CHAPTER 5

G/M/c QUEUES

This chapter applies a level-crossing approach (SPLC, abbreviated LC)
to derive the steady-state pdf of the virtual wait and the actual wait
(arrival-point wait) in single-server G/M/1, and in multiple-server G/M/c
queues. Section 5.1 treats G/M/1 and Section 5.2 treats G/M/c (¢ =
2,3,...). It is assumed that arrivals occur according to a renewal process
and service times are exponentially distributed.

We will not derive transient distributions in this chapter. However,
for G/M/c (¢ = 1,2,...), we could use LC to derive the transient dis-
tribution of extended age, which is related to the virtual wait (Subsec-
tion 5.1.1). We would then apply techniques similar to those utilized
in sections 3.2, 4.3, Subsection 6.2.5, Section 10.9 and other sections of
Chapter 10. Those analyses provide background for deriving transient
distributions using LC in G/M/c queues, as well as in a great variety of
stochastic models. (The extended age is utilized in [15].)

5.1 Single-server G/M/1 Queue

We analyze the single-server G/M/1 queue in steady state. Arrivals
occur according to a renewal process. For the common inter-arrival time
denote the cdf, complementary cdf, and pdf respectively by A(x),z > 0,
A(z) = 1 — A(z),z > 0 and a(z) = %A(az) wherever the derivative
exists. Assume the service time of each customer has an exponential
distribution with mean % (denoted by E,). Using LC we derive the
steady-state pdf and cdf of the virtual wait, the steady-state pdf and cdf
of the actual (arrival-point) wait just before arrival instants, expressions

for the expected busy and idle periods, and related results.
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Figure 5.1: Sample path of extended age process {V(t)} for G/M/1

queue. Inter-arrival times have cdf A(-) (cdf of downward jump sizes).

Service times are = E,. Slope is d‘ggt) =+1.
18

5.1.1 Virtual Wait and Extended Age Processes

Let {W(t),t > 0} denote the virtual wait process having state space
S =[0,00) (e.g., similar to Fig.3.4).

We consider the "extended age" process {V (t),t > 0} having state
space S = (—00,00), defined as follows. For ¢t > 0,

V(t) = (5.1)

age of customer in service at t if V(t) > 0,
— time from t until next arrival instant if V(t) < 0.

In (5.1) "age" means "time spent in the system" measured from the ar-
rival instant. A sample path of {V'(¢)} is depicted in Fig. 5.1. Extended-
age sample-path jumps are downward in direction. All jumps start at
positive levels. (All virtual-wait jumps are upward.)

5.1.2 Duality Between Extended Age and Virtual Wait

Consider a sample path of {V(¢),t > 0}. Assume V(¢) > 0. There
is a one-to-one correspondence between the peaks (relative maxima) of
{V(t)} and peaks of {W(¢)}, as well as between troughs (relative minima
or infima) of {V(¢)} and troughs of {WW(¢)}. Corresponding peaks and
troughs have equal ordinates and occur in the same time order in both
processes (Fig.5.2).
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Figure 5.2: Sample path of extended age process " " compared with
sample path of virtual wait process "\" for G/M/1 queue. Illustarates
duality properties. Corresponding peaks and corresponding troughs have
equal ordinates and the same time order. Busy periods, idle periods, and
busy cycles ar equal.

The extended age process has slope +1 between SP downward jumps.
The virtual wait has slope —1 between SP upward jumps within a busy
period; the slope is 0 within an idle period. Busy periods are identical
in both processes. These properties guarantee that the proportion of
time that the SP spends in any state-space interval, is the same in both
processes (see Proposition 5.1 below).

The sojourn time of {V(t)} below level 0 is identical to an idle period
in the {WW(¢)} process (see Remark 5.2). Busy cycles are identical in both

processes (Fig.5.2).
1

E(inter-arrival time) - p <1 (ee. 63, p
251). Intuitively, the expected number of arrivals in a service time is
< 1. (See Proposition 5.4 below.)

Denote the steady-state cdf of the extended age by

The stability condition is

F(z) = lim P(V(t) <x),—00 < & < 00,

t—o00

having pdf
fla) =20 o > o

h(z) = L@ 4 <0,
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wherever the derivatives exist. The probability of an empty system is

0
Py=F(0) = h(y)dy. 5.3
)= F(0) /y__mcy)y (53
Then
F(m):PO—I—f y)dy,z > 0,
Fla)= 7 b <>dy,xso,
F(0) = P,

F(oo) = Py + fy:O fly)dy = 1.

Proposition 5.1 The steady-state cdf of the extended age process
{V(t)} and of the virtual wait {W(t)} ast — oo, are identical. That is,

F(z) = tlirglo PV(t) <zx)= tllglo P(W(t) <z),z >0.

Proof. There is a one-to-one correspondence between sample paths of
{V(t)} and {W(t)} because of the duality properties discussed above
(see Fig.5.2). The proportion of time spent in every state-space interval
is the same in corresponding sample paths for every w € Q, where €}
is the sample space of the "underlying experiment" and w is a possible
outcome.

For {V(¢)} a sojourn time below level 0 is the same as an idle period in
{W(t)}. Thus F(0) = Py = limy_,o Py(t) is the same for both processes
(Po(t) is the probability of a zero wait at time ).

We employ {V(t)} when analyzing G/M,/1 using LC, because SP
downward jumps occur at end-of-service instants at Poisson rate p.

Remark 5.1 We emphasize that the transient probability distributions
of V(t) and W (t) are not equal. Proposition 5.1 holds for steady-state
distributions only.

Remark 5.2 We may also define an "extended virtual wait" process
{W(t)} with state space (—oo,+00). If W(t) > 0, then W (t) is the usual
virtual wait. If W (t) < 0, —W (t) is the time since the last departure of
the immediately previous busy period. For the extended virtual wasit,
the slope is —1 between (upward) jumps. Sojourn times below level O are
equal to idle periods. If arrivals are Poisson, an integral equation for the
pdf of {W(t)} when W(t) < 0 can be obtained by applying LC. All results
for the usual virtual wait can be derived using the extended virtual wait.
If arrivals are Poisson at rate A\ the expected sojourn time below level O
s 3 = E(idle period).
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5.1.3 Equation for Steady-State PDF of Age

By Proposition 5.1 the steady-state pdf of the age process f(x),z > 0,
is the same as the steady-state pdf of the virtual wait process. Thus, for
G/M/1 we will obtain the steady-state pdf of {W(¢)} by deriving the
steady-state pdf of {V(¢)}.

Consider a sample path of {V'(¢)} (Fig.5.1). Fix level x > 0 in the
state space. The SP upcrossing rate of z is

lim A8 _ g, EUE) (u;(”;)) = f(x), (5.4)

t—oo T (a.s.)t—0o0

(proved similarly as for the downcrossing rate in M/G/1, e.g., Theorem
1.1).
The SP downcrossing rate of x is

lim 240y, ERUD) u/oo Ay —2)fW)dy,  (5.5)

t—oo {  (as.) t—oo t —

(proved as for the upcrossing rate in M/G/1).

We give an LC interpretation of right-most term of (5.5). The SP
rate of downward jumps staring from level y > 0 is the rate at which
service times end when customers have been in the system for a time y,

namely pf(y)dy. If y > x,
P(downward jump size > y — x)
= P(inter-arrival time >y — z) = A(y — x).

Summing over all y > x gives the right-most term of (5.5).
The principle of rate balance across level z,

o B | ED)
t—00 t t—00
gives an integral equation for f(x),
fla) = u/ Aly — ) f(y)dy. (5.6)
y=z

5.1.4 Alternative Form of Equation for PDF of Age

An alternative form of integral equation (5.6) is

[e.9]

ﬂ@ZMﬂ—F@D—u/ Ay — 2)f(dy, >0 (5.7)

y==
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The LC interpretation of (5.7) is as follows. The left side is the SP
upcrossing rate of level z. On the rite side, the first term is the rate of
service completions which generate SP downward jumps that start above
level x. The second term is the rate of service completions that generate
SP downward jumps that start above level x and end above level x. Thus
the right side is the SP downcrossing rate of level x.

Note the similarity of the alternative LC equation (5.7) for G/M/1,
and the alternative forms (3.35) for the M/G/1 queue, and (6.19) for the
M/G/x(-) dam in Chapter 6.

5.1.5 PDF and CDF of Virtual Wait Geometrically

We demonstrate geometrically using LC, that the steady-state pdf of
{V(t)} (therefore of {W(t)}), as t — oo, has an exponential form over
the state-space interval (0,00), and an atom at 0.

Let B denote a busy period. Consider a sample path of {V'(¢)}. Due
to the memoryless property of the service times, an SP sojourn time
above an arbitrary level z > 0 is distributed the same as B independent
of x (Figs. 5.1 and 5.2).

