Chapter 11

Time-Frequency Analysis and the
Carleson-Hunt Theorem

In this chapter we discuss in detail the proof of the almost everywhere convergence
of the partial Fourier integrals of L? functions on the line. The proof of this theo-
rem is based on techniques involving both spatial and frequency decompositions.
These techniques are referred to as time—frequency analysis. The underlying goal is
to decompose a given function at any scale as a sum of pieces perfectly localized
in frequency and well localized in space. The action of an operator on each piece
is carefully studied and the interaction between different parts of this action are an-
alyzed. Ideas from combinatorics are employed to organize the different pieces of
the decomposition.

11.1 Almost Everywhere Convergence of Fourier Integrals

In this section we study the proof of one of the most celebrated theorems in Fourier
analysis, Carleson’s theorem on the almost everywhere convergence of Fourier se-
ries of square integrable functions on the circle. The same result is also valid for
functions f on the line if the partial sums of the Fourier series are replaced by the
(partial) Fourier integrals
F(§)emeds.
JIgI<N
The equivalence of these assertions follows from the transference methods discussed
in Chapter 3.
For square-integrable functions f on the line, define the Carleson operator

% (f)(x) = sup | (f%[fN,N])v ‘ = sup
N>0 N>0

/‘éKNf(aj)eZ"“')“g dE |. (11.1.1)

We note that the operators (fx[mb])v are well defined when —ee < a < b < oo for f
in L?(R), and thus so is €’(f). We have the following result concerning %
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424 11 Time-Frequency Analysis and the Carleson—Hunt Theorem

Theorem 11.1.1. There is a constant C > 0 such that for all square-integrable func-
tions f on the line the following estimate is valid:

1€ 2w <l 2

It follows that for all f in L*(R) we have

im [ F(E)eFEdE = f(x) (11.1.2)

N=e JIE|<N

for almost all x € R.

Proof. Because of the simple identity
~ . N . -N .
[, J@ewcas= [ foemcaz - [ feenia,
<N —oo —oo

it suffices to obtain L?> — L** bounds for the one-sided maximal operators

Al = sop| [ Feresac|,
e = s [ feenag|.

Once these bounds are obtained, we can use the simple fact that (11.1.2) holds for
Schwartz functions and Theorem 2.1.14 to obtain (11.1.2) for all square-integrable

functions f on the line. Note that 6> (f) = %1 (f), where f(x) = f(—x) is the usual
reflection operator. Therefore, it suffices to obtain bounds only for %) . Just as is the
case with €, the operators %, and %> are well defined on L?(R).

For a > 0 and y € R we define the translation operator 7, the modulation operator
M?, and the dilation operator D“ as follows:

() = flx—y),
D(f)x) = a2 fla ),
() = F(x)e2™,

These operators are isometries on L?(R).
We break down the proof of Theorem 11.1.1 into several steps.

11.1.1 Preliminaries

We denote rectangles of area 1 in the (x,&) plane by s, £, u, etc. All rectangles
considered in the sequel have sides parallel to the axes. We think of x as the time
coordinate and of & as the frequency coordinate. For this reason we refer to the (x, &)
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coordinate plane as the time—frequency plane. The projection of a rectangle s on the
time axis is denoted by I;, while its projection on the frequency axis is denoted by
@s. Thus a rectangle s is just s = I; X wy. Rectangles with sides parallel to the axes
and area equal to one are called tiles.

The center of an interval I is denoted by c(I). Also for a > 0, al denotes an
interval with the same center as I whose length is a|l|. Given a tile s, we denote by
s(1) its bottom half and by s(2) its upper half defined by

S(l) =I; X (a)s N (—OO,C(COS)), S(2) =1y x (me [C(w‘?)’_'_oo)) ’

These sets are called semitiles. The projections of these sets on the frequency axes
are denoted by @) and @), respectively.

s(2)

Fig. 11.1 The lower and the
. s(1)
upper parts of a tile s.

A dyadic interval is an interval of the form [m2*, (m+ 1)2*), where k and m are
integers. We denote by D the set of all rectangles I x @ with I, @ dyadic intervals
and |I| || = 1. Such rectangles are called dyadic tiles. We denote by D the set of all
dyadic tiles.

We fix a Schwartz function ¢ such that @ is real, nonnegative, and supported in
the interval [—1/10,1/10]. For each tile s, we introduce a function @; as follows:

os(x) = |IS|_%§0<X _|IC|(IS))e2”iC(a’.c(1))x' (11.1.3)

This function is localized in frequency near c(a)sm). Using the previous notation,
we have
(Ps — MC(wY(I))TC(IY)D‘IY‘ ((p) .

Observe that

- wy TN _ .
<ﬁs(€)=|ws|‘%<5(éj fé)"‘“)))ez”’(‘(“*v“ﬂ Elells) (11.1.4)

from which it follows that @; is supported in é @y(1)- Also observe that the functions
@; have the same L?(R) norm.
Recall the complex inner product notation for f,g € L*(R):

(flg) :/Rf(X)g(X)dx. (11.1.5)

Given a nonzero real number £, we introduce an operator
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Ae(f) = 2 Xog E)(f10s) @5 (11.1.6)

seD

initially defined for f in the Schwartz class. We show in the next subsection that
the series in (11.1.6) converges absolutely for f in the Schwartz class and thus A¢
is well defined on this class. Moreover, we show in Lemma 11.1.2 that Ag admits
an extension that is L? bounded, and therefore it can thought of as well defined on
L*(R).

For every integer m, let us denote by D,, the set of all tiles s € D such that
|Is] = 2™. We call these dyadic tiles of scale m. Then

Ag(f) = 2 AE(f),

meZ

where

AL() = X Xow &) (fles) s, (11.1.7)

seDy,

and observe that for each scale m, the second sum above ranges over all dyadic rect-
angles of a fixed scale whose tops contain the line perpendicular to the frequency
axis at height £. The operators A’g‘ are discretized versions of the multiplier operator
[ (fx(,m@)v. Indeed, the Fourier transform of A%”( f) is supported in the fre-

quency projection of the lower part s(1) of the dyadic tiles s that appear in (11.1.7).
But the sum in (11.1.7) is taken over all dyadic tiles s whose frequency projection
of the upper part s(2) contains . So the Fourier transform of A’g”( f) is supported

in (—eo,&]. On the other hand, summing over all s in (11.1.7) yields essentially the
identity operator; cf. Exercise 11.1.9. Therefore, A% can be viewed as the “part”
of the identity operator whose frequency multiplier consists of the function y(_.. ¢
instead of the function 1. As m becomes larger, we obtain a better and better approx-
imation to this multiplier. This heuristic explanation motivates the introduction and
study of the operators A’é” and Ag.

Lemma 11.1.2. For any fixed &, the operators A’g” are bounded on LZ(R) uniformly

in m and &; moreover, the operator Ag is L? bounded uniformly in E.

Proof. We make a few observations about the operators A%'. First recall that the
adjoint of an operator T is uniquely defined by the identity

(T(f)lg)={(fIT*(g))

for all f and g. Observe that Ag’ are self-adjoint operators, meaning that (A’g)* = Ag’.
Moreover, we claim that if m # n?/, then

Aty = g yag =o.

Indeed, given f and g we have
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(AL YAL(F)]g) = (AL(HIAY () (11.1.8)
= ZD D (Flos)(gloe) (0] 0v) Xoyn (§)Xayy (§)-
€D s'ED,

Suppose that (@s | @) Xo, . (§) Xo, () is nonzero. Then (@s| @y ) is also nonzero,
which implies that @y(;) and @y(y) intersect. Also, the function Yo, (&) Xw, o &)
is nonzero; hence ;) and @y ;) must intersect. Thus the dyadic intervals s and
@y are not disjoint, and one must contain the other. If @, were properly contained
in @y, then it would follow that a; is contained in @y1) or in @y (7). But then either
Wg(1) N Wy (1) OF Wy(2) N Oy (2) would have to be empty, which does not happen, as
observed. It follows that if (@] @y ) Koy (&)xo, o (€) is nonzero, then @; = @y,
which is impossible if m # m’. Thus the expression in (11.1.8) has to be zero.
We first discuss the boundedness of each operator Ag’. We have

A2D)7 = 2 X (Flod(F1ov) (o]0 2oy (€)X (E)

s€Dy, s'eDy,

= Z Z <f| (ps><f | (Ps’><§0s | (Ps’>lws(2> (é)st/(z) (5)

s€Dy, S/EDm
Wy =05

Y Y e rae (el o)l

SEDy S'EDm
(,05/ =Wy

<G X 1) Ko (©) (11.1.9)

seD,,

IN

where we used an earlier observation about s and s, the Cauchy—Schwarz inequality,
and the fact that

. ~10
(ps (ps/ S C l + dlSt (ISJIS/) S C] ,
R "

s'€Dyy, s'€Dy,
Wy =0y Wy =Ws

which follows from the result in Appendix K.1. To estimate (11.1.9), we use that

—-10
[(fle)] < Cz/le(y)lllsl5<1+|Y—|Z|(1s)l) dy

_onth ey Ry
= GI /le(y)|<1+ 1| ) |I|
C4|Is|;M(f)(Z)v

IN

for all z € I, in view of Theorem 2.1.10. Since the preceding estimate holds for all
z € I, it follows that
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1(flos))? < (Cs)zllslz'}gI{M(f)(z)2 < (C3)? IVM(f)(x)zdx. (11.1.10)

Next we observe that the rectangles s € D, with the property that £ € y(2) are all
disjoint. This implies that the corresponding time intervals I are also disjoint. Thus,
summing (11.1.10) over all s € D,,, with & € Oy(2), We obtain that

1103 2o (8) < T o (6) [ MUF) (0P d

SE€EDy SEDy
< (@) [ ()P,

which establishes the required claim using the boundedness of the Hardy-Littlewood
maximal operator M on L*(R).
Finally, we discuss the boundedness of Az = ZmeZA%". For every fixed m € Z,

m

the dyadic tiles that appear in the sum defining A £ (f) have the form
s=[k2", (k+1)2") x [27" (£ 4+1)27™),

where (€4 )27 < & < ((+1)27™. Thus ¢ = [2"&], and since @; is supported in
the lower part of the dyadic tile s, we may replace f by f;,, where

I = FXg-mame) 2-m(2me 4. 1))

As already observed, we have <A'5"( f) |A’g’ (f)) = 0 whenever m # m'. Conse-
quently,

IS a2 = X 1Azl

meZ meZ

= 3 Az Umllz:

meZ

<G 3 |lfnllz2

meZ

=€ Y, |[Fullz2
meZ

< Gl

since the supports of f,; are disjoint for different values of m € Z. O

11.1.2 Discretization of the Carleson Operator

We let h € Z(R), &€ € R\ {0}, and for each m € Z, y,n € R, and A € [0,1] we
introduce the operators
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BY 5 (h Zwa HE+m) (DY M) |9 )MTD (gy).

It is not hard to see that for all x € R and A € [0, 1] we have
BY oy a D) =BY s (W) =BY s, (D():

in other words, the function (y,n) — BY 0a (h)(x) is periodic in R? with period

(2m=* 2-"+4) See Exercise 11.1.1.
Using Exercise 11.1.2, we obtain that for |m| large (with respect to &) we have

> Xog @ HE+M) (DY OM ()| @) MDY (9)(x)
seDy,
Sompa  (FFY— (L)
< Gumin) . g0 246 oo (1)
) _ +y—k2M
< Gmin2"227) ¥ o (T )|

keZ
< Cpmin(2™/2,27m/2)

since the last sum is seen easily to converge to some quantity that remains bounded
in x, y, 11, and A. It follows that for & € .7 (R) we have

supsup sup sup |BY. ., (h)(x)| < Cmin(2"/%,27"/%). (11.1.11)
psupsup sup |Bf

.1, 7L
xeR yeR neR 0<A<1

Using Exercise 11.1.3 and the periodicity of the functions B%"y _— (h), we conclude

that the averages
1 L K pl . e
B
4KL/—L/_K/0 £y (h) dAdydn

converge pointwise to some Hg”(h) as K,L — oo. Estimate (11.1.11) implies the
uniform convergence for the series , Bg’y A (h) and therefore
meZ >

lim M DA o D' M (h)dA dydn (11.1.12)
4KL 5

K*}oo
K—»oo4KL/ / / ZB‘?W ) dhdydn

”%ZIIS% 4KL /*L/fK/() £y (h) dAdydn
>, 1 (h)

meZ
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We now make a few observations about the operator I1: defined on .#’(R) in terms
of the expression in (11.1.12), that is:

= Y 12w

meZ

First we observe that in view of Lemma 11.1.2 and Fatou’s lemma, we have that
II; is bounded on L? uniformly in &. Next we observe that I1I; commutes with all
translations 7¢ for z € R. To see this, we use the fact that 72M 1 = ¢~ 2FMpf—N 72
to obtain

> Ko 27HE ) (DY M T () o) TM DY (@)
seDy,

Y dog @ HEEM) (BT TDY  (9)) TM 11D (@)

seDy,

= 3 Ko @ HETM)(BIM YD (9)) MY D ().

seDy,

Recall that 77211 g'rz(h) is equal to the limit of the averages of the preceding ex-
pressions over all (y,n,A4) € [-K,K] x [-L,L] x [0,1]. But in view of the previous
identity, this is equal to the limit of the averages of the expressions

> Ao @HEFM) DY MU B) o) YD () (11113)
seDy,

over all (y,n,A) € [-K+2z,K+z] x [-L,L] x [0,1]. Since (11.1.13) is periodic
in (y',n), it follows that its average over the set [—K +z,K +z] x [-L,L] x [0,1] is
equal to its average over the set [—K, K| x [—L, L] x [0, 1]. Taking limits as K, L — oo,
we obtain the identity 7 *IT'7? (h) = I (k). Summing over all m € Z, it follows
that T_ZH;; Tz(h) = Hg (h)

A similar argument using averages over shifted rectangles of the form [—K, K] x
[-L+ 6,L+ 0] yields the identity

M1z oM® =TI, (11.1.14)

for all £,0 € R. The details are left to the reader. Next, we claim that the opera-
tor M _’SH,SM’g commutes with dilations D**, a € R. First we observe that for all
integers k we have

Ag(h)=D* Ay s D¥ (h), (11.1.15)

which is simply saying that A¢ is well behaved under change of scale. This identity
is left as an exercise to the reader. Identity (11.1.15) may not hold for noninteger
k, and this is exactly why we have averaged over all dilations 21, 0<A<1,in
(11.1.12).

