Chapter 6
Smoothness and Function Spaces

In this chapter we study differentiability and smoothness of functions. There are
several ways to interpret smoothness and numerous ways to describe it and quantify
it. A fundamental fact is that smoothness can be measured and fine-tuned using
the Fourier transform, and this point of view is of great importance. In fact, the
investigation of the subject is based on this point. It is not surprising, therefore, that
Littlewood—Paley theory plays a crucial and deep role in this study.

Certain spaces of functions are introduced to serve the purpose of measuring
smoothness. The main function spaces we study are Lipschitz, Sobolev, and Hardy
spaces, although the latter measure smoothness within the realm of rough distri-
butions. Hardy spaces also serve as a substitute for L” when p < 1. We also take
a quick look at Besov—Lipschitz and Triebel-Lizorkin spaces, which provide an
appropriate framework that unifies the scope and breadth of the subject. One of
the main achievements of this chapter is the characterization of these spaces us-
ing Littlewood—Paley theory. Another major accomplishment of this chapter is
the atomic characterization of these function spaces. This is obtained from the
Littlewood—Paley characterization of these spaces in a single way for all of them.

Before one embarks on a study of function spaces, it is important to under-
stand differentiability and smoothness in terms of the Fourier transform. This can
be achieved using the Laplacian and the potential operators and is discussed in the
first section.

6.1 Riesz Potentials, Bessel Potentials, and Fractional Integrals

Recall the Laplacian operator
A=0}+-+37,

which may act on functions or tempered distributions. The Fourier transform of
a Schwartz function (or even a tempered distribution f) satisfies the following
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identity: .
—A(f)(&) =4m*|ELF(E).

Motivated by this identity, we replace the exponent 2 by a complex exponent z and
we define (—A)z/ 2 as the operator given by the multiplication with the function
(27|€1)? on the Fourier transform. More precisely, for z € C and Schwartz functions
f we define

(=8)72(f)(x) = (ml&]) (€)Y (x).- (6.1.1)

Roughly speaking, the operator (—A)Z/ 2 is acting as a derivative of order z if z is
a positive integer. If z is a complex number with real part less than —n, then the
function |&|? is not locally integrable on R” and so (6.1.1) may not be well defined.
For this reason, whenever we write (6.1.1), we assume that either Rez > —n or
Rez < —n and that f vanishes to sufficiently high order at the origin so that the

expression |E|2f (&) is locally integrable. Note that the family of operators (—A)?
satisfies the semigroup property

(—A(=A) = (=A),  forallzwe C,

when acting on spaces of suitable functions.
The operator (—A)Z/ 2 is given by convolution with the inverse Fourier transform
of (27)*|€ . Theorem 2.4.6 gives that this inverse Fourier transform is equal to

73 F(n-zi-z)

2r) (6] (X)=(27r)znz;n r) [ = (6.1.2)

The expression in (6.1.2) is in L} .(R") only when —Rez —n > —n, that is when
Rez < 0. In general, (6.1.2) is a distribution. Thus only in the range —n < Rez < 0
are both the function |£|° and its inverse Fourier transform locally integrable

functions.

6.1.1 Riesz Potentials

When z is a negative real number, the operation f — (—A)¥2(f) is not really “dif-
ferentiating” f, but “integrating” it instead. For this reason, we introduce a slightly
different notation in this case by replacing z by —s.

Definition 6.1.1. Let s be a complex number with Res > 0. The Riesz potential of
order s is the operator
L= (—A)"2

Using identity (6.1.2), we see that [ is actually given in the form

—s _gr(nfs) —n+s
WO =27m L by,
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and the integral is convergent if f is a function in the Schwartz class.

We begin with a simple, yet interesting, remark concerning the homogeneity of
the operator ;.

Remark 6.1.2. Suppose that for s real we had an estimate

[15£| oy < C(p>m,5)]|f]

) (6.1.3)

for some positive indices p,q and all f € L?(R"). Then p and ¢ must be related by
- = . (6.1.4)

This follows by applying (6.1.3) to the dilation 6%(f)(x) = f(ax) of the function
f, a >0, in lieu of f, for some fixed f, say f(x) = eI, Indeed, replacing f by
6%(f) in (6.1.3) and carrying out some algebraic manipulations using the identity

L(89(f)) = a—*8(I,(f)), we obtain

a0 ()| ey < € @508 2| £ oy (6.1.5)
Suppose now that 11, > ; + 7. Then we can write (6.1.5) as
s oy < €55 6.16)

and let ¢ — oo to obtain that I;(f) = 0, a contradiction. Similarly, if 11, < ; +7, we
could write (6.1.5) as

aatr ||1s(f)||Lq(R") < Cp-g.n.9)| |

L (RY) 6.1.7)
and let a — 0 to obtain that H f H L = again a contradiction. It follows that (6.1.4)
must necessarily hold.

We conclude that the homogeneity (or dilation structure) of an operator dictates
a relationship on the indices p and g for which it (may) map L? to L9.

As we saw in Remark 6.1.2, if the Riesz potentials map L” to L? for some p,q,
then we must have g > p. Such operators that improve the integrability of a function
are called smoothing. The importance of the Riesz potentials lies in the fact that
they are indeed smoothing operators. This is the essence of the Hardy—Littlewood—
Sobolev theorem on fractional integration, which we now formulate and prove.

Theorem 6.1.3. Let s be a real number with 0 < s < nand let 1 < p < g < o satisfy
(6.1.4). Then there exist constants C(n,s,p) < e such that for all f in L?(R") we
have

10| 10 < Clnys,p)]| f]

when p > 1, and also Hls(f)HLq»m < C(n,s)HfHLl when p = 1.

Lr
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We note that the L” — L?* estimate in Theorem 6.1.3 is a consequence of The-
orem 1.2.13, for the kernel |x|~""* of I lies in the space L™ when r = nfs, and
(1.2.15) is satisfied for this r. Applying Theorem 1.4.19, we obtain the required
conclusion. Nevertheless, for the sake of the exposition, we choose to give another

self-contained proof of Theorem 6.1.3.

Proof. We begin by observing that the function I;(f) is well defined whenever f
is bounded and has some decay at infinity. This makes the operator I; well defined
on a dense subclass of all the L? spaces with p < e. Second, we may assume that
£ 20, since |(f)] < (| f1).

Under these assumptions we write the convolution

[ FE=)bE T dy = (1)) + (1))

where, in the spirit of interpolation, J; and J, are defined by

BN = [ Feht

D (f)x) = ‘y‘>Rf(x—y)|y|“"”dy,

for some R to be determined later. Observe that J; is given by convolution with the
function [y|~"** Y, <g(v), which is radial, integrable, and symmetrically decreasing
about the origin. It follows from Theorem 2.1.10 that

J(F)() < M(f)() /H bl dy = T RM() ), 6.18)

where M is the Hardy-Littlewood maximal function. Now Holder’s inequality gives

that
(/o "*‘ﬂdy) I
>R
= () wls

and note that this estimate is also valid when p = 1 (in which case g = f ;)» provided

M2 () ()]

IN

LP(R)
(6.1.9)

Lr (R”

1
the L' norm is interpreted as the L™ norm and the constant (qp” ! ) " is replaced
by 1. Combining (6.1.8) and (6.1.9), we obtain that

L(f)(x) < Cpy p (RM(F)(x) + R 4||f]

) (6.1.10)

for all R > 0. A constant multiple of the quantity

(M) ()"
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minimizes the expression on the right in (6.1.10). This choice of R yields the esti-
mate

L(f)(X) < s p MCF) (@)% | ]| 15 6.1.11)

The required inequality for p > 1 follows by raising to the power ¢, integrating over
R”, and using the boundedness of the Hardy-Littlewood maximal operator M on
LP(R"). The case p=1, ¢ = " also follows from (6.1.11) by the weak type (1,1)
property of M. Indeed,

n

2 ns
’{M(f) > (Cn,s,IHf 21) }‘
(S,

- C(n,s)(Hf)”Ll)”nS.

We now give an alternative proof of the case p = 1 that corresponds to g =

{CusaM ()" || £]|7: > 2}

f

IN

n
n—s’

Without loss of generality we may assume that f > 0 has L' norm 1. Once this case
is proved, the general case follows by scaling. Observe that

/Rnf(x—y)lyls‘"dyg ZzU‘”(H)/ flx—y)dy. (6.1.12)

j€z ly|<2/

Let E; = {x: L(f)(x) > A}. Then

1
3 B

1 —n
= /1/ / V[ f(x—y)dydx
El Rn
< [z [ e y)dvas
A Ey jez

|EA|

IN

y| <2/
1 ji—1)(s—n
JEZ Ey Jy|<2 6.1.13)
LS 51 1 n h
<, v min(|E; |,v,2/")
A jez
_ i T ol Ea|+;f Y Ui
27> |Ey | 2|y n

IN

C s—n s
;L(|EA| |Ey |+ |Ep ")

2C s
= Eqln.
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It follows that |Ey|"»" < zf, which implies the weak type (1, " ) estimate for I.
Here C is a constant that depends on n and s. 0

6.1.2 Bessel Potentials

While the behavior of the kernels |x| "5 as |x| — 0 is well suited to their smooth-
ing properties, their decay as |x| — o gets worse as s increases. We can slightly
adjust the Riesz potentials so that we maintain their essential behavior near zero but
achieve exponential decay at infinity. The simplest way to achieve this is by replac-
ing the “nonnegative” operator —A by the “strictly positive” operator / — A. Here
the terms nonnegative and strictly positive, as one may have surmised, refer to the
Fourier multipliers of these operators.

Definition 6.1.4. Let s be a complex number with 0 < Re s < eo. The Bessel potential

of order s is the operator
f? = (I_A)_S/zv

whose action on functions is given by

() =(FG,)" = f*Gy,

where
Go(x) = ((1+47%E) ™) (x).

Let us see why this adjustment yields exponential decay for Gy at infinity.

Proposition 6.1.5. Let s > 0. Then Gy is a smooth function on R"\ {0} that sat-
isfies Gs(x) > 0 for all x € R". Moreover, there exist positive finite constants
C(s,n),c(s,n),Cs, such that

Gs(x) <C(s,n)e” I;I7 when |x| > 2, (6.1.14)

and such that

< < h <2,
clom) = Hy(x) S c(s,n), when |x| <

where H; is equal to

[X[S7" + 1T+ O(|x]*"2)  for0<s<n,
H(x) = | log ‘)2(‘ +14+0(]xP) fors=n,
1+ 0(|x]*™") fors>n,

and O(t) is a function with the property |O(t)| < Cy ,|t| for 0 <t < 4.
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Proof. For A,s > 0 we have the gamma function identity

s 1 bl s dt
A2 = / e
F(;) 0 t

which we use to obtain

K 1 *° 2 s dt
| am2IER) 3 — / —t g—nl2ym 5 4t
(ramlefy i = ) [Tee ,

Note that the previous integral converges at both ends. Now take the inverse Fourier

. . 2. . .
transform in & and use the fact that the function e el is equal to its Fourier trans-
form (Example 2.2.9) to obtain

Gs(x) =

—n oo X2 s—n
(2ym) / o=t dt
re) t
This proves that G(x) > 0 for all x € R” and that G is smooth on R"\ {0}. Now

2 2
suppose |x| > 2. Then ¢ + ‘Z‘z >t+ | andalsot+ ‘Z‘t > |x|. This implies that

W21

T ST T

from which it follows that when |x| > 2,

2v/m) " ® r 1 s—n dt A _ lal
|Gs(x)] < ( 1{(5)) </0 e 2e 2t t)e 2 =Cspe 2.
This proves (6.1.14).

Suppose now that |x| < 2. Write G,(x) = G! (x) + G?(x) + G3(x), where

“n 2 2 ,
1 @2y/m)™ (R kR dt
G, (x) = re) /0 e e ()2 p
= |X|S_n (2\/7[)_" /1 g—t\x\ze_ﬂfrtbsn i )
ra) Jo t
2 (2\/77: )_n /4 —t - |Z|2 s—n dl
- t 2
Gs(x) F(;) Mze e ; ,
3 2ym)T” /°° o P e d
Gs ('x) - F(%) A e ‘e 4t ;e

In G! we have e~ = 1+ O(¢|x]?), since |x|> < 4; thus we can write

—-n 1 s—n dl‘ 10) s—n+2 1 o
Gsl(x) - |x|an( V) / e*41rt 5 ; n (|x| )/ .
0

2 s s e 4t 2 dt
rQ) rQ)

= Coul "+ O(x ) as |x[ — 0.
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17 2
Since 0 < I ‘ and0<t<41nG2 wehavee™ 4 <e '~ 4 <1;thusas|x] -0
we obtain
2 s—n 2.cfn+l
2 4 dt W= T fors <n,
G;(x) =~ i ={2log 2 for s = n,
§ |x|2 t ||
Joostl 2 xS for s > n.

2
Finally, we have e h<e o < 1in G?, which yields that G3(x) is bounded above
and below by fixed positive constants. Combining the estimates for G!(x), G2(x),
and G2 (x), we obtain the required conclusion. O

We end this section with a result analogous to that of Theorem 6.1.3 for the
operator _Z;.

Corollary 6.1.6. (a) For all 0 < s < oo, the operator ¥ maps L"(R") to itself with
norm 1 forall 1 <r < oo,

(b) Let 0 < s <nand 1 < p < q < oo satisfy (6.1.4). Then there exist constants
Cp.gn,s < oo such that for all f in LP(R") with p > 1 we have

1250 < Cognsl £
and also ||jy(f)||”m < ClwqwanHfHLl when p = 1.
Proof. (a) Since a(O) =1 and G, > 0, it follows that G has L! norm 1. The oper-
ator ¢ is given by convolution with the positive function Gy, which has L' norm

1; thus it maps L"(R") to itself with norm 1 for all 1 < r < oo (see Exercise 1.2.9).
(b) In the special case 0 < s < n we have that the kernel G, of _¢Z; satisfies

) |x| 7" when |x| <2,
) ~
i when |x| > 2.

Then we can write
/‘(f)('x) S Cn,s|:/7 |f(x—y)||y|*”+‘dy_|_/ |f(X—y)|e’ g‘ dy:|
<Cnv[ (/D) (x +/ |[f(x—y)|e Zdy]

We now use that the function y — e M/ is in L’ for all r < oo, Theorem 1.2.12
(Young’s inequality), and Theorem 6.1.3 to complete the proof of the corollary. [



6.1 Riesz and Bessel Potentials, Fractional Integrals 9

Exercises

6.1.1. (a) Let 0 < s, < o be such that s + ¢ < n. Show that I;J; = I, .
(b) Prove the operator identities

s

Is(—A)z = (—A)zls =1y, = (_A)Z72

whenever Res > 2Rez.
(c) Prove that for all z € C we have

(A7 UNI(=2)"(g)) = (flg)
whenever the Fourier transforms of f and g vanish to sufficiently high order at the
origin.
(d) Given Res > 0, find an o € C such that the identity
2

(LN = =%
is valid for all functions f as in part (c).
6.1.2. Use Exercise 2.2.14 to prove that for —eo < o0 < n/2 < § < e we have

—n/2 n/2—o
—o

B
1y < I i 1452

where C depends only on o, n, 3.

6.1.3. Show that when 0 < s < n we have

sp (Al gy = sup (LA

HfHLl(Rn)Zl ”f”Ll(Rn):

n =
Ln—s (R”)

Thus Iy and _Z are not of strong type (1, " ).

' n—s
[Hint: Consider an approximate identity.]
6.1.4. Let 0 < s < n. Consider the function i(x) = |x|~*(log ‘i‘ )~ nH8) for x| < 1/e
and zero otherwise. Prove that when 0 < § < " * we have h € L' (R") but that
lim,_o I;(h)(x) = eo. Conclude that ; does not map L5 (R") to L=(R").

6.1.5. For 1 < p < and 0 < 5 < o define the Bessel potential space £ (R") as
the space of all functions f € L”(R") for which there exists another function fp in
L?(R") such that _Z:(fy) = f. Define a norm on these spaces by setting H f |
H fo || 1»- Prove the following properties of these spaces:

(a) ||f‘ < HnggP? hence .} (R") is a subspace of L” (R").

(b) For all 0 < t,s < oo we have Gy * G; = G+ and thus

7

2P (R") 21 (R") € Z],,(R"),



10 6 Smoothness and Function Spaces

where 1 §p,q,r§ooand11,+; = 14—1.

(c) The sequence of norms H f H p increases, and therefore the spaces ZP(R") de-
crease as s increases.

(d) The map .# is an isomorphism from the space .#} (R") onto .Z7, ,(R").

[Note: Note that the Bessel potential space .Z (R") coincides with the Sobolev
space L (R"), introduced in Section 6.2.]

6.1.6. For 0 < s < n define the fractional maximal function

M@ =sp
>0 (vut) n

1 a=y)ldy,
Iyl<t

where v,, is the volume of the unit ball in R”".
(a) Show that for some constant C we have

M’ (f) < CIL(f)

for all f > 0 and conclude that M* maps L? to L? whenever I does.
(b) (Adams [1])Lets>0,1 < p<",1<q<cobesuchthat | = b~ o . Show
that there is a constant C > 0 (depending on the previous parameters) such that for

all positive functions f we have

17
L

f]

()], <M (et

[Hint: For f # 0, write I;(f) = I, + I, where

Iy :/ fO) I "dy, 12=/ FO) I dy.
x—y|<8 r—y[>3

Show that I; < C8*M°(f) and that I,(f) < C8*~ » M"/?(f). Optimize over 8 > 0 to
obtain . .
I(f) < CMYP(f)n MO ()~

from which the required conclusion follows easily.}

6.1.7. Suppose that a function K defined on R” satisfies |[K(y)| < C(1+ |y|)~5t"~¢,
where 0 < s <nand 0 < C, € < . Prove that the maximal operator

sup t7n+s

t>0

[ =K/ dy
Rl‘l

maps L?(R") to L4(R") whenever I; maps L (R") to L4(R").
[Hint: Control this operator by the maximal function M* of Exercise 6.1.6.}

6.1.8. Let 0 < s < n. Use the following steps to obtain a simpler proof of Theorem
6.1.3 based on more delicate interpolation.

(a) Prove that ||I;(xz) ||, < |E|» for any set E of finite measure.

(b) For any two sets E and F' of finite measure show that
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J e )1 < |ET
(c) Use Exercise 1.1.12 to obtain that

Gl e, e < CoslEL

(d) Use parts (a), (c), and Theorem 1.4.19 to obtain another proof of Theorem 6.1.3.
[Hint: Parts (a) and (b): Use that when A > 0, the integral [y ly|~* dy becomes
largest when E is a ball centered at the origin equimeasurable to E ]

6.1.9. (Welland [329]) Let 0 < o < n and suppose 0 < € < min(c,n — o). Show
that there exists a constant depending only on o, €, and n such that for all compactly
supported bounded functions f we have

o (f)| < Cy/MOE€(f)MOTE(f)

where MP (f) is the fractional maximal function of Exercise 6.1.6.
[H int: Write

1F()]dy [f()]dy
Ha(f)] < /‘H‘q -y /\H\z‘v e —y[=

and split each integral into a sum of integrals over annuli centered at x to obtain the
estimate
Lo ()] S C(s*M*E(f) +5~ M*TE(f)) -

Then optimize over s.

6.1.10. Show that the discrete fractional integral operator

{aj}jezn — { > (|j_k|aj_ ) }jezn

keZn

maps ¢*(Z") to ¢'(Z") when 0 < @ < n, 1 <s<t,and
6.1.11. Show that the bilinear operator

Balf.9)) = [ [ F0)8()(jv—y|+[x—2l) " “dydz

maps LP(R") x L1(R") to L"(R") when 1 < p,g < e and

[Hint: Control B,(f,g) by the product of two fractional integrals. |
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6.1.12. (Grafakos and Kalton [148]/Kenig and Stein [189]) (a) Prove that the bi-
linear operator
S = [ et igt—nla
maps L' (R") x LI (R") to L2 (R").
(b) For 0 < a0 < n prove that the bilinear fractional integral operator

)0 = [ f gl

maps L' (R") x L' (R") to L2« (R").

[Hint: Part (a): Write f = Y1z fx, where each fj is supported in the cube k+ [0, 1]"
and similarly for g. Observe that the resulting double sum reduces to a single sum
and use that (¥; aj)'? < Y a;-/z for a; > 0. Part (b): Use part (a) and adjust the
argument in (6.1.13) to a bilinear setting.]

6.2 Sobolev Spaces

In this section we study a quantitative way of measuring smoothness of functions.
Sobolev spaces serve exactly this purpose. They measure the smoothness of a given
function in terms of the integrability of its derivatives. We begin with the classical
definition of Sobolev spaces.

Definition 6.2.1. Let k be a nonnegative integer and let 1 < p < e. The Sobolev
space Ly (R") is defined as the space of functions f in L”(R") all of whose distribu-
tional derivatives @ f are also in L? (R") for all multi-indices ¢ that satisfy |of| < k.
This space is normed by the expression

1l = 2 110 Fl» (6.2.1)
|| <k

where 900 f = f.

Sobolev spaces measure smoothness of functions. The index k indicates the “de-
gree” of smoothness of a given function in L,’; . As k increases the functions become
smoother. Equivalently, these spaces form a decreasing sequence

P~TP~TP TP
LPOLI DL, DL5D -,
meaning that each Ly, | (R") is a subspace of Ly (R"). This property, which coincides
with our intuition of smoothness, is a consequence of the definition of the Sobolev
norms.

We next observe that the space Lg (R") is complete. Indeed, if f; is a Cauchy

sequence in the norm given by (6.2.1), then {0 f;}; are Cauchy sequences for all
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|t| < k. By the completeness of L?, there exist functions fy such that 9% f; — fy in
LP. This implies that for all ¢ in the Schwartz class we have

(0 [ f0%0ydx= [ %) pdi— [ fupds

Since the first expression converges to

(0 [ h(%p)dx,

it follows that the distributional derivative % fj is fi. This implies that f; — fp in
L? (R") and proves the completeness of this space.

Our goal in this section is to investigate relations between these spaces and
the Riesz and Bessel potentials discussed in the previous section and to obtain a
Littlewood—Paley characterization of them. Before we embark on this study, we
note that we can extend the definition of Sobolev spaces to the case in which the
index k is not necessarily an integer. In fact, we extend the definition of the spaces
L? (R") to the case in which the number k is real.

6.2.1 Definition and Basic Properties of General Sobolev Spaces

Definition 6.2.2. Let s be a real number and let 1 < p < oo. The inhomogeneous
Sobolev space LY (R") is defined as the space of all tempered distributions u in
' (R") with the property that

(1+]€»)2m)" (6.2.2)

is an element of LP(R"). For such distributions # we define

el = [+ 12 @ -
Note that the function (14 |E[?)2 is € and has at most polynomial growth at
infinity. Since & € ./ (R"), the product in (6.2.2) is well defined.

Several observations are in order. First, we note that when s = 0, LY = L. It is
natural to ask whether elements of L are always L? functions. We show that this is
the case when s > 0 but not when s < 0. We also show that the space L? coincides
with the space L given in Definition 6.2.1 when s = k and k is an integer.

To prove that elements of L? are indeed L functions when s > 0, we simply note
that if f, = ((1+|&|?)*/2F)Y, then

f=(KE)G,(E/2m))" = fix 2m)" Gs(2m (")),
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where Gy is given in Definition 6.1.4. Thus a certain dilation of f can be expressed
as the Bessel potential of itself; hence Corollary 6.1.6 yields that

CileHLp < Hf?HLP = Hf

Ly

for some constant c.

We now prove that if s = k is a nonnegative integer and 1 < p < oo, then the norm
of the space LY as given in Definition 6.2.1 is comparable to that in Definition 6.2.2.
Suppose that f € L according to Definition 6.2.2. Then for all |o| < k we have

o \
= cal O —ea(FO+IEDE B ) 62
(1+1[E[%)2
Theorem 5.2.7 gives that the function
éot
(1+15Py2

is an L multiplier. Since by assumption (f(&)(1+ |€[?) : ) Yis in LP(R™), it follows
from (6.2.3) that 0% f is in L” and also that

>, 119 llyp < Comall(11-PY2 )

<k

Conversely, suppose that f € Lf according to Definition 6.2.1; then

2L gD = K « &
(I+&+--4E&) ‘Eékalg...aﬂ!(k—mm (1+|5|2)§'

As we have already observed, the functions mq (&) = E%*(1+ € |2)_§ are LP multi-
pliers whenever |ot| < k. Since

(1+1EPEF) = 3 cax(ma(@EF) = 3 cyilma(&)aerf)’,

o<k o <k

it follows that

[(FEA+IEDY ) < Comie T FEEN .-

lv|<k

Example 6.2.3. Every Schwartz function lies in L} (R") for s real. Sobolev spaces
with negative indices s can indeed contain tempered distributions that are not lo-
cally integrable functions. For example, Dirac mass at the origin dy is an element of
L? (R") for all s > n/p’. Indeed, when 0 < s < n, Proposition 6.1.5 gives that G
[i.e., the inverse Fourier transform of (1 + |€ |2)’5] is integrable to the power p as
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long as (s —n)p > —n (i.e., s >n/p’). When s > n, G is integrable to any positive
power.

We now continue with the Sobolev embedding theorem.

Theorem 6.2.4. (a) Let 0 < s <} and 1 < p < co. Then the Sobolev space LY (R™)
continuously embeds in L1(R") when

1 1 s

p q n

(b) Let 0 < s = 7 and 1 < p < oo. Then LY (R") continuously embeds in L1(R") for
any 'l < q < oo.

(c) Let | <s <eoand 1 < p < -eo. Then every element of LY (R™) can be modified
on a set of measure zero so that the resulting function is bounded and uniformly
continuous.

Proof. (a)If f € LY, then f,(x) = ((1+|&|?)2 £ )Y (x) is in L?(R"). Thus
FO) = (+1EP) /) ()3
hence f = G, * f;. Since s < n, Proposition 6.1.5 gives that
|Gs(x)] < Conlx|™™

for all x € R". This implies that |f| = |G, * fi| < Cs,Ls(|f5|). Theorem 6.1.3 now
yields the required conclusion

1Al < CalltsUAD e < Callf

v

(b) Given any ' < g < o we can find 7 > 1 such that

Then 1 <7 + }, which implies that (—n+s)r > —n. Thus the function |x|~""* |, <,
is integrable to the rth power, which implies that Gy is in L. Since f = Gy * f;,
Young’s inequality gives that

1 ] oy < 151

LP(R") GS”U(Rn) = C”vSHfHLﬁ/p'

(c) As before, f = G, * f;. If s > n, then Proposition 6.1.5 gives that the function
G, isin L (R"). Now if n > s, then Gy(x) looks like |x| "% near zero. This function
is integrable to the power p’ near the origin if and only if s > n/p, which is what
we are assuming. Thus f is given as the convolution of an L?” function and an LY
function, and hence it is bounded and can be identified with a uniformly continuous
function (cf. Exercise 1.2.3). O
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We now introduce the homogeneous Sobolev spaces LY. The main difference
with the inhomogeneous spaces L{ is that elements of Lf may not themselves be
elements of L”. Another difference is that elements of homogeneous Sobolev spaces
are not tempered distributions but equivalence classes of tempered distributions.

