Chapter 10

Boundedness and Convergence of Fourier
Integrals

In this chapter we return to fundamental questions in Fourier analysis related to
convergence of Fourier series and Fourier integrals. Our main goal is to understand
in what sense the inversion property of the Fourier transform
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holds when f is a function on R". This question is equivalent to the corresponding
question for the Fourier series
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when f is a function on T”. The main problem is that the function (or sequence) f
may not be integrable and the convergence of the preceding integral (or series) needs
to be suitably interpreted. To address this issue, a summability method is employed.
This is achieved by the introduction of a localizing factor @ (& /R), leading to the
study of the convergence of the expressions

[ @@/ a
as R — co. Here @ is a function on R” that decays sufficiently rapidly at infinity and
satisfies @(0) = 1. For instance, we may take @ = y(o,1), Where B(0, 1) is the unit
ball in R". Analogous summability methods arise in the torus.

An interesting case arises when @ (&) = (1 —|&[)%, 1 > 0, in which we obtain
the Bochner—Riesz means introduced by Riesz when n = 1 and A = 0 and Bochner
for n > 2 and general A > 0. The question is whether the Bochner—Riesz means
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340 10 Boundedness and Convergence of Fourier Integrals

converge in L”. This question is equivalent to whether the function (1 — |&|*)% is
an L” multiplier on R" and is investigated in this chapter. Analogous questions con-
cerning the almost everywhere convergence of these families are also studied.

10.1 The Multiplier Problem for the Ball

In this section we show that the characteristic function of the unit disk in R? is not
an L? multiplier when p # 2. This implies the same conclusion in dimensions n > 3,
since sections of higher-dimensional balls are disks and by Theorem 2.5.16 we have
that if xp ) ¢ #,(R?) for all r > 0, then yp(o 1) ¢ .#,(R") for any n > 3.

10.1.1 Sprouting of Triangles

We begin with a certain geometric construction that at first sight has no apparent
relationship to the multiplier problem for the ball in R”. Given a triangle ABC with
base b = AB and height hy we let M be the midpoint of AB. We construct two other
triangles AMF and BME from ABC as follows. We fix a height 1y > hy and we
extend the sides AC and BC in the direction away from its base until they reach a
certain height /1;. We let E be the unique point on the line passing through the points
B and C such that the triangle EMB has height i;. Similarly, F is uniquely chosen
on the line through A and C so that the triangle AMF has height A;.

hl A
N
hy A
G H
hy
hy
Fig. 10.1 The sprouting of vy

the triangle ABC. A M B
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The triangle ABC now gives rise to two triangles AMF and BME called the
sprouts of ABC. The union of the two sprouts AMF and BME is called the sprouted
figure obtained from ABC and is denoted by Spr(ABC). Clearly Spr(ABC) contains
ABC. We call the difference

Spr(ABC) \ ABC

the arms of the sprouted figure. The sprouted figure Spr(ABC) has two arms of equal
area, the triangles EGC and FCH as shown in Figure 10.1, and we can precisely
compute the area of each arm. One may easily check (see Exercise 10.1.1) that

b (hy — ho)?
Area (each arm of Spr(ABC)) = ( 21111 B ;2) , (10.1.1)
where b = AB.
h2
hl
hO

Fig. 10.2 The second step of
the construction.

We start with an isosceles triangle A = ABC in R? with base AB of length by = €
and height MC = hy = €, where M is the midpoint of AB. We define the heights
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We apply the previously described sprouting procedure to A to obtain two sprouts
A; =AMF and Ay = EMB, as in Figure 10.1, each with height /; and base length
bo/2. We now apply the same procedure to the triangles A} and A,. We then obtain
two sprouts Aj; and Ay, from A; and two sprouts Ay and A, from A, a total of
four sprouts with height i,. See Figure 10.2. We continue this process, obtaining at
the jth step 2/ sprouts Apyrjs Tyeos T € {1,2} each with base length b; = 27/b,
and height /1;. We stop this process when the kth step is completed.

hy

Fig. 10.3 The third step of
the construction.

We let E(g,k) be the union of the triangles A, over all sequences r; of 1’s
and 2’s. We obtain an estimate for the area of E (&, k) by adding to the area of A the
areas of the arms of all the sprouted figures obtained during the construction. By
(10.1.1) we have that each of the 2/ arms obtained at the jth step has area

bj-1(hj—hj-1)?
2 2h;—hjy

Summing over all these areas and adding the area of the original triangle, we obtain
the estimate
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j=1 (hj—hj1)?
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where we used the fact that 2h; —h;_; > e forall j > 1.

Having completed the construction of the set E(g,k), we are now in a position
to indicate some of the ideas that appear in the solution of the Kakeya problem.
We first observe that no matter what k is, the measure of the set E(g,k) can be
made as small as we wish if we take € small enough. Our purpose is to make a
needle of infinitesimal width and unit length move continuously from one side of
this angle to the other utilizing each sprouted triangle in succession. To achieve this,
we need to apply a similar construction to any of the 2 triangles that make up the
set E(&,k) and repeat the sprouting procedure a large enough number of times. We
refer to [99] for details. An elaborate construction of this sort yields a set within
which the needle can be turned only through a fixed angle. But adjoining a few such
sets together allows us to rotate a needle through a half-turn within a set that still
has arbitrarily small area. This is the idea used to solve the aforementioned needle
problem.

10.1.2 The counterexample

We now return to the multiplier problem for the ball, which has an interesting con-
nection with the Kakeya needle problem.

Fig. 10.4 A rectangle R and
its adjacent rectangles R'.

In the discussion that follows we employ the following notation. Given a rectan-
gle R in R?, we let R’ be two copies of R adjacent to R along its shortest side so that
RUR’ has the same width as R but three times its length. See Figure 10.4.

We need the following lemma.



344 10 Boundedness and Convergence of Fourier Integrals

Lemma 10.1.1. Let § > 0 be a given number. Then there exists a measurable subset
E of R? and a finite collection of rectangles R;in R? such that

(1) The R;’s are pairwise disjoint.

(2) We have 1/2 < |E| <3/2.

(3) We have |[E| < 8%, |R;l.

(4) For all j we have |R;NE| > LIR;|-

Proof. We start with an isosceles triangle ABC in the plane with height 1 and base
AB, where A = (0,0) and B = (1,0). Given 6 > 0, we find a positive integer k such
that k+2 > ¢!/%. For this k we set E = E(1,k), the set constructed earlier with & = 1.
We then have 1/2 < |E| < 3/2; thus (2) is satisfied.

3 log (k+2)

Fig. 10.5 The rectangles R;.

Recall that each dyadic interval [j27%,(j+1)27%] in [0,1] is the base of ex-
actly one sprouted triangle A;B;C;, where j € {0,1,...,2¥ — 1}. Here we set
A; = (j27%,0), B; = ((j+1)27%,0), and C; the other vertex of the sprouted tri-
angle. We define a rectangle R; inside the angle ZA;C;B; as in Figure 10.6. The
rectangle R; is defined so that one of its vertices is either A; or B; and the length of
its longest side is 3log(k+2).

We now make some calculations. First we observe that the longest possible length
that either A;C; or B;C; can achieve is v/5/;/2. By symmetry we may assume that
the length of A;C; is larger than that of B;C; as in Figure 10.6. We now have that
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3
k+1) < (1+1og(k+1) < 3log(k+2),

since k > 1 and e < 3. Hence R, contains the triangle A;B;C;. We also have that

1 1
hk—1+2+---+k+1 > log(k+2).

Using these two facts, we obtain

1
IR;NE| > Area(A;B;C;) = 22"‘hk > 275 og(k+2). (10.1.2)

3 log (k+2)

Fig. 10.6 A closer look at R;.

Denote by |XY| the length of the line segment through the points X and Y. The
law of sines applied to the triangle A ;B;D; gives

sin(ZA;B;D;) 27k

< . 10.1.3
sin(ZA;D;Bj) ~ cos(£A;C;Bj) ( )

|AjDj[ =2~

But the law of cosines applied to the triangle A;B;C; combined with the estimates
he < |A;Cj|,|B;C;| < v/5hi/2 give that
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h§+h,§—(2—’<)2>4 2 11

cos(ZA;C;Bj) > 255 > a2, (10.1.4)

Combining (10.1.3) and (10.1.4), we obtain
AD;| <27 =2|A;By].

Using this fact and (10.1.2), we deduce

1 1
27 M 1310g(k+2) > IR/,

R.NE|>27%F1] 2) =
IR;NE| > og(k+2) 12 Z R

which proves the required conclusion (4).

Conclusion (1) in Lemma 10.1.1 follows from the fact that the regions inside
the angles ZA;C;B; and under the triangles A;C;B; are pairwise disjoint. This is
shown in Figure 10.5. This can be proved rigorously by a careful examination of the
construction of the sprouted triangles A ;C; B}, but the details are omitted.

It remains to prove (3). To achieve this we first estimate the length of the line
segment A ;D from below. The law of sines gives

oy _ 2t
sin(ZA;B;D;)  sin(ZA;D;B;)’
from which we obtain that
|A;D;| >27%sin(£A;B;D;) > 27" 1 /A;B;D; > 27" 1 /B;AC; .

(All angles are measured in radians.) But the smallest possible value of the angle
ZBjA;C; is attained when j = 0, in which case ZByAgCy = arctan2 > 1. This gives
that

|Aij| > k=1,

It follows that each R; has area at least 2%~ !31log(k + 2). Therefore,

2k_1

2k—1
E
U Ri|= 3 IRj| =2 27% 3log(k+2) > |E|log(k+2) > |5|,
Jj=0 j=0
since |E| < 3/2 and k was chosen so that k +2 > e!/%. O

Next we have a calculation involving the Fourier transforms of characteristic
functions of rectangles.

Proposition 10.1.2. Let R be a rectangle whose center is the origin in R* and let v
be a unit vector parallel to its longest side. Consider the half-plane

H={xeR*: x-v>0}

and the multiplier operator
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Sa(f) = (far)"
Then we have |S»(xr)| > |, xr'-

Remark 10.1.3. Applying a translation, we see that the same conclusion is valid for
any rectangle in R? whose longest side is parallel to v.

Proof. Applying a rotation, we reduce the problem to the case R = [—a,a] X [—b, b],
where 0 < a < b < oo, and v = e, = (0, 1). Since the Fourier transform acts in each
variable independently, we have the identity

S (xr)(x1,X2) = X[fa,a](xl)(m%[o,m))v(XZ)
I+iH
= X-aa(*1) 5 (X=b,p)) (x2)-

It follows that
1
[Soe ()1 x2) 2 a0 H (-p.17) (22))
1 X2 +b
= 2n%[7a,a](-xl) log )Q—b‘ ‘

But for (x1,x2) € R' we have y[_,4(x1) = 1 and b < |x2| < 3b. So we have two
cases, b < xp < 3b and —3b < xp < —b. When b < x» < 3b we see that

xz—l—b‘ _X2—|—b

= 2
)Cz—b )Cz—b> ’

and similarly, when —3b < xp < —b we have

Xy — b _ b— X2 >0
Xy+b —b—xp
It follows that for (x,x2) € R’ the lower estimate is valid:

log2 1
# > > .
1S (Xr) (x1,%2)| > e =10
]

Next we have a lemma regarding vector-valued inequalities of half-plane multi-
pliers.

Lemma 10.1.4. Let vi,v2,...,Vvj,... be a sequence of unit vectors in R2. Define the
half-planes
H={xER*: x-v; >0} (10.1.5)

and linear operators
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Assume that the disk multiplier operator

T(f) = (f 2s0.1)"

maps LP (R?) to itself with norm B, < . Then we have the inequality

[(Zismone)’],,

for all bounded and compactly supported functions f;.

<8 (ZUAF)

(10.1.6)

Proof. We prove the lemma for Schwartz functions f; and we obtain the general
case by a simple limiting argument. We define disks D; g = {x € R*: |[x—Rv;| <R}
and we let

TJ'VR(f) = (fXDj,R)\/

be the multiplier operator associated with the disk Dj . We observe that yp, , —
X pointwise as R — oo, as shown in Figure 10.7.

Fig. 10.7 A sequence of disks
converging to a half-plane.

For f € .7 (R?) and every x € R? we have
lim 7jr(f)(x) = S, () (x)

by passing the limit inside the convergent integral. Fatou’s lemma now yields

|(Siss®)?]| <timint[(Smecp)?] - 01
J J

LrP
Next we observe that the following identity is valid:
TLR(f) (x) _ eZm‘RVj-xTR(eme'Rvj.(.)f) (x)7 (10. 1.8)

where T is the multiplier operator Tz(f) = (fxB(Om)V. Setting g; = e 2R () f;
and using (10.1.7) and (10.1.8), we deduce
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H(Z|S%}(fj)|2)i‘ (10.1.9)

1
o < liminf | (X 17(2))* -
J

Observe that the operator T is L” bounded with the same norm B), as T in view of
identity (2.5.15). Applying Theorem 4.5.1, we obtain that the last term in (10.1.9)
is bounded by

liminf || Tx |
R—o

LP—LP p*

<;|g.,-|2>%|m:Bpu@mﬂ

Combining this inequality with (10.1.9), we obtain (10.1.6). O

We have now completed all the preliminary material we need to prove that the
characteristic function of the unit disk in R? is not an L” multiplier if p # 2.

Theorem 10.1.5. The characteristic function of the unit ball in R" is not an L?P
multiplier when 1 < p # 2 < oo,

Proof. As mentioned earlier, in view of Theorem 2.5.16, it suffices to prove the
result in dimension n = 2. By duality it suffices to prove the result when p > 2.
Suppose that xp(q 1) € .#,(R?) for some p > 2, say with norm B, < ee.

Suppose that 6 > 0is given. Let £ and R be as in Lemma 10.1.1. We let f; = x;
Let v; be the unit vector parallel to the long side of R; and let H; be the half-plane
defined as in (10.1.5). Using Proposition 10.1.2, we obtain

/E;|Sﬁéﬁ(ﬁ)(X)|2dx = ;/Ii|5%(ﬁ)(x)|2dx

1
> /E g (D) dx
J

1 /
- 100%"“”2/'|

1
:>
= 1200;|R/|’

(10.1.10)

where we used condition (4) of Lemma 10.1.1 in the last inequality. Holder’s in-
equality with exponents p/2 and (p/2)" = p/(p —2) gives

[ Xl @ Par < 18 (I )P
J J
2

1
|(z|fj|2)2 | Ly
S (10.1.11)

p—2
= BIEI"" (ZIR)])”

J

—2
B25'r Y IR,
J

p—2
BJIE| »

IN

IN
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where we used Lemma 10.1.4, the disjointness of the R;’s, and condition (3) of
Lemma 10.1.1 successively. Combining (10.1.10) with (10.1.11), we obtain the in-
equality

-2
3 IR;| < 1200B,8 7 3 IR},
J J

which provides a contradiction when J is very small. O

Exercises

10.1.1. Prove identity (10.1.1).
[Hint: With the notation of Figure 10.1, first prove

hy—hy _ NC height (NGC) NC
hy b2’ ho " NC+b)2

using similar triangles.}

10.1.2. Given a rectangle R, let R” denote either of the two parts that make up R’
Prove that for any k € Z" and any 6 > 0, there exist rectangles S ;in R2,0< j< 2k
with dimensions proportionate to 2% x log(k + 1),

261

Us;
j=0

<9,

such that for some choice of S}’ , the S’]-/ ’s are disjoint.

[H int: Consider the 2 triangles that make up the set E (&, k) and choose each rectan-
gle S; inside a corresponding triangle. Then the parts of the S}’s that point downward

are disjoint. Choose € depending on 5.]

10.1.3. Is the characteristic function of the cylinder

{(61,6,8) e R’ : §1+ &5 < 1}
a Fourier multiplier on L?(R?) for 1 < p < e and p # 2?

10.1.4. Modify the ideas of the proof of Lemma 10.1.4 to show that the character-

istic function of the set
{(&1,6) eR*: & > &}

is not in .#,(R?) when p # 2.
[Hint: Let #; = {(&1,&) €R?: & >s;&] } for some s; > 0. The parabolic regions

2 .
{(6,86)eR*: &+R] > L& +RY )2} are contained in .57, are translates of
the region {(&,&) € R?: & > ; &2}, and tend to 7 as R — o
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10.1.5. Let ay, . ..,a, > 0. Show that the characteristic function of the ellipsoid

{6.ener: 51 ot o 1)
n
is not in .#,(R") when p # 2.
[Hint: Think about dilations. |

10.2 Bochner—Riesz Means and the Carleson-Sjolin Theorem

We now address the problem of norm convergence for the Bochner—Riesz means.
In this section we provide a satisfactory answer in dimension n = 2, although a key
ingredient required in the proof is left for the next section.

Definition 10.2.1. For a function f on R"” we define its Bochner—Riesz means of
complex order A with ReA > 0 to be the family of operators

BH(N@) = [ (1= IE/RPEFE)™EdE, R >o0.

We are interested in the convergence of the family Bﬁ (f) as R — oo. Observe that
when R — o and f is a Schwartz function, the sequence Bfg (f) converges pointwise
to f. Does it also converge in norm? Using Exercise 10.2.1, this question is equiva-
lent to whether the function (1 —|&|?)* is an L multiplier [it lies in .#,(R")], that
is, whether the linear operator

BN = [ (1= EPAF§)ems e

maps L”(R") to itself. The question that arises is given A with ReA > 0 find the
range of p’s for which (1 —|&[?)* is an LP(R”") Fourier multiplier; this question is
investigated in this section when n = 2.

The analogous question for the operators Bﬁ on the n-torus introduced in Defi-
nition 3.4.1 is also equivalent to the fact that the function (1 —|&[?)% is a Fourier
multiplier in .#,(R"). This was shown in Corollary 3.6.10. Therefore the Bochner—
Riesz problem for the torus T” and the Euclidean space R" are equivalent. Here we
focus attention on the Euclidean case, and we start our investigation by studying the
kernel of the operator B*.

10.2.1 The Bochner—Riesz Kernel and Simple Estimates

In view of the last identity in Appendix B.5, B is a convolution operator with kernel
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C(A+1) 7152 (2m[x])

o 3 (10.2.1)

Kj (x) =

Following Appendix B.6, we have for |x| < 1,

K, ()] = IC(A41)| M1422mlx])] TReA+1) o comap
AU x[3tRed = gRed 0 ’

where Cy is a constant that depends only on n/2 + ReA. Consequently, Kj (x) is
bounded by a constant (that grows at most exponentially in [Im A|?) in the unit ball
of R".

For |x| > 1, following Appendix B.7, we have

|F()L+1)||J"+;L(27f|x|)|< emA T ImAR P (Re A 1)

K (x)] = <G
|n/1| |x|2 5+Rel ITRC)L(27'E|)C|)£ |x|2 5+Rel

where Cj depends only on n/2 4+ ReA. Thus Kj (x) is pointwise bounded by a con-

stant (that grows at most exponentially in [Im A |) times |x|~"2 ~R¢4 for |x| > 1.
Combining these two observations, we obtain that for Re 7L > 2 . , K is a smooth
integrable function on R". Hence B is a bounded operator on L? for 1 < p < co.

Proposition 10.2.2. For all 1 < p < eoand A > ", ! B* is a bounded operator on
LP(R") with norm at most C e°! [mA[2 , where Cy,cy depend only on n,Re .