Thus the proportion of time spent above x > 0 is

tim ZU2) - EE) -y, EU) g
t—o00 t t—o0 t
= f(z)-E(B)=1- F(x), (5.8)

by (5.4), and the definition of 1 — F(z).
Equation (5.8) is equivalent to a differential equation

£20-F@) 1
1-F(x) EB)’

d

ZhA-F@) = —gm

with solution

F(z)=1—(1—- Py)e P®* x>0,
1-Py — 1, (5.9)
= (B)
f(.']:) E(B) e 7‘,1:>07
where F'(0) = Pp.
From (5.9) f(z) has the exponential form

flz)=Ke "™, 2>0 (5.10)
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where

1-R 1

5B 7" @) (5.11)

K B(B)

Remark 5.3 As a mild confirmation of the above results suppose the
G/M,/1 queue were an My/M,/1 queue. Then, in (5.10) we would
have E(B) = ﬁ Thus v = — X\ and

K = (1-R)y=>0-PR)p—-2N)

({3
eeg)

giving f(z) = APpe= =Nz 2 5 0 . This checks with the steady-state
pdf of wait in M/M/1 (e.g., (3.86)).

Substituting from (5.10) into (5.6) and cancelling K gives an equation
for =,
o0
e 1t = ,u/ Az —y)e Wdy.
y=x

Substituting z = x — y results in

* 1
/ A(z)e *dz = —. (5.12)
z=0 2
Equation (5.12) for v is a fundamental G/M/1 equation. The left side
of (5.12) is the Laplace transform of A(z) evaluated with parameter ~.

Let A*(y) denote the Laplace Stieltjes transform of A(-). Integrating
(5.12) by parts gives
Ay =1-2L. (5.13)
1
Thus ~ is the solution of (5.12), or equivalently of (5.13). Some forms
of A(-) allow for an analytical solution for v. Generally, however, ~ is
computed by numerical methods (e.g., by Newton’s method or using
computational software such as Maple).

Value of P

Consider a sample path of {V ()} on the state-space interval (—oc,0),
and fix level z € (—00,0). The SP upcrossing rate of level z is equal
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to h(z) (proved as for the downcrossing rate in M/G/1). The SP down-
crossing rate of level x is

o0 o0
p [ Aoy =n [ Ay o)y
y=0 y=0
since all downward jumps originate at end-of-service instants when the
SP is in state-space set (0,00). Rate balance across level = gives
© —_—
h(z) = u/ Ay — x)Ke dy,x < 0. (5.14)
Y

=0

Invoking (5.14) and (5.3) leads to

0 0 oo
Py = / h(z)dx = K/ ,u/ Ay — z)e” dydzx.
rT=—00 r=—00 y=0

Making the transformation u = —zx, gives
PO—K/ / Ay + uw)e Wdydu.
Thus
K
Py=—-, or K = RC, (5.15)
o
where

C, - (/ / (y +u)e “/ydydu> o (5.16)

Note that C, > 0.
We evaluate Py from the normalizing condition and (5.15). Thus

o
Py+ K e dr = 1,
y=0
o0
P()—i-CWPo/ e Pdr = 1.
y=0
These equations yield
K
Py = 1——. (5.17)
Y
S (5.18)

v+ Cy
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From (5.15)
v-Cy

K= ,
v+ Cy

(5.19)

and K <.

Due to exponentially distributed service times, instants of SP egress
from level 0 above, are regenerative points of {V ()} initiating busy cycles
(see 2.4.9 for definitions of SP egresses). Thus, steady-state properties
over busy cycles recapitulate limiting properties over the time axis as
t — oo.

Let C represent a busy cycle and 7 an idle period. Then

C=B+1

and

LB B

"7 EC) EB) +E®Q)
From (5.18)

BT v %

mm+m@ T+Cy 2+

From (5.11) E(B) = <. Thus from (5.16)

/ / (y +w)e” Ydydu. (5.20)

5.1.6 PDF of Actual Wait

For G/M/1, generally the steady-state pdf of the actual wait (arrival-
point wait) is not equal to the pdf of the virtual wait. In particular, these
pdf’s are equal when the arrival stream is Poisson. We can utilize results
in subsections 5.1.1 - 5.1.5 to determine the pdf of the actual wait.

Form of PDF of Actual Wait

We use LC concepts to derive the form of the pdf of actual wait. The
subscript ":" (Greek iota) is used to signify actual wait. Let the steady-
state cdf of actual wait be F,(x) = P(actual wait < x),x > 0; and let
the pdf be %FL(x) = f.(x),z > 0. Recall that ~ is the solution of (5.12).

Proposition 5.2 The form of the steady-state pdf of actual wait is
filz) = K,e 7 x>0, (5.21)

where K, is a positive number.
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Proof. The proportion of actual waits that are > x is

p(l = F(z)) - f(=)

p(l=F@©0)
where F' (z), f (z) denote the cdf and pdf respectively of the virtual wait.

We now explain (5.22). Consider the numerator. The term pu(1 —
F(z)) is the departure rate of customers that have been in the system
> x time units. Each such departure generates an SP downward jump of
a sample path of the {V(¢)} process. The term f(x) is the rate at which
SP jumps start above z and end below (or at) = (f(x) is the downcrossing
rate, as well as the upcrossing rate, of level z). That is, f(z) is the rate
at which next actual waits are < z. Thus the numerator is the rate at
which next actual waits are > x. The denominator p (1 — F(0)) of (5.22)
is the total departure rate, which is the total rate of downward jumps.

From (5.9) 1 — F(z) = c1e™ 7", where ¢; is a positive constant, and
from (5.10) f(z) = Ke ?*. We substitute these exponential terms on
the right side of (5.22).

Then, taking - on both sides of (5.22) gives (5.21) for some positive
constant K,. m

Proposition 5.2 implies that the form of the pdf of actual wait f,(z),
is the same as the form of the pdf of the virtual wait f(x). Generally,
the values of K, and K differ, except when the arrival stream is Poisson.
The exponent ~y is common to both f,(x) and f(z).

1—F,(z)=

(5.22)

Specification of PDF and CDF of Actual Wait

Denote the probability that an arrival waits zero by F,.

Proposition 5.3 For the G/M/1 queue with service rate p, the proba-
bility that an arrival waits zero time for service is

K
Py =21 =" (5.23)
I

where

K, =~ (1 - %) . (5.24)

The steady-state pdf and cdf of the arrival-point wait are respectively
fle) = Ke ™ =r1- Ly 2> 0, (5.25)
1
~

F(z) = 1-(1- p)e_'ym,:v > 0. (5.26)
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Proof. Probability Py, is the proportion of arrivals that wait zero before
they start service. Thus

f(0)
FO) +n [2 AW) f(y)dy’

where f(x) is the pdf of the virtual wait given in (5.10). We now explain
(5.27). The term f(0) is the rate of arrivals to the system that wait 0
(upcrossing rate of level 0). The term ufyoio A(y) f(y)dy is the rate of
arrivals to the system that wait a positive time, i.e., the rate at which SP
downward jumps start and end above 0 (see Fig.5.1). For such downward
jumps, the end state-space level is the actual wait of the next arrival.
Also, the rate at which next arrivals wait > 0 is the same as the overall
rate at which arrivals wait > 0.
Substituting from (5.10) into (5.27) gives

K g

T K+ (EE ) '
K+ —-FK) p

Py = (5.27)

POL

We ascertain K, from the normalizing condition for the arrival-point
pdf,

Po + / Ldy = 1,
y=0
14_& = 1.
TR

Thus we obtain (5.23), (5.24), (5.25) and (5.26) (from F,(z) = Py, +
S0 fi(y)dy). =

Remark 5.4 Formula (5.23) for Py, matches the result derived later in
formula (8.23) via the embedded LC method. The embedded LC' result
1s indeed the value of Py,, since it is the steady-state pdf of the actual
wait W, asn — oo. This match validates the standard "continuous" LC
approach utilized in this section. In many models, it is easier to apply
standard LC than embedded LC. We note, however, that embedded LC
1s useful in itself, for checking results obtained by other means, analyzing
new models, and combining with continuous LC to obtain new results.

Remark 5.5 Py, and f,(z) in (5.23) and (5.25) correspond to results
obtained by a different technique in [63], pages 250-25/. In the present

section, the constant v = p (1 —rg) where ¢ is the solution of z =
A*(u(1 = 2)), 2 € (0,1), in [63]
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5.1.7 Stability Condition for G/M/1

We develop the stability condition directly from equation (5.12). Sta-
bility occurs iff the solution of (5.12) for « is positive and finite. That
is, iff the "steady-state" pdf’s f(x) = Ke 7" (virtual wait) and f,(z) =
K,e= 7" (arrival-point wait) exist. These pdf’s exist provided « is posi-
tive and finite, in which case K and K, are also positive and finite by
(5.19) and (5.24) respectively.

Denote the expected inter-arrival time by % and the expected service
time by %

Proposition 5.4 The G/M/1 queue is stable if and only if a < p.