We would expect the homogeneous Sobolev space L} to be the space of all dis-
tributions u in .#”(R") for which the expression

(IEFa)” (6.2.4)

is an L? function. Since the function |£|® is not (always) smooth at the origin, some
care is needed in defining the product in (6.2.4). The idea is that when u lies in
! /&, then the value of & at the origin is irrelevant, since we may add to u a
distribution supported at the origin and obtain another element of the equivalence
class of u (Proposition 2.4.1). It is because of this irrelevance that we are allowed
to multiply # by a function that may be nonsmooth at the origin (and which has
polynomial growth at infinity).

To do this, we fix a smooth function 17(£) on R” that is equal to 1 when |£]| > 2
and vanishes when |&| < 1. Then for s € R, u € .//(R")/ 7, and ¢ € .7 (R") we

define
(185, 9) = tim (@,n(3)[E 1 9(5)).

provided that the last limit exists. Note that this defines |£ |*% as another element of
'/ 2, and this definition is independent of the function 7, as follows easily from
(2.3.23).

Definition 6.2.5. Let s be a real number and let 1 < p < oo. The homogeneous
Sobolev space L (R") is defined as the space of all tempered distributions modulo
polynomials u in ./ (R") / £ for which the expression

(1&Fa)"
exists and is an L” (R") function. For distributions « in L (R") we define
(el (RN

As noted earlier, to avoid working with equivalence classes of functions, we iden-
tify two distributions in L (R") whose difference is a polynomial. In view of this
identification, the quantity in (6.2.5) is a norm.

R (6.2.5)

6.2.2 Littlewood—Paley Characterization of Inhomogeneous
Sobolev Spaces

We now present the first main result of this section, the characterization of the inho-
mogeneous Sobolev spaces using Littlewood—Paley theory.
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For the purposes of the next theorem we need the following setup. We fix a radial
Schwartz function ¥ on R” whose Fourier transform is nonnegative, supported in
the annulus 1 — } < || <2, equal to 1 on the smaller annulus 1 < || <2—2, and

satisfies ¥(£) 4+ ¥(£/2) = 1 on the annulus 1 < [£| < 4 — 7. This function has the
property o
Y wRE) =1 (6.2.6)

JEZ
for all & # 0. We define the associated Littlewood—Paley operators A; given by
multiplication on the Fourier transform side by the function ¥ (27/&), that is,

Ai(f)=AF(f) =W i*f. (6.2.7)
Notice that the support properties of the A;’s yield the simple identity
Aj= (Aj_l +A; —|—Aj+1)Aj

for all j € Z. We also define a Schwartz function @ so that

(€)= {Z;<0¢I(2Jg) when & #0, 6.2.8)

1 when & = 0.

Note that & (&) is equal to 1 for || <2 — 2, vanishes when || > 2, and satisfies
2 (277¢) = (6.2.9)

for all £ in R". We now introduce an operator Sy by setting
So(f) = @xf. (6.2.10)

Identity (6.2.9) yields the operator identity

So+ Y, Aj=1,
j=1

in which the series converges in ./ (R"); see Exercise 2.3.12. (Note that So(f) and
Aj(f) are well defined functions when f is a tempered distribution.)

Having introduced the relevant background, we are now ready to state and prove
the following result.

Theorem 6.2.6. Let @, V¥ satisfy (6.2.6) and (6.2.8) and let A}, Sy be as in (6.2.7)
and (6.2.10). Fix s € R and all 1 < p < o. Then there exists a constant C| that
depends only on n,s, p, @, and ¥ such that for all f € LY we have

O+ |(Eea?)’], <als

IS0

- (6.2.11)
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Conversely, there exists a constant C, that depends on the parameters n, s, p, @, and
W such that every tempered distribution f that satisfies

[|So(f <o

oo 1
i 2
o +|( X Ma0002) 7|,
j=1
is an element of the Sobolev space LY with norm

171

174 < CZ(HSO(]C)

|L,7+H(§<2ff|4\j<f>|>2); Y e

Proof. We denote by C a generic constant that depends on the parameters n, s, p, @,
and ¥ and that may vary in different occurrences. For a given tempered distribution
f we define another tempered distribution f; by setting

L= (+]-P)2f)",

so that we have || f||,» = || fs]| , if f € L£.

We first assume that the expression on the right in (6.2.12) is finite and we show
that the tempered distribution f lies in the space LY by controlling the L” norm of
fs by a multiple of this expression. We begin by writing

= (@) +((1-d)4)",

and we plan to show that both quantities on the right are in L”. Pick a smooth
function with compact support 1y that is equal to 1 on the support of @. It is a
simple fact that for all s € R the function (1 +|&[?)2n0(€) is in .#,(R") (i.e., it is
an L? Fourier multiplier). Since

(@ 7)) (0 = {((1+1EP) 3 n0(8)) So(H(E)} (), (6.2.13)
we have the estimate R
(@) |,y < ClISo(Pler - (62.14)

We now introduce a smooth function 7., that vanishes in a neighborhood of the
origin and is equal to 1 on the support of 1 — @. Using Theorem 5.2.7, we can easily
see that the function .

(1+1€P)>

is in .#,(R") (with constant depending on n, p, 1., and s). Since

(1+]EP)3n.(8)

ep T EPO =) ) (),

(1+1EP)2 (1= B(E)F) () = (

we obtain the estimate
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[((1-®) 7))

where f. is another tempered distribution defined via

= (JEF(1- (&) F)".

is finite using Littlewood—Paley

< €|/

(6.2.15)

Lr p>

We are going to show that the quantity || fw‘ I

theory. To achieve this, we introduce a smooth bump { supported in the annulus

5 < |&| < 4 and equal to 1 on the support of ¥. Then we define 6(&) = |§|YZ(§)
and we introduce Littlewood—Paley operators

Af(g) =g#6y,
where 6,;(t) = 2/"0(2/t). Recalling that

=Y vt

k>1

we obtain that
Zléls 277E)C27E)f zzf“mfé) Qe f

and hence

Using estimate (5.1.20), we obtain

<c|\<2|w GRH

J—

[ £o]] < oo, (6.2.16)

Ly

Combining (6.2.14), (6.2.15), and (6.2.16), we deduce the estimate in (6.2.12). (In-
cidentally, this argument shows that f.. is a function.)

To obtain the converse inequality (6.2.11) we essentially have to reverse our
steps. Here we assume that f € L and we show the validity of (6.2.11). First, we
have the estimate

[1So(f)]

< ||

(6.2.17)

Lr =

since we can obtain the Fourier transform of So(f) = @ * f by multiplying fs by the
L? Fourier multiplier (14 |&|?)"2® (). Second, setting G (&) = |& |7*¥(&) and
letting Al‘-’ be the Littlewood—Paley operator associated with the bump 6(27/&), we

have
2P(2TIE) f =52 TE)ELf=5(2E)EF(1-D(E))S,

when j > 2 [since @ vanishes on the support of G(27/&) when j > 2]. This yields
the operator identity
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2PA;(f) = AT (f.) . (6.2.18)
Using identity (6.2.18) we obtain
oo 1 = 1
s A 22 _ o 2\ 2
H(jzzw AP, = H(jzzm,- R), <l ©2:19)

where the last inequality follows by Theorem 5.1.2. Notice that

EP-BE) -\
=Cliseps )

and since the function |€[5(1 — ®(&))(1 +|&[*)~ 2 is in .#,(R") by Theorem 5.2.7,
it follows that

fo= (1P =D(E)) )

1fellps < €lIAL
which combined with (6.2.19) yields

(S pranf)’],, <

P
Ly’

(6.2.20)

Finally, we have
PAf) =2 (PUEAHIEP 2 +EP)2 F) =2 (PAEA+[EP 2 /),

and since the function ‘1?’( ; E)(1+1¢ |2)’5 is smooth with compact support and thus
in .#, it follows that

12°A1()]|» < || f5| iz (6.2.21)
Combining estimates (6.2.17), (6.2.20), and (6.2.21), we conclude the proof of
(6.2.11). d

6.2.3 Littlewood—-Paley Characterization of Homogeneous Sobolev
Spaces

We now state and prove the homogeneous version of the previous theorem.

Theorem 6.2.7. Let ¥ satisfy (6.2.6) and let A; be the Littlewood—Paley operator
associated with ¥'. Let s € R and 1 < p < co. Then there exists a constant C| that
depends only on n,s, p, and ¥ such that for all f € L (R") we have

[ox ZMA |))% <cis| (6.2.22)
JjE

1 L{) .
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Conversely, there exists a constant Cy that depends on the parameters n,s, p, and ‘¥
such that every element f of /' (R")/ P that satisfies

H( 3. (2¥14;() )%

< o
Lr

lies in the homogeneous Sobolev space LY and we have

(6.2.23)

7

I, <<l (gZ(zfﬂAj(f>|>2)5

Proof. The proof of the theorem is similar but a bit simpler than that of Theorem
6.2.6. To obtain (6.2.22) we start with f € L2 and we note that

21A;(f) =27 (IE1IEI P2 TE) F) = (6276 ) = A7 (f),

where 6(&) = ¥(&)|€|* and A7 is the Littlewood—Paley operator given on the
Fourier transform side by multiplication with the function 6(27/&). We have

(S Peatnr) ], = (S asenr) ], <cla

= CHﬂ

L Lo
where the last inequality follows from Theorem 5.1.2. This proves (6.2.22).

Next we show that if the expression on the right in (6.2.23) is finite, then the
distribution f in .%/(R")/ < must lie the in the homogeneous Sobolev space LY
with norm controlled by a multiple of this expression.

Define Littlewood—Paley operators AJT.] given by convolution with 1,-;, where 7

is a smooth bump supported in the annulus ‘5‘ < |€] < 2 that satisfies

Y nete) =1, E40, (6.2.24)

keZ

or, in operator form,

Y Al=1,

keZ

where the convergence is in the sense of .’/ in view of Exercise 2.3.12. We
introduce another family of Littlewood—Paley operators Af given by convolution
with 6, ;, where 8(&) = 1(€)|E|". Given f € #/(R")/ 2, we set f; = (|E['f)",
which is also an element of ./ (R")/ 2. In view of (6.2.24) we can use the reverse
estimate (5.1.8) in Theorem 5.1.2 to obtain for some polynomial Q,

p=e(Zawr)

i =I5-0l

7

)
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Recalling the definition of A; (see the discussion before the statement of Theorem
6.2.6), we notice that the function

~

P(38)+ (&) +P(28)

is equal to 1 on the support of 0] (which is the same as the support of 7). It follows
that
Aje = (Aj,1 +Aj +A]'+1)Af .

We therefore have the estimate

[(Zrraiinf)’

1 1
0 4. is £\ 12 2
DA 3 1474;1,(21) )

'

and applying Proposition 5.1.4, we can control the last expression (and thus || f ‘ ’ L’?)
by a constant multiple of

1
[(Z1a@nP)| .
j€z L
This proves that the homogeneous Sobolev norm of f is controlled by a multiple of
the expression in (6.2.23). In particular, the distribution f lies in the homogeneous
Sobolev space L. This ends the proof of the converse direction and completes the
proof of the theorem. O

Exercises

6.2.1. Show that the spaces I[P and LY are complete and that the latter are decreasing
as s increases.

6.2.2. (a) Let 1 < p < e and s € Z". Suppose that f € L} (R") and that ¢ is in
Z(R™). Prove that @ f is also an element of L] (R").

(b) Let v be a function whose Fourier transform is a bounded compactly supported
function. Prove that if f is in L2(R"), then so is vf.

6.2.3. Let s > 0 and o a fixed multi-index. Find the set of p in (1,0) such that the
distribution 9% &) belongs to L .

6.2.4. Let I be the identity operator, /; the Riesz potential of order 1, and R; the
usual Riesz transform. Prove that

n
1= IiR;0;,
j=1

and use this identity to obtain Theorem 6.2.4 when s = 1.
[Hint: Take the Fourier transform. |
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6.2.5. Let f be in L for some 1 < p < . Prove that 9*f is in L”

s—|oe|*

6.2.6. Prove that for all ' functions f that are supported in a ball B we have
1 ' —
FWI< IVl
Wp—1 JB
where @, 1 = |S"!|. For such functions obtain the local Sobolev inequality

11l o) < CaranllVE o)

where l < p<g<ooand1/p=1/g+1/n.
[Hint: Start from f(x) = [;°Vf(x—16)- 6dr and integrate over 6 € S"~! |

6.2.7. Show that there is a constant C such that for all "' functions f that are
supported in a ball B we have

1

| Jy @S @dz<C /B VFO) " dy

for all B balls contained in B and all x € B'.
[Hint: Start with f(z) — f(x) = [y Vf(x+1(z—x)) - (z—x)dt.]
6.2.8. Let 1 < p < ooand s > 0. Show that

feELl < fel? and fell.

Conclude that Lf N LP = L{ and obtain an estimate for the corresponding norms.
[Hinz: If f is in LY N L use Theorem 5.2.7 to obtain that || f||,, is controlled by a

multiple of the L7 norm of (f(£)(1+ |€|*))". Use the same theorem to show that
1Az <€l Al o]

6.2.9. (Gagliardo [139]/Nirenberg [249]) Prove that all Schwartz functions on R"
satisfy the estimate

171k = X121

where 1/g+1/n=1.

[Hint: Use induction beginning with the case n = 1. Assuming that the inequality is
valid forn—1,set Ij(x;) = [ga-1 |0 f(x1,x")|dx for j=2,...,n,wherex = (x;,x") €
R xR 'and I} (x') = [g1 |01 f(x1,%")|dx;. Apply the induction hypothesis to obtain

£ Ger, ) < TTE )Y Y
j=2

and use that |7 < I; (x')"/("=1)| f| and Holder’s inequality to calculate | f||,.]
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6.2.10. Let f € L2(R"). Prove that there is a constant ¢, > 0 such that

. . x X — — X 2 <
// et )+ fe=1) = 2f (x)] dxdtzcn/ 3 10;£ ()P dx.
n n an:]

|t|n+2
6.2.11. (Christ [61]) Let 0 < B < oo and let

Co= [, [RER(+ ) (oz2 +1D) P az.

(a) Prove that there is a constant C(n, ,C) such that for every ¢ > 2 we have

B+1

HgHLq(Rn) <C(n,B,Co)q 2 .

(b) Conclude that for any compact subset K of R” we have
/ 2OV gy < oo
K

whenever y < Bil .
[Hint: Part (a): For g > 2 control ||g||,, &) DY 18] . (rey @nd apply Holder’s in-

(q—

equality with exponents ;, and 2q_21)' Part (b): Expand the exponential in a Taylor

series. |

6.2.12. Suppose that m € L2(R") for some s > 5 and let A > 0. Define the operator

T), by setting Ty, () (&) =m(A&) f(&). Show that there exists a constant C = C(n, s)
such that for all f and u > 0 and A > 0 we have

| TP a0 < C [ 1) M) (0 dx.

6.3 Lipschitz Spaces

The classical definition says that a function f on R” is Lipschitz (or Holder) contin-
uous of order y > 0 if there is constant C < oo such that for all x,y € R" we have

|f(x+y) = f(x)| <Clyl". (6.3.1)

It turns out that only constant functions satisfy (6.3.1) when y > 1, and the corre-
sponding definition needs to be suitably adjusted in this case. This is discussed in
this section. The key point is that any function f that satisfies (6.3.1) possesses a
certain amount of smoothness “measured” by the quantity y. The Lipschitz norm of
a function is introduced to serve this purpose, that is, to precisely quantify and ex-
actly measure this smoothness. In this section we formalize these concepts and we
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explore connections they have with the orthogonality considerations of the previ-
ous chapter. The main achievement of this section is a characterization of Lipschitz
spaces using Littlewood—Paley theory.

6.3.1 Introduction to Lipschitz Spaces

Definition 6.3.1. Let 0 < y < 1. A function f on R” is said to be Lipschitz of order
y if it is bounded and satisfies (6.3.1) for some C < eo. In this case we let

) [fx+h) = f ()]
A iy = 11l + sup sup 550

and we set

Ay(R") ={f:R" — C continuous : HfH/xy(R") < oo},

Note that functions in Ay(R") are automatically continuous when y < 1, so we did
not need to make this part of the definition. We call A,(R") the inhomogeneous
Lipschitz space of order y. For reasons of uniformity we also set

Ao(R") =L"(R")NC(R"),
where C(R") is the space of all continuous functions on R”". See Exercise 6.3.2.

Example 6.3.2. The function A(x) = cos(x - a) for some fixed a € R" is in A, for all
v < 1. Simply notice that |a(x) — h(y)| < min(2, |a||x — y|).

We now extend this definition to indices y > 1.
Definition 6.3.3. For i € R” define the difference operator Dy, by setting
Dy(f)(x) = f(x+h) — f(x)

for a continuous function f : R" — C. We may check that

Di()(x) = Du(Duf)(x) = fx+2h) = 2f (x+ 1) + f (x),
Dj(f)(x) = Dyp(Dyf)(x) = f(x+3h) = 3f(x+2h) +3f (x+h) - f(x),
and in general, that D’;l+l (f) = Dk(Dy(f)) is given by
k1
D (f)x) = i(—l)"“’” (kt 1)f(xjtsh) (6.3.2)
5s=0

for a nonnegative integer k. See Exercise 6.3.3. For y > 0 define
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D () ()]
f— m—’_ )
1L, = 1171 ey Al

where [y] denotes the integer part of 7, and set

Ay ={f:R" — C continuous : HfHAy < oo},

We call Ay(R") the inhomogeneous Lipschitz space of order y € RT.
For a tempered distribution # we also define another distribution D’;l(u) via the
identity
<D§(”)7 (P> = <u7Dk—h((p)>

for all ¢ in the Schwartz class.

We now define the homogeneous Lipschitz spaces. We adhere to the usual con-
vention of using a dot on a space to indicate its homogeneous nature.

Definition 6.3.4. For ¥ > 0 we define

D () )]
i = Su su
HfHAV xelg’heR”{){O} |h[Y

and we also let Ay be the space of all continuous functions f on R” that satisfy
H f H A < oo. We call Ay the homogeneous Lipschitz space of order y. We note that

elements of Ay have at most polynomial growth at infinity and thus they are elements
of &' (R").

A few observations are in order here. Constant functions f satisfy D, (f)(x) =0
for all h,x € R", and therefore the homogeneous quantity || - || 4, is insensitive to
constants. Similarly the expressions Dﬁ“ (f) and H f H Ay do not recognize polyno-
mials of degree up to k. Moreover, polynomials are the only continuous functions
with this property; see Exercise 6.3.1. This means that the quantity || f H Ay is not a
norm but only a seminorm. To make it a norm, we need to consider functions mod-
ulo polynomials, as we did in the case of homogeneous Sobolev spaces. For this
reason we think of Ay as a subspace of .%/(R")/ 2.

We make use of the following proposition concerning properties of the difference
operators D’,‘l.

Proposition 6.3.5. Let f be a €™ function on R" for some m € Z". Then for all
h=(hy,...,h,) and x € R" the following identity holds:

Dy(f)(x) = /01 Zlh, (9;f)(x+sh)ds. (6.3.3)
=

More generally, we have that
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D (f N, hj, - 3j, - 0j f) (x4 (s14 - +sm)h)dsy - dsy. (6.3.4)
o o

Proof. 1dentity (6.3.3) is a consequence of the fundamental theorem of calculus
applied to the function # — f((1 —¢)x+1(x+h)) on [0,1], while identity (6.3.4)
follows by induction. g

6.3.2 Littlewood—Paley Characterization of Homogeneous
Lipschitz Spaces

We now characterize the homogeneous Lipschitz spaces using the Littlewood—Paley
operators A ;. As in the previous section, we fix a radial Schwartz function ¥ whose
Fourier transform is nonnegative, supported in the annulus 1 — ; < €] <2,is equal
to one on the annulus 1 < || <2 — %, and that satisfies

S P2E) =1 (6.3.5)

J€Z
for all £ # 0. The Littlewood—Paley operators A; = AJ'-’U associated with ¥ are given

by multiplication on the Fourier transform side by the smooth bump ‘1?’(2_j &).

Theorem 6.3.6. Let A; be as above and y > 0. Then there is a constant C = C(n,y)
such that for every f in Ay we have the estimate

sup 2714, < €|, (636)
JEZ

Conversely, every element f of ' (R")/ P that satisfies

sup277(| A (f)]] ;. < o0 (6.3.7)
JEZ

is an element of Ay with norm

6.3.8)

1£14, < € sup27"[|A;()]] -
JEZL

Jor some constant C' = C'(n,y).

Note that condition (6.3.7) remains invariant if a polynomial is added to the func-
tion f; this is consistent with the analogous property of the mapping f — || f H Ay

Proof. We begin with the proof of (6.3.8). Let k = [y] be the integer part of 7.
Let us pick a Schwartz function 11 on R” whose Fourier transform is nonnegative,
supported in the annulus § < €] <2, and that satisfies
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Y aEiEr=1 (6.3.9)

JEZ

for all & # 0. Associated with 17, we define the Littlewood-Paley operators A}-’ given

by multiplication on the Fourier transform side by the smooth bump 7)(27/&). With
W as in (6.2.6) we set

OE)=P(IE)+P(E)+P(28),

and we denote by AJ@ =A; | +A;+Aj the Littlewood—Paley operator given by

multiplication on the Fourier transform side by the smooth bump é(2‘j &).
The fact that the previous function is equal to 1 on the support of 7] together with
the functional identity (6.3.9) yields the operator identity

1= 3 (4] =F apajal,
JEZL JEZ

with convergence in the sense of the space .’ (R")/ 2. Since convolution is a linear
operation, we have D} ™! (F + G) = F + D} *1(G), from which we deduce

DIZH(f) = 2 A?(f) * Dﬁ“(nzf/‘) * Mp-j
JEL
(6.3.10)
= 2 DHAP ()« (nxm)y
JezZ
for all tempered distributions f. The convergence of the series in (6.3.10) is in the
sense of ./ /&7 in view of Exercise 5.2.2. The convergence of the series in (6.3.10)
in the L™ norm is a consequence of condition (6.3.7) and is contained in the follow-
ing argument.
Using (6.3.2), we easily obtain the estimate

1D AP () * (M 0)gi | <2 x| p AP (D] - (63.1D)

We first integrate over (sq,...,s¢1) € [0, 1]*! the identity

2 Z hrl"'hfk+1(af|"'afk+1n2*!')(x+(51+"'+5k+l)h)

We then use (6.3.4) with m = k+ 1, and we integrate over x € R” to obtain

[CANCENIFEE Ll ) YETID W AR L 7

=1 =l
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We deduce the validity of the estimate

A2 (DK (1) #15--

< AP O =125 (12-5) * | (6.3.12)
< AP =127 e X (o] al[nll, -
|or| <k+1

Combining (6.3.11) and (6.3.12), we obtain

HAJO (f) *DIZH (M=) * My HL°°

. (6.3.13)
< Coui||A? ()| ;o min (1, [27R[1) .

We insert estimate (6.3.13) in (6.3.10) to deduce

125 - _ €

iz < €5 23110 (1) min 275 2541 T,

jez

from which it follows that

c 4 .
< 2J7||A© min (2777, 20 (kF1=1) ket
171, < o0y Z 212 )] min i)
< C'sup277||A? (f)]|, sup Y min (|h| 7277, 20017 keI
jez 10 jcz,
<

C'sup27||AP (f)] -
JEZL

since the last numerical series converges (Y < k+ 1 = [y] + 1). This proves (6.3.8)
with the difference that instead of A; we have AJ@ on the right. The passage to A; is
a trivial matter, since Aj@ =Aj 1 +Aj+Aj.

Having established (6.3.8), we now turn to the proof of (6.3.6). We first consider
the case 0 <y < 1, which is very simple. Since each A; is given by convolution with
a function with mean value zero, we may write

4j(N)&) = | Soe=y)¥-i(y)dy

[ (=)= 1@ () dy

o D_, . . .
= 27/7/ >| ({Y) (x) [27y|727"¥ (27y) dy,
n y
and the previous expression is easily seen to be controlled by a constant multiple of
2*”’Hf||Ay. This proves (6.3.6) when 0 < y < 1. In the case ¥ > 1 we have to work
a bit harder.
As before, set k = []. Notice that for Schwartz functions g we have the identity
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. £ v
Dﬁ“(g) — (g(g) (627:15 h_ 1)k+1) )
To express Aj(g) in terms of Dﬁ“ (g), we need to introduce the function
Es lf/(zfjé) (eme-h _ 1)7(k+1) '

But as the support of ¥(2/&) may intersect the set of all & for which & - / is an
integer, the previous function is not well defined. To deal with this problem, we pick
a finite family of unit vectors {u,}, so that the annulus ) < |§| < 2 is covered by
the union of sets

U={EeR": }<[g|<2, [ <|&-u|<2}

—_— —

Then we write ¥ as a finite sum of smooth functions ¥(), where each ¥() is
supported in U,. Setting

1.
h, = 82 Tu,
we note that

le@ «f = ({,(7) (277¢) (ezm'g.h,. B 1)—(k+1)(ezmg.h,. _ 1)k+1f(§))\/

o . . (6.3.14)
— (PO(27TE) (225 1)~ DE () (£))

and observe that the exponential is never equal to 1, since
—J 1 —jg .1 1
2778l = 5, <2778 qu | <y

Since the function E(r\) —y0) (&) (ez’”f'é“’ —1)~®+1) is well defined and smooth
with compact support, it follows that

‘1"2@- wf= (), *Dl;rfléu,(f)’
which implies that

[EACEN PN

IN

1€zl 1247y, -
6 151L5,2 77

IN

Summing over the finite number of r, we obtain the estimate
145Nl < ClLAIL;, 277

which concludes the proof of the theorem. 0
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6.3.3 Littlewood—Paley Characterization of Inhomogeneous
Lipschitz Spaces

We have seen that quantities involving the Littlewood—Paley operators A; character-
ize homogeneous Lipschitz spaces. We now address the same question for inhomo-
geneous spaces.

As in the Littlewood-Paley characterization of inhomogeneous Sobolev spaces,
we need to treat the contribution of the frequencies near zero separately. We recall
the Schwartz function @ introduced in Section 6.2.2:

P2 h 0,
o) {20707 whent 2 6215
1 when & = 0.
Note that @ (&) is equal to 1 for |E| <2 — 2 and vanishes when |£| > 2. We also
recall the operator So(f) = @ * f. One should not be surprised to find out that a
result analogous to that in Theorem 6.2.6 is valid for Lipschitz spaces as well.

Theorem 6.3.7. Let ¥ and A; be as in the Theorem 6.3.6, @ as in (6.3.15), and
v > 0. Then there is a constant C = C(n,y) such that for every f in Ay we have the
estimate

[So(Hl.- +sup2" 4 ()], < €Iy, (6.3.16)
=

Conversely, every tempered distribution f that satisfies

||So(f)HLm+sl1;1132”’HA.,-(f)HLw < oo (6.3.17)
J=

can be identified with an element of Ay. Moreover, there is a constant C' = C'(n, )
such that for all f that satisfy (6.3.17) we have

111, =€ (IS0 =+ sup2[A;(£)]] - ) - (6.3.18)
Jj=1

Proof. The proof of (6.3.16) is immediate, since we trivially have
1SoN = = Il @l = < [|@]] 1[I = < €l 1,

and also '
sup27[|4; ()| - < €|l 74, < Clflla,
=1

by the previous theorem.

