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Abstract Nanotube-based thin-film composites promise significant improvement
over existing technologies in the performance of large-area macroelectronics,
flexible electronics, energy harvesting and storage, and in bio-chemical sensing
applications. We present an overview of recent research on the electrical and
thermal performance of thin-film composites composed of random 2D dispersions
of nanotubes in a host matrix. Results from direct simulations of electrical and
thermal transport in these composites using a finite volume method are compared
to those using an effective medium approximation. The role of contact physics and
percolation in influencing electrical and thermal behavior are explored. The effect
of heterogeneous networks of semiconducting and metallic tubes on the transport
properties of the thin film composites is investigated. Transport through a network
of nanotubes is dominated by the interfacial resistance at the contact of two tubes.
We explore the interfacial thermal interaction between two carbon nanotubes in a
crossed configuration using molecular dynamics simulation and wavelet methods.
We pass a high temperature pulse along one of the nanotubes and investigate the
energy transfer to the other tube. Wavelet transformations of heat pulses show that
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how different phonon modes are excited and how they evolve and propagate along
the tube axis depending on its chirality.

1 Introduction

In recent years, there has been enormous interest in fabricating thin-film transistors
(TFTs) on flexible substrates in the rapidly growing field of large-area macro-
electronics [1, 2]. Applications include displays [1], e-paper, e-clothing, pressure-
sensitive skin [3, 4], large-area chemical and biological sensors [5, 6], flexible and
shape-conformable antennae and radar, as well as intelligent and responsive sur-
faces with large-area control of temperature, drag and other properties [2]. Flexible
substrates such as plastic require low temperature processing, typically below
200�C. Prevailing technologies such as amorphous silicon (a-Si) and organic TFTs
can be processed at low temperature and are sufficient for low-performance
applications such as displays, where their low carrier mobility (*1–10 cm2/Vs)
[4, 7] is not a limitation. For high-performance applications, however, the choices
are limited. Single crystal silicon CMOS and polycrystalline silicon (poly-Si)
technologies can yield higher performance, but are expensive and cannot be
fabricated below 250�C. Nanotube-bundle (NTB) based TFTs, consisting of car-
bon nanotubes (CNTs) dispersed in substrates such as polymer and glass, are being
explored to substantially increase the performance of flexible electronics to address
medium-to-high performance applications in the 10–100 MHz range [2]. High
mobility, substrate-neutrality and low-cost processing make NTB-TFTs very
promising for these flexible-electronics applications.

Two distinct classes of materials are being pursued by researchers [8-11]. On
the one hand, randomly-oriented nanotubes embedded in polymer have been used
to fabricate nanotube network thin-film transistors (NNT-TFTs) which promise
relatively high carrier mobility (*100 cm2/Vs). Here, solution-processing is used
to disperse a random network of CNTs in a plastic substrate, as shown in Fig. 1, to
form a thin film. The mat of CNTs forms the channel region of the transistor.
Because NNT-TFTs do not require precise alignment of CNTs, they are amenable
to mass manufacture, and are relatively inexpensive. A number of groups have
fabricated and analyzed these TFTs for macro-electronic and chemical sensing
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applications [7, 8] and have begun to explore their performance. Snow et al.
reported the mobility and conductance properties of carbon nanotube (CNT)
networks and also explored the interfacial properties of CNTs in chemical sensors
[9–11]. Menard et al. fabricated thin film transistors on plastic substrates using
nano-scale objects (microstrips, platelets, disks, etc.) of single crystal silicon. Zhou
et al. demonstrated fabrication of p-type and n-type transistors [8], which could be
used as building blocks for complex complementary circuits. Fabrication of an
integrated digital circuit composed of up to nearly 100 transistors on plastic
substrates using random network of CNTs has been reported by Cao et al. [12].
Other experimental reports on CNT TFT fabrication can be found in [2, 12, 13]. A
number of groups have focused on developing TFTs with well-aligned and or
partially-aligned nanotubes for very high performance applications [14–16] using
transfer printing; mobilities of 1,000 cm2/Vs, comparable to single-crystal silicon
are achievable using this technology.

Though there has been a great deal of research on composites, [17– 20]
nanocomposites for use in macrolectronics pose very specific problems. First,
unlike most published research on 3D transport in composites, our interest is in 2D
thin-film composites in which in-plane electrical transport dominates, and in which
in-plane thermal spreading plays a central role in determining device temperature.
Furthermore, macroelectronic devices are typically of the 1–50 micron scale. At
these scales, the nanotube length may compete with the finite size of the device,
and unlike in most published research, bulk composite behavior does not obtain.
Furthermore, there remain a large number of unknowns regarding the ultimate
performance limits of NTB-TFTs. For example, nearly all reported work has
concentrated on device fabrication and processing, but little is understood about
the fundamental physics that govern device operation and scaling as a function
of tube orientation, tube density, ratio of metallic to semiconducting tubes, and
tube-substrate interaction [21].

Strong electrical, thermal and optical interactions between the tubes and
between the tubes and the substrates affect device performance, but there has been
little fundamental work to explore these interactions quantitatively. Furthermore,
metallic CNTs form 30% of typical NNTs which are problematic because they can
short source and drain and limit on–off ratios [22]. Recently, a number of tech-
niques for removing them have been reported. A gas-phase plasma hydrocar-
bonation reaction technique has been reported to selectively etch and gasify
metallic nanotubes and obtain pure semiconducting nanotubes [23]. Another
process that separates single-walled carbon nanotubes (SWNTs) by diameter, band
gap and electronic type using centrifugation of compositions has been reported by
Arnold et al. [24]. The degree to which metallic tubes can influence on/off ratios
must be understood for controlled and optimal design. Last but not least, the
supply voltage used thus far in driving these devices has been untenably high,
leading to unacceptable power dissipation and hysteresis due to charge injection.
Processing conditions must be optimized to reduce the supply voltage to accept-
able values.
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The electrical performance of NNT-TFT macroelectronics could be severely
compromised by self-heating. Cooling options are limited if macroelectronics are
to be kept flexible. A temperature rise above ambient in the 100�C range is
expected for passive natural convection cooling and is expected to scale linearly
with frequency and quadratically with drain voltage. High temperatures not only
compromise electrical performance but also have consequences for the thermo-
mechanical reliability of flexible substrates. An inability to control self-heating
would mean either employing lower-speed TFTs or decreasing the number of
transistors per unit area. It is therefore necessary not only to understand thermal
transport in these composites, but the interaction of electrical and thermal transport
in determining device performance and reliability.

Low density CNT composites have been extensively explored for applications
in thermal management [25–27], and high strength materials [28, 29]. In these
applications, CNTs are embedded in host substrate as a random matrix. A per-
colating network of CNTs is found to be formed even at low volume fractions
(*0.2%) due to their high aspect ratio [27, 30]. Theoretical and numerical studies
based on the effective medium approximation (EMA) [18, 26], Monte-Carlo
simulations [31] or scaling analysis [32] have been reported on percolating
nanotube networks or their composites to predict their effective electrical or
thermal transport properties. However, many of these studies significantly limit the
thermal conductivity ratios addressed and do not address finite-sized 2D com-
posites. A number of experimental measurements of effective thermal conductivity
(keff) of nanotube suspensions in either substrates or fluids have been reported
recently, and are summarized in Table 1. There are large disparities in the reported
enhancement of keff over that of the substrate. However, all experiments show that
the maximum achievable conductivity is less than three times that of the under-
lying matrix/fluid, a harbinger of thermal problems in NNT-TFTs. It is necessary
to understand and control the physics underlying these performance limits, par-
ticularly the influence of tube–tube and tube-substrate contact parameters on keff.

Table 1 Experimental results for enhancement in effective thermal conductivity of CNT
composites

Composite type Diameter
(d)(nm)

Length (Lt) Concentration
(%)

Increase in keff (%)
over substrate

Network
(type)

SWNT/Silicon
elastomer [66]

– – 3.8 wt 65 Random

SWNT/Epoxy [27] 1.1 – 1 wt 125 Random
SWNT/Epoxy [57] 1.1 170 nm 1 wt 80 Random
MWNT/Carbon [67] 20–40 10–100 lm – 12.31 Aligned
MWNT/Silicon

elastomer [25]
12 0.3 mm 0.4 vo 280 Aligned

MWNT/Oil [68] 25 50 lm 1 vol 160 Random
MWNT/Water [69] 20–60 [10 lm 0.84 vo 27.3 Random

300 S. Kumar et al.



A firm understanding of tube–tube and tube-substrate interfacial transport may
provide guidelines for improving the efficiency and reliability of CNT based
devices. Various experimental and numerical studies have been performed to
estimate the thermal conductivity of CNTs and also to measure the thermal
resistance between the CNT and the substrate. Most numerical studies are based on
the molecular dynamics (MD) method [33, 34]. A list of these studies may be
found in Lukes and Jhong [33]. Small et al. measured the tube-to-substrate
resistance (on a per-length basis) of 12 Km/W for a MWNT supported on a
substrate [35] and Maune et al. determined the thermal resistance between a
SWCNT and a solid sapphire substrate as 3 Km/W [36]. Recently, Carlborg et al.
studied the thermal boundary resistance and the heat transfer mechanism between
CNTs and an argon matrix using MD [37].