Proof. The queue is stable iff the expected busy period % is positive
and finite iff 7 is positive and finite. Consider equation (5.12). Suppose
that a positive finite number ~ exists such that

1 g
— —/ Ay)e dy.
2 y=0

Since 0 < e < 1 for all y > 0,

=0 a

1 * 1
- < / Aly)dy = —
K y
= a<pu.
Hence a < p is a necessary condition for stability.
1 _1
Conversely, suppose a < p. Then w<a and

1 1 g
- < == / A(y)dy.
® v

Construct a function of ~, ¢(v) = fyﬁOZ(y)e*Wdy,O < v < o0.
Then ¢(y) > 0, limy 0 ¢(7) = 3, limy 0o #(7) = 0, ¢'(7) = —79(y) <0,
#"(7) = ¥?¢(y) > 0. Thus ¢(v) is continuous, convex and monotone
decreasing on (0, 00). Consequently ¢(y) assumes each value in its range

(0, %) For each value of p with the property % € (0, %), there is a

unique value v € (0,00) such that ¢(y) = % Hence for each such +
there exists exactly one positive finite root v of equation (5.12). That
is l% = fyoio A(y)e™"dy has a unique positive finite solution for v such
that % < % Hence a < p is a sufficient condition for stability. m

In conclusion a < p is a necessary and sufficient condition for sta-
bility.
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5.1.8 Steady-state Distribution of System Time

Let Wy, S, o denote respectively the steady-state actual wait before
service, the service time, and the system time of a customer. Then
o = Wy+S. Note that the cdf of W, is P(W, < x) = F,(z),« > 0 having
pdf f,(z),z > 0. Also P(W, = 0) = F,(0) = Py,. Let Fy(z),z > 0
denote the steady-state cdf of o, and let f,(x) = %Fa(m), x > 0 be the
pdf of o, wherever the derivative exists. For the standard G/M/1 queue,
S and W, are independent.

Using the expressions in Proposition 5.3, the cdf of ¢ is the convolu-
tion

Fa) = RPS<o)+ [ iOP<ss:c—y>fL<y>dy

g —px
= e
o

—i—/ 1— e Mo=y)) 5 <1 — 1) e Ydy. 5.28
o ( ) . (5.28)

The last integral in (5.28) is equal to
%(Me(wv)r — ,ye(uww)r + v’ — Meu:v)e—(u-w)x_ (5.29)

Summing (5.29) with (1 —e™#*) simplifies to
Fo(z)=1—€e",2>0. (5.30)
The pdf of o is %Fa(x), namely
fo(z) =~ve 7% 2 > 0. (5.31)

Remark 5.6 The expressions for F,(z) and fy(x) in (5.30) and (5.31)
for G/M/1 are analogous to those for the standard My /M, /1 queue given
in (3.90), with v = . — X. Note that the coefficient of the exponent x in
F,(-) is ﬁé) in both G/M/1 and M/M/1 (B = busy period).

5.1.9 Arrival-point PMF of Number in System

This subsection derives the steady-state arrival-point pmf (probability
mass function) of the number of units in the system. Let N, denote the
number in the system just before an arrival instant in steady state. Then

P(N,=0) =Py, = .
I
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Let P(N, =n) = P,,,n =1,2,.... Letd, be the steady-state probability
of n in the system just after a departure instant. Let A (y) be the cdf
of the n-fold convolution of the inter-arrival time evaluated at y.

Proposition 5.5 Forn=1,2,...,

Pu = du= [ (A00) - A" w) ooy

= 7 /y : (A(") (y) — ACTY (y)) e Vdy. (5.32)

Proof. Let N4(t) be the number of arrivals in (0,¢) and let S,, be the
time of the n'™ arrival. A basic renewal equivalence relation is

No(t)>n < S, <t.
Thus
P(N4(t) >n) — P(Na(t) >n+1)
= P(S, <t) — P(Spy1 < 1)
AW () — AED () £ > 0

(see e.g., [74] or [91]). Also d,, = P(n arrivals during a system time o).
That is

di = [ PWA) = nlo =) fa(0)dy
’y:
= [ PO = ()
y:
= [ (A" = A w) Lol
y=0
Since d,, = Py, (for any single-server queue), we obtain (5.32). m

Compact Expression for PMF

Proposition 5.5 leads to a compact expression for P,,,n = 1,2,.... Inte-
gration by parts gives

/ AM (e Wdy = 1 / a™ (y)e Wdy
y=0 Y Jy=0
A™ ()

’y )
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where a(™(y) is the pdf of the n-fold convolution of inter-arrival times.
Thus (5.32) becomes

P, =AY (y) — APTD* () n=1,2, ... . (5.33)

From Laplace-transform theory and (5.13)

a) =) = (1-2)

Substituting into (5.33) yields

n n+1
e () -6)
I I
n
_ 1<1_1>
I I

= Py,(1-Py)",n=0,1,2,... (5.34)

Formula (5.34) is analogous to the result for M/M/1 given in (3.91).

As a caveat to Proposition 5.5, the probabilities of n in the system
at an arbitrary time point are not equal to Pp,,n =0, 1,2, ...(in general).
Equality does hold if arrivals are Poisson.

5.1.10 G/M/1 with Poisson Arrivals

To enhance intuition, we specialize the foregoing G/M,,/1 results to
M/M/1. When arrivals are Poisson at rate A, the model reduces to
an My/M, /1 queue.

Virtual Wait Assume A(x) = e,z > 0. Then v = p— Ais the

solution of equation (5.12), [° A _”/zdz = u' Thus, Cy = X, where
C, is defined in (5.16).
Hence
gl p—A A
Py = = =1-—-v
0 Yy+C,  p—=A+A i
v-Cy A
K = =A1—=)=APy, vV
fl@) = Ke 7 =APye W% 150,
1 1
EB) = —=——V
(5) Yook—A
1 1
EZ) = ==-.
) c A v
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These results check with the steady-state virtual wait for M/M/1.
Moreover, the part of the pdf of extended age for x < 0 is

[o¢]
h(z) = ,u/ e_)‘(y_m)Ke_(“_)‘)ydy = KeM z <0,
y=0

whence Py = | 0

T=—00

— A
hz)de =1— 2.

Actual Wait For the actual wait in G/M/1, v = u—X\, Py, = % = 1—%

and K, = v (1 — %) = )\(‘“;—A) = APy,; giving f,(z) = APy~ =Nz g >
0. These results agrees with Py and f(z),z > 0 in M/M/1 (see (3.86)).
For M/M/1, the Poisson arrival stream implies

A
P = PBh=1- m fulz) = f(z),z >0,
A n
and P, = P,= (—) Py,
1
agreeing with PASTA [102].

5.1.11 Sojourn Time Above or Below a Level

We next determine the expected values of sojourn times above or below
a state-space level.

Inter-upcrossing Time of a Level

Consider a sample path of the extended age process {V (¢)} (Fig.5.1). Let
u, denote the inter-upcrossing time (between two successive upcrossings)
of level x.

Levels > 0 For x > 0, upcrossings of z are regenerative points due to
exponentially distributed service times. Hence

Plw) = o~ ot~ 7@)
Therefore
Blug) = —— =% 2 >0, (5.35)
fl@) K
where v, K are given in (5.12), (5.19) respectively. (To compute K, we

may use C., given in (5.16).)
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Levels <0 For x < 0, —x is the time until the next arrival instant, at
which a sample path of {V(¢)} hits level 0 from below. Upcrossings of x
are regenerative points since the time to hit level 0 is —z, followed by a
service time = E,. From (5.14) we get

dist

1 1
B(uy) = = S— Lz < 0. 5.36
) = 5wy = K [y Ay~ ey (53)

Sojourn Time Above a Level

Let a, denote the sojourn time of {V'(t)} above level x.
Levels >0 For x >0, E(a,) = E(B) independent of . By (5.11)

E(ay) =—,z>0. (5.37)

1
77
Levels <0 Forax <0

E(ay) = E(ug)— E(bx) = ﬁ — E(b)

_ 1
- ,qu;fOZ(y—:r)e*’dey (538)

-2 OOO ﬁy—gﬁ)’z)Ke_wdydz,x <0,

where b, is the sojourn time below z. The last term in (5.38),

/ / —rt Z> Ke ™ Wdydz
z=0

is derived in Proposition 5.6 below.

Sojourn Time Below a Level

As noted previously, b, is the sojourn time below level x.

Levels > 0 We have
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Levels <0 For x < 0 we have the following proposition.

Proposition 5.6 The expected sojourn time of {V (t)} below level  is

E(bx):/ / AW ZTT2) p iz, o < 0. (5.39)
z=0 Jy=0 A(y_x)

Proof. Consider an SP downward jump that ends below x < 0 (all
jumps start above level 0). Denote the excess of this jump below x by
rz. Since a sample path of {V ()} increases steadily at rate +1 and
makes no jumps that start below 0, E(b;) = E(r;). We have

P(ry > z|jump starts at level y > 0)

= P(inter-arrival time > y — x + z|inter-arrival time > y — x)

 Aly—z+2)
Aly — )
Thus
E(by) = E(rg) :/ P(ry > z)dz
= / / P(r, > z|jump starts at level y > 0) f(y)dydz
z=0 y=0
= / / —r Z) Ke ™ Wdydz.
z=0 Jy=0
|

5.1.12 Events During a Sojourn Above a Level

A system time = waiting time 4+ service time. System times are realized
at completions of service (instants of departure from the system). On
the other hand, waiting times are realized at start of service instants.

