
Wound Healing: Multi-Scale Modeling

Fred J. Vermolen and Amit Gefen

Abstract This chapter is meant as an overview of our already published work that
we carry out on modeling wound healing on the cellular, colony and tissue scale,
though we detail the description of some stochastic principles that appear in our
models. The relation between the scales is described in terms of the underlying
biological and mathematical concepts. We also present the implications and
applicability of the mathematical models studied.

1 Introduction

Wound healing is a very complicated process with the following partly overlap-
ping phases: inflammation—proliferation—remodeling. During the post-bleeding
inflammatory phase macrophages and white blood cells (leukocytes) enter the
wound site to clear up invading harmful agents and bacteria through the broken
network of capillaries. If a patient suffers from diabetes, then the capillary walls
are suffering from an increased stiffness by which they can break down, and extend
less due to a decreased flexibility, and thereby transport less blood containing
oxygen and indispensable nutrients. Co-agulation of blood occurs to shut-off the
wound. This is followed by angiogenesis, to restore the capillary network, dermal
regeneration, which involves contraction due to traction forces exerted by

F. J. Vermolen (&)
Delft Institute of Applied Mathematics, Delft University of Technology,
Mekelweg 4, 2628 Delft, The Netherlands
e-mail: f.j.vermolen@tudelft.nl

A. Gefen
Department of Biomedical Engineering, Tel Aviv University, Tel Aviv, Israel
e-mail: gefen@eng.tau.ac.il

Stud Mechanobiol Tissue Eng Biomater (2013) 14: 321–345 321
DOI: 10.1007/8415_2012_156
� Springer-Verlag Berlin Heidelberg 2012
Published Online: 25 November 2012



(myo-)fibroblasts, as well as wound closure by the keratinocytes that form the
basis of the epidermis (epithelium).

Many in-vitro experimental and clinical in-vivo studies have been carried out to
scrutinize the biological mechanisms that take place during the very complex
process of wound healing. Unfortunately, still many of the underlying biology is
still unclear despite the long lasting research in wound healing. In order to improve
and to prevent wounds, such as pressure ulcers or diabetic ulcers, it is important to
quantify the influence of the related partial processes taking place during the
healing of wounds. This quantification can be done using statistical analyses on
raw data using for instance genetic algorithms or other forms of artificial intelli-
gence such as neural networks. Since much data lack detailed quantitative aspects,
this holds for in-vivo data in particular, mathematical modeling is also a very
helpful tool for the quest of the interrelations between the parameters involved.
The challenge is either to build a complicated mathematical model that contains as
many of the biological parameters as possible, or to construct simple models that
contain a minimum number of parameters such that only those parameters and
processes that have the largest impact on the healing kinetics are taken into
account. The first class of models will involve many biological parameters that
need to be determined using complicated inverse modeling or any other type of
regression analysis, in which the valid question arises whether the set of param-
eters determined is the actual solution or that one should take another combination
of the parameters involved which reproduces the experiments (almost) equally
well. In other words, the question of uniqueness arises in a natural setting. This
concern is overcome by the construction of a simplified formalism of a certain
(partial) biological process occurring in wound healing. In this paper, we will
highlight the latter class of mathematical models: simplified models for partial
processes occurring during wound healing. We will look at models designed for
various scales and attempt to describe the relations between these models in terms
of the underlying biology and mathematics.

Since wound healing involves basic biological processes like cell migration as a
result of chemico-mechanical stimuli and random walk, cell proliferation and
growth, cell differentiation, cell death, secretion and signaling of growth factors,
we will incorporate many of these processes in a different way into the models at
the various scales considered. To apply these processes, one basically considers
the following mathematical approaches:

• Continuum-based partial differential equations involving transport (random
walk, chemo-tenso taxis) and mechanical balances (visco-elasticity) on a tissue
scale;

• Cellular scale involving discrete lattice models like the cellular Potts model,
cellular automata models (involving a minimization of a virtual energy with a
Monte-Carlo like scheme), or the continuous semi-stochastic approach by
Vermolen and Gefen [1] and Byrne and Drasdo [2];
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• Phenomenological models where the wound healing is modeled as a moving
boundary problem where the interface moves as a result of a growth factor and
local curvature.

The first approach involves very complicated models where many badly known
biological input-parameters are needed. A big advantage is the fact that these models
take relatively many biological parameters and subprocesses into account and that
large tissue areas and large wounds can be modeled. This class of models can be
applied to real-like in-vivo wounds of the order of centimeters or even larger. The
domain of computation needs to be discretized to obtain a finite-element (or any
other discretization) discretization in order to approximate the solution of the
resulting boundary value problems formulated in terms of partial differential
equations and its initial/boundary conditions. The parameter space and limited
availability of appropriate values is a serious drawback of this class of models.
An example concerns the availability of diffusion coefficients (i.e. random walk) or
chemotactic coefficients or proliferation coefficients, see [3–6, 7–10, 11, 12, 13, 14,
15, 16] to mention a few of them. The second class of models only takes few
parameters into account, but stays close to biology if one models in-vitro experi-
ments. An extension to in-vivo cases is not straightforward since one typically will
need to consider a large domain of computation and thereby making the number of
cells or lattice points to be considered extraordinarily large. However, information
from experiments concerning cell motility as a function of the acidity for instance,
can be incorporated in a relatively straightforward manner. Examples are the studies
presented in [1, 2, 17, 18, 19, 20]. The third model class takes few parameters as well,
however, there is not much biology involved. An advantage of this class of models
is, if the model has been set up in a clever way, that the small number of parameters
involved can be adjusted such that experimental cases can be modeled in both
in-vitro and in-vivo situations. See for the instance [21, 9, 22, 23].