Recent molecular dynamics (MD) computations [34, 38] have found high
values for tube–tube contact resistance. Maruyama et al. used MD simulations to
compute the thermal boundary resistance between a CNT surrounded by six other
CNTs using the lumped capacitance method [34]. By measuring the transient
temperature change of CNTs they computed the CNT–CNT thermal resistance,
and found it to be of the order of 1.0 9 10-7 m2-K/W [34]. Zhong and Lukes
considered heat transfer between CNTs using classical MD simulations and esti-
mated the interfacial thermal transport between offset parallel single-wall carbon
CNTs as a function of CNT spacing, overlap, and length [38]. Greaney and
Grossman used MD techniques to understand the effect of resonance on the
mechanical energy transfer between CNTs [39]. It has been shown recently that
the thermal resistance at a CNT–CNT contact should be of the order of
0.3 9 10-12 K/W to match the very low conductivity measured for CNT beds.
This has also been verified by atomistic Green’s function (AGF) simulations [40].
Nevertheless, the mechanism of energy transport and phonon dynamics at the
interface of two CNTs is still not well understood and needs a detailed exploration.
Experimental techniques for direct measurement of CNT–CNT resistance have not
yet been reported; thus atomistic-level simulations are a vital tool to analyze the
interfacial transport mechanism.

In this article, we develop a systematic conceptual framework for understanding
the electrical, thermal, and electro-thermal performance of CNT nanocomposites
for macro-electronic applications. A generalized finite volume approach is
presented for evaluating the electrical and thermal conductivity and device
performance of nanotube network TFTs composed of finite two-dimensional
nanocomposites. We first apply the approach to the prediction of the electrical and
thermal conductance of pure percolating networks of CNTs in the absence of a
substrate. Predictions of the electrical characteristics of pure-network TFTs in the
linear regime are then presented and their behavior is explained by invoking the
physics of heterogeneous finite-sized networks of metallic and semiconducting
tubes. The numerical results for the estimation of the effective conductance
properties of composites are presented next which explore the effect of tube-
to-tube conductance, tube-to-substrate conductance and network density on
both electrical and thermal transport. A two-dimensional effective medium
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approximation (EMA) is derived for thin-film composites and compared to our
numerical simulations, and deficiencies in the EMA model for CNT composites
are identified. Attention is turned next to the analysis of the thermal transport
physics between two CNTs using molecular dynamics simulations and wavelet
methods. We investigate the thermal interaction between two CNTs in a crossed
configuration when a high temperature pulse is passed along one of the CNTs.
Wavelet analysis decomposes the time series of the heat pulse in the time–fre-
quency space and helps in determining the evolution and propagation of dominant
modes.

2 Numerical Formulation

A schematic of a nanotube bundle transistor is shown in Fig. 1. In thin film struc-
tures, we often have three terminals—gate at the bottom, source and drain side by
side, Fig. 2. TFTs are a special class of transistor in which a thin film of semi-
conducting material is used as the channel (C) region between the source and
drain. In nanotube network TFTs, a thin CNT composite film acts as the channel
region. Typical dimensions are indicated in Fig. 2b, where LC is the length of the
channel, Lt is the average length of the nanotubes, d is the diameter of nanotube,
H is the width of the transistor and t is the thickness of the nanocomposite. A fixed
voltage bias, VDS, is applied across the channel from drain to source to drive the
mobile charges in the channel region, while the transistor is turned on and off by
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Fig. 2 a Schematic of thin-
film transistor showing source
(S), drain (D) and channel
(C). The channel region is
composed of a network of
CNTs. b Geometric
parameters
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changing the gate voltage, VGS. The corresponding current is denoted by IDS. An
important parameter to assess device performance is the on–off ratio (R) which is
the ratio of the current flowing in the device in the on-state, ION, to the current in
device in the off-state, IOFF.

In the present article, our analysis of the electrical performance of NNT TFTs is
limited to the linear regime, a regime where current (IDS) through the device is
linearly proportional to VDS. This is only true at low VDS. A extension of this
problem has been reported by Pimparkar et al [41] that generalizes this problem to
high-bias regime (high VDS) and provides proper scaling laws to predict the per-
formance of transistors with arbitrary geometrical parameters and biasing condi-
tions. For an insulating substrate (either for electrical or thermal transport), only
transport in the percolating network of tubes is considered and the effective
conductivity/conductance of the pure network is computed (see Sect. 3), Fig. 2a. If
the substrate is sufficiently conducting, transport in both substrate and tube net-
work are considered for computing effective conductive properties (see Sect. 4),
incorporating the effect of tube-to-substrate interaction.

2.1 Thermal Transport

The computational domain for computing effective thermal properties of the
nanotube composite is a three-dimensional box of size LC 9 H 9 t (see Fig. 2b),
which is composed of a 2D random network of nanotubes embedded in the mid-
plane of the substrate. Diffusive transport in the tube obtains when there are a
sufficient number of scattering events during the residence time of the phonon in
the tube. This condition prevails here because of the dominance of interface
scattering at the tube-substrate boundary. Thus, Fourier conduction in the nano-
tubes may be assumed, albeit with a thermal conductivity that may differ signif-
icantly from bulk or freestanding values. Assuming one-dimensional diffusive
transport along the length s of the tube and three-dimensional conduction in the
substrate, the governing energy equations [21] in the tube and substrate may be
written in non-dimensional form as:

Tube:

d2hi

ds�2
þ

X

intersecting tubes j

Bic hj � hi

� �
þ Bis hs � hið Þ ¼ 0;

ð1aÞ

Substrate:

r�2hs þ
XNtubes

i¼1

Bisbv
kt

ks
hi � hsð Þ ¼ 0:

ð1bÞ

Here, dimensionless temperature variable is h = (T -TL)/(TR-TL,); TR and TL

are the face temperatures of the right and left boundary faces of the composite
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(see Fig. 2b). These are the faces which contact source and drain when the thin
film composite is used as the channel in the transistor. All lengths are non-di-
mensionalized by the tube diameter d. hi (s*) is the non-dimensional temperature
of the ith tube at a location s* along its length and hs is the substrate temperature.
The other dimensionless parameters are defined as:

Bic ¼
hcPcd2

ktA
; Bis ¼

hsPsd2

ktA
;

ks

kt
; bv ¼ av

A

Ps

� �
;

LC

Lt
;

H

Lt
;

Lt

d
;

t

d

Here, Bic represents the dimensionless contact conductance for tube-to-tube con-
tact; Bis represents the dimensionless interfacial conductance between the tube and
substrate, both due to Kapitza resistance and isotherm distortion near the tube. A is
the effective cross-section of the tube, and kt is the corresponding thermal con-
ductivity. The term hc is the heat transfer coefficient governing the exchange of
heat to other tubes j making contact with tube i through a contact perimeter Pc, and
the heat transfer coefficient hs governs the transfer of heat between the tube and the
substrate through a contact perimeter Ps. ks is the substrate thermal conductivity.
The second term in Eq. (1b) contains the heat exchange with tubes traversing the
substrate, which are Ntubes in number, through a contact area per unit volume, av.
The geometric parameter bv may be determined from the tube density per unit area
q and the corresponding dimensionless parameter is q* (q/qth.). The percolation
threshold (qth) for the network is estimated as the density at which the average
distance between the nanotubes equals the average length of the tubes, so that
qth = 1/1hLti2.

For thermal conductivity calculations, the thermal boundary conditions for all
tubes originating at the source and terminating in the drain are given by:

hi ¼ 1 at s� ¼ 0; hi ¼ 0 at s� ¼ Lt

d
; ð2Þ

and the boundary conditions for the substrate are given by:

hs ¼ 1 at x� ¼ 0; hs ¼ 0 at x� ¼ LC

d
;
ohs

oz�
¼ 0 at z� ¼ 0 and at z� ¼ t

d
: ð3Þ

All the tube tips terminating inside the substrate are assumed adiabatic. The
boundaries y* = 0 and y* = H/d are assumed as periodic boundaries for both
substrate and tubes.

2.2 Electrical Transport

The dimensionless potential equation in the linear regime is analogous to the
thermal transport equation in the Fourier conduction limit, with the potential being
analogous to temperature and the current being analogous the heat transfer rate.
For charge transport in CNTs in plastic, the substrate is considered insulating and
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only transport in the tube network is considered. For organic transistors with
dispersed CNTs [42], the substrate is not insulating and charge leaks from the
CNTs to the organic matrix, analogous to thermal transport in a composite, and
charge exchange with the substrate must be considered. Since LC � k, the mean
free path of electrons, a drift–diffusion model and Kirchoff’s law for carrier
transport may be employed [22]. In this linear regime, which occurs for low
source-drain voltage VDS, the current density along the tube is given by:

J ¼ rdU=ds ð4Þ

where r is the electrical conductivity and U is the potential, and is only a function
of the source-drain voltage VDS. Using the current continuity equation dJ/ds = 0
and accounting for charge transfer to intersecting tubes as well as to the substrate
[43], the dimensionless potential distribution /i along tube i, as well the three-
dimensional potential field in the substrate are given by:

d2/i

ds�2
þ

X

intersecting tubes j

cijð/j � /iÞ þ disð/s � /iÞ ¼ 0; ð5aÞ

r�2/s þ
XNtubes

i¼1

disbv
rt

rs
/i � /sð Þ ¼ 0: ð5bÞ

Here cij is the dimensionless charge-transfer coefficient between tubes i and j at
their intersection point, analogous to Bic in Eq. (1a), and is specified a priori; it is
non-zero only at the point of intersection. The term dis is analogous to Bis term in
Eq. (1a) and is active only for nanotubes in organic substrates. The electrical
conductivity ratio is rt/rs. For computing the voltage distribution, boundary
conditions /i =1 and /i =0 are applied to tube tips embedded in the source and
drain regions respectively. For the organic substrate, /s =1 and /s =0 are applied at
x*=0 and x*= LC/d respectively; for the other boundaries, a treatment similar to that
for the substrate temperature is applied. This computation of voltage distribution is
only valid for low VDS.