Number of System Times During a,

Let N7 denote the number of customers completing service during a
sojourn of {V'(t)} above level x > 0. Thus NJ is the length of a run
of system times > z. Let S;, T;,¢ = 1,2,... denote the service and
inter-arrival times, counting from the instant a sample path of {V(¢)}
upcrosses level z (start of sojourn above z). If x = 0, S is a full service
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time. If x > 0, S; is the remaining service time measured from the
instant of upcrossing x. Thus 57 is exponentially distributed with mean
% by the memoryless property. Then (Fig. 5.1)

Ny —min{n\Z(Si—Ti) SO},:CZO.

i=1
Thus N¢ is a stopping time for {S; —T;} and for {S;}. The sojourn

time of {V'(t)} above z is a, = Zfigf S;. By Wald’s equation and since
ay = Bforalz>0

dist

E(az) = E(Ng,)E(S:),

E(NJ) = = O (5.40)
Substituting from (5.37) into (5.40) gives

E(N7,) =7 = % (5.41)

TI=RI=

independent of x.

From (5.41) E(NJ ) > 1 since 1 > v (see Remark 5.7). This agrees
with intuition, which suggests that there must be at least one departure
instant in a sojourn above z (i.e., a sojourn ends at a departure instant).

Let NZ denote the number of system-time realizations (number of
customers served) in a busy period. Since a, = B and because of the

151
memoryless property of the service time, Ng = N¢ x> 0. Therefore
ist ®

E(Ng) = % (5.42)

Number of Waiting Times During a,

Let N’ denote the number of customers that start service during a so-
journ of {V'(t)} above level x > 0. Then N’ is the number of customers
that wait in line > x (strictly) during a,,2 > 0. Examination of a sam-
ple path of {V ()} (Fig.5.1) indicates that N3’ = NJ — 1. That is, the
count of service starts during a, is one less than the count of service
completions during a,, since the start of service initiating the sojourn
corresponds to a wait < x. Hence

E(N")=E(NJ)-1=E_1>02>0 (5.43)

v
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Remark 5.7 In (5.43) the inequality % —1 > 0 holds because of (5.12),

i.e., fyoiOZ(y)e_Wdy :_%; and A(0) = 1, A(y) = 1 — A(y) is non-

increasing with limy_.o A(y) = 0. Thus there exists finite M > 0 such
that A(y) < 1 (strictly) for y > M. Hence

1 0o B 00 B 1 m
- = Ay)e dy < l-eWdy=— = =>1
K y=0 y=0 Y Y

5.1.13 Events Above a Level During a Busy Period

We first obtain the expected number of SP sojourns above a level during
a busy period.

Number of Sojourns in Busy Period Above Level x > 0

Let C denote a busy cycle. Let N5(C), N5 (B) be the number of SP

sojourns above level x during a busy cycle and busy period, respectively.

Then Ng.’(C) = Na)'(B), since all such sojourns take place in an em-
18

bedded busy period. Let Ug(z) denote the number of SP upcrossings of

level x during a busy cycle. Each sojourn above z starts with an up-

crossing of z. Thus Ng,'(C) = Uc(x). By the theory of regenerative
18

processes, specific time averages in a busy cycle recapitulate the same

specific limiting time averages (e.g., [96]). Thus

E(N©) Pl _ | Beh@)

EC) —  E() i = f(z),z >0, (5.44)

where Uy (x) is the number of upcrossings of level  during (0,t]. Recall
that f(z) = Ke™7® and E(C) = —& = 2. Thus, from (5.44)

F(0)
E(NZ(B) = E(N(0) = EUe(x)) = E(C) - f(=)
= % cKe "W =e7" x> 0. (5.45)

Setting x = 0 in (5.45) implies
E (N2I(B)) = E (N2(C)) = 1.

Note that the single sojourn above level 0 in a busy cycle and in the
embedded busy period start simultaneously. In other words, a busy
period consists of exactly one sojourn above level 0.
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Number of System Times > z in Busy Period

Let N7 (B), Ng (C) denote the number of completed system times > x
during a busy period and busy cycle respectively. Then N7 (B) = NJ (C)
since all departures in a busy cycle occur during the contained busy
period. Departures that correspond to system times > x occur during
az. Also

Nz (€)

N7 (€)= >, Ni: (5.46)
i=1

where Ny ; is the number of system times > z during the ith sojourn
above x in C. The N7 /s are iid r.v.’s. with E(NJ ;) = % by (5.41)
independent of the number of sojourns N> (C) above z (memoryless
property of service time). Taking expected values in (5.46) and using

(5.45) gives
B (N7, (B)) = B (N, (€)= B (Nz(0) - B (Ng,;) = Ze ™. (547)

Ay azt

Number of Waiting Times > x in Busy Period

We obtain the expected number of waiting times > x in B, similarly as
for the derivation of (5.43) (see Remark 5.7). Thus

E (N¥(B)) = (% - 1) e 2 > 0. (5.48)

Setting # = 0 in (5.48) gives I (Ng (B)) = £ — 1. E (N, (B)) is also
the expected number of customers in a busy period that wait a positive
time (same as (5.43)). Only the first customer in B waits 0.

Proportion that Wait > 0 We can connect this result with other pa-
rameters of the model. For example, the proportion of customers that
wait > 0 in a busy period is
E(Nz2B) 5-1
( “OS»ZWE —1-2=1-p,. (5.49)
] 7 R

In (5.49) the denominator E (INg) is the expected number of service com-
pletions in a busy period (equal to expected number of service starts in
a busy period). Formula (5.49) is intuitive, as a busy cycle is a prob-
abilistic microcosm of the evolution of the system over the entire time
axis. The long-run proportion of customers that wait a positive time is
1— Py,.
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Number Served in a Sojourn Above Level z < 0

Fix a level in the state space © < 0. After upcrossing x, a sample path
of {V(t)} ascends steadily at rate +1 to level 0. Hence the number of
service completions during a, is

N, :min{n|—x+Z(Si—Ti)§x}.
=1

Thus N,, is a stopping time for {S; — 7;} and for {S;}. The sojourn
time above x is a, = —x + vaz“f S; implying that

E(az) = —x+ E(Ng,) - E(S;).
Thus
E(N(lx) =

= n(E(az) + ), (5.50)

where F(ay) is given in (5.38). Note that in (5.50) the numerator E(a)+
x is positive, since a; > —z (see Fig. 5.1).

5.1.14 Revisit of M/M/1

We revisit the M/M/1 model in the light of the results for G/M/1 in
subsections 5.1.12 and 5.1.13.

Consider equation (5.48) for G/M/1. If arrivals are Poisson at rate
A then v = pu — A. Thus

M o
E(NS(B) = ==—1=——--1
(V) = Lore
= ! 1= L 1
B 1-2 R

In M/M/1 (and M/G/1), the expected number of customers served
in a busy period is E (Ng) = P% (formula (3.65)). The customer that
initiates B waits zero. Any other customer served in B waits a positive
time. This explains intuitively why E (N2 (B)) = E (Ng) — 1.

In M/M/1 (and M/G/1) the proportion of customers that wait a
positive time in a busy period is

E (N*(B | A
(aOET)>:P01 :1_PO:_:10’

E (Ng) e H
which agrees with the result for G/M/1 given in (5.49).
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Related Results for M, /M, /1

In a similar manner to the analyses above for G/M/1, we obtain the
following results for My/M,/1 (see Fig.3.6). The expected number of
system times completed in a sojourn above level x is

W 1
——=— >0 5.51
Lz, (551)
where Ng is the number served in a busy period, independent of .
Equality E (NZ ) = E (Ng) follows because in M/M/1, a, = B,x > 0.

x ist
Also, E (NJ) > 1 since p > p — X for stability (i.e., 0 < A < p).
The expected number that wait > x in a, is
1 1 A
E(N Yy)=———-1=——-1=——2>0. 5.52
(V) = -1= g 1=y 2 (5.52)

The expected number of sojourns above z in a busy period is

E(Ng,) = E(Ng) =

E(N;2(B)) = E(N;(C)) = E(C) - f(x)
1

= —— \Pre =Nz _ —(=Nz > _
V2 APoe e ,x >0 (5.53)

If z = 0 then
E(NP(B)) = €= E(Np(B) =1.