Proof. The ingredients of the proof have already been discussed. |

We refer to Exercise 10.2.8 for an analogous result for the maximal Bochner—
Riesz operator.

According to the asymptotics for Bessel functions in Appendix B.8, K; is a
smooth function equal to

T'(A41) cos(2m|x "H) o n
T+ 1) cos(rix| - 2) 4 o) (10.2.2)
nk-‘rl |x| ”Jr] +)L

for x| > 1. It is natural to examine whether the operators B* are bounded on certain
L? spaces by testing them on specific functions. This may provide some indication
as to the range of p’s for which these operators may be bounded on L?.

Proposition 10.2.3. When A > 0 and p <
are not bounded on LP (R").

2n 2n 2
nilaon 0T P =, "5, the operators B

Proof. Let h be a Schwartz function whose Fourier transform is equal to 1 on the
ball B(0,2) and vanishes off the ball B(0,3). Then

Ao = [ CIERV R gy — Ko (x
B = [, (118D =K (),
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and it suffices to show that K3 is not in L (R") for the claimed range of p’s. Notice
that

V2/2 < cos(2mlx| = "D — 7y < (10.2.3)

for all x lying in the annuli

22 24 1
Ak:{XERnZk+n_|—8 §|X|Sk+n+ + },

keZt,
g8 T4 <

Since in this range, the argument of the cosine in (10.2.2) lies in 27k, 27wk + 7].
Consider the range of p’s that satisfy

2n 2n

>p> . 102.4
n+14+20 =77 ni34oa ( )

If we can show that B* is unbounded in this range, it will also have to be unbounded
in the bigger range | +21 > p. This follows by interpolation between the values

r=, +M —dandp=, +M+6 6 >0, for A fixed.
In v1ew of (10.2.2) and (10 2.3), we have that

K|z, >C 2 / x| P"3 ~Prax " — c’”/ [P Prax, (10.2.5)
k=n+22 [x[>1

where C” is the integral of K in the unit ball. It is easy to see that for p in the
range (10.2.4), the integral outside the unit ball converges, while the series diverges
in (10.2.5).

The unboundedness of B* on LP(R") in the range of p > ,,,lzf ,; follows by
duality. g

Fig. 10.8 The operator B? is
unbounded on L (R") when .
(1/p, 1) lies in the shaded 0 n=1 | o+l 1
region. 2

1 2



354 10 Boundedness and Convergence of Fourier Integrals

In Figure 10.8 the shaded region is the set of all pairs ([1, ,A) for which the oper-
ators B* are known to be unbounded on L” (R").

10.2.2 The Carleson-Sjolin Theorem

We now pass to the main result in this section. We prove the boundedness of the
operators B, 4 > 0, in the range of p’s not excluded by the previous proposition in
dimension n = 2.

Theorem 10.2.4. Suppose that 0 < ReA < 1/2. Then the Bochner-Riesz operator
B* maps LP(R?) to itself when 3+2‘;ek <p< 1—2Ai{ex' Moreover, for this range of
p’s and for all f € LP(R?) we have that

Bx(f)— f
in LP (RZ) as R — oo,

Proof. Once the first assertion of the theorem is established, the second assertion
will be a direct consequence of it and of the fact that the means Bl’% (h) converge
to & in LP for h in a dense subclass of L”. Such a dense class is, for instance, the
class of all Schwartz functions & whose Fourier transforms are compactly supported
(Exercise 5.2.9). For a function 4 in this class, we see easily that Bﬁ (h) — h point-
wise. Butif 1 is supported in || < ¢, then for R > 2c¢, integration by parts gives that
the functions B} (h)(x) are pointwise controlled by the function (1 + |x[)~" with
N large; then the Lebesgue dominated convergence theorem gives that the B%(h)
converge to h in L”. Finally, a standard £/3 argument, using that

s 5, = [0 -18PE <

yields B} (f) — f in L for general L” functions f.

It suffices to focus our attention on the first part of the theorem. We therefore fix
a complex number A with positive real part and we keep track of the growth of all
involved constants in ImA.

We start by picking a smooth function ¢ supported in | 0]

—5,,]) and a smooth

function y supported in [é, g] that satisfy
- 11—t
o)+ Y v(, ) =1
k=0
for all # € [0, 1). We now decompose the multiplier (1 — |&|?)% as

(1= EP = moo(E) + 3 2 omy (£, (10.2.6)
k=0
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where moo(&) = @(|€])(1 — |E]*)* and for k > 0, my is defined by
m@) = (" (' a g

Note that myqy is a smooth function with compact support; hence the multiplier m
lies in %p(Rz) for all 1 < p < . Each function m; is also smooth, radial, and
supported in the small annulus

1-327F<jg|<1- 127

and therefore also lies in .#); nevertheless the ./, norms of the my’s grow as k
increases, and it is crucial to determine how this growth depends on k so that we can
sum the series in (10.2.6).

Next we show that the Fourier multiplier norm of each m; on L*(R?) is at most
C(1+1k))'/?(1 +ImA|)®. Summing on k implies that B* maps L*(R?) to itself
with norm at most a multiple of (1+ [ImA|)? when Re A > 0. Given this bound, we
conclude the first (and main) statement of the theorem via Theorem 1.3.7 (precisely
Exercise 1.3.4), which permits interpolation for the analytic family of operators A +—
B* between the estimates

HBlHL4(R2)_,L4(R2) <C(1+[mAl)’ when Re A > 0,

181 gy ey < €1 e when Red > }.
where C,C,c; depend only on Re A. The second estimate above is proved in Propo-
sition 10.2.2 while the set of points (1/p,A) obtained by interpolation can be seen
in Figure 10.8.

To estimate the norm of each my, in .#4(R?), we need an additional decomposi-
tion of the operator my, that takes into account the radial nature of my. For each k > 0
we define the sectorial arcs (parts of a sector between two arcs)

Le={r™eR: 90273 <272, 1-327%<r<1—127%)

forall £ € {0,1,2,...,[2¥/2] — 1}. We now introduce a smooth function @ supported
in [—1,1] and equal to 1 on [—1/4,1/4] such that for all x € R we have

Y ox—0)=1.

leZ

Then we define my ¢(re*™0) = my(re®™0)(25/20 — ¢) for integers ¢ in the set
{0,1,2,..., [Zk/ 2] —1}.If k is an even integer, it follows from the construction that

[2K/2]-1

mi(§) = 2 my (&) (10.2.7)
(=0
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for all & in R2. If k is odd we replace the function 6 — @(2%/26 — ([2/2] — 1)) by
a function wy(0) supported in the bigger interval [([2"/ 2] —2)27k/2, 1] that satisfies
@ (0) + @(2¥/2(6 — 1)) = 1 on the interval [([2¥/2] — 1)27%/2,1]. This leads to a
new definition of the function My 12/2) 1 SO that (10.2.7) is satisfied.

This provides the circular (angular) decomposition of my. Observe that for all
positive integers o and B there exist constants C, g such that

1020 my 1 (re?719)| < (14 |A])HP2k*23P

and such that each my ¢ is a smooth function supported in the sectorial arcs Iy ¢.

We fix k > 0 and we group the set of all {my }, into five subsets: (a) those whose
supports are contained in Q = {(x,y) € R*: x>0, [y| < |x|}; (b) those my , whose
supports are contained in the sector Q' = {(x,y) € R*: x <0, |y| < |x|}; (c) those
whose supports are contained in Q" = {(x,y) € R>: y >0, [y| > |x|}; (d) the my
with supports contained in Q" = {(x,y) € R?: y <0, |y| > |x|}; and finally (e)
those my , whose supports intersect the lines |y| = |x|.

There are only at most eight m ¢, in case (e), and their sum is easily shown to be
an L* Fourier multilpier with a constant that grows like (1 + |A|)?, as shown below.
The remaining cases are symmetric, and we focus attention on case (a).

Let I be the set of all indices ¢ in the set {0,1,2,..., [2k/2] — 1} corresponding to
case (a), i.e., the sectorial arcs Iy ; are contained in the quarter-plane Q. Let Ty ; be
the operator given on the Fourier transform by multiplication by the function my .
We have

4
> Trelf) 4= /R2 ZTk,E(f)‘ dx
el el
2
= [ |33t mots ‘dx (10.2.8)
R Vyerper
2
=/ ZZTM ) * T f)‘ dé,
R0 irer

where we used Plancherel’s identity in the last equality. Each function m is sup-

ported in the sectorial arc Iy ¢. Therefore, the function Ty ¢(f) * Ty ¢ (f) is supported
in I o + I} » and we write the last integral as

e

In view of the Cauchy—Schwarz inequality, the last expression is controlled by

/(zsz )+ T DF) (Z I e en o) dé. (10.2.9)

leltel lelv'el

2

dé .

2> (Tkﬁ * Tkj'(\f))lncﬁru,

lelvel
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At this point we make use of the following lemma, in which the curvature of the
circle is manifested.

Lemma 10.2.5. There exists a constant Cy such that for all k > 0 the following

estimate holds:
z z XI';'(}[JrT]'(,// <G.
Lelvel

We postpone the proof of this lemma until the end of this section. Using Lemma
10.2.5, we control the expression in (10.2.9) by

6 [ 33 1D de = 6| (S manr) L, ao210)

Lelt'el el

We examiine each T; ¢ a bit more carefully. We have that my g is supported in a
rectangle with sides parallel to the axes and dimensions 27 (along the &;-axis) and
2’§+1 (along the &;-axis). Moreover, in that rectangle, 851 ~ 0, and 852 ~ dg, and
it follows that the smooth function my ¢ satisfies

k
10808 mio(&1,6)] < Cop(1-+|A])*HF2Re23P
for all positive integers o and 3. This estimate can also be written as
_ _k
1029 [mio(27481,272&)] | < Cop(1+ AN,
which easily implies that
3 k
22K my (21, 2222)| < Co g (1 A1 (14 x| + ) 72

2mie2=k/2

Let V; be the unit vector representing the point e and VéL the unit vector

2mif2—k

representing the point ie 2, Applying a rotation, we obtain that the functions

my , satisfy

Il (e1,2)| < COL+ A3 (1427 -V [+272 - V)2 (10.2.11)

and hence
supsup||my ||, < C(1+]A])>. (10.2.12)
k>0 tel
The crucial fact is that the constant C in (10.2.12) is independent of ¢ and k.
At this point, for each fixed k > 0 and ¢ € I we let J; ¢ be the &-projection of
the support of my ¢. Based on the earlier definition of my ¢, we easily see that when
£>0,

12Ky sin(2m2 72 (04 1))].

Joo=[(1= 327Ky sin@r2 2 (0—1)),(1— !

8
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A similar formula holds for ¢ < 0 in /. The crucial observation is that for any fixed
k > 0 the sets Jy ¢ are “almost disjoint” for different £ € 1. Indeed, the sets J; ¢ are
contained in the intervals

Joo=[(1=327F)sin(2n2720) = 10273, (1 = 327 K)sin(2w2720) +10-273] ,

which have length 20 - 2% and are centered at the points (1 — g 27 %) sin(2mw 2~ : ).
Foro € Zand 7t € {0,1,...,39} we define the strips

Stor={(E1,&): & E[A00272 +1272,40(6+1)272 +7272) ).

These strips have length 40 - 2% and have the property that each j;p is contained in
one of them; say J; ¢ is contained in some Sy 5, ¢,, Which we call By ¢. Then we have

Tio(f) = T o (fre)

where we set v
Jie = (XBk,z;f) = Xl\i'/k,/ «f

As a consequence of the Cauchy—Schwarz inequality (with respect to the measure
Imy/ ;| dx), we obtain

IN

el o (el 1 frel?)
C(L+ AL (I gl = | feel?)

in view of (10.2.12). We now return to (10.2.10), which controls (10.2.9) and hence
(10.2.8). Using this estimate, we bound the term in (10.2.10) by

(Zmane)

o (fior)?

IN

S T (fe))? ’

lel o el L
< C (1A X i ¢ i
lel
2
= ([, Zml+1 P >gdx)
/e[
- 1+|7L|( Jo ) )
el
2
< CE(1+(A)) ( sup |mkp|*g|)2|fkp|2dx>
el
_— 2
< (1 e sup (et + )| (2 1)
tel BN e

where g is an appropriate nonnegative function in L? (Rz) of norm 1.
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If we knew the validity of the estimates

[ sup (2l +2) |, < O+ 1A+ ] (10.2.13)
€
and 1
[(Z1eP) ]|, <Cllls (102.14)
lel L
then we would be able to conclude that
3 1
lmel] , < C(+IA1(1+k)2 (10.2.15)

and hence we could sum the series in (10.2.6).
Estimates (10.2.13) and (10.2.14) are discussed in the next two subsections. [

10.2.3 The Kakeya Maximal Function

We showed in the previous subsection that m)’, is integrable over R? and satisfies
the estimate

3 k C(1+A])3
22Ky o (2%x1,2200)| < .
|mk70( X1, x2)| = (l + |X|)3
Since
1 o 278
(l + |X|)3 < C ZO 22s ?C[fz~‘,2-?]x[72-?,2~‘] ('x)v
S=|
it follows that
— i |
o ()| <C'(1+[A])* Y 27 IR |XRS(X),
s=0 s

k k . —. . —
where Ry = [—252F,22k] x [-2522,2522]. Since a general i ; is obtained from 7z o
via a rotation, a similar estimate holds for it. Precisely, we have

__ < s 1
()] < C'(1+]A])° 32

xR, (%), (10.2.16)
5s=0 |RS7£| '

where R;/ is a rectangle with principal axes along the directions V; and Vf and

side lengths 22% and 225 , respectively. Using (10.2.16), we obtain the following
pointwise estimate for the maximal function in (10.2.13):

- .
sup (|mee|*g) < €'Y, 27 sup / g(x—y)dy, (10.2.17)
lel =0 Lel |Rs,£| Ry

e . Ak
where R, ¢ are rectangles with dimensions 2° 2k and 2522.
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Motivated by (10.2.17), for fixed N > 10 and a > 0, we introduce the Kakeya
maximal operator without dilations

' (8)(x —Sup|R|/|g ) dy, (10.2.18)

Rox

acting on functions g € L] ., where the supremum is taken over all rectangles R in R
of dimensions a and aN and arbitrary orientation. What makes this maximal opera-
tor interesting is that the rectangles R that appear in the supremum in (10.2.19) are
allowed to have arbitrary orientation. We also define the Kakeya maximal operator
JEn by

Jn(w)(x) = sup Ay (w), (10.2.19)

a>0

for w locally integrable. The maximal function Zy(w)(x) is therefore obtained as
the supremum of the averages of a function w over all rectangles in R? that contain
the point x and have arbitrary orientation but fixed eccentricity equal to N. (The
eccentricity of a rectangle is the ratio of its longer side to its shorter side.)

We see that J#y(f) is pointwise controlled by a c N M(f), where M is the Hardy—
Littlewood maximal operator M. This implies that #y is of weak type (1,1) with
bound at most a multiple of N. Since #y is bounded on L with norm 1, it follows
that .#y maps L”(R?) to itself with norm at most a multiple of N'/?. However, we
show in the next section that this estimate is very rough and can be improved sig-
nificantly. In fact, we obtain an L” estimate for .y with norm that grows logarith-
mically in N (when p > 2), and this is very crucial, since N = 2%/2 in the following
application.

Using this new terminology, we write the estimate in (10.2.17) as

s+k/2
sﬁup(|mkp|>kg) < C'(1+]a])° 22 L (g). (10.2.20)
el 5s=0

The required estimate (10.2.13) is a consequence of (10.2.20) and of the follow-
ing theorem, whose proof is discussed in the next section.

Theorem 10.2.6. There exists a constant C such that for all N > 10 and all f in
L2 (R?) the following norm inequality is valid:
sup || 3/ (f)
a>0

HL2(R2) < C(logN) HfHLZ(RZ

Theorem 10.2.6 is a consequence of Theorem 10.3.5, in which the preceding
estimate is proved for a more general maximal operator x,,, which in particular
controls .#y and hence %) for all a > 0. This maximal operator is introduced in
the next section.



10.2 Bochner-Riesz Means and the Carleson—Sjolin Theorem 361

10.2.4 Boundedness of a Square Function

We now turn to the proof of estimate (10.2.14). This is a consequence of the follow-
ing result, which is a version of the Littlewood—Paley theorem for intervals of equal
length.

Theorem 10.2.7. For j € Z, let I; be intervals of equal length with disjoint interior
whose union is R. We define operators Pj with multipliers ;. Then for 2 < p <o,
there is a constant C,, such that for all f € LP(R) we have

|(zip0r)

LP(R) SCPHfHLP(R)' (10.2.21)

In particular, the same estimate holds if the intervals I; have disjoint interiors and
equal length but do not necessarily cover R.

Proof. Multiplying the function f by a suitable exponential, we may assume that the
intervals /; have the form ((j— })a, (j+ 3 )a) for some a > 0. Applying a dilation to
f reduces matters to the case a = 1. We conclude that the constant C,, is independent
of the common size of the intervals /; and it suffices to obtain estimate (10.2.21) in
the case a = 1.

We assume therefore that /; = (j — é, Jj+ é) for all j € Z. Next, our goal is to
replace the operators P; by smoother analogues of them. To achieve this we intro-
duce a smooth function y with compact support that is identically equal to 1 on the
interval [— %, %] and vanishes off the interval [— i, i] We introduce operators S; by
setting

Si()(&) = F(E)Ww(E — )

and we note that the identity
P;=P;S; (10.2.22)

is valid for all j € Z. For t € R we define multipliers m; as

mi(8) =3 e y(& - ),

jez

and we set k; =m,’. With Ih = (—1/2,1/2), we have
—2mijt 2
2 e S ()| dr

[ s pwpar = [
Io o' jez (10.2.23)
P GICI

JEZ

where the last equality is just Plancherel’s identity on Iy = [— ;, %] In view of the

last identity, it suffices to analyze the operator given by convolution with the family
of kernels k;. By the Poisson summation formula (Theorem 3.1.17) applied to the
function x +— y/(x)e*™™, we obtain
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m (&) = e 2mist 2 v(é _j)ezm'(é*j)t

jez
_ z (w(_)82ni(~)t)’\(j) eZm’jf;' e—27ri§t
jez
= 3 s ).
jez

Taking inverse Fourier transforms, we obtain
k=Y W(j—1)8_j4,
jEZ

where &, denotes Dirac mass at the point b. Therefore, k; is a sum of Dirac masses
with rapidly decaying coefficients. Since each Dirac mass has Borel norm at most
1, we conclude that

kel , < S lwGi—0)l < Y (1+]j—t))""*< 10, (10.2.24)
JEZL JEZL

which is independent of 7. This says that the measures k; have uniformly bounded
norms. Take now f € L?(R) and p > 2. Using identity (10.2.22), we obtain

K(Z ey as = [ (Zns(1F) ds

o [ (ISP e,

JEZ

IN

and the last inequality follows from Exercise 4.6.1(a). The constant ¢, depends only
on p. Recalling identity (10.2.23), we write

c,,/R(je%|Sj(f)(x)|2)gdx§ c,,/R(/IO|(kt*f)(x)|2dt)gdx

o fo (106 *f)(X)I”dtydx

cp [ [olkon £

10c, / / £ ()P dxd
I /R
= 10¢, || fII7»,

where we used Holder’s inequality on the interval Iy (together with the fact that
p > 2) and (10.2.24). The proof of the theorem is complete with constant C, =
(10c,) /7. O

IN

IN

We now return to estimate (10.2.14). First recall the strips
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_k _k
Stor=1{(1.&): & €[400272+17,40(0+1)272 + 1)}

defined for 0 € Z and 7 € {0, 1,...,39}. These strips have length 40 - 2_15, and each
J;,g is contained in one of them, which we called Sy g, 1, = B ¢.

