; and 4) down milling, greater than 50%
radial immersion: Cyj is greater than ytest. In these cases, we can no longer use

Current
tooth path 

x

y

Previous
tooth path CA

B

Dφj

xtool

ytool

D’

ytest

Fig. 5.3.2 Reduced instantaneous chip thickness at cut exit in up milling
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Eq. 5.3.4 to compute the instantaneous chip thickness. Rather, we must con-
sider pointD0 identified in Fig. 5.3.2. The coordinates of this point, (Dx0j,Dy0j),
are provided in Eq. 5.3.5.

Dx0j ¼ ytest � ytoolð Þ tan�j þ xtest

Dy0j ¼ ytest
: (5:3:5)

Under these conditions, we calculate the chip thickness using Eq. 5.3.6 for up
or downmilling with less than or equal to 50% radial immersion or Eq. 5.3.7 for
greater than 50% radial immersion.

hj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Cxj �Dx0j

	 
2
þ Cyj �Dy0j

	 
2
r

(5:3:6)

hj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Dx0j �Dxj

	 
2
þ Dy0j �Dyj

	 
2
r

(5:3:7)

In any case that the computed chip thickness is greater than zero, we
calculate the tangential and normal force components, Ft,j and Fn,j, respectively,
for tooth j according to Eq. 5.3.8, where we have included the edge effects
described in Section 4.7:

Ft;j ¼ ktbhj þ kteb

Fn;j ¼ knbhj þ kneb
; (5:3:8)

where kt and kn are the force model cutting (shearing) coefficients and kte
and kne are the edge (rubbing/plowing) coefficients. Next, we project the
forces Ft,j and Fn,j onto the x and y directions using Eq. 5.3.9. We then sum
the x and y direction forces over all teeth engaged in the cut at the given

instant in time, Fx ¼
PNt

j¼1
Fx;j and Fy ¼

PNt

j¼1
Fy;j. We use these force values to

determine the instantaneous displacements xtool and ytool for the next time
step by numerical integration of the modal equations of motion with the
appropriate modal parameters. If multiple vibration modes are included, we
sum the displacement contributions from each mode to determine the total
displacement. Provided the modal parameters were determined from a direct
FRF measurement (or model), we use the same forces for each vibration
mode as shown in Section 3.5.

Fx;j ¼ �Ft;j cos �j
� �
� Fn;j sin �j

� �

Fy;j ¼ Ft;j sin �j
� �
� Fn;j cos �j

� � (5:3:9)
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In the case of a helical cutting edge, we segment the tool into multiple slices
along its axis, each of which is treated as having a zero helix angle. We sum the
forces for all slices to determine the total normal and tangential cutting force
components for that particular simulation time step (and cutter angular orien-
tation).We then apply Eq. 5.3.9 to project the forces onto the x and y directions,
sum the forces over all the teeth engaged in the cut, and complete the numerical
integration. The difference, �� (deg), between the tooth angle, �j, for tooth j on
slice k and the angle for the same tooth j on slice k+1 (located farther away
from the tool tip by a distance b/SA) is provided in Eq. 5.3.10, where � is the
helix angle, SA is the number of axial slices, and d is the cutter diameter.

�� ¼ 2b tan �ð Þ
SA � d � 180

p
(5:3:10)

Example 5.3.1: Comparison of time-domain simulation results to Ex. 5.2.2 In
order to demonstrate the capabilities of the cycloidal tool path time-domain
simulation (p_5_3_1_1.m) described in the previous paragraphs, let’s compare
results with those obtained from the frequency-domain analysis in Ex. 5.2.2.
We’ll use the same specifications: 50% radial immersion up milling, Nt = 4,
�=30 deg, d=12.7 mm diameter, ft =0.1 mm/tooth, kt =700 N/mm2, kn=
210 N/mm2, kte = kne = 0 N/mm, and symmetric structural dynamics with a
stiffness of 1� 107 N/m, 1% damping, and 500 Hz natural frequency. The
stability lobe diagram for this situation is provided in Fig. 5.2.4. As a first
step, we will verify the stability behavior at � = 6000 rpm and 7500 rpm for an
axial depth of 4 mm. Figure 5.3.3 displays the y direction force and
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Fig. 5.3.3 Example 5.3.1 y direction force (top) and displacement (bottom) versus time
results. Unstable behavior for � = 6000 rpm and b = 4 mm is observed
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displacement for 6000 rpm. As expected, the cut is strongly unstable. Figure

5.3.4 shows the stable result for 7500 rpm.
In addition to the time plots, we can also use the simulation to display the x

versus y tool path. Figure 5.3.5 presents the results for the � = 7500 rpm 50%

radial immersion up milling cut with b = 4 mm at the tool point, i.e., the axial

slice nearest the free end of the tool. Only the portion of the tool path where the

teeth enter the material (i.e., the ‘‘top’’ of the tool for the up milling case) is
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Fig. 5.3.4 Example 5.3.1 y direction force (top) and displacement (bottom) versus time
results. Stable behavior for � = 7500 rpm and b = 4 mm is seen

0 5 10 15 20 25 

5.8 

6 

6.2 

6.4 

6.6 

6.8 

x (mm) 

y 
(m

m
) 

Fig. 5.3.5 Tool path for � = 7500 rpm 50% radial immersion up milling cut with b= 4mm.
The x versus y teeth coordinates are shown for the axial slice nearest the free end of the cutter
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included. The tool center is nominally located at y=0,while the x position varies

with the time dependent feed.We can see that the top of the path is initially at the
tool radius of 6.35mm (near x=0). After the entry transients, the y displacement
approaches 6.77mm at the path apex where the machined surface is located. This
indicates an overcut condition because more material is removed than com-

manded for the up milling cut. Note that the material to be cut away is located
above the tool in Fig. 5.3.5. Other axial slices can also be selected using the
plot_depth variable in p_5_3_1_1.m, where a value of one designates the slice
at the tool point and larger integer values (up to steps_axial) specify slices
nearer the spindle face.