Let us denote by [a] the integer part of a real number a. Using the identities
DPM" = M"/°DP and DP1% = 122DP, we obtain



11.1 Almost Everywhere Convergence of Fourier Integrals 431
—a - Ay a
D> ‘MDY Ag,, DY P METN D? (11.1.16)
21

:M_za(g_,'_n)T_z—ayDz—(aJrl) D2a+l Tz—ayMza(g_H])

Aé+n
2),
a 7 -2 —la+A a+A A a
=M E Y p2 p2 ey p2 T Rt )
oA/ plata]
MM Y D2 Ay DY 1 M M
2
/ / - A / /
=M MO (MDD Ay DY MM )MOME, (11.1.17)
2

where we set y =279, ' =21, A’ =a+A —[a+A],and 6 = (2 —1)&. The
average of (11.1.16) over all (y,n,4) in [—K,K] x [—-L,L] x [0, 1] converges to the
operator szaM"gHgM‘gDza as K,L — oo. But this limit is equal to the limit of
the averages of the expression in (11.1.17) over all (y/,n’,A’) in [-279K,279K] x
[—29L,29L] x [0, 1], which is

MM O oMo M-
Using the identity (11.1.14), we obtain that
D* ‘MMM D* = M SII: M5,

saying that the operator M -¢ e ¢ commutes with dilations.

Next we observe that if / is supported in [0,0), then M"gl'I,SM‘5 (h) =0. This is
a consequence of the fact that the inner products

(D MM ()] gu) = (M2 (1) | M0 ()

vanish, since the Fourier transform of t—*M ™" prt @s is supported in the set
(—e0,2%c(wy1)) — M + %g |s]), which is disjoint from the interval (&, +o0) when-
ever 2‘}”(5 +1) € Wy). Finally, we observe that Il is a positive semidefinite op-

erator, that is, it satisfies
<H5(h)|h>20. (11.1.18)

This follows easily from the fact that the inner productin (11.1.18) is equal to

(5D oM ()| @)} dAdydn. (11.1.19
KHW4KL/ / /g‘ﬂw J(D* &M ()| )] ydn. (11.1.19)
This identity also implies that IT; is not the zero operator; indeed, notice that

> Ko (DY PMT ()| 00)]* = (R] B, 5 ()

s€Dg
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is periodic with period (2=*,2%) in (y,n), and consequently the limit in (11.1.19)
is at least as big as

24 oA
// /Zxco (55 (D MM ()| ) [*ddydn

seDy

(cf. Exercise 11.1.3). Since we can always find a Schwartz function % and a dyadic
tile s such that <D21 ©M" (h)| @y) is not zero for (y,1,4) near (0,0,0), it follows
that the expression in (11.1.19) is strictly positive for some function 4. The same
is valid for the inner product in (11.1.18); hence the operators and M _’gﬂ,g ME are
nonzero for every &.

Let us summarize what we have already proved: The operator M "51'1‘;§M‘5 is
nonzero, is bounded on L2 (R), commutes with translations and dilations, and van-
ishes when applied to functions whose Fourier transform is supported in the positive
semiaxis [0, o). In view of Exercise 4.1.11, it follows that for some constant cg # 0
we have

M=E M () (x) = c: / ()™ an
which identifies Iz with the convolution operator whose multiplier is the function
CeX(—w &) Using the identity (11.1.14), we obtain
Ceto = C¢

for all £ and 6, saying that c¢ does not depend on &. We have therefore proved that
for all Schwartz functions 4 the following identity is valid:

O (h) =c (hy—we))” (11.1.20)
for some fixed nonzero constant c. This completely identifies the operator I1¢. By
density it follows that

1
W zu%mé(m (11.1.21)
>

G(f) =

forall f € Uj<p<wl?(R).

11.1.3 Linearization of a Maximal Dyadic Sum

Our goal is to show that there exists a constant C > 0 such that for all f € L*(R) we
have

90 14 Dl 2y = 2w (11.1.22)

Once (11.1.22) is established, averaging yields the same conclusion for the operator
f = supg.g [Tz (f)], establishing the required bound for 4. Let us describe this
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averaging argument. Identity (11.1.12) gives

) 1 L oK pl
() = fim o [ [ [ Geynalriahdyan,

K—so0
L—oo

where N N
Geyna(f) =M "D "Ac DY M (f).

21

This, in turn, implies

1 L K gl
sup |IT: (£)| < liminf / / /su Ge . dhdydn. (11.1.23
5€£| e(f)] 0 ke ) §e§| gyma(f)ldAdydn.  ( )

We now take the L?* quasinorms of both sides, and we use Fatou’s lemma for weak
L? [Exercise 1.1.12(d)]. We thus reduce the estimate for the operator supe o [Tz (f)]
to the corresponding estimate for supgq|Ag(f)|. In this way we obtain the L>
boundedness of supe ..o [I1¢ ()| and therefore that of €7 in view of identity (11.1.21).

Matters are now reduced to the study of the discretized maximal operator
supgq |A¢ (f)| and, in particular, to the proof of estimate (11.1.22). It will be conve-
nient to study the maximal operator sups . |Ag (f)| via a linearization. Here is how
this is achieved. Given f € L?(R), we select a measurable real-valued function'
Ny : R — R" such that for all x € R we have

sup A< (1)) < 21w (1))

For a general measurable function N : R — R, we define a linear operator Dy by
setting for f € L*(R),

DN (f) (%) = Angy (1) (%) = X (Koo ON) ) (1 05) 5(x) (11.1.24)

seD

where the sum on the right converges in L?(R) [and also uniformly for f € .%(R)].
To prove (11.1.22), it suffices to show that there exists C > 0 such that for all
f € L*(R) and all measurable functions N : R — R* we have

PN 2 < Clf ],z (11.1.25)

Applying (11.1.25) to the measurable function Ny and using the estimate

sup A (f)] < 2D, (f)
£>0

yields the required conclusion for the maximal dyadic sum operator supg ..o |A¢ (f)]
and thus for % (f).

! The range & > 0 may be replaced by a finite subset of the positive rationals by density; in this
case Ny could be taken to be the point & at which the supremum is attained.
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To justify certain algebraic manipulations we fix a finite subset P of D and we
define
Dwp(f)(x) = 21,)(%@%2) oN)(x) (f] @s) @s(x) . (11.1.26)
se

To prove (11.1.25) it suffices to show that there exists a C > 0 such that for all
f € L*(R), all finite subsets P of D, and all real-valued measurable functions N on

the line we have
[Ox ()] 2 <CII S]] 2 (11.1.27)

The important point is that the constant C in (11.1.27) is independent of f, P, and
the measurable function V.

To prove (11.1.27) we use duality. In view of the results of Exercises 1.4.12(c)
and 1.4.7, it suffices to prove that for all measurable subsets E of the real line with
finite measure we have

T (Ko N5 xe )05 )] < CIER A2 (11.1.28)

seP

}/E’DMP(f) dx

We obtain estimate (11.1.28) as a consequence of

> [ (age oM@ 22 ) (| 95)| < CIEI2|f]] 2 (11.1.29)

scP

for all f in L%, all measurable functions N, all measurable sets E of finite measure,
and all finite subsets P of D. It is estimate (11.1.29) that we shall concentrate on.

11.1.4 Iterative Selection of Sets of Tiles with Large Mass and
Energy

We introduce a partial order in the set of dyadic tiles that provides a way to organize
them. In this section, dyadic tiles are simply called tiles.

Definition 11.1.3. We define a partial order < in the set of dyadic tiles D by setting
s<§ <= LCIl; and wy C .

If two tiles 5,5" € D intersect, then we must have either s < s’ or s’ < s. Indeed,
both the time and frequency components of the tiles must intersect; then either /; C
Iy or Iy C I;. In the first case we must have || > |@y |, thus @y C @, which gives
s < ', while in the second case a similar argument gives s’ < s. As a consequence of
this observation, if R is a finite set of tiles, then all maximal elements of Ry under
< must be disjoint sets.

Definition 11.1.4. A finite set of tiles P is called a tree if there exists a tile t € P such
that all s € P satisfy s < r. We call ¢ the top of P and we denote it by ¢ = top(P).
Observe that the top of a tree is unique.
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We denote trees by T, T/, T, T», and so on.

We observe that every finite set of tiles P can be written as a union of trees whose
tops are maximal elements. Indeed, consider all maximal elements of P under the
partial order <. Then every nonmaximal element s of P satisfies s < ¢ for some
maximal element ¢ € P, and thus it belongs to a tree with top ¢.

Tiles can be written as a union of two semitiles Iy X @) and Iy X @3). Since
tiles have area 1, semitiles have area 1/2.

Definition 11.1.5. A tree T is called a 1-tree if

Wrop(T)(1) < Os(1)

all s € T. A tree T' is called a 2-tree if for all s € T” we have

rop(T)(2) & Ds(2) -

We make a few observations about 1-trees and 2-trees. First note that every tree
can be written as the union of a 1-tree and a 2-tree, and the intersection of these
is exactly the top of the tree. Also, if T is a 1-tree, then the intervals @p(t)(2) and
@y(2) are disjoint for all s € T, and similarly for 2-trees. See Figure 11.2.

Fig. 11.2 A tree of seven
tiles including the darkened
top. The top together with the
three tiles on the right forms a
1-tree, while the top together
with the three tiles on the left
forms a 2-tree.

Definition 11.1.6. Let N : R — R™ be a measurable function, let s € D, and let E
be a set of finite measure. Then we introduce the quantity
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|L,| "' dx

M (E, .
s<u ENN~ay] ‘ ‘

We call . (E;{s}) the mass of E with respect to {s}. Given a subset P of D, we
define the mass of E with respect to P as

A (E;P) =sup 4 (E;{s}).

seP

We observe that the mass of E with respect to any set of tiles is at most

1 / e dx < 1
ElJ—ee (1+|x])'0 ~ |E|
Definition 11.1.7. Given a finite subset P of D and a function f in L?(R), we intro-
duce the quantity

1

£(f:P) = HfHLzsup(hop ZI(fI(ps)\),

seT

where the supremum is taken over all 2-trees T contained in P. We call &(f;P) the
energy of the function f with respect to the set of tiles P.

We now state three important lemmas which we prove in the remaining three
subsections, respectively.

Lemma 11.1.8. There exists a constant Cy such that for any measurable function
N : R — R, for any measurable subset E of the real line with finite measure, and
for any finite set of tiles P there is a subset P' of P such that

M (E;P\P) < i///(E;P)

and P’ is a union of trees T j satisfying

G

;Ilmpa,-)l < HEP) (11.1.30)

Lemma 11.1.9. There exists a constant Cy such that for any finite set of tiles P and
for all functions f in L*(R) there is a subset P of P such that

1
E(fP\P) < E(f;P)
and P" is a union of trees T satisfying
G
< .
Z'Itop(Tj)| = é()(f;P)z

J

(11.1.31)
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Lemma 11.1.10. (The basic estimate) There is a finite constant C3 such that for all
trees T, all functions f in L*(R), for any measurable function N : R — R™, and for
all measurable sets E we have

3 1190 e 1o 190
seT (11.1.32)

<G |It0p(T)|g(f;T)%(E;T)HfHLZ |E|

In the rest of this subsection, we conclude the proof of Theorem 11.1.1 assuming
Lemmas 11.1.8,11.1.9, and 11.1.10.

Given a finite set of tiles P, a measurable set E of finite measure, a measurable
function N : R — R™, and a function f in L?>(R), we find a very large integer n
such that

>
oy
=
A

< 2%,
M (E;P) < 2210,

We shall construct by decreasing induction a sequence of pairwise disjoint sets
Pn()a Pno—lv Pn0—27 Pn0—37 et

such that
no
U P,=P (11.1.33)

J=—o0

and such that the following properties are satisfied:
(1) &(f;P;) <2/ forall j < np;

(2) A (E;P;) <2%2 forall j < ng;

3) g(f;P\ (PnOU---UPj)) <2/ forall j < ng;
(4) A (E;P\ (Py,U---UP;)) < 2% forall j < n;

(5) P;is a union of trees T j; such that for all j < ng we have
2 |It0p(Tjk)| <G 272]‘ )
k

where Cy = C; + C; and C; and C, are the constants that appear in Lemmas
11.1.8 and 11.1.9, respectively.

Assume momentarily that we have constructed a sequence {P;};<,, with the
described properties. Then to obtain estimate (11.1.29) we use (1), (2), (5), the ob-
servation that the mass of any set of tiles is always bounded by |E|~!, and Lemma
11.1.10 to obtain
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X [ les) (Keav10 |(Ps>‘

seP

=»> \<f|<ps><xEmN 21195

J s€P;
SIS |<f|q)s><XEﬂN*'[wS<2)] 03|

Jj k SET j.
< C322|1t0p |£) 13 T/k) E;Tjk)Hf||L2|E|
< c322|1mp 127 min(|E| 71, 22742)| | £]| 2| E|
< 632002 2027 min(|E| !, 2%12)|| £ - |E]

J
< 8CoC3 Y min(27|E| "2, 20|E|2) || ]| 2 |E|?
J

< CIE]? ||f]| -

This proves estimate (11.1.29).

It remains to construct a sequence of disjoint sets P; satisfying properties (1)—(5).
The selection of these sets is based on decreasing induction. We start the induction
at j = ng by setting P,,, = 0. Then (1), (2), and (5) are clearly satisfied, while

E(fiP\Pyy) = &(f;P) < 2",
M(E;P\Py) = 4 (E;P) < 27
hence (3) and (4) are also satisfied for P,,.

Suppose we have selected pairwise disjoint sets Py, P, _1,...,P, for some n <
ng such that (1)—(5) are satisfied for all j € {ng,no—1,...,n}. We construct a set of
tiles P,,_; disjoint from all P; with j > n such that (1)—(5) are satisfied for j =n—1.