The family {Bk’g}gel does not consist of disjoint sets, but we split it into 40 sub-
families by placing By ¢ in different subfamilies if the indices 7, and 7y are different.
We now write the set I as

I=1"UrPU---uUI*,

where for each £,¢' € I the sets By ¢ and By, are disjoint.

We now use Theorem 10.2.7 to obtain the required quadratic estimate (10.2.14).
Things now are relatively simple. We observe that the multiplier operators f —
(x8,.f)" on R? obey the estimates (10.2.21), in which L? (R) is replaced by L” (R?),
since they are the identity operators in the &;-variable.

We conclude that

|(2 manp)

tell

L17(R2> S CprHLP(RZ) (10.2.25)

holds for all p > 2 and, in particular, for p = 4. This proves (10.2.14) for a single
I/, and the same conclusion follows for I with a constant 40 times as big.

10.2.5 The Proof of Lemma 10.2.5

We finally discuss the proof of Lemma 10.2.5.

Proof. If k=0,1,... ko up to a fixed integer ko, then there exist only finitely many
pairs of sets I'; + Iy depending on kg, and the lemma is trivially true. We may there-
fore assume that k is a large integer; in particular we may take § = 2% < 240072,
In the sequel, for simplicity we replace 2% by & and we denote the set I;¢byI;. In
the proof that follows we are working with a fixed § € [0,2400~2]. Elements of the
set Iy + I'» have the form

rezm(z+a)6'/2 + r/ezm(e’+a/)6'/2 ’ (10.2.26)

where o, 0 range in the interval [—1,1] and r,# range in [1 — 38,1 — § 8]. We set
w0y = 262y 2mil'SE o s (mle — 0|8 2)em U8 (10.2.27)
where the last equality is a consequence of a trigonometric identity that can be found
in Appendix E. Using similar identities (see Appendix E) and performing algebraic

manipulations, one may verify that the general element (10.2.26) of the set I} + I'»
can be written as
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1 rol .
w(t, 0 + {rcos(Zna52)+;os(27roc 02) Z}W(&ﬂ)
. 1 . rol
{r s1n(27wc62);s1n(27ra 02) }iw(é,é’)

+E(rn0,0 a,d,8),
where
E(nt.0 0,0 ,8) = (r—1) (esz‘s'/2 +e2nie’3'/2)
(- r)ezm(euraf)gl/z
+ r(ezmesl/z _ ezmz’gl/Z) (cos(znaaé) —2005(27:05’55) )

N r(ez’”m]/z 3 eZ”"‘”‘S'/z) (sin(2noc5 2) —sin(2ma/§2) )
) :

The coefficients in the curly brackets are real, and E(r,£,¢' 0,0, §) is an error of
magnitude at most 23 + 872|¢ — ¢'|5. These observations and the facts |sinx| < |x|
and |1 — cosx| < |x|?/2 (see Appendix E) imply that the set I} + I is contained in
the rectangle R(¢,¢') centered at the point w(¢, £') with half-width

2728 + (28 + 8720 —0'|8) <80 (1 + |0 —1'))S
in the direction along w(¢, ') and half-length
282 + (28 + 8130 — 1']8) < 3082

in the direction along iw(¢,¢’) [which is perpendicular to that along w(¢,¢')]. Since
27|l — €/|5% < 7, this rectangle is contained in a disk of radius 1050 > centered at
the point w(¢,¢') .

We immediately deduce that if |w(¢,£") — w(m,m’)| is bigger than 21082, then
the sets Iy + I'» and I, + I,,; do not intersect. Therefore, if these sets intersect, we

should have ]
[w(l, 0" —w(m,m')| <21052 .

In view of Exercise 10.2.2, the left-hand side of the last expression is at least

22 cos(T) (0 + ) — m(m+m')|5?

(here we use the hypothesis that |277:£65| < 7 twice). We conclude that if the sets
I; + Iy and T, + I,y intersect, then

|(040") — (m+m')| <210/2v/2 < 150. (10.2.28)

In this case the angle between the vectors w(¢,£') and w(m,m’) is
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1
Pt = 7|(LH L) — (m+m')[52,

which is smaller than 77/16, provided (10.2.28) holds and § < 240072 This says
that in this case, the rectangles R(¢,¢’) and R(m,m’) are essentially parallel to each
other (the angle between them is smaller than r/16).

Let us fix a rectangle R(¢,¢'), and for another rectangle R(m,m’) we denote by

R(m,m’) the smallest rectangle containing R(m,m’) with sides parallel to the corre-
sponding sides of R(¢,¢"). An easy trigonometric argument shows that R(m,m’) has
the same center as R(m,m’) and has half-sides at most

3062 cOS(Qp. g1 ) +80(1 + £ — £)) 8 Sin(Pp g1 )
8O(1+ € — £'1)8 CoS(@y 0 ) + 3082 S0Py 07yt ) 5

in view of Exercise 10.2.3. Then R(m,m') has half-sides at most 6000052 and
18000(1 4 |[¢ — £'|)& and is therefore contained in a fixed multiple of R(m,m'). If
I} + Iy and I, + I,y intersect, then so do R(m,m’) and R(¢,¢’), and both of these
rectangles have sides parallel to the vectors w(¢,£') and iw(¢,¢'). But in the direc-
tion of w(¢, ¢'), these rectangles have sides with half-lengths at most 80(1+ £ —£'|) &
and 16000(1+ [m —m'|)8. Note that the distance of the lines parallel to the direction
iw(¢,¢") and passing through the centers of the rectangles R(m,m’) and R(¢, /') is

2| cos(x|¢ — £152) —cos(m|m—m'|52)]

as we easily see using (10.2.27). If these rectangles intersect, we must have
2| cos(r|( — £]52) —cos(n|m—m’|65)| < 16080 (2+ ¢ — 1|+ |m—m'|)5.
We conclude that if the sets R(m,m’) and R(¢,¢') intersect and (¢, ¢') # (m,m’), then
| cos(m|t — £']82) — cos(x|m —m'|82 )| < 50000 (| — €| + [m—m'|)$
But the expression on the left is equal to
2[sin(x =1 )m 82 ) sin(z 83

which is at least

21—~ m || (|£— €| +|m —n]) 6

in view of the simple estimate |sin#| > 2 |¢| for |¢| < 7. We conclude that if the sets
R(m,m') and R(¢,¢") intersect and (£,¢') # (m,m’), then

|[€— | — |m—m'|| < 25000. (10.2.29)
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Combining (10.2.28) with (10.2.29), it follows that if I, + I, and I; + I » intersect,
then

max min(m7m/) —min([,é’) ’ max(m,m/) . max(é,ﬁ/) < 25150
2

We conclude that the set I;, + T, intersects the fixed set I + I» for at most (25151)?
pairs (m,m’). This finishes the proof of the lemma. O

Exercises
10.2.1. For A > 0 show that for all f € LP(R") the Bochner—Riesz operators
BA _ l_gRZAAg 2m’x':§d§
k(N0 = | (A=IS/RILS(E)e

converge to f in LP(R") if and only if the function (1 —|&|?)* lies in .2, (R").
[Hint: In the beginning of the proof of Theorem 10.2.4 it was shown that if
(1—|€|*)* lies in .#,(R"), then the B} (f) converge to f in L”(R"). Conversely,
if for all f € LP(R") the B}(f) converge to f in LP as R — oo, then for every f
in LP(R") there is a constant Cy such that supg. HB% (f)HU, < Cy < oo, It fol-
lows that supg-||B%||,, ., < e by the uniform boundedness principle; hence
18y <]

LP—LP
10.2.2. Let |61],]6,] < } be two angles. Show geometrically that

|r1e® — rye'®| > min(ry,r,) sin |6; — 6,
. . 2 .
and use the estimate |sinz| > ,Lt | for |t| < 7 to obtain a lower bound for the second
expression in terms of |0; — 6,|.

10.2.3. Let R be a rectangle in R? having length b > 0 along a direction ¥ = (£;,&,)
and length a > 0 along the perpendicular direction ¥ = (—&, &;). Let w be another
vector that forms an angle ¢ < 7 with V. Show that the smallest rectangle R’ that
contains R and has sides parallel to w and W has side lengths asin(¢) + bcos(@)
along the direction w and acos(@) + bsin(¢@) along the direction w.

10.2.4. Prove that Theorem 10.2.7 does not hold when p < 2.
[Hint: Try the intervals I; = [}, j+ 1] and f = yjo x) as N — oo.]

10.2.5. Let {I; } be a family of intervals in the real line with |I;| = |Iy| and I, N[y =
0 for all k # k'. Define the sets

SkZ{(gl,...,gn)ERnZ & Elk}.

Prove that for all p > 2 and all f € L?(R") we have



10.2 Bochner-Riesz Means and the Carleson—Sjolin Theorem 367

|(Sizs )’

LP(R") = C/’ HfHLp(Rn> s

where C), is the constant of Theorem 10.2.7.

10.2.6. (a) Let {I; }, {J¢}¢ be two families of intervals in the real line with || =
[l |, NIy =0 for all k # k', and |Jy| = |Jp|, Jy NIy = 0 for all £,¢'. Prove that for
all p > 2 there is a constant C}, such that

(S 1200

for all f € LP(R?).
(b) State and prove an analogous result on R”.
[Hint: Use the Rademacher functions and apply Theorem 10.2.7 twice.}

<G|l

Ll’(Rz) Lh(RZ) )

10.2.7. (Rubio de Francia [273]) On R" consider the points x; = (V8. ¢ € 2" Fix
a Schwartz function 2 whose Fourier transform is supported in the unit ball in R".

Given a function f on R”, define f;(&) = f(é)Z(S‘é (€& —x¢)). Prove that for some
constant C (which depends only on % and n) the estimate

(% 150)" <cmrp)!

i<y /4

holds for all functions f. Deduce the L”(R") boundedness of the preceding square
function for all p > 2.
[Hint: For a sequence Ay with ¥, |A,|* = 1, set

xpy
G0 = T aafio) = [ | 3 2™ | rlx= g m00as.
ez R" Lyezn

Split R” as the union of Qg = [, }]" and 2/*1Qy \ 2/Qy for j > 0 and control the
integral on each such set using the decay of / and the L?(2/7'Qg) norms of the other
two terms. Finally, exploit the orthogonality of the functions e>™? to estimate the
L*(27+1Qp) norm of the expression inside the square brackets by C2"//2, Sum over
Jj > 0 to obtain the required conclusion. |

10.2.8. For A > 0 define the maximal Bochner-Riesz operator

B%(f)(x) = sup
R>0

[ (1= E/RPEFE)e™ ag).

Prove that B* maps L”(R") to itself when A > ”51 for 1 < p <.
[Hint: Use Corollary 2.1.12.]
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10.3 Kakeya Maximal Operators

We recall the Hardy-Littlewood maximal operator with respect to cubes on R" de-
fined as 1
M) = sup o [ IF)ldy. (103.1)
QcF |Q| 0
0>x
where .7 is the set of all closed cubes in R” (with sides not necessarily parallel to
the axes). The operator M, is equivalent (bounded above and below by constants) to
the corresponding maximal operator M. in which the family .# is replaced by the
more restrictive family .%’ of cubes in R" with sides parallel to the coordinate axes.
It is interesting to observe that if the family of all cubes .% in (10.3.1) is replaced
by the family of all rectangles (or parallelepipeds) % in R”, then we obtain an op-
erator My that is unbounded on L?(R"); see also Exercise 2.1.9. If we substitute
the family of all parallelepipeds %, however, with the more restrictive family %’
of all parallelepipeds with sides parallel to the coordinate axes, then we obtain the
so-called strong maximal function

MW = swp 170l (1032)

Re#'

R>x
which was introduced in Exercise 2.1.6. The operator M; is bounded on L? (R") for
1 < p < eobut it is not of weak type (1, 1). See Exercise 10.3.1.

These examples indicate that averaging over long and skinny rectangles is quite
different than averaging over squares. In general, the direction and the dimensions
of the averaging rectangles play a significant role in the boundedness properties of
the maximal functions. In this section we investigate aspects of this topic.

10.3.1 Maximal Functions Associated with a Set of Directions

Definition 10.3.1. Let X be a set of unit vectors in RZ, i.e., a subset of the unit
circle S!. Associated with X, we define Z5 to be the set of all closed rectangles in
R? whose longest side is parallel to some vector in X. We also define a maximal
operator My associated with X as follows:

1
M= 28 1rwlay.
o>x

where f is a locally integrable function on R2.
We also recall the definition given in (10.2.19) of the Kakeya maximal operator

v (w)(x) = sup |R|/|W )|dy, (10.3.3)

Rox
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where the supremum is taken over all rectangles R in R? of dimensions a and aN
where a > 0 is arbitrary. Here N is a fixed real number that is at least 10.

Example 10.3.2. Let ¥ = {v} consist of only one vector v = (a,b). Then
My (f)(x) = sup sup / / x—t(a,b) — s(—b,a))| dsdt.
0<r<iN>0 'N? —rN

If ¥ ={(1,0),(0,1)} consists of the two unit vectors along the axes, then
My =M,
where M is the strong maximal function defined in (10.3.2).

It is obvious that for each ¥ C S!, the maximal function s maps L°°(R2) to
itself with constant 1. But 9ty may not always be of weak type (1, 1), as the example
M, indicates; see Exercise 10.3.1. The boundedness of 9tx on L? (Rz) in general
depends on the set X.

An interesting case arises in the following example as well.

Example 10.3.3. For N € Z™, let

2 =3y ={(cos(*F),sin(*F’)): j=0,1,2,....,N—1}

be the set of N uniformly spread directions on the circle. Then we expect My, to
be L? bounded with constant depending on N. There is a connection between the
operator My, previously defined and the Kakeya maximal operator .#y defined in
(10.2.19). In fact, Exercise 10.3.3 says that

Jn(f) <2095, (f) (10.3.4)
for all locally integrable functions f on R?.

We now indicate why the norms of .#y and My, on L?(R?) grow as N — . We
refer to Exercises 10.3.4 and 10.3.7 for the corresponding result for p # 2.

Proposition 10.3.4. There is a constant c such that for any N > 10 we have

Bz > ¢ (logN) (10.3.5)

le2gee) —r2e2) =

and 1
[N 2 g2 122y = € (l0gN) 2 (103.6)

Therefore, a similar conclusion follows for Ms,,.

Proof. We consider the family of functions fy(x) = ‘)1(‘ X3<|x|<n defined on R? for
N > 10. Then we have
1
14| 2 g2y < c1(logN)2. (10.3.7)
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On the other hand, for every x in the annulus 6 < |x| < N, we consider the rectangle

Ry of dimensions |x| —3 and ‘X‘Af, one of whose shorter sides touches the circle
|y] = 3 and the other has midpoint x. Then

N dyldyz 10g|x|

|x]
6<y]<‘x‘
i<
It follows that
log [x[ 2 5
0og|x 3
H%fv(fzv)||L2(R2>ZC3< / ( Iil )dx) >ci(logN)3 . (10.3.8)

6<[x|<N

Combining (10.3.7) with (10.3.8) we obtain (10.3.5) with ¢ = ¢4 /c;.
We now turn to estimate (10.3.6). Since for all 6 < |x| < N we have

log |x| N logN

Jn(fv)(x) > c3 3 N

Jx

it follows that ‘{Jﬁv(ﬁv) > c3 IOI%N }| > m(N? — 6%) > csN? and hence

A2 sup [ {Hi(f) > A}

Il ci(logN)>
logN [{ o (fv) >C31°gNH
N c1(logN)>
> SV (10g )}
C1
This completes the proof. O

10.3.2 The Boundedness of My, on L”(R?)

It is rather remarkable that both estimates of Proposition 10.3.4 are sharp in terms
of their behavior as N — oo, as the following result indicates.

Theorem 10.3.5. There exist constants 0 < B,C < oo such that for every N > 10 and
all f € L*(R?) we have

1905y ()] 2y < B (102N 2| ]| 2 g (10.3.9)

and
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||9:n21v (f)||L2(R2) S C(logN)HfHLZ(R2> . (10310)
In view of (10.3.4), similar estimates also hold for Hy.

Proof. We deduce (10.3.10) from the weak type estimate (10.3.9), which we rewrite
as

Il

[{x €R*: My, (f)(x) > 2 }| <B*(logN) (10.3.11)

We prove this estimate for some constant B > 0 independent of N. But prior to doing
this we indicate why (10.3.11) implies (10.3.10).

Using Exercise 10.3.2, we have that 9y, maps L?(R?) to L”(R?) (and hence
into L") with constant at most a multiple of N'/7 for all 1 < p < eo. Using this
with p = 3/2, we have

2
3

HmZNHLz_.L’z < HmZNHLz_.Lz <AN (10.3.12)
for some constant A > 0. Now split f as the sum f = f] + f» + f3, where
h o= fx\f\gﬂ’
fa= fluqf\gzvzw
3 = Fxnea<y-
It follows that
{5, () > A} < [{Mn, () > A+ {0, () > 4} (10313
since the set {SDI);N (fi)> } is empty To obtain the required result we use the L>>

estimate (10.3.11) for f; and the L3 estimate (10.3.12) for f3. We have

||9nZN(f)H12‘2
- 2/0 Ay (F) > A} dA

IN

/OM2A|{EDYZN(f2) > g}\dm/wzu{m;]v(ﬁ) > 21 dA

/()wz)LBZ;]zogN) / | d7L+/ 2/'LA N / #13 drdi

JA<IfIN2A f|>N2A
@1 g, ; s 9 g
28(10gN) [ 1700 | avr2ain [ 1wt [
R2 lj;\%)l A R2 0 24

(4B2(log2N) (logN) +443) | ||
CllogN 2|72,

IN

IN
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using Fubini’s theorem for integrals. This proves (10.3.10).

To avoid problems with antipodal points, it is convenient to split Xy as the union
of eight sets, in each of which the angle between any two vectors does not exceed
21 /8. It suffices therefore to obtain (10.3.11) for each such subset of Zy. Let us fix
one such subset of Xy, which we call 2]{]. To prove (10.3.11), we fix a A > 0 and
we start with a compact subset K of the set {x € R? : 93?21{] (f)(x) > A}. Then for
every x € K, there exists an open rectangle R, that contains x and whose longest side
is parallel to a vector in X),. By compactness of K, there exists a finite subfamily
{Ro } qeor Of the family {R,} ek such that

[ 1£0)ldy > A [Ral
for all ¢ € & and such that the union of the R,’s covers K.