2.3 Solution Methodology

In the present analysis, the nanotube network is essentially 2D, while the substrate
containing it is 3D, as shown in Fig. 2b. The source, drain and channel regions in
Fig. 2b are divided into finite rectangular control volumes. A fixed probability p of a
control volume originating a nanotube is chosen a priori. A random number is picked
from a uniform distribution and compared with p. If it is less than p, a nanotube is
originated from the control volume. The length of source and drain for tube gener-
ation is Lt, which ensures that any tube that can penetrate the channel region from
either the left or the right is included in the simulations. The orientation of the tube is
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also chosen from a uniform random number generator. Since the tube length is fixed
at Lt, all tubes may not span the channel region even for shorter channel lengths LC,
depending on orientation. Tubes crossing the y* = 0 and y* = H/d boundaries are
treated assuming translational periodicity; part of the tube crossing one of these
boundaries reappears on the other side. Tube-tube intersections are computed from
this numerically generated random network and stored for the future use. The
analysis is conducted only on the tubes that lie in the channel region. The non-
dimensional equations for the tubes and substrate are discretized using the finite
volume method and a system of linearly coupled equations is obtained for the tube
segment temperatures hi (or the electric potential /i) and the substrate temperatures
hs (or the electric potential /s) at the substrate cell centroids. A direct sparse solver
[44] is used to solve the resulting system of equations. To account for randomness in
the sample, most of the results reported here are computed by taking an average over
100 random realizations of the network. More realizations are used for low densities
and short channel lengths where statistical invariance is more difficult to obtain due to
the small number of tubes in the domain.

3 Conduction in Percolating Network

If the underlying substrate (host matrix) has very low conductivity, the network
itself forms the dominant pathway for conduction. This limit is realized in the case
of electrical conduction in nanotube composites when the network is embedded
inside an almost-insulating substrate such as plastic or glass. For thermal con-
duction in nanotube composites, the substrate-to-tube conductivity ratio is gen-
erally higher than for electrical conduction and substrate-to-tube interaction can be
neglected only when the interfacial resistance between the tube and substrate is
extremely high [21]. Therefore, the pure network conduction case is generally not
realized for thermal transport.

The conductive properties of the network are strongly dependent on the density
of the tubes in the network. A conducting path between source and drain may not
exist at very low tube densities. If such tube network is used as the channel region
of the transistor, no current could pass through the transistor. As the density of
tubes increases, a critical density qth, known as the percolation threshold, is
reached, at which a complete pathway between source and drain is formed. The
percolation threshold for the network is estimated as the density at which the
average distance between the nanotubes equals the average length of the tubes, so
that qth � 1/1hLti2. A more accurate dependence of qth on tube length, given by
qth ¼ 4:232=pL2

t ; can be obtained from the numerical simulations [45, 46]. There
is great interest in exploring the transport behavior of the network at densities
close to the threshold, which is dependent on the dimensionality and the aspect
ratio of the tubes. Close to the percolation threshold, the network conductance, G,
exhibits a power-law relation, i.e. G * (q - qth)m, where m is the percolation
exponent [47].

306 S. Kumar et al.



Several studies based on the Monte-Carlo simulations have been reported for
the analysis of the percolating networks of nanotubes or their composites [31, 47].
Keblinski and Cleri [31] analyzed the effect of contact resistance in percolation
networks to explain why the value of the percolation threshold scaling exponent
holds over the entire range of network-densities. Foygel et al. [47] performed
Monte Carlo simulations to explore the aspect ratio dependence of the critical
fractional volume and the critical index of conductivity. Shenogina et al [48]
performed finite element analysis to explore the reasons for the absence of thermal
percolation in nanotube composites. We have performed a percolation-based
analysis to compute the conductance exponents of nanotube networks for different
densities and for different tube-to-tube contact conductances [13]. We have also
explored the change in the device performance when the semi-conducting tube
network in the channel region is contaminated by metallic tubes [22]. Important
results from these studies are summarized below.

3.1 Network Transport in the Non-Contacting Limit

In the limit when there is no contact between tubes (Bic = 0, cij = 0) and between
tube and substrate (Bis = 0, dis = 0) and tubes directly bridge source-drain, a
simple analytical solution for the heat transfer rate through the domain (and cor-
respondingly the drain current IDS for electron transport) may be derived. Only the
tubes are considered in this 2D planar calculation, and the substrate contribution is
neglected. In this limit, the in-plane heat transfer rate through the composite, q, is
directly proportional to the number of tubes directly bridging source and drain, but
inversely proportional to the tube length contained in the channel. By computing
the number of bridging tubes from geometric considerations, it may be shown that
[13]:

q / IDS /
NS

W
¼ 2

p

� �
qHLt cos�1 LC

Lt

� �
� LC

Lt

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� LC

Lt

� �2
s0

@
1
A: ð6Þ

where W is
PNS

i¼1
1=Li

h i�1
, LC is the channel length shown in Fig. 2, Lt is the length

of the tube, and H is the height of the sample, as shown in Fig. 2, NS is number of
bridging tubes and q is the density of the tubes. The constant of proportionality in
Eq. (6) depends on the conductivity of the tubes. Figure 3 shows a comparison of
the analytical result obtained using Eq. (6) with that computed numerically
using the finite volume method described above. The ratio q/qref is plotted,
where qref is the reference heat transfer rate at LC/Lt = 0.1. One hundred random
realization of the network are used. The case LC = 3 lm, H = 4 lm, and
q = 5.0 lm-2 is considered. The analytical and numerical results are in good
agreement with each other, confirming the validity of our approach. When the
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channel length becomes comparable to or longer than the tube length, q/qref is seen
to go to zero; in the absence of tube–tube and tube-substrate contact, heat or
current can flow through the tubes only if the tubes bridge source and drain. As a
practical matter, the result in Fig. 3 is applicable to electrical transport in short-
channel CNT/plastic TFTs where the short channel lengths imply few tube–tube
interactions.

3.2 Conduction Exponents

The lateral electrical conductivity of CNT thin films has been measured by dif-
ferent research groups. Here, we compare the network conductance predicted
using our model with electrical conductance measurements by Snow et al. [10].
A pure planar tube network is considered, assuming that the substrate is entirely
non-conducting. This is typical of electrical transport in CNT/plastic composites.
The average length of the tubes in Reference [10] ranges from 1 to 3 lm. The
exact length distribution of nanotubes has not been reported in Snow et al. [10].
For the numerical model, random networks with a tube length of 2 lm are gen-
erated, and an average over 200 random realizations is taken. The percolation
threshold for the network is roughly estimated using qth = 1/1hLti2 to be
0.25 lm-2. Simulations are performed for densities in the range 1–10 lm-2 for
channel lengths varying from 1 to 25 lm and with a width H of 90 lm, corre-
sponding to the dimensionless parameters LC/Lt * 0.5–12.5 and H/Lt = 45. The
device dimensions and tube lengths are chosen to match those in Reference [10].

In Fig. 4a, the normalized network conductance G/G0 is shown as a function of
LC/Lt for several tube densities above the percolation threshold for nearly perfect
tube–tube contact (i.e., cij = 50). For long channels (LC [ Lt) there are no tubes
directly bridging the source and drain, and current (heat) can flow only because of
the presence of the network. If the tube density is greater than the percolation
threshold, a continuous path for carrier transport exists from source to drain, and
G is seen to be non-zero even for LC/Lt[1. Figure 4a shows that the conductance
exponent, n, defined as G * (LC)n, is close to -1.0 for the high densities

Fig. 3 Comparison of heat
transfer rate in a nanotube
network with analytical
results for the case of zero
tube–tube contact

308 S. Kumar et al.



(q = 10 lm-2; q* = q/qth = 40), indicating ohmic conduction, in good agreement
with Snow et al. [11]. The exponent increases to -1.80 at lower densities
(1.35 lm-2; q* = 5), indicating a non-linear dependence of conductance on
channel length. The asymptotic limit of the conductance exponent for infinite
samples with perfect tube/tube contact has been found to be -1.97 [49, 51]. The
observed non-linear behavior for low density is expected because the density value
is close to the percolation threshold. Snow et al. reported a conductance-exponent
of -1.80 for a density of 1.0 lm-2 and channel length [5 lm. For the same
device dimensions, this value of the exponent is close to that obtained from our
simulations for a density of 1.35 lm-2. At densities close to the percolation
threshold, computations are very sensitive to variations in computational param-
eters. Small variations in experimental parameters such as tube diameter, nanotube
contact strength, tube electronic properties as well as the presence of a distribution
of tube lengths (1–3 lm), which is not included in the simulation, may explain the
difference. The contact resistance between the nanotubes and the source and drain
electrodes as well as insufficiently large samples for ensemble averaging in the
experimental setup may also be responsible. Indeed, a more quantitative agreement
with the low-density data at short channel length is realized if one accounts for
imperfect tube–tube contacts [51].