We define first an auxiliary set P),_ . If .4 (E;P\ (P, U---UP,)) < 22(n=1) get

P, =0.1f #(E;P\ (Py,U---UP,)) > 22" apply Lemma 11.1.8 to find a
subset P! | of P\ (P,,U---UP,) such that

2n
M (E;P\ (PyyU---UP,UP),_ 1))§i//l(E;P\(PnOU~-UPn))§24 = 22(n=1)

[by the induction hypothesis (4) with j =n] and P],_, is a union of trees T}, satisfying

3 lhopryy| < Crodt (FiP\ (P U+ UP,)) ' <C272070 0 (11.1.34)
k

Likewise, if & (f;P\ (Py,U---UP,)) < 2"~ ! set P/_| = 0; otherwise, apply Lemma
11.1.9 to find a subset P}, of P\ (P, U---UP,) such that

E(fiP\ (PyyU---UP,UP;_))) < ;éa‘(f;P\(Pnou---uP,,)) < ;2" =
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[by the induction hypothesis (3) with j = n] and P)/_, is a union of trees T} satisfy-
ing

3 lhopepy| < C2E(fiP\ (P U+ UP,)) 2 < 272070, (11.1.35)
k

Whether the sets P/, _, and P//_, are empty or not, we note that

A (E;P\ (P, U---UP, UP,_)) < 22D (11.1.36)
E(f;P\ (Py,U---UP,UP)_)) < 2" 1. (11.1.37)

We set P,_; =P/ JP/_,, and we verify properties (1)—(5) for j =n— 1. Since

n—1°

P, is contained in P\ (P,, U--- UP,) we have
E(fiPuo1) <E(fiP\ (PyU---UP,) <2" = =D+

where the last inequality is a consequence of the induction hypothesis (3) for j = n;
thus (1) holds with j =n — 1. Likewise,

M(E;Py_1) < M(E;P\ (PyyU---UP,) < 221 _ 92(n—1)+2

in view of the induction hypothesis (4) for j = n; thus (2) holds with j =n — 1.

To prove (3) with j = n— 1 notice that P\ (P,,U---UP,UP,_;) is contained
in P\ (P,,U---UP,UP”_,), and the latter has energy at most 2"~! by (11.1.37).
To prove (4) with j = n— 1 note that P\ (P,, U---UP,UP,_;) is contained in
P\ (P,,U---UP,UP. ) and the latter has mass at most 22"~ by (11.1.36).
Finally, adding (11.1.34) and (11.1.35) yields (5) for j =n — 1 with Cy = C| + C>.

Pick j € Z with 0 < 2%/ < minsep .# (E;{s}). Then .4 (E;P\ (P, U---UP;)) =
0, and since the only set of tiles with zero mass is the empty set, we conclude that
(11.1.33) holds. It also follows that there exists an n; such that for all n < n;, P, = 0.
The construction of the P;’s is now complete.

11.1.5 Proof of the Mass Lemma 11.1.8

Proof. Given a finite set of tiles P, we set u = .# (E;P) to be the mass of P. We
define
P'={seP: #(E:{s}) > u}

and we observe that . (E;P\P') < . We now show that P’ is a union of trees
whose tops satisfy (11.1.30).

It follows from the definition of mass that for each s € P’, there is a tile u(s) € D
such that u(s) > s and
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1 |Iu(s)|71 dx u
|E| / ( \xfc(lum)\)lo > 4 (11.1.38)
] ‘Iu(s)‘

ENN—L[a,
Let U = {u(s) : s € P'}. Also, let Unax be the subset of U containing all maximal
elements of U under the partial order of tiles <. Likewise define P}, as the set of
all maximal elements in P’. Tiles in P’ can be groupedin trees T; = {s € P': s <1;}
with tops #; € Py,,. Observe that if 7; < u and 1 < u for some u € Unay, then o
and a, intersect, and since ¢; and ¢ are dlSJOlnt sets, it follows that I, and 1,, are
disjoint subsets of [,,. Consequently, we have

ler,l— Y Xl Yl

u€Umax J: 1j<u u€Upax
Therefore, estimate (11.1.30) will be a consequence of

S o nl<cu! (11.1.39)

u€Unax

for some constant C. For u € Uy, we rewrite (11.1.38) as

1 & |Iu|7ldx m o »
|E| k—ZO / (1 + ‘X*C(Iu)‘)l() > 8 kgoz
ENN~Hau]N (2k[u\2k—11u) ||

with the interpretation that 2-11, = 0. 1t follows that for all u in Up,y there exists an
integer k > 0 such that

/ dx _E NN, N2,

(1+ |x ‘;‘(‘Iu)‘)]() - (‘51)10(1_,_2k—2)10

IE| ‘g |27 <
EAN~= o )N (240,251, )

We therefore conclude that

Umax = U Uk )
k=0

where
Up = {u € Unax 2 L] <8-5"27% =Y E| Y ENN [w,) N 25L,|} .
The required estimate (11.1.39) will be a consequence of the sequence of estimates

S <c2 ¥t k>0. (11.1.40)

ucUy

We now fix a k > 0 and we concentrate on (11.1.40). Select an element vy € Uy
such that |1,,,| is the largest possible among elements of Uy. Then select an element
vi € U\ {vo} such that the enlarged rectangle (2*I,,) x w,, is disjoint from the
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enlarged rectangle (2¢1,)) x ®,, and |I,, | is the largest possible. Continue this pro-
cess by induction. At the jth step select an element of Uy \ {vo,...,v;_1} such that
the enlarged rectangle (2"Ivj) X @y; is disjoint from all the enlarged rectangles of
the previously selected tiles and the length |1, j.| is the largest possible. This process
will terminate after a finite number of steps. We denote by V, the set of all selected
tiles in Uy.

We make a few observations. Recall that all elements of U, are maximal rectan-
gles in U and therefore disjoint. For any u € Uy there exists a selected v € V; with
|1,] < |I,| such that the enlarged rectangles corresponding to u and v intersect. Let
us associate this u to the selected v. Observe that if u and u are associated with the
same selected v, they are disjoint, and since both @, and ®,, contain m,, the intervals
I, and I, must be disjoint. Thus, tiles u € Uy associated with a fixed v € V; have
disjoint 7,,’s and satisfy

L, C 2K,

Consequently,
Z |Iu| < |2k+21v|:2k+2|1v|-

ucUy
u associated with v

Putting these observations together, we obtain

> nl < Y > |4

ucUy veVy ucUy
u associated with v

< 2k+2 z |Iv|
veVy

< 2k+5510‘u—1 |E|—1 2—9k z |EﬁN_l[0)V] ﬁ2k1v|
veVy

< 32.510“71 28k

since the enlarged rectangles 2X1, x @, of the selected tiles v are disjoint and there-
fore so are the subsets ENN~![w,] N2*I, of E. This concludes the proof of estimate
(11.1.40) and therefore of Lemma 11.1.8. O

11.1.6 Proof of Energy Lemma 11.1.9

Proof. We work with a finite set of tiles P. For a 2-tree T', let us denote by

L S lteor)

|It0p(T/)| sET!

1
A(f;T) =
(T HfuLz{

the quantity associated with T’ appearing in the definition of the energy. Consider
the set of all 2-trees T’ contained in P that satisfy
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1
A(f;T) > 2ef(f;P) (11.1.41)

and among them select a 2-tree T with c(a)top(T/1 )) as small as possible. We let T;

be the set of s € P satisfying s < top(T}). Then T} is the largest tree in P whose top
is top(T} ). We now repeat this procedure with the set P\ T;. Among all 2-trees con-
tained in P\ T that satisfy (11.1.41) we pick a 2-tree T, with c(a)top(T/2>) as small

as possible. Then we let T, be the s € P\ T satisfying s < top(T}). Then T; is the
largest tree in P\ T; whose top is top(T}). We continue this procedure by induction
until there is no 2-tree left in P that satisfies (11.1.41). We have therefore constructed
a finite sequence of pairwise disjoint 2-trees T, T, T}, ..., T, , and a finite sequence
of pairwise disjoint trees Ty, T2, T3, ..., Ty, such that T, C T, top(T;) = top(T}),
and the T; satisfy (11.1.41). We now let

P// _ U Tj,
J
and observe that this selection of trees ensures that
1
E(FP\P") <, E(f:P).

It remains to prove (11.1.31). Using (11.1.41), we obtain that

1 1
4éo(f;P)22|Itop(Tj)| < Hsz z z |<f|(Pv>|2
J

: /
2 J SETj

» 2 X (flosy(fles)

=

L UIST (flede)

S et

Z 2 <(Ps|f>(Ps

< ! )
1112 14 seT’ Lz

1

(11.1.42)

and we use this estimate to obtain (11.1.31). We set U =J I T;. We shall prove that

1
11,2

Once this estimate is established, then (11.1.42) combined with (11.1.43) yields
(11.1.31). (All involved quantities are finite, since P is a finite set of tiles.)
We estimate the square of the left-hand side in (11.1.43) by

%U|<<pv|f><<pu|f><¢s|<pu>|+2S%U|<<pv|f><<pu|f><<pv|<pu>, (114

Os = oSy

2 <(Ps|f>(Ps} P

seU

< C(E(FPP Y lhopiry)]) (11.1.43)
J
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since (| @, ) = O unless @, contains @, or vice versa. We now estimate the quan-
tities ‘ <(ps |f> ‘ and ‘<(pu |f>‘ by the larger one and we use Exercise 11.1.4 to obtain
the following bound for the first term in (11.1.44):

Sledl” X [ovlon)]

seU uclU
1 e — () '
c / (1+ dx
2 ) "

Wy =05

< 31! o))

uelU u
W=
<" Y [{flo)
= (11.1.45)
="y ¥ [(flon)
J SET;.
SC//ZVIOP(T/')'|ItOP(Tj)|7l Z |<f|(Ps>‘2
J sET’
<C”Z|Imp<T R RV

where in the derivation of the second inequality we used the fact that for fixed s € U,
the intervals [, with @, = wy are pairwise disjoint.

Our next goal is to obtain a similar estimate for the second term in (11.1.44).
That is, we need to prove that

S Lo (flou){es| o) <CE(f;P) ||fHL22|1mp (11.1.46)

s,uelU
oGy

Then the required estimate (11.1.43) follows by combining (11.1.45) and (11.1.46).
To prove (11.1.46), we argue as follows:

> [(Flos) (o) (o] ou)|

o
=22 [fle)| X [(flow)(oslou)]
J seT’ ugU
a)S;twu

< 2|Itop(T AT ||fHL2{ )y ( )y }<f|‘p”><(PS|(P">|>2}2

seT”. uclU
! oo,

Pl Sty 2 (3 rloala) |
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where we used the Cauchy—Schwarz inequality and the fact that if wy ; w, and
<(px|(pu> # 0, then @5 C @,(). The proof of (11.1.46) will be complete if we
can show that the expression inside the curly brackets is at most a multiple of

E(f; P)2Hf||i2 |lop(r)|- Since any singleton {s} C P is a 2-tree, we have

&(fi{u}) =

U (e (e .
) =euR

1] (Vi PRRTAE

hence ]
[(Flow)| < ||F|| 210l 2 € (fP)

and it follows that

5[ 3 Kriaetodl] <ewwri [ 5 witlelod]

se€T’; uclU seT’, uclU
7 osCay ! oo,

Thus (11.1.46) will be proved if we can establish that

2
Z( > |1u|5\<<pv|<pu>\) < Clhop(r) |- (11.1.47)

seT, ucU
J wb'gwu(l)

We need the following crucial lemma.

Lemma 11.1.11. Let T}, T be as previously. Let s € T'; and u € T} Then if @; C
@,(1), we have I, Nlop(t;) = 0. Moreover, if u € T and v € T} are different tiles and

satisfy o5 C @, (1) and o5 C @,y for some fixed s € T, thenI,NI, = 0.

have different tops and therefore they cannot be the same tree; thus j # k.
Next we observe that the center of @, is contained in @y, which is contained
J

Proof. We observe that if s € T, u € T}, and @; C @,(1), then the 2-trees T’; and T},

in @,(1y. Therefore, the center of @y,(r) is contained in @, (1), and therefore it must
J
be smaller than the center of Orop(T,)» since T} is a 2-tree. This means that the 2-

tree T; was selected before T;(, that is, we must have j < k. If I, had a nonempty
intersection with Liop(r;) = top(T})> then since

1 1 1 2

= = = = :2|1Ll|7
|@opery| @] J@un] ol

|1top(T}) |

1, would have to be contained in fi,,(p). Since also @) € @5 © 0y, it follows
J J

that u < top(T’;); thus u would belong to the tree T [which is the largest tree with
top top(T;)], since this tree was selected first. But if u belonged to T, then it could
not belong to T}, which is disjoint from T;; hence we get a contradiction. We con-
clude that [, Nlop(r;) = 0.



