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Preface

Through this book we demonstrate the importance of considering the role of
process dynamics in machining performance. We based the book on graduate
courses in mechanical vibrations and manufacturing that we have previously
offered, but also included aspects of our research programs in machining
dynamics and precision engineering. We developed the text to be applied in
a traditional 15 week course format with an intended audience of upper
division and graduate level engineering students, as well as the practicing

engineer.

We organized the book into seven chapters. The chapter topics are summar-
ized here.
e Chapter 1 — We provide a of list potential obstacles to machining productiv-

ity and highlight the focus areas for this text. We direct the reader to Fig.
1.1.1 for a graphical identification of these areas.

Chapter 2 - We first review the fundamentals of single and two degree of
freedom free and forced vibrations. We then continue with a description of
the frequency response function, including experimental techniques.
Chapter 3 — The purpose of this chapter is to describe regenerative chatter in
turning and introduce the stability lobe diagram. We detail both analytical
and time-domain simulations to determine stable and unstable cutting
conditions.

Chapter 4 — In this chapter we focus on milling and describe the correspond-
ing analytical and time-domain simulations for stability prediction.
Chapter 5 — Our goal for this chapter is to investigate the influence of forced
vibrations during stable milling on part geometric accuracy. Both analytical
and time-domain approaches are provided.

Chapter 6 - We analyze the frequency content of stable and unstable milling
signals; update the time-domain simulations developed in Chapters 4 and 5
to include runout of the cutter teeth and variable teeth spacing; discuss
stability of low radial immersion milling; and describe the uncertainty
evaluation for stability boundaries.

Chapter 7 - In this chapter, we apply receptance coupling to prediction of the
tool point frequency response function. We also review Euler-Bernoulli

vii



viii Preface

beam theory and provide expressions for beam frequency response functions
under various boundary conditions.

A key aspect of this book is the inclusion of functional MATLAB®) code (in
the form of m-files) on the companion CD. We use this code to support
numerical examples throughout the text and demonstrate the analytical and
time-domain algorithms we describe within the individual chapters. We orga-
nized the code by chapter on the CD and named the files according to the
example that they support. To demonstrate the naming convention, Example
3.5.2 has three supporting programs: p 3 52 l.m, p 3 52 2.m, and
p_3_5_2 3.mthat are used to develop the book figures. Another special feature
we have included is the For instance ', and In a nutshell ", explanations of
selected topics for the non-mathematical reader.

We conclude by acknowledging the many contributors to this text. This
naturally includes our instructors, colleagues, collaborators, and students.
Among these, we'd like to particularly recognize the contributions of J. Tlusty',
J. Ziegert, M. Davies, T. Burns, J. Pratt, and G.S. Duncan. We also thank the
reviewers of this book for their helpful suggestions: E. Marsh, M. Miller, S.
Redkar, G. Stépan, A. Yi, and J. Ziegert.

University of Florida Tony L. Schmitz
University of North Carolina at Charlotte K. Scott Smith
June 2008

! The late Prof. Jiri Tlusty established the Machine Tool Research Center at the
University of Florida where much of the research in support of this book was
completed.
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Chapter 1
Introduction

You have to learn the rules of the game. And then you have to
play better than anyone else.

- Albert Einstein

In today’s information driven society, it could be argued that the relative
significance of a topic is measured by the number of web sites identified by
an Internet search. The search term “Super Bowl”, for example, yields
approximately 63,000,000 sites', which tops “World Cup” at 57,300,000.
“Nanotechnology” and “machining” score similarly to one another at
12,300,000 and 12,100,000 sites, respectively. Among recently developed
manufacturing technologies, selected results include “high speed
machining” — 423,000, “laser assisted machining” — 370,000, “laser
machining” — 290,000, “friction stir welding” — 101,000, and “selective
laser sintering” — 87,400. Refining the high-speed machining search to
“high speed machining dynamics” reduces the count by more than four
times to 90,900. However, this is almost exactly two times the number of
sites (45,400) related to “chinch bugs”, a known predator of St. Augustine
grass. Apparently, reading this text places you in select company, but not
quite as exclusive as those interested in a particular Florida lawn pest!

While this nonscientific survey was performed somewhat tongue in cheek, it
does indicate that, although interest in high-speed machining continues to grow
(nearly half a million web sites with related content), widespread awareness of
the importance of considering the role of the process dynamics in its successful
implementation has not yet been achieved. There is still work to be done!
Increasing this process dynamics understanding for those interested in “playing
the game better” is the intent of this text.

" The Internet searches were completed in April, 2008 using the Google™ search engine.

T.L. Schmitz, K.S. Smith, Machining Dynamics, DOI 10.1007/978-0-387-09645-2_1, 1
© Springer Science+Business Media, LLC 2009



2 1 Introduction

1.1 The big picture

Discrete part production by machining remains an important manufacturing
application. In commercial situations, the focus is naturally on producing
accurate parts in the required time frame under conditions of maximized profit.
Unfortunately, a number of factors can influence our ability to do so. Impor-
tant contributors to process efficiency include:

e workpiece loading/unloading from the machine;

e fixturing, including clamping/unclamping the workpiece on the machine;

e machining parameters, such as spindle speed, depth of cut, and feed rate;

e path planning strategies;

e tooling and holder selection;

e tool wear;

® tool changes;

® coolant management;

e chip evacuation;

e tool and workpiece vibrations, including chatter and errors due to the
cutting forces (we refer to the latter as surface location errors);

e part measurement (on machine or post process); and

e machine accuracy, including geometric errors in the machine construction,
thermally induced errors from heat sources associated with the machining
process, and trajectory following errors caused by controller and machine
structural dynamics.

We will focus our attention on process parameter selection to enable high
material removal rates without introducing significant part errors due to cutting
forces and the resulting dynamic tool deflections. The remaining issues, while
important, are outside the scope of this text. Figure 1.1.1 displays an overview
of our focus areas. There are two critical items upon which our modeling efforts
are based: the frequency response function, FRF, and the force model. These
are identified in the central portion of the figure (boxes with heavy solid lines).
In milling, for example, we require knowledge of the tool-holder-spindle-
machine FRF as reflected at the tool point. We can obtain the necessary
assembly dynamics through modal testing techniques or by a combination of
testing and modeling using the Receptance Coupling Substructure Analysis,
RCSA, approach. For the force model, the required coefficients can be deter-
mined from cutting tests carried out on a force dynamometer. Given the tool
point FRF and force model, we can choose either: 1) a time-domain simulation
strategy to predict stability and surface location errors, SLE; or 2) a frequency-
domain approach to stability and SLE predictions. For time-domain simula-
tion, an additional step of modal fitting is required to obtain modal parameters
that describe the system FRF. We detail each of these topics in Chapters 2
through 7.
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Dynamometer
testing
Stability SLE
Force
model
Time-domain
simulation Frequency- | | Frequency-domain
domain SLE stability
Modal
fitting
FRF
Modal RCSA
testing

Fig. 1.1.1 Focus areas for study of machining dynamics. The critical frequency response
function, FRF, and force model are indicated by the heavy solid lines

1.2 A Brief Review

We cannot hope to capture all the significant contributions to machining
science that have been previously reported in the literature and we are wary of
accidental omissions. However, we would like to provide a brief review of the
foundational work that has led to our modern understanding of machining
process dynamics. Clearly, with the process descriptions and models provided
in this text, we are “dwarfs standing on the shoulders of giants (nanos gigantium
humeris insidentes)™.

A primary building block for the study of machining is Taylor’s “On the Art
of Cutting Metals” [2]. This paper established an empirical basis for the rela-
tionships between cutting parameters and process performance; contemporary
research efforts still rely on variations of Taylor’s tool life model, for example.
Later, Merchant’s work provided a mechanics-based understanding of cutting
forces, as well as the corresponding stresses and strains during material removal
[3]. Within the broad view of machining encompassed by these and other early
efforts, researchers have subsequently studied such basic aspects of machining
as chip geometry, shear stresses, friction, and cutting temperatures [4]. In this
text, we do not attempt to address these issues, but rather focus on the process
dynamics. The contributions of chip formation to turning and milling behavior
are indirectly included through the force models, which effectively treat this

% This quote is attributed to the 12th century philosopher Bernard of Chartres (Bernardus
Carnotensis) [1].



4 1 Introduction

complex behavior using “process coefficients” that relate cutting force levels to
the uncut chip area [5].

While advances in computer simulation of machining processes continue,
the foundation for much of this work can be traced to papers by Tlusty,
Tobias, and Merrit [6-9], which, in turn, followed ecarlier work by Arnold
[10] and others. Based on these efforts, an understanding of the regeneration
of surface waviness during material removal as the primary mechanism for
self-excited vibrations (or chatter) in machining was established. When
combined with the effects of forced vibrations during stable cutting, we
have the basis for exploring the role of machining dynamics in discrete
part production. Comprehensive reviews of subsequent modeling and experi-
mental efforts have been compiled and presented in the literature. We refer
the reader to [4, 11, 12, 13, 14, 15, 16, 17], for example.

1.3 Roadmap

Figure 1.3.1 shows a modified version of Fig. 1.1.1, where we have now
identified the relevant sections that detail these focus areas. The FRF is
defined in Sections 2.2 and 2.4. Its measurement is outlined in Sections 2.5
through 2.7, while its prediction using the RCSA method is detailed in
Section 7.6. The cutting force model is described in Section 3.1 for turning
and Sections 4.1 and 4.7 for milling. Experimental methods for identifying
force model coefficients in milling are covered in Section 4.7 as well. Time-
domain simulations are provided in Section 3.5 (turning), Sections 4.4
through 4.6 (milling circular tooth path), and Section 5.3 (milling cycloidal

Dynamometer 47
3.5,4.4,64 53 testing
Stability SLE
Force 3.1,4.1,4.7
model
Time-domain >-2
simulation Frequency- Frequency-domain
33,4.1,4.7 - -
35 44 domain SLE stability
4.6, 5‘3_ Modal
e fitting
2.5 FRF 22.24
2597 | Modal RCSA | 7.6
testing

Fig. 1.3.1 A roadmap for the text is shown; section numbers are identified for each focus area
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tool path). The necessary modal fitting step for determining the modal mass,
damping, and stiffness coefficients used in the time-domain simulation
equations of motion is reviewed in Section 2.5. Application of time-domain
simulation to turning stability is shown in Section 3.5. Low radial immer-
sion milling stability is described in Section 6.4 and surface location error
prediction is included in Section 5.3. Frequency-domain techniques for
stability analysis are described in Section 3.3 for turning and Section 4.3
for milling (two methods are included). The frequency-domain analysis for
milling surface location error is provided in Section 5.2.

While the content of this book is mathematical by its nature, it is possible to
gain an understanding of the basic concepts and some ability to apply them
without a detailed understanding of the mathematical formalities. Throughout
the text, there are number of explanations/analogies labeled For instance or In a
nutshell which attempt to convey the essence of the topic to the non-mathema-
tical reader.

References

1. http://www.en.wikipedia.org/wiki/Standing\_on\_the\ shoulders\_of\_giants, accessed
April, 2008.

2. Taylor, F.W., 1906, On the Art of Cutting Metals, Transactions of the ASME, 28: 31-248.

3. Merchant, M.E., 1950, Metal Cutting Research — Theory and Practice, Machining —
Theory and Practice, ASM, 5-44.

4. Komanduri, R., 1993, Machining and Grinding: A Historical Review of the Classical
Papers, Applied Mechanics Review, 46/3: 80-132.

5. Koenisgberger, F. and Sabberwal, A., 1961, An Investigation into the Cutting Force
Pulsations during Milling Operations, International Journal of Machine Tool Design and
Research, 1: 15-33.

6. Tlusty, J. and Polacek, M., 1957, Besipiele der behandlung der selbsterregten Schwingung
der Werkzeugmaschinen, FoKoMa, Hanser Verlag, Munchen.

7. Tobias, S.A. and Fishwick, W., 1958, Theory of Regenerative Machine Tool Chatter, The
Engineer, London, 258.

8. Tlusty, J. and Polaceck, M., 1963, The Stability of Machine Tools Against Self-excited
Vibrations in Machining, International Research in Production Engineering, 465-474.

9. Merrit, H., 1965, Theory of Self-Excited Machine Tool Chatter, Journal of Engineering
for Industry, 87/4: 447-454.

10. Arnold, R., 1946, The Mechanism of Tool Vibration in the Cutting of Steel, Proceedings
of the Institution of Mechanical Engineers, 54: 261-284.

11. Tlusty, J., 1978, Analysis of the State of Research in Cutting Dynamics, Annals of the
CIRP, 27/2: 583-589.

12. Smith, S. and Tlusty, J., 1991, An Overview of Modeling and Simulation of the Milling
Process, Journal of Engineering for Industry, 113/2: 169-175.

13. Smith, S. and Tlusty, J., 1993, Efficient Simulation Programs for Chatter in Milling,
Annals of the CIRP, 42/1: 463-466.

14. Ehmann, K., Kapoor, S., DeVor. R., and Lazoglu, 1., 1997, Machining Process
Modeling: A Review, Journal of Manufacturing Science and Engineering, 119/4B:
655-663.



15.

16.

17.

1 Introduction

Smith, S. and Tlusty, J., 1997, Current Trends in High-Speed Machining, Journal of
Manufacturing Science and Engineering, 119/4B: 664-666.

Merchant, M.E., 1998, An Interpretive Look at 20th Century Research on Modeling of
Machining, Machining Science and Technology, 2/2: 157-163.

Altintas, Y. and Weck, M., 2004, Chatter Stability of Metal Cutting and Grinding,
Annals of the CIRP, 53/2: 619-642.



Chapter 2
Modal Analysis

All these primary impulses, not easily described in words, are
the springs of man’s actions.

— Albert Einstein

As described in Chapter 1, a critical step in improving machining productivity
through a consideration of the process dynamics is identifying the tool point
frequency response function. In this chapter, we will briefly review the funda-
mentals of single and two degree of freedom free and forced vibrations and, in
so doing, we will establish notation conventions for a description of modal
analysis. Naturally, this review will not replace the information provided in a
mechanical vibrations textbook, such as [1], [2], or others, and some of the
subtleties of a comprehensive treatment will not be included. However, it will
provide us with the basis we need to describe techniques for frequency response
function measurement and model development.
After this brief review, the remaining purposes of the chapter are to:

e provide the background necessary to interpret measured frequency response
functions;

e detail a modal fitting technique; and

e describe the experimental procedures and equipment used to measure tool
point frequency response functions.

In all discussions, we will assume linear vibrations. While nonlinearities can
certainly be observed in physical systems, this idealization is generally accep-
table in practice.

2.1 Single Degree of Freedom Free Vibration

Our structure of interest is a cutting tool of some geometry (single or multiple
cutting edges) connected to either a tool post/turret and lathe or a tool holder,
spindle, and milling machine. Both of these cases can be represented as com-
bined bodies that possess both mass and elasticity, or the ability to deform

T.L. Schmitz, K.S. Smith, Machining Dynamics, DOI 10.1007/978-0-387-09645-2_2, 7
© Springer Science+Business Media, LLC 2009



8 2 Modal Analysis

without permanently changing shape. The vibration of bodies that exhibit these
characteristics can be divided into three main categories: free, forced, and self-
excited vibrations.

2.1.1 Free Vibration

Free vibration occurs in the absence of a long term, external excitation force.
It is the result of some initial conditions imposed on the system, such as a
displacement from the system’s equilibrium position, for example. Free vibra-
tion produces motion in one or more of the system’s natural frequencies and,
because all physical structures exhibit some form of damping (or energy dis-
sipation), it is seen as a decaying oscillation with a relatively short duration; see
Fig. 2.1.1. Familiar examples include plucking a guitar string or striking a piano
string.

2.1.2 Forced Vibration

Forced vibration takes place when a continuous, external periodic excitation
produces a response with the same frequency as the forcing function (after the
decay of initial transients). While free vibration is often represented in the time-
domain, forced vibration is typically analyzed in the frequency-domain. This
emphasizes the magnitude and phase dependence on frequency and enables the
convenient identification of natural frequencies. A typical source of forced
vibration in mechanical systems is rotating imbalance. Large vibrations occur

0.5 - E

0 0.02 0.04 0.06 0.08 0.1
t(s)

Fig. 2.1.1 Damped free vibration example
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x 1076

5L 0=0,

Magnitude (m/N)

0 1 1 1 1
0 500 1000 1500 2000 2500
Frequency (rad/s)

Fig. 2.1.2 Example of forced vibration magnitude

when the forcing frequency, w, is near a system natural frequency, w,, as
shown in Fig. 2.1.2. This condition is referred to as resonance and is generally
avoided. However, we’ll see in Chapters 3 and 4 that operating under resonant
conditions can actually improve the stability of cutting processes. While
counter intuitive, the mechanism that leads to this behavior (overcutting of
the previously machined surface) makes physical sense. We’ll also discuss the
impact of forced vibrations on machining accuracy in Chapter 5. In this case,
we’ll see that operating near resonance for lowly damped structures can lead
to significant errors in the workpiece geometry although the process remains
stable.

2.1.3 Self-Excited Vibration

In self-excited vibration, a steady input force is present, as in the case of forced
vibration. However, this input is modulated into vibration at one of the
system’s natural frequencies, as with free vibration. The physical mechanisms
that provide this modulation are varied. Common examples of self-excited
vibration include playing a violin, flutter in airplane wings, and chatter in
machining. Naturally, our focus is on the latter in Chapters 3 and 4.

Let’s begin our discussion of single degree of freedom free vibration with a
simple, lumped parameter model. In this model, all the mass is assumed to be
concentrated at the coordinate location and the spring that provides the oscil-
lating restoring force is massless. The model is composed of a mass, m, attached
to a linear spring, k, that provides a force proportional to its displacement from
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X

+ :

Fig. 2.1.3 Single degree of freedom, undamped lumped parameter model (left); free body
diagram (right)

the mass’s static equilibrium position. Because the rigid mass is only allowed to
move vertically, a single time dependent coordinate, x, is sufficient to describe
its motion. In a physical sense, this means that knowledge of the motion of
a single coordinate is enough to completely describe the motion of a single
degree of freedom system. See Fig. 2.1.3, which includes the free body diagram.
Summing the spring and inertial forces in the vertical direction yields the
model’s equation of motion:

ms + kx = 0. 2.1.1)

By assuming a harmonic solution of the form x = Xe*, where X is a complex
coefficient, s = iw, and w is the frequency (in rad/s), we can express the velocity
as the first time derivative of the displacement, X = sXe* = iwXe", and the
acceleration as the second time derivative, ¥ = s>Xe* = —w’?Xe* (note that
i =+/—1and i* = —1). Substitution into Eq. 2.1.1 gives:

Xe'' (ms* + k) = 0. (2.1.2)

In this equation, either Xe* or (ms2 + k) is zero. If the first term is zero, this
means that no motion has occurred and it is described as the trivial solution. We
are interested in the case that the second term is equal to zero. This is referred to
as the characteristic equation for the system:

ms® 4+ k = 0. (2.1.3)
Solving for the complex variable s gives the two roots s = £ —% = :i:i\/%.
The vibrating frequency \/% =w, is the natural frequency for the single

degree of freedom system. Typical SI units for k and m are N/m and kg,
respectively, which gives units of rad/s for w,. Alternately, the natural
frequency may be expressed in units of Hz (cycles/s). In this case, we’ll

use the notation f, = 5.
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IN A NUTSHELL All mechanical systems have mass and are

not infinitely stiff. As a result, they are cither at rest (not moving)

or they are vibrating. If the vibration energy source is applied

only at the beginning of the motion (like plucking a guitar string),

then the motion is a free vibration. Free vibrations happen at the
natural frequency of the system. The natural frequency is higher if the stiffness
is higher or the mass is less and the natural frequency is lower if the stiffness is
lower or the mass is greater. In the guitar string example, the high notes (high
frequencies) are produced by the strings that are tight (stiff) and thin (low mass).
The low notes (low frequencies) are produced by the strings that are loose (not
stiff) and thick (high mass). In machine tools, low frequencies are encountered
when the vibrating objects are massive (like the column of a machine tool) or
flexible (like a long slender workpiece) or both.

The total solution to Eq. 2.1.1 is the sum of the contributions from each of the
two roots: ' ‘
X = X1e™" + Xpe Ml (2.1.4)
The complex coefficients, X; and X, can be determined from the initial
displacement, xo, and velocity, Xy, of the single degree of freedom system.
Evaluating Eq. 2.1.4 at r = 0 gives:
X0:X1+X2. (215)
The first time derivative of Eq. 2.1.4 is:
X = iw, X ™" — jw, Xye (2.1.6)
Attt =0, Eq. 2.1.6 becomes:
X() = iw”X] — iwan. (217)

Using the linear combination approach, Egs. 2.1.5 and 2.1.7 can be com-
bined to determine the complex conjugate coefficients X and X>:

¥y, = —ot wnXo (2.18)
2wy,
and
X, = w. (2.1.9)
2wy,

These coefficients can then be substituted in Eq. 2.1.4 to determine the time
dependent displacement of the mass due to the imposed initial conditions.
Alternately, the mass motion can be expressed in exponential form. To use
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this notation, we first need to identify the real (Re) and imaginary (Im) parts of
the complex coefficients:

*)’CO

X
Re(X)) :70 Im(X) = 5. (2.1.10)
n
X X
Re(X,) :70 Im(X,) = 2: . (2.1.11)

These real and imaginary parts can then be used to write the coefficients in
exponential form:

Xy =4e” = \/Re(X1)2+Im(X1)2 exp (i -tan”! (Im(X‘))>

Re(Xl)

—Xo

X0\ 2w,
+(2wn> exp [ i-tan” @” 2.1.12)

2

X = X+ 5 j ex}f><i~tan1 (— 0 ))

4w XoWn

where the magnitude is 4 = % and the phase is = tan™! (— ﬁ)

Similarly, X, = Ae~"¥ (same magnitude, but negative phase) because it is the
complex conjugate of X;. We can then rewrite the total solution from Eq. 2.1.4
in the form:

x = AePetnt 4 o~ Bomiont — A(ei(‘””’+ﬂ) + e_i(“”[+3)). (2.1.13)

Finally, by applying the Euler identity ¢ + ¢~ = 2 cos(6), Eq. 2.1.13 can be
rewritten as:

x =24 cos(wyt + ). (2.1.14)

IN A NUTSHELL If we know the mass and stiffness, and we
know the initial conditions that started the vibration, then it is
possible to describe the motion of the system at any time.
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While Eq. 2.1.14 emphasizes the oscillatory nature of the mass motion and the
dependence of the magnitude and phase on the initial conditions, we must
also include damping in our analysis in order to model physical systems. Damp-
ing refers to the “leakage” of the input energy into the vibrating system. In other
words, not all of the input energy serves to cause motion. Some of it is dissipated
in other ways. A comprehensive model of damping is complicated and not
particularly well suited for incorporation into our simple mathematical descrip-
tion of single degree of freedom free vibration. Therefore, one or more of three
mathematically simple, but effective, damping models are typically applied.

2.1.4 Viscous Damping

A common assertion is that the retarding damping force is proportional to the
mass velocity. You may have experienced this phenomenon if you’ve attempted
to force a body through a fluid, such as pulling your hand through water or
sticking your hand out the window of a moving vehicle. You probably observed
that increasing the speed of your hand relative to the fluid raised the resistance
proportionally. If we write the damping force as:

S=cx (2.1.15)

and substitute the velocity expression x = sXe* = iwXe", we see that viscous
damping is frequency dependent. When sketching models of lumped parameter
systems, the damping element is often illustrated as a fluid dashpot (similar to a
car’s shock absorber) when the viscous damping model is applied. Typical SI
units for ¢ are N-s/m.

FOR INSTANCE In a car, the body provides the mass, the
suspension spring provides the stiffness, and the shock absorber
provides the damping. Inside the shock absorber is a plate with
holes that moves through a fluid and produces a force propor-
tional to the velocity of the motion.

W

2.1.5 Coulomb Damping

Another effective damping model is Coulomb damping, or dry sliding friction.
Here, energy is dissipated due to relative motion between two contacting surfaces.
The force magnitude depends on the sliding (kinetic) friction coefficient, x, and
the normal force, N, between the two bodies. See Fig. 2.1.4. Because the friction
force always opposes the direction of motion, the resulting equation of motion is
nonlinear. A piecewise definition of the Coulomb damping force is [3]:
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—=

<, f

Fig. 2.1.4 Coulomb damping occurs due to dry sliding friction between the two surfaces. The
normal and friction forces are shown

—uN x>0
f= 0 x=0,. (2.1.16)
uN  x<0

FOR INSTANCE Coulomb damping accounts for the energy
“ dissipation by friction between two objects. It converts the kinetic
energy from a rotating wheel into heat during braking in a car,
. for example. The key point regarding Coulomb damping in
vibrations is that the Coulomb damping force always opposes the
motion like viscous damping, but instead of being proportional to velocity, it is
proportional to normal force.

2.1.6 Solid Damping

Even in the absence of an external fluid medium or sliding friction against
another surface, the motion of a freely oscillating body decays over time. This
is due to energy dissipation internal to the body (perhaps a good mental picture
is molecules sliding relative to each other within the body itself during periodic
motion and elastic deformation). The energy dissipation during a cycle of
motion for this solid or structural damping is taken to be proportional to the
square of the vibration magnitude. Using the concept of equivalent viscous
damping, solid damping is often incorporated with stiffness to arrive at a
complex stiffness term in the differential equation of motion [4]. We implement
this approach in Section 7.4 when describing beam models for use in receptance
coupling analyses. We use receptance coupling to predict the frequency
response of tool-holder-spindle-machine assemblies in Section 7.6.

IN A NUTSHELL While there are certainly several kinds of
damping, it is mathematically simpler and sufficiently accurate to
consider the damping as viscous.
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/

k |: :I c At "
X * 1
+[ i

Fig. 2.1.5 Single degree of freedom, damped lumped parameter model (left); free body
diagram (right)

For the remainder of this chapter, however, we will use viscous damping to
describe energy dissipation in the lumped parameter models. The equation of
motion for free vibration of the single degree of freedom spring-mass-damper
(Fig. 2.1.5) can then be written as:

mi + cx + kx = 0. (2.1.17)

Again assuming the harmonic solution x = Xe*, we obtain the characteristic
equation:

ms>+cs+k=0, (2.1.18)
which can be rewritten as:
k
S+isr==o. (2.1.19)
m m

This equation is quadratic in s> and has the two roots:

c c\2 k
Si2= -5 (%) — (2.1.20)

The vibratory behavior of the spring-mass-damper depends on the term
under the radical in Eq. 2.1.20. If (L)z—ﬁ <0, the system is underdamped

2m

and vibratory. If (ﬁf—ﬁ = 0, the system is said to be critically damped and, if

(ﬁ)z—ﬁ >0, then the system is overdamped. For these two cases, no vibration
occurs. Because the damping is generally low in tool-holder combinations for
lathes and milling machines, we will consider only the underdamped option in

our analyses. For underdamped systems, Eq. 2.1.20 can be rewritten as:

S12 = —Cwy + iwg, (2.1.21)
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where we’ve introduced the dimensionless damping ratio, ¢ :ﬁ, and

damped natural frequency, wy = w,+/1 — ¢?. Under the viscous damping
assumption, we see that the free vibrating frequency is reduced in the presence
of damping. However, for typical tool-holder systems, the damping is low
enough that the frequency change is negligible. Using the two roots in
Eq. 2.1.21, the total solution for the free motion of the single degree of freedom
spring-mass-damper is:

x = Xle(—Cwﬁ-iw)l + Xze(—iwn—iwz/)l — e—Cwnl(Xleiwl + Xze_’w"’). (2.1.22)

Like the undamped case, the complex coefficients can be determined from
the initial conditions. Taking the time derivative of Eq. 2.1.22, substituting the
initial displacement, xq, and velocity, Xy, and solving for X; and X, gives the
complex conjugate pair:

X X Wy X X X Wy X
_O_l. 0+C nA0 andX2:—0+i 0+< n 0.

Y= 2wy 2 Doy

(2.1.23)

Using these coefficients, the exponential form can again be developed in
a similar way to Eq. 2.1.12 by substituting for the real and imaginary parts. For

example, Re(X;) = 3 and Im(X) = — %fi“’ for the coefficient X;. Note that
these terms simplify to Eq. 2.1.10 for the undamped case if ( is set equal to zero.

INANUTSHELL Free vibration of a single degree of freedom
system with damping consists of two parts: a sinusoidal motion at
the damped natural frequency and a decaying exponential
envelope that bounds it. More damping means that the expo-
nential envelope converges to zero more quickly.

2.2 Single Degree of Freedom Forced Vibration

We will again consider the spring-mass-damper model shown in Fig. 2.1.5.
However, a harmonic external force is now applied to the mass. The force
is shown as fe™ in Fig. 2.2.1, but may be more properly considered as
£(e™ + e7) 50 that the force is always real valued. This is illustrated in the
real-imaginary (or complex) plane as two counter-rotating vectors with magni-
tude % and phase +wf whose sum is always a scalar value oscillating from fto —f

with the forcing frequency w (Fig. 2.2.2).

m¥+cx+kx=f (2.2.1)
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[///

X

+[

Fig. 2.2.2 Real valued force shown as sum of counter-rotating vectors

IN A NUTSHELL The external force exciting a forced vibra-
tion is assumed to be sinusoidal. In fact, any external excitation
force can be thought of as a sum of sinusoidal forces (see the
Fourier transform described in Section 4.3), so the method is
generic to all kinds of external forces.

Although the total solution to Eq. 2.2.1 includes both the homogeneous (tran-
sient) and particular (steady state) components, we have already described the
damped transient response in the previous section. We will therefore consider
only the steady state solution here. Because the motion response has the same
frequency as the forcing function, we can assume a solution of the form
x = Xe™!. The velocity and acceleration can then be written as x = iwXe™’
and ¥ = —w?Xe™'. Substituting in Eq. 2.2.1 gives:

(—w?m + iwe + k) Xe™' = fe. (2.2.2)
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Rewriting Eq. 2.2.2 gives the complex valued frequency response function.
We will use this description of Eq. 2.2.3, rather than transfer function, because
we can only consider positive frequencies and a single system configuration
(damping and natural frequency) when we perform measurements. The term
transfer function refers to the theoretical situation where all frequencies (—oo to
~+00) and (w, combinations are included.

X 1
B 2.2.3
F —mw? +icw+k ( )

There are two primary ways to represent the complex function shown
in Eq. 2.2.3. The first is to separate the function into its magnitude and
phase components and the second is to express the function using its real
and imaginary parts. The frequency dependent magnitude and phase are
written as:

Xl 1 1
‘1_7’ =7 = > e (2.2.4)
(- )) +(2)
Wn n
and
Im (%) _2<i
® = tan ! = tan”! Wn (2.2.5)

IN A NUTSHELL The magnitude and phase parts of the

frequency response function emphasize key features of forced

vibration: 1) the forced vibration occurs at the frequency of the

exciting force; and 2) the size of the motion compared to the force

(the magnitude) and the time delay between when the force
reaches its maximum and the displacement reaches its maximum (the phase)
depend on the frequency of the exciting force and the natural frequency of the
system.

When the exciting frequency is low in comparison to the natural frequency,
the motion is small and nearly in phase with the force (the force and the
displacement reach their peaks at the same time). As the frequency of excitation
increases, the size of the motion gets larger and the peak of the displacement
begins to happen later than the peak of the force. When the excitation force is
very close to the natural frequency, then the displacement is as large as possible
and it is zero when the force is maximum (90 deg out of phase). Further
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increases in the frequency of the excitation force cause the size of the displace-
ment to be reduced. At very high excitation frequencies, the size of the dis-
placement is very small and the displacement reaches its maximum when the
force reaches its minimum (180 deg out of phase).

Because Eqgs. 2.2.4 and 2.2.5 are somewhat cumbersome, it is common to
replace the frequency ratio ¥ with another variable, such as r. We will also
adopt this convention. The real and imaginary parts of the frequency response
function, or FRF, are provided in Egs. 2.2.6 and 2.2.7.

X 1 1-2

e (1_”) Tk (m) (2.2.6)
A N B L

" (77) k ((1 _ "2)2+(2CV)2> (2.2.7)

IN ANUTSHELL “Real” and “Imaginary” are not terms that
imply “exists” or “does not exist”. Rather, they are mathematical
terms relating to the solution procedure. It may be more intuitive
to think of these terms in the following way.

As we mentioned previously, we can consider the input force to be sinusoidal
(sine or cosine). The resulting displacement is therefore also sinusoidal with the
same frequency. If the input is a cosine force, then the “real part” of the resulting
motion is the part that is also a cosine. The “imaginary part” of the resulting motion
is the part that is a sine. The combination of the motion’s cosine and sine parts
describes both the size (magnitude) of the resulting motion and the phase shift
relative to the force.

Example 2.2.1: FRF for single degree of freedom system Let’s consider a single
degree of freedom spring-mass-damper system with a mass of 1 kg, a spring
constant of 1 x 10° N/m, and a viscous damping coefficient of 200 N-s/m. In
order to apply Egs. 2.2.4-2.2.7, we must calculate the (undamped) natural
frequency and damping ratio.

6
_ \/E:,/l 1% 1000 rad/s
m 1
SR R NPy
2Vkm 21 x 106 - 1

Figure 2.2.3 shows the magnitude and phase as a function of the frequency
ratio, r. Although a logarithmic magnitude axis (i.e., a semilog plot) is often
shown in the literature, we will use a linear convention for plots in this text
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Magnitude (m/N)

Real (m/N)

Imag (m/N)
IN

Fig. 2.2.4 Real and imaginary parts for single degree of freedom system

unless specified otherwise. The real and imaginary parts are provided in
Fig. 2.2.4. Note that the zero frequency (DC) value for both the real part and
magnitude is% =1 x 107® m/N. This represents the real valued static deflection
of the spring (away from its equilibrium position) under a unit force. We can
also see that the magnitude at resonance (r = 1 or w = w,,) is significantly larger
than the DC deflection. This magnitude is #«( =5x10"°m/N.
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IN A NUTSHELL The logarithmic scale is often used to

display information covering a broad range in a single graph. The

sound pressure levels in acoustics vary over a huge range from a

whisper to jet engine noise, for example. The mathematics of

acoustics and mechanical vibrations are similar and, for this
reason, many textbooks use the logarithmic scales from acoustics to show
similar concepts in mechanical vibrations. In our case, focused on mechanical
vibrations, the range of the signals is not so large and the linear scale is more
intuitive for most people, so we will use it almost exclusively.

The maximum value of the real part occurs at r = /T — 2¢, which we will
approximate as r = 1 — ¢ = 0.9 (this approximation is valid for small ¢ values
when ¢? is negligible; in this case the error is only 0.6%). The minimum real part
occurs at r = /T + 2(, approximated as » = 1 + ¢ = 1.1. The difference in the
real value between these maximum and minimum points is the same as the
magnitude peak value ﬁ(( = 5% 107° m/N. The imaginary minimum is seen at
resonance with a value ofz’—k‘( = —5x10"%m/N.

In addition to the frequency dependent representations of the FRF shown in
Figs. 2.2.3 and 2.2.4, the Argand diagram can also be selected. In this case, the
real part is graphed versus the imaginary part (i.e., the complex plane) and the
same information identified in the previous paragraphs is compactly repre-
sented. As we traverse the “circle” clockwise from r = 0, where the real part
is % =1 x 107® m/N and the imagnary part is zero, we sequentially encounter
ther = 1 — ¢ = 0.9 point where the real part is maximum, the » = 1 point where
the real part is zero and the imaginary part is most negative, ther =14 ¢ = 1.1
point where the real part is most negative, and, finally, we approach the r = oo
frequency ratio where both the real and imaginary parts are zero.

Using a vector representation for )—F(, the magnitude is identified as the length
of the vector which extends from the origin to any point (i.e., a desired r value)
on our “circle”. The phase lag between the displacement and force is the angle
between the vector and the positive real axis. The real and imaginary parts are
simply the projections of the vector on the real and imaginary axes. The
MatLaB®™ program used to produce Figs. 2.2.4-2.2.6 for this example is pro-
vided on the companion CDasp 2 2 1 1.m.

IN A NUTSHELL You can think of vibration as a vector
(arrow) rotating in a plane (like a hand on a clock) in the coun-
ter-clockwise direction. The length of the vector is the size of the
vibration. The speed of rotation is the frequency of the vibration.
The projection of the tip of the rotating vector onto the horizontal
axis (the real part) gives the vibration. Both the exciting force and the resulting
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x 1076

Imag (m/N)
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Real (m/N) x 1076

Fig. 2.2.5 Argand diagram for example single degree of freedom system
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Fig. 2.2.6 Vector representation of FRF in the complex plane

displacement in a forced vibration can be represented this way. They are vectors
that rotate together (have the same frequency), although they may have different
lengths and they may be shifted, or pointing to different times on the clock.
The Argand, or phase plane, representation summarizes the relationship

between the force and the displacement. You can imagine that a picture has been
taken when the force vector is horizontal (completely real). The curve on the
Argand diagram represents the places where the tip of the resulting displacement
vector can be found (as a function of frequency). When the frequency is low, the
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displacement vector is just below force vector. It is small in size and reaches its
maximum at a time only shortly after the force. At resonance (where the exciting
frequency is equal to the natural frequency), the displacement vector is large and
is located 90 deg behind the force vector. When the excitation frequency is high,
the displacement vector is again small and is 180 deg behind the force (it points
in the opposite direction).
Of course few vibrating systems can be represented by a single coordinate.

We extend the analysis to include a second coordinate in Section 2.3.

2.3 Two Degree of Freedom Free Vibration

We will again use the lumped parameter spring-mass-damper model as the basis
for our discussion, but we will now include a second degree of freedom by adding
a second spring-mass-damper to the first in a “chain-type” configuration; see
Fig. 2.3.1. Using the free body diagrams for the top and bottom masses, where
inertial forces are shown in addition to the spring and viscous damper forces, the
two equations of motion can be written by equating the sum of the forces in the
vertical direction to zero. The equation of motion for the top mass is:

miX; + (Cl + Cz))'cl + (k1 + kg)xl — Xy —kox; =0 (2.3.1)
and the equation of motion for the bottom mass is:

myXy — X1 — koXy + ¢2Xy + koxo = 0. (2.3.2)

Z kixy Xy i
X T I -
" [ H
. I

ky(xp—x3) (1 —xp)

-
kz;l::lcz f niz

my¥,

Fig. 2.3.1 Two degree of freedom, damped lumped parameter model (left); free body diagram
(right)

2
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IN A NUTSHELL A single degree of freedom system has one
equation of motion. A two degree of freedom system has two
equations of motion.

The difference we may observe between the single and two degree of freedom
situations is that, for the two degree of freedom case, the equations of motion
are coupled; they both contain the displacements x; and x, and velocities x;
and x;. This complicates the system solution and provides the motivation
for modal analysis, which enables us to uncouple these two equations through
a coordinate transformation and then use our single degree of freedom solution
techniques. Before describing this approach, however, let’s continue with our
discussion of the chain-type two degree of freedom model.

The equations of motion are compactly expressed using a matrix formulation:

mi 0 X1 1+ —0 X ki +ky —k; X1 0
= . (2.3
{0 mz}{kz}Jr[ - 02}{X2}+{ —k> kz}{xz} {0} 23.3)
The coupling is seen to occur in the symmetric damping and stiffness
matrices for this chain-type model due to the nonzero off-diagonal terms in
the matrix positions (1,2) and (2,1). If we represent the mass and stiffness

matrices as [M] and [K], neglect damping for now, and assume a harmonic
solution of the form x = Xe*, we can write:

(IM]s* + [K]){X}e" = {0}. (2.3.4)

Similar to Eq. 2.1.2, there are two possibilities for the product in Eq. 2.3.4. If
{X} = {0}, we obtain the trivial solution. We are therefore interested in the
case when ([M]s* + [K]) = {0}. From linear algebra [5], we know that for this
matrix of equations to have a non-trivial solution, the determinant must be
equal to zero. This represents the characteristic equation for our system.

|[M]s* + [K]| =0 (2.3.5)

The determinant of a two row, two column (2x2) matrix can be calculated
by finding the difference between the products of the on-diagonal (1,1 and 2,2)
terms and the off-diagonal terms. This is expressed generically as:

2 b o2 d
R (2.3.6)
s> +d es>+f

or
(as®> + b) (es” +f) — (es* + d)zz 0. (2.3.7)
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This equation is quadratic in %, ie., gs* + hs®> +m =0, and we can find
the roots, s7 and s3, using the quadratic equation. These two roots are the
eigenvalues for the two degree of freedom system. The natural frequencies are

calculated as:
s% = —wil and s% = —wﬁz, (2.3.8)

where, by convention, w,; <wy;.

IN A NUTSHELL As you might guess, a single degree of

freedom system has a single natural frequency (the frequency at

which the system would “like” to vibrate) and a two degree of

freedom system has two natural frequencies. Interestingly,

vibration in either of the two degree of freedom system’s natural
frequencies is associated with a characteristic deformation pattern. That
pattern is called a mode shape. Mathematically, it is referred to as an
eigenvector, a German term that indicates that the natural frequencies
(eigenvalues) and corresponding mode shapes (eigenvectors) are fundamental
properties of the system.

To find the eigenvectors, or mode shapes, we substitute s7 and s3 into the
equation of motion for the top or bottom mass (either will give the same
solution because we imposed linear dependence between the two equations
when we set the determinant equal to zero in Eq. 2.3.5). The equation of motion
for the top mass corresponds to the top row in Eq. 2.3.9; recall that we are
ignoring damping for now. See Eq. 2.3.10.

24k +k —k X 0
mys® + ki + ks 2 }{ 1 } _ { } (23.9)
—k> m2s2 + ks X> 0

(}’111S2+k1 +k2)X1 —kng =0 (2310)

Because the two mode shapes represent the relative magnitude and direction
of vibration between the two coordinates in the two degree of freedom system,
we want to calculate either the ratio ));—; or ))?—f We can choose to normalize the

eigenvector to either coordinate x; or x,. In most situations, the coordinate
of interest or location of force application is selected. For example, we will
normalize to the tool point for our studies of machining gess dynamics. For the
chain-type model, if we wish to normalize to coordinate x|, we require the ratios

% =1 and % Using Eq. 2.3.10, we find that % = ’””27% and the first mode

shape is:
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X
a 1

Y, = X; =S mst+ki+k . (2.3.11)
Y &

The second mode shape is determined by substitution of s3 in place of s?:

X
a 1

Yy = X; =S msi+ki+k . (2.3.12)
s &

The first mode shape corresponds to vibration in the first natural frequency
wy1, while the second mode shape is associated with vibration at w,,,. In general,
the system will vibrate in a linear combination of both mode shapes/natural
frequencies, depending on the initial conditions. If we’ve followed the conven-
tion of w,; <w,» and normalized to the x; coordinate, we’ll find that the first

mode shape will take the form y; = { B i 0 }, where « is a real number, which

indicates that the two masses are vibrating exactly in phase with one another
(i.e., they reach their maximum and minimum displacements at the same
instants in time). We'll also see that the second mode shape will take the form

b<0
are exactly out of phase with one another (i.e., when one mass reaches its
maximum displacement, the other is at its minimum displacement).

1 . . .
WV, = { }, where b is a real number, which means that the mass motions

IN A NUTSHELL Mode shapes only show relative size. A
mode shape could show, for example, that when vibrating at
the first natural frequency, the motion of coordinate 1 is twice as
large as the motion of coordinate 2. This mode shape could be

represented as ¥, = {0?5 }, v, = {%}, ory, = {ggggg}All

of these representations are equivalent; they convey the characteristic defor-
mation pattern. The “size” of the motion depends on the initial conditions, but
the mode shapes do not.

Example 2.3.1: Free vibration using complex coefficients In this example we will
calculate the time response of the system in Fig. 2.3.1 when the mass values are
my =1 kg and my = 0.5 kg, the stiffness values are k; = 1 x 10’ N/m and
ky =2 x 107 N/m, the initial displacement of x; is X0, = 1 mm and the initial
displacement of x; is xp» = —1 mm, and the initial velocities are zero. The
equations of motion in matrix form are:
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[1 0]{5&1}+[1x107+2x107 —2x107]{x1}_{0}
0 0.5]1% —2x 107 2x 107 Jlxf oS
The characteristic equation is:

12 +3x 107 —2x 107
‘ o % — 0, or0.55* +3.5x 105> + 2 x 10" = 0.

—2x 107 0.562+2x 107

This equation yields the two roots s? = —6.277 x 10° (rad/s)* and

53 =—6.372x 107  (rad/s)’, which give the natural frequencies
w1 = y/—s = 2505 rad/s and w,» = /—s3 = 7983 rad/s. Expressed in units of

Hz, these natural frequencies are f,; = 52 = 398.8 Hz and f,» = 52 = 1271 Hz.
Let’s normalize the mode shapes to x, and arbitrarily select the equation of

motion for the top mass to calculate the ratio % = 152{2—127107. We obtain the first

mode shape, which corresponds to vibration in w,;, by substituting 57 in this ratio:

& 2 107

X, X 0.8431
Wy = v, (=) 6277 x 100 4+3 x 107 p = .

22 1 1

X

See Fig. 2.3.2, where the relative deflection amplitudes between coordinates 1
and 2 are identified. The second mode shape, which corresponds to vibration in
W2, 18:

xl mmm e

! |

+o

0.8431 | vy [——-—~—°
m

Xy fmmmm—m 1

| 1

1 1

| 1

T A
my

Fig. 2.3.2 Mode shape 1 normalized to coordinate 2
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my
-0.5931 f | !
X1
X2
r—-=—=—=-=-°-- 1
1 T ________ I
my
Fig. 2.3.3 Mode shape 2 normalized to coordinate 2
all 2 x 107
X, x —0.5931
Yy = =9 —6372x 107 +3 x 107 p = .
X | !
X

See Fig. 2.3.3, where the deflections are now in opposite directions (out of
phase). Similar to Eq. 2.1.4, we can generically write the time-domain solution
for the x; and x, vibrations as:

x| = X“eiZSOSt + Xll*efiZSOSI + X126i7983t +X12*87i7983t

and
Xy = X21612505t + X21*8712505r + X22617983t + X22*6717983t'

Here, Xj; and Xj;* represent a complex conjugate pair, where the subscript
i indicates the coordinate number and the subscript j denotes the natural
frequency number. This solution suggests the general case that the total vibra-
tion is a linear combination of vibration in each of the two modes. The first time
derivatives are:

xl = 2505 (Xllei2505f o X“*effZSOSI) 4 7983 (Xlzei7983t o X12*67i7983)‘)
and

xz _ i2505(X21€i2505t . X21*67i2505t) + l~7983(X22€i7983t o X22*67i7983t) )

Substitution of the initial conditions leads to a system of four equations with
eight unknowns.
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Xo1=1=Xu+Xu"+ X+ X"

X2 =—1=Xo1 + Xo1" + Xoo + X"

Xo1 =0 =12505(X11 — X11") +i7983(X1» — X12")
Yoo =0 = i2505(Xy — X21") + i7983(X2; — X20")

However, we can apply the mode shape relationships to reduce this to a
system of four equations with four unknowns. Using the same definitions for
the Xj; subscripts, we can write ))?—; = 0.8431 and % = —0.5931. After substitu-
tion and rewriting in matrix form, we obtain:

0.8431 0.8431 —0.5931 —0.59317 ( Xo 1
1 1 1 1 Xor* -1
, : . , = » or[A[{X} = {b}.
2112 —2112 4734 —id734 | ] X» 0
2505  —i2505 7983 —i7983 | | X

We can determine the coefficients by inverting [4] and premultiplying {5} by
this result, {X} = [4] '{b}. This can be accomplished in MaTLAB™ using the
inv function. At the command prompt (>>), first define the 4x4 [4] matrix
and 4x1 {b} vector and then compute {X}:

>> A = [0.8431 0.8431 -0.5931 -0.5931; 1 1 1 1; i*2112
—1*2112 i*4734 -i*4734; i*2505 -i*2505  i*7983 -i*7983];

> Db =1[1-10071;

>> X = inv (A)*b

Xo1 0.1417
x| 01417 . o ,
The result is Yo (=) —0.6417 (- Using these values and the mode shape
Xxn* —0.6417

relationships to obtain the remaining four coefficients, we can substitute in the
original x; and x, expressions to determine the time dependent free vibration
for our example system.

x| = 0.1 194ei2505[ + 0.1 194871'2505[ + 0.38056’17983[ + 0.3805671'7983[

X = 0.1417¢%% 4 0.1417e72%" — 0.6417¢7% — 0.6417¢ 7%

Further, we can use the Euler identity e + ¢~ = 2 cos(f) to rewrite x; and
X, as a sum of cosines. It is seen that the final motion of each mass is a linear
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combination of vibration in the two natural frequencies.

x1 = 0.2388 cos(25057) + 0.7610 cos(79831)

X2 = 0.2834 cos(25057) + 1.283 cos(7983¢1)

IN A NUTSHELL The prior procedure is long, but the con-

cept is this: the free vibration of a two degree of freedom system

happens at the first natural frequency, at the second natural

frequency, or a linear combination of the two at the same time.

The final behavior depends on the initial conditions. No other
frequencies of motion are possible for the two degree of freedom system in free
vibration.

A potential problem with this approach is that, for additional degrees of free-
dom, the size of the matrix varies with the square of the number of coordinates.
For example, we inverted a 2°x 22, or 4x4, complex matrix for our two degree of
freedom system. For a three degree of freedom model, it would be necessary to
invert a 3°x3% or 9x9, complex matrix, and so on. While computational
capabilities continually increase, modal analysis offers an alternative to this
approach. The fundamental idea behind modal analysis is that a coordinate
transformation is applied to convert from the model, or local, coordinate
system into a modal coordinate system. While these modal coordinates do not
have physical significance, they lead to uncoupled equations of motion because
the off-diagonal terms in the mass and stiffness matrices are zero. The coordi-
nate transformation is a diagonalization process and relies upon the orthogon-
ality of the eigenvectors. Let’s rework Example 2.3.1 to demonstrate the modal
analysis approach.

IN ANUTSHELL There are many possible choices of coordi-

nates. For example, we used the motion of each mass relative to

ground. An equally valid choice would be to use the motion of

one mass relative to ground and the motion of the other mass

relative to the first mass. Perhaps it is possible that there is a more
favorable choice of coordinates — one that would make the math easier. Sur-
prisingly, there is. It is always possible to choose a set of coordinates so that the
equations of motion are uncoupled. For a two degree of freedom system, it
means that it is possible to choose coordinates so that there are two separate
single degree of freedom equations of motion. These special coordinates are
called modal coordinates.
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Example 2.3.2: Free vibration by modal analysis The first step in the modal
analysis approach is typically to find the eigensolution (natural frequencies and
mode shapes). However, we have already completed this step in the previous
example. Our next task is to define the modal matrix, [P]. It is a square
matrix whose columns are composed of the mode shapes,
[Pl=[y, ¥,]= 0'8f31 _0'f931 , where we’ve continued with the deci-
sion to normalize to coordinate x, for illustrative purposes. As noted, the
orthogonality conditions for eigenvectors (see Appendix A) enable us to diag-
onalize (i.e., make the off-diagonal terms zero) the mass and stiffness matrices
and, therefore, uncouple the two equations of motion. The new mass and
stiffness matrices in modal coordinates (identified by the ¢ subscripts) are
determined by premultiplying the mass and stiffness matrices in local coordi-
nates by the transpose of the modal matrix and postmultiplying this product by
the modal matrix.

(M) = [P]7[M][P] = {

0.8431 1}{1 0}{0.8431 70.5931}7{1.211 0 }k
—0.5931 1]10 0.5 1 1 B 0 0.8518 £

(K] = [P"[K|[P] = [ 0.8431 1} { 3% 107 —2x 107} {0.8431 4.5931}

05931 1) [-2x107 2x107 1 |
7.601 x 109 0
K, = N
(4] [ 0 5.4282 x 107] /

These computations can be performed in MaTLAB™ by first defining [P], [M],
and [K], then typing the following commands:

>> Mg = P/ *M*P;
>> Kg Pr*K*P;

Adding the semicolon to the ends of these commands suppresses the echo
feature where the answer is displayed as soon as the “Enter” button is pressed.
To see the results, either omit the semicolon or follow the first command with
>> Mg which will display the most recent value of the variable Mg. Do not be
alarmed if the off-diagonal terms are not identically zero in the modal mass and
stiffness matrices. This is due to round-off error in our modal matrix entries.
Carrying more significant digits will drive the off-diagonal terms closer to zero.

The two equations of motion can now be written in modal coordinates ¢; and
¢» using the matrix formulation: [M,]{G} + [K,]{q} = {0}. We see that the
two equations are uncoupled and may be treated as separate single degree of
freedom systems.
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1.2114; 4+ 7.601 x 10%¢, = 0
0.8518¢, + 5.4282 x 107, =0

To use the solution techniques we developed in Section 2.1, we also need the
initial conditions to be expressed in modal coordinates. Because the relationship
between local and modal coordinates is {x} = [P]{q}, we can write
{q} = [P]""{x}. To invert our 2x2 modal matrix, we switch the on-diagonal

terms, change the sign of the off-diagonal terms, and divide each term by the
scalar determinant, |P| = P(1,1)P(2,2) — P(1,2)P(2,1).

1 0.5931
[P}’l— —1 0.8431 ~ [ 0.6963  0.4130
©0.8431-1—(—0.5931)-1 [ —0.6963 0.5870
We can then calculate the initial displacements

(g0} = [P {xo} = { e } mm and velocities {go} = [P {0} — { 8 }
in modal coordinates. These calculations may be carried out in MatLAB® by
typing the following commands:

>> P = [0.8431 -0.5931; 1 173;
>> x0 [1 =11 ;

>> g0 inv (P)*x0

>> dx0 = [0 0] ;

>> dqg0 inv (P)* dx0

We introduce here another general form for the solution of undamped free
vibration given the initial displacement and velocity (in addition to the informa-
tion provided in Section 2.1). The resulting displacement can be written as
X = i—"sin(wnl) + xg cos(wy,?). Using this form, the modal displacements are
q1 = 0sin(25057) + 0.2833 cos(25057), which represents motion in the first
natural frequency, and ¢, = 0sin(7983¢) — 1.283 cos(7983¢), which describes
motion in the second natural frequency. To obtain the motion in local coordi-

nates, we must perform the coordinate transformation
{x} =[Pl{q} = 0'8f31 _Of%l ] { Zl }, which provides the relationships:
2

x1 = 0.8431¢g; — 0.5931¢>
and

X2 =q1 +q.

It should be emphasized that the x, vibration is determined simply by
summing the modal displacements, ¢; and ¢,. This is a direct outcome of
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normalizing our mode shapes to x, and is an important result for us. We will
take advantage of the fact that the local response can be written as a sum of the
modal contributions when we perform our modal fitting of measured FRFs.
Also, we see that the x; motion is a linear combination of ¢; and ¢», where each
modal response is scaled by the corresponding mode shape. Substitution of our
q1 and ¢, values into the previous equations for x; and x, yields the same result
we obtained using the technique shown in Example 2.3.1, but the modal
analysis approach did not require the inversion of the 2°x2* complex matrix.

x1 = 0.2388 cos(2505¢) + 0.7610 cos(79837)
X3 = 0.2834 cos(25057) + 1.283 cos(79831)

IN A NUTSHELL All free vibration of a two degree of free-

dom systems can be thought of, in the general case, as a linear

combination of motion in the two modes. Each mode has a

natural frequency and a corresponding mode shape. The result-

ing combination depends on the initial conditions. In Sections 2.5
and 2.6, we discuss the measurement/determination of the modes that charac-
terize the way a complicated system would “like” to vibrate.

The final consideration in this section is solution of the two degree of freedom free
vibration problem in the presence of damping. We've already stated that every
physical system dissipates energy, so our analysis should incorporate the viscous
damping matrix shown in Eq. 2.3.3. However, this complicates the eigensolution.
At this point, we need to introduce the concept of proportional damping.
Physically, proportional damping means that all the coordinates pass through
their equilibrium (zero) positions at the same instant for each mode shape. For
the low damping observed in the tool-holder assemblies we will be considering,
this assumption is realistic. For very high damping values, however, it is less
reasonable because there may be significant phase differences between the
motions of individual coordinates. Mathematically, proportional damping
requires that the damping matrix can be written as a linear combination of the
mass and stiffness matrices: [C] = a[M] + S[K], where « and (3 are real numbers.

INANUTSHELL Many kinds of damping are possible. There
is great mathematical advantage in assuming that the damping is
proportional and we often assume that it is, even if it is not.

Provided the proportional damping requirement is satisfied, then damping
may be neglected in the eigensolution and the modal analysis procedure
follows the steps provided in Example 2.3.2. The only modifications are that
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we must calculate the modal damping matrix [C,] = [P]"[C][P] and the general
solution to  the uncoupled modal equations of  motion
(M, {q} + [Co){q} + [K,|{q} = {0} is different. For the underdamped case,

we can write ¢ = e~ (""*’fif””o sin(wgt) + qo cos(wﬂ)) . Otherwise, the solution

proceeds as before.

2.4 Two Degree of Freedom Forced Vibration

We will use the two degree of freedom lumped parameter spring-mass-damper
model shown in Fig. 2.3.1, but will impose external harmonic forces at coordi-
nates x| and x, for the general case. However, because our analysis is limited to
linear systems, we can apply the principle of superposition to consider the forces
separately and then sum the individual contributions. For demonstration pur-
poses, we will consider only the f2e™’ force applied to coordinate x,. The
equations of motion in matrix form for this system are:

KPR 58 23 et 44 25 el [Nt 4
0 my] X2 - € X2 —k k> wl AL
2.4.1)

By assuming solutions of the form xi, = Xj¢™" and substituting in
Eq. 2.4.1, we obtain:

(—w?[M] + iw[C] + [K]) {X}e™" = {F}e™". (2.4.2)

We have two methods that we can use to determine the steady state forced
vibration response for this system. The first is modal analysis, which requires
proportional damping, and the second is complex matrix inversion, which
places no restrictions on the nature of the system damping. Let’s begin with
modal analysis.