In the manuscript, we will describe these classes of models and discuss their
applicability. We will mainly focus on a recently developed continuity-based
model from the second class on cellular level. Of course the models from the
cellular automata-class, such as the cellular Potts model, can be positioned in the
same kind of models. This continuous-based model mimics the migration of a
collection of cells on a planar substrate, where we also take into account a bac-
terially infected zone where an increased acidity, resulting from the competition of
cells and bacteria on oxygen and nutrients, impairs cellular mobility without the
use of a predefined computational lattice. We will show some examples of sim-
ulations. In this model cell motion is a partly stochastic process. Cell death and cell
division are modeled as stochastic processes. The original formulation of the
model can be found in Vermolen and Gefen [1]. Furthermore, we will show some
results from a newly constructed cell deformation model under the influence of
chemotaxis. Finally, we address how the results from a small scale model can be
used as input for a large scale model.
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2 Mathematical Models: From Cell Scale to Tissue Scale

In this section, we consider some mathematical models at various scales where we
introduce the models first to make the present manuscript complete. In the next
chapter, we will describe the link between modeling at various scales in terms of
the underlying biology and mathematics. In this chapter, we will mainly focus on
cell migration, proliferation and death.

2.1 The Cell Scale

In this class of model, we consider the deformation during migration of individual
cells. The cells are assumed to migrate as a result of a chemical signal. We bear in
mind that the mathematical description of the influencing signal is generic and can
easily be adapted and used to model cell deformation and growth as a result of a
mechanical signal.

2.1.1 Random Walk: From Bacteria or Cells to Probability

The model can be applied to bacterial sources where individual bacteria make the
surrounding tissue more acid by the effective production of biotic lactates as a
result of the competition between the bacteria and cells for the available nutrients
and oxygen, which make white blood cells move towards the infectious bacteria,
or it can be applied, for instance, to the migration of fibroblasts or keratinocytes,
among others, towards the wound region due to the signaling agents released by
platelets that are in the coagulated area of the wound. In the case of modeling
individual randomly moving bacteria, we use a random walk model with a sto-
chastic differential equation based on Ito-processes. The model may also incor-
porate the bacteria in an upscaled way so that only bacterial densities are
considered. First, we consider the individual random walk of bacteria. Then, in
three dimensions, the equation of motion does not contain any deterministic drift,
hence for the motion of the bacterium, we obtain

dXðtÞ ¼ rdWðtÞ; dYðtÞ ¼ rdWðtÞ; dZðtÞ ¼ rdWðtÞ; for t [ 0;

ð1Þ

subject to the prescribed initial bacterial condition ðXð0Þ; Yð0Þ; Zð0ÞÞ ¼
ðX0; Y0; Z0Þ; where the co-ordinate positions are independent. Here WðtÞ is a
Wiener process, or Brownian Motion such that the position of the bacterium is
distributed normally with mean coordinates ðX0; Y0; Z0Þ and variance of r2t for
each coordinate direction. Formally, the Wiener process satisfies the following
requirements:
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• Wð0Þ ¼ 0;
• The increments, Wðtkþ1Þ �WðtkÞ and WðtkÞ �Wðtk�1Þ are independent for any

0� tk�1\tk\tkþ1;
• For 0� s� t; the increment WðtÞ �WðsÞ has the Gaussian distribution with

mean 0 and variance t � s; i.e. WðtÞ �WðsÞ�Nð0; t � sÞ:

Further, WðtÞ is ‘stochastically continuous’ (limt!s PðjWðtÞ �WðsÞj[ �Þ ¼ 0),
where P stands for the probability. The formal analytic solution,

XðtÞ ¼ X0 þ rWðtÞ; YðtÞ ¼ Y0 þ rWðtÞ; ZðtÞ ¼ Z0 þ rWðtÞ;
for t [ 0;

ð2Þ

can be given, however the differential form is more useful in this study from a
practical point of view. The equations are classically numerically solved using the
Euler–Maruyama Method, given by

X̂iþ1 ¼ X̂i þ rDWiþ1; X̂0 ¼ ðX0; Y0; Z0Þ: ð3Þ

Here each component of DW is a normally distributed stochastic parameter with
zero mean and variance Dt; denoted by Nð0;DtÞ; and it can be proved that [24]
each component m satisfies DWm

iþ1 ¼ Wm
iþ1 �Wm

i �Nð0; 1Þ
ffiffiffiffiffi

Dt
p

; in other words, a
Gaussian distribution with zero mean and a variance of Dt: We show a run of the
solution of the stochastic differential equations with one bacterium initially located
at ð0; 0; 0Þ with mobility r ¼ 2:6833 � 10�5 m/

ffiffi

s
p
: This value was chosen from

[25] and corresponds to the classical bacillum in Fig. 1. Figure 1 shows the tra-
jectory of the bacterium over time in three dimensions. Since Fig. 1 only gives one
specific run, the trajectory itself is a stochastic parameter and hence for many
purposes the probability density function is of more importance. To this extent,
since dWðtÞ�Nð0; 1Þ

ffiffiffiffi

dt
p

and WðtÞ�Nð0; 1Þ
ffiffi

t
p
; the probability density for the

position of the bacterium at time t for each coordinate direction satisfies

fmðt; mÞ ¼
1
ffiffiffiffiffiffiffiffiffiffiffiffi

2pr2t
p exp ð� ðm� m0Þ2

2r2t
Þ; m 2 ðX; Y ; ZÞ: ð4Þ

Since the Brownian motion in each coordinate direction is an independent
stochastic event, the multi-variate probability density is given by

f ðx; y; zÞ ¼ 1

ð2pr2tÞ
3
2

exp ð� ðx� X0Þ2

2r2t
Þ; ð5Þ

which solves the initial value problem in R
3

of

ot
� r2

2
Df ¼ 0; f ð0; ðx; y; zÞÞ ¼ dðx� X0Þ: ð6Þ

Here dðxÞ represents the Dirac Delta Distribution in three dimensions, with
characteristics
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dðxÞ ¼ 0; for all ðx; y; zÞ 6¼ ð0; 0; 0Þ;
R

X3ð0;0;0Þ
dðx; y; zÞdX ¼ 1;

ð7Þ

where X is subset of R
3 with nonzero measure. For r2

2 ; which represents the

diffusivity, we used r2

2 ¼ 3:6 � 10�10 m2/s (bacillum at 37 �C). Note that if D rep-

resents the diffusivity of a species, then r ¼
ffiffiffiffiffiffi

2D
p

: Equation (5) represents a
fundamental solution to the three-dimensional diffusion equation (in an unbounded
domain), and it represents the probability density that the bacterium is localized at
position ðx; y; zÞ at time t. Note that Eq. (5) is very helpful in deriving the relation
between the stochastic differential equation of Langevin type with zero drift, see
Eq. (1) and the diffusion equation (12). The probability that a region X contains
the bacterium at time t is then given by