We claim that there is a constant C such that for any finite family {Ry} e Of
rectangles whose longest side is parallel to a vector in Xy, there is a subset % of &/
such that

/ (Z XRg (x ) deC‘ U RB‘ (10.3.14)
Be# Be#
and that
| U Ra| < Cllog)| U Rs|. (103.15)
Be#

Assuming (10.3.14) and (10.3.15), we easily deduce (10.3.11). Indeed,

U Rs| < 3 IRgl

Be# Be#
< / ()| dy
aﬂé
ﬁeﬂ
1
1 2 2
s m; m» dx> e
< Hf|| 2
2 \M .
from which it follows that
‘ U Rﬂ‘ < A2 HfHL2

Bes

Then, using (10.3.15), we obtain
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K <| U Ra
acd

CZ
< C(logN)‘ U Rﬁ‘ < Az(logN)Hinza
Be#r

and since K was an arbitrary compact subset of {x : SDIZ]{/ (f)(x) > A}, the same

estimate is valid for the latter set.

We now turn to the selection of the subfamily {Rg}gcs and the proof of
(10.3.14) and (10.3.15).

Let Rg, be the rectangle in {Rq }qc.s With the longest side. Suppose we have
chosen Rg, ,Rg, ;- ,RBH for some j > 2. Then among all rectangles R, that satisfy

i1 1
Y IRg, NRal < Ral, (10.3.16)
k=1

we choose a rectangle Rpg, such that its longer side is as large as possible. Since the
collection {Ry } o is finite, this selection stops after m steps. Define

B = {ﬁlvBZa"'vﬁm}-
Using (10.3.16), we obtain

/1{2( Z]{Rﬁ)zdx <

Be#

|Rﬁk mRﬁj|

AN
e
M\

~

Il
—_
>~

I
—_

|
ﬁag

(g IRg, (Rg ) + IRy,

|Rﬁj| + |Rﬁj|}

(10.3.17)

AN
N ~
Msu

.
Il
—_

I
(98]
E
E)
=

~.
I
R

A consequence of this fact is that

,i'RB"' = /m (iXRﬁj)dx

i=1Rp;  j=1
m 1
: ‘;‘UlRﬁj 2</R” (BE%’XRB)de>
<[ Ums| V3 (Ems)'
j=1 j=1

which implies that
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> IR <3| URg| (103.18)
j=1 j=1

Using (10.3.18) in conjunction with the last estimate in (10.3.17), we deduce the
desired inequality (10.3.14) with C = 9.

We now turn to the proof of (10.3.15). Let M. be the usual Hardy—Littlewood
maximal operator with respect to cubes in R” (or squares in R?; recall n = 2). Since
M, is of weak type (1,1), (10.3.15) is a consequence of the estimate

U RaC{xeR*: Mc( Y Xry))(x) >c(logN)~'} (10.3.19)
acd\RB Be#

for some absolute constant ¢, where (Rg)* is the rectangle Rg expanded 5 times in
both directions. Indeed, if (10.3.19) holds, then

[ URd < |URs[+| U
oacd Bex ocd\AB
10
< | U Rp|+ , (1ogN) 3 [(Rp)'|
Be# Bex
250
< | U Rp|+ . (logN) > |Rg|
Bex Bes
< CllogN)| U Ry
Bes

where we just used (10.3.18) and the fact that N is large.

It remains to prove (10.3.19). At this point we need the following lemma. In the
sequel we denote by 6, the angle between the x axis and the vector pointing in the
longer direction of Ry, for any o € o7. We also denote by [, the shorter side of Ry,
and by L the longer side of R, for any o € <. Finally, we set

w_2n2"
kTN

for k € Z* and ay = 0.

Lemma 10.3.6. Let Ry be a rectangle in the family {Ry}oecos and let 0 < k <

[]Oél’(()gé& ] Suppose that B € A is such that

w, < |9a_9ﬂ| < W41

and such that Lg > Lg. Let s¢ = 8max(ly, xLe ). For an arbitrary x € Re, let Q be
a square centered at x with sides of length s, parallel to the sides of Ry. Then we

have Re AR R
n N
RgNRal _ o |(R) MOl

10.3.20
R =% o] (10320
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Assuming Lemma 10.3.6, we conclude the proof of (10.3.19). Fix o € &7 \ A.
Then the rectangle R, was not selected in the selection procedure. This means that
forall/ € {2,...,m+ 1} we have exactly one of the following: either

-1
1
Rg.NR R 10.3.21
j:1| B; al > 2| al ( )
or
-1 1
1|Rﬁij,,£| < IRa| and Lo <Lp. (10.3.22)

J

If (10.3.22) holds for [ = 2, we let u < m be the largest integer such that (10.3.22)
holds for all I < u. Then (10.3.22) fails for / = u + 1; hence (10.3.21) holds for
[ = u+1; thus

1 J
2|Ra|<Z|Rﬁija|g Y. IRgNRq|. (10.3.23)
Jj=1 Be®
Lg>Lo

If (10.3.22) fails for [ = 2, then (10.3.21) holds for / = 2, and this implies that

1

2|1'em|<|R,31m'eo,|g Y IRgNRa|.
Be#
Lg>Lo

In either case we have

1
2|Ra|< Y, IRgNRql,

Ber
Lg>Ly
and from this it follows that there exists a k with 0 < k < [10%(()1;]48)} such that
log?2
|Ra| < |Rg MRy . (10.3.24)
2log(N/8) ¢ ﬁ;, pr e
Lg>Ly

0 <|05 — B[ <y

By Lemma 10.3.6, for any x € Ry, there is a square Q such that (10.3.20) holds for
any Rg with B € 9 satistying Lg > Lq and o < |6 — 8y| < @y41. It follows that

log2 Rg)*N
N (]
2og(N/8) Py 0
Lg>Ly

(DkS‘eﬁ—ea‘<(Dk+1

which implies
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c log2 /
< )* dx.
logN ~ 4log(N/8) |Q| Qﬁg’/c Rp)

This proves (10.3.19), since for a € & \ %, any x € R, must be an element of the
set {x e R?: Mc(zﬁegx(Rw*)(x)>c(logN)_1}. O

It remains to prove Lemma 10.3.6.

h
—
0
T

Ra
Fig. 10.9 For angles 7 less
than that displayed, the strip
R‘E meets the upper side of Q.
The length of the intersection
of R‘E’ with the lower side of RO
Q is denoted by b. p

Proof. We fix Ry and Rg so that Lg > Lo and we assume that Rp intersects Ry;
otherwise, (10.3.20) is obvious. Let 7 be the angle between the directions of the
rectangles R, and R[;, that is,

T:|9a_9ﬂ|.

By assumption we have T < @y, < Z, since k+1 < [bg(g&] < 10%(()2[48).

Let R;;’ denote the smallest closed infinite strip in the direction of the longer side
of Rg that contains it. We make the following observation: if

I

—1
tant < ? Sa—la (10.3.25)
2Sa + La
then the strip R} intersects the upper side (according to Figure 10.9) of the square
Q. Indeed, the worst possible case is drawn in Figure 10.9, in which equality holds
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in (10.3.25). For 7 < /4 we have tanT < 37/2, and since T < 2ay, it follows that
tan T < 3@y. Our choice of s, implies

ésa—la
280+ Lo

hence (10.3.25) holds.
We have now proved that R; meets the upper side of Q. We examine the size
of the intersection R°B° N Q. According to the picture in Figure 10.9, this intersection

contains a parallelogram of base b = [g / cos T and height so — h and a right triangle
with base b and height 4 (with 0 < h < s4). Then we have

RENQOI 1 1 1 1 Ig /1 11
P P (Soc_h+ h)zz P (sa)z B
|0 s2, cosT 2 52, cosT\2 2 sq

Since (Rg)" has length 5SLg and Rg meets Ry, we have that RzNQ € (Rg)*NQand

therefore i
(Rg)"NQI _ 1 1p
o] =250

On the other hand, let R, g be the smallest parallelogram two of whose opposite
sides are parallel to the shorter sides of R, and whose remaining two sides are
contained in the boundary lines of R‘E’. Then

(10.3.26)

!
IRu NRg| < |Ryp| < CO‘;TLO, <2Ugly.

Another geometric argument shows that

la T T la lﬂ
RoNRz| <1 <yl <yl <2 .
[Ra ﬂ|_ﬁsin(r)_aﬁ21_aﬁ2wk_ [0
Combining these estimates, we deduce
Ry NR l l l
[Ro ﬂ|§2min(ﬂ, p )§16 B (10.3.27)
|Roc| lo,” Lo Sa
Finally, (10.3.26) and (10.3.27) yield (10.3.20). O

We end this subsection with an immediate corollary of the theorem just proved.

Corollary 10.3.7. For every 1 < p < oo there exists a constant c, such that

2 L
[ Pre——— Nr(logN) 7 when 1 <p <21 3 g,
(logN)» when 2 < p < oo,
Proof. We see that
[0 |1 g2y 122y S CN (10.3.29)
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by replacing a rectangle of dimensions a x aN by the smallest square of side length
aN that contains it. Interpolating between (10.3.9) and (10.3.29), we obtain the first
statement in (10.3.28). The second statement in (10.3.28) follows by interpolation
between (10.3.9) and the trivial L™ — L* estimate. (In both cases we use Theorem
1.3.2) O

10.3.3 The Higher-Dimensional Kakeya Maximal Operator

The Kakeya maximal operator without dilations 7,/ on L*(R?) was crucial in the
study of the boundedness of the Bochner—Riesz operator B* on L*(R?). An analo-
gous maximal operator could be introduced on R”.

Definition 10.3.8. Given fixed a > 0 and N > 10, we introduce the Kakeya maximal
operator without dilations on R" as

a _ 1
AN =swp . [ 170)]dy,

where the supremum is taken over all rectangular parallelepipeds (boxes) of arbi-
trary orientation in R” that contain the point x and have dimensions

axax---xaxaN.
N~ ~ 4
n—1 times

We also define the centered version £, of 7y as follows:

R0 =5 o [ 10)lay.

where the supremum is restricted to those rectangles among the previous ones that
are centered at x. These two maximal operators are comparable, and we have

Ry <y <2"RY
by a simple geometric argument.

We also define the higher-dimensional analogue of the Kakeya maximal operator
Sy introduced in (10.3.3).

Definition 10.3.9. Let N > 10. We denote by Z(N) the set of all rectangular paral-
lelepipeds (boxes) in R” with arbitrary orientation and dimensions

axax---xaxaN
~ ~ 4
n—1 times

with arbitrary a > 0. Given a locally integrable function f on R”, we define
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L
A = sup [ 0|y
R>x

and

1
Sy = swp [ 150 ay:
rez) Rl JR

R has center x

R and Hjy are called the centered and uncentered nth-dimensional Kakeya maximal
operators, respectively.

For convenience we call rectangular parallelepipeds, i.e., elements of Z(N),
higher-dimensional rectangles, or simply rectangles. We clearly have

sup Ay = Hy and sup Ry = A ;

a>0 a>0

hence the boundedness of 7} can be deduced from that of %y ; however, this de-
duction can essentially be reversed with only logarithmic loss in N (see the refer-
ences at the end of this chapter). In the sequel we restrict attention to the operator
¢, whose study already presents all the essential difficulties and requires a novel
set of ideas in its analysis. We consider a specific value of a, since a simple dilation
argument yields that the norms of ;¢ and %}’ on a fixed L”(R") are equal for all
a,b>0.
Concerning .#;!, we know that

o4 || <N (10.3.30)

(R")—L!=(R")

n—1 times
A~

This estimate follows by replacing a rectangle of dimensions T x 1 x -+ x 1 xN by
the smallest cube of side length N that contains it. This estimate is sharp; see Exer-
cise 10.3.7.

It would be desirable to know the following estimate for ¢ :

(B, < ¢, (logN)"+ (10.3.31)

LM(R?)—L"=(R")
for some dimensional constant ¢,. It would then follow that

|4 < clllogN (10.3.32)

o (R” ) —n (R”)

for some other dimensional constant ¢/ ; see Exercise 10.3.8(b). Moreover, if esti-
mate (10.3.31) were true, then interpolating between (10.3.30) and (10.3.31) would
yield the bound

n 1
[=7 < pN? ™ (logN) 7, l<p<n. (10.3.33)

Lr (R”)—>L17(R”)
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It is estimate (10.3.33) that we would like to concentrate on. We have the follow-
ing result for a certain range of p’s in the interval (1,n).

Theorem 10.3.10. Let p,, = " ' and N > 10. Then there exists a constant C, such
that

H%ﬁ HLP""(R”)HLPW"(R”) <GNm!, (10.3.34)
n 1

A 1| o () m =y < C,N 7~ (logN)rh (10.3.35)

4 | o ) m ey < GV~ (logN) (10.3.36)

Moreover, for every 1 < p < p, there exists a constant Cy ,, such that

n 1
| < CupN?~'(logN)?' . (10.3.37)

HLP(R")—>LP(R")
Proof. We begin by observing that (10.3.37) is a consequence of (10.3.30) and
(10.3.35) using Theorem 1.3.2. We also observe that (10.3.36) is a consequence
of (10.3.35), while (10.3.35) is a consequence of (10.3.34) (see Exercise 10.3.8).
We therefore concentrate on estimate (10.3.34).

We choose to work with the centered version ﬁ}v of %!, which is comparable to
it. To make the geometric idea of the proof a bit more transparent, we pick § < 1/10,
we set N = 1/8, and we work with the equivalent operator ﬁf /67 whose norm is the

same as that of #;!. Since the operators in question are positive, we work with
nonnegative functions.

The proof is based on a linearization of the operator Jifl‘; s+ Letus call arectangle
of dimensions 6 x 6 x --- x & x 1 a O-tube. We call the line segment parallel to
the longest edges that joins the centers of its two smallest faces, a d-tube’s axis of
symmetry.

For every x in R" we select (in some measurable way) a §-tube 7(x) that contains

x such that
l
1/6( = |T |/

Suppose we have a grid of cubes in R" each of side length 6’ = §/(2+/n), and let
Q; be a cube in that grid with center cg,. Then any §-tube centered at a point z € Q
must contain the entire Q;, and it follows that

2
85(0Q) < Ao < |0 / 0[O (103.38)

This observation motivates the introduction of a grid of width 6’ = 6/(2+/n) in
R” so that for every cube Q; in the grid there is an associated §-tube 7; satisfying

7;NQ; # 0.

Then we define a linear operator



10.3 Kakeya Maximal Operators 381
1
8
20 =31 [ 1008 ) 10,
J T

which certainly satisfies
L2(f) <275 (f) < 4"R175 (1),
and in view of (10.3.38), it also satisfies

R)5(f) <2L°(f).

It suffices to show that L? is bounded from LP! to LPr* with constant C, (8 1) m !,
which is independent of the choice of §-tubes T;.

Our next reduction is to take f to be the characteristic function of a set. The space
LP»* is normable [i.e., it has an equivalent norm under which it is a Banach space
(Exercise 1.1.12)]; hence by Exercise 1.4.7, the boundedness of L% from LP»! to
LPv* is a consequence of the restricted weak type estimate

1 n
<&y m YAl (10.3.39)

supA|{L%(xa) > A}
A>0

for some dimensional constant C,, and all sets A of finite measure. This estimate can
be written as "

A" 8" B < Gl (10.3.40)

where

Ep={xeR": L°(pa)(x) > A} = {L(xa) > 1}

Our final reduction stems from the observation that the operator L? is “local.”
This means that if f is supported in a cube Q, say of side length one, then Ld (f) is
supported in a fixed multiple of Q. Indeed, it is simple to verify that if x ¢ 10Q and
f is supported in Q, then L% (f)(x) = 0, since no §-tube containing x can reach Q.
For “local” operators, it suffices to prove their boundedness for functions supported
in cubes of side length one; see Exercise 10.3.9. We may therefore work with a
measurable set A contained in a cube in R” of side length one. This assumption has
as a consequence that E; is contained in a fixed multiple of O, such as 10Q.

Having completed all the required reductions, we proceed by proving the re-
stricted weak type estimate (10.3.40) for sets A supported in a cube of side length
one. In proving (10.3.40) we may take A < 1; otherwise, the set E, is empty. We
consider the cases ¢o(n) 6 < A and co(n) § > A, for some large constant ¢y (n) to be
determined later. If ¢o(n) § > A, then

A

1 (10.3.41)

Exl <G, (1/8)"

by the weak type (1,1) boundedness of L with constant C} §'~". It follows from
(10.3.41) that
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n—1 n+l
ColA| > [E3|8"'A > co(n)™ 2 [Ez|A 2 &2

which proves (10.3.40) in this case.

We now assume co(1) § < A < 1. Since L%(x4) is constant on each Q;, we have
that each Q; is either entirely contained in the set E, or disjoint from it. Conse-
quently, setting

&={j: Qi CE},

we have

Ey=J0;.

jeé
Hence
&l =#{j: je &} =E|(8)"

and for all j € & we have
|TiNA| > Alt)| = A8

It follows that

|A] sup { > xr(x / > 2 dx

X Cje& jeé“
= > [tiNA|
je€
> A8 &)

— 18" 1|E7L|

(")
(2\/) A|El|

Therefore, there exists an xq in A such that

A|E
#{je&:xe1}>(2vn)" | A'.
SA|
Let S(xo, ; ) be a sphere of radius ; centered at the point xo. We find on this sphere
a finite set of points © = {6y}, that is maximal with respect to the property that the
balls B(6, 8) are at distance at least 10+/n8 from each other. Define spherical caps

S = st! ﬂB(Gk,5).

Since the S)’s are disjoint and have surface measure a constant multiple of &1 it
follows that there are about ' =" such points 6.

We count the number of §-tubes that contain xy and intersect a fixed cap Sy. All
these O-tubes are contained in a cylinder of length 3 and diameter ¢ (n)6 whose
axis of symmetry contains x( and the center of the cap Sy. This cylinder has volume
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3w,—1c1(n)"~18"!, and thus it intersects at most c;(n)8 ! cubes of the family Q;,
since the Q;’s are disjoint and all have volume equal to (8’)". We deduce then that
given such a cap Sy, there exist at most c3(n)8~! §-tubes (from the initial family)
that contain the point xo and intersect Sk.

Let us call a set of §-tubes g-separated if for every 7 and 7’ in the set with 7 # 7/
we have that the angle between the axis of symmetry of 7 and 7’ is at least € > 0.

Since we have at least (2‘/"5) | A)L‘ 2l §-tubes that contain the given point xg, and each

cap Sy is intersected by at most c3(1)8 ! 8-tubes that contain xg, it follows that at
least c4(n) )L“AE‘“
intersect different caps Sy and contain x( are §-separated. We have therefore shown
&
contain the point xg. Call 7 the family of these J-tubes.