11.1 Almost Everywhere Convergence of Fourier Integrals 445

Next assume that u € T, v € T}, u # v, and that w; C (1) N @y(1) for some fixed
S T;-. Since the left halves of two dyadic intervals w, and w, intersect, three things
can happen: (a) @, C ®,(y), in which case 1, is disjoint from Itop(T;( y and thus from
I,; (b) w, C Oy (1) in which case I, is disjoint from Itop(T;) and thus from 7,; and
(¢) @, = ®,, in which case |I,| = |I,|, and thus I, and I, are either disjoint or they
coincide. Since u # v, it follows that I, and I, cannot coincide; thus I, N1, = 0. This
finishes the proof of the lemma. O

We now return to (11.1.47). In view of Lemma 11.1.11, different u € U that
appear in the interior sum in (11.1.47) have disjoint intervals I, and all of these are
contained in (Itop(T ))¢. Set t; = top(T};). Using Exercise 11.1.4, we obtain

(3 whiele)

seT} w.qléeag(l)
LN f I
<CZ ( Z <|I| / Pe—c(ls)[ 20
S‘ET/ ueclU ( + ‘ ‘ )
DS 0y(1)
|I;| =" dx 2
<CZ|I|< z / \x cIY 20
s€T ucl )
[ONS0) u(1)
| ~tdx  \?
<CQ Ik |</ et
seT’ ( + )
|I| ldx
<cz|1|/ L ety
S‘ET/ |Is| )

since [g(1+]x|)~2°dx < 1. Foreach scale k >0 the sets I, s € T, with [Is| = 2*"|I,j |
are pairwise disjoint and contained in /;; therefore, we have

L]~ dx = 2k dx
> 1] 0 <2 > sl f 20
= ()¢ (1 \x ‘c(‘lv)\) =6 |Itj| e, ( + |x ‘c(‘lv)\)
\15\:2*\1,.\
CE2 T [
k= 0|If/ seT/ I J (1) x “ 20 %
[s|=2~ "\If
<N ok _—1//
7Ck§‘)2 ;| @) ‘x_y‘ )20 dxdy
B to Kl |

<Y 2ty | 27 )
k=0
— C//|Itj | )
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in view of Exercise 11.1.5. This completes the proof of (11.1.47) and thus of Lemma
11.1.9. -

11.1.7 Proof of the Basic Estimate Lemma 11.1.10

Proof. In the proof of the required estimate we may assume that || f||,, = 1, for
we can always replace f by f/ H f H ;2- Throughout this subsection we fix a square-
integrable function with [? norm 1, a tree T contained in P, a measurable function
N: R — RT, and a measurable set E with finite measure.

Let 7' be the set of all dyadic intervals J such that 3J does not contain any I
with s € T. It is not hard to see that any point in R belongs to a setin _#'. Let ¢
be the set of all maximal (under inclusion) elements of #'. Then ¢ consists of
disjoint sets that cover R; thus it forms a partition of R. This partition of R is shown
in Figure 11.3 when the tree consists of two tiles.

J J
} } } } —— 1 } }

<«+—— dyadic —»<4—— dyadic —»4—— dyadic —>»

Fig. 11.3 A tree of two tiles and the partition _# of R corresponding to it. The intervals J and J/
are members of the partition ¢ .

For each s € T pick an & € C with |&| = 1 such that

‘<f|(PS><XEﬁN*1[wS(2)] | (PS>| = 8S<f|(pS><q)S|XEﬂN"[a)S<2)]>'

We can now write the left-hand side of (11.1.32) as

z8S<f|(pS><QOS|XEmN*1[an<2)]> < %8S<f|¢S>XEmN*1[@Y(2)]%

seT Ll(R)
- Jez;‘%‘ g&gdﬂ(PS>XEQN7][“’S<2>](PS L)
< X+,

where
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11.1.4
oy (11.1.48)

3 = H & f|(Ps>ZEmN Hayo)] 7s
‘Is‘<2"]‘

2 = 2 H & f|(Ps>?CEmN gy Ps

Vc\>2\f\

(11.1.49)

Ly

We start with X;. Observe that for every s € T, the singleton {s} is a 2-tree contained
in T and we therefore have the estimate

[(Flo)| < L12E(fT). (11.1.50)

Using this, we obtain

5< Y zéwmAEN UHNNM

, o
T "
<cY S &L 7
© Jes seT JNENN ! ay)] (l-l— . Cm)‘)zo
52} 1|
1
<cC T) |E|.# (E;T)|I| su
= JEZ/} 2 E(fs | | ( )| |x€5) (1+ ‘x,c(ls)‘)m
\IS\SZ\J\ ‘IY‘

log, 2|J] 1 1

< CEFT) [ELA(ET) .
Jezjf k:z_w gl‘ (1_’_(]191(.]13))5 (1+

dist (J,15) )5
IZs ‘:zk

2k

But note that all I; with s € T and |I5| = 2* are pairwise disjoint and contained in
Lop(t)- Therefore, 27*dist (J,15) > |Lop(r)| ™" dist (J,Jp(r)). and we have the esti-

mate s ) s
<1+dist(i,ly)) < (1+d15t(1,1mp<T))> .
2 |It0p(T)|

Moreover, the sum
1
Z dist (J,Is)\ 5
seT (1—|— 15t2<k7‘>)
‘IS‘=2k

(11.1.51)

is controlled by a finite constant, since for every nonnegative integer m there exist
at most two tiles s € T with |I;| = 2% such that I; are not contained in 3J and m2* <
dist (J,1;) < (m -+ 1)2*. Therefore, we obtain
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log, 2|J| 2k
3 < CE(fT)|E[4(E;T) Y, Y, dist (JJop (1)) 5
o (1+ o IOP(‘ ) )
/|
< CE(f;T)|E|# (E;T) Z dist (.1,
ey (11152
< CE M) ELA(ET) Y / e s 4
IS ‘Ilop(T)‘ )
< C|Itop(T)|g(f;T) |E|%(E’T)’

since _# forms a partition of R. We need to justify, however, the penultimate in-
equality in (11.1.52). Since J and /o,(1) are dyadic intervals, there are only two pos-
sibilities: (a) J Nligp(r) = 0@ and (b) J C i) [The third possibility fiy,r) C J is
excluded, since 3J does not contain /op(1).] In case (a) we have |J| < dist(J, Liop(T))>
since 3J does not contain ). In case (b) we have |J| < |fopcr)|- Thus in both
cases we have |J| < dist (J,/iop(t)) + [fiop(T)|- Consequently, for any x € J one has

. 1
|'x - C(Itop(T))| < |J| +dist (‘Ia Itop(T)) + 2 |Itop(T)|

] 3
< 2dist(/, Jop(m)) +  lhop(r)| -

Therefore, it follows that

[ s Bl
J (1+ ‘Xfc(llop(T)ﬂ)S - (5 ZdiSt(J!Itup(T)))S - (1 diSt(JvIl()p(T)>)5 ’

‘Itop(T) ‘ 2 ‘Itop(T)‘ ‘Itop(T)‘

In case (b) we have J C Ji,p(1), and therefore any point x in J lies in /iop(t); thus
|x — c(Lop(t))| < ;|Imp(T) |. We conclude that

/ dx < |7 _(2)5 |7
x—c(l 5 — dist (/op(T))\ 5
J(l-f—‘ ‘Il(tp(‘ )) (3/2) 3 (l—l— ‘1(1 tp(‘ )))
These observations justify the second-to-last inequality in (11.1.52) and complete
the required estimate for X;.

We now turn attention to X,. We may assume that for all J appearing in the sum
in (11.1.49), the set of s in T with 2|J| < || is nonempty. Thus, if J appears in the
sum in (11.1.49), we have 2|J| < |I,p(r)|, and it is easy to see that J is contained in
3liop(t)- [The intervals J in _# that are not contained in 3/;,,1) have size larger than
|It0p(T) |]

We let T be the 2-tree of all s in T such that @yp(1)(2) C @y (2), and we also let
T, =T\ T,. Then T, is a 1-tree minus its top. We set
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Fiu= Y &{f10) Xpan o)
seT
1>2l

Fu= 3 &U/10) 02w o)

se€T)
|75|>21J]

Clearly

22 3 Fullpg + 3 Pl =22+ 22,
Je 7 Je 7

and we need to estimate both sums. We start by estimating Fy;. If the tiles s and s’
that appear in the definition of Fj; have different scales, then the sets @) and 0y (o)

are disjoint and thus so are the sets E NN~ [ay5)] and ENN~"[wy 3)]. Let us set
Gy=Jn |J EnN o]
seT
|15[>21J]

Then Fj; is supported in the set Gy and we have

1l gy < Rl )Gl
= H z z & <f|§0s> Ps XEAN-[o,(2)] ‘L‘”J Gyl
k>log, 2|J| s€T )
Vx‘=2k
< sup H & (f10s) Ps Xprn-1 Gyl
k>log, 2|J| sezr', (F195) 9 2w o) =)
Vx‘=2k
Z 12 27k/2
< sup sup &(f:T)2 . |G|
k>log2|J] X6 s€T, (1+ |x ;515)\)10
\M:Zk
< CE(fiM)|Gy],

using (11.1.50) and the fact that all the I that appear in the sum are disjoint. We
now claim that for all J € _# we have

|Gj| < C|E|.#(E;T)|J]. (11.1.53)

Once (11.1.53) is established, summing over all the intervals J that appear in the
definition of F; and keeping in mind that all of these intervals are pairwise disjoint
and contained in 3/i,,(t), we obtain the desired estimate for 2.

To prove (11.1.53), we consider the unique dyadic interval J of length 2|J] that
contains J. Then by the maximality of _¢, 3J contains the time interval I;, of a
tile s; in T. We consider the following two cases: (a) If I, is either (J~— |J~|) uJ
or JU (JN—i— |J~|), we let uy = s7; in this case |I,,| = 2|J]. (This is the case for the
interval J in Figure 11.3.) Otherwise, we have case (b), in which Iy, is contained in
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one of the two dyadic intervals J — |J|, J+ |J]. (This is the case for the interval J' in
Figure 11.3.) Whichever of these two dyadic intervals contains Iy, is also contained
in fyop(1), Since it intersects it and has smaller length than it. In case (b) there exists
a tile uy € D with |I,| = |J] such that I, C I, C Loy and @p(r) € @, C ).
In both cases we have a tile u; satisfying s; < uy < top(T) with |e,,| being either
M or AL

Then for any s € T with |Ij| > 2|J| we have || < |y, |. But since both @, and
@y, contain @y,,1), they must intersect, and thus s C @,,. We conclude that any
s € T with |I5| > 2|J| must satisfy N~![e] € N~![@,,]. It follows that

G; CINENN[a,] (11.1.54)
and therefore we have
|E|.# (E;T) = sup sup ™! dx
’ se€T ueD EﬁNil[wu] (1+ ‘X_C(Iu)‘)lo
s<u ‘IL“

Ill 71

z /JﬂEﬁN’l[wu] |‘le(1"])‘ 10

s (1+ | )
> cll,| ' WNENN oy,
> C|1Ll_]|_1 |Gj|,

using (11.1.54) and the fact that for x € J we have |x —c(,)| < 4|J| = 2|L,,|. It
follows that

1 2
Gol < | |ELA(ET)IL,| = |El#(EsT)J],

and this is exactly (11.1.53), which we wanted to prove.

We now turn to the estimate for Xy = Y /c 7 ||F2 JH L) All the intervals @y(2)
with s € T, are nested, since T is a 2-tree. Therefore, for each x € J for which Fy;(x)
is nonzero, there exists a largest dyadic interval w,, and a smallest dyadic interval
oy, (for some uy,vy € ToN{s: |[| > 4|J|}) such that for s € ToN{s: || > 4|J|}
we have N(x) € @) if and only if @,, C &5 C @,,. Then we have

Pyx) = Y £S<f|(PS>((PY%EON*1[(0S(2)])(X)

se€T)
|15 >4/

XE(x) Z & <f| (Ps> @s(x) -
N T2
\wvx\S\i).c\S\wux\

Pick a Schwartz function y whose Fourier transform (z) is supported in |¢| <
1+ 4o and that is equal to 1 on |¢| < 1. We can easily check that for all z € R, if
v, | < o] < |y, . then
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-1

c(@uy) ‘w“)crl C(wvx(Z)) |wvx(2)|
<(Ps*{M D,l (v) _M D B ("’)})(z)Z(ps(z) (11.1.55)

o |2 o, (22

by a simple examination of the Fourier transforms. Basically, the Fourier transform
(in z) of the function inside the curly brackets is equal to

o~ (E—clon)\ o 5—C(wvx(2)))
"’( || ) "’( o0l )
which is equal to 1 on the support of @ for all s in T, that satisfy |@,, | < || < |w,,|
but vanishes on @, (7). Taking z = x in (11.1.55) yields

Fy(x) = Y &(flos) ou(x)xe(x)
S T2
\a»x\s\i)s\ﬁ\wux\

c(@uy) plowy | ! (0,,(2)) plon )
= [ 3 atrloge {0 .

SETZ ‘(qu ‘ 2 ‘va(Z) ‘7 2

Since all s that appear in the definition of F; satisfy || < (4|J])~!, it follows
that we have the estimate

Fy(0)] < 225(x) sup / |3 alfle)e@)] Sv(5)]dz

5>\wu \ ! seT,
< C sup 25 \ Y, &(flos)o(2)|dz. (11.1.56)
5>4| seTy

(The last inequality follows from Exercise 2.1.14.) Observe that the maximal func-
tion in (11.1.56) satisfies the property

)|dt.

sup su dt <2inf su /
X€5)6>4I‘)J‘ 26 /x 1) | X€J6>4I‘?]‘ 25 x—0

Using this property, we obtain

In < D [Pl < X (Pl |Gl
Je 7 Je 7
<C Z |E|.# (E;T)|J|sup sup 25/ | 2 & f|(PX>(ps )‘dz
Jes x€J §>4)J| x=6 seT,
JC3It0p( T)
< 2CIE.#(ET) Y / 25/ Y & (fl o) es(2)| dzdx
Je s 15>4\J\ ¥ yeT,
I3l ()
< CIELA(E:T) [M( T, &(flos)o)

)
seTz z (3hop(r))
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where M is the Hardy-Littlewood maximal operator. Using the Cauchy—Schwarz
inequality and the boundedness of M on L*(R), we obtain the following estimate:

> &(flo) o

s€Ty

1
2 < C|E|//[(E;T) |1top(T) | 2

2

Appealing to the result of Exercise 11.1.6(a), we deduce

2 ES<f| (Ps>(Ps

s€Ty

1
2\ 2 1
L <C( 2 [elf10)]?) < Clhopm | E(FT).
s€T)
The first estimate was also shown in (11.1.43); the same argument applies here, and
the presence of the &’s does not introduce any change. We conclude that
Zyp S CIE[A (E;T) | Lgp(r) | €(f:T),
which is what we needed to prove. This completes the proof of Lemma 11.1.10. O

The proof of the theorem is now complete. 0

Exercises

11.1.1. Show that for every f in the Schwartz class, x,& € R, and A € [0, 1], the
function (y,n) — BE (f)(x) is periodic in y with period 2”~* and periodic in 1

with period 27" *4,
11.1.2. Fix a function % in the Schwartz class, &,y, € R, s € D, and A € [0,1].
Suppose that 274 (€ +-1) € Oy(2)-
(a) Assume that m < 0 and that 27" > 40|&|. Show that for some C that does not
depend on y, 11, and A we have
|<DM oM (h) | (Ps>‘ — Kh |M—nT—yD2ﬂl ((p‘)>|
<c22 | .

y 40,12m JU( 40.12m )

[Hint: Use Plancherel’s theorem, noting that n > 2*c(wy(1)) + 427

(b) Using the trivial fact that |<D2/l ©M" (k)| ;)| < C||h||,2. conclude that when-
ever |m| is large with respect to &, we have

_ A . m
Roysy 2 HE+M)(DF PM(R) | 9)] < Cymin(1,27),
where C;, may depend on % but is independent of y, 17, and 1.