In fact B has exactly one sojourn above level 0. In contrast, B may have
a random number of sojourns above an arbitrary positive level.
The number of system times (service completions) above level z in a
busy period is
Na(€)

NZ.(B)=NZ(C)= ) Ni:
i=1

By (5.51) and (5.53),
E(NZ(B)) = E(NJ)=E(Ng) E(N:2(0))

Ay

T e ,> 0. (5.54)

The expected number of waiting times > x in B is

BB = (o) et

A
= e~ =N 2>, (5.55)
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If z =0, then E(N (B)) = M—i)\ = expected number that wait > 0 in B.
The proportion of customers that wait > 0 in B is
E (Ngo(B)) _ 7=x _A_i_p
E(Ng) @

where Ng = number served in B. The intuitive explanation of the last
formula is that the long-run proportion of customers that wait > 0 is
1 — Py (C is a probabilistic replica of the entire time line. All arrivals
take place in the embedded B).

Proposition 5.7 For M/M/1 the expected number of system times < x
i a busy period B is
_ H K —(u—Nz
E(NJ (B) = — — ——e W
Vi B) = -t
= mu — e~ N7y 2 >0, (5.56)
Proof. In B, the number of customers with system times < x plus the

number with system times > =z, is equal to the total number served in
B, namely NZ. Thus from (5.51)

BN, (B)) + B(NZ,(B)) = B (N§) = .
Then (5.56) follows from (5.51) and (5.54). m

Proposition 5.8 For M/M/1 the expected number of waiting times < x
i a busy period B is
1% A —(p=N)z
E(NY(B)=——— ——e ¥ > 0. 5.57
Proof. In B, the number of customers with waiting times < x plus the
number with waiting times > z, is equal to the number served in B,
namely Ng. By (5.51),

w w - M
E(NY(B)) + E(N" (B)) = E (Ng) = e
Thus, (5.57) follows from (5.52) and (5.55). m

Remark 5.8 For My/M, /1, we have the following.
If £ =0 then E(N;; (B)) =0.v
If x = oo then E(N, (B)) = 5
If x =0 then E(Ng; (B)) =1 (initiator of B waits 0).v’

If x = oo then E(N, (B)) = ﬁ.\/
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5.1.15 Boundedness of Steady-state PDF of Wait

For G/M/1 with service rate p and inter-arrival time cdf A(y),y > 0,
assume the steady-state pdf of wait f(x),z > 0 exists.

The pdf of the virtual wait is f(z) = Ke 7",z > 0. From (5.19)
K <. Also v < p. This f(x) < p,z > 0.

The pdf of the actual wait is f,(z) = K,e ",z > 0. From (5.24)
K, =~ <1 - -ZI) Since y < p, we obtain f,(x) < p,z > 0.

Proposition 5.9 below proves boundedness of the steady-state pdf or
the virtual wait in several ways, from "first principles" without drawing
on the result f(x) = Ke 7", > 0. We include it for ideas that may
be useful to obtain bounds on the pdf of wait in variants of G/M/1 (or
random variables in other models), from basic LC considerations.

Proposition 5.9
f(z) < p,z > 0. (5.58)

Proof. We present three proofs for perspective.
(1) In the integral equation for G/M/1 (5.6) (repeated here)

f@OZM/mZ@—xﬁ@M%w>&
y=x

we have A(z) < 1 for z > M sufficiently large, since lim, .., A(z) = 0.
Thus,

oo

f(w)<u/y:xl-f(y)dy<u(Po+/y

o0

N (y)dy> =
since the normalizing condition is Py + fyoio fly)dy = 1.

(2) An alternative form of the LC integral equation for G/M/1 (5.7)
(repeated here for convenience)

f@) == F@) —n [ Ay-2)f@dpe>0.  (559)
Yy=x
The subtracted term is such that
0<n [ A-ofwdy<p [ 1 f@dy=p(-F@).
Yy=x y=x

since A(z) < 1 for z in a positive neighborhood of 0.
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Thus
flz) < p(l—F(x)) < p,z>0.

(3) Consider a sample path of {V(t)} (see (5.1) and Fig.5.1). Let
U(z), Ngry(t) denote the number of SP upcrossings of level x and num-
ber of service completions during (0,¢) respectively. Assume ¢t is larger
than one busy cycle. Then E (U(z)) < E (Ngw(t)),z > 0 because: (a)
there is a one-to-one correspondence between upcrossings of x and the
first service completions in the immediately ensuing sojourns above x
(completions having system time > xz); (b) there may be several ser-
vice completions with system time > z during a sojourn above z; (c)
there may be service completions with system time < z, which do not
correspond to an upcrossing of x during (0,t). Hence

f(z) = lim 7E () < lim 7E (N‘;m(t)) <

t—o0 t t—o00 -

The last inequality lim;_o E(A;S(t)) < p holds since Ng(t) < N,(t)
where N, (t) is a Poisson r.v. with rate ut, due to idle periods (see Fig.

5.1). m

Example 5.1 M)/M, /1 is a special case of G/M//1 in which X\ <
for stability. From Example 3.5, in M/M/1 f(x) < A < p.

5.2 Multiple-Server G/M/c Queue

The G/M/c (¢ = 2,3,...) queue generalizes G/M/1 of Section 5.1 to
multiple parallel servers. The same symbols as in Section 5.1 specify the
arrival stream: cdf A(-), pdf a (-), complementary cdf A (-), mean 1. For

each customer the service = E,. The service times in servers that are
dist

occupied simultaneously are assumed to be independent.

This section emphasizes the use of LC to analyze the steady-state
pdf’s of the virtual wait and of the actual wait (arrival-point wait). We
derive explicit formulas for the pdf’s in G/M/2, and check them against
the pdf’s in M/M/2; this mildly validates the LC approach. In addition
we derive related properties of G/M/c using LC concepts.

5.2.1 Extended Age Process for G/M/c

For analyzing the multiple-server G/M/c queue, we employ the stochas-
tic process

{V (), M(t),t >0}, —00 < V(t) < 00, M(t) € M.



5.2. MULTIPLE-SERVER G/M/C QUEUE 281

Random variable V(t) is the "extended age" at time ¢. For G/M/c,
V(t) is a slight generalization of V() defined for G/M/1 in Subsection
5.1.1 (see next heading in the present subsection).

Random variable M (t) is defined here as the number of customers
in service at time t. Thus M(t) € M = {0,1,2,...,c}. When M (t) = ¢
there are at least ¢ customers in the system.

The state space of {V'(t), M (t)} is S = RxM where R = (—00, +00).
Random variable M (t) is the "system configuration". Here, M(¢) is de-
fined more simply than for the general M/M/c model in Chapter 4. This
is because we are analyzing a standard G/M/c model without the gen-
erality of the M/M/c model of Chapter 4 (see Subsection 4.5).

The process {V (), M(t)} is a "system point" process. The state is
two-dimensional. Random variable V' (¢) is continuous; random variable
M (t) is discrete.

Remark 5.9 The definition of system configuration is flexible. That
18, an analyst utilizes a configuration that expedites the analysis of a
model. We could define M (t) for G/M/c as in Subsection 4.5 for M/M/c.
However, we use a definition which is sufficient to examine a standard
G/M/c model. If the objective were to analyze a more general G/M/c
model, we would define M(t) along the lines of Subsection 4.5. This
would be the case in models with, for example: service time depending
on wait; service time depending on the types of other customers in ser-
vice at start of service times; service rate selected at random from a set
of possible service rates; etc.

Remark 5.10 The definition of M(t) € {0,1,...,c}, is a variation of
the general definition in Subsection 4.5, which is appropriate for M/M/c.
For G/M/c, if M(t) € {0,1,...,c — 1,¢}, M(t) is the number of occupied
servers "seen" by an arrival. This version of M(t) encompasses a "sheet
c¢" to denote "all servers are occupied” (instead of "sheet ¢ — 1" as for
M/M/c), because sheet c—1 in the G/M/c model corresponds to arrivals
that "see" ¢ — 1 units in service (Fig.5.3).

Extended Age and Inter Start-of-service Departure Times

Assume M(t) = ¢. When M(t) = ¢, V(t) is the "age" (time already
spent in the system) of the last customer to start service at or before
t. Thus V(¢) > 0. Let S denote the time from the instant a cus-
tomer starts service until the first departure from the system thereafter.
Random variable S is the inter start-of-service departure time. Then
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e, c-1" "c"
busy idle
period period

Vi(t) Sheet ¢
Inter-arrival time
downward jump

pad s

0
\ l/Shee”_I v l/o,,SPjumpsto same

level on sheet ¢-2
due to service

completion
0
‘ v Sheet 1
0
‘ Sheet 0
Time —

Figure 5.3: Sample path of {V(¢),M(t)} for G/M/c queue. There are
¢+ 1 sheets. Range of sheet ¢ is [0,00). Range of sheets 0,...,c — 1 is
(—00,0). Sheet ¢ — 1 abuts on sheet ¢ for geometric convenience. Time
between jumps originating on sheet ¢ = E,.

S = min {5, ..., S.} where {S;} are iid r.v.’s each = E,. One of the
1St

Si’s is a full service time; ¢ — 1 of the S;’s are remaining service times.

Hence Sd‘: E,.