2.4.1 Modal Analysis

Our first step in the modal analysis approach is to write the system equations of
motion in local coordinates as shown in Eq. 2.4.1; we continue to consider the f5
case in this discussion. Provided proportional damping exists (i.e.,
[C] = a[M] + B[K] is true), then we can ignore damping to find the eigensolu-
tion. Note that this solution is also independent of the external force(s). We find
the eigenvalues (natural frequencies) and eigenvectors (modes shapes) using
Eq.2.3.4, ([M]s* + [K]){X}e* = {0}. The cigenvalues are determined from the
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roots of Eq. 2.3.5,
2 pr—

[M]s* + [K]| = 0. The natural frequencies are computed
from s —wﬁj, j = 1 to 2 (the number of degrees of freedom). We can then

use either of the equations of motion to find the 2x 1 mode shapes for the two
degree of freedom system:

Xi o X,
U, =< X> (s1) andy, = { X» (52) : (2.4.3)
1 I

where we have normalized to the location of the force application (coordinate
X»). Using the mode shapes, we assemble the 2x2 modal matrix [P] = [¢, W, ].
We can then use the modal matrix to transform into modal coordinates
(and uncouple the equations of motion). The diagonal modal mass, damping,

and  stiffness  matrices  are: (M,] = [P]"[M][P] = [m(;” moz},
q

R G G R S P B IR G R L el

respectively. We must also transform the local force vector into modal

coordinates:
X2} 1 .
RO N0) [ (0L () gy
w(s3) 1] A p2 11 Uf /2

The modal equations of motion are:

@ ={ 0 =1mim -

my1g1 + cqqr + kg = Ry
o (2.4.5)
My + cpgo + kpgr = Ro

and the corresponding complex FRFs (steady state responses in the frequency-
domain) are:

o_1 <<1 ) - f<z<qm>> and 2L <<1 1) - f<z<qm>>, 046

Rk \(1 =)+ 26un)’) R K \(1= 1)+ (26

where r1, = -2 and (,> = . We transform into local coordinates

Cq1.2
Wnl2

24/kq12my12
using {X} = {2} = [P]{Q} = Hl pd { g;} so that X; = p; 0 +p20>

and X> = Q; + Q». Dividing each of these equations by F, gives the cross and
direct FRFs for the f> force application, respectively. The cross FRF, which
indicates that the force and measurement coordinates are not coincident, is:
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X1 p1O1+p20» 01 0> 0 O
X B ©) WU O ) N, 247
7 5 " +p2 A +p2 R (2.4.7)

where we see that the cross FRF is the sum of the modal FRFs scaled by the
mode shapes (remember that R} = R, = F> from Eq. 2.4.4). The direct FRF,
which denotes that the measurement is performed at the force input location, is:

£_ 049 G, G, & (2.4.8)
P F L F, R R
We observe the important result that the direct FRF is simply the sum of the
modal contributions. This is important for our subsequent analyses. Measure-
ment of the frequency response functions on a physical system enable extraction
of the model parameters and visualization of the natural frequencies and mode
shapes.

Example 2.4.1: Forced vibration by modal analysis Consider the chain-type,
lumped parameter two degree of freedom system shown in Fig. 2.4.1. For the
upper spring-mass-damper, the local coordinate constants are: k| = 4 x 10° N/
m, ¢; = 80 N-s/m, and m; = 2 kg. For the lower spring-mass-damper, the local
coordinate constants are: ky = 6 x 10° N/m, ¢; = 120 N-s/m, and m> = 1 kg. A
harmonic force f> = 100’ N is applied to the lower mass (at coordinate x»); we
will not consider any force applied to the upper mass, although this force could
be considered separately and the result added to the solution of the analysis we
will perform here. The local mass, damping, and stiffness matrices are:

/
ky :I c

1
Tl

m
e
. éa :
X2
Tl T
fzeiwt

Fig. 2.4.1 Two degree of freedom, lumped parameter system (damped with force)




2.4 Two Degree of Freedom Forced Vibration 37

2.0 200 —120
M = [0 1} kg, C= [_120 120 } N-s/m, and

K:{ 1x 106 —6x 10
—6x10° 6 x 10
must verify that proportional damping exists. For o = 0 and § = ﬁ, we see
that the relationship [C] = a[M] + F[K] is satisfied. We can therefore determine
the eigenvalues using:

} N/m, respectively. To use modal analysis, we

2241106 —6x105 |
—6x105  $2+6x105|

The two roots of the determinant are: s7= —122799.81 (rad/s)*> and
53 = —977200.19 (rad/s)®, which gives the natural frequencies w,; = 350.43
rad/s and w,; = 988.53 rad/s (w, <wy). To determine the roots using
MaTLABY, we first write the characteristic equation:
(252 +1 x 10%) (s> + 6 x 10%) — (=6 x 105)2: 0, or after simplifying
25* 42.2 x 1095 + 2.4 x 10" = 0. Because this equation is quadratic in 52,

we can find the roots s7 and 53 using the roots function.
>> roots([2 2.2e6 2.4ell])

For the eigenvectors (mode shapes), we normalize to the location of the force
application, coordinate x,. Using the equation of motion for the top mass (arbi-

trarily selected), we obtain the required ratio 3* = 2S26j1‘25106. Substitution of

57 = —122799.81 (rad/s)* and s3 = —977200.19 (rad/s)* into Eq. 2.4.3 gives the
two mode shapes ¥, = { 0.7933 } and Y, = { —0.6287 }, respectively. We can

1 1
0.7953 —0.6287
) ) and

transform the local mass, stiffness, and damping matrices into modal coordinates:

now construct the modal matrix [P] = [y, V,]= [

2.265 0
) = el = |7 0 ke
g [2.782% 108 0
o e wip = [T 0]
an
roao 55630
(C,] = [P [C][P] _[ 0 349.9} N —s/m.

A simple check at this point is to recalculate the natural frequencies using the
modal parameters. The results should match the eigenvalue solution. Here, we
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see that Wyl = ,/’%’]‘] = \/2B2® — 350.46 rad/s and

W = /22 — | [LI0x10° _ 988 76 rad/s, where the differences are due to
my 1.790

round-off error, but the results are essentially the same. We can also determine
the modal damping ratios:

cgl 55.63 ‘
— = =0.035(3.5% dampin
ol 2/kgimgi 2V/2.782 x 105 - 2.265 (5% damping)
and
349.9
G ‘2 — 0.099 (9.9% damping).

~ 2 kpmgp 21750 % 10° - 1.790

To write our uncoupled equations of motion in modal coordinates, we also
need the modal force vector, which we obtain by substitution into Eq. 2.4.4.

0.7953 1 0 100
—0.6287 1] | 100 100

2.2654) + 55.63¢; +2.782 x 10°¢; = 100
1.7904, + 349.94, 4+ 1.750 x 10%¢; = 100

The FRFs for the single degree of freedom modal systems are:

0 1 ((1 1) - i(0.070r1)>

R T 2.782 x 105 (1 _ r%)2+(0.070r1)2

and

0, 1 ((1 — 1) - i(0.198r2)>

Ry 1750 x 10°\ (1= 12)24(0.198r,)?

where 11 = 35g73 and 1 = ggg=5. The direct and cross FRFs are then % = %‘ + %

and 4 = 0.7953 4! — 0.6287 %2, respectively. See Figs. 2.4.2 and 2.4.3. Because
motion in the second mode shape, corresponding to w,, = 988.53 rad/s, exhibits
a 180 deg phase shift between the two coordinates (i.e., they are out of phase),
the second mode is “inverted” in the cross FRF plot. The MATLABR) program

used to produce these figures is provided on the companion CD as
p.24 1 I.m.



2.4 Two Degree of Freedom Forced Vibration 39

x 1075

Real (m/N)

Imag (m/N)
0
T

0 500 1000 1500
Frequency (rad/s)

Fig. 2.4.2 The real and imaginary parts of the direct FRF are determined from the sum of the
modal contributions

x 1075

Real (m/N)
o

1 1
0 500 1000 1500

x 1075

Imag (m/N)

1 1
0 500 1000 1500
Frequency (rad/s)

Fig. 2.4.3 The real and imaginary parts of the cross FRF are obtained by scaling the two
modes by the corresponding mode shape and summing the results

2.4.2 Complex Matrix Inversion

Our final task of this section is to describe an alternative to modal analysis,
referred to as complex matrix inversion. This approach does not require pro-
portional damping, but does include the inversion of a 2x2 frequency



40 2 Modal Analysis

dependent, complex matrix for the two degree of freedom system we are con-
sidering here. We'll first write Eq. 2.4.2 in the form [4]{X} = {F}, where
(4] = [Z“ le} = (—w?[M] + iw[C] + [K]). The two degree of freedom sys-
21 ax
tem has four FRFs that we’d like to determine. First, we have the direct and
cross FRFs, 22 and %, due to the force application at coordinate x, that we
previously determmed using modal analysis. Second, we have the direct and
cross FRFs, and 2. due to the force application at coordinate x;. We did not

explicitly show the modal solution to this case in Section 2.4, but the only

differences are that we would normalize the mode shapes to x; and the FRFs

would then be computed from );l‘ :Q' +Q2 and );]2 =P R' +p QZ, where

P= [pl pl ] would be used to determine the modal mass, stiffness, and
1 P2

damping matrices.

Rewriting [4 ]{X} = {F} as {X}{F}~'= [4] 'provides all four FRFs. They
XX
are ordered as: Xz ,‘2 [Z“ 212 ], where we’ve used the b; notation to
O 21 b2

indicate the individual terms in the inverted [A] matrix. In our analysis, [4] is
symmetric. Therefore, b1, = by and jﬁ—z‘ = %’ This condition is referred to as
reciprocity. Physically, it means that we get the same result if we: 1) excite the
system at coordinate x, and measure the response at xj, as if we: 2) excite the
system at coordinate x; and measure the response at x».

For the two degree of freedom system, we can directly write the individual
terms in [4] " as:

[ an _a12:| {—wzmz + iwey + ks iwey + ks
[A]—l_ —ay a4y _ iwes + ko —wmy + iw(er + ) + ki + ko
apy - dx —dpp - da app - dx —dp - dy

For example, % N ) = mmtivatk Note that this complex expression is a
F ap-axy—ap-an

function of the forcing frequency w so it must be evaluated over the desired
frequency range in order to produce plots equivalent to those obtained for the

modal analysis example.

IN A NUTSHELL Complex matrix inversion is a mathemati-
cal technique that is used when it is certain that the damping is
not proportional.
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2.5 System ldentification

The previous section describes the modal analysis steps required to obtain the
direct and cross FRFs in local coordinates given a system model (we treated the
chain-type, lumped parameter case, but other model geometries could be con-
sidered as well). This approach required that the mass, damping, and stiffness
matrices be known. However, this is not the case for arbitrary tool-holder
assemblies. Our actual task is typically to measure the FRFs for the system of
interest and then define a model by performing a modal fit to the measured
data.

2.5.1 Modal Fitting

Our fitting approach will be a “peak-picking” method where we use the real and
imaginary parts of the system FRFs to identify the modal parameters. This
approach works well provided the system modes are not closely spaced. How-
ever, even if two modeled modes are relatively close in frequency, we can still
obtain a reasonable modal fit as we’ll see in Example 2.5.1. For additional
information on modal testing, see [6].

To demonstrate the fitting steps, consider the direct FRF shown in Fig. 2.5.1.
This FRF clearly has two modes within the measurement bandwidth. To
determine the modal parameters which populate the 2x2 modal matrices, we
must identify three frequencies and one peak value for each mode. [Note that we
have automatically assumed proportional damping in using this approach.
Additionally, if there were three dominant modes we wished to model, we
would obtain 3x3 modal matrices and so on.] The frequencies labeled 1 and 2

Imag

Frequency

Fig. 2.5.1 Two degree of freedom direct FRF with the frequencies and amplitudes required
for peak picking identified
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along the horizontal frequency axis in the imaginary part of the direct FRF
(Fig. 2.5.1) correspond to the minimum imaginary peaks and provide the two
natural frequencies, w,; and w,, respectively. The difference between frequen-
cies 4 and 3, labeled along the frequency axis of the real part of the direct FRF,
is used to determine the modal damping ratio for the first mode, (-

Wy — W
ws —ws =wu (14 1) —wn (1= (1) = 2¢uwnm or ¢y = 42w ] @50
n

Similarly, the difference between frequencies 6 and 5 is used to determine (y:

We — Ws

(o = (2.5.2)

2wn2

The (negative) peak value, A4, identified along the vertical axis of the
imaginary part of the direct FRF is next used to find the modal stiffness
value, kg1

-1 —1

A=——ork,;) =——. 2.5.3
ey O =24 (259
Similarly, the peak value B is used to determine k:
—1
kg (2.5.4)

T 20pB

At this point, we can directly populate the modal stiffness matrix
K, = {kél kO ].However, we must calculate the modal mass and damping
q2

values from the additional information we’ve obtained. We determine the
modal masses using the natural frequencies and modal stiffness values:

k 1 k 1 k 2

wpl = 1 |- or my; = -+ and m,, = L. (2.5.5)
m TR =W
q1 nl n2

The modal damping coefficients are computed using the modal damping
ratios, stiffness values, and masses:

Cq
C(]] = S ) S or ¢q1 = ZC(]I \Y kqlmql and Cq2 = 2Cq2 V qumqZ- (256)

2 kqlmql
We can now write the remaining modal matrices [M,] = [m(;f ! mO } and
q2
C,] = [Cgl CO } Identification of the modal matrices provides sufficient
q2

information for us to complete the time-domain turning and milling
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simulations we develop in Chapters 3 and 4. However, to complete this discus-
sion, we will detail the steps necessary to define a chain-type, lumped parameter
model based on measured FRFs. Before continuing with the model definition,
let’s complete an example of peak picking to determine the modal matrices.

IN A NUTSHELL Measured frequency response functions
contain the information necessary to construct a mathematical
model of the system in question.

Example 2.5.1: Peak picking modal fit Figure 2.5.2 shows an example FRF that
could be obtained from a tool point measurement. Our task is to perform a
modal fit to identify the modal mass, damping, and stiffness matrices. The first
step is to decide how many modes we wish to fit. A visual inspection of the FRF
shows that a three mode fit is appropriate. The three natural frequencies are
identified by locating the three minimum peaks of the imaginary part and
recording the associated frequencies. These are identified as 499 Hz, 761 Hz,
and 849 Hz in Fig. 2.5.3. We determine the modal damping ratios using the
frequencies of the local maximum and minimum values of the real part accord-
ing to Eq. 2.5.1. These are shown as 460 Hz and 533 Hz for mode 1; 726 Hz and
787 Hz for mode 2; and 827 Hz and 873 Hz for mode 3. The modal damping
ratios are then:

533 — 460 787 — 726 873 — 827
2-761

(o = =0.073, (o = = 0.040, and (;3 = —————— = 0.027.

2-499 2-849

Real (m/N)

x 1076

Imag (m/N)
I\
T
|

1 1
0 500 1000 1500

Frequency (Hz)

Fig. 2.5.2 Example tool point FRF for peak picking exercise
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Real (m/N)

z 499 Hz
E oL 7e2x10%mN .
g 761 Hz 849 Hz
= 4L —|2.77><10‘6 —3|.72><10*6
0 500 1000 1500

Frequency (Hz)

Fig. 2.5.3 Three degree of freedom peak picking example with required frequencies and
amplitudes identified

The imaginary part negative peak values for each mode are also listed in
Fig. 2.5.3. The modal stiffness values are calculated using Eq. 2.5.3.

~1
kg = =8.99 x 10°N
T 270,073 (—7.62 % 10-7) x 10°N/m
kp = -1 =4.51 x 10°N/m
?72.0.040- (—2.77 x 10°6)
—1 6
kg =4.98 x 10°N/m

T 2.0.027 (=3.72x 10°9)

We find the modal masses using Eq. 2.5.5. We must be sure to pay special attention
to units for these calculations; note that we have switched from frequency units of Hz
to rad/s by multiplying by 2z and the stiffness values are expressed in N/m.

8.99 x 106 4.51 x 106
Mg = - = 0.914kg mp = = 0.197 kg
(499 - 27) (761 - 27)
4.98 x 106
My = —X2 =0.175kg
(849 - 27)

Finally, the modal damping coefficients are determined using Eq. 2.5.6.
Again, units compatibility should be ensured. In the following calculations,
stiffness and mass values are expressed in N/m and kg, respectively, to obtain
damping coefficient units of N-s/m.
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Cq =2 0.073v/8.99 x 106-0.914 = 419N — s/m

cp =2-0.040V4.51 x 106-0.197 = 754N — s/m

i3 =2 0.027v4.98 x 106 -0.175 = 50.4 N — s/m

The 3x3 modal matrices can now be written as:

0914 0 0 419 0 0
M= 0 0197 0 |kg [C]=|0 754 0 |N-—s/m,
0 0 0175 0 0 504
and
8.99 x 10° 0 0
(K, = 0 4.51 x 10° 0 N/m.
0 0 4.98 x 10°

The individual modal contributions may be described using Eq. 2.5.6:

9 1 (1 _’/2) —i(26ym)

. . 2
B R (1)

where r; = -, j = 1 to 3. The individual modes are plotted, together with the

original FRF, in Fig. 2.5.4. As we’ve discussed, however, the direct FRF in local
(physical) coordinates is the sum of the modal contributions so we may simply
add the individual modal responses on a frequency by frequency basis to define
our final fit. This result is shown in Fig. 2.5.5.

For this contrived example, the original modal parameters used to construct
the “measured” FRF are known. Therefore, we can compare our modal
approximation to the true values. These results are provided in Table 2.5.1.
The MaTLAB"™ program used to produce the example figures is provided on the
companion CDasp 2 5 1 I.m.

IN A NUTSHELL The errors between the true and fit para-
meters arise from limited resolution in the “measurement” and
the simplifications used to create the fitting rules.
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Real (M/N)

Image (M/N)

-4
| |
0 500 1000 1500
Frequency (Hz)

Fig. 2.5.4 Example tool point and three modal coordinate FRFs determined by peak picking
approach

Real (m/N)

z
E
D
©
E
4 | 3 |
0 500 1000 1500
Frequency (Hz)

Fig. 2.5.5 Example tool point FRF with three degree of freedom modal fit obtained by peak
picking

Table 2.5.1 True modal parameters and values obtained by peak picking modal fit

Mode 1 Mode 2 Mode 3

True Fit True Fit True Fit
1. (Hz) 500 499 760 761 850 849
Cy 0.090 0.073 0.050 0.040 0.030 0.027

k,(N/m)  8.00 x 10°  8.99 x 10° 4.00 x 10° 4.51 x 10°  5.00 x 10°  4.98 x 10°
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2.5.2 Model Definition

Once we have determined the modal matrices by peak picking, the next step in
defining a model is to use the measured direct and cross FRFs to find the mode
shapes and construct the modal matrix. We’ll again assume that the measured
direct FRF, shown in Fig. 2.5.1, can be approximated with a two mode fit. This
means that our model will have two degrees of freedom. As we’ve seen, for a two
degree of freedom model, the mode shapes are 2x 1 vectors so that the square
modal matrix has dimensions of 2x2. Because the mode shapes have just two
entries (one of which is 1), we only require one cross FRF to determine the
second entry. As before, we can choose the coordinate to which we normalize
our mode shapes for the model shown in Fig. 2.4.1. Let’s define the coordinate

1 1
determine p; and p, using: 1) the peak imaginary part values denoted C,
corresponding to the first mode with the natural frequency wy,;, and D, the

second mode with the natural frequency w,;, in the cross FRF! shown in
Fig. 2.5.6, together with: 2) the 4 and B values identified in Fig. 2.5.1.

of interest as x; so that the form of the modal matrix is [P] = [pl pz} . We

—P1 P2
C _ 2kq1Gq1 o D 2kpCp _
1= 1 =P/ andE— -1 P (2.5.7)
qu1<q1 2kq2<{12

Real

Imag

Frequency (Hz)

Fig. 2.5.6 Two degree of freedom cross FRF with the amplitudes required for model
development identified

! We observe that the cross FRF in Fig. 2.5.6 looks very different than the direct FRF in
Fig. 2.5.1; the higher frequency mode is “upside down” in Fig. 2.5.6. As we saw in Section 2.4,
this is because the two modes are out of phase for the cross FRF, which results in the sign change.
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We have used the ratio of the peak of the cross FRF to the direct FRF in each
mode to determine the mode shapes because, as we discussed previously, the
cross FRF can be expressed as the sum of the modal contributions with each
mode scaled by the corresponding system mode shape. See Eq. 2.4.7. Once we
have defined the modal matrix, we can determine the model parameters in local
coordinates using the transformations (from modal to local coordinates) in
Eqgs. 2.5.8-2.5.10. The forms of [M], [C], and [K] correspond to the pre-selected
two degree of freedom chain-type, lumped parameter model.

e == | 259
1P T[C )P = (] = [Cltzcz _Cﬂ (2.5.9)
1P| [K, [P = (K] = [kl_zzkz _k]ﬂ (2.5.10)

IN A NUTSHELL The measured direct and cross frequency
response functions provide a way to visualize the mode shape.
The relative sizes (and signs) of peaks at the same frequency show
the relative motion of the corresponding coordinates at that
frequency.

As a final note regarding model definition, it should be emphasized that if the
measured direct FRF has three modes that we wish to model, then the square
modal matrix will have dimensions of 3x3. To determine the modal matrix, we
must measure, at minimum, two cross FRFs to give the two ratios required for the
3x 1 mode shapes. Additional cross FRF measurements may be necessary to find
measurement locations with good signal to noise ratio (i.c., away from system
nodes, or locations of zero vibration amplitude regardless of the force input level).

2.5.3 Modal Truncation

Prior to describing modal testing equipment, there is one remaining issue to
highlight regarding modal fitting. Because FRF measurements always have a
finite frequency range and elastic bodies possess an infinite number of degrees
of freedom, there are necessarily modes that exist outside the measurement
range. For tool point tests, we typically measure from zero to a few kHz
(perhaps up to 10 kHz for a small mass impact hammer with a steel tip — see
Section 2.6). For most machining applications, neglecting (or truncating)
modes with natural frequencies of, for example, greater than 5 kHz in our
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modal fit is reasonable because they are not likely to be excited by the cutting
force in any case. However, omitting these higher frequency modes during peak
picking does affect the accuracy of the modal fit, particularly the real part of the
FRF. Equations 2.2.6 and 2.2.7, which describe the real and imaginary parts of
a single degree of freedom FRF, are reproduced here to demonstrate the effect.

X 1 1—r2

Re (f) Tk <(1 - r2)2+(2Cr)2> (210
B B G

Im(F) =7 <(1 - r2)2+(2Cr)2) (2.5.12)

It is seen that when the frequency ratio r =L is large, or the driving
frequency w is very high and outside the measurement range, the denominator
within the right parenthetical terms in these two equations becomes very large
and the response approaches zero. This is seen at the right hand side of
Fig. 2.2.4, for example. However, as r approaches zero, the parenthetical term
in the real part approaches one and the parenthetical term in the imaginary part
approaches zero. Therefore, the value of the real part approaches % as r
approaches zero. If there are modes beyond the measurement bandwidth,
neglecting these terms and the associated % contributions leads to errors in the
vertical location of the modal fit’s real part. This is demonstrated in Ex. 2.5.2.

Example 2.5.2: High frequency mode truncation during modal fitting A “mea-
sured” FRF is provided in Fig. 2.5.7. We will presume that the measurement
bandwidth was 2 kHz, although a 5 kHz frequency range is shown for

1076
4 1078’ ' ' 7
zZ 2 -
: 356 Hz
5
&
2 1122 | | N
0 1000 2000 3000 4000 5000
| [ _]
z w
£ |
> -4 1100 Hz n
o —-6.74% 10~ .
E [ _— _6.26x105mN -
| | |
0 1000 2000 3000 4000 5000

Frequency (Hz)

Fig. 2.5.7 “Measured” direct FRF for Ex. 2.5.2. The peak picking values are listed within the 2 kHz
measurement bandwidth. A 5 kHz frequency range is provided to show the truncated 4000 Hz mode
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demonstration purposes. Within the 2 kHz range, two modes are visible and
peak picking can be applied to determine the associated modal parameters.
Using the values from the figure, the modal stiffness, mass, and damping matrix
terms may be determined as shown in Ex. 2.5.1.

393 — 356 1122 — 1078
“W=Trs S @ 00
-1
k, = =1.50 x 10’ N
N =370089 (S67ax107) 0 x 10 N/m
k= -1 =3.99 x 10°N/m
7270020 (—626 x 10°6)
1.50 x 107 3.99 x 106
Mg = 270kg  mgp = = 0.084kg
(375 - 2m) (1100 - 2)

¢ =2-0.049v1.50 x 107 -2.70 = 624N — s/m
¢ =2-0.020v/3.99 x 10°-0.084 = 23.2N —s/m

The fit to the measured direct FRF is determined by summing the two con-
tributions in modal coordinates according to:

((I—V?)—i(2<q1r1))+ ! ((1—"%)—1'(2@2"2))7

(1= +(2¢in)>)  Fe \(1 = B)+(2¢an)’

X 0 0 |1

F R R kg

kg

where r; = 3—55 and rp, = ﬁ and f'is given in Hz. It is seen in Fig. 2.5.8 that,
although the shape of the two modes within the 2 kHz bandwidth are correctly
identified, there is a noticeable offset in the real part of the fit. It appears too
stiff (i.e., it is located below the measured FRF) because the DC compliance due
to the 4000 Hz mode has not been considered. Because this mode is outside the
measurement frequency range, it is not possible to fit the mode and
determine the appropriate modal parameters. However, given the visible offset
in Fig. 2.5.8, the combined contributions of truncated modes can be included by
adding an effective DC compliance term to the fit. Specifically, for this example,
the fit could be rewritten as:

01 0O
2L 22
1 R

X
F

1 —

where the % terms (j = 1, 2) are obtained through peak picking as
described previously and the % value is selected to move the fit to a vertical

overlap with the measured FRF. If a value of k =3 x 10°® N/m is applied
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Fig. 2.5.8 Result of modal fitting. An offset in the real part of the fit (dotted line) is observed
because the DC compliance of the 4000 Hz mode is not included
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Fig. 2.5.9 Result of modal fitting with the addition of a DC compliance to correct for the

truncated mode

here, the fit is improved and the result shown in Fig. 2.5.9 is obtained.
Note that this stiffness value is equal to the modal stiffness of the 4000 Hz
mode shown in Fig. 2.5.7 (for completeness, the modal damping ratio for
this mode is 0.07). The MaTLAB® program used to produce the Ex. 2.5.2
figures is provided on the companion CD as p 2 5 2 1.m.
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IN A NUTSHELL A measured frequency response function
includes the effect of all modes. Some of the modes contributing
to the measured FRF may be outside the range of frequencies
measured. Nevertheless, they still influence the data in the mea-
sured frequency range.

2.6 Modal Testing Equipment

The basic hardware required to measure FRFs is:

e a mechanism for known force input across the desired frequency range;

e atransducer for vibration measurement, again with the required bandwidth; and

e a dynamic signal analyzer to record the time-domain force and vibration
inputs and convert these into the desired FRF.

The dynamic signal analyzer includes input channels for the time-domain
force and vibration signals and computes the Fourier transform of these signals
to convert them to the frequency-domain. It then calculates the ratio of the
frequency-domain vibration signal to the frequency-domain force signal; this
ratio is the FRF. The form of the FRF depends on the vibration transducer type
and can be expressed as:

e receptance/compliance — the ratio of displacement to force (considered in the
previous sections);

e mobility — the ratio of velocity to force; and

e inertance/accelerance — the ratio of acceleration to force.

2.6.1 Force Input

Common types of force excitation include:

e fixed frequency sine wave — The complex response is determined one fre-
quency at a time with averaging occurring at each frequency over a short
time interval. This is referred to as a sine sweep test.

e random signal — The frequency content of the random signal may be broad-
band (white noise) or truncated to a desired range (pink noise). Averaging
over a fixed period of time is again applied.

e impulse — A short duration impact is used to excite the structure. This
approach enables a broad range of frequencies to be excited in a single,
short test. Multiple tests are typically averaged in the frequency-domain to
improve coherence, or the correlation between the force and vibration
signals.



2.6 Modal Testing Equipment 53

IN ANUTSHELL Hitting the structure with a hammer excites
many frequencies at almost the same level at the same time.
(Really!)

Common force input hardware includes:

e shaker (similar to a speaker) — These systems include a harmonically driven
armature and a base. The armature may be actuated along its axis by a
magnetic coil or hydraulic force. The magnetic coil, or electrodynamic,
configurations can provide excitation frequencies of tens of kHz with force
levels from tens to thousands of N (increased force typically means a lower
frequency range). Hydraulic shakers offer high force with the potential for
a static preload, but relatively lower frequency ranges. In either case, the
force is often applied to the structure of interest through a “stinger”, or a
slender rod that supports axial tension and compression, but not bending
or shear. A load cell is often incorporated in the setup to measure the input
force. One consideration is that this load cell adds mass to the system under
test, which can alter the FRF for low mass structures. Finally, the shaker
must be isolated from the structure to prevent reaction forces due to the
shaker motion from being transmitted through the shaker base to the
structure.

e impact hammer — An impact hammer incorporates a force transducer in a
metal, plastic, or rubber tip to measure the force input during a hammer
strike. Because the setup and measurement time is short, it is a popular
choice for tool-holder testing (referred to as impact testing). Naturally, the
energy input to the structure is a function of the hammer mass; therefore,
many sizes are available. Also, the bandwidth of the force input depends on
the mass and tip stiffness. Stiffer tips tend to excite a wider frequency range,
but also spread the input energy over this wider range. Softer tips concen-
trate the energy over a lower frequency range. Hard, plastic tips are a
common choice for tool testing because they do not damage the cutting
edge and generally provide sufficient excitation bandwidth.

2.6.2 Vibration Measurement

Vibration transducers are available in both non-contact and contact types.
While non-contact transducers, such as capacitance probes and laser vibrom-
eters, are preferred because they do not influence the system dynamics, con-
tacting types, such as accelerometers, are more convenient to implement. As a
compromise, low mass accelerometers are often used for tool point FRF test-
ing. For most tools, the addition of a few grams or less of accelerometer mass
does not appreciably alter the response and the accelerometer can be attached
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using wax and then removed without damaging the cutting tool. Because
accelerometers produce a signal which is proportional to acceleration, the
inertance FRF is obtained. However, to convert from inertance, or %, to

receptance, )—g, we can use the relationship:

- =2 2.6.1)

which follows from the harmonic solution, x = Xe™’, and its second time
derivative ¥ = —w?>Xe™ = —w?x. Equation 2.6.1 effectively describes double
numerical integration in the frequency-domain.

2.7 Measurement Uncertainties

As with any measurement situation, a complete description of the FRF should
include both the frequency dependent mean values of the real and imaginary
parts, for instance, and the frequency dependent uncertainty in these values. A
defensible uncertainty statement for FRF testing results requires a bivariate
uncertainty analysis because the FRF is complex valued. In [7], an analysis is
provided for tool point impact testing that considers statistical variations,
imperfect calibration coefficients that convert the voltage to engineering units
for the hammer and vibration transducer, misalignment between the intended
and actual force/hammer direction during impact, and mass loading when using
an accelerometer. The complex valued FRF is expressed by its real and ima-
ginary parts, which are potentially correlated and this correlation is included in
the bivariate analysis [8-9]. An ellipsoid shaped confidence region (at each
frequency) is defined in the complex plane; the size and orientation of this
region is determined from the individual input uncertainties. The scalar, total
uncertainty is then determined using an eigenanalysis of the FRF covariance
matrix [10]. While the full analysis is not reproduced here, we highlight some of
its findings.

e For the end mill-holder-spindle assembly tested, the calibration coefficient
uncertainties (as specified by the manufacturers) comprised >80% of the
total uncertainty, which was approximately 2% of the mean tool point direct
receptance.

e A small bias is introduced when the hammer force input direction is mis-
aligned with the accelerometer axis. This cosine type bias can be compen-
sated using [11]:

X x RS
FRE = 5 = o T ) FRFm<1 S (5)) NG A))
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e where the 7 and m subscripts refer to “true” and “measured”, respectively,
and u(p) is the uncertainty in the misalignment angle, 5. This uncertainty is
typically a few degrees.

e Accelerometer mass loading also leads to a measurement bias. This bias can
be compensated using [12]:

X, FRF,,

FRF, =~ —_ T0%0m
F 1+ muw*FRF,

(2.7.2)

e where m,, is the accelerometer mass, expressed in kg for compatibility with
FRF units of m/N and frequency units of rad/s.

Exercises

1. A harmonic motion has an amplitude of 0.2 cm and a period of 15 seconds.

a) Determine the maximum velocity (m/s) and maximum acceleration (m/s”)
of the periodic motion.

b) Assume that the motion expresses the free vibration of an undamped
single degree of freedom system and that the motion was initiated with an
initial displacement and no initial velocity. Express the motion (in units of
meters) in each of the following four forms.

i) Acos(wyt + D)
ii) Asin(w,t + D)
iii) Bcos(wyt) + Csin(wyt)
iv) Del@n!) 4 Eeilwnt)
2. A single degree of freedom lumped parameter system under free vibration

can be modeled with the following mass, stiffness, and damping values: m =
1 kg, k = 4 x 10* N/m, and ¢ = 10 N-s/m.

a) Determine the natural frequency, £, (Hz), and the damping ratio, .

b) Given an initial displacement of 5 mm and an initial velocity of 0 mm/s,
find an expression for the time response of the damped free vibration,
x(1), of the form:

x(1) = e (A sin(wgt) + Bcos(wat)),

where x(7) is expressed in meters. Plot the first 25 cycles of motion.

3. Asingle degree of freedom lumped parameter system has mass, stiffness, and
damping values of 1.2 kg, 1 x 107 N/m, and 364.4 N-s/m, respectively.
Generate the following plots of the frequency response function:

a) magnitude (m/N) vs. frequency (Hz) and phase (deg) vs. frequency (Hz)
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b) real part (m/N) vs. frequency (Hz) and imaginary part (m/N) vs. fre-
quency (Hz)
¢) Argand diagram, real part (m/N) vs. imaginary part (m/N).

. For the two degree of freedom, damped lumped parameter system shown in

Fig. e.2.4, complete parts a) through f).
ky=2x10°N/m  ky=155x10*N/m
¢a = 60N —s/m ¢ =16.5N —s/m
m, = 2.5kg my = 1.2kg

x1(0) = I mm x2(0) = 0mm
x1(0) = 0mm/s X2(0) = 0mm/s

a) Obtain the equations of motion in matrix form and transform them into
modal coordinates ¢, and ¢,. Normalize your eigenvectors to coordinate
x,. Verify that proportional damping exists.

b) Determine the time responses ¢;(f) and ¢,(¢) in mm. Express your solu-
tions in the form: ¢y () = e~“12912 (4 cos(wa 21) + Bsin(wa 27)).

¢) Transform the modal coordinate solutions, ¢;(¢) and ¢»(#), back into local
coordinates, x;(7) and x,(7).

d) Plot x;(¢) and x,(¢) (in mm) vs. time (in seconds).

e) Determine the time responses x;(z) and x,(¢) (in mm) if the initial velo-
cities are zero and the initial displacements are x;(0) = 0.312 mm and

x>(0) = 1 mm.
/
ka l: :I Ca

T

v ;tﬂ “

T

b

Fig. e.2.4 Two degree of freedom, damped lumped parameter system
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S.

Assume a harmonic force, f> = foe™’, is applied to the lower mass (at coordinate

x,)in Fig. e.2.4. Obtain the FRFs % , %, and % Express them in equation form

and then plot the real and imaginary parts (in m/N) vs. frequency (in Hz).
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Chapter 3
Turning Dynamics

Make everything as simple as possible, but not simpler.

— Albert Einstein

In Chapter 2, we discussed how to use modal analysis to describe the tool point
dynamics for tool-holder combinations. In this chapter, we’ll discuss regenera-
tive chatter in turning and see how we can apply the dynamics information to
develop stability lobe diagrams that describe the limiting chip width (to avoid
chatter) as a function of spindle speed. We'll also detail a time-domain simula-
tion for predicting cutting force and tool displacement which also enables us to
determine stable and unstable cutting conditions.

3.1 Turning Description

Turning operations are generally carried out on a lathe where a workpiece is
rotated in a spindle past a tool mounted on a two axis slide in order to give the
desired shape to the axisymmetric part; see Fig. 3.1.1. The final shape can
include both internal and external features. The lathe may be manual, where a
machinist controls the slide positions during material removal, or computer
numerically controlled (CNC). In this case, automatic control is used to com-
mand the slide positions to follow the path described by the part program. The
part program is based on the desired workpiece dimensions and is typically
developed using computer aided design/computer aided manufacturing (CAD/
CAM) software.

During turning, a sharp cutting edge is used to remove material in the form
of a chip. Many studies have been performed to better understand chip forma-
tion and the associated mechanics, but our focus is a broader view of the
resulting cutting force and corresponding vibrations of the tool. Therefore,
we will not focus so much on the chip itself as on the corresponding system
behavior. Texts that provide more information regarding metal cutting

T.L. Schmitz, K.S. Smith, Machining Dynamics, DOI 10.1007/978-0-387-09645-2_3, 59
© Springer Science+Business Media, LLC 2009
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Headstock

Cutting tool
Tool post

Tailstock
B |

Spindle
Workpiece

Cross slide

Carriage /

Fig. 3.1.1 Schematic of manual lathe. The workpiece is clamped in the rotating spindle, but
may also be supported at its free end using the tailstock. The cutting tool, which is clamped to
the tool post, is moved relative to the workpiece by adjusting the positions of the carriage
(axial direction) and cross slide (radial direction)

fundamentals, heat generation and heat transfer during cutting, and related
technology include, for example, [1-4].

To begin, let’s consider the tool and workpiece to be rigid and develop
expressions for the cutting force, F. Figure 3.1.2 shows an “orthogonal cutting”
operation, where only the normal, F,, and tangential, F;, components of the
force are considered. In general, the cutting force vector includes the third
component along the part axis, but the orthogonal treatment is sufficient for
us to describe the process dynamics. The figure also identifies: 1) the mean chip
thickness, #,,, or commanded feed per revolution for the facing operation
pictured; and 2) the force angle, 3, between F and F,. The side view of this
operation (inset in Fig. 3.1.2) shows the chip width, 5. Together, the chip

Tool feed

Tool feed

Chip area

View from left side

Fig. 3.1.2 Orthogonal cutting operation showing the cutting force with its normal and
tangential components
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thickness and chip width define the area of material to be removed, 4 = bh,,.
We approximate the cutting force as the product of this chip area and an
empirical coefficient. This process dependent coefficient is referred to as the
specific (or per unit chip area) force, K, in [2] and depends on the workpiece
material, tool geometry, and, to a lesser extent, the cutting speed (peripheral
velocity of the rotating workpiece) and chip thickness.

F = K,A = K,bhy, (3.1.1)

The normal and tangential components, F, and F,, can be expressed using F
and the force angle:

F, = cos(B)F = cos(8)K,bh,, = k,bh,, and (3.1.2)

F, = sin(B)F = sin(8)K,bh,, = k,bh,,, (3.1.3)

where we’ve defined the cutting force coefficients, &, and k,, which incorporate
both K, and (. Although efforts continue to calculate these coefficients based
on elastic and plastic material properties, a common approach used to char-
acterize these process dependent values is to prescribe known cutting conditions
and measure the force components directly. If the tool is mounted on a cutting
force dynamometer as shown in Fig. 3.1.3 and the b and /,,, values are known,
then the measured force component values can be used to determine the

coefficients by rewriting Eqs. 3.1.2 and 3.1.3, k, = ,57’ and k, = bf;’ Typical

units for &, k,, and K, are N/mm?>.

Fig. 3.1.3 Force measurement during turning using a cutting force dynamometer. The tangential
and normal cutting forces are measured as the x and y dynamometer force components
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Table 3.1.1 Representative K, values for selected workpiece materials [2]

Material K (N/mmz) Material K (N/mmz)
Gray cast iron 1500 Ni-based Inconel X 3400
1020 carbon steel 2100 Ni-based Udimet 500 3500
1035 carbon steel 2300 Co-based L605 3500
1045 carbon steel 2600 Ti (6Al1,4 V) 2000
302 stainless steel 2700 Al 7075-T6 850
4140/5140 alloy steel 2800 Al 6061-T6 750

Selected K values are provided in [2, Tables 7.1 and 8.1]. These have been
reproduced in Table 3.1.1, but should be considered to be representative values
and not necessarily specific to a particular application.

IN A NUTSHELL The force produced by the cutting opera-

tion is proportional to the frontal area of the chip through the

coefficient K;. Deriving K from first principles is quite difficult

and, in this way, it is similar to the elastic modulus, E. Tabulated

values are approximate and often good enough. High precision
applications, on the other hand, may require careful measurement of the cut
geometry and resulting forces using the intended tooling and workpiece mate-
rials, F.

3.2 Regenerative Chatter in Turning

If we remove the assumption of a rigid tool, then it is clear that the cutting
force will cause deflections of the cutting tool. Because the tool has stiffness
and mass, it can vibrate. If the tool is vibrating as it removes material,
these vibrations are imprinted on the workpiece surface as a wavy profile.
Figure 3.2.1 shows an exaggerated view, where the initial impact with the
workpiece surface causes the tool to begin vibrating and the oscillations in the
normal direction to be copied onto the workpiece. When the workpiece begins
its second revolution, the vibrating tool encounters the wavy surface produced
during the first revolution. Therefore, the chip thickness at any instant depends
both on the tool deflection at that time and the workpiece surface from the
previous revolution. Vibration of the tool therefore leads to a variable chip
thickness which, according to Eq. 3.1.1, will give a variable cutting force since
the force is proportional to the chip thickness. The cutting force governs the
current tool deflection and, subsequently, the system exhibits feedback. In other
words, the current behavior depends on previous behavior — the system has a
“memory”.
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(/1))

k

L

"]

1

Fig. 3.2.1 Description of regenerative chatter in turning. Initial tool deflections are copied
onto the workpiece surface and are encountered in subsequent revolutions. This varies the
chip thickness and cutting force which, in turn, affects the resulting tool deflections

IN A NUTSHELL Cutting produces a force that is propor-
tional to the chip thickness and chip width. While the tool is stiff
in comparison to objects in our everyday lives, it is not infinitely
stiff. For this reason, varying cutting forces (from transients such
as the initial contact of the tool with the workpiece) produce
vibrations of the tool. The vibrating tool changes the chip thickness and leaves a
wavy surface. Variable forces cause vibrations. .. vibrations cause wavy surfa-
ces. . .wavy surfaces produce variable forces. The reality is that the cutting
operation is only partially governed by the selected geometry. Dynamics, the
response of a flexible system to varying forces, plays a strikingly powerful role.

From a modeling standpoint, this “regeneration of waviness” appears as a
time-delayed term in the chip thickness equation. Figure 3.2.2 shows an
unwrapped view of the turning operation, where the surface on the left was
produced in the previous revolution and the surface to the right of the tool
(offset by the mean feed per revolution) was just cut away by the oscillating tool.
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y k
L.

Previous revolution m

o

Fig. 3.2.2 Depiction of turning where the surface from the previous revolution, shown to the
left of the tool, is removed by the vibrating cutter to produce a new wavy surface to the right of
the tool

We will consider only vibrations in the normal direction, y (positive direction
out of the cut), which has the most direct influence on the chip thickness.

The time dependent, instantaneous chip thickness, /4(7), is determined using
Eq. 3.2.1. Itis seen that larger positive vibration during the previous revolution,
»(t — ), where 7 is the time for one rotation, gives an increased chip thickness
(i.e., less material was removed so the current chip is thicker). Larger positive
current vibration, y(#), on the other hand, yields a thinner chip. See Fig. 3.2.3.

h(t) =hy+y(t—71)— (1) (3.2.1)

The relative phasing between the surface waviness from one pass to the next
determines the level of force variation and whether the operation is stable or

'l Wt-1)<0

m

h,
N

Fig. 3.2.3 The figure demonstrates the instantaneous chip thickness calculation. It depends
on the mean feed per revolution, the current deflection, and the vibration during the previous
revolution of the workpiece (to the left of the tool)
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Fig. 3.2.4 The surface waviness between revolutions is in phase. Negligible chip thickness
variation is obtained

Fig. 3.2.5 Less favorable phase relationship between revolutions yields significant chip
thickness variation

unstable (chatter occurs). Figures 3.2.4 and 3.2.5 show two possibilities. In
Fig. 3.2.4, the wavy surfaces between two revolutions are in phase. Therefore,
even though vibration is present during material removal, the chip thickness
variation (vertical distance between the two curves) is negligible and there is no
appreciable force variation. This enables stable cutting at larger chip widths.
Considering that the tool tends to vibrate at its natural frequencys, it is intuitive
that matching the workpiece rotating frequency (spindle speed) to the tool’s
natural frequency will lead to this preferred “in phase” situation. However, this
is counter intuitive based on our traditional understanding of resonance where
we avoid driving the system at its natural frequency. Figure 3.2.5 shows a less
favorable phase relationship where there is significant variation in the chip
thickness. This leads to unstable cutting at smaller chip widths than the pre-
vious case due to the force variations and subsequent tool deflections.
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IN A NUTSHELL The cutting force is very sensitive to the
revolution-to-revolution alignment of the current tool motion to
the previous motion of the tool imprinted on the surface. A
“good” alignment (in phase) results in negligible chip thickness
variation. A “bad” alignment (180 deg out of phase) produces a
strong chip thickness variation. The worst case occurs when significant varia-
tion in the chip thickness coincides with a large magnitude in the frequency
response function. It turns out that the worst case is about 270 deg out of phase.

3.3 Stability Lobe Diagrams

Depending on the feedback system “gain”, or chip width b, and spindle speed,
Q, the turning operation will either be stable or exhibit chatter (unstable cut-
ting), which causes large vibrations and forces and leads to poor surface finish
and, potentially, tool/workpiece damage. In stable machining, the vibrations
diminish from revolution to revolution. In unstable machining, the vibrations
grow from revolution to revolution until limited in some way. Surprisingly, the
vibrations may become large enough that the tool jumps out of the cut, losing
contact with the workpiece. The vibrations in unstable cutting may be at least as
large as the chip thickness and it is not surprising these large vibrations may
result in damage to the machine, tool, and workpiece. The governing relation-
ships for this behavior are provided in Egs. 3.3.1 through 3.3.3 [2].

-1
bim = 2K, cos(3)Re[FRF] SERY
Jfe €
G=N+s (3.3.2)
B _, (Re[FRF]
E = 27[ — 2tan <m> (333)

In these equations, by, is the limiting chip width to avoid chatter, f,. is the
chatter frequency (should it occur), N is the integer number of waves of vibra-

tion imprinted on the workpiece surface in one revolution, and 7 is any
7

additional fraction of a wave, where ¢ is the phase (in rad) between current
and previous tool vibrations. Note that for units consistency in Eq. 3.3.2, if /.. is
expressed in Hz, then € must be specified in rev/s. Figure 3.3.1 shows an
example stability lobe diagram where the Q versus by, family of curves (N =
0,1, 2, ...) separate the space into two regions. Any (€2, b;,) pair that appears
above the collective boundary indicates unstable behavior, while any pair below
the boundary is presumed to be stable. We'll next discuss the foundation of the
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N=3 N=2  N=1 N=0

bij, (mm) Unstable

Q (rpm)

Fig. 3.3.1 Example stability lobe diagram. The stability boundary separates stable chip width-
spindle speed combinations (below the boundary, marked as a circle) from unstable pairs
(above, marked as a square)

relationships, provided in Egs. 3.3.1 through 3.3.3, that are applied to construct
this diagram. We’ll base this discussion on the normal force equation and the
vector representation of tool deflections in the complex plane.

IN ANUTSHELL Whether we know it or not, whether we like
it or not, every cutting operation has a picture like the one shown
in Fig. 3.3.1. If we choose the cutting conditions at random, or at
least without considering the applicable stability lobe diagram,
then we sometimes choose stable cutting and sometimes not.
Sometimes speeding up helps and other times it makes things worse. It appears
to be random and many machine shops struggle with this issue every day. If we
have the diagram and choose the cutting conditions accordingly, then it is
possible to avoid the unstable conditions (chatter) and increase productivity.

Equation 3.2.1 shows that the instantaneous chip thickness depends on the
commanded chip thickness, the normal direction vibration one revolution ear-
lier, and the current vibration in the normal direction. If we substitute this /(¢)
for h,, in the normal force expression provided in Eq. 3.1.2, we obtain:

F, = knbh([) = knb(hm +y([ - T) - y(t))' (3-3-4)

This force equation has both a constant part, k,bh,,,, and a variable part,
knb(y(t — 7) — ¥(2)). The constant part does not influence the stability of the
linear system. We are therefore interested in the behavior of the variable part.
To explore the value of b as a function of k,, and the tool vibrations, let’s
consider a unit value of the variable force, or 1 = k,b(y(t — 7) — y(¢)) from
Eq. 3.3.4. This equation can be solved for b:
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Regarding the vibration levels from one revolution to the next in Eq. 3.3.5,
we can state the following:

e if y(7)>y(t — 7), then the vibrations are growing from one revolution to the
next and unstable behavior results;

® y(¢) = y(t — 7) indicates the limit of stability — the vibration level is neither
increasing or decreasing; and

e y(1)<y(t — 7), then the vibrations are decaying from one revolution to the
next and stable behavior is achieved.

Let’s draw the () and y(z — 7) vectors in the complex plane for the limiting
case that y(r) = y(t — 7)'. We will require that the following vector sum is
satisfied:

—

F+ 0t =7)=y) =¥t —7). (3.3.6)

It is also necessary that the difference J(r — 7) — j(¢), which represents the
variable part of the chip thickness, is real valued. In other words, the instanta-
neous chip thickness is a scalar quantity; it has no imaginary part. In the
complex plane it must therefore be horizontal. Figure 3.3.2 shows the vectors
(1) and J(r — 7) as well as the real valued difference y(r — 7) — j(¢) for a single
degree of freedom system. Note the similarity to Fig. 2.2.6. The real valued unit

Im[FRF]

Re[FRF]

- Y(t-1)

N

Yt =7)=3()

Fig. 3.3.2 Vector representation of unit normal force and tool deflections (current and
previous revolutions) for limit of stability

' We represent j(z) and j(r — 7) as vectors because they have both a magnitude and phase
relative to the force, F,. The force and both displacement vectors are displayed in Fig. 3.3.2.
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Im[FRF]

Re[FRF]
0N

o-1)

Yt =7)=3(0)

Re[FRF] <0

Fig. 3.3.3 Representing the length of the vector difference using the negative real part of the
tool point FRF

normal force and the phase between tool vibrations in subsequent revolutions,
¢, are also shown. The geometry seen in this figure satisfies the following
requirements: 1) the magnitude and phase of the tool deflections depend on
the forcing frequency (spindle speed) and the tool’s direct FRF as measured at
the cutting edge; 2) the amplitudes for y(7) and y(r — 7) are equal (limit of
stability); and 3) the difference j(¢ — 7) — j(¢) is horizontal.

We can now rewrite Eq. 3.3.5 by substituting for j( — 7) — 3(¢). Figure 3.3.3
shows that, due to the approximate symmetry, the length of the vector differ-
ence can be written as twice the negative real (Re) part of the tool’s direct FRF.
Equation 3.3.7 shows the new relationship, where the negative sign is included
in order to obtain positive (limiting) chip width values. This equation matches
Eq. 3.3.1, where k,, is substituted for the product K; cos(3):

—1

bim = kn(2Re[FRF])’

(3.3.7)

IN ANUTSHELL It is the chip width (and not the chip thick-

ness) that controls whether or not the cutting operation is stable.

The real part of the frequency response function defines the

limiting chip width. The higher the system’s dynamic stiffness

(more stiffness and more damping), the larger the chip width that
can be obtained without chatter.

Given Eq. 3.3.7, we can determine the smallest and largest potential values of
biim based on the range of magnitudes possible for the negative real part of the
tool point FRF. The smallest value is obtained for the minimum, or most
negative, value of Re[FRF], when the absolute value of the denominator is
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Im[FRF]

£=270 deg ( \ F
> Re[FRF]

30

_Wi-1)

L=f(1+0) —3

min(Re[FRF]) A

Fig. 3.3.4 Vector representation of by cric case (f; = f,(1 + ¢) and e = 270 deg)

- Yt=7)=y(0)

largest. We will refer to this minimum by, value as the critical value, bjim cric- See
Eq. 3.3.8. The chatter frequency for this case (i.e., the min(Re[FRF])) is
fe =fu(14+ ) as shown in Fig. 2.2.5. The situation is pictured in Fig. 3.3.4.
From the figure, we also see that ¢ is 37” rad or 270 deg. A representation of the
time dependent tool deflections with this phase relationship is shown in
Fig. 3.3.5. Again, the chip thickness variation is determined from the vertical
distance between the two curves. It is interesting to note that the worst case
(smallest chip width) is not obtained when £ = 180 deg, or the vibrations from
one revolution to the next are exactly out of phase.

—1
btim crit = kn(2 - min(Re[FRF)))

(3.3.8)

The largest by;,, value is obtained when ¢ = 360 deg. This is the “in phase”
situation of negligible chip thickness variation. As seen in the complex plane
representation given in Fig. 3.3.6, the real part of the tool point FRF is zero and
the chatter frequency is f,. Substitution in Eq. 3.3.7 would suggest an infinite

chip thickness, by, = ﬁ = 0o. However, we obtain finite by, values for the

Fig. 3.3.5 Chip thickness variation for the by i case when e = 270 deg
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Im[FRF]

£=1360 deg (\ F

Je=Tn

Fig. 3.3.6 Vector representation of largest by, case with favorable phase relationship (¢ =
360 deg) between subsequent workpiece revolutions

left end of the N = 0 curve, even at a chatter frequency equal to f,, because the

adjacent stability curve with one more wave per revolution (N = 1) intersects
the original curve and truncates it. See Fig. 3.3.7.

We see a similar situation as the chatter frequency approaches infinity,
fe — oo. In this case (Fig. 3.3.8), even though the revolution to revolution
phase relationship is unfavorable (¢ — 180°, deg, or exactly out of phase), the
response amplitude approaches zero, Re(FRF) — 0.. Again, substitution in
Eq. 3.3.7 would suggest an infinite chip thickness, bjm = 1 |

o) = O However,
as seen in Fig. 3.3.7, the left side of the N = 0 curve serves to limit the right hand
side of the N = 1 curve where f, — 0.

We’ll now see how each individual stability curve is actually a mapping of
Re[FRF] onto the (€2, by;,) diagram. We'll first consider the N = 0 curve, which

£, Je e

Unstable III
7’
e 7
b (mm _ Stability  /
lim ( ) N=1 || limit III
' / N=0
\ ’
\ 7
\ ’
\\ /I ~ s ,/
= Stable -
Q (rpm)

Fig. 3.3.7 Stability lobe diagram exhibiting truncation of N = 0 stability curve by N = 1

curve to obtain finite by, values

71
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Im[FRF]

£— 180 deg

Re[FRF]

Fig. 3.3.8 Vector representation of ¢ = 180 deg phase relationship between subsequent
workpiece revolutions (f, — oc0)

means that less than one wave is imprinted on the surface per revolution. We’ve
already discussed the by;,,, values, so we’ll now focus on the spindle speeds for the
left end (labeled as 1 in Fig. 3.3.9), the minimum (2), and the right end (3). As we
saw in Fig. 3.3.6, when the chatter frequency is equal to f,,, the e = 360 deg = 2n
rad phase relationship is obtained and by, = oo because the real part is zero.
Point 1 therefore has a spindle speed of:

Je Jo oo
|
1
e A\ !
h 1
o T :
by, (mm) f i
1
1
1
|
1
b limerit (-~ ~" "~~~ ~"~"~-~-~-~-=-~-~-~~ !
1
1
1
Q

Fig. 3.3.9 Mapping of the real part of the tool point FRF onto the (€2, bji,,) diagram for the
N = 0 lobe. Spindle speeds provided in Eqs. 3.3.9 through 3.3.11
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Je S

O =
N+s 0+Z

=f (3.3.9)

from Eq. 3.3.2. (Note that units of Hz for f, gives equivalent units of rev/s, or
rps, for spindle speed.) This corresponds to point 1 in the inset showing the real
part of the tool point FRF.

IN A NUTSHELL The chip width can be very large without
the occurrence of chatter if the spindle speed is set close to the
natural frequency of the most flexible vibration mode. This sur-
prising result comes from favorable alignment of the waviness
from one revolution to the next at this speed.

Recall that we are only considering the negative portion of the real part so
the applicable frequency range (for this single degree of freedom response) is f,,
to co. At point 2, which has the minimum chip width, by, i, We saw in
Fig. 3.3.4 that the chatter frequency is f,(1 + () and ¢ = 270 deg = 3—2” rad.
The corresponding spindle speed is:

0, (40
0+2n

__fn( +<) (3.3.10)

At point 3 the chatter frequency approaches oo and & approaches
180 deg = mrad. rad. The spindle speed is:

oo
Q: g . .11
= (3:3.11)

Let’s next consider the N = 1 stability curve (or lobe). In this case, there is at
least one wave of vibration per revolution. See Fig. 3.3.10. Although the by,
values are a function of the chatter frequency (via the tool point FRF), they do
not depend on the lobe number, N. Therefore, these values do not change relative
to the N = 0 calculations. Similarly, the ¢ values are independent of the lobe
number and do not change. The spindle speed equation (Eq. 3.3.2), however, is a
function of the lobe number. Using the same labeling convention for the left end,
minimum, and right end points of Re[FRF], we obtain the three spindle speeds:

In T

O = _Jn 3.3.12
kgt (33.12)
1+ 7
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Je =T Je = —4/1

Real
N
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=
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b lim (mm)

b lim,crit

Fig. 3.3.10 Mapping of the real part of the tool point FRF onto the (€2, by;,,,) diagram for the
N = 1lobe. Spindle speeds provided in Eqgs. 3.3.12 through 3.3.14

o0
I+£

Qs = = . (3.3.14)

If we plot multiple lobes (N = 0, 1, 2, ...), we obtain a result similar to
Fig. 3.3.11. We see that all lobes exhibit the same minimum value, by, cri¢, and
the peak values are located approximately at integer fractions of the tool point
natural frequency. We can therefore write a “best speeds” equation which
identifies these spindle speeds (in rev/min, or rpm). See Eq. 3.3.15, where f,, is
expressed in Hz. As noted, any (2, by;,) pair located below the stability bound-
ary leads to stable operation, while combinations above the boundary result in
chatter.

biip, (mm) Unstable

Fig. 3.3.11 Depiction of multiple stability lobes which, taken together, form the stability limit.
It is seen that the peaks of the stable zone become less pronounced as N increases
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(rpm) (3.3.15)

IN A NUTSHELL We get the same favorable alignment of

waviness at many different spindle speeds; these multiple speeds

correspond to different numbers of integer waves of vibration

imprinted on the workpiece surface per revolution. The increase

in allowable chip width without chatter gets larger as the spindle
speed gets higher (less waves of vibration per revolution). At lower speeds the
lobes overlap to such an extent that the limiting chip width approaches a
constant value.

Similarly, we can write a “worst speeds” equation that provides the spindle
speeds where the by v Values are encountered; see Eq. 3.3.16. Equations
3.3.15 and 3.3.16 provide good approximations for dynamic systems that can
be modeled as single degree of freedom. Multiple degree of freedom systems, on
the other hand, are generally best described using the stability lobe diagram
itself.

Ju(1+¢) - 60

N+% (rpm) (3.3.16)

Qworst =

Before discussing the concept of the “oriented FRF” introduced by Tlusty
[2], let’s take a moment to explore which factors affect by;,, and the applicability
of stability lobe diagrams to typical turning operations. From Eq. 3.3.1, we sce
that by, depends on K, 8, and the negative real part of the tool point FRF,
which we’ll describe using the stiffness, k, and damping ratio, ¢. (Again, we are
assuming single degree of freedom dynamics.) As K, and [ decrease
(0 < B <90deg), by, increases. Considering Table 3.1.1, we can see that, all
other conditions being equal, we would obtain approximately a three times
increase in the allowable chip width if we compared an aluminum alloy with a
low alloy steel due to the corresponding K, values. Considering only the
Re[FRF], it becomes less negative as k and ( are increased (Section 2.2). See
the depiction in Fig. 3.3.12, where the increase in k yields not only a less negative
real part, but also an increase in the natural frequency. If the workpiece
material/tool geometry are unchanged (so that K and § can be considered
constant), this Re[FRF] change leads to an increase in by;,,,, but also a shift in the
stability lobes. Naturally this would need to be considered in implementation by
a spindle speed adjustment.