The dependence of conductance exponent on channel length is explored in
Fig. 4b for cij = 50 and for densities in the range 2.0–10 lm-2, corresponding to q*

values of 8–40. For densities [3.0 lm-2 (q* [ 12), the exponent approaches the
ohmic limit, -1.0, with increasing channel length. Larger exponents, corre-
sponding to non-ohmic transport, are observed for the shorter channel lengths.
This is consistent with experimental observations, where conductance is seen to
scale more rapidly with channel length for small LC [11].

Fig. 4 a Computed conductance dependence on channel length for different densities (q) in the
strong coupling limit (cij = 50) compared with experimental results from Ref. [11]. For q = 10.0
lm-2, Go = 1.0 (simulation), Go = 1.0 (experiment). For q = 1.35 lm-2, Go = 1.0 (simulation), Go

= 2.50 (experiment). The number after each curve corresponds to the value of q used in the
simulation. The number in [ ] corresponds to q in experiments from Ref. [11]. b Dependence of
conductance exponent (n) on channel length for different densities (q) based on Fig. 4a

Simulation of Thermal and Electrical Transport 309



3.3 Conduction in Heterogeneous Networks
of Metal-Semiconducting Tubes

The electrical performance of CNT networks is strongly influenced by the fact that
approximately one-third of the CNTs grown by typical processing techniques
exhibit metallic behavior and approximately two-third exhibit semiconducting
behavior [22]. This heterogeneity controls the on–off ratio R of typical CNT-
network based devices, where on–off ratio R is the ratio of the device-current in the
on state to the device current in the off–state. R has been shown [22] to be a unique
and predictable function of LC, Lt, NIT (the density of interface traps), fM (the
degree of metallic contamination) and q, the tube density. In the conventional
transistors, NIT is the trapped charge at the interface of the channel and the
insulating dielectric SiO2, which separates the gate from the channel. fM is the ratio
of the number of metallic tubes to semi-conducting tubes in the tube-network. If
the on–off ratio R can be reliably predicted as a function of tube density q and
other parameters, our numerical model affords a unique way to find the tube
density of typical CNT thin films by using this relationship in the inverse. This
method promises far more accurate estimation of ‘electrically relevant’ tube
density than methods currently in use, such as atomic force microscopy, and
scanning electron microscopy [11].

We compute IDS versus VGS for several tube densities (q = 1–5 lm-2) for
device parameters LC = 10 lm, L = 2 lm, H = 35 lm, and VDS = 0.1 V, (Fig. 5)
which are chosen to match the experiments in [10]. Since LC � Lt, these tran-
sistors are called long-channel devices (note that this terminology differs from
classical transistor terminology—where long and short channels are defined with
respect to electrostatic control of the channel by the gate electrode [52]. We use cij
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* 50 based on typical values for CNT tube–tube contact [11, 53], mobility [11]
and density functional theory. Here, fM, is taken to be 33% in Fig. 5, consistent
with Snow et al. [11]. The conductance ratio of metallic to semiconducting tubes
(M/S conductance ratio) in the on-state is chosen as 8.0, consistent with Reference
[54]. In general, the M/S conductance ratio depends weakly on the fabrication
process, as well as the chirality, band-gap and the diameter of the tubes.

Gate characteristics, represented by IDS–VGS curves, are computed for a specific
network configuration. An average is then taken over 50 random realizations of the
network. Computations for q = 1 lm-2 agree very well with experiments in Ref.
[11], Fig. 5. Increasing q increases the number of percolating metallic paths,
increasing the on-current ION, but reducing R, as in Ref. [10]. Snow et al. speculate
that q[ 3lm-2 for devices with low on–off ratio (top three solid lines in Fig. 5).
Our simulations establish that they correspond to exact densities of q = 3.0, 3.5
and 4.0 respectively. Thus, tube density q may be deduced from a simple electrical
measurement of the on/off current ratio (see Fig. 5) obviating the need for inac-
curate and time-consuming analysis of AFM images, as is currently done. We
note, however, that although we can predict R(q) for a fixed M/S conductance ratio
and cij, the absolute value of the on–off current and R can still vary from sample to
sample depending on the M/S conductance ratio and the contact conductance
between tubes of different diameters. The same methodology can also be used to
interpret short channel data (Fig. 2 in Ref. [8], for example). This demonstrates the
predictive power of the theoretical framework.

4 Conduction in Nanotube: Polymer Composites

Thus far, we have considered conduction in a pure network of nanotubes in the
absence of a substrate or host matrix. We now turn our attention to thermal and
electrical conduction in composites where carrier transport is no longer confined
exclusively to nanotube network. When the thermal conductivity ratio ks/kt is

Fig. 6 Non-dimensional temperature distribution in a substrate b tube network. LC/Lt = 2.0, H/Lt

= 2, Bic = 10.0, Bis = 10-5, ks/kt = 0.001 and q* = 14.0
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significant or when the heat leakage from the tubes to the substrate is significant,
both substrate and network play important roles in determining the thermal per-
formance of typical nanotube composites. For electrical transport, the substrate
does not generally play a role in nanotube-polymer composites, since the polymer
is essentially insulating. However, a problem analogous to thermal transport
occurs in electrical transport in nanotube-organic composites. Here, the electrical
conductivity of the organic substrate is relatively large, and forms the primary
conduction pathway. Recently, sub-percolating nanotube dispersions have been
added to enhance electrical conductivity of organics [42].

Using the formulation described in Sect. 3, a typical temperature distribution in
the tube network and the substrate is computed and shown in Figs. 6a, b. For this
case, LC/Lt = 2.0, H/Lt = 2, Bic = 10.0, Bis = 10-5, ks/kt = 0.001 and q* = 14.0,
corresponding to LC =4 lm, Lt = 2 lm, H = 4 lm, and q = 3.5 lm-2. Contours of
constant temperature in the substrate would be one-dimensional in x for Bis = 0,
but due to the interaction with the tubes, distortion in the contours is observed,
consistent with the temperature plots in the tube in Fig. 6b. The departure from
one-dimensionality in the substrate temperature profile is related to local variations
in tube density; regions of high tube density convey the boundary temperature
further into the interior.

4.1 Effect of Tube-Substrate Interfacial Resistance

The contact parameters BiS for tube-substrate contact and BiC for tube–tube
contact are difficult to determine, and there are few guidelines in the literature to
choose them. The experimental studies conducted by Huxtable et al. [55] suggest
that heat transport in nanotube composites may be limited by exceptionally small
interfacial thermal conductance values. The value of the interfacial resistance
between the carbon nanotube and the substrate was reported to be 8.3 9 10-8 m2

K/W by Huxtable et al. [55] for carbon nanotubes in hydrocarbon (do-decyl

Fig. 7 Effect of substrate-
tube contact conductance
(BiS) on keff for varying
channel length. LC /
Lt = 0.25–6.0 (Lt = 2.0 lm),
H /Lt = 2, kS/kt = 0.001, and
q* = 3.5 (q = 5.0 lm-2)
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sulphate). The non-dimensional contact parameter BiS evaluated using this contact
conductance is O(10-5) assuming the thermal conductivity of a single SWCNT to
be 3,000 W/mK. The corresponding values for nanotube-polymer or nanotube-
glass interfaces are not known at present. Consequently, values of BiS in the range
10-1–10-7 were considered. If we assume the thermal conductivity of the polymer
matrix to be 0.25 W/mK, a value of BiS = 10-5 corresponds to the thermal
resistance of an equivalent polymer layer of thickness 20 nm.

The percentage increase in keff of the composite is plotted against LC/Lt ratio for
different BiS in Fig. 7 for, LC/Lt * 0.25–6.0 (Lt = 2.0 lm), H/Lt = 2, kS/kt =
0.001, and q* = 3.5 (q = 5.0 lm-2). Here, the tube density is much higher than the
percolation threshold density, qth * 1.42 lm-2. The tube–tube contact parameter
is held at BiC = 10, denoting nearly perfect contact. The conductivity ratio is
10-3, denoting highly conducting tubes in a relatively insulating substrate. A sharp
increase in keff is observed for shorter channel lengths as a result of highly con-
ducting tubes directly bridging source and drain. This increase for shorter channel
lengths is less significant at high BiS due to high heat leakage from the tubes to the
substrate. As the channel length increases, the composite approaches bulk behavior
and the conductance achieves invariance beyond LC/Lt[5. The asymptotic values
of keff at high channel lengths (LC/Lt [ 5) can be expressed as keff * 1 ? ckS/kt,
where c is dependent on BiS, BiC and area-ratio of tubes cross-section and substrate
at a composite cross-section. The general shape of the curves is explained by the
‘zero BiS, zero BiC’ case. As the channel becomes narrower, bridging occurs and so
the curve rises. This is a ‘‘finite-size’’ effect not seen in bulk composites, and exists
even for channels 3–4 times the tube length.