11.1.3. (a) Let g be a bounded periodic function on R with period k. Show that



11.1 Almost Everywhere Convergence of Fourier Integrals 453

im L[ enrar— [ er)a
Jim /ﬁKgm - /0 g(t)dt

(b) Let g be a bounded periodic function on R" that is periodic with period
(Ki,...,K,;). Show that

Kn l K] Kn
lim / / / / g(t)dr
Ki,.. 7K11_'°°K1 Kl---Kn 0 0

11.1.4. Use the result in Appendix K.1 to obtain the size estimate

1
() 2
M I

(sl @u)| < Cu M

<1 |c(1s)—c(1”)|)

+
max (|1, [1])
for every M > 0. Conclude that if |1,| < |I|, then

1
AR |1S|—1dx

e —c()| _ [e(le) — (k)]

|1s] ||

[Hint: Use that
1

<
-2

forall x € Iu.}

11.1.5. Prove that there is a constant C > 0 such that for any interval J and any

b>0,
217112
//( ‘x )‘ 50 dxdy <Cb7|J|".
L+ 5)

[Hint: Translate J to the interval [—}|J|, }|J|] and change variables. The resulting
integral can be computed explicitly.]

11.1.6. Let ¢ be as in (11.1.3). Let T, be a 2-tree and f € L*(R).
(a) Show that there is a constant C such that for all sequences of complex scalars
{As}ser, we have

As Ag 2)
S <0 3 4

(b) Use duality to conclude that

> [Flegf <Al

s€Ty
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[Hint: To prove part (a) define %, = {s € T : |I;| = 2™}. Then for s € &, and
s’ € 4,,, the functions ¢ and @y are orthogonal to each other, and it suffices to
obtain the corresponding estimate when the summation is restricted to a given %,.
But for s in %, the intervals I are disjoint, and we may use the idea of the proof of
Lemma 11.1.2. Use that 3. ,—, | (@5 | @u)| < C for every fixed s.]

11.1.7. Fix A > 1. Let S be a finite collection of dyadic tiles such that for all sy, s
in S we have either @y, N@;, =0 or Al NAl, = 0. Let Ng be the counting function
of S, defined by

Ng = sup#{L;: s €Sandx € L;}.
xeR

(a) Show that for any M > 0 there exists a Cjy > 0 such that for all f € L*>(R) we

have
)y

seS

(b) Let ¢, be as in (11.1.3). Show that for any M > 0 there exists a Cy; > 0 such that
for all finite sequences of scalars {a; }scs we have

Z as Qs ’

2
seS L

dist(+, Iy)

1
2 (14
(£ "

P >
) )| = el

<Cu(1+AYNg) Y |y

seS

(c) Conclude that for any M > 0 there exists a Cyy > 0 such that for all f € L*(R)
we have s s
S f )| < Cu(1+AYNg)||£] 2

seS

[Hint: Use the idea of Lemma 11.1.2 to prove part (a) when Ng = 1. Suppose now
that Ng > 1. Call an element s € S h-maximal if the region in R? that is directly
horizontally above the tile s does not intersect any other tile s’ € S. Let S; be the set
of all h-maximal tiles in S. Then Ng, = 1; otherwise, some x € R would belong to
both I and Iy for s # s’ € S1, and thus the horizontal regions directly above s and
s" would have to intersect, contradicting the h-maximality of S;. Now define S; to
be the set of all A-maximal tiles in S\ S;. As before, we have Ns, = 1. Continue in
this way and write S as a union of at most Ng families of tiles S;, each of which
has the property N5, = 1. Apply the result to each S; and then sum over j. Part (b):
observe that whenever s1,s5, € S and 51 # s, we must have either (¢, ¢s,) =0 or
dist(ly,,1y,) > (A — 1)max(|y, |, |Ls,|), which implies

(1 dist(/s, 1)) )*M <

A (1 dist(ls,,I,) )Jf
max (|1 [, |s,)

max(|Ls, |, |1s5,])
Use this estimate to obtain

2

|ag) dist(x, I;)\~ %
> (e | )

1
seS |Is|2

C
| S el < X laP+ )
s€S seS A2 12
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by expanding the square on the left. The required estimate follows from the dual
statement to part (a). Part (c) follows from part (b) by duality. }

11.1.8. Let ¢, be as in (11.1.3) and let D,, be the set of all dyadic tiles s with
|I;| = 2™. Show that there is a constant C (independent of m) such that for square-
integrable sequences of scalars {a;}sep,, we have

Z as Qs ’ <C 2 |aS|2'

2
seD,, L s€Dy,

Conclude from this that

> [(ronl* <clflliz-

seD,,

11.1.9. Fix a Schwartz function ¢ whose Fourier transform is supported in the in-
terval [~ 3, 2] and that satisfies

~88
Y+ 5P =co
I€Z

for all real numbers 7. Define functions ¢y as follows. Fix an integer m and set
0u(x) =27 p(2 "k — k) "

whenever s = [k2", (k+1)2™) x [I27™,(I41)27™) is a tile in D. Prove that for all
Schwartz functions f we have

z <f|(PS>(Ps:Cof.

s€Dy,

Observe that m does not appear on the right of this identity.
[Hint: First prove that

Z (ps(x)(i)\s(y) =cp g2y

seDy,
using the Poisson summation formula.}

11.1.10. This is a continuous version of Exercise 11.1.9. Fix a Schwartz function ¢
on R” and define a continuous wave packet

Py (x) = @(x — y)e2™e,

Prove that for all f Schwartz functions on R”, the following identity is valid:

lolr= [ | ol o) dvac.

n

[Hint; Prove first that /R” /Rn Oy (x)@(z) dydé = H(pHizeZnix'z']
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11.2 Distributional Estimates for the Carleson Operator

In this section we derive estimates for the distribution function of the Carleson op-
erator acting on characteristic functions of measurable sets. These estimates imply,
in particular, that the Carleson operator is bounded on LP(R) for 1 < p < . To
achieve this we build on the time—frequency analysis approach developed in the
previous section. Working with characteristic functions of measurable sets of finite
measure is crucial in obtaining an improved energy estimate, which is the key to the
proof. Later in this section we obtain weighted estimates for the Carleson operator
% . These estimates are reminiscent of the corresponding estimates for the maximal
singular integrals we encountered in the previous chapter.

11.2.1 The Main Theorem and Preliminary Reductions

In the sequel we use the notation introduced in Section 11.1. The following is the
main result of this section.

Theorem 11.2.1. (a) There exist finite constants C,x > 0 such that for any measur-
able subset F of the reals with finite measure we have

; l—l—log(;‘)) when 0 < o < 1,
[{xeR: €(xr)(x) > a}| <C|F]| (11.2.1)

e K& when o0 > 1.

(b) For any 1 < p < oo there is a constant C, > 0 such that for all f in L?(R) we
have the estimate

Hcg(f)} LP(R) < Cpr| (11.2.2)

Proof. Assuming statement (a), we obtain

LP(R)”

1€ (xr)I2, =P/: {C(xr) > a}[AP " da < pCP|F|/O°°<p(a)ap—lda,

where @(a) = o1 (1+1log(er) ™) for o < 1 and @ (o) = e ¥* for o > 1. The last
integral is convergent, and consequently one obtains a restricted strong type (p, p)
estimate

HCK(XF)HLP R SC;7|F|'I7
(R)

for the Carleson operator. The required strong type (p, p) estimate follows by ap-
plying Theorem 1.4.19. Thus (a) implies (b).

It remains to prove (a). This follows from the corresponding estimate for 4} and
requires a considerable amount of work. The proof of (a) is based on a modification
of the proof of Theorem 11.1.1. Recall that in (11.1.21) we identified the one-sided
Carleson operator %] (f) with
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G0 =sup] [ T dn} sup |11 (7)1, (112.3)
N>0 |c| E>0
where ¢ # 0 and I1¢, & € Ris given by
(1) = fim 4KL/ / / Ge g (f)dAdydn. (11.2.4)
Also recall that Ge ;1 (f) is
Geyna(f) =M T D Ay D7 MO (), (11.2.5)
2

where Ag is defined in (11.1.6). Note that

oy o yrah

Gg»:,m)t(f)(x): Z <f|M Nt yD2 q)u>M 1 “Dz q)u(x)
seD
ieg’u(z)

= z <f|(PS>(Ps(x)a

SED,VJ]JL
Sewyy)

where D, , ; is the set of all rectangles of the form 2*@L—y)x 2 *®@w0,—n),
where u ranges over D. Here a ® I denotes the set {ax: x € I}. For such s, ¢ is
defined in (11.1.3). The rectangles in D, ,, 3 are formed by dilating the dyadic tiles
in D by the amount 2* in the time coordinate axis and by 2=* in the frequency
coordinate axis and then translating them by the amounts y and 7, respectively.

In view of identity (11.1.12), for a Schwartz function f we have

Jm 4KL// /‘eD (f10:) 9:(x)dA dydn.

éew

(e () (x)] =

Since both terms of this identity are well defined L?-bounded operators, (11.2.1)
is also valid for L? functions f. For such functions f, for a measurable function
N:R—R",yn eR,and A € [0,1] we define operators

Onyna(H) = 2 (f105) Koy oN) @5

5€Dy 12

and

O (f) K%4KL///SED (£19s) (Yo oN) @sdAdydn .
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For every square-integrable function f and x € R we pick, in a measurable way, a
positive real number & = Ny(x) such that

ZUEIHJ; (@] < 2[My, () (F) ()] < 2Dw, (F) (x) -

Then

¢ (f) < ISNf( - (11.2.6)

el
We work with functions f = yr, where F is a measurable set of finite measure; cer-
tainly such functions are square-integrable. We show the validity of statement (a) of
Theorem 11.2.1 for Dy, where N : R — R™ is measurable with bounds independent
of N. Then (11.2.6) implies the same statement for % .

We claim that the following estimate is valid for ® . There is a constant C’ such
that for any pair of measurable subsets (E,F) of the real line with nonzero finite
measure there is a subset E’ of E with |[E'| > %|E | such that for any measurable
function N : R — R we have

‘/ D) (x) dx

<2C min(|E|, |F)) <1+‘10g ] ) (11.2.7)

This is a fundamental estimate that implies (11.2.1). We derive this estimate from an
analogous estimate for the operators Dy ,, , ; by picking a set £ " that is independent
of y,n, and A.
We introduce a set
— ; |F|
QEfu—{Aer)>>8nnn(l‘ﬂ)}

It follows that |Qg | < } |E|, since the Hardy-Littlewood maximal operator is of
weak type (1, 1) with norm 2. We conclude that the set

E'=E\Qgr

satisfies |E’| > §|E| (Notice that in the case |F| > |E| the set Qg ¢ is empty.)
Let P be a finite subset of D, 5. The required inequality (11.2.7) will be a con-
sequence of the following two estimates:

/E , xF|<ps><wa<2> o N) g.dx| < C'min(|E], |F|) (112.8)

scP

/E’ xp|(ps>(xw_q(2)oN)(psdx <C'min(|E|,|F|) < —i—‘log ), (11.2.9)

seP
LZQE F

|F|
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where the constant C’ is independent of the sets E, F, of the measurable function N,
and of the finite subset P of D, ;, ; . Estimates (11.2.8) and (11.2.9) are proved in the
next three subsections.

In the rest of this subsection we show that (11.2.7) implies statement (a) of The-
orem 11.2.1. Given o > 0 we define sets

Eé‘ Z{RCDN(XF) > OC}, Eé = {Re@N(XF) < —OC},
Eg( = {ImZDN()(F) > OC}, Eg" = {Im@N(}(F) < —OC}.

We apply (11.2.7) to the pair (EL,F) forany j=1,2,3,4. We find a subset (E7,)’ of
E}, of at least half its measure so that (11.2.7) holds for this pair. Then we have

a . .
SlEdl <aEdy < | [, ovtar))as
(Eq)'

. El
< 2C’min(|E;§|,|F|)<1+‘log||;|| ) (11.2.10)
If |EL| < |F|, this estimate implies that
|EL| < |Flee 40®, (11.2.11)
while if |E},| > |F|, it implies that
F E}
o <4cC | .| <1+log| ""). (11.2.12)
EL| |F|

Case 1: o > 4C'. If |[E}| > |F|, setting t = |E}|/|F| > 1 and using the fact that
SUP; ;.. } (1+1logt) = 1, we obtain that (11.2.12) fails. In this case we must there-

fore have that |EZ,| < |F|. Applying (11.2.11) four times, we deduce
{Dn(xr) > 4a}| < de|Fle s ®. (11.2.13)

Case 2: o < 4C'. If |EL| > |F|, we use the elementary fact that if 7 > 1 satisfies
t(1+1logt)~' < B, thenr < 25(1 +1log ?8); to prove this fact one may use the in-
equalities 7 < 25 (1+1log+/f) and log v/t < logt —log(1 +log/t) <log 28 fors > 1.
Taking t = |EL|/|F| and B = 4C’ in (11.2.12) yields

|EL|  8C 8C’
< 1+1 . 11.2.14
F| — « +log o ( )

If |EL| < |F|, then we use (11.2.11), but we note that for some constant ¢’ > 1 we
have

_ 8C’ 8C’
ee 4}3’a§c‘/ (l+10g >
(04 o
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whenever oo < 4C'. Thus, when o < 4C’ we always have

32¢" 8C’
H{On(xr) > 40} < o |F| (1+log o ) (11.2.15)

Combining (11.2.13) and (11.2.15), we obtain estimate (11.2.7) for Dy. The

same estimate holds for 4} in view of (11.2.6). Since %;\(7) = € (f), where
f(x) = f(—x), the same estimate holds for %> and hence estimate (11.2.7) is valid
for €. O

11.2.2 The Proof of Estimate (11.2.8)

In proving (11.2.8), we may assume that |[F| < |E[; otherwise, the set Qg r is empty
and there is nothing to prove.