Example 3.3.1: Best spindle speeds for a single degree of freedom system Let’s
consider a setup where the tool behaves like a single degree of freedom system
with f, = 700 Hz and corresponding k and ¢ values determined from a curve
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Higher k, ¢

biim

Fig. 3.3.12 Influence of changes in k and ¢ on by,

fit to the direct FRF as measured at the tool point in the y direction. We can
apply Eq. 3.3.15 to determine our “best” spindle speed for an increased limiting
chip width. If we let N = 0 (this gives the right-most peak in the stability lobe
diagram), we obtain:

700 - 60

Qes‘ i ——
P T+ 1

= 42000 rpm.

The problem is that conventional lathe spindles don’t turn this fast. Let’s say
the top spindle speed for a selected lathe is 3600 rpm. Which peak, and
corresponding best spindle speed, must we then pick? We would require that:

700 - 60
= < .
Qpest N1l S 3600 rpm

If we select N = 11 (i.e., the 12" peak counting from right to left in the
diagram), the best spindle speed would be 3500 rpm and the maximum spindle
speed constraint would be satisfied. However, as seen in Fig. 3.3.11, as N
increases the relative improvement in by, afforded by the stability lobe peaks
decreases dramatically. For N = 11, the improvement is generally negligible
and biim ~ biim cric. For this reason, stability lobe diagrams are typically more
successfully implemented in high speed milling, as opposed to traditional turn-
ing operations.

3.4 The Oriented FRF

Using the Tlusty model [2], Eq. 3.3.1 can be rewritten as:

—1
biim =

2K Re[FRF]’ (34.1)
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where p = cos(/3) is referred to as the “directional orientation factor” and the
product of  and Re[FRF] is the real part of the “oriented FRF”. The concept is
to first project the cutting force, F, into the direction of the system dynamics
and, second, project this result into the surface normal, y. The projection into
the surface normal is necessary because we are only considering the effects of
tool vibrations in this sensitive direction. The two projection steps are required
because it may be that the system dynamics are not known in the surface normal
direction as we have assumed in our previous descriptions.

Consider, for example, an external turning operation where a square tool
bar, whose sides are not aligned with x and y, is used to reduce the diameter of a
workpiece; see Fig. 3.4.1. The impact tests described in Section 2.6 would
naturally be performed along the tool bar faces (directions u; and u in the
figure), which would not provide FRFs in the y direction. Here pr would account
for these misalignments as well as the force angle and, when combined with the
measured FRFs, would provide the system dynamic stiffness in the direction of
the surface normal. This is the oriented FRF.

" Tool

Chi
ip area feed

Top view

Fig. 3.4.1 Oriented FRF description using external turning operation
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15 deg

Fig. 3.4.2 Single degree of freedom system with vibration mode that is not aligned with the
surface normal

Example 3.4.1: Single and two degree of freedom oriented FRF Let’s consider an
example single degree of freedom system where the vibration mode direction is
not aligned with the surface normal as shown in Fig. 3.4.2. In order to calculate
the directional orientation factor, the force projection onto the mode direction u
is first determined:

F, = Fcos(70 — 15) = Fcos(55).
This result is then projected onto the surface normal (y direction).
F, = F,cos(15) = Fcos(55) cos(15)

The directional orientation factor is then p = cos(55) cos(15) = 0.55 and the
oriented FRF is the product of p and the FRF measured in the u direction.
Because p is less than one, the oriented FRF appears stiffer than the u direction
FRF; see Fig. 3.4.3. Physically, this indicates that only a portion (55%) of the
force/flexibility leads to vibration in the sensitive direction.

Real

Re[FRF

orient]

f

Fig. 3.4.3 Re[FRF]in u direction compared to real part of oriented FRF
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/% Re[FRF

arient]

Real

Range 1

f

Fig. 3.4.4 Re[FRF] in u direction compared to real part of oriented FRF for two degree of
freedom system. Two valid chatter frequency ranges are seen

Next, consider the same u direction as shown in Fig. 3.4.2, but now with a
second degree of freedom in this direction. The real part of an example two
degree of freedom direct FRF at the tool point, as well as the oriented FRF real
part, is shown in Fig. 3.4.4. As discussed in Section 3.3, the negative real part
is used in the by, calculation and defines the valid chatter frequency range.
Figure 3.4.4 shows two valid chatter frequency ranges, unlike the previous
single degree of freedom examples we’ve considered. This yields two stability
boundary sections for each N value as shown in Ex. 3.4.2.

Example 3.4.2: Competing lobes for two degree of freedom oriented FRF Consider
the model shown in Fig. 3.4.5. A two degree of freedom system is aligned with
the surface normal and the force angle is 70 deg. The directional orientation
factor therefore only requires the projection of the force into the mode

[/

Fig. 3.4.5 Two degree of freedom model for turning stability evaluation
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Fig. 3.4.6 Real and imaginary parts of the oriented FRF for the system in Ex. 3.4.2

direction, = cos(70). The modal parameters are: f, = 400Hz,
kg =2x10"N/m, (; =0.05, f,p=700Hz, kp=22x10"N/m, and
(2 = 0.05. We will determine the stability behavior for this turning operation.

The real and imaginary parts of the oriented FRF for this system are shown
in Fig. 3.4.6. Two distinct modes with 400 Hz and 700 Hz natural frequencies
are observed. As seen previously in Fig. 3.4.4, there are two valid chatter
frequency ranges associated with this two mode system. They occur where the
real part is less than zero and are pictured in the top panel of Fig. 3.4.7. In the

0><10‘7I :

Real (m/N)
)
[&)]

1 1 1 1 1 1
0 200 400 600 800 1000 1200 1400

f (Hz)
15 T T T

E 10}

£

£ L

£ 5

0 1 1 1 1 1 1
0 200 400 600 800 1000 1200 1400
Q (rps)

Fig. 3.4.7 (Top panel) Negative real part of oriented FRF. (Bottom panel) Corresponding
N = Ostability limit. The two lobes sections are present due to the two portions of the negative
real part in the top panel
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bottom panel, the 2 and by;,, values, which are both a function of the FRF and
therefore the chatter frequency (as seen in Egs. 3.1-3.3), are plotted against one
another to define the stability limit (K, = 1500 N/mm?). It is seen that a distinct
lobe section is associated with each of the two chatter frequency ranges. Only
the N = 0 pair is shown in this figure. However, it is the whole family of curves,
N =0,1,2,...,that defines the overall stability boundary. The N = 0, 1, and 2
lobes are shown in Figure 3.4.8. Because these lobes can interfere with each
other and limit the stable chip width, they may be considered as “competing
lobes”. For example, it is seen that the right portion of the N = 2 lobe
(corresponding to the 700 Hz mode) truncates the stable zone between the left
(400 Hz mode) and right portions of the N = 1 lobe near 20000 rpm. The
MATLAB® program used to produce these figures is provided on the companion
CDasp 342 I.m.

As seen in Figure 3.4.1, it is sometimes not sufficient to consider the system
flexibility in one direction only. In this case, modes in both the u; and u,
directions should be included in the stability evaluation described in the
previous example. The model shown in Fig. 3.4.9 depicts a single degree of
freedom aligned with both u; and u,, neither of which are coincident with y,
the surface normal. The oriented FRF now depends on the contributions of
both modes. We therefore calculate two directional orientation factors, each
of which projects the force into the appropriate mode and then this result into
the surface normal. Let’s consider the u; mode. The first step is to project F
into the u, direction:

F, = Fcos(f — ay). (3.4.2)

15 —r : :
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[
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- i
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 (rom) <10t

Fig. 3.4.8 Competing N = 0, 1, and 2 stability lobes for two degree of freedom system
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Fig. 3.4.9 Turning model with a single degree of freedom in both the ; and u, directions

This result is then projected into the surface normal:
F, = F,, cos(a;) = Fcos(f8 — ay) cos(ay). (3.4.3)

The u; directional orientation factor is, therefore, pi; = cos(5 — ;) cos(ay).
Similarly, the steps in determining p, are:

F,, = Fcos( + a,) and (3.4.4)

F, = F,, cos(ay) = Fcos(8 + az) cos(az) (3.4.5)

so that uy = cos(8 + az) cos(az). The oriented FRF is then calculated as a
linear combination of the contributions of both modes/cutting force using
these directional orientation factors. Note that this treatment is not limited
to a single degree of freedom in either direction; it is generic to any
number of degrees of freedom in the two perpendicular directions u;
and wu,.

FRF yyions = 1 FRF,, + o FRF,, (3.4.6)

IN A NUTSHELL It is possible for a multiple degree of free-

dom system to chatter in any of its modes. The effect of each mode

is determined by its dynamic characteristics, the alignment of the

force with the direction of flexibility of the mode, and the ability of

the deflection of the mode to imprint on the surface of the work-
piece. These effects are combined in the “directional orientation factor”.
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Example 3.4.3: Turning model with modes in two perpendicular directions We’ll
next determine the stability for the model in Fig. 3.4.9 with the following
parameters: a; = 30 deg, an, = 60 deg, 5 = 70 deg, and K, = 2000 N/mm2.
The dynamics are defined by f,; = 421 Hz,, k; = 2.8 x 10’ N/m, and, and
¢1 = 0.05 for the u; direction and f,, = 491 Hz,, k, = 3.81 x 10’ N/m, and
(& = 0.05 for the u, direction. The directional orientation factors are calculated
using Eqs. 3.4.2-34.5.

w1 = cos(f — ay) cos(ay) = cos(70 — 30) cos(30) = 0.663
w2 = cos(f + aa) cos(an) = cos(70 + 60) cos(60) = —0.321

The oriented FRF, as well as its components u FRF,, and u,FRF,,, are
shown in Fig. 3.4.10. It is seen that: 1) the minimum real part of FRF,, ;.
occurs at 443 Hz with a value of 1.493 x 10~*mm/N; and 2) the real part
crosses through zero amplitude at a frequency of 418 Hz (which corre-
sponds to the natural frequency for a single degree of freedom system).
Although this is not a single degree of freedom system, the real part of the
oriented FRF bears some similarity to a single degree of freedom FRF real
part. As an approximation, we can therefore calculate by orir and the best
and worst spindle speeds using the single degree of freedom equations
presented in Section 3.3. The best and worst spindle speeds are summar-
ized in Table 3.4.1.

—1 - RG[F RF, orient] \

u velem, ]
0 200 400 600 800 1000

Real (m/N)
o

Imag (m/N)

0 200 400 600 800 1000
f(Hz)

Fig. 3.4.10 Oriented FRF for Ex. 3.4.2. The two components of the oriented FRF are also shown



3 Turning Dynamics

Table 3.4.1 Approximate best and worst spindle speeds for Ex. 3.4.2

N thl (rps) Qbexl (rpm) anm[ (rps) Qwaml (rpm)
0 418 25080 591 35460
1 209 12540 253 15180
2 139 8340 161 9665
3 105 6300 118 7088
b ! 1.7
imcrit — - = = 1./mm
fimerit = 5K, - min(Re[FRFpiens]) _ 2 - 2000 - (—1.493 x 10-4)
418
Qhest - m (I'pS)
443

QWOI‘SI = W (rps)

3
4

Figure 3.4.11 shows one valid chatter frequency range associated with
the oriented FRF. As before, it occurs where the real part is less than zero
(top panel). In the bottom panel, the N = 0 Q and by, values are plotted
against one another to define the stability limit. It is seen that the best
speed of 418 rps is a reasonable approximation of the actual behavior.
Figure 3.4.12 shows the combined stability boundary for N = 0 to 3. The
MATLAB®R) program used to produce these figures is provided on the
companion CD as p_3 4 3 1.m. Note that ¢ in Eq. 3.3.3 must now be
calculated using FRF,, ;.

4
010 .
Z o5t §
£
s -1r ]
@
-15¢ 1 1 1 1 7
0 200 400 600 800 1000
f (Hz)
__10r -
£
£
E OT ]
o
O 1 1 1 1
0 200 400 600 800 1000
Q (rps)

Fig. 3.4.11 (Top panel) Negative real part of oriented FRF for Ex. 3.4.3. (Bottom panel)
Corresponding N = 0 stability limit
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Fig. 3.4.12 Stability lobes for Ex. 3.4.3 (N = 0 to 3)

3.5 Turning Time-Domain Simulation

In this section, a time-domain simulation is described that solves the turning
equation of motion by numerical integration. This is in contrast to Tlusty’s
analytical, frequency-domain solution detailed in the previous sections. The
stability lobe diagram determined from the analytical solution gives a “global”
picture of the stability behavior for a particular turning setup, but does not
provide information regarding the cutting force or tool vibrations. On the
other hand, time-domain simulation gives “local” force and vibration levels
for the selected cutting conditions, but not the same global view. The simula-
tion proceeds as follows: 1) the instantaneous chip thickness is determined
using the current and previous tool vibrations; 2) the cutting force is calcu-
lated; 3) the force is used to find the new displacement; and 4) the process is
repeated in small time steps. The simulation model is the same as was pre-

sented in Fig. 3.4.9.

3.5.1 Chip Thickness Calculation

Asshown in Eq. 3.2.1, the instantaneous chip thickness depends, at minimum, on
the mean chip thickness (or feed per revolution), the current normal (y) direction
vibration, and the vibration one revolution earlier, 4(7) = hy,, + y(t — 7) — y(1).
We used Fig. 3.2.3 as an aid in visualizing this equation. In reality, the situation is
a little more complicated because, depending on the vibration levels, the instan-
taneous chip thickness may depend on the current vibration and the vibration
two revolutions earlier, for example. Consider the vibrations in two subsequent
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surface

Fig. 3.5.1 Chip thickness determination at three different instants in time

revolutions shown in Fig. 3.5.1. The current vibration state is defined by the tool
position at three different times, #;, 7, and ¢3. The vibration one revolution
earlier is represented by the solid, sinusoidal line and is offset from the current
commanded mean chip thickness line by /,,. The vibration two revolutions
earlier is shown as a dashed line and is offset by 2/4,,. The current surface is
given by the heavy solid line. It is seen that the current surface depends on the
previous revolution at certain times (including #; and #,) and the vibration two
revolutions earlier at other times (such as 73). At ¢y, the chip thickness is
determined in the traditional manner, by = hy, + y(t; — 7) — y(t1). At 15, the
tool point is actually above the current surface. In other words, no cutting is
taking place. Here, 3 = 2h,, + y(t3 — 27) — y(13) so that h, < 0. Clearly, a
negative chip thickness does not make physical sense, but this nonlinearity is
conveniently incorporated in the simulation. At 3, the chip thickness is
determined using A3 = 2h,, + y(t3 — 27) — y(#3) At this instant, we must con-
sider the vibrations two revolutions prior.

The simulation is carried out in small time steps, df. Because we are numeri-
cally integrating the system equation of motion to determine the tool vibrations,
care must be exercised in selecting dz. If the value is too large, inaccurate results
are obtained. As a rule of thumb, it is generally acceptable to set dr at least 10
times smaller than the period corresponding to the highest natural frequency in
the system’s dynamic model.

Example 3.5.1: Numerical integration time step selection Consider a turning
model with two natural frequencies, f,; = 800 Hz and f,, = 1000 Hz. The per-
iod of the higher natural frequency is:

Tzzizlx 1073s

f2

and the maximum df value should be:
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™

=—=1x10"*s.
0 x 107"s

dt

Smaller values are naturally acceptable (dividing the time constant by 50 or
100, for example), but there is a tradeoff between improved numerical accuracy
and execution time for the simulation.

Once the time step is selected, the simulation time can be determined using:

ty=n-di, (3.5.1)

where n is the simulation counter (n = 1, 2, ...). The number of time steps per
spindle revolution, or steps_rev, is related to df (in sec) and the selected spindle
speed, € (in rpm), as:

60

e (3.5.2)

steps_rev =

This value is critical because it enables us to keep track of the vibration
state from one revolution to the next. At some discrete time 7, in the
simulation, the behavior one revolution earlier (f—7 in a continuous
SENSe) IS Z,.geps rev (I @ discrete sense). In practice, because steps_rev is
used as part of the index for the simulation variables, only integer values
are allowed. This is accomplished in MATLAB® using the round function.
For example:

steps rev= round(60/ (dt*omega)) ;

where omega represents the spindle speed in rpm. In simulation, the depen-
dence of the actual surface on more than the most previous revolution can be
incorporated by calculating the chip thickness according to:

h = VYmin — Vn—1, (353)

where Vmin is the smallest value of {{hm + Yn—steps_revs 2hm + Yn—2-steps_revy « - }
which, according to Fig. 3.5.1, defines the current workpiece surface. The
index (n-1) on y in Eq. 3.5.3 is used because the vibration in the current time
step (with index n) is only known after the force is determined and the equation
of motion is solved.

3.5.2 Force Calculation

Once the chip thickness is computed using Eq. 3.5.3, the force in the current
time step is determined using the selected chip width, b, and specific force:

F = K,bh. (3.5.4)
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As described previously, it is possible that the calculated chip thickness will be
negative if the current tool vibration is larger than the surface location (refer to
Fig. 3.5.1 at 1,). In this case, no cutting is occurring. Therefore, the cutting force
should be zero. We incorporate this nonlinearity by setting the force equal to zero
if the result from Eq. 3.5.4 is less than zero (due to a negative chip thickness).
Additionally, the surface is updated to reflect the actual location, y.;,, rather
than the tool vibration: y, | = ymin Once the cutting force is known, it is resolved
into the mode directions, u; and u,, as depicted in Fig. 3.4.9.

F,, = Fcos(8— o) and F,, = Fcos(8 + o) (3.5.5)

3.5.3 Displacement Calculation

Considering the single degree of freedom models shown in the u; and u,
directions in Fig. 3.4.9, the corresponding equations of motion are:

myil + ciuy + ki = th and myiiy + ety + kouy = Fug- (356)

The mode direction accelerations in the current time step due to the two force
components are determined by rewriting Eq. 3.5.6:

F, — cu k F,, — oo k
jiy = ciuy + kuy and iiy — 2 Uy + zuz’ (3.5.7)
my my

where the velocities, u; and u,, and positions, u#; and u,, from the previous time
step are used (they are set equal to zero initially). The velocities and positions
for the current time step are then determined by numerical (Euler) integration:

;= uy + i dt and 1y = 1 + i dt (3.5.8)
uy = uy + wdt and uy = up + o dt, (3.5.9)

where the velocities on the right hand side of the equal signs in Eq. 3.5.8 are
retained from the previous time step and used to update the current values.
These current values are then applied to determine the current displacements in
Eq. 3.5.9. Again, the displacements on the right hand side of Eq. 3.5.9 are those
from the previous time step. Once ©; and u; are known, they are projected into
the normal (y) direction:

Yn = uy cos(ay) + uz cos(az), (3.5.10)

where the n subscript on y indicates the time step. Note that this value represents
V,—1 In the next time step and is applied in Eq. 3.5.3 to calculate the updated chip
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thickness. The process of computing the force and resulting displacements is
then repeated.

Example 3.5.2: Stability evaluation by time-domain simulation Consider the
turning model shown in Fig. 3.5.2. The dynamic constants are: m; = lkg,
¢; = 450N —s/m, and k; = 2 x 10’ N/m for the u; direction and m, = 1kg,
¢ = 650N —s/m, and k» = 3 x 10’ N/m for the u, direction. The other para-
meters are: «; =35deg, «ap =55deg, [ =65deg, h, =0.1mm, and
K; = 2000 N/mmz. Prior to determining the time-domain force and displace-
ments using the simulation described in the previous paragraphs, let’s calculate
biim.crit» the approximate best and worst speeds, and the stability lobe diagram
for this model.

As seen in Ex. 3.4.3, the oriented FRF must be determined using the direc-
tional orientation factors prior to calculating by, it The directional orienta-
tion factors are:

= cos(f — aq) cos(a) = cos(65 — 35) cos(35) = 0.709 and

2 = cos(f + ay) cos(an) = cos(65 + 55) cos(55) = —0.287.

The oriented FRF is displayed in Fig. 3.5.3. The minimum real part of occurs
at 748 Hz with a value of 1.993 x 10~#*mm /N and the real part crosses through
zero amplitude at a frequency of 709 Hz. Similar to Ex. 3.4.3, although this is
not a single degree of freedom system, the real part of the oriented FRF
resembles single degree of freedom system behavior. We can therefore approx-
imate by orig and the best and worst spindle speeds using the single degree of
freedom equations presented in Section 3.3. The best and worst spindle speeds
are summarized in Table 3.5.1.

o 1 71

125}

C1

Fig. 3.5.2 Model for turning time-domain simulation in Ex. 3.5.2



90 3 Turning Dynamics

x 1074

Real (mm/N)
o

|
N

R o YN

|
N

Imag (mm/N)
[

|
w

0 500 1000 1500
f (Hz)

Fig. 3.5.3 Oriented FRF for Ex. 3.5.2

-1 -1

2K, - min(Re[FREyon])  2-2000 - (—1.993 x 10-4) =~ ™0

blim,crit =

709
Qpest = N——i—l (I”I)S)

748
Qworst = N—‘f'% (I’pS)

The top panel of Fig. 3.5.4 shows a single valid chatter frequency range (real
part < 0) for the oriented FRF. In the bottom panel, it is observed that the best
speed of 709 rps is an acceptable approximation of the actual behavior,
although this is not a reasonable spindle speed (42540 rpm) for typical turning
applications. Figure 3.5.5 shows the combined stability boundary for N = 0 to
4. The MATLAB®) programs used to produce these figures are provided on the
companion CDasp_3 5 2 Il.mandp_3 5 2 2.m.

As discussed before, Fig. 3.5.5 provides a global view of the process stability,
but does not provide local information, such as force and tool displacement,

Table 3.5.1 Approximate best and worst spindle speeds for Ex. 3.5.2

N Ql)ext (fpS) Qbe.&/ (rpm) anml (I‘pS) Qwomt (rpm)
0 709 42540 997 59840
1 355 21270 427 25646
2 236 14180 272 16320
3 177 10635 199 11968
4 142 8508 157 9448
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Fig. 3.5.4 (Top panel) Negative real part of oriented FRF for Ex. 3.5.2. (Bottom panel)
Corresponding N = 0 stability limit
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Fig. 3.5.5 Stability lobes for Ex. 3.5.2 (N = 0to 4)

about particular operating parameter combinations. For example, the stabi-
lity boundary would suggest that 44490 rpm is a good operating speed for b
values up to 6 mm [this spindle speed is somewhat higher than the simple
approximation of 42540 rpm provided in Table 3.5.1]. It also shows that the
maximum allowable chip width at 26140 rpm is slightly less than 1.3 mm. We
will now use the time-domain simulation to determine the force and tool
displacement values near these stability thresholds. Figure 3.5.6 provides the
results for 2 = 44490 rpm and » = 5 mm, where the total simulation time
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Fig. 3.5.6 Example 3.5.2 time-domain force and displacement for € = 44490 rpm and
b = 5mm

corresponds to 50 revolutions, 2> = 0.067s. It is seen that these conditions are

’ 44490
60

actually near the stability limit since the force and displacement levels are
neither growing nor diminishing. In this way, time-domain simulation can be
used to refine the analytical stability limit results. We can also check the
simulation mean values against Eqs. 3.5.11 and 3.5.12. Equation 3.5.11 gives
the mean cutting force, F,,, based on the commanded chip area and specific
force. Equation 3.5.12 provides the mean normal direction displacement, y,,,,
where the sum of the f ratios gives the static compliance of the oriented FRF.
As expected, the simulation results in Fig. 3.5.6 agree with the analytical
expressions in both cases. At 2 = 44490 rpm and » = 6 mm, the cut is clearly
unstable; the force and displacement values are growing significantly with
time. See Fig. 3.5.7.

F,, = Kbh,, =2000-5-0.1 = 1000 N (3.5.11)

B 0.709  —0287\ s
Y = Fyn (kl kz) IOOO(W—l—W)—ZﬁxlO m = 26 um (3.5.12)

At the less favorable spindle speed of 2 = 26140 rpm, chatter is observed at
b = 2mm in Fig. 3.5.8. Not only are the force and displacement values growing
with time, but the force nonlinearity is also observed (beginning at approxi-
mately £ = 0.025s) when the tool vibration grows large enough that there is no
cutting intermittently and F = 0. The total simulated time for 50 revolutions is

now: 261 2= 0.067s. If the chip width is reduced to 1 mm, stable operation is

obtamed (Fig. 3.5.9). Here it is seen that the initial transient response quickly
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Fig. 3.5.7 Example 3.5.2 time-domain force and displacement for Q = 44490 rpm and
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Fig. 3.5.8 Example 3.5.2 time-domain force and displacement for Q = 26140 rpm and

b =2mm

attenuates and the steady state force and displacement are obtained. The
MATLAB® program used to produce these figures is provided on the companion

CDasp_3.52 3.m.

Fyp = K;bhy = 2000 - 1-0.1 = 200N
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Fig. 3.5.9 Example 3.5.2 time-domain force and displacement for 2 = 26140 rpm and
b =1mm

wo 0709  —0.287 e
= Fo [P F2) — o —5x1 =5
r <k1+k2) 00(2><107+3><107 1077 m = Spm

INANUTSHELL Time-domain simulation eliminates many of
the simplifying assumptions required to obtain the global analy-
tical solution. For that reason, time-domain simulation is more
accurate than the analytical solution. However, it provides infor-
mation on a case-by-case basis only. Using time-domain simula-
tion to produce a stability lobe diagram requires many repeated executions.

3.5.4 Multiple Degree of Freedom Modeling

As a final point of consideration in this section, let’s discuss how to extend the
time-domain simulation to include multiple degrees of freedom in the two mode
directions «; and u,. The important point to remember from Chapter 2 is that,
provided we have measured the direct FRF at the location of interest (the tool
point), the response can be expressed as a sum of the modal contributions.
Therefore, once we have completed the curve fitting exercise to obtain the
modal parameters (Section 2.5), we can treat each degree of freedom for both
mode directions separately and determine the individual solutions using Euler
integration as shown in Eqs. 3.5.7 through 3.5.9. After the displacements in
each mode have been calculated, they are simply summed in each direction. For
example, assume that two modes were identified and curve fitted using peak
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picking for the u; direction and three modes were selected for the u, direction.

The modal parameters mg1 ., Cqlu> Kglu> Mg2u> Cqou > and kg, would be

obtained for uy, while 1141 4, Cg1us Kgluns M> €205 Kg2a00 M35 Cg3.0> AN

k3., would be obtained for u,. The modal accelerations in the u; direction
q3,us

would now include:

Fu, — cqrutgt + Kgru g1 y Fu, = cpaunting + kgpu g2

and ii; p = )
Mgl Mg,

i, =

where the local u; direction force is used because the modal force vector is composed
of identical local force values for each modeled mode (see Eq. 2.4.4.). The modal
coordinate velocities and positions would then be determined according to:

L'll’ql = 1:l1741 + Zliqudl and L'll,’qz = L'l13q2 + ii17q2dl and

Urgl = Urgl + il]ﬁqldl and Ul = Urg + L'l17q2dl‘.

Finally, the wu; local displacement would be calculated using:
up = uy 41 + 1 42. Similarly, the u, direction modal accelerations would be:

. Fu2 7cql.u2 L‘l24ql +kql,112 gl .. Fuz 7Cq2.u2 i‘Z.qZ +kq2,u7 uz g2
Uy g1 = y U0 = = ,and
’ Myl uy ’ Mg,y
. B Fuz _Cq3,u2 uz 43 +kq3,uz Uz 43
Uz q3 = .

mq3‘u2

The modal coordinate velocities and positions in the u; direction would then
be determined using:

g1 = U g1 + i g1dt, i o = o o + i pdt, and 1 43 = 1 43 + iy 43dt
U g1 = U q1 + L.lziq]dluz’qz =+ L.lz.,qzdl and U g3 = U g3 + d27q3dl
and the u; local displacement would be calculated using: uy = s 41 + U2 2 + U2 43.

As with the single degree of freedom case, all initial values of the modal velocities
and displacements should be set equal to zero prior to simulation execution.

IN A NUTSHELL Modal analysis provides a convenient way
to summarize the dynamic characteristics of complicated vibra-
tion systems. When applying time-domain simulation, the com-
pact modal data representation facilitates determination of the
appropriate parameters for stable machining.
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Exercises

1. For the turning schematic shown in Fig. e.3.1., complete parts a) through f).
For the single degree of freedom dynamics, the mass is 2 kg, the damping
ratio is 0.05, and the stiffness is 2 x 10’N/m. The u direction is oriented at an
angle, «, of 35 deg relative to the surface normal, y. The force model
parameters are K, = 1500 N/mm? and 3 = 70 deg.

Fig. e.3.1 Turning model with flexible tool

a) Calculate the directional orientation factor. Using this value, compute
and plot the real and imaginary parts (in m/N) of the oriented frequency
response function vs. frequency (in Hz).

b) Determine the minimum value of the real part of the oriented frequency
response function and the corresponding chatter frequency. Calculate by, cri-

¢) Determine the spindle speed (in rpm) corresponding to the stability peak
defined by the intersection of the N = 0 and N = 1 stability lobes.

d) Find the spindle speed (in rpm) corresponding to the minimum stability
limit for the N = 0 lobe.

e) Determine the spindle speed (in rpm) corresponding to the stability peak
defined by the intersection of the N = 3 and N = 4 stability lobes.

f) Plot the first four stability lobes (N = 0 to 3) for this system. Use by;,, units
of mm and spindle speed units of rpm.

2. Using the turning schematic shown in Fig. ¢.3.2., complete parts a) through
d). For the u; direction, the mass is 10 kg, the damping is 170 N-s/m, and the
stiffnessis 7 x 10° N/m. The u; direction is oriented at an angle, a;, of 60 deg
relative to the surface normal, y. For the u, direction, the mass is 12 kg, the
damping is 1700 N-s/m, and the stiffness is 5 x 10’ N/m. The u, direction is
oriented at an angle, ay, of 30 deg relative to the y direction. The force model
parameters are K, = 2000 N/mm? and 8 = 60 deg.
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Fig. e.3.2 Turning model with a single degree of freedom in both the u; and u, directions

a) Compute the directional orientation factors, p; and u,. Plot the real and
imaginary parts (in m/N) of the oriented frequency response function vs.
frequency (in Hz).

b) Determine the minimum value of the real part of the oriented frequency
response function and the corresponding chatter frequency. Calculate by, cri.-

¢) Find the spindle speed (in rpm) corresponding to the minimum stability
limit for the N = 2 lobe.

d) Plot the first five stability lobes (N = 0 to 4) for this system. Use by, units
of mm and spindle speed units of rpm.

3. Considering the turning model shown in Fig. e.3.3, determine the critical stability
limit if K, = 750 N/mm?. For both lumped parameter degrees of freedom, the
mass is 1 kg, the stiffness is 7 x 10® N/m, and the damping is 200 N-s/m.

[/
k |::|c

Fig. e.3.3 Two degree of freedom turning model
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4. Complete time-domain simulations for the turning model described in
Exercise 2. Evaluate the following points for stable or unstable behavior.
Use a mean chip thickness (feed per revolution) of 0.15 mm and carry out
your simulations for 25 revolutions.

Q (rpm) b (mm)
2150 0.1
2150 0.5
2500 0.1
2500 0.5
2930 0.1
2930 0.5
3750 0.1
3750 0.5
4600 0.1
4600 0.5

Superimpose your results on the stability lobe diagram from Exercise 2,
part d). Use a circle for stable operating points and an ‘x’ for unstable points.
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Chapter 4
Milling Dynamics

If we knew what it was we were doing, it would not be called
research, would it?

—Albert Einstein

In Chapter 3, we applied knowledge of the tool point dynamics from modal
analysis (Chapter 2) to predict regenerative chatter in turning using stability
lobe diagrams and time-domain simulation. This chapter follows a similar
format, but our focus is milling. We again develop force expressions, discuss
surface regeneration, and present the relevant equations and examples for
stability lobe diagrams. This is followed by a description of time-domain
simulation that predict forces and displacements during milling for selected
operating parameters. The chapter concludes with a description of the experi-
mental determination of cutting force coefficients.

4.1 Milling Description

In milling, a rotating tool with defined cutting edges is moved relative to a
workpiece in order to remove material and obtain the desired workpiece
geometry and dimensions. The tool is typically mounted in a holder which is
attached to the spindle. The spindle provides the tool’s rotational speed, torque,
and power. Multiple axes are then used to manipulate the tool-holder-spindle
relative to the workpiece. At minimum, three linear axes are generally arranged
in a mutually perpendicular configuration; these linear motions are tradition-
ally labeled x, y, and z with the latter indicating the tool axis. However, milling
machines are also available with additional rotational axes to provide contour-
ing capabilities for non-prismatic parts. In this case, the rotational degrees of
freedom are typically labeled A, B, and C, which indicate rotations about the x,
y, and z axes, respectively. As with lathes, milling machines may be manual or
computer numerically controlled. Figure 4.1.1 shows an example representa-
tion of a three axis milling machine. A vertical spindle configuration is shown,
although horizontal spindle geometries are also available. The latter is often

T.L. Schmitz, K.S. Smith, Machining Dynamics, DOI 10.1007/978-0-387-09645-2_4, 99
© Springer Science+Business Media, LLC 2009
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y |4

Spindle
\

j Holder

Workpiece

Fig.4.1.1 Schematic of vertical spindle milling machine. The toolis clamped in a holder which
is attached to the rotating spindle. The tool-holder-spindle is moved relative to the workpiece
using the three orthogonal axes to remove material in the subtractive milling process

preferred in high speed milling applications because the chips fall from the
workpiece for later collection.

Cutting tools and holders are available in many varieties that are tailored
to specific applications, such as peripheral, end, contour, and face milling. For
analysis purposes, we will focus on peripheral and end milling operations,
although the concepts can be extended to other operations as well. Endmills
may be loosely categorized according to their free end geometry, including
square, ball nose, and bull nose. Square endmills have a cylindrical shape
with a small end radius so that the profile is rectangular. Ball nose endmills
are hemispherical at their free end to enable contouring of internal cavities
and external, three dimensional non-prismatic features. Endmills with a bull
nose geometry have larger end radii than square endmills, but are not fully
hemispherical. Similar to ball nose endmills, they also allow contouring. See
Fig. 4.1.2.

Endmills may have the cutting teeth ground directly into the body or may
have replaceable inserts clamped to a cylinder. Typical materials for ground
cutters include high speed steel and sintered carbide, while inserted cutters
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Square endmill Ball nose endmill Bull nose endmill
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Fig. 4.1.2 Example milling applications and tool geometries.

traditionally use steel bodies with carbide or ceramic inserts. Coatings
designed to improve tool life are also often applied in single or multiple layers.
For either ground or solid body endmills, the cutting edge is not usually
parallel to the tool’s rotating axis (referred to as “straight” teeth). Rather,
the edge is inclined so that the chip to be removed is spread over an increased
length and the cutting edge pressure is reduced. For solid body cutters, the
edge s typically ground with a helical profile around the tool periphery using a

constant helix angle, v. The chip width, b, is then related to the axial depth of
cut, b, as:

b

b= cos(7)

4.1.1)

This will have implications for the surface location error calculations
described in Chapter 5. However, for now we will neglect the cutting edge’s
helical shape and assume straight cutter teeth (b = b for ~ = 0). This simplifica-
tion enables us to obtain some insight into the milling operation and is reason-
able if the axial depth of cut is small. A second assumption that we will apply is
referred to as the “circular tool path” approximation. The actual path followed
by any point on the cutter’s periphery as the tool rotates during translation is
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&

Fig. 4.1.3 Cutter angle definition

cycloidal in nature. However, because the linear advance is generally small
relative to the product of the rotational speed and tool radius, the path may
be approximated as a series of circles, each offset by the feed per tooth, f;, so
that the time dependent chip thickness can be expressed as:

h = £, sin(¢) (4.1.2)

where ¢ is the tool’s rotational angle; see Fig. 4.1.3. The feed per tooth is
described in terms of the linear feed, f, spindle speed, €2, and number of teeth
on the cutter, NV, in Eq. 4.1.3. Typical units for these variables are mm/tooth for
feed per tooth, rpm for spindle speed, mm/min for linear feed rate, and teeth/rev
for number of teeth. An improved analytical model for chip thickness is
provided in [1], but the circular tooth path approximation offers sufficient
accuracy for our purposes.

p

ﬁ:QM

(4.1.3)

As Eq. 4.1.2 shows, the chip thickness in milling varies periodically, even
in the absence of tool or workpiece vibrations. It is zero when ¢ =0 and
180 deg and maximum (equal to f;) when ¢ = 90 deg. Figure 4.1.4 shows
this variation for both conventional, or up, and climb, or down, peripheral
milling operations. Note that the chip thickness increases during up milling
and decreases in down milling. In both cases, it is zero for 180 <¢ <360 deg
because no cutting occurs between these angles. The entry, or start, angle

#,=0
h,=0
?,=90
r ~
N
\
\ a
he=1;
Up milling Down milling

Fig. 4.1.4 Chip thickness variation for up and down milling (¢ = r)
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Up milling Down milling
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E T =T
a

Fig. 4.1.5 Exit and start angle geometry for up and down milling

for up milling is ¢, = 0, while the exit angle, ¢,, depends on the radial
depth of cut, @, and tool radius, r:

b0 = cos™! (=) 4.1.4)

In down milling, the exit angle is ¢, = 180 deg. Similar to up milling, the start
angle is written as a function of the radial depth and tool radius. See Eq. 4.1.5
and Fig. 4.1.5.

b = 180 — 6 = 180 — cos ™! (#) (deg) (4.1.5)

IN A NUTSHELL Whereas in turning operations the chip

thickness and chip width are fixed, this is not the case in milling.

In a straight slotting cut, the chip thickness encountered by each

tooth varies continuously as that tooth enters and exits the cut. In

pocket milling, the radial depth of cut may also change. Finally,
in sculptured surface milling, the axial depth of cut may vary as well.

Example 4.1.1: Start and exit angles for up milling Consider the peripheral up
milling cut shown in Fig. 4.1.6 where the radial depth of cut is 1.9 mm. For a
19 mm diameter (9.5 mm radius) cutter, we will refer to this as a 10% radial
immersion cut. (Using this notation, a slotting cut with a radial depth of 19 mm

4,=0
&

1.9 mm

( T 95-19

9.5

Fig. 4.1.6 Exit angle for 10% radial immersion up milling cut
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would be described as 100% radial immersion for the 19 mm diameter cutter.)
Because it is an up milling cut, the start angle is ¢; = 0. The exit angle is:

S—1.
¢o = cos™! (%) = cos ' (0.8) = 37 deg

and the instantaneous chip thickness between the start and exit angles can be
defined by Eq. 4.1.2.

As with turning, let’s begin our discussion of cutting force by assuming a
rigid tool and workpiece; that is, by considering the geometry alone. Unlike
turning, however, the cutting force is not constant under these conditions.
Rather, it is a function of the cutting angle. As we’ll see, the cutting force
expression is complicated by the chip thickness variation with cutter angle,
the number of teeth simultaneously engaged in the cut at any instant, and the
projection of the cutting force into a non-rotating coordinate frame. Similar to
Egs. 3.1.1-3.1.3, we can express the cutting force on any cutting edge as a
function of the chip area and specific force:

F=K,A = Kbh. (4.1.6)

The normal and tangential components can be written using Eqs. 4.1.7 and
4.1.8, as demonstrated in Fig. 4.1.7:

F, = cos(B)F = cos(8)K;bh = k,bh and (4.1.7)
F, = sin(B)F = sin(8) K;bh = k,bh. (4.1.8)

This figure shows the cutting force exerted on a single tooth, where the force is
described in a coordinate frame that rotates with the tool. For measurement
purposes, however, it is generally more convenient to express the force in a fixed
frame. For example, the workpiece may be mounted on a cutting force dynam-
ometer and the x, y, and z direction force components recorded during milling
(Fig. 4.1.8). To describe these forces analytically, we must project the normal and
tangential components into the x and y directions using the cutter angle ¢. Based
on our assumption of straight cutter teeth, we may neglect the z direction

component.
Fy = F,cos(¢) + Fy,sin(¢) (4.1.9)

Fig. 4.1.7 Cutting force geometry for milling
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Fig. 4.1.8 Projection geometry for tangential and normal cutting force components into x and
y directions.

F, = F;sin(¢) — F, cos(¢) (4.1.10)

We can now substitute for the tangential and normal force components in
Egs. 4.1.9 and 4.1.10. This yields:

Fy = kbf, sin(¢) cos(¢p) + k,bf; sin(¢) sin(¢) and 4.1.11)

F, = k,bf, sin(¢) sin(¢) — k,bf; sin(¢) cos(¢), (4.1.12)

where we have also replaced the instantancous chip thickness with the expres-
sion provided in Eq. 4.1.2. These forces are clearly periodic with ¢, but we must

also consider the cut geometry in the final force calculations. See the following
example.

IN ANUTSHELL As the tool rotates, the force on each tooth

changes. In addition, the force orientation (direction) on that

tooth varies during the tool rotation. Therefore, the forces gen-

erated by a single tooth, as seen by the workpiece or machine

tool, vary periodically with the rotation of the tool. In addition,
the total force changes as additional teeth enter or leave the cut.

Example 4.1.2: Cutting forces for rigid tool and workpiece Consider a 25%
radial immersion peripheral up milling operation carried out using a tool with
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Fig. 4.1.9 25% radial immersion up milling cutting forces for Ex. 4.1.2

four teeth; see Fig. 4.1.9. The radial depth of cut is 25% of the cutter diameter or
one half of its radius, a = 5. Because it is an up milling operation, ¢; = 0 and the
exit angle is:

$e = cos™! <r—:§> = cos '(0.5) = 60 deg.

Therefore, each of the four teeth, equally spaced at 90 deg intervals around the
periphery of the cutter, is engaged in the cut for only 60 deg. For this 60 deg range,
the force components in the fixed x-y frame can be described using Eqs. 4.1.11
and 4.1.12. For the remaining 30 degrees, the forces are zero. The x and y
direction cutting forces over one revolution are shown in Fig. 4.1.10, where the
resultant force, F = (/F2 + F%, is also included. For illustration purposes, the
following parameters were selected: k, = 750 N/mm’ and k, = 250 N/mm?’
(corresponds to Ky = 791 N/mm?” and 8 = 71.6 deg — these values would be
reasonable for an aluminum alloy), » = 5 mm, and f, = 0.1 mm/tooth. We see
that tooth 1 is engaged between 0 and 60 deg (assuming a start angle of ¢ = 0
when tooth 1 is vertical). Because the chip thickness increases as the cutter angle

Tooth 1

Fig. 4.1.10 25% radial immersion up milling cutting forces for Ex. 4.1.2
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increases in up milling, the force levels grow. At 60 deg, the forces drop to zero
until tooth 2 enters the cut at ¢ = 90 deg. It is engaged until 150 deg (60 deg
beyond 90 deg) when the force again drops to zero and so on for one full
revolution (all four teeth). The MaTLAB® program used to produce Fig. 4.1.10
is provided on the companion CD asp_4 1 2 1.m. A detailed description of the
code is given in Section 4.4.

For comparison purposes, Fig. 4.1.11 shows the geometry for a 25% radial
immersion down milling cut and Fig. 4.1.12 displays the corresponding single
revolution cutting force profile. All parameters remain the same, except that the
starting angle is:

¢, = 180 — cos ™! (?) =180 — cos '(0.5) = 120deg

and the exit angle is ¢, = 180 deg. It is observed that tooth 4 enters the cut first
(again assuming a start angle of ¢ = 0 when tooth 1 is vertical). This entry occurs
after a 30 deg delay where no cutting occurs (i.e., the 90 deg lead of tooth 4

et 4,=120 deg
y
G
X a=0.5r

#,=180 deg

Fig. 4.1.11 25% radial immersion down milling geometry for Ex. 4.1.2
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Fig. 4.1.12 25% radial immersion down milling cutting forces for Ex. 4.1.2
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relative to tooth 1 plus 30 deg gives the 120 deg cut starting angle). The maximum
force level is encountered at 30 deg and then decreases with the chip thickness to
an angle of 90 deg; this trend of force reduction as the final surface is being
created explains why down milling is often selected for finishing passes when
surface finish is most critical. After ¢ = 90 deg is reached, the force is again zero
until tooth 1 enters the cut at 120 deg and the cycle is repeated. Note that the x
direction force is now negative (acting to the right). This is in direct contrast to the
positive up milling x force seen in Fig. 4.1.10. The MaTLAB™ program used to
produce Fig. 4.1.12 is provided on the companion CD asp_4_1_2 2.m.

4.1.1 Tooth Passing Frequency

As a final point of emphasis for this example, let’s discuss the frequency content
of cutting force signals. As seen in Figs. 4.1.10 and 4.1.12, the forces during
these partial immersion (up and down milling) cuts resemble trains of periodic
impulses. To determine the resulting frequency spectrum, we first convert the
abscissa to time (s), rather than tooth angle (deg). This conversion requires that
the spindle speed, 2, (rpm) is specified:

660
(=530 ) (4.1.13)

Figures 4.1.13 (up milling) and 4.1.14 (down milling) show the resulting time
vs. force plots for a spindle speed of 7500 rpm. It is seen that each tooth passage
(90 deg angular interval for the cutter with four teeth) requires 0.002 s, or
2 x 1073s. The Fourier transform may now be applied to determine the

350

300
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100

50

x 1073

Fig. 4.1.13 Time-domain 25% radial immersion up milling cutting forces for Ex. 4.1.2
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frequency content. Because the time-domain signal is a succession of impulse-
like peaks, frequency content is observed not only at the tooth passing
frequency:

Q- N,
fmath = Tt (HZ), (4114)

where the spindle speed is again expressed in rpm, but also at integer multiples
of fro0mm- We refer to f,,,., as the fundamental tooth passing frequency or first
harmonic, 2f;,,:, as the second harmonic, and so on. The relative magnitudes
of these harmonics depend on the “sharpness” of the force impulses; sharper
peaks lead to increased magnitudes of higher order harmonics. Zero fre-
quency, or DC, content is also typically observed. For example, the perfectly
sinusoidal x direction force profile obtained for a two tooth cutter in a slotting
cut exhibits content at only DC (because its average value is nonzero) and the
fundamental tooth passing frequency (because it is a pure sinusoid and not
impulsive in nature). Returning to Figs. 4.1.13 and 4.1.14, we saw that the
tooth period was 0.002 s. This corresponds to a frequency ofm = 500 Hz,

which matches the result obtained from Eq. 4.1.14, fip0im = % =500 Hz.
The magnitude vs. frequency plot for the down milling resultant force, F, is
shown in Fig. 4.1.15. As expected, peaks are observed at 500 Hz, 1000 Hz,
1500 Hz, and higher order harmonics. This figure was generated using
the MATLAB™ program p_4 1 2 3.m included on the companion CD. The
MaTLaB® function f£ft was implemented to compute the fast Fourier

transform of the force data.

400 T T T
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Fig. 4.1.14 Time-domain 25% radial immersion down milling cutting forces for Ex. 4.1.2



110 4  Milling Dynamics

160 T T T T

140 R
120 R
100 - R
80

F(N)

40

20

0 1000 2000 3000 4000 5000
f (Hz)

Fig. 4.1.15 25% radial immersion down milling frequency spectrum for resultant force
in Ex. 4.1.2

IN A NUTSHELL The cutting force varies with the angle of

the cutting edge. By including the spindle speed, we see that the

cutting force varies in time and that the forces generated by the

teeth are an external excitation that cause forced vibration.

Changing the spindle speed modifies the excitation frequency.
Because the force is periodic, but not purely sinusoidal, it can be thought of as a
combination of many sinusoidal forces and these can be determined using the
mathematical technique of the Fourier transform. The resulting plot shows the
“frequency content” of the force. In many ways it is like looking at a graphic
equalizer in a home stereo system' with the height of the peaks in the graph
representing the force level at the corresponding frequency.

4.1.2 Multiple Teeth in the Cut

A natural extension of the previous example is to consider cases where there are
more teeth on the cutter or the radial immersion is increased. In these instances, it
is possible for more than one tooth to be engaged in the cut at a given time.
Further, it is possible to alternate between, for example, one tooth cutting

! The “old” authors realize that graphic equalizer displays on stereos are not as common as
they were in our teenage years. For that matter, they don’t call them “boom boxes” any more,
do they?
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Fig. 4.1.16 75% radial immersion milling geometry

over some interval and two teeth in another. This situation is illustrated in
Fig. 4.1.16, where the radial immersion is 75% and the cutter again has four
teeth. First, we notice that the cut includes both up (0 < ¢ < 90 deg) and down
(90 < ¢ < 120 deg) milling portions. Next, we see that when 0 < ¢ < 30 deg, both
teeth 4 and 1 are cutting (assume ¢ = 0 when tooth 1 is vertical). However, when
30<¢ < 90 deg, only tooth 1 is engaged. For 90 <¢ < 120 deg, two teeth (1 and
2) are again cutting simultaneously. As ¢ continues to increase, the cycle con-
tinues and, unlike the previous example, the cutting force components never drop
to zero. As seen in Fig. 4.1.17, during the intervals when two teeth are engaged
simultaneously, the cutting forces are constant. This surprising result leads to
constant cutting forces at all times for slotting operations with an even number of
teeth, where N,>2. The MATLAB®) program p_4_1_2_3.m can be modified to: 1)
produce Fig. 4.1.17 by selecting phie = 120; and 2) demonstrate the constant
force for slotting with N, = 4,6, 8, ... by settingphis = 0,phie = 180,and Nt
to the appropriate value. Because multiple teeth can be cutting at any instant, the
force expressions in Eqs. 11 and 12 should be updated to include the necessary
summations:
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L L
0 90 180 270
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Fig. 4.1.17 75% radial immersion cutting forces
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Nf
Fy = kibfsin(¢;) cos(¢;) + kabf; sin(¢;) sin(g;) and (4.1.15)

j=1
N/

Fy =" kibfisin(¢y) sin(¢;) — kubfi sin(¢;) cos(g;), (4.1.16)
j=1

where ¢; is the angle of each tooth on the cutter. For a cutter with four teeth, as
shown in Fig. 4.1.9 for example, if the angle for tooth 1 is ¢; = 40 deg, then the
remaining angles are ¢, = 310 deg, ¢3 = 220 deg, and ¢4 = 130 deg. In this
case, each successive tooth angle is decremented by 90 deg (the tooth pitch for
equally spaced teeth is equal to 360 deg divided by the number of teeth), where
0 < ¢;<360. As we’ve seen, to calculate the final cutting force we must also
verify that the /™ tooth in question is between ¢, and ¢, prior to summing its
contribution to the overall force value. Otherwise, the tooth is not engaged in
the cut and zero force is added to the summation at that instant.

FOR INSTANCE If the radial depth of cut is very small, there
“ are long periods of time when no tooth is cutting at all. In this
case, the cutting force looks like a series of very short impacts. If
the radial depth of cut is larger, then the number of teeth cutting
simultaneously may be constant or vary depending on the cut
geometry and the tooth spacing.

W

Prior to beginning our discussion of regenerative chatter, let’s identify four
other important terms related to milling performance.

1. The cutting speed, v, is the peripheral velocity of the cutter and is described by:

_rQ-Zn_dQ-n
"TT60 60

(mm/s), (4.1.17)

where € is given in rpm and the tool radius (or diameter) is stated in mm. This
quantity is important because the cutting temperature generally increases with
cutting speed. Since diffusive tool wear (typically characterized by diffusion of
the tool material into the workpiece/chip) is temperature dependent, high
temperatures at the tool-chip interface can lead to prohibitive wear and, there-
fore, place an upper bound on the allowable cutting speed. This, in turn, limits
the top available spindle speed (for a given tool diameter) and can reduce the
availability of the large stable zones observed to the right of stability lobe
diagrams at higher spindle speeds. High temperatures are particularly proble-
matic when the workpiece material exhibits low thermal conductivity. This
causes the heat to remain at the tool-chip interface, rather than being conducted
away into the workpiece, and accelerates diffusive wear. A well-known example
is the difficulty in machining the titanium alloy 6Al-4V, with a thermal
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conductivity value approximately 20 times less than 7075 aluminum for
instance, due to the associated excessive wear rates at high cutting speeds.

2. For any cut to be carried out, the spindle must possess the required torque to
continue rotating the tool against the retarding tangential component of the
cutting force. The instantaneous torque, 7, is expressed as the sum of the
products of the tool radius and tangential force for each tooth engaged in the
cut. Similar to Egs. 4.1.15 and 4.1.16, the torque can be written as:

N, N, N, N
T=Y r Fjy=rY Fj=rY kbfisin(¢;) =rkbf;y sin(¢;),  (4.1.18)
J=1 J=1 =1 =1

where the same ¢; definition holds and typical units for torque are N-m. For
most spindles, the available torque is spindle speed dependent and is provided
as a “torque curve” with the spindle specifications. Because the rotating spindle
has inertia, it acts like a flywheel. For that reason it is often the average torque,
rather than the instantaneous torque, that matters. The cutting operation can
briefly sustain a torque in excess of the torque curve (thereby slightly slowing
the rotation of the spindle) if the average torque is sufficiently low.

3. Similar to torque, the available spindle power can limit the potential cut
geometry (i.e., if the power is exceeded, the spindle will stall). The power is
determined from the product of torque and rotational speed. If the spindle
speed is expressed in rpm and torque in N-m, the power in W is:

0 - 27
P= ) 4.1.1
<0 (4.1.19)

Again, the spindle power is a function of spindle speed and is expressed via
a “power curve” supplied by the spindle manufacturer. Like torque, it is
often the average power that counts. Interestingly, the average power is
proportional to the average metal removal rate.
4. In order to reduce machining time and, subsequently, cost, it is often desired
to increase the mean material removal rate, MRR, or average volume of
material removed per unit time.

MRR = abf = abf;N,Q (4.1.20)

4.2 Regenerative Chatter in Milling

If we remove the assumption of a rigid tool, then the cutting force could cause
deflections of the tool’. Additionally, if the tool is vibrating as it removes
material, we would expect these vibrations to be “imprinted” on the workpiece

2 We will assume a rigid workpiece in our analysis.
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y _ 2 Wavy surface
TS left by tooth 1
N
3 / /
\
x [
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4 ~—

Fig. 4.2.1 Regeneration in milling. Cutter deflections during the passage of tooth 1 are copied
onto the workpiece surface and are encountered by tooth 2. This varies the chip thickness and
cutting force which, in turn, affects the resulting tool deflections

surface as a wavy profile just as we discussed for turning. The difference in
milling is that the time-delayed surface regeneration step occurs from tooth to
tooth, rather than from revolution to revolution as in turning. Figure 4.2.1
shows that the wavy surface left behind by tooth 1 is removed by tooth 2 and so
on. This again provides a feedback mechanism because the instantaneous chip
thickness depends on both the current vibration and the surface left by the
previous tooth (one tooth period, or time from one tooth to the next, earlier).
The variable chip thickness governs the cutting force which, in turn, affects
subsequent tool vibrations. The result is the possibility for instability, or chat-
ter, just as we saw with turning operations. We will again consider vibrations
normal to the cut surface in order to determine the chip thickness. However, this
normal direction (through the cutting edge toward the tool center) constantly
varies as the cutter rotates; see Fig. 4.2.1.

Analogous to turning, the relative phasing between the surface waviness
from one tooth to the next determines the level of force variation and, together
with the chip width, whether the operation is stable or unstable. Figures 4.2.2
and 4.2.3 show two possibilities. In Fig. 4.2.2, the wavy surface and current
vibration between two subsequent tecth are in phase. Therefore, even though
the toolis vibrating during material removal, the chip thickness variation (along
the instantaneous surface normal) is similar to what would be obtained from the
cycloidal tool path alone. This tends to produce forced vibration only and

Current tooth

y vibration
Nominal
tool path

* Surface ' P
- normal \
Wavy surface
left by previous
tooth

Fig. 4.2.2 Condition when the vibrations from one tooth to the next are in phase. This yields
chip thickness variation that seen for the cycloidal tool path only
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Fig. 4.2.3 Out of phase condition where the tool vibrations from one tooth to the next lead to
significant chip thickness variation

stable cutting. Again, because the tool vibrates at its natural frequency (we’ll
assume a single degree of freedom system for now), it is intuitive that matching
the tooth passing frequency to the tool’s natural frequency will lead to this
preferred “in phase” situation. We recognize, however, that driving the system
at resonance does lead to larger vibration levels, although much less than what
would be obtained during chatter. We will explore this issue further in Chapter 5.
Figure 4.2.3 shows a less favorable phase relationship where there is signifi-
cant variation in the chip thickness (beyond the periodic variation due to the
cycloidal tool path). This can lead to self-excited vibrations and unstable
cutting, depending on the chip width, due to the force variations and subse-
quent tool deflections.

IN A NUTSHELL Although the geometry is more compli-
cated, milling stability is conceptually similar to turning. The
varying cutting force causes vibration of the tool, which gener-
ates a wavy surface. The wavy surface causes a variable chip
thickness which, in turn, yields a variable cutting force.
Depending on the cutting conditions and the alignment of the waves, the
vibration can grow (chatter) or diminish (stable) with subsequent tooth passes.

As mentioned, the chip thickness is measured along the surface normal just
as for turning, but the surface normal is a function of the cutter angle ¢. The
projection of the instantaneous chip thickness along the surface normal under
the circular tool path assumption is characterized by Eq. 4.1.2 in the absence
of tool vibrations. However, if we now allow the tool to undergo vibrations
in the x and y directions due to the application of the cutting force to the
non-rigid tool, the chip thickness equation must be modified. First, we can
project the x and y vibrations onto the surface normal, n, according to:

n = xsin(¢p) — ycos(e). (4.2.1)
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Note that the positive direction for 7 is out of the cut. Because ¢ varies with
time, ¢ = Q- Zn%&t = 6-Qtdeg where ) is given in rpm and ¢ in s, the
direction of n is also a function of time. Similar to the chip thickness in turning,

Eq. 3.2.1, the instantaneous chip thickness for milling can then be written as:

h(t) = fisin(¢) +n(t — 7) — n(t), (4.2.2)

where f; sin(¢) replaces the “mean chip thickness” in Eq. 3.2.1 and 7 is the tooth
period in seconds. The n(t — 7) term represents the vibration contributions
along the surface normal by the previous tooth and 7 = 96—]‘3,, (this is the recipro-
cal of Eq. 4.1.14), where (2 is again given in rpm. The geometry of Eq. 4.2.2 is
shown in Fig. 4.2.4. As we saw in turning, larger (more positive) vibrations by
the previous tooth increase the chip thickness because less material is removed
than commanded. Larger vibrations by the current tooth lead to decreased chip
thickness by the same logic. If the vibrations from one tooth to the next are
equal, Eq. 4.2.2 reduces to Eq. 4.1.2. To complete our analogy to turning, let’s
“unwrap” the milled surface and show the current and previous vibrations
along the “planar” instantaneous surface normal. We can observe the similarity
of Fig. 4.2.5 for milling to Fig. 4.2.4 for turning. The inherent chip thickness
variation due to the cycloidal tool path is schematically represented as a wedge
(an up milling cut is presumed where the chip thickness grows as the cutter
rotates). In Fig. 4.2.5, recall that v is the cutting speed; its direction is shown.

n(?)
x k() T fsin(0) +n(t—1)

+n

Fig. 4.2.4 Geometry of instantaneous chip thickness calculation for milling

Jfrsin(d) + n(t —1)

n(t)

Fig. 4.2.5 Unwrapped view of milled surface for comparison to chip thickness variation in
turning
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4.3 Stability Lobe Diagrams
4.3.1 Average Tooth Angle Approach

Tlusty modified his turning analysis, presented in Section 3.3, to accommodate
the milling process [2-4]. A primary obstacle to defining an analytical solution
to milling stability (aside from the inherent time delay) is the time dependence of
the cutting force direction. Tlusty solved this problem by assuming an “aver-
age” angle of the tooth in the cut and, therefore, an average force direction. This
created an autonomous, or time invariant, system. He then made use of direc-
tional orientation factors to first project this force into the x and y mode
directions and, second, project these results onto the surface normal. Just as
for turning, depending on the feedback system “gain”, represented by the chip
width, b, and the spindle speed, (2, the milling operation is either stable or it
exhibits chatter. Let’s first discuss the required equations and then determine
the directional orientation factors for various radial immersions.