Pðt;XÞ ¼
Z

X

f ðt; ðx; y; zÞÞdX; ð8Þ

and note that
R

R
3 f ðt; ðx; y; zÞÞdX ¼ 1 for t� 0: We remark that if drift is incor-

porated through l ¼ ðlx; ly; lzÞ; then Eq. (1) becomes

dXðtÞ ¼ lxdt þ rdWðtÞ; dYðtÞ ¼ lydt þ rdWðtÞ; dZðtÞ ¼ lzdt þ rdWðtÞ;
ð9Þ

for t [ 0; with exact solution, if lx; ly; lz and r are constant,

XðtÞ ¼ X0 þ lxt þ rWðtÞ; YðtÞ ¼ Y0 þ lyt þ rWðtÞ;
ZðtÞ ¼ Z0 þ lzt þ rWðtÞ; ð10Þ

Fig. 1 The trajectory of a
bacterium originally located
at ð0; 0; 0Þ and moving
according to Brownian
motion with r ¼
2:6833 � 10�5 m/

ffiffi

s
p
; which

corresponds to a bacillum at
37 �C
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It is easy to check the validity of the exact solution using Ito’s calculus. The drift
term could possibly result from chemotaxis or fluid flow and induces a temporarily
shifting mean in the probability density, hence Eq. (5) is altered into

f ðx; y; zÞ ¼ 1

ð2pr2tÞ
3
2

exp �ðx� ltÞ2

2r2t

 !

: ð11Þ

It can be shown by the use of some elementary algebra that this function solves the
Fokker–Planck equation

of

ot
þr � ðlf Þ � r2

2
Df ¼ 0; f ð0; ðx; y; zÞÞ ¼ dðx� X0Þ: ð12Þ

The above concepts are very standard and were, for the case of unbiased
random walk, originally derived by Einstein to study Brownian motion of a par-
ticle. Note that we modeled the bacteria as point-sources so far. The extension to
multiple bacteria, say n; is somewhat straightforward upon approximating the
bacterial motion of each bacterium as independent stochastic processes. The
probability follows from the binomial distribution that is used to compute the
probability of k successes out of n trials where the probability of success is given
by p. Since then the probability that a certain region, say X possesses k� n
bacteria is determined through

pðt;X; kÞ ¼ n
k

� �

ðPðt;XÞÞkð1� Pðt;XÞÞn�k: ð13Þ

Hence the probability that this region X contains at least one bacteria is given by

pðt;X; k� 1Þ ¼ 1� ð1� Pðt;XÞÞn � nPðt;XÞ; ð14Þ

where the last approximation is only accurate for Pðt;XÞ 	 1: This approximation
enables us to approximate the probability density function for n particles by
nf ðt; ðx; y; zÞÞ at those positions away from the initial bacterial positions. Note also
that for t [ 0 the probability density function(s) becomes finite at each position
and that we can take the limit measðXÞ ! 0; to get an arbitrarily small probability
as the volume considered tends to zero. Hence the approach can be extended to
solving f in the case of a multi-bacterial environment under the application of the
superposition principle for linear diffusion equations. These concepts can be used
to model the bacterial density using the same partial differential equations. One
can also evaluate a convolution over the domain of computation to get the bacterial
density in case of a (piecewise) continuous initial bacterial distribution.

2.1.2 A Cell Deformation Model

In the literature, many models for cell deformation exist [26, 17], to mention a few
of them. As far as we know, one of the major issues is that most of these models
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are based on the solution of partial differential equations, and often the level-set
method is used to compute the position of the cell boundary, see for instance [26].
The level-set method requires the solution of a set of partial differential equations,
such as the level-set function itself, whose zero level curve typically coincides
with the cell boundary, the extension of the boundary velocity and a tedious re-
initialization procedure which can be done by the fast-marching method based on
the shortest-path optimization procedure, or via the solution of another nonlinear
partial differential equation. Despite the enormous flexibility of the level-set
method in terms of the ability to track interfaces also in cases where topological
changes take place, the method is very expensive. Therefore, we choose to present
a simpler method, which has been published only very recently in Vermolen and
Gefen [17]. This model is based on the sensitivity of cells to a chemical and can
therefore be applied to simulate cell migration and deformation as a result of
chemotaxis. To this extent, the cell boundary, either in 2D or in 3D, is divided into
gridnodes, which have the ability to move according to the gradient of the con-
centration of a certain chemical. This chemical could be a source of nutrition,
oxygen, a growth factor or a poisonous chemical. Further, these points are con-
nected to their neighbors and to the nucleus via springs, see Fig. 2 for a schematic
representation. In this way, surface tension of the cell membrane and the con-
nection between the membrane and nucleus via the ligaments in the cytoplasm are
dealt with. First, we consider the modeling of the chemical sources and subse-
quently we consider the equations of motion of the points on the cell boundary.

To approximate the concentration of the chemical that gives raise to chemo-
taxis, we will use an approach based on Fundamental solutions of the diffusion
equations in unbounded domains such as Eq. (5). For the release of the chemical

Fig. 2 A schematic of the
distribution of springs that
forms the backbone of the
cell skeleton in the model
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agent that attracts cells, we assume all sources to be very small compared to cell
areas and therefore, we approximate these sources as point-sources. Here, we will
assume that a point source is able to move, for instance via Brownian motion, but
that the diffusion-field that surrounds it, sets in either instantaneously or gradually
builds up in time. These point sources can correspond to either bacteria or to points
on the cell boundary of other cells. First we consider the instantaneous diffusion
field. For this purpose, we consider a point-source in 2D that moves according to a
trajectory ðXðtÞ; YðtÞÞ moving under (biased) Brownian motion for instance [see
Eq. (1) or (9)], for which we have for ðx; yÞ 2 R