Therefore, the main part of the argument is contained in the proof of the converse
estimate (6.3.18). Here we introduce Schwartz functions {, 1 so that

iﬁzfé
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and such that 7] is supported in the annulus ‘5‘ <|é|<2and Zis supported in the ball
|€| < 1. We associate Littlewood—Paley operators A}-’ given by convolution with the

functions 7,-, and we also let Aj@ =Aj_1+A;+A;; . Note that @ is equal to one

on the support of {. Moreover, Aj@ Ajn = A?; hence for tempered distributions f we
have the identity

[=CxCx@xf+ Y Ny xmy i+ A (f), (6.3.19)
j=1

where the series converges in .’ (R"). With k = [y] we write

D (f) D (&)

= (€]
|h[Y =6 |h|Y *AY(f),  (6.3.20)

d D
*<I)>kf+2nz,j* In|r j
j=1

J

. . Dt
and we use Proposition 6.3.5 to estimate the L™ norm of the term § x ”‘ WE;) *Dx f
in the previous sum as follows:

IN

D (0)
1 =16 @ £
) k1
Cmm(‘hlw, m\; )@= £ - (63.21)

Clo=1],-.

pl+l
[rss h\h\ég) *‘p*fHLw

IN

IN

The corresponding L™ estimates for Aj@ (f) % Myj % DIZH (1M,-;) have already been
obtained in (6.3.13). Indeed, we obtained

[DEF (My) %My s % AP (f)|| = < Crpnik||AP (F)]] - min (1, [27R[1)

from which it follows that

|| ’

- D (.
H ZTIZ*j * h (nz /) *A@(f) .
=1

IN

C(sup2-77||Aj@(f)‘]Lw) i 27|~ min (1,]27/h[*)
jz1 j=1 (6.3.22)

IN

C(sup2jy||Aj(f)||Lm) imin(|2jh|_y,|2jh|k+1_7)
jz1 =

IN

Csup277||A;(f)]] -
=

where the last series is easily seen to converge uniformly in # € R", since k+ 1 =
[y]+1 > 7. We now combine identity (6.3.20) with estimates (6.3.21) and (6.3.22)
to obtain that the expression on the right in (6.3.19) has a bounded L™ norm. This
implies that f can be identified with a bounded function that satisfies (6.3.18). [
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Next, we obtain consequences of the Littlewood—Paley characterization of Lip-
schitz spaces. In the following corollary we identify Ay with L™.

Corollary 6.3.8. For 0 <y < 6 < o there is a constant C,, , s < * such that for all
f € As(R") we have

114, = Gzl 1Ly
In other words, the space Ag(R"™) can be identified with a subspace of Ay(R").

Proof. 1f 0 < y< & and j > 0, then we must have 2/7 < 279 and thus

I

sup277||A;(f)|] - < sup27®]|A;(f)
> >

Adding |[So(f)||,~ and using Theorem 6.3.7, we obtain the required conclusion.
The case y =0 is trivial. g

Remark 6.3.9. We proved estimates (6.3.18) and (6.3.8) using the Littlewood—Paley
operators A; constructed by a fixed choice of the function ¥'; @ also depended on V.
It should be noted that the specific choice of the functions ¥ and @ was unimportant
in those estimates. In particular, if we know (6.3.18) and (6.3.8) for some choice
of Littlewood—Paley operators A; and some Schwartz function @ whose Fourier
transform is supported in a neighborhood of the origin, then (6.3.18) and (6.3.8)
would also hold for our fixed choice of A; and @. This situation is illustrated in the
next corollary.

Corollary 6.3.10. Let ¥ > 0 and let o be a multi-index with [ot| <. If [ € Ay,
then the distributional derivative 0% f (of f) lies in A,._ . Likewise, if f € Ay, then

d%f € Ay_‘a‘ . Precisely, we have the norm estimates

1971115
19114

<Cralfl4, (6.3.23)
< Cralfll,,- (6.3.24)

v=lof T
v=lof T
In particular, elements of Ay and Ay are in € for all || < .

Proof. Let o be a multi-index with |of| < 7. We denote by Aa ¥ the Littlewood—
Paley operator associated with the bump (d*¥),-;. It is stralghtforward to check
that the identity

4;(9%f) =217 ()

is valid for any tempered distribution f. Using the support properties of ¥, we obtain
2D (9% F) = 277AT™ (Ajoy + Aj+ A (f), (6.3.25)
and from this it easily follows that

sup2/T1D|4;(9% £)| . < (27 +2) 97| sup 2| A(f)]] -
JEZ JEZ
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and also that
sup2/ 1| A, (9% 1) = < (27 +2)||0* ||, sup2”||A; () ;= (6.3.26)
j>1 Jj=1
Using Theorem 6.3.6, we deduce that if f € Ay, then 0% f € Ay_‘a‘, and we also
obtain (6.3.24). To derive the inhomogeneous version, we note that

S0(9%f) = B+ (9%f) = (9@ f) = (P + (D + ¥y 1)+ f),

since the function ® + ‘f/’z: is equal to 1 on the support of (%‘(\D Taking L™ norms,
we obtain

1500 A)ll,~ < 0% @[[,i (|| @Al -+ [ % 7]-)
< [l @l (Isot)|] .+ sup 411l
which, combined with (6.3.26), yields |0 || , o <Cra 1], 0
r—lo
Exercises

6.3.1. Fix k € Z". Show that
Di(f)(x) =0

for all x, /4 in R” if and only if f is a polynomial of degree at most k — 1.
[Hint: One direction may be proved by direct verification. For the converse direc-

tion, show that fis supported at the origin and use Proposition 2.4.1 }

6.3.2. (a) Extend Definition 6.3.1 to the case ¥ = 0 and show that for all continuous
functions f we have

1l < 1L g < 311113

hence the space Ag(R") can be identified with L~ (R") NC(R").
(b) Given a measurable function f on R” we define

£z = inf {[Lf + ¢l = e < €}

Let £(R") be the space of equivalent classes of bounded functions whose differ-
ence is a constant, equipped with this norm. Show that for all continuous functions
f on R" we have

(£l = < sup [flx+h)— f(x)] <2]||f]];--
x,heR"

In other words, Ag(R") can be identified with L= (R") N C(R").
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6.3.3. (a) For a continuous function f prove the identity

k+1
Dy e = X0 (T st ot

s=0
forall x,h € R" and k € ZT U{0}.
(b) Prove that DXD!, = Df ™ for all k,1 € Z*+ U {0}.
6.3.4. Forx € R let B
ik
f(x) _ z 2—k827r12 X
k=1

(a) Prove that f € Ay(R) forall 0 <y < 1.
(b) Prove that there is an A < oo such that

sup |f(x+1)+ flx—1) = 2f ()] |r|7' < A;
x,t#0

thus f € A;(R).
(c) Show, however, that for all x € [0, 1] we have

sup |f(x+1) — )| |~ = oo

0<r|<1

thus f is nowhere differentiable.
[Hint: Part (c): Use that f(x) is 1-periodic and thus

1 hd ik
176 = @) Pax = 3 2 12
k=1

Observe that when 2¢|t| < ) we have 272t 1| > 221 ]

6.3.5. For 0 < a,b <« and x € R let

i bk
gab(x) _ z 2—ak627r12 X
k=1

Show that ggp lies in A« (R).

[Hint: Use the estimate [DL (22" ¥)| < Cmin (1,(2%*|h|)F) with L= [a/b] + 1 and
split the sum into two parts.]

6.3.6. Let y > 0 and let k = [7].

(a) Use Exercise 6.3.3(b) to prove that if | Df (f)(x)| < C|h|” for all x,h € R", then
IDETL(f)(x)| < C2!|h|? forall I > 1.

(b) Conversely, assuming that for some [ > 1 we have

wp IPED)

< oo
x,heR" |h|}’ ’
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show that f € Ay.
[Hint: Part (b): Use (6.3.14) but replace k+ 1 by k+ l.]

6.3.7. Let ¥ and A; be as in Theorem 6.3.7. Define a continuous operator Q; by
setting

Q(f)=rf+¥%, W) =r"¥(1"x).

Show that all tempered distributions f satisfy

supt 7| Qi (f)|| 1 = sup277(|A; (£) |-
>0 JEZL

with the interpretation that if either term is finite, then it controls the other term by
a constant multiple of itself.
[Hint: Observe that Oy = Qy(Aj >+ Aj_1+Aj+Aj1) when 27/ <1 <217/ ]

6.3.8. (a) Let 0 < y < 1 and suppose that 8j fe Ay for all 1 < j < n. Show that for
some constant C we have

n
I71,., =€ X Nlowrls,

and conclude that f € Ay1.
(b) Let y > 0. If we have 9% f € Ay for all multi-indices o with |¢¢| = r, then there

18 an estimate
1£1l4,.., SCYHZ [0 4,
o|=r

and thus f € AHr-

(c) Use Corollary 6.3.10 to obtain that the estimates in both (a) and (b) can be
reversed.

[Hint: Part (a): Write

Di(f / i [0;f(x+1th+2h) — 0;f (x+1th+h)| h;dt.

Part (b): Use induction.]

6.3.9. Introduce a difference operator

B oy () 12 ]
P =| [, e ]

n

where 3 > 0. Show that for some constant co(n, ) we have

1P () 2y = o B) [ 1FE)R1EPP ag

for all functions f € L% (R™).
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6.4 Hardy Spaces

Having been able to characterize LP spaces, Sobolev spaces, and Lipschitz spaces
using Littlewood—Paley theory, it should not come as a surprise that the theory can
be used to characterize other spaces as well. This is the case with the Hardy spaces
HP(R"), which form a family of spaces with some remarkable properties in which
the integrability index p can go all the way down to zero.

There exists an abundance of equivalent characterizations for Hardy spaces, of
which only a few representative ones are discussed in this section. A reader inter-
ested in going through the material quickly may define the Hardy space H” as the
space of all tempered distributions f modulo polynomials for which

1l = | (]_Ezzm,(fﬂz)é

< oo (6.4.1)
Ly

whenever 0 < p < 1. An atomic decomposition for Hardy spaces can be obtained
from this definition (see Section 6.6), and once this is in hand, the analysis of these
spaces is significantly simplified. For historical reasons, however, we choose to de-
fine Hardy spaces using a more classical approach, and as a result, we have to go
through a considerable amount of work to obtain the characterization alluded to in
(6.4.1).

6.4.1 Definition of Hardy Spaces

To give the definition of Hardy spaces on R”, we need some background. We say
that a tempered distribution v is bounded if ¢ xv € L*(R") whenever ¢ is in . (R").
We observe that if v is a bounded tempered distribution and h € L' (R"), then the
convolution % * v can be defined as a distribution via the convergent integral

(h*v, @)= <6*V,Z> = /l;n(é*v)(x)h(x)dx,

where ¢ is a Schwartz function, and as usual, we set ¢(x) = @(—x).
Let us recall the Poisson kernel P introduced in (2.1.13):

1) 1
1 n+l

(14 [xP)"s

r

n

6.4.2)

Nt o+

P(x) =

Fort >0, let P;(x) =t "P(¢+'x). If v is a bounded tempered distribution, then P, v
is a well defined distribution, since P, is in L!. We claim that P, v can be identified
with a well defined bounded function. To see this, write 1 = @(&) + 1 (&), where @
has compact support and 1 is a smooth function that vanishes in a neighborhood of
the origin. Then the function y defined by $(&) = e=275In (&) is in the Schwartz
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class, and one has that
P(E) = el = 2 RIG(E) + 918
is a sum of a compactly supported function and a Schwartz function. Then
Poxv="P* (@ +v)+ Y %V,

but @, *v and y; * v are bounded functions, since ¢ and y; are in the Schwartz class.
The last identity proves that P; x v is a bounded function.
Before we define Hardy spaces we introduce some notation.

Definition 6.4.1. Let a,b > 0. Let @ be a Schwartz function and let f be a tempered
distribution on R". We define the smooth maximal function of f with respect to @
as

M(f;@)(x) = sup |[(Pr  f)(x)] .

t>0

We define the nontangential maximal function (with aperture a) of f with respect to
D as

M (f;@)(x) =sup sup [(Prxf)(y)]-
=0 \v{exl\inut

We also define the auxiliary maximal function

L - (D, f)(x—y)|
Mo (AP =080 " (e

and we observe that
M(f; @) <M;(f;®) < (1+a)’M;*(f; D) (6.4.3)

for all a,b > 0. We note that if @ is merely integrable, for example, if @ is the
Poisson kernel, the maximal functions M(f; @), M} (f; @), and M, (f; @) are well
defined only for bounded tempered distributions f on R".

For a fixed positive integer N and a Schwartz function ¢ we define the quantity

M(g)= [ 1k 3 10%p()dx. (6.4.4)
R || <N+1
We now define
TN = {ﬁoey(R"): Ny (@) < 1}, (6.4.5)

and we also define the grand maximal function of f (with respect to N) as

AN(f)(x) = sup Mi(f;0)(x).
PETN
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Having introduced a variety of smooth maximal operators useful in the develop-
ment of the theory, we proceed with the definition of Hardy spaces.

Definition 6.4.2. Let f be a bounded tempered distribution on R” and let 0 < p < oo.
We say that f lies in the Hardy space HP (R") if the Poisson maximal function

M(fP)(x) = sup (P, * f) (x)] (6.4.6)

t>0

is in LP(R™). If this is the case, we set

£l = 1MCF: )] -

At this point we don’t know whether these spaces coincide with any other known
spaces for some values of p. In the next theorem we show that this is the case when
1 <p <o,

Theorem 6.4.3. (a) Let 1 < p < oo. Then every bounded tempered distribution f in

HP is an element of LP. Moreover, there is a constant C, , such that for all such f
we have

11l < 11l < Gl £]

and therefore HP (R") coincides with LP (R").
(b) When p = 1, every element of H' is an integrable function. In other words,
H'(R") C LY(R") and for all f € H' we have

e < 1L - (64.7)

Proof. (a)Let f € HP(R"). The set {P, x f : ¢ > 0} lies in a multiple of the unit ball
of L?. By the Banach—Alaoglu—Bourbaki theorem there exists a sequence t; — 0
such that F;; x f converges to some L” function fj in the weak™ topology of L”. On
the other hand, we see that P, x ¢ — ¢ in .’(R") ast — 0 for all ¢ in . (R"). Thus

L])J

Psf—f in ' (R"), (6.4.8)

and it follows that the distribution f coincides with the L? function fj. Since the
family { P, },~ is an approximate identity, Theorem 1.2.19 gives that

P f—fll,, =0 ast — 0,
from which it follows that
11l < 5091210, = (649)

The converse inequality is a consequence of the fact that

sup | B+ f| < M(f),

t>0

where M is the Hardy-Littlewood maximal operator. (See Corollary 2.1.12.)
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(b) The case p = 1 requires only a small modification of the case p > 1. Embed-
ding L' into the space of finite Borel measures .# whose unit ball is weak* compact,
we can extract a sequence 7; — 0 such that F; = f converges to some measure [ in
the topology of measures. In view of (6.4.8), it follows that the distribution f can be
identified with the measure U.

It remains to show that u is absolutely continuous with respect to Lebesgue mea-
sure, which would imply that it coincides with some L! function. Let || be the total
variation of (1. We show that i is absolutely continuous by showing that for all sub-
sets E of R” we have |[E| =0 = |u|(E) =0. Given an € > 0, there existsa § > 0
such that for any measurable subset F' of R” we have

|[F| <6 = /sup|P,>f<f|dx<£.
F >0

Given E with |E| =0, we can find an open set U such that E C U and |U| < 8. Then
for any g continuous function supported in U we have

/ gd,u‘ = lim

R” j—o | JR?
P

||g||Lw/U§gg| 5 fdox

ellg]] -

8(x) (B f)(x) dx

IN

A

But we have

lu(U)| = sup{‘/ gd,u‘ : g continuous supported in U with [|g||,.. < 1},
Rn

which implies that |u(U)| < €. Since € was arbitrary, it follows that |u|(E) = 0;
hence u is absolutely continuous with respect to Lebesgue measure. Finally, (6.4.7)
is a consequence of (6.4.9), which is also valid for p = 1. O

We may wonder whether H! coincides with L!. We show in Theorem 6.7.4 that
elements of H' have integral zero; thus H' is a proper subspace of L'.
We now proceed to obtain some characterizations of these spaces.

6.4.2 Quasinorm Equivalence of Several Maximal Functions

It is a fact that all the maximal functions of the preceding subsection have compara-
ble L? quasinorms for all 0 < p < o. This is the essence of the following theorem.

Theorem 6.4.4. Let 0 < p < oo. Then the following statements are valid:
(a) There exists a Schwartz function @ with [gn @(x)dx # 0 and a constant C,
(which does not depend on any parameter) such that

[M(£: @) < Cillf ]l o (6.4.10)
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for all bounded f € ' (R").
(b) For every a > 0 and @ in .7 (R") there exists a constant Cy(n, p,a, @) such that

M (£:@)]|,, < Ca(n,p,a,®@)|M(f; D), (6.4.11)

forall f € ' (R").
(c) Foreverya>0,b>n/p, and @ in .7 (R") there exists a constant C3(n, p,a,b, @)
such that

M5 (f; D) (6.4.12)

forall f € ' (R").

(d) For every b > 0 and @ in 7 (R") with [g. @ (x)dx # 0 there exists a constant
C4(b, D) such that if N = [b] + 1 we have

< Cs(n,p,a,b,®)||M; (f;D)|

Lp L

||-2n ()|

< Cu(b,@)|| My (f; D)

(6.4.13)

Ly Ly

forall f € &' (R").
(e) For every positive integer N there exists a constant Cs(n,N) such that every

tempered distribution f with ||///N (f) ‘ ’ 1 <e°is abounded distribution and satisfies

1£1l,p < Cs(n,N) || tn(£) (6.4.14)

i

that is, it lies in the Hardy space HP.

We conclude that for f € HP(R"), the inequality in (6.4.14) can be reversed, and
therefore for any Schwartz function @ with [, @(x)dx # 0, we have

MG (f: @] < Clasn,p, @) f] -
Consequently, there exists N € Z™ large enough such that for f € .#/(R") we have

|- 2n ()|

~ || My (f; @)

~ ||M (f; )|

L17"‘HMf¢|

LP = ™~ Hf ||HI’

for all Schwartz functions @ with [g. @(x)dx # 0 and constants that depend only
on @,a,b,n, p. This furnishes a variety of characterizations for Hardy spaces.

The proof of this theorem is based on the following lemma.

Lemma 6.4.5. Let m € Z" and let @ in .7 (R") satisfy [gn @ (x)dx = 1. Then there
exists a constant Co(®@,m) such that for any ¥ in #(R"), there exist Schwartz
functions 0l 0 < s <1, with the properties

¥(x) = /O 1(@“) * @) (x)ds (6.4.15)

and
/ (14 |])"10%) (x)| dx < Co(P,m) " N (¥). (6.4.16)
RVl

Proof. We start with a smooth function § supported in [0, 1] that satisfies
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2 m
0<E(s) < forall0<s<1,
m!
. forall 0 <s< .
C(s) = m! orall0<s< ,
dr
df(l): 0 foral 0 <r<m+1.
We define
] m+1/t\erms
o — =t _ 4" E() Dok kDA, (6.4.17)
dSerl
where

aerl m+2 terms
<S> = (_l)erlC(s) asm+l ((DS H ek (I)S) *lfla

and we claim that (6.4.15) holds for this choice of eY). To verify this assertion, we
apply m + 1 integration by parts to write

[1]

m+2 terms
A~

o L d"{(s) . h
/()@‘”*@ds:/o =)« Dy ds + o (O)SlirglJr((D*...*(D)s*'P

—(—1)'"“/ C(s)amﬂ(d)s*---*d)s)*‘f’ds,
0 §

noting that all the boundary terms vanish except for the one in the first integration
by parts at s = 0. The first and the third terms in the previous expression on the right
add up to zero, while the second term is equal to ¥, since @ has integral one, which
implies that the family {(® *--- % @)}~ is an approximate identity as s — 0.
Therefore, (6.4.15) holds.

We now prove estimate (6.4.16). Let Q2 be the (m—+1)-fold convolution of @. For
the second term on the right in (6.4.17), we note that the (m+ 1)st derivative of {(s)
vanishes on [0, H , so that we may write

L™ 59 g vl

< Cm%[é‘l](s)/l{n(l+|x|)m|:/l{n Sln
Cor ) [ [ 1+ v+ 550" 190 dyds
Cogy @) [, [+ 155D+ bl dyds

Goity ) ([ @l [ 1+ b olay)
< C(@,m)" (),

a¢y)| |‘P<y>|dy] dx

IN

IN

IN
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since 1 ) (s) <2™s™. To obtain a similar estimate for the first term on the right in
2
(6.4.17), we argue as follows:

[Lasmme| 8 @) ax

” Jamtl 1 x—y
= [ s E | o [ w2( )01y
dm-‘rllfl xX—sy
= [ aenmico| [ eo) dmﬂ ay

<G [ A+ "EO] [ 12001 X (0% 0= )| bl dyax

loe|<m+1

dx

dx

<GUEWI [ [ A+brslmee)] T 107 @I(1+ )" dydx

\a\§m+l

<GS [ BRI+ by [ ()" 3 (0" ax

loe|<m+1
< CH(D,m)s"™ Nyu(P).
We now set Co(@,m) = C)(®@,m) + Cj (@, m) to conclude the proof of (6.4.16). [
Next, we discuss the proof of Theorem 6.4.4.

Proof. (a) We pick a continuous and integrable function y/(s) on the interval [1, )
that decays faster than the reciprocal of any polynomial (i.e., |w(s)| < Cys™ for all
N > 0) such that

e 1 ifk=0
k )
ds = 6.4.18
/1 S ylsds {0 ifk=1,2,3,.... (64.18)
Such a function exists; in fact, we may take
el V2
_ (=i )(s—1)4
yls)=© Im (e % ) (6.4.19)

See Exercise 6.4.4. We now define a function

x) = /1 T ()P (x)ds, (6.4.20)

where P; is the Poisson kernel. The Fourier transform @ is

@ g):/I.W‘V(S)ﬁs(g)dsz/lml//(s)e*Z”S\‘?\ds

(cf. Exercise 2.2.11), which is easily seen to be rapidly decreasing as || — oo.

The same is true for all the derivatives of @. The function @ is clearly smooth on
R"\ {0}. Moreover,
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= & EF & [ g L L
2;@(&) =Y (—2m)*! sHy(s)ds+0(1&") = 0(1&]")
k=0 k! |§| 1

as |€| — 0, which implies that the distributional derivative 8,{1'3 is continuous at the
origin. Since

98 (7 2mIEl) = ol (£)) g | e 2

for some mqy € Z" and some polynomial py, choosing L sufficiently large gives
that every derivative of @ is also continuous at the origin. We conclude that the
function @ is in the Schwartz class, and thus so is @. It also follows from (6.4.18)
and (6.4.20) that

D(x)dx=1+#0.
RV!
Finally, we have the estimate

M(f;@)(x) = sup|(®; + f)(x)]

t>0

= sup
>0

| ws)ldsMr:P) ),

| v <RI ds

IN

and the required conclusion follows with C; = [}” |y/(s)|ds. Note that we actually
obtained the stronger pointwise estimate

M(f;®@) < CiM(f:P)
rather than (6.4.10).

(b) The control of the nontagential maximal function M} (-; @) in terms of the
vertical maximal function M(-;®) is the hardest and most technical part of the
proof. For matters of exposition, we present the proof only in the case that a = 1
and we note that the case of general a > 0 presents only notational differences. We
derive (6.4.11) as a consequence of the estimate

( /R M @)S*N(xV’dx) " <o p, N, @) |M(f; D) (6.4.21)

Lr>

where N is a large enough integer depending on f, 0 < € < 1, and

(F- D &N — (pt ! ! l '
M@0 = s, s [@ONON ) 1y

Let us a fix an element f in .%’/(R") such that M(f; @) € LP. We first show that
M;(f; @)8N lies in LP(R")NL™(R"). Indeed, using (2.3.22) (with & = 0), we obtain
the following estimate for some constants Cy, m, and / (depending on f):
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(D= f)(v)] < Cf% sulg(lyl’“rIZI’”)I((W@)(Z)I

<]zeR"

< Cr(1+p™) Y, sup(1+[2™)[(0P &r)(—2)]
|B|<12€R"

(T4 [y™) m

< fmmOmﬂH)£E£$%1+k|”@ﬂ¢x_dﬂ|
! m(iilgnwr?fl) (L+1") %ﬂseulg( 1+ |z/t™)[ (9P @) (—z/1)]

< C(f, @) (1 +ely)me (A +™) "+,

Multiplying by (, /)" (1 +¢|y|)™" for some 0 <t < ! and |y — x| < yields

t
t+€
(1 _|_£7m)(£n7N+£n+lfN)

t \N 1 e
(@5 A0, ) (1 4 <) (1 ely V- ,

t+e/ (1+e¢ly])
and using that 1+ &|y| > ) (1+ €x|), we obtain for some C(f, ®@,&,n,1,m,N) < o,

C(f7 @,8,”, l7m7N)

Mif(f;(p)&N(x)S (1+8|x|)N—m

Taking N > (m-+n)/p, we deduce that M; (f; @) lies in LP(R") NL™(R").
We now introduce a parameter L > 0 and functions

1

U(f;@)N(x)= sup sup f|v((p‘*f)(y)|( t )N(1+8|y|)N

O<r< ! y—xl<t t+e€

and

V(@) ) = sup sup [(@x )| (] )N< : ( : )L'

0<r< ) yeR" I+ T4+ely)¥ \ 1+ |x — |

We fix an integer L > n/p. We need the norm estimate

V(£ @)NE|,, < Cop M (F: )|, (6.4.22)
and the pointwise estimate
U(f; @) <A(®,N,n,p)V(f; )N, (6.4.23)

where
A(@,N,n,p) =2-Co(d;®;N + L) Ny11(9; D).

To prove (6.4.22) we observe that when z € B(y,t) C B(x,|x —y| +1t) we have
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@0, L) (1 e <MD

from which it follows that for any 0 < ¢ < e and y € R”,

AN 1
[(@# )()] (,+g) (1+eyN

1 % . eN >q
M ;D)™ 9d
<(|B<y,t>|/3<y,t> {3 @) (@)
|x—y|+r)3< 1 - N )
< M (f; D)% 9d
( / 1Bt b — 3] 4 0)] Sy ™1 P @72

< ('x_ty|+I)LM([Mf(f;<D)£’N}q)‘l’(x),

where we used that L > n/p. We now take 0 < ¢ < p and we use the boundedness
of the Hardy-Littlewood maximal operator M on L?/4 to obtain (6.4.22).

In proving (6.4.23), we may assume that @ has integral 1; otherwise we can
multiply @ by a suitable constant to arrange for this to happen. We note that

V(@5 )| = |(VO), # £| < v/ 3 [(3;0), % £1.