The benefit of this figure is that it can be used to isolate the machined

surface. Using a trimming algorithm to identify only the extreme points on
the tool path, which define the machined surface geometry, the surface
location error and roughness average, Ra [24], are determined to be
420 mm and 0.2 mm, respectively, from Fig. 5.3.5. The discrete roughness
average equation is provided in Eq. 5.3.11, where n is the number of points

that define the machined surface. Figure 5.3.6 displays the individual points
and surface (solid line that connects the points) for the selected axial slice
(plot_depth = 1). The small slope in the line indicates that steady state
has not quite been reached. However, the (overcut) surface location error

value of 420 mm agrees with the tool point frequency-domain solution
results previously reported in Fig. 5.2.5 (read the contour value at the
coordinates � = 7500 rpm and b = 4 mm to verify this statement).
The surface location error is determined by comparing the y coordinate of
the mean of this line to the tool radius (the commanded surface location).

For the up milling case shown, if the line is positioned above the tool
radius, more material is removed than commanded and an overcut surface
is obtained. The trimming algorithm used to identify the machined surface
at the selected axial slice proceeds by:
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Fig. 5.3.6 The machined
surface geometry (line) is
defined by isolating the
extreme points from the tool
path. The surface location
error is determined by
comparing the mean of this
line to the tool radius (the
commanded surface
location). For the up milling
case shown, if the line is
positioned above the tool
radius, more material is
removed than commanded
and an overcut surface is
obtained
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� arranging all points on the tool path in ascending x (feed direction)
values;

� selecting a point and comparing its y value to the y values of the next two
points;

� keeping the higher point from the next two points for up milling and lower
point for down milling;

� incrementing to the next point and repeating the comparison process; and
� repeating the entire exercise multiple times to ‘‘bubble up’’ (up milling) or

‘‘trickle down’’ (down milling) to the final surface.

Although this is not a particularly elegant solution, it is effective. We do not
have a defined stopping condition for the procedure, but experience has shown
that 50 to 100 iterations are generally adequate.

Ra ¼

Pn

i¼1
yi � �yj j

n
(5:3:11)

Once the surface location error has been determined for all axial slices, the
change in error with axial depth can be interrogated as shown in the Section 5.2;
see Figs. 5.2.11 and 5.2.12. The time-domain simulation results (circles) are
superimposed on the frequency-domain solution (line) in Fig. 5.3.7 for the
conditions described in Ex. 5.3.1. For the time-domain solution, five axial slices
were used so that db= 4/5= 0.8 mm. The points are placed at the midpoint of
each slice in the figure, i.e., {0.4, 1.2, 2, 2.8, and 3.6} mm. The MATLAB

1

program p_5_3_1_2.m was used to generate the frequency-domain results
in Fig. 5.3.7. The time-domain results were obtained from p_5_3_1_1.m
by sequentially plotting and trimming the tool path for plot_depth = 1,
2, . . ., 5.
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Fig. 5.3.7 Variation in
surface location error with
axial location. The circles
represent the time-domain
result for each axial slice;
they are located at the
midpoint of each of the five
slices. The line displays the
frequency-domain solution
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IN A NUTSHELL As with stability, the use of time-domain
simulation to predict surface location error eliminates many of
the simplifying assumptions. The tool path may be modeled as
a cycloid instead of a circle. Unequal teeth spacing may be
applied (see Section 6.3). The surface produced by an unstable

cut may be predicted. For the analytical solution, these features are difficult
to incorporate. For time-domain simulation, on the other hand, they are
relatively easy to include.

Exercises

1. Determine the value of the mean y direction cutting force for the following
cuts using Eq. 5.2.3. The aluminum alloy-four tooth cutter combination
gives: kt ¼ 790 N/mm2 and kn ¼ 190 N/mm2, kte ¼ 8 N/mm, and kne ¼ 4
N/mm. Also, b=5mm and ft=0.15 mm/tooth. Assume a rigid cutting tool
and workpiece.

a) Up milling, 30% radial immersion
b) Down milling, 40% radial immersion

2. Plot the y direction force over one cutter revolution for: downmilling, 50% radial
immersion,Nt= 2, d=19mm, �=30deg, b=2mm, ft=0.2mm/tooth, kt=
730 N/mm2, kn =205 N/mm2, kte =kne =0N/mm, and � =10000 rpm. Use
the Fourier series approach and show results for both five and 25 terms.

3. Calculate the surface location error for the following conditions: 25% radial
immersion downmilling, spindle speeds from 11000 rpm to 13000 rpm,Nt=
4, �= 30 deg, d= 12.7 mm diameter, ft = 0.15 mm/tooth, b = 2 mm, kt =
700 N/mm2, kn = 210 N/mm2, kte = kne = 2 N/mm, and symmetric
structural dynamics with a stiffness of 8� 106 N/m, � = 0.02, and 800 Hz
natural frequency. For the Fourier computations, use 15 terms, five axial
steps, and a spindle speed resolution of 20 rpm. At a spindle speed of
12140 rpm, is the surface overcut or undercut?

4. Using time-domain simulation, determine the surface location error at the free
end of the cutter for the same conditions described in Exercise 3. Use a spindle
speed equal to the best speed calculated fromEq. 4.3.7 for theN=0 (rightmost)
lobe. Carry out your simulation for 40 revolutions with 500 steps per tooth.
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