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Abstract This chapter begins with an overview of the relevant literature on theoret-
ical approaches to modeling biofilms, quorum sensing in bacteria, and anti-quorum-
sensing treatment. Following this, new mathematical models are proposed to inves-
tigate anti-quorum-sensing treatment in batch cultures and in biofilm environments.
Details for the models’ derivation are aimed so that readers with a nonmathematical
background will have a good idea of how such models are constructed and stud-
ied. Three anti-quorum-sensing targets are investigated, and a wide variety of out-
comes in terms of successful treatment are predicted depending on treatment type,
strength, and timing. The many interesting conclusions that can be drawn from the
presented results are discussed in detail, including ideas for new experiments, many
of which would be considered routine, that will provide deeper insights into how
anti-quorum-sensing treatments could be highly effective means of controlling bac-
terial behavior in a variety of situations and environments.

1 Introduction

The application of mathematics to biology in antiquity was probably little more than
a tool to assist in the counting of sheep or cattle. The modeling of population growth
seems to have had its beginnings in the Middle Ages, the most famous work being
that of Fibonacci of Pisa. In Liber Abaci, published in 1202, he derived a formula
for rabbit population growth which states that the current population is given by the
sum of those of the previous two months, thereby generating his famous eponymous
sequence (1, 1, 2, 3, 5, 8, 13, 21, 34, 55, etc.), which essentially amounts to expo-
nential growth. There have, of course, been considerable advancements in the fields

John Ward (�)
Loughborough University, Department of Mathematical Sciences, Leicestershire, UK,
e-mail: john.ward@lboro.ac.uk

N. Balaban (ed.) Control of Biofilm Infections by Signal Manipulation
Springer Series on Biofilms 2
doi: 10.1007/978-3-540-73853-4, c© Springer 2008

79



80 John Ward

of science, mathematics, and computation since then; however, the basic modeling
process is no different from that undertaken by Fibonacci. The aim of mathematical
modelers is to formulate a model based on scientifically motivated mechanisms, in-
vestigating the resulting system of equations to see whether they can reproduce ob-
servations and make new predictions to motivate further experimentation. Ideally,
through repeated cycles of model development, validation, and modification, sig-
nificantly more insight into a problem will be gained than would be possible from
experimentation alone. The modeling of quorum-sensing (QS) inhibition therapies
in biofilms is in the first such cycle of model development.

Because of their importance in many industrial processes, there has been a long
history in biofilm modeling by mathematicians and engineers. Broadly speaking,
most mathematical modeling falls into two categories:

1. Continuum models, i.e., models that generate differential equations. See, for ex-
ample, Atkinson and Davies (1974a,b), Bakke et al. (1984), Dillon et al. (1996),
Dockery and Klapper (2001), Freter et al. (1983), and Rittmann and Manem
(1992). More examples are discussed below. A pre-1999 review is given in
Chaudhry and Beg (1998).

2. Cellular automata, i.e., computational models that use probabilistic “rules” to
describe movement and growth from one time-step to the next. See, for exam-
ple, Eberl et al. (2000), Gonpot et al. (2000), Kreft (2004), Kreft et al. (1998),
Noguera et al. (1999), Picioreanu et al. (1998a,b, 2000, 2004), and Wimpenny
and Colasanti (1997).

The first approach has the advantage of being more amenable to mathematical anal-
ysis and is usually computationally less expensive. In this chapter, a continuum
model will be presented that views the biofilm as a multiphase fluid whose growth
is principally governed by nutrients that diffuse into the biofilm from the surround-
ing fluid. This general approach has been adopted by a number of authors investi-
gating single-species biofilm growth (Pritchett and Dockery 2001; Stewart 1994),
multispecies biofilm growth (Wanner and Gujer 1986; Wanner and Reichert 1995),
growth in porous media (Chen-Charpentier 1999; Tiwari and Bowers 2001), growth
in conduits (Szego et al. 1993), the role of the biofilm matrix (Cogan et al. 2005),
and antimicrobial resistance (Cogan and Keener 2004).

The mathematical modeling of QS has less history, starting with the near simul-
taneous publications from three groups, namely James et al. (2000), Dockery and
Keener (2001), and Ward et al. (2001). The first two of these papers modeled QS
at the molecular level, using the law of mass action to formulate a model consist-
ing of a system of ordinary differential equations. Here, the relevant timescale is in
the order of minutes, whereby the population will remain approximately constant
and thus act as a parameter in their system. Within appropriate parameter regimes,
the authors’ analyses showed that there exists a population threshold between very
low and very high QS activity. Fagerlind et al. (2003, 2005) extended the work of
James et al. (2000) to model the QS system of Pseudomonas aeruginosa to study
in detail the QS regulatory hierarchy (Fagerlind et al. 2003) and the role of an en-
dogenously produced acyl-homoserine lactone (AHL) antagonist (Fagerlind et al.
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2005). Recently, Gorychev et al. (2006) used the same modeling approach to in-
vestigate the role of AHL binding with dimeric transcriptional regulators, conclud-
ing that dimerization enhances the QS switchlike behavior. Dockery and Keener
(2001) and Nilsson et al. (2001) extended these ideas to investigate QS behavior in
biofilms, though biofilm growth was not considered in detail. The majority of mod-
els have focused on LuxRI homolog systems in gram-negative bacteria, Koerber
et al. (2005) used a stochastic modeling approach to describe the QS system em-
ployed by the gram-positive Staphylococcus aureus. In particular, they studied the
role of QS of individual bacteria internalized by nonprofessional phagocytes within
endosomes (Hudson et al. 1995), a pathogenic trait that enables bacteria to repro-
duce within living cells, which is believed to play an important part in prolonging
infection.

In the interest of developing a model that can be parametrized using results from
routine batch culture experiments, as well as one that can be easily extended to
model more complicated situations, Ward et al. (2001) proposed a simple popula-
tion scale model of QS activity. The timescale of interest is in the order of hours,
and the model tracks changes in total population and in subpopulations, the latter re-
flecting QS activity governed by AHL concentration. The model has relatively few
parameters, and data fitting was made possible using results from batch cultures of
several strains of P. aeruginosa, whereby hourly samples were taken and analyzed to
obtain population density and concentrations of the AHLs 3-oxo-C12-homoserine
lactone (OdDHL) and N-butanoyl-l-homoserine lactone (BHL). The model predicts
that the switch from a principally downregulated to an upregulated population oc-
curs very rapidly in comparison to population growth. Ward et al. (2004) extended
this model to investigate a range of negative feedback mechanisms known to be
involved in QS. A key result was the prediction that a population that would be con-
sidered to be QS-active may consist only of a small proportion of upregulated cells
at any one time (approximately 5–20%). A simple model for QS in a wound was
investigated by Koerber et al. (2002). This model couples the QS model of Ward
et al. (2001) with a compartmentalized representation of a wound in which AHL
molecules can be lost to the bacteria through diffusion into neighboring regions.
Interestingly, the model predicts a rapid jump in QS activity just like that observed
in batch cultures, indicating that the QS process is robust even when AHL loss by
diffusion is an issue.