We find a maximal subset @' of the 6;’s such that the balls B(6y,d), 6; € ©’,

have distance at least 30\}{"6 from each other. This is possible if /0 > ¢o(n) for
some large constant co(n) [such as co(n) = 1000/n]. We “thin out” the family .7
by removing all the §-tubes that intersect the caps Sy with 6, € © \ @'. In other
words, we essentially keep in .7 one out of every 1/A”~! §-tubes. In this way we

extract at least cs(n) " ‘LE‘U O-tubes from .7 that are 60‘){”5

the point xg. We denote these tubes by {7;: j € .Z}.
We have therefore found a subset .# of & such that

of these J-tubes have to intersect different caps Sy. But 8-tubes that

that there exist at least c4(n) O-separated tubes from the original family that

-separated and contain

xp€t; forall je.Z, (10.3.42)
é
T, T; are 60\/n)L - separated when j ke.Z, j#£k, (10.3.43)
E; |A"
|-Z| > cs(n)l |)1L4|| . (10.3.44)

Notice that ’
[ANTNB(xo, 3)] < |7NB(xo, 3)] < 548",

and since for any j € & (and thus for j € .#) we have |[ANT;| > A8"~!, it must be
the case that

1
ANt NB(xo, %) | > JAem (10.3.45)
Moreover, it is crucial to note that the sets
ANT;NB(x0, %), je .z, (10.3.46)

are pairwise disjoint. In fact, if x; and x; are points on the axes of symmetry of two
60\/nf-separated O-tubes 7; and 7 in .# such that |x; —xp| = |xx —xo| = é‘, then
the distance from x; to x; must be at least 10,/n 8. This implies that the distance
between 7; N B(xo, %)C and 7, N B(xo, %)C is at least 64/n6 > 0. We now conclude
the proof of the theorem as follows:
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Al = ]an {J (5nB(xo.5))]
JjEF
= 2 [AngNB(x, )|
JjEF
ASn—l
>
JjEF 3
/’116}171
3
|E; |A" A6m!
Z C5(}’l) |A| 3 )

= |7

using that the sets in (10.3.46) are disjoint, (10.3.45), and (10.3.44). We conclude

that
1

3

since, as observed earlier, the set E, is contained in a cube of side length 10. Taking
square roots, we obtain (10.3.40). This proves (10.3.39) and hence (10.3.36). O

AP > | es(n) A" 8" Y E; | > co(m) A8 E, 2,

Exercises

10.3.1. Let & be the characteristic function of the square [0, 1] in R2. Prove that for
any 0 < A < 1 we have

|{x6R2: M(h)(x) > A}| > ilogi .

Use this to show that M; is not of weak type (1,1). Compare this result with that of
Exercise 2.1.6.

10.3.2. (a) Given a unit vector v in R? define the directional maximal function along
V by
1 r+e
M) =sup [ Ife=r)lds
>0 <€ J—¢
wherever f is locally integrable over R?. Prove that for such f, My(f)(x) is well
defined for almost all x contained in any line not parallel to V.
(b) For 1 < p < o, use the method of rotations to show that My maps L? (Rz) to itself
with norm the same as that of the centered Hardy-Littlewood maximal operator M
on L”(R).
(c) Let X be a finite set of directions. Prove that for all 1 < p < oo, there is a constant
Cp > 0 such that

Hmz(f)HLp(R2> <G |Z|’I’Hf||Lp(R2)
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for all f in L”(R?).
[Hint: Use the inequality Mz (f)? < ¥ MMy (f))".]
vex
10.3.3. Show that
%\] < 20 EIRZN ;

where Xy is a set of N uniformly distributed vectors in S'.
[Hint: Use Exercise 10.2.3.]

10.3.4. This exercise indicates a connection between the Besicovitch construction
in Section 10.1 and the Kakeya maximal function. Recall the set E of Lemma 10.1.1,
which satisfies % <|E|I< %

(a) Show that there is a positive constant ¢ such that for all N > 10 we have

{x€R?: Jy(xe)(x) > 1, }| = cloglogh.
(b) Conclude that for all 2 < p < oo there is a constant ¢, such that

H%fv| > c,,(loglogN)le

LP(R%)—LP(R?)

[Hint: Using the notation of Lemma 10.1.1, first show that

[{xeR?: 7, 2K log(k+2) (XE)(X) > 3¢ o f| > log(k+2),

by showing that the previous set contains all the disjoint rectangles R for j =

1,2,...,2K; here k is a large positive integer. To show this, for x in U 1R con-
s1der the unique rectangle R;, that contains x union (R )’ and set R, = R W U(R;).
Then [Ry| =3|R;,| =32~ "log(k+2) and we have

1 ENR _ [ENR,)| _ 1
dy = > s
g Jy ey = 2

in view of conclusion (4) in Lemma 10.1.1. Part (b): Express the L” norm of .y (k)
in terms of its distribution function.}

10.3.5. Show that My is unbounded on LP(R?) for any p < co.
[Hint: You may use Proposition 10.3.4 when p < 2. When p > 2 one may need
Exercise 10.3.4.]

10.3.6. Consider the n-dimensional Kakeya maximal operator .#x. Show that there
exist dimensional constants ¢, and c/, such that for N sufficiently large we have

|-

L”(R”)HL”(R’Q Z Cn (IOgN) )

||<%7v} ch (logN)”;1

o R”)HL”‘”(R”) Z

[Hint: Consider the functions fy(x) = ‘i‘ X3<|x<n and adapt the argument in Propo-
sition 10.3.4 to an n-dimensional setting.]
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10.3.7. For all 1 < p < n show that there exist constants ¢, , such that the n-
dimensional Kakeya maximal operator %y satisfies

> p!

>cppNr .

3 = |l

HLp(Rn)HLp(Rn "Lﬂ(R”)aLP»”(R”)

n+1
[Hint: Consider the functions /iy (x) = |x| ’ X3<|xj<n and show that y (hy)(x) >
c/|x| for all x in the annulus 6 < [x| < N.]

10.3.8. (Carbery, Herndndez, and Soria [51] ) Let T be a sublinear operator defined
on L'(R") 4+ L~(R") and taking values in a set of measurable functions. Let 10 <
N < oo, 1 < p<oo,and 0 < a,M < oo.

(a) Suppose that

IN

Ci N°,
M,
1.

1Tl 1o

N

HTHLP>1—>LP~°° =

IN

[ P—
Show that

|7 C(a7P,C1)M(logN)1:/.

LP P> S
(b) Suppose that

IN

Ci N°,
M,
1.

1T [l g1
1]

A

LP—LpP> —

IN

(Ll

Show that

7] <C'(a,p,Ci)M(logN) ;.

LP—LP

[Hint: Part (a): Split f = fi + f>+ f3, where f3 = f%mgi’fl :fx’}qf\guu and
fi = fXf|>Lr> Where LP~1 = N¢, Use the weak type (1,1) estimate for f; and the
restricted weak type (p,p) estimate for f, and note that the measure of the set
{IT(f3)| > A/3} is zero. One needs the auxiliary result

1
1 Xasi 1<l s < C(P) (1 +1og )7 [|f]]

which can be proved as follows. First use the identity of Proposition 1.4.9. Then
note that the distribution function dyy, _ ., (s) is equal to dy(a) for s <a, to dy(s)
for a < s < b, and vanishes for s > b. It follows that

I b 1 a 1 b I
| Zastnsollipn <adpi@)yr+ [ dgeyrar <2 [ dgeyrai+ [ apoyiar,
a 2 a
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from which the claimed estimate follows by Holder’s inequality and Proposition
1.1.4. Part (b): Use the same splitting and the method employed in the proof of
Theorem 10.3.5.]

10.3.9. Suppose that 7T is a linear operator defined on a subspace of measurable
functions on R” with the property that whenever f is supported in a cube Q of side
length s, then T (f) is supported in aQ for some a > 1. Prove the following:

() If T is defined on L”(R") for some 0 < p < e and

1T < Bl

for all f supported in a cube of side length s, then the same estimate holds (with a
larger constant) for all functions in L? (R").
(b) If T satisfies for some 0 < p < oo,

17 ()| e < BlA]?

for all measurable sets A contained in a cube of side length s, then the same estimate
holds (with a larger constant) for all measurable sets A in R”.

10.4 Fourier Transform Restriction and Bochner-Riesz Means

If g is a continuous function on R", its restriction to a hypersurface S C R” is a well
defined function. By a hypersurface we mean a submanifold of R" of dimension
n—1.So, if f is an integrable function on R", its Fourier transform f is continuous
and hence its restriction f | g on S is well defined.

Definition 10.4.1. Let 1 < p,q < oo. We say that a compact hypersurface S in R”
satisfies a (p, q) restriction theorem if the restriction operator

f—=Fflg:

which is initially defined on L!(R") N L”(R"), has an extension that maps L” (R")
boundedly into L4(S). The norm of this extension may depend on p,q,n, and S. If §
satisfies a (p,q) restriction theorem, we write that property R,_.4(S) holds. We say
that property R,—.,(S) holds with constant C if for all f € L'(R")NLF (R") we have

171|245y <l

Lp Rn .
Example 10.4.2. Property R|_...(S) holds for any compact hypersurface S.

We denote by Z(f) = f g1 the restriction of the Fourier transform on a hy-
persurface S. Let do be the canonically induced surface measure on S. Then for a
function ¢ defined on § we have
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t o~ o~ \/ t —_—
[ fodo=| Fpdo)dc= | redsas.
Sn—1 R" R?
which says that the transpose of the linear operator & is the linear operator

%' (@) = @do . (10.4.1)

By duality, we easily see that a (p, g) restriction theorem for a compact hypersurface
S is equivalent to the following (¢, p') extension theorem for S:

' 17(S)— LV (R").

Our objective is to determine all pairs of indices (p, q) for which the sphere S"~!
satisfies a (p,q) restriction theorem. It becomes apparent in this section that this
problem is relevant in the understanding of the norm convergence of the Bochner—
Riesz means.

10.4.1 Necessary Conditions for R,_.,(S"~') to Hold

We look at basic examples that impose restrictions on the indices p,q in order
for Rp—.4(S"~!) to hold. We first make an observation. If R,_.,(S"~!) holds, then
R,—s(S""1) forany s < g.

Example 10.4.3. Let do be surface measure on the unit sphere "~ !. In view of the
identity in Appendix B.4, we have

-~ 2

do(&)= 1, dna(2mlE)).

NEE

Using the asymptotics in Appendix B.8, the last expression is equal to

2V/21

| n;l

n+1

cos(2r(&|— ™" V) +0(1E[7"7)

as |E| — oo. It follows that #' (1)(&) = do (&) does not lie in L' (R") if mip<n
and "3'p' > n. Thus R,_4(S"") fails when 2", < p < 2. Since Ri_,(S"")
holds for all g € [1,e], by interpolation we deduce that R,_.,(S"~!) fails when

p> nﬁ’l . We conclude that a necessary condition for R,_.,(S"") to hold is that

2n

. 10.4.2
< n+1 ( )

I<p

In addition to this condition, there is another necessary condition for R,_.,(S" 1)
to hold. This is a consequence of the following revealing example.
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Example 10.4.4. Let ¢ be a Schwartz function on R” such that ¢ > 0 and ¢(&) > 1
for all £ in the closed ball || < 2. For N > 1 define functions

X1 X2 Xn—1 xn)

fN(x17x27~~~7-xn717-xn):(p(NaNa"'7 N 7N2

To test property R,Hq(S”’l), instead of working with §"~!, we may work with the
translated sphere S = S"~! 4-(0,0,...,0,1) in R” (cf. Exercise 10.4.2(a)). We have

f/};(g) :NnJrl(/ﬁ(NglngZv"'aNgn—lszgn)'
We note that for all & = (&, ...,&,) in the spherical cap
S=SN{EcR": E -+ &2 <N? and §&,<1}, (10.4.3)
we have &, <1—(1— ]\}2 )5 < ]\}2 and therefore
|(N€15N€25"'7N§n—17N2€n)| Sz

This implies that for all £ in §” we have ?;(5) > N"*!. But the spherical cap S’ in
(10.4.3) has surface measure ¢(N~')"~!. We obtain

— — 1 1-n
||fN ||L‘7(S) Z ||fN ||Lf/(S’) >N IN

On the other hand,
we must have

fNHLp(Rn) = H(pHL,,(Rn)Nn;I . Therefore, if R,_.,(S"~!) holds,

ol 2 G IN'T

and letting N — oo, we obtain the following necessary condition on p and ¢ for
Rp—q(S"™1) to hold:
1 S n+11

> . (10.4.4)
g n—1p

We have seen that the restriction property R, .4 (8"~1) fails in the shaded region
of Figure 10.10 but obviously holds on the closed line segment CD. It remains to
investigate the validity of property R,—,(S""!) for (,17, ;) in the unshaded region of
Figure 10.10.

It is a natural question to ask whether the restriction property R p_.q(S"‘l) holds
on the line segment BD minus the point B in Figure 10.10, i.e., the set

(10.4.5)

1 11 2
:n—|— 1<p< n}
q n—1p n+1

{(r.0):

If property R, (S"=1) holds for all points in this set, then it will also hold in the
closure of the quadrilateral ABDC minus the closed segment AB.
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L
q

1

n+1
2n

Fig. 10.10 The restriction 2
property R, .,(S"™!) fails

in the shaded region and on

the closed line segment AB

but holds on the closed line

segment CD and could hold

on the open line segment

BD and inside the unshaded 0
region.

10.4.2 A Restriction Theorem for the Fourier Transform

In this subsection we establish the following restriction theorem for the Fourier
transform.

Theorem 10.4.5. Property R,_.,(S"~') holds for the set

I n+l11

g n—1p’ T<p

IN

2n+ 1)} (10.4.6)

{(p,q): n+3

and therefore for the closure of the quadrilateral with vertices E, G, D, and C in
Figure 10.10.

Proof. The case p =1 and g = o is trivial. Therefore, we need to establish only the

case p = 2n+1) and g = 2, since the remaining cases follow by interpolation.
14 n+3 q g y Ip

Using Plancherel’s identity and Holder’s inequality, we obtain
~ 2 ~ o~
1w = [, F&F&do)
- / F(0) (f +do”) (x)dx
Rn

Sy

To establish the required conclusion it is enough to show that

f*do-v”LP,(R”) .

2(n+1) '

10.4.
n+3 (10.4.9

Hf*dGVHLP’(Rn) = C"”f”LP(R") when  p=



10.4 Fourier Transform Restriction and Bochner-Riesz Means 391

To obtain this estimate we need to split the sphere into pieces. Each hyperplane
& = 0 cuts the sphere $"! into two hemispheres, which we denote by H,' and H7.
We introduce a partition of unity {¢;}; of R" with the property that for any j there
existk € {1,2,...,} and l € {1,2} such that

(support@;) N st! g H,ﬁ;

that is, the support of each ¢; intersected with the sphere S~ is properly contained
in some hemisphere H, ,é Then the family of all ¢; whose support meets S~ forms
a finite partition of unity of the sphere when restricted to it. We therefore write

do =Y ¢;do,
Jer

where F is a finite set. If we obtain (10.4.7) for each measure ¢;do instead of do,
then (10.4.7) follows by summing on j. We fix such a measure ¢; do, which, without
loss of generality, we assume is supported in {& € $"~': &, > ¢} S H,! for some
¢ € (0,1). In the sequel we write elements x € R" as x = (¥',¢), where ¥ € R*~! and

t € R. Then for x € R" we have

2minE 0; (&, V/1-8']?) a8’

(prdo)" ()= | e

Sn—1

o) e doE) = [
gleRn—l
‘é/‘2§17L.2

where & = (&',&,); for the last identity we refer to Appendix D.5. Writing x =
(x',1) e R""1 xR, we have

. / _ 2
(9jdo)V (¥ 1) = e’ prin/1-jgp @€ V1=1¢] ) ger
! 712
Elern! \/1_|§ |
Epst-c (10.4.8)

- (ezwlw <Pf(é¢¢1—|é/|2))v<x/>
VI=1E? |

where V indicates the inverse Fourier transform in the &’ variable. For each t € R
we introduce a function on R"~! by setting

K(x') = (¢;do)"(,1).

We observe that identity (10.4.8) and the fact that 1 —|&’|> > ¢? > 0 on the support
of ¢; imply that

sup sup |(K)2 ()] < Cp < o, (10.4.9)
teR g/eRn—l

where 2 indicates the Fourier transform on R"~!. We also have that

K (X) = (p;jdo)’ (1) = ((,ojv xdc”)(x',1).



392 10 Boundedness and Convergence of Fourier Integrals

Since ¢ is a Schwartz function on R” and the function |[dc " (x',1)| is bounded by

(1+|(x,0)])~ "2' (see Appendices B.4, B.6, and B.7), it follows from Exercise 2.2.4
that

K ()] <CO+|(,0) "2 <c+[])~" (10.4.10)
for all ¥ € R*~!. Estimate (10.4.9) says that the operator given by convolution with
K; maps L*>(R"1) to itself with norm at most a constant, while (10.4.10) says that
the same operator maps L' (R"~!) to L*(R"~!) with norm at most a constant multi-

ple of (14 ¢])~ e Interpolating between these two estimates yields

1K %81y < Gkt~ 2 ]

Lp Rn I) Lp R I)

for all 1 < p <2, where x denotes convolution on R*! (and * convolution on R").
We now return to the proof of the required estimate (10.4.7) in which doV

replaced by (@;do)". Let f(x) = f(x',) be a function on R". We have

Hf*((pjdG)VHLP'(R”) = HH/Rf('vr)*Kt‘ch

CPM

) (Ry’*l) LY (R)

IN

/R ’f("r)*K’_T oy 4"

/ Hf Lp R” ll) dr
R |t 2)

Iﬂ(Hf('vf)|

LY (R)

IN

L” (R)

= Cp,n

L”(R”’l)) HLP’ (Radr)’

where B =1—(n— l)(ll7 — ) and Ig is the Riesz potential (or fractional integral)

given in Definition 6.1.1. Using Theorem 6.1.3 with s = , n =1, and g = p/, we
obtain that the last displayed equation is bounded by a constant multiple of

H”f( 7t)HLp(Rn—1) L2 (Rdr) = HfHLP(R") !
The condition ;1, — ; =, ontheindices p,q,s,n assumed in Theorem 6.1.3 translates
exactly to
11 B L 1 n-—1
p P11 P 2
which is equivalent to p = 2(":31) This concludes the proof of estimate (10.4.7)

in which the measure 6" is replaced by (¢;do)". Estimates for the remaining
(pjdo)V follow by a similar argument in which the role of the last coordinate is
played by some other coordinate. The final estimate (10.4.7) follows by summing j
over the finite set F'. The proof of the theorem is now complete. O
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10.4.3 Applications to Bochner—Riesz Multipliers

We now apply the restriction theorem obtained in the previous subsection to the
Bochner—Riesz problem. In this subsection we prove the following result.

Theorem 10.4.6. For Re A > 2{‘";11), the Bochner—Riesz operator B* is bounded on

LP(R") for p in the optimal range

2n < pe 2n
nt1+2Red P n_1-2Rer"

Proof. The proof is based on the following two estimates:

. 2 —
1B ||t )1 ey < C1 (Red) eollm] whenReld > "', (104.11)

< Cy(Re ) ecolmaf whenRed > 7L, (10.4.12)

1B o e e n+1

where p = z(nnj;) and Cy, G, are constants that depend on n and Re A, while ¢ is an
absolute constant. Once (10.4.11) and (10.4.12) are known, the required conclusion
is a consequence of Theorem 1.3.7. Recall that B* is given by convolution with the
kernel K defined in (10.2.1). This kernel satisfies

(0] < Cy(Re ) e mAP (1 4 [x))="2' - (10.4.13)
K A{ Co‘lml‘ b Rel 04 3

in view of the estimates in Appendices B.6 and B.7. Then (10.4.11) follows easily
from (10.4.13) and we focus our attention on (10.4.12).

The key ingredient in the proof of (10.4.12) is a decomposition of the kernel.
But first we isolate the smooth part of the multiplier near the origin and we focus
attention on the part of it near the boundary of the unit disk. Precisely, we start with
a Schwartz function 0 < 1 < 1 supported in the ball B(0, Z) that is equal to 1 on the
smaller ball B(0, ;) Then we write

m (&) = (1= 1§ = (1= [EPin (&) + (1~ 1EAE (1 =n(E)).

Since the function (1 —|&[?)A 1 (&) is smooth and compactly supported, it is an L?
Fourier multiplier for all 1 < p < e, with norm that is easily seen to grow poly-
nomially in |A|. We therefore need to concentrate on the nonsmooth piece of the
multiplier (1— |€[%)* (1 —n(&)), which is supported in B(0, })°. Let

K0 = (- 18P0 -n(8) @)

be the kernel of the nonsmooth piece of the multiplier.
We pick a smooth radial function ¢ with support inside the ball B(0,2) that is
equal to 1 on the closed unit ball B(0,1). For j = 1,2,... we introduce functions

vi(x) =9(277x) — @27/ x)
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supported in the annuli 2/~ ! < |x| < 2/7!. Then we write

where T07L is given by convolution with (pK’L and each TJ?L is given by convolution
with y;K*.

We begin by examining the kernel oK A . Introducing a compactly supported func-
tion § that is equal to 1 on B(0, ; ) we write

K = (0= Pra-me)
= (=1 Ph) = (1 =m)”
= K+ ((1-m)¢)".

Using this and (10.4.13) implies that K* is a bounded function, and thus (pK)L is
bounded and compactly supported. Thus the operator To)L is bounded on all the L?
spaces, 1 < p < e, with a bound that grows at most exponentially in |[Im A |2.

Next we study the boundedness of the operators TJ?L; here the dependence on the
index j plays a role. Fix p < 2 as in the statement of the theorem. Our goal is to
show that there exist positive constants C,6 (depending only on n and Re 1) such
that for all functions f in LP(R") we have

177 Dl < €M F 2772 ]

(10.4.15)

LP(R”) Lp Rn .

Once (10.4.15) is established, the L” boundedness of the operator f — K* x f fol-
lows by summing the series in (10.4.14).
As a consequence of (10.4.13) we obtain that

n+l

C3(ReA) eomAR (1 4 [x))~
< /("3 4Red)j

IN

K} ()| Ry ()

(10.4.16)

since y;(x) = w(27/x) and y is supported in the annulus ) < [x| < 2. From this
point on, the constants containing a prime are assumed to grow at most exponentially
in [ImA|2. Since Kf is supported in a ball of radius 2/*! and satisfies (10.4.16), we
deduce the estimate

A2, = ||KEH|[, < cra-tmeaRehigni — crp=(142Re)] - (10.4.17)

We need another estimate for K;1 We claim that for all M > n+ 1 there is a
constant Cy, such that

4‘M%Wm*&g%wrwmmﬂ<n (10.4.18)
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Indeed, since 121(5) is supported in || > } [recall that the function 17 was chosen
equal to 1 on B(0, ;)], we have

—

KHOI= K @) <27 [ (-] 0Pl 0)lda.

2 <lE-ol<1
Suppose that |&| < . Since |§ — @| > }, we must have |@| > 3. Then
V(2 0)| < Cu(2o) ™ < (8/3)"Cn2 M,
from which it follows easily that

sup [K*(&)] < Cp27 /M) (10.4.19)

El<i

Then (10.4.18) is a consequence of (10.4.19) and of the fact that the function |& |*[3
is integrable near the origin.

We now return to estimate (10.4.15). A localization argument (Exercise 10.4.4)
allows us to reduce estimate (10.4.15) to functions f that are supported in a cube of
side length 2/. Let us therefore assume that f is supported in some cube Q of side
length 2/. Then Tj’1 (f) is supported in 5Q and we have for 1 < p < 2 by Hélder’s
inequality

1_1
1T Dll7se) < 15QP 2T 2

L (10.4.20)
G2V,

IN

Having returned to L2, we are able to use the L — L? restriction theorem obtained
in the previous subsection. To this end we use polar coordinates and the fact that K j)L
is a radial function to write

||E}f||§2=/m|1?}(re1)|2(/ |f(re)|2de) " (10.4.21)
0 Srz—l

where e; = (1,0,...,0) € §"~!. Since the restriction of the function x — r~"f(x/r)
on the sphere 8"~ ! is f(r@), we have

2n
p/

2
/S freyPas <c3, { /Rn | f(x/r)|”dx} T A2, 10422

where C), ,, is the constant in Theorem 10.4.5 that holds whenever p < 2t S0

n+3
41 and inserting estimate (10.4.22) in (10.4.21) yields

. 2
assuming p < i3
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KA F|% < 2]

00~ _1_2n
b I Gen P ar
0
(10.4.23)

IN

cz,
ol

b [ K @PIEl Fag

where ,_| = |S"~!|. Appealing to estimate (10.4.18) for |&| < 213 with § = i’,’ <n
(since p < 2) and to estimate (10.4.17) for |&| > é, we obtain

2

KA F|[2 < e 0+2%ebi )2

Combining this inequality with the one previously obtained in (10.4.20) yields
(10.4.15) with
_n+1

0=,

+Rel—n.
p

This number is positive exactly when | +’£Re 5 < p- This was the condition as-

sumed by the theorem when p < 2. The other condition Re A > 2(';111) is naturally

imposed by the restriction p < 2(::31). Finally, the analogous result in the range

p > 2 follows by duality. 0

10.4.4 The Full Restriction Theorem on R>

In this section we prove the validity of the restriction condition R,—.,4(S') in dimen-
sion n = 2, for the full range of exponents suggested by Figure 10.10.

To achieve this goal, we “fatten” the circle by a small amount 2. Then we obtain
a restriction theorem for the “fattened circle” and then obtain the required estimate
by taking the limit as 6 — 0. Precisely, we use the fact

1+6

-~ 1 + -~

w)|dw = lim r0)|1dO rdr 10.4.24
[ l@)rdo=1tim o [ [ |fo) (10424
to recover the restriction theorem for the circle from a restriction theorem for annuli
of width 26.

Throughout this subsection, & is a number satisfying 0 < § < 10100, and for sim-
plicity we use the notation

1) =x0-s.1+6)E]), EER?.

We note that in view of identity (10.4.24), the restriction property Rp_.q(Sl) isa
trivial consequence of the estimate

’ (10.4.25)

1 Oo o~
25/0 gl |X5(79)f(r9)|qd9rdr§CQHf}
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or, equivalently, of
~ 1
127 ey < @) e - (10.4.26
We have the following result.

Theorem 10.4.7. (a) Given 1 < p < g, set q = ’g,. Then there is a constant C), such
that for all L functions f on R and all small positive § we have

~ 1
12°F ey < €8 I ey - (10.4.27)

(b) When p = q = 4/3, there is a constant C such that for all L*3 functions f on R?
and all small § > 0 we have

1287+, <C8iog §)4||f] 4 (10.4.28)

L3 (R?) L3 R2

Proof. To prove this theorem, we work with the extension operator
E%(g)=x%8 =10 +%,
which is dual (i.e., transpose) to f — x‘sz, and we need to show that

IES(f) < €89(10g )Pl e, (10.4.29)

||LP'(R2)
where 8 =} when p = ‘3‘ and B =0 when p < ‘3‘.

We employ a splitting similar to that used in Theorem 10.2.4, with the only dif-
ference that the present partition of unity is nonsmooth and hence simpler. We define
functions

1) 1)
%0 (8) = 2°(E) Xores < vy & <am(e41)51/2
for £ € {0,1,...,[8"/?]}. We suitably adjust the support of the function y?2

5112 50
that the sum of all these functions equals ¥°. We now split the indices that appear
in the set {0,1,...,[6'/2]} into nine different subsets so that the supports of the

functions indexed by them are properly contained in some sector centered at the ori-
gin of amplitude 7w /4. We therefore write E % a5 a sum of nine pieces, each properly
supported in a sector of amplitude 7 /4. Let I be the set of indices that correspond
to one of these nine sectors and let

=3
lel

It suffices therefore to obtain (10.4.29) for each E15 in lieu of E%. Let us fix such an
index set I and without loss of generality we assume that

1=10,1,...,[L671/7)}.
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Since the theorem is trivial when p = 1, to prove part (a) we fix a number p with
I<p< ‘3‘. We set
r=(p'/2)

and we observe that this r satisfies 1 = ,l/ + ql, . We note that 1 < r <2 and we apply

the Hausdorff— o < ||nY]|,,- We have
5 4 LS 20
|EP 2 ) = [, IEP ORI dx
J
6 r "
< ( o (Ei ()] dx) (10.4.30)
J
:</ ZZ%/f (xof ‘ )
telvel
We obtain the estimate
; 4 /
(/ SN Xl (xif) ‘ ) <G8 ||fl7y e (10.4.31)
lelvel

which suffices to prove the theorem.
Denote by Sg ¢ the support of xlfs + xlfs, Then we write the left-hand side of

(10.4.31) as

which, via Holder’s inequality, is controlled by

/

rdx) " (10.4.32)

Z S (1) ) Xsis

Lelvel

A

(/ (ZZ\%M wa)\r):(zz\XSMZ,\”);dx)r. (10.4.33)

leltel Lelvel

We now recall Lemma 10.2.5, in which the curvature of the circle was crucial. In
view of that lemma, the second factor of the integrand in (10.4.33) is bounded by a
constant independent of §. We have therefore obtained the estimate

IEZ (|7, <c (22/ |2 1)* S| dx> . (10.4.34)

telt'el
We prove at the end of this section the following auxiliary result.

Lemma 10.4.8. With the same notation as in the proof of Theorem 10.4.7, for any
1 < r < o, there is a constant C (independent of & and f) such that

3

1
62 v
C<|£—£’|+1>

(10.4.35)

1),

Lr
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forall .0 € 1 =10, 1,...,[%5’1/2]}.

Assuming Lemma 10.4.8 and using (10.4.34), we write
Az, )]
PN (e—e)+1)7

R A1 )S]
L”] L%,(E‘,(w—mﬂ)r ’

where we used Holder’s inequality for some 1 < s < co. We now recall the discrete
fractional integral operator

£l <ot 3 s
tel (10.4.36)

/

gcﬁ[

lel

a;

S O

which maps £5(Z) to ¢ (Z) (see Exercise 6.1.10) when
I 1
- =, O<a<l. (10.4.37)

s 8

When 1 < p < ‘3‘, we have | <r <2, and choosingax =2—r=1— r’,, we obtain
from (10.4.36) that

/

r’ 7
IEP (P < C'§> {Z} :] ‘ [Z| Z] :
lel el
v
:c@i{ZH%? fr] . (10.4.38)
lel

The unique s that solves equation (10.4.37) is seen easily to be s = ¢’ /r. Moreover,
since ¢ = p’/3, we have 1 < s < 2. We use again Holder’s inequality to pass from

22£]l, to ||[x2f||,- Indeed, recalling that the support of x¢ has measure ~ 52,
we have

C(E) 7 [
Inserting this in (10.4.38) ylelds
2/

IEZ ()7, < c8? [Z(C(‘S%)l_‘}'H%?f}lm/)r“} m
el

- cat@ D 3 1) ‘

8| 1l7y

IN

— Sl
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. . . . . 1 1 1 / / . .
which is the required estimate since , = sty and p’ = 2r'. In the last inequality

we used the fact that the supports of the functions x? are disjoint and that these add
up to a function that is at most 1.

To prove part (b) of the theorem, we need to adjust the previous argument to
(r)/btain the/ casze p= g. Here we repeat part of the preceding argument taking r =

=5=5 = 2.

Using (10.4.34) with p = g (which forces r to be equal to 2) and Lemma 10.4.8
with r = 2 we write

oW

4 5 (15 /12 lxérze
I ey < €88 | Bl S 0,
. _ 1
st z[ (5 JEE Y]
= -EZ‘EIHX[fHLZ- ;el EZE‘IM £/|—|—1
3 F) 4 % 1
AR AN
-Eel lel Lel
< cs2 ZHXZfHLZ log(872)
Lier

IN

SHEI [z||x,f||L4]log5

C6* (log ) | /Il

IN

We now prove Lemma 10.4.8, which we had left open.

Proof. The proof is based on interpolation. For fixed £, ¢’ € I we define the bilinear
operator

Ty0(8.h) = (gxf) = (hxf) .

As we have previously observed, it is a simple geometric fact that the support of xf

27§/

is contained in a rectangle of side length &~ § in the direction e and of side

. TS Ty 1751 .

length ~ &2 in the direction e2mis! e, Any two rectangles with these dimensions
in the aforementioned directions have an intersection that depends on the angle be-
tween them. Indeed, if £ # ' this intersection is contained in a parallelogram of

. . 1 . . .
sides & and 8/sin(2md2|¢ — ¢'|), and hence the measure of the intersection is seen
easily to be at most a constant multiple of

. B
sin(2r82|¢—¢|)

. . 1 ..
As for £, in the index set I we have 27162 | — ¢'| < /4, the sine is comparable to
its argument, and we conclude that the measure of the intersection is at most
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3
cs2(1+ 10—
It follows that

cs?

I 22, = sup e supp () nsupp NI < 3y -

which implies the estimate
2 22 - gl =[] -

cs? (10.4.39)
< o oyl

||T€,£/(g7h)HL°°

IN

Also, the estimate
[ Teer (gl < [lex 1l ln22]]
<l [l

holds trivially. Interpolating between (10.4.39) and (10.4.40) yields the required
estimate (10.4.35). Here we used bilinear interpolation (Exercise 1.4.17). O

(10.4.40)

Example 10.4.9. The presence of the logarithmic factor in estimate (10.4.28) is nec-
essary. In fact, this estimate is sharp. We prove this by showing that the correspond-
ing estimate for the “dual” extension operator E? is sharp. Let / be the set of indices
we worked with in Theorem 10.4.7 (i.e., I = {0,1,...,[§ 6~ /?]}.) Let

=Y
el
Then 1
172l o = 85
However,

ES(f5) =Y 4,
lel

and we have

5/ 48 ' 5512 '
I8 = ([ 3 3 el ae)

(fo B2 2 o2l as)

lelvel

1

(S5 [l niras)

lelvel

Y
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At this point observe that the function x,fs * xg is at least a constant multiple of
52 (J¢—¢'|+1)~! on a set of measure 8> (|£—¢'|+1). (See Exercise 10.4.5.) Using
this fact and the previous estimates, we deduce easily that

IE2 )= e (X (e €’|+1) 82 (1~ £1+1))" ~ 8(log )+,

Eelﬁ’el

since || &~ 5~ 2. It follows that

O( 6
120t 5 5 10g 1):
172]] 4

which justifies the sharpness of estimate (10.4.28).

Exercises

10.4.1. Let S be a compact hypersurface in R” and let do be surface measure on it.
Suppose that for some 0 < b < n we have

do(&)| <c(1+(§)7"
for all £ € R". Prove that R,.,(S) does not hold for any 1 < g <eowhenp > ", .

10.4.2. Let S be a compact hypersurface and let 1 < p,g < co.

(a) Suppose that R,,.,(S) holds for S. Show that R, _.,(7+S) holds for the translated
hypersurface 7+ S.

(b) Suppose that the hypersurface S is compact and its interior contains the origin.
Forr > 0letrS = {r&: & € S}. Suppose that R,,_.,(S"~!) holds with constant C .

n—1_ n

Show that R—.4(rS"!) holds with constant Cpg,r ¢ 7.

10.4.3. Obtain a different proof of estimate (10.4.7) (and hence of Theorem 10.4.5)
by following the sequence of steps outlined here:
(a) Consider the analytic family of functions

n2 2mlE))
HERE

and observe that in view of the identity in Appendix B.4, (K;)Y (&) reduces to
doV (&) when z =0, where do is surface measure on S"~!.
(b) Use for free that the Bessel function J 1 4igo 0 € R, satisfies

(K:)' (&) =2m'"

1
U100 < Colal 2,
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where Cg grows at most exponentially in ||, to obtain that the family of operators
given by convolution with (K.)" map L' (R") to L*(R") when z = —"," + 0.
(c) Appeal to the result in Appendix B.5 to obtain that for z notequal to 0, —1,—2,...

we have
2

I'(z)

Use this identity to deduce that for z = 1 4 i0 the family of operators given by
convolution with (K;)" map L?(R") to itself with constants that grow at most expo-
nentially in |6|. (Appendix A.6 contains a useful lower estimate for |I" (1 +i6)|.)

(d) Use Exercise 1.3.4 to obtain that for z = 0 the operator given by convolution

with do" maps L? (R") to LY (R") when p = 2(nn++3l)'

K= - -k

10.4.4. Suppose that 7 is a linear operator given by convolution with a kernel K
that is supported in the ball B(0,2R). Assume that there is a constant C such that for
all functions f supported in a cube of side length R we have

I7(r)]

for some 1 < p < co. Show that this estimate also holds for all L? functions f with
constant 5" B.
[Hint: Write f =3.; fxo,, where each cube Q; has side length R.]

<B||/|

Lr Lr

10.4.5. Using the notation of Theorem 10.4.7, show that there exist constants c,c’
such that the function x? * 752 is at least /82 (|6 —¢'|+1)~" on a set of measure
82 (|0—0|+1).

[Hint: Prove the required conclusion for characteristic functions of rectangles with
the same orientation and comparable dimensions. Then use that the support of each
xf contains such a rectangle.]

10.5 Almost Everywhere Convergence of Bochner—Riesz Means

We recall the Bochner—Riesz means Bﬁ of complex order A given in Definition
10.2.1. In this section we study the problem of almost everywhere convergence of
Bﬁ (f) — f as R — eo. There is an intimate relationship between the almost ev-
erywhere convergence of a family of operators and boundedness properties of the
associated maximal family (cf. Theorem 2.1.14).!

For f € L?(R"), the maximal Bochner—Riesz operator or order A is defined by

BL(f) = sup|Bx (/)]
R>0

! In certain cases, Theorem 2.1.14 can essentially be reversed. Given a 1 < p <2 and a family of
distributions u; with the mild continuity property that u; * fi — u;* f in measure whenever f; — f
in L”(R") such that the maximal operator .# (f) = sup; |f *u;| < e whenever f € L”(R"), then
# maps LP(R") to L7~ (K) for any compact subset K of R". See Stein [289], [292].
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10.5.1 A Counterexample for the Maximal Bochner—Riesz
Operator

We have the following result.

Theorem 10.5.1. Letn > 2, A > 0, and let | < p <2 be such that

2n—1 n
< —

AR

Then B does not map LP(R") to weak LP(R™).

Proof. Figure 10.11 shows the region in which B? is known to be unbounded; this
region contains the set of points (1/p,A) strictly below the line that joins the points
(I,(n—1)/2)and (n/(2n—1),0).

A A
n-1 n-=1
2 2
Fig. 10.11 The operators B 1
are unbounded on L”(R") 2: >
when (1/p,A) lies in the 0 n-l 1 n+l 11
interior of the shaded region. 2n 2n-12n p

We denote points x in R” by x = (¥, x,,), where ¥’ € R"~!, and we fix M > 100 and

€ < 1/100. We let w(y) = xjy|<1(y') §(ya), where { is a smooth bump supported
in the interval [—1, 1] that is equal to 1 on [—1/2,1/2] and satisfies 0 < § < 1. We
define

_ 1] PR
Vem(y) = y(e ly/73 'M 2)’n)=)qy/\§£(y/)é(€ "M 2y,)

and we note that W, (y) is supported in the set of y’s that satisfy |y'| < € and
lyn| < €M 2. We also define

fiu(y) = ™ e (y)

and
Sy ={(',x,): M<|X|<2M, M < |x,| < 2M}.



10.5 Almost Everywhere Convergence of Bochner-Riesz Means 405

Then

full,, M2red  and [y~ M. (10.5.1)

Every point x € Sy must satisfy M < |x| <3M. We fix x € Sy and we estimate
B (fu)(x) = supg-o |Bx(fu)(x)| from below by picking R = R, = |x|/x,. Then
1/2 <R, <3 and we have

r(A+1)

Ju42 (2R |x — y[)
ﬂ")L /n

2miyy
n e ) dy|.
(R —ypien © veuId

B (fu)(x) >

We make some observations. First [x' —y'| > J|x'|, since [x| > M and |y/| < €.
Second, |x;, — ya| > |xn| — [yn| > é|x,,|, since |x,| > M and |y,| < eM'/2. These facts
imply that |x —y| > é|x|; thus |x — y| is comparable to |x|, which is of the order of
M. Since 2R, |x — y| is large, we use the asymptotics for the Bessel function J )
in Appendix B.8 to write

J;+)L(27[Rx|)€—y|) Cy 2R =) oip n Cy e 2Ryl o =i Ly (R | |)
n = n n n, A \Ilx X—Y),
Rebe =32 (Rx—y)"2 H (Refr—y)) "3+

where ¢ = —7 (5 +A) — 7 and

| Cu - Coa

Voo (Ry|x — < ’ ,
| n,?u( | DI < (Rx|x—y|)n§3+l > Mn?HL

(10.5.2)

since Ry = ‘;j ~ 1 and |x—y| > ) M. Using the preceding expression for the Bessel
function, we write

B(fu)(x) > C,

/ eZm’Rx\x\ el
" Vem(y)dy
R' (Ry[x—y[)"2 +*

/ (eZHI(Rx\x—yHy,,) — 2MiR|x] )ei(p
C Ry
/‘ e2”i<—Rx‘x—)"+)’lz)e—i(P
+1
R' (Refx—y[)"2 ™

- } /R Vi (Relx =y )€™ e (y) dy‘ :

_CSL

Ve () dy‘

_CSL

Ve () dy‘

The positive term is the main term and is bounded from below by

|
c1E"M2

e (10.5.3)

_ntl
Gy (6M)" > ’L/RHW&M(y)dy:

The three terms with the minus signs are errors and are bounded in absolute value
by smaller expressions. We notice that
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)

X Xny X
R+ — el = P eyl 2 — s = ¥ 1) - £(0)

where Fy(y) = |x — y| + |x|~'x,y,. Taylor’s expansion yields

Fu(y) = Fx(0) = V,F(0) -y + O(ly[? sup|9; k()

and a calculation gives V,F,(0) = (—[x|~1¥,0), while |d;0;F:(y)| < Clx—y| 71 It
follows that

|x] -y / |y| i ('SMI/Z)Z 7
F(y)—F(0)] <3 C <C'|¢e <2C"e
xn| H(y) — F(0)] < o ey | Sy S
Using this fact and the support properties of y, we obtain
e27ri(Rx\x—y\+yn) _ eZm’Rx\x\ £lP crE E"Mé
Ci / ( w1 ) Vem(y)dy| < (,,H ) (1054
! (Refx—y|)"2 4 M3+

Next we examine the phase Ry|x — y| 4y, as a function of y,. Its derivative with
respect to y,, is

) Xn—Yn
R |x— =R
yn ( X|x y| +)’n) ! lx—yl

since x, > M and |y,| < eM"/2, which implies that x, — y, > 0. Also note that

+1>1,

J < >1 1
R, "1 <
'9% x— yl
and that
a 1 C///
‘ayn |x—y|”§l+ﬂ' —_ M1142r3+l )

. . . 1 . .
while the derivative of {(e~!M~2y,) with respect to y, gives only a factor of
1 . . . . .
£~ 'M~2. We integrate by parts one time with respect to y, in the integral

27” —R, ‘X yH'yn *l‘(P ,
dy,d
AII l/ R |X y| IlJrl_,'_)L WS‘M(y) Yndy

. .. 1
to obtain an additional factor of e~ !M~ 2. Thus

c3e"M2 (eI M 2)

2”i(*Rx‘x7¢V‘+,Vn) —iQ
/ ¢ ¢ e (105.5)
" M2 A

n+1
(Relx—y[)"3' +2

Ws,M(y) d)" <

Finally, using (10.5.2) we obtain that
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1
c4 €"M?2

I (10.5.6)

[ Yo Ry ) ) <

We combine (10.5.3), (10.5.4), (10.5.5), and (10.5.6) to deduce for x € Sy,

c1 & o gntl c3 enl cy €

A
> - - _ .
B* (fM)('x) = Mng)L M’21+)L MngrlJrl Mn§2+l
We pick ¢ sufficiently small, say € < ¢1/(2¢3), and My sufficiently large (depending
on the constants ¢y, ¢, c3,c4) that

1

A
x€Sy = Bi(fu)(x) >COM§+1

whenever M > M. This fact together with (10.5.1) gives

A _n_ !
1B Ai0ll o, cob™2 l.|SM' Y
sl M
and the required conclusion follows by letting M — oo. g

10.5.2 Almost Everywhere Summability of the Bochner—Riesz
Means

We now focus attention on the case p > 2 and we investigate whether the Bochner—
Riesz means converge almost everywhere outside the range in which they are known
to be unbounded on L”. Our goal is to prove the following result.

Theorem 10.5.2. Let A >0 andn > 2. Then forall f in LP(R") with2 < p < n—lzﬁZX
we have

lim B} (f)(x) = f(x)

R—oo

for almost all x € R™.

Since the almost everywhere convergence is obvious for functions in the Schwartz
class, to be able to use Theorem 2.1.14 to derive almost everywhere convergence for
general L? functions, it suffices to know a weak type (p, p) estimate for B*. How-
ever, instead of proving a weak type (p, p) estimate, we prove an L? and a weighted
L? estimate for Bf}. Precisely, we prove the following result.

Proposition 10.5.3. Let A > 0 and 0 < o < 1 +2A < n. Then there is a constant
C =C(a,A,n) such that

LB @PR*dx < [ 1P ax
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for all functions f € L*(R", |x|~%dx).
Assuming the result of Proposition 10.5.3, given p such that

2n

ISPSPT gy

choose o satisfying

O<n<l—2><a<l+21:n<l— 2).
V4 P

Then the maximal operator B? is bounded on L? and also on L?(|x|~“dx). Hence
the almost everywhere convergence of the family {BI% (f)}& holds on L? and also on
L?(|x|~%dx). Since 0 < & < n, we have

PSP+ L (x| 7%),

and thus B%(f) converges almost everywhere for functions f € LP(R"). See Exer-
cise 10.5.1 for this inclusion.

To prove Proposition 10.5.3, we decompose the multiplier (1 —|£|?)% as an in-
finite sum of smooth bumps supported in small concentric annuli in the interior of

the sphere |£] = 1 as we did in the proof of Theorem 10.2.4.

We pick a smooth function ¢ supported in [—;, ;] and a smooth function y

supported in [, 3] and with values in [0, 1] that satisfy
— 11—t
w(t)+2w( ok ) =1
k=0
forall £ € [0, 1). We decompose the multiplier (1 —|&|?)* as
(1= 187 =moo() + X, 27 mi(8), (10.5.7)
k=0

where moo(&) = @(|€])(1 — |&|*)*, and for k > 1, my is defined by
I=[EN\A (1—1[E]
m(@) = (", ) w( L)+t
Then we define maximal operators associated with the multipliers mgo and my,

() (x) = sup | (F(E)me(E/R))" (%)

R>0

for k > 0, and analogously we define S5'®. Using (10.5.7) we have

BX(f) < ST (f) + i 2K (7). (10.5.8)
k=0
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Since 53, $°, S¥'' and any finite number of them are pointwise controlled by the
Hardy-Littlewood maximal operator, which is bounded on L?(|x|*) whenever —n <
o < n (cf. Theorem 9.1.9 and Example 9.1.7), we focus attention on the remaining
terms.

We make a small change of notation. Thinking of 2% as roughly being & (pre-
cisely § = 27%73), for § < 1/10 we let m® (¢) be a smooth function supported in the
interval [1 —58,1 — 0] and taking values in the interval [0, 1] that satisfies

4

sup dﬁm5(z‘)‘ <5t (10.5.9)

1gzg2‘ [

forall £ € Z* U{0}. We define a related function

() = 51 ¢

5

which obviously satisfies estimates (10.5.9) with another constant @ in place of Cy.
Next we introduce the multiplier operators

SS(f)(x) = (F(EmP(t]E]) " (), S () = (FEme(t1ED)" (x),

and the L?(|x|~*)-bounded maximal multiplier operator

S2(f) =sup|S2(f),

t>0

as well as the continuous square functions

o= (e )’ o= (["gomry)

The operators S and S? are related. For f € L2(|x|~*) and ¢ > 0 we have

d
dt

S5 = 4, S5,

Indeed, this operator identity is obvious for Schwartz functions f by the Lebesgue
dominated convergence theorem, and thus it holds for f € L?(|x|~*) by density.

The quadratic operators G and G% make their appearance in the application of
the fundamental theorem of calculus in the following context:

S =2Re [ 83010 3 S3du= 2 Re [ 8310 U

u

which is valid for all functions f in L?(|x|~*) and almost all x € R". This identity
uses the fact that for almost all x € R” we have
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limS? (f)(x) =0 (10.5.10)

t—0

when f € L?(|x|~%). To see this, we observe that for Schwartz functions, (10.5.10)
is trivial by the Lebesgue dominated convergence theorem, while for general f in
L2(|x|~%) it is a consequence of Theorem 2.1.14, since S%(f) < Cs M(f), where M
is the Hardy-Littlewood maximal operator. Consequently,

du 2 ~
157 (f) / 152 (F) 1S5 () ()] = 3|G5(f)(X)||G‘3(f)(X)I
for all # > 0, for f € L?(|x|~*) and for almost all x € R". It follows that
EINTE: 26 =6
R (f)HLZ(\xra) =5 |G (f)HLZ(\xw) G (f)HH(\xra)’ (10.5.11)

and the asserted boundedness of % reduces to that of the continuous square func-
tions G® and G® on weighted L? spaces with suitable constants depending on 8.
The boundedness of G® on L?(|x|~%) is a consequence of the following lemma.

Lemma 10.5.4. For 0 < 6§ < 1/10and 0 < o < n we have

2 6 L dt dx 5 dx
S [ ISP G < Cuadatd) [ 1F0P G 0512

for all functions f in L*(|x|~%), where for € > 0, Ag(€) is defined by

g2¢ when 1 < o < n,
Ao(e) =< e(|loge|+1) whena =1, (10.5.13)
€ when 0 < o < 1.

Assuming the statement of the lemma, we conclude the proof of Proposition
10.5.3 as follows. We take a Schwartz function y such that W vanishes in a
neighborhood of the origin with Y(§) = 1 whenever 1/2 < || < 2 and we let
Woi (x) = 2%y (27K x). We make the observation that if 1 —58 <¢|&| < 1— & and
2k=1 <t <2k then 1/2 < 2k|&| < 2, since § < 1/10. This implies that (2K&) = 1
on the support of the function & — m® (¢|£]). Hence

SO(f) = S2 (wye % f)

whenever 28-1 <7 < 2K and Lemma 10.5.4 (in conjunction with Exercise 10.5.2)

yields
s ,dt dx 5 dx
S o 1P NP T (< Cuaald) [ s FOP 5

Summing over k € Z we obtain
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16 N7-e) = Cnata®)| (T 1ye s /1 )

keZ L3 (e

A randomization argument relates the weighted L?> norm of the square function to
the L? norm of a linear expression involving the Rademacher functions as in

(S, e 1)

keZ

= T dt,
L2<\X\°‘ /‘ke%k Wt 1) e

where r; denotes a renumbering of the Rademacher functions (Appendix C.1) in-
dexed by the entire set of integers. For each 7 € [0, 1] the operator

zrk (Wor * f)

keZ

is associated with a multiplier that satisfies Mihlin’s condition (5.2.10) uniformly in
t. It follows that M; is a singular integral operator bounded on all the L? spaces for
1 < p < o, and in view of Corollary 9.4.7, it is also bounded on Lz(w) whenever
w € Ay. Since the weight |x|~% is in A, whenever —n < a < n, it follows that M, is
bounded on L?(|x|~%) with a bound independent of ¢ > 0. We deduce that

162z IG° D2 -y < G ()21l 4

We now recall estimate (10.5.11) to obtain
Hsf(f)HLZ(‘x‘—a) < C/(n,Ot) (671A 1/ZHfHL2 (Jx]=%) *

Taking § = 27%73, recalling the value of Ay(8) from Lemma 10.5.4, and inserting
this estimate in (10.5.8), we deduce Proposition 10.5.3. We note that the condition
o < 1+ 2A is needed to make the series in (10.5.8) converge when 1 < o < n.

10.5.3 Estimates for Radial Multipliers

It remains to prove Lemma 10.5.4. Since all subsequent estimates concern linear
operators on weighted L? spaces, in the sequel we will be working with functions in
the Schwartz class, unless it is otherwise specified.

We reduce estimate (10.5.12) to an estimate for a single ¢ with the bound
Ay (6)/8, which is worse than Ay (8). The reduction to a single ¢ is achieved via
duality. Estimate (10.5.12) says that the operator f — {S®(f)}i<;<> is bounded
from L2(R", |x|~%dx) to L*(L*(*'),|x|~%dx). The dual statement of this fact is that
the operator

2 dr
lahaza— [ 80(s)
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maps L?(L*(“"), |x|*dx) to L*(R", |x|%dx). Here we use the fact that the operators S;

are self-transpose and self-adjoint, since they have real and radial multipliers. Thus
estimate (10.5.12) is equivalent to

/ / 56 gl
Rn

which by Plancherel’s theorem is also equivalent to

/” @%(/12m5(t|-|)§z(-)it>(§) dE < CpoAa(d //}92 2dt g

Here B4 |
Dy ) ()2 2
Aww=| [17 7 o]

o 2 2dt | g
|x| dx < CyoAdl )/R/l a0 [ [W%ax, (105.149)

where D, (f)(x) = f(x+y) — f(x) is the difference operator encountered in Section

6.3 and D’y‘ =Dyo---0Dy (k times). The operator 2B obeys the identity (see Exercise
6.3.9)

|9P @) = <ol B) [ 1) P .

Using the definition of 2%/ we write

25 ([nternao )] = [,

If the inner integrand on the right is nonzero, expressing Dly<+1 asin (6.3.2) and using

2
[ o weaaen@ Y| Al

the support properties of m®, we obtain that 1 — 58 < t|E +sn| < 1 — & for some
s €4{0,1,...,[0r/2] 4 1}; thus for each such s, 7 belongs to an interval of length
48|E +sn|71 <461(1-58)"". Since r <2 and § < 1/10, it follows that ¢ lies in a
set of measure at most 2([cr/2] 4+ 2)0. The Cauchy—Schwarz inequality then yields

25 ([neu-va0 )@

2
s, ]
R" J1

In view of the preceding reduction, we deduce that (10.5.14) is a consequence of

2dt dn
tnjrre”

D (1] & () (€)

2
| md(e]- &) () ‘ﬁ’m‘fladé
<anA(x /n/ |@ 2dt de

which can also be written as
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2

t

592 2t D&i()(6)

n

This estimate is a consequence of

/ zdé < Cn,aAa(S)/

cq¢ O
for all # € [1,2]. A simple dilation argument reduces (10.5.15) to the single estimate

A

which is equivalent to
2 Cro A 1) 2
[ 1530 @ a4 [ g e ax
R” Co 0 R"

and also equivalent to

e

by duality. We have now reduced estimate (10.5.12) to (10.5.17).

We denote by K 8 (x) the kernel of the operator 55, i.e., the inverse Fourier trans-
form of the multiplier m® (|€|). Certainly K? is a radial kernel on R”, and it is con-
venient to decompose it radially as

[02

2%(@) ()7 dE  (105.15)

2% (m®(t] - )& () (&)

2% (m® (- &) (&) dé<c”:‘A°‘ /\@ &)[Pde, (105.16)

) dx (10.5.17)

e[

ST (f) ()]

2 d.x <Cn7aAa(6)/

x| = ¢cq O

5 28 . N pd
K° =K§+ Y K¢,
=1

where K¢ (x) = K° (x)¢(6x) and K? (x) = K® (x) (¢(27/6x) — ¢(2' 7/ 6x)), for some

radial smooth function ¢ supported in the ball B(0,2) and equal to one on B(0, 1).
To prove estimate (10.5.17) we make use of the subsequent lemmas.

Lemma 10.5.5. For all M > 2n there is a constant Cyy = Cy(n, @) such that for all
j=0,1,2,... we have

sup |K5(§)| <Ccy2M (10.5.18)
EcR? !

and also e
K3(E)] < G2 UHIM (10.5.19)

whenever | |E| — 1| > 2k and k > 4. Also
K (&) < Cu2~ M sM (1 + &)™ (10.5.20)

whenever |E| < 1/8 or |E] > 15/8.
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Lemma 10.5.6. Let 0 < o < n. Then there is a constant C(n, ) such that for all
Schwartz functions f and all € > 0 we have

/ \F(E)Pae SC(n,a)sa”Aa(s)/ |f(x)[? x| %dx (10.5.21)
€| -1]<e R

and also for M > 2n there is a constant Cy(n, @) such that

1
(1+1EN

Assuming Lemmas 10.5.5 and 10.5.6 we prove estimate (10.5.17) as follows.
Using Plancherel’s theorem we write

IF(E) dé SCM(n,a)/ |£(x) % |x|%dx. (10.5.22)
R” R”

KD <) (0Pdx = [ K2E)PIFE)PdE <1+114111,

Rl‘l
where
= K3 () PIF(E) e,
[N
llogy 1567 1]+1 N
= K¢ 2 7(EVd ’
—4 /2"6<H5‘ 1‘<2k+15| j(€)| |f(€)| 5

5 2
= dg .
/m s KT P
Using (10.5.20) and (10.5.22) we obtain that
1< G2 MM [ 1002 .
RV!

In view of (10.5.19) and (10.5.21) we have
[logy 6 1]+1
< S Clna)(218)% 14,281 5)2 Mok / (0 x| %dx
k=4
< Gl )2 6% 146(8) [ £ 1x%dx.
Rl'l
Finally, (10.5.18) and (10.5.21) yield
I < Cly(n, )2 M 891 4,(5) / ()2 x| %l
Rl'l

Summing the estimates for 7, I1, and I1] we deduce

1D« )P < Cun, 002 M6% 44 (8) [ 1700
R” R
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By duality, this estimate can be written as

dx
Al

Given a Schwartz function f, we write fo = fx0,, where Qo is a cube centered at
the origin of side length C2//§ for some C to be chosen. Then for x € Qy we have
|x] < C+/n2’/8, hence

LIS NWP &% < Cun,a)2 M5 44(8) [ 17@Pax.  (10523)

. " (n oa—1 o x
g & < SO (BN g ¢

[

— O (n, )it Aa(d) / AR P (10524)
0 Qo |x|oc

Now write R"\ Qp as a mesh of cubes Q;, indexed by i € Z\ {0}, of side lengths
2/2/§ and centers cg,. Since Kf is supported in a ball of radius 2/ /8§, if f; is

supported in Q;, then f; * KJ‘.S is supported in the cube 24/nQ;. If the constant C is
large enough, say C > 1000n, then for x € Q; and ¥’ € 2,/n Q; we have

il = g = ¥

which says that the moduli of x and x” are comparable in the following inequality:

dx' dx
/zx/nQ‘|(Kf*ﬁ)(x’)|2| o S C2” /M/ i) 2 e (10.5.25)
Thus (10.5.25) is a consequence of
L A& pPaY <cu2 M [ [fiwPar, (10.5.26)
2\/nQ,’ Qi

which is certainly satisfied, as seen by applying Plancherel’s theorem and using
(10.5.18). Since for 6 < 1/10 we have A¢(8)/6 > 1, it follows that

dx A dx
[ O R@P < G2 al / A (10.5.27)

whenever f; is supported in Q;. We now pick M = 2n and we recall that oc < n. We
have now proved that

o, £ 2 dx 1 —jn AOC(S) ) 2 dx
Jo JF =A@ G < a5 |17

for functions f; supported in Q;.
Given a general f in the Schwartz class, write

=Y where  fi= fxo,-

i€Z



416 10 Boundedness and Convergence of Fourier Integrals

Then

HKJ('S*fHZ(\xra) < 2||KJ§*fOHZ(\xra)+2H§6K}S*ﬁui2(\xra)

2 2
= 2||K;§*fOHLz(\xra)+2Cn§6HKf*ﬁHL2(\xra)
L

Ao (8)

< C”’(n,a)zijn s [HfoHiz(xa)+§6HfiHiz(xa)}

nAa(8
_ C///(n,a)2_jn oc5( ) Hf”]zﬁ(\x\*a)a

where we used the bounded overlap of the family {K; * f;};o in the second dis-
played inequality (cf. Exercise 10.4.4). Taking square roots and summing over
j=0,1,2,..., we deduce (10.5.17).

We now address the proof of Lemma 10.5.5, which was left open.

Proof. For the purposes of this proof we set y/(x) = ¢(x) — ¢(2x). Then the inverse
Fourier transform of the function x — (277 8x) is & + 2/1§ ="y (2/E /§). Convolv-
ing the latter with the function & — m®(|&|), we obtain Kf(&) We may therefore
write for j > 1,

o~

K3(E) = [ mP(E =27 8n)i(nyan, (10.5.28)

while for j = 0 an analogous formula holds with ¢ in place of y. Since |m5| <
1, (10.5.18) follows easily when j = 0. For j > 1 we expand the function & —
m®(|& —27/8n]) in a Taylor series and we make use of the fact that i has vanishing
moments of all orders to obtain

K@< [ 3 Marmd (Dl s wm)ldn
"yl=m ¥
p=m

< cns 82 [ M fpnlan.

This proves (10.5.18).
We turn now to the proof of (10.5.19). Suppose that ||| — 1| > 2% and k > 4.
Then for |&| < 1, recalling that m® is supported in [1 — 58,1 — §], we write

2778m| > [E—2778n| — |€] > (1-58) — (1-2"8) > 215,
since k > 4. For |£| > 1 we have
2778n| > |&| - |E—2778n| > (1+2%8) — (1—§) > 2%5.

In either case we conclude that |1| > 2%+/=! and using (10.5.28) we deduce

KIOI< [ ()ldn < G2 U

[n|>2k+i-1
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The proof of (10.5.20) is similar. Since |§ —2778n| > 158 > 1/2,if || < 1/8,
it follows that [27/6n| > 1/4. Likewise, if |&| > 15/8, then [277/6n| > || — 1 >
|E|/4. These estimates imply

iy 1 1
2798mI 2 (1 +IE) = [nl 22/ o (14 &)

in the support of the integral in (10.5.28). It follows that
SIGIEY . [m)]dn < G2 MEM(1 4 ¢]) M
! In|=2/3(1+(¢))/
whenever |£| < 1/8 or || > 15/8. O
We finish with the proof of Lemma 10.5.6, which had been left open.

Proof. We reduce estimate (10.5.21) by duality to

5 2 dé n o—1 X 2 X
[JEOIP h, < Clnae aate) [ | lePa

for functions g supported in the annulus ||x| — 1| < €. Using that (|]&]7*)(x) =
Cnox| %" (cf. Theorem 2.4.6), we write

dg

N2
[JEOP e,

e~ 1
= [ BORE) g a8
= o @) e, ax

= [ @ o,
R’ Al

~ Cna
- g(x)gly), T, dxdy
/H}’\*I\SS/\‘\X\fl\gg |x — y|r—e
2
S B(l’l,a) ||g||L2’

where g(x) = g(—x) and

Cn,o
B(n,o0) = sup / o dy.
x|—1|<e /| b1 —1]<e |y —x["~¢

The last inequality is proved by interpolating between the L' — L! and L™ — L~
estimates with bound B(n, o) for the linear operator

L)) = [ g0, "o dy.

n |X — y|n—OC
It remains to establish that

B(n,a) < C(n,a)e* 'Agle).
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Applying a rotation and a change of variables, matters reduce to proving that

sup / e gy < C(n, 0)e Aa(e),
| x|—1]<e | |

[y—Ixler|~1]<e ¥

where e; = (1,0,...,0). This, in turn, is a consequence of

/b —e|—1]<2¢ |)’|” « Yo dy < Cln0)e Ale), (10.5.29)
1

since ||y —ej|x|| — 1] < € and ||x| — 1] < € imply ||y —e;| — 1| < 2¢&. In proving
(10.5.29), it suffices to assume that € < 1/100; otherwise, the left-hand side of
(10.5.29) is bounded from above by a constant, and the right-hand side of (10.5.29)
is bounded from below by another constant. The region of integration in (10.5.29)
is a ring centered at e; and width 4. We estimate the integral in (10.5.29) by the
sum of the integrals of the function ¢, ¢|y|* ™" over the sets

SO:{yeRn: |y|§£7 ||y—€1|—1|§28},
Se={yeR": te<y[<({+1)e, [ly—e|—1]<2e},
Se={yeR": =1, [y—el-1]<2e},

where { =1,..., [;] + 1. The volume of each S, is comparable to
e[(L+1)e) " —(Le)" ] meme" 2.

Consequently,

" d € pn-l Oy
/ Y < wn—l/ dr=" : e,
e SOty e

whereas
2/e enpn— 2 2/e

Z/S|y|na—naz noc— aZgZoc'

Finally, the volume of S.. is about &; hence

' dy 7
| g <151 < Clae

Combining these estimates, we obtain
2/e

Cn.o 1
" ody <G [8 +e% s},
/\y—ew—usze [yfr-e &= 282 “

and it is an easy matter to check that the expression inside the square brackets is at
most a constant multiple of ¥~ A4 (¢).

We now turn attention to (10.5.22). Switching the roles of f and f, we rewrite
(10.5.22) as
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WP o) [ (BTG
dx < Cy(n,o —A)4 d
/Rn (14 M “* = mma) | 1(=4)4 ()" dE
— Cyma) [ 1(-2) ¢ (1) (0)Pdx,

n

recalling the Laplacian introduced in (6.1.1). This estimate can also be restated in
terms of the Riesz potential operator I, /, = (—A)~%/* as follows:

/ [ 2(8) (x)?

(14 )M dewa(n,a)/Rn g(x)[* dx. (10.5.30)

To show this, we use Holder’s inequality with exponents ¢/2 and n/a, where g > 2
satisfies

Then we have

Lo /2(8) () dx a
o e 4= (e bep) Vo

< Cl’w(n,a)HgH;(R")

in view of Theorem 6.1.3 and since M > n and o < n. This finishes the proof of the
lemma. g

Exercises

10.5.1. Let 0 < r < p <eoand n(1— 1) < <n. Show that L”(R") is contained in
L' (R") 4 L"(R",|x|7B).

[Hint.' Write f = f1 + f», where f] = f%m>1 and fp, = f}ﬂf\gl }

10.5.2. (a) With the notation of Lemma 10.5.4, use dilations to show that the esti-

mate ) & d d
S ) t X / 7 ax
<
o s Py < [ R 4
implies
2a dt dx dx
0 2 2
<
/R”/a |SI (f)(x)| t |.X|a —CO /R" |f(x)| |X|a

for any @ > 0 and f in the Schwartz class.
(b) Using dilations also show that (10.5.16) implies (10.5.15).

10.5.3. Let /& be a Schwartz function on R”. Prove that

1

/ h(x)dx_>2|s"—1|/ h(6)d6
& Jlnj-1<e g
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as € — 0. Use Lemma 10.5.6 to show that for 1 < o < n we have

L F@)de <clne [ 170" ax.
St R

n

10.5.4. Let w € A>. Assume that the ball multiplier operator BY(f) = (fxB(()J))V
satisfies

| Bl dx < o [ 1) i)

for all f € L*(w). Prove the same estimate for () = supycz [BY, (f)|.

[Hint: Argue as in the proof of Theorem 5.3.1. Pick a smooth function with
compact support @ equal to one on B(0,1) and vanishing in B(0,2) and define

P(&) = B(&) — D(28). Then xp(0.1) (P(E) — P(28)) = Ap(0.1) — P(28); hence

B) < supl@yx fl+ (T 1B ()~ Pywon = )

keZ

< CoM(f)+ (X 1By (f < #0P)°

keZ
and show that each term is bounded on L?(w).]

10.5.5. Show that the Bochner—Riesz operator B* does not map L”(R") to L"*(R")
when A = ”51 — ;’, and 2 < p < . Derive the same conclusion for B?.

[Hint: Suppose the contrary. Then by duality it would follow that B* maps L”*! (R")
to LP(R") when I <p <2and A = — "#1. To contradict this statement test the
operator on a Schwartz function whose Fourier transform is equal to 1 on the unit
ball and argue as in Proposition 10.2.3.}

HISTORICAL NOTES

The geometric construction in Section 10.1 is based on ideas of Besicovitch, who used a similar
construction to answer the following question posed in 1917 by the Japanese mathematician S.
Kakeya: What is the smallest possible area of the trace of ink left on a piece of paper by an
ink-covered needle of unit length when the positions of its two ends are reversed? This problem
puzzled mathematicians for several decades until Besicovitch [22] showed that for any € > 0 there
is a way to move the needle so that the total area of the blot of ink left on the paper is smaller than
€. Fefferman [125] borrowed ideas from the construction of Besicovitch to provide the negative
answer to the multiplier problem to the ball for p # 2 (Theorem 10.1.5). Prior to Fefferman’s
work, the fact that the characteristic function of the unit ball is not a multiplier on L”(R") for
| L - ; | > 21n was pointed out by Herz [163], who also showed that this limitation is not necessary
when this operator is restricted to radial L functions. The crucial Lemma 10.1.4 in Fefferman’s
proof is due to Y. Meyer.

The study of Bochner—Riesz means originated in the article of Bochner [27], who obtained
their L? boundedness for A > ";1. Stein [287] improved this result to A > ”;1 | 11) - é\ using
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interpolation for analytic families of operators. Theorem 10.2.4 was first proved by Carleson and
Sjolin [58]. A second proof of this theorem was given by Fefferman [127]. A third proof was
given by Hormander [167]. The proof of Theorem 10.2.4 given in the text is due Cérdoba [90].
This proof elaborated the use of the Kakeya maximal function in the study of spherical summation
multipliers, which was implicitly pioneered in Fefferman [127]. The boundedness of the Kakeya
maximal function %y on L?(R?) with norm C(logN)? was first obtained by Cérdoba [89]. The
sharp estimate Clog N was later obtained by Stromberg [296]. The proof of Theorem 10.3.5 is
taken from this article of Stromberg. Another proof of the boundedness of the Kakeya maximal
function without dilations on L2 (Rz) was obtained by Miiller [240]. Barrionuevo [17] showed that
for any subset X of S! with N elements the maximal operator My maps L*>(R?) to itself with

norm CN21°eM) ™" for some absolute constant C. Note that this bound is O(N¥) for any € > 0.
Katz [183] improved this bound to Clog N for some absolute constant C; see also Katz [184]. The
latter is a sharp bound, as indicated in Proposition 10.3.4. Katz [182] also showed that the maximal
operator MMk associated with a set of unit vectors pointing along a Cantor set K of directions is
unbounded on L?(R?). If X is an infinite set of vectors in S' pointing in lacunary directions, then
Mis was studied by Stromberg [295], Cérdoba and Fefferman [93], and Nagel, Stein, and Wainger
[244]. The last authors obtained its L” boundedness for all 1 < p < e. Theorem 10.2.7 was first
proved by Carleson [56]. For a short account on extensions of this theorem, the reader may consult
the historical notes at the end of Chapter 5.

The idea of restriction theorems for the Fourier transform originated in the work of E. M. Stein
around 1967. Stein’s original restriction result was published in the article of Fefferman [123],
which was the first to point out connections between restriction theorems and boundedness of the
Bochner—Riesz means. The full restriction theorem for the circle (Theorem 10.4.7 for p < ‘3‘) is due
to Fefferman and Stein and was published in the aforementioned article of Fefferman [123]. See
also the related article of Zygmund [340]. The present proof of Theorem 10.4.7 is based in that of
Coérdoba [91]. This proof was further elaborated by Tomas [314], who pointed out the logarithmic
blowup when p = g for the corresponding restriction problem for annuli. The result in Example
10.4.4 is also due to Fefferman and Stein and was initially proved using arguments from spherical

harmonics. The simple proof presented here was observed by A. W. Knapp. The restriction property
in Theorem 10.4.5 for p < /! is due to Tomas [313], while the case p = )
[291]. Theorem 10.4.6 was first proved by Fefferman [123] for the smaller range of A > ”;1 using

the restriction property R, (S"~!) for p < 3:":’_1 . The fact that the R,,_,> (S"~!) restriction property

is due to Stein

(for p < 2) implies the boundedness of the Bochner—Riesz operator B* on L”(R") is contained in
the work of Fefferman [123]. A simpler proof of this fact, obtained later by E. M. Stein, appeared in
the subsequent article of Fefferman [127]. This proof is given in Theorem 10.4.6, incorporating the
Tomas—Stein restriction property R,_>(S"~!) for p < 2(”"1'3” . It should be noted that the case n =3
of this theorem was first obtained in unpublished work of Sjélin. For a short exposition and history
of this material consult the book of Davis and Chang [106]. Much of the material in Sections 10.2,
10.3, and 10.4 is based on the notes of Vargas [322].

There is an extensive literature on restriction theorems for submanifolds of R". It is noteworthy
to mention (in chronological order) the results of Strichartz [294], Prestini [267], Greenleaf [155],
Christ [62], Drury [112], Barcel6 [15], [16], Drury and Marshall [114], [115], Beckner, Carbery,
Semmes, and Soria [18], Drury and Guo [113], De Carli and Iosevich [107], [108], Sj6lin and Soria
[284], Oberlin [250], Wolff [337], and Tao [306].

The boundedness of the Bochner—Riesz operators on the range excluded by Proposition 10.2.3
implies that the restriction property R), .4 (8" is valid when (11 = Zﬂ 1}, and 1 <p < nzfl , as
shown by Tao [305]; in this article a hierarchy of conjectures in harmonic analysis and interrela-
tions among them is discussed. In particular, the aforementioned restriction property would imply
estimate (10.3.33) for the Kakeya maximal operator .#y on R”, which would in turn imply that
Besicovitch sets have Minkowski dimension n. (A Besicovitch set is defined as a subset of R” that
contains a unit line segment in every direction.) Katz, Laba, and Tao [185] have obtained good
estimates on the Minkowski dimension of such sets in R3.
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A general sieve argument obtained by Cérdoba [89] reduces the boundedness of the Kakeya
maximal operator J#y to the one without dilations .. For applications to the Bochner—Riesz
multiplier problem, only the latter is needed. Carbery, Herndndez, and Soria [51] have proved
estimate (10.3.31) for radial functions in all dimensions. Igari [175] proved estimate (10.3.32) for
products of one-variable functions of each coordinate. The norm estimates in Corollary 10.3.7
can be reversed, as shown by Keich [187] for p > 2. The corresponding estimate for 1 < p < 2

in the same corollary can be improved to N 12’71. Coérdoba [90] proved the partial case p <2 of
Theorem 10.3.10 on R”. This range was extended by Drury [111] to p < :f{ using estimates
for the x-ray transform. Theorem 10.3.10 (i.e., the further extension to p < ”;’1 ) is due to Christ,
Duoandikoetxea, and Rubio de Francia [68], and its original proof also used estimates for the x-ray
transform; the proof of Theorem 10.3.10 given in the text is derived from that in Bourgain [29].
This article brought a breakthrough in many of the previous topics. In particular, Bourgain [29]
showed that the Kakeya maximal operator %y maps L?(R") to itself with bound CcN 1€ for
all € > 0 and some p, > ”;1 . He also showed that the range of p’s in Theorem 10.4.5 is not sharp,

(n+1)
n+3

. . P —1 . .
10.4.6 is not sharp, since there exist indices A,, < 2('; +1) for which the Bochner—Riesz operators are

since there exist indices p = p(n) > 2 for which property R,,_,,(S"~!) holds, and that Theorem

bounded on L”(R") in the optimal range of p’s when A > A,,. Improvements on these indices were
subsequently obtained by Bourgain [30], [31]. Some of Bourgain’s results in R? were re-proved
by Schlag [279] using different geometric methods. Wolff [335] showed that the Kakeya maximal
operator .#y maps L”(R") to itself with bound C;N P 1€ for any € > 0 whenever p < ”*2'2. In
higher dimensions, this range of p’s was later extended by Bourgain [32] to p < (14-¢)7 for some
dimension-free positive constant €. When n = 3, further improvements on the restriction and the
Kakeya conjectures were obtained by Tao, Vargas, and Vega [308]. For further historical advances
in the subject the reader is referred to the survey articles of Wolff [336] and Katz and Tao [186].
Regarding the almost everywhere convergence of the Bochner—Riesz means, Carbery [50] has
shown that the maximal operator B*(f) = supg.q |Bx(f)] is bounded on L”(R?) when A > 0 and
2<p< 1:‘2 4 » obtaining the convergence Bﬁ (f) — £ almost everywhere for f € L”(R?). Forn > 3,

2<p< nilzfm ,and A > 2(’;;11 the same result was obtained by Christ [63]. Theorem 10.5.2 is due
to Carbery, Rubio de Francia, and Vega [52]. Theorem 10.5.1 is contained in Tao [304]. Tao [307]
also obtained boundedness for the maximal Bochner—Riesz operators B} on L”(R?) whenever

1 < p < 2 for an open range of pairs (L,l) that lie below the line A = ;(11) - ;)
On the critical line A = ; — ”;l , boundedness into weak L? for the Bochner—Riesz operators

is possible in the range 1 < p < nzfl . Christ [65], [64] first obtained such results for 1 < p < 23’:31)

in all dimensions. The point p = 2(:Ll) was later included by Tao [303]. In two dimensions, weak
boundedness for the full range of indices was shown by Seeger [280]; in all dimensions the same
conclusion was obtained by Colzani, Travaglini, and Vignati [87] for radial functions. Tao [304]
has obtained a general argument that yields weak endpoint bounds for B} whenever strong type

bounds are known above the critical line.