J=1

and it suffices to work with each partial derivative d;® of @. Using Lemma 6.4.5
we write

1
0P :/ OY) x d,ds
0

for suitable Schwartz functions @), Fix x € R", 1 > 0, and y with [y —x| <7 < 1/e.
Then we have

(@l )N( :

t+¢ 1+ €ly|)V
N 1
( g) 1+8|y| ((@(S))z*%*f)(y)ds (6.4.24)
" —1 | ?l*f )‘
t+e) / /n ‘@ | (1+ely)V dzds.

Inserting the factor 1 written as

L e (e

in the preceding z-integral and using that
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1 - (1+¢lz))V
(I+elyD¥ = (1 +ely—z)V

and the fact that |x — y| < ¢ < 1/¢€, we obtain the estimate
/ / 7n|@ 71 }‘( St*f)y Z)|dZdS
t+8 n (1+¢€ly))V
L
t -(- d
vt [ e (CTR DT oo ac
0 JR" ts N

1
V(f; @) (x) /0 /R TN etz V(s 1+ 12)H 0 (2)| dzds
2LC0(8j(15;N+L) (ﬁNJrL(aj(D)V(f; (p)s,N,L(x)

IN

IN

A

in view of conclusion (6.4.16) of Lemma 6.4.5. Combining this estimate with
(6.4.24), we deduce (6.4.23). Having established both (6.4.22) and (6.4.23), we con-
clude that

U @) M|, < CapA(DN,n,p)||M (f:0)Y [ . (6.4.25)
We now set
Ee = {xeR": U(f;@)"N (x) <KM;(f;@)"N (x)}
for some constant K to be determined shortly. With A = A(®,N,n, p) we have

£ BN (1117 1 NP
/(Eg)f (M; (f; @) ()] dx < K /(EE)C [U(f; @) (x)]” dx

< oo o W@V ) ax

CrpAP [ o e
< T | M () ()] d

; /R (M (f: @)= (x)] dx,

(6.4.26)

IN

provided we choose K such that K = 2C,’,’7PAP. Obviously K = K(®,N,n,p), i.e.,
it depends on all these variables, in particular on N, which depends on f.

It remains to estimate the contribution of the integral of [M; (f; @)V (x)]” over
the set E;. We claim that the following pointwise estimate is valid:

M (f; @)%Y (x) < Can e M(M(f; ®)") 7 (x) (6.4.27)

for any x € E¢ and 0 < g < oo. Note that C,, y ¢ depends on K. To prove (6.4.27) we
fix x € E and we also fix y such that |y — x| < 1.

By the definition of M; (f; @) (x) there exists a point (yo,) € R%"! such that
|x—yo| <t < é and
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N 1 1
@=nool(, ) ,) Lt ey = 29N, (6.4.28)

Also by the definitions of E¢ and U (f; @)&", for any x € E we have

V@ NEN(, L) (e KM (6429)

for all & satisfying | —x| <t < .. It follows from (6.4.28) and (6.4.29) that

1+sI&I>N

(6.4.30)
1+ €yol

V(@ 1(E)] < 2610 1))

for all & satisfying |€ —x| <t < é We let z be such that |z — x| < ¢. Applying the
mean value theorem and using (6.4.30), we obtain, for some & between yg and z,

(@£~ (@x £)00)| = V(@ x £)E) Il
2K 1+elE]\"
Flen@l ([ 75 el
N+l

=S |(D, = £)(v0)] |z — ol

IN

< l@«)0o).

provided z also satisfies |z — yo| < 2~V ~"2K~!# in addition to |z — x| < t. Therefore,
for z satisfying |z —yo| < 27V"2K~!t and |z — x| < ¢ we have

1 |
(@)@ =, [(@x )| = M (f; )" (x),
where the last inequality uses (6.4.28). Thus we have

1
|B(x,1)[ JB(xa)
1
~ |B(x,1)] B(x.0)NB(yo,2-N-2K~11)
1 1
*(f- &N q
el |B(X,t)| B(x,t)ﬂB(yo,ZﬁNfszlt) 411 [Ml (f’ ) (X)] dW
B(x,t)NB(yo,2 V2K~ 't)| 1 . .
= o |§3((.)x 1) )|4q [M{(f; @) (x)]
Congd™? [Mik (f@)eN (x)]q,

M(M(f;®)7)(x) > [M(f:®)(w)]?dw

[M(f: @) (w)]*dw

V

where we used the simple geometric fact that if |x —yo| <t and § > 0, then
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|B(x,1) N B(y0, 1))

>c,5>0,
|B(x,1)] =ne

the minimum of this constant being obtained when |x — yo| = ¢. See Figure 6.1.

D

Fig. 6.1 The ball B(yy, 6t)
captures at least a fixed pro-
portion of the ball B(x,t).

This proves (6.4.27). Taking r < p and applying the boundedness of the Hardy—
Littlewood maximal operator yields

/E (M (f: @) (x)]"dx < Copy g np /R M(f;®)(x)" dx. (6.4.31)

Combining this estimate with (6.4.26), we obtain

1
Jo D)) < Ch [ MO [ (0]

and using the fact (obtained earlier) || M; (f; @) || 1» < o0, we obtain the required
conclusion (6.4.11). This proves the inequality

M5 (f: @) ||y < 2Y7Co k| M(f: )|

- (6.4.32)

The previous constant depends on f but is independent of €. Notice that
Mgz 2 ) s @0
15 T x) = sup ( ) sup % f)(y
(1 +elx|)¥ o<t<l/e \TE/ |y i<t
and that the preceding expression on the right increases to
27 VM (f: @) (x)

as € | 0. Since the constant in (6.4.32) does not depend on &, an application of the
Lebesgue monotone convergence theorem yields
1
M5 (£ @], <2V P Coygenp|[MF: )|, - (6.4.33)
The problem with this estimate is that the finite constant 2YCq y & 4., depends on
N and thus on f. However, we have managed to show that under the assumption
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|M(f: @) ;p < °°, One must necessarily have |M; (f; D) 1p <o This is a signifi-
cant observation that allows us now to repeat the preceding argument from the point
where the functions U (f;¢)&" and V(f;¢)&N are introduced, setting € = N = 0.
Since the resulting constant no longer depends on the tempered distribution f, the
required conclusion follows.

(c) As usual, B(x,R) denotes a ball centered at x with radius R. It follows from
the definition of M} (f; @) that

(@ o+ )W <My (f: @) (z)  if z€B(yar).

But the ball B(y,ar) is contained in the ball B(x, |x — y| + at); hence it follows that

\ 1 RO
(@O < ) o M @)@z

1 / .
< M (f;@)(z) dz
|B(y,at)| JB(x,lx—y|-+ar)

(|x_y|+at>nM(M,f(f;<P)Z)(x)

at

IN

n
max(l,a”)(lxtyl—i—l) MM (f:®)%) (v),
from which we conclude that for all x € R” we have

n

My (@) (3) < max(1,a™) {M (M (£:0)8) ()}

Raising to the power p and using the fact that p > n/b and the boundedness of the

Hardy-Littlewood maximal operator M on L?/", we obtain the required conclusion
(6.4.12).

(d) In proving (d) we may replace b by the integer by = [b] + 1. Let @ be a

Schwartz function with nonvanishing integral. Multiplying @ by a constant, we can

assume that @ has integral equal to 1. Applying Lemma 6.4.5 with m = by, we write
any function @ in .Zy as

00)= [ (O @) ()ds

for some choice of Schwartz functions © ). Then we have

o) = [ (0= @)0)ds

for all ¢ > 0. Fix x € R". Then for y in B(x,t) we have
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oenols [ RnI(@(”)r(Z)II(q’rs*f)(y—Z)ldzds

< [ [ 1@ m )()('x_(s);_Z”—H)bodzds

b =yl ld Y
S/S‘O A |(@(S))t(z)|MZ§(f;d§)(x)< , + ) —|—1) dz ds
<2b0M** (f; D)( / 7}:0/ (|w|—|—1) dw ds

1
<2033 (15 @) () [ 50Co(@.00) 0 Wy () ds
0

where we applied conclusion (6.4.16) of Lemma 6.4.5. Setting N = by = [b] + 1, we
obtain for y in B(x,7) and ¢ € Zy,

(@ ) ()] < 27Co( @, bo) My, (f3 P) ().

Taking the supremum over all y in B(x,t), over all # > 0, and over all ¢ in Fy, we
obtain the pointwise estimate

AN (f)(x) < 200Co(P,bo) My (3 D) (x) x€R",
where N = by + 1. This clearly yields (6.4.13) if we set Cy = 220Cy(®, by).

(e) We fix an f € .%/(R") that satisfies ||.#Zy(f)||,, < e for some fixed positive
integer N. To show that f is a bounded distribution, we fix a Schwartz function ¢

and we observe that for some positive constant ¢ = ¢y, we have that ¢ ¢ is an element
of Zy and thus M (f;c@) < #n(f). Then

(@)X < inf sup [(cof)(z)]”

ly—x|<1),—y|<1

< inf Mi(f;co)(y)”
[y—x|<1

1
o o M Ge0)0) ay

IN

1
< [ i Fieo)0) dy

1
< AN (F) ()P dy <o,
vn Rl‘l
which implies that ¢ * f is a bounded function. We conclude that f is a bounded
distribution. We now proceed to show that f is an element of H”. We fix a smooth
function with compact support 6 such that

1 if 1
0(x) = 1 b <1,
0 if |x>2.
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We observe that the identity

P(x) = P(x)0(x) + i (627 x)P(x) — 62~ Dx)P(x))

k=1
_ g s TURD 5,k 6()—02(-)
- P+ 8 S0 ((2%“_'2)";,)%()
is valid for all x € R”". Setting
¥ (x) = (6(x) — 6(2x ! ,
(=00 =0@0) |y

we note that for some fixed constant ¢y = co(n,N), the functions ¢y 6 P and co®@®
lie in Z#y uniformly in k = 1,2,3,.... Combining this observation with the identity
for P(x) obtained earlier, we conclude that

lr(n+1) oo B
sup|P, * f| < sup|(0P); * f|+ nfl sup ) 2 k|(co<1)(k))2kt*f}
t>0 t>0 €O w2 >0k
< Cs(n,N).4n(f),

which proves the required conclusion (6.4.14).
We observe that the last estimate also yields the stronger estimate

M (f:P)(x) = sup sup |(P+ f))] < Cs(n,N).Atn(f)(x). (6.4.34)
>0 yeR"
[y—x|<at

It follows that the quasinorm ||M1* (f;P)‘ Lr(RY) is also equivalent to HfHH,,. This
fact is very useful. O

Remark 6.4.6. To simplify the understanding of the equivalences just proved, a
first-time reader may wish to define the H” quasinorm of a distribution f as

Al = M3 (5P

and then study only the implications (a) = (c), (c) = (d), (d) = (e), and

(e) = (a) in the proof of Theorem 6.4.4. In this way one avoids passing through

the statement in part (b). For many applications, the identification of H f H pp With

HM (f <D)| 1» for some Schwartz function @ (with nonvanishing integral) suffices.
We also remark that the proof of Theorem 6.4.4 yields

1 2o ey 2 |- )]

Lr (R”) )

where N = [7]+ 1.
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6.4.3 Consequences of the Characterizations of Hardy Spaces

In this subsection we look at a few consequences of Theorem 6.4.4. In many appli-
cations we need to be working with dense subspaces of H”. It turns out that both
HP NL?* and H? N L' are dense in H?.

Proposition 6.4.7. Let 0 < p < 1 and let r satisfy p < r < eo. Then L' NH? is dense
in HP. Hence, H” N L* and H? NL" are dense in HP.

Proof. Let f be a distribution in H”(R"). Recall the Poisson kernel P(x) and set
N =[]+ 1. For any fixed x € R" and > 0 we have

[(Box f)(x)] < M{(f3P)(y) < Cttn(f)() (6.4.35)

for any |y — x| < z. Indeed, the first estimate in (6.4.35) follows from the definition
of M;(f;P), and the second estimate by (6.4.34). Raising (6.4.35) to the power p
and averaging over the ball B(x,t), we obtain

e <

Cl’
P < 1 /77.
S it gy DOy < 1

It follows that the function P, * f is in L= (R") with norm at most a constant multiple
of t=/P H flzp. Moreover, this function is also in L?(R"), since it is controlled by
M(f;P). Therefore, the functions P,  f lie in L"(R") for all r < p < . It remains
to show that P * f also lie in H? and that P, f — fin H? ast — O.

To see that P,  f lies in H?, we use the semigroup formula P, x Py = P, for the
Poisson kernel, which is a consequence of the fact that P (&) =e 2™ €] by applying
the Fourier transform. Therefore, for any r > 0 we have

sup Py« Py + f| = sup [Pyt = f| < sup [Py f|,
s>0 s>0 s>0

which implies that
1B o < 1L

for all # > 0. We now need to show that P; x f — f in H? as t — 0. This will be a
consequence of the Lebesgue dominated convergence theorem once we know that

sup|(Psx P f — Pox f)(x)| — 0 as 1—0 (6.4.36)

s>0

pointwise for all x € R” and also

sup | P x P f — Py f| < 2sup|Ps+ f| € LP(R"). (6.4.37)
>0

s>0 s

Statement (6.4.37) is a trivial consequence of the Poisson semigroup formula. As
far as (6.4.36) is concerned, we note that for all x € R" the function

s |(Pox Pox f) (x) = (Pox ) ()| = [ (Poga ) () = (Pox ) ()]
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is bounded by a constant multiple of s~"/7 and therefore tends to zero as s — oo.
Given any € > 0, there exists an M > 0 such that for all £ > 0 we have

sup (P s Pox f— P ()] < & - (64.38)
s>M 2

Moreover, the function ¢ +— supy< <y |(Ps % B * f — Py + f)(x)| is continuous in 7.
Therefore, there exists a 7y > 0 such that for ¢ < #y we have

€
sup |(Pox Bx f—Pox f)x)[ < - (6.4.39)
0<s<M
Combining (6.4.38) and (6.4.39) proves (6.4.36). ]

Next we observe the following consequence of Theorem 6.4.4.

Corollary 6.4.8. For any two Schwartz functions @ and © with nonvanishing inte-
gral we have

[sup|@: = £1[| ,, ~ [[sup|@: = £ &~ [| £ s
>0 t>0

forall f € ' (R"), with constants depending only on n,p, ®, and ©.
Proof. See the discussion after Theorem 6.4.4. O

Next we define a norm on Schwartz functions relevant in the theory of Hardy
spaces:

x—xo\N
‘JIN((p;xo,R):/ 1+ Y RY9%(x)|dx.
R”( ’ R D ot <N+1
Note that 9y (¢;0,1) = Ny (o).

Corollary 6.4.9. (a) For any 0 < p < 1, any f € HP(R"), and any ¢ € /(R") we
have

(£ 0)] < 9(g) inf Ax(£)(2), (6.4.40)
where N = [Z] + 1. More generally, for any xy € R" and R > 0 we have
(£, 0)] < M (@:x0,R) . in‘f<R///N(f)(z). (6.4.41)
—X0|=

(b) Let 0 < p < 1l and p < r < oo. Forany f € H? we have the estimate

o= f

o < Cp. )M ()| fllr
where N = [n/p]+ 1.

Proof. (a) Set y(x) = @(—Rx+xp). It follows directly from Definition 6.4.1 that
for any fixed z with |z —xp| < R we have
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[(f,@)| = R"|(f* wr)(x0)]
< sup RY|(f*wr)()I

yi [y—zI<R

R"U,.{n(”'W')N 3 |8°‘w(w)|dw]///N(f)(Z)a

|| <N+1

IN

from which the second assertion in the corollary follows easily by the change of
variables x = —Rw + x¢. Taking the infimum over all z with |z — x| < R yields the
required conclusion.

(b) For any fixed x € R"” and ¢ > 0 we have

(0= NI <Mw(@)Mi (13, & )0) <M(@LM(N))  (6442)

N(P)

for all y satisfying |y — x| < 1. Hence
o=l < o [ a1 0)dy < w01 Ch 1]
X

This implies that ||¢ * fHLw < CpnMN(9)||f]| »- Choosing y = x in (6.4.42) and
then taking L” quasinorms yields a similar estimate for || * f]|,,. By interpolation
rs mN((P)HfHHP' .
Proposition 6.4.10. Let 0 < p < 1. Then the following statements are valid:

(a) Convergence in HP implies convergence in ..
(b) H? is a complete quasinormed metrizable space.

Proof. Part (a) says that if a sequence f; tends to f in H”(R"), then f; — f in
< (R"). But this easily follows from the estimate

C o
(£ @) < Co inf M(F)) < 7 | A(F) 2 < CoCup|f[0-
n
which is a direct consequence of (6.4.40) for all ¢ in .7 (R"). As before, here N =

I+1
To obtain the statement in (b), we first observe that the map (f, g ||f 8 HHI’

is a metric on H” that generates the same topology as the quasmorm Fe -
To show that H? is a complete space, it suffices to show that for any sequence of
functions f; that satisfies

2 %N(f/')pdx<°°v

. Rl‘l

J

the series Y ; f; converges in H”(R"). The partial sums of this series are Cauchy in

HP(R") and therefore are Cauchy in .’/ (R") by part (a). It follows that the sequence
Sk « [ converges to some tempered distribution f in .#”/(R"). Sublinearity gives
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sy [ (B) ax <Y [ () dx <o,
J J

R”

which implies that f € H?. Finally,

/};n///zv(f—jikﬁ)l’dx< D /Rn///zv(fj)”dx—m

| j|>k+1

as k — oo; thus the series converges in H”. O

6.4.4 Vector-Valued HP and Its Characterizations

We now obtain a vector-valued analogue of Theorem 6.4.4 crucial in the charac-
terization of Hardy spaces using Littlewood—Paley theory. To state this analogue
we need to extend the definitions of the maximal operators to sequences of distri-
butions. Let a,b > 0 and let @ be a Schwartz function on R”. In accordance with
Definition 6.4.1, we give the following sequence of definitions.

Definition 6.4.11. For a sequence f = {f;} jez of tempered distributions on R” we
define the smooth maximal function of f with respect to @ as

M(f;®)(x) = fggH{(@;*fj)(x)}jHﬁ'

We define the nontangential maximal function (with aperture a) of f with respect to
D as

My (f;@)(x) =sup sup [[{(@+f;) ()} -
=0 \y}iiﬁzat

We also define the auxiliary maximal function

sk (7. _ H{((pl*fj)(x_y)}JHEZ
M7 (f:®)(x) =supsup T Ly

We note that if the function @ is not assumed to be Schwartz but merely inte-
grable, for example, if @ is the Poisson kernel, the maximal functions M( f ; D),
M:(f; @), and M;*(f; @) are well defined for sequences f = {f;}; whose terms
are bounded tempered distributions on R”.

For a fixed positive integer N we define the grand maximal function of f (with
respect to N) as . .

Mn(f)= sup Mi(f:0), (6.4.43)
PEFN
where
Ty = {(p e SR : Ny(p) < 1}
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is as defined in (6.4.5).
We note that as in the scalar case, we have the sequence of simple inequalities
M(F;®@) < M:(F: @) < (1+a)’ M (3 @). (6.4.44)
We now define the vector-valued Hardy space H”(R",¢?).

Definition 6.4.12. Let f = {f;}, be a sequence of bounded tempered distributions

on R" and let 0 < p < co. We say that f lies in the vector-valued Hardy space
HP(R" (%) if the Poisson maximal function

M(F:P) @) = sup[{(B £)(0), o

lies in LP(R™). If this is the case, we set

LP(R")

1
1 = M2 ey = s (S5

The next theorem provides a vector-valued analogue of Theorem 6.4.4.

Theorem 6.4.13. Let 0 < p < 0. Then the following statements are valid:
(a) There exists a Schwartz function @ with [p. @(x)dx # 0 and a constant C,
(which does not depend on any parameters) such that

[p1(f: )|

Ll’(R”,£2> S Cl "f||H17(R’1,£2) (6445)

for every sequence f ={f;}; of tempered distributions.
(b) For every a > 0 and @ in 7 (R") there exists a constant Cy(n, p,a, @) such that

M (f; @) <Ca(n,p,a,®)||M(f; @)

e (6.4.46)

Ll’(R”,[z)
for every sequence f ={f;}; of tempered distributions.

(c) Foreverya>0,b>n/p, and @ in 7 (R") there exists a constant C3(n, p,a,b, ®)
such that

M5 (F: @) 1 o 2) < C3(1,p,0,b,®) [M(F3D)|| o) (6:4:47)

for every sequence f = {fj}; of tempered distributions.
(d) For every b > 0 and @ in .7 (R") with [g. @ (x)dx # 0 there exists a constant
Cu(b, @) such that if N = [[]+ 1 we have

(6.4.48)

[ (f)] < Ca(b, @) || M}’ (f 1 @)

LP(R”,fz) Lr (Rn’€2>

for every sequence f ={f;}; of tempered distributions.
(e) For every positive integer N there exists a constant Cs(n,N) such that every
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sequence fz {fj}; of tempered distributions that satisfies ||///N(f)‘ R 2) <
consists of bounded distributions and satisfies '
Hf ||H1’(R”752) S CS (l’l,N) ||%N(f)‘ U’(R”,[z) 9 (6449)

that is, it lies in the Hardy space HP (R", (?).

Proof. The proof of this theorem is obtained via a step-by-step repetition of the
proof of Theorem 6.4.4 in which the scalar absolute values are replaced by £> norms.
This is small notational change in our point of view but yields a significant improve-
ment of the scalar version of the theorem. Moreover, this perspective provides an
example of the power of Hilbert space techniques. The verification of the details of
this step-by-step repetition of the proof of Theorem 6.4.4 are left to the reader. [

We end this subsection by observing the validity of the following vector-valued
analogue of (6.4.41):

(Z\<ﬁafp>|2)2§%v(<p;xo,R) inf . Zn(F)(z). (6.4.50)
J

lz—xo|<R

The proof of (6.4.50) is identical to the corresponding estimate for scalar-valued
functions. Set y(x) = @(—Rx+ xo). It follows directly from Definition 6.4.11 that
for any fixed z with |z —xp| < R we have

(Sl50)F)

Rn”{(fj * IIIR)(XO)}j||€2

< sup R'{(fixwr) )}l

y: [y—zI<R

< RNy () 4 n(f)(2),
which, combined with the observation
R" Ny () = Ny (@;x0,R),

yields the required conclusion by taking the infimum over all z with |z —xo| < R.

6.4.5 Singular Integrals on Hardy Spaces

To obtain the Littlewood—Paley characterization of Hardy spaces, we need a multi-
plier theorem for vector-valued Hardy spaces.

Suppose that K;(x) is a family of functions defined on R" \ {0} that satisfies the
following: There exist constants A, B < oo and an integer N such that for all multi-
indices o with |er| < N we have
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| Y 07Kj(x)| <Al < oo (6.4.51)
JEZL
and also .
sup | ¥ Kj(&)| < B <. (6.4.52)
EeR jez,

Theorem 6.4.14. Suppose that a sequence of kernels {K;}; satisfies (6.4.51) and
(6.4.52) with N = [Z] +1, for some 0 < p < 1. Then there exists a constant Cy , that
depends only on the dimension n and on p such that for all sequences of tempered
distributions { f;} j we have the estimate

|25
J

Hl’(R’l> S Cn,P(A+B)H{fj}jHHp(Rn’[2) .

Proof. We fix a smooth positive function @ supported in the unit ball B(0,1) with
Jrn @ (x)dx = 1 and we consider the sequence of smooth maximal functions

MY Kj*fj;®) = sup\ng*z[(,-*fj
j >0 j

)

which will be shown to be an element of L”(R”", £2). We work with a fixed sequence
of integrable functions f = {f;},, since such functions are dense in L”(R",¢?) in
view of Proposition 6.4.7.

We now fix a 4 > 0 and we set N = [7]+ 1. We also fix 7 > 0 to be chosen later
and we define the set

Q, ={xeR": An(f)x)>7yA}.

The set 2, is open, and we may use the Whitney decomposition (Appendix J) to
write it is a union of cubes Q; such that

(a) Ur Qr = 2, and the Q)’s have disjoint interiors;

(b) /nl(Qr) <dist (O, (21)°) < 4y/nl(Ox).

We denote by c¢(Qy) the center of the cube Q. For each k we set
di = dist (Q, (21)) +2vnl(Qk) = £(Qr)

so that
B(c(Qx),di) N (£2,) #0.

We now introduce a partition of unity { ¢y}, adapted to the sequence of cubes {Qy }«
such that

(©) xa, = Xk ¢ and each @ satisfies 0 < ¢ < 1;

(d) each ¢y is supported in g Oy and satisfies [p, Qxdx ~ dJ;
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(e) Ha"‘(pkH - < Cod, % for all multi-indices o and some constants Cy.

We decompose each f; as
fi=8j+ bk,
k

where g; is the good function of the decomposition given by

_ Jrn fiordx
and bj = 3 b« is the bad function of the decomposition given by

Jro £ 9k dX> .

biv=(fi—
Jk <fj fRn(Pkd.x

We note that each b ; has integral zero. We define g = {g;}; and b= {b,} ;. At this
point we appeal to (6.4.50) and to properties (d) and (e) to obtain

( ¥ ,,fj(pkdx‘z)i - Ny (@ c(Q), d)

=1 G inf An(f)(z). (6.4.53)

Jre Grdx  Jz—c(Qp)|<dy
But since

. e —|ef
N ; 2 — N d, " 'Cyd
N (P c(Qx), d) < [/ (1+ |x C(Qk)|) v % %l <o,
fR” Prdx Ok dy || <N+1 fR" Prdx

it follows that (6.4.53) is at most a constant multiple of A, since the ball B(c(Qy),d)
meets the complement of 2, . We conclude that
18/l (2, 2) < Cvan ¥ (6.4.54)

We now turn to estimating M (X.; K; * b x; @). For fixed k and € > 0 we have

(<D(9 * ZKj * bj,k) (x)

= Jo P *;KJ (x—y) [fj(y)wk(y) - fj‘-;{gf';ix (Pk()’)] dy
_ _ _ Px(y) _
- /n 2]‘ { (@ +K;) (x—2) — /Rn (®e %K) (x—y) fRnkgokdx dy}(pk(z)f, (z)dz

_ / YR k(x)9k(2) f(2) dz,

where we set R; x(x,z) for the expression inside the curly brackets. Using (6.4.41),
we obtain
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/Rn ZRN‘ (x,2)px(2)fj(2) dz

<2‘ﬁN Rjx(x, )o:c(Qr),di)  inf  n(fj)(z)  (6.4.55)

[z—c(Op) | <dy
< Z‘ﬂN (Rjk(x, ) @ic(Qu)di) — inf  Mn(F)().
z—c(Qk)|<dy
Since @ (z) is supported in 3 0y, the term (1 + le= L(Q")‘) contributes only a constant

factor in the integral defining My (R; x (x, - ) @x; ¢ (Qk) ), and we obtain
NN (R (x, ) @r;c(Qx), dy)

< CNn/ 2 d\a\+n

$Ok o <N+1

g ( k(6 2) o (2 ))‘dz. (6.4.56)

For notational convenience we set K; £ = @+ K;. We observe that the family {K £}
satisfies (6.4.51) and (6.4.52) with constants A’ and B’ that are only multiples of
A and B, respectively, uniformly in €. We now obtain a pointwise estimate for
mN(Rj’k (x, -)(pk;C(Qk),dk) when x € R” \ Q)L' We have

Rt 9o = [ @ {Ki9 ke w)} PO

from which it follows that

o

s { oK) - K5 )] | £

aoc
. < '
‘aza R./,k(X,Z)(Pk(Z)‘ < /R” Jrn Predx

Using hypothesis (6.4.51), we can now easily obtain the estimate

3] foftie-a- e e, 460

for all || < N and for x € R"\ Q,, since for such x we have |x — ¢(Qy)| > cpdy. It
follows that

n 2% X y
AT S @ <0t (G )
J

Inserting this estimate in the summation of (6.4.56) over all j yields

dn+1
Sw(Rjale Jouic (Qk>,dk)ch,nA(|x_c(ka)|,,+l). (64.57)

Combining (6.4.57) with (6.4.55) gives for x € R"\ Q,,
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CyAdH! , .
inf 7).
= = Q)" e <d; v(H)E)

ljk X Z)(Pk( )f/( )dZ

This provides the estimate

CnaAd!T!