Chopp et al. (2002, 2003) and Ward et al. (2003) studied models that coupled
biofilm growth and QS, with the aim of identifying key parameters (kinetics, biofilm
depth) that govern QS activity. The modeling of biofilms by Chopp et al. is very sim-
ilar to that described in Sect. 2.2; however, the QS aspects are handled differently.
These researchers imposed a critical concentration in their models above which
AHL production is massively enhanced; this is not necessary in the model proposed
in the next section, as such enhancement of production occurs naturally from the
dynamics.

Whereas Chopp et al. (2002, 2003) studied a depth-based model, Ward et al.
(2003) modeled biofilms growing over a substratum. The biofilm growth model was
not mechanistic (not governed by nutrient concentration) but was chosen so that
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the number of parameters is minimal, yet growth can be “made to measure” with
regard to how fast the biofilm grows up and along the substratum. This model was
coupled with the QS model of Ward et al. (2001) so that the level of AHL buildup
within a biofilm can be assessed. This model, and indeed the models of Chopp et al.,
predict that the shift from low to high QS activity occurs very rapidly throughout
the biofilm.

The only publications to date regarding the mathematical modeling of QSIs (as
well as antibiotic treatments) are a series of papers by Anguige et al. (2004, 2005,
2006). To explicitly model the effects of furanones (Manefield et al. 1999, 2002;
Hentzer et al. 2003) and anti-AHL lactonases (Dong et al. 2002; Lee et al. 2002;
Ulrich 2004; Xu et al. 2003), it was necessary to focus on the detailed biochemistry
of QS, akin to the approach of James et al. (2000) and Dockery and Keener (2001).
The three papers covered the scenarios of batch cultures (Anguige et al. 2004), early
biofilm development (Anguige et al. 2005), and mature biofilm development and ex-
opolysaccharide (EPS) production (Anguige et al. 2006). Because of the complexity
of these models, the predicted dynamics can be very complex; however, an impor-
tant result is that the amount of QSI required to be effective in biofilms increases
exponentially with biofilm depth. Other key results discussed in these papers will be
reproduced by the model studied in this chapter.

In the next section, simplified versions of the mathematical models of Anguige
et al. (2004, 2005, 2006) are presented to describe anti-QS treatments in batch cul-
tures and biofilms. This will involve the systematic scale-up from the molecular
level to the population level, based on the assumption that the biochemical pro-
cesses operate on a considerably faster timescale to that of growth. The modeling
will consider three QSIs applied to P. aeruginosa colonies, namely anti-LasR (e.g.,
furanones), anti-AHL (e.g., lactonases), and a putative anti-LasI agent. Results from
simulations are presented and discussed in the subsequent two sections, and the key
points are summarized in the final section.

2 Mathematical Modeling

The anti-QS models developed and studied by Anguige et al. (2004, 2005, 2006)
were simplified using the basic ideas of Ward et al. (2001, 2004). The key features
of the former studies are maintained, but the new model has fewer parameters, many
of which should be determinable using fairly routine experiments.

The model is constructed on the basis of the biochemical pathways involved
in the LasRI QS system of P. aeruginosa, although it will be applicable to most
LuxRI homolog systems. The population of cells (planktonic or sessile) is assumed
to consist of two subpopulations:

Downregulated cells. Population density Nd. These cells have an empty lux-box
and, in the case of P. aeruginosa, are nonvirulent and produce AHLs and biofilm
matrix EPS at a very low background rate.
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Upregulated cells. Population density Nu. These cells have a LasR-AHL complex-
bound lux-box and will express virulent characteristics and produce AHLs and
EPS at a significantly enhanced rate.

The total population density is thus NT = Nd + Nu. It is unclear during cell divi-
sion and chromosomal replication whether a LasR-AHL complex will remain bound
to the lux-box or not; it will be assumed for simplicity that a downregulated cell will
divide into two downregulated cells and that an upregulated cell will divide into one
up- and one downregulated cell. The upregulation of downregulated cells is medi-
ated by QS, and downregulation occurs spontaneously (detailed below).

The modeling for QS is based on the work of Ward et al. (2001, 2004); however,
because the modeling details are important for the anti-QS therapies, they will be
discussed at some length here. Figure 1 shows a schematic LasR/LasI system in
P. aeruginosa showing the reactions relevant to the modeling. Within all cells it is
assumed that LasR (concentration R) is produced at a constitutive rate R0, binds
within a reversible reaction with AHL (A) to form the LasR-AHL complex (P), and

Fig. 1 Schematic of the quorum sensing system LasR/LasI system in P. aeruginosa used in the
modeling. The figure shows the reactions that are assumed to be occurring in all bacteria, apart
from those in the dashed box which occur only in the upregulated cells. The grey stars represent
the reaction between the C12-ACP and S-adenosylmethionine that produces the AHL 3-oxo-C12-
homoserine lactone (Fuqua and Greenberg 2002), the wavy lines represent transcription of the
relevant protein and the “*” represent breakdown products. The reaction rate constants for each of
the chemical reactions are shown
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decays naturally, hence

dR
dt

= R0 − kraAR + kpP−λRR . (1)

The LasR-AHL complex equation is given by

dP
dt

= kraAR− kpP−λpP , (2)

in which natural decay of P is also assumed. In upregulated cells, output of LasI
occurs at a constant rate and decays naturally according to

dL
dt

= L0 −λLL . (3)

The AHL concentration A represents the measurable AHL concentration in the fluid
growth media. Pearson et al. (1999) observed for the AHL 3-oxo-C12-homoserine
lactone that the equilibration between internal and external concentrations occurs
quickly (in less than 5 min), with internal concentration partitioned to be about
three times that of the external. This simply means that Ainternal = δA (here δ ≈ 3)
and the relevant parameters below have contained within them this factor δ . AHLs
are produced at some background level κd and decay or become sequestered in
fluid with rate constant λ ; this, together with the reaction with LasR, yields for
downregulated cells

the rate of change of AHL in downregulated cells = κd−kraAR+kpP−λ A , (4)

and for upregulated cells

the rate of change of AHL in upregulated cells = kaL+ κd − kraAR + kpP−λ A ,

(5)

where kaL describes the massive increase in production of AHLs by upregulated
cells. We note that the rate of change of AHL in the external media is simply −λ A.
Compared with cell division time, the timescale adopted in the modeling, these re-
actions occur very rapidly, and it is reasonable to assume that Eqs. 1–3 are in equi-
librium (mathematically, that means dR/dt = dP/dt = dL/dt = 0). Hence,

