
Chapter 3

Turning Dynamics

Make everything as simple as possible, but not simpler.

– Albert Einstein

In Chapter 2, we discussed how to use modal analysis to describe the tool point

dynamics for tool-holder combinations. In this chapter, we’ll discuss regenera-

tive chatter in turning and see how we can apply the dynamics information to

develop stability lobe diagrams that describe the limiting chip width (to avoid

chatter) as a function of spindle speed. We’ll also detail a time-domain simula-

tion for predicting cutting force and tool displacement which also enables us to

determine stable and unstable cutting conditions.

3.1 Turning Description

Turning operations are generally carried out on a lathe where a workpiece is

rotated in a spindle past a tool mounted on a two axis slide in order to give the

desired shape to the axisymmetric part; see Fig. 3.1.1. The final shape can

include both internal and external features. The lathe may be manual, where a

machinist controls the slide positions during material removal, or computer

numerically controlled (CNC). In this case, automatic control is used to com-

mand the slide positions to follow the path described by the part program. The

part program is based on the desired workpiece dimensions and is typically

developed using computer aided design/computer aided manufacturing (CAD/

CAM) software.
During turning, a sharp cutting edge is used to remove material in the form

of a chip. Many studies have been performed to better understand chip forma-

tion and the associated mechanics, but our focus is a broader view of the

resulting cutting force and corresponding vibrations of the tool. Therefore,

we will not focus so much on the chip itself as on the corresponding system

behavior. Texts that provide more information regarding metal cutting
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fundamentals, heat generation and heat transfer during cutting, and related

technology include, for example, [1–4].
To begin, let’s consider the tool and workpiece to be rigid and develop

expressions for the cutting force, F. Figure 3.1.2 shows an ‘‘orthogonal cutting’’

operation, where only the normal, Fn, and tangential, Ft, components of the

force are considered. In general, the cutting force vector includes the third

component along the part axis, but the orthogonal treatment is sufficient for

us to describe the process dynamics. The figure also identifies: 1) the mean chip

thickness, hm, or commanded feed per revolution for the facing operation

pictured; and 2) the force angle, �, between F and Fn. The side view of this

operation (inset in Fig. 3.1.2) shows the chip width, b. Together, the chip
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Fig. 3.1.1 Schematic of manual lathe. The workpiece is clamped in the rotating spindle, but
may also be supported at its free end using the tailstock. The cutting tool, which is clamped to
the tool post, is moved relative to the workpiece by adjusting the positions of the carriage
(axial direction) and cross slide (radial direction)
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Fig. 3.1.2 Orthogonal cutting operation showing the cutting force with its normal and
tangential components
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thickness and chip width define the area of material to be removed, A ¼ bhm.

We approximate the cutting force as the product of this chip area and an

empirical coefficient. This process dependent coefficient is referred to as the

specific (or per unit chip area) force, Ks, in [2] and depends on the workpiece

material, tool geometry, and, to a lesser extent, the cutting speed (peripheral

velocity of the rotating workpiece) and chip thickness.

F ¼ KsA ¼ Ksbhm (3:1:1)

The normal and tangential components, Fn and Ft, can be expressed using F

and the force angle:

Fn ¼ cos �ð ÞF ¼ cos �ð ÞKsbhm ¼ knbhm and (3:1:2)

Ft ¼ sin �ð ÞF ¼ sin �ð ÞKsbhm ¼ ktbhm; (3:1:3)

where we’ve defined the cutting force coefficients, kn and kt, which incorporate

both Ks and �. Although efforts continue to calculate these coefficients based

on elastic and plastic material properties, a common approach used to char-

acterize these process dependent values is to prescribe known cutting conditions

and measure the force components directly. If the tool is mounted on a cutting

force dynamometer as shown in Fig. 3.1.3 and the b and hm values are known,

then the measured force component values can be used to determine the

coefficients by rewriting Eqs. 3.1.2 and 3.1.3, kn ¼ Fn

bhm
and kt ¼ Ft

bhm
. Typical

units for kn, kt, and Ks are N/mm2.

Fn

Ft

y

x

Fig. 3.1.3 Force measurement during turning using a cutting force dynamometer. The tangential
and normal cutting forces are measured as the x and y dynamometer force components
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Selected Ks values are provided in [2, Tables 7.1 and 8.1]. These have been
reproduced in Table 3.1.1, but should be considered to be representative values
and not necessarily specific to a particular application.

IN A NUTSHELL The force produced by the cutting opera-
tion is proportional to the frontal area of the chip through the
coefficient Ks. Deriving Ks from first principles is quite difficult
and, in this way, it is similar to the elastic modulus, E. Tabulated
values are approximate and often good enough. High precision

applications, on the other hand, may require careful measurement of the cut

geometry and resulting forces using the intended tooling and workpiece mate-
rials, F.

3.2 Regenerative Chatter in Turning

If we remove the assumption of a rigid tool, then it is clear that the cutting
force will cause deflections of the cutting tool. Because the tool has stiffness
and mass, it can vibrate. If the tool is vibrating as it removes material,
these vibrations are imprinted on the workpiece surface as a wavy profile.

Figure 3.2.1 shows an exaggerated view, where the initial impact with the
workpiece surface causes the tool to begin vibrating and the oscillations in the
normal direction to be copied onto the workpiece. When the workpiece begins
its second revolution, the vibrating tool encounters the wavy surface produced

during the first revolution. Therefore, the chip thickness at any instant depends
both on the tool deflection at that time and the workpiece surface from the
previous revolution. Vibration of the tool therefore leads to a variable chip
thickness which, according to Eq. 3.1.1, will give a variable cutting force since
the force is proportional to the chip thickness. The cutting force governs the

current tool deflection and, subsequently, the system exhibits feedback. In other
words, the current behavior depends on previous behavior – the system has a
‘‘memory’’.

Table 3.1.1 Representative Ks values for selected workpiece materials [2]

Material Ks (N/mm2) Material Ks (N/mm2)

Gray cast iron 1500 Ni-based Inconel X 3400

1020 carbon steel 2100 Ni-based Udimet 500 3500

1035 carbon steel 2300 Co-based L605 3500

1045 carbon steel 2600 Ti (6Al, 4 V) 2000

302 stainless steel 2700 Al 7075-T6 850

4140/5140 alloy steel 2800 Al 6061-T6 750
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IN A NUTSHELL Cutting produces a force that is propor-
tional to the chip thickness and chip width. While the tool is stiff
in comparison to objects in our everyday lives, it is not infinitely
stiff. For this reason, varying cutting forces (from transients such
as the initial contact of the tool with the workpiece) produce

vibrations of the tool. The vibrating tool changes the chip thickness and leaves a
wavy surface. Variable forces cause vibrations. . . vibrations cause wavy surfa-
ces. . .wavy surfaces produce variable forces. The reality is that the cutting
operation is only partially governed by the selected geometry. Dynamics, the
response of a flexible system to varying forces, plays a strikingly powerful role.