15t

Relationship Between V' (¢) and M (t)

When M(t) € {0,1,2,...,c — 1}, random variable —V(¢) denotes the re-
maining inter-arrival time required until the next arrival joins the sys-
tem. Thus (Fig.5.3),

’ M (t) = c then V() > 0;
i
M(t) € {0,1,2,...,c — 1} then V(¢) < 0.

5.2.2 Steady-state PDF of Virtual Wait

Let T = [0,00) denote the time axis. Consider a sample path of the
process {V (t), M (t)}. The rate at which the SP moves in T' X S between
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downward jumps is

d
EV(t) =41, —oc0 < V(t) <00, M(t)=0,...,c,t > 0.

The steady-state pdf of V(t) as t — oo, is the same as that of the virtual
wait W (t) as t — oo (proved similarly as in Proposition 5.1 for G/M/1).

Denote the steady-state cdf of the virtual wait by F'(x),z > 0, having
pdf f(z) = LF(x),» > 0, wherever the derivative exists. The quantity
F(0) is the proportion of time there is fewer than ¢ customers in service.
That is, F'(0) is the probability that the system presents a zero wait to a
potential arrival. Let P; be the proportion of time that an arrival "sees" i
customers in service, ¢ = 0, ...,c— 1. The P;’s are zero-wait probabilities.
Then F(0) = Y.5°4 P,

Integral Equation for PDF of Wait

Consider a sample path of {V(t), M(¢)} (Fig.5.3). The space T x S is
partitioned into (¢ + 1) sheets (or pages). The sheets are planar subsets
of T X S. Sheets 0, ...,c — 1 can be thought of as being one behind the
other like pages in a book, below the time axis. Only sheet c is above the
time axis. Sheet c is pictured as being directly above, and contiguous
to, sheet ¢ — 1.

Consider M (t) = ¢, and corresponding sheet c. Fix level z > 0. The
SP upcrossing rate of level x is

lim Ui(z) = lim m = f(x)

t—oo t a.s t—oo

(proved similarly as for the downcrossing rate in M/G/1, e.g., Theorem

1.1).
The SP downcrossing rate of level z is
D E(D oo
i 28 i 2O [ Ay - sy
t—oo t  a.st—ooo t y=z

The coefficient cu of the integral, is the rate at which customers depart

the system when all servers are occupied. Such departures generate SP

downward jumps. Downward jump sizes are distributed as the inter-

arrival time. The term A(y — ) in the integrand is the probability that

an SP jump starts at level y > x and downcrosses level z € (—o0,y).
Rate balance across level z,

lim M = lim ———~,

t—oo t t—o0
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gives a basic LC integral equation for G/M/c

ﬂm=mg/wzw—xv@m%m>& (5.60)

=T

In contrast to (5.6) for G/M/1 where the SP downward jump rate is
i, in (5.60) for G/M/c the SP downward jump rate is cp.

Alternative Form of Integral Equation

An alternative form of (5.60) is

oo

f@) == Fa) =an [ Ay-a)f@ina>0. (561
y=x
In (5.61) ¢ (1 — F(x)) is the rate at which downward jumps start in
state-space set (z, 00). The integral is the rate at which downward jumps
start in (x,00) and end in (z, 00); such jumps do not downcross . Thus
the right side is the downcrossing rate of level x.

5.2.3 Form of PDF of Wait in G/M/c Geometrically

Let B._1,. denote a [c—1,¢| busy period. Random variable B._1. is
the time from the instant the number of customers in service increases
from ¢ — 1 to ¢ until the first instant thereafter at which the number
of customers in service decreases back to ¢ — 1 (Fig.5.3). During B.—i ¢
the number of customers in the system is > ¢. Thus B._1 . is equal to
a sojourn time on sheet ¢, which starts by an SP upcrossing of level 0
(from top of sheet ¢c—1). Let a, denote a sojourn time above level z > 0
starting with an upcrossing of = (on sheet ¢). Then B._1. = ag, and
E (Bcfl,c> =F (ao).

The memoryless property of S (di:st E..) implies E(a;) = E(Be-1,)
independent of x > 0. Thus the proportion of time the SP spends above
an arbitrary level z > 0 is

lim EU(z))  Elaz) = lim w - E(ay)

t—oo t t—o0 t

= f(z) - E(Be-1,),z > 0.

Similarly as for G/M/1 in Subsection 5.1.5, we have

f@)E(Be-1e) = 1-F(z),
1

d
- F@) = —pE
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The solution of this differential equation is the cdf of wait

1 T

Flz)=1-(1-F(0))-e "(F-10)" 2 > 0. (5.62)
Taking L F(z) in (5.62) gives

fa) = % TR >0, (5.63)
Hence
flx)=Ke " x>0, (5.64)
where 1~ F(0) 1
K= Eo " BB (0%
Using (5.65) we have
B(Bon1) = (5.66)

Substituting f(z) from (5.64) into (5.60) gives a transcendental equa-
tion for 7,
/ T Ay ! (5.67)
A(y)e Wdy = —. )
y=0 ( cH
Note that the Laplace-Stieltjes transform of the inter-arrival distri-
bution evaluated at v, is A*(y) = fyoio a(y)e dy. On the left side of
(5.67) integration by parts gives an alternative equation for +,

* v
A =1-—. :
() ” (5.68)
To specify the mixed pdf of wait {F (0); f(x),xz > 0}, it is required
to solve for F'(0) in (5.63) or equivalently for K in (5.64). From (5.65)
we obtain

K
F0)=1-—. (5.69)
Note that once we know the form of f(x), we could also obtain (5.69)

from the normalizing condition
o0
FO)+ [ flz)dz = 1,
=0
o0
F(0) +/ Ke dx = 1,
=0
K
F

O+ =1
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Remark 5.11 Another way to obtain (5.69) is directly from the sam-
ple path of {V(t)} and SP motion in the state space. We include this
derivation because it highlights the close relationship between probabilities
of the model and the motion of the SP. Note that F(0) is the propor-
tion of time that the system presents a zero wait. The expected time
between successive SP upcrossings of level 0 due to arrivals that see c—1
customers in service, is ﬁ(starts of Be—1, busy periods). Also, since
flz) = Ke™*,

tim 2O _ ) = i

t—o00 t
After the SP mowves on sheet c, it leaves sheet ¢ when a departure propels
it downward onto sheet ¢ — 1. The SP then sojourns among some or all
sheets 0,...,c — 1. During this SP sojourn, an arrival would wait zero.
The sojourn continues until the SP next upcrosses level O from sheet c—1
to sheet c. From the theory of regenerative processes

E(sojourn time among sheets 0, ...,c — 1)

FO) =
©0) E(time between entrances to sheet c)
1 11
L _B(Be1) +-1 K
= ETEele) K vy (5.70)
K K v
Value of K

At this point, we must solve for the value of K in order to specify F'(0)
and f(z),z > 0 in terms of the model parameters. This requires a further
analysis of sheets O, ...,c — 1.

Remark 5.12 Applying the normalizing condition

F(0)+ /: f(z)dz =1,

and using (5.63), does not give the value of F(0) in terms of the model
parameters, since it yields the tautology 1 = 1. In Subsection 5.2.4 below
we develop integral equations for the steady-state partial pdf’s of V(t) on
sheets 0,...,c — 1. These allow us to find an independent expression for
F(0), and then apply the normalizing condition to solve for F(0). We
shall not solve for F(0) explicitly for the general G/M/c queue. How-
ever, we indicate the solution procedure by solving for F(0) explicitly for
G/M/2 in Section 5.3, below.
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5.2.4 Partial PDF’s of Extended Age: Sheets 0 to c — 1

Let gi(z),x < 0, denote the steady-state pdf of V(¢) when M (t) =i,i =
0,....,c — 1. In Fig.5.3 the partial pdf’s {g;(x),z < 0} correspond to
sheets 0,...,c — 1. We derive a set of integral equations for g;(z),z <
0,7 =0,...,c — 1, by applying rate balance of SP exits and entrances of
state-space intervals ((—oo, z),7),z < 0 on sheets i =0, ...,c — 1.

The probability F'(0) is the proportion of time that potential arrivals
wait 0 for service. Thus

c—1 .0 c—1
FO) =Y [ atwi=Y (5.71)
i=0 VF=T° i=0

where P, = f;):ioo gi(x)dz is the steady-state probability of i customers
in service, ¢ = 0,...,c — 1.

Integral Equation for PDF: Sheet ¢ — 1

First consider interval ((—oo,z),c— 1),z < 0, on sheet ¢ — 1.

Exit Rate The SP ezit rate from ((—o0,z),c—1) is

T

g1 (2) + (e — 1) / Ge1(y)dy. (5.72)

y=—00

In (5.72) the first term is the SP (continuous) upcrossing rate of level
x. The second term is the rate at which customers depart the system
when ¢ — 1 servers are occupied and the remaining time until the next
arrival to the system is —y, summed over all y € (—oo,x). Departures
occur at rate (¢ — 1) u since there are ¢ — 1 customers in service, and
service times are independent of the remaining time until the next arrival.
Such customer departures generate SP parallel jumps from sheet ¢ — 1
to sheet ¢ — 2 at the same level. That is, just after such departures there
would be c—2 units in service and the remaining inter-arrival time would
still be the same as just before the departure.