Let P be a finite subset of D, VA We denote by .7 (P) the grid that consists of all
the time projections I; of tiles s in P. For a fixed interval J in .# (P) we define

P(J)={seP: [,=J}

and a function u
1 x—c(J)|\
) = (142750

where M is a large integer to be chosen momentarily. We note that for each s € P(J)

we have | (x)| < Cp yy(x).
Foreachk=0,1,2,... we introduce families

Fi={Je IP): 29 C Qpr, 2T Z Qi ).

We begin by writing the left-hand side of (11.2.8) as

2/ 17194) 2oy (N(3) 94 (x)d

) seP(J

Jef
JCQEF

(11.2.16)
L S, (1516) oy (V)0

seP(J

k= OJGI(P
JETy

Using Exercise 9.2.8(b) we obtain the existence of a constant Cy < oo such that
foreach k =0,1,... and J € .%; we have
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1,
(xesyu) < V12 infM (xr)

<2 ck inf M(zr)
< 0 XF (11.2.17)

<4ck)> |E|

since 2K/ meets the complement of Q .
For J € .%; we also have that E' N 2%J = 0 and hence

! -
[wavs [ wdy< o™, (112.18)
E' (2J)e
Next we note that for each J € .# (P) and x € R there is at most one s = s, € P(J)

such that N(x) € @y, (2). Using this observation along with (11.2.17) and (11.2.18),
we can therefore estimate the expression on the right in (11.2.16) as follows:

ZZ

<xF | 0s.) X o) (N (x)) @5, (x) dx

k=0Je.7 (P
JE/k
<CMZ > / xF s W)Wy (x)dx
k=0Je.7 (P)
JET
F
< Cy4 : |2C0 |J|2/1I/J dx
k= JETy
<4GC3, Z (Co27™* 3, (11.2.19)
k=0 JeFy

and we pick M > logCy/log?2. It remains to control

Y

JEL“?/(

for each nonnegative integer k. In doing this we let . be all elements of .%; that
are maximal under inclusion. Then we observe that if J € .%;" and J' € % satisfy
J' C J then

dist (J',J¢) =0,

otherwise 2J’ would be contained in J and thus
2kl C ki C Q.

Therefore, for any J in .%;" and any scale m there are at most two intervals J’ from
F contained in J with |J/| = 2™. Summing over all possible scales, we obtain a
bound of at most four times the length of J. We conclude that
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D M= X VIS Y AUI<4196 ],

JeTy JEFL T €T JeT}
Jcy

since elements of .7 are disjoint and contained in Q . Inserting this estimate in
(11.2.19), we obtain the required bound

o IF|

M| Q¢ r| < Cyy [F| = Cyy min(|E], |F|)

for the expression on the right in (11.2.16). This concludes the proof of (11.2.8).

11.2.3 The Proof of Estimate (11.2.9)

For fixed y,n,A we define a partial order in the set of tiles in D, ,, ; just as in

Definition 11.1.3. All properties of dyadic tiles obtained in the previous section also

hold for the tiles in D ;, 3. Throughout this section, P is a finite subset of D, 5.
To simplify notation, in the sequel we set

PE7F: {SEP: Isg.QEJ:}.

Setting N~![A] = {x: N(x) € A} for a set A C R, we note that (11.2.9) is a
consequence of

. E
D ‘<xp,q>s><xE/mN1[QY<2)],(pS>‘<Cm1n(|E|,|F|)(l+‘log:F: ) (11.2.20)
SEPE,F

The following lemma is the main ingredient of the proof and is proved in the next
section.

Lemma 11.2.2. There is a constant C such that for all measurable sets E and F of
finite measure we have

F
& (xr;PeF) §C|F|imin<IEI,1>. (11.2.21)
Assuming Lemma 11.2.2, we argue as follows to prove (11.2.9). Given the finite
set of tiles Pg r, we write it as the union

no
Per= J Py,

J=—o0

where the sets P; satisfy properties (1)—(5) of page 437.
Given the sequence of sets P;, we use properties (1), (2), (5) on page 437, the
observation that the mass is always bounded by |E|~!, and Lemmas 11.2.2 and
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11.1.10 to obtain the following bound for the expression on the left in (11.2.9):

> el o) [Kxeow 1o, @)
SEPE'F
=2 2 [(xrle)] ‘<XE’HN*'[QY<2)]7¢S>|
jEZSEPj
< 22 2 [xrlool|[(eav-11o,) 05|
JEZ k SETjk

1
<C3ZZ|Itop |éa f Tjk) ( /7Tjk) |E/||F|2

F|2
< G zzvtor) |m1n(2/Jrl C| | ,C|F|™ 2) min(|E’|~ ! 221”) |E||F|
JEZ k | |
<Gy Y 2 2 min (27, F|2 |E[Y, [F|"2) min(|E[ !, 2%) [E| |F|2
JEZL

. Fl |EI\ L .
<c52min(2J|E|é,mm(| || ')2>min((2J|E|i)—2,1)|E|%|F|%

2 E|"|F]
) Fl |EIN 2 )
§C62m1n<2’,min(| || |)2)min(221,1)|E|i|F|i
=) IE|"|F|

E
< ¢ min(|E|, |F|)(1 + ‘log IFI D .

The last estimate follows by a simple calculation considering the three cases 1 < 2/,

1 1
o IF] \E\)2< j< j . (\F\ \E\)Z
mm(‘E‘,‘F‘ <2/ <1,and 2’/ < min 7 IF|)

11.2.4 The Proof of Lemma 11.2.2

It remains to prove Lemma 11.2.2.
Fix a 2-tree T contained in Pg r and let t = top(T) denote its top. We show that

2
Z}(xF|¢s>}2<Cmin<|F|,1> (11.2.22)

L= |E|

for some constant C independent of F,E, and T. Then (11.2.21) follows from
(11.2.22) by taking the supremum over all 2-trees T contained in Pg .
We decompose the function yr as follows:

XF = XFr3L + XFn(3L)e -

We begin by observing that for s in P¢  we have
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CualLs|2 int M (xr)

|<XF0(3I,)"|¢S>‘ < (1 dist((3lt)cac(ls)))M
|Ls]

L (F] )<Ilsl)M
< 8Cp|ls|2 min 1 ,
<ttt min(71.1) (1

since I; meets the complement of Qf r for every s € Pr. Square this inequality and
sum over all s in T to obtain

CIFl \?
z|<xm<3,,)u|<ps>|2<C|1z|mm(' | 1) ,

seT |E| ’

using Exercise 11.2.1.

We now turn to the corresponding estimate for the function )rn3;,. At this point
it is convenient to distinguish the simple case |F| > |E| from the difficult case |F| <
|E|. In the first case the set Qg ¢ is empty and Exercise 11.1.6(b) yields

N [ | (Ps>|2 < CH%FmI,Hiz
seT

<Cli|
=C|L| min<|F|,l>2,
E|
since |F| > |E|.

We may therefore concentrate on the case |F| < |E|. In proving (11.2.21) we may
assume that there exists a point xy € I, such that

|F|
M(xr)(xo) <8
|E|
otherwise there is nothing to prove.

We write the set Qg p = {M(xr) >8 }g} } as a disjoint union of dyadic intervals

J} such that the dyadic parent J; of J; is not contained in Qg r and therefore

|F|

[FNJ)| <|FNJj| < 16|E|

1z

Now some of these dyadic intervals may have size larger than or equal to |I;|. Let J;

. N .
be such an interval. Then we split J; into “ A “ intervals J; , each of size exactly |I;|.

Since there is an xy € I; with

|F|

M(xr)(x0) <8 IE|
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if K is the smallest interval that contains x¢ and J| 2 o then

|F| / Fl . IK]
dx<8 | = |FnJ,, |<8! '),
) Jorr S = Ol <
We conclude that
F dist(l;,J} )
|FOJp ) < C:E|| 1A (1+ 0| o ) (11.2.23)
t

We now have a new collection of dyadic intervals {J; } contained in Qf r consisting
of all the previous J;, when |J)| < |I;| and the J; s when |J;| > |I;|. In view of the
construction we have

F
c :EI |Jk| when |Jk| < |1[|,
[FNJi| < (11.2.24)
F dist(Z;,J
() -

for all k. We now define the “bad functions”

—2mic x 1 Co_ ic y
bi(x) = (e 2mie(0) y sy, (x) — e el yp gy (y)dy)xfk@),

il S
which are supported in J;, have mean value zero, and satisfy

dist(Z,, i) )

Joul < 2¢1Fl15l (1+
n

We also set
g(x) = e 2™l y s (x Zbk

the “good function” of this Calderén—Zygmund-type decomposition. We have there-
fore decomposed the function yrns;, as follows:

X () = ()TN LY by ()T, (11.2.25)
3
We show that HgHLm C}E“ Indeed, for x in J;, we have

1
|Jk| Ji

—2mic(awy

g(x) = »y xrzn () dy,

which implies
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FnJ
| U |k| when |Ji| < |k,
|FN3LNJy k
gl < <
FnN3j,
| A ! hen [Ji| = [4],

and both of the preceding are at most a multiple of };‘ ; the latter is because there is

an xo € I, with M(xr)(xp) <8 7l Also, for x € (Ur )¢ = (Qg ) we have

E|
_ |F|
lg(x)] = xrrar (x) <M(xr)(x) <8 £

We conclude that ||g|,.. <C } E“ Moreover,

|F N3 NJg|

F
gl SZ/J et el < clF 3 <clFl
k k

|If|a
|E|

since the J are disjoint. It follows that

F|\2 (|F
Jells < (1) (Jn1) " lE =<l

Using Exercise 11.1.6, we have

3 [(ge2m @0 g)* < C|jg])7>.

seT

from which we obtain the required conclusion for the first function in the decompo-
sition (11.2.25).
Next we turn to the corresponding estimate for the second function,

3 by Pl
k

in the decomposition (11.2.25), which requires some further analysis. We have the
following two estimates for all s and k:

3
ic(en) (- Cu|FIE|™ il || ~>
amic(w)(") M k
|(bre lo)| < (1O (11.2.26)
|Ls]
Cu [FI[E|"|1y|2

o270 )| < | , (11.2.27)
}< 114 |(P >| (1+dISt‘(IﬁJS>)M

for all M > 0, where Cy; depends only on M.
To prove (11.2.26) we use the mean value theorem together with the fact that by
has vanishing integral to write for some &,
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‘<bk e2mc |(p‘>‘

‘ J, bk(y)ehic(w,)y(ps(y) dy‘
k

= | [ 5el) (@ gufy) — 2B g () |
k

Wl [ 1) [m oo (S I8l 2 o (2 i“”)\] dy
k

1|2
Cyll|~2
< |6l [l sup E
ges (14 \5 ¥ (‘ )\)M+1
3

IF| ( diSt(Jsz)) il 152
<
<Cy E| Vil (14 | (1 4 94Uk yars

Is|
3
< Cu[FIE]" Vel 1] 3
- dist (Ji. Is ’
(1 Sy

dist (Jy..I)
|1:

dist (Ji. Iy)

where we used the fact that 1 + |

we note that

<1+ . To prove estimate (11.2.27)
Cor |12 infM(by)
‘<bk 2mic( oy |(P?>| . s
= dist (Jy.,Is)
(14 T
and that

M) < MGze)+

M(XJk) )

and since g Qp p, we have inf;, M(xr) <8 } E}, while the second term in the sum

was observed earlier to be at most C } E“
Finally, we have the estimate

1
Cut |FIIE|™ [ 5] 2

dist (I ;
(1+ lﬂt‘(ls/‘(, ))M

‘<bk62nic(a)[)(') | (Ps>| < (11.2.28)

which follows by taking the geometric mean of (11.2.26) and (11.2.27).

Now for a fixed s € Pg r we may have either J; C I, or Jy NI = 0 (since I; is not
contained in g r). Therefore, for fixed s € Pg ¢ there are only three possibilities
for Ji:

(a) Ji €3I
(b) JyN3L,=0;
©) inly=0,J,N3I;#0, and J;, 7@ 31.

Observe that case (c) is equivalent to the following statement:
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() JkN Iy =0, dist (Ji, Is) = 0, and |Ji| > 2|I|.