2 and t [ 0

�DDc ¼ cðtÞdðx� XðtÞ; y� YðtÞÞ: ð15Þ

Here c denotes the concentration of the chemical, which diffuses with a diffusion
coefficient D. Further, c denotes the strength of the point-source, which may
change in time as a result of being present or not being present, and dð:Þ denotes
the Dirac Delta Function. The solution to this differential equation is given by

cðt; ðx; yÞÞ ¼ � cðtÞ
2pD

lnððx� XðtÞÞ2 þ ðy� YðtÞÞ2Þ; ð16Þ

in R
2; which can be found in textbooks like for instance [27]. For the 3-D case, we

report that the Green’s Function is given by

cðt; ðx; y; zÞÞ ¼ 1
4pDjjx� XðtÞjj ; ð17Þ

In the case of multiple, say n, sources, with intensities cj and positions
ðXjðtÞ; YjðtÞÞ; linearity of the diffusion equation allows us to use the superposition
principle, to obtain

cðt; ðx; yÞÞ ¼ �
X

n

j¼1

cjðtÞ
2pD

lnðjjx� XjðtÞjj2Þ: ð18Þ

For a continuously distributed source-function Qðt; ðx; yÞÞ that is non-zero in X 

R

2; we get the following convolution-based solution

cðt; ðx; yÞÞ ¼ � 1
2pD

R

X
Qðt; ðx; yÞÞ lnðjjx� xjj2ÞdX; ð19Þ

where the above integral is evaluated over ðx; yÞ: The 3D case can be treated
analogously.

For the case of a transient diffusion field, we proceed analogously to the steady-
state case with the application of delta-functions to deal with the point sources,
then we arrive at

oc
ot � DDc ¼ cðtÞdðx� XðtÞ; y� YðtÞÞ; for ðx; yÞ 2 R

2; t [ 0; ð20Þ
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in which we assume that ðXðtÞ;YðtÞÞ represents a certain trajectory. Initially, the
concentration is assumed to be zero, and then the following solution for the 2-
dimensional case, as a Green’s Function, is derived according to the principles
outlined in Evans [27]:

cðt; ðx; yÞÞ ¼
R

t

0

cðsÞ
4pDðt�sÞ exp � jjx�XðsÞjj2

4Dðt�sÞ

� �

ds; ð21Þ

for the two-dimensional case and

cðt; ðx; y; zÞÞ ¼
R

t

0

cðsÞ
ð4pDðt�sÞÞ3=2 exp � jjx�XðsÞjj2

4Dðt�sÞ

� �

ds; ð22Þ

for the 3-D case, see also Eq. (5). Using this Green’s Function, any solution with
sources having a compact support, but non-zero measure can be constructed, or
any initial condition, by the application of superposition arguments that result into
a convolution. For completeness, we give the result for n discrete point sources at
the points ðXjðtÞ; YjðtÞÞ and strength cjðtÞ for j 2 f1; . . .; ng:

cðt; ðx; yÞÞ ¼
P

n

j¼1

R

t

0

cjðsÞ
4pDðt�sÞ exp � jjx�XjðsÞjj2

4Dðt�sÞ

� �

ds; ð23Þ

as well as for a ‘continuous’ source that lives in X 
 R
2; we get the following

solution by the use of convolution

cðt; ðx; yÞÞ ¼
R

t

0

R

X

Qðs;ðx;yÞÞ
4pDðt�sÞ exp � jjx�xjj2

4Dðt�sÞ

� �

dXds: ð24Þ

The treatment in R
3 is fully analogous.

Next we consider the dynamics of the points on the cell boundary. Inertia is
neglected in the present formalism. The computational domain may be given by a
flat two-dimensional substrate, where we consider projections of cells or by a
three-dimensional domain where cells move through extracellular matrix or a gel-
like medium. We divide the circumference of the cell into N points. On each point,
the cell detects a chemical signal and each point moves according to the con-
centration gradient that is constructed by a (sequence of) fundamental solutions.
Further the direction of motion, as well as the velocity of the points are determined
by the degree of deformation. To this extent, we use the following phenomeno-
logical law for the motion of the gridpoints on the cell boundary

vi ¼ brcðt; xiÞ þ a xcðtÞ þ x̂i � xiðtÞð Þ; for i 2 f1; � � �;Ng; ð25Þ

where b denotes a mobility parameter of the cell boundary. This parameter is a
measure for the deformation rate of the cell and also represents a measure of the
sensitivity of the cell boundary to the concentration gradient. This b-term models
chemotaxis. Further, the a-term models the ‘desire’ of the cell to attain its
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equilibrium shape and size. The parameter a[ 0 is a measure of the stiffness of
the cell. The position of the point i, which depends on time, is denoted by xiðtÞ:
The velocity of the point is denoted by vi: Further, the position of the cell center is
given by xcðtÞ and the initial positions of the boundary nodes minus the initial
position of the cell center are denoted by x̂i: The above equation guarantees that
the velocity is directed towards the largest increase of the concentration, and that
its magnitude depends on the magnitude of the concentration gradient. Note that in
the case of repulsion, for instance due to a poison, the sign of the b-term should be
reversed.

The movement of the cell boundary makes the cell deform and change its
position. Furthermore, the cell area or volume changes as well. Since the cell
consists of both fluids and solid polymeric matter, the cell is classically modeled as
a visco-elastic medium. This means that the volume of the cell is not necessarily
conserved. It is possible to inhibit volumetric changes by enlarging the a-param-
eter if the volume of the cell increasingly differs from the initial cell volume. The
model is described in more detail in Vermolen and Gefen [17]. An example of a
three-dimensional computation of the model is shown in Fig. 3. The input-data
were the same as in Vermolen and Gefen [17], see Table 1.