SUP}ZK #bjg) (x |7 |x—ch)|”+1y

>0

for all x € R"\ Q,, since the ball B(c(Qx),dy) intersects (€2 )¢. Summing over k
results in

CnaAyAdt! CnAyrdi™!
M(Y Kjxb;;®)( <
(; S ) Z|X—C Q)" 7; (dic+|x —c( Q/<)|)”Jr1

forall x € (£2;)¢. The last sum is known as the Marcinkiewicz function. It is a simple

fact that
dn+l

dx <C, =C,|Q;|;
/Z (di+ [x — (@)1 = n§,|Qk| €2,

see Exercise 4.6.6. We have therefore shown that

M(K xb; ®)(x)dx < Cy,AYA|Q2;], (6.4.58)
Rn

where we used the notation K b = 2jKj*b;.
We now combine the information we have acquired so far. First we have

{M(K * ;@) > A} < {M(K > M+ MK «b; @) > 4}

For the good function g we have the estimate

— = 4 = =
{M(Kxg:@)>4}| < )LZ RnM(K*g;d))(x)de

IN

an2 - 5
(x)[*d
s /Rn;|g,<x>| x
C,,BZ/' ) C,B* [ )
gi(x)|"dx+ / fi(x)|“dx
22 m%" ()] 12 (QA)L;A ()]

2 CuB? 2V(1)2
BOaP |+ 5, [ (P
(£23)°

IN
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where we used Corollary 2.1.12, the L? boundedness of the Hardy-Littlewood max-
imal operator, hypothesis (6.4. 52), the fact that f; = g; on (£2;)¢, estimate (6.4.54),
and the fact that || f'|| ,» < .#/x(f) in the sequence of estimates.

On the other hand, estimate (6.4.58) and Chebyshev’s inequality gives

[{M( (K xb; @) > A < Cnady |,

which, combined with the previously obtained estimate for g, gives
Lo 2 C,B* 212
{(ME i) > 2} <Gy B+ Ty [ ()
e

Multiplying this estimate by pA?~, recalling that 2, = {.#x(f) > YA}, and in-
tegrating in A from O to oo, we can easily obtain

|M(K )| (6.4.59)

rge 2y < Cnn(AY' P+ BP0 |4 n (] )] Ir(Rn2) "

Choosing ¥ = (A+B)~! and recalling that N = [},]+ 1 gives the required conclusion
for some constant C, ,, that depends only on n and p.
Finally, use density to extend this estimate to all f in H?”(R”, (2). O

6.4.6 The Littlewood—Paley Characterization of Hardy Spaces

We discuss an important characterization of Hardy spaces in terms of Littlewood—
Paley square functions. The vector-valued Hardy spaces and the action of singular
integrals on them are crucial tools in obtaining this characterization.

We first set up the notation. We fix a radial Schwartz function ¥ on R" whose
Fourier transform is nonnegative, supported in the annulus ; + 110 <lé|<2- 110
and satisfies o

Y wRE) =1 (6.4.60)
Jjez
for all & # 0. Associated with this bump, we define the Littlewood—Paley operators
A; given by multiplication on the Fourier transform side by the function ‘1?’(2‘f &),
that is,
Ai(f) =AT(f) =W = f. (6.4.61)

We have the following.

Theorem 6.4.15. Let ¥ be a radial Schwartz function on R" whose Fourier trans-
form is nonnegative, supported in 2 0 < €] <2— 10, and satisfies (6.4.60). Let
A; be the Littlewood—Paley operators assoczated with ¥ and let 0 < p < 1. Then
there exists a constant C = Cy, p, w such that for all f € H?(R") we have
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| (%IA.;(J‘)IZ)Z

o S Cl Al (6.4.62)

Conversely, suppose that a tempered distribution f satisfies

(g0

< oo (6.4.63)
Lr

Then there exists a unique polynomial Q(x) such that f — Q lies in the Hardy space
H? and satisfies the estimate

=2l <| (J;Z IAj(f)Iz)%

(6.4.64)

’

Proof. We fix @ € .7 (R") with integral equal to 1 and we take f € H? N L' and M
in Z". Let r;j be the Rademacher functions, introduced in Appendix C.1, reindexed
so that their index set is the set of all integers (not the set of nonnegative integers).
We begin with the estimate

M

] 2 r(@)4)(f)| < sup|@ex Y ri(©)a;(7)

e>0 j=—M

)

which holds since { @ } ¢~ is an approximate identity. We raise this inequality to the
power p, we integrate over x € R” and w € [0, 1], and we use the maximal function
characterization of H? [Theorem 6.4.4 (a)] to obtain

1 p p
/ / ri(@)4;(N))| dxdo <3, / H 2 ri(@a;0)|) do.
0 n j=—M ' M HP
The lower inequality for the Rademacher functions in Appendix C.2 gives
M p
[(X |Aj(f)(x)|) dx < et / H 2 @A) do.
R =M — HP

where the second estimate is a consequence of Theorem 6.4.14 (we need only the
scalar version here), since the kernel

M

Y, (@) (x)

k=—M

satisfies (6.4.51) and (6.4.52) with constants A and B depending only on n and ¥
(and, in particular, independent of M). We have now proved that

(3 wne)

)7 < Cn,p,'f’HfHHpv
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from which (6.4.62) follows directly by letting M — oo. We have now established
(6.4.62) for f € H? NLL. Using density, we can extend this estimate to all f € H?.
To obtain the converse estimate, for r € {0, 1,2} we consider the sets

3Z+r={3k+r: keZ},
and we observe that for j,k € 3Z + r the Fourier transforms of A;(f) and Ax(f) are

disjoint if j # k. We fix a Schwartz function 11 whose Fourier transform is compactly
supported away from the origin so that for all j, k € 3Z we have

A;  when j=
Alp, = A7 Whenj=k (6.4.65)
J 0 when j # k,

where Ajn is the Littlewood—Paley operator associated with the bump 7, that is,
A]T-] (f) = f*n,-,. It follows from Theorem 6.4.14 that the map

{fj}jeZ - Z Ajn (fi)
Jje3z
maps H? (R",¢?) to H?(R"). Indeed, we can see easily that

Y A e)| <8

jesz

and

> 0% (27" (27x)) | < Aglx 1
je3Z

for all multi-indices o and for constants depending only on B and A,,. Applying this
estimate with f; = A;(f) and using (6.4.65) yields the estimate

for all distributions f that satisfy (6.4.63). Applying the same idea with 3Z 4 1 and
3Z + 2 replacing 3Z and summing the corresponding estimates gives

But note that f —3; A;(f) is equal to a polynomial Q(x), since its Fourier transform
is supported at the origin. It follows that f — Q lies in H” and satisfies (6.4.64). O

<G| (X 1a00R)’

je’z

3 40|

je3z H

Lr

> 4(f)]

JEZ

< 3’1’C"vﬂ!5”" (jezimj(fﬂz)i

HP ’

We show in the next section that the square function characterization of H? is
independent of the choice of the underlying function ‘.
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Exercises

6.4.1. Prove that if v is a bounded tempered distribution and %,k are in .7 (R"),
then
(hl *hz)*vzhl *(hz*v).

6.4.2. (a) Show that the H' norm remains invariant under the L! dilation f;(x) =
7t x).

(b) Show that the H” norm remains invariant under the L? dilation *~"/? f,(x) in-
terpreted in the sense of distributions.

6.4.3. (a) Let | < g <eoandletgin L?(R") be a compactly supported function with
integral zero. Show that g lies in the Hardy space H' (R").

(b) Prove the same conclusion when L is replaced by Llog™ L.

[Hint: Part (a): Pick a €;° function @ supported in the unit ball with nonvanishing
integral and suppose that the support of g is contained in the ball B(0,R). For |x| <
2R we have that M(f; @)(x) < Co M(g)(x), and since M(g) lies in LY, it also lies in
L'(B(0,2R)). For |x| > 2R, write (@, xg)(x) = [gn (P(x—y) — ®(x))g(y)dy and
use the mean value theorem to estimate this expression by ¢~"~! HV(IJHL‘” HgHL, <
x| """ 'Co||g| 4~ since > [x—y| > |x| — [y| > |x|/2 whenever |x| > 2R and |y| <R.
Thus M(f; @) lies in L' (R"). Part (b): Use Exercise 2.1.4(a) to deduce that M(g) is
integrable over B(0,2R).]

6.4.4. Show that the function y(s) defined in (6.4.19) is continuous and inte-
grable over [1,), decays faster than the reciprocal of any polynomial, and satisfies

(6.4.18), that is,
oo 1 ifk=0
k 9
d =
/1 S yls)ds {o ifk=1,2,3,....

[Hint: Apply Cauchy’s theorem over a suitable contour. |

6.4.5. Let 0 < a < oo be fixed. Show that a bounded tempered distribution f lies in
H? if and only if the nontangential Poisson maximal function

M (f;P)(x) =sup sup [(Pxf)(y)|
=0 \y{iﬁzat

lies in L?, and in this case we have HfHHP R~ HM;(f;P)HLp.
[Hint: Observe that M(f;P) can be replaced with M, (f;P) in the proof of parts (a)
and (e) of Theorem 6.4.4).|

6.4.6. Show that for every integrable function g with mean value zero and support
inside a ball B, we have M(g; @) € L?((3B)°) for p > n/(n+1). Here @ is in .7.

6.4.7. Show that the space of all Schwartz functions whose Fourier transform is
supported away from a neighborhood of the origin is dense in H?.
[Hint: Use the square function characterization of H”.|
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6.4.8. (a) Suppose that f € HP(R") for some 0 < p < 1 and @ in “(R"). Then
show that for all ¢ > 0 the function &, x f belongs to L"(R") for all p < r < co. Find
an estimate for the L” norm of @ * f in terms of || ||, and # > 0.

(b) Let 0 < p < 1. Show that there exists a constant C, , such that for all f in
H?(R")NL'(R") we have

FEN < Cup €1 " If Lo -

[Hint: Obtain that
[0 £l <P f ]l

using an idea from the proof of Proposition 6.4.7. ]

6.4.9. Show that H?(R", %) = LP(R",¢*) whenever 1 < p < co and that H'(R",¢?)
is contained in L' (R", ¢?).

6.4.10. For a sequence of tempered distributions f = {f;};, define the following
variant of the grand maximal function:

. 1

AP = sup sup sup (T ((@e [)0])
{(pj}jegst>O‘3;€xl‘lig j

where N > [7]+ 1 and

Fu={to; e 7 R): Towie) <1}.

J

Show that for all sequences of tempered distributions f = {f;}; we have

H/ZZN(f)HLp(Rn,eZ) ~ ||%N(f)HLP(R”,£2)

with constants depending only on n and p.
[Hint: Fix @ in .#(R") with integral 1. Using Lemma 6.4.5, write

(o) = [ (O + @) ()

and apply a vector-valued extension of the proof of part (d) of Theorem 6.4.4 to
obtain the pointwise estimate

MN(F) < CupMiyf (f 1 @),

where m > n/p.]
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6.5 Besov-Lipschitz and Triebel-Lizorkin Spaces

The main achievement of the previous sections was the remarkable characteriza-
tion of Sobolev, Lipschitz, and Hardy spaces using the Littlewood—Paley operators
A;. These characterizations motivate the introduction of classes of spaces defined
in terms of expressions involving the operators A;. These scales furnish a general
framework within which one can launch a study of function spaces from a unified
perspective.

We have encountered two expressions involving the operators A; in the charac-
terizations of the function spaces obtained in the previous sections. Some spaces
were characterized by an L” norm of the Littlewood—Paley square function

(SReanr)’.

and other spaces were characterized by an ¢¢ norm of the sequence of quantities
127%4;(f)||,»- Examples of spaces in the first case are the homogeneous Sobolev
spaces, Hardy spaces, and, naturally, L” spaces. We have studied only one example
of spaces in the second category, the Lipschitz spaces, in which case p = g = oo.
These examples motivate the introduction of two fundamental scales of function
spaces, called the Triebel-Lizorkin and Besov—Lipschitz spaces, respectively.

6.5.1 Introduction of Function Spaces

Before we give the pertinent definitions, we recall the setup that we developed in
Section 6.2 and used in Section 6.3. Throughout this section we fix a radial Schwartz
function ¥ on R” whose Fourier transform is nonnegative, is supported in the an-
nulus 1 — } <|&| <2, is equal to one on the smaller annulus 1 < || <2 -3, and
satisfies

S weE) =1, E#0. (6.5.1)
Jjez
Associated with this bump, we define the Littlewood—Paley operators A; = AJT

given by multiplication on the Fourier transform side by the function ‘f’(Z‘j £). We
also define a Schwartz function @ such that

B(E) = {Z;<o P(277E)  when & #£0,

6.5.2
1 when & = 0. ( )

Note that @(&) is equal to 1 for || <2 — 2 and vanishes when |£| > 2. It follows
from these definitions that

So+ Y, Aj=1, (6.5.3)
j=1
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where S = Sg’ is the operator given by convolution with the bump @ and the con-
vergence of the series in (6.5.3) is in ./ (R"). Moreover, we also have the identity

Y Aj=1, (6.5.4)
jeZ

where the convergence of the series in (6.5.4) is in the sense of ' (R")/ 2.

Definition 6.5.1. Let & € R and 0 < p,q < . For f € ./ (R") we set

1

[ »)")’

ss = 150N + (T @7)1450)]
j=1

with the obvious modification when p,q = eo. When p,g < oo we also set

’

Il = 5l + (3, 1,00)7)’

The space of all tempered distributions f for which the quantity || f|| yeuq is finite
P

is called the (inhomogeneous) Besov—Lipschitz space with indices «,p,q and is

denoted by B,‘i“q. The space of all tempered distributions f for which the quantity

|| £|| eua is finite is called the (inhomogeneous) Triebel-Lizorkin space with indices
P

@, p,q and is denoted by F,"?.
We now define the corresponding homogeneous versions of these spaces. For an
element f of ' (R")/ % we let

[F »)")’

s = (X @)|a,00)

jez

and

’

I7lgee = (5, a0

The space of all £ in ./ (R")/ 22 for which the quantity H f || poa 18 finite is called the
P

(homogeneous) Besov—Lipschitz space with indices o, p,q and is denoted by BZ“”.
The space of f in .#'(R")/ < such that H f H poa < o is called the (homogeneous)
P

Triebel-Lizorkin space with indices o, p,q and is denoted by F,;"/.

We now make several observations related to these definitions. First we note that

the expressions || . ‘ Feas || ‘ Fe || ‘ B and H . || B are built in terms of L?

quasinorms of ¢4 quasinorms of 2/A; or /4 quasinorms of L” quasinorms of the
same expressions. As a result, we can see that these quantities satisfy the triangle
inequality with a constant (which may be taken to be 1 when 1 < p,g < o). To de-
termine whether these quantities are indeed quasinorms, we need to check whether
the following property holds:
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|flly=0= f=0, (6.5.5)

where X is one of the £,"%, F;"%, B;?, and B};*. Since these are spaces of distribu-
tions, the identity f = 0 in (6.5.5) should be interpreted in the sense of distributions.
If HfHX = 0 for some inhomogeneous space X, then So(f) = 0 and A;(f) = 0 for

all j > 1. Using (6.5.3), we conclude that f = 0; thus the quantities || - || ,a.q and
P

H . H B are indeed quasinorms. Let us investigate what happens when H f H x = 0for
some homogeneous space X. In this case we must have A;(f) = 0, and using (6.5.4)
we conclude that fmust be supported at the origin. Proposition 2.4.1 yields that f
must be a polynomial and thus f must be zero (since distributions whose difference
is a polynomial are identified in homogeneous spaces).

Remark 6.5.2. We interpret the previous definition in certain cases. According to
what we have seen so far, we have

F,?Jz F,?’zzLP, 1< p<oo,
FX* ~ HP, 0<p<l,
F?~ LP, 1 < p < oo,
B2~ L, 1< p <o,
BY” ~ Ay, y>0,
BI” ~ A, y>0,

where =~ indicates that the corresponding norms are equivalent.

Although in this text we restrict attention to the case p < oo, it is noteworthy
mentioning that when p = oo, F2 can be defined as the space of all f € .’/ 2 that
satisfy

1
1 > . q
g = 2IXIA . q oo,
||fHF°° Qdy:(lilifcube/Q |Q| ( 2 ( | ](f)D ) <

j=—1log; £(Q)

In the particular case g =2 and o = 0, the space obtained in this way is called BMO
and coincides with the space introduced and studied in Chapter 7; this space serves
as a substitute for L™ and plays a fundamental role in analysis. It should now be
clear that several important spaces in analysis can be thought of as elements of the
scale of Triebel-Lizorkin spaces.

It would have been more natural to denote Besov—Lipschitz and Triebel-Lizorkin
spaces by Bﬁyq and Fo’;q to maintain the upper and lower placements of the corre-
sponding indices analogous to those in the previously defined Lebesgue, Soboleyv,
Lipschitz, and Hardy spaces. However, the notation in Definition 6.5.1 is more or
less prevalent in the field of function spaces, and we adhere to it.
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6.5.2 Equivalence of Definitions

It is not clear from the definitions whether the finiteness of the quasinorms defining
the spaces By, Fy*Y B}, and F,;"? depends on the choice of the function ¥ (recall
that @ is determined by V). We show that if €2 is another function that satisfies
(6.5.1) and O is defined in terms of €2 in the same way that @ is defined in terms
of ¥, [i.e., via (6.5.2)], then the norms defined in Definition 6.5.1 with respect to
the pairs (@,%¥) and (©,) are comparable. To prove this we need the following
lemma.

Lemma 6.5.3. Let 0 < ¢y < o0 and 0 < r < o. Then there exist constants C and C,
(which depend only on n, co, and r) such that for all t > 0 and for all €" functions
u on R" whose Fourier transform is supported in the ball |&| < cot and that satisfy
lu(z)] < B(1+|z|) for some B > 0 we have the estimate

LVux=2)] _ o lux=2)]

n — 1
zer (141|z])

1
<CM(Jul")(x)", 6.5.6
cerr b (141[2))" 2M(Ju]") (x) (6.5.6)

n =
r

where M denotes the Hardy-Littlewood maximal operator. (The constants Cy and
C, are independent of B.)

Proof. Select a Schwartz function y whose Fourier transform is supported in the

ball |€| < 2¢g and is equal to 1 on the smaller ball |£| < ¢o. Then l/?(f) is equal to
1 on the support of & and we can write

ur=2) = [ Pylile—z=y)uls)dy.

Taking partial derivatives and using that y is a Schwartz function, we obtain
Vulr—2)| < Cy [ (14— z—3) Mu(y)]dy.
RH

where N is arbitrarily large. Using that for all x,y,z € R" we have

N ER
1< (A +tx—z—y|)r ( 1) s
(L+tfx—yl)r
we obtain
1 V - n
| u(x ZZ' SCN/ t"(l+t|x—z—y|)r_N |u(y)| . ’
t(1+tlz])r R" (I+tlx—y|)r

from which the first estimate in (6.5.6) follows easily.
Let |y| < & for some & > 0 to be chosen later. We now use the mean value theorem
to write
ulx—z)=(Vu)(x—z—-&)-y+ulx—z-y)

for some &, satisfying |&,| < |y| < 8. This implies that



72 6 Smoothness and Function Spaces

u(x—z)[ < sup  [(Vu)(x—w)[ &+ [u(x—z—y)|.
[w|<|z|+6

Raising to the power r, averaging over the ball |y| < §, and then raising to the power
1 .
, yields

|u<x—z>|§crl swp_[(Vile—w)la (| /y<5|u<x—z—y>|fdy)']

n
[w|<|z]+6 V6

with ¢, = max(2'/",2"). Here v, is the volume of the unit ball in R". Then

1

|(Vu) (x —w) 5 <an5" /\y\§5+\2\ |u(x_y)|rdy) r] .

Ju(x—2)| l ,
i<+ (1+fz))r (1+1[z])

(L+elz)7 ~

n
r

We now set 6 = ¢/t for some € < 1. Then we have

1 2

)
Wi <lz]+ = < ,
t L+t|z] = 14¢|w|

and we can use this to obtain the estimate

t" / r

. (=)l dy )
lu(x—2z)| < sup 1 |(Vu)(x—w)|8<vn£ y|< !+l

(I+el2))r = " wern t (1+1]w))” (1+1]z))"
with ¢, = max(2!/7,2)2"/" 1t follows that

- 1 V - n

oDl < [sup IV ury ]

zeRe (141|z])r werr T (L+tw|)r

Taking € = % (crn C1)~', where Cj is the constant in (6.5.6), we obtain the second
estimate in (6.5.6) with C, = 2&~"/". At this step we used the hypothesis that

=)l _ o B+l [

e (1+1z])r 7 zern (141]2])

This concludes the proof of the lemma. 0

Remark 6.5.4. The reader is reminded that # in Lemma 6.5.3 may not be a function;
for example, this is the case when u is a polynomial (say of degree [n/r]). If u
were an integrable function, then u would be a bounded function, and condition
lu(x)| < B(1+ |x|)7 would not be needed.

We now return to a point alluded to earlier, that changing ¥ by another bump
€ that satisfies similar properties yields equivalent norms for the function spaces
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given in Definition 6.5.1. Suppose that €2 is another bump whose Fourier transform
is supported in the annulus 1 — ; < |&| < 2 and that satisfies (6.5.1). The support
properties of ¥ and €2 imply the identity

AP = A2 (AT + a7 +AT). (6.5.7)
Let 0 < p < eoand pick r < p and N > " +n. Then we have

A (Hax=2)| 2z

QY
|7 A ()] < CNﬂ/n (1+2j|z|)” (1427|z))N=7

AT (f 2ing 6.5.8
< Cva Sup| 2)| / " (6.5.8)
z€R™ l+2/|z| n (14 24]z)V~
< Cnra(M(AY (f)1) ()7

where we applied Lemma 6.5.3. The same estimate is also valid for AQAJ"I:'H( f)

and thus for AJQ (f), in view of identity (6.5.7). Armed with this observation and
recalling that r < p, the boundedness of the Hardy-Littlewood maximal operator
on LP/" yields that the homogeneous Besov—Lipschitz norm defined in terms of the
bump 2 is controlled by a constant multiple of the corresponding Besov—Lipschitz
norm defined in terms of ¥. A similar argument applies for the inhomogeneous
Besov-Lipschitz norms. The equivalence constants depend on ¥, Q2 n, p,q, and o.

The corresponding equivalence of norms for Triebel-Lizorkin spaces is more
difficult to obtain, and it is a consequence of the characterization of these spaces
proved later.

Definition 6.5.5. For » > 0 and j € R we introduce the notation

g o (B )
Mo 00 = 580 ™ (a0

so that we have
My (f;¥) = sup M3 (f3 ),
t>0
in accordance with the notation in the previous section. The function M;*(f;'¥) is
called the Peetre maximal function of f (with respect to V).

We clearly have
AF () < M5 (f:9),

but the next result shows that a certain converse is also valid.
Theorem 6.5.6. Let b > n(min(p,q)) "' and 0 < p,q < . Let ¥ and Q be Schwartz

functions whose Fourier transforms are supported in the annulus ; <|&| <2 and
satisfy (6.5.1). Then we have
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H( |2’°‘M fQ)|) (6.5.9)

=g

forall f € 7' (R"), where C = Cq p gnp w0

Proof. We start with a Schwartz function © whose Fourier transform is nonnegative,
supported in the annulus 1 — % < |€] <2, and satisfies

YoeiE?=1, EcR"\{0}. (6.5.10)

JEZ

Using (6.5.10), we have

Q) ixf=3 (2450, )% (0% f).

JEZL
It follows that
il (@ ) (x—2)
(1+2|z))P
0, j* f)(x—z—y)|
< 2]{0{/ Q o) |( 2-J d
JEZZ | 2k * - /)( )| (1+2k|z|)b y
L+ 2y +2])" [0, * f) (x—z—)|
. 2]{0{/ 2kn Q @ 2/( ( 2 )
2 (@)@ 4 Lo (1421 +2l)
L+ 2275y +2])" (8- * f) (x—z—Y)]
< 2’<°‘/ Q+0, ;. ( 27 %] d
= ]EZZ R”|( *® 2-( k))( )| (1+2k|Z|)b (1+2J|y+2|)b
14277 Ky +27|2))> .
< 3 k) / ) ( dy2/M (£
z (@50, 4 )0 e M (:0)()

< 3200 | 1250, 6.0) ()| (14275 (142741 dy2 M £:0) ().
JEZL

We conclude that
2M(f:Q)(x) < Y Vi 21OM(£:0) (), (6.5.11)
JEZL
where

V=271 420 [ (@50, )0)](1+2Ty) dy

We now use the facts that both 2 and © have vanishing moments of all orders and
the result in Appendix K.2 to obtain

2—lilL

|(Q *@2’/)()}” S CL,NJL,@,Q (1 +2mm(07]) |y|)N
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for all L,N > 0. We deduce the estimate
Vil < CLyne.02 M
for all M sufficiently large, which, in turn, yields the estimate
3, Vit <
J€Z

We deduce from (6.5.11) that for all x € R" we have

H{zkalejc(f;Q }kH/q <Capqn'f’9H{2kaMﬁ (f:0)( }"HW

We now appeal to Lemma 6.5.3, which gives
XM (f30) < C2RM(IAL (f)I)r = CM(12X%A2 (f)]7)”

with b = n/r. We choose r < min(p,q). We use the LP/"(R",£4/") to LP/"(R",¢4/")
boundedness of the Hardy-Littlewood maximal operator, Theorem 4.6.6, to com-
plete the proof of (6.5.9) with the exception that the function ¥ on the right-hand
side of (6.5.9) is replaced by ©. The passage to ¥ is a simple matter (at least when
p > 1), since

AV =AT (A2, +49+49,)).
For general 0 < p < o the conclusion follows with the use of (6.5.8). ]

We obtain as a corollary that a different choice of bumps gives equivalent
Triebel-Lizorkin norms.

Corollary 6.5.7. Let ', Q be Schwartz functions whose Fourier transforms are sup-
ported in the annulus 1 — ; < €| <2 and satisfy (6.5.1). Let ®@ be as in (6.5.2) and
let

O

Then the Triebel-Lizorkin quasinorms defined with respect to the pairs (Y, ®@) and
(Q,0) are equivalent.