-1
biim = . 4.3.1
fim 2KVRC[FRF01‘1'(’M]NT ( )
fe 3
=N+ — 4.3.2
QN, +2n (4.3.2)
1 (Re[FRE yyind]

e=2n—2tan" (7) 4.33
Im[FRFm‘iem] ( )

Due to the assumption of a fixed force direction, only minor modifications
are necessary to adapt the turning stability equations to the milling case. In
Eq. 4.3.1, a new variable, N}, appears in the denominator. This represents the
average number of teeth in the cut. As discussed in Section 4.1, it is possible for
multiple teeth to be engaged simultaneously and, further, for the number of
teeth in the cut to vary over one revolution. This average value is calculated by
dividing the difference between the exit and starting angles by the angular tooth
spacing (we’ll assume equal, or proportional, teeth spacing for now). See
Eq. 4.3.4, where the start and exit angles are given in deg. We also see that
Eq. 4.3.2 differs from Eq. 3.3.2 by a single term. Specifically, N, appears in the
denominator of the left hand side. Because the product 2N, represents the tooth
passing frequency, the left hand side gives the ratio of the chatter frequency to
the forcing frequency. (Units compatibility requires that 2 is given in rev/s if f,
is expressed in Hz.) This is analogous to Eq. 3.3.2, where the ratio is-% because
the forcing frequency is simply the rotating speed in turning.

_¢e_¢s.

-
N, = 360
N;

(4.3.4)
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The milling stability lobe diagram is generated by: 1) determining the
oriented FRF and identifying the valid chatter frequency range(s), i.c., where
the real part is negative; 2) solving for ¢; the phase between the current and
previous tooth vibrations, over the valid frequency range(s); 3) finding the
average number of teeth in the cut for the selected radial immersion; 4) calculat-
ing by, over the valid frequency range(s); 5) selecting an N value (integer
number of waves between teeth) and calculating the associated spindle speeds
over the valid frequency range(s); and 6) plotting 2 vs. by, (both are a function
of the same frequency vector, so the first spindle speed value corresponds to the
first limiting chip width and so on) for each N value (N = 0, 1, 2, ...). Just as
with turning, any (€2, b;») pair that appears above the collective boundary
indicates unstable behavior, while any pair below the boundary indicates stable
cutting. Notice that because the N value denotes the integer number of waves
between teeth, rather than the integer number of waves per revolution as in
turning, the expanded stable zones appear at much lowers spindle speeds. For
this reason, the use of the stability lobe diagram to find high performance stable
zones in milling is a much more enticing prospect than it is in turning.

4.3.2 Oriented FRF

The oriented FRF is calculated by summing the products of the directional
orientation factors and corresponding FRFs for the x and y directions; sce
Eq. 4.3.5. We'll show the directional orientation factor computations through
examples.

FRForiens = pxFRFy + 1y FRF), (4.3.5)

Example 4.3.1: Directional orientation factors for slotting For a 100% radial
immersion (slotting) cut, the cut start angle is 0 deg and the exit angle is 180 deg
(based on the circular tool path approximation). The average angle of a tooth in
the cut is therefore:

. 04180
¢ave = ¢5 —; (b = +2 =90 deg

The surface normal is drawn at ¢,,. with the positive direction out of the cut
and the cutting force, F, is oriented at the force angle, 3, (opposing the direction
of rotation) with respect to the surface normal. Figure 4.3.1 shows this
geometry.

Two steps are required to determine the x and y direction directional orien-
tation factors. First, the force is projected onto the mode direction. Second, this
result is projected onto the surface normal. These two steps are repeated once
for each direction. For p,, projection onto the x direction gives F, = Fcos(f3).
The projection of this result onto the “average” surface normal is:
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Fig. 4.3.1 Geometry for determining slotting directional orientation factors

F, = F,cos(0) = Fcos()cos(0) = Fcos(f)

because the surface normal is parallel to the mode direction in this instance.
The directional orientation factor is then p, = cos(3). For p,, projection
onto the y direction gives F,, = Fcos(90 — ) = Fsin(3), where 3 is expressed
in deg. The projection of this result onto the “average” surface normal is
F, = F, cos(90) = Fsin() cos(90) = 0 because the surface normal is perpendi-
cular to the mode direction in this instance. The directional orientation
factor is then p, =0. According to Eq. 4.3.5, the oriented FRF is
FRF,ien = cos(B)FRF, + 0 - FRF,, which suggests that compliance in the y
direction has no influence on the milling stability.

Example 4.3.2: Directional orientation factors for down milling Consider the
50% radial immersion down milling cut pictured in Fig. 4.3.2. To find p,, we
first project F onto the x direction to obtain F, = Fcos(45 + [3), where (3 is
given in deg. The projection of this result onto the average surface normal,
which occurs at the angle ¢, = w = 135 deg, is:

y y
n 45 135 deg
F
ﬁ\ - AN
X B 9=90 X
Feed ‘i //
- ?,,.=135 deg
?,=180

Fig. 4.3.2 Geometry for determining 50% radial immersion down milling directional
orientation factors
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y
¢ave =30 deg

Fig. 4.3.3 Geometry for determining 25% radial immersion up milling directional orientation
factors

F, = F,cos(45) = Fcos(45 + [3) cos(45)

For p,, projection onto the y direction gives F, = Fcos( —45). The
projection of this result onto the average surface normal is
F, = F, cos(45) = Fcos( — 45) cos(45). The directional orientation factors
are p, = cos(45 + 3) cos(45) and 1, = cos(3 — 45) cos(45).

Example 4.3.3: Directional orientation factors for up milling A 25% radial
immersion up milling cyt in depicted in Fig. 4.3.3. As shown in Eq. 4.1.4, the
exit angle is ¢, = cos™! (',3 = cos™!(0.5) = 60 deg. The start angle for any up
milling cut is zero. To find ‘1, we first project F onto the x direction to obtain
F, = Fcos(8 — 60), where (3 is given in deg. The projection of this result onto the
average surface normal, which occurs at the angle ¢, = % =30 deg, is
F, = F.co0s(60) = Fcos(f — 60) cos(60). For 1, projection onto the y direction
gives F), = Fcos(150 — 3). The projection of this result onto the average surface
normal is F,, = F, cos(150) = Fcos(150 — ) cos(150). The directional orienta-
tion factors are 1, = cos(3 — 60) cos(60) and p,, = cos(150 — 3) cos(150).

Let’s now examine stability lobes for milling. We’ll see that the stability limit
is again a mapping of the real part of the oriented FRF onto the (2, by,)
diagram. In the following slotting example, we’ll demonstrate analytical calcu-
lations for the best and worst spindle speeds and by, ¢rit and show the resulting
stability lobes. We’ll then complete an example for 20% radial immersion down
milling.

Example 4.3.4: Slotting stability lobe calculations For this example, the x and y
direction dynamics are symmetric and can be described by f, = 500 Hz,
k=28 x10° N/m = 8 x 10° N/mm, and ¢ = 0.02. As shown in Ex. 4.3.1, the
directional orientation factors are p, = cos() and p, = 0 for slotting and the
oriented FRF is FRF, ., = cos(8)FRF,. We’'ll assume an aluminum alloy
machined with a four tooth, 19 mm diameter square endmill that together
exhibit a specific force of 750 N/mm? and a force angle of 68 deg.
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For this single degree of freedom example, the best spindle speed is defined
for a phase angle of ¢ = 2rnrad = 360 deg (see Fig. 3.3.6) just as we observed for
turning. The corresponding chatter frequency is f. = f,. Equation 4.3.2 shows
that the best spindle speed for the N = 0 lobe is:

fe 1 fn 1 f 500
TN N+£ 40+zE 4 4 tps

or 125 - 60 = 7500 rpm. This provides a reasonable target spindle speed for milling.
Note that for turning (with N, = 1, effectively), the best spindle speed for N = 0 is
500 rps or 30000 rpm. Also, the tooth passing frequency for this spindle speed is:

o QN 75004
Jtooth — 60 - 60

= 500Hz

Point 1, where f;,,., 1s set equal to f,, is identified in Fig. 4.3.4. The theoretical
limiting chip width for point 1 is:

-1 -1

b f— pr— pr—
' T OK,Re[FRFpion)N: 2K, 0-Ni _ °°

However, just as with turning, the N = 1 lobe truncates the N = 0 lobe and
gives a finite chip width where they cross. The average number of teeth in the cut
is N¥ = 18020 = 2 for this slotting example.

4

x 107

0r 1
2L
4L
6

0 200 400 600 800 1000
f(Hz)

Real (mm/N)

Bjim (Mm)

0 1 1 1 1
0 50 100 150 200 250
Q (rps)

Fig. 4.3.4 Mapping of the oriented FRF onto the (2, by;;,,) diagram for Ex. 4.3.4
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The worst spindle speed is obtained when ¢ 1s Zrad or 270 deg (see Fig. 3.3.4).
The chatter frequency for this case (i.e., the frequency for min(Re[FRF,,.,;] or
min(Re[u FRF,])) is f. = f,(1 + ¢). Substitution in Eq. 4.3.2 gives:

A 1 A ! 1+0.02
0,/ LAOEQ L KOO L S00(£000) gy
N, N+% 4 0+2 4 0+3 3
2n

or 10200 rpm. Point 2 is also shown in Fig. 4.3.4. The corresponding minimum
limiting chip w1dth blim.crit, 1S determined by rewriting Eq. 4.3.1,
Dlim crit = e mm(Re[ﬂ FREN For a single degree of freedom system, the mini-
mum real part can be approxmlated by:

—1

mlH(RC[FRH) m

(4.3.6)

We can therefore write a simple expression for the point 2 chip width (in this
single degree of freedom, slotting example):

AKC(1+¢)  4-8x10°-0.02- (1+0.02)
2K,xN: 2750 - cos(68) - 2

= 0.58 mm

blim,crit =

Point 3, wheref, — oo, is similar to point 1 in Fig. 4.3.4. As shown previously
in Fig. 3.3.8, even though the tooth to tooth phase relationship is unfavorable
(e — 180 deg, or exactly out of phase), the response amplitude approaches zero,
Re(FRF) — 0, so the vibration level is small. Substitution in Eq. 4.3.1 yields an
infinite chip thickness, b3 = s+ X 0 e However, the left end of the N = 0
curve, where f, = 0, serves to limit the right hand side of the N = 1 curve, where
fe — oo. Figure 4.3.5 shows the N = 0 to 3 lobes for this example. The

6 T T

CETRg

01, b1 N

Unstable _

Bjm (Mm)
w

™ Biim,crit

Q (rpm)

Fig. 4.3.5 Stability lobe diagram for Ex. 4.3.4 (N = 0 to 3)
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MatLaB®™ program used to produce Fig. 4.3.5 is provided on the companion
CDasp_4 3 4 1.m.

To conclude this example, let’s calculate the mean material removal rate if we
selected (€25, b,) with a feed per tooth of 0.15 mm/tooth as the operating
parameters. As shown in Eq. 4.1.20, the mean M RR for milling is computed
from the product of the axial depth of cut, radial depth (equal to the tool
diameter for slotting), feed per tooth, number of teeth, and spindle speed:

MRR = bjimeric - d-f; - Ny - Q2= 0.58 - 19-0.15 - 4 - 10200 = 67442 mm? /min.

To visualize this removal rate, let’s divide by 60 x 10° to determine the cubic
centimeters per second, MRR = 1.1240 cm?/sec. This means that the equivalent
of approximately a 1 cm x 1 cm x 1 cm cube of aluminum is removed each
second under these conditions.

Example 4.3.5: 20% radial immersion down milling stability lobe calculations Figure
4.3.6 shows the geometry for a 20% radial immersion down milling cut. The
start angle is ¢; = 180 — cos™!(0.6) = 126.9 deg and the exit angle is ¢, = 180
deg. The average angle of a tooth in the cut is @y, = 1265580 = 153 4 deg. The x
(feed) direction dynamics are given by f,,. = 900 Hz, k, = 9 x 10° N/m = 9 x 10°
N/mm, and ¢, = 0.02. The y direction dynamics are f,,, = 950 Hz, k,, = 1 x 107 N/
m =1 x 10* N/mm, and ¢ , = 0.01. The workpiece material is a low carbon steel
alloy and it is machined with a three tooth, 19 mm diameter square endmill.
Together they give a specific force of K, = 2250 N/mm?” and a force angle of
6 =175 deg.

Asshown in Fig. 4.3.6, the directional orientation factor for the x direction is
determined from the two projections:

Fy = Fcos(63.4 + B)andF, = F,cos(63.4) = Fcos(63.4 + 3) cos(63.4),

where (3 is expressed in deg. Therefore, u, = cos(63.4 + ) cos(63.4) = —0.335.
For the y direction, the projections are:

y y
"\ 26.6 153.4 deg

?,=180 B, =153.4 deg

r—0.4r 6= cos™(0.6)

Fig. 4.3.6 Geometry for Ex. 4.3.5 20% radial immersion down milling cut
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Fig. 4.3.7 Oriented FRF for Ex. 4.3.5

F, = Fcos(3 —26.6) and F, = F, c0s(26.6) = Fcos(3 — 26.6) cos(26.6)

and g, = cos(f — 26.6) cos(26.6) = 0.594. Additionally, the average number of
teeth in the cut is: N} = 18051269 — (.443.

The oriented FRF is shown in Fig. 4.3.7. The unusual shape of the real and
imaginary parts is due to the negative p, value. The minimum real part is
observed at 960 Hz with a value of —1.22 x 10~* mm/N. The corresponding
worst spindle speed (for the N = 0 lobe) and by, ¢ri¢ are approximated by:

960 1 9604

Qwarsr =5 w5 5 427 Ips = 25600 rpm and
3 04L 33
—1

=041 mm

b. o=
lim,crit 7. 2250(_122 X 10*3)0443

The real part of the oriented FRF for the valid chatter frequency ranges
(Re[FRF,,;.n ] < 0) and the corresponding N = 0 stability lobe are shown in
Fig. 4.3.8. Two valid ranges are seen; the first, lower frequency range is much
stiffer than the second. The “competing lobe” effect of this stiffer section is observed
in Fig. 4.3.9, where the N = 0 to 4 lobes are plotted. In this case, the stability
boundary is nearly completely established by the much more flexible section. The
“best speeds” equation from Section 3.3 can also be updated for milling:

Jn - 60

Qes‘ NS
bt = (N+1) - N,

(rpm). (4.3.7)
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Fig. 4.3.8 (Top) Valid chatter frequency ranges for the real part of the oriented FRF.
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Fig. 4.3.9 Example 4.3.5 stability lobe diagram (N = 0 to 4)

If we choose f, to be the zero crossing for the more flexible real part valid
chatter frequency range (at 951 Hz from Figs. 4.3.7 and 4.3.8), then the
associated best speeds are 19020 rpm, 9510 rpm, 6340 rpm, and so on for the
three tooth endmill. These speeds match those seen in Fig. 4.3.9 for the right
hand side of the stable zones moving from right to left on the diagram. For
example, 19020 rpm corresponds to the stable gap created by the intersection of
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the N = 0 and N = 1 lobes. The MATLAB®) program used to produce these
figures is provided on the companion CD asp 4 3 5 1.m.

4.3.3 Fourier Series Approach

In [5], Altintas and Budak use an alternate technique to transform the
dynamic milling equations into a time invariant, but radial immersion
dependent system. Similar to Tlusty, they approximate the time dependent
cutting forces by an average value, but employ a different approach to
identify this mean. Rather than using the average angle of the tooth in the
cut, the time varying coefficients of the dynamic milling equations, which
depend on the angular orientation of the tool as it rotates through the cut,
are expanded into a Fourier series and then the series is truncated to include
only the average component. We’ll first present a brief review of this
approach and then rearrange the analytical stability equations into the
form expected by the MATLAB®) eig function.

The development of the time dependent cutting force equations closely
follows the previous analysis. The primary difference is that the positive x
direction is taken to be in the direction of the feed (following the convention
in [5]); compare Fig. 4.3.10 (Fourier series) to Fig. 4.1.9 (average tooth angle).
The projection of the x and y vibrations onto the surface normal (referred to as
the radial direction in [5]) is now:

n = —xsin(¢) — ycos(¢) (4.3.8)
and the instantaneous chip thickness equation for tooth j becomes:
h(9)) = (fisin(ey) + i1 — ;) - 2(9)), (4.3.9)

where the switching function, g(¢;), is equal to one when the j" tooth is engaged
in the cut (i.e., between the cut start and exit angles) and zero otherwise; see
Eq. 4.3.10. Also, n;_; indicates the normal direction vibration from the previous
tooth and »; the current tooth vibration.

J

y Y i
L R
J
—
n
Jj—1

Fig. 4.3.10 Notation for Fourier series stability analysis
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I, when ¢ < ¢; < ¢, } (4.3.10)

g((b./) = {07 when ¢ <oy, ¢;> ¢,

If the variable x and y contributions are substituted into Eq. 4.3.9 and the
nominal componentf; sin(@-)is neglected (because we are interested in linear
stability), the cutter angle dependent chip thickness in the normal direction may
be written as shown in Eq. 4.3.11.

h(é;) = ((=xj-1sin(¢y) — yj-1cos(dy)) — (—x;sin(g;) — vycos(¢y))) - g(¢y)
h(é;) = ((xj = xj-1) sin(¢y) + (v = yj-1) cos(g;)) - () (4.3.11)
h(¢;) = (Ax -sin(¢;) + Ay - cos(¢))) - g(¢)

The tangential and normal (radial) force components are then written as a
function of the chip thickness:

F,J = K;bh (¢j) and F”J = K,/,FIJ' = KnK[bh (¢j)7 (4312)

where K, is equal to the previously defined tangential specific force k,. The
relationship between (K, K,,) and K is defined using Fig. 4.3.10:

Fy=Kbh(¢y) F=\/F;+F; = VK + KKbh(¢) = Ki/1+ Kbh(¢;),  (4.3.13)

so that K, = K;\/1 + K>. Also, tan(8) = % = KK}fzg?Z) = KL The projections

of the tangential and normal force components onto the fixed (x and y)
coordinate frame are:

Fy ;= —F,jcos(¢;) — F;sin(¢;) and F,; = F,;sin(¢;) — F,;cos(¢;). (4.3.14)

Substitution into the Fy; component gives Eq. 4.3.15.

= (—(K:b(Ax sin(@) + Ay - cos(6)) )2 (%)) cos(@)—)
] (KuKib(Ax -sin(¢;) + Ay - cos(¢;))g(¢))) sin(g))
(Ax-sin(¢y) + Ay - cos(g;) ) cos(¢;)+
K, (Ax - sin(¢;) + Ay - cos(¢;)) sin(¢))
Ax(sin(¢;) cos(¢;) + K, sin*(¢;))+ )
Ay(cos?(¢y) + K sin(¢;) cos(¢;))

Fy ;= —Kbg(¢;) ( ) (4.3.15)

Fyj=—Kbg(¢)) (
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Similarly, the F, ; component is expressed as shown in Fig. 4.3.16.

o < (Kib(Ax - sin(¢;) + Ay - cos(¢;))g(¢;)) sin(e;)— )
SV

K, Kb(Ax -sin(¢;) + Ay - cos(¢;))g(¢))) cos(¢))

Ax -sin(¢;) + Ay - cos qﬁ sin ng
Fy; = K,bg(¢)) ( (%) ’ ! (4.3.16)
K, (Ax -sin(¢;) + Ay - cos(¢;)) cos(¢;)
st (S Ko o
Arfeos(s) sin(é) — Kycos*(6)
Substituting  the  trigonometric  identities  sin(¢)cos(¢) = &22‘*’),

sin’(¢) = 17%5(2@), and cos?(¢) = H%S(M) into Egs. 4.3.15 and 4.3.16 yields:

Ax(sin(2¢;) + Ky (1 — cos(2¢;)))+

Ap(1 + cos(2¢;) + K, sin(2¢))) )and (4.3.17)

1
Fx,j = —EKtbg(ij) (

1

Fyy - inbg(qﬁ,') <Ax((1 —cos(2¢;)) — Ky sin(2¢;) )+ ) . (4.3.18)

Ay(sin(2¢;) — K, (1 + cos(24)))

The force expressions are completed by including the summation over all
teeth so that the contributions of (potentially) multiple teeth in the cut are
considered.

N, N,
F, = ZIFX” and F, = ZIF},J (4.3.19)
Jj= J=

The x and y direction force expressions are now arranged in matrix form to
obtain:

F, yy  ayy |\ Ay

where the individual 4 matrix entries, referred to in [5] as the “time varying
directional dynamic force coefficients”, are:
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N

ave =) —g() (sin(2¢7) + Ky (1 — cos(2¢))),

=
N,

asy =D ~g(;) (1 + cos(29;) + K, sin(2¢)),

=1

0 = ig@f) (1 - cos(26) — K sin(26,)), and

= ig(¢,> (sin(26) — Ko(1 +c05(26).

Here we note that, because these expressions are periodic with the tooth pitch,

¢p = 5 (rad), they are also periodic in time over the tooth period, T = g3~ (5),
where 2 is expressed in rpm. Therefore, although the 4 matrix is written as a

function of ¢ in Eq. 4.3.20, it is equivalently a function of time, ¢ = %% (s), where

Q is given in rpm and ¢ in rad. In order to remove the time dependence of the A4
matrix, now written explicitly as [A4(7)], it is first expanded into a Fourier series:

00

[A(n)] = > [A]e"en, (4.3.21)

r=—00

where  wyporn = 27 - froom  (rad/s) and the Fourier coefficients are
N, )
[4,] =& [ [A(t)]e-"™wnids, and then only the r = 0 term is retained. Although

:N_,T

[A(?)] is best represented using multiple harmonics of w;,,, setting r = 0 leads to
the desired time invariance because the exponential term becomes unity (e° = 1).
The tradeoff is that the accuracy degrades as the radial immersion is reduced
(the same is true for the average tooth angle approximation). This is particu-
larly true when the radial immersion is only a few percent and the cutting force
becomes more “impulse-like” [6-9]. Equation 4.3.22 shows the r = 0 coeffi-
cient, [Ag], written explicitly as a function of ¢ (as in Eq. 4.3.20). By modifying
the integration limits to be ¢, and ¢, (all angles in rad), the switching function
is effectively removed since it is equal to one within these limits and zero
otherwise.

2n (bu
1 1 . N, |:O‘xx Oéxyil

[M:ﬂ/uwwzﬂ/MWW—g(m(m

0 Ps

(4.3.22)

The individual « terms, similar to the directional orientation factors defined
in the average tooth angle approach, are provided in Eq. 4.3.23, where the
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integrals must be evaluated between ¢, and ¢, to obtain the final scalar values.
Note that the N, term is introduced in the final Eq. 4.3.22 expression due to the

summations (Zj—vz’l ...) in the a terms from Eq. 4.3.20.

e
Qxy = % (cos(2¢) — 2K,¢ + K, sin(2¢))
?s
Oy = % (—sin(2¢) — 2¢ + K, cos(2¢))  €
Z (4.3.23)
Qe = % (—sin(2¢) + 2¢ + K, cos(2¢)) |
&
1 . o
Qy =3 (—cos(2¢) — 2K, — K, sin(2¢)) )

The stability analysis begins by equating the frequency-domain vibrations in
the x and y directions (the j subscripts indicate the current tooth) with the
product of the frequency response function matrix and the frequency-domain
representation of the cutting forces.

X; FRExx FRE\'y E\? i FRFxx 0 Fx i
( ) _ ol — Ul (4.3.04)
;) ~ | FRF,. FRF,, |\ F, 0  FRF,|\F,

In Eq. 4.3.24, the cross FRFs (FRF,,, representing measurement in the x
direction with excitation in the y direction, and FRF),) are set equal to zero
because the x and y directions are orthogonal and zero cross-talk between the
two directions is assumed. Also, the w, notation indicates chatter frequencies
(rad/s). The vibrations one tooth period earlier (denoted by the j~1 subscripts)
are similarly written as:

Xy X\ FRF,, 0 Fo\ . P
— B e W, T — elu.)p . e lu.)(.T’ (43.25)
Y/'—l Y/ 0 FRFyy Fy

where e ™7 represents the delay of one tooth period. Taking the difference
between Eqs. 4.3.24 and 4.3.25 gives:

X; X . [FRF. 0 7(F.\ ,
)= () = (1= e el (4.3.26)
Y, Y 0  FRF,|\F,
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. . X; X1\ [AX
The left hand side of Eq. 4.3.26 can be written as < Y,> - ( Y > = <AY)’

which enables substitution into the frequency-domain representation of Eq. 4.3.20,
the “dynamic milling equation” according to [5].

Fo\ . 1 : FRF\ 0 Fo\
( ')e’“f’zszt[Ao](l—e'“”)[ K )w«f (4.3.27)

F, 0  FRF,|\F,

Rearranging Eq. 4.3.27 gives

F\' iwe iwWeT FRF\\ 0 .
(F:v)e ’([1} —1bK (1 — ™ )[Ao]{ 0 FRFMJ) = 0, which has a non-

trivial solution only if:

FRF,, 0

1 .
1 - ~bK,(1 — ¢*7)[4
det(” Ukl 0][ 0 FRF,

D =0, (43.28)

10
0 1

of the closed loop dynamic milling system [5]. The product [4o|[FRF] from Eq.
4.3.28 is analogous to the oriented FRF from the average tooth angle approach.
Expanding gives Eq. 4.3.29.

where [1] = { } is the 2x2 identity matrix. This is the characteristic equation

[4)[FRE] = |:O[xx ozxy] |:FRFxx 0 } _

Qpy  Qyy 0 FRF,,

(4.3.29)
N, o FRE, 0, FRF), N,
5 =5t [FRF,]
a, FRF, a,,FRF,,
A new variable, A, is now defined as:
N ! 1 —iweT N, ! —iw,.T

so that the characteristic equation can be rewritten as shown in Eq. 4.3.31,
which includes the new oriented FRF, FRF,,., from Eq. 4.3.29.

det([I] + A[FRF,]) = 0 (4.3.31)

1 + Aay FRF Ao FRF),, —0

Computing the determinant, det Aay FRFy | + Aay, FRE,, | =

gives an expression which is quadratic in A.
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(1 + A FRF) (1 + Aay, FRE,,) — A? (i, FRF,,) (0t FRF ) = 0
A2 (Oéxxa.‘{vFRFxxFRFyy - OéxyanyRFxxFRFyy) + A(axxFRFxx + O‘y}’FRF}'}') +1=0

This frequency dependent equation is rewritten as agpA® +ajA + 1 =0,
where ay = FRFFRF,, (amayy — ozxyayx) and a; = a FRF, + o, FRF,,.
The two roots are the system eigenvalues, A; and A,. These complex eigenvalues
can be determined using the quadratic equation:

—alqu/a%—4ao 1 S
Aip = =—— a1 Fy/a? —4dap .

2610 2610

Note that these eigenvalues are a function of w. due to the dependence on the
x and y direction FRFs. At each potential chatter frequency, the minimum by;;,,
value (from the two available eigenvalues) is selected to establish the limiting
chip width. The relationship between by;,, and €2 is detailed next.

Equation 4.3.30 is now rewritten by recognizing the complex nature
of the eigenvalues, A = Agre + iAl,, and substituting the Euler identity
e T = cos(w,T) — isin(w,T):

Are + iAim = —%bK,(l — cos(w,T) + isin(w,.7)). (4.3.32)

Equation 4.3.32 is solved for b to obtain the limiting chip width, by,

4 1

biim = —(A iA . 4.3.33
i (Age + iAim) N.K; (1 — cos(w,T) + isin(w,7)) ( )
Rationalizing Eq. 4.3.33 gives Eq. 4.3.34.
. 47 1 — cos(w,T) — isin(w,.T
biim = —(Are + zAlm)NK ( ( )2 : ( ))2
K ((1 — cos(wer)) >+ (sin(w,T)) )
b 4 (Age + iAim) (1 — cos(w,7) — isin(w,7))
T UNK, 2= 2cos(wer)) (4.3.34)
(ARe(1—cos(w,T))+Amm sin(w,7)) +
2n (I—cos(w,T))
Diim

T UONK Al cos@r) - Aresinur)
(I—cos(w,T))

Next, it is recognized that, because by;,, must be real valued, the imaginary
part of the final expression in Eq. 4.3.34 must be equal to zero, giving
Aim (1 — cos(w,T)) — Age sin(w,7) = 0. From this statement, the new variable
k is defined.
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_ Am sin(w,7)
"~ Age 1 —cos(wer)

(4.3.35)

Equation 4.3.34 is now rewritten to obtain the final, frequency dependent
expression for the stability limit.

b — 2 [(Are(l — cos(weT)) + A sin(w,T))

im = TNK, (1 — cos(wer))
2n Am sin(w,7)

Blim = — Age + >l 4.3.36

=~ (e T ) (330
2n A sin(w,7) 2n 2

Blim = — —— Age [ 1 = Are

1 N.K, R ( TR —COS(u)J))) “.g el 44)

The corresponding frequency dependent spindle speeds are determined by
first writing the phase shift in the surface undulations between subsequent tooth
passages (similar to the average tooth angle derivation), ¢ = n — 2% (rad),
where ¢ = tan~!(x) (rad). The tooth passing periods are next expressed as
T=-L(e+j-2m) (s), where j = 0, 1, 2... refers to the integer number of
waves between teeth. Incrementing j leads to the individual lobes; it serves in
the same capacity as N in Eq. 4.3.2. Finally, the spindle speeds are obtained
from:

60
Q= N7 —— (rpm). (4.3.37)

Because our computing platform of choice is MATLAB®), we will rewrite the
eigenvalue problem as stated in Eq. 4.3.31, det([/] + A[FRF,;]) =0, in the
more traditional format required by the eig function. This formulation is
det([FRF,] — A[1]) = 0, where the new eigenvalue expression is A = N,m
The corresponding revised stability limit is:

2n

];ilh Y
TN (W Af)

Are (1 + 7%) (4.3.38)

where 7 = ’\““ . The derivation that leads to Eq. 4.3.38 is included in Appendix B
The two complex eigenvalues, A\, and \,, are determined using the MaTLAB"™
functioncall eig(FRF_or)inp_4 3_6_1.m, where FRF_or is the oriented FRF
defined in Eq. 4.3.29. The spindle speed equations are also modified to be
¢ = tan"! (i) (rad), § = © — 2¢ (rad), 7 = L (E+j- 2m)(s) (s), and

~ 60
Q= Nz —— (rpm). (4.3.39)
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The stability lobe diagram is obtained by plotting Q) versus the two by, values
for each chatter frequency (the minimum at each spindle speed is selected to
define the stability boundary). Note that in this analysis the valid chatter
frequencies are not limited to those corresponding to negative real values of
the oriented FRF. Instead, the full frequency range of FRF,, is applied.

INANUTSHELL There are two related, but slightly different,

methods for dealing with the varying orientation of the cutting

force as the teeth pass through the cutting zone. Both approaches

are simplifications of reality and have cutting conditions and

machine dynamic characteristics where they predict experimental
results more or less accurately.

Example 4.3.6: Comparison with Ex. 4.3.5 stability results In this example, the
conditions are the same as for Ex. 4.3.5. Specifically, a 20% radial immersion
down milling cut with a start angle of ¢; = 126.9 deg and exit angle of ¢, = 180
deg is analyzed. The x (feed) direction dynamics are f,,, = 900 Hz, k. = 9 x 10°
N/m, and ¢, = 0.02. The y direction dynamics are f,,, = 950 Hz, k, = 1 x 107
N/m, and ¢,, = 0.01. The workpiece material is a low carbon steel alloy and it is
machined with a three tooth, 19 mm diameter square endmill. For a specific
force value of K, = 2250 N/mm® and a force angle of § = 75 deg, the

corresponding cutting force coefficients are K, = m =0.268 and
__ Kk _ 2
K, = v 2173 N/mm~.

Based on the selected start and exit angles and K, value, the « values from
Eq. 4.3.23 required to calculate FRF,, are a, = 0.5198, a,, = —1.2356, o), =
0.6180, and ), = —1.0165. The stability lobe diagram obtained from the
Fourier series analysis is provided in Fig. 4.3.11. Two limits are seen; the dotted
line is obtained from A; and the solid line from \,. It is observed that the
composite stability limit (defined collectively from the minimum of the \; and
A» by values at each spindle speed) is very similar to the average tooth angle
limit shown in Fig. 4.3.9. For example, bjimcric = 0.50 mm from Fig. 4.3.11
compares favorably with the 0.41 mm value from Fig. 4.3.9 and the stability
boundary peaks and troughs occur at the same spindle speeds. As noted pre-
viously, the MATLAB® program used to produce Fig. 4.3.11 is provided on the
companion CD asp_4 3 6_1.m.

Example 4.3.7: Comparison with Ex. 4.3.4 stability results In contrast to the
close agreement between the two approaches seen in Ex. 4.3.6, the methods
diverge somewhat in the case of slotting. Although the best speeds agree, the
allowable chip widths differ. As in Ex. 4.3.4, the symmetric x and y direction
dynamics are f,, = 500 Hz, k = 8 x 10° N/m, and ¢ = 0.02. An aluminum alloy
is machined with a four tooth square endmill and the cutting force coefficients
are K, = 695 N/mm? and K,, = 0.404, corresponding to K, = 750 N/mm?” and
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10

Bjim (mm)

0 0.5 1 1.5 2 25 3
Q (rpm)

Fig. 4.3.11 Example 4.36 Stability lobe diagram (j = 0 to 4)

B8 = 68 deg. For ¢y =0 and ¢, = 180 deg, the « values are o, = —1.2693,
ay, = —3.1416, o, = 3.1416, and «a,,, = —1.2693.

The Fourier series approach stability limit is shown as the solid line in
Fig. 4.3.12. Only the A\; boundary is seen at the selected scale (the A, boundary
occurs at higher chip widths in this case). For comparison convenience, the
result from the average tooth angle approach (previously shown in Fig. 4.3.5) is
also included as the dotted line. In this case, the by, ¢ values are 0.22 mm
(Fourier series) and 0.58 mm (average tooth angle). Additionally, the stable

Ave. tooth

Bjim (Mm)
w

0 5000 10000 15000
Q (rpm)

Fig. 4.3.12 Example 4.3.7 stability lobe diagram. The solid line shows the Fourier series
stability boundary(j = 0 to 3), while the dotted line gives the average tooth angle result
(N =0to3)
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zone (beneath the stability boundary) has a smaller area for the Fourier series
calculations. We will explore this disagreement further in Section 4.4. The
MATLAB® program used to produce Fig. 4.3.12 is included as p 4 3 7 I.m
on the companion CD.

4.4 Milling Time-Domain Simulation with Straight Teeth

In this section, a time-domain simulation for the milling problem is detailed. It
is based on the ‘Regenerative Force, Dynamic Deflection Model’ described by
Smith and Tlusty [10]. As with the turning analysis in Chapter 3, the analytical
stability lobe diagrams detailed in Section 4.3 provide a “global” picture of the
stability behavior, but do not provide information regarding the “local” cutting
force or tool vibrations. The time-domain simulation, on the other hand, gives
this “local” force and vibration information for the selected cutting conditions.
The simulation again applies numerical integration to solve the time delayed
differential equations of motion and includes the nonlinearity that occurs if the
tooth leaves the cut. Assumptions include straight cutter teeth, the circular tool
path, and a square endmill geometry. Similar to turning, the simulation pro-
ceeds as follows: 1) the instantaneous chip thickness is determined using the
vibration of the current and previous teeth at the selected tooth angle; 2) the
cutting force is calculated; 3) the force is used to find the new displacements; and
4) the tooth angle is incremented and the process is repeated. The simulation
model geometry is the same as was presented in Fig. 4.1.8. We use modal
parameters to describe the dynamics of the non-rigid tool in the x and y
directions, where multiple degrees of freedom in each direction can be accom-
modated as described in Section 3.5.

IN ANUTSHELL Nothingis a better representation of reality

than reality (actual cutting). However, milling simulation

removes many of the simplifying assumptions required by the

analytical derivations. As in turning, time-domain simulation

provides detailed information about a specific case, but loses
the global information provided by the analytical solutions. The production
of a stability lobe diagram requires many executions of the simulation.

4.4.1 Chip Thickness Calculation

The instantaneous chip thickness depends on the nominal, tooth angle depen-
dent chip thickness (Eq. 4.1.2), the current normal direction vibration, and the
vibration of the previous tooth at the same angle. As described in Section 4.2,
the chip thickness can be expressed as i(t) = f; sin(¢) + n(t — 7) — n(z), where 7
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is the tooth period, 7 = - (s) and Q is given in rpm. The vibrations in the
direction of the surface normal for the current tooth depend on the x and y
vibrations as well as the tooth angle, according to n = xsin(¢) — ycos(¢).
Figure 4.2.5 presented an “unwrapped” view of the milled surface that demon-
strates the regeneration mechanism in the chip thickness equation. Note that
the positive x direction again opposes the feed direction. For this simulation, we
will neglect the possibility that the current surface may depend on more than the
prior and current tooth vibrations (as shown for turning in Fig. 3.5.1). Also,
because we have assumed straight teeth, we will ignore vibrations in the z
direction.

As discussed in the stability lobe development, the milling equations may be
equivalently considered to be a function of time or angle. For the simulation,
our strategy is to divide the angle of the cut into a discrete number of steps. At
each small time step, dt, we increment the cutter angle by the corresponding
small angle, d¢. This approach enables convenient computation of the chip
thickness for each simulation step because: 1) we have predefined the possible
teeth orientations; and 2) we can store the surface created by the previous tooth
at each angle. The cutter rotation by the d¢ increment is depicted in Fig. 4.4.1,
where the size of the increment depends on the selection of the number of steps
per revolution (steps _revin p_4 4 1 _1.m on the companion CD), specifi-
cally, dp = ;200 (deg). The corresponding time step is dr = -9 (s), where
Q is the spindle speed in rpm. (Note that the teeth number labeling convention
differs from that shown in Sections 4.1 and 4.2. Previously, the teeth were
numbered according to their order of entry into the cut for convenience of
description, while they are now labeled according to increasing angle in a
clockwise manner for “bookkeeping” purposes within the simulation.) A vector
of angles is defined to represent the potential orientations of the teeth as the
cutter is rotated through one revolution of the circular tool path, ¢ = [0, do,
2de, 3de, ..., (steps_rev — 1)dg). The locations of the teeth within the cut are
then defined by referencing entries in this vector (phi in p_ 4 4 1 _1.m). For

[

Simulation step: cnt Simulation step: cnt + 1

Fig. 4.4.1 Cutter rotation by d¢ from one simulation step to the next (a slotting cut is
depicted)
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equal teeth spacing, this means that the teeth are located every
A vector of tooth orientations, that indicates particular entries in the
10) vector, not actual angles, is then defined as:
teeth = [1, ”“p”” + 1,25 4 1 (N — 1) 572 4 1], Incrementing the
teeth angles by do is then a 51mple matter of addlng one to each entry in the
teeth vector. Finally, individual tooth angles can be identified by the MaTLAB™
statement: phi (teeth (cnt)) indicates the tooth in question. Therefore, a
requirement for using the *“2="ratio to indicate locations within the ¢ vector is
that it is an integer greater than zero (necessary for MATLAB®) indices). This is
explored in Ex. 4.4.1.

steps_| rev.
N,

Example 4.4.1: Simulation tooth angle definition We’ll consider the case where
650 steps per revolution has been selected for a cutter with four teeth. The spindle
speed is 10000 rpm. Our first requirement is that ““3="* is an integer so that the phi
vector can be referenced using the teeth entries. In this case, "= = 90 = 162.5
steps/tooth. To correct the non-integer situation, the MATLAB® function round
can be implemented to determine the nearest integer ratio:

temp = round(steps_reV/Nt);
steps rev = temp*Nt;

as shown in p 4 4 1 1.m. The result is that the new ratio, saved to the
temp variable, is 163 and the updated number of steps per revolution is 652.

The angular increment is d¢ = % = 0.5521 deg and the time increment for
numerical integration is dt = gz 10000 = 9.2025 x 107%s. The vector of possible

tooth angles (in MATLAB®) syntax)isphi = [ 0 0.5521 1.1043 1.6564

. 359.4479] degand the reeth vector can be initially described by teeth =
[1 164 327 490]. For this cutter orientation, tooth 1 is positioned at phi
(teeth (1)) = phi(1l) = 0. Similarly, the angles for teeth 2 through 4 are
phi (teeth(2)) = phi(164) = 90deg phi (teeth(3)) = phi (327)
= 180 deg, and phi (teeth (4)) = phi(490) = 270 deg, respectively. In
the next time increment, 9.2025 x 107 %s later, the teeth vector values are each
incremented by one to be teeth = [ 2 165 328 491]. The teeth angles are
phi (teeth(l)) = phi(2) = 0.5521 deg, phi(teeth (2))
phi(165) = 90.5521 deg, phi(teeth(3)) = phi(328)
180.5521 deg, and phi (teeth (4)) = phi(491) = 270.5521 deg.

The next step in determining the (discrete) chip thickness at each simulation
step is to address the n(t—7) and n(f) terms in the continuous
h(t) = fisin(¢) + n(t — 7) — n(¢) chip thickness equation. The n(¢) term is sim-
ply the current normal direction vibration level determined using:

n = (x*sin (phi (teeth (cnt3))*pi/180) - y*cos (phi
(teeth (cnt3))*pi/180))

inp_4 4 1 1.m, where x and y are the current x and y direction vibrations, the
sin and cos functions require arguments in rad, and cnt3 is a simulation
index that counts through the individual teeth to sum the force contributions.
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To accommodate the n(t — 7) term, the normal direction vibration for the
previous tooth at the current angular orientation is required. To organize
these values, a new variable surf® is defined. Values in this vector are indexed
in the same way as phi (according to entries in the feeth vector), i.e., surf
(teeth (cnt3) ). The surfentries are updated after the current chip thickness
calculation so that each time the value is queried at a particular orientation, the
entry for that tooth angle is referencing the result from the last time a tooth was
positioned at the current angle. There are two scenarios for updating the surf
value. First, if the current tooth is cutting (it is between ¢, and ¢, and the
tangential cutting force is greater than or equal to zero), then the value is set to
the current vibration using:

surf (teeth (cnt3)) = n;

inp_4 4 1 1.m. Recall that this value will not be referenced until the next tooth
is at the current angle. Second, if the current tooth is bounded by the start and
exit angles, but the tangential force is less than zero, then the tooth has vibrated
out of the cut and the updating command is:

surf (teeth(cnt3)) = surf(teeth(cnt3)) + ft*sin(phi
(teeth (cnt3))*pi/180);

so that the previous value is appended by the nominal feed per tooth that was
not removed. If the current angle is not bounded by the cut, then no updating is
necessary. Finally, the instantaneous chip thickness equation is:

h = ft*sin(phi(teeth(cnt3))*pi/180) + surf (teeth
(cnt3)) - n;

inp_ 441 1.m.

4.4.2 Force Calculation

Once the chip thickness is computed, the tangential component of the force in
the current time step is determined using Eq. 4.1.8, where the chip width, b, is
equal to the axial depth of cut for straight teeth. As with turning, the calculated
chip thickness is negative if the current tool vibration in the normal direction is
larger than the surface location (equal to the sum of the nominal chip thickness,
fisin ¢, and the vibration of the previous tooth at the same angle). The tangen-
tial cutting force is set to zero in this situation that no cutting is occurring. The
normal force is then computed and these results are projected into the x and y
directions as shown in Egs. 4.1.11 and 4.1.12.

3 This variable is named to indicate the machined surface, not surfing along Florida’s Atlantic
coast.
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4.4.3 Displacement Calculation

Considering a single degree of freedom in the x and y directions, the equations
of motion are:
myX + ey X + kex = Fy and myj + ¢,y + kyy = F,. 4.4.1)

Rewriting Eq. 4.4.1 yields expressions for the x and y direction accelerations
in the current time step:
i = F, - cxx“i’kxx and y _ FV B CJ"J.}—’—kJ’y'
My m,

(4.4.2)

where the velocities, X and y, and positions, x and y, from the previous time step
are used (initial values are zero to begin the simulation). The new velocities and
positions are then determined by numerical (Euler) integration:

X=X+X-dt y=y+y-dt (4.4.3)
X=x+X-dt y=y+y-dt, (4.4.4)

where the velocities on the right hand side of the equal signs in Eq. 4.4.3 are
retained from the previous time step. The new velocities are then applied to
determine the new displacements in Eq. 4.4.4. Again, the displacements on the
right hand side of Eq. 4.4.4 are those from the previous time step. As mentioned
previously, multiple degrees of freedom in each direction can be accommodated
by summing the individual modal contributions as described in Section 3.5.
Again, considering the dynamic characteristics of the machine in a modal sense
facilitates the computation.

4.4.4 Simulation Summary and Implementation

The milling simulation provided in p_4_4_1_1.m completes three basic activ-
ities at each time step. First, the cutter is rotated by d¢ by adding one to each
entry in the teeth vector. Second, within a for loop (indexed by cnt3) that
sums over all the cutter teeth, it is first verified that the tooth in question is
bounded by the start and exit cut angles. If so, the chip thickness is determined
and the cutting force is calculated (including the nonlinearity if a tooth leaves
the cut due to excessive vibration). If not, the force is set to zero. Third, the
displacement is determined by numerical integration. To exercise the simula-
tion, comparisons between the stability limits described in Ex. 4.3.7 and the
simulated forces and displacements are made in Ex. 4.4.2.

Example 4.4.2: Comparison with Ex. 4.3.7 using time-domain simulation To
review, the x and y direction dynamics are symmetric with f, = 500 Hz,
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k=8 x10°N/m, and ¢ = 0.02. An aluminum alloy is machined with a four
tooth square endmill and the cutting force coefficients are k, = 695 N/mm?” and
k, = 281 N/mm?, corresponding to K, = 750 N/mm? and 3 = 68 deg. For the
slotting cut, ¢, = 0 and ¢, = 180deg. Additionally, there are 652 steps per
revolution, the feed per tooth is 0.15 mm/tooth, and 20 revolutions are simu-
lated, where the number of revolutions (rev) is related to the total number of
simulation steps (steps) by rev = %. Four different cases are considered: 1)
Q = 7500 rpm and b = 3 mm; 2) Q = 7500 rpm and b = 5 mm; 3) 2 =
5000 rpm and » = 0.1 mm; and 4) Q = 5000 rpm and » = 0.5 mm. These
operating points are identified in Fig. 4.4.2, which includes the average tooth
angle and Fourier series stability limits.

According to the two analytical approaches, cases 1 and 3 should provide
stable operating conditions. The time-domain simulation corroborates these
predictions. Figures 4.4.3 and 4.4.4 show the x and y direction forces and
displacements, respectively, for case 1. It is seen that, once the initial transients
attenuate after approximately 0.07s, the expected constant force for a four
tooth cutter in a slotting cut is obtained. Similar results are observed for case
3in Figs. 4.4.5 and 4.4.6.

For cases 2 and 4, however, the Fourier series approach predicts that the cuts
will be unstable, while the average tooth angle approximation shows these
should be stable conditions. Figures 4.4.7 and 4.4.8 display the x and y direction
results for case 2. Chatter is observed with the forces and displacement increas-
ing over time. Additionally, Fig. 4.4.9 shows the resultant force and nonlinear-
ity when the force drops to zero as the tooth vibrates out of the cut (in the
vicinity of 0.1 s for example). Similar results are seen for case 4 in Figs. 4.4.10

—=

——
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I
' angle
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1
0 5000 10000 15000
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Fig. 4.4.2 Operating points for comparison between analytical stability boundaries from
Ex. 4.3.7 and time-domain simulation. 1) Q = 7500 rpm and » = 3 mm; 2) Q = 7500 rpm and
b = Smm; 3) Q = 5000 rpm and » = 0.1 mm; and 4) 2 = 5000 rpm and » = 0.5 mm
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Fig. 4.4.4 Example 4.4.2 stable case 1 (€2 = 7500 rpm and b
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0.15

= 3 mm) simulation results for

through 4.4.12. Here the vibration and force levels grow quickly until the
nonlinearity is reached and then the levels persist. The disagreement between
the average tooth angle stability boundary and time-domain simulation for
cases 2 and 4 is due to the orthogonality between the average surface normal
and y direction in slotting. This causes the directional orientation factor for the
y direction, j,, to be zero (see Ex. 4.3.4) and the contribution of the dynamics in
the y direction to be neglected. The simulation used to produce Figs. 4.4.3
through 4.4.12 is included as p_4 4 1_1.m on the companion CD.
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Fig. 4.4.5 Example 4.4.2 stable case 3 (€2 = 5000 rpm and b = 0.1 mm) simulation results for
x direction force (top) and displacement (bottom)
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Fig.4.4.6 Example 4.4.2 stable case 3 (€2 = 5000 rpm and » = 0.1 mm) simulation results for y

direction force (top)

and displacement (bottom)

Example 4.4.3: Comparison with Ex. 4.3.6 using time-domain simulation The
milling conditions are 20% radial immersion down milling cut with a start angle
of ¢y = 126.9 deg and exit angle of ¢, = 180 deg. The x direction dynamics are
frx = 900 Hz, k, = 9 x 10° N/m, and ¢, = 0.02. The y direction dynamics are
Juy = 950 Hz, k, = 1 x 10’ N/m, and ¢, = 0.01. The workpiece material is a
low carbon steel alloy and it is machined with a three tooth, 19 mm diameter
square endmill and feed per tooth of 0.2 mm/tooth. For a specific force value of
K, = 2250 N/mm? and a force angle of 3 = 75 deg, the corresponding cutting
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Fig. 4.4.7 Example 4.4.2 unstable case 2 (£2 = 7500 rpm and b = 5 mm) simulation results for
x direction force (top) and displacement (bottom)
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Fig. 4.4.8 Example 4.4.2 unstable case 2 (€2 = 7500 rpm and b = 5 mm) simulation results for
y direction force (top) and displacement (bottom)

force coefficients are k, = 2173 N/mm” and k,, = 582 N/mm?”. The number of
steps per revolution is 801 and 40 revolutions are simulated.

Based on the analytical stability lobe results in Figs. 4.3.9 and 4.3.11, let’s
select two (€2, b) combinations for numerical simulation. Case 1 with =
17000 rpm and b = 4 mm should be stable according to the stability lobes.
Case 2 with 2 = 13000 rpm and » = 4 mm should be unstable. Figure 4.4.13
displays the y direction force and vibration for case 1. It takes approximately
half of the first 40 revolutions for the transients to attenuate, but the final result
is stable cutting. The force and vibrations results between 0.13 s and 0.14 s are
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Fig. 4.4.9 Example 4.4.2 unstable case 2 (£2 = 7500 rpm and » = 5 mm) simulation results for
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Fig. 4.4.10 Example 4.4.2 unstable case 4 (€2 = 5000 rpm and b = 0.5 mm) simulation results
for x direction force (top) and displacement (bottom)

displayed in Fig. 4.4.14. We see the expected force profile for the down milling
cut. Note that only one tooth is engaged at any time so the force drops to zero
during the delay between one tooth leaving the cut and the next tooth entering
the cut (we refer to this as interrupted cutting). Also, the force is largest at the
cut entry when the chip thickness is at is maximum value for down milling and
drops to zero as the chip thickness decreases to zero, according to f; sin(¢), at
the cut exit. The resulting tool vibrations are sinusoidal in nature.
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Fig. 4.4.11 Example 4.4.2 unstable case 4 (2 = 5000 rpm and » = 0.5 mm) simulation results
for y direction force (top) and displacement (bottom)
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Fig. 4.4.12 Example 4.4.2 unstable case 4 (2 = 5000 rpm and » = 0.5 mm) simulation results

for resultant force

The y direction force and vibration for case 2 are provided in Fig. 4.4.15. The
behavior differs substantially from Figs. 4.4.14 and 4.4.15. For the previous
stable cut (case 1), the vibration exhibited only a forced vibration response to
the cutting force. For the unstable case 2, the vibration now occurs at both the
chatter frequency (near the tool’s natural frequency) and the forcing frequencies
(the tooth passing frequency and its harmonics as demonstrated in Fig. 4.1.15).
We will examine the frequency content of stable and unstable milling signals
further in Chapter 6. Figure 4.4.16 shows the portion of the force and vibration
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Fig. 4.4.13 Example 4.4.3 stable case 1 (2 = 17000 rpm and » = 4 mm) simulation results for
y direction force (top) and displacement (bottom)
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Fig. 4.4.14 Portion of results from Fig. 4.4.13 between 0.13 s and 0.14 s

between 0.13 and 0.16 s. The behavior is clearly different than the stable case
shown in Fig. 4.4.14. The simulation used to produce the figures for this
example is included as p_4 4 3 1.m on the companion CD.

4.5 Milling Time-Domain Simulation with Helical Teeth

While the simulation described in Section 4.4 is capable of predicting forces and
displacement in milling, the assumption of straight cutter teeth is rarely applic-
able in practice. As discussed in Section 4.1, the cutting edges are typically
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Fig. 4.4.16 Portion of results from Fig. 4.4.15 between 0.13 s and 0.16 s

inclined at the helix angle, , so that the chip to be removed is spread over an
increased length and the cutting edge pressure is reduced. The result of the
helical cutting edge geometry is that the full length of the cutting edge does not
enter (or exit) the cut at the same instant. Instead, there is an increasing delay of
the cut entry (and exit) when moving from the free end of the cutter toward the
spindle. The situation is depicted in Fig. 4.5.1 for the helical square endmill
geometry considered in this section.
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Fig.4.5.1 The helical endmill geometry causes the cutting edge to enter and exit the cut at later
instants in time when moving from its free end toward the spindle

We can visualize the angular delay, x, of the helical cutting edge, which
increases with distance from the cutter free end, by “unrolling” the periphery of
the cylindrical endmill as described in [11]. The helical teeth now appear as
straight lines and angles, ¢ (in rad), become distances, r¢, where r is the endmill
radius. Note that the velocity of every point on the tooth edge is the cutting
speed, v (Eq. 4.1.17), with a direction perpendicular to the z axis. The unrolled
view of the endmill pictured in Fig. 4.5.1 is presented in Fig. 4.5.2. The delay
distance, ry, is zero at z = 0 (endmill free end) because we have referenced the
cutter rotation angle, ¢, to this axial location. However, at z = —b the delay
distance is now:

s r¢

>

7 | | | 9,

Fig. 4.5.2 Unrolled view of helical endmill geometry. The helical teeth appear as straight lines
and angles are seen as distances
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Fig. 4.5.3 Discretized version of unrolled helical endmill geometry. The axial depth is
sectioned into multiple slices with thickness db. Each slice is treated as a straight tooth
cutter with the delay distance ry = r d¢ relative to the adjacent slice nearer the free end of
the endmill

rx = btan(v). (4.5.1)

In order to discretize this relationship and retain the d¢ angular increments
in our time-domain simulation, we section the tool into a number of slices (or
disks) perpendicular to the z axis. Each slice is treated as an individual straight
tooth endmill, where the thickness of each slice is a small fraction, db, of the
axial depth of cut, 5. This approximation is shown in Fig. 4.5.3. Note that each
slice incorporates the distance delay ry = dbtan(~) relative to the prior slice
(nearer the cutter free end), which becomes the angular delay between slices of:

dbtan(vy) 2dbtan(v)
X= r - d

(rad) (4.5.2)

for the rotating endmill. In Eq. 4.5.2, d is the endmill diameter. In order to
ensure that the angles for each axial slice match the phi vector entries in the
time-domain simulation, we require that the delay angle between slices is
x = d¢. This places a constraint on the db value. By substituting d¢ for x in
Eq. 4.5.2 and rearranging, we see that we must select it such that:

= 4-dp . (4.5.3)
2tan(vy)

The integer number of axial slices for the simulation is then determined using
the MATLAB®) expression: steps_axial = round(b/db). Naturally, the
accuracy is improved if db << b, which requires that d¢ is small (i.e., the
steps_ rev value is high).

The primary modifications to the time-domain simulation described in Sec-
tion 4.4 are that: 1) an additional for loop is added to count through the
individual axial slices (cnt4 in p_4 5 1_1.m included on the companion CD);
and 2) the surf vector is now replaced by an array, where each row in the array
includes the surf information for a single axial slice. This array is also named
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surfinp_4 5_1_1.m. Itis organized similar to Fig. 4.5.3, where the first row,
surf(l, 1:steps_rev),contains the data for the axial slice nearest the free
end of the cutter (z = 0) and there are steps_axial total rows. Within the
cnt4 loop, the angle of the current axial slice, phia, is determined by decre-
menting the angle for the tooth in question, referenced to the free end of the
cutter and indexed by cnt3 in the next outer for loop, by: phi_counter =
teeth(cnt3) — (cnt4-1). Because we selected db using Eq. 4.5.3 to ensure
that the angular delay corresponds to dphi between slices, the current axial
slice angle is then: phia = phi(phi_counter).

A secondary modification in p_4 5 1 1.m, relative to p 4 4 1 1.m and
p_4_4 3 1.m, is that a vector notation for the modal parameters, velocities,
and displacements is added. This new format enables the convenient inclusion
of multiple modes in the models of the system dynamics for the x and y
directions. For each mode in the x direction, for example, a separate numerical
integration is completed to update the modal velocity, dp(cnt5), and displace-
ment, p(cnt5), where cnt5 is the mode number index. Because the response in
local (physical) coordinates is the sum of the modal contributions, the indivi-
dual modal displacements are simply added to obtain the x direction displace-
ment. The y direction approach is the same, except the modal velocities and
displacement are contained in the dg and g vectors, respectively. Strictly speak-
ing, due to the helical geometry, we should also consider the axial (z direction)
forces and potential deflections. However, for most endmilling applications, the
z direction dynamic stiffness is much higher than the x or y direction stiffness
values, so it is common to consider the z direction to be rigid.

Finally, because these simulations tend to take longer than the straight tooth
cases, a progress bar has been added (for the impatient among us). The
MATLAB®) function waitbar was used to accomplish this task®.