It is observed that the curve for BiS * 10-7 is the same as that for BiS * 0,
Fig. 7. This defines the lower limits of tube-substrate contact—below this only the
network is active and side-leakage disappears. For this case, the only reason for the
existence of a non-zero keff increase is the network. In this limit we expect per-
colation behavior, unlike that noted in the literature [27]. This implies that the
interface resistance is far smaller than that corresponding to BiS = 10-7 in Biercuk
et al. [27]. The tube-substrate contact parameter Bis ceases to be limiting for BiS[

Fig. 8 Effect of tube–tube
contact conductance (BiC) on
keff for varying channel
length. LC /Lt = 0.25–6.0 (Lt

= 2.0 lm), H /Lt = 2, kS/kt =
0.001, BiS =10-5, and q* =
3.5 (q = 5.0 lm-2)
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10-2, and the keff variation with LC/Lt becomes independent of BiS beyond this
value.

The network causes a 150–350% increase in keff over the substrate, but this still
means values only in the 0.35–3.5 W/mK, implying that the composites does not
conduct very well laterally, despite the presence of highly conducting tubes. Since
the kS/kt value used here is expected to be typical of many composites for TFT
applications, the results in this section demonstrate that if the percolation prop-
erties of the network could be maintained by high tube–tube contact conductance,
the network itself could provide a pathway for heat removal.

4.2 Effect of Tube–Tube Conductance

Recently, Lukes et al. [38] considered heat transfer between CNTs using classical
molecular dynamics simulations, and estimated a tube–tube contact resistance of
the order of 1.0 9 10-7 m2-K/W, corresponding to a BiC value of 2.0 9 10-5

(assuming kt = 3,000 W/mK). However, there is no experimental corroboration of
tube–tube contact resistance, and BiC values of 0–10-1 are chosen, ranging from
insulating contact to perfect contact. Previous theoretical models for computing keff

of nanotube composites ignore contact conductance between the nanotubes [26].
Since tube–tube contact occurs over a very small contact area, this contact
resistance would be limiting only in the case of large tube-substrate resistance (BiS
? 0) for most kS/kt values of interest. Figure 8 show the keff * LC/Lt plots for
different BiC for LC/Lt * 0.25–6.0 (Lt = 2.0 lm), H/Lt = 2.0, kS/kt = 0.001, BiS =
10-5, and q* = 3.5 (q = 5.0 lm-2). The overall shape of the curves is similar to
that in Fig. 7. The sharp increase in keff for shorter channel length composites (due
to bridging tubes) is significant for low BiC, but the effect gradually diminishes
with increasing BiC, Fig. 8. Decreasing BiC from 10-1 to 10-5 decreases keff by
about 50% for long channels. Beyond BiC[10-2, tube–tube contact is sufficiently
good that it ceases to matter; consequently the keff curves become coincident in
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Fig. 8. By the same token, values of BiC below 10-5 mean essentially zero contact
between tubes, and heat leakage through the substrate is the only pathway for heat
transfer for long channels. The tube–tube contact resistance computations by
Zhong and Lukes [38] suggest that this may indeed be the mechanism of heat
transfer in CNT composites, though further experimental corroboration is neces-
sary. The present analysis reveals that for tube densities higher than the percolation
threshold, BiC may be an important parameter controlling keff for highly conducting
tubes with high tube-substrate resistance. BiC (10-2–10-5) corresponds to the
thermal resistance presented by an equivalent polymer matrix of thickness 0.025–
25 nm assuming contact area between the tubes of the order *d2 and kS/kt = 10-3.

4.3 Effect of Tube Density

The effective thermal conductivity of the composite is observed to have a different
dependence on q in different regimes, i.e. q� qth, q * qth and q� qth [56]. keff is
shown as a function of q for these three different regimes in Fig. 9 for the case
qthð¼ 4:232=pL2

t � 1:4lm�2Þ; kS=kt� 10�4 � 10�1
; BiS� 10�7 � 10�2; LC=Lt ¼ 3

Lt ¼ 2:0lmð Þ;H=Lt ¼ 2;BiC ¼ 10: When q � qth, keff increases linearly with q.
This is expected since the tubes do not interact with each other either through
direct contact or through the substrate. This lack of tube–tube interaction is borne
out by the variation of the average link length (Llink) with q* (inset in Fig. 9),
which shows that the non-interacting limit between tubes is achieved for q* � 1
for which Llink/Lt * 1. This trend is in agreement with the results from EMA
which predict a linear scaling with volume fraction. When q * qth, keff is observed
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to vary non-linearly with q. This is typical of network percolation close to the
percolation threshold [11, 13] and becomes more pronounced with decreasing BiS
or kS/kt, Fig. 9. These two parameters explain the difference between percolation
behavior for thermal transport and for electrical transport. Strong non-linear
behavior near the percolation threshold is observed for charge transport in CNT-
polymer composites due to very low kS/kt (\10-6) [11, 13], while for thermal
transport, this non-linear behavior is relatively weak due to high kS/kt (*10-3) and
high heat leakage through the substrate (high BiS). Whenever transport through the
substrate competes with the transport through the CNT network either due to high
kS or due to high heat leakage from the CNTs to the substrate, percolation effects
due to the network are suppressed.

For q[3.0qth and for large enough LC/Lt, keff is found to vary linearly with q,
Fig. 9. The reason for this is evident in the inset in Fig. 9, which shows that the
average Llink varies linearly with q* for high densities (q*[3). Hence the network
becomes homogenous. Computations of keff for the pure network in the absence of
the substrate [13] reveal that it may be expressed as keff =kt� qL2

t ð0:783�
0:119 lnðBi2CÞ � 0:015 lnðBiCÞÞ for high densities. For the CNT composites, this
expression would also depend on BiS and kS/kt, but linearity with respect to density
would nevertheless be valid.

4.4 Electrical Conductivity of CNT-Organic Composites

A novel approach involving modifying the transconductance (gm * dIDS/dVGS) of
an organic host using a sub-percolating dispersion of CNTs has been proposed in
Ref. [42]. A 60-fold decrease in effective channel length, Leff, is observed that
results in a similar increase in gm with a negligible change in on–off ratio [42]. In
this technique, the majority of the current paths are formed by the network of CNTs,
but short switchable semiconducting links are required to complete the channel path
from source to drain [42]. Experimental data published in Ref. [42] provide a good
opportunity to test the correctness of our numerical formulation in Sect. 3.

The device parameters LC = 20 lm, Lt = 1 lm, and VDS = -10 V are chosen to
match the experiments in Ref. [42]. Charge transfer coefficients cij = 10-4 and
dis = 10-4 are assumed and correspond to poor contact conductance between
tube–tube and tube-substrate. The electrical conductivity ratio, rt/rs, for metallic
CNTs in the on-state (VGS = -100 V) is taken as 5.0 9 104, while that for
semiconducting CNTs is 5.0 9 103 [54]. The metallic-CNT conductivity is
assumed constant with VGS, while the roll-off in the conductivity of semicon-
ducting CNTs and the organic- matrix with VGS is obtained from the experimental
IDS–VGS curves (0 and 0.5% volume fraction curves) in Fig. 14.1b of Ref. [42].
Figure 10 shows that numerical results agree well with experiments over the entire
range of tube densities (1.5–17 lm-2). There is an anomalous jump in the IDS–VGS

curve for 0.5% volume fraction of CNTs (labeled ‘‘shift’’ in Fig. 10; see also
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Fig. 14.1b in Ref. [42]) which is not properly understood. We calculated the IDS–
VGS characteristics of the organic TFT device in [42] with a realistic heterogeneous
network of semiconducting-metallic tubes (1:2 ratio) dispersed in an organic
matrix. We have shown that this anomalous shift in the IDS–VGS curve is a con-
sequence of the formation of a parallel sub-percolating network of semiconducting
CNTs in the organic matrix. At 0.2% CNT volume fraction, the semiconducting
tubes do not have sufficient density to form a percolating network in and of
themselves; metallic CNTs are necessary to achieve percolation. However, when
the volume fraction is increased to 0.5%, semiconducting tubes can form a per-
colating network by themselves, and shift the IDS–VGS curve as shown. This
confirms that semiconducting CNTs are active elements of this organic TFT
device, a feature which was not understood previously.