L = L∞ , P =
P∞

R∞
RA , R =

R∞

1 + µRA
,

where L∞ = L0/λL, R∞ = R0/λR, P∞ = R∞kra/(kp +λp) and µR = λpP∞/λRR∞. Fit-
ting the resulting model to experimental data as described in Ward et al. (2004) in-
dicates that µRA ≈ 0 (i.e., very small), suggesting that most of the LasR is degraded
before binding with AHL. For simplicity we will assume that the LasR concentra-
tion remains roughly constant at R = R∞, from which we deduce P = P∞A. We note
that dimerization of R can be modeled in the same way, and it does add a small
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amount of complexity to the problem, but the reduction to R = R∞ will nevertheless
result. Substituting these approximations into the AHL production rate equations
gives

the rate of change of AHL in downregulated cells = κd −σA−λ A (6)

the rate of change of AHL in upregulated cells = κu + κd −σA−λ A , (7)

where κu = kaL∞ and σ = λpP∞. We note in the earlier models (Ward et al. 2001,
2003, 2004; Koerber et al. 2002) that κd was absorbed into the κu term; however,
in order to model the action of the anti-LasI agent explicitly, we shall maintain the
terms in their current form. The upregulation rate of cells is assumed to be propor-
tional to the complex concentration P∞A; letting αa be the constant of proportional-
ity, then

upregulation rate = αA ,

where α = αaP∞. The downregulation rate of cells is governed by the decay rate of
lux-bound complexes, which is taken to be β ; it is possible that bound complexes
have the same degradation properties as their free-floating counterparts, whereby
β = λp. Three forms of QSI therapies will be investigated. The first two involve the
action of molecules currently being investigated by a number of experimental inves-
tigators and discussed by Anguige et al. (2004–2006). The third therapy involves
the action of a putative anti-LasI agent.

1. Anti-LuxR (homolog) agents, such as halogenated furanones. Using Q1 to rep-
resent the concentration of this agent (to be consistent with the earlier papers),
the assumed reaction with LasR can be summarized as follows:

LasR+ Q1

k1−→ (1−ν1)Q1 + by product(s) ,

where ν1 is the average amount of Q1 lost by the reaction. Using a simi-
lar argument to that above, at equilibrium the LasR concentration is given by
R = R∞/(1+ γ1Q1), where γ1 = k1/kR. This leads the upregulation rate and the
LasR-AHL binding rate to be reduced by a factor of (1 + γ1Q1); i.e., the “con-
stants” α and σ now become α/(1 + γ1Q1) and σ/(1 + γ1Q1), respectively.

2. Anti-AHL agents, such as lactonases that degrade/quench AHLs. Let Q2 be
the concentration of the lactonase, and then the modeling of lactonase action is
based on the simple reaction

AHL+ Q2

µ2−→ (1−ν2)Q2 + by product(s) ,

where ν2 is the average amount of Q2 lost by the reaction. This results in an
additional “−µ2Q2A” term in Eqs. 6 and 7.
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3. Anti-LuxI (homolog) agents, putative to the author’s knowledge. Let Q3 be
the concentration of this agent, and then we assume

AHL+ Q3

µ3−→ (1−ν3)Q3 + by product(s) ,

where ν3 is the average amount of Q3 lost by the reaction. Similar to the action
of Q1 on LasR, the LasI equilibrium level L∞ will be reduced to L∞/(1+ γ3Q3)
by the agent, where γ3 = k3/λL. Thus, the AHL output rate term κu for upregu-
lated cells now becomes κu/(1 + γ3Q3).

All the quantities involved in the modeling are assumed to evolve continuously in
time and space, with random stochastic effects neglected. The solutions, therefore,
are a prediction of the “average” outcome to be observed experimentally or in situ.

2.1 Anti-QS Treatment in Batch Cultures

The system of equations below is derived from the application of the assumptions
given above. For the discussion in the subsequent sections, we will focus on batch
culture colony during the exponential phase of growth (doubling time = ln(2)/r),
with the drug being introduced either at the start of an experiment or being drip-fed
at a rate φi (i = 1,2,3 for Q1,Q2,Q3, respectively). The equations are

dNd

dt
= rNT −

αA
1 + γ1Q1

Nd + β Nu , (8)

dNu

dt
=

αA
1 + γ1Q1

Nd −β Nu , (9)

dA
dt

=
κu

1 + γ3Q3
Nu + κdNT −

σA
1 + γ1Q1

NT −λ A− µ2Q2A , (10)

dQ1

dt
= φ1 −

µ1Q1

1 + γ1Q1
NT −λ1Q1 , (11)

dQ2

dt
= φ2 − µ2ν2AQ2 −λ2Q2 , (12)

dQ3

dt
= φ3 −

µ3Q3

1 + γ3Q3
Nu −λ3Q3 , (13)

where NT = Nu + Nd. Equations 8–10 in the absence of any drugs are similar to
those investigated by Ward et al. (2004), the main difference being that “σANT”
replaces “A(αNd +ηNT)” in Eq. 10 and in the absence of the negative feedback term
g(A) in Eq. 10. These modifications lead to an adjustment in the best-fit parameters
(notably with α and β ; see Table 1), but the main results from the mathematical
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Table 1 The model parameters and estimated values used in the simulations to follow. The pa-
rameters relevant to batch cultures are given above the dividing line, and the additional parameters
required for the biofilm are below this line. The values labeled “CS” (current study) are obtained in
a semisystematic fashion using best-fit approximation to experimental data (Ward et al. 2004). (For
reasons noted in this paper, the best-fit values quoted here are order-of-magnitude approximations
and should not be considered as fundamental rate constants.) Figure 2a shows the best-fit solution.
L = Lewandowski et al. (1991), S = Stewart (1994), W1 = Ward et al. (2001), W2 = Ward et al.
(2004), E = estimated value, A = assumed value

Parameter Units Description Value Source

r h-1 Cell birth rate 0.5 W2
α µM-1 h-1 Maximal upregulation rate 9 × 104 CS
β h-1 Downregulation rate 5.8 × 104 CS
κu µM ml cell-1 h-1 AHL prod. rate by upregulated cells 2.8 × 10-8 CS
κd µM ml cell-1 h-1 AHL prod. rate by downregulated cells 1.7 × 10-14 CSa

λ h-1 AHL decay rate 1.5 W1
b

σ ml h-1 cell-1 AHL loss rate by LasR/AHL binding 3.8 × 10-8 CS
µ1, µ3 ml h-1 cell-1 Drug loss rate due to QSI action 1 A
µ2 µM-1 h-1 Drug loss rate due to QSI action 6 × 105 A
γ1,γ3 µM-1 1/conc. when QSI is 50% effective 1.7 × 10-6 A
ν1 Dimensionless Mean Q2 loss in reaction with AHL 1 A
ϕ i µM h-1 Drip rate of QSI i varied –
λ i h-1 Decay rate of QSI i 0.06 Ac