In this figure it can be seen how a cell deforms and migrates to engulf the
bacteria. Once the bacteria have been neutralized, the cell deforms back to its
equilibrium shape. In [17], the model is extended to multiple cells where each cell
secretes an agent that attracts the other cells. The model is based on the assumption
that a cell registers the difference between the present concentration profile and the
concentration profile from its own secretion. A repulsive force between gridnodes
on different cells is introduced to prevent the cells from overlapping. The phe-
nomenological relation of the repulsive force is inspired by the Lennard–Jones
potential from electromagnetics. Since the medium through in which the cells
deform is nonhomogeneous and anisotropic, a stochastic component is added to
the equation via a Wiener process. This makes Eq. (26) stochastic:

dxi ¼ brcðt; xiÞdt þ a xcðtÞ þ x̂i � xiðtÞð Þdt þ rdWðtÞ; for i 2 f1; � � � ;Ng; ð26Þ

where W ¼ ðWx;Wy;WzÞ is a vector with Wiener processes Wx; Wy and Wz and r
is a measure for the uncertainty (standard deviation) induced by nonhomogeneities
of the medium. The first two terms are deterministic and hence represent classical
drift. Some computed results with a stochastic contribution can be found in
Vermolen and Gefen [17]. In this manuscript we only show a deterministic run in
Fig. 3. In Fig. 4, we plot the times of engulfing a bacterium versus the cell stiffness
and mobility. It can be seen that an increase of cell stiffness and/or a decrease of
cell mobility delay the engulfment of bacteria. This computation can be used to
quantify the influence of cell stiffening and motility decrease due to certain dis-
eases. This simulation models the effectiveness of the immune response as a
function of the properties of the immunity cells like white blood cells.
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2.2 The Colony Scale

To make the present manuscript as self-contained as possible, we repeat some of
the equations presented in Vermolen and Gefen [1]. Presently, we are also
extending the model to simulate infected cell colonies. To this extent, we consider
a flat substrate on which cells are allowed to move. The projection of the cells onto
the substrate is assumed to be circular. Upon moving, each cell exerts a traction

Fig. 3 Snapshots at consecutive times of a cell engulfing bacteria

Table 1 Values for the
various parameters used

Parameter Value Unit

b 5 mm4/h/mol
c 1 mol/mm3/h
� 0:01 mm6/h
D 1

4p mm2/h

a 1:5 1/h
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force onto the substrate. This force generates a strain field around the cell that is
sensed by the other cells if the strain energy density exceeds a certain threshold. In
this way cells that are distant from each other sense each other’s presence and
hence these cells communicate with one-another, if they are not too far away from
each other. This inter-cell communication over substrates through mechanical
forces and sensing was experimentally observed by Byrne and Drasdo [2]. In this
model, the deformation of the cells is not modeled, and cells are treated as circles
with a constant radius R and hence only the coordinate positions of the cell centres
need to be computed and stored. In the present manuscript, we will disregard the
randomness in the motion of the cells. In [1] a random contribution to cell
movement is introduced via a uniform probability distribution. One could improve
this formulation through a standard normal distribution so that the stochastic
component is built up by a Wiener process. Besides movement of cells, we also
incorporate the basic biological processes like cell division and death. Despite the
fact that cell division and death can be predicted more-or-less if the entire history
of a cell is known, these two fundamental processes are modeled as stochastic
processes. The reason is that the history of the cells is not known and that the
circumstances, although modeled as idealized, are not known well. In the model,
we consider nðtÞ cells. Due to cell division and death the integer n depends on
time. These cells are able to divide or die with respective probabilities p and q per
unit of time. Further, the viable cells pull the substrate with a force F̂; hence for
cell i, we have

Fi ¼
F̂; if the cell is viable

0; else

(

ð27Þ

The cells sense the strain energy density and the direction of the largest increase of
this parameter, i.e. the gradient. Given a cell radius R and a Young’s Modulus of

Fig. 4 The engulfment time
versus cell stiffness, a; and
cell mobility, b
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the substrate Es; the strain energy density as a result of cell i pulling on the
substrate is computed by

M0
i ¼

1
2

r� ¼ 1
2

EsðriÞ�2 ¼ F2
i

2EsðriÞp2R4
; ð28Þ

where the last step can be evaluated using some standard Hookean relations from
mechanics, see [1]. In [1], we show by the use of finite-element simulations, that
the strain energy density away from the cell can be approximated by

MiðrÞ ¼ M0
i expf�ki

jjr�rijj
R g; for r 2 X; i 2 f1; . . .; ng; ð29Þ

where ri represents the location of cell i, projected on X; further ki is a measure of
how much the signal is attenuated, where we have

ki ¼
EsðriÞ

Ei
: ð30Þ

Here Ei represents the Young’s Modulus of the cell. Using the additivity-property
of the strain energy density, the strain energy density for a superposition of cells is
given by

MðrÞ ¼
P

n

j¼1
MjðrÞ ¼

P

n

j¼1
M0

j expf�kj
jjr�rjjj

R g: ð31Þ

Let riðtÞ denote the position of the cell center i at time t, then using this expression,
the mechanical stimulus sensed by the ith cell is computed via

MðriÞ ¼
X

n

j¼1

MjðriÞ ¼
X

n

j¼1

M0
j expf�kj

jjri � rjjj
R

g

¼ M0
i þ

X

n

j¼1j6¼i

M0
j expf�kj

jjri � rjjj
R

g; for all i 2 f1; . . .; ng:
ð32Þ

Note that the cell’s own contribution is also incorporated in this formula. Next, we
repeat some of the formulas in Vermolen and Gefen [1] for the determination of
the direction in which the cell is moving. The direction is determined by all the
vectors connecting the other cells felt by the considered cell. The weight factors
are given by the strength of the signal, in this case the strain energy density,
experienced by the cell. This implies the following (deterministic) direction:

zi ¼
X

n

j¼1j 6¼i

MjðriðtÞÞ
rj � ri

jjrj � rijj
; for all i 2 f1; . . .; ng; ð33Þ

where a contributing term is mapped onto zero if jjri � rjjj ¼ 0: The unit vector
follows from the normalization:
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ẑi ¼
zi

jjzijj
: ð34Þ

The velocity vector is constructed by the multiplication of this direction vector by
the signal strength that is sensed by the considered cell to obtain:

r0iðtÞ ¼ aiMðriÞẑi: ð35Þ

Here the cell velocity is modeled as instantaneous. In [18], we present a modifi-
cation to incorporate the inertia effects into this formulation. The above equation
can also be enriched with a stochastic contribution as is done in Vermolen and
Gefen [1] using a uniform distribution or using Brownian Motion as in Eq. (9).