4.5 Comparison with Effective Medium Theory

For low-density dispersions, the effective conductivity (keff) can be derived using a
Maxwell–Garnett effective medium approximation [18], and provides a baseline

0 0.1 0.2 0.3
1

1.05

1.1

1.15

1.2

ρ*
 k

ef
f / 

k
S

x

y

z

H

t

Lc

TL

TR

[BiS, ak(nm)]

[10 -5, 0.25]

[5x10 -6, 0.5]

[10 -6, 2.5]

[10 -7, 25]

0 0.1 0.2 0.3
1

1.05

1.1

1.15

1.2

1.25

ρ*

 k
ef

f / 
k

S

[kS/k t]
[0.001]

[0.002]

[0.01]

--- Computational; Bi C = 10
o   Computational; Bi C = 0
__   Analytical;         BiC = 0

(b)

(a)Fig. 11 a Comparison of
normalized effective thermal
conductivity (keff /kS)
computed from numerical
simulations (markers) and
analytically-derived
expressions (solid lines) for
different kS/kt ratios. LC /Lt =
8 (Lt = 0.5 lm), H/Lt = 4, BiS
= 10 -5and q* = 0-0.3 (q =
0.1–6.5 lm-2). BiC = 0 for
simulations unless otherwise
stated. b Comparison of
normalized effective thermal
conductivity (keff /kS)
computed from numerical
simulations and 2D EMA for
different values of the
interfacial thermal resistance
BiS (10-7–10-5). LC /Lt = 8
(Lt = 0.5 lm), H/Lt = 4, kS/kt

= 10 -3 and q* = 0-0.3
(q = 0.1–6.5 lm-2)

Simulation of Thermal and Electrical Transport 317



for comparison with our numerical calculations. For a planar CNT network iso-
tropic in the x–y plane (see inset in Fig. 11b) and embedded in a substrate of
thickness d, the theory in [18] may be modified to yield keff in the x–y plane as

kx ¼ ky ¼ kS
2þ f ½b11ð1� L11Þ þ b33ð1� L33Þ�

2� f ½b11L11 þ b33L33�
: ð7Þ

Here f is the volume fraction, Lii is the depolarization factor, and bii ¼ kii�kS
kSþðkii�kSÞ ;

k11 ¼ k22 ¼ kt
1þð2aK kt=kSdÞ ; k33 ¼ kt

1þð2aK kt=kSLtÞ. Here, aK is the Kapitza radius

[18, 26], axis 3 represents the longitudinal axis of the CNT and axes 1 and 2 are the
other two axes of the CNT [18].

The finite volume computation of keff is compared with predictions from the 2D
EMA in Figs. 11a, b [56]. For this case, the polarization factors are given by L11 =
L22 = 0.5, L33 = 0. The basic assumption in Eq. (7) is that tube density q is very
low, and therefore the tubes do not interact with each other. Consequently, the
tube–tube contact parameter BiC is set to zero in the finite volume computations to
obtain a direct comparison. Since the parameter BiS is not known a priori, its value
is adjusted to match the results from EMA for a value of aK = 0.25 nm for kS/kt

= 10-2. The same value of BiS is used in all subsequent calculations for other kS/kt

ratios in Fig. 11a. It is important to notice that there is only one free parameter,
BiS, in our simulations, corresponding to the adjustable parameter aK in EMA. A
good match with the results of EMA is obtained for the case of BiC = 0. Calcu-
lations were also performed in Fig. 11a for BiC = 10, representing nearly-perfect
contact. For high BiC, the numerically computed keff is observed to deviate sub-
stantially from the EMA prediction even for densities below the percolation
threshold qth. This deviation is significant for all but the highest kS/kt values
(\10-2), and would therefore be significant for computations of electrical and
thermal conductivities in CNT composites. This suggests that high aspect ratio
tubes strongly interact with each other even at tube densities below qth and that the

1.0 ps pulse  

Fixed End

Fixed

End

Fixed End

Fig. 12 Schematic of two
CNTs in a crossed
configuration. A 1.0 ps pulse
is generated from one end of
the first tube, while atoms at
the other end are kept fixed.
The two ends of the other
tube are kept fixed. The
chiralities of the two tubes are
the same
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EMA is inadequate for the prediction of keff at all but the very lowest densities.
Figure 11b presents the variation of keff with tube density with BiS as a parameter;
the ratio (1/aK)/BiS is held constant in the figure. A good match with EMA is
found. The constant ratio (1/aK)/BiS for different curves in Fig. 14.11b shows that
the adjustable parameter in EMA, (1/aK), and that in the numerical calculations,
BiS, are consistent. These results indicate that adjusting aK to fit experimental data
for q[ qth in previous studies [26, 57] adjusts in part for tube–tube interaction
effects not present in EMA theory. These adjustments would tend to underpredict
the true value of interface resistance, a claim also supported by Hung et al. [58].

5 Interfacial Thermal Transport Between Nanotubes

In the last two sections, we have considered conduction in a network of nanotubes
and their composites where we have treated tube–tube and tube-substrate resistance
values as parameters. Various experimental and numerical studies have been per-
formed to analyze the interfacial energy transport and to estimate the thermal
resistance between the CNTs and between the CNT and the substrate. In this section,
we present our investigation of the thermal energy transport from one single-walled
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nanotube (SWNT) to another SWNT positioned in a crossed configuration and
subjected to an intense heat pulse using Molecular Dynamics (MD) techniques [59].
A schematic of two CNTs in a crossed configuration is shown in Fig. 12. Here, the
CNTs are placed perpendicular to each other with a gap equal to a van der Waals
distance of 3.4 Å. These CNTs are not covalently bonded at the interface.

Selection of appropriate interatomic energies and forces is important for the
reliability of classical MD simulations. We use the reactive empirical bond order
(REBO) potential for C–C bond interaction and a truncated 12-6 type Lennard-
Jones potential for non-bonded van der Waals interactions between CNTs. The
REBO potential has been extensively applied to perform MD simulations in CNTs
and CNTs in hydrocarbon composites/suspensions [33]. The analytical form of this
potential is based on the intramolecular potential energy originally derived by
Abell [60]. The REBO potential is given by:

UREBO ¼
X

i

X

i\j

½VrðrijÞ � DijVaðrijÞ�: ð8Þ

where rij denotes the distance between atoms i and j, Vr corresponds to interatomic
core–core repulsive interactions, and Va describes the attractive interactions due to
the valence electrons. Here, Dij corresponds to a many-body empirical bond-order
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Fig. 14 a Location and
shape of the heat pulse at
different time instants along
the first CNT for (7, 0)
chirality. The pulse
generation starts at t = 0.0
ps. b Location and shape of
the heat pulse at different
time instants in the second
CNT, also of the same
chirality
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term. The 12-6 type LJ potential for non-bonded van der Waals interaction
between individual carbon atoms is given as [38]:

ULJ ¼ 4e
r
r

� �12
� r

r

� �6
	 


: ð9Þ

Several different values of the energy and distance parameters in the L-J
potential are considered for the interaction of C–C atoms in the CNT. The present
study employs the parameterization used by Lukes et al., with e = 4.41 meV and
r = 0.228 nm. The details of the MD code used for the present analysis may be
found in Ref. [60].

5.1 Heat Pulse Analysis Using Molecular Dynamics

MD simulations are used to examine transient heat pulse propagation in zig-zag
tubes positioned in a crossed configuration for chiralities varying from (5, 0) to
(10, 0). We generate the heat pulse at one end of the tube using the methodology
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Fig. 15 a Location and
shape of the heat pulse at
different time instants along
the first CNT for (8, 0)
chirality. The pulse
generation starts at t = 0.0
ps. b Location and shape of
the heat pulse at different
time instants in the second
CNT, also of the same
chirality
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proposed by Osman and Srivastava [61] for studying energy transport through a
single CNT at low temperatures. In order to study heat pulse propagation in CNTs
and to compare the results for different chiralities, each CNT is divided into 500
slabs along its axis (each slab is a ring). The length of each CNT is 106 nm, but the
number of atoms in a slab depend on the chirality or diameter of the CNT, i.e., a
single slab in a (5, 0), (6, 0), (7, 0), (8, 0) and (10, 0) CNT would have 10, 12, 14,
16, and 20 atoms respectively. One end of the first CNT, where the heat pulse
is generated, is treated as a free boundary, while the other end is kept rigid
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(a)Fig. 16 a Location and
shape of the heat pulse at
different time instants along
the first CNT for (10, 0)
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generation starts at t = 0.0 ps.
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heat pulse at different time
instants in the second CNT,
also of the same chirality

Table 2 Pulse speed in the
first tube and the maximum
total energy rise in the second
tube for different chiralities

CNT-Chirality Pulse speed (km/s) Increase in total energy
of second tube until
t = 5.5 ps (eV)

(5, 0) 22.0 0.129
(6, 0) 23.2 0.203
(7, 0) 22.6 0.046
(8, 0) 19.0 0.074
(10, 0) 12.5 0.037
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(see Fig. 12); both ends of the second CNT are held rigid. The boundary region of
the first CNT (i.e., the CNT in which the pulse is generated) extends over 10 slabs.
Before the generation of the heat pulse, both CNTs are quenched to a very low
temperature of 0.01 K for 50,000 time steps (25 ps) to achieve thermal equilibrium
at 0.01 K. Then, a strong heat pulse of one picosecond duration and a peak
temperature of 800 K is generated at one end of the first CNT. The heat pulse is
applied to 10 slabs near the left boundary using a Berendsen thermostat [62]. The
heat pulse consists of a 0.05 ps rise time, a 0.9 ps duration with a constant tem-
perature of 800 K, and a 0.05 ps fall time. During the 0.05 ps fall time, the
temperature of the boundary slabs is decreased to reach a final temperature of 0.01
K and then held constant at that temperature for the rest of the simulation. This is
done to prevent the exchange of large amounts of energy from the boundary slabs
to the region of interest after the generated pulse has started propagating towards
the right boundary of the first CNT.