Note that in case (c), for each I there exists exactly one Jx = Ji(;) with the previous
properties; but for a given J; there may be a sequence of I’s that lie on the left
of Jy such that |Ji| > 2|L| and dist (Ji,I;) = 0 and another sequence with similar
properties on the right of J;. The I’s that lie on either side of J; must be nested, and
their lengths must add up to |1 |+ I |, where I'. is the largest one among them on
the left of J; and ISIE is the largest one among them on the right of J;. Using (11.2.27),
we obtain

>,

2 ) 2
= 2 [(bane™ @ )

z <bk927ri6(wr)(~) |(Ps>

s€T ' k: JpNL=0 s€T
dist (Ji.Iy)=0
el =211s|
Fl\2
SC(IEI DIIA

seT: JN;=0
dist (Jg.Js)=0
Vel =211s|

IFINA S (172 1R
gc(|E|) AR

But note that ISLk C 2J;, and since ISLk NJ, = 0, we must have Ié( C 2J; \ Ji (and
likewise for IX ). We define sets

1
_ 1
I =I5 = 5 Vil

We have Iéf Ulfi_ C Jk, and hence the sets Iéf are pairwise disjoint for different
k, and the same is true for the Ifi*. Moreover, since ;|Jk| < ;|I,| for all £, all the
shifted sets ILt, IR~ are contained in 3Z;. We conclude that

Sk Sk
PN ARDN HIED NIRRT )
k k k
UL+ UL
k k

2|34,

IN

IN

which combined with the previously obtained estimate yields the required result in

case (c).
2) >

We now consider case (a). Using (11.2.26), we can write

5, temoio)f) <cu(f)(5] 5wt

3
<s€T keJ 3l €T ' k: J,C3l, L5|2
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and we control the second expression by

1
|F| VANE
Cu E z z |Jk| z |I |3
| | s€T \k: JC3Ig k: J C3I 178

1
2
<onp{ 3wz b
|E| k: J; Q3L seT |IS|
T C3I
where we used that the dyadic intervals J; are disjoint and the Cauchy—Schwarz
inequality. We note that the last sum is equal to at most C|J;|~2, since for every
dyadic interval J; there exist at most three dyadic intervals of a given length whose
triples contain it. The required estimate C |F||E|~! |1, > now follows in case (a).
Finally, we deal with case (b), which is the most difficult case. We split the set of

k into two subsets, those for which J;, C 31, and those for which J; g 31 (recall that
|Jk| < |I|). Whenever J; € 31;, we have

dist (Jk, ) dist (Jk,lt)

In this case we use Minkowski’s inequality and estimate (11.2.28) to deduce

2\ 2
<z z <bk 2mic( oy |(P?> >
S€T k: J 31

< 3 (3 lmemip)r)

ke J£31 N s€T
B |
<ol 5 (5 gl
= Cw IZI k:szg_ydlSt (|j:,|1, <s€2f|l - l)
<Cu :g: M2 . sz@b dist (g/]:,'lr)M
S T e

dist (Ji 1t )~2" |1y

where dist (Ji, ;) &~ 2'|I,| means that dist (J, 1) € [2'|I|,2"*1|1;|]. But note that all
the J; with dist (Ji,1,) = 2/|I,| are contained in 2/+21,, and since they are disjoint, we
estimate the last sum by C2/||(2/|I;])~™. The required estimate Cy|F||E|™"! |I,|%
follows.
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Next we consider the case J; C 31, J, N 31, = 0, and |J;| < |I|, in which we use
estimate (11.2.26). We have

1

o 2
(2] 3 temenio))
se€T ' k: J, 31,
JpN31,=0
i <|Ls |
l
|F|< ‘ 1A
I | )
e (2l 2, P i
JN3L= @
| <[]
< Cu |F|{z[ I )M}
a |E| s€T Lk: J, C3I |lV|2 diSt(‘]kvlS)
JpN31,=0
[l <[]

1

x{ > |Jk|(diSt(Jk,lv))‘M]}2

ke icay 1] 18
JpN3L=0

Vel <Is]

3
calt {2 )]

k:JkQ3I, |I‘|
1
x{ ¥ /(ix—c(lm)de]}z
k1 C31 7k || 14

JN3L=0
‘Jk‘g‘ls‘

JN31,=0
i <[]
3 M
gCM|F|{Z[ v |Jk|2(. |I| ) ]
|E| o L it |7 \dist (Jg, L)
JN3L=0
[ <[]

o Cul LY
<o {33 mPn ()

seT k: J,C31;
JN31=0
‘Jk‘g‘ls‘

But since the last integral contributes at most a constant factor, we can estimate the
last displayed expression by
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1

CM:;:{ z WAK z o—2m z (distgrlr,;,ls))—M}z

k: J C31, >log |/, €T
Jkﬂléls=t® mtoe ] \15\:2'"
Vi | <[]
1
F 2
E| k: J 3L m>log |Jy|
JN3L=0
i | <[]
1
F )2
<Cu |E|{ DA 2}
| | k: J C31
JN3I;=0
i | <[]
Fl
<Cu . LI
E|

There is also the subcase of case (b) in which |J;| > |I5|. Here we have the two
special subcases I; N 3J; = @ and I; C 3J;. We begin with the first of these special
subcases, in which we use estimate (11.2.27). We have

1
b 2mic(ay 2\?
z Z (bye |¢S>
s€T’ k: J, C3L

JN3L=0
Vi >|Ls]
1;N3J,=0

1
IF| A ‘2 2
<( Ig|2
— M|E| z z |S| diSt(Jk,IS)M

seT  k: J, C3L

JN3L=0
i[> 15|
1;,N3J,=0
1
|F|{ [ K> LM H el 1M ]}2
<Cu . . .
|E| g‘r k:sz;‘y, [Ji| dist (Jg, I;)M k:szgl, 1| dist (Ji, I;)M
JN3L=0 JpN3L,=0
Vi[> 15| Vi > 15|
I;N3J,=0 I;N3J,=0

Since I; N 3J; = 0, we have that dist (Ji, I;) = |x — c¢(I;)| for every x € J;, and there-
fore the second term inside square brackets satisfies

_ M
Vel LM z/ |X c(I. dx <Cy.
ke iy sl dist (Ji, Iy i |I| 18
T BT =0
| >[5
L,N3J,=0

Using this estimate, we obtain
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F 1.2 .M
CM | | { z [ | S| . | s| M:|
Bl UGSt Lic jecar, Ml dist (Ui, L)

|Jk| |IS|M ] }2
ki, sl dist (Jie, Is)M

JN31=0 JN3L=0
Wie|> 14| i |> 11|
IN3J,=0 1037, =0
1
|F|{ [ L1 LM Hz
<Cum .
|E| _&‘EZT k;_]kzgf)[t |Jk| dlSt(kalS)M
JpN3L=0
Vi[> 115
N3J;=0
1
|F|{ 1 5 M 2
=Cu s .
B 2l 2 i
JN3L=0
i[> 115
1037, =0
IF| ¥ 1 ‘O&i’k‘ wy LMoY
<Cum { 2%m o }
E| k: J C3l Vil mE e SET: |[]=2m dist (J, I, )M
JpN3L=0
i[> 15
I03J,=0
log || ]
|F|{ 1o, }2
<Cum 2
El . szgy, Vil m:z—oo
1
F 1 2
<CM|E|{ z J |Jk|2}
E] . i3, Vil
IF|
<Cum IE| 1|2 .

Finally, there is the subcase of case (b) in which |J;| > |Is| and I; C 3J;. Here
again we use estimate (11.2.27). We have

1

o 2) 2

(2] 3 @emeno)}
seT ' k: J, 31,

JP3L=0
i[> 115
1,C3J;

1
al TACEEE
< Cu " | s
|E] sg‘f ' k:szg[, dlSt(‘]kvlS)M
Ti31=0
Vi[> 15|
I;C3Jk

(11.2.29)

Let us make some observations. For a fixed s there exist at most finitely many
Ji’s contained in 31, with size at least |I5|. Let J} (s) be the interval that lies to the
left of I; and is closest to Iy among all J; that satisfy the conditions in the preceding
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sum. Then |J} (s)| > |I;| and
dist(J} (s),15) > |1

Let J?(s) be the interval to the left of J} (s) that is closest to J} (s) and that satisfies
the conditions of the sum. Since 3J7(s) contains I, it follows that [J7(s)| > 2|I5| and

dist(J7 (s), 1) > 2| .

Continuing in this way, we can find a finite number of intervals JJ (s) that lie to the
left of I; and inside 31, satisfy |J] (s)| > 2"|L| and dist(J] (s),Ls) > 2"|L|, and whose
triples contain I;. Likewise we find a finite collection of intervals J}(s),J3(s), ...
that lie to the right of /; and satisfy similar conditions. Then, using the Cauchy—
Schwarz inequality, we obtain

| |
ke JoC3l, dist (Jk,IS)M
JN3L=0
i[> ]
I,C3J,
oo M o M
< 1|2 Nk 1Ak 1P
— . - M M . r M ™M
r=1dist(J] (s),[;)2 22 r=1dist(Ji(s),Is)2 22
o | A
+ .
Mzmm M M;mmm®AW
MW
<Cu )
k:szgyt dist (Jk,IS)M
JN31,=0
i[> ]
I,C3J,
We use this estimate to control the expression on the left in (11.2.29) by
1
W{ |15 |M 2
|Ls| ,
|E| gf k: szgyt dist (J, I;)M
JN31,=0
i[> 15|
I.vg3jk
1
W{ < e 14 2
< Cu oYy :
|E| kJoC3L,  m=0 s:I,C3J, dist (Ji, I;)M
JN31,=0
s|=27""|Jg |

Since the last sum is at most a constant 1t follows that the term on the left in
(11.2.29) also satisfies the estimate CM | E‘ |I, | 2 . This concludes the proof of Lemma
11.2.2.



474 11 Time-Frequency Analysis and the Carleson—Hunt Theorem

Exercises

11.2.1. Let T be a 2-tree with top I, and let M > 1 and L be such that 2& < |I;|. Show
that there exists a constant Cy; > 0 such that

S LM < ouln™,
seT
M ||
ZT |Is| S CM (2L)M+1 ’
s€
|fs|>2"
> LM < Culn| M
seT
\I:\SZL

[Hint: Group the s that appear in each sum in families %, such that | = 27"|1]
for each s € 4. |

11.2.2. Show that the operator

gr—  sup }@X[mb])v}

—ocola<b<oo
defined on the line is L? bounded for all 1 < p < eo.
11.2.3. On R" fix a unit vector b and consider the maximal operator

T(g)(x) = sup

§(E)mieE g \ .
|b-&|<N

Show that T maps L”(R") to LP (R") for all | < p < eo.
[Hint: Apply a rotation. |

11.2.4. Define the directional Carleson operators by

; dt
fim / 27 f(x — 10)
e<|t|<e! t

e—0

@ (f)(x) = sup

acR

)

for functions f on R”. Here 6 is a vector in 8”1,
(a) Show that %% is bounded on L?(R") for all 1 < p < co.
(b) Let  be an odd integrable function on $"~!. Define an operator

Q(i)dy‘.

¢ (f)(x) = sup |

EeR?

lim / TSV f(x—y)
e<|y|<e!

£—0

Show that €**? is bounded on L”(R") for 1 < p < co.
[Hint: Part (a): Reduce to the case 6 = e¢; = (1,0,...,0) via a rotation and use
Theorem 11.2.1(b). Part (b): Use the method of rotations and part (a).}
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11.3 The Maximal Carleson Operator and Weighted Estimates

Recall the one-sided Carleson operator %) defined in the previous section:

%1(f)(x) = sup

N>0

[ Feremea].

Recall also the modulation operator M¢(g)(x) = g(x)e***. We begin by observing
that the following identity is valid:

iH

o~

1_
(FA(oi) =M

5 1f— iMbHM‘b(f), (11.3.1)

M) = f -

where H is the Hilbert transform. It follows from (11.3.1) that
1 1 £
G1(f) < IfI+ sup [H(M>(f))]
2 2 EeR

and that

sup [H(M ()| < |f|+261(f).

We conclude that the L? boundedness of the sublinear operator f — % (f) is equiv-
alent to that of the sublinear operator

£ sup [H(M(f))].
EeR

Definition 11.3.1. The maximal Carleson operator is defined by
%.(f)(x) = supsup

/ F)emey @
e>0EeR | /|x—y[>¢ X—y

= sup |H™ (M5 (f)) ()],
EeR

(11.3.2)

where H*) is the maximal Hilbert transform. Observe that , (f) is well defined for
all fin Uj<,<.L?(R) and that €, (f) controls the Carleson operator ¢'(f) point-
wise.

We begin with the following pointwise estimate, which reduces the boundedness
of €, to that of ¢

Lemma 11.3.2. There is a positive constant ¢ > 0 such that for all functions f in
U1§p<wU’(R) we have

C(f) <cM(f)+M(E(f)), (11.3.3)

where M is the Hardy-Littlewood maximal function.
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Proof. The proof of (11.3.3) is based on the classical inequality
H™(g) < cM(g)+M(H(g))

obtained in (4.1.32). Applying this to the functions M' § (f) and taking the supremum
over £ € R, we obtain

.(f) < CM(f)+2Hﬁ1‘4’(171(1‘4"5 ()

from which (11.3.3) easily follows by passing the supremum inside the maximal
function. 0

It is convenient to work with a variant of the Hardy—Littlewood maximal opera-
tor. For 0 < r < oo define

M,(f) = M( )"

for f such that |f]" is locally integrable over the real line. Note that M(f) < M,(f)
for any r € (1,00). Our next goal is to obtain the boundedness of the Carleson oper-
ator on weighted L” spaces.

Theorem 11.3.3. For every p € (1,0) and w € A, there is a constant C(p,[w]a,)
such that for all f € LP(R) we have

||(g(f)HLl’(w =
%.(f)]

Q

W) 1o o) (11.3.4)
C( Wla,) (11.3.5)

Lr(w) > LP(w)

Proof. Fix a1 < p < oo and pick an r € (1, p) such that w € A,. We show that for
all f € LP(w) we have the estimate

/% X)dx < Gyl ]AP)/I;M,(f)(x)”w(x)dx. (11.3.6)

Then the boundedness of " on L?(w) is a consequence of the boundedness of the
Hardy-Littlewood maximal operator on L' (w).
If we show that for any w € A, there is a constant C,,([w]a, ) such that

[ M@ () wdx < Cyiwa,) [ M) wax, (113.7)
R R

then the trivial fact € (f) < M(%'(f)), inserted in (11.3.7), yields (11.3.6).
Estimate (11.3.7) will be a consequence of the following two important observa-
tions:
MY (E(f) <CM.(f)  ae. (11.3.8)

and

HM(CK ))HLP(W)SCP([W]AP)HM#(CK ))HLP(W)’ (11.3.9)

where ¢, ([w]a,) depends on [w]4, and C; depends only on r.
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We begin with estimate (11.3.8), which was obtained in Theorem 7.4.9 for sin-
gular integral operators. Here this estimate is extended to maximally modulated
singular integrals. To prove (11.3.8) we use the result in Proposition 7.4.2 (2). We
fix x € R and we pick an interval / that contains x. We write f = fy + f., Where
fo = fxsr and foo = fxape. We set a = % (f)(cr), where ¢ is the center of I.
Then we have

|;|/I|<5(f)( —arldx < | | sup‘H M«ﬁ () — H(Mé(fm))(qﬂdy

lTEer
<B|+B3,
where
Bi = [ sup |HOME(fo) )] dy.
|1 LEcR
B, = sup\H (fu)) () — H(ME (f2))(cr) | dy .
|| lTEeRr
But

1
< JEay

1
< |I|H(g(f0) L Xi L
H% L L
< Uk
<M, (f)(x),

where we used the boundedness of the Carleson operator ¢ from L" to L" and The-
orem 1.4.17 (v).
We turn to the corresponding estimate for B,. We have

1 1 1
By < / / |fm<z>| - \dzdy
1| i Jro — -
1 _
= dzd
| /I/m " (y— z) cr—2) ‘ zdy
< (000 S )
= I\ Jepe T (er =2+ 11)2 )

C
< [ pMneay

< CM(f)(x)
< CM,(f)(x).
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This completes the proof of estimate (11.3.8), and we now turn to the proof of
estimate (11.3.9). We derive (11.3.9) as a consequence of Exercise 9.4.9, provided
we have that

[M(%(£))

Unfortunately, the finiteness estimate (11.3.10) for general functions f in L?(w)
cannot be deduced easily without knowledge of the sought estimate (11.3.4) for
p = r. However, we can show the validity of (11.3.10) for functions f with compact
support and weights w € A, that are bounded. This argument requires a few tech-
nicalities, which we now present. For a fixed constant B we introduce a truncated
Carleson operator

iy < (11.3.10)

GB(f) = sup [H(M(f))!.
|&|<B

Next we work with a weight w in A, that is bounded. In fact, we work with wy, =
min(w, k), which satisfies

Wela, < (142772) (14 [wla,)
for all k£ > 1 (see Exercise 9.1.9). Finally, we take f = & to be a smooth function

with support contained in an interval [—R, R]. Then for |£| < B we have

(||| BC,R
[H(M® (h))(x)] < ZRH(M5 (W) || ;= Xixi<2r + N +L112%\x\>2R < ¥ iR ,

where Cj, is a constant that depends on 4. This implies that the last estimate also
holds for €2 (h). Using Example 2.1.8, we now obtain

It follows that M (% (h)) lies in L" (wy), since r > 1 and wy < k. Therefore,

[M(E7 (1)

Lriw) <

and thus (11.3.10) holds in this setting. Applying the previous argument to ¢’2(h)
and the weight wy [in lieu of € (f) and w], we obtain (11.3.7) and thus (11.3.4) for
M(%8(h)) and the weight wy. This establishes the estimate

(]

4]

L2 (wy) < C(p,wla,) L2 (wy) (11.3.11)
for some constant C(p, [w]a,,) that is independent of B and &, for functions / that are
smooth and compactly supported. Letting k — e in (11.3.11) and applying Fatou’s
lemma, we obtain (11.3.4) for smooth functions & with compact support. From this
we deduce the validity of (11.3.4) for general functions f in L?(w) by density (cf.

Exercise 4.3.11).
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Finally, to obtain (11.3.5) for general f € L?(w), we raise (11.3.3) to the power
p, use the inequality (a + b)P < 2P(aP + bP), and integrate over R with respect to
the measure wdx to obtain

/ Go(f)Pwdx < 2%/ M(f)Pwdx+ 21’/ ME(f)Pwdx.  (11.3.12)
R R R

Then we use estimate (11.3.4) and the boundedness of the Hardy-Littlewood maxi-
mal operator on L”(w) to obtain the required conclusion. 0
Exercises

11.3.1. (a) Let 6 € S"~!. Define the maximal directional Carleson operator

GO =supsup| [ e i0)
e<|t|<e! t

acRe>0

for functions f on R”. Prove that € is bounded on L” (R",w) for any weight w € A,
and 1 < p < oo,

(b) Let Q be an odd integrable function on S"~!1. Obtain the same conclusion for the
maximal operator

()

€ (f)(x) = sup sup i

EeRme>0

Lo ey dy‘ .

e<|y|<e!

[Hint: Part (a): Reduce to the case 6 = e¢; = (1,0,...,0) via a rotation and use
Theorem 11.3.3 with w = 1. Part (b): Use the method of rotations and part (a).]

11.3.2. For a fixed A > 0 write

{xeR: G (f)(x) >)L} :Uljv
J

where I; = (¢, 0j + §;) are open disjoint intervals. Let 1 < r < co. Show that there
exists a yp > 0 such that for every 0 < y < ¥ there exists a constant C, > 0 such that
limy o Cy = 0 and

{xel;: €(f)(x) >34, My(f)(x) S YA} < Gy|1]

for all f for which C..(f) is defined.

[Hint: Note that we must have €.(f)(ct;) < A and €. (f)(a; + 8;) < A for all j.
Set I} = (aj — 58;, 0+ 66;), fi(x) = f(x) for x € I}, fi(x) =0 for x ¢ I}, and
f(x) = f(x) — fi(x). We may assume that for all j there exists a z; in I; such that
M,(f)(z;) < yA. For fixed x € I; estimate |H®) (f2)(x) — H'€) (f2)(c;)| by the three-
fold sum
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: 2 2
2rmiét
t)e — dt
‘/ij—f>€f2() <O‘j_t x—t)

P |
+ ‘/ H(DmE T ar
[x—t|>e>]o;—t| xX—t

: 1
+ / 1)e>mis! dt
\w—tbsg\x—z\fz( ) oj—t

which is easily shown to be controlled by coM(f)(z;) for some constant cg. Thus
o (f2)(x) < C.(fo)(0) +coM(f)(zj) < A+coyA . Select ¥ such that coyy < 3.
Then A +coyA < 3 A for ¥ < Y; hence we have %, (f)(x) < %.(f1)(x)+ 34 for
x €1 and thus I; N {%.(f) > 3A} C {€.(fi) > A}. Using the boundedness of ¢
on L" and the fact that M,(f)(z;) < yA, we obtain that the last set has measure at
most a constant multiple of 7 |/;].]

3

11.3.3. (Hunt and Young [173]) Show that for every w in A. there is a finite con-
stant yp > 0 such that for all 0 < y <y and all 1 < r < oo there is a constant By such
that
for all f for which C,(f) is finite. Moreover, the constants By satisfy By — 0 as
Y — 0.

[Hint: Start with positive constants Cy and § such that for all intervals I and any

measurable set E we have |ENI| < e|I| = w(ENI) < Cye®w(l). Use the estimate
of Exercise 11.3.3 with / = I; and sum over j to obtain the required estimate with

By=Co(Cy)° ]

11.3.4. Prove the following vector-valued version of Theorem 11.2.1:

I(Srewr)’

LP(w) = CN(W)H (;'mr) l Lr(w)

forall 1 < p,r < oo, all weights w € A, and all sequences of functions f; in L7 (w).
[Hint: You may want to use Corollary 9.5.7.]

HISTORICAL NOTES

A version of Theorem 11.1.1 concerning the maximal partial sum operator of Fourier series of
square-integrable functions on the circle was first proved by Carleson [55]. An alternative proof
of Carleson’s theorem was provided by Fefferman [126], pioneering a set of ideas called time—
frequency analysis. Lacey and Thiele [205] provided the first independent proof on the line of the
boundedness of the maximal Fourier integral operator (11.1.1). The proof of Theorem 11.1.1 given
in this text follows closely the one given in Lacey and Thiele [205], which improves in some ways
that of Fefferman’s [126], by which it was inspired. One may also consult the expository article
of Thiele [312]. The proof of Lacey and Thiele was a byproduct of their work [203], [204] on
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the boundedness of the bilinear Hilbert transforms Hy (f1, f2)(x) = )Tp.v. Jri(x=10)fo(x—ar) ‘f’ .
This family of operators arose in early attempts of A. Calderdn to show that the first commutator
(Example 8.3.8, m = 1) is bounded on L? when A’ is in L, an approach completed only using the
uniform boundedness of H,, obtained by Thiele [311], Grafakos and Li [150], and Li [212].

A version of Theorem 11.2.1 concerning the L” boundedness, 1 < p < o, of the maximal par-
tial sum operator on the circle was obtained by Hunt [170]. Sjolin [283] extended this result to
L(log™ L)(log™* log® L) and Antonov [5] to L(log™ L)(log™ log* log™ L). Counterexamples of Kol-
mogorov [191], [192], Korner [197], and Konyagin [193] indicate that the everywhere convergence
of partial Fourier sums (or integrals) may fail for functions in L' and in spaces near L'. The ex-
ponential decay estimate for o > 1 in (11.2.1) and the restricted weak type (p, p) estimate with
constant C p?(p— 1)~ for the maximal partial sum operator on the circle are contained in Hunt’s
article [170]. The estimate for ¢ < 1 in (11.2.1) appears in the article of Grafakos, Tao, and Ter-
willeger [153]; the proof of Theorem 11.2.1 is based on this article. This article also investigates
higher-dimensional analogues of the theory that were initiated in Pramanik and Terwilleger [266].
Theorem 11.3.3 was first obtained by Hunt and Young [173] using a good lambda inequality for
the Carleson operator. An improved good lambda inequality for the Carleson operator is contained
in of Grafakos, Martell, and Soria [152]. The particular proof of Theorem 11.3.3 given in the
text is based on the approach of Rubio de Francia, Ruiz, and Torrea [276]. The books of Jgrsboe
and Melbro [179], Mozzochi [236], and Arias de Reyna [6] contain detailed presentations of the
Carleson—Hunt theorem on the circle.

The subject of Fourier analysis is currently enjoying a surge of activity. Emerging connec-
tions with analytic number theory, combinatorics, geometric measure theory, partial differential
equations, and multilinear analysis introduce new dynamics and present promising developments.
These connections are also creating new research directions that extend beyond the scope of this
book.



Glossary

1 f

A is a subset of B (not necessarily a proper subset)
A is a proper subset of B

the complement of a set A

the characteristic function of the set E

the distribution function of a function f

the decreasing rearrangement of a function f
f» increases monotonically to a function f
the set of all integers

the set of all positive integers {1,2,3,...}

the n-fold product of the integers

the set of real numbers

the set of positive real numbers

the Euclidean n-space

the set of rationals

the set of n-tuples with rational coordinates
the set of complex numbers

the n-fold product of complex numbers

the unit circle identified with the interval [0, 1]
the n-dimensional torus [0, 1]",

VIxi 244 [x|2 when x = (xq,...,x,) €R”
the unit sphere {x e R": |x| =1}
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484 Glossary

ej the vector (0,...,0,1,0,...,0) with 1 in the jth entry and O elsewhere
logt the logarithm to base e of 1 > 0
log,t the logarithm to base a of t > 0 (1 # a > 0)
log™ ¢ max(0,log?) fort >0
[1] the integer part of the real number ¢
Xy the quantity 3, x;y; when x = (x1,--.,xs) and y = (y1,...,¥n)
B(x,R) the ball of radius R centered at x in R”
Op—1 the surface area of the unit sphere §"~!
Vi the volume of the unit ball {x e R" : |x| < 1}
|A] the Lebesgue measure of the set A C R”
dx Lebesgue measure

Avgpf the average | 113‘ J5 f(x)dx of f over the set B
(f.8) the real inner product [g. f(x)g(x)dx
(flg) the complex inner product [g. f(x)g(x)dx

(u,f) the action of a distribution « on a function f

p the number p/(p — 1), whenever 0 < p # 1 < o0
Iy the number oo

oo the number 1

f=0(g) means|f(x)| <M|g(x)| for some M for x near x
f=o(g) means|f(x)]|g(x)|"" —0asx—xo

Al the transpose of the matrix A

A* the conjugate transpose of a complex matrix A
A7l the inverse of the matrix A

O(n) the space of real matrices satisfying A~ = A

IT|lx—y  the norm of the (bounded) operator 7 : X — Y

AxB means that there exists a ¢ > 0 such that ¢! < ﬁ <c

| indicates the size |0y | + -+ - + || of a multi-index o = (o, ..., 0)
iNf the mth partial derivative of f(xj,...,x,) with respect to x;

aaf alal...ar?nf

¢ the space of functions f with % f continuous for all |o| <k
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) space of continuous functions with compact support
G0o the space of continuous functions that vanish at infinity
6 the space of smooth functions with compact support

9 the space of smooth functions with compact support
5 the space of Schwartz functions

¢ the space of smooth functions ();_; €*

7'(R") the space of distributions on R"

S (R")  the space of tempered distributions on R”"

&' (RY) the space of distributions with compact support on R”

& the set of all complex-valued polynomials of » real variables
' (R")/ P the space of tempered distributions on R” modulo polynomials
Q) the side length of a cube Q in R”

20 the boundary of a cube Q in R”

LP(X,u) the Lebesgue space over the measure space (X, 1)

LP(R™) the space L” (R",| - |)

LP4(X,u) the Lorentz space over the measure space (X, )

LP (R")  the space of functions that lie in L”(K) for any compact set K in R"
|du] the total variation of a finite Borel measure (t on R”

A (R") the space of all finite Borel measures on R"

A,(R")  the space of L” Fourier multipliers, 1 < p < oo

AP4(R") the space of translation-invariant operators that map L? (R") to L4(R")

H,u H w Jre |d 11| the norm of a finite Borel measure pt on R”

M the centered Hardy—Littlewood maximal operator with respect to balls
M the uncentered Hardy—Littlewood maximal operator with respect to balls
M, the centered Hardy—Littlewood maximal operator with respect to cubes
M. the uncentered Hardy—Littlewood maximal operator with respect to cubes
My the centered maximal operator with respect to a measure Ll

M, the uncentered maximal operator with respect to a measure (U

M the strong maximal operator

M, the dyadic maximal operator

Mm* the sharp maximal operator



the grand maximal operator

the inhomogeneous L? Sobolev space

the homogeneous LP Sobolev space

the inhomogeneous Lipschitz space

the homogeneous Lipschitz space

the real Hardy space on R”

the inhomogeneous Besov space on R”

the homogeneous Besov space on R"

the homogeneous Besov space on R”

the inhomogeneous Triebel-Lizorkin space on R”
the homogeneous Triebel-Lizorkin space on R"

the space of functions of bounded mean oscillation on R”

Glossary