Entrance Rate The SP entrance rate into ((—oo,z),c— 1) is

o [ Ay~ o))y + gea(0A(-a). (5.73)
y=0
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In (5.73) the first term is the rate at which the SP jumps downward
from level y > 0 on sheet ¢ into interval ((—oo, ), ¢ — 1), due to customer
departures that leave ¢ — 1 units in service. An inter-arrival time that is
> y — x causes the SP to jump downward below level  on sheet ¢ — 1
(probability is A(y — z)). In the second term, factor g. 2(0) is the SP
hit rate of level 0 from below ("upcrossing" rate), which is the arrival
rate to the system when there are ¢ — 2 servers occupied. Such arrivals
increase the number of occupied servers to ¢ — 1. The factor A(—=z) is
the probability that the immediately following inter-arrival time exceeds
—x, thereby propelling the SP below level z on sheet ¢ — 1.

Equating (5.72) and (5.73) gives the integral equation for g._1(z),

T

Go1(z) + (= 1) / de1(y)dy

y=—00

= cu / T Ay — 2 ()dy + ge—2(0)A(—),x < 0. (5.74)

Integral Equations for PDF: Sheets 1,...,c — 2

Consider the state-space interval ((—oo,x),%),z < 0 on sheet ¢ where
i €{l,...,c—2} (Fig.5.3). Reasoning as in the derivation of (5.74) for
sheet ¢ — 1, we obtain integral equations

T

gi(z) + ip / gi(y)dy

y=—o00

= (i+ 1)#/36 gir1(y)dy + gi—1(0)A(—x),
Y

=—00

i=1,..,c—2,2<0. (5.75)

In (5.75) the left side is the SP ezit rate from ((—oo, z),7). The right
side is the SP entrance rate into ((—oo,x),1).

Integral Equation for PDF: Sheet 0

Consider state-space interval ((—oo,z),0),z < 0.

Exit Rate The SP can exit ((—oo,x),0),z < 0 only by means of a
(left) continuous hit of level = from below (upcrossing). The system is
empty and no customer departures can occur, when M (t) = 0. Therefore
the exit rate of ((—oo,z),0) is go(x).
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Entrance Rate The SP can enter ((—oo, z),0) only by a parallel jump
from ((—oo,x),1) on sheet 1. That is, there must be one customer in
service, that customer departs before any arrivals occur, and the remain-
ing inter-arrival time is some y > —z, so that y € (—oo,x). The rate of
this occurrence is 1 - ,ufi_oo 91(y)dy.

Rate balance of exits and entrances of set ((—oo,z),0) gives an in-
tegral equation for sheet 0,

wia) = [ T Wy, (5.76)

=—00

Form of F(0)

The probability of a potential wait of zero is given in (5.71). Here we
shall not detail a procedure to compute F'(0) for the virtual wait in
G/M/c for general values of ¢. However, in Subsection 5.3.1 below we
provide a detailed derivation of F'(0) for the virtual wait in G/M/2.

5.2.5 Stability Condition for G/M/c

The stability condition for G/M/c follows directly from (5.64) and (5.67).
The system is stable iff the steady-state pdf in (5.64) exists iff there exists
a positive finite solution 7 for equation (5.67). Using an analysis similar
to that given in Proposition 5.4 for G/M/1, we obtain a necessary and
sufficient condition for stability in G/M/c, namely

a < cl.

5.2.6 Form of PDF of Actual Wait

In the following proposition, we use the principle that the "long run"
proportion of next arrivals that have a property, is the same as the
"overall" proportion of arrivals that have the same property.

Proposition 5.10 For the G/M/c queue, the form of the pdf of actual
wait 18

f(z) =K,e 7" x>0, (5.77)
where K, > 0.

Proof. The proportion of arrivals that wait > x is

cp(l = F(z)) = f(z)
e (1= F(0)) + X5=7 9:(0)

1—F(z) = x> 0. (5.78)
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In equation (5.78) the term F,(z) = P(actual wait < z); terms F'(z), f(x)
are respectively the cdf and pdf of the virtual wait; F'(0) = P(virtual
wait = zero); g;(0),7 = 1,...,c — 1 are respectively the arrival rates when
i customers are in service (see Subsection 5.2.4).

In the numerator of (5.78), cu(l — F(x)) is the rate of downward
jumps that start at levels > z, i.e., in ((z,00),¢) (on sheet ¢). Thus
cp(1 — F(x)) is the rate at which customers are in the system > x. It is
also the rate at which next customers wait in line less than levels where
the jumps started. The term f(x) is the rate of such downward jumps
that end below x. Thus f(z) is the rate at which next customers wait
< z. (Recall that f(x) is the SP upcrossing rate of z, and f(z) is also
the downcrossing rate of z.) Thus the numerator is the rate at which
next customers wait > x.

In the denominator, cu (1 — F(0)) is the rate of downward jumps that
start on sheet c; 25;12 9i(0) is the rate of downward jumps that start at
level 0 on sheets 1,...,c — 2, combined. Thus, the denominator is the
total rate of all downward jumps, which is precisely the total rate at
which next customers start service.

Thus the right side of (5.78) is the proportion of downward jumps
that start above level z and end above level z on sheet c. This is the
same as the proportion of next customers that wait > x. Note that the
explanation of (5.78) is similar to that in the proof of Proposition 5.2.

From equations (5.62) and ((5.64), we have 1 — F'(x) = coe™ 7" where
¢y is a positive constant, and f(z) = Ke 7*. Also, cu (1 — F(0)) +
25;12 9i(0) is a positive constant. Substituting into the right side of
(5.78) and taking - on both sides of (5.78) yields (5.77) where K, is a
positive constant. m

5.2.7 Steady-state PDF of Actual Wait

Let W, be the actual wait in line before service (arrival-point wait), in
steady state. Let F,(0) = P(WW, = 0), and let the pdf of W, be f,(z),z >
0. The total rate at which zero-waiting customers arrive is equal to the
total rate at which the SP hits level 0 from below, namely Zf;& 9i(0)
(see definition of ¢;(-),i = 0, ..., c—1 in Subsection 5.2.4). That is, g;(0) is
the rate at which customers arrive at the system (remaining inter-arrival
time = 0), when there are i customers in service, i = 0, ...,c — 1.

Let Ny, N2, N9 denote the total number of arrivals during (0, ¢), the
number of arrivals that wait 0 during (0,¢), and the number of arrivals
that wait > 0 during (0, ), respectively.
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Consider a sample path of {V(¢)}. Let U}(z) denote the number of
SP upcrossings of level x on sheet i during (0,¢), ¢ =0,...,c — 1. Then

% E ui
limzjM = lim M:gi(x),QESO,i:O,...,c—l.

t—o00 t a.s. t—oo t
Note that N? = S50 U} (0).
The proportion of arrivals that wait 0 is
NY , NY
im ————
t—oo Ny t—o00 Nto + Nt>0

L N
My 00 3~

>0

. NO . N,
lim; o0 -+ + lim; 0 —i=

1 4. Uui(o
Z;'::O 11mt—>oo t( )

—11. Ui (o . N7O
Yoo limy oo # + limy oo ——

t
c—1
= — 20 gf(o) —. (5.79)
25:0 gi (O) + 1Hnt—>oo tT
In the denominator of (5.79), the rate at which arrivals wait a positive
time before service is

>0 E N>0
lim —— = 1i (V)
t—oo t a.s. t—oo t
= cu / A(y) f(y)dy
y=0
= cn/ Ay)Ke Vdy
y=0
= c,u/ (1-A(y)) Ke "dy
y=0
%K ~ K, (5.80)

upon utilizing (5.64) and (5.67). That is, cp fyoio A(y) f(y)dy is the rate
at which customers depart after being in the system for a time y, and
the immediately nezt inter-arrival time is < y, summed over all y > 0.
Then cp fyoio A(y) f(y)dy is the rate at which nezt customers that enter
service wait a positive time. Substituting from (5.80) into (5.79) gives

> gi(0)

F,(0) = — .
Y0 9i(0) + LK — K

(5.81)
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In (5.74) let 7 0. Note that the SP exit rate from sheet ¢ — 1 across
level 0 is equal to the SP entrance rate of interval ((0,00),c) (sheet c).
Thus 1

. EUT(0
i ZHO) o) - 0 -

Here we do not carry out the procedure to compute F,(0) for general

values of ¢ (equation (5.81)). In Subsection 5.3.2 below we derive F,(0)

explicitly for G/M/2, to indicate the computational procedure.