Our analysis is focused on the time window from the point of generation of the
pulse to the time before heat pulse reaches the right boundary to avoid the effects
of boundary reflection. The temperature of each slab is spatially averaged over
ten slabs centered at the slab of interest. In our simulations, the temperature is
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Fig. 17 Change in total energy of CNTs as a function of time with reference total energy
corresponding to t = 1 ps. At t = 1 ps, the pulse generated in CNT-1 starts propagating towards
the contact region of the two CNTs. Here, CNT-1 corresponds to the CNT in which the pulse is
generated; CNT-2 is located in a crossed-configuration with respect to CNT-1. The chirality of
the CNTs is a (6, 0) b (7, 0) c (8, 0) and d (10, 0)
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time-averaged over sets of 200 time steps (*100 fs) to reduce the effect of
statistical fluctuations and is recorded during the entire simulation time. The speed
of the pulse is determined from the spatial distance traversed by the particular
pulse during a given time interval.

We first study the interaction between two CNTs in a crossed configuration
when a heat pulse is passed through first CNT using the methodology described in
the above sections. Our interest is in analyzing the energy transfer to the second
tube when the heat pulse passes through the contact zone, and also to study the
waves generated in the second tube due to this energy transfer. The distance
between the CNTs remains in the range of 3–3.7 Å during the entire simulation for
CNTs of chirality (5, 0), (6, 0) and (7, 0). For CNTs of chirality (8, 0), this distance
remains in the range of 4-4.5 Å, while for CNTs of chirality (10, 0), it remains in
the range of 5–5.5 Å.

The location and shape of the heat pulses at different time instants along the
first and second CNTs for the case of (5, 0) chirality are shown in Fig. 13a, b
respectively. The amplitude of the heat pulses is presented in terms of the average
kinetic energy of the atoms in ten slabs at any location. Here, t = 0 ps corresponds
to the time when heat pulse generation has started at the left end of the first CNT.
The attenuation in peak kinetic energy (*1.2 eV) of the heat pulse is negligible
and it is seen to propagate like a ballistic pulse along the first tube. This pulse
moves with a speed of 22 km/s along the nanotube, which is very close to the
speed of sound (20.3 km/s) associated with longitudinal acoustic (LA) phonon
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waves in zig-zag nanotubes [62]. Two CNTs located in a crossed configuration
make contact at their mid-point, which is at 53 nm from their free ends. When the
heat pulse in the first tube approaches this contact zone, the kinetic energy in the

(a) (b)

(f)

(d)(c)

2.5 ps

3.0 ps

2.0 ps

5.0 ps4.0 ps

3.5 ps

(e)

Fig. 19 Frequency spectrum along the second nanotube for (5, 0) chirality at different time
instants. a 2.0 ps. b 2.5 ps. c 3.0 ps. d 3.5 ps. e 4.0 ps. f 5.0 ps. White arrows shows frequencies
corresponding to 5 and 10 THz
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other tube increases at the location of the contact, Fig. 13b. The kinetic energy
reaches its maximum at t = 2.6 ps which is approximately the time taken by the
heat pulse in the first tube to cross the contact zone. The peak kinetic energy in the
second tube is 1.5 meV, which is very low in comparison to peak kinetic energy of
1.2 eV of the heat pulse in the first tube. This indicates that coupling is very weak
between two CNTs for these fast moving pulses, since little time is spent by the
pulse in the contact zone. The energy given to the second tube at the point of
contact spreads along the second tube. This is indicated by the decreasing kinetic
energy at the center of the second tube and the symmetrically excited heat pulses
on both sides of the contact in Fig. 13b. The speed of propagation of the excited
heat pulse in the second tube is very low and it is difficult to relate these pulses
with any specific phonon mode by observing their transient propagation profiles.

We perform a similar heat pulse analysis for nanotubes of chirality (6, 0), (7, 0),
(8, 0) and (10, 0); the shape and location of the heat pulse along the nanotube for
different time instants for the (7, 0), (8, 0) and (10, 0) chiralities are shown in
Figs. 14, 15 and 16. It is observed that the behavior of heat pulses in the nanotubes
is very dependent on the chirality or the diameter of the tube. The speed of heat
pulse propagation in the first tube and the increase in kinetic energy in the second
tube until t = 5.5 ps are listed in Table 2. Heat pulse propagation in the first tube
for (6, 0) and (7, 0) chiralities is similar to that for the (5, 0) nanotube, i.e., the heat
pulse propagates like a ballistic wave with a speed in the range of 22–23 km/s.
However, the pulses excited in the second tube are significantly different for
different chirality tubes. No conclusions can be drawn merely by looking at the
kinetic energy rise in the second tube (see Table 2). However, it can be observed
that heat spreading along the second tube is faster in the (5, 0) tube in comparison
to the (6, 0) and (7, 0) tubes (see Figs. 13, 14). It is also observed that the kinetic
energy at the centre of the second tube drops relatively fast in the (6, 0) tube in
comparison to the (7, 0) tube.

Heat pulse propagation is completely different for (8, 0) and higher chirality
tubes. For the (8, 0) tube, the heat pulse decays while propagating along the first
tube and also broadens with time, a behavior which is completely different from
that observed in low chirality tubes. At time t = 1.45 ps, the peak kinetic energy
of the pulse is 0.68 eV, and decays to 0.42 eV at t = 3.95 ps, Fig. 15a. The pulse
speed in the (8, 0) tube is 19 km/s, which is lower than the pulse speed observed in
lower chirality tubes (see Table 2). Oman and Srivastava [61] observed a similar
decay in the pulse speed in zig-zag tubes for twisting phonon modes (TW) with
speed ranging in 16–18 km/s. The pulse excited in the second tube also shows
different characteristics, and exhibits a pulse shape which is more flat at the center,
Fig. 15b. All these behaviors imply a dissipative nature to the pulse propagation in
(8, 0) tubes.

Heat pulse propagation in a (10, 0) tube is much different from the low chirality
tubes previously discussed. The high kinetic energy in the heat pulse in the first
tube cannot be sustained and the pulse decays very quickly. At t = 2.45 ps, a
clearly identifiable wave shape evolves from the dissipating heat pulse; the speed
of this wave is 12.5 km/s, which corresponds to the second sound wave speed

326 S. Kumar et al.



observed in zig-zag tubes in Ref. [61]. In transient experiments, at low tempera-
tures and in structures with high purity, normal phonon scattering processes can
play an important role. They may couple various phonon modes and make possible
the collective oscillation in phonon density which is second sound. Second sound
is observed under very restrictive conditions [61]. One of these conditions is that
the momentum conserving normal phonon scattering processes should be domi-
nant compared to the momentum randomizing Umklapp phonon scattering pro-
cesses [61]. For CNTs, thermal conductivity increases even up to room
temperature and it can reasonably be believed that N-process phonon interactions
dominate over a wide range of temperature. These arguments and the observed
speed of the wave (12.5 km/s = 1/30.5 times the LA phonon speed) suggest that
the observed wave pulse in the (10, 0) nanotube corresponds to that of second
sound.

The peak kinetic energy of the second sound wave mode observed in (10, 0)
tube is 0.12 eV, which is much smaller than the peak kinetic energy of leading
heat pulses observed in the low-chiral tube configurations. In addition, due to the

(a) (b)

(d)(c)

(6, 0) (7, 0)

(8, 0) (10, 0)

Fig. 20 Frequency spectrum along the second CNT at 2.5 ps for chirality a (6, 0). b (7, 0).
c (8, 0). d (10, 0)
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low speed, this pulse in the first CNT does not cross the contact zone in 4 ps (this is
the time range for which we analyzed low-chirality tubes), so we have extended
the analysis up to 6.5 ps. The energy gained by the second CNT due to the
interaction with the heat pulse of the first CNT is very low. This is the reason for a
very small rise in the peak kinetic energy (*0.2 meV) of the excited pulse in the
second tube, Fig. 16b. The kinetic energy of the carbon atoms located at the
contact area of the second CNT (black and red curves in Fig. 16b) is of the same
order as that of the kinetic energy of atoms at other locations (see peaks at the CNT
ends in Fig. 16b). From our analysis, we have observed that in low-chirality CNTs
we can generate a purely ballistic pulse, while in high-chirality CNTs, a diffusive
tail is also present and the pulse cannot sustain its peak temperature during
propagation. We see a difference between our results and Osman and Srivastava’s
results only for low-chirality CNTs.

(a) (b)

(d)(c)

(6, 0) (7, 0)

(8, 0) (10, 0)

Fig. 21 Frequency spectrum along the second CNT at 5.0 ps for chirality a (6, 0). b (7, 0). c (8,
0). d (10, 0)
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The change in total energy of the CNTs as a function of time is plotted in Fig. 17
for (6, 0), (7, 0), (8, 0) and (10, 0) tubes. The change in total energy is computed
with respect to the reference total energy at t = 1 ps; this is time at which the pulse
generated in the first CNT starts propagating towards the contact region of the two
CNTs. The magnitude of total energy exchange or increase in total energy of the
second tube up to time instant 5.5 ps is presented in Table 2 for tubes of different
chiralities. The energy exchange between the tubes is largest for the (6, 0) tube and
decreases for high-chirality tubes, Fig. 17. However a definitive statement
regarding this cannot be made based on the present analysis as the energy exchange
for the (5, 0) tube is lower than that for the (6, 0) tube by 0.07 eV and the energy
exchange for the (7, 0) tube is lower than that for the (8, 0) tube by 0.028 eV. The
above analysis shows that lower-chirality tubes have better coupling in comparison
to high- chirality tubes as far as these heat pulses are concerned.

Phonon modes with high speed are very inefficient in transferring energy to the
second tube as they spend very little time in the contact zone. Thus, it is likely that
for realistic applications, slow-moving phonon modes (for example, optical
modes) in the first CNT would be better-coupled to the second CNT. Shiomi and
Maruyama [63] observe from their modal analyses on a single tube using wavelet
transformations that the major contribution to non-Fourier heat conduction comes
from optical phonon modes with sufficient group velocity and with wave vectors in
the intermediate regime for short nanotubes. Dispersion curves for CNTs of chi-
rality (5, 5) show that even at low frequencies, longitudinal and transverse optical
modes may be present, with velocities comparable with the acoustic modes. In a
nanotube network, the link between two nanotubes is of the order of just few
nanometers. Therefore, in nanotube networks where the contact between the tubes
governs the transport, optical phonon modes may be a dominant heat transfer
pathway for communication between tubes.

5.2 Wavelet Analysis of Heat Pulse

Wavelet analysis of the heat pulse excited in the CNT configuration described in
the previous section (see Fig. 12) is performed for different chiralities of the tubes.
The wavelet transform (WT) is an analysis tool well-suited for the study of pro-
cesses which occur over finite spatial and temporal domains. The wavelet trans-
form is a generalized form of the Fourier transform (FT). A WT uses generalized
local functions known as wavelets which can be stretched and translated with a
desired resolution in both the frequency and time domains [64, 65].

Wavelets decompose a time series in the time–frequency space and are useful
for identifying the evolution of dominant frequency modes with time. A time
signal s(t) is decomposed using wavelet methods in terms of the elementary
function wb; a derived from a mother wavelet w by dilation and translation [64]:
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wb; aðtÞ ¼
1

a0:5
w

t � b

a

� �
: ð10Þ

Here, a and b are parameters which control dilation and translation respectively.
The a parameter is also known as the scale in wavelet analysis. wb;a is known as
the daughter wavelet as it is derived from the mother wavelet w using translation
and dilation. The normalization factor a0.5 ensures that the mother and daughter
wavelets have the same energy. The wavelet transform (WT) of a signal s(t) is
given as the convolution integral of s(t) with w*, where w* is the complex con-
jugate of the wavelet function w:

Wðb; aÞ ¼ 1
a0:5

Z
w � t � b

a

� �
sðtÞdt: ð11Þ

In general, wavelet functions are complex functions, so the wt are also complex,
and have a real part, an imaginary part and a phase angle. The power spectrum of a
WT is defined as |W|2. We use the Morlet wavelet for heat pulse analysis; this
wavelet has the form of a plane wave with a Gaussian envelope [64]. The Morlet
wavelet is given by:

w ¼ eiwt � e�0:5 tj j2 : ð12Þ

The form of this wavelet is shown in Fig. 18 after translating by different values
of b and dilating by different values of the scale parameter a.

The power spectrum of the velocity magnitude of each atom in the nanotube is
computed using the method described above. By summing the power spectrum
over all the atoms of one ring, a one-dimensional projection of the temporal
spectra along the nanotube axis is obtained. In this way, temporally evolving
spectra of the velocity magnitude for the entire spatio-temporal field are obtained.

Wavelet analysis of the energy modes excited in the second CNT due to the
interaction with first CNT is performed for chirality of tubes varying from (5, 0) to
(10, 0). The power spectrum of the velocity magnitude of each atom in the
nanotube is computed using the method described above. Temporally evolving
spectra of the velocity magnitude for the entire spatio-temporal field are computed.
Results are presented as temporal sequences of the spectral contours in the fre-
quency-space domain in Fig. 19 for a (5, 0) CNT. Six temporal sequences are
used, which correspond to t = 2.0, 2.5, 3.0, 3.5, 4.0 and 5.0 ps. In these plots, the
vertical axis represents the frequency in THz and the horizontal axis represents the
spatial location along the nanotube axis in terms of the slab (i.e. ring) numbers.

The evolution and propagation of spectral modes along the tube axis for a (5, 0)
CNT at different time instants may be observed in Fig. 19. At t = 2 ps, the heat
pulse in the first tube is approaching the contact zone, Fig. 19a; thus some low
frequency phonon modes are excited in the second nanotube at the location of the
contact. At t = 2.5 ps (Fig. 19b), the heat pulse in the first tube crosses the
contact zone; this is the time at which the peak temperature of the thermal pulse
excited in the second CNT is observed (Fig. 13b). Phonon modes of frequencies up
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to 30–35 THz are excited in the second nanotube by this time, but most of the
dominant frequencies are less than 10 THz, Fig. 19b. Once the heat pulse in the
first tube moves away from the contact zone, the energy given to the second tube
spreads to both sides of the tube symmetrically. Different phonon modes are
excited along the second tube, and can be observed from the contour plots in
Fig. 19c–f. The contour plot at t = 3.0 ps shows two distinctly visible modes, one
centered around 5 THz and another centered around 10 THz. The speed of these
modes may be computed from the movement of the high power spectrum color
patches corresponding to these frequencies along the nanotube axis in the contour
plot. The computed speed is 12.0 km/s, which is close to the speed of the second
sound waves observed in these zig-zag tubes [61]. These color patches are shown
in Fig. 19d–f by white arrows. Most of the other dominant modes correspond to
frequencies even lower than 5 THz, which is in correspondence with the small
amount of heat transferred to the second tube from the heat pulse in the first tube.

Contours of the power spectrum for (6, 0), (7, 0), (8, 0) and (10, 0) CNTs at
t =2.5 ps and 5.0 ps are shown in Figs. 20, 21 respectively. As in the case of the
(5, 0) CNT, two dominant phonon modes corresponding to 5 and 21 THz are seen
to propagate along the second tube for (6, 0) and (7, 0) CNTs, Fig. 21a, b. These
contour plots also clearly show that the rate of heat spreading along the CNT axis
slows down with increasing diameter. This is also observed in the heat pulse
analysis in the previous section by examining the location and shape of the heat
pulses generated in the second tube. A similar comparison cannot be made for
(8, 0) and (10, 0) CNTs because the pulse generated in the first CNT is not
sustained at its initial peak temperature, and very little heat is transferred to the
second CNT for these cases. The spectral modes for the (10, 0) CNT are com-
pletely different from other CNTs; most of the high energy modes present in low-
chirality CNTs are not excited, Fig. 21d. This is due to the evolution of second
sound waves in the first CNT; the peak temperature is an order of magnitude lower
than that in low chirality CNTs, Figs. 16b, 21d.

6 Conclusions

In summary, a computational model for thermal and electrical transport in nano-
tube composites has been developed and applied to the determination of lateral
electrical and thermal conductivity of finite thin films. The model has been verified
against analytical solutions, and validated against experimental data for tube
densities above and below the percolation threshold, for nanotube networks in the
absence of a substrate, as well as for nanotube-plastic and nanotube-organic
composites. Excellent matches with experimental data have established the general
validity of the model and provided much deeper insights into electrical and
thermal transport in these non-classical materials. This understanding not only
advances the relevance of percolation theory to broader class of problems, but
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will also help design and optimization of these materials for future technological
applications.

Nevertheless, a number of important issues remain to be addressed. The model
employs thermal contact parameters Bic, Bis, and electrical contact parameters cij

and dis, which are at present unknown. These must be determined either from
careful experiments or from atomistic simulations of tube–tube and tube-substrate
contact. Furthermore, while the thermal conductivities of individual freestanding
nanotubes and nanowires has been measured and modeled, the modification of
these values for tubes and wires encased in plastic or organic substrates is not well
understood. Ultimately, our interest is not only in the simulation of conductivity
but also in the coupled electro-thermal analysis and design of flexible large-area
electronics. We have focused on the analysis of the lateral thermal conductivity of
the composite, but normal thermal conductivity of the composite is also of great
importance from the perspective of heat removal from the device and merits a
detailed investigation.

In this chapter, we also analyzed the thermal transport between two CNTs for
different chiralities using the MD technique and the wavelet method. A thermal
pulse was generated at one end of the first CNT to study the response of the second
tube when this pulse passed the contact region of the two CNTs. The results of our
heat pulse studies demonstrate that phonon modes with high speed are very
inefficient in transferring energy to the second tube as they spend very little time in
the contact zone. Most likely, slow-moving phonon modes in the first CNT would
be better coupled to the second CNT and would dominate thermal boundary
conductance between these CNTs. To better understand the coupling of modes
between tubes, a wave packet corresponding to specific phone modes should be
passed through a CNT and its interaction with other CNTs should be studied.
Understanding the coupling between CNTs of different chirality and contact area
could also be of great interest for engineering the properties of CNT-network
based composites. Most of the present work is in the low temperature regime. It is
also important to investigate transport mechanisms in the high temperature regime
using either appropriate numerical modeling or experimental techniques.
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