IN A NUTSHELL Because the teeth are helical, the portion of

each tooth that is engaged in the cut varies as the tool rotates. The

changing deflection of the tool is imprinted on the machined

surface parallel to the tools’ axis of rotation. It is difficult to

include this complexity in the analytical formulations, but rela-
tively straightforward to include in the time-domain simulation. For this and
many other reasons, time-domain simulation is a better representation of the
cutting process than either of the analytical formulations described earlier. As
with all of engineering, however, there is an inherent trade-off to be made. In
this case, it is that increased accuracy is computationally more intensive.

Example 4.5.1: Comparison of forces between straight and helical teeth In this
example, we compare the cutting forces produced by straight and helical teeth
with all other conditions being equal. We model a 30% radial immersion up
milling cut with a zero start angle and exit angle of 66.4 deg. There are two
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Fig. 4.5.4 Two mode FRF for Ex. 4.5.1 (x and y direction responses are equal)

identical modes in both the x and y directions. These are expressed in modal
coordinates as: f,; = 800 Hz, k,; =2 x 10’ N/m, and (n = 0.05;and f,, =
1000 Hz, kp = 1.5 x 10’ N/m, and (42 = 0.03. The FRF in local coordinates
for these modal parameters is displayed in Fig. 4.5.4. The workpiece material is
an aluminum alloy and it is machined with a four tooth, 19 mm diameter square
endmill using a feed per tooth of 0.15 mm/tooth. For a specific force value of K =
600 N/mm? and force angle of 3 = 60 deg, the corresponding cutting force
coefficients are k, = 520 N/mm? and k,, = 300 N/mm? or, equivalently, K, =
520 N/mm? and K,, = 0.577.

We wish to consider stable cutting conditions for the time-domain force
simulations. To aid in the selection of stable (£2, ) combinations, we first generate
the stability lobe diagrams using the average tooth angle and Fourier series
approaches. The directional orientation factors for the average tooth angle
approach are pi, = cos(f — 56.8) cos(56.8) and 1, = cos(146.8 — 3) cos(146.8)
as described in Ex. 4.3.3, where the average tooth angle in the cut is now 33.2 deg.
The stability lobe diagrams for the two analytical methods are shown in
Figs. 4.5.5 and 4.5.6. We observe that the stability limits are similar and a preferred
speed is near 15000 rpm. This agrees with the best spindle speed selection rule given
in Eq. 4.3.7 even though this is a two degree of freedom system. The MaTLAB™
program p_4 5 1_2.m (available on the companion CD) was used to generate
these two figures.

Ja-60 1000 - 60
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4.5 Milling Time-Domain Simulation with Helical Teeth 153

20 T

15

Bjim (Mm)
>

0 0.5 1 1.5 2 25 3

Q (rpm) .
x 10

Fig. 4.5.5 Stability lobe diagram for Ex. 4.5.1 using average tooth angle approach
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Fig. 4.5.6 Stability lobe diagram for Ex. 4.5.1 using Fourier series approach (j = 0 to 4)

For the time-domain simulations, let’s choose the number of steps per
revolution to be 800 and the number of revolutions to be 30. The spindle
speed is 15000 rpm and two axial depths of cut are considered. Figures 4.5.7
and 4.5.8 show the resultant cutting forces (in the x-y plane) for a small time
portion of the simulation result with » = 5 mm and helix angles of zero and
45 deg, respectively. A comparison of the two figures shows clear differences.
First, the maximum cutter force is lower for the helical teeth endmill. Second,
the force grows to its maximum value and then abruptly drops to zero at the cut
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Fig.4.5.7 Resultant cutting force versus time for zero helix angle endmill with Q = 15000 rpm
and b = Smm
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Fig. 4.5.8 Resultant cutting force versus time for 45 deg helix angle endmill with Q =
15000 rpm and » = 5Smm

exit angle for the straight tooth endmill. For the helical teeth cutter, on the other
hand, the force grows and then decreases in a more saw tooth pattern and does
not quite reach zero. We can understand this behavior using Eq. 4.5.2 and
Fig. 4.5.2. The lag angle between the free end of the cutter and the helical edge at
b=5mmisy= 2bt2;n(w) = 25[?3(45) =30.2 deg. This means that the cutter
rotates 30.2 deg between the time that the free end of the helical tooth enters
the cut (assume that ¢ = 0 here) and the time that the helical edge at » = S mm is
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engaged. At ¢ = 66.4 deg, the free end cutting edge begins to exit the cut, but the
helical portion nearer the spindle remains engaged. The force therefore does not
drop immediately to zero. In fact, it does not drop to zero at all because, by the
time the » = 5 mm helical portion exits the cut (30.2 deg later), the next tooth has
entered the cut (i.e., 30.2 + 66.4 = 96.6 deg is greater than the tooth pitch of
90 deg).

As noted in [11, Example 9.12], this “wrapping” behavior of the helical
cutting edge can be exploited to achieve a constant cutting force at particular
axial depths of cut. These b values are obtained when the lag angle is equal to the
pitch angle. In this case, the same cutting edge length is engaged regardless of
the cutter angle or radial depth of cut. The situation is depicted in Fig. 4.5.9,
where the left gray box covers the cutting edge length for tooth 1. At a later
instant in time, the right gray box represents the same lag distance for the helical
endmill. Although tooth 1 is no longer engaged, we see that the same cutting
edge length is covered but it is now made up of portions of teeth 2 and 3. This
constant cutting edge length leads to the same force value for the two instants.
The b value at Wthh thls behavior is observed is determined by rewriting
Eq.4.53tobe: b = 2tan(7) For this example (45 deg helix with four teeth), the
axial depth for constant cutting force is:

_d-g, 19 - 90180_
b= 2tan(y)  2tan(45) 14.9mm

Multiples of this axial depth will yield the same constant force behavior
provided the cutting conditions remain stable (and sufficient flute length is
available), although this is unlikely for typical tool-workpiece combinations.

Fig. 4.5.9 when the lag angle is equal to the pitch angle, the same length of cutting edge is
engaged regardless of the cutter angle (as shown by the two gray boxes). The force is constant
for this axial depth
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Fig. 4.5.10 Resultant cutting force versus time for 45 deg helix angle endmill with Q =
15000 rpm and b = 14.9 mm

Figures 4.5.10 and 4.5.11 show the resultant forces for 2 = 15000 rpm and b =
14.9 mm with helix angles of zero and 45 deg, respectively. It is seen that the cut is
bordering on instability in Fig. 4.5.10; the force is disturbed from its nominal
values by regeneration. In Fig. 4.5.11, however, the force is nearly constant
with a small oscillation that is retained from the initial transients. Note that
the same force scale is used on both plots. Clearly, the maximum force is much
lower for the helical cutter. Figures 4.5.8 through 4.5.11 were produced using
programp_ 4 5 1 I.m.
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Fig. 4.5.11 Resultant cutting force versus time for 45 deg helix angle endmill with 2 =
15000 rpm and » = 14.9 mm
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4.6 Ball Milling Time-Domain Simulation with Helical Teeth

In this section we extend the helical teeth milling simulation for square endmills
from Section 4.5 to incorporate the spherical geometry of ball endmills. The
circular tool path assumption is again applied. Additionally, the tool is sec-
tioned into slices along its axis, as before, and the tool axis is perpendicular to
the feed direction (in practice, the ball endmill axis is often inclined with respect
to the feed direction to avoid cutting with the zero velocity point at the ball
apex, but we will not treat this case). The ball endmilling simulation geometry
and variables are displayed in Fig. 4.6.1, where we now compute the z direction
force component although we maintain our assumption of rigid z direction
dynamics. As shown, the width of the axial slices along the tool axis is ¢z. This
value is again selected to ensure that the instantaneous cutter angle is coincident
with one of the predefined phi angles as in Section 4.5. See Eq. 4.6.1, where vy is
the global helix angle (the local helix on the spherical end varies with the z
location as described in [12]).

AL B (4.6.1)

2 tan(7)

The new variable, «/, is identified in Fig. 4.6.1 (the prime is used to differ-
entiate it from the variable  used in the Fourier series stability analysis). This
represents the angle between the tool axis and the ball surface normal for the
current axial slice and is calculated using Eq. 4.6.2, where j is the axial slice in
question (cnt4inp_4 6 1 1.m)and ris the radius. It is used to first project the
chip thickness from the x-y plane onto the tool surface normal direction and,
second, project the tangential, normal, and axial force components onto the x-
y-z coordinate directions (together with the tooth angle) [12].

Fig. 4.6.1 Ball endmilling simulation geometry. The normal force component, F,, is oriented
along the ball surface normal
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- d 2j - d:
k' = cos”! (1 —]TZ) =cos ™! (1 - ]d Z) (4.6.2)

As with the helical square endmill simulation, the instantaneous chip thick-
ness in the x-y plane is determined from the: 1) nominal chip thickness, which
depends on the feed per tooth and angle of the current tooth for the selected
slice, phia; 2) vibrations in the x and y directions from the previous tooth,
collected in the surf array (defined in the same way as described in Section
4.5); and 3) the x and y vibrations of the current tooth projected in the radial
direction (i.e., the direction from the current tooth toward the tool axis in the x-
y plane — this was the normal direction, n, for the helical square endmill
simulation p_4_5_1_1.m). However, the x-y plane thickness must then be
projected onto the ball surface normal direction using «’ (kappa_p). The
relevant lines from the MATLAB®R) program p_4 6_1 1.m are provided here.

n = x*sin(phia*pi/180) - y*cos (phia*pi/180);
h = (ft*sin(phia*pi/180) + surf(cnt4, phi counter)
- n)*sin(kappa p);

In addition to calculating the chip thickness, the chip width for each slice, db,
must also be determined. While this was simply the width of each axial slice for
the square endmill geometry, it is now the arc length of the current slice when
cutting with the ball surface. The situation is depicted in Fig. 4.6.2, where the
arc length is the product of the radius and the angle 6. See Eq. 4.6.3. The angle 6
is, in turn, the difference between ' and ¢, § = ' — #'. The angle #' is defined in
Eq. 4.6.4.

db = rf (4.6.3)

¢ = cos! (M) — cos ™! <1 - M) — cos! (1 - M) (4.6.4)

r

d

r

Fig. 4.6.2 Geometry for chip width, db, calculation when cutting on ball surface
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Once the chip thickness and width are determined, the cutting force compo-
nents in the tangential, normal, and axial directions are determined for each
axial slice. See Egs. 4.6.5 through 4.6.7 (referring to the F, component as axial is
actually something of a misnomer since it is directed along the tool axis only
when &’ is 90 deg). Notice that a new cutting force coefficient, k,, is defined in
Eq. 4.6.7. It fills the same role as k; and k,,, to relate the force to chip area, and is
expressed in units of N/mm?, or equivalent.

F, = k.hdb (4.6.5)
F, = kyhdb (4.6.6)
F, = kohdb (4.6.7)

As shown in Fig. 4.6.1, the projection of these components on the x-y-z fixed
coordinate frame depends on both the instantaneous cutter angle, ¢, and the
ball surface normal direction, &', for the selected tooth and slice. The force
relationships are provided in matrix form in Eq. 4.6.8, where ¢, is the tooth
angle phia from the MATLAB®) program p_4_6_1_l.m.

Fy cos(¢g)  sin(¢,)sin(k’)  —sin(¢,) cos(k') F,
F, » = | sin(¢,) —cos(¢,)sin(k’) cos(¢,)cos(k’) F, (4.6.8)
F, 0 —cos(x') —sin(x’) F,

The only remaining issue that must be addressed in the simulation is treating
the case where the commanded axial depth is greater than the ball radius. In this
situation «’ is set to 90 deg and Eq. 4.6.8 collapses to Eq. 4.6.9. The x and y force
projections are now identical to the helical square endmill simulation and the z
component is equal to the axial force (with the appropriate sign convention
applied).

F, cos(o,)  sin(¢,) 0 F,
F, » = | sin(¢,) —cos(¢,) O F, (4.6.9)
F. 0 0 1] Fa

Example 4.6.1: Comparison of forces between square and ball endmills Here we
compare the cutting forces produced by helical square and ball endmills. As in
Ex. 4.5.1, we consider a 30% radial immersion up milling cut with a zero start
angle and exit angle of 66.4 deg with an axial depth of 5 mm (which is less than
the tools’ radii of 9.5 mm). The dynamic responses in the two directions are the
same as was previously presented. The workpiece material is an aluminum alloy
and it is assumed that the cutting force coefficients are the same for both four
tooth endmills. For a specific force value of K, = 600 N/mm? and force angle of
B = 60 deg, the corresponding cutting force coefficients are k, = 520 N/mm”
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and k,, = 300 N/mm? and the axial coefficient, k,, is taken to be equal to k,,. The
feed per tooth is 0.15 mm/tooth.

For the simulations, let’s use 1200 steps per revolution and complete 10
full revolutions. Results for the cutting forces in the x, y, and z directions
under these conditions are displayed in Figs. 4.6.3 through 4.6.5, respec-
tively (the time span includes data that follows the attenuation of the
initial transients). Differences are observed in all three directions. This is
due to the variation in the ball surface normal angle and the corresponding

350 T T T T

300

250

Fx(N)

0 1 I 1 1
0.03 0.032 0.034 0.036 0.038 0.04

t(s)

Fig. 4.6.3 Comparison of x direction cutting force for ball (solid line) and square (dotted line)
helical endmills

300 T T T T

250 | A
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150

Fy (N)

D

[9)]
o
T
1

-50 1 1 1 1
0.03 0.032 0.034 0.036 0.038 0.04

t(s)

Fig. 4.6.4 Comparison of y direction cutting force for ball (solid line) and square (dotted line)
helical endmills
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Fig. 4.6.5 Comparison of z direction cutting force for ball (solid line) and square (dotted line)
helical endmills

projections of the normal and axial components according to Eq. 4.6.8.
Naturally, the resultant force, F = F2 + Fy2 + F.2, is the same for both

Figs. 4.6.3 through 4.6.5.

4.7 Experimental Cutting Force Coefficients

To conclude this chapter, let’s discuss experimental determination of the cutting
force coefficients for the milling force model (a square endmill geometry is again
presumed). As shown in Fig. 4.1.8, these tests are carried out by prescribing a
known feed per tooth and axial depth and measuring the x (feed), y, and z
(axial) direction cutting force components in the dynamometer’s fixed coordi-
nate frame. Prior to detailing the numerical and experimental techniques used
to obtain the coefficient values, however, let’s revisit the force model and
corresponding coefficients.

4.7.1 Updated Force Model

Equations 4.1.6 through 4.1.10 and 4.3.12 are all based on the assumption that
the resultant cutting force, F in Fig. 4.1.7, is directly proportional to the chip
thickness (and axial depth) and independent of other operating parameters.
Although this is a reasonable assumption for the development of stability lobe
diagrams used to guide the selection of preferred spindle speeds, comparison
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with measured cutting forces can show discrepancies with this approximation.
First, because the cutting edge radius is nonzero, as the chip thickness is reduced
to values near the edge radius there is increased rubbing’ between the cutting
edge and work surface which leads to a larger cutting force than the F = Kbh
model would predict. With respect to chip formation in orthogonal cutting
(Section 3.1), the rake angle, or inclination of the cutting edge relative to the
surface normal, depends on both the chip thickness and edge radius in this case
and can become negative if the ratio is unity or smaller, although the tool may
have been designed with a positive rake angle at the macroscopic level. This
rubbing phenomenon can be incorporated in the force model by adding a
constant, or DC, force component that scales with the axial depth only, such
that the force is nonzero even as the chip thickness approaches zero. This is
referred to as the “edge effect” in [13] and threshold value in [14]. Additionally,
the force may not linearly increase with chip thickness, but could follow a power
law such as F = K;bh¢, where c is a positive constant less than one [14]. Second,
due to the variation in strain rate, temperature, and subsequent chip formation
behavior, decreases in cutting force can be observed for higher cutting speeds
[15]. This imposes a spindle speed dependence on the cutting force coefficients.
Both of these issues (rubbing effect and cutting speed dependence) highlight the
notion that these coefficients should not be considered material properties of
the workpiece, but rather as approximate descriptions of the process behavior
which depend on the tool-workpiece combination and, to a lesser extent, the
operating conditions. Additional investigations of cutting force modeling may
be reviewed in [16—26].

In order to improve the accuracy of the cutting force model without intro-
ducing significant complexity, let’s augment Eqs. 4.1.7 and 4.1.8 to incorporate
edge effects. Equations 4.7.1 and 4.7.2 now each include two coefficients: one is
associated with “cutting” (or shearing) and includes the chip thickness depen-
dence; and the other is the “rubbing” (or plowing) term, which is independent of
chip thickness (denoted by the “e” subscript extension). We note that the DC
rubbing terms, k,.b and k.b, would be neglected in our analytical linear
stability analyses anyway, so this does not invalidate our previous stability
lobe diagram derivations. We have also added the axial force term in
Eq. 4.7.3, which was neglected in our straight tooth analysis.

Fy = knbh + knob 4.7.1)
F, = kbh + kb (4.7.2)
Fy = kabh + kaob (4.7.3)

> Plowing (alternately ploughing), or plastic deformation without material removal, can also
occur for significant interference between the tool relief surface and workpiece.
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We determine the six coefficients via linear regression using the average
cutting forces measured by the dynamometer over a range of feed per tooth
values. Projection of the normal and tangential components into the x, y, and z
directions for the square endmill geometry, as shown in Fig. 4.1.8, gives
Eqgs. 4.7.4 through 4.7.6.

Fy = k;bf; sin(¢) cos(¢) + kb cos(¢) + k,bf; sin®(¢) + kybsin(¢) — (4.7.4)
F, = kbf; sin2(¢) + kibsin(¢) — k,bf; sin(¢) cos(p) — kn.bcos(¢p)  (4.7.5)

F. = —k,bf; sin(¢) — kueb (4.7.6)

If we apply the double angle identities: sin(¢)cos(¢) = w and
sin’(¢) = 1_%5(2(/’), we obtain Eqs. 4.7.7 and 4.7.8. The z direction force equa-
tion is unchanged.

— kb, 0) Sm(m + kieb cos(¢) + knbf; w +kpbsin(é)  (4.7.7)
ﬂ:hmgigﬂ%ﬁ+mmmw)kwﬁm“m—hﬁmq@ (4.7.8)

2

To determine the mean cutting force per revolution, we must first augment
the previous equations with the summation that accounts for all teeth on the
cutter and the switching function that is nonzero only when the tooth angle is
bounded by the cut start and exit angles.

N[ f— .
ro3s (k bﬁsm( ) | obeos(y) +knbﬁw

J=1

+mmm@0ﬂ@ (4.7.9)

F = Z (k pf, E D)) COS(M’)) + kiebsin(;) — kibf; sm( %) k,,gbCOS(@))g (¢)) (4.7.10)

F.= E: —kbf;sin(¢;) — kaeb)g () (4.7.11)

The mean force per revolution in the x direction, for example, is then

~ e

determined by F\, = ﬁ f F.d¢. Because the integration limits are set between
¢.&

the start and exit angles, the switching function is always equal to one and is

effectively removed from the integral. Also, the summation is incorporated by

the multiplication of the integral by N, as shown in Eq. 4.7.12. This equation is

rewritten in Eq. 4.7.13.
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Pe

F\' = %/ (ktbft Sln(zd)) + k[()b COS((b) + k,lbf,

(=0l psino) ) o @.7.12)

s 2
[on
Do
F.= ]Z—;Ib/ (ke ofs sin(20) + 2k c08() + knft — knft cO8(2¢)) + 2kne sin(¢))de  (4.7.13)
b
By application of ['sin(ax)dx = —1cos(ax) and [cos(ax)dx = Lsin(ax), the

integral in Eq. 4.7.13 is determined to be:

é
F, = Nib {f %f, cos(2¢) + 2k, sin(¢p) + kofip — %f, sin(2¢) — 2k, cos(gb)}

YT 4n

L (47.14)
Os

which can be rewritten as shown in Eq. 4.7.15.

_ {N,bf}

_ . Nb . o
F, o (—k,cos(2¢) + k,(2¢ — sin(2¢))) + e (ke sin(¢) — ke cos(qﬁ))} (4.7.15)

[

Similarly, the y and z direction mean cutting forces per revolution are:

Do
- {Néifz (k;(2¢ — sin(2¢)) + k, cos(2¢)) — Z—f (ke c0S() + ke sin(gz)))} ~ (47.16)
and
_ Nb . S
FZ Bl e (kfzft COS(¢) - kae(z)):l . (4717)
21 4

If we select 100% radial immersion (slotting) for the cutting tests, then ¢, = 0
and ¢, = 180 deg and Egs. 4.7.15 through 4.7.17 simplify to:

Fo— Ntbkn Ntbkne

P 1 fi+ , (4.7.18)
T

 Nibk, . Nibk,

e

F, (4.7.19)

and

F— _szkaﬁ B N,bkae.
T 2

(4.7.20)



4.7 Experimental Cutting Force Coefficients 165
4.7.2 Linear Regression

Given these expressions, we complete linear regressions (over chip thickness) to
determine the six unknown cutting force coefficients: &,,, k., k;, k.o, ko, and k.
from measured (mean) force values. Note that the first term on the right hand
side of the average force expressions in Eqs. 4.7.18 through 4.7.20 is a function
of the feed per tooth, while the second term is not. These equations therefore
match the (linear) slope-intercept form if f; is the independent variable and the
mean force is the dependent variable. In the x direction, for example, the slope is
% and the intercept is % See Fig. 4.7.1.

The form of the linear regression for the x direction is
F.; = aox + aivfr; + Ei, where (f,;, Fy;) are the data pairs, ao, is the intercept,
ai is the slope, and E; is the error between the measured F, values and the line
aoy t apf,. For n > 2 data pairs, the slope and intercept are determined by
minimizing the sum of the errors squared [14].

n

n
S =3 ()
i=1

i=1

The slope and intercept expressions obtained from this minimization are
provided in Egs. 4.7.21 and 4.7.22.

n

n Zfr.,in,i > 1> Fx,i
i=1 i=1

i=1

aix = B ; 3 (4721)
WA
= i=1
1<\ = 1<
aos =3 Fei—an—> fii (4.7.22)
i=1 i=1
F,
N,bk,
4

X ¥ Data pair
Nbk for single
— cutting test

i

Fig. 4.7.1 Graph of Eq. 4.7.18, which relates the feed per tooth to the x direction mean force
per revolution for slotting
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To determine the quality of the linear fit to the data, we can calculate the
coefficient of determination, %, where r is the correlation coefficient. The 1
value describes how well the original uncertainty is explained by the linear
model. For example, if » = 0.95, then the line captures 95% of the data
behavior. (There are exceptions where a high > value does not guarantee a
successful fit, but a visual analysis of the data and line is sufficient to identify
these situations [14].) See Eq. 4.7.23, which is again specific to the x direction.
n _ n 2 n

<Fx,i - %Z Fx,i) - Z E,2
P2 == = = (4.7.23)

n _ noo_
(FXJ - Z EY,i)
i=1 i=1

Once the slope and intercept values are determined from the linear regres-
sions for the x, y, and z direction mean force data (for slotting conditions), the
cutting force coefficients are determined from Eqgs. 4.7.24 through 4.7.26. In
these expressions, the first a subscript denotes slope (1) or intercept (0), while
the second subscript indicates the measurement direction (x, y, or z) as shown in
Eqgs. 4.7.21 and 4.7.22.

3=

4a T - dox
- - 4.7.24
kn Ntb kne N[b ( 7 )
g, =2 _Tody (4.7.25)
"UNb T OND o
PO SIS (4.7.26)
“ Nb “ N o

Example 4.7.1: Determination of cutting force coefficients To demonstrate the
linear regression procedure for obtaining cutting force coefficient values from a
particular tool-workpiece material pair, the MATLAB®R) program p 4 7 1 1.m
is included on the companion CD. In this program, the cutting forces are
first generated for the following conditions: k,, = 190 N/mm?, k,, = 5 N/mm,
k, = 710 N/mm?, k,, = 4 N/mm, k, = 95 N/mm?, and k,, = 2 N/mm; b = 5mm,
f, = {0.05,0.1,0.15, 0.2, and 0.25} mm/tooth, Q = 5000 rpm, ¢, = 0, and ¢, =
180 deg; and N, = 2, 8 = 30 deg, and d = 19 mm for the square endmill.
Figure 4.7.2 shows the forces for a single cutter revolution and feed per tooth of
0.25 mm, where (mean zero) Gaussian noise has been added. The mean forces
for the x, y, and z directions are 136.1 N, 458.5 N, and —86.4 N, respectively.
After the forces are generated and the mean values computed, the linear
regression is completed to determine the slopes and intercepts for the x, y, and
z directions; see Fig. 4.7.3. They are then used, together with the preselected N,
and b values, to determine the six cutting force coefficients as shown in
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Fig. 4.7.2 Simulated cuttings forces for linear regression demonstration in EX. 4.7.1. The feed

per tooth for the slotting cut is 0.25 mm/tooth
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Fig. 4.7.3 Linear regression results for simulated forces in Ex. 4.7.1

0.3

Eqgs. 4.7.24 through 4.7.26. Finally, the coefficients of determination are

calculated.

4.7.3 Experimental Techniques

The required forces are typically measured using a table top cutting force
dynamometer. The dynamometer is mounted to the machine table and aligned
with the feed direction. Important considerations for force measurement
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include the force signal magnitudes and frequency content. As with any digital
data collection, the range of the x, y, and z direction data acquisition channels
should be selected so that adequate resolution is achieved. To set the maximum
and minimum signal levels prior to machining, the simulation provided in
p_4 7 1 1.m, for example, may be used with assumed coefficient values for
the tool-workpiece material pair. Table 3.1.1 can be useful in estimating the
cutting force coefficients.

Regarding frequency content, a dynamometer is also a dynamic system and
therefore has its own associated frequency response. Naturally, if the cutting
force has frequency content near a natural frequency of the dynamometer, then
this content will be artificially amplified and the force data will be corrupted by
the dynamometer dynamic response. The tooth passing frequency, defined in
Eq. 4.1.14, provides a lower bound on the desired dynamometer bandwidth (i.c.,
the location of the first natural frequency for the dynamometer-workpiece
combination). However, as shown in Fig. 4.1.15, multiple harmonics of the
tooth passing frequency may be present, depending on the number of tecth
and radial immersion. To determine the frequency response for a particular
dynamometer-workpiece setup, impact testing can be applied. (It is necessary
to include the mounted workpiece because it effectively mass loads the dynam-
ometer and reduces it first natural frequency.) The impact hammer is used to
excite the dynamometer in the x, y, and z directions and the corresponding
force output is measured. The frequency-domain ratio of the output to input
force can then be calculated and analyzed. To avoid data corruption by the
dynamometer, the tooth passing frequency can be set such that there is no
appreciable content at or beyond the first natural frequency of the dynam-
ometer-workpiece combination. However, because decreases in cutting forces
can be observed for higher cutting speeds [15], it may be preferable to test in the
anticipated spindle speed range. In this case, one option is to filter the measured
force using the inverse of the dynamometer force-to-input force frequency
response. See, for example, the method proposed in [27]. An inverse filtering
approach for a spindle-based torque dynamometer is also described in [28].

As a final note, it should of course be ensured that the cutting tests are stable. As
described in the previous sections, the tool point frequency response function in the
x and y directions should be measured and used as input, together with assumed
cutting force coefficients, to one or both of the analytical stability lobe algorithms
in order to estimate a stable axial depth of cut for the selected radial depth (slotting
in Eqs. 4.7.24 through 4.7.26), number of cutter teeth, and spindle speed.

IN A NUTSHELL Of course, what constitutes “significant
complexity” is in the eye of the beholder. Most of the information
about stable and unstable cutting conditions can be correctly
deduced using the approximation that the cutting force is pro-
portional to the frontal area of the chip through a single cutting
force coefficient. Increasing the accuracy of the prediction requires increasing
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the complexity of the model and the amount of required information. Knowing
where to draw the line in order to obtain an answer that is good enough is the
essence of engineering. Different readers will have varying objectives and will
draw that line in different places.

Exercises

1. Compute the start and exit angles for the following milling cases.

a) Up milling, 30% radial immersion
b) Down milling, 40% radial immersion

2. Determine the tooth passing frequency for a cutter with three teeth rotating
at 10000 rpm.

3. Calculate the maximum y direction force for a 40% radial immersion down
milling cut carried out using a three tooth end mill; see Fig. e.4.3. The
material-tool combination gives: k; = 720 N/mm2 and k, =200 N/mm?
(aluminum alloy). Also, » = 2.5 mm and f; = 0.2 mm/tooth. Assume a
rigid cutting tool and workpiece.

Fig. e.4.3 Down milling force geometry

4. For the average tooth angle milling stability analysis, complete parts a)
through d). A 35% radial immersion up milling cut is to be performed
using a square end mill with four teeth and the force angle, 3, is 68 deg.
See Fig. e.4.4.

a) Determine the average angle of a tooth in the cut.
b) Calculate the directional orientation factors.

—

e

Fig. e.4.4 35% radial immersion up milling geometry
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¢) Compute the oriented frequency response function and identify the valid
chatter frequency range(s) in Hz. The x direction dynamics are given by:
fox = 1000 Hz, k, =7 x 10°N/m, and ¢, = 0.03 and the y direction
dynamics are: f,,, = 1200 Hz, k, = 6 x 10’ N/m, and ¢,, = 0.04. You may
assume that these single degree of freedom parameters were obtained
from a modal fit to frequency responses measured in the x and y directions
with bandwidths of 0 to 2500 Hz.
d) Plot the first five stability lobes, N = 0 to 4. The workpiece material is
1020 carbon steel; see Table 3.1.1.

For the cut described in Exercise 4, use the Fourier approach to obtain the
stability lobe diagram (j = 0 to 4).

Calculate the lowest axial depth for which a constant cutting force is
obtained independent of the selected radial depth of cut. The helical square
end mill has a diameter of 10 mm, six teeth, and a 42 deg helix angle.
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Chapter 5
Surface Location Error in Milling

No amount of experimentation can ever prove me right; a single
experiment can prove me wrong.

- Albert Einstein

In Chapter 4 we described analytical approaches to determining the stability
behavior of milling. We showed stability lobe diagrams that identify stable and
unstable combinations of spindle speed and axial depth of cut in a graphical
format. We also developed time-domain simulations that predict forces and
displacements for straight and helical teeth square endmills and helical teeth
ball endmills. These simulations could also be employed to determine stability.
In this chapter, we presume that stable cutting conditions have been selected
and we investigate the influence of forced vibrations on part geometric accu-
racy. We refer to part errors that occur due to forced vibrations as surface
location errors and again apply both analytical frequency-domain and time-
domain approaches to their prediction.

5.1 Surface Location Error

As we’ve seen, the process dynamics can impose significant limitations on
milling efficiency due to chatter, or self-excited vibrations that lead to large
forces, displacements, and poor surface quality. However, productivity can also
be limited by forced vibrations which cause surface location error, or workpiece
geometric inaccuracies that result from dynamic displacements of the tool
during stable milling [1-14]. Other limiting factors include, for example,
machine tool quasi-static positioning errors, thermal errors, contouring errors,
and tool wear [15], but we do not address these here.

A visual explanation of the surface location error phenomenon is provided in
Fig. 5.1.1. Even under stable cutting conditions, the tool experiences forced/
synchronous vibrations which depend on the system frequency response
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© Springer Science+Business Media, LLC 2009



174 5 Surface Location Error in Milling

Tool vibrations

1
I
|
] r Tool path
] c "
1 1
1 1
' : : $ Initial part
Lo -
1 I 1
i 1 :\E Intended final
! ! part size
| l
L e e o o e o e o e e e e e e e o2 |
(a)
\ Actual final
part size
—
IR AN

Fig. 5.1.1 Demonstration of surface location error. (a) Intended down milling cut geometry.
(b) Undercut example. (c) Overcut example

function, FRF, and excitation frequency (or tooth passing frequency, see
Eq. 4.1.14), as well as other process parameters, including the radial and axial
depths of cut, feed per tooth, and force model coefficients (although the actual
cutting force doesn’t inherently obey our selected force model, we do require a
model with corresponding coefficients for simulation purposes). In Fig. 5.1.1a,
we conveniently assume that the tool vibration follows a sinusoidal profile in
the feed direction while peripheral milling a square shape. The position of the
tool in its periodic vibration cycle as is exits the down milling cut determines the
actual location of the machined surface'. In Fig. 5.1.1b, due to the selected
tooth passing frequency, the surface is undercut, i.e., less material is removed

! This also explains why a vibrating tool can leave a smooth surface. Because the tool
vibration is synchronous with rotation, the tool is in the same position each time it creates
the new surface.
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than commanded. In this case, the tool vibration is away from the intended
surface at each instant that a tooth is exiting the cut (only these cutter angles are
shown and the lateral scale is greatly exaggerated). Figure 5.1.1c represents the
overcut condition where more material is removed than commanded. Now the
tool vibration is toward the intended surface when the tool is exiting the cut.
Analogous representations could be provided for up milling, except we are
interested in the tool location as it enters the cut.

The source of the surface location error behavior is the variation of the
machine-spindle-holder-tool, and potentially the workpiece-fixture, FRF mag-
nitude and phase with forcing frequency (as shown in Fig. 2.2.3, for example).
Due to the change in phase with tooth passing frequency (spindle speed), the
time lag between the force and vibration varies. Therefore, the location of the
cutter in its vibration cycle when leaving the surface depends on the selected
spindle speed. The dependence of surface location error on the phase lag
between the forcing function and displacement causes significant variation
near the natural frequency (considering a single degree of freedom system for
simplicity) because for the lowly damped tool point FRFs typically observed in
practice, the phase changes rapidly in this frequency range. To explore this
behavior, we first describe a frequency-domain solution to surface location
error and then demonstrate the spindle speed dependence with numerical
examples.

IN A NUTSHELL The concept of surface location error may

be surprising to some readers. In CNC programming packages,

the tool is modeled as a cylinder (or perhaps a cylinder with a

spherical end), the workpiece is modeled as a prismatic solid, and

the workpiece is created by the relative motion of the cylinder
with respect to the solid. However, the tool is not a cylinder. It is a collection of
cutting edges that rotate together.

It is obvious to many that the tool and workpiece are not rigid. This is
certainly one of the reasons for making a roughing pass followed by a finishing
pass. This intuition reveals the static surface location error. However, actual
surface generation is more complicated than a static deflection. The variable
cutting force, even in stable machining, causes the tool to vibrate. The surface
location is controlled by the position of the tool in its cycle of vibration at the
time that a tooth is in a position to generate the final surface. The tool may
exhibit large vibrations, yet still produce an accurately located surface. Alter-
nately, these large vibrations may produce significant errors in the surface
location.

By analogy, we might imagine that the vibrating tool is like a swing on a
playground. The surface generation is like the moment of contact between the
pusher and the swing. The pusher can stand far behind the swing and push as
the swing reaches its peak displacement (poorly located surface) or the pusher
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may stand to the side and push the swing as it passes through its equilibrium
position (perfectly located surface).

Of course, the cutting operation is more complicated. Naturally, the surface
location error is spindle speed dependant. The spindle speed sets the frequency of
the force exciting the vibration and, therefore, defines the resulting displacement
according to the frequency response function. In addition, if the cutter teeth are
helical, then different levels of the surface are generated at different instants in
time. The surface location error along a line parallel to the tool’s rotation axis,
therefore, varies from the tip of the tool to the full axial depth of cut.

5.2 Frequency-Domain Solution

In chapter 4 we described the average tooth angle [16] and Fourier series
[17] approaches to stability behavior prediction in milling. Both were fre-
quency-domain methods that relied on knowledge of the FRF and force
model coefficients. To complement these analytical tools, we now describe a
frequency-domain solution to surface location error [18]. Together, these
provide a comprehensive picture of the role of milling dynamics in process
productivity.

In order to determine surface location error using a frequency-domain (or
steady-state) approach, we make two basic assertions. First, although vibra-
tions of the cutter occur in both the x and y directions, the y direction vibrations
dominate the final surface location for an x direction feed. Second, regeneration
can be neglected in stable machining. Based on these assumptions, the concept
is to: 1) express the y direction cutting force in the frequency-domain, Fy(w)
using a Fourier series; 2) determine the frequency-domain y displacement, Y(w),
by multiplying F(w) by the machine-spindle-holder- tool direct FRF (measured
or modeled at the tool point) in the y direction, Hw) ) and 3) inverse Fourier
transform this result and sample at the cut entry éup milling) or exit (down
milling) to find the surface location error. Note that, unlike time-domain
simulation, the tool point FRF can be used directly without the requirement
for a modal fit in this approach.

5.2.1 Fourier Force Model

If we apply the cutting force model provided in Eq. 5.2.1, which relates the
tangential, F,, and normal, F,, cutting force components to the axial depth of
cut, b, and chip thickness, /1, F,(¢) can be expressed as shown in Eq. 5.2.2. In this
equation, the summations account for all possible teeth within the cut, a circular
tool path is assumed, f; is the feed per tooth, and g(¢;) is the switching function
previously defined in Eq. 4.3.10. Also, the angle of each tooth, i (N, total), at any
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instant in time is ¢; = wt+2ﬁ’f(i — 1) (rad), where w is the spindle rotating
frequency (in rad/s).

5!
S
i

kibh(d) + kb
Fn(¢) = knbh(¢) + km,b
N, N,
L3 2(i)(1 = cos(20)) + 53" g(4) sin(2¢)—
R@)=-b| 7, N (5.22)
kl@ ;g(qﬁ,) Sil’l(d)[) + kne Zg(¢1) COS(¢1’)

i=1

(5.2.1)

The equivalent Fourier series for the y direction cutting force can be written
once the Fourier coefficients, a, and b,,, are determined.

N, 00
Fy(¢) = Z (ao + > (aycos(ng;) + by, sin(n¢,~))>

i=1 n=1

The a, term, for example, can be found using Eq. 5.2.3, where the integral for a
full revolution of the selected tooth may be divided into three parts. The three
subsequent integrals are delineated by ¢;, which represents the cut entry angle in
down milling or cut exit angle in up milling, and = rad, which defines the maximum
angle that a tooth can be engaged in the cut (if ¢ is defined positive in a clockwise
sense from the positive y axis). See Fig. 5.2.1. Considering a down milling cut, for
example, only the middle of the three integrals in Eq. 5.2.3 is nonzero due to the
switching function embedded in F\(¢). Performing the relevant integration for
down milling yields Eq. 5.2.4. For up milling, only the first integral in Eq. 5.2.3 is
nonzero and the integration limits become zero to ¢; in Eq. 5.2.4.

2n ¢ T 2n
1 1
w=s- [ Biouto=5-| [ F@ids+ [ Fioor [ R 623
0 0 1 n
y Yy
&
() (b)

Fig. 5.2.1 Angles for Fourier series integrals. (a) Up milling. (b) Down milling
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The a, coefficients are computed using Eq. 5.2.5 and the b,, coefficients using
Eq. 5.2.6. Again, the integrals can be partitioned using ¢; and 7 as shown in
Eq. 5.2.3. Closed-form equations for the n = 3,4, 5, ... coefficients are determined
by observing the recursive patterns after integration. See Appendix C.

2n
1
a, = ;/ F,(¢) cos(nep)de (5.2.5)
0
| 2n
b= [ E(@)sintuo)do (5.2.6)

0

To accurately represent milling forces, however, it is also necessary to account
for the influence of the teeth helix angle, . This can be accomplished by section-
ing the tool into A axial slices. Each slice is assumed to have a zero helix angle and

the slices are rotated relative to one another by the angle y = &;ﬂ(w) (rad), where
db is the slice height and dis the cutter diameter (see Fig. 4.5.3). The Fourier series

4 N,
is now written as F,(¢) = > > (ao + Z (ay cos(ng;) + by, sm(n¢,))>, where
j=1i=1 n=

o = wt +2ﬁ’f(i —1) — x(j — 1). Naturally, a larger number of slices improves
the force fidelity.

Example 5.2.1: Fourier series force dependence on number of coefficients As
expected, the accuracy of the Fourier series force depends on the number, 7, of
coefficients included in the series. Figure 5.2.2 shows a comparison of the y
direction force determined by time-domain simulation and its Fourier series for
n = 5and n = 50. The cutting conditions are: up milling, 25% radial immer-
sion, N, = 4,d = 19 mm, v = 30 deg, » = 1 mm, f;, = 0.1 mm/tooth, k, =
700 N/mm?, k,, = 210 N/mm?, k,, = k,. = 0 N/mm, and w = 3007 rad/s (i.e.,
the spindle speed Q, 15 9000 rev/min, or rpm). Figure 5.2.2 was generated using
the MATLAB program p_5 2 1 1.m included on the companion CD. The
MaTtLaB™ function eval, used to evaluate strings, was implemented to enable
an arbitrary number of Fourier coefficients to be computed without requiring
significant reprogramming.

Example 5.2.2: Frequency-domain surface location error calculations The four
steps for frequency-domain surface location error prediction, namely:
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Fig. 5.2.2 Force 50 . . . . . .
reconstruction using time-
domain (solid line) and
Fourier series (dotted line:
n = 5; dashed line: n = 50).
Additional coefficients
increase the force fidelity
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e using a Fourier series to determine F,(¢) and applying the discrete Fourier
transform to obtain F(w);

e calculating the frequency-domain y displacement using Y(w) = %F}(w),
where % is the y direction machine-spindle-holder-tool direct FRF (at the

tool point);

e inverse Fourier transforming Y(w) to obtain y(¢); and

e sampling it at the cut entry (for up milling) or exit (for down milling),
are carried out in p_5 2 2 1.m. The function, p_5 2 2 2.m, called from
withinp_5_2 2 1.m, actually completes the individual surface location error
computations.

To compare the surface location error (SLE) in up and down milling,
simulations were completed for the following conditions: 50% radial immersion
(up and down milling) at spindle speeds from 6900 rpm to 7800 rpm, N, = 4,
~v = 30deg, d = 12.7 mm diameter, f, = 0.1 mm/tooth, » = 1 mm, k, = 700 N/
mm?, k, = 210 N/mm?, k,, = k,, = 0 N/mm, symmetric structural dynamics
with a stiffness of 1 x 107 N/m, 1% damping (i.e., a damping ratio, ¢, of 0.01),
and 500 Hz natural frequency. The results are displayed in Fig. 5.2.3, where 50
terms were used in the Fourier series force model. It is seen that the surface
location error yields an overcut surface in both instances. For up milling, the
positive SLE means that cutter is radially deeper into the cut than commanded
when creating the final surface. Similarly, for down milling, the negative SLE
indicates that the cutter is farther into the cut than desired.

Because the frequency-domain surface location error simulation neglects
regeneration, stable conditions are predicted in all instances (i.e., only forced
vibrations are considered). Therefore, these calculations must be accompanied
by the appropriate stability lobe diagram to select stable machining parameters.
The Fourier series approach stability lobe diagram corresponding to the
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Fig. 5.2.3 Surface location error (SLE) for Ex. 5.2.2. Both up and down milling lead to an
overcut condition

selected up milling scenario is provided in Fig. 5.2.4. The stability lobe diagram
for 50% radial immersion down milling is nearly identical and is not shown.
The test range for the surface location error simulations is indicated by the solid
line. It is verified that the selected cutting conditions for Fig. 5.2.3 are in the
stable zone. Figure 5.2.4 was generated using the MATLAB® program
p_522 3m.

To compare surface location error trends over a broader range, calculations
were completed using the same system under 50% radial immersion up milling
for spindle speeds from 6900 rpm to 7700 rpm and axial depths from 0.5 mm to
5 mm. See the dotted rectangle in Fig. 5.2.4. The surface location error contours
(lines of constant error) are provided in Fig. 5.2.5, where 50 terms were again
used for the Fourier series force. An interesting aspect of this figure is the high
sensitivity of surface location error to spindle speeds near 7500 rpm. Using
Eq. 4.3.7, we see that the best speeds for increasing axial depth of cut without
chatter are:
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Fig. 5.2.4 Stability lobe
diagram for Ex. 5.2.2 (50%
radial immersion up
milling). Two test ranges are
also identified: (solid line)
6900 rpm to 7800 rpm at

1 mm axial depth; and
(dotted line rectangle)

6900 rpm to 7700 rpm with
axial depths from 0.5 mm to
5 mm
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For the right-most (N = 0) lobe highlighted by the rectangular simulation
range in Fig. 5.2.4, the best speed is therefore in the high slope surface location
error range. This high slope indicates that small errors in our knowledge of the
system dynamics or spindle speed could lead to significant changes in the
predicted error and affect our ability to compensate by tool path adjustments,
for example. We also see that the error tends to increase with axial depth. This
result is expected given that the force magnitude, and consequently the

‘»
\

7000 7200 7400 7600
Q (rpm)

Fig. 5.2.5 Surface location error contours for rectangular stable zone identified in Fig. 5.2.4.
High sensitivity of the error to spindle speed is observed near 7500 rpm, the traditional best
speed for increased chatter-free axial depth of cut
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vibration level, scales with axial depth. While these results do not preclude the
use of the best speeds equation to select a preferred spindle speed, it does
demonstrate that combining consideration of surface location error with stabi-
lity may lead to a slightly different spindle speed choice to balance the two
requirements. This is explored further at the end of this section. Figure 5.2.5 was
generated using the MATLAB™ program p_5 2 2 4.m.

A natural question to ask is if this same variation in surface location error
also occurs in higher N value stability lobes. To answer this question, let’s
complete simulations for the spindle speed range from 2000 rpm to
10000 rpm. This span encompasses the first three best speeds (N = 0, 1, and
2) at 7500 rpm, 3750 rpm, and 2500 rpm. Using a 25% radial immersion to raise
the critical stability limit (the depth at which the cut is stable for all spindle
speeds) and enable an axial depth of 0.75 mm, but maintaining consistency in all
other conditions with respect to Fig. 5.2.5, produces the error variation dis-
played in Fig. 5.2.6 (p_5_2_2_5.m). We see that the surface location error shows
sensitivity to spindle speed at each of the best speeds.

IN A NUTSHELL It can be seen that over broad segments of
the spindle speed range, the surface location error is quite small.
However, there are also narrow bands in which the surface
location error is large or changes rapidly from large negative to
large positive values, for example. Unfortunately, these sections
of extreme speed sensitivity are located within the stable zones of the stability
lobe diagram. It is for this reason that the combined ability to choose stable
cutting parameters as well as predict the surface location error is so important.

As noted in Section 5.1, it is the change in phase with frequency that varies the
time lag between the force and vibration and causes the surface location error
dependence on spindle speed. Further, the variation in phase with tooth passing

40+ E
30 E
20+ E
Fig. 5.2.6 Variation in 5 10 i
surface location error from
2000 rpm to 10000 rpm for & g ]
the system described in
Ex. 5.2.2. The up milling -10 i
radial immersion is 25% and
the axial depth is 0.75 mm. -20 R
The behavior is periodic
with error sensitivity near -30 L L L
2000 4000 6000 8000 10000

the best speeds identified in
Eq. 4.3.7 Q (rpm)
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Fig. 5.2.7 Force spectrum for 7500 rpm (top) and 3750 rpm (bottom)

frequency (zero to -180 deg for a single degree of freedom system) is strongest
near the natural frequency. The repetitive behavior observed in Fig. 5.2.6 occurs
as increasing harmonics of the fundamental tooth passing frequency excite the
system resonance. Figure 5.2.7 shows the spectra of the y direction cutting force
for 7500 rpm and 3750 rpm (p_5_2 2 6.m). At 7500 rpm (top), the first
harmonic, or fundamental peak, is coincident with the 500 Hz natural fre-
quency. At 3750 rpm, (bottom) the first harmonic occurs at 250 Hz, but the
second harmonic now matches the natural frequency. Similarly, the third
harmonic excites resonance at 2500 rpm (not shown). The surface location
error magnitude decreases with each increasing N value because the energy in
the subsequent harmonics reduces. Figure 5.2.8 is included to demonstrate this
phenomenon pictorially.

As a final activity before considering the effect of the helix angle on
surface location error, let’s investigate the influence of radial depth of cut.
We’ll use the same dynamic system with a spindle speed range of
6900 rpm to 7800 rpm and vary the radial engagement for down milling
from 50% to 20% in decrements of 10%. The corresponding starting
angles are {90, 101.5, 113.6, and 126.9} deg, respectively, as calculated
using Eq. 4.1.5 and the exit angle is always 180 deg for down milling
based on the circular tool path approximation. Let’s select an axial depth
below the 50% radial immersion critical stability limit. We can see from
Fig. 5.2.4 that b = 0.35 mm ensures stable conditions for any spindle
speed so we’ll apply that value (although Fig. 5.2.4 is for up milling, the
stability limit is similar for down milling at the same radial immersion in
this case). The results, which were obtained using p_5_2_2 7.m, are pro-
vided in Fig. 5.2.9. We see that the transition from overcutting (negative
error for down milling) to undercutting (positive error for down milling)
near the N = 0 best spindle speed shifts to the left as the radial
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Fig. 5.2.8 Description of periodic surface location error variation. (a) The tooth passing frequency

is coincident with the natural frequency (resonant force vibrations) for the N = 0 best spindle
speed. (b) The second harmonic is located at resonance for the N = 1 best spindle speed
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Fig. 5.2.9 Variation in surface location error with radial depth of cut. The four curves
represent percent radial immersion cases of 50% to 20% down milling with a constant axial
depth of 0.35 mm. The system dynamics are the same as were defined in Ex. 5.2.2



5.2 Frequency-Domain Solution 185

immersion is reduced. Also, the shape of the error profile changes and the
peak-to-peak magnitude decreases. The latter occurs because the force
level reduces with smaller radial depth of cut.

5.2.2 Variation in Surface Location Error with Axial Location

As discussed in Section 4.5, the effect of the helical cutting edge geometry is that
the full length of the cutting edge does not enter (or exit) the cut at the same
instant. The edge nearest the free end of the tool enters first and there is an
increasing delay of the cut entry (and exit) for points on the edge that are farther
from the free end (toward the spindle). The helical square endmill geometry
considered here is shown in Fig. 5.2.10.

Due to the entry delay for up milling and exit delay for down milling, the
surface location error varies with axial location (z direction) along the helical
cutting edge length. Effectively, this occurs because the surface location is deter-
mined by the time dependent y vibration, but all points along the surface (in the z
direction) are not generated simultaneously. Relative to the free end of the cutter,
the angular delay along the tool axisis y = L‘a{n(”) (rad), where |z| is the absolute
value of the distance from the end. The corresponding time delay is % (s), where €2

is the spindle speed in rpm. The surface along the cutter axis (from the free end
toward the spindle) is therefore produced at progressively later points in time
while the cutter vibration state varies continuously. This leads to a periodic
variation in the surface location error with the z value, as shown in [14].

We can use the MATLAB™ program p_5 2 2 8.m to investigate this behavior.
Similar to the time-domain simulations in Sections 4.5 and 4.6, the tool is discretized
into axial slices. The angular delay with z location is handled by changing the times
at which the y(f) vector is sampled to determine surface location error. For axial
slices not at the tool point, the time vector is sampled later than the cut entry (up
milling) or exit (down milling) by dX* (cnt-1) / (omega/60* 2*pi), where
cnt = 1, 2, 3...isthe index of the current axial slice (equal to 1 at the tool

Spindle location

Enters cut later

Enters cut earlier

X

z

Fig. 5.2.10 The helical endmill geometry causes the cutting edge to enter and exit the cut at
later instants in time when moving from its free end toward the spindle (the feed direction is to
the left for this figure)
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point), the delay angle per slice is dX = 2*db*tan (gamma*pi/180)/d
(rad), db is the slice width in the z direction, gamma is the helix angle (deg), and
dis the tool diameter. Figure 5.2.11 shows the results for 50% radial immersion up
milling with the same specifications provided previously. The spindle speed is
7500 rpm and the axial depth of cut is 12 mm; the stability of this cut was verified
using p_5_2_ 2 3.m. Clearly, the surface location error is strongly dependent on the
axial location for this example, where the |z| = 0 location corresponds to the tool’s
free end and the orientation is the same as shown in Fig. 5.2.10. We should state
explicitly here that all previous figures reported results for the error only at the free
end of the cutting tool. For comparison purposes, p_5_2_2 8.m was used to
calculate the surface location error for » = 6 mm at 3750 rpm, the N = 1 best
speed from Fig. 5.2.4. This result is provided in Fig. 5.2.12. We see that the general
profile is maintained relative to Fig. 5.2.11, although the error magnitude is
decreased (the smaller axial depth gives smaller force and deflection) and the spatial
period (in z) is reduced.

Let’s explore what happens to surface location error and its axial variation if
we select the axial depth for constant cutting force, as described in Section 4.5.
For the selected tool, the constant cutting force axial depth is:

d-¢, 127-90:%

2tan(y)  2tan(30) i

Unfortunately, this axial depth is unstable for the given FRF and force
model, even at the N = 0 best speed of 7500 rpm. If the helix angle is increased
to 45 deg, however, the constant force depth becomes 10.0 mm, which is stable
at 7500 rpm. In this case, the constant force eliminates the surface location error
variation with axial depth due to the time invariance of the vibration, i.e.,
constant force yields constant deflection (after the initial transients have

12 T T T T T T
10 B
8 - .
€
E of ]
~
Fig. 5.2.11 Surface location 4+ 4
error variation with axial
location for b = 12 mm, oL |
Q = 7500 rpm, and
~v = 30 deg (helix angle).
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Fig. 5.2.12 Surface location error variation with axial location for » = 6 mm, 2 = 3750 rpm,
and v = 30 deg

decayed) so the time at which the cutter enters or exits the cut does not change
the error. We must realize that the resulting surface location error still is not
zero, even for the constant force condition. The error is simply determined from
the ratio of the force to the stiffness, where k = 1 x 107 N/m for this example.
The MatLaB®™ program p_5 2 2 9.m was used to generate Fig. 5.2.13, which
displays the y direction force, F, = 284 N at steady state, and corresponding
deflection, y = {254 = 2.8 x 107> m = 28 pm. For the selected up milling 50%
radial immersion cut, this gives an overcut surface. However, the error is small

300 =

200 h

Fy (N)

100 E

1 1
0 0.05 0.1 0.15 0.2

y (um)
S

0 0.05 0.1 0.15 0.2
t(s)

Fig. 5.2.13 Constant y direction cutting force and displacement when » = 10.0 mm for a helix
angle of 45 deg on the four tooth, 12.7 mm diameter endmill
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relative to the 12 mm axial depth, non-constant force results shown in
Fig. 5.2.11.

IN A NUTSHELL The helix of the tool allows the surface

location error to vary along the axis of an endmill. For this

reason, a perfectly ground, exactly centered, and correctly

balanced endmill that is rotating in a spindle with no error

motions may still produce a non-straight sidewall during per-
ipheral milling. The error along the wall that is parallel to the axis of the tool is a
record of the tool’s dynamic displacement as it rotates because different levels of
the wall (bottom to top) are created at successive instants in time during the
tool’s rotation.

5.2.3 Combining Stability and Surface Location Error
in a Single Diagram

As a final activity in this section, let’s combine the stability and surface
location error data in a single diagram. We’'ll consider the following condi-
tions: 50% radial immersion up milling at spindle speeds from 2800 rpm to
10000 rpm, N, = 4, v = 30 deg, d = 12.7 mm diameter, f; = 0.1 mm/

Bjim (Mm)

0 1 1 1 1 1 1 1
3000 4000 5000 6000 7000 8000 9000 10000
Q (rpm)

Fig. 5.2.14 Stability (dotted line) and surface location error (solid line) information combined
in a single “super” diagram. The solid contour lines identify the {spindle speed, axial depth}
combinations where the error level is 100 pm. The simulation parameters are: 50% radial
immersion up milling, N, = 4, v = 30 deg, d = 12.7 mm diameter, f, = 0.1 mm/tooth, k, =
700 N/mm?, k,, = 210 N/mm?, k,, = k,, = 0 N/mm, and symmetric structural dynamics with
a stiffness of 1x107 N/m, 1% damping, and 500 Hz natural frequency
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tooth, » = 0.4 mm to 5 mm (for the surface location error calculations),
k, = 700 N/mm? k, = 210 N/mm?, k,, = k,, = 0 N/mm, and symmetric
structural dynamics with a stiffness of 1x 107 N/m, 1% damping, and
500 Hz natural frequency. The results are displayed in Fig. 5.2.14, where
15 terms were used in the Fourier series force model”>. The MatLaB®
program p_5 2 2 10.m was executed to generate the figure, which displays
the stability boundary (dotted line) in addition to surface location error
contours (solid lines) at a constant error level of 100 pm; note that the
surface location error was calculated at the free end of the tool for this
example. The error level is larger within the contours similar to Fig. 5.2.5.
This “super” diagram shows that a portion of the stable zone (inside the
error contours) is inaccessible if the user desires the surface location error to
be less than 100 pum. The information provided in Fig. 5.2.14 could be used
at the process planning stage, for example, to select machining conditions
that satisfy both stability and accuracy requirements.

5.3 Cycloidal Tool Path Time-Domain Simulation

Similar to Sections 4.4 and 4.5., we now detail a time-domain milling
simulation based on the ‘Regenerative Force, Dynamic Deflection Model’
described by Smith and Tlusty [6]. The simulation includes the contribution
of the tool vibrations to the instantancous chip thickness and provides
predictions for both force and deflection in the x (feed) and y directions.
Vibrations along the tool axis, or z direction, are not considered. We also
model the cycloidal motion of the cutter teeth, rather than assuming a
circular tool path. Other instances of cycloidal tool path simulations from
the literature are provided in [19-21], for example. Our approach [22] is
similar in nature to that described in [21].

We begin the milling simulation by first defining the cutting parameters,
including spindle speed, €2, feed per tooth, f;, radial and axial depths of cut, a
and b, respectively, and the number of teeth, N,. We then describe the system
dynamics using the modal mass, m, damping, ¢, and stiffness, k, values for any
number of modes in the x (feed) and y directions. As detailed in Section 2.5,
these values are typically obtained from impact tests followed by a modal fitting
procedure, such as the peak picking method.

We determine the forces and deflections by numerical integration over small
steps in time, dt = S?%—(-]Q (sec), where SR is the number of steps per cutter
revolution and €2 is expressed in rpm. In each time step, we rotate the cutter

2 e .

< In general, it is not necessary to use a large number of terms to represent the force. It is
usually only necessary that the first few harmonics be characterized since higher order
harmonics often have little impact on the system behavior.
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by an angle, dp = 33“%) (deg). We then calculate the current nominal coordinates
of each tooth on the cutter (Cx;, Cy;) according to Eq. 5.3.1, where r is the cutter
radius, ¢; is the tooth angle, j is the tooth number which varies from 1 to N,,

df = z—fg’ is the incremental feed during the time step dz, and x,,,; and y,,,; are the
tool center coordinates determined in the previous time step (set equal to
zero initially).