5.3 G/M/2: PDF of Virtual and of Actual Wait

We derive the steady-state pdf of the virtual wait and of the actual
wait for G/M/2. Consider the process {V(t), M(t)}. When ¢ = 2,
M(t) € M = {0,1,2}. Graphically, there are three corresponding sheets
in T x S labeled 0,1,2. (Fig.5.3). The analyses below are examples of
the type of solution approach that may be used for ¢ = 3,4,... . (The
results for ¢ = 2 are applied in [66].)

5.3.1 PDF of Virtual Wait

In G/M/2 the pdf of the virtual wait has the same form as in the general
G/M/c model,
flx)=Ke " x> 0.

We repeat the integral equations for sheets 1 and 0 respectively for con-
venience,

gi(@) +pfi__a(y)dy = 2uK [Z A(y —z)edy

(5.82)
+90(0)A(—x),z <0,

and
go(x) = p g1(y)dy, 5.83
O( ) /y 1(y) Y ( )

as in equations (5.74) and (5.76).
Also ¢1(0) = K. The proportion of time that the system has less
than 2 customers in service is

0
FO) = [ @@+ =1-2. G

as in (5.70).
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Adding corresponding sides of (5.82) and (5.83) and integrating with
respect to x € (—o0,0), gives

0
Fl0) = / (91(2) + go(x))dz

1
= QMK/ / —z)e” Ydydx —i—go(O)a, (5.85)
where 1 = [ "A(u)du is the mean arrival time.
Taking % (5.83) gives the relation
/
x
g1(z) = go/g ) (5.86)

Substituting (5.86) and (5.83) into (5.82) gives a differential equation for

go()

90(x) + pgo(w) = 2M2K/ Aly — @)e"dy + +1go(0)A(—z), 2 < 0.
y=0
(5.87)
The solution of (5.87) is
go(x) = 2M2K6_’”/ e“z/ Ay — 2)e "Ydydz
=—00 y=0
+ ugo(O)e“x/ et A(—2)dz,x < 0, (5.88)

upon noting that the constant of integration is 0 because lim, ___ go(z) =
0 and limg) o [ (--+)dz =0.

Note that limgpoe ™ = € = 1. In (5.88) letting = T 0 gives an
equation for go(0) in terms of K (after making the transformation u =

—Z)

90(0) = 2u°K / Ay + uw)e Wdydu
y=

T 1g0(0) / e,

or

2412 fooo e Hu fy°°0Z y +u)e Wdydu
— 1 [2 g e A(u)du,
Hy - K. (5.89)



204 CHAPTER 5. G/M/C QUEUES

Equation (5.89) defines the constant Hp, which is independent of K.
We now obtain an equation for K. From (5.84) and (5.82),

K
F(0) = 1=

0 oo
— 1
= 2uK / Ay — x)e” Wdydx + HyK—. (5.90)
r=—o00 Jy=0 a

Solving (5.90) for K gives

1
K= - — - . (5.91)
5 +2u fmzfoo fy=0 Ay — x)e "dydx + Hy - .

where Hj is defined in (5.89).
Thus

K
) = 1=

1
b 14+ 2uy [0 S0 Aly — x)e~Wdydz + Hy - 3
241y fO:_oo fyoio Ay — z)e "Wdydz + Ho - L
1+ 2uy foz_oo fyoio Ay — x)eWdydz + Hy - 2
2uy [, fyoio Ay + u)e Wdydu + Ho - 1

N = . (5.92
L+ 20y [=g [,20 Aly + u)eWdydu + Ho - 3 (5.92)

upon making the transformation u = —zx.

The pdf of the wvirtual wait is {F(0); f(z),z > 0}, where f(z) =
Ke " x > 0 and K is specified in (5.91). The probability of a zero
wait F'(0), is given by (5.92).

5.3.2 PDF of Actual Wait

Equation (5.64) becomes
filz) =K,e 7 x>0,

where (
1 - F,(0) 1
K—=——-  __— __ F(0)= Py + P
E(Brs) |~ E(Bia) (0) = Po.+ 1
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From (5.81) the proportion of arrivals that wait 0 is

— > i09i(0)
B S0+ B .

Taking d% on both sides of (5.82) gives an ordinary differential equa-
tion for g;(x) with solution

X oo
e g (x) = 2,u/ e“z/ a(ly —z)Ke "Wdydz
—00 y=0

+ 90(0) /w e*a(—z)dz + Hy, (5.94)

Z=—00

where H; is a constant. Note that necessarily lim,| o g1(z) = 0; this
helps to evaluate H; That is lim,| o e/¥g1(z) = 0. Also

T

lim (---)dz=0.

=00 J= 0o

Thus H; = 0.
Additionally limgq €*¥g1(z) = ¢1(0) = f(0) = K. Letting 7 0 in
(5.94) yields

90(0) = K - By, (5.95)
where - -
1—2p | — e [~ aly 4+ u)e Wdydu
By = Juzo _ Jy=o ) , (5.96)
[ e ua(u)du
using the transformation u = —z.
Thus

91(0) + go(0) = K 4+ K By,
with By given in (5.96).

From (5.93)
1
o - Thast?
>i—09i(0) + ‘ffK - K
K+ KBy 1+ By

— — , 5.97
K+KBy+2K—-K B+ (5:97)

which is independent of K.
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We then calculate K, from the normalizing condition

[e.e]
F,(0) + filx)de = 1,
OOmZO
F,(0) + Ke Wdx = 1
=0
Applying (5.97) gives
1+ BO KL 1
Bot2e 4T
Bo + = Y
which yields
21—
K, = — | =~v(1 = F,(0)). 5.98
v (g2 ) =70 - o) (5.99
Thus
K, 24—~ ) 7 (1+ Bo)
FO=1-—=1- = . 5.99
©) gl <2M+730 21+ vBo (5.99)

5.3.3 Reduction of G/M/2 PDF to M/M/2 PDF

To enhance intuition, we check that the G/M/2 pdf for the actual wait,
given above, reduces to the M/M/c pdf given in (4.53), (4.54) and (4.55)
when ¢ = 2. In M/M/2 let Py, P; be the steady-state probabilities of 0
units and 1 unit in the system, respectively. For M/M/2 the pdf’s of the
virtual wait and actual wait are the same, due to Poisson arrivals. We
show that for G/M/2 with Poisson arrivals, F,(0) = Py + Pi.

From the standard formulas for M/M/c, we have the pdf of wait in
M/M/2, namely

1

P = ﬁpo (5.100)
f(z) = APre =Mz 250,

From (5.100), in M/M/2 Py + P; simplifies to

(2p =) (A + p)
A+ 242

Py+ P = (5.101)

To obtain these values from G/M/2, we first specialize the G/M/2
formula for By in (5.96) to M/M/2, by letting a(z) = Ae %,z > 0, and
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set v = 2y — A. This substitution yields By = &. Combining with (5.99)

we get
20— N) (A + )

(
F0) =50 (5.102)
in agreement with (5.101).
The pdf is
flw) = K% =v(1=F(0)e GV
= APe N7 05 0, (5.103)

since v = 2 — A and

2p—A) A+ p)
A+ 242

= \P.

T(I=F(0) = (2p=2)
A(2pu— )
A+ 242

Hence the G/M/2 pdf {F,(0); f,(xz),z > 0} in (5.102) and (5.103),
when the arrival rate is Poisson at rate A, agrees with the M/M/2 pdf.

5.3.4 Moments of Actual Wait for G/M/2

All statistical moments (about 0) of W, can be found using
n R _ n!
E(W ) _/y ) KLe ’dey:KLw,n:(),l,Q,...,

where K, is given in (5.98). In particular the mean and variance of the

actual wait are
K, K,(2y—-K,)
E(Wy) = =% Var(W,) = =520

The Laplace-Stieltjes transform of the actual wait is

FL(O)S_S'O + /OO e—syKLe—’dey — FL(O) + K,
y=0 s+

5.3.5 Discussion

Heavy-tailed Inter-arrivals

For the LC analysis of G/M/c the inter-arrival times may have a heavy-
tailed distribution. For example, the inter-arrival times may have a
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Pareto distribution with

1 A 1 b >0

Alz)=1- a7 Az) = AP a(z) = W,x >

where [ is the shape parameter. All moments exist up to [3 — 1], where
[u] denotes the smallest integer > u. The LC solution technique outlined
in the present section applies because the solution for v depends only on
the complementary cdf A(-), the probability of the tail of distribution,
and not on whether the mean and variance exist.

Similar remarks apply to inter-arrival times which have a folded
Cauchy, or inverse-log distribution, etc. Additional LC results for heavy-
tailed inter-arrival times are given in [66].

Model Variants

The LC solution technique in this section is useful for analyzing models
with state dependence. For example, inter-arrival times and/or service
rates of arrivals, may depend on the number of customers in service, or
on the system time of the last departure from the system. LC can be
used to analyze other generalizations, e.g., bounded workload, or service
rate depending on waiting time. In generalized models, we could derive
integral equations for the pdf of wait in a similar manner as above for
the standard G/M/c or G/M/1 queue, e.g., as in [15].