From a modeling standpoint, this ‘‘regeneration of waviness’’ appears as a
time-delayed term in the chip thickness equation. Figure 3.2.2 shows an
unwrapped view of the turning operation, where the surface on the left was
produced in the previous revolution and the surface to the right of the tool
(offset by themean feed per revolution) was just cut away by the oscillating tool.
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k 

Fig. 3.2.1 Description of regenerative chatter in turning. Initial tool deflections are copied
onto the workpiece surface and are encountered in subsequent revolutions. This varies the
chip thickness and cutting force which, in turn, affects the resulting tool deflections
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We will consider only vibrations in the normal direction, y (positive direction

out of the cut), which has the most direct influence on the chip thickness.
The time dependent, instantaneous chip thickness, h(t), is determined using

Eq. 3.2.1. It is seen that larger positive vibration during the previous revolution,

y t� �ð Þ, where � is the time for one rotation, gives an increased chip thickness

(i.e., less material was removed so the current chip is thicker). Larger positive

current vibration, y(t), on the other hand, yields a thinner chip. See Fig. 3.2.3.

h tð Þ ¼ hm þ y t� �ð Þ � y tð Þ (3:2:1)

The relative phasing between the surface waviness from one pass to the next

determines the level of force variation and whether the operation is stable or
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Fig. 3.2.2 Depiction of turning where the surface from the previous revolution, shown to the
left of the tool, is removed by the vibrating cutter to produce a newwavy surface to the right of
the tool
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Fig. 3.2.3 The figure demonstrates the instantaneous chip thickness calculation. It depends
on the mean feed per revolution, the current deflection, and the vibration during the previous
revolution of the workpiece (to the left of the tool)
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unstable (chatter occurs). Figures 3.2.4 and 3.2.5 show two possibilities. In
Fig. 3.2.4, the wavy surfaces between two revolutions are in phase. Therefore,
even though vibration is present during material removal, the chip thickness
variation (vertical distance between the two curves) is negligible and there is no
appreciable force variation. This enables stable cutting at larger chip widths.
Considering that the tool tends to vibrate at its natural frequency, it is intuitive
that matching the workpiece rotating frequency (spindle speed) to the tool’s
natural frequency will lead to this preferred ‘‘in phase’’ situation. However, this
is counter intuitive based on our traditional understanding of resonance where
we avoid driving the system at its natural frequency. Figure 3.2.5 shows a less
favorable phase relationship where there is significant variation in the chip
thickness. This leads to unstable cutting at smaller chip widths than the pre-
vious case due to the force variations and subsequent tool deflections.
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Fig. 3.2.4 The surface waviness between revolutions is in phase. Negligible chip thickness
variation is obtained
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Fig. 3.2.5 Less favorable phase relationship between revolutions yields significant chip
thickness variation
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IN A NUTSHELL The cutting force is very sensitive to the
revolution-to-revolution alignment of the current tool motion to
the previous motion of the tool imprinted on the surface. A
‘‘good’’ alignment (in phase) results in negligible chip thickness
variation. A ‘‘bad’’ alignment (180 deg out of phase) produces a

strong chip thickness variation. The worst case occurs when significant varia-
tion in the chip thickness coincides with a large magnitude in the frequency
response function. It turns out that the worst case is about 270 deg out of phase.

3.3 Stability Lobe Diagrams

Depending on the feedback system ‘‘gain’’, or chip width b, and spindle speed,
�, the turning operation will either be stable or exhibit chatter (unstable cut-
ting), which causes large vibrations and forces and leads to poor surface finish
and, potentially, tool/workpiece damage. In stable machining, the vibrations
diminish from revolution to revolution. In unstable machining, the vibrations
grow from revolution to revolution until limited in some way. Surprisingly, the
vibrations may become large enough that the tool jumps out of the cut, losing
contact with the workpiece. The vibrations in unstable cuttingmay be at least as
large as the chip thickness and it is not surprising these large vibrations may
result in damage to the machine, tool, and workpiece. The governing relation-
ships for this behavior are provided in Eqs. 3.3.1 through 3.3.3 [2].

blim ¼
�1

2Ks cos �ð ÞRe FRF½ � (3:3:1)

fc
�
¼ Nþ "

2p
(3:3:2)

" ¼ 2p� 2 tan�1
Re FRF½ �
Im FRF½ �

� �
(3:3:3)

In these equations, blim is the limiting chip width to avoid chatter, fc is the
chatter frequency (should it occur), N is the integer number of waves of vibra-

tion imprinted on the workpiece surface in one revolution, and
"

2p
is any

additional fraction of a wave, where " is the phase (in rad) between current
and previous tool vibrations. Note that for units consistency in Eq. 3.3.2, if fc is
expressed in Hz, then � must be specified in rev/s. Figure 3.3.1 shows an
example stability lobe diagram where the � versus blim family of curves (N =
0, 1, 2, . . .) separate the space into two regions. Any (�, blim) pair that appears
above the collective boundary indicates unstable behavior, while any pair below
the boundary is presumed to be stable. We’ll next discuss the foundation of the
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relationships, provided in Eqs. 3.3.1 through 3.3.3, that are applied to construct

this diagram. We’ll base this discussion on the normal force equation and the

vector representation of tool deflections in the complex plane.

INANUTSHELL Whether we know it or not, whether we like
it or not, every cutting operation has a picture like the one shown

in Fig. 3.3.1. If we choose the cutting conditions at random, or at

least without considering the applicable stability lobe diagram,

then we sometimes choose stable cutting and sometimes not.

Sometimes speeding up helps and other times it makes things worse. It appears

to be random and many machine shops struggle with this issue every day. If we

have the diagram and choose the cutting conditions accordingly, then it is

possible to avoid the unstable conditions (chatter) and increase productivity.

Equation 3.2.1 shows that the instantaneous chip thickness depends on the

commanded chip thickness, the normal direction vibration one revolution ear-

lier, and the current vibration in the normal direction. If we substitute this h(t)

for hm in the normal force expression provided in Eq. 3.1.2, we obtain:

Fn ¼ knbh tð Þ ¼ knb hm þ y t� �ð Þ � y tð Þð Þ: (3:3:4)

This force equation has both a constant part, knbhm;, and a variable part,

knb y t� �ð Þ � y tð Þð Þ: The constant part does not influence the stability of the

linear system. We are therefore interested in the behavior of the variable part.

To explore the value of b as a function of kn and the tool vibrations, let’s

consider a unit value of the variable force, or 1 ¼ knb y t� �ð Þ � y tð Þð Þ from
Eq. 3.3.4. This equation can be solved for b:

Ω (rpm) 

blim (mm)

N = 0N = 1N = 2N = 3

Unstable

Stable
…

Fig. 3.3.1 Example stability lobe diagram. The stability boundary separates stable chip width-
spindle speed combinations (below the boundary, marked as a circle) from unstable pairs
(above, marked as a square)
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b ¼ 1

kn y t� �ð Þ � y tð Þð Þ : (3:3:5)

Regarding the vibration levels from one revolution to the next in Eq. 3.3.5,
we can state the following:

� if y tð Þ4y t� �ð Þ, then the vibrations are growing from one revolution to the
next and unstable behavior results;

� y tð Þ ¼ y t� �ð Þ indicates the limit of stability – the vibration level is neither
increasing or decreasing; and

� y tð Þ5y t� �ð Þ, then the vibrations are decaying from one revolution to the
next and stable behavior is achieved.

Let’s draw the~y tð Þ and~y t� �ð Þ vectors in the complex plane for the limiting

case that ~y tð Þ ¼ ~y t� �ð Þ1. We will require that the following vector sum is

satisfied:

~yþ ~y t� �ð Þ �~yð Þ ¼ ~y t� �ð Þ: (3:3:6)

It is also necessary that the difference ~y t� �ð Þ �~y tð Þ, which represents the

variable part of the chip thickness, is real valued. In other words, the instanta-
neous chip thickness is a scalar quantity; it has no imaginary part. In the

complex plane it must therefore be horizontal. Figure 3.3.2 shows the vectors
~y tð Þ and~y t� �ð Þ as well as the real valued difference~y t� �ð Þ �~y tð Þ for a single
degree of freedom system. Note the similarity to Fig. 2.2.6. The real valued unit

1 We represent ~y tð Þ and ~y t� �ð Þ as vectors because they have both a magnitude and phase
relative to the force, Fn. The force and both displacement vectors are displayed in Fig. 3.3.2.