Cx; = rsin ¢; + df + X0
/ ’ " (5.3.1)
Cy; = rcos ¢j + Yiol

In order to calculate the instantaneous chip thickness at each time step, we
compare the (Cx;, Cy;) coordinates of the current tooth (i.e., point C in Fig. 5.3.1)
to the surface coordinates recorded during the prior tooth passage at the same
angular orientation. However, because we are not applying the circular tool path
assumption, it is not required that a data point exist at this angle from the prior
pass. Therefore, we must complete a search to determine the two points from the
previous tooth passage which bound this angle; we refer to these points as A and
B in Fig. 5.3.1. We then carry out linear interpolation between points A and B to
determine point D, which lies on the line between point C and the cutter origin
[23]. The coordinates of point D, (Dx;, Dyj;), are given in Eq. 5.3.2:

tan(g;) - Ax;C* — tan(g;) - Ay; + tan(¢y) - Cy; — C;
tan(¢;) - C* — 1

Dy; = Ay; — Ax;C" + Dx;C*

X; =
’ . (532)

where C* = %. We include the nonlinearity that is exhibited when the
] ]

vibration amplitude is large enough that a tooth leaves the cut by setting the
chip thickness, /;, equal to zero if:

y

Yiool

Previous tooth path

|
—,_‘:’l |‘_ Xtool X

Fig. 5.3.1 Determination of instantaneous chip thickness by linear interpolation for cycloidal
tool path
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y
Current
tooth path \
Ytool

:1:" |<_ Xtool X

Fig. 5.3.2 Reduced instantaneous chip thickness at cut exit in up milling

\/ (Cx) = Xt001) +(CY) = yiowt)* < \/ (Dx; = Xi001) +(Dy; = yeoot) - (5.3.3)

We must also query two other conditions for the chip thickness calculation. First,
we must determine if the current tooth is bounded by the specified radial immersion.
Second, we must verify that the chip thickness has not been reduced during cut entry
for down milling or cut exit for up milling. The chip thickness reduction that occurs
at the cut exit for up milling, for example, is exhibited in Fig. 5.3.2.

To determine if the current tooth is bounded by the selected radial depth of
cut (i.e., engaged in the cut), we use the value y,.,;, which gives the y direction
coordinate of the desired surface as shown in Fig. 5.3.2. For up milling with less
than or equal to 50% radial immersion, cutting occurs if Cy; is greater than y,,.
This situation is depicted in Fig. 5.3.2. If the up milling radial immersion is
greater than 50%, then Dy, must be greater than y,, if cutting is to occur (note
that y,.,, is negative in this case). For down milling, Cy; must be less than y,,,, if
the radial immersion is less than or equal to 50% and cutting is to take place
(Vies: 1 again negative). If the radial immersion is greater than 50%, it is
required that Dy; be less than y,.,, if cutting is to occur. In each case, provided
the chip thickness is not reduced at the cut exit (up milling) or entry (down
milling), as shown in Fig. 5.3.2, and the tooth has not vibrated out of the cut
(Eq. 5.3.3), then £; is calculated according to Eq. 5.3.4:

hj = \/(Cx./ — Dx;)"+(Cy; = D))" (5.3.4)

To check if the chip thickness reduction condition is met, we again compare
the tooth coordinates to y,,. The thickness reduction occurs if the following
circumstances are satisfied: 1) up milling, less than or equal to 50% radial
immersion: Dy; is less than y,.; 2) up milling, greater than 50% radial immer-
sion: Cy; is less than y,; 3) down milling, less than or equal to 50% radial
immersion: Dy; is greater than y,.,; and 4) down milling, greater than 50%
radial immersion: Cy; is greater than y,.,. In these cases, we can no longer use
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Eq. 5.3.4 to compute the instantaneous chip thickness. Rather, we must con-
sider point D’ identified in Fig. 5.3.2. The coordinates of this point, (Dx’;, Dy")),
are provided in Eq. 5.3.5.

ij,» = (Viest — Yioor) tan G + Xiest
, , (5.3.5)
Dyj = Viest

Under these conditions, we calculate the chip thickness using Eq. 5.3.6 for up
or down milling with less than or equal to 50% radial immersion or Eq. 5.3.7 for
greater than 50% radial immersion.

h; = \/(cxj - Dx;.)2+(Cy,- - Dy;)2 (5.3.6)

hy = \/(Dx; = Dx_,»)z—i—(Dy_} - Dy_,)2 (53.7)

In any case that the computed chip thickness is greater than zero, we
calculate the tangential and normal force components, F, jand F, ;, respectively,
for tooth j according to Eq. 5.3.8, where we have included the edge effects
described in Section 4.7:

F[J = k[bhj + k[gb

) (5.3.8)
F,j = kubhj + kneb
where k, and k, are the force model cutting (shearing) coefficients and k,
and k,. are the edge (rubbing/plowing) coefficients. Next, we project the
forces F,; and F, ; onto the x and y directions using Eq. 5.3.9. We then sum
the x and y direction forces over all teeth engaged in the cut at the given
N, N,
instant in time, F, =) F,; and F), =) F, ;. We use these force values to
J=1 J=1
determine the instantaneous displacements x,,,; and y,,, for the next time
step by numerical integration of the modal equations of motion with the
appropriate modal parameters. If multiple vibration modes are included, we
sum the displacement contributions from each mode to determine the total
displacement. Provided the modal parameters were determined from a direct
FRF measurement (or model), we use the same forces for each vibration
mode as shown in Section 3.5.

Fyj = —Fjcos(¢;) — Fy;sin(¢)

: (5.3.9)
Fyj = Fyjsin(¢;) — F,;cos(¢))
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In the case of a helical cutting edge, we segment the tool into multiple slices
along its axis, each of which is treated as having a zero helix angle. We sum the
forces for all slices to determine the total normal and tangential cutting force
components for that particular simulation time step (and cutter angular orien-
tation). We then apply Eq. 5.3.9 to project the forces onto the x and y directions,
sum the forces over all the teeth engaged in the cut, and complete the numerical
integration. The difference, A¢ (deg), between the tooth angle, ¢;, for tooth j on
slice k and the angle for the same tooth j on slice k+ 1 (located farther away
from the tool tip by a distance h/SA) is provided in Eq. 5.3.10, where + is the
helix angle, S4 is the number of axial slices, and d is the cutter diameter.

_ 2btan(y) 180
Ap="m (5.3.10)

Example 5.3.1: Comparison of time-domain simulation results to Ex. 5.2.2 In
order to demonstrate the capabilities of the cycloidal tool path time-domain
simulation (p_5_3_1_1.m) described in the previous paragraphs, let’s compare
results with those obtained from the frequency-domain analysis in Ex. 5.2.2.
We’ll use the same specifications: 50% radial immersion up milling, N, = 4,
v = 30deg, d = 12.7 mm diameter, f;, = 0.1 mm/tooth, k, = 700 N/mm?, k,, =
210 N/mm?, k,, = kpe = 0 N/mm, and symmetric structural dynamics with a
stiffness of 1 x 10’ N/m, 1% damping, and 500 Hz natural frequency. The
stability lobe diagram for this situation is provided in Fig. 5.2.4. As a first
step, we will verify the stability behavior at 2 = 6000 rpm and 7500 rpm for an
axial depth of 4 mm. Figure 5.3.3 displays the y direction force and

x 10%
2_
=3
~ 0
[V
2+

1 1
0 0.05 0.1 0.15 0.2 0.25
x 10%

y (um)
o

1 1 1 1
0 005 041 015 02 025
t(s)

Fig. 5.3.3 Example 5.3.1 y direction force (top) and displacement (bottom) versus time
results. Unstable behavior for 2 = 6000 rpm and » = 4 mm is observed
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Fig. 5.3.4 Example 5.3.1 y direction force (top) and displacement (bottom) versus time
results. Stable behavior for Q = 7500 rpm and » = 4 mm is seen

displacement for 6000 rpm. As expected, the cut is strongly unstable. Figure
5.3.4 shows the stable result for 7500 rpm.

In addition to the time plots, we can also use the simulation to display the x
versus y tool path. Figure 5.3.5 presents the results for the 2 = 7500 rpm 50%
radial immersion up milling cut with » = 4 mm at the tool point, i.e., the axial
slice nearest the free end of the tool. Only the portion of the tool path where the
teeth enter the material (i.e., the “top” of the tool for the up milling case) is
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Fig. 5.3.5 Tool path for Q = 7500 rpm 50% radial immersion up milling cut with » = 4 mm.
The x versus y teeth coordinates are shown for the axial slice nearest the free end of the cutter



5.3 Cycloidal Tool Path Time-Domain Simulation 195

included. The tool center is nominally located at y = 0, while the x position varies
with the time dependent feed. We can see that the top of the path is initially at the
tool radius of 6.35 mm (near x = 0). After the entry transients, the y displacement
approaches 6.77 mm at the path apex where the machined surface is located. This
indicates an overcut condition because more material is removed than com-
manded for the up milling cut. Note that the material to be cut away is located
above the tool in Fig. 5.3.5. Other axial slices can also be selected using the
plot_depthvariablein p_5 3 1 _1.m, where a value of one designates the slice
at the tool point and larger integer values (up to steps_axial) specify slices
nearer the spindle face.

The benefit of this figure is that it can be used to isolate the machined
surface. Using a trimming algorithm to identify only the extreme points on
the tool path, which define the machined surface geometry, the surface
location error and roughness average, Ra [24], are determined to be
420 um and 0.2 pm, respectively, from Fig. 5.3.5. The discrete roughness
average equation is provided in Eq. 5.3.11, where n is the number of points
that define the machined surface. Figure 5.3.6 displays the individual points
and surface (solid line that connects the points) for the selected axial slice
(plot _depth = 1). The small slope in the line indicates that steady state
has not quite been reached. However, the (overcut) surface location error
value of 420 um agrees with the tool point frequency-domain solution
results previously reported in Fig. 5.2.5 (read the contour value at the
coordinates 2 = 7500 rpm and b = 4 mm to verify this statement).
The surface location error is determined by comparing the y coordinate of
the mean of this line to the tool radius (the commanded surface location).
For the up milling case shown, if the line is positioned above the tool
radius, more material is removed than commanded and an overcut surface
is obtained. The trimming algorithm used to identify the machined surface
at the selected axial slice proceeds by:

6.7705 T T
Fig. 5.3.6 The machined
surface geometry (line) is
defined by isolating the 6.77 i

extreme points from the tool '
path. The surface location
error is determined by i

comparing the mean of this 67695 , 4+ 4+ + + + 4 4 4 & 4 & & &
line to the tool radius (the
commanded surface P TE T I U U U S N
location). For the up milling

y (mm)

case shown, if the line is 6.769 : R Y
positioned above the tool MDA T T
radius, more material is

removed than commanded 676854 o + el 4+ & + 4 4 ¢ * 4 *
and an overcut surface is 21.5 22 225 23

obtained X (mm)
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e arranging all points on the tool path in ascending x (feed direction)
values;

e sclecting a point and comparing its y value to the y values of the next two
points;

e keeping the higher point from the next two points for up milling and lower
point for down milling;

e incrementing to the next point and repeating the comparison process; and

e repeating the entire exercise multiple times to “bubble up” (up milling) or
“trickle down” (down milling) to the final surface.

Although this is not a particularly elegant solution, it is effective. We do not
have a defined stopping condition for the procedure, but experience has shown
that 50 to 100 iterations are generally adequate.

Zb’i—f’\
Ra:’:‘T (5.3.11)

Once the surface location error has been determined for all axial slices, the
change in error with axial depth can be interrogated as shown in the Section 5.2;
see Figs. 5.2.11 and 5.2.12. The time-domain simulation results (circles) are
superimposed on the frequency-domain solution (line) in Fig. 5.3.7 for the
conditions described in Ex. 5.3.1. For the time-domain solution, five axial slices
were used so that db = 4/5 = 0.8 mm. The points are placed at the midpoint of
each slice in the figure, i.e., {0.4, 1.2, 2, 2.8, and 3.6} mm. The MartLAB"™
program p_5 3 1 2.m was used to generate the frequency-domain results
in Fig. 5.3.7. The time-domain results were obtained from p 5 3 1 I.m
by sequentially plotting and trimming the tool path for plot depth = 1,
2, ..., 5.

35}
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N

Fig. 5.3.7 Variation in
surface location error with 1.5
axial location. The circles
represent the time-domain

result for each axial slice; 05k |
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frequency-domain solution SLE (um)
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IN A NUTSHELL As with stability, the use of time-domain

simulation to predict surface location error eliminates many of

the simplifying assumptions. The tool path may be modeled as

a cycloid instead of a circle. Unequal teeth spacing may be

applied (see Section 6.3). The surface produced by an unstable
cut may be predicted. For the analytical solution, these features are difficult
to incorporate. For time-domain simulation, on the other hand, they are
relatively easy to include.

Exercises

1. Determine the value of the mean y direction cutting force for the following
cuts using Eq. 5.2.3. The aluminum alloy-four tooth cutter combination
gives: k; = 790 N/mm2 and k, = 190 N/mmz, ki =8 N/mm, and k,, =4
N/mm. Also, b = Smm and f, = 0.15 mm/tooth. Assume a rigid cutting tool
and workpiece.

a) Up milling, 30% radial immersion
b) Down milling, 40% radial immersion

2. Plot the y direction force over one cutter revolution for: down milling, 50% radial
immersion, N, = 2,d = 19 mm, v = 30deg, b = 2mm, f; = 0.2 mm/tooth, k, =
730 N/mm?, k,, = 205 N/mm?, k,, = Kk, = 0 N/mm, and Q@ = 10000 rpm. Use
the Fourier series approach and show results for both five and 25 terms.

3. Calculate the surface location error for the following conditions: 25% radial
immersion down milling, spindle speeds from 11000 rpm to 13000 rpm, N, =
4,~v = 30deg, d = 12.7 mm diameter, f, = 0.15 mm/tooth, b = 2mm, k, =
700 N/mmz, k, = 210 N/mmz, ki = k,, = 2 N/mm, and symmetric
structural dynamics with a stiffness of 8 x 10® N/m, ¢ = 0.02, and 800 Hz
natural frequency. For the Fourier computations, use 15 terms, five axial
steps, and a spindle speed resolution of 20 rpm. At a spindle speed of
12140 rpm, is the surface overcut or undercut?

4. Using time-domain simulation, determine the surface location error at the free
end of the cutter for the same conditions described in Exercise 3. Use a spindle
speed equal to the best speed calculated from Eq. 4.3.7 for the N = 0 (rightmost)
lobe. Carry out your simulation for 40 revolutions with 500 steps per tooth.
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Chapter 6
Special Topics in Milling

If the facts don'’t fit the theory, change the facts.

- Albert Einstein

In Chapters 4 and 5 we analyzed the milling process for both stability and surface
location error through frequency and time-domain approaches. Using frequency-
domain analyses, we: 1) generated stability lobe diagrams that identify stable and
unstable combinations of spindle speed and axial depth of cut; and 2) completed
surface location error predictions over the same parameter space. We developed
time-domain simulations for the circular tool path approximation that predict
forces and displacements for square and ball endmills, including the effects of
helical teeth geometries. We next extended the square endmill time-domain simula-
tion to incorporate the actual cycloidal tool path and investigated both stability
and surface location error for various cutting conditions. Finally, we compared
stability and surface location error solutions between the frequency and time-
domain analyses. In this chapter, we continue our investigation of milling by
exploring the frequency content of stable and unstable milling signals and enhan-
cing our time-domain simulations to include runout of the cutter teeth and variable
teeth spacing. We then discuss low radial immersion milling and the corresponding
stability behavior. We conclude the chapter with some comments regarding stabi-
lity boundary uncertainty evaluation for the frequency-domain analyses.

6.1 Frequency Content of Milling Signals

Let’s return to the average tooth angle analysis for milling stability from Section
4.3 [1]. The relationships used to determine the spindle speed dependent axial
depth of cut limit, by, are repeated in Egs. 6.1.1 through 6.1.3.

-1
b — 6.1.1
lim 2K5Re [FRF'Orienf]]v;F ( )

T.L. Schmitz, K.S. Smith, Machining Dynamics, DOI 10.1007/978-0-387-09645-2_6, 199
© Springer Science+Business Media, LLC 2009



200 6 Special Topics in Milling

Je €
=N+— 6.1.2
QN, + 2 ( )

(6.1.3)

=2 —2tan”! (Re[FRFm‘,‘m,])

Im [FRForient]

As a reminder, we restate the variable definitions here:

e K., specific force — process dependent coefficient that relates the resultant
cutting force to the uncut chip area;

® FRF, ..., oriented frequency response function — x and y direction frequency
response functions, or FRFs, “weighted” by the direction orientation fac-
tors, which are determined from the two step projection of the cutting force
(due to a tooth located at the average between the start and exit angles) first
onto the x and y directions and then onto the average surface normal;

e N7, average number of teeth in the cut — it is possible for multiple teeth to be
engaged simultaneously and for the number of teeth in the cut to vary during

a single revolution. The average value N;‘ = @@é’ captures this behavior,
Nt

where ¢, and ¢, are the exit and start angles (deg), respectively, and N, is the
number of teeth on the cutter;

e /. chatter frequency (Hz) — frequency at which self-excited vibrations will
occur if the stability limit is exceeded;

e (, spindle speed (rev/s) — the rotating frequency of the spindle for milling;

e N, lobe number— N = 0, 1, 2, ... indexed from right to left (higher to lower
spindle speeds) in a stability lobe diagram; and

® ¢, phase between the current and previous tooth vibrations (rad) — varies
between 7 rad (180 deg) and 2z rad (360 deg), where ¢ = 37/2 rad (270 deg) is
the least favorable value.

We use Egs. 6.1.1 through 6.1.3 to generate milling stability lobe diagrams
for the average tooth angle approach by: 1) determining the oriented FRF and
identifying the valid chatter frequency range(s), i.e., where the real part of
FRF,,., s negative; 2) solving for € over the valid frequency range(s); 3) finding
the average number of teeth in the cut for the selected radial immersion; 4)
calculating by, over the valid frequency range(s); 5) selectingan N = 0, 1,2, ...
value (representing N waves of vibration between teeth) and calculating the
associated spindle speeds over the valid frequency range(s); and 6) plotting €2 vs.
biim for each N value. As we discussed previously, any (€2, b) pair leads to stable
or unstable behavior depending on whether it appears above or below the
stability boundary, respectively.

In our discussions of both stability and surface location error, we showed
spectra of the cutting force signals which included content not only at the tooth
passing frequency, but also at multiple harmonics due to the “impulse train”
nature of typical milling force profiles. The notable constant force exceptions
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are: 1) slotting with an even number of teeth, where N,>2 ; and 2) particular
axial depths of cut for helical square endmills which are determined from

b= 25{3{’7), where d is the cutter diameter, ¢, = jzv—’f (rad) is the pitch angle, and

~ is the helix angle. We expressed the tooth passing frequency as a function of

the spindle speed (rpm) and number of teeth, ;o = % (Hz). We can expect,
then, that during stable cutting conditions we should observe content at f;,,,
and integer multiples of this value.

“What about unstable cuts?”, we may ask. We’ve already shown in Section
4.3, through our description of the average tooth angle approach, that each
stability lobe can be described as a mapping of the oriented FRF onto the (2,
bim) parameter space. See Fig. 4.3.4, for example, where the chatter frequency is
scanned through its potential values to obtain the stability limit for each N
value. We know, therefore, that the chatter frequency (should chatter occur) is
not a fixed value. It depends on the spindle speed and occurs within the valid
chatter frequency range from FRF,;,;. We also found that increased axial
depths of cut were available at the “best speeds” of .y = % (rpm),
where f,, is expressed in Hz, although multiple vibration modes can lead to
competing lobes and more complicated stability lobe diagrams. The purpose of
this best speeds equation is to match the tooth passing frequency to the system
natural frequency so that the tooth-to-tooth surface undulations are in phase,
i.e., ¢ = 360 deg, and the force variation due to chip thickness modulation is
minimized. Given this circumstantial information, we can expect that unstable
cuts will exhibit content not only at f;,,,, and its harmonics, but also some
chatter frequency.

FOR INSTANCE Stable cuts sound different from those that
chatter. Stable cuts generate sound at the tooth passing fre-
quency, runout frequency (see Section 6.2), and multiples of
these. For that reason, stable cuts sound “clean”; they produce
“pure” tones. Unstable cuts, however, also emit sound at the
chatter frequency, which is generally not a multiple of the tooth passing or
runout frequencies. For this reason, unstable cuts sound “harsh” or “raspy”.
They exhibit a mixture of frequencies that are not harmonically related.

W

To explore the frequency content of milling signals in more detail, as well as
how we might capitalize on this information, let’s update the average tooth
angle MatLAB® code we developed previously. Inp_6 1 _1_1.m, we’ll add new
figures to show the chatter and tooth passing frequencies, as well as the phase
between surface undulations from one tooth to the next, as a function of spindle
speed. We’ll then see how we can use the chatter frequency for an unstable (2,
biim) combination to select a new spindle speed and converge on the preferred ¢ =
360 deg phase relationship [2-3] in Ex. 6.1.1.
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Example 6.1.1: Selecting new spindle speeds using the chatter frequency For
simplicity, we’ll consider the single degree of freedom model shown in Fig. 6.1.1.
A single mode in the x (feed) direction is identified with f, = 800 Hz,
k =5x 10°N/m, and ¢ = 0.01. We’ll assume the y direction is rigid. The cutter
has four teeth and the tool-material pair yields a specific force of K, = 2000 N/mm?>
and force angle of § = 72 deg for the 50% radial immersion up milling cut.

Our first task is to determine the directional orientation factor, .. As
detailed in Section 4.3, two steps are required to calculate this value. First, the
force is projected onto the x direction. Second, this result is projected onto
the average surface normal. As shown in Fig. 6.1.2, projection of the force
onto the x direction gives Fy = Fcos(3 — 45). The projection of this result onto
the average surface normal is F,, = F,cos(45) = Fcos(( — 45) cos(45). Using
Eq. 4.3.5, we obtain FRF, ey = puxFRF, = cos( — 45) cos(45)FRF,. This
resultis displayed in Fig. 6.1.3 for the selected x direction dynamics. Figure 6.1.4
shows the valid chatter frequency range (Re[FRF ;] <0) for the oriented FRF
(top) and corresponding N = 0 stability limit versus spindle speed in rev/s
(bottom). Note the NL, relationship between frequency and spindle speed from

the top to bottom subplots. This mapping supports both the best speeds

W (oiolow =200rev/s and the worst speeds equation
1

’ (140 800(1+0.01) | . .
Qe = Lo - A =1l . =——"—-=2693rev/s since increased
worst N, N+s= 4 3n 4 0+% /

equation Qe =

Fig. 6.1.1 50% radial
immersion up milling model
for Ex. 6.1.1

N

Fig. 6.1.2 Geometry for determining 50% radial immersion up milling directional orientation
factor, pu,
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Fig. 6.1.4 Valid chatter frequency range for oriented FRF (top). Corresponding (£2, bj,)
parameter space for N = 0 mapping (bottom)

axial depths are obtained near 200 rev/s and the minimum allowable depth,

equal to the critical stability limit, occurs at 269.3 rev/s.

In Fig. 6.1.5, we have included the N = 0 to 4 stability lobes and converted
the spindle speed to rpm in the top subplot. The bottom subplot shows the
potential chatter frequencies (solid lines) and harmonics of the tooth passing
frequency (dotted) as a function of spindle speed. The latter naturally grow
linearly with spindle speed. The rightmost dotted line represents f;,,,,, While
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Fig. 6.1.5 (Top) Stability
lobes for N = 0 to 4; the
selected cutting condition of
(10000 rpm, 1.5 mm) is
indicated by the x’.
(Bottom) The tooth passing
frequencies (dotted lines)
and chatter frequencies
(solid) are shown as a
function of spindle speed.
The tooth passing frequency
content at 667 Hz and

1333 Hz is identified by the
circles, while the chatter
frequency at 1000 Hz is
located by the ‘x’

f. (Hz)

subsequent dotted lines moving from right to left indicate increasing harmonics
of 2f100im 10 S5fi00m- For this single degree of freedom case, the valid chatter
frequencies begin at f, = 800 Hz and then increase with spindle speed. This
reiterates the behavior observed in Fig. 6.1.4, which shows the mapping from
chatter frequency to spindle speed between the top and bottom subplots.
Figure 6.1.5 also identifies selected points at 10000 rpm. We’ll discuss these next.

Let’s assume a cut was attempted at 2 = 10000 rpm, » = 1.5 mm (suppose
that we did not know if the cut would be stable or unstable). This cut is identified
by the ‘x”at 2 = 10000 rpm and » = 1.5 mm in the top subplot. We would expect
frequency content at f,; = 96—6\” = % = 667 Hz, 2f 100 = 2%000‘4 = 1333 Hz,
and so on, if the cut was stable since only forced vibrations would be present.
Circles in the bottom subplot indicate these frequencies within the plot’s
vertical limits. However, because the operating point (10000 rpm, 1.5 mm) is
located in the unstable zone of the stability lobe diagram (top of Fig. 6.1.5),
content will also be observed at 1000 Hz due to the self-excited vibration. This
pointis marked with an ‘x” on the chatter frequency line in the bottom subplot.
Note that this relationship between chatter frequency and spindle speed is
defined in Eq. 6.1.2.

Returning to the best speeds equation, its purpose is to match the tooth
passing frequency to the chatter frequency in order to drive the operating
condition towards a tooth-to-tooth undulation phase relationship of ¢ =
360 deg. Given the chatter frequency of 1000 Hz identified in the bottom
subplot of Fig. 6.1.5, we should select a new spindle speed of:

£ 60 1000 - 60

Q:(N+1)~N,:(0+1)-4

= 15000 rpm

for the N = 0 lobe and:
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Fig. 6.1.6 (Top) A first 3
spindle speed regulation .
scenario gives new speeds at E

7500 rpm and 15000 rpm = 15-1
(N = 1 and 0 lobes, S5
respectively) based on the 0
1000 Hz chatter frequency 0 7500 15000 30000
from Fig. 6.1.5. (Bottom)
The new cutting conditions
are also unstable and yield
chatter frequencies of

818 Hz (N = 1) and 806 Hz
(N=0)

f. (Hz)

7500 15000 30000

Q (rpm)
fe- 60 _ 1000 - 60 — 7500 tpm

TINFD N, (T+1)-4

for the N = 1 lobe. The tooth passing frequency for 15000 rpm is
Stooth = 15%004 1000 Hz, as expected. Similarly, the tooth passing frequency
for 7500 rpm is fi,om = M = 500 Hz and the second harmonic is 1000 Hz. The
points are shown as the 01rcles in the bottom subplot of Fig. 6.1.6. However,
because the cuts at (15000 rpm, 1.5 mm) for the N = 0 lobe and (7500 rpm,
1.5 mm) for the N = 1 lobe are again unstable — see the top subplot of Fig. 6.1.6
— we will observe content at the corresponding chatter frequencies. These are
818 Hz and 806 Hz for the N = 0 and 1 lobe spindle speed adjustments,
respectively. Each of these points is marked by an ‘X’ in the bottom subplot of
Fig. 6.1.6. If we make a second spindle speed adjustment for the N = 0 lobe, for

example, the new value is = %% = 12090 rpm. Figure 6.1.7 shows this final

3

1.5

Bjim (Mm)

Fig. 6.1.7 (Top) Based on
the 806 Hz chatter frequency 0
at (15000 rpm, 1.5 mm) from
Fig. 6.1.6, the new spindle
speed is 12090 rpm. The new
cut is identified by a circle
and is stable. (Bottom)
Because the cut is stable, the
milling signal only includes
content at f,,,;, = 806 Hz
(indicated by the circle) and
integer harmonics, which
occur outside the axis limits

fo (Hz)
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regulation into the stable zone. On the other hand, the N = 1 lobe would yield a
new spindle speed of Q = gfl'?& = 6135rpm. Although this selection corre-
sponds to the gap between the N = 1 and 2 lobes, the axial depth (gain) is
still too high and the cut would again be unstable.

As we noted previously, we use the best speeds equation to converge on thee =
360 deg phase relationship. Let’s repeat the previous analysis but show the
spindle speed versus ¢ relationship for the two regulations. Figure 6.1.8 displays
the (2, by,) parameter space (top), as well as the (€, ) relationship (bottom),
again for the N = 0 to 4 lobes. We see that the tooth-to-tooth undulation phase
relationship is initially 185 deg, or nearly directly out of phase, for the (10000 rpm,
1.5 mm) cutting condition.

As shown in Fig. 6.1.6, the first adjustment based on the 1000 Hz chatter
frequency leads to new spindle speeds of 15000 rpm (N = 0 lobe) or 7500 rpm
(N = 1). The corresponding (£2, €) diagram is provided in Fig. 6.1.9 (bottom).
We see that the phase relationship between subsequent tooth passages is ¢ =
229 deg for Q = 7500 rpm and 290 for 15000 rpm. Both speeds are unstable
(top). For the second spindle speed adjustment (N = 0 lobe), however, the

0= (%Off& = 12090 rpm speed gives stable cutting conditions. The correspond-
ing € Vafue is 357 deg, very near the “best” tooth-to-tooth undulation phase

relationship of 360 deg. This case is shown in Fig. 6.1.10.

To conclude this example, let’s describe potential sources of the required
chatter frequency information, which we can use to converge on preferred
spindle speeds for improvements in stable axial depths of cut. Essentially, any
signal that is derived from the milling process is acceptable. However, the most
common choices include force, displacement, and the audio signal emitted by
the cutting process [3] due to acceptable signal-to-noise ratios in most instances.
The cutting force is a natural option since it directly communicates not only the
tooth passing frequency and harmonics, but also the chatter frequency for

bjim (Mm)

Fig. 6.1.8 (Top) Stability 30000

lobes for N = 0 to 4; the

selected cutting condition of 360
(10000 rpm, 1.5 mm) is
indicated by the x’.
(Bottom) The tooth-to-
tooth undulation phase is
shown as a function of 185
spindle speed. The 185 deg S =
phase for the unstable cut is 0 10000 30000
identified by the x’ Q (rpm)

¢ (deg)
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Fig. 6.1.9 (Top) The first spindle speed regulation gives new values at 7500 rpm and
15000 rpm (N = 1 and 0 lobes, respectively) based on the 1000 Hz chatter frequency from
Fig. 6.1.5. (Bottom) The new cutting conditions are also unstable and yield € values of 229 deg
(N = 1 lobe) and 290 deg (N = 0)

357

¢ (deg)

180
0 12090 30000

Q (rpm)

Fig. 6.1.10 (Top) For the 806 Hz chatter frequency observed in Fig. 6.1.6 for (15000 rpm,
1.5 mm), the new spindle speed is 12090 rpm. The stable cut is identified by the circle. (Bottom)
The e value is 357 deg for the stable cut

unstable conditions. The challenge, however, is obtaining this signal. Mounting
a tabletop dynamometer between the workpiece and pallet/tombstone on the
milling center is possible, but inherent drawbacks are: 1) the dynamometer
influences the system dynamic response; 2) the dynamometer has a limited
bandwidth so that content at higher frequencies may be corrupted by the
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dynamometer response (see Section 4.7); 3) the cost is significant for commer-
cially available cutting force dynamometers/amplifiers; and 4) this approach is
not well suited to industrial applications. The information could also be
obtained from the torque signal emitted by a spindle-based torque dynam-
ometer [4]. However, the same difficulties apply. The tool displacement signal
could also be used, but the tool-workpiece interface is notoriously difficult to
instrument. Displacement can be recorded on the tool shank, but non-contact
sensors will generally be affected by coolant, for example, and this approach is
again not particularly well suited to shop floor conditions. The use of a micro-
phone to record the cutting process audio signal offers a good compromise and
has been implemented in a control system to sense and correct unstable cutting
conditions using the techniques described in the previous paragraphs [5].

A natural challenge, regardless of the transduction scheme, is setting a limit
on what magnitude of spurious frequency content (not at the tooth passing
frequency or harmonics) constitutes chatter. This limit selection remains
largely experience-based, although some efforts have been made toward auto-
mating the process of chatter identification. See [6-9], for example, which
depend on the statistical distribution in the once-per-revolution (or once-
per-tooth) sampled signal. The fundamental concept is that stable milling
signals will repeat with the once-per-revolution/tooth sampling because the
vibration is synchronous with the force. For self-excited vibrations, on the
other hand, vibration occurs at the system natural frequency (corresponding
to the most flexible mode) which is incommensurate' with the forcing
frequency in general. When the unstable milling signal is sampled at once-
per-revolution/tooth, therefore, it will not repeat [10]. The statistical variation
in the unstable (and asynchronous) sampled signal will be larger than for the
stable sampled signal.

IN ANUTSHELL Itissurprising that, given the complexity of

milling (including the tooth passing frequency content and sys-

tem dynamics), there exists such a simple strategy for directing

unstable cuts into stable zones. The basic steps are: 1) record the

frequency content of the cutting signal; 2) ignore any frequency
components caused by the teeth passing or runout; 3) if there is a significant
frequency content remaining, define it as chatter (this is the “chatter detector”);
and 4) choose a new spindle speed so that the tooth passing frequency is equal to
the detected chatter frequency. This approach identifies a stable speed if one is
available at the selected axial and radial depths of cut.

! In other words, the ratio of the natural frequency to forcing frequency cannot be expressed
as a ratio of whole numbers [60].
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Example 6.1.2: Selecting new spindle speeds in the presence of competing
lobes To continue with our study of milling frequency content in the presence
of chatter, let’s consider a slightly more complicated dynamic system with two
modes modeled in both the x and y directions. The symmetric modal dynamics
are described by: f,,; = 800 Hz, k; = 5 x 10°N/m, and ¢; = 0.01 (first mode);
and f,, = 900 Hz, ky =9 x 10°N/m, and ¢, = 0.02 (second mode). We’ll
consider the 25% radial immersion up milling cut depicted in Fig. 6.1.11, which
is completed using a four tooth cutter in a tool-material pair that exhibits a
specific force of K, = 700 N/mm? and force angle of 3 = 66 deg.
The exit angle is calculated using Eq. 4.1.4:

r

$e = cos™! (?) = cos 1(0.5) = 60 deg

and the start angle for the up milling cut is zero. To find p,, we first project F
onto the x direction to obtain F, = Fcos(3 — 60) , where (3 is given in deg. The
projection of this result onto the average surface normal, which occurs at
the angle ¢g = % =30deg, is F, = Fycos(60) = Fcos(8 — 60) cos(60).
For pu,, projection onto the y direction gives F), = Fcos(150 — 3). The
projection of this result onto the average surface normal is
F, = F, cos(150) = Fcos(150 — ) cos(150). The directional orientation
factors are therefore p1, = cos(8 — 60) cos(60) and i, = cos(150 — 3) cos(150).

This oriented FRF is shown in Fig. 6.1.13 for the symmetric two mode
dynamics. The top subplot in Fig. 6.1.14 displays the negative real part of
FRF,,;.,; so that the two valid chatter frequency ranges may be identified,
while the bottom subplot provides the N = 0 stability limit versus spindle
speed in rev/s (bottom). The two sections correspond to the two chatter fre-
quency ranges and the overall stability limit is the lowest point from the pair at

X \\_i_

Two mode

dynamics \
Two mode
dynamics

Fig. 6.1.11 25% radial immersion up milling model for Ex. 6.1.2
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Fig. 6.1.13 Oriented frequency response function for Ex. 6.1.2

each spindle speed where they overlap. You may recall that this situation is
referred to as “competing” lobes, as described in Section 4.3.

If the cutting conditions are initially selected to be 20000 rpm (let’s say this is
the maximum available spindle speed) with an axial depth of 2 mm, chatter
would be observed. Similar to the previous example, however, we know that if
we can obtain the chatter frequency from an appropriate transducer then we
can use this information to select a new spindle speed. In Fig. 6.1.15, the
unstable cutting conditions are identified by an ‘X’ in the top subplot. In the
bottom subplot, we see that the chatter frequency for 20000 rpm is 919 Hz; we
also know that the tooth passing frequency is foom = 229904 = 1333 Hz. These
frequencies are marked with an x’ and circle, respectlvely Similar to the
competing lobes, the chatter frequency curve for each N value has two distinct
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Fig. 6.1.14 Valid chatter frequency range for oriented FRF (top). Corresponding (€2, bjn)
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Fig. 6.1.15 (Top) Stability lobes for N = 0 to 4; the selected cutting condition of (20000 rpm,
2 mm) is indicated by the ‘x’. (Bottom) The tooth passing frequency content at 1333 Hz is
identified by the circle, while the chatter frequency at 919 Hz is marked by the ‘x’

sections. Because the stability limit for the second section of the N = 0 lobe is
exceeded in this instance, the chatter frequency also occurs on the second
section of the chatter frequency curve for N = 0.

Based on our previous discussions, we know that the Fourier transform of
the time-domain milling signal for the unstable cut will contain content at f, as
well as f,,,,, and its harmonics. The corresponding phase relationship for
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Bjm (Mm)

Fig. 6.1.16 (Top) Stability lobes for N = 0 to 4; the unstable cutting condition of (20000 rpm,
2 mm) is indicated by the ‘x’. (Bottom) The tooth-to-tooth undulation phase of 248 deg for the
unstable cut is identified by the X’

surface undulations between subsequent teeth is provided in Fig. 6.1.16. From
the bottom subplot, we see that ¢ = 248 deg for the initial, unstable milling
conditions. Further, this value is obtained from the second section of the
undulation phase curve for N = 0.

Based on the 919 Hz chatter frequency from Fig. 6.1.15, the new spindle
speed for N = 0is = (%‘ffg‘ = 13785 rpm. The updated operating condition
is shown in the top subplot of Fig. 6.1.17, where we see that the cut is again
unstable. We also observe that this initial regulation moved the spindle speed
to the left of the second competing lobe because chatter occurred in this
section from the first cutting condition. The corresponding chatter frequency

Fig. 6.1.17 (Top) The first
spindle speed regulation
gives a new speed at

13785 rpm (N = 0) based on 0
the 919 Hz chatter frequency

from Fig. 6.1.15. The new

cutting condition is also 1500
unstable. (Bottom) The new
cutting condition is also
unstable and gives a chatter
frequency of 804 Hz (N =
1); this value is located by
the ‘x’. The tooth passing 0
frequency at 919 Hz is

identified with a circle

Dy (Mm)

804

fo (Hz)

20000
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Fig. 6.1.18 (Top) The first spindle speed regulation gives a new speed at 13785 rpm (N = 0).
This new condition is again unstable. (Bottom) The undulation phase is 315 deg for the new
unstable cutting condition, (13785 rpm, 2 mm)

is 804 Hz. As seen in the bottom subplot, this chatter frequency is obtained
from the lower portion of the first section of the curve because the stability
limit imposed by the first competing lobe is exceeded to the left of the reversal
in speed direction at 19384 rpm. The undulation phase is determined from
Fig. 6.1.18. We see that ¢ = 315 deg and the value is again obtained from the
first section of the undulation phase curve following the same logic as for the
chatter frequency.

A second regulation to Q = (%(fi?g‘ = 12060 rpm provides a stable cutting
condition, however. The new spindle speed is located to the left of the first
competing lobe for N = 0, where increases in the stable axial depth may be
obtained. The new operating point and corresponding tooth passing frequency
(804 Hz) are shown in Fig. 6.1.19. The undulation phase is displayed in
Fig. 6.1.20 (358 deg). Figures 6.1.13 through 6.1.20 were obtained using
p_6_1_2 1.m, which is included on the companion CD.

6.2 Runout

One complication that we did not address in the previous section is that content
other than the tooth passing frequency, its harmonics, and the chatter fre-
quency may be present in the milling signal spectrum (i.e., the magnitude of
the Fourier transformed time-domain signal). Even in the absence of external
noise sources, such as pumps on the machine tool and other equipment on the
shop floor, for example, runout (or eccentricity) leads to content in the milling



214 6 Special Topics in Milling

Dyjm (Mm)

fe (Hz)

Fig. 6.1.19 (Top) The second spindle speed regulation gives a new stable speed of 12060 rpm
(N = 0) based on the 804 Hz chatter frequency from Fig. 6.1.17. (Bottom) The tooth passing
frequency for the stable cut is 804 Hz (circle)
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Fig. 6.1.20 (Top) The second spindle speed regulation provides a new stable speed of
12060 rpm (N = 0). (Bottom) The undulation phase is 358 deg for the stable cutting
condition, (12060 rpm, 2 mm)

signal which is synchronous with spindle speed. Here we include the following
possibilities under the generic heading of runout:

e axis of rotation errors of the spindle, including radial excursions of the
spindle centerline during rotation [11-13];

e an offset between the holder centerline and spindle axis of rotation;

e an offset between the tool centerline and holder centerline; and
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e radii variation between cutter teeth due to imperfect grinding for a solid tool
or errors in the cutting edge placement for inserted cutters.

For demonstration purposes, let’s focus on variation in the teeth radii as
shown in Fig. 6.2.1. Naturally, the associated variation in chip thickness due to
the “big tooth” is synchronous with spindle rotation. This generates frequency
content at the runout frequency, f;, = élo :f’T””’ (Hz), where € is expressed in
rpm and f;,,,, in Hz. We also observe content at the higher harmonics 2f,,, 3f,.,
...1n general.

Example 6.2.1: Frequency content in the presence of runout If we return to
Ex. 6.1.1 and plot the chatter frequency, tooth passing frequency and harmonics,
and runout frequency with its first few harmonics (using p_6 2 1 _1.m), we see
that the third runout harmonic, 3f,,, intersects the chatter frequency curve
(solid line). We also observe that 4f,, (dot-dashed line) exactly overlaps f; o
(dotted line). The latter is expected because N, = 4. According to Fig. 6.2.2
(bottom subplot), we cannot discern between a potential chatter frequency and
the third runout harmonic at 808 Hz, as indicated by the diamond. This is an
important issue because one strategy to aid in isolating the chatter frequency for
unstable cuts is applying a comb filter, i.e., a frequency-domain filter that passes
all content except at selected equally spaced frequencies, to reject the tooth
passing frequency and its harmonics [3-4]. The same technique cannot be
applied to remove runout content if it coincides with possible chatter frequen-
cies [14].

Let’s use Eq. 6.1.2 to determine when this intersection between the
chatter frequency and runout harmonics may occur. Restating this equa-
tion, we have that s{}v, = N +5.. We also have the relationship nf,, = nf2
where n = 1, 2, 3, ... and 2 is expressed in rev/s in both instances. We are
looking for instances when the chatter frequency is equal to a runout
harmonic, or f. = nf,, = n{2 . Substituting for f. from Eq. 6.1.2 and solving
for n, we obtain:

n= N,(N—i—%). 6.2.1)

Fig. 6.2.1 Example of runout from a deviation in the radius from tooth to tooth in a solid
endmill. (Left) A tooth with the nominal radius is entering the up milling cut where the chip
thickness is zero according to the circular tool path approximation. (Right) The “big tooth”
has a non-zero chip thickness for the same cutter angle
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f. (Hz)

x 104

Fig. 6.2.2 Anintersection between the third runout harmonic and the chatter frequency curve
is seen at 808 Hz (marked by the diamond). This impedes our ability to identify potential
chatter frequencies in the milling signal spectrum

Because 7 < € < 2w rad (see Fig. 3.3.2, for example), only particular integer n
values yield acceptable ¢ values for a selected number of teeth and lobe number.
We'll explore this in Ex. 6.2.2.

Example 6.2.2: Identifying intersections between runout harmonics and chatter
frequencies Consider a four tooth cutter that exhibits runout. For the N =
0 lobe, we have that n=4(£) from Eq. 6.2.1. If n = 1, we obtain e =%
therefore, no intersection is possible because this is not an acceptable ¢
value. For n = 2, we find that e = n . However, because ¢ — 7 only as
fe — o0, this asymptotic approach is not practically important. For n = 3,
on the other hand, 5:37” and an intersection is possible as shown in
Fig. 6.2.2. We also know from Section 4.3 that this is the least favorable
tooth-to-tooth undulation phase relationship (for a single degree of free-
dom system). Note that if we know ¢ and f,, then we can calculate the
corresponding spindle speed for a selected lobe number by rearranging
Eq. 6.1.2. Specifically, we compute:

808
Q= Je = 0 =269.3rev/s = 16160 rpm.

W+ (04 2)a

When n = 4, we have an overlap with f,,,,, and intersection is only possible
for e = 27, which represents the most favorable undulation phase.

Runout in milling affects the instantancous chip thickness as demon-
strated in Fig. 6.2.1. Therefore, the force is also influenced and, subse-
quently, the vibration. Well-known outcomes include premature cutting
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edge failure and increased machined surface roughness. We can investigate
these effects using updated versions of our time-domain simulations.

6.5.1 Simulation Modification

Incorporating the effects of runout in the cutter teeth, as depicted in Fig. 6.2.1,
is straightforward. We’ll first consider the circular tool path time-domain
simulation for helical square endmills introduced in Section 4.5. Including
runout requires that we modify the chip thickness, h, calculation to be:

h = ft*sin(phia*pi/180) + surf(cnt4, phi counter) - n +
RO (cnt3) ;

where ft is the feed per tooth, phia is the tooth angle for the current tooth and
axial slice, surf is the array the contains the surface position for the previous
tooth at each axial slice, n is the current vibration along the instantaneous
surface normal direction, and RO is the vector that contains the tooth-to-tooth
runout values. To establish a convention for the simulation and match general
measurement procedures, we’ll normalize the RO vector entries to the largest
tooth radii (i.e., we’ll set the dial indicator to zero at the largest tooth and
measure the deviation in radii, if any, for the other tecth). This means that one
RO entry will be zero and all other values will be zero (for no runout) or less than
zero if runout is present. Naturally, the number of entries in this vector is N,.
In addition to changing the chip thickness calculation, the surf array updat-
ing must include the runout effect. Specifically, we use the following line when the
computed chip thickness is greater then zero (i.e., the current tooth is cutting).

surf (cnt4, phi counter) = n - RO(cnt3);

This approach neglects variation in runout along the tool axis, which is clearly
possible for actual cutters. To include axial dependence, the RO vector could be
redefined as an array with a column for each tooth and a row for each axial slice,
for example. We leave this activity as an exercise. As an example of the effect of
runout, let’s show the force profile for the helical endmill described in Ex. 4.5.1
together with the force variation in the presence of tooth-to-tooth runout.

Example 6.2.3: Comparison of forces with and without runout In this example,
we compare the cutting forces produced by helical endmills with and without
runout. We’ll consider a 30% radial immersion up milling cut (zero start angle
and 66.4 deg exit angle). There are two identical modes in both the x and y
directions. The modal parameters are: f,; = 800 Hz, k,1 = 2 x 10’ N/m, and
¢y = 0.05 and f,» = 1000 Hz, k,, = 1.5 x 10’ N/m, and ¢ ,» = 0.03. The
workpiece material is an aluminum alloy and it is machined with a four tooth,
19 mm diameter, 45 deg helix square endmill using a feed per tooth of 0.15 mm/
tooth. The cutting force coefficients are k, = 520 N/mm? and k,, = 300 N/mm?>.
The corresponding stability diagram is shown in Fig. 4.5.5. The resultant
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Fig. 6.2.3 Comparison of the resultant cutting force without runout (dotted line) and with
runout (solid line) for the circular tool path simulation

cutting force for an axial depth of 5 mm at a spindle speed of 15000 rpm with no
runout is shown as the dotted line in Fig. 6.2.3. The force with runout, RO = [ 0
-10 0 -15]um,isshown as the solid line. At = 0.0977 s, the runout force is
smaller by 25.5 N (7.4% decrease from the nominal force). At t = 0.0947 s, the
runout force is larger by 25.1 N (7.3% increase). This behavior matches the
“big-little” teeth profile described by the selected runout values. Figure 6.2.3
was produced using the MATLAB®) program p_6 2 3 l.m.

Let’s now consider the cycloidal tool path simulation. We define the tooth
dependent runout values in vector form, again using the same convention (normal-
ized to a maximum value of zero). The only other changes to the program described
in Section 5.3 are updating the radius with the runout values, r = d/2 + RO, and
indexing r by the appropriate Nt counter each time it appears [15].

Example 6.2.4: Comparison of cycloidal and circular tool path results In this
example, we compare the cutting forces for the cycloidal tool path simulation
(p_6_2 4 1.m) to those observed in Ex. 6.2.3. The conditions are identical. The
results with and without runout, RO = [ 0 -10 0 15] um, are shown in
Fig. 6.2.4. We sce that the force levels are similar to those seen in Fig. 6.2.3.
Perhaps more interesting, however, is a comparison of the machined surface
profiles predicted by the cycloidal simulation. Figure 6.2.5 shows the surface
without runout; the corresponding roughness average is 0.08 um. When includ-
ing runout, the roughness average increases to 0.66 pm (greater than eight times
larger) as seen in Fig. 6.2.6. Note that the surface location error at the tool’s free
end is essentially unaffected: 87.4 um overcut without runout and 86.1 pm when
including runout effects. Additional information regarding the influence of
runout on machining behavior can be found in [15-34]. In [15], for example,
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Fig. 6.2.4 Comparison of the resultant cutting force without runout (dotted line) and with
runout (solid line) for the cycloidal simulation
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Fig. 6.2.5 Machined surface profile for Ex. 6.2.4 with no runout. The “*’ symbols indicate the
simulated cutting edge locations. The surface is shown by the solid line; it is defined using the
“bubble up” algorithm described in Section 5.3. Note that the remaining material is located
above the line for the up milling cut

the influences of runout, feed per tooth, and teeth spacing on surface roughness,

surface location error, and stability are explored.

6.3 Variable Teeth Spacing

In all our previous stability analyses, we have assumed that the tecth are equally
spaced around the cutter periphery (i.e., constant teeth pitch). It is of course
also possible to place the teeth with unequal, or non-proportional, spacing.



220 6 Special Topics in Milling

9.62 T T T T

9.615

9.61

y (mm)

9.605

9.6

Fig. 6.2.6 Machined surface profile for Ex. 6.2.5 with runout. The roughness average is
approximately eight times higher than the surface in Fig. 6.2.5

Several researchers have implemented variable teeth spacing to interrupt
regeneration of surface waviness (caused by tool vibrations) and, therefore,
modify stability behavior [35-43]. Although we could argue that determining
the stability lobe diagram and using it to select cutting parameters is a valid
approach, the use of variable teeth spacing can be applied in situations where
it is inconvenient to adjust the spindle speed, such as a transfer line, or the
larger stable lobes available at higher spindle speeds are inaccessible due to
significant tool wear at the corresponding spindle (and cutting) speeds. In
these cases, changing the teeth spacing can yield stable zones where they would
not otherwise exist. Varying the helix angle from tooth to tooth has also been
implemented to reduce chatter [44], but we will focus on variable teeth spacing
here.

IN A NUTSHELL Because non-proportional tooth spacing

disturbs regeneration of waviness, it can improve milling stabi-

lity. Not all spacing selections increase stability, however, and

whether or not there is improvement depends on the system

dynamics, tooth spacing, and spindle speed. In addition, stability
improvement by this technique generally requires an accompanying feed
reduction. Constant spindle speed with non-proportional tooth spacing pro-
duces a non-constant feed per tooth. Because the maximum permissible chip
load is a function of the cutting edge strength, the maximum feed for a tool with
non-proportionally spaced teeth is controlled by the tooth with the largest
preceding angle. All other teeth are essentially under used and the required feed
reduction must be recovered through an increased axial depth of cut to simply
break even in terms of the material removal rate.
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6.7.1 Simulation Updating

As described in Section 4.3, there is a periodic time delay between teeth engage-
ments due to the (typically) uniform teeth spacing. Changing the teeth spacing,
therefore, varies this time delay and interrupts the surface regeneration periodi-
city. We can explore this through minor modifications to our time-domain
simulations. First, let’s consider the circular tool path code. The first modifica-
tion is to directly define the angles of the individual teeth starting from tooth 1
located at an initial angle of zero. The teeth are ordered by increasing clockwise
angles as described in Section 4.4 and shown in Fig. 6.3.1. Teeth angles of {0 95
180 275} deg are depicted, where teeth 2 and 4 have been advanced by five
degrees relative to their uniform spacing angles of 90 degrees. To describe the
teeth spacing, a new vector is defined inp_6_3_1_1.m.

tooth angle = [0 95 180 275];

Due to the variable teeth angles, the feed per tooth also changes from one
tooth to the next. This is handled using the following code, where ft mean is
the mean feed per tooth value (m/tooth) and theta is the angle between teeth
(deg); it is defined using the MATLAB®) diff function.

ft mean = 0.15e-3;
theta = diff ([tooth _angle 3601]);
for cnt = 1:Nt
ft (cnt) = (ft mean*theta(cnt)*Nt) /360;
end

Based on these modifications, two additional changes are made. First, the
teeth vector, which is used to index the appropriate phi entry, is redefined
using the following for loop. The round function is necessary because the
teeth entries must be integer values.

for cnt = 1:Nt
teeth(cnt) = round(tooth_angle(cnt)/dphi) + 1;
end

85 de
& / 1 95 deg

4

95 deg

3 85 deg

Fig. 6.3.1 Variable teeth spacing example with four teeth at angles {0 95 180 275} deg
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Finally, each time the feed per tooth appears, it must now be indexed using
the tooth (Nt) counter: £t (cnt3). Note that the runout vector entries, RO,
must now correspond to the appropriate entries in tooth angle.

Example 6.3.1: Comparison of uniform and variable teeth spacing forces Let’s
compare the cutting forces produced by endmills with uniform and variable
teeth spacing. We’'ll consider the same 30% radial immersion up milling
cut (zero start angle and 66.4 deg exit angle) as in the previous section. Again,
there are two identical modes in the x and y directions with modal parameters:
S = 800 Hz, k,1 =2 x 10’ N/m, and (q = 0.05; and f,, = 1000 Hz,
kg =1.5x 10"N/m, and ¢ ,» = 0.03. The workpiece material is an aluminum
alloy machined with a four tooth, 19 mm diameter square endmill using a feed
per tooth of 0.15 mm/tooth. The cutting force coefficients are k, = 520 N/mm?>
and k,, = 300 N/mm?. We’ll consider tools with zero helix angles (straight teeth)
and tooth angles of {0 90 180 270} deg and {0 95 180 275} deg.

Figure 6.3.2 shows the resultant forces for an axial depth of 3 mm at
15000 rpm. The figure is produced usingp_6_3_1_1.m, where the teeth numbers
are marked according to the convention shown in Fig. 6.3.1. Both cuts are
clearly stable; however, we see that the time between one tooth’s exit and the
next tooth’s entry (where the force is zero) varies periodically with the variable
teeth spacing. As we’d expect, the time is smaller for the decreased spacing
between teeth 1 and 4 and, similarly, teeth 3 and 2.

Next let’s explore the global stability behavior of the variable teeth spacing
tool relative to the uniform teeth spacing tool. We obtain the stability lobe
diagram for the latter usingp_6 3 1 2.m; see Fig. 6.3.3. To establish a baseline
for the comparison of the time-domain and frequency-domain solutions, let’s

400

200

100 |/

0 ‘ [ 3
0.09 0.091 0092 0093 0.094
t(s)

Fig. 6.3.2 Resultant cutting force for uniform (dotted line) and variable (solid line) teeth
spacing with angles {0 95 180 275} deg. The helix angle is zero, the axial depth of cut is 3 mm,
and the spindle speed is 15000 rpm for the 30% radial immersion up milling cut. The teeth
numbers are also identified (as depicted in Fig. 6.3.1)
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select a grid of points and complete time-domain simulations using
p_6 3 1 1.m. For each {2, b} combination, we determine stability from the
corresponding force and displacement profiles. The stable cuts are marked with
a circle in Fig. 6.3.3 and the unstable cuts with an ‘x’. Good agreement is
observed.

Implementing the variable teeth spacing {0 95 180 275} deg yields the results
provided in Fig. 6.3.4. Again, the variable teeth spacing stability is compared to
the frequency-domain uniform teeth spacing solution. A significant increase in
the allowable axial depth of cut is observed in the region near 4000 rpm.
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Fig. 6.3.4 Stability limits for variable teeth spacing, {095 180 275} deg, cutter. The frequency-
domain solution for the uniform teeth spacing cutter is again identified by the solid line. Using
the circular tool path time-domain simulation for the variable teeth spacing cutter, stable
results are identified by circles and unstable results by ‘X’ symbols. Improved stability is seen
near 4000 rpm



224 6 Special Topics in Milling

Although we would not expect the same behavior for different system
dynamics, this example does demonstrate the potential gains made available
by selection of appropriate tooth angles.

In a similar manner, we can model variable teeth spacing in the cycloidal tool
path time-domain milling simulation by specifying the appropriate teeth angles
in the vector teeth. This vector serves the same function as tooth anglein
the circular tool path simulation. See the MATLAB®) program p_6_2 4 1l.m
included on the companion CD

6.4 Low Radial Immersion Milling

In 1998, Davies et al. reported that “undesirable vibrations observed in partial
immersion cuts seem inconsistent with existing theory” [10]. Using a Poincaré
sectioning technique (once-per-revolution sampling) combined with capacitive
measurements of the tool shank displacements in the x (feed) and y directions
during cutting, they found that some unstable low radial immersion cuts gave
discrete clusters of once-per-revolution sampled points when plotted in the x-y
plane, while others presented elliptical distributions. They subsequently showed
that this behavior was the manifestation of two different types of instability
[45-46]. Traditional quasiperiodic chatter, also referred to as Hopf bifurca-
tion?, leads to the elliptical distribution of periodically sampled points. The
second instability type, encountered during low (less than 25%) radial immer-
sions, is a period doubling, or flip, bifurcation. It reveals itself as two tightly
grouped clusters of sampled points as opposed to a single group of points for
the synchronous vibrations that occur during stable cutting with forced vibra-
tions only. Subsequent modeling efforts are described in [47-53] and include
temporal finite element analysis, time-domain simulation, a multi-frequency
analytical solution, and the semi-discretization approach. These techniques
give improved accuracy for the predicted stability limit over the average tooth
angle and frequency-domain approaches (Chapter 4) in very low radial
immersion (less than 10%) cases. However, they do not offer the convenient
closed-form expressions for the stability boundary.

IN A NUTSHELL The cutting force in low radial immersion

milling resembles a series of impacts. In between impacts, the tool

experiences free vibration. The new cutting force depends on

where the tool is in its decaying free vibration cycle when the

tooth next encounters the previous surface. The result is the
formation of additional stable areas near what was previously the worst case for
stability.