Further, ai is a velocity parameter with a dimension m2s
kg

h i

¼ m3

Ns

h i

; determined by

ai ¼
Fi

F̂

� �2

bi
R3

f
: ð36Þ

Note that F̂ is a property of the specific phenotype of the cell. The coefficient bi;

with unit s�1; accounts for the mobility of the viable cell over the substrate surface.
In [18], we incorporate the concentration of an infectious agent that typically
results from bacteria. The cell-substrate friction effectively represents the averaged
contribution of focal adhesions along the entire base of the cell without considering
each localized connections of integrins. In [1], it is shown that ai is determined by

ai ¼
biR

3

lF̂2
Fi; ð37Þ

where l (¼ 0:2 following [28]) denotes the cell friction coefficient. In [18], inertia
is taken into account. Since this effect is known to be small, this effect is omitted in
the present manuscript.

The cells will push each other away if they are too close together. This will give
rise to repelling contact forces once these cells impinge elastically. The contact
forces are due to the linear deformation of the cell bodies. In the present manu-
script, the principles outlined in Gefen [28] are used. In [1], the derivation of the
invagination force based on the work in Gefen [28] is given. In this manuscript, the
final result for the strain energy density is given, which reads as

Mij ¼ 6
15

ffiffiffiffiffi

R�
p

E�h
5
2

pR3
; ð38Þ

where h ¼ maxð2R� jjrijjj; 0Þ is the indentation of cell i into cell j and vice versa.
The final result for the total strain energy density function becomes

M̂iðrÞ ¼ MiðrÞ �Mij; ð39Þ
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where M̂i and Mij respectively denote the total strain energy density and the
contribution to the strain energy density from the elastic interaction between
neighboring cells. This quantity should be regarded as some energy relative to a
certain energy level or as a potential in order to allow it to have negative values.
For more details, we refer to [1]. The data that we use here can be found in
Table 2.

We show some snapshots of a cell-colony simulation for ‘wound healing’ in
Fig. 5. The red dots denote the cells that are moving towards each other as a result
of mechanical pulling and their mechanical sensing. The snapshots at consecutive
times show how the ‘wound’ closes. Further, we show the ‘wound area’ versus
time in Fig. 6. It can be seen that first the ‘wound’ expands a bit and subsequently
the ‘wound’ contracts. The curve shows a bit of noise that originates mainly from
the randomness in cell division and cell death. The overall curve looks like a
sigmoid relation. This is confirmed by in-vitro experiments on cell colonies. If one
likes to model angiogenesis and its relation to wound healing, one could use a
cellular automata model for instance and combine this model with the presently
described model.

2.3 The Tissue Scale

In order to be able to perform simulations over larger volumes and areas of tissues,
individual cells are no longer tracked. Instead, cell densities are considered. In
other words, the number of cells per unit volume or area is considered. This
approach gives a system of partial differential equations (PDEs) where densities of
several cell types are considered. In [29], among many other studies, a PDE-model
for cutaneous wound healing is considered in terms of tracking the densities of
fibroblasts, endothelial cells (to model angiogenesis), and keratinocytes are con-
sidered. The right-hand side in the above PDE contains a logistic growth term to
account for an increase of cell density towards an equilibrium (i.e. the undamaged
state). Furthermore, the levels of oxygen, VEGF, and extra-cellular matrix are

Table 2 Input data

Quantity name Symbol Value Unit

Substrate elasticity Es 5 kPa
Cell elasticity Ec 0.5 kPa
Cell radius R 4 lm
Cell traction force F̂ 1 lN

Cell death probability p 0.001 –
Cell division probability q 0.005 –
Probability of velocity perturbation pmp 0 –
Cell mobility coefficient bi 0:167 � 10�3 s�1

Initial relaxation parameter j 1000 s�1

Friction coefficient l 0.2 –
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Fig. 5 Four snapshots of a closing gap: a the initial state, b after 4 h, c after 15 h, and d after 32 h

Fig. 6 The gap area as a
function of time
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considered in the model. Next to these biological quantities, the local stress-strain
pattern as a result of the contractile forces exerted by fibroblasts are dealt with by
the solution of visco-elastic equations (Maxwell-model). This class of models is
useful to model processes like angiogenesis, wound contraction and wound closure
and this class has also be extended to model processes like tumor growth. An
advantage of this model class is its applicability to in-vivo cases. Unfortunately,
this class of models that contains a system of complicated nonlinear PDEs suffers
from the incorporation of huge number of parameters which often are hard to
measure. In this manuscript, we will not present a detailed model for wound
healing, however, we will give a very simplified flavor of this model class by the
consideration of a single partial differential equation that can be used to model
wound closure in an in-vitro setting. To this extent, we consider the relatively
simple Fisher–Kolmogorov equation, which reads as

ou

ot
� DDu ¼ kuð1� u

u0
Þ; t [ 0; ðx; y; zÞ 2 X; ð40Þ

subject to some initial condition, that reads as

uð0; ðx; y; zÞÞ ¼ u0ðx; y; zÞ ¼
u0; ðx; y; zÞ 62 Xw;
0; ðx; y; zÞ 2 X n Xw:

�

ð41Þ

Here u denotes the cell density, u0 denotes the undamaged equilibrium cell density
and Xw denotes the area of the initial wound. Furthermore, in the PDE cell motion
is determined through random walk only and the right-hand side models growth of
the cell population towards an equilibrium. A snapshot at 12:5 h of the cell density
(number of cells per unit volume or area, normalized to unity) is shown in Fig. 7.
We used an initial circular ‘wound’ of radius 1 mm, D ¼ 10�4 mm2=h; and
k ¼ 0:7 h�1. If one also encounters chemotaxis, then the cells move according to
the concentration gradient of a generic chemical. Each cell moves according to the
aforementioned concentration gradient, hence in the case of u cells per unit area or
volume, the amount and direction of cell movement are determined by the con-
centration gradient of the chemical multiplied by the cell density u, which gives