Re[FRF] 

Im[FRF] 

Fnε

y(t −   )− y(t)�� τ

τy(t −   )�
y(t)�

Fig. 3.3.2 Vector representation of unit normal force and tool deflections (current and
previous revolutions) for limit of stability
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normal force and the phase between tool vibrations in subsequent revolutions,
", are also shown. The geometry seen in this figure satisfies the following
requirements: 1) the magnitude and phase of the tool deflections depend on
the forcing frequency (spindle speed) and the tool’s direct FRF as measured at
the cutting edge; 2) the amplitudes for ~y tð Þ and ~y t� �ð Þ are equal (limit of
stability); and 3) the difference ~y t� �ð Þ �~y tð Þ is horizontal.

We can now rewrite Eq. 3.3.5 by substituting for~y t� �ð Þ �~y tð Þ. Figure 3.3.3
shows that, due to the approximate symmetry, the length of the vector differ-
ence can be written as twice the negative real (Re) part of the tool’s direct FRF.
Equation 3.3.7 shows the new relationship, where the negative sign is included
in order to obtain positive (limiting) chip width values. This equation matches
Eq. 3.3.1, where kn is substituted for the product Ks cos �ð Þ:

blim ¼
�1

kn 2Re FRF½ �ð Þ : (3:3:7)

IN A NUTSHELL It is the chip width (and not the chip thick-
ness) that controls whether or not the cutting operation is stable.
The real part of the frequency response function defines the
limiting chip width. The higher the system’s dynamic stiffness
(more stiffness and more damping), the larger the chip width that

can be obtained without chatter.

Given Eq. 3.3.7, we can determine the smallest and largest potential values of
blim based on the range of magnitudes possible for the negative real part of the
tool point FRF. The smallest value is obtained for the minimum, or most
negative, value of Re[FRF], when the absolute value of the denominator is

Re[FRF] 

Im[FRF] 

Re[FRF] < 0 
y(t −   )− y(t)rr τ 

τ y(t −   )r

y(t)r

Fig. 3.3.3 Representing the length of the vector difference using the negative real part of the
tool point FRF
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largest.We will refer to this minimum blim value as the critical value, blim,crit. See

Eq. 3.3.8. The chatter frequency for this case (i.e., the min(Re[FRF])) is

fc ¼ fn 1þ �ð Þ as shown in Fig. 2.2.5. The situation is pictured in Fig. 3.3.4.

From the figure, we also see that " is 3p
2 rad or 270 deg. A representation of the

time dependent tool deflections with this phase relationship is shown in

Fig. 3.3.5. Again, the chip thickness variation is determined from the vertical

distance between the two curves. It is interesting to note that the worst case

(smallest chip width) is not obtained when "= 180 deg, or the vibrations from

one revolution to the next are exactly out of phase.

blim;crit ¼
�1

kn 2 �min Re FRF½ �ð Þð Þ (3:3:8)

The largest blim value is obtained when " = 360 deg. This is the ‘‘in phase’’

situation of negligible chip thickness variation. As seen in the complex plane

representation given in Fig. 3.3.6, the real part of the tool point FRF is zero and

the chatter frequency is fn. Substitution in Eq. 3.3.7 would suggest an infinite

chip thickness, blim ¼ �1
kn 2�0ð Þ ¼ 1. However, we obtain finite blim values for the

y

x

h2(t)

h1(t)

Fig. 3.3.5 Chip thickness variation for the blim,crit case when "= 270 deg

min(Re[FRF]) 

Im[FRF] 

Fn
ε  = 270 deg 

fc

Re[FRF] 

ζ fc = fn(1 +   )

τ y(t −   )ry(t)r

y(t −   )− y(t)rr τ 

Fig. 3.3.4 Vector representation of blim,crit case (fc ¼ fn 1þ �ð Þ and "= 270 deg)
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left end of the N= 0 curve, even at a chatter frequency equal to fn, because the
adjacent stability curve with one more wave per revolution (N = 1) intersects
the original curve and truncates it. See Fig. 3.3.7.

We see a similar situation as the chatter frequency approaches infinity,
fc !1. In this case (Fig. 3.3.8), even though the revolution to revolution
phase relationship is unfavorable ("! 1808; deg, or exactly out of phase), the
response amplitude approaches zero, Re FRFð Þ ! 0:. Again, substitution in

Eq. 3.3.7 would suggest an infinite chip thickness, blim ¼ �1
kn 2�0ð Þ ¼ 1. However,

as seen in Fig. 3.3.7, the left side of theN=0 curve serves to limit the right hand
side of the N = 1 curve where fc !1.

We’ll now see how each individual stability curve is actually a mapping of
Re[FRF] onto the (�, blim) diagram.We’ll first consider theN=0 curve, which

Im[FRF] 

Fn 
ε  = 360 deg 

fc 

Re[FRF] 

fc = fn 

τ y(t −   )r
y(t)r

Fig. 3.3.6 Vector representation of largest blim case with favorable phase relationship (" =
360 deg) between subsequent workpiece revolutions

Ω (rpm) 

blim (mm)

N = 0 
N = 1 

Stable

Unstable

fnfc → 
∞ → fc

Stability
limit 

Fig. 3.3.7 Stability lobe diagram exhibiting truncation of N = 0 stability curve by N = 1
curve to obtain finite blim values
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means that less than one wave is imprinted on the surface per revolution. We’ve

already discussed the blim values, so we’ll now focus on the spindle speeds for the

left end (labeled as 1 in Fig. 3.3.9), the minimum (2), and the right end (3). As we

saw in Fig. 3.3.6, when the chatter frequency is equal to fn, the "=360 deg= 2p
rad phase relationship is obtained and blim ¼ 1 because the real part is zero.

Point 1 therefore has a spindle speed of:

Im[FRF] 

Fn
180 deg→ ε 

fc

Re[FRF] 

fc → ∞
τ y(t −   )ry(t)r

Fig. 3.3.8 Vector representation of " = 180 deg phase relationship between subsequent
workpiece revolutions fc !1ð Þ

Ω (rps) 

blim (mm)
N = 0 

fnfc → ∞→fc

2

13 

blim,crit

Ω1 Ω2 Ω3

R
ea

l

f

1

2 3

Fig. 3.3.9 Mapping of the real part of the tool point FRF onto the (�, blim) diagram for the
N = 0 lobe. Spindle speeds provided in Eqs. 3.3.9 through 3.3.11
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�1 ¼
fc

Nþ "
2p

¼ fn

0þ 2p
2p

¼ fn (3:3:9)

from Eq. 3.3.2. (Note that units of Hz for fn gives equivalent units of rev/s, or
rps, for spindle speed.) This corresponds to point 1 in the inset showing the real
part of the tool point FRF.

IN A NUTSHELL The chip width can be very large without
the occurrence of chatter if the spindle speed is set close to the
natural frequency of the most flexible vibration mode. This sur-
prising result comes from favorable alignment of the waviness
from one revolution to the next at this speed.