% In the analysis of dynamic systems, a bifurcation represents the sudden appearance of a
qualitatively different solution for a nonlinear system as some parameter is varied [61].
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Example 6.4.1: Low radial immersion stability We can use time-domain simula-
tion to explore the Hopf and flip bifurcations. By modifying the cycloidal tool
path code to include once-per-revolution sampling, we can observe the two
instabilities in x (feed direction) versus y displacement plots [10]. We’ll use single
degree of freedom, symmetric dynamics (f,, = 720 Hz, k = 4.1 x 10° N/m, and
¢ = 0.009) for a 5% radial immersion up milling cut (zero start angle and
25.8 deg exit angle). The workpiece material is an aluminum alloy machined
with a single tooth, 45 degree helix, 8 mm diameter square endmill using a feed
per tooth of 0.1 mm/tooth. The cutting force coefficients are k, = 644 N/mm?
and k, = 238 N/mm?. These conditions mimic those reported in [53] to enable
convenient comparison. The code added in p 6 4 1 1.m to enable once-
per-revolution sampling follows, where xpos and ypos are the tool displace-
ments in the x and y directions, respectively, steps rev is the number of
simulation steps per revolution of the cutter, and xsample and ysample are
the sampling results.

xsample = xpos(l:steps rev:length (xpos));
ysample = ypos(l:steps rev:length (ypos));

Figure 6.4.1 shows the stability limit obtained using the frequency-domain
solution (Section 4.3) as a solid line. The region shown corresponds to the left
side of the j = 0 (rightmost) lobe. The results of time-domain simulations are
identified by: circles (stable); ‘x” symbols (Hopf bifurcation); and triangles (flip
bifurcation). A narrow band of increased stability is seen between 27000 rpm
and 28000 rpm. This is accompanied by the spindle speed range from 29000 rpm
and 32000 rpm which exhibits flip bifurcation behavior. Three points are
selected for further study. The {28000 rpm, 2 mm} point demonstrates the
traditional Hopf instability; see Fig. 6.4.2 for the time history and Fig. 6.4.3
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Fig. 6.4.3 Plot of x versus y
direction displacements
obtained from the

{28000 rpm, 2 mm} cut. The
elliptical distribution of the 10
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sampled data (‘ +° symbols) -100 -50 0 50 100
indicates Hopf instability X (um)

for the x vs. y plot. As discussed previously, the once-per-revolution
sampled data appears as an elliptical distribution for Hopf instability.
Conversely, Figs. 6.4.4 and 6.4.5 show the flip bifurcation for the
{31000 rpm, 1.4 mm} operating parameters. The synchronously sampled
data now occur in two clusters after the initial transients attenuate in the x
vs. y plot (Fig. 6.4.5). A stable cut is represented by the {33000 rpm,
2.2 mm} spindle speed, axial depth of cut pair. As expected, Figs. 6.4.6
and 6.4.7 display repetitive behavior from one revolution to the next
(forced vibration only).
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Fig. 6.4.4 Time history for
the x (feed) and y direction
displacements obtained
from the {31000 rpm,

1.4 mmj} cut. The once-per-
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flip bifurcation

Fig. 6.4.5 Plot of x versus y
direction displacements
obtained from the

{31000 rpm, 1.4 mm} cut.
The two clusters of once-
per-revolution sampled data
(“+’ symbols) identify a flip
instability
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IN A NUTSHELL For those concerned with detailed process
modeling, the exact nature of the milling instability (Hopf or
flip bifurcation) is extremely interesting. For practical machin-
ing applications, we just need to consider the radial depth of cut.
As long as the radial depth is high, then the stability lobe
algorithms described in Section 4.3 are valid. When the radial depth of cut is
low, additional stable zones appear that “split” the higher radial depth stabi-

lity lobes.
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6.5 Uncertainty Propagation

In the stability lobe diagrams we’ve displayed so far, the stability boundary has
been represented by a single line. This indicates step-like behavior, where the cut
is stable below the line and unstable above. If the inputs were perfectly known
and the theory exactly captured the physical behavior, then this step behavior
could be true (although in practice, even experienced machinists could disagree
over whether a particular cut was stable or unstable near the stability limit).
However, no measured quantity, such as the cutting force coefficients or tool
point frequency response function, is perfectly known. Instead, there are
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uncertainties associated with these inputs. Additionally, the stability algorithms
incorporate approximations that limit their accuracy.

As stated in the National Institute of Standards and Technology Technical
Note 1297 [54], “the result of a measurement is only an approximation or
estimate of the value of the specific quantify in question, that is, the measurand,
and thus the result is complete only when accompanied by a quantitative state-
ment of its uncertainty”. The inclusion of a defensible uncertainty statement
enables the user to determine his/her confidence in the measurement and its
usefulness in decision making. This concept can be extended to simulation results
based on measured input quantities. Again, the user requires some indication of
the reliability of the analysis output to gage its usefulness.

Guidelines for evaluating the uncertainty in measurement results are described
in [54-57], for example. Often the measurand is not observed directly, but is
expressed as a mathematical function of multiple input quantities. In this case,
the fundamental steps in uncertainty estimation are to define the measurand,
identify the input uncertainty contributors and their distributions, and propagate
the uncertainties through the measurand using either analytical (Taylor series
expansion) or sampling (such as Monte Carlo or Latin hypercube) approaches.

Identification of the uncertainty in the stability limit for both the average
tooth angle [1] and frequency-domain [58] solutions is described in [59]. In this
work, Monte Carlo simulation was applied to propagate uncertainties in the
measured tool point FRF, cutting force coefficients (determined using the
method outlined in Section 4.7), and radial depth of cut through the two
approaches. In Monte Carlo simulation, random samples from the input vari-
able distributions are selected and the output is computed over many iterations.
The mean and standard deviation in the output are then reported. For the
stability analyses, this requires that a new diagram is computed in each of the
iterations. It is then necessary to identify the stability limit distribution at each
spindle speed within the range of interest. The uncertainty is therefore spindle
speed dependent and forms an envelope around the mean stability boundary as
depicted in Fig. 6.5.1. To interpret the uncertainty region shown in the figure,
we can state that it represents the axial depths, at the corresponding spindle
speeds, where the cuts can either be stable or unstable. Above the upper bound,

Mean plus two n Mean stability
standard deviations limit

Mean minus two

by standard deviations
. im

Fig. 6.5.1 Representation of

two standard deviation

uncertainty limits

superimposed on the mean

stability boundary -

determined from Monte

Carlo simulation [59] Q
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cuts are expected to be unstable, while cuts should be stable below the lower
bound (with 95% confidence due to the selection of plus/minus two standard
deviations about the mean). Naturally, we could apply the same approach to
determining the uncertainty in surface location error predictions using the
frequency-domain technique described in Section 5.2.

IN A NUTSHELL Uncertainties in the input data are part of

the reason that simplified expressions for cutting forces and

stability lobes are widely applied. It does not make much sense to

attempt to model the location of the stability boundary with great

accuracy when the force model coefficients, cutting geometry,
system dynamics, etc. are only approximately known. Certainly there is an
incentive (as in all of engineering) to strive for improved accuracy in models, but
it is also sensible to avoid implementing models that are more complicated than
the uncertainties in the required inputs warrant.

Exercises

1. For parts a) through d), indicate the action of an automatic spindle speed
regulation system for chatter avoidance in milling. The chatter avoidance
system operates by: 1) sampling the sound signal produced by the cutting
process using a microphone; 2) computing the Fourier transform of the
microphone signal; and 3) analyzing the spectrum content. Based on the
spectrum content, a new spindle speed is recommended if chatter is sensed.

a) The cutter has eight teeth, the spindle speed is 3000 rpm, and the fre-
quency spectrum shows a large peak at 400 Hz. The maximum available
spindle speed is 7500 rpm.

b) The cutter has six teeth, the spindle speed is 4200 rpm, and the frequency
spectrum shows a large peak at 380 Hz. The maximum available spindle
speed is 5000 rpm.

¢) The cutter has four teeth, the spindle speed is 10000 rpm, and the fre-
quency spectrum shows a large peak at 820 Hz. The maximum available
spindle speed is 10000 rpm.

d) The cutter has four teeth, the spindle speed is 30000 rpm, and the fre-
quency spectrum shows a large peak at 1520 Hz. The maximum available
spindle speed is 30000 rpm. The spindle speed is regulated once and the
spectrum of the second cut shows a large peak at 2280 Hz.

2. Calculate the e value(s) in radians which correspond to coincidence(s)
between the runout harmonics and chatter frequencies for the N = 0 lobe
when using a cutter with three teeth.

3. Chatter was observed for milling at 7000 rpm with a 4 mm axial depth of cut.
The helical square end mill had four teeth. Using the diagrams provided in
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Fig. e.6.3 Stability, chatter frequency, and undulation phase diagrams

Fig. .6.3, describe the automatic spindle speed regulation step(s) required to
arrive at a stable cut. List the chatter frequency(s) encountered, the spindle
speed(s) selected, and the corresponding e value(s).

4. Consider a 30% radial immersion up milling cut. The tool dynamics are
described by two identical modes in both the x and y directions (assume the
workpiece is rigid). The modal parameters are: f,; = 800 Hz, k,; = 2 x 107
N/m, and (,; = 0.05; and f,» = 1000 Hz, ko = 1.5 x 10’ N/m, and (,» =
0.03. The workpiece material is an aluminum alloy and it is machined with a
four tooth, 12.7 mm diameter, 30 deg helix square endmill using a feed per tooth
of 0.2 mmy/tooth. The variable teeth spacing for this cutter is teeth= [ 0 95
180 275] deg. The cutting force coefficients are k, = 520 N/mm?, k,, = 300 N/
mm?, and k,, = k,, = 0. The axial depth of cut is 5 mm and the spindle speed is
15000 rpm. Determine the roughness average (in pm) for runout values of
RO=[ 0 0 -20 0] pm using the cycloidal tool path time-domain simulation.
Compare this value to the roughness average with zero runout.
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Chapter 7
Tool Point Dynamics Prediction

The secret to creativity is knowing how to hide your sources.

- Albert Einstein

In Chapters 4, 5, and 6 we analyzed several aspects of milling with the ultimate
goal of enabling a priori stability and surface location error predictions in order
to improve productivity. We described frequency-domain solutions that offer
closed form expressions for both stability (Chapter 4) and surface location error
(Chapter 5). The primary inputs to these analyses are the force model coeffi-
cients and tool point frequency response function, or FRF. In this chapter, we
apply the receptance coupling technique to prediction of the tool point response
in order to complement the frequency-domain process models detailed pre-
viously.! We also include a brief review of Euler-Bernoulli beam theory and
provide closed form solutions for the direct and cross receptances (FRFs) under
free-free and clamped-free boundary conditions.

7.1 Motivation

While impact testing (Section 2.6) provides a convenient approach to obtaining
the tool-holder-spindle-machine® FRF (typically measured at the tool point), it
requires a separate set of measurements for each assembly. For example, if there
are 25 tools in a machine tool’s magazine, then a minimum of 50 measurements
are required (one each for the x and y directions, assuming the axial compliance
in the z direction is negligible). Further, if the tool insertion length is modified
due to new requirements or inadequate control during tooling setup, the mea-
surements must be repeated for that tool-holder combination. This requirement

! If the tool point FRF is known, the modal fitting procedure described in Section 2.5 can be
applied to identify the modal parameters required for time-domain simulation as well.

2 The workpiece can also be the source of significant dynamic compliance. However, we will
limit our discussions to situations where the workpiece can be assumed to be rigid relative to
the tool-holder-spindle-machine assembly.

T.L. Schmitz, K.S. Smith, Machining Dynamics, DOI 10.1007/978-0-387-09645-2_7, 235
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for multiple measurements certainly does not preclude the application of the
process analyses we’ve discussed in production environments. However, the
required time and cost for impact testing does pose an obstacle to convenient
implementation at the shop floor level.

IN A NUTSHELL Although FRF measurements provide us

with essential information, they are specific to the setup. The

tool-holder-spindle-machine FRF changes strongly with tool

length and diameter, for example. Unfortunately, modern CNC

systems encourage poor setup repeatability by including tool
length offset correction. Although this may enable you to put the tool point at
the correct geometric location, it also leads to almost certain variability in day
to day machining performance due to the change in assembly dynamics.

While no predictive approach replaces actual data, the requirement for a

separate measurement of every conceivable setup can lead to a substantial number
of measurements. In this chapter we describe a new method that eliminates the
need to measure each tool-holder in a particular spindle. By combining measure-
ments of a simple artifact inserted in the spindle in question with models of tools
and holders, we can perform off line FRF predictions for a range of tools.

7.2 Basic Receptance Coupling

Rather than consider the tool-holder-spindle-machine combination as a single
assembly, we can view it as being composed of three separate entities, specifi-
cally, the tool, the holder, and the spindle-machine. Of these three, the tool and
holder are convenient to model because they are not structurally complicated.
The spindle-machine, on the other hand, is much more challenging. Spindle
dynamics modeling, often completed using finite element analysis, requires
detailed knowledge of the mechanical design, bearing stiffness values (which
depend on the assembly tolerances), and damping levels®. For commercial
machining centers, the spindle design is often proprietary or unavailable to
the end user, and the bearing stiffness values are difficult to obtain. Also, first
principle estimates of the spindle damping remains an active research area.
Comparable problems are encountered in modeling the machine dynamics,
particularly obtaining the damping values, which often depend on multiple
energy dissipation mechanisms and locations. Even more problematic, different
lengths and diameters of tools may activate these mechanisms by differing
amounts (especially within the spindle).

3 Author T. Schmitz acknowledges conversations with N. Arakere, University of Florida,
regarding dynamic modeling of rotating systems.
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FOR INSTANCE A short, large diameter tool may be very
stiff and emphasize the spindle modes in the assembly FRF. The
primary damping source in this case would be the spindle bear-
ings and interface between the spindle and motor rotor. If the
tool is long and slender, by contrast, the spindle may appear
nearly rigid (but not always!*). This tool geometry would generally emphasize
the damping in the tool-tool holder-spindle interfaces with relatively less energy
dissipated by the spindle bearings.

W

This leads us to a scenario where we can consider modeling those components
that lend themselves to this activity (the tool and holder) and measuring the
difficult-to-model element (the spindle-machine)’. Additionally, rather than
describing the modeled and measured parts, or substructures, using modal
parameters, for example, it is sensible to develop substructure FRFs since the
assembly FRF is a primary input for the analytical milling process analyses. A
convenient approach for joining these substructure FRFs to obtain the assem-
bly response is receptance coupling [1, 2], or receptance coupling substructure
analysis (RCSA) as referenced in recent literature [3—12]. Prior to detailing
RCSA for tool point FRF prediction, let’s examine receptance coupling solu-
tions for some simple dynamic systems.

7.2.1 Two Component Rigid Coupling

As shown in Fig. 7.2.1, two components, I and II, are to be rigidly coupled to
form assembly III. The coupling coordinates are x;, and x;; for the two

Fig. 7.2.1 Rigid coupling of components I and II to form assembly III. The force F| is applied
to the assembly in order to determine H;

4 See Example 7.5.2.

> Author T. Schmitz recognizes “hallway” discussions with Dr. J. Pratt, National Institute of
Standards and Technology, Gaithersburg, MD, in forming this observation.
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substructures I and II, respectively. The corresponding assembly coordinate,
X1, is located at the same physical location as x|, and x, after they are joined.
An attractive aspect of receptance coupling is that the component FRFs are
only required at the coupling locations and any point where the assembly
response is to be predicted [13—15]. Therefore, the direct (see Section 2.4)
assembly response, Hj(w) = %, due to a harmonic force applied at coordinate
X can be fully described using the direct component receptances /i1414(w) = %
and hyp1p(w) = % obtained from harmonic forces applied at x;, and x1;, respec-

tively. Note that we’ve used upper case variables to designate assembly terms
and lower case variables to identify component terms.

To determine the assembly response, we must first state the compatibility
condition, xy;, — x1, = 0, which represents the rigid coupling between compo-
nent coordinates x;, and x;,. We can therefore write x;, = x;, = X, due to our
decision to locate assembly coordinate X at the (rigid) coupling point. We must
also define the equilibrium condition, fi, + f1, = Fi, which equates the internal
(component) and external (assembly) forces. Let’s substitute for the displace-
ments in the compatibility equation.

X1p — X1 =10

hlblbflb - hlalafla =0

We next use the equilibrium condition, rewritten as fi, = F| — fip, to elim-
inate f1,. Rearranging enables us to solve for fi,.

hipip fib — hiaiaF1 + Marafis =0
(hiata + hsip)fis = hiaraFi

fis = (Mara + hipis)  hiaiaF)

Now that we have f},, we can again use the equilibrium condition to deter-
mine f,.

Jia = Fi1 — fip

fia = (l — (hata + hlblb)_]hlala)Fl

We solve for H;; as shown in Eq. 7.2.1. This equation gives the direct
assembly response at the coupling coordinate, X7, as a function of the compo-
nent receptances. These frequency dependent, complex valued receptances may
have any number of modes. There are no restrictions on the relationship between
the number of modes and coordinates as with modal analysis (i.e., we saw in
Section 2.4 that the number of modeled modes and coordinates must be equal to
obtain square matrices when using modal techniques).
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_ XX Madia
F Fi Fi

= Iata — Mata(ata + M) " Mata (7.2.1)

IN ANUTSHELL The spindle-machine FRF, which is difficult

to model, is determined by measurement. As we’ve discussed, the

FRF shows the real and imaginary parts of the frequency depen-

dent motion at a selected coordinate in response to a force. The

tool and holder, on the other hand, are modeled using beam
theory. The measured and modeled FRFs are connected at the appropriate
coordinate; this is the essence of receptance coupling. Using this approach, the
FRF of the assembled structure can be predicted at any coordinate on the
modeled portion of the assembly.

Similarly, we can predict the assembly response at another coordinate,
not coincident with the coupling point, by defining the component
receptance at the desired location. Consider Fig. 7.2.2, where the direct
assembly response at X is again desired, but this location is now at another
point on component I. We again assume x; and X; are collocated before
and after coupling. The new coupling coordinates at the rigid coupling point
are x,, and x,,. The component receptances corresponding to Fig. 7.2.2
are hy :% and o, :% for 1, and haypop :ﬁ for 1I. The compatibility
condition for the rigid coupling is x5, — x, = 0 and we can therefore write
Xoy = Xz = X». Also, x; = X;. The equilibrium conditions are f>, + f>, = 0
and f1 = F).

To determine H;; = %’ we’ll first write the component displacements. For I,
we now have two forces acting on the body, so the displacements are:

X1 =hifi + hiafoa and  xoy = hoalfi + haaoafra (7.2.2)

h

Fig. 7.2.2 Example showing
rigid coupling of
components I and II to form
assembly III. The force F; is
applied to the assembly in
order to determine H;

and H21
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For 11, we have xy, = hapopfap. Substitution into the compatibility condition
gives:

honanfap — haa /i — haaaf2a = 0. (7.2.3)

We apply the equilibrium conditions to replace f; and eliminate f5,

(faa = =/
Tapaefor — haat 1 + hawaaf2n = 0. (7.2.4)

This enables us to group terms and solve for f5,. Specifically, we
have that /5 = (M4 +h2b2b)_lhz,,1F1. Therefore, we can also write
Jra = —(haa +h2b2b)_lhzalF1. Substitution of this force value into the Hy;
expression gives us the desired result; see Eq. 7.2.5. Again, the assembly
response is written as a function of the component direct (%111, f2.,04, and hopp)
and cross (/12, and /) receptances.

oo - X1 hifi + hiafra _ hirfi — Moa(haasa + howas) ™ haat Fy
1 F1 F1 F1 Fl

hitFr — haa(hasa + hasas) ™ hoar Fi
F

(7.2.5)

H, = = i1 — hioa(haasa + howos) ™ oa

We can also use f>, to determine the cross receptance H,;. See Eq. 7.2.6.

1o = X2 _ %2 _ hoafi + hadfa _ haafi — haaa(haaa + hass)” hoat Fy
TR R F F

_ Ina By — haaza(haaza + hasan) ™ haat Fy
F

(7.2.6)

1
= a1 — Mawa(Maara + hapaw) ™ hoat

In an analogous way, we can find the direct and cross receptances, H,, and
H,, respectively, due to a force applied at X». See Fig. 7.2.3. The component

Fig. 7.2.3 Example showing
rigid coupling of
components [ and II to form
assembly III. The force F; is
applied to the assembly in
order to determine H»»,

and Hi,
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receptances are again fhy; = % and hyp, = ;ZL for I, and /ippp = % for II. The
compatibility condition for the rigid coupling remains as xp, — x5, = 0. How-
ever, the equilibrium condition is f>, + f2p = F>.

To determine Hy, = %, we begin by writing the component displacements.
For 1, the displacements are:

X1 = hlZa_fZa and X2q = h2a2£1.fZ(1~ (727)

For I1, we have xu, = hopp fo5. Substitution in the compatibility condition
gives:

hawp fob — haa2a fra = 0. (7.2.8)

We apply the equilibrium condition, f>, = F, — f2», to eliminate f>,in Eq. 7.2.8.
hapon fov — hoa2a F2 + hoaza for = 0 (7.2.9)

This enables us to group terms and solve for f5,. We find that
Jor = (hawa + hzbzh)_lhz,lz,le. Again using the equilibrium condition, we can

write f, = (1 — (Mg + /12;,2;,)71/12,12,1)&. Equation 7.2.10 gives the desired

H>; expression.

X xu Iografoa  M2a2a (1 — (haa2a + h2b2b)_lh2(12a) F
=22 —
R R K £ (7.2.10)
_ TaaaFs — haaaa(hawaa + o)~ hoapaFa
V)

H>) = Iara — Maaza(haaza + hawos) Moana

We use f>, to find the cross receptance H, as well. See Eq. 7.2.11.

XX hoafa_ hlZa(l — (h2a2a + h2b2b)7lh2a2a)F2
TR R B F (7.2.11)

Hyy = hiza — hioa(haaaa + hows) ™ o

7.2.2 Two Component Flexible Coupling

Let’s continue with the system shown in Fig. 7.2.1, but now couple the two
components through a linear spring, described by the constant k. This is
displayed in Fig. 7.2.4. The component receptances are hj,, = % and
hipy = % and the equilibrium condition is £}, + f1, = F1,. These are analogous

to the rigid coupling case. However, the compatibility condition now becomes:
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Fig. 7.2.4 Flexible coupling
of components I and II to
form assembly III. The force
Fy,1s applied to the
assembly in order to
determine H,,, and Hp,

k(x1p = X14) = =f1p- (7.2.12)

Because the component and assembly coordinates are coincident, we have

that x,, = X», and xy, = X5;,. To determine Hy,1, = );l‘”, let’s first substitute the

component displacements in the compatibility condition. See Eq. 7.2.13.

k(hipis f1o — hiataf1a) = —f15 (7.2.13)

Using the equilibrium condition, fi, = Fi, — fi5, we can eliminate fj, to
obtain the equation for fj,.

k(hpis fis — haraFra + Maafiv) = —f1p
khipip fio — khiaraFra + khiara fis = —/ip

1
(hlala + hlhlh + E)flb = hlalaFla

n-!
Jin = (hlala + hipiy + %) hataF1a

Using fj, and the equilibrium condition, we find that
fla = (1 — (hata + hip1e +%)71h1a1a)Fla. Substitution then yields the direct

assembly receptance Hi,1, as shown in Eq. 7.2.14. We can see that this equation
simplifies to Eq. 7.2.1 as k approaches infinity (rigid connection).

1
Xia _ Xta _ Matefia _ hlala(l — (Mata + hipp + 1) hlala)Fla

Hy, = =
TR, Fi Iy, Iy

(7.2.14)

=
Higa = Mata — Mala (hlala + hipiy + %> hiata
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The cross receptance due to the force F, is provided in Eq. 7.2.15.

Nl
X xu hwwfis Msis(Paa + vy +3) MaaFia

Hipra =
YT R, Fu Iy, Fiq,

(7.2.15)

n-!
Hipra = hipip (hlala + hipp + %) hiaia

As shown in Fig. 7.2.5, we can alternately apply the assembly force to
coordinate X ;. The component receptances and displacements are unchanged,
but the equilibrium condition is fi, + fi» = F1p. Similarly, we modify the com-
patibility condition to be:

k(x1a = x15) = ~f1a- (7.2.16)

Substitution for the component displacements and f}, (from the equilibrium
condition) yields the expression for fi,,.

k(hiaiafia — s Fip + hipis fia) = —fia
khaafia — khipipFrp + khipip fia = —f1a

1
(hlala + hipiy + E)fla = hipipF1p

, !
Jia = (hlala + hipiy + %) hip1pF1p

Again applying the equilibrium condition, fi, = Fy, — f14, We obtain
fip = (1 — (Mata + hipp + %)_lhlblb)Flb. Substitution then gives the assembly

direct and cross receptances due to Fy,,.

Fig. 7.2.5 Flexible coupling of components I and II to form assembly II1. The force Fy, is
applied to the assembly in order to determine H,,1, and H .15
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11
Xip _x1p _ b _ hlhlb(l — (Mata + hp1p + 1) hlhlb)Flh

H E—— -
1h1b F]b F]b Flb F]b (7217)
1 _]
Hiptp = hiptp — hipip <hlala + hip1p + %> hip1p
-1
Hip = Xia _ Xla _ hiatafla _ h1a1a<hlala + hpp + %) hipinFip
S e Flb (7.2.18)

-
Higp = hiata (hlala + hipiy + E) hipip

Similar to the rigid connection example depicted in Fig. 7.2.2, we can again
add another coordinate, not located at the coupling location, and apply the
external force at that point. See Fig. 7.2.6. The component displacements are
again x| = hy f1 + h2afre and xoq = hog1 f1 + howpa foo for substructure I and
X2 = hopop fop for substructure I1. The equilibrium conditions are fa, + fa = 0
and f; = F). The compatibility condition is:

k(x2p — X24) = —f2- (7.2.19)

As before, the component and assembly coordinates are coincident, so we
have that x; = X1, x2, = X4, and xp, = X5p. To determine Hy = ;—1‘, let’s first

substitute the component displacements in the compatibility condition. See
Eq. 7.2.20.

k(havas for — haatfi — haa2afoa) = —f20 (7.2.20)

Using the equilibrium conditions, we can eliminate f>, and replace f; with F;
to obtain the equation for f,.

Fig. 7.2.6 Flexible coupling
of components I and II to
form assembly III. The force
Fy is applied to the assembly
in order to determine H,,
Hsqy, and Hopy
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k(hapontra — haat Fi + haaaafon) = —f
khowonfor — khaat Fi 4 khagafos = —fop

1
<h2a2a + hapop + %>f2b = a1 Fi

Nt
S = <h2u2u + hopop + %> haa1 Fiy

Applying the equilibrium condition f>, = —f>,, we obtain:

, N
Jra = — <hZa2a + hapop + E) hoa1 F1.

This enables us to write the direct and cross receptances as shown in
Egs. 7.2.21 and 7.2.22, respectively. We note that these equations simplify to
the rigid coupling results provided in Egs. 7.2.5 and 7.2.6 as k approaches
infinity. The assembly cross receptance at coordinate X», is given by
Eq. 7.2.23.

, : 1
Xi _xi _hifi + hodha — ih - hioa(haaza + hovos + 1) haat Fy

Hy =2t =21 = -
Fi  F F Fy
1 (7.221)
hit Fy = hizg(hagoa + hopos + 1) hoat F A
Hy =2 12 ”aFI Q) L= by — hig h2a2a+h2b2b+% haa
Xow  Xa  hoafi + hada  MaFi — haa(haaa + hovs + ﬁ)flhzalF 1
o = F B F - Fy
1 (7.2.22)
-
Hyu1 = haal — haza <h2a2u + hopop + %) haa1
-1
i X2 X hopanfon Towan (Maasa + hovy + 1) hoat Fy
MTFETR F F
(7.2.23)

=
Hop = hopop <hzaza + hapop + %) hoai

Let’s now apply the external force, F,,, to coordinate X,, as shown
in Fig. 7.2.7 in order to determine the assembly receptances Hj,»,,
Hyp,, and  Hipp, The component displacements are x; = hiyfo, and
Xoa = howafra < TA3B2tlsb for substructure I and x,, = hoyopfa, for substruc-
ture II. The equilibrium condition is f5, + fo» = F2, and the compatibility
condition is:
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Fig. 7.2.7 Flexible coupling
of components I and II to
form assembly III. The force Jav o
F>, is applied to the |
I I

assembly in order to
determine Hs,4, Hoprg, and it X

X2b X2a
H 12a \ _

k(x2p — X24) = —f2- (7.2.24)

We first determine the force f>, by substituting the component displacements
in Eq. 7.2.24 and replacing f>, with F>, — f5.

k(hoponfan — haazaFaa + haawrafan) = —fan
kh2b212f2b - kh2a2aF2a + kh2a2af2b = _f2b

1
(hzaza + hopop + k)fzb = hwata

1 -1
J“Zb = (hZaZa + thZb + E) hZﬂZIIFZLI

Again using the equilibrium condition we find the equation for f5,,.
!
Jra = Fog — fop = (1 - <hzaza + hopop + %> hzm) Faq

The direct and cross receptances for this situation (depicted in Fig. 7.2.7) are
provided in Egs. 7.2.25 through 7.2.27.

1\ 1
Xoa _ %2 _ Mpaba _ hZaZu(l — (h2a2a + hows + 1) hZuZu)FZu

H 2a2a =

FZa - F_Za F2u F2a (7225)

N
Hopa = haoa — hoaa (h2a2a + hapop + k> haaoe

. .
Xop X howowfor hasas(h2aa + hovos + 1) haazaFaa
Hypy=——=——= =
FZa FZa F2b F2a (7226)

N
Hopog = hapop <h2a2a + hopop + —) haa2a

k
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Fig. 7.2.8 Flexible coupling
of components I and II to

form assembly III. The force Sop faa
F,, is applied to the |
assembly in order to [ [
determine Hoyp, Hogop, and it Xy Y, X
Hyyy

-1

X o hogh M2 (1 = (h2a2a + howos + 1) hzaza) Fa

Hpy=—=—= =

FZa FZa FZa F2a (7227)

-
Hiog = hioq — h124 (hzaza + hopop + %) h2a24

Our final scenario for the two component flexible coupling is shown in
Fig. 7.2.8. Here, we apply the external force F»;, to coordinate X», to obtain
the direct and cross assembly receptances Hyop, Houpop, and Hysy,. The compo-
nent displacements are the same as the previous case: x| = hjyfr, and
X2a = Mogaafra for substructure I and x,;, = hiypopfas for substructure 1. However,
the equilibrium condition is modified to be f, + f2» = F2, and the compatibility
condition is rewritten as:

k(x24 = X2p) = —f2a- (7.2.28)

We find f>, by substituting the component displacements in Eq. 7.2.28 and
replacing f5, with Fs, — f>,.

k(haazafaa — havapFap + hovanfaa) = —fra
khawatra — kKhapn Fob + kKhaponfoa = —fra

1
(h2u2u + hopop + %>f 20 = Moo Fop

Nt
Jra = (hzaza + hopop + %) hopopFap

Again using the equilibrium condition we find the equation for f5,,.
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N
S = Fop — fru = (1 - <hZa2(z + hapop + %) hzbzb) Fy

The direct and cross receptances for the case shown in Fig. 7.2.8 are given in
Eqgs. 7.2.29 through 7.2.31.

1
Xop _ Xap _ ot _ h2b2b(1 — (h2a2a + howos +§) h2b2b)F2b

H = — =
TRy Fy Fa F (7.2.29)
N
Hopop = hapop — hopop (h2112a + hopop + E) hawop
, 1
Xow  Xou  awaa Maa(haaa + hasos + 1) howosFap
Haan = Iy - Fa B Iy - Fy
1 (7.2.30)
-
Hypp = hagoa <h2(12a + hopop + %> hapap
-1
Xt xt hiafa Moa(haaa + hovee +5) " hasasFas
o = " F ™ Pu P
. ‘ (7.2.31)

=
Hiy = g <h2a2a + hapop + E) hopop

7.2.3 Two Component Flexible, Damped Coupling®

As we discussed in Section 2.1, damping is always present in mechanical
systems. Therefore, as a final step in our receptance coupling of bodies I and
I1 to form assembly III, we can expand the model in Fig. 7.2.6 to include viscous
damping at the coupling interface. See Fig. 7.2.9.

INANUTSHELL We recognize that the interface between the
tool and holder, as with any common interface, is not rigid. Small
relative motions between these bodies can produce damping.

¢ Author T. Schmitz gratefully acknowledges collaboration with Dr. T. Burns, National
Institute of Standards and Technology, Gaithersburg, MD, in developing the damping
analysis.
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Fig. 7.2.9 Viscously

damped, flexible coupling of

components I and II to form S Jaa N
assembly I1I. As with the | |

two component flexible *l-’ [ [
coupling case, the force F| is I X . Xy X
applied to the assembly in X _______

order to determine H,
Hyy, and Hyp,

The expressions for the component displacements and equilibrium conditions
remain unchanged relative to the flexible coupling derivation when we add
damping. However, the compatibility condition is now:

k(x% — x2a) + iwc(x2;, — XQQ) = —f, (7.2.32)

where we have assumed harmonic motion so that the velocity dependent
damping forces can be express in the form iwcx. Equation 7.2.32 can be
rewritten as:

(k + iwc)(be — X2a) = —f2p. (7.2.33)

If we substitute the complex, frequency dependent variable & for
(k +iwc), then we see that the compatibility equation takes the same
form as shown in Eq. 7.2.19 and we can simply replace k£ in Eq. 7.2.21
with k&’ to obtain Eq. 7.2.34 [5]. This defines the direct FRF at coordinate
X1 on assembly III in Fig. 7.2.9. The same substitution can be made in the
other assembly receptances derived for the two component flexible cou-
pling in order to obtain the two component flexible, damped coupling
results.

1\ !

Hyy = hiy — hig (hZaZa + hapop + P) haal (7.2.34)

Before proceeding with a numerical example, we present Table 7.2.1 which

summarizes the receptance coupling equations developed in the previous
paragraphs.
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Table 7.2.1 Direct and cross receptances for two component coupling. The connection type
(labeled C-type) is R, rigid, or F, flexible. The receptance type (labeled R-type) is D, direct, or
C, cross. The corresponding figure and equation numbers are also included

C-  Substructure

type coordinates Receptances Fig. Eq.
1 I R-type

R xy, xi D Hii = Mg — Mata(Mata + Mois)iata 7.2.1 7.2.1

R X1, X2y X2 D Hy = hy — ]112[,(]72“2“ + 112[,2;,)71}12(11 722 7.2.5
C Hy = haat — hogaa(hoaa + h2[)2h)_1]72a1 7.2.6
D H22 = hzaQ(, — 112a21,(h2(,2,, + /12},2},)71/12(12(, 723 7210
C Hp = hlZu — 1’[12(1(’12(12[, + ]12/,2[,)71112‘,2(, 7.2.11

F v,  x, D Hiata = hata = hata(hiata + hiptp + D) " hiata 724 7.2.14
C thla = hl/)lh(hlula +h1blh +%)7lhlalu 7.2.15
D Hipip = hiprp — /11;,1;,(111“1“ + Mp1p +%)7l]11h1b 7.2.5 7.2.17
C Hiap :hlala(hlala+]71blla+%)71hlhlb 7.2.18

F  xXnxw X D Hyy = it — hisa(haasa + howss +2) " o 72.6 7221
C H2al = ]12441 — hzaga (172(12(4 + hz/,z[; + %)71]12‘,1 7.2.22
C Hopy = hopp (haaza + howas + %)71/1%1 7.2.23
D Hypa = Mapa — hoara (/12(,2,, + hapap + %)qhzazl, 7.2.7 7.2.25
C Haa = hayop (haaza + hawap + 1) g 7.2.26
C Hiza = hizq — ha(haaza + hasas + %)71/”2(&1 7.2.27
D Hopop = hosop — oo (haaza + hasap + %)4/121;21; 7.2.8 7.2.29
C Haop = haaza(haaza + hawap + 1) o 7.2.30
C Hizp = hiza(h2a2a + hovos +1) oy 7.2.31

IN ANUTSHELL Asalways, improved accuracy of the model
and prediction comes at the expense of increased model com-
plexity and/or measurement requirements. Prediction of the
natural frequency of the assembly, for example, does not place
the same demands on the model as prediction of the dynamic
stiffness (including damping). Accurate frequency response function prediction
and, by extension, the corresponding stability lobe diagram requires more care.

Example 7.2.1: Comparison of assembly modeling techniques Let’s now com-
plete an example where we compare receptance coupling to the methods we
discussed in Sections 2.3 and 2.4: modal analysis and complex matrix inversion.
As shown in Fig. 7.2.10, two single degree of freedom spring-mass-damper
systems, I and II, are to be connected using the linear spring element, k., to
form the new two degree of freedom assembly, III [16]. The assembled system’s
equations of motion are determined as shown in Sections 2.3 and 2.4. The matrix
representation of these equations, after substituting the assumed harmonic form
of the solution, is provided in Eq. 7.2.35. This equation takes the same form as
Eq. 2.4.2, (s*[M] + s[C] + [K]){X}e" = {F}¢", where we've substituted the
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11 1
r=--~"~"~~==========7=7=777 I r=-~"~"~"~~=========7=7=777 I
i [ : i [ :

1 1
| fin b |
! Mo ™ I
1 : 'fla :
! 1 ! 1
! ky b ky |
1 1
! X1p o X1a 1

1 1

| 1
' < cy '
| kc 1
1 1

1
; ms AN :
1 — 1
! Fup |
' ky ky |
i | | |
| | | :
! Xup Xiq !

11T

Fig. 7.2.10 Flexible coupling of spring-mass-damper systems I and II to form the two degree
of freedom assembly 111

Laplace variable s for the product iw and [M], [C], and [K] are the lumped
parameter mass, damping, and stiffness matrices in local coordinates,
respectively.

m 0 cg 0 ki + k. —k, i Xia 0
s* +5 + _
0 m 0 o —ke kot ke | Xip Fip
mys® + s+ (ki + k) —k, 1( X4 0
—k, mas® + cas + (ko + ko) | | X Fip
(7.2.35)

7.2.4 Modal Analysis

We can use the equations of motion shown in Eq. 7.2.35 to find the modal solution
for the assembled system. If we assume that proportional damping exists (i.e., [C]
= a[M] + B[K], where o and 3 are real numbers), damping can be neglected in the
modal solution. Note that this solution is also independent of the external force,
Fi;,. We write the characteristic equation for this system as shown in Eq. 7.2.36. The
quadratic roots of this 4™ order equation, 57 and s3, give the two eigenvalues
(st = —w2, and 53 = —w?,, where w,; <w,;) for the two degree of freedom system.
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(m152 + (kl + k(,‘)) (m252 + (kz + kc’)) - kz = 0 (7 2 36)
I’n1n’12S4 T (m] (k2 + kc) + m2(k1 + kc))Sz + (k] + kc)(k2 + kc) - k(z =0 B

Substitution of these eigenvalues, normalized to the coordinate of interest
(coordinate X, in this case), into either of the original equations of motion,
again neglecting damping and the external force, yields the eigenvectors (mode
shapes). Selecting the top equation from Eq. 7.2.35, for example, gives:

Xla kc
= 7.2.37
Xy ms?+ (ki + k) ( )

The mass, damping, and stiffness matrices are diagonalized using the
modal matrix (composed of columns of the eigenvectors), P, defined in

Eq. 7.2.38. Specifically, we have that: [M,] = [P]"[M][P] = [mql 0 },

0 my
[C,] = [P)[C][P] = {"g)l C‘;],and [K,] = [P)T[K][P] = ["gl qu} 2

on these modal values, we calculate the associated damping ratios,
fql2 The modal solution for the direct FRF at coordinate

Co12 = 23/kgramg s’
Xj, of the assembled system is then expressed as shown in Eq. 7.2.39,
w

where 2= oo’

. Based

Te(s7) 3 (35)1 (7.2.38)

PR PRI, EENT) BUNTIE S

Fis kg \ (1= +(2¢um)) ka2 \(1 -2 +(2¢pr)

7.2.5 Complex Matrix Inversion”

Equation 7.2.35 can be compactly written as [A]{X} = {F}. As shown in

Section 2.4, complex matrix inversion is carried out using {X}{F} '=[4]"'
to determine the assembly direct and cross FRFs. The inverted [A4] matrix for
this two degree of freedom example is:

7 As discussed in Section 2.4, complex matrix inversion, rather than modal analysis, is applied
when the damping may not be proportional.
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Fig. 7.2.11 Receptance

coupling representation of ) )
joining spring-mass-damper i Sa
systems I and II to form the

two degree of freedom
assembly 111 11

|: an *a12:| |:*w2mz + iwer + (kz + k(v) ke :|
—ay Ay ke —wrmy + iweyp + (kv + k)

A= —
] ay - ap —apn-ay  (—wtmy +iwey + (ky + ko)) (—wrmy + iwey + (ko + k) — k2

where we’ve replaced s with iw relative to Eq. 7.2.35. The individual terms in the
inverted [A4] matrix are:

Xia Xig
Hia. Hi,
[A]71: [F}a Fllr] _ |: lala 111b:|' (7.2.40)

X Xy
Fr F Hipia  Hipip

7.2.6 Receptance Coupling

This case is the same as the two component flexible coupling example shown in
Fig. 7.2.5. Replacing k with k.in Eq. 7.2.17, we obtain Eq. 7.2.41. See Fig. 7.2.11.

-1
Xy _ xip _ i B /’llb]b<1 - (hlala + hipie +%) /111,”,>F1b

Fip  Fi Fip Fup (7.2.41)

X1

!
Ty Hipip = hipip — hipip (hlala + hipp + —> hipip
|

3

To compare the three methods, we select the mass, damping, and stiffness
values shown in Table 7.2.2 for the model in Fig. 7.2.10. We note that proportional

Table 7.2.2 Mass, damping, and stiffness values for Ex. 7.2.1

Parameter Value

ny 3 kg

) 200 N-s/m
ky 2 x 10° N/m
ny 2 kg

c 100 N-s/m
ky 1 x 10° N/m

k. 5% 105 N/m




254

Fig. 7.2.12 Comparison of
three methods for H,,,,
calculation. It is seen that
the modal analysis, complex
matrix inversion, and
receptance coupling
methods nominally agree
(superimposed solid lines).
The component receptances,
hia14 and hypy,, are also
shown

damping exists («
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0and 3 = 1 x 10~*) for the selected system, so the modal

approach may be applied. The MATLAB®R) program used to produce Fig. 7.2.12,
which displays both the component receptances and the assembly receptance
computed using the three methods, is provided on the companion CD as
p_7_2 1 _1.m. The frequency dependent differences between the complex matrix
inversion result, which was obtained through vector manipulations only by calcu-

lating the H,;y, result directly:

1 1
100 150

1
200

250 300

—Re
— Im |+

Receptance errors (m/N) Modal errors (m/N)

50

100 150
Frequency (Hz)

200

250 300

Fig. 7.2.13 Real and imaginary parts of difference between complex matrix inversion and
modal analysis (top) and real and imaginary parts of difference between complex matrix
inversion and receptance coupling (bottom). Receptance coupling agrees much more closely
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—w2m1 + iwey + (kl + k(,)
(—w2m1 + iwey + (ky + kc))(—w2l’}’Z2 + iwer + (ky + k) — k% ’

Hypp =

and the modal and receptance coupling method results are shown in Fig. 7.2.13.
It is seen that the errors introduced by the modal method (top) are approxi-
mately 4 x 103 times greater than the errors associated with the receptance
technique (bottom). The differences between the three techniques are intro-
duced by numerical round off errors in the mathematical manipulations. How-
ever, the improved numerical accuracy obtained with receptance coupling
(vector manipulations) over modal coupling (matrix manipulations) is another
benefit of the receptance coupling approach.

7.3 Advanced Receptance Coupling

The primary difference between the simple examples we’ve considered so far
and tool-holder-spindle-machine modeling is that we now need to consider not
only lateral displacements (x;/X;) and forces (f;/F}), but also rotations about
lines perpendicular to the beam axis (¢;/0©;) and bending couples (11,/M)). 89 To
begin this discussion, let’s consider the solid cylinder-prismatic cantilever beam
assembly shown in Fig. 7.3.1. To determine the assembly dynamics, all four
bending receptances must be included in the component descriptions (i.c.,
displacement-to-force, /;;, displacement-to-couple, /; rotation-to-force, ny,
and rotation-to-couple, p;).

Let’s summarize the steps required to predict the Fig. 7.3.1 assembly
receptances.

1. Define the components and coordinates for the model. In this simple exam-
ple, we can select two components: a prismatic beam with fixed-free (or
cantilever) boundary conditions and a cylinder with free-free (or unsup-
ported) boundary conditions; see Fig. 7.3.2.

o
yd
o

0,

Fig. 7.3.1 Rigid coupling of solid cylinder and prismatic beam to form cantilevered assembly

8 We will not consider axial or torsional vibrations in this analysis.

° Author T. Schmitz acknowledges significant collaboration with Dr. M. Davies, University
of North Carolina at Charlotte, in the early application of receptance coupling to tool point
FREF prediction.



256 7 Tool Point Dynamics Prediction

Fig. 7.3.2 Solid cylinder and
prismatic beam components

X
3 x2a
used to form cantilevered / X
assembly / /
2b
6

9241

2. Determine the component receptances. We can use either measurements or
models. For the models, an elegant choice is the closed form receptances
presented by Bishop and Johnson [1] for flexural vibrations of uniform
Euler-Bernoulli beams with free, fixed, sliding, and pinned boundary condi-
tions. Of course, the Timoshenko beam model or other approaches may also
be applied. See Section 7.4. For measurements, we can follow the procedures
outlined in Section 2.6.

3. Based on the selected model from step 1, express the assembly receptances as
a function of the component receptances. As demonstrated in Section 7.2, we
determine the assembly receptances using the component displacements/
rotations, equilibrium conditions, and compatibility conditions.

We begin the analysis of the system shown in Figs. 7.3.1 and 7.3.2 by writing
the component receptances. Note that we have placed coordinates at the pre-
diction location (1), which would represent the tool point for a tool-holder-
spindle assembly, and coupling locations (2a and 2b). For the cylinder, we have
the following direct receptances at the coordinate 1 end:

X1 X1 01 01
hhi=— lhi=— njy=-— =—. 7.3.1
11 I 11 P 11 I P . ( )

The corresponding cross receptances at the same location are:

X X 0 0
]?L loy = m_zla Mi2a =f2—la Pi2a = Wzla (7.3.2)

At coordinate 2a on the cylinder, the direct and cross receptances are written
as shown in Eqgs. 7.3.3 and 7.3.4, respectively.

hi2e =

X2a X2a 024 024
hwa =——  hoa=— Mwi=—7— praa=— (7.3.3)
f 2a ma, .f2a 2a
X24 X2a 92(1 92u
ha =— ba=— Mg =— puaa=— (7.3.4)
fl nj f1 mi

Similarly, for the prismatic beam, the direct receptances at the coupling
location 2b are described by Eq. 7.3.5.
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X2p Xap 02 02
hapop = T by = S M = I Py = (7.3.5)
% % S %

To simplify notation, the component receptances can be compactly repre-
sented in matrix form as shown in Egs. 7.3.6 through 7.3.9 for the cylinder and
Eq. 7.3.10 for the prismatic beam:

Gt = Y or g = o, (1.3

0 L7 P mi
X2a [ howa  bawa Y
{ ) } B o - ]{fz } or {uz} = [Rowzal{q24}, (7.3.7)
92“ L"2a2a  P2a2a my,
e L )
{xl } _ |2 2 ]{ f } or {u1} = [Ri24){q24}, (7.3.8)
01 L712a  Pl2a my,
a (hoa1 ba
{xz } _ [ 2a1 Dal ]{fl } or {ur,} = [Rost}{q1}, and  (7.3.9)
92“ L72a1  P2al mi

{xzh } _ [ hopan Dapop } { S } or {uz} = [Ruap){qa}, (7.3.10)

02 Lnopan Pavan | Ly

where R;; is the generalized receptance matrix that describes both translational
and rotational component behavior [6, 10, 17] and u; and ¢g; are the corresponding
generalized displacement/rotation and force/couple vectors. To visualize R;;, we
can think of each frequency dependent 2x2 R; matrix as a page in a book with
every page representing a different frequency value. Flipping through the book
from front to back scans the frequency values from low to high through the
modeled or measured bandwidth. Naturally, all receptances in the coupling
analysis must be based on the same frequency vector (resolution and range).

We write the component receptances, using the new notation, as:
u; = Ruqy + Ripaqa and  uy, = Rog1q1 + Rowaqra for the cylinder, and
s, = Ropopqap for the prismatic beam. If we apply a rigid connection between the
two components, the compatibility condition is: uy, — up, = 0. Additionally, if we
again specify that the component and assembly coordinates are at the same physical
locations, then we have that u; = U} and uy, = u, = U, (due to the rigid coupling).

We can write the assembly receptances as shown in Eq. 7.3.11, which again
implements the generalized notation:

{Ul}_|:Gll G12:|{Q1} (73.11)

U, Gy Gn|l02) o
X | Hy Ly| o _J 5 -

where U; = {@[}, G = [Ni/ Py |’ and Q; = M, [ To determine the

assembly receptance at the free end of the cylinder, G;;, we apply Q; to
coordinate U; as shown in Fig. 7.3.3, where the generalized U; and u; vectors
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U,

/ U,

Fig. 7.3.3 Receptance coupling model for determining G, and G,;. Rigid coupling is assumed

are shown schematically as “displacements”, although we recognize that they
describe both lateral translation and rotation. The associated equilibrium con-
ditions are: ¢», + g2, = 0 and ¢; = Q;. By substituting the component displace-
ments/rotations and equilibrium conditions into the compatibility condition,
we obtain the expression for ¢, shown in Eq. 7.3.12. The component force g5, is
then determined from the equilibrium condition ¢,, = —¢,. The expression for
G 1s given by Eq. 7.3.13. We find the corresponding cross receptance matrix,
G»1,in a similar manner; see Eq. 7.3.14. Note that G;; and G»; comprise the first
column of the receptance matrix in Eq. 7.3.11.

Uy — g =0

Ropopqon — Roarq1 — Rowoaqra = 0

(7.3.12)
(Roa2a + Ropp )2 — Roat Q1 = 0
-1
@2 = (Roga + Ropop) ™ Roa1 Q1
G =8 —wm Rigi+Riaq2 _ R1Q1—Rina(RowatRoson) ' Ron 01
=9 ~0o — [ - [
» Hy, Ly (7.3.13)
Gii = Ri1t — Ria(Rowza + Ropop)™ Roal =
Ny Py
_ U wa _ Rouqi+Rowaqra Rt 01— Rowra(Rouza+ Rosay) ' Roat O
G = 0 [ - [
. Hy Ly (7.3.14)
Ga1 = Rout — Rowpa(Rowra + Ropop)” Roul =
Ny Py
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0,

/ljj? .
|

92q
D

Fig.7.3.4 Receptance coupling model for determining G,, and G,. Rigid coupling is assumed

To find the receptances in the second column of Eq. 7.3.11, we apply Q> at U,,
as shown in Fig. 7.3.4. The component receptances are: u; = Ry,q2, and
Uz = Ropaqaa for the cylinder, and uy, = Ropapqap for the prismatic beam. For
the assumed rigid connection the compatibility condition is again: uy, — uz, = 0.
The equilibrium condition is: gz, + g2 = Q>. By substituting the component
displacements/rotations and equilibrium condition into the compatibility condi-
tion, we obtain the expression for ¢,, shown in Eq. 7.3.15. The component force
@2 1s then determined from the equilibrium condition ¢y, = Q> — g2, The
expression for Gy, is provided by Eq. 7.3.16. We find the corresponding cross
receptance matrix, G1,, in a similar manner as shown in Eq. 7.3.17.

Uop —Upg =0

Raponqan — Roa2aq2a = 0

Ropanqan — Roa2aQ2 + Roazaqor =0 (7.3.15)
(Raa + Ronap)qop — Rowra@r = 0

G2 = (Raza + Ropn) ™ Ra2a Q2

G _ U Uy Rz(,zl,qz(, _ R2c/2a(l_(R251214+R21121$)71R2c/2a)Q2
2= 0= =

0 O 0> 0>

. Hy L (7.3.16)
G22 = R2c12a - R2a2u(R2a2a + RZ/)Z/)) IRZaZ(z = |: :|

Ny Py
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Table 7.3.1 Direct and cross receptances for generalized two component coupling. The
connection type (labeled C-type) is R, rigid. The receptance type (labeled R-type) is D, direct,
or C, cross. The figure and equation numbers are also included. Similarities to the correspond-
ing entries in Table 7.2.1 are evident

Substructure
C-type coordinates Receptances Fig. Eq.
1 11 R-type
R U, sy Uy, D Gi1 = Rit — Riza(Roaaa + R2b2b)7]1$2al 7.3.3 7.3.13
C Ga1 = Roat — Roaza(Raaza + Rapop) ™ Roai 7.3.14
D G22 = R2¢12a - R2(12(I(R2¢12a + R2b2h)71R2a2u 7.3.4 7.3.16
C G2 = Rizg — Rioa(Roana + Ropn) ' Rouna 7.3.17
Gy — Ul — w1 _ R _ Rizg (1= (Ragrat Rawon) ™" Roaza ) 0
279,70, 0> 0>

Hp L (7.3.17)
Np P 12]

We see that the procedure to model the systems with both displacement and
rotations is analogous to the examples provided in Section 7.2. Let’s again
summarize the receptance terms in tabular form; see Table 7.3.1. Due to the
clear similarities to Table 7.2.1, we will not derive the receptances for the other
two component coupling cases. The only consideration is that for non-rigid

coupling, we replace the scalar stiffness term, %, from the displacement-to-force

G12 = Riza — Riza(Rauza + Ropap) ™ Rowra = [

-1
analyses with the matrix expression [k} , where:

[=ler w2l
kxm kﬁm
The subscripts for the stiffness matrix entries indicate their function. For
example, kg, represents resistance to rotation due to an applied force. As shown
in Eq. 7.2.34, these four real valued stiffness terms are augmented by the corre-

sponding damping expressions if viscous damping is included at the coupling
location [11]. The new complex, frequency dependent stiffness matrix is:

M _ [ R+ iweyy kop + iwegy
K 4 1wy Koy + iwcom .

7.4 Beam Receptances

To describe the lateral vibration and associated rotation at the ends of uni-
form beams, we may apply Euler-Bernoulli beam theory. Many sources are
available for full equation development, such as[1, 18], and we refer the reader
to these texts for a detailed analysis. However, we’ll review some of the basic
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concepts before presenting the closed form equations developed by Bishop
and Johnson [1].

For a uniform elastic beam subject to lateral vibrations, y, we can write the
differential equation:

2
oy ﬂ@ = (7.4.1)
o pAox*

to describe its lateral motion as a function of time, z, and position along the
beam, x, where E is the beam’s elastic modulus (N/m?), 7 is the 2"¢ moment of
area/area moment of inertia (m®), p is the density (kg/m?), and A is the cross
sectional area (m?). This equation assumes that the axis of the undeflected beam
lies along the x direction and an infinitesimal slice of the deflected beam is
bounded by plane faces. If we assume a harmonic disturbance, we can use the
trial function y = Y(x) sin(w?), where w is the frequency, to eliminate the time
dependence. See Eq. 7.4.2, where \* = o224,

rY

—— - XY=0 7.4.2

Ox* ( )
The general solution to Eq. 7.4.2 is given in Eq. 7.4.3. In this equation, 4, B,

C, and D are constants that are determined from the boundary conditions. See
Table 7.4.1.

Y = Acos(A\x) + Bsin(Ax) + Ccosh(Ax) + Dsinh(Ax) (7.4.3)

Example 7.4.1: Tip receptances for clamped-free beam In this example, we’ll use
Eq. 7.4.3 and Table 7.4.1 to determine the receptances at the free end of a
clamped-free beam. Let’s first consider a harmonic force applied in the positive
ydirection at the free end of the uniform beam of length L as shown in Fig. 7.4.1

and find H;| = % and Ny = %‘ From Table 7.4.1, the boundary conditions at

coordinate 2 (clamped), where x = 0, are y =0 and % = 0. At coordinate 1

Table 7.4.1 Boundary conditions for Euler-Bernoulli beam receptance calculations [1]

End description Boundary conditions
Clamped y =0, % =0

Free 22; =0, 3—; =0

Pinned y=0, % -0

Sliding ¥ _0,20—0
Harmonic force Fsin(wt) 377‘ =0, g\‘; = —Lsin(wr)

. . . 52y . Py
Harmonic bending couple M sin(w?) T2 = grsin(wi), Z—Y‘; =0
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Fig. 7.4.1 Clamped-free 2 1
uniform beam with a
harmonic force applied at L
the free end
X
F| =Fsin (wt)
y
(free), where x = L, the boundary conditions are g 5 =0and g L= — Eilsm(wt)

Using these four end conditions let’s determine the four coefficients 4, B, C, and
Din Eq. 7.4.3.

At x = 0, we have that y =0 and ¢ d) = 0. Therefore, we can use Eq. 7.4.3
directly and substitute x = 0 to obtcun Eq 7.4.4.

Vo= Y]iog=A4+C=0 (7.4.4)

This gives 4 = —C. Using the slope boundary condition at x = 0, we
calculate the first derivative of Eq. 7.4.3 with respect to y and evaluate it at x =
0 to get Eq. 7.4.5, which yields the relationship B = —D.

aY

gy _0Y
o Ox|,

5. =AB+D)=0 (7.4.5)

Atx = L, weﬁrstapplydzfo See Eq. 7.4.6.

x|,

_ Y

=32|._= A2(=Acos(AL) — Bsin(AL) + Ccosh(AL) + Dsinh(AL)) = 0(7.4.6)
=L

x=L

Substituting for 4 and B in Eq. 7.4.6, we obtain:

C(cos(AL) + cosh(AL)) + D(sin(AL) + sinh(AL)) = 0. (7.4.7)

e L sin(wr) at x = L and again substitute for 4 and B to

We next use =T H

find:

C(—sin(AL) + sinh(AL)) 4+ D(cos(AL) + cosh(AL)) = sin(wt). (7.4.8)

F
~ NEI
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Let’s now rewrite Eqs. 7.4.7 and 7.4.8 in matrix form and solve for the
coefficients C and D. See Eq. 7.4.9.

in(AL inh(AL C 0
sin(AL) + sinh(AL) } _ b sin(wr) (7.4.9)
cos(AL) +cosh(AL) | | D — g
We can use Cramer’s rule [19] to determine C and D. Writing Eq. 7.4.9 in the

cos(AL) + cosh(AL)
—sin(AL) + sinh(AL)

generic form [4]{x} = {B}, or |:all

7.4.10 and x, by 7.4.11.

arn X1 o b1 .
Clzz]{xz } = {b2 }, we find x; by Eq.

by ap
by ax biaxn — byap
X = - (7.4.10)
any an| anan —anan
a  an
ayir by
ay b anby — ar by
o= - (7.4.11)
apy a2 ajpdyy — dx1dg2
a  an

Substitution in Eq. 7.4.10 gives C, while Eq. 7.4.11 is used to find D. See

Eqgs. 7.4.12 and 7.4.13.
0

F
)\3

sin(wt)

sin(AL

)
)

sinh(AL)

- -

cos(AL

cosh(AL)

F
(sin(AL) + sinh(AL))
C— NEI

cos(AL) + cosh(AL)
—sin(AL) + sinh(AL)

sin(AL) + sinh(A\L) ‘ -

)
cos(AL) + cosh(AL) (7.4.12)
)

(cos(AL) + cosh(AL))" —(—Sin(AL) 1 simh(AL) (L) £ simh(L)

C=

F(sin(AL) + sinh(AL))

SNTEI(T + cos(ML) cosh (L)) ()

cos(AL) + cosh(AL) 0

—sin(AL) + sinh(AL)

F in(wt)
g Sin(w

F
b ~E (cos(AL) + cosh(AL))

cos(AL) + cosh(AL)
—sin(AL) + sinh(AL)

sin(AL) +sinh(AL) | —
cos(AL) + cosh(AL) ‘ (7.4.13)

(cos(AL) + cosh(AL))*—(—sin(AL) 4 sinh(AL))(sin(AL) + sinh(AL)) sin(wt)
p— __ Fleos(AL) +cosh(AL))

2M3EI(1 + cos(AL) cosh(AL)) sin(wr)
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We determine Y by substituting the equations for C and D, together with the
relationships 4 = —Cand B = —D, in Eq. 7.4.3. Because x = L atcoordinate 1,
we also substitute L for x. The result is provided in Eq. 7.4.14.