Proof. We note that the quantity on the left in (6.5.9) is greater than or equal to

(5, pearoor)’

JjezZ

Lr

for all f € ./(R"). This shows that the homogeneous Triebel-Lizorkin norm de-
fined using €2 is bounded by a constant multiple of that defined using *¥'. This proves
the equivalence of norms in the homogeneous case.

In the case of the inhomogeneous spaces, we let Sg’ and S(g) be the operators
given by convolution with the bumps @ and O, respectively (recall that these are
defined in terms of ¥ and ). Then for f € .#’(R") we have
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Oxf=0x%(Pxf)+Ox (Wi xf), (6.5.12)

since the Fourier transform of the function @ + ¥, is equal to 1 on the support of
©. Applying Lemma 6.5.3 (with = 1), we obtain that

1

©x (D= f)| <C,M(|Dxf|")r
and also 1
|©x (o1 x )| <CM(|¥1 % f]")r

for any 0 < r < eo. Picking r < p, we obtain that

|+ (@ )] < ClIS5 ()]

and also

@ (i % 1), < ClAF ()]l

Combining the last two estimates with (6.5.12), we obtain that ||S§(f)||,, is con-
trolled by a multiple of the Triebel-Lizorkin norm of f defined using ¥'. This gives
the equivalence of norms in the inhomogeneous case. 0

Several other properties of these spaces are discussed in the exercises that follow.

Exercises

6.5.1. Let 0 < gg < g1 <o0,0 < p <oo, €>0,and x € R. Prove the embeddings
0,4 oq
B%0 C B,
a, o,q
Fp 9 C F,7 L
ote.q oq
BP 0 C BP L

O+€,q90 0,41
F, C F,
where p and g are allowed to be infinite in the case of Besov spaces.

6.5.2. Let0 < g <oo,0< p<eo, and a € R. Show that

o, min(p,q) : o,max(p,q)
B, C F*1 C B, v,
[Hint: Consider the cases p > g and p < g and use the triangle inequality in the
spaces L/ and ¢4/P, respectively.}

6.5.3. (a) Let 0 < p,g < o and o € R. Show that .’ (R") is continuously embedded
in B;Y(R") and that the latter is continuously embedded in .7/ (R").
(b) Obtain the same conclusion for F,"/(R") when p,q < co.
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6.5.4.0 < p,qg < e and o € R. Show that the Schwartz functions are dense in all
the spaces B, (R") and F,"!(R").

[Hint: Every Cauchy sequence {f; } in By is also Cauchy in .#’(R") and hence
converges to some f in.#’(R"). Then A;(fi) — Aj(f) in .7/ (R"). But A;(fy) is also
Cauchy in L” and therefore converges to A;(f) in L”. Argue similarly for F;"/(R").]

655. Leta cR,let0 < p,g<eo,andlet N =[] + + 1. Assume that m is

a ¢ function on R"\ {0} that satisfies

min(p.q) ]

|07m(&)] < Cylg| ™

for all |y] < N. Show that there exists a constant C such that for all f € ./(R") we
have

H(mf)vHBg“q < CHfHB;hq.

[Hint: Pick r < min(p,q) such that N > 4 +". Write m = ¥ ;m;, where m;(&) =

O(277&)m(E) and O(27J&) is supported in an annulus 2/ < |€| < 2/+!, Obtain the
estimate

|(m;4;())" (x—2)] <Cs

o 2l jm ()| (1+27|y])" d
zeR” (1+2J|z])r ZER" 1 +2/|Z| / j

<e(/, |m,~<2f<->>V<y>|2<1+|y|>2Ndy)2

Then use the hypothesis on m and apply Lemma 6.5.3.]

6.5.6. (Peetre [258] ) Let m be as in Exercise 6.5.5. Show that there exists a constant
C such that for all f € ’'(R") we have

H(mf)vHFlf"q < CHfHF]g,q .
[Hint: Use the hint of Exercise 6.5.5 and Theorem 4.6.6.]

6.5.7. (a) Suppose that B;)?° = B;!" with equivalent norms. Prove that oy =
and po = p;. Prove the same result for the scale of F spaces.

(b) Suppose that By " = By!!' with equivalent norms. Prove that gy = q1. Argue
similarly with the scale of F' spaces.

[Hint: Part (a): Test the corresponding norms on the function ¥(2/x), where ¥ is
chosen so that its Fourier transform is supported in % < |€| < 2. Part (b): Try a func-
tion f of the form (&) = - N L a;@(& —2/,&,...,&,), where @ is a Schwartz func-
tion whose Fourier transform is supported in a small neighborhood of the origin.}
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6.6 Atomic Decomposition

In this section we focus attention on the homogeneous Triebel-Lizorkin spaces
Fpa’q, which include the Hardy spaces discussed in Section 6.4. Most results dis-
cussed in this section are also valid for the inhomogeneous Triebel-Lizorkin spaces
and for the Besov—Lipschitz via a similar or simpler analysis. We refer the interested
reader to the relevant literature on the subject at the end of this chapter.

6.6.1 The Space of Sequences f, ng 4

To provide further intuition in the understanding of the homogeneous Triebel—
Lizorkin spaces we introduce a related space consisting of sequences of scalars.
This space is denoted by f,"¢ and is related to F,,"? in a way similar to that in which
(*(Z) is related to L*([0, 1]).

Definition 6.6.1. Let 0 < g < o and @ € R. Let & be the set of all dyadic cubes in
R". We consider the set of all sequences {50} gc# such that the function

1

§"“({s0}0) = T (1017~ lsol0)")’ 6.6.)
Qe

is in L”(R™). For such sequences s = {sg }o we set

s = 1™

6.6.2 The Smooth Atomic Decomposition of F;*
Next, we discuss the smooth atomic decomposition of these spaces. We begin with
the definition of smooth atoms on R”.

Definition 6.6.2. Let Q be a dyadic cube and let L be a nonnegative integer. A >
function ag on R" is called a smooth L-atom for Q if it satisfies

(a) ag is supported in 3Q (the cube concentric with Q having three times its side
length);

(b) / Hag(x)dx = 0 for all multi-indices |y] < L;
Rn

(c) |d%ag| < 10|~ "3 for all multi-indices v satisfying |y| < L+n+ L.

The value of the constant L+ n+ 1 in (c) may vary in the literature. Any suffi-
ciently large constant depending on L will serve the purposes of the definition.
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We now prove a theorem stating that elements of £,/ can be decomposed as
sums of smooth atoms.

Theorem 6.6.3. Let 0 < p,q < oo, o0 € R, and let L be a nonnegative integer
satisfying L > [nmax(1, ;l’ , [1]) —n—at). Then there is a constant Cy, 4 o such that for
every sequence of smooth L-atoms {ag} pc » and every sequence of complex scalars

{so}oew we have

H 2 SQ"Q‘ cos < Cupaal[{sodol s (6.6.2)
37 P
Conversely, there is a constant Cz,p’q’a such that given any distribution f in Fpa’q

and any L > 0, there exist a sequence of smooth L-atoms {ag}oc o and a sequence
of complex scalars {sg}ocy such that

f=2 spag,

0cy

where the sum converges in . /& and moreover,

{50} 0]

/
54 < Chopgall e 663)
Proof. We begin with the first claim of the theorem. We let AJ'-’U be the Littlewood—
Paley operator associated with a Schwartz function ¥ whose Fourier transform is
compactly supported away from the origin in R". Let ag be a smooth L-atom sup-
ported in a cube 3Q with center Cp and let the side length be £(Q) = 27#. It follows

trivially from Definition 6.6.2 that ay satisfies

oY a2 6.6.4
a < T2 .0.

| y Q(y)| =N (1+2/~‘|y—cQ|)N ( )
for all N > 0 and for all multi-indices 7 satisfying |y| < L+ n+ 1. Moreover, the
function y — ¥, (y — x) satisfies

218 +jn

(1-+ 27y —x))" (062

10 - (v = )| < Cyms

for all N > 0 and for all multi-indices 6. Using first the facts that ap has vanishing
moments of all orders up to and including L = (L+ 1) — | and that the function
y— ¥ i(y —x) satisfies (6.6.5) for all multi-indices § with |6| = L, secondly the
facts that the function y — ¥, ; (y — x) has vanishing moments of all orders up to and
including L+n = (L+n+ 1) — 1 and that a satisfies (6.6.4) for all multi-indices y
satisfying |y| = L+n+ 1, and the result in Appendix K.2, we deduce the following
estimate for all N > 0:

v gn pmin(jp)n—|u—jlL’
h < 12 .0.
}A] (ClQ)()C)| 7CN,n,L 272 (1+2min(j’”)|x—CQ|)N ) (6 66)
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where

, JL+1 when j < U,
L+n when u < j.

Now fix 0 < b < min(1, p,q) so that
L+1>"—n—a. (6.6.7)

This can be achieved by taking b close enough to min(1, p,q), since our assumption
L> [l.amax(l, ;7, [11) —n— a} impliesL—l— 1> nmax(l, ,17, [11) —n—«a.
Using Exercise 6.6.6, we obtain

1
|SQ| —jio" { b
o < comax(u=j0)y ) pr b
Qgﬁ (1 - pmin(j,40) |x — CQ|)N =c¢ ( Qg@ |sQ| XQ) (x)
L(Q)=27+# L(Q)=27*#

whenever N > n/b, where M is the Hardy-Littlewood maximal operator. It follows
from the preceding estimate and (6.6.6) that

TS |A}P(ag)(x)\ <cy omin(j,t)nny—|j—p|L' 5 —pny (j—)e
UEZ Qe Het
uo)=2"*

1

max(u—j,0)} i b

w pmax(i ./,O)b{M( Y, (Isollol™277) %Q)(x)}
09
(e)=2*

Raise the preceding inequality to the power ¢ and sum over j € Z; then raise to the

power 1 /q and take || . || 1 Dorms in x. We obtain

g < |{ 3| Zeo-m{n( T alier 520} ]}

“uo)=27*
where f =3 pcp sgagp and
d(j— ) = c2min(=p0) =)+ (j-ma|j-plL"

We now estimate the expression inside the last L” norm by

1
. min(1,q) p b
{ zd(j)mm(l,t])} v { z {M( z (|SQ||Q|_£_n)bXQ)}b}q’
F= UEZ 0€?

(o)=2"*#

and we note that the first term is a constant in view of (6.6.7). We conclude that
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_1_a\p 5
| P (sollol™*)"z0) }'}
Q€9 UEZ er
/(Q
q
{3 { (|sg||Q|%n>”xQ)}b}
nez er
/(Q
/ _1_o\p Z Z }1’
<cl{s{ 3 wolert )|,
UEZ Qe@ Lb

1
o q
=c’H2 ¥ (|sQ||Q|%n)qu}
UeZ Q€9
Q)y=27H

C'[{so}ol|

Lr

81

where in the last inequality we used Theorem 4.6.6, which is valid under the as-

sumption 1 < 7% < eo. This proves (6.6.2).

We now turn to the converse statement of the theorem. It is not difficult to see that
there exist Schwartz functlons ¥ (unrelated to the previous one) and © such that 'z
is supported in the annulus ! , <E1<2, ¥ is at least ¢ > 0 in the smaller annulus

3 :<EI< 3, and O is supported in the ball |x| < I and satisfies [g. 7O (x)dx =0

for all |y] < L, such that the identity

Y (2862 =

JjezZ

holds for all £ € R"\ {0}. (See Exercise 6.6.1.)
Using identity (6.6.8), we can write

f= 2'}/2,,-*@2,,-”.

jez

Setting 7; ={Q € Z: £(Q) =27/}, we now have

F=3 3 [0t )0d=3 ¥ soto,
JELO<T; JELOEY

where we also set

1
s0 =012 sup| (¥ * )(y)| sup [|976)|
y€Q lvI<L

for Q in &; and

(6.6.8)
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1 7
a9()= [ O3 (¥a-s 1))

It is straightforward to verify that ag is supported in 3Q and that it has vanishing
moments up to and including order L. Moreover, we have

1 i(n _1_
07agl < | 1170]|,,27"* D sup g fl < Q)27

which makes the function ag a smooth L-atom. Now note that

S (o] " 2sxo(x)?
(Q)=2-1
=C Y (27%sup|(Bi*)|xe)’
Ho=2-  ¥0
<C osup (20%(142712)) (B ) (x—2)]) (1 + 272
|z]<y/n27J
C(2/“M*(f,¥)(x)),

IN

where we used the fact that in the first inequality there is only one nonzero term in
the sum because of the appearance of the characteristic function. Summing over all
J € 7", raising to the power 1/¢, and taking L” norms yields the estimate

1
j Kok . q\4
H{SQ}Q| f]t;c,q S CH ( ZZ |2jaMb7j(f,'fl)‘ ) 17 S C||f‘ F]f‘a‘l ’
j€
where the last inequality follows from Theorem 6.5.6. This proves (6.6.3). O

6.6.3 The Nonsmooth Atomic Decomposition of F,

We now discuss the main theorem of this section, the nonsmooth atomic decomposi-
tion of the homogeneous Triebel-Lizorkin spaces F; If‘ . which in particular includes
that of the Hardy spaces H”. We begin this task with a definition.

Definition 6.6.4. Let 0 < p < 1 and 1 < g < . A sequence of complex numbers
r = {rp}oeo is called an co-atom for f, " if there exists a dyadic cube Qp such that

(@) rg=0if 0 Z Qy; 1
®) [|g%4(r)|| - < 1Qol 7.

We observe that every ee-atom r = {rp} for f,‘,x 4 satisfies HrH jaa < 1. Indeed,
P

I

foa = [ 9P dx <00l 100 = 1.
' 0
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The following theorem concerns the atomic decomposition of the spaces f';,x 4,

Theorem 6.6.5. Suppose a €R, 0 < g < o0, 0 < p < oo, and s = {sg}g is in f5 .
Then there exist Cy 4 > 0, a sequence of scalars Aj, and a sequence of eo-atoms
ri={rjo}ofor fp*! such that

s={sglo= D Ai{rioto= lejrj
=1 =

and such that _ 1
(Z4)" < Cuallsl - (6.69)
j=

Proof. We fix o, p,q, and a sequence s = {sg }¢ as in the statement of the theorem.
For a dyadic cube R in & we define the function

g 1(s)(x) = ( 2 (|Q|g_%|SQ|XQ(X))q)q
=

and we observe that this function is constant on R. We also note that for dyadic
cubes R; and R, with R; C R, we have

i (s) < ggl(s).
Finally, we observe that

lim gg =
(im_8x"(9)(x) =0
XER

Jim G 9(5) () = £“9(5) (),
XER

where g%4(s) is the function defined in (6.6.1).
For k € Z we set

g={Re D: gp(s)(x) >2" forallxeR}.
We note that <% | C o7 for all k in Z and that

{xeR": g%4(s)(x) > 2"} = |J R. (6.6.10)
Reg)
Moreover, we have forall k € Z,

1

> (|Q|fﬁ‘fi|SQ|xQ(x))q)q <2%,  forallxeR". (6.6.11)
Qe P\
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To prove (6.6.11) we assume that g®9(s)(x) > 2¥; otherwise, the conclusion is triv-
ial. Then there exists a maximal dyadic cube Rp,x in 7 such that x € Rp,. Letting
R be the unique dyadic cube that contains Rpyax and has twice its side length, we
have that the left-hand side of (6.6.11) is equal to gg(;q(s) (x), which is at most 2,
since Ry is not contained in .27

Since g*4(s) € LP(R"), by our assumption, and g*4(s) > 2k for all x € Q if
0 € 4, the cubes in <7, must have size bounded above by some constant. We set

P={0€P: Qisamaximal dyadic cube in @7 \ F1} .

For J in % we define a sequence (k,J) = {t(k,J)o}oc by setting

(o) JPo TFOCTad 0\,
e 0 otherwise.

We can see that if

o¢ U,ka, then 50 =0,
keZ

and the identity

s=3 Y t(kJ) (6.6.12)

keZJc By
is valid. For all x € R" we have

1

( > (g e |SQ|XQ(X))q) !

0cJ
Q€11

| 8%t (k,J)) (x)]

( 2 (|Q|75’5|sQ|XQ(x))q)q (6.6.13)

0y
0D\ 1

k+1
2,

IN

IN

where we used (6.6.11)in the last estimate. We define atoms r(k,J) = {r(k,J)o }ocz
by setting
1
r(k,J)o =277 rt(k,J)g, (6.6.14)
and we also define scalars 1
Ay =21 |r

To see that each r(k,J) is an co-atom for f,,"7, we observe that r(k,J)p =0if Q Z J
and that 1
|g%9(t(k,J))(x)| < |J|"»,  forallxeR”",

in view of (6.6.13). Also using (6.6.12) and (6.6.14), we obtain that

§= z z )Lk7./r(k7‘])a

keZ Je Py
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which says that s can be written as a linear combination of atoms. Finally, we esti-
mate the sum of the pth power of the coefficients A; ;. We have

Y D gl = X 2% )

keZ Je By keZ Je %y

<2y |J o
kel Qe

=2y 2KP=D2k|fx e R" : g%9(s)(x) > 28}
keZ

2k+1

< 2”2/k 2PN {x e R": g®9(s)(x) > 4 }|dA

keZ 2

2k+1
< 2p2/2k AP {x eR": g%9(s)(x) > A}|dA

keZ

p
Lr

— 22P o.qg
=2 et

2%
="l

L
e
Taking the pth root yields (6.6.9). The proof of the theorem is now complete. O

We now deduce a corollary regarding a new characterization of the space f,fC 4,

Corollary 6.6.6. Suppose oo € R, 0 < p <1, and p < g < oo. Then we have

oo 1 =
||st~;,x,q ~ inf{ ( z |lj|”) "is= z Ajirj, rjisan oo-atomforf;,x’q}.
j=1 Jj=1

Proof. One direction in the previous estimate is a direct consequence of (6.6.9). The

other direction uses the observation made after Definition 6.6.4 that every co-atom r

for f,ﬁx’q satisfies Her'a,q < 1 and that for p < 1 and p < ¢ the quantity s — HsH;a,q is
P Jp

subadditive; see Exercise 6.6.2. Then each s = 37 A;r; (with r; co-atoms for e
and 37, |2j|P < o0) must be an element of f,"7, since

H 2 A
=1

P o =
aq < 2 il [Irillfee < 312,17 <o
fp j=1 Jp j=1

This concludes the proof of the corollary. O

The theorem we just proved allows us to obtain an atomic decomposition for the
space F If‘ 1 a5 well. Indeed, we have the following result:

Corollary 6.6.7. Letc e R, 0< p<1,L> [; —n— o and let q satisfy p < g < oo
Then we have the following representation:
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HfHFpa}qzinf{(ZM |p) p Df= ZlAlv Aj= Y rpag, agare

(37

smooth L-atoms for F}4 and {rg} is an e-atom for f,f“q} )

Proof. Let f =37, AjA; as described previously. Using Exercise 6.6.2, we have

s < 2P
j=1

Fea < Cup ]; 1P| e

where in the last estimate we used Theorem 6.6.3. Using the fact that every co-atom
r={ro} for fy'? satisfies HrH jeq < 1, we conclude that every element f in <! (R")
P

that has the form 37, AjA; lies in the homogeneous Triebel-Lizorkin space F; sz,q

1
[and has norm controlled by a constant multiple of (X7, |4;[” )71
Conversely, Theorem 6.6.3 gives that every element of Fpa’q has a smooth atomic
decomposition. Then we can write

f=2 spag,

0cy

where each ag is a smooth L-atom for the cube Q. Using Theorem 6.6.5 we can now
. +0L,q .
write s = {59 }¢ as a sum of eo-atoms for f, , that is,

s=Y Ajrj,
j=1

where

0”77

( Jfgwm <clls

where the last step uses Theorem 6.6.3 again. It is simple to see that

f=2 Zl V/QaQ—Z)L ( )y rj,QaQ>a

0€? j= =1 0cy

fp

and we set the expression inside the parentheses equal to A ;. O

6.6.4 Atomic Decomposition of Hardy Spaces

We now pass to one of the main theorems of this chapter, the atomic decomposition
of HP(R") for 0 < p < 1. We begin by defining atoms for H?.

Definition 6.6.8. Let 1 < g < oo. A function A is called an L?-atom for H? (R") if
there exists a cube Q such that
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(a) A is supported in Q;

1_1
o) [[A], <10l 7

© / x"A(x) dx = 0 for all multi-indices y with |y| < bl

Notice that any L"-atom for H” is also an L7-atom for H” whenever 0 < p < 1
and 1 < g < r <o, Itis also simple to verify that an L7-atom A for H?” is in fact in
H?. We prove this result in the next theorem for ¢ = 2, and we refer the reader to
Exercise 6.6.4 for the case of a general g.

Theorem 6.6.9. Let 0 < p < 1. There is a constant Cy ;, < o= such that every [%-atom
A for HP (R") satisfies

4[| < Cop-
Proof. We could prove this theorem either by showing that the smooth maximal
function M(A; @) is in L” or by showing that the square function (¥;]4;(4)[?) 12
is in L”. The operators A; here are as in Theorem 5.1.2. Both proofs are similar; we
present the second, and we refer to Exercise 6.6.3 for the first.

Let A(x) be an atom that we assume is supported in a cube Q centered at the
origin [otherwise apply the argument to the atom A(x — cp), where cg is the center

of Q]. We control the L” quasinorm of (¥;]A;(A)[?) '/2 by estimating it over the
cube Q" and over (Q*)¢, where Q* = 2,/n Q. We have

</Q*(;|AJ( 2dx) (/ ZM |2dx) 0 |,,<z/,, '

1
Using that the square function f +— (X;|A;(f )|2) 2 is L? bounded, we obtain

2\4 ll’ * 2l /
[ (Sia@p) )" < calslo
! o (6.6.15)
< Gi(2v/n)r2|Q]2 P |QP 2
—C.
To estimate the contribution of the square function outside Q*, we use the cancella-
tion of the atoms. Let k = [ —n]+ 1. We have
5 = [ AG)H- s y)dy

_ oin 2 By (i) (—20)P
Y / Aly { W(2/x—2ly) wgk_l(a V@' ]dy
_ pin S (P (2ix— 2 (=2/y)P

—2 /A [Bk V)@x-206n)" ]dy,



88 6 Smoothness and Function Spaces
where 0 < 6 < 1. Taking absolute values, using the fact that dPW¥ are Schwartz

functions, and that [x — 8y| > [x| —[y| > ; |x| whenever y € Q and x ¢ 0%, we obtain
the estimate

jn Cn |2jy|k
AW <2 [0S o

1
Cp p 2/ K1) (/ 2 )2< % 2
< A(y)|“dy /y dy
(420l o4O o

CI/Vpnz j(k+n) B Eid
B CN7p,n2j(k+") | |1+k71
(2N

for x € (Q0*)°. For such x we now have

2 2 1pk_1 22j(k+n) 5
(ZIA |> <CypalQ " p<z(1+2f|x|)2N> : (6.6.16)

JEZL JEZ

It is a simple fact that the series in (6.6.16) converges. Indeed, considering the cases
2/ <1/|x| and 2/ > 1/|x| we see that both terms in the second series in (6.6.16) con-
tribute at most a fixed multiple of |x|~2~2", It remains to estimate the L” quasinorm
of the square root of the second series in (6.6.16) raised over (Q*)¢. This is bounded
by a constant multiple of

1 1
g 1 P o P
dx| <C, / poplktn)n—1 dr) ,
</(Q*)‘ [ pkt) ) " ( clo|n

for some constant c and the latter is easily seen to be bounded above by a constant

multlple of |0 “n¥p. Here we use the fact that p(k+n) > n or, equivalently,
k> " —n, which is certainly true, since k was chosen to be [" —n] + 1. Combining
this estimate with that in (6.6.15), we conclude the proof of the theorem. O

We now know that L7-atoms for H” are indeed elements of H”. The main result
of this section is to obtain the converse (i.e., every element of H” can be decomposed
as a sum of L2-atoms for H?).

Applying the same idea as in Corollary 6.6.7 to H?, we obtain the following
result.

Theorem 6.6.10. Let 0 < p < 1. Given a distribution f € HP(R"), there exists a
sequence of L*-atoms for H, {A; }5-1, and a sequence of scalars {A;}7_, such that

N
N AAj— f in HP.
j=1
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Moreover, we have

o | N
1]l ~int { (X 14517)7 2 = tim 3 A4,
=i =i

Ajare [*-atoms for HP and the limit is taken in H”} .

(6.6.17)

Proof. Let Aj be L*>-atoms for H” and Y5 [4;|P < ee. It follows from Theorem
6.6.9 that

N P
|4, <cn, z A7
=1

Thus if the sequence 2?’:1 AjA; converges to f in H”, then

e 1
[l < Can(Z 12417) "
Jj=1

which proves the direction < in (6.6.17). The gist of the theorem is contained in the
converse statement.

Using Theorem 6.6.3 (with L = [ — n]), we can write every element f in F,(,) 2=
HP as a sum of the form f = ¥y sgag, where each ag is a smooth L-atom for the
cube Q and s = {sp }pe is a sequence in fg’z. We now use Theorem 6.6.5 to write
the sequence s = {sp }¢ as

s = z Ajr;,
j=1

. 20,2
i.e., as a sum of co-atoms r; for f,’", such that

nd 1

(%Wﬂ)p <Clsll jo2 < C1F - (6.6.18)

Then we have
f=7Y spap= Y, ZA r,QaQ_ZAA,, (6.6.19)

(037 Q€D j=

where we set

Aj= 2 rjoag (6.6.20)
(S

and the series in (6.6.19) converges in ./ (R"). Next we show that each A is a fixed
multiple of an L?-atom for H”. Let us fix an index j. By the definition of the co-atom
for féj there exists a dyadic cube Q0 such that r; o = 0 for all dyadic cubes Q not
contained in QO Then the support of each ag that appears in (6.6.20) is contained in
30, hence in SQ{). This implies that the function A; is supported in 3Q'(’). The same
is true for the function g*2(r;) defined in (6.6.1). Using this fact, we have
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sl = 114702

el g2

¢ Hg072(rj) ||L2

cllg*0pl-I3041*

: 1,1
c3) P72,

IN

IN A

Since the series (6.6.20) defining A; converges in L? and A j 1s supported in some
cube, this series also converges in L!. It follows that the vanishing moment condi-
tions of A; are inherited from those of each ap. We conclude that each A; is a fixed
multiple of an L?-atom for H”.

Finally, we need to show that the series in (6.6.19) converges in H”(R"). But

M M 1
|3 2 < o (3 1) 0
J=N J=N

as M,N — oo in view of the convergence of the series in (6.6.18). This implies that
the series 2;":1 AjAjis Cauchy in HP, and since it converges to f in ./ (R"), it must
converge to f in H?. Combining this fact with (6.6.18) yields the direction > in
(6.6.17). d

Remark 6.6.11. Property (c) in Definition 6.6.8 can be replaced by
/ YA(x)dx =0 for all multi-indices y with |y] < L,

for any L > [Z — n], and the atomic decomposition of H? holds unchanged. In fact,
in the proof of Theorem 6.6.10 we may take L > [” — n] instead of L = [" —n] and
then apply Theorem 6.6.3 for this L. Observe that Theorem 6.6.3 was valid for all
L> [; —n.