Recall that we are only considering the negative portion of the real part so
the applicable frequency range (for this single degree of freedom response) is fn
to 1. At point 2, which has the minimum chip width, blim,crit, we saw in
Fig. 3.3.4 that the chatter frequency is fn 1þ �ð Þ and " = 270 deg = 3p

2 rad.
The corresponding spindle speed is:

�2 ¼
fn 1þ �ð Þ
0þ

3p
2

2p

¼ 4

3
fn 1þ �ð Þ (3:3:10)

At point 3 the chatter frequency approaches 1 and " approaches
180 deg ¼ p rad: rad. The spindle speed is:

�3 ¼
1

0þ p
2p

¼ 1: (3:3:11)

Let’s next consider the N= 1 stability curve (or lobe). In this case, there is at
least one wave of vibration per revolution. See Fig. 3.3.10. Although the blim
values are a function of the chatter frequency (via the tool point FRF), they do
not depend on the lobe number,N. Therefore, these values do not change relative
to the N = 0 calculations. Similarly, the " values are independent of the lobe
number and do not change. The spindle speed equation (Eq. 3.3.2), however, is a
function of the lobe number. Using the same labeling convention for the left end,
minimum, and right end points of Re[FRF], we obtain the three spindle speeds:

�1 ¼
fn

1þ 2p
2p

¼ fn
2
; (3:3:12)

�2 ¼
fn 1þ �ð Þ
1þ

3p
2

2p

¼ 4

7
fn 1þ �ð Þ; and (3:3:13)
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�3 ¼
1

1þ p
2p

¼ 1: (3:3:14)

If we plot multiple lobes (N = 0, 1, 2, . . .), we obtain a result similar to

Fig. 3.3.11. We see that all lobes exhibit the same minimum value, blim,crit, and

the peak values are located approximately at integer fractions of the tool point

natural frequency. We can therefore write a ‘‘best speeds’’ equation which

identifies these spindle speeds (in rev/min, or rpm). See Eq. 3.3.15, where fn is

expressed in Hz. As noted, any (�, blim) pair located below the stability bound-

ary leads to stable operation, while combinations above the boundary result in

chatter.

Ω (rps) 

N = 0 

fnfc → ∞ → fc

2

1

Ω1 Ω2 Ω3

R
ea

l

f

1

2 3

N = 1 
blim (mm)

blim,crit

3

Fig. 3.3.10 Mapping of the real part of the tool point FRF onto the (�, blim) diagram for the
N = 1 lobe. Spindle speeds provided in Eqs. 3.3.12 through 3.3.14
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N = 1 N = 2 N = 3 

Unstable

Stable

N = 0N = 4 

…

fn
2
fn

3
fn

4
fn

5
fn

blim (mm)

Fig. 3.3.11 Depiction ofmultiple stability lobes which, taken together, form the stability limit.
It is seen that the peaks of the stable zone become less pronounced as N increases
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�best ¼
fn � 60
Nþ 1

ðrpmÞ (3:3:15)

IN A NUTSHELL We get the same favorable alignment of
waviness at many different spindle speeds; these multiple speeds
correspond to different numbers of integer waves of vibration
imprinted on the workpiece surface per revolution. The increase
in allowable chip width without chatter gets larger as the spindle

speed gets higher (less waves of vibration per revolution). At lower speeds the
lobes overlap to such an extent that the limiting chip width approaches a
constant value.

Similarly, we can write a ‘‘worst speeds’’ equation that provides the spindle
speeds where the blim,crit values are encountered; see Eq. 3.3.16. Equations
3.3.15 and 3.3.16 provide good approximations for dynamic systems that can
be modeled as single degree of freedom.Multiple degree of freedom systems, on
the other hand, are generally best described using the stability lobe diagram
itself.

�worst ¼
fn 1þ �ð Þ � 60

Nþ 3
4

ðrpmÞ (3:3:16)

Before discussing the concept of the ‘‘oriented FRF’’ introduced by Tlusty
[2], let’s take a moment to explore which factors affect blim and the applicability
of stability lobe diagrams to typical turning operations. From Eq. 3.3.1, we see
that blim depends on Ks, �, and the negative real part of the tool point FRF,
which we’ll describe using the stiffness, k, and damping ratio, �. (Again, we are
assuming single degree of freedom dynamics.) As Ks and � decrease
(0 � � � 90 deg), blim increases. Considering Table 3.1.1, we can see that, all
other conditions being equal, we would obtain approximately a three times
increase in the allowable chip width if we compared an aluminum alloy with a
low alloy steel due to the corresponding Ks values. Considering only the
Re[FRF], it becomes less negative as k and � are increased (Section 2.2). See
the depiction in Fig. 3.3.12, where the increase in k yields not only a less negative
real part, but also an increase in the natural frequency. If the workpiece
material/tool geometry are unchanged (so that Ks and � can be considered
constant), this Re[FRF] change leads to an increase in blim, but also a shift in the
stability lobes. Naturally this would need to be considered in implementation by
a spindle speed adjustment.

Example 3.3.1: Best spindle speeds for a single degree of freedom system Let’s
consider a setup where the tool behaves like a single degree of freedom system
with fn ¼ 700Hz and corresponding k and � values determined from a curve
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fit to the direct FRF as measured at the tool point in the y direction. We can

apply Eq. 3.3.15 to determine our ‘‘best’’ spindle speed for an increased limiting

chip width. If we let N = 0 (this gives the right-most peak in the stability lobe
diagram), we obtain:

�best ¼
700 � 60
0þ 1

¼ 42000 rpm:

The problem is that conventional lathe spindles don’t turn this fast. Let’s say

the top spindle speed for a selected lathe is 3600 rpm. Which peak, and

corresponding best spindle speed, must we then pick? We would require that:

�best ¼
700 � 60
Nþ 1

� 3600 rpm:

If we select N = 11 (i.e., the 12th peak counting from right to left in the

diagram), the best spindle speed would be 3500 rpm and the maximum spindle
speed constraint would be satisfied. However, as seen in Fig. 3.3.11, as N

increases the relative improvement in blim afforded by the stability lobe peaks
decreases dramatically. For N = 11, the improvement is generally negligible

and blim � blim;crit: For this reason, stability lobe diagrams are typically more

successfully implemented in high speed milling, as opposed to traditional turn-
ing operations.

3.4 The Oriented FRF

Using the Tlusty model [2], Eq. 3.3.1 can be rewritten as:

blim ¼
�1

2Ks�Re FRF½ � ; (3:4:1)
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Fig. 3.3.12 Influence of changes in k and � on blim
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where � ¼ cos �ð Þ is referred to as the ‘‘directional orientation factor’’ and the

product of � and Re[FRF] is the real part of the ‘‘oriented FRF’’. The concept is

to first project the cutting force, F, into the direction of the system dynamics

and, second, project this result into the surface normal, y. The projection into

the surface normal is necessary because we are only considering the effects of

tool vibrations in this sensitive direction. The two projection steps are required

because it may be that the system dynamics are not known in the surface normal

direction as we have assumed in our previous descriptions.
Consider, for example, an external turning operation where a square tool

bar, whose sides are not aligned with x and y, is used to reduce the diameter of a

workpiece; see Fig. 3.4.1. The impact tests described in Section 2.6 would

naturally be performed along the tool bar faces (directions u1 and u2 in the

figure), which would not provide FRFs in the y direction. Here �would account
for these misalignments as well as the force angle and, when combined with the

measured FRFs, would provide the system dynamic stiffness in the direction of

the surface normal. This is the oriented FRF.
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Fig. 3.4.1 Oriented FRF description using external turning operation
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Example 3.4.1: Single and two degree of freedom oriented FRF Let’s consider an
example single degree of freedom system where the vibration mode direction is

not aligned with the surface normal as shown in Fig. 3.4.2. In order to calculate

the directional orientation factor, the force projection onto themode direction u

is first determined:

Fu ¼ F cos 70� 15ð Þ ¼ F cos 55ð Þ:

This result is then projected onto the surface normal (y direction).

Fn ¼ Fu cos 15ð Þ ¼ F cos 55ð Þ cos 15ð Þ

The directional orientation factor is then � ¼ cos 55ð Þ cos 15ð Þ ¼ 0:55 and the

oriented FRF is the product of � and the FRF measured in the u direction.

Because � is less than one, the oriented FRF appears stiffer than the u direction

FRF; see Fig. 3.4.3. Physically, this indicates that only a portion (55%) of the

force/flexibility leads to vibration in the sensitive direction.

y

x

u

F70 deg

15 deg

Fig. 3.4.2 Single degree of freedom system with vibration mode that is not aligned with the
surface normal
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Fig. 3.4.3 Re[FRF] in u direction compared to real part of oriented FRF
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Next, consider the same u direction as shown in Fig. 3.4.2, but now with a

second degree of freedom in this direction. The real part of an example two

degree of freedom direct FRF at the tool point, as well as the oriented FRF real

part, is shown in Fig. 3.4.4. As discussed in Section 3.3, the negative real part

is used in the blim calculation and defines the valid chatter frequency range.

Figure 3.4.4 shows two valid chatter frequency ranges, unlike the previous

single degree of freedom examples we’ve considered. This yields two stability

boundary sections for each N value as shown in Ex. 3.4.2.

Example 3.4.2: Competing lobes for two degree of freedom oriented FRF Consider
the model shown in Fig. 3.4.5. A two degree of freedom system is aligned with

the surface normal and the force angle is 70 deg. The directional orientation

factor therefore only requires the projection of the force into the mode

R
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Re[FRFu]

Re[FRForient]

Fig. 3.4.4 Re[FRF] in u direction compared to real part of oriented FRF for two degree of
freedom system. Two valid chatter frequency ranges are seen
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Fig. 3.4.5 Two degree of freedom model for turning stability evaluation
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direction, � ¼ cos 70ð Þ: The modal parameters are: fn1 ¼ 400Hz,

kq1 ¼ 2� 107 N=m, �q1 ¼ 0:05, fn2 ¼ 700Hz, kq2 ¼ 2:2� 107 N=m;, and

�q2 ¼ 0:05. We will determine the stability behavior for this turning operation.
The real and imaginary parts of the oriented FRF for this system are shown

in Fig. 3.4.6. Two distinct modes with 400 Hz and 700 Hz natural frequencies

are observed. As seen previously in Fig. 3.4.4, there are two valid chatter

frequency ranges associated with this two mode system. They occur where the

real part is less than zero and are pictured in the top panel of Fig. 3.4.7. In the
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Fig. 3.4.6 Real and imaginary parts of the oriented FRF for the system in Ex. 3.4.2
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Fig. 3.4.7 (Top panel) Negative real part of oriented FRF. (Bottom panel) Corresponding
N=0 stability limit. The two lobes sections are present due to the two portions of the negative
real part in the top panel
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bottom panel, the � and blim values, which are both a function of the FRF and

therefore the chatter frequency (as seen in Eqs. 3.1–3.3), are plotted against one

another to define the stability limit (Ks=1500 N/mm2). It is seen that a distinct

lobe section is associated with each of the two chatter frequency ranges. Only

theN=0 pair is shown in this figure. However, it is the whole family of curves,

N=0, 1, 2, . . ., that defines the overall stability boundary. TheN=0, 1, and 2

lobes are shown in Figure 3.4.8. Because these lobes can interfere with each

other and limit the stable chip width, they may be considered as ‘‘competing

lobes’’. For example, it is seen that the right portion of the N = 2 lobe

(corresponding to the 700 Hz mode) truncates the stable zone between the left

(400 Hz mode) and right portions of the N = 1 lobe near 20000 rpm. The

MATLAB1 program used to produce these figures is provided on the companion

CD as p_3_4_2_1.m.
As seen in Figure 3.4.1, it is sometimes not sufficient to consider the system

flexibility in one direction only. In this case, modes in both the u1 and u2
directions should be included in the stability evaluation described in the

previous example. The model shown in Fig. 3.4.9 depicts a single degree of

freedom aligned with both u1 and u2, neither of which are coincident with y,

the surface normal. The oriented FRF now depends on the contributions of

both modes. We therefore calculate two directional orientation factors, each

of which projects the force into the appropriate mode and then this result into

the surface normal. Let’s consider the u1 mode. The first step is to project F

into the u1 direction:

Fu1 ¼ F cos � � �1ð Þ: (3:4:2)
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Fig. 3.4.8 Competing N = 0, 1, and 2 stability lobes for two degree of freedom system
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This result is then projected into the surface normal:

Fn ¼ Fu1 cos �1ð Þ ¼ F cos � � �1ð Þ cos �1ð Þ: (3:4:3)

The u1 directional orientation factor is, therefore, �1 ¼ cos � � �1ð Þ cos �1ð Þ:
Similarly, the steps in determining �2 are:

Fu2 ¼ F cos � þ �2ð Þ and (3:4:4)

Fn ¼ Fu12 cos �2ð Þ ¼ F cos � þ �2ð Þ cos �2ð Þ (3:4:5)

so that �2 ¼ cos � þ �2ð Þ cos �2ð Þ: The oriented FRF is then calculated as a
linear combination of the contributions of both modes/cutting force using
these directional orientation factors. Note that this treatment is not limited
to a single degree of freedom in either direction; it is generic to any
number of degrees of freedom in the two perpendicular directions u1
and u2.

FRForient ¼ �1FRFu1 þ �2FRFu2 (3:4:6)

IN A NUTSHELL It is possible for a multiple degree of free-
dom system to chatter in any of its modes. The effect of eachmode
is determined by its dynamic characteristics, the alignment of the
force with the direction of flexibility of the mode, and the ability of
the deflection of the mode to imprint on the surface of the work-

piece. These effects are combined in the ‘‘directional orientation factor’’.
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Fβ

α
α2

1

Fig. 3.4.9 Turning model with a single degree of freedom in both the u1 and u2 directions
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Example 3.4.3: Turning model with modes in two perpendicular directions We’ll
next determine the stability for the model in Fig. 3.4.9 with the following

parameters: �1 = 30 deg, �2 = 60 deg, � = 70 deg, and Ks = 2000 N/mm2.

The dynamics are defined by fn1 ¼ 421Hz;, k1 ¼ 2:8� 107 N=m; and, and

�1 ¼ 0:05 for the u1 direction and fn2 ¼ 491Hz;, k2 ¼ 3:81� 107 N=m, and

�2 ¼ 0:05 for the u2 direction. The directional orientation factors are calculated

using Eqs. 3.4.2–3.4.5.

�1 ¼ cos � � �1ð Þ cos �1ð Þ ¼ cos 70� 30ð Þ cos 30ð Þ ¼ 0:663

�2 ¼ cos � þ �2ð Þ cos �2ð Þ ¼ cos 70þ 60ð Þ cos 60ð Þ ¼ �0:321

The oriented FRF, as well as its components �1FRFu1 and �2FRFu2 , are

shown in Fig. 3.4.10. It is seen that: 1) the minimum real part of FRForient

occurs at 443 Hz with a value of 1:493� 10�4 mm=N; and 2) the real part

crosses through zero amplitude at a frequency of 418 Hz (which corre-

sponds to the natural frequency for a single degree of freedom system).

Although this is not a single degree of freedom system, the real part of the

oriented FRF bears some similarity to a single degree of freedom FRF real

part. As an approximation, we can therefore calculate blim,crit and the best

and worst spindle speeds using the single degree of freedom equations

presented in Section 3.3. The best and worst spindle speeds are summar-

ized in Table 3.4.1.
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Fig. 3.4.10 OrientedFRF for Ex. 3.4.2. The two components of the orientedFRFare also shown
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blim;crit ¼
�1

2Ks �min Re FRForient½ �ð Þ ¼
�1

2 � 2000 � �1:493� 10�4ð Þ ¼ 1:7mm

�best ¼
418

Nþ 1
ðrpsÞ

�worst ¼
443

Nþ 3
4

ðrpsÞ

Figure 3.4.11 shows one valid chatter frequency range associated with

the oriented FRF. As before, it occurs where the real part is less than zero

(top panel). In the bottom panel, the N = 0 � and blim values are plotted

against one another to define the stability limit. It is seen that the best

speed of 418 rps is a reasonable approximation of the actual behavior.

Figure 3.4.12 shows the combined stability boundary for N = 0 to 3. The

MATLAB1 program used to produce these figures is provided on the

companion CD as p_3_4_3_1.m. Note that " in Eq. 3.3.3 must now be

calculated using FRForient.

Table 3.4.1 Approximate best and worst spindle speeds for Ex. 3.4.2

N �best (rps) �best (rpm) �worst (rps) �worst (rpm)

0 418 25080 591 35460

1 209 12540 253 15180

2 139 8340 161 9665

3 105 6300 118 7088
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Fig. 3.4.11 (Top panel) Negative real part of oriented FRF for Ex. 3.4.3. (Bottom panel)
Corresponding N = 0 stability limit
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3.5 Turning Time-Domain Simulation

In this section, a time-domain simulation is described that solves the turning
equation of motion by numerical integration. This is in contrast to Tlusty’s
analytical, frequency-domain solution detailed in the previous sections. The
stability lobe diagram determined from the analytical solution gives a ‘‘global’’
picture of the stability behavior for a particular turning setup, but does not
provide information regarding the cutting force or tool vibrations. On the
other hand, time-domain simulation gives ‘‘local’’ force and vibration levels
for the selected cutting conditions, but not the same global view. The simula-
tion proceeds as follows: 1) the instantaneous chip thickness is determined
using the current and previous tool vibrations; 2) the cutting force is calcu-
lated; 3) the force is used to find the new displacement; and 4) the process is
repeated in small time steps. The simulation model is the same as was pre-
sented in Fig. 3.4.9.

3.5.1 Chip Thickness Calculation

As shown in Eq. 3.2.1, the instantaneous chip thickness depends, atminimum, on
the mean chip thickness (or feed per revolution), the current normal (y) direction
vibration, and the vibration one revolution earlier, h tð Þ ¼ hm þ y t� �ð Þ � y tð Þ.
We used Fig. 3.2.3 as an aid in visualizing this equation. In reality, the situation is
a little more complicated because, depending on the vibration levels, the instan-
taneous chip thickness may depend on the current vibration and the vibration
two revolutions earlier, for example. Consider the vibrations in two subsequent
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Fig. 3.4.12 Stability lobes for Ex. 3.4.3 (N = 0 to 3)
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revolutions shown in Fig. 3.5.1. The current vibration state is defined by the tool
position at three different times, t1, t2, and t3. The vibration one revolution
earlier is represented by the solid, sinusoidal line and is offset from the current
commanded mean chip thickness line by hm. The vibration two revolutions
earlier is shown as a dashed line and is offset by 2hm. The current surface is
given by the heavy solid line. It is seen that the current surface depends on the
previous revolution at certain times (including t1 and t2) and the vibration two
revolutions earlier at other times (such as t3). At t1, the chip thickness is
determined in the traditional manner, h1 ¼ hm þ y t1 � �ð Þ � y t1ð Þ. At t2, the
tool point is actually above the current surface. In other words, no cutting is
taking place. Here, h3 ¼ 2hm þ y t3 � 2�ð Þ � y t3ð Þ so that h2 < 0. Clearly, a
negative chip thickness does not make physical sense, but this nonlinearity is
conveniently incorporated in the simulation. At t3, the chip thickness is
determined using h3 ¼ 2hm þ y t3 � 2�ð Þ � y t3ð Þ At this instant, we must con-
sider the vibrations two revolutions prior.

The simulation is carried out in small time steps, dt. Because we are numeri-
cally integrating the system equation ofmotion to determine the tool vibrations,
care must be exercised in selecting dt. If the value is too large, inaccurate results
are obtained. As a rule of thumb, it is generally acceptable to set dt at least 10
times smaller than the period corresponding to the highest natural frequency in
the system’s dynamic model.

Example 3.5.1: Numerical integration time step selection Consider a turning
model with two natural frequencies, fn1 ¼ 800Hz and fn2 ¼ 1000Hz. The per-
iod of the higher natural frequency is:

�2 ¼
1

fn2
¼ 1� 10�3 s

and the maximum dt value should be:
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Fig. 3.5.1 Chip thickness determination at three different instants in time

86 3 Turning Dynamics



dt ¼ �2
10
¼ 1� 10�4 s:

Smaller values are naturally acceptable (dividing the time constant by 50 or
100, for example), but there is a tradeoff between improved numerical accuracy
and execution time for the simulation.

Once the time step is selected, the simulation time can be determined using:

tn ¼ n � dt; (3:5:1)

where n is the simulation counter (n = 1, 2, . . .). The number of time steps per
spindle revolution, or steps_rev, is related to dt (in sec) and the selected spindle
speed, � (in rpm), as:

steps rev ¼ 60

dt � � : (3:5:2)

This value is critical because it enables us to keep track of the vibration
state from one revolution to the next. At some discrete time tn in the
simulation, the behavior one revolution earlier (t� � in a continuous
sense) is tn-steps_rev (in a discrete sense). In practice, because steps_rev is
used as part of the index for the simulation variables, only integer values
are allowed. This is accomplished in MATLAB1 using the round function.
For example:

steps_rev= round(60/(dt*omega));

where omega represents the spindle speed in rpm. In simulation, the depen-
dence of the actual surface on more than the most previous revolution can be
incorporated by calculating the chip thickness according to:

h ¼ ymin � yn�1; (3:5:3)

where ymin is the smallest value of {fhm þ yn�steps rev; 2hm þ yn�2�steps rev; . . .g
which, according to Fig. 3.5.1, defines the current workpiece surface. The
index (n-1) on y in Eq. 3.5.3 is used because the vibration in the current time
step (with index n) is only known after the force is determined and the equation
of motion is solved.

3.5.2 Force Calculation

Once the chip thickness is computed using Eq. 3.5.3, the force in the current
time step is determined using the selected chip width, b, and specific force:

F ¼ Ksbh: (3:5:4)
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As described previously, it is possible that the calculated chip thickness will be
negative if the current tool vibration is larger than the surface location (refer to
Fig. 3.5.1 at t2). In this case, no cutting is occurring. Therefore, the cutting force
should be zero.We incorporate this nonlinearity by setting the force equal to zero
if the result from Eq. 3.5.4 is less than zero (due to a negative chip thickness).
Additionally, the surface is updated to reflect the actual location, ymin, rather
than the tool vibration: yn�1 ¼ ymin Once the cutting force is known, it is resolved
into the mode directions, u1 and u2, as depicted in Fig. 3.4.9.

Fu1 ¼ F cos � � �1ð Þ and Fu2 ¼ F cos � þ �2ð Þ (3:5:5)

3.5.3 Displacement Calculation

Considering the single degree of freedom models shown in the u1 and u2
directions in Fig. 3.4.9, the corresponding equations of motion are:

m1€u1 þ c1 _u1 þ k1u1 ¼ Fu1 and m2€u2 þ c2 _u2 þ k2u2 ¼ Fu2 : (3:5:6)

Themode direction accelerations in the current time step due to the two force
components are determined by rewriting Eq. 3.5.6:

€u1 ¼
Fu1 � c1 _u1 þ k1u1

m1
and €u2 ¼

Fu2 � c2 _u2 þ k2u2
m2

; (3:5:7)

where the velocities, _u1 and _u2, and positions, u1 and u2, from the previous time
step are used (they are set equal to zero initially). The velocities and positions
for the current time step are then determined by numerical (Euler) integration:

_u1 ¼ _u1 þ €u1dt and _u2 ¼ _u2 þ €u2dt (3:5:8)

u1 ¼ u1 þ _u1dt and u2 ¼ u2 þ _u2dt; (3:5:9)

where the velocities on the right hand side of the equal signs in Eq. 3.5.8 are
retained from the previous time step and used to update the current values.
These current values are then applied to determine the current displacements in
Eq. 3.5.9. Again, the displacements on the right hand side of Eq. 3.5.9 are those
from the previous time step. Once u1 and u2 are known, they are projected into
the normal (y) direction:

yn ¼ u1 cos �1ð Þ þ u2 cos �2ð Þ; (3:5:10)

where the n subscript on y indicates the time step. Note that this value represents
yn�1 in the next time step and is applied in Eq. 3.5.3 to calculate the updated chip
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thickness. The process of computing the force and resulting displacements is
then repeated.

Example 3.5.2: Stability evaluation by time-domain simulation Consider the
turning model shown in Fig. 3.5.2. The dynamic constants are: m1 ¼ 1kg,
c1 ¼ 450N� s=m, and k1 ¼ 2� 107 N=m for the u1 direction and m2 ¼ 1 kg,
c2 ¼ 650N� s=m, and k2 ¼ 3� 107 N=m for the u2 direction. The other para-
meters are: �1 ¼ 35 deg, �2 ¼ 55 deg, � ¼ 65 deg, hm ¼ 0:1mm, and
Ks ¼ 2000N=mm2. Prior to determining the time-domain force and displace-
ments using the simulation described in the previous paragraphs, let’s calculate
blim,crit, the approximate best and worst speeds, and the stability lobe diagram
for this model.

As seen in Ex. 3.4.3, the oriented FRF must be determined using the direc-
tional orientation factors prior to calculating blim,crit. The directional orienta-
tion factors are:

�1 ¼ cos � � �1ð Þ cos �1ð Þ ¼ cos 65� 35ð Þ cos 35ð Þ ¼ 0:709 and

�2 ¼ cos � þ �2ð Þ cos �2ð Þ ¼ cos 65þ 55ð Þ cos 55ð Þ ¼ �0:287:

The oriented FRF is displayed in Fig. 3.5.3. Theminimum real part of occurs
at 748 Hz with a value of 1:993� 10�4 mm=N and the real part crosses through
zero amplitude at a frequency of 709 Hz. Similar to Ex. 3.4.3, although this is
not a single degree of freedom system, the real part of the oriented FRF
resembles single degree of freedom system behavior. We can therefore approx-
imate blim,crit and the best and worst spindle speeds using the single degree of
freedom equations presented in Section 3.3. The best and worst spindle speeds
are summarized in Table 3.5.1.
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Fig. 3.5.2 Model for turning time-domain simulation in Ex. 3.5.2
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blim;crit ¼
�1

2Ks �min Re FRForient½ �ð Þ ¼
�1

2 � 2000 � �1:993� 10�4ð Þ ¼ 1:3mm

�best ¼
709

Nþ 1
ðrpsÞ

�worst ¼
748

Nþ 3
4

ðrpsÞ

The top panel of Fig. 3.5.4 shows a single valid chatter frequency range (real

part< 0) for the oriented FRF. In the bottom panel, it is observed that the best

speed of 709 rps is an acceptable approximation of the actual behavior,

although this is not a reasonable spindle speed (42540 rpm) for typical turning

applications. Figure 3.5.5 shows the combined stability boundary for N= 0 to

4. The MATLAB1 programs used to produce these figures are provided on the

companion CD as p_3_5_2_1.m and p_3_5_2_2.m.
As discussed before, Fig. 3.5.5 provides a global view of the process stability,

but does not provide local information, such as force and tool displacement,
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Fig. 3.5.3 Oriented FRF for Ex. 3.5.2

Table 3.5.1 Approximate best and worst spindle speeds for Ex. 3.5.2

N �best (rps) �best (rpm) �worst (rps) �worst (rpm)

0 709 42540 997 59840

1 355 21270 427 25646

2 236 14180 272 16320

3 177 10635 199 11968

4 142 8508 157 9448
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about particular operating parameter combinations. For example, the stabi-

lity boundary would suggest that 44490 rpm is a good operating speed for b

values up to 6 mm [this spindle speed is somewhat higher than the simple

approximation of 42540 rpm provided in Table 3.5.1]. It also shows that the

maximum allowable chip width at 26140 rpm is slightly less than 1.3 mm. We

will now use the time-domain simulation to determine the force and tool

displacement values near these stability thresholds. Figure 3.5.6 provides the

results for � = 44490 rpm and b = 5 mm, where the total simulation time
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Fig. 3.5.4 (Top panel) Negative real part of oriented FRF for Ex. 3.5.2. (Bottom panel)
Corresponding N = 0 stability limit

1 2 3 4 5 6
0

1

2

3

4

5

6

7

8

Ω (rpm)

N = 0

N = 1

N = 2

N = 3N = 4

× 10−4

b l
im

 (m
m

)

Fig. 3.5.5 Stability lobes for Ex. 3.5.2 (N = 0 to 4)
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corresponds to 50 revolutions, 50
44490
60

¼ 0:067s. It is seen that these conditions are

actually near the stability limit since the force and displacement levels are
neither growing nor diminishing. In this way, time-domain simulation can be
used to refine the analytical stability limit results. We can also check the
simulation mean values against Eqs. 3.5.11 and 3.5.12. Equation 3.5.11 gives
the mean cutting force, Fm, based on the commanded chip area and specific
force. Equation 3.5.12 provides the mean normal direction displacement, ym,
where the sum of the �k ratios gives the static compliance of the oriented FRF.

As expected, the simulation results in Fig. 3.5.6 agree with the analytical
expressions in both cases. At � = 44490 rpm and b= 6 mm, the cut is clearly
unstable; the force and displacement values are growing significantly with
time. See Fig. 3.5.7.

Fm ¼ Ksbhm ¼ 2000 � 5 � 0:1 ¼ 1000N (3:5:11)

ym ¼ Fm
�1
k1
þ �2

k2

� �
¼1000 0:709

2� 107
þ �0:287
3� 107

� �
¼ 2:6� 10�5 m ¼ 26 mm (3:5:12)

At the less favorable spindle speed of � = 26140 rpm, chatter is observed at
b=2mm in Fig. 3.5.8. Not only are the force and displacement values growing
with time, but the force nonlinearity is also observed (beginning at approxi-
mately t= 0.025 s) when the tool vibration grows large enough that there is no
cutting intermittently and F= 0. The total simulated time for 50 revolutions is

now: 50
26140
60

¼ 0:067s. If the chip width is reduced to 1 mm, stable operation is

obtained (Fig. 3.5.9). Here it is seen that the initial transient response quickly
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Fig. 3.5.6 Example 3.5.2 time-domain force and displacement for � = 44490 rpm and
b = 5 mm
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attenuates and the steady state force and displacement are obtained. The

MATLAB1 program used to produce these figures is provided on the companion

CD as p_3_5_2_3.m.

Fm ¼ Ksbhm ¼ 2000 � 1 � 0:1 ¼ 200N
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Fig. 3.5.7 Example 3.5.2 time-domain force and displacement for � ¼ 44490 rpm and
b ¼ 6 mm
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Fig. 3.5.8 Example 3.5.2 time-domain force and displacement for � ¼ 26140 rpm and
b ¼ 2 mm
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ym ¼ Fm
�1
k1
þ �2

k2

� �
¼ 200

0:709

2� 107
þ �0:287
3� 107

� �
¼ 5� 10�6 m ¼ 5 mm

INANUTSHELL Time-domain simulation eliminatesmany of
the simplifying assumptions required to obtain the global analy-
tical solution. For that reason, time-domain simulation is more
accurate than the analytical solution. However, it provides infor-
mation on a case-by-case basis only. Using time-domain simula-

tion to produce a stability lobe diagram requires many repeated executions.

3.5.4 Multiple Degree of Freedom Modeling

As a final point of consideration in this section, let’s discuss how to extend the
time-domain simulation to include multiple degrees of freedom in the twomode
directions u1 and u2. The important point to remember from Chapter 2 is that,
provided we have measured the direct FRF at the location of interest (the tool
point), the response can be expressed as a sum of the modal contributions.
Therefore, once we have completed the curve fitting exercise to obtain the
modal parameters (Section 2.5), we can treat each degree of freedom for both
mode directions separately and determine the individual solutions using Euler
integration as shown in Eqs. 3.5.7 through 3.5.9. After the displacements in
each mode have been calculated, they are simply summed in each direction. For
example, assume that two modes were identified and curve fitted using peak
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Fig. 3.5.9 Example 3.5.2 time-domain force and displacement for � = 26140 rpm and
b= 1 mm
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picking for the u1 direction and three modes were selected for the u2 direction.

The modal parameters mq1;u1 , cq1;u1 , kq1;u1 , mq2;u1 , cq2;u1 , and kq2;u1 would be

obtained for u1, while mq1;u2 , cq1;u2 , kq1;u2 , mq2;u2 , cq2;u2 , kq2;u2 , mq3;u2 , cq3;u2 , and

kq3;u2 would be obtained for u2. The modal accelerations in the u1 direction

would now include:

€u1;q1 ¼
Fu1 � cq1;u1 _u1;q1 þ kq1;u1u1;q1

mq1;u1

and €u1;q2 ¼
Fu1 � cq2;u1 _u1;q2 þ kq2;u1u1;q2

mq2;u1

;

where the local u1 direction force is used because themodal force vector is composed

of identical local force values for each modeled mode (see Eq. 2.4.4.). The modal

coordinate velocities and positions would then be determined according to:

_u1;q1 ¼ _u1;q1 þ €u1;q1dt and _u1;q2 ¼ _u1;q2 þ €u1;q2dt and

u1;q1 ¼ u1;q1 þ _u1;q1dt and u1;q2 ¼ u1;q2 þ _u1;q2dt:

Finally, the u1 local displacement would be calculated using:

u1 ¼ u1;q1 þ u1;q2: Similarly, the u2 direction modal accelerations would be:

€u2;q1 ¼
Fu2
�cq1;u2 _u2;q1þkq1;u2u2;q1

mq1;u2
; €u2;q2 ¼

Fu2
�cq2;u2 _u2;q2þkq2;u2u2;q2

mq2;u2
; and

€u2;q3 ¼
Fu2
�cq3;u2 _u2;q3þkq3;u2u2;q3

mq3;u2
:

The modal coordinate velocities and positions in the u2 direction would then

be determined using:

_u2;q1 ¼ _u2;q1 þ €u2;q1dt; _u2;q2 ¼ _u2;q2 þ €u2;q2dt; and _u2;q3 ¼ _u2;q3 þ €u2;q3dt

u2;q1 ¼ u2;q1 þ _u2;q1dtu2;q2 ¼ u2;q2 þ _u2;q2dt and u2;q3 ¼ u2;q3 þ _u2;q3dt

and the u2 local displacement would be calculated using: u2 ¼ u2;q1 þ u2;q2 þ u2;q3.

As with the single degree of freedom case, all initial values of the modal velocities

and displacements should be set equal to zero prior to simulation execution.

IN A NUTSHELL Modal analysis provides a convenient way
to summarize the dynamic characteristics of complicated vibra-

tion systems. When applying time-domain simulation, the com-

pact modal data representation facilitates determination of the

appropriate parameters for stable machining.
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Exercises

1. For the turning schematic shown in Fig. e.3.1., complete parts a) through f).
For the single degree of freedom dynamics, the mass is 2 kg, the damping
ratio is 0.05, and the stiffness is 2� 107N=m. The u direction is oriented at an
angle, �, of 35 deg relative to the surface normal, y. The force model
parameters are Ks = 1500 N/mm2 and � = 70 deg.

a) Calculate the directional orientation factor. Using this value, compute
and plot the real and imaginary parts (in m/N) of the oriented frequency
response function vs. frequency (in Hz).

b) Determine the minimum value of the real part of the oriented frequency
response function and the corresponding chatter frequency. Calculate blim,crit.

c) Determine the spindle speed (in rpm) corresponding to the stability peak
defined by the intersection of the N = 0 and N = 1 stability lobes.

d) Find the spindle speed (in rpm) corresponding to the minimum stability
limit for the N = 0 lobe.

e) Determine the spindle speed (in rpm) corresponding to the stability peak
defined by the intersection of the N = 3 and N = 4 stability lobes.

f) Plot the first four stability lobes (N=0 to 3) for this system. Use blim units
of mm and spindle speed units of rpm.

2. Using the turning schematic shown in Fig. e.3.2., complete parts a) through
d). For the u1 direction, the mass is 10 kg, the damping is 170 N-s/m, and the
stiffness is 7� 106 N=m. The u1 direction is oriented at an angle, �1, of 60 deg
relative to the surface normal, y. For the u2 direction, the mass is 12 kg, the
damping is 1700 N-s/m, and the stiffness is 5� 107 N=m. The u2 direction is
oriented at an angle, �2, of 30 deg relative to the y direction. The force model
parameters are Ks = 2000 N/mm2 and � = 60 deg.

y

x

u

F
β

α

k

c

Fig. e.3.1 Turning model with flexible tool
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a) Compute the directional orientation factors, �1 and �2. Plot the real and
imaginary parts (in m/N) of the oriented frequency response function vs.
frequency (in Hz).

b) Determine the minimum value of the real part of the oriented frequency
response function and the corresponding chatter frequency. Calculate blim,crit.

c) Find the spindle speed (in rpm) corresponding to the minimum stability
limit for the N = 2 lobe.

d) Plot the first five stability lobes (N=0 to 4) for this system. Use blim units
of mm and spindle speed units of rpm.

3. Considering the turningmodel shown inFig. e.3.3, determine the critical stability
limit if Ks = 750 N/mm2. For both lumped parameter degrees of freedom, the
mass is 1 kg, the stiffness is 7� 106 N=m, and the damping is 200 N-s/m.

y

x

u1

u2

Fβ

α
α2

1

Fig. e.3.2 Turning model with a single degree of freedom in both the u1 and u2 directions
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m

Fig. e.3.3 Two degree of freedom turning model

Exercises 97



4. Complete time-domain simulations for the turning model described in
Exercise 2. Evaluate the following points for stable or unstable behavior.
Use a mean chip thickness (feed per revolution) of 0.15 mm and carry out
your simulations for 25 revolutions.

� (rpm) b (mm)

2150 0.1

2150 0.5

2500 0.1

2500 0.5

2930 0.1

2930 0.5

3750 0.1

3750 0.5

4600 0.1

4600 0.5

Superimpose your results on the stability lobe diagram from Exercise 2,
part d). Use a circle for stable operating points and an ‘x’ for unstable points.
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