W0 Dimensionless Void fraction at maximum bacterial packing 0.3 E
H0 cm Initial biofilm depth 0.0002 –
θ Dimensionless EPS-generated pore space constant 30 E
ω Cell/ml biofilm Maximum density of cells in biofilms 1012 A
κE h-1 Max. EPS prod. rate by upregulated cells 1 A
E0 h-1 Background EPS production rate 10-4 A
λ E h-1 EPS decay rate 0 Ad

Da cm2 h-1 Diffusion rate of AHL 9 × 10-3 Ee

Di cm2 h-1 Diffusion rate of species (Qi) 9 × 10-3 = Da

Dc cm2 h-1 Diffusion rate of oxygen 9 × 10-2 S
Qa cm h-1 Surface AHL mass transfer rate 90 Af

B1 h-1 Maximum birth rate 0.1 S
B2 h-1 Maximum death rate 0.1 E
cext µM Dissolved O2 concentration 2.3 L
c1 µM Half max. birth rate oxygen concentration 0.47 L
c2 µM Half max. death rate oxygen concentration 0.47 = c1
τ Dimensionless Sets minimum death rate (= B2(1 − τ)) 1 E
ρ µM Oxygen consumption constant 4 × 105 L

a too small to be estimated reliably; b measurement in bovine serum; c 10 hour half life; d assumed
negligible in the timescale of interest; e assumed 1/10th that of oxygen; f biofilms are assumed to
readily leak AHLs into the environment, hence a large Qa/Da is imposed

analysis described in the earlier work are entirely relevant to the current model. The
parameters yet to be defined are the rate constants µ1 = ν1k1 and µ3 = ν3k3.

Figure 2a shows that the best-fit solutions of Eqs. 8–10 are in good agreement
with experimentally measured AHL concentrations; the parameter values are listed
in Table 1. The data were obtained from a batch culture experiment during the expo-
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Fig. 2 Plot a shows the evolution of 3-oxo-C12-HSL concentration against time in an exponentially
growing bacterial colony in a batch culture; the solid line is the solution of the model equations
(8)–(10) using the parameters in Table 1, and “•” indicate the experimental values. Plot b depicts
the fraction of upregulated cells for the same simulation

nential growing phase of P. aeruginosa strain PAB1 (a clinical burn wound isolate).
Full details of the experimental work are given in Ward et al. (2001, 2004).

2.2 Anti-QS Treatment in Biofilms

To model biofilms it is necessary to consider bacterial cell distributions as functions
of time t and space z, where z is the “perpendicular” distance from the base of
the biofilm such that the biofilm surface is located at z = H(t). Here, the bacterial
subpopulations Nu and Nd are to be viewed as volume fractions, so that the volume
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fraction of living cells is Nu + Nd = NT. Through continued nutrient deprivation,
cells die and occupy a volume fraction M; it is assumed that dead cells remain intact
for the timescale of interest (a few days). The remaining space in the biofilm is
occupied EPS (volume fraction E) and water (volume fraction W ), hence NT +M +
E +W = 1. In the report by Anguige et al. (2006), it was further assumed that as
EPS is produced, the resulting pore space increases proportionately, thus entraining
more water, i.e., W = W0 +θE for constants W0 and θ (in Anguige et al. 2006, α is
used instead of θ ). This leads to the condition

NT + M +(1 + θ )E = 1−W0 , (14)

where 1−W0 is the maximum fraction of space that cells occupy. For example, if
cells are spherical, then, according to Kepler’s conjecture (or perhaps more famil-
iarly, the “grocer’s orange-stacking problem”), W0 ≈ 0.26 (Sloane 1998). Biofilm
growth is assumed to be governed by the QS-regulated EPS production and nutrient
concentration c (entering the biofilm by diffusion through the surface); although the
relevant parameters regarding nutrients are based on oxygen, the modeling can be
used to consider any nutrient. The local changes in volume by cell division, death,
and EPS production cause movement within the biofilm; this process is called ad-
vection, and the speed of movement is described by velocity v. The growth rate of
the biofilm surface is thus given by the surface value of v. The QS process is mod-
eled in exactly the same way as that of the batch culture described above. The AHL,
QSIs, and nutrient are assumed to be diffusible compounds, and all, apart from the
anti-AHL agent Q2, can enter and leave cells in such a way that the internal and ex-
ternal concentrations equilibrate rapidly (in a few minutes) compared to the biofilm
growth timescale (hours). After a little simplification in the same manner as that
described by Anguige et al. (2006), the system of equations is as follows:

∂NT

∂ t
+

∂vNT

∂ z
= NT(Fb(c)−Fd(c)) , (15)

∂M
∂ t

+
∂vM
∂ z

= NTFd(c) , (16)

∂Nu

∂ t
+

∂vNu

∂ z
=

αA
1 + γ1Q1

Nd −β Nu , (17)

∂E
∂ t

+
∂vE
∂ z

= (E0NT + κENu)Fb(c)−λEE , (18)

0 = Da
∂ 2A
∂ z2 +

κ∗
u

1 + γ3Q3
Nu + κ∗

d NT −
σ∗A

1 + γ1Q1
NT −λ A− µ2Q2A , (19)

0 = D1
∂ 2Q1

∂ z2 − µ∗
1 Q1

1 + γ1Q1
NT −λ1Q1 , (20)
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0 = D2
∂
∂ z

(
W

∂Q2

∂ z

)
− µ2ν2AWQ2 −λ2WQ2 , (21)

0 = D3
∂ 2Q3

∂ z2 − µ∗
3 Q3

1 + γ3Q3
Nu −λ3Q3 , (22)

0 = Dc
∂ 2c
∂ z2 −ρNTFb(c) , (23)

∂v
∂ z

=
1

1−W0

(
NTFb(c)+ (1 + θ )(E0NT + κENu)Fb(c)−λEE

)
, (24)

dH
dt

= v(H,t) . (25)

Here, functions Fb and Fd are the birth and death rates of living cells, respectively,
so the cell growth rate is simply the difference between the two functions in Eq. 15.
Equation 16 states that living cells die at a rate FdNT, although M can be eliminated
from the system using Eq. 14 since M = 1−W0 −NT − (1 + θ )E . The right-hand
side of Eq. 17 is the same as Eq. 9, where the volume fraction of downregulated cells
can be obtained from Nd = NT −Nu. Equation 18 states that the EPS is produced
at a background level by all living cells (at rate E0NTFb), but the production rate
is significantly enhanced by upregulated cells (kENuFb). Equations 10–13 become
Eqs. 19–22 to account for diffusion; for simplicity we have assumed the quasisteady
(no time derivatives) form of these and the nutrient (Eq. 23) equations, due to as
is generally the case, the fact that the chemical diffusion processes are rapid in
comparison to growth. Because the anti-AHL concentration within the water is Q2,
the overall concentration is thus W Q2 (recalling W =W0+θE), hence Eq. 21 results.
The constants labeled with ∗ are modified versions of the batch culture case due
to the change of definition from cell density to cell fraction, so that κ∗

u = ωκu,
where ω is the maximum number of cells per millileter of biofilm (approximately
1012 cells/ml-1); constants κ∗

d , σ∗, µ∗
1 and µ∗

3 are similarly redefined. Equation 24
is derived by summing Eqs. 15, 26, and θ× Eq. 18 and applying Eq. 14. The last
equation states that the speed of the biofilm surface moves at the same velocity
as the cells on the surface. The functions Fb(c) and Fd(c) are bacterial cell birth
and death rates, respectively, as functions of c; typically, the birth rate increases
and the death rate decreases as the nutrient increases. In the simulations to follow,
Michaelis-Menten (or monod)-type kinetics are used, namely

Fb(c) = B1
c

c1 + c
, Fd(c) = B2

(
1− τ

c
c2 + c

)
.