ou

ot
� DDuþr � ðubrcÞ ¼ kuð1� u

u0
Þ; t [ 0; ðx; y; zÞ 2 X; ð42Þ

where b and c, respectively, denote the sensitivity and motility of the cells as a
result of chemotaxis, and the concentration of the chemical that gives rise to
chemotaxis. Here also a profile of the chemoattractant needs to be determined,
which already increases the parameter space considerably. Note that the above
equations corresponds to a drift term that is given by brc in the stochastic
counterpart. This equation models mobility of cells towards the concentration
gradient of c, whereas reversing the sign would model mobility of cells away from
the concentration gradient. In the case of a bounded domain of computation, then
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one needs to formulate a boundary condition, such as setting the cell density equal
to the equilibrium undamaged cell density or by imposing a no-flux condition. The
Fisher–Kolmogorov equation admits traveling wave solutions, see [30] for
instance. Furthermore, in a bounded domain, one often solves this PDE by the use
of discretization techniques, such as the finite-element method. The wound
boundary, which moves in time, is classically tracked as a level-curve of the cell
density. The choice of the value for the level-curve is somewhat arbitrary, how-
ever, it gives a good qualitative picture of the kinetics of wound healing predicted
by this simplified version of the PDE-continuum based models. Using the prin-
ciples that were outlined Sect. 2.1.1, one can also regard the cell density as a
measure for the likelihood to encounter a cell at a certain position and time. If cells
are considered as point masses, then the principles outlined in Sect. 2.1.1 are
helpful. However, if cells get compressed, then one should incorporate the cell
volumes or areas. In the case of ‘supersaturated’ cell colonies, the cells are
compressed and thereby their sizes are small. On the contrary, the ‘subsaturated’
cell colonies, in general contain elongated cells and thereby the sizes are larger. In
both cases the same portion of the computational domain can be considered and
hence the likelihood to find a cell at a certain position and time could thereby be
equal. Hence the probability measures nonlinearly with the cell density in case of
relatively large cells which cannot be treated by the use of point sources. There-
fore, it was argued by Vermolen et al. [21] that the likelihood proceeds nonlinearly
and that the curve of the likelihood versus the cell density exhibits a concave-
downward relationship. An alternative point of view is to use the solution u to
represent the quality of the tissue at a certain position, where u ¼ u0 represents the
undamaged quality which could be equal to unity. The quality of the overall tissue
could be quantified by

QðXÞ ¼
R

X udX

u0AreaðXÞ : ð43Þ

Fig. 7 A snapshot of the
solution to the Fisher–
Kolmogorov equation as an
elementary model for wound
healing
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In this way, the quality of the tissue can be evaluated over time within a certain
region, which also gives a useful indication of how the wound heals. This can be
applied to more complicated models based on the solution of PDEs. We note that
the computational model is extremely simple, and we refer for more complicated
mathematical models to Vermolen and Javierre [29].

3 The Relation Between the Scales Involved

The three model classes give insights in their own way in their own scales. The cell-
level models tell us how the shape of the cell actually behaves during the process of
migration, which plays a major role in wound closure, wound contraction, but also in
processes like tumor growth, as well as in the immune system. The measure of how
much a cell can deform depends on its stiffness. Diseases that impair the cell stiffness
(by for instance making the cell stiffer), will influence how the cell deforms when it
is moving. In the case of the immune system, more elastic cells need to migrate over
an only smaller distance to engulf a bacterium or any other harmful agent, see Fig. 4.
This means that the bacteria or agents are neutralized within less time, and that less
energy is consumed if the cell is flexible. In future studies, we will analyze the
energy consumption of the immune system. Thereby, it can be concluded that the
cell stiffness influences the efficiency of the immune system, next to the known
parameters like the blood vessel stiffness and the number of white blood cells in the
sense that if the cells are stiffer for some reason then the immunity response becomes
less efficient. This holds for the immune system but also for the cells (for instance
fibroblasts) that converge during processes like wound healing. The reason is that if
cells converge to each other and if cells are relatively stiff, then it will take more time
until cells are in physical contact. During the early stages of wound healing, flexible
cells will be elongated as they move towards each other. Hence at the earliest stages
at which the wound is closed, the cells are elongated if they are flexible. In the course
of time as more cells have appeared due to cell division, the cells will get their
cobble-stone shape. An example of a micrograph with different cell shapes in a cell
colony is shown in Fig. 8.

If the cells are very stiff, then wound closure will be retarded since the cells are
not able to elongate and hence the state of wound closure with elongated cells,
which is the first stage of the wound being fully or partly closed, does not exist.
Hence, the cell deformation model is very helpful in predicting the macroscopic
closure rate of the wound. This issue will be investigated quantitatively in future.

The results from the cell colony model describe the nature how large numbers
of cells converge, divide and die during processes like wound healing or tumor
growth. In these models cell velocities, as well as cell division and death rates are
used. These quantities are relatively easy to measure and thereby a good estimate
of the wound healing kinetics can be obtained. Furthermore, the biological nature
of wound healing is evaluated by monitoring the shape of the wound edge, and a
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close link to in-vitro experiments with one-layer cell colonies can be established
easily. Note that in the cell deformation model we considered a chemical signal
driving cell edge mobility. Without any complication, it is mentioned that the
mathematical nature of this signal is very generic and hence that this signal can
also represented by a strain energy density as in the cell colony model. This
generic nature of course also applies for the cell colony model where we could use
a chemical signal using the same mathematical principles. Both the cell-scale and
colony-scale models can model processes like chemotaxis and tensotaxis.

The transfer of the information from the cell colony model and hence also from
the cellular model, in a certain sense is done by considering the theory outlined in
Sect. 2.1.1 in case of random walk with a well-defined drift component. It can be
seen that the cell diffusivity is related to the average cell velocity. This, however,
only holds for the treatment of cells as so-called point sources that move inde-
pendently. Incorporating the cell areas or volumes will make the treatment more
challenging. However, if the cells or bacteria are sufficiently small compared to the
mean distance they travel over a certain amount of time, then the approach in
Sect. 2.1.1 is quite reasonable. The incorporation of chemotaxis, or analogously
tensotaxis, the amount of biomass per unit area or volume that moves over a
certain distance within a unit of time is proportional to the number of cells per unit
volume or area, that is the cell density, times the concentration gradient scaled by a
factor of proportionality. This is how the classical linear version of the Keller–
Segell model for chemotaxis results. The continuum-based scale allows the use of
larger tissue areas and hence allows to consider realistic in-vivo wound sizes. The
transfer from colony models to PDE models, also strongly depends on the modes

B

Fig. 8 Two time-sequence
micrographs, taken 4 h apart,
which demonstrate shape
changes in NIH3T3
fibroblasts which cover a
local damage site: A oval
elongated shape of migrating
cells. B Multi-polar cell
shapes when cells are resting
and well-spread at a sub-
confluent density; note the 4-
poles cell in the center of the
magnified frame.
C Polygonal cell shapes in
dense confluent sites. The
scale-bar represents 100 lm
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that are incorporated in the modeling. If migration of cells is not only random, nor
determined by any chemical signals, then, the tensotaxis could be modeled, which
results into a completely different model where the diffusivity-tensor depends on
the local strains. We note that the total local strain-tensor at any point within the
domain of computation is determined by taking summing over the contributions of
all individual cells. In a PDE-setting, one has to evaluate the cell density, which is
the number of cells per unit of area or volume, and the forces that they exhibit. In
our colony model, the strain energy density is evaluated as a result of adding the
contributions of all individual cells that are present in the colony. To upscale this
tensotaxis is by all means less trivial to carry out then upscaling processes like
chemotaxis or random walk, and hence this is a challenge for future research.
Though, it is tempting to upscale the models and many processes, though in some
cases it is very difficult to incorporate all the information from the models. An
example is the size of the cells in the colony models. The cell size certainly has an
influence on the modeling outcomes in the sense that if large cells disappear then a
relatively large gap arises. This enlargement of the cell radius makes the profile
more prone to noise.

4 Modeling Several Processes in Wound Healing

The models that we considered here are very generic of nature and until here the
presentation has mainly focused on wound closure or gap closure. Apart from gap
closure, infections are very common to occur in clinical or real-world wounds. To
this extent, we also plan to model bacterial infections, in which bacteria compete
with the basis cells, such as fibroblasts or keratinocytes, on nutrients and oxygen,
and thereby increase the tension of biotic lactates, which increase the acidity. The
colony model has been extended with bacteria that move around and divide ran-
domly. Bacterial motion is purely modeled as a Wiener process, by the use of
equation (Sect. 2.1.1) with a certain division and death probability and release rate
of biotic lactates. This chemical release is modeled by the use of Green’s Fun-
damental solutions to the diffusion equation, and therewith in fact, the concen-
tration of lactates as a result of a score of bacteria is determined using a
superposition argument. A pilot study has been carried out in Vermolen and Gefen
[18]. In this work, it is assumed that the cellular mobility decreases with increasing
concentration of biotic lactates. A final conclusion of this work is that the decrease
of motility causes gaps not to close anymore, hence the initial wound does no
longer close entirely and that ‘micro-gaps’, which result from local cell death, and
which would normally be occupied by newly appearing daughter cells from cell
division, are no longer filled up due to decreased cellular motility. Hence the
decrease of cellular motility leaves the gap open (for a long time) and can also be
held responsible for the decrease of the quality of tissue. In principle white blood
cells clear up contaminants and bacteria, and therefore we are working on a
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colony-model that also clears up the bacteria by introducing white blood cells into
the model.

We extended the simulations that we showed here for the three-dimensional
cells that deform and migrate to the case of white blood cells (leukocytes) that
leave a small blood vessel to head for an infection to neutralize the bacteria
present. This modeling is currently done by the use of colony models and cell
deformation models. Here a translation to the use of PDEs for continuum models is
also to be made. We are also in the process of doing this and the results will appear
in future papers. A final stage is the remodeling stage where the tissue remodels to
transform from a scarred state into the fully undamaged state. To simulate this
remodeling process, which is important in the context of hypertrophic scar for-
mation as a result of burns, both the cellular and PDE-based models will be very
useful since fibroblasts having several properties due to various chemico-
mechanical environments will be taken into account.

Until now, we described the modeling of several biological processes: cell
division, cell migration (due to random walk, tensotaxis or chemotaxis). Immobile
processes like maturation towards cell division or cell differentiation can be
modeled in cell colonies like stochastic processes. In fact, if the entire history path
in terms of the chemical and mechanical environment is known then the time at
which the cell differentiates or divides is determined. This advocates for a
deterministic approach for cell division or differentiation processes. An example of
such a model can be found in the age-structured model by de Vries et al. [31] for
the computation of age-distributions in population dynamics or Prokharau et al.
[32] for the modeling of cell differentiation with a maturation space variable
(which corresponds to complete differentiation whenever this variable is one and
to a fully undifferentiated state whenever the value zero holds). The latter model
also contains biological processes like cell migration and cell division. This
modeling class is based on solving an advection equation for the cell density per
unit of maturation and can be extended to the incorporation of the physical space
to model cell migration. In real-world situations, the entire history path of the cells
is not exactly known or even hardly known. To this extent, the hypothesis of
deterministic modeling is violated and one has to rely on stochastic processes. In
the current paper we limited ourselves to modeling cell division as a purely ran-
dom process. Probably it is more accurate to model cell differentiation by means of
both a stochastic and deterministic component.

5 Conclusions

We presented a review of our ongoing work in simulation of wound healing on
various scales. All scales give their own bits of information: The cell-based model
for cell deformation can be used to analyze the shape changes a cell experiences
under the influence of an attracting or repulsing chemical or under the influence of
a local strain pattern. The cell-colony models can be used to look at the dynamics
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of large number of cells upon using just a few, well accessible parameters as a
function of the local chemical condition of the substrate or tissue. Further, the third
scale is based on the continuum-hypothesis and is hence based on (systems of)
PDEs. These PDEs can be solved using discretization techniques such as finite-
element techniques or discontinuous Galerkin methods combined with limiters
when the equations are chemotaxis-dominated (or mathematically speaking, pre-
dominantly hyperbolic). The paper describes the relations between the various
scales involved in terms of stochastic and deterministic relations.
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