Y1 = Acos(AL) + Bsin(AL) + Ccosh(AL) 4+ D sinh(AL)

Yy = —Ccos(AL) — Dsin(AL) + Ccosh(AL) + Dsinh(AL)
Y1 = C(—cos(AL) + cosh(AL)) + D(—sin(AL) + sinh(AL))
F(sin(AL) + sinh(AL))
2M3EI(1 + cos(AL) cosh(AL))

sin(w?)(—cos(AL) + cosh(AL))—

= 7.4.14
5 Af;;{fffg;;g’;?gj}f&) 1S sinO\L) + simhn$) Y
(sin(AL) + sinh(AL))(cos(AL) — cosh(AL))
Y, — 2M3EI(1 + cos(AL) cosh(AL)) a Fsin(wr)

(cos(AL) + cosh(AL))(sin(AL) — sinh(AL))
2M3EI(1 + cos(AL) cosh(AL))

Finally, the displacement-to-force tip receptance at the free end of the beam
is written as shown in Eq. 7.4.15.

(sin(AL) + sinh(AL))(cos(AL) — cosh(AL))
2MEI(1 4 cos(AL) cosh(AL)) a )
- i i Fsin(wt)
(cos(AL) 4 cosh(AL))(sin(AL) — sinh(AL))

Y) 2N EI(1 + cos(AL) cosh(AL))
F Fsin(wt)
(sin(AL) + sinh(AL))(cos(AL) — cosh(AL)) (7.4.15)

2M3EI(1 + cos(AL) cosh(AL)) B

(cos(AL) 4 cosh(AL))(sin(AL) — sinh(AL))
2M3EI(1 + cos(AL) cosh(AL))

_sin(AL) cosh(AL) — cos(AL) sinh(AL)
N N EI(1 + cos(AL) cosh(AL))

H11:_

Hll

To determine the rotation-to-force tip receptance, we return to Eq. 7.4.3 and
substitute for 4, B, C, and D.

Y = (C(—cos(Ax) 4 cosh(Ax)) + D(—sin(Ax) + sinh(Ax))) (7.4.16)

We then obtain rotation by differentiating Y with respect to x, © = ‘é—ﬁ, and

evaluate this expression at x = L. Finally, we divide this result by F; to find
Ny =9 See Eq. 7.4.17.

sin(AL) sinh(AL)

N =
" N2EI(T + cos(AL) cosh(AL))

(7.4.17)
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Fig. 7.4.2 Clamped-free 2 1
uniform beam with a
harmonic bending couple L |
applied at the free end I
A
IJ x
M, =M sin (wf)
y
The remaining tip receptances are L} = Yll and Py 0‘ . We find these

terms by applying the harmonic bending couple M| = M sm(wt) at coordinate
1 as shown in Fig. 7.4.2. The boundary conditions at coordinate 2 (x = 0) are
=0 and OJY = 0. The boundary conditions at coordinate 1 (x = L) are
g\}z = Mlsm(wt) and gi = 0. We find the coefficients 4, B, C, and D from
Eq. 7.4.3 in the same manner as described in the previous paragraphs.
At x = 0, the situation is identical to the force application case shown in
Fig. 7.4.1soweobtain 4 = —Cand B= —D. Atx = L, we first use ? as

demonstrated in Eq. 7.4.18.

Oxz - )\’EI

2 2 -4 AL) — Bsin(AL
?y| oyl _ )\2( cos(AL) 51.n( )+> M sin(wr) (74.18)
ox2| _, Ox*| ., Ccosh(\L) + Dsinh(\L) NEI
Substitution for 4 and B in Eq. 7.4.18 gives:
C(cos(AL) + cosh(AL)) + D(sin(AL) 4 sinh(AL)) = )\Z—E]sm(wt). (7.4.19)

We next apply g\é =0 (at x = L) and substitute for 4 and B to get:
C(—sin(AL) + sinh(AL)) + D(cos(AL) + cosh(AL)) = 0. (7.4.20)

Expressing Eqs. 7.4.19 and 7.4.20 in matrix form yields:

cos(AL) +cosh(AL)  sin(AL) +sinh(AL) ] ( C M
—sin(AL) +sinh(AL) cos(AL) + cosh()\L)} { D } { | EI} sin(wr). (7421)

Again applying Cramer’s rule, we obtain equations for C and D.
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_ M(cos(AL) + cosh(AL))

~ 2X2EI(1 + cos(AL) cosh(AL))
M(—sin(AL) + sinh(AL))

~ 2X2EI(1 + cos(AL) cosh(AL))

sin(wt) (7.4.22)

D =

sin(wr) (7.4.23)

We find Y, by substituting Eqs. 7.4.22 and 7.4.23, together with the relation-
ships A = —Cand B = —D, in Eq. 7.4.3. We also set x = L. The result is given
in Eq. 7.4.24.

(cos(AL) + cosh(AL))(cos(AL) — cosh(AL))
2X2EI(1 + cos(AL) cosh(AL)) .
Vi==l GnAL) - sinh\L)(sinAL) — sinh(ary) | Mm@ (7:424)

2X2EI(1 4 cos(AL) cosh(AL))

We obtain the displacement-to-couple tip receptance at the free end of the beam
by dividing Eq. 7.4.24 by M. A comparison of Eqs. 7.4.25 and 7.4.17 shows us that
the displacement-to-couple and rotation-to-force receptances are identical.

(cos(AL) + cosh(AL))(cos(AL) — cosh(AL))
2X2EI(1 + cos(AL) cosh(AL)) Vi
T (sin(AL) — sinh(AL))(sin(AL) — sinh(AL)) sin{uwr)
Y 2X2EI(1 4 cos(AL) cosh(AL))
M, M sin(wt)
(cos(AL) 4 cosh(AL))(cos(AL) — cosh(AL)) (7.4.25)
2X2EI(1 4 cos(AL) cosh(AL))
(sin(AL) — sinh(AL))(sin(AL) — sinh(AL))
2X2EI(1 + cos(AL) cosh(AL))
B sin(AL) sinh(AL)
"~ MEI(1 + cos(AL) cosh(AL))

Ly =—

Ly

To determine the rotation-to-couple tip receptance, we return to Eq. 7.4.3
and substitute for 4, B, C, and D (according to Eqs. 7.4.22 and 7.4.23).

Y = (C(—cos(Ax) + cosh(Ax)) + D(— sin(Ax) + sinh(Ax))) (7.4.26)

We then find Py, = 2—‘[ by: 1) differentiating Y with respect to x to obtain
rotation © = %; 2) evaluating this expression at x = L; and 3) dividing this
result by M;. See Eq. 7.4.27.

_sin(AL) cosh(AL) + cos(AL) sinh(AL)
B AEI(1 + cos(AL) cosh(AL))

11 (7.4.27)

This process can be repeated for any of the boundary conditions shown in
Table 7.4.1. The tip receptance results for clamped-free and free-free conditions
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Fig. 7.4.3 Free-free uniform 2 1
beam

Table 7.4.2 Euler-Bernoulli beam tip receptances for clamped-free and free-free boundary
conditions [1]. Coordinates 1 and 2 are defined in Figs. 7.4.1 through 7.4.3. Also, \* = ? %
and L is the beam length

HZZ N22 HIZ NIZ P22 LIZ P]Z HI] Nll PII

Ly H>; L, N, Py Ly,
Free-free
—Cy —C) I C4 5 —Cyq C6 —Cy I 5
X pera Ne; Py Aer per Acr P A¢; Acy
Clamped-free

Neg Ny Aes

Terms c¢; through cg

¢; = cos(AL)sinh(AL) — sin(AL) cosh(AL) ¢s = cos(AL) sinh(AL) + sin(AL) cosh(AL)
+

¢y = sin(AL) sinh(\L) ¢6 = sin(AL) + sinh(\L)
¢3 =sin(AL) — sinh(A\L) = EI(cos(AL) cosh(AL) — 1)
¢4 = cos(AL) — cosh(AL) ¢g = EI(cos(AL) cosh(AL) + 1)

(see Fig. 7.4.3) are summarized in Table 7.4.2, where both direct and cross
receptances are included for the free-free beam. No cross receptances are shown
for the clamped-free beam because the response at the tip is zero for any excitation
at the clamped end and the response is always zero at the clamped end. We should
note that the free-free receptances also include the two (zero frequency) rigid body
modes for the uniform beam. The first displacement-to-force rigid body mode, for
example, represents the motion of the unsupported beam (imagine the beam
floating in space) when a force is applied at its mass center and rigid body
translation occurs. The second rigid body mode corresponds to a force applied
at any other location, which causes rigid body rotation about the mass center.
An important omission for the receptance expressions provided in Table 7.4.2
is damping. Because we are considering solid beams under lateral vibration, the
energy dissipation occurs within the beam only; there are no joints to introduce
damping. As discussed in Section 2.1, internal damping is typically classified as
solid, or structural, damping [20]. It is conveniently included in our harmonic
vibration analysis by replacing £/ in A, ¢7, and c¢g with the complex stiffness term
EI(1 + in), where n is the solid damping factor. Representative values for selected
engineering materials are provided in [21]. For tool-holder modeling, typical
values for steel and sintered carbide components are in the 0.001 to 0.002 range.
While the closed form Euler-Bernoulli beam tip receptances provided in
Table 7.4.2 are convenient to apply, accurate solutions are obtained only for
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beams which exhibit small cross sectional area to length ratios (i.e., long slender
beams). An alternative for beams that do not meet this criterion is the
Timoshenko beam model [22]. The corresponding differential equation is given
by:

Oy EIOW\ (ol Oy EI O \_ (I 0y
o pAox* EAG Ot i AG Ox2012 A Ox20r?

) =0, (7.4.28)

where k is a shape factor that depends on the beam cross section [23] and G is the
shear modulus. Equation 7.4.28 is grouped into three sections (i.e., three
parenthetical expressions). We see that the first section matches the Euler-
Bernoulli beam equation provided in Eq. 7.4.1. The second and third sections
account for shear deformations and rotary inertia, respectively. While these
additional terms improve the model accuracy (particularly at higher frequen-
cies), the tradeoff is that a closed form solution is unavailable. Finite element
calculations may be applied, but at the expense of computation time. A descrip-
tion of the Timoshenko free-free beam receptances obtained from finite element
calculations is given in [24].

7.5 Assembly Receptance Predictions

In Sections 7.3 and 7.4, we provided the building blocks for assembly receptance
predictions. In this section, we’ll detail coupling examples to demonstrate their
implementation.

Example 7.5.1: Free-free beam coupled to rigid support As a test of the recep-
tance coupling procedure, let’s couple a free-free beam to a rigid support (i.c., a
wall) to verify that it matches the clamped-free beam response we derived in
Section 7.4. As described in Section 7.3, we have three primary tasks to com-
plete in order to predict the assembly response. First, we must define the
components and coordinates for the model. Here we have two components: a
uniform beam with free-free boundary conditions and a rigid support (which
exhibits zero receptances); see Fig. 7.5.1. Second, we need to determine the
component receptances. We will apply the closed form receptances provided in
Table 7.4.2. Third, based on the selected model, we express the assembly
receptances as a function of the component receptances as shown in Table 7.3.1.

Let’s define the free-free beam to be a solid steel cylinder with a diameter of
10 mm and a length of 125 mm. The elastic modulus is 200 GPa and the density is
7800 kg/m>. We'll select the solid damping factor to be 0.01 for plotting purposes,
but in practice a value near 0.001 would be more realistic. The free-free cylinder’s
direct and cross receptance equations are given in Table 7.4.2, while the wall
receptances are zero. To calculate A\, we need the frequency vector w (rad/s), cross
sectional area, 4, and second moment of area, /. We'll use a frequency range of
5000 Hz with a resolution of 0.1 Hz. The variables 4 and / are defined in Egs. 7.5.1
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Fig. 7.5.1 Rigid coupling of the free-free cylinder to a wall

and 7.5.2 for the cylinder, where d is the cylinder diameter. The displacement-to-
force free-free receptance for the cylinder, /1, is shown in Fig. 7.5.2. We see a first
bending natural frequency of 2884.9 Hz. The rigid body behavior is exhibited as
the dramatic change in the real part as the frequency approaches zero.
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Fig. 7.5.2 Free-free receptance, hyy, for 10 mm diameter by 125 mm long steel cylinder
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2
A= % (7.5.1)
= % (7.5.2)

To rigidly couple the free-free cylinder to the wall, we apply Eq. 7.3.13:

Hy Ly )
G = = Ri1 — Ri2a(Roa2a + Ropop) ™ Roal,
Nii Py

where the generalized receptance matrices Ry, Ri24, Roura, and Ro,; correspond
to the cylinder and Ry, characterizes the wall response. The MATLAB®) pro-
gram p_7_5_1_1l.mis used to complete the receptance coupling procedure. The
results are displayed in Figs. 7.5.3 and 7.5.4. Figure 7.5.3 shows the Hj,
response from the G;(1,1) position (solid line). The dotted line in the figure is
the clamped-free response, Hy; = ;3—‘;;, from Table 7.4.2. We see that the two
curves are identical and the rigid body behavior is no longer present due to the
coupling conditions. A limited frequency range is displayed in Fig. 7.5.3 to
enable close comparison of the first bending mode. However, all bending modes
are included in the Euler-Bernoulli beam receptances. The frequency range is
increased in Fig. 7.5.4 to show the first two assembly bending modes. The
vertical axis (response magnitude) is logarithmic in this plot because the second
mode magnitude is much smaller than the first. Again, we observe exact agree-
ment between the receptance coupling result (solid) and clamped-free recep-
tance (dotted). An interesting aspect of Fig. 7.5.4 is that, in addition to the two
resonant peaks at 453.4 Hz and 2841.4 Hz, we also see an “anti-resonance” at
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- _6- 1 1 1 i
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Fig. 7.5.3 Comparison of H;, receptance coupling result (solid line) and clamped-free
response (dotted) for 10 mm diameter by 125 mm long steel cylinder
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Fig. 7.5.4 Semi-logarithmic plot showing the first two bending modes for Hy; tip receptances
obtained from: 1) rigid coupling of free-free beam to wall (solid line); and 2) clamped-free
response (dotted)

1988.1 Hz. At this frequency, the response is very small, even for large input
force magnitudes.

The rotation-to-couple tip receptance determined from the rigid free-
free beam coupling to the wall is also calculated in p_7_5_1_1.m. This
G11(2,2) entry is shown in Fig. 7.5.5 (solid line). The clamped-free response
(dotted line), Py, :A%, again agrees with the receptance coupling result.
We also see that the first mode natural frequency matches the H;; result
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Fig. 7.5.5 Comparison of P;; receptance coupling result (solid line) and clamped-free
response (dotted) for 10 mm diameter by 125 mm long steel cylinder
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(453.4 Hz), but the magnitude is quite different; note the new units of rad/
(N-m).

We’ve already noted that the assembly cross receptances, G1» and G, and
the direct receptances at the clamped end, G,,, are zero. We can verify this by
direct application of Egs. 7.3.14, 7.3.16, and 7.3.17. For the clamped end direct
receptance, Eq. 7.3.16 simplifies as shown in Eq. 7.5.3.

—1
G22 = R2a2a - RZaZa(RZaZa + RZbe) RZaZa

0 07\"
G2 = Ropa — Rowra (RZaZa + [ 0 O}) Ryi2a (7.5.3)

G22 = RZaZa - R2a2a(R2a2a)71R2a2u = R2[12[l - R2a2a =0

Similar results are obtained for the cross receptances in Eqgs. 7.3.14 and

7.3.17 when substituting Ry, = [8 8] .

Example 7.5.2: Free-free beam coupled to clamped-free beam Let’s now consider
the case depicted in Fig. 7.3.3. A 10 mm diameter by 100 mm long steel cylinder
(free-free boundary conditions) is to be rigidly coupled to a clamped-free 50 mm
by 50 mm by 200 mm long steel prismatic beam. The steel elastic modulus,
density, and solid damping factor are 200 GPa, 7800 kg/m>, and 0.01, respec-
tively. (Again, we selected the solid damping value to be artificially high for
display purposes.) The analysis is the same as Ex. 7.5.1 except that the R,y
receptdnces are no longer zero. They are now defined as shown in Table 7.4.2,
Hip =&, Lin= N =52, =5 We'll again use a frequency range of
5000 Hz with a resolution of 0.1 Hz to calculate \. The variables 4 and 7 are
defined in Egs. 7.5.4 and 7.5.5 for the square prismatic beam, where s is the side
length of 50 mm. The displacement-to-force free-free receptance for the cylinder,
hy1, is shown in Fig. 7.5.6 (solid line). The clamped-free square beam tip recep-
tance, hypp, is also displayed (dotted line). We see a first bending natural
frequency of 4507.6 Hz for the free-free beam. The clamped-free beam has a
first bending frequency of 1022.5 Hz.

A=s (7.5.4)

1= (7.5.5)

The application of Eq. 7.3.13 to this scenario using program p_7_5 2 1.m gives
Fig. 7.5.7, which shows H;; for the assembly. We see two modes within the 5000 Hz
frequency range: one at 1045.2 Hz, near the original clamped-free response, and a
second more flexible mode at 680.9 Hz due to the now coupled cylinder. Because the
prismatic beam is much stiffer than the cylinder, it appears to serve as a nearly rigid
support for the cylinder. This may lead us to believe that approximating the
assembly as a cylinder clamped to a wall is adequate. However, let’s investigate
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Fig. 7.5.7 Assembly displacement-to-force tip receptance H; for the rigidly coupled cylinder
and prismatic beam shown in Fig. 7.3.3

what happens if we modify the prismatic beam to reduce its first bending frequency
to a value near the clamped-free cylinder’s first bending frequency.

Figure 7.5.8 displays /4, for the free-free cylinder (solid line), as well as /1, for a
longer clamped-free prismatic beam (dotted line). The cylinder’s first bending
natural frequency remains at 4507.6 Hz for the free-free boundary conditions.
However, the first bending frequency for the extended clamped-free beam is reduced
to 654.4 Hz. Figure 7.5.9 shows H;; for the cylinder rigidly coupled to a 50 mm
square by 250 mm long prismatic beam. The response is now quite different than the
assembly receptance shown in Fig. 7.5.7 for the 200 mm long prismatic beam. Even
though the cylinder is coupled to a more flexible base (i.e., a longer clamped-free
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Fig. 7.5.8 Free-free receptance, /1, for 10 mm diameter by 100 mm long steel cylinder (solid
line) and clamped-free receptance, /x5, for 50 mm square by 250 mm long steel prismatic
beam (dotted line)
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Fig. 7.5.9 The displacement-to-force tip receptance, H,;, for rigid coupling of the 10 mm
diameter by 100 mm long cylinder to the 50 mm square by 250 mm long prismatic beam is
displayed

beam), the assembly response has a smaller peak magnitude. The minimum ima-
ginary value for the new assembly is —1.865 x 10~% m/N, while the corresponding
value for the shorter (and stiffer) prismatic beam assembly is —3.222 x 10~* m/N;
this represents a 42% compliance'® reduction. The compliance reduction, or

19 Compliance is the inverse of stiffness.
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equivalently the stiffness increase, is due to interaction between the two beams in a
manner analogous to the well known dynamic absorber. When the clamped-free
prismatic beam’s natural frequency is near the coupled cylinder’s natural frequency,
some energy is able to “pass through” the cylinder and excite the stiffer base. The
result is that the energy is more equally partitioned between the two modes and the
assembly response appears stiffer [8]. An electrical equivalent is the impedance
matching strategy used at cable connections. For example, it is common to use
50 © terminations at all connections to encourage signal transmission and avoid
reflection.

One application of this phenomenon is to select tool lengths that encourage the
interaction between the clamped-free tool’s first bending frequency and one of the
spindle natural frequencies (in bending). For slender tools, as the tool overhang
length from the holder face is adjusted, its natural frequency can be modified to
match a spindle natural frequency. This technique, referred to as “tool length
tuning” or simply “tool tuning” [8, 25, 26], can lead to improved dynamic stiffness
(i.e., a smaller magnitude for the tool point FRF) and increased allowable axial
depths of cut. As we saw with the prismatic beam-cylinder coupling, the surprising
outcome is that increasing the tool length can reduce the assembly compliance in
some instances. We should also note that forcing this interaction and encouraging
the two mode response shown in Fig. 7.5.9 will generally lead to competing lobes
(Section 3.4) in the corresponding stability lobe diagram.

7.6 Tool-Holder-Spindle-Machine Receptance Predictions'!

As we noted in Section 7.2, we can consider the tool-holder-spindle-machine
combination as being composed of three parts: the tool, holder, and spindle-
machine [7]. This enables us to use the closed form Euler-Bernoulli beam recep-
tances contained in Table 7.4.2 to describe the tool and holder dynamics; finite
element based Timoshenko beam receptances may also be applied, of course. Due
to modeling challenges, we measure the spindle-machine response using impact
testing techniques. Given the component responses, we then couple their indivi-
dual FRFs to obtain the assembly response via the receptance coupling substruc-
ture analysis (RCSA) approach [7]. Let’s now discuss this procedure in more detail.

Figure 7.6.1 depicts our model composed of the three individual components:
I — tool, I — holder, and III — spindle-machine'?. So far we have not discussed a
three component model. However, by sequentially coupling the components we
can limit the analysis to the two component case. For example, we can first couple
the free-free holder and tool to form the substructure I-I1 identified in Fig. 7.6.2.
To carry out this step, we begin by defining the components and coordinates as

" Author T. Schmitz recognizes the significant contributions of G.S. Duncan, Valparaiso
University, to this section.

12 US Patent application 200700884 56.
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Fig. 7.6.1 Three component receptance coupling model of tool (I), holder (II), and spindle-
machine (III)
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Fig. 7.6.2 (Sub)assembly I-1I composed of tool (I) and holder (II). The generalized force Q; is
applied to U, to determine G;; and G,
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displayed in Fig. 7.6.2. We then calculate the component receptances. If we apply
the Euler-Bernoulli receptances described by Bishop and Johnson [1], the appro-
priate equations are provided in Table 7.4. 2 For I, we have the free-free recep-
tances: hyp =5k, ln=nn =575, pu=35 h2a2u =y haa=mad =32,
Pr2a = 5o, h12a = ha = ﬁ, hoa=ma =5¢  ba =mu=53t, and
Pl2a = Paal = /\ , where \* = &? EI(li ,and L, p, A, E, I, and n depend on the

tool geometry and material properties. For II, we simply replace coordinate 1
with 2b and coordinate 2a with 3a in the previous equations. Additionally, we
must use the holder geometry and material properties to define A\, L, p, 4, E, I,
and 7. We will assume a rigid coupling between these two components and follow
the approaches described previously to determine the I-II (sub)assembly tip
receptances: (direct) G;; and Gs,3,; and (cross) Gz, and Gs,.

To find G1; and Gs,;, we apply Q; to coordinate U; as shown in Fig. 7.6.2.
The components’ displacements/rotations are: u; = Rji1q1 + Ri24924,
g = Roa1q1 + RowzaGra> Uzp = Ropopqop, and uz, = R3upqap. The equilibrium
conditions are: ¢a, + ¢q2» = 0 and ¢ = Q). We substitute the component dis-
placements/rotations and equilibrium conditions into the compatibility condi-
tion, uy, — up, = 0, to obtain the expression for ¢», shown in Eq. 7.6.1. The
component force ¢, is then determined from the equilibrium condition
¢2a = —q2»- The expression for Gy; is provided in Eq. 7.6.2. The cross recep-
tance matrix Gs,; is shown in Eq. 7.6.3.

Uy — g =0
Roppqop — Roaq1 — Rowpaqra = 0
(Raa2a + Ropp )2 — Roat Q1 =0

g2 = (Rouza + Ropp) ™ Roa1 O

-1
Lo Rugi+Riagaa - RuQi—Rina(Rowat+Ropon)” Roa O

1

1 0, [

(7.6.1)

<

G =

Q)
Q)

i, Lu] (7.6.2)
Nit Py

-1
Usa — 30— Rzapqan _ R3awop(RoadatRapan)  Roa1 Q)

G11 = Rii — Riza(Rowa + Ropp) ™ Raal = {

[ [ [

H3ul L3al :|
Niat  P3al

G3a1 -
(7.6.3)
G3a1 = Rsan(Raaza + Rasap) ' Roat = [

We find the remaining tip receptances Gs,3, and Gz, by applying Oz, to
coordinate Uz, as shown in Fig. 7.6.3. The components displacements/rotations
are: u; = Ri2q4q24, Uy = Rowaqra, uzp = Ropopqop + Rop3aqsa,  and
u3qa = R3ppqap + R3u3q934- The equilibrium conditions are: ¢y, + g2, = 0 and
¢3a = Q34 In the same manner as before, we substitute the component displace-
ments/rotations and equilibrium conditions into the compatibility condition,
Uz, — uypy = 0, to determine ¢»,; see Eq. 7.6.4. The component force ¢, is found
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Fig.7.6.3 (Sub)assembly I-1I composed of tool (I) and holder (II). The generalized force Q3 is
applied to Us, to determine Gs,3, and G 3,

from ¢, = —¢2,. The equation for the direct receptance Gs,3, is shown in
Eq. 7.6.5, while the cross receptance G3, is provided in Eq. 7.6.6.

Uy — upp =0
Rowaq2a — Roponqas — Rovzaqza = 0

(Rog2a + Ropop)q2a — Rop3aQ3q = 0

—1
94204 = (R2112a + RZbe) R2b3aQ3a
Use  wa  Riga@ia + Raondos  RszaQ3a — Rawop(Roa + Ropop) ™ RopzaQsa

(7.6.4)

G ada — A~ — - -
@ Q3a QSu Q3(1 Q3a

7.6.5
1 H3a3a L3a3a ( )

G3a3u = R3a3u - R3a2b(R2u2u + R2b2b) R2b3tt =

3a3a PBaBa
G — Ui Riuga Rina(Roa + Ropop) ™' Rop3aQsa
Ba= /=7 = =

¢ Q3a Q3a Q3a Q3a (766)

_ Hiz, Lz
G130 = Ri2a(Raa + Ropop) "Ropra = { ¢ a]

N13a P13a

Now that we’ve coupled components I and II to form the (sub)assembly I-11,
we can rigidly couple this result to the spindle-machine. See Fig. 7.6.4, which is
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Fig. 7.6.4 The I-11 (sub)assembly is rigidly coupled to the spindle-machine (I1I) to determine
the tool point receptances, G1;

very similar to Fig. 7.3.3. To apply Eq. 7.3.13, we must make minor modifica-
tions to the subscripts to match our new coordinates. Relative to the original
equation, we see that we must replace coordinate 2a with 3¢ and coordinate 2b
with 3b. Therefore, the tool point receptances are defined by:

G11 = Ryt — Rizg(Rsuza + Rapzp) ™ Rial, (7.6.7)

where the R; matrices are the (sub)assembly matrices from the I-II coupling
result. Therefore, we have: Ry; = Gy from Eq. 7.6.2, R3, = G3, from
Eq. 7.6.3, R3,3, = G343, from Eq. 7.6.5, and R;3, = Gi3, from Eq. 7.6.6. We
still have one matrix in Eq. 7.6.7 that is unknown, however. We do yet not know
the spindle-machine receptances Rsj3p.

7.6.1 Spindle-Machine Receptances

Before discussing R3,3, in more detail, let’s take another look at the model
in Fig. 7.6.1. We notice that the section of the tool holder beyond the
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flange has been artificially separated from the rest of the holder, which
includes the portion that is inserted and clamped in the spindle. There are
two reasons for this approach. First, for a given spindle, all holders
inserted in that spindle will typically have the same flange geometry. In
general, it is only the portion of the holder beyond the flange that varies
from one holder to the next; this is necessary for automatic tool changes.
Second, the portion of the spindle that we need to excite and measure is
the spindle shaft itself. Unfortunately, typical spindle designs do not give
us access to the spindle shaft. It is located within the spindle housing and
interfaces with the holder-spindle coupling mechanism (such as HSK,
CAT, or other). Therefore, it is convenient to consider the holder flange
and taper to be part of the spindle itself. This also locates potential
flexibility in the holder-spindle coupling within the measured spindle recep-
tances so that they do not have to be separately modeled.

Given our discussion of impact testing in Section 2.6, we see that the direct
FRF h3,3, would be straightforward to obtain. We’d simply need to modify a
holder to remove the portion beyond the flange, place this artifact in the
spindle, and then excite spindle-machine at the free end of the holder (on the
flange), while measuring the response at the same location. However, as we’ve
discussed, we also require the direct displacement-to-couple, rotation-to-force,
and rotation-to-couple FRFs to fully populate the Rj;3, matrix. These addi-
tional receptances are not so easy to obtain experimentally. Exciting the system
with an impulsive couple is particularly challenging. Therefore, we can consider
a different approach.

Rather than using a measurement artifact that includes only the flange
and taper, let’s select an artifact that incorporates some length beyond the
flange as shown in Fig. 7.6.5. If we can determine the assembly matrix

Hy Lo
O = [sz P
with a model of the portion of the artifact beyond the flange, to determine Rsy3y,.
By replacing coordinate 1 with 2, coordinate 2a with 3a, and coordinate 25 with
3b in Eq. 7.3.13, we obtain the free end response for the artifact-spindle-
machine assembly:

} experimentally, then we can use this information, together

G2 = Ry — Raza(Raa + Rapsp) ' Raaa. (7.6.8)

We can rearrange Eq. 7.6.8 to isolate Rsssp. See Eq. 7.6.9, where the R;
matrices are obtained from a model of the free-free portion of the artifact
beyond the flange (component II in Fig. 7.6.5) and G, is determined from
measurements. We can describe this decomposition process of identifying the
substructure receptances, Rsp3,, from the measured assembly receptances, G»,
and modeled substructure receptances, Rz, Ry, Ro3, , and Rj,3,, as “inverse
RCSA”.



7.6 Tool-Holder-Spindle-Machine Receptance Predictions 281

Artifact

uzp
Uy

- :l_ _l_a 11 _l_

Fig. 7.6.5 Artifact model for G, measurement; these receptances are subsequently used to
determine Rj;3;, by inverse RCSA (Eq. 7.6.9)

Gr — Ry = —Roe(Ragza + Rypsp) ' Rin
RZ_SIa(RZZ - G22)R3_(;12 = (R3[l3[l + R3b3b)7l

| (7.6.9)
R30(R» — G2)™ Roza = R3za + Rapzp

Rip3p = R3a(Raz — G2) ™' Rasa — Riaza

Our only remaining task is to define the G», receptances. The displacement-

to-force term H, :% is straightforward to obtain. We simply excite the

assembly at coordinate 2, typically via an impact hammer, and record the
response at the same location using, for example, an accelerometer, laser
vibrometer, or capacitance probe. To find the rotation-to-force receptance

Ny = %2, we can implement a first order finite difference approach [27]. By
measuring both the direct FRF H,, and cross FRF H,,» = 42 we can compute

F
N»> according to Eq. 7.6.10. The displacement-to-force c;oss FRF H,, is

obtained by exciting the assembly at U, and measuring the response at coordi-
nate U,,, located a distance S from the artifact’s free end, as shown in Fig. 7.6.6.



282 7 Tool Point Dynamics Prediction

U U

- -

Fig. 7.6.6 Locations for direct and cross artifact-spindle-machine assembly measurements

Equivalently, we could measure H,,,, where the linear transducer is placed at
U, and the force is applied at Uy,

Hy — Hogp _ Hy — Hyy
S S

Ny = (7.6.10)

We can assume reciprocity to establish the equality: L, = N,,. (We see this
same behavior for the free-free beam receptances in Table 7.4.2.) We cannot rely
on reciprocity or finite difference computations to find P,». However, using the
other three artifact-spindle-machine receptances, we can synthesize P, [28]. See
Eq. 7.6.11. Given P»,, we have now fully populated G, and we can use Eq. 7.6.9
to obtain R3h3b-

0, KHX:0 1 N3
Pp=—2="2"2"2 0 [Ny =2

= —== 7.6.11
M, XoM>,F, Hpy H ( )

7.6.2 Summary

Let’s conclude the chapter by summarizing the RCSA steps and discussing
implementation considerations. Given the three component model shown in
Fig. 7.6.1, our initial task is to identify the substructure receptances. We find the
tool (I) and holder (IT) free-free receptances from models. These may be based
on Euler-Bernoulli beam theory or finite element computations, for example.
We use artifact measurements and inverse RCSA to determine the spindle-
machine (IIT) receptances. Once we have the substructure dynamics defined, we
sequentially couple the three component receptance matrices to obtain the tool
point FRF, H;;, that is required for the stability and surface location error
analyses described in Chapters 4, 5, and 6. A benefit of this technique is that
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Fig. 7.6.7 Component definitions to account for changes in cross sectional dimensions and
the portion of the tool inserted in the holder

once the spindle-machine receptances have been identified, any tool-holder
combination can be coupled to the selected spindle without the need for addi-
tional measurements.

A final point for consideration is the tool and holder models. One issue is
that a portion of the tool is inserted in the holder; see component III in
Fig. 7.6.7. This gives the potential for cross sections with different material
properties between a steel holder and carbide tool, for example. Equivalent
structural rigidity, El,,, and mass per unit length, pA4.,, values can be calcu-
lated as shown in Eqgs. 7.6.12 and 7.6.13, where the /2 and ¢ subscripts indicate
the holder and tool, respectively. These may then be substituted for the E/ and
pA products in the Euler-Bernoulli beam receptance equations defined in
Table 7.4.2.

El,, = Eply + E/, (7.6.12)

pAeg = pidn + pid; (7.6.13)

A second issue for the Euler-Bernoulli receptances is that constant cross
sectional dimensions are required. Changes in cross section can be accommo-
dated by defining a new component for each constant cross section portion.
Components I through V are defined in Fig. 7.6.7 to represent the required tool
and holder substructures. Here we see that a separate component, I, was defined
for the fluted portion of the tool. This is necessary because the actual 2"
moment of area, 7, and area, A4, for the helical flutes differ from the cylindrical
shank 7 and A4 values. One approach is to define an equivalent diameter that is
then used in the / and A4 calculations. See [29, 30], for example.
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IN A NUTSHELL If measurement of the tool tip FRF is

convenient for the machine tool user, then the information

required for pre-process predictions of machining performance

can be directly obtained. However, if FRF measurements are

difficult for the user to complete, then receptance coupling offers
an alternative.

While receptance coupling requires accurate measurements of the spindle-
machine substructure, these measurements certainly fall within the domain of
expert consultants. If the spindle-machine response is archived and the com-
putations are embedded in software, then the power of a machine tool user to
predict the assembly FRF for a new unmeasured tool is formidable. The
predicted FRF can be used to compute stability lobes and surface location error
and enable the end user significant advantage because he/she will know which
cuts are acceptable and which are not for the selected tool-holder-spindle-
machine combination.

The previous scenario highlights the thrust of this book. It is possible to use
the techniques described here to predict machining performance with sufficient
accuracy that the trial and error process development approach so prevalent in
machining operations today can be rendered obsolete.

Exercises

1. Determine the direct frequency response function, %, for the two degree of
freedom system shown in Fig. e.7.1 using receptance coupling. Express your
final result as a function of m1, ¢, k, and the excitation frequency, w. You may
assume a harmonic forcing function, F>, is applied to coordinate X>.

Fig. e.7.1 Two degree of freedom assembly

2. Determine the direct frequency response function, %, for the two degree of

freedom system shown in Fig. e.7.2 using receptance coupling. Express your
final result as a function of m, ¢, k, and the excitation frequency, w. You may
assume a harmonic forcing function, F, is applied to coordinate X;.

3. Plot the displacement-to-force tip receptance for a sintered carbide cylinder
with free-free boundary conditions. The beam is described by the following
parameters: 19 mm diameter, 150 mm length, 550 GPa elastic modulus,



References 285

and 15000 kg/m® density. Assume a solid damping factor of 0.002. Select a
frequency range that encompasses the first three bending modes and dis-
play your results as magnitude (m/N) vs. frequency (Hz) in a semilog
format.

2m

k
_|_> _|—>
X1 X2
?I """" T e ?
| 11 11 i
i - m - 2m i
; AT
i k 2k i
i | | i
i I [ i
s xon
T m

Fig. e.7.2 Flexible damped coupling of mass (I) to spring-mass-damper (II) to form the two
degree of freedom assembly (I1I)

4. Use receptance coupling to rigidly join two free-free beams and find the free-
free assembly’s displacement-to-force tip receptance. Both steel cylinders are
described by the following parameters: 12.7 mm diameter, 100 mm length,
200 GPa elastic modulus, and 7800 kg/m? density. Assume a solid damping
factor of 0.0015. Once you have determined the assembly response, verify
your result against the displacement-to-force tip receptance for a 12.7 mm
diameter, 200 mm long free-free steel cylinder with the same material proper-
ties. Select a frequency range that encompasses the first three bending modes
and display your results as the real (m/N) and imaginary (m/N) parts vs.
frequency (Hz) using a linear scale.
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Appendix A

Orthogonality of Eigenvectors

As described in Chapter 2, the orthogonality of eigenvectors with respect to the
system mass and stiffness matrices is the basis for modal analysis. In general, we
can say that two vectors are perpendicular if their scalar, or dot, product is zero.
Consider the two vectors:

as{n) wow=(i} e

Their dot product is:

U] e V] = U171V = {un uzl}{v“

} =uy - v Fuan - var. (A2)
V21

This product is zero if the vectors are perpendicular. Orthogonality can be
considered a generalization of the concept of perpendicularity.

From Chapter 2, we have seen that we can write the matrix form of the
system equations of motion ([M]s® + [K]){X}e* = {0} if we assume harmonic
[M]s*> + [K]| = 0, to find the
eigenvalues, s? and s3. We then substituted the eigenvalues into either of the
linearly dependent equations of motion to find the eigenvectors, or mode
shapes. Using 5;> = —w, >, we can write:

vibration. We used the characteristic equation,

(=M’ + [K]) {un} = {0}, (A3)
where v, is the corresponding mode shape. Equation A3 can be expanded to:

—wn[M{¢1} + [K){3} = {0} (Ad)

Premultiplying Eq. A4 by the transpose of the second mode shape v,, which
corresponds to vibration at wy;, yields:

289
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—wn {2} [M){n} + {2} [K]{ap1 } = 0. (AS)

Performing the transpose operation on Eq. AS gives:

—wn 2 {r Y Mo} + {1} K {4} = 0, (A6)

T
where the transpose properties ([4][B])"= [B]"[4]" and ([A]T) = [A] (using
matrices of appropriate dimensions) have been applied.

Completing the same operations using s3 = —w?2, gives:

—wn® (U} M} + {1} [K){4} = 0. (A7)

Taking the difference of Eqs. A6 and A7 yields:
(Wi = wn®) {1} M{e2} = 0. (A8)

Provided w,n? # w2, then {4} [M]{¢»} = 0. Substituting this result into

either Eq. A6 or Eq. A7 gives {1 }” [K]{1»} = 0. Collecting these results, we
obtain the orthogonality conditions shown in Eqgs. A9 through A12.

{1} [M[{h} =0 (A9)
{2} [M){n} =0

T p—
{wl}T[M]{%} = ! (These products are not necessarily zero.)  (A10)
{2} M{th2} = mg2

{1} [Kl{a} =0 (AL
{a} [K{1} =0

T —
{wl}T[K]{wl} = ka1 (These products are not necessarily zero.) (A12)
{iha} [K[{th2} = kg

Using the modal matrix, [P] = [¢,45], and the orthogonality conditions we
obtain the diagonalized modal mass and stiffness matrices:

[P [M][P] = {¢1}T[M]{¢1} {wl}T[MH%}] = [mql " } = [M,]and
{0} MI{1} {vo} [M{¢n} 0 mgp
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o [ OVKI) @V K] TR 07t
FIRIP= ] T ik () {wz}T[K]{wz}] {0 k} Kl a9

These diagonal modal mass and stiffness matrices uncouple the equations of
motion and enable the solution of independent single degree of freedom systems
in modal coordinates. The individual modal contributions can then be trans-
formed back into local (physical) coordinates as discussed in Chapter 2.



Appendix B

Reformulation of Fourier Series Eigenvalue Problem

In Section 4.3, we detailed the truncated Fourier series approach to obtaining
the analytical stability limit for milling [1]. The dynamic milling equation
(Eq. 4.3.27) was presented as:

FoN o ] ~ FRF 0 F
¢! = —bK,[Ag](1 — “7)
F, 2 0  FRF, |\F,

: : : FX iwet __ 10 FX iwet __ F X iw,t :
which is true if <Fy >e = {O 1} (Fy>e =11 (Fy>€ . This enables

FRFo. 0 | _
0 FRF, |~

LK, (1 — e “T)[FRF,,] = [I]. The cigenvalue problem was then posed in [1] as:

)eiw(t’ (Bl)

us to write IbK [Ao](1 — ™) { or

det([I] + A[FRF,]) =0, (B2)

where A = —%bK,(l — e ™) gives the eigenvalues. To apply the MATLAB®)
eig function, we must restate the eigenvalue problem as det([FRF,,] — A[l]) = 0.
The new complex eigenvalues are therefore 1 = Are + il = %W We
determine the corresponding stability limit by solving this expression for b,
rationalizing the result, and then substituting for =" using the Euler identity
e T = cos(w,T) — isin(w.T).

b — 47
lim = N K;(ARe + i7qm) (1 — e~ )
5 An(JRe — iAmm)
)/ . = - - i B3
lim N, K, (ZRe + iAim)(ARe — idim) (1 — e7eT) (B3)
b, 4n(ARe — iAIm)
lim

- N,K, (}uRez + /llmz)(l — cos(w,T) + isin(w,7))
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After the Euler identity substitution, we again rationalize to obtain Eq. B4.

s 4n (ARe — i21m) (1 + cos(w,T) — isin(w,7))
lim = NiK,(Are” + 41y) (1 = cos(wer) + isin(w,7))(1 — cos(w,T) — isin(w.))
~ 4n (ARe — i21m) (1 + cos(w,T) — isin(w,7))
blim = B 5
N.K,(Are” + A1) (2 —2cos(weT)) (B4)
(ARe(1 — cos(weT)) + Amm sin(w,7))+
- 2n i(Am (1 — cos(w,T)) — Are Sin(w, 7))
T NK (A ) (1= cos(w.T))

Because b~]im must be real valued, the imaginary part from the parenthetical
portion of the numerator in the final line in Eq. B4 must be equal to zero:

Jam (1 — cos(w,T)) — Are sin(w,7) = 0. (BS)

sin(w.7)

This gives 4 = =o)L — £. Substitution in Eq. B4 yields Eq. B6.

b - 2n (ZRe(l —cos(weT)) A sin(w,T) )
o N.K, ()vRe2 + /llmz) (1 —cos(w.T)) (1 — cos(w,T))
~ 2n
blim = (iRe + }vlm/%) B6
N:K; (ﬂvRe2 + /11m2) ( )
~ 2n Am ~> 2n 5
Dlim = ARe| 1 +5—F | = ARe(1 +
" TNK (e ) < Re ) T NK,(ire + ) (1+5)
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Fourier Force Series Coefficients

The Fourier coefficients, a,, and b,, for the y-direction force series:

F(¢) =)

=1 =1

N

o8
<a0 + Y (aycos(ng;) + by sin(nqﬁ,))) 7
where ¢; = wt + 37 (i — 1) — x(j — 1), are provided here [1]. The terms in Eqs.
C1 through C6 were determined using Eqgs. 5.2.5 and 5.2.6. The integration
limits for down milling (¢, to m) are shown. For up milling, the limits are
modified to be zero to ¢;.

o _bN, kie(—%sin ¢ + {5sin3¢) + kyc(— 4cosqﬁ 15€083¢)+ )
1 T kie(+cos2¢) + kye (3 ¢ + 1sin2¢) N
PN kie(f¢ — Lsin 2¢ + L sind¢) + kyc(— L cos4¢)+ ©2)
’ T | kie(—3cosd +3cos3¢) + kye(5sing + £sin3¢)
k,c( o s1nn(/>+4n 2>sm( )¢+mgn(n+2)¢>+'n
L bN, k,,c(—4<n_2) cos(n —2)¢ — 4<n+2) cos(n + 2)(;3)
T kte(_ 2(”1 l)COS( )¢+mCOS(/’I+ 1)¢)+
I Kne (2( psin(n —1)¢ + msin(n + l)gi)) 1,
n=73,4,
(C3)
o bN, kic(3cos ¢ — 5c0s36) + kyc(dsin ¢ — {5sin 3¢)+ ©4)
T kie(—1 ¢ +1sin2¢) + ke (— Lcos2¢) i
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by — _bN, kic(hcos2¢ — Lcosde) + kyc(dd — Lsindep)+ (©5)
’ T km( 2Sll’1¢)—|—6511’13¢)+k”e( 2COS¢—%COS3¢)
k[c(zn cos np — g5 2) cos(n —2)¢p — 4(n+2) cos(n + 2)¢)+
b — _bN; k C( -y Sin(n 2)¢_4(n1+2) Sm(”+2)¢)
& ke (= sy sin(n — 16 + gy sin(n + 1)) +
I kneC( sy cos(n — 1) — spiycos(n + l)(;ﬁ) i
n=73,4,
(Co)
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A
Accelerance, 52
See also Frequency response function
(FRF); Impact testing
Assembly
modeling techniques
comparison (example), 250-251
complex matrix inversion, 39—40,
252-253
modal analysis, 7-55, 251-252
receptance predictions, 268-275
See also Degree of freedom

B
Ball endmilling
comparison of forces with square
endmilling (example), 159-161
time domain simulation with helical
teeth, 157-161
See also Square endmilling
Beam receptances, 260275
free-free beam coupled to
clamped-free beam (example), 272-275
rigid support (example), 268-272
tip receptances for clamped-free beam
(example), 261-268
See also Receptance coupling

C
Chip thickness calculation
in milling, 136-139
in turning model, 85-87
See also Displacement calculation; Force
(cutting)
Circular tool path simulation
in milling, 101-102
runout effects (example), 217-219

See also Cycloidal tool path simulation
Complex matrix inversion
for two degree of freedom forced
vibration system, 39-40
receptance coupling and, 252-253
See also Modal analysis
Compliance, 52
See also Frequency response function
(FRF); Impact testing; Receptance
coupling (RCSA)
Coulomb damping
in single degree of freedom free vibration
system, 13—14
See also Solid damping; Viscous damping
Coupling
damped, 248-250
flexible, 241-250
receptance, see Receptance coupling
substructure analysis (RCSA)
rigid, 237-241
Cutting
teeth
multiple, 110-113
tooth passing frequency, 108-110
See also Force (cutting); Helical teeth;
Straight teeth
Cycloidal tool path simulation
runout effects (example), 218-219
surface location error in milling, 189-197
See also Circular tool path simulation

D
Damped coupling
component flexible, damped coupling,
248-250
See also Receptance coupling
substructure analysis (RCSA)
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Damping
Coulomb, 13-14
defined, 13
solid, 14
spring-mass-damper equation of
motion, 15
viscous, 13

See also Forced vibration system; Free
vibration system; Self-excited
vibration

Degree of freedom
single
forced vibration system, 16-23
free vibration system, 7—15
two
forced vibration system, 3438
free vibration system, 23-34
Directional orientation factors

down milling (example), 119

slotting (example), 118-119

up milling (example), 120

See also Oriented FRF

Displacement calculation

in milling, 140

in turning model, 88-94

See also Chip thickness calculation;
Force (cutting)

Down-milling, 110

directional orientation factors for
(example), 119

20% radial immersion stability lobe
calculations (example), 123-126

See also Up-milling

E

Endmills, 100-101
ball nose, 100, 157-161
bull nose, 100
square, 100, 148-157

F
Flexible coupling
flexible, damped coupling, 248-250
two component, 241-250
See also Rigid coupling
Force (cutting)
calculation
in turning model, 87-88
time domain simulation in
milling, 139

Index

coefficients
experimental, 161
experimental techniques, 167-169
linear regression, 165-166
updated force model, 161-164
excitation input
fixed frequency sine wave, 52
impulse, 52
random signal, 52
for rigid tool and workpiece (example),
105-107
hardware input
impact hammer, 53
shaker, 53
See also Chip thickness
calculation; Displacement
calculation; Milling;
Modal analysis
Forced vibration system
in single degree of freedom
forced vibration system, 16-23
in two degree of freedom
complex matrix inversion, 39—40
modal analysis, 34-38
See also Damping; Free vibration system;
Self-excited vibration
Fourier
force model for surface location error,
176-185
series approach in milling, 126-136
See also Modal Analysis
Free vibration system
in single degree of freedom, 8
in two degree of freedom
modal analysis, 23-34
using complex coefficients, 26-30
See also Damping; Free vibration system;
Self-excited vibration
Frequency content of milling signals,
199-219
runout, 213-219
cycloidal and circular tool path
comparison (example), 218-219
forces with and without runout
comparison (example), 217-218
frequency content in runout presence
(example), 215
runout harmonics and chatter
frequencies (example), 216
simulation modification, 217-219
spindle speeds selection
in competing lobes presence
(example), 209-213
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using chatter frequency (example),
202-208
See also Regenerative chatter
Frequency domain simulation
for surface location error in milling, 176
combining stability and surface
location error in single diagram,
188-189
comparison with frequency domain
solution (example), 193-197
Fourier force model, 176-185
variation in surface location error
with axial location, 185188
See also Time domain simulation
Frequency response function (FRF)
for single degree of freedom system
(example), 19-23
for two degree of freedom forced
vibration system
complex matrix inversion, 40
measured by modal analysis, 35-36
complex matrix inversion, 40
measured by modal analysis
force input, 52, 53
measurement uncertainties, 54—56
modal fitting, 41-47
modal testing equipment, 5254
modal truncation, 48-52
model definition, 47-48
peak-picking method, 4147
system identification aspects, 41-52
vibration measurement, 53—54
oriented
in milling, 118-126, 130-134,
200-204, 209, 212
in turning, 76-85
receptance coupling for tool point FRF
prediction, 235-237
surface location error in milling and, 176
tool-holder-spindle-machine
impact testing aspects, 53, 235-236
receptance predictions, 275-283
spindle-machine receptances, 280-283
See also Impact testing; Receptance
coupling substructure analysis
(RCSA)

H
Helical teeth
time domain simulation in milling with,
147-161
ball endmilling, 157-161

299

square endmill, 148—157
See also Straight teeth

I
Impact testing, 53, 235-236
impact hammer, 53
See also Frequency response function
(FRF); Receptance coupling
substructure analysis (RCSA);
Tool point dynamics prediction
Impulse, 52
Inertance, 52
See also Frequency response function
(FRF); Impact testing

L
Linear regression
cutting force coefficient, 165-166
See also Milling
Lobes, see Stability lobes
Location error, see Surface location error
under Milling
Low radial immersion milling, 225-228

M
Machining, 1
computer simulation of, 4
foundational work, 3—4
manufacturing application aspects of,
2-3
roadmap, 4-5
See also Milling; Turning
Milling, 99
circular tool path approximation,
101-102
cutting forces
coefficients, 161-169
for rigid tool and workpiece
(example), 105-107
linear regression model, 165-166
updated force model, 161-164
description, 99-108
directional orientation factors, 118—120
down-milling, 103, 110, 119
endmilling, 100-101
frequency content of milling signals,
199-219
multiple teeth cutting, 110-113
regenerative chatter, 113-116
runout, 213-219
stability aspects
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Milling, 99 (cont.)
low radial immersion, 225-228
uncertainty propagation, 228-230
stability lobe diagrams
average tooth angle approach,
117-118
directional orientation factors
(example), 118-120
Fourier series approach, 126-136
20% radial immersion down-milling
stability lobe calculations
(example), 123-126
slotting stability lobe calculations
(example), 120-123
surface location error, 173
combining stability and surface
location error in single diagram,
188-189
cycloidal tool path time domain
simulation, 189-197
description, 173-176
Fourier force model, 176-185
frequency domain solution, 176-189
variation in surface location error
with axial location, 185188
time domain simulation
with helical teeth, 148-161
with straight teeth, 136-147
tooth passing frequency, 108110
uniform teeth spacing, 221
up-milling, 103-105, 109
variable teeth spacing, 219-224
See also Turning
Mobility, 52
See also Frequency response function
(FRF); Impact testing
Modal analysis, 7
degree of freedom
single degree of freedom forced
vibration system, 16-23
single degree of freedom free vibration
system, 7—-15
two degree of freedom forced
vibration system, 34-38
two degree of freedom free vibration
system, 23-34
fitting (peak-picking method), 41-47
measurement uncertainties, 54-55
receptance coupling and, 251-252
single degree of freedom free vibration
system, 7—14
Coulomb damping, 13-14
forced vibration, 89

Index

free vibration, 8
self-excited vibration, 9-12
solid damping, 14
spring-mass-damper equation
of motion, 15
viscous damping, 13
system identification aspects
modal fitting, 41-47
modal truncation, 48-52
model definition, 47-48
testing equipment, 52
force input, 52-53
vibration measurement, 53-54
See also Complex matrix inversion

(0]
Oriented FRF
in milling

20% radial immersion down-milling
stability lobe calculations
(example), 123-126

directional orientation factors,
118-120

Fourier series approach, 130-134

frequency content of milling signals,
200-204, 209, 212

slotting stability lobe calculations
(example), 120-123

in turning, 76-77

competing lobes for two degree of
freedom oriented FRF (example),
79-82

model with modes in two
perpendicular directions
(example), 83-85

single and two degree of freedom
oriented (example), 78-79

P
Peak-picking modal fit method, 4147
Peripheral milling, 100

See also End milling

Q
Radial immersion milling
low, 225-228
20% radial immersion down-milling
stability lobe calculations
(example), 123-126
Receptance, 52
Recepance coupling substructure analysis
(RCSA)



Index

advanced (rotational component beha-
vior), 257-260
assembly modeling techniques
comparison (example), 250-251
complex matrix inversion, 252-253
modal analysis, 251-252
assembly receptance predictions
free-free beam coupled to clamped-
free beam (example), 272-275
free-free beam coupled to rigid
support (example), 268-272
basic, 236237
beam receptances, 260-266
comparison with assembly modeling
techniques, 253-255
for tool point FRF prediction, 235-237
inverse, 280, 282
tip receptances for clamped-free beam
(example), 266
tool-holder-spindle-machine receptance
predictions, 275-282
inverse RCSA, 280, 282
spindle-machine receptances, 279-282
See also Flexible coupling; Impact
testing; Rigid coupling
Regenerative chatter
in milling, 113-116
in turning, 62-65
See also Frequency content of milling
signals; Runout
Rigid coupling
two component, 237-241
See also Flexible coupling
Runout, 213-219
comparison of
cycloidal and circular tool path
(example), 218-219
forces with and without runout
(example), 217-218
frequency content in runout presence
(example), 215
intersections between runout harmonics
and chatter frequencies (example),
216
simulation modification, 217-219
See also Regenerative chatter

S
Self-excited vibration
in single degree of freedom free vibration
system, 9—12
See also Damping; Forced vibration
system; Free vibration system
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Shaker, 53
See also Impact testing
Sine sweep test, 52
Single degree of freedom system
best spindle speeds for (turning example),
75-76
forced vibration system, 16-23
free vibration system, 7—15
FREF for (example), 19-23
modal analysis for
forced vibration system, 16-23
free vibration system, 7-16
oriented FRF (example), 78-79
See also Two degree of freedom system
Slotting
directional orientation factors for
(example), 118-119
stability lobe calculations (example),
120-123
Solid damping
in single degree of freedom free vibration
system, 14
See also Coulomb damping; Viscous
damping
Spindle-machine receptances, 279282
See also Receptance coupling
substructure analysis (RCSA)
Spring-mass-damper equation of motion
in single degree of freedom free vibration
system, 15
Square endmilling
comparison of forces ball endmilling
(example), 159-161
helical teeth time domain simulation
with, 148-157
See also Ball endmilling
Stability lobes
for two degree of freedom oriented FRF
(example), 79-82
in milling
average tooth angle approach,
117-118
Fourier series approach, 126-136
oriented FRF, 118-126
in turning dynamics, 66-76,
79-82
Straight teeth, 101
chip thickness calculation, 136-139
displacement calculation, 140
force calculation, 139
time domain simulation aspects, 136—147
comparison of forces with helical teeth
(example), 151-152
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Straight teeth, 101 (cont.)
implementation and, 140-147
tooth angle definition (example),

138-139
See also Helical teeth
Surface location error, see under Milling

T
Teeth
cutting
multiple, 110-113
tooth passing frequency, 108-110
spacing
uniform, 221
variable, 219-224
See also Force (cutting); Milling
Time domain simulation
comparison with frequency domain
solution (example), 193-197
in milling
surface location error, 189-197
with helical teeth, 147-161
with straight teeth, 136-147
in turning
chip thickness calculation, 85-87
displacement calculation, 88-94
force calculation, 87-88
multiple degree of freedom modeling,
94-95
numerical integration time step
selection (example), 8687
stability evaluation (example), 89
runout effects, 217-219
See also Frequency domain simulation
Tool point dynamics prediction, 235
tool-holder-spindle-machine receptance
predictions, 275-279
inverse RCSA, 280, 282
spindle-machine receptances, 279-282
See also Frequency response function
(FRF); Impact testing; Milling;
Modal analysis; Receptance
coupling substructure analysis
(RCSA)
Tool tuning technique, 275
Tool-holder testing, see Impact testing
Truncation, modal, 48-52
Turning
best spindle speeds for single degree
of freedom system (example), 75-76
description, 59-62
oriented FRF, 76-77

Index

competing lobes for two degree of
freedom oriented FRF (example),
79-82
model with modes in two
perpendicular directions
(example), 83-85
single and two degree of freedom
oriented (example), 78-79
regenerative chatter in, 62-65
stability lobe diagrams, 66-76
time domain simulation
chip thickness calculation, 85-87
displacement calculation, 88-94
force calculation, 87-88
multiple degree of freedom modeling,
94-95
numerical integration time step
selection (example), 86—87
stability evaluation (example), 89
See also Milling
Two component coupling
flexible, 241-248
flexible, damped coupling, 248-250
rigid, 237-241
See also Receptance coupling
substructure analysis (RCSA)
Two degree of freedom system
forced vibration system
complex matrix inversion, 39—40
modal analysis, 34-38
free vibration system, 23-34
modal analysis, 23-34
using complex coefficients, 26-30
oriented FRF in turing, 78-82
single degree of freedom oriented
(example), 78-79
two degree of freedom oriented
(example), 78-82
See also Single degree of freedom
system

U
Up-milling, 103, 109
directional orientation factors for
(example), 120
start and exit angles for (example),
103-105
See also Down-milling

v
Variable teeth spacing, see under Milling
Vibration measurement, 53-54



Index

contact type, 53

non-contact, 53

See also Force (cutting); Impact testing
Viscous damping
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in single degree of freedom free vibration
system, 13

See also Coulomb damping; Solid
damping
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