The rate of cell birth is assumed to reflect the amount of general activity a cell is
undertaking; hence, EPS production and nutrient consumption are assumed to be
proportional to Fb(c). Equations 15–25 require a set of initial boundary conditions
to be fully specified. The simulations are assumed to start shortly after the first few
bacteria have settled onto a substrate. There are no upregulated cells or EPS. The
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following are imposed:

t = 0 NT = 1−W0 , Nu = 0 , E = 0 , H = H0

z = 0
∂A
∂ z

= 0 ,
∂c
∂ z

= 0 ,
∂Q1

∂ z
= 0 ,

∂Q2

∂ z
= 0 ,

∂Q3

∂ z
= 0 , v = 0

z = H(t) c = cext , Da
∂A
∂ z

= −QaA .

The conditions at x = 0 are no flux conditions; that is, no material is allowed to
cross x = 0. The nutrient concentration is assumed to be of fixed concentration cext
(oxygen dissolved in water at saturated levels is imposed), and the condition on
AHL means that the flux of AHL out of the biofilm is proportional to the difference
of internal A and external (assumed zero) concentrations.

We note that the model described here is one-dimensional, with growth occur-
ring perpendicular to a solid surface. We therefore do not intend to describe the
elaborate spatial structures (water channels, mushrooms) that are often observed in
experimental studies (Hentzer et al. 2001). Describing these features requires a sig-
nificant development of the modeling specifically, the fluid-dynamic aspects, which
are beyond the scope of the current study. Furthermore, no mechanisms are included
in the model that will lead to growth limitations, such as planktonic cell escape or
sloughing of biofilm material due to the effect of shear forces on its surface from
the fluid media. However, the current model should describe fairly well the first few
days of development, during which time most experimental studies are undertaken.

In the next two sections, simulations of the models described above are presented
to investigate the effect of the three types of QSIs on the QS process. In the absence
of specific data, particularly with regard to drug kinetics, the simulations are aimed
at presenting the key qualitative results that might be expected in experiments, along
with their implications for effective treatment for biofilms. We will first consider
the batch culture case and how QSI potency and dosage affect upregulation. For
biofilms, this too will be considered together with the key issues of treatment timing
and drug delivery via diffusion.

3 Anti-QS Therapies in Batch Cultures

Figure 2 shows a typical time evolution of AHL concentration and upregulated cell
fraction (Nfrac

u , given by Nfrac
u = Nu/NT) for an exponentially growing population

in an untreated batch culture. Figure 2b demonstrates the key characteristic feature
of QS. After an initial period in which very little upregulation occurs, there is very
rapid upregulation (here, at around 3 h), whereby a maximally upregulated popula-
tion is reached. It is worth noting that the concept of “critical AHL concentration”
is not included in the model, and such a phenotypic shift is in fact due to the basic
dynamics of the QS system at a molecular level. However, a fascinating prediction
by the model is that only a portion of cells in an “upregulated” population will be
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upregulated (here, about 12–13%) at any time. The model predicts this because there
is a balance between AHL molecule production and upregulation rates against AHL
loss by unused LasR-AHL complex formation and by spontaneous downregulation
by upregulated cells.

The key mechanisms involved in upregulating bacteria in batch cultures are de-
pendent on the growth phase. Using the mathematical methods described by Ward
et al. (2001, 2004), it can be shown that to get substantial upregulation in a LuxR-
LuxI homolog QS system, the parameter values must satisfy the following:

exponential growth phase: Θ = ακu −σ(β + r)>0 (26)

stationary phase: Ψ = ακuK −β (σK + λ )>0 , (27)

where K is the total population density at the stationary phase. The parameters to
the left of the “−” sign are concerned with the mechanisms that promote QS, while
those to the right are inhibiting mechanisms. Thus, Θ and Ψ are formulations rep-
resenting the balance between the positive and negative QS mechanisms for each
of the two growth phases. Using the data in Table 1, we have Θ ≈ 3× 10−3 and
Ψ ≈ 3 × 106 (assuming a stationary phase density of 1010 cells/ml), both being
positive, meaning that substantial upregulation is expected. Using the same math-
ematical methods, when Θ>0 and Ψ>0, the fraction of upregulated cells Nfrac

u in
a quorate population can be calculated:

exponential growth phase: Nfrac
u = 1− σ(β + r)

ακu
,

stationary phase: Nfrac
u = 1− β (σK + λ )

ακuK
.

Given appropriate data, we can use these formulas to estimate how virulent a bac-
terial colony can be. Furthermore, they make explicit how targeting a parameter,
using a putative QSI, will restrict QS and perhaps prevent expression of virulence
characteristics.

In the next two subsections, solutions to the model equations are discussed for
the cases in which the the QSI is administered by drip-feeding or by pretreatment of
the growth media. The former case is perhaps more relevant to anti-QS treatment of
biofilms discussed in Sect. 4, in which diffusion acts as a “feeding” mechanism to
cells deep within the colony.

3.1 Drip-Feed Administration of QSI

Figure 3 shows the steady-state AHL concentration and upregulated cell fraction
against population size K for an untreated culture 3a and for cultures drip-fed with
QSIs 3b–d. Because very little data are currently available regarding the dynamics
of the QSIs, the parameters were chosen so that the rapid jump in Fig. 3b and the
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right-most fold in Fig. 3c and d occur at about the same population density (approx-
imately 2×1010 cells/ml). In the absence of treatment, Fig. 3a shows that increasing
K leads to a smooth increase in upregulated cell fraction, rising very sharply (at K =
Kjump ≈ 2×108 cells/ml), beyond which a maximal level is reached (approximately
12–13% of cells). In contrast to the predictions of the modeling of Dockery and
Keener (2000), the current model does not predict a hysteresis response; this is due
to the assumption here that LasR production is not upregulated by QS (see Anguige
et al. 2004).