This observation can be very useful in certain applications.

Exercises

6.6.1. (a) Prove that there exists a Schwartz function © supported in the unit ball
|x| < 1 such that [z, x7O (x)dx = 0 for all multi-indices y with |y| < N and such that
10| > > on the annulus ) < |&] < 2.

(b) Prove there exists a Schwartz function ¥ whose Fourier transform is supported
in the annulus ) < |£| <2 and is at least ¢ > 0 in the smaller annulus 3 < |£] < 3

such that we have R o ,
Y #2762 E) =1
J€Z
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forall &£ € R"\ {0}.
[Hint: Part (a): Let 6 be a real-valued Schwartz function supported in the ball

|x| <1 and such that 8(0) = 1. Then for some & > 0 we have 6(&) > é for
all & satisfying |&| < 2e < 1. Set @ = (—A)V(6¢). Part (b): Define the function
—_— ~ ~ . o~ . _1 .

(&) = ALz AR IEO(27)) ™ for asuitable .

6.62.LetacR,0<p<1,p<g<—+oo
(a) For all f,g in .#/(R") show that

17+ 8lliea < 115 + llgllga

(b) For all sequences {sp}pco and {tg}ocs show that

[{se}o +{to}ol[fas < [[{so}ollfas + [{to}ol[ e
[Hint: Use |a+ b|P < |a|? + |b|? and apply Minkowski’s inequality on L%/? (or on

gq/p)_]

6.6.3. Let @ be a smooth function supported in the unit ball of R”. Use the same
idea as in Theorem 6.6.9 to show directly (without appealing to any other theorem)
that the smooth maximal function M(-, @) of an L?-atom for H” lies in L” when
p < 1. Recall that M(f, @) = sup,~o | D; * f].

6.6.4. Extend Theorem 6.6.9 to the case 1 < g < . Precisely, prove that there is a
constant G, p, 4, such that every L?-atom A for H? satisfies

1Al < Cupa-

[Hint: If 1 < g < 2, use the boundedness of the square function on L7, and for
2 < g < o, its boundedness on L?.]

6.6.5. Show that the space HY, of all finite linear combinations of L>-atoms for H”
is dense in H”.
[Hint: Use Theorem 6.6.10.

6.6.6. Show that for all u,j € Z, all N,b > 0 satisfying N > n/b and b < 1, all
scalars s (indexed by dyadic cubes Q with centers cp), and all x € R"” we have

Z sl
o=y (1+2minlm)[x —co )V

LQ)=274
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where M is the Hardy—Littlewood maximal operator and ¢(n,N,b) is a constant.

[Hint: Define Zo ={Q € 2: £(Q) =27*, |cp — x| 2™+ < 1} and for k > 1 de-
fine 7y ={Q € 2: ((Q)=27H, 271 < |co—x|2min(:H) < 2K% Break up the sum
) 1/b

on the left as a sum over the families .7 and use that ¥ o 7, [so| < (Zoc.7, [so|”
and the fact that | Uges, 0| <en2” m‘“(/*’"‘)”k”.}

6.6.7. Let A be an L*-atom for H”(R") for some 0 < p < 1. Show that there is a
constant C such that for all multi-indices o with |a| <k = b n| we have

lo|—k—1]/yo 3> _227[;;(1(#‘*‘%)_1
sup [E[ 7)) < €Al
E n

[Hint: Subtract the Taylor polynomial of degree k — || at O of the function x —
¢ 2 ]

6.6.8. Let A be an L2-atom for H”(R") for some 0 < p < 1. Show that for all multi-
indices ¢ and all 1 < r < o there is a constant C such that

Aol )42

ax2 72271717( n r
H|‘9 Al L’/(R”)SCHAHLZ(R")

[Hint: In the case r = 1 use the L! — L boundedness of the Fourier transform and
in the case r = oo use Plancherel’s theorem. For general r use interpolation.]

6.6.9. Let f be in HP(R") for some 0 < p < 1. Then the Fourier transform of f,
originally defined as a tempered distribution, is a continuous function that satisfies

7 < Copll ll oo €7 "

for some constant C, ,, independent of f.

[Hint: If f is an L*>-atom for HP, combine the estimates of Exercises 6.6.7 and 6.6.8
with & =0 (and r = 1). In general, apply Theorem 6.6.10.]

6.6.10. Let A be an L~-atom for HP(R") for some 0 < p < | and let o = p
Show that there is a constant Cy,, such that for all g in A, (R") we have

A(x)g(x)dx

. < Cup I8l i e -

[Hint: Suppose that A is supported in a cube Q of side length 27 and center cg.
Write the previous integrand as ,;A;(A)A(g) for a suitable Littlewood—Paley op-
erator A; and apply the result of Appendix K.2 to obtain the estimate

2min(j,v)n2— |j—v|D

1
Aj(A))| <cwlol ! - )
| J( )( )} N| | (l+2m1n(j,v)|x_cQ|)N

where D = [0] + 1 when v > j and D = 0 when v < j. Use Theorem 6.3.6. ]
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6.7 Singular Integrals on Function Spaces

Our final task in this chapter is to investigate the action of singular integrals on
function spaces. The emphasis of our study focuses on Hardy spaces, although with
no additional effort the action of singular integrals on other function spaces can also
be obtained.

6.7.1 Singular Integrals on the Hardy Space H'

Before we discuss the main results in this topic, we review some background on
singular integrals from Chapter 4.

Let K(x) be a function defined away from the origin on R” that satisfies the size
estimate

1
sup |K(x)] |x]dx <Ay, (6.7.1)
0<R<oo R [x|[<R

the smoothness estimate, expressed in terms of Hormander’s condition,

sup [ |K(x—y) —K(x)|dx < As, 6.7.2)

VRO S

and the cancellation condition

K(x)dx

R1<\x\<R2

sup <Ajs, (6.7.3)

O<R|<Ry<oo

for some A1,A>,A3 < <. Condition (6.7.3) implies that there exists a sequence €; | 0
as j — oo such that the following limit exists:

lim K(x)dx = Ly.
J—ee Jei<|x<1

This gives that for a smooth and compactly supported function f on R", the limit

lim K(x—y)f(y)dy=T(f)(x) (6.7.4)

Jj—reo

[x—y|>¢;

exists and defines a linear operator 7. This operator T is given by convolution with
a tempered distribution W that coincides with the function K on R"\ {0}.

By the results of Chapter 4 we know that such a 7', initially defined on €;°(R"),
admits an extension that is L” bounded for all 1 < p < o and is also of weak type
(1,1). All these norms are bounded above by dimensional constant multiples of the
quantity A} + A + A3 (cf. Theorem 4.4.1). Therefore, such a T is well defined on
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L'(R") and in particular on H'!(R"), which is contained in L' (R"). We begin with

the following result.

Theorem 6.7.1. Let K satisfy (6.7.1), (6.7.2), and (6.7.3), and let T be defined as in

(6.7.4). Then there is a constant C, such that for all f in H'(R") we have
1T, < CalA1+Az+A3)|| f]| 1 - (6.7.5)

Proof. To prove this theorem we have a powerful tool at our disposal, the atomic
decomposition of H'!(R™). It is therefore natural to start by checking the validity of
(6.7.5) whenever f is an L?>-atom for H'.

Since T is a convolution operator (i.e., it commutes with translations), it suffices
to take the atom f supported in a cube Q centered at the origin. Let f = a be such
an atom, supported in Q, and let Q* = 2/n Q. We write

/Q' (@) (x )|dx—/ |dx+/ Wldx  (6.7.6)

and we estimate each term separately. We have

l

[ ir@wias < i ( [ m@mpar)

<oA1 + A+ A7} ( / |a<x>|2dx)
el 11 ,
<Cu(A1+A2+A3)|07]2]0]271 =C, (A1 +A2+A3),

where we used property (b) of atoms in Definition 6.6.8. Now note that if x ¢ Q*
and y € Q, then |x| > 2|y| and x — y stays away from zero; thus K(x —y) is well
defined. Moreover, in this case T'(a)(x) can be expressed as a convergent integral of
a(y) against K(x — y). We have

J T@@lax= [ [

dy‘dx

() (K(x—y) —K(x))a(y)dy } dx

// K(x—y)—K(x)|dx|a(y)|dy
\X\>2b\

<A /Q|a(x)|dx

Q

(x)| dx|a(y)|dy

< A0} (/ Ia(x)|2dx) ’

<AQPP Q]2 =A
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Combining this calculation with the previous one and inserting the final conclusions
in (6.7.6) we deduce that L2-atoms a for H' satisfy

IT(a)||, < (Ch+1)(Ar +A2+A3). 6.7.7)

We now pass to general functions in H'. In view of Theorem 6.6.10 we can write
an f € H' as

=2 Ajaj,
j=1

where the series converges in H', the a; are L?-atoms for H'!, and
1Al = X 1251 (6.7.8)
j=1

Since T maps L' to weak L' (Theorem 4.3.3), T(f) is already a well defined L'
function. We plan to prove that

T(f) = i AT (a)) a.e. (6.7.9)
j=1

We observe that the series in (6.7.9) converges in L'. Once (6.7.9) is established, the
required conclusion (6.7.5) follows easily by taking L' norms in (6.7.9) and using
(6.7.7) and (6.7.8).

To prove (6.7.9), we show that T is of weak type (1,1). For a given § > 0 we
have

{76~ 3 A7) > 6]

<[{IT() ZlTaj\>5/2H+H| Z lTCH>5/2H
N

- 5 HT”LMU H B H %‘Hl T(a HL
< STl |+ 3@ tay) 3 Il

j=N+1

Since le\’:l Aja; converges to f in H' and 71 |4j| < oo, both terms in the sum
converge to zero as N — co. We conclude that

|7(f) 2AjT<a.f>\ > 8} =

for all 6 > 0, which implies (6.7.9). ]
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6.7.2 Singular Integrals on Besov-Lipschitz Spaces

We continue with a corollary concerning Besov—Lipschitz spaces.

Corollary 6.7.2. Let K satisfy (6.7.1), (6.7.2), and (6.7.3), and let T be defined as
in(6.74). Let 1 < p < oo, 0 < g < oo, and o € R. Then there is a constant Cy p 4 o
such that for all f in .7 (R") we have

1T (F)| gz < CalAr + A2+ A3)|| £ g - (6.7.10)

Therefore, T admits a bounded extension on all homogeneous Besov—Lipschitz
spaces Bg’q with p > 1, in particular, on all homogeneous Lipschitz spaces.

Proof. Let ¥ be a Schwartz function whose Fourier transform is supported in the
annulus 1 — ; < €] < 2 and that satisfies

Y PeE) =1, £#£0.

jez

Pick a Schwartz function { whose Fourier transform Z is supported in the annulus
}‘ < |&€| < 8 and that is equal to one on the support of ¥'. Let W be the tempered

distribution that coincides with K on R"\ {0} so that T(f) = f * W. Then we have
& jxWj =¥ for all j and hence

[AH TN = 1] Goi + Fos x W = f |

< (16 # Wil [14;0f)]

Lr 6.7.11)
L])J

since 1 < p < . It is not hard to check that the function ¢, is in H' with norm
independent of j. Therefore, ,-; is in H !. Using Theorem 6.7.1, we conclude that

1T (&)l = 18 #Wll,o < €l sl ="

Inserting this in (6.7.11), multiplying by 2/%, and taking £¢ norms, we obtain the
required conclusion. g

6.7.3 Singular Integrals on HP(R")

We are now interested in extending Theorem 6.7.1 to other H? spaces for p < 1. It
turns out that this is possible, provided some additional smoothness assumptions on
K are imposed.

For the purposes of this subsection, we fix a function K (x) on R"\ {0} that satis-
fies |K(x)| < A|x|™" for x # 0 and we assume that there is a distribution W in ./ (R")
that coincides with K on R"\ {0}. We make two assumptions about the distribution
W first, that its Fourier transform W is a bounded function, i.e., it satisfies
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W(&)| <B, E€R", 6.7.12)

for some B < oo; secondly, that W is obtained from the function K as a limit of
its smooth truncations. This allows us to properly define the convolution of this
distribution with elements of H”. So we fix a nonnegative smooth function 7 that
vanishes in the unit ball of R” and is equal to one outside the ball B(0,2). We assume
that for some sequence ¢; € (0,1) with &; | 0 the distribution W has the form

(W,9) =lim | K()n(v/e))@(y)dy (6.7.13)
for all € . (R"). Then we define the smoothly truncated singular integral associ-
ated with K and n) by

n

T = [ n0/eKG)f(x—y)dy

for Schwartz functions f [actually the integral is absolutely convergent for every
f €LP and any p € [1,0)]. We also define an operator T given by convolution with
W by
T(f) = lim TE)(f) = f+W. (6.7.14)
Jee

This provides a representation of the operator 7. If the function K satisfies condi-
tion (4.4.3), this representation is also valid pointwise almost everywhere for func-
tions f € L2, i.e., lim; .. T&)(f)(x) = T(f)(x) for almost all x € R". This follows
from Theorem 4.4.5, Exercise 4.3.10, and Theorem 2.1.14 (since the convergence
holds for Schwartz functions).

Next we define T'(f) for f € H?. One can write W = W) + K.., where Wy = ®@W
and K.. = (1 — @)K, where @ is a smooth function equal to one on the ball B(0,1)
and vanishing off the ball B(0,2). Then for f in H”(R"), 0 < p < 1, we may define
a tempered distribution T'(f) = W * f by setting

(T(f),0) = (f,¢+Wo)+(xfK.) (6.7.15)

for ¢ in ./ (R"). The function ¢ * W is in ., so the action of S onitis well defined.
Also (5 * fis in L' (see Proposition 6.4.9), while K.. is in L*=; hence the second
term on the right above represents an absolutely convergent integral. Moreover, in
view of Theorem 2.3.20 and Corollary 6.4.9, both terms on the right in (6.7.15) are
controlled by a finite sum of seminorms p, g(¢) (cf. Definition 2.2.1). This defines
T(f) as a tempered distribution.

The following is an extension of Theorem 6.7.1 for p < 1.

Theorem 6.7.3. Let 0 < p < 1 and N = [} —n|+ 1. Let K be a €N function on
R"\ {0} that satisfies
0PK(x)| < Alx| Pl (6.7.16)
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Sor all multi-indices |B| < N and all x # 0. Let W be a tempered distribution that
coincides with K on R"\ {0} and satisfies (6.7.12) and (6.7.13). Then there is a
constant Cy, ;, such that the operator T defined in (6.7.15) satisfies, for all f € H?,

I7(5)]

1 < Cup(A+B)||f]] 5 -

Proof. The proof of this theorem is based on the atomic decomposition of H?.

We first take f = a to be an L?-atom for H”, and without loss of generality we
may assume that a is supported in a cube Q centered at the origin. We let Q* be the
cube with side length 2,/n¢(Q), where £(Q) is the side length of Q. We have

@ [ Ir@wp )

(/ T (a |de) <
< C"BlO|r 2 2d>2
< ¢"Blo| (/Q|a<x>| .
< G,BlQ|» 2|2 »

= C,B

For x ¢ O* and y € Q, we have |x| > 2|y|, and thus x — y stays away from zero
and K (x —y) is well defined. We have

x) = /Q KO (x—y)aly)dy

Recall that N = | ; —n] + 1. Using the cancellation of atoms for H”, we deduce
T@)) = [ av)K(e—)ds
B
= [av)|k6a-n- 3 @k |y

IBl<N-1

Y (PR 0, )B]

o [ﬂ Y B!

for some 0 < 6, < 1. Using that |x| > 2|y| and (6.7.23), we obtain the estimate

A
T@)@] < ean e [ 101y,

from which it follows that for x ¢ QO* we have

A 1N _1
T@)@ < enp v, 0177
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via a calculation using properties of atoms (see the proof of Theorem 6.6.9). Inte-
grating over (Q*)¢, we obtain that

1 1
Y . / ! P
( [, F@0) dx) <eapAlQl (i 4x) <A

We have now shown that there exists a constant C,, , such that

T (@), < Cup(A+B) (6.7.17)

i

whenever a is an L>-atom for H”. We need to extend this estimate to infinite sums
of atoms. To achieve this, it convenient to use operators with more regular kernels
and then approximate 7' by such operators.

Recall the smooth function 1 that vanishes when |x| < 1 and is equal to 1 when
|x| > 2. We fix a smooth function @ with support in the unit ball having integral
equal to 1. We define 65(x) = 6"0(x/9d),

Keu(x) = K(x) (n(x/€) — n(ux))

and
Kseu = 05 % Ke i

for 0 < 108 < & < (10u)~". We make the following observations: first Kseuis €™,
second, it has rapid decay at infinity, and hence it is a Schwartz function; third, it
satisfies (6.7.16) for all || < N with constant a multiple of A, that is, independent

of 6, &, 1. Let Ty ¢ , be the operator given by convolution with K5 . ,, and let T,g*)
be the maximal smoothly truncated singular integral associated with the bump 7.
Then for 1 € L? we have

|Ts.e.0 ()| ,2 < 2[| 757 (85 1) 2 < Cu(A+B)||65 ] 2 < Cu (A+B)| || 2

hence T ¢ , maps L? to L? with norm a fixed multiple of A + B. The proof of (6.7.17)
thus yields for any L*-atom a for H” the estimate

| Ts.2.u(@)],, <Cpp(A+B) (6.7.18)

with a constant Cj, , thatis independent of 6, €, u.
Let f be in L> N HP, which is a dense subspace of H”, and suppose that f =
2 Ajaj, where a; are [?*-atoms for H?, the series converges in H”, and we have

24P <N flr e (6.7.19)
J

We set f = 21;4:1 Ajaj. Then fy, f are in L?but fy — f in HP; hence by Proposition
6.4.10, fyy — f in .. Acting on the Schwartz functions K5 ; , (x—-), we obtain that

Tseu(fu)(x) = T5¢(f)(x) asM — o forallx e R" . (6.7.20)
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Recall the discussion in the introduction of this section defining 7 = lim ;. 7€)
in an appropriate sense. Let 4 € L?(R"). Since & * K5 ¢, is a continuous function,
Theorem 1.2.19 (b) gives that

Ty e; () — Ty () — T/ (h) 6.7.21)

pointwise as 0 — 0, where T,ge) is the smoothly truncated singular integral associ-
ated with the bump 1 (cf. Exercise 4.3.10). The expressions on the right in (6.7.21)

are obviously pointwise bounded by 2T,;*) (h). Since T,g*) is an L% bounded opera-

tor, and Tn(gﬂ (y)— Tn(l/”)(l[/) — T (y) for every y € .7(R"), it follows from The-
orem 2.1.14 that T,;sj)(h) - T,gl/“)(h) — T (h) pointwise a.e. as €, — 0. Thus
Tse; u(h) — T (h) pointwise a.e. as § — 0, 4 — 0, and €; — 0 in this order. Using
this fact, (6.7.20), and Fatou’s lemma, we deduce for the given f, fiy € L% N HP that

I7(7)]

£y < Jimint 5,1

P .. .. p
< 611m1nf lﬁl_ngT&sj#(fMﬂ .

M,e;—0
The last displayed expression is at most (C,Cj, ,)” (A —|—B)”||f||§], using the sublin-
earity of the pth power of the L” norm, (6.7.18), and (6.7.19).

This proves the required assertion for f € H? NL?. The case of general f € HP
follows by density and the fact that 7'(f) is well defined for all f € HP, as observed
at the beginning of this subsection. O

We discuss another version of the previous theorem in which the target space is
H?.

Theorem 6.7.4. Under the hypotheses of Theorem 6.7.3, we have the following con-
clusion: there is a constant Cy ;, such that the operator T satisfies, for all f € H?,

1T o < Crp(a+B)Fl -

Proof. The proof of this theorem provides another classical application of the
atomic decomposition of H”. However, we use the atomic decomposition only for
the domain Hardy space, while it is more convenient to use the maximal (or square
function) characterization of H? for the target H” space.

We fix a smooth function @ supported in the unit ball B(0, 1) in R” whose mean
value is not equal to zero. For ¢ > 0 we define the smooth functions

WO =@ «Ww
and we observe that they satisfy
sup W) (&)| < || D||,..B (6.7.22)
t>0

and that
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sup [0PW ) (x)| < CpA x| "~ IPI (6.7.23)
>0

for all |B| < N, where

Co= sup [ [&]"|B()|dc.

[YI<N

Indeed, assertion (6.7.22) is easily verified, while assertion (6.7.23) follows from
the identity

WO @) = (@ =W))" (x) = / ATE W (E) B(1E ) dE

R”
whenever |x| < 2¢ and from (6.7.16) and the fact that for |x| > 2 we have the integral
representation .
PWO) = [ PRy @) dy.

yl<t

We now take f = a to be an L>-atom for H”, and without loss of generality we
may assume that a is supported in a cube Q centered at the origin. We let Q* be
the cube with side length 2/n¢(Q), where £(Q) is the side length of Q. Recall the
smooth maximal function M(f; @) from Section 6.4. Then M(T (a); @) is pointwise
controlled by the Hardy-Littlewood maximal function of T'(a). Using an argument
similar to that in Theorem 6.7.1, we have

1
ol ([, mr@)erar)’

1

agt( |M<T<a>><x>|2dx)2
clol( |, |T<a><x>|2dx)é
s [ jtorar)’

1_1 1_1
S CnB|Q|p_2 |Q|2_p
= C,B.

1

([ mer@repmra)’

IN

IN

IN

IN

It therefore remains to estimate the contribution of M(T (a); @) on the complement
of Q™.

If x ¢ Q* and y € Q, then |x| > 2|y| and hence x —y # 0. Thus K (x — y) is well
defined as an integral. We have

(T(a) * ®;)(x) = (ax WD) /Idf x—y)aly)dy
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Recall that N = 7} — n] + 1. Using the cancellation of atoms for H” we deduce

' B
(1@ )0 = [ abi)|Kx-3) - 3 @KW o o

B
- a(y>[ Y (9PK)(x— 0,

o " Ligiw P! }dy

for some 0 < 6, < 1. Using that x| > 2|y| and (6.7.23), we obtain the estimate

@+ @)W| < a1, [ a0 "ay.

from which it follows that for x ¢ Q* we have
A 1N _1
[(T(a) * @) (x)] < cnp ([N To

via a calculation using properties of atoms (see the proof of Theorem 6.6.9). Taking
the supremum over all # > 0 and integrating over (Q*)¢, we obtain that

(/ |(T(a) x @) (x)|"d )Il} < cnpAl0] (/ o @ )1]7
su a)* X x Cn, nop x|
) 1> ’ - (07)¢ [x{PtN+m)

and the latter is easily seen to be finite and controlled by a constant multiple of
A. Combining this estimate with the previously obtained estimate for the integral
of M(T (a); @) = sup,~ |(T (a) = &| over Q* yields the conclusion of the theorem
when f = a is an atom.

We have now shown that there exists a constant C,, , such that

|7 (@)|yp < Cup(A+B) (6.7.24)

whenever a is an L2-atom for H”. We need to extend this estimate to infinite sums
of atoms.
Let f be L>* N HP which is a dense subspace of H”, and suppose that f =Y, iAja;

for some L2-atoms a ; for HP, where the series converges in H” and we have

J

We let fis = 2.1,"/[:1 Aja; and we recall the smooth truncations Té,sj, uOfT.As fu — f
in HP?, Proposition 6.4.10 gives that fy; — f in .%’, and since the functions Ks.e;u
are smooth with compact support, it follows that for all 8, €;, i,

T5,sj,/.1(fM) — T5-,€j,l~l (f) in 5” as M — oo, (6.7.26)
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We show that this convergence is also valid for 7. Given € > 0 and a Schwartz
function ¢, we find &y, €j,, o such that

(T (fun), 0) = (T e, 0 (fir), 0)| <€Cp| £y forallM=1,2,.... (6.7.27)

To find such &, €, , Lo, we write

M
(T () @) = (T, ey 0 fin) 0)] < | PR ~W)xa;.9)|

(zm Vo Rayepo = W)+ 0))")

IN

M - )7
O ATCPS AR

< CollF Lo | (K0 = W) < @2

IN

Now pick &, €j,, Ho such that

|(Kayer, 0~ W) 5@ |12 = || (Kayey, )= W) ||, < £
0 0

This is possible, since this expression tends to zero when &,€j,, o — 0 by the
Lebesgue dominated convergence theorem; indeed, the functions (1(50’,9].0 w) W

are uniformly bounded and converge pointwise to zero as &, £j,, lop — 0, while 5
is square integrable. This proves (6.7.27).
Next we show that for this choice of &, €;,, tio we also have

(To.65,.0(F): 0) = (T(f), )] < e[ f]|2- (6.7.28)

This is a consequence of the Cauchy—Schwarz inequality, since

(T 00 (), @) = (T (), 0) | < [[ (K .100) = W) [| 21 ]2
Using (6.7.26) we can find an M, such that for M > M, we have
(T, 0 (1) 0) = (T 0 (), 0)] < & (6.7.29)
Combining (6.7.27), (6.7.28), and (6.7.29) for M > M,, we obtain

(T (fu), ) = (T (f), )| < (1 +Cp|lf |l o + I £l 2)

and this implies that T'(fys) converges to T(f) in ./ (R").
Using the inequality,
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HT(fM) fM’ HHI)SCP A+B> 2 |/,L./'|pv
M<j<M’

one easily shows that the sequence {7 (fyr)}s is Cauchy in H”. Thus T (fys) con-
verges in H? to some element G € H? as M — . By Proposition 6.4.10, T (fy)
converges to G in .. But as we saw, T (fjr) converges to 7(f) in .”" as M — oo,
Hence T(f) = G and we conclude that T(fy) converges to T(f) in H?, i.e., the
series 3,; A;T (a;) converges to T'(f) in H”. This allows us to estimate the H” quasi-
norm of T (f) as follows:

1T 7zo ey = H;%T(a/’)ﬂzam
< S I
< <jc,;,,,>"<A+B>"z|x.,-|"
< (G, ,Cp)P(A+B) ||fHHP(R" :

This concludes the proof for f € H” N L?. The extension to general f € H?” follows
by density and the fact that T(f) is well defined for all f € HP, as observed at the
beginning of this subsection. 0

6.7.4 A Singular Integral Characterization of H' (R")

We showed in Section 6.7.1 that singular integrals map H' to L'. In particular, the
Riesz transforms have this property. In this subsection we obtain a converse to this
statement. We show that if R;(f) are integrable functions for some f € L' and all
j=1,...,n, then f must be an element of the Hardy space H'. This provides a
characterization of H'(R") in terms of the Riesz transforms.

Theorem 6.7.5. For n > 2, there exists a constant C,, such that for f in L (R") we
have

n
Call e < A+ 2 RO - (6.7.30)
k=1
When n = 1 the corresponding statement is

CleHHl < HfHLl + HH(f)HLl (6.7.31)

for all f € L'(R). Naturally, these statements are interesting when the expressions
on the right in (6.7.30) and (6.7.31) are finite.

Before we prove this theorem we discuss two corollaries.
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Corollary 6.7.6. An integrable function on the line lies in the Hardy space H'(R)
if and only if its Hilbert transform is integrable. For n > 2, an integrable function
on R" lies in the Hardy space H'(R") if and only its Riesz transforms are also in
L'(R").

Proof. The corollary follows by combining Theorems 6.7.1 and 6.7.5. 0

Corollary 6.7.7. Functions in H' (R"), n > 1, have integral zero.

Proof. Indeed, if f € H'(R"), we must have R (f) € L'(R"); thus R/-(?) is uni-
formly continuous. But since

A ey 61
it follows that m is continuous at zero if and only if f(é) = 0. But this happens
exactly when f has integral zero. 0

We now discuss the proof of Theorem 6.7.5.

Proof. We consider the case n > 2, although the argument below also works in
the case n = 1 with a suitable change of notation. Let P, be the Poisson kernel.
In the proof we may assume that f is real-valued, since it can be written as f =
fi +if>, where fi are real-valued and R;(fi) are also integrable. Given a real-valued
function f € L'(R") such that R;(f) are integrable over R” for every j = 1,...,n,
we associate with it the n 4 1 functions

i (x,1) = (B xR (f))(x),

ey

un(x,1) = (P *Ra(f))(x).
U1 (1) = (Pox f) (),

which are harmonic on the space R’jfl (see Example 2.1.13). It is convenient to
denote the last variable ¢ by x,,41. One may check using the Fourier transform that
these harmonic functions satisfy the following system:

n+1 8u,-

=0
g’l 8Xj ’
5 / 5 (6.7.32)
uj Uy . .
- =0 k I,... 1 k#j.
an axj 9 7.]6{ ) 7l’l+ }7 75.]

This system of equations may also be expressed as div ¥ = 0 and curl F = 0, where
F = (uy,...,uyy1) is a vector field in R'jfl. Note that when n = 1, the equations
in (6.7.32) are the usual Cauchy—Riemann equations, which assert that the function
F = (u1,up) = uj +iuy is holomorphic in the upper half-space. For this reason, when
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n > 2 the equations in (6.7.32) are often referred to as the system of generalized
Cauchy—Riemann equations.
The function |F| enjoys a crucial property in the study of this problem.

Lemma 6.7.8. Let u; be real-valued harmonic functions on R"! satisfying the sys-
tem of equations (6.7.32) and let F = (uy,. .. ,un+1). Then the function

n+1 q/2
F17 = (X Jui )
j=1

. . . . . 1
is subharmonic when g > (n—1)/n, i.e., it satisfies A(|F|7) > 0, on R,

Lemma 6.7.9. Let 0 < g < p < oo. Suppose that the function |F (x,t)|? defined on
RTI is subharmonic and satisfies

1/p
sup ( |F(x,t)|”dx) <A <oo, (6.7.33)
>0 R"

Then there is a constant Cy p 4 < oo such that the nontangential maximal function
|F[*(x) = sup;q Supjy_ < |F (3,2)], x € R", (cf. Definition 7.3.1) satisfies

1F T 2o oy < CopaA-

Assuming these lemmas, whose proofs are postponed until the end of this section,
we return to the proof of the theorem.

Since the Poisson kernel is an approximate identity, the function x — u,41(x,?)
converges to f(x) in L' as t — 0. To show that f € H!(R"), it suffices to show that
the Poisson maximal function

M(f:P)(x) = fglgl(Pr *f)(x)] = fgglunﬂ(xat)l

is integrable. But this maximal function is pointwise controlled by
n
sup | F(x,1)| < sup [I(Pz )@+ X (PR () )]
t>0 t>0 j=1

and certainly it satisfies

sup [ |F(x,t)]dx <Ay, (6.7.34)
t>0 /R

where

n
Ap =1l +k§1 RO -
We now have

M(fP)(x) < supluy1 (x,1)] < sup|F(x,0)] < |F|*(x), (6.7.35)
>0 t>0
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and using Lemma 6.7.8 with g = ”;1 and Lemma 6.7.9 with p = 1 we obtain that
|| |F|*||Ll (R <GCAy. (6.7.36)

Combining (6.7.34), (6.7.35), and (6.7.36), one deduces that

M5O sy < (151 + 3 R )
k=1

from which (6.7.30) follows. This proof is also valid when n = 1, provided one
replaces the Riesz transforms with the Hilbert transform; hence the proof of (6.7.31)
is subsumed in that of (6.7.30). ]

See Exercise 6.7.1 for an extension of this result to H? for ”;1 < p < 1. We now
give a proof of Lemma 6.7.8

Proof. Denoting the variable 7 by x,,; |, we have

0 oF
g _ —2(F.
ox; IFl qIF| (F 8xj)

and also

9? J*F JF OJF JF \2
q _ 2\ F q—4
e LRl R R L G

forall j=1,2,...,n+ 1. Summing over all these j’s, we obtain
4 2n+1 oF n+1
A(|F|?) = q|F|9*||F ‘ ‘ 2) ‘F ” 6.7.37
e =gl IS0 a2y, (6737

since the term containing F - A(F) = 2"“ A(u;) vanishes because each u; is
harmonic. The only term that could be negatlve in (6.7.37) is that containing the
factor ¢ — 2 and naturally, if ¢ > 2, the conclusion is obvious. Let us assume that
”;1 < g < 2.Since g > ”;1, we must have that 2 — g < ”:lrl . Thus (6.7.37) is non-
negative if

n+1 n+1

Z’F axj’ <t |2Z’axj’ (6.7.38)

This is certainly valid for points (x,#) such that F(x,7) = 0. To prove (6.7.38) for
points (x,7) with F(x,t) # 0, it suffices to show that for every vector v € R"*! with
Euclidean norm |v| = 1, we have

n+1 oF ‘2

ndl n
g‘ ‘ ox; ‘ T n+1 510k (6.7.39)
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Denoting by A the (n+ 1) x (n+ 1) matrix whose entries are a; = duy/dx;j, we
rewrite (6.7.39) as

lav]? < - " la)7, (6.7.40)
where
n+1n+1
lal* =¥ Z Jajul®.
j=1lk=

By assumption, the functions u; are real-valued and thus the numbers a; ; are real.
In view of identities (6.7.32), the matrix A is real symmetric and has zero trace (i.e.,
Z;‘;r% ajj = 0). A real symmetric matrix A can be written as A = PDP', where P
is an orthogonal matrix and D is a real diagonal matrix. Since orthogonal matrices
preserve the Euclidean distance, estimate (6.7.40) follows from the corresponding
one for a diagonal matrix D. If A = PDP', then the traces of A and D are equal;
hence 2” =0, where A; are entries on the diagonal of D. Notice that estimate
(6.7.40) Wlth the matrix D in the place of A is equivalent to

n+1 n+1
DAy, < 1(2 A1), (6.7.41)
j=1 nt
where we set v = (v,...,v,;1) and we are assuming that |v|> = ”H Hvil? =
Estimate (6.7.41) is certainly a consequence of
n+1
sup A7 < (Z A1) (6.7.42)
1<j<n+1 n+1
But this is easy to prove. Let [A,| = max;<j<n+1|4;|. Then
2 2
o2 == X A< (X A1) <n X A4 (6.7.43)

J#Jo J#Jo J#Jo
Adding n|A;, |? to both sides of (6.7.43), we deduce (6.7.42) and thus (6.7.38). [
We now give the proof of Lemma 6.7.9.

Proof. A consequence of the subharmonicity of |F|? is that

[F(xt+e)| < (|F(e)|"+F)(x) (6.7.44)
for all x € R" and ¢, & > 0. To prove (6.7.44), fix € > 0 and consider the functions

Ulet) = [Frit+e)t,  V(xi) = (F(.e)+P)x).

Given 11 > 0, we find a half-ball

Bg, = {(x,1) € R™ ¢ x> +1* < R}}
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such that for (x,7) € R\ B, we have
U(x,t) —V(x,t)<n. (6.7.45)

Suppose that this is possible. Since U (x,0) =V (x,0), then (6.7.45) actually holds on
the entire boundary of Bg,. The function V' is harmonic and U is subharmonic; thus
U —V is subharmonic. The maximum principle for subharmonic functions implies
that (6.7.45) holds in the interior of Bg,, and since it also holds on the exterior, it
must be valid for all (x,7) with x € R” and 7 > 0. Since 1 was arbitrary, letting
n — 0+ implies (6.7.44).

We now prove that R exists such that (6.7.45) is possible for (x,7) € R\ Bg,.
Let B((x,t),1/2) be the (n+ 1)-dimensional ball of radius /2 centered at (x,#). The
subharmonicity of |F|? is reflected in the inequality

|F(x,0)|7 < [F(y,5)|* dyds,

IB((xt t/2) I/ ((x).1/2)

which by Holder’s inequality and the fact p > g gives

Feenl” < <|B((xt ),1/2) |/ e O Wdyds)

From this we deduce that

V4

2n+1/v 4 (t+¢) K
Flut+e q<[ / / s)|Pd ds} (6746
peerer< [0 [0 R rava] " 6140

If 1 4+ € > |x|, using (6.7.33), we see that the expression on the right in (6.7.46) is
bounded by ¢’e "A9~"4/P_ and thus it can be made smaller than 17/2 by taking
t > Ry, for some R; > € large enough. Since Ry > €, we must have 2¢ >t 4 € > ||,
which implies that # > |x|/2, and thus with Rj, = V/5Ry, if | (x,7)| > R}, thent > R;.
Hence, the expression in (6.7.46) can be made smaller than 1/2 for |(x,7)| > R},

If 4+ & < |x| we estimate the expression on the right in (6.7.46) by

ontl 1 Je+e) [ , ¢
F ) S dy|ds N
<V”+1 (f+8)”+1/£<r+s> Uwéx' o)l y} )

and we notice that the preceding expression is bounded by

S ds \ 7
F(ys)|Pd . 6.7.47
<Vn+1 /ée[/w;x' s y} s"“) (74D

Let G;(s) be the function inside the square brackets in (6.7.47). Then Gy (s) —
0 as |x| — oo for all 5. The hypothesis (6.7.33) implies that G| is bounded by a
constant and it is therefore integrable over the interval [%8,00) with respect to the
measure s~ ds. By the Lebesgue dominated convergence theorem we deduce that
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the expression in (6.7.47) converges to zero as |x| — oo and thus it can be made
smaller that /2 for |x| > Ry, for some constant R,. Then with R{j = v/2R, we have
that if |(x,z)| > Ry} then (6.7.47) is at most 17/2. Since U —V < U, we deduce the
validity of (6.7.45) for |(x,7)| > Ry = max(R{,R{)).

Let r = p/q > 1. Assumption (6.7.33) implies that the functions x — |F (x,€)|?
are in L” uniformly in 7. Since any closed ball of L is weak®™ compact, there is a
sequence & — 0 such that |F(x,&)|9 — h weakly in L" as k — o to some function
he L. Since P, € L”, this implies that

([F (&) B)(x) — (h=P)(x)
for all x € R”". Using (6.7.44) we obtain

|F (x,1)|7 = limsup |F (x,t 4 &)|” < limsup (|F(x, &)|? >f<P,) (x)=(h*P)(x),

k—o0 k—so0

which gives for all x € R”,

IF[*(x) < [sup sup (n]=B)(x)] "4 < Com(h) (). (6.7.48)

>0 |y—x|<t

Let g € L’ (R") with L norm at most one. The weak convergence yields

[ IFge)ds— | hGo)sodx

as k — oo, and consequently we have

1
1/ Sup (/ |F(x,t)|”dx) .
>0 \/R"

Since g is arbitrary with L” norm at most one, this implies that

h(x)g(x)dx

<sup [ |P(xe0l7lg()]dx < g
Rn k Rl‘l

17

1
L <sup ( / \F(x,1)]? dx) " (6.7.49)
>0 R”

Putting things together, we have

1717}

< men

1/q
LV

1/q
Lr

. 1/qr
= Cy,p,qSUP (/ |F(x,t)|”dx>
>0 R"

< CupaAs

24
= G[|[m(h)

= Cn,MHh
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where we have used (6.7.48) and (6.7.49) in the last two displayed inequalities. [

Exercises

6.7.1. Prove the following generalization of Theorem 6.7.4. Let ¢ be a nonnegative
Schwartz function with integral one on R” and let ";1 < p < 1. Prove that there
are constants ¢y, c,,C1,C, such that for bounded tempered distributions f on R” (cf.
Section 6.4.1) we have

eal Pl < sp (1055 £llp + 3 05+ R | < Cal £l o
6>0 k=1

when n > 2 and

CleHHP <sup [H%*ﬂ wt ||(P§*H(f)‘ LP} SCleHHP
6>0

whenn = 1.

[Hint: One direction is a consequence of Theorem 6.7.4. For the other direction, de-
fine F5 = (u1 * @5, ..., Unt1 * @), Where uj(x,t) = (B +*R;(f))(x), j=1,...,n,and
Up1(x,1) = (P * f)(x). Each uj * @ is a harmonic function on RTI and continu-
ous up to the boundary. The subharmonicity of |Fg(x,)|? has as a consequence that
|F5(x,t +€)|P < |(F5(-,€)|P x P)(x) in view of (6.7.44). Letting € — 0 implies that
|Fs(x,2)|? <|(Fs(-,0)|? x B)(x), by the continuity of Fs up to the boundary. Since
F5(x,0) = (Ri(f)* @5, ... Ru(f) * 5. f * @), the hypothesis that f 05, R} (f) * 05
are in L” uniformly in 6 > 0 gives that sup, 5 [gn |F5(x,1)|” dx < co. Fatou’s lemma

yields (6.7.33) for F(x,7) = (u1,...,un+1). Then Lemma 6.7.9 implies the required
conclusion. |

6.7.2. (a) Let & be a function on R such that i (x) and xh(x) are in L?(R). Show that
h is integrable over R and satisfies

Il <8 [A] 2 <o) 2

(b) Suppose that g is an integrable function on R with vanishing integral and g(x)
and xg(x) are in L?(R). Show that g lies in H'(R) and that for some constant C we
have

lellzr < Clell 2 llee ]2

[Hint: Part (a): split the integral of |1(x)| over the regions |x| < R and |x| > R and
pick a suitable R. Part (b): Show that both H(g) and H(yg(y)) lie in L*. But since g
has vanishing integral, we have xH(g)(x) = H(yg(y))(x).]

6.7.3. (a) Let H be the Hilbert transform. Prove the identity

H(fg—H(f)H(g)) = fH(g) +gH(f)
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forall f,gin ;<)< L”(R).
(b) Show that the bilinear operators

(f.g)— fH(g)+H(f)g,
(f,g)— fe—H(f)H(g),

map L”(R) x L” (R) — H'(R) whenever | < p < oo.

[Hint: Part (a): Consider the boundary values of the product of the analytic exten-
sions of f+iH(f) and g+ iH (g) on the upper half-space. Part (b): Use part (a) and
Theorem 6.7.5.]

6.7.4. Follow the steps given to prove the following interpolation result. Let 1 <
p1 < o and let T be a subadditive operator that maps H'(R") + L”' (R") into mea-
surable functions on R”. Suppose that there is Ay < oo such that for all f € H'(R")
we have

sup A [{x € R": |T(£)(x)] > A }| < Ao||f]|
A>0

and that it also maps LP! (R") to LP*(R") with norm at most A;. Show that for any
1 < p < p1, T maps LP(R") to itself with norm at most

1_1 -1
P P -p
1

- -
P Pl
CAO A ,

where C = C(n, p, p1).
(a) Fix 1 < g < p < pi <o and f and let Q; be the family of all maximal
dyadic cubes such that 14 < |Q;|! fQj |f|?dx. Write E; = |JQ; and note that

1
Ej, C {M(|f|9)¢ > A} and that |f| < A a.e. on (E;). Write f as the sum of the
good function

8r = fX(Ek)zf + Z(Avgf) XQ;
J j

J

and the bad function

by =S bl where bi = (f—Avef) xo, -
J o

J

(b) Show that gy, lies in L/ (R") NL™(R"), [|g2 [ ;- < 242, and that

lxllzn < [, Wi des2s amigy | < =

(c) Show that for ¢ = 247!, each ¢c=11~! |0/|~'b} is an L-atom for H'. Conclude
that by lies in H'(R") and satisfies

HblHHl < CAZ|QJ| <CA|E| <eo.
j
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(d) Start with
It <pv [ 27 {7 (el > 12} ah
—i—pyp/:?tp‘l}{T(b;Lﬂ > Lya}|da

and use the results in parts (b) and (c) to obtain that the preceding expression is
[

at most C(n, p,q, p1) max(A;y? P, y*~1Ag). Select y= A" "' A, """ to obtain the

required conclusion.

(e) In the case p; = we have |T(g; )| < A;29A and pick ¥ > 24,24 to make the

integral involving g, vanishing.

6.7.5. Let f be an integrable function on the line whose Fourier transform is also
integrable and vanishes on the negative half-line. Show that f lies in H'(R).

HISTORICAL NOTES

The strong type L” — L7 estimates in Theorem 6.1.3 were obtained by Hardy and Littlewood
[157] (see also [158]) when n = 1 and by Sobolev [285] for general n. The weak type estimate L'—
Ln"s first appeared in Zygmund [339]. The proof of Theorem 6.1.3 using estimate (6.1.11) is
taken from Hedberg [161]. The best constants in this theorem when p = nz_fs ,q= nzfs ,and0<s<n
were precisely evaluated by Lieb [213]. A generalization of Theorem 6.1.3 for nonconvolution
operators was obtained by Folland and Stein [132].

The Riesz potentials were systematically studied by Riesz [270] on R" although their one-
dimensional version appeared in earlier work of Weyl [330]. The Bessel potentials were introduced
by Aronszajn and Smith [7] and also by Calder6én [41], who was the first to observe that the
potential space %/ (i.e., the Sobolev space L{) coincides with the space Lf given in the classical
Definition 6.2.1 when s = k is an integer. Theorem 6.2.4 is due to Sobolev [285] when s is a positive
integer. The case p = 1 of Sobolev’s theorem (Exercise 6.2.9) was later obtained independently by
Gagliardo [139] and Nirenberg [249]. We refer to the books of Adams [2], Lieb and Loss [214],
and Maz’ya [229] for a more systematic study of Sobolev spaces and their use in analysis.

An early characterization of Lipschitz spaces using Littlewood—Paley type operators (built from
the Poisson kernel) appears in the work of Hardy and Littlewood [160]. These and other charac-
terizations were obtained and extensively studied in higher dimensions by Taibleson [300], [301],
[302] in his extensive study. Lipschitz spaces can also be characterized via mean oscillation over
cubes. This idea originated in the simultaneous but independent work of Campanato [39], [40] and
Meyers [234] and led to duality theorems for these spaces. Incidentally, the predual of the space
Ay is the Hardy space H? with p = st » s shown by Duren, Romberg, and Shields [118] for the
unit circle and by Walsh [327] for higher-dimensional spaces; see also Fefferman and Stein [130].
We refer to the book of Garcia-Cuerva and Rubio de Francia [141] for a nice exposition of these
results. An excellent expository reference on Lipschitz spaces is the article of Krantz [199].

Taibleson in his aforementioned work also studied the generalized Lipschitz spaces Ay called
today Besov spaces. These spaces were named after Besov, who obtained a trace theorem and em-
beddings for them [24], [25]. The spaces Bg’q, as defined in Section 6.5, were introduced by Peetre
[255], although the case p = g = 2 was earlier considered by Hérmander [166]. The connection
of Besov spaces with modern Littlewood—Paley theory was brought to the surface by Peetre [255].
The extension of the definition of Besov spaces to the case p < 1 is also due to Peetre [256],
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but there was a forerunner by Flett [131]. The spaces Fpa “ with 1 < p,q < o were introduced by
Triebel [316] and independently by Lizorkin [218]. The extension of the spaces Fpa’q to the case
0 < p <eoand 0 < g < oo first appeared in Peetre [258], who also obtained a maximal character-
ization for all of these spaces. Lemma 6.5.3 originated in Peetre [258]; the version given in the
text is based on a refinement of Triebel [317]. The article of Lions, Lizorkin, and Nikol’skij [216]
presents an account of the treatment of the spaces Fpa’q introduced by Triebel and Lizorkin as well
as the equivalent characterizations obtained by Lions, using interpolation between Banach spaces,
and by Nikol’skij, using best approximation.

The theory of Hardy spaces is vast and complicated. In classical complex analysis, the
Hardy spaces H? were spaces of analytic functions and were introduced to characterize bound-
ary values of analytic functions on the unit disk. Precisely, the space H?(ID) was introduced
by Hardy [156] to consist of all analytic functions F' on the unit disk D with the property that
SUPg_, <1 Jo |[F(re2™9)[Pd < o, 0 < p < oo. When 1 < p < oo, this space coincides with the
space of analytic functions whose real parts are Poisson integrals of functions in L”(T"). But for
0 < p <1 this characterization fails and for several years a satisfactory characterization was miss-
ing. For a systematic treatment of these spaces we refer to the books of Duren [117] and Koosis
[195].

With the illuminating work of Stein and Weiss [293] on systems of conjugate harmonic func-
tions the road opened to higher-dimensional extensions of Hardy spaces. Burkholder, Gundy, and
Silverstein [38] proved the fundamental theorem that an analytic function F lies in H ”(Rf_) [i.e.,
supy~o Jr |F(x +iy)|P dx < o] if and only if the nontangential maximal function of its real part
lies in L7 (R). This result was proved using Brownian motion, but later Koosis [194] obtained an-
other proof using complex analysis. This theorem spurred the development of the modern theory
of Hardy spaces by providing the first characterization without the notion of conjugacy and indi-
cating that Hardy spaces are intrinsically defined. The pioneering article of Fefferman and Stein
[130] furnished three new characterizations of Hardy spaces: using a maximal function associ-
ated with a general approximate identity, using the grand maximal function, and using the area
function of Luzin. From this point on, the role of the Poisson kernel faded into the background,
when it turned out that it was not essential in the study of Hardy spaces. A previous character-
ization of Hardy spaces using the g-function, a radial analogue of the Luzin area function, was
obtained by Calderén [42]. Two alternative characterizations of Hardy spaces were obtained by
Uchiyama in terms of the generalized Littlewood—Paley g-function [319] and in terms of Fourier
multipliers [320]. Necessary and sufficient conditions for systems of singular integral operators
to characterize H'(R") were also obtained by Uchiyama [318]. The characterization of H” using
Littlewood—Paley theory was observed by Peetre [257]. The case p = 1 was later independently
obtained by Rubio de Francia, Ruiz, and Torrea [276].

The one-dimensional atomic decomposition of Hardy spaces is due to Coifman [72] and its
higher-dimensional extension to Latter [206]. A simplification of some of the technical details in
Latter’s proof was subsequently obtained by Latter and Uchiyama [207]. Using the atomic de-
composition Coifman and Weiss [86] extended the definition of Hardy spaces to more general
structures. The idea of obtaining the atomic decomposition from the reproducing formula (6.6.8)
goes back to Calderén [44]. Another simple proof of the L?-atomic decomposition for H? (starting
from the nontangential Poisson maximal function) was obtained by Wilson [332]. With only a little
work, one can show that L7-atoms for H” can be written as sums of L”-atoms for H”. We refer
to the book of Garcia-Cuerva and Rubio de Francia [141] for a proof of this fact. Although finite
sums of atoms are dense in H', an example due to Y. Meyer (contained in [233]) shows that the
H' norm of a function may not be comparable to inf Z[;,=1 |A;|, where the infimum is taken over all
representations of the function as finite linear combinations Z’}’Zl Aja; with the a; being L™-atoms
for H'. Based on this idea, Bownik [34] constructed an example of a linear functional on a dense
subspace of H'! that is uniformly bounded on L*-atoms for H! but does not extend to a bounded
linear functional on the whole H'. However, if a Banach-valued linear operator is bounded uni-
formly on all L?-atoms for H” with 1 < g < eeand 0 < p < 1, then it is bounded on the entire H”
as shown by Meda, Sjogren, and Vallarino [230]. This fact is also valid for quasi-Banach-valued
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linear operators, and when g = 2 it was obtained independently by Yang and Zhou [338]. A re-
lated general result says that a sublinear operator maps the Triebel-Lizorkin space Fps,q(R”) toa
quasi-Banach space if and only if it is uniformly bounded on certain infinitely differentiable atoms
of the space; see Liu and Yang [217]. Atomic decompositions of general function spaces were
obtained in the fundamental work of Frazier and Jawerth [135], [136]. The exposition in Section
6.6 is based on the article of Frazier and Jawerth [137]. The work of these authors provides a solid
manifestation that atomic decompositions are intrinsically related to Littlewood—Paley theory and
not wedded to a particular space. Littlewood—Paley theory therefore provides a comprehensive and
unifying perspective on function spaces.

Main references on H” spaces and their properties are the books of Baernstein and Sawyer [12],
Folland and Stein [133] in the context of homogeneous groups, Lu [219] (on which the proofs of
Lemma 6.4.5 and Theorem 6.4.4 are based), Stromberg and Torchinsky [298] (on weighted Hardy
spaces), and Uchiyama [321]. The articles of Calderén and Torchinsky [45], [46] develop and
extend the theory of Hardy spaces to the nonisotropic setting. Hardy spaces can also be defined in
terms of nonstandard convolutions, such as the “twisted convolution” on R?". Characterizations of
the space H ! in this context have been obtained by Mauceri, Picardello, and Ricci [226]

The localized Hardy spaces &), 0 < p < 1, were introduced by Goldberg [146] as spaces of
distributions for which the maximal operator sup,_, 1 |®; * f| lies in L” (R") (here @ is a Schwartz
function with nonvanishing integral). These spaces can be characterized in ways analogous to those
of the homogeneous Hardy spaces H?; in particular, they admit an atomic decomposition. It was
shown by Bui [37] that the space A” coincides with the Triebel-Lizorkin space Fp()‘z(R”); see also
Meyer [232]. For the local theory of Hardy spaces one may consult the articles of Dafni [100] and
Chang, Krantz, and Stein [59].

Interpolation of operators between Hardy spaces was originally based on complex function
theory; see the articles of Calderén and Zygmund [48] and Weiss [328]. The real-interpolation
approach discussed in Exercise 6.7.4 can be traced in the article of Igari [174]. Interpolation be-
tween Hardy spaces was further studied and extended by Riviere and Sagher [271] and Fefferman,
Riviere, and Sagher [128].

The action of singular integrals on periodic spaces was studied by Calderén and Zygmund [47].
The preservation of Lipschitz spaces under singular integral operators is due to Taibleson [299].
The case 0 < o < 1 was earlier considered by Privalov [268] for the conjugate function on the
circle. Fefferman and Stein [130] were the first to show that singular integrals map Hardy spaces to
themselves. The boundedness of fractional integrals on H” was obtained by Krantz [198]. The case
p = 1 was earlier considered by Stein and Weiss [293]. The action of multilinear singular integrals
on Hardy spaces was studied by Coifman and Grafakos [75] and Grafakos and Kalton [149]. An
exposition on the subject of function spaces and the action of singular integrals on them was written
by Frazier, Jawerth, and Weiss [138]. For a careful study of the action of singular integrals on
function spaces, we refer to the book of Torres [315]. The study of anisotropic function spaces and
the action of singular integrals on them has been studied by Bownik [33]. Weighted anisotropic
Hardy spaces have been studied by Bownik, Li, Yang, and Zhou [35].