Figure 3b–d demonstrates the range of results that can occur with the anti-AHL
treatments. Anti-LasR agents lead to results that are qualitatively similar to those of
the no-treatment case, while AHL and LasI blocking agents can lead to a hysteresis
response. The rather unexpected hump around 1010 cells/ml in the left graph of
Fig. 3b is due to there being less LasR present to soak up the AHLs, leading to
greater accumulation; with increasing population, the anti-LasR agents become less
effective, so AHL levels decrease to those of the no-treatment case. Two rather bold
observations can be made from these figures with regard to effectiveness of QSI:

1. Direct comparison of the potency of the QSI can be meaningfully made only
between the anti-LasR and anti-LasI, due to these having similar kinetic terms.
Of particular interest, given that the rate constants are same, is that the drip-feed
rate of the anti-LasI agent is 100 times less than that of the anti-LasR agent,
suggesting that an anti-LasI agent will, by a considerable margin, be the more
effective of the two treatments.

2. In practice, application of QSIs will be combined with antibiotics, and hystere-
sis is an unfavorable property for effective treatment. For the cases shown in
Fig. 3c and d, an established quorate population will require more antibiotic
drug to force the population density to levels below the left-hand folds in the
curves. In this respect, anti-LasR treatment seems likely to be the most effective
QSI.

Of course, these observations are based on a particular parameter set, and any con-
clusions must be treated with some caution. However, they highlight the need for
experimental data to determine the parameters involved so that assertions such as
these can be made with more confidence.

The evolution of upregulated cell fraction is shown in Fig. 4, in which the effects
of each QSI can be compared with the untreated case. Here the population density
is growing exponentially, starting with a density of 107 cells/ml. As expected, each
treatment delays the onset of substantial upregulation, but in these simulations they
will not prevent substantial upregulation as the exponentially growing population
will eventually exceed the critical densities depicted in Fig. 3. However, as would
be expected in practice, the limitations on attainable population density mean that
sufficient drug will totally inhibit QS in batch cultures. The contrast in qualitative
behaviors between the agents is interesting. For both the anti-LasR and anti-AHL
cases, there is a rapid jump in cell fraction at about t = 18h, roughly correspond-
ing to the time when the population density reaches the critical level; the hump in
the anti-LasR case is due to a brief overshoot in AHL concentration resulting from
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Fig. 3� Log-log plots showing the steady-state 3-oxo-C12-HSL concentration (left) and upregulated
cell fraction (right) as functions of the population density for a untreated cultures, b with anti-LuxR
agent (with ϕ1 = 3.3 × 10-3µM/h), c anti-AHL agent (ϕ2 = 5 × 10-3 µM/h) and d anti-LuxI agent
(ϕ3 = 3.3 × 10-5 µM/h). Figures c and d exhibit hysteresis, the solid and dashed curves indicating
the stable and unstable solutions respectively. The remaining parameters are given in Table 1

Fig. 4 Evolution of the upregulated cell fraction against time for exponentially growing bacterial
colonies for untreated and drip-fed treated cultures (drip-feed rates were the same as those used
in Fig. 3). In this simulation, the anti-AHL and anti-LasR cases are superimposed. The remaining
parameters are given in Table 1

less available LasR at this point to soak up the AHLs. The gradual rise of upreg-
ulation in the anti-LasI case is a result of the relatively low drip-feed rate, leading
to considerably less agent being present at the critical time when the population be-
comes quorate. However, this is very sensitive to the drip-feed rate; for example,
doubling the rate to φ3 = 6.6× 10−5 requires the population density to reach un-
physical levels (approximately 2× 1013) before a jump to quorate levels can occur
(not shown).

3.2 Quorum Sensing in Pretreated Media

Probably the simplest way to investigate the effects of QSIs on QS is to grow batch
cultures in pretreated growth media. Figure 5 shows a simulation of such an experi-
ment, with the initial agent concentration chosen so that the colony becomes quorate
at around the same time (note that the drip-feed component of the model has been
“switched off”, i.e., φi = 0). The time interval required to sufficiently consume the
QSI as the population grows leads to a delay in the onset of extensive upregulation,
as expected. The anti-LasI agent compares well against the anti-LasR agent in that
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Fig. 5 Evolution of the upregulated cell fraction against time for exponentially growing bacte-
rial colonies for an untreated culture and cultures grown in pretreated media. The initial concen-
trations of the anti-LasR, anti-AHL, and anti-LasI agents are 1.7 × 10-2µM, 1.7 × 10-2µM, and
5 × 10-5µM, respectively. The remaining parameters are given in Table 1

significantly less agent was initially required to produce similar results (recall that
the equivalent kinetic rate constants are the same for each).

Figure 6 shows the effects of the initial QSI concentration on the timescale for
substantial upregulation. As expected, low concentrations of the agent have min-
imal impact, and the concentration needs to be above a certain threshold before
the effects are noticeable. Interestingly, the curves for anti-LasR and anti-AHL are

Fig. 6 The effects of the initial QSI concentration on the timescale for substantial upregulation
(taken to be when Nu/NT = 10%) for batch culture colonies grown in pretreated media. The re-
maining parameters are given in Table 1
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qualitatively similar; we note that the quantitative similarity is an accident of pa-
rameter choice. Noting that the horizontal scale is logged, the model predicts that
beyond the concentration threshold of anti-LasR or anti-AHL agent, the timescale
increases in a logarithmic fashion; this means that a substantial increase in agent is
required to effect a noticeable delay in upregulation. Once again, the anti-LasI agent
has apparently outperformed the other two agents by inducing considerable delays
in upregulation at much lower concentrations. We note that in these simulations the
population density is increasing exponentially and the stationary phase of growth
has not been accounted for; if the agent succeeds in suppressing QS upregulation
into the stationary phase, then the timescales shown in Fig. 6 will be pessimistic
lower bound.

4 Anti-QS Therapies in Biofilms

Results from a typical simulation of growth of an untreated biofilm are shown in
Figs. 7 and 8. The vast majority of experimental results discussed in the literature
tend to be qualitative rather than quantitative in terms of biofilm growth, so accurate
estimation of the parameters concerning growth is not possible. The parameters for
the simulations were chosen so that the biofilm grows at a rate of approximately
6 µm/h, with a thickness of around 450 µm after 100 h, which seems reasonable
given various experimental data. The model predicts that after an initial acceleration
of growth, because of all bacterial cells being adequately nourished and undergoing
cell division, the biofilm growth rate will slow down, eventually growing linearly in
time without limitation (Fig. 7a,b). Of course, it is not possible for biofilms to grow
indefinitely, but, as stated above, the aim is to have a good description of growth
in the first few days of development. The linear growth phase results from nutri-
ent diffusion limitations, in which only cells within a certain, eventually fixed, dis-
tance from the surface will have adequate nutrients to divide and produce EPS; cells
deeper in the biofilm will be nonreproductive or dead. The assumption that EPS pro-
duction is regulated by QS leads, as expected, to the significantly enhanced growth
rate of the simulated wild-type over the QS-ve strain, in qualitative agreement with
the experimental observations of Davies et al. (1998). This will have a significant
effect on the delivery of the QSIs (discussed below) and, indeed, antibiotics (see
Anguige et al. 2005, 2006). Plots of growth rate against time give a good indication
of the timescale and extent of upregulation within the biofilms, and they will be used
to illustrate the efficacy of the QSIs.

The advance toward high levels of QS activity is illustrated in Fig. 7c and d. For
the first 26 h, AHL levels increase but remain relatively low [(see panels (a) and (b)];
thus, the growth rates between wild-type and QS-ve strains are indistinguishable.
However, within a time interval of 1 h, there is a substantial rise in AHL levels
(approximately 10000-fold increase), leading to rapid upregulation (see Fig. 6d)
and divergence between the growth rates as the EPS production rate by wild-type
cells is greatly enhanced. Here, the total upregulated cell fraction U(t) is defined
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Fig. 7 Selected plots of simulated growth of an untreated biofilm. Comparison of the evolution of
biofilm depth (a) and biofilm growth rate (b) for a wild-type and a QS-ve strain. Quorum sensing
activity of the wild-type strain is demonstrated using AHL distribution at various time intervals up
to 35 h (c) and the total upregulated cell fraction against time (d). Parameter values are given in
Table 1

mathematically to be

U(t) =
∫ H

0 Nu(z,t)dz∫ H
0 NT(z,t)dz

,

which can be viewed as the mean upregulated fraction divided by the mean live cell
fraction over the entire the biofilm. Soon after, the spatial structure of the biofilm
settles to the profiles indicated in Fig. 8, which move along as the biofilm grows.
The overshoot in growth rate of the wild-type cells around t = 30 is due to the slow
death rate of anoxic cells. In time, these cells die, reducing the depth at which EPS
is produced and leading to a marginal slowing down of growth.

The distributions of living cells, upregulated cells, EPS, and water after 100 h
are shown in Fig. 8c. The living cells are located in a region near the surface, cor-
responding to an area where there is a nonnegligible concentration of nutrients. The
biofilm structure mainly consists of water (about 70%), and EPS occupies a volume
percentage of 3%, which is in broad agreement with observations in fairly mature
biofilms (Boyle et al. 1999). Because the dynamics are such that in optimum con-
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Fig. 8 Spatial distribution of live cell, EPS, water, and upregulated cell fractions (a) and AHL
and nutrient concentration (b) at t = 100 h for an untreated wild-type biofilm. Parameter values are
given in Table 1

ditions only 10% of cells will be upregulated, the upregulated cell fraction remains
fairly low; however, this may still represent a population that is significantly viru-
lent. The AHL distribution shown in Fig. 8b is elevated deep in the biofilm, dropping
off sharply toward the edge because of the relatively high mass transfer rate com-
pared with diffusion at the surface. The drop in live cell fraction moving deeper into
the biofilm is paralleled by the drop in nutrient concentration (Fig. 8b), whereby
much of the biofilm is predicted to be anoxic within a few days.

In the simulations to follow, the effectiveness of QSI will mostly be assessed by
comparing the growth rate (i.e., dH/dt) of a treated biofilm with those of the wild-
type and QS-ve strains, since EPS production and the enhanced growth it generates
are markers for QS activity. The treatment will be presumed effective if the growth
rate is reduced to that of the QS-ve strain, reflecting very low levels of QS activity,
virulence, and EPS production.

4.1 Biofilm Growth in Media Pretreated with QSIs

Figure 9 shows the evolution of the growth rates and total upregulated cell fraction
for biofilms grown in media containing a fixed concentration of QSI. Interestingly,
for all treatments the shift in growth rates from the maximal to the minimal levels
occur within an order of magnitude (on the µM scale) of drug concentration and is
particularly sharp in the anti-AHL case.

Qualitatively, the results of the anti-LasR and anti-LasI agents are similar, there
being a smooth transition down to the minimal growth rate as the drug concentration
increases. For intermediate agent levels, the outer cells mostly remain downregu-
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Fig. 9 The effects of applied concentrations (values in µM) of anti-LuxR (a and b), anti-AHL
(c and d), and anti-LasI (e and f) agents on biofilm growth. Figures a, c, and e show the biofilm
growth rate, and b, d, and f show the upregulated cell fraction (Nu/NT) against time up to t = 100.
Parameter values are given in Table 1

lated but prevent sufficient agent penetration to those cells deeper in the biofilm. As
observed before, significantly less anti-LasI agent is required in the media to pro-
duce the desired effect. In terms of virulence (Fig. 9b,f), it can be observed that even
when the agent has significantly reduced the speed of growth, the fraction of upreg-
ulated cells is considerably higher than the minimal levels (Fig. 7d), so a number of
cells express virulent characteristics that could be significant in a clinical setting.
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In contrast, increasing anti-AHL agent concentration makes little difference in
long-term biofilm development until a threshold is reached (here, about
3.783×10−2 µM). The existence of the sharp transition, typical of systems with
underlying hysteresis in the dynamics as described in Sect. 3, is due to the nature
of the agent’s target. Anti-AHL agents do not prevent production of AHLs, as these
will always be produced at a background level and diffuse throughout the biofilm.
The penetration of the anti-AHL agent, however, is limited by both diffusion and
AHL reaction in the living cell region of the biofilm. Consequently, if insufficient
anti-AHL agents reach the regions deep within the biofilm, the AHLs will accumu-
late there, forming a reservoir that will supply the living cells, eventually reaching
a critical level that will induce mass upregulation of cells. The resulting AHL out-
put will be sufficient to swamp the incoming anti-AHLs so that their effect will
be negligible. We note that the concept of “critical concentration” of AHLs is not
straightforward; the critical level of AHLs in biofilms will also depend on the bacte-
rial growth rate, nutrient diffusion, and consumption rate, i.e., a host of parameters
not directly related to QS dynamics. It is also clear from Fig. 9d that the anti-AHL
agent must be above the threshold to have any effect on the eventual level of upreg-
ulation and, hence, on virulent behavior.

4.2 Growth Response to Delayed Application of QSIs

To investigate whether a more mature biofilm will have greater resistance to anti-
AHLs than a nascent one, the biofilm was simulated to grow untreated for 36 h
before the QSI was applied. Figure 10 illustrates the main results.

As before, for the anti-LasR and anti-LasI agents (Fig. 10a,c), the outcomes are
similar; here, the concentrations used are exactly those that just brought about min-
imal growth in the pretreated media case. Both agents induced a rapid decline in
growth, eventually settling to the minimal growth rate (the fact that the curves ap-
pear identical is coincidental). The sharp jump is due to the assumed fast dynamics
of the biochemical processes. In the anti-LasR case (Fig. 10a), the agent will dif-
fuse in rapidly, resulting in a near immediate shutdown of upregulation throughout,
so the upregulated cells that spontaneously downregulated are not replaced. For the
set of parameters used, the concentration Q1(H,t) = 1.2×10−3 will always reduce
growth to the minimal level. The results for the anti-LasI case (Fig. 10c) are surpris-
ing because it would be expected that when the agent is applied, the LasI present in
the upregulated cells near the surface would, for a period, be sufficient to limit the
agent’s effect deeper into the biofilm. Although this is probably true in many situa-
tions, here the parameters are such that the processes of LasI removal, spontaneous
downregulation of upregulated cells, and downturn in AHL production happen very
rapidly, leading to the dramatic drop in biofilm growth rate. The results suggest that
these drugs can be applied at any time and that the growth rate will be reduced ac-
cordingly. Of course, the biofilm with the delayed treatment has had a head start
and will be thicker than a pretreated biofilm (Fig. 10d). This may be significant with



102 John Ward

Fig. 10 The effects of a delayed application (36 h) of QSIs on the biofilm growth rate (Figs. a–c)
and biofilm depth (Fig. d); the dashed lines are the corresponding curves for untreated wild-type
and QS-ve bacteria (same as those shown in Fig. 7a and b). Figure a shows the effects of the anti-
LasR agent (Q1(H,t) = 1.2 × 10-3µM), b anti-AHL (external concentrations as shown in µM) and
c and d are the results for the anti-LasI agent (Q3(H,t) = 2.2 × 10-5 µM). The dashed curves in d
shows the growth rate of the wild-type (upper) and QS-ve strain (lower) and the treated biofilm is
shown by the solid line. Parameter values are given in Table 1

regard to antibiotic penetration when a combined therapy is used; however, at the
very least, the bacteria should not be virulent.

For the anti-AHL agent, a thicker biofilm has enormous implications (Fig. 10b).
In these simulations, the concentration needed to induce a notable effect on the
growth rate is over 10 times that for the pretreated case. This is to be expected,
as after 36 h the level of upregulation is such that AHL production is at near-full
capacity; consequently, there is ample AHL present to soak up the drug near the
surface before it penetrates deep into the biofilm. Unlike the pretreated case, there is
no longer a threshold concentration, the growth rate declining steadily as the agent
increases.

4.3 Role of QSI Diffusion

One of the key issues in delivering a drug to a site of action involves its diffusive
properties. Broadly speaking, larger molecules diffuse more slowly, so more of the
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drug will need to be administered for it to reach the target areas. The effects of the
QSI diffusion coefficient on biofilm growth rate and total upregulated cell fraction
are shown in Fig. 11; only anti-LasR and anti-AHL simulations are shown because
the anti-LasI produced results similar to the former agent. In the simulations up
to now, the diffusion coefficients of AHL and QSIs have been assumed to be the
same, which would be expected if the molecular masses are roughly the same (the
molecular mass of 3-oxo-C12-HSL being 297).

Figure 11a and b shows the results of biofilm development in pretreated me-
dia containing an anti-LasR concentration of 1.7×10−3 µM, well within the range
that would restrict biofilm growth to minimal levels given a drug diffusion of
D1 = 9×10−3 cm2 h−1. As expected, the reduced drug penetration that results from
decreasing the diffusion coefficient enhances biofilm growth and upregulation.

Interestingly, within the physical ranges of the diffusion coefficient D2, the crit-
ical concentrations of anti-AHL agent in pretreated media varied very little (re-
sults not shown); for example, reducing the diffusion coefficient 100 times to

Fig. 11 The effects of the QSI diffusion coefficient (values shown have units cm2 h-1) on the evo-
lution of the biofilm growth rate and upregulated cell fraction. Parts a and b show growth in media
containing a fixed anti-LasR concentration Q1(H,t) = 1.7 × 10-3 µM, and c and d shows the re-
sponse to a 36-h delayed application of anti-AHL agent, at concentration Q2(H,t) = 1.7 µM. The
dashed curves are the results from the untreated wild-type and QS-mutant. Parameter values are
given in Table 1
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D2 = 9×10−5 cm2 h−1 increases the critical concentration by less than 10%. This is
mainly due to the anti-AHLs being present in the biofilm from the start of growth,
so the transport properties of the agent are not crucial in preventing AHL accumu-
lation. However, it is a different story when the agent is administered to a mature
biofilm. Figure 11c and d shows the results of a very high anti-AHL dose (1.7 µM)
administered at 36 h. Here, relatively small changes to the diffusion coefficient can
have a significant effect on the outcome of biofilm development and in particular
the level of upregulation that occurs (Fig. 11d). This again illustrates the underlying
hysteresis in the dynamics of anti-AHL agents.

5 Concluding Remarks and Scope for Further Experimentation

The mathematical modeling described here and by Anguige et al. (2004, 2005,
2006) are the first attempts at modeling the effects of anti-QS therapies on bacteria
growth, biofilm development, and virulence. These models incorporate biologically
and physically relevant mechanisms and, in the absence of data, produce results that
seem reasonable. Despite the current paucity of quantitative data regarding QSIs,
through simulation and mathematical analysis a number of qualitative predictions
and assertions can be made from the modeling:

1. In both batch cultures and biofilms, early application of a sufficient amount of
QSI will delay or prevent the onset of mass upregulation. In a clinical setting,
delaying QS and virulence is perhaps all that is needed for an agent to be useful,
as this could buy sufficient time for the immune system to respond effectively
and for an infected wound to heal normally.

2. During the exponential phases of growth in both batch cultures and biofilms,
the amount of QSI required to suppress QS increases exponentially. This is
illustrated for the anti-AHL and anti-LasR agents in Fig. 6 and has been shown
(mathematically) by Anguige (2005) to be the case for biofilms. If dosing levels
of an anti-AHL drug are an issue, then early application would be essential.

3. The dynamics of anti-AHL and anti-LasI agents have an underlying hysteresis.
It is possible that once a population is upregulated, a considerable amount of
agent will be needed to force downregulation. This again stresses the need for
early application of QSIs, ideally prior to the onset of substantial upregulation.
If hysteresis dynamics are observed experimentally for the anti-LasR agent,
then it is likely that LasR is upregulated by QS (Anguige 2004); the models
will need to be modified accordingly.

4. For biofilms, the range of concentrations of applied QSI that separate minimal
and maximal QS suppression seems to be quite narrow, particularly in the anti-
AHL case. Furthermore,when the growth rate is even slightly above the minimal
level, the fraction of upregulated cells present is many times greater than that
for a fully QS-suppressed colony; virulence expression in the biofilm could well
be significant in such circumstances.
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5. The simulations consistently suggest that the putative anti-LasI treatment seems
to be the most potent one for suppressing QS. Of course, this is very much
dependent on the parameter values, but its effectiveness is due largely to the
fact that when few upregulated cells are present, there is very little LasI present
to soak up the agent.
Given the lack of relevant experimental data regarding anti-AHL and anti-LasR,
it is difficult to make bold conclusions as to their relative merits based on results
from the mathematical models. Typically, there will be considerably less LasR
in the system than AHL, so less anti-LasR would be required. However, the anti-
LasR must be able to get inside the cell, which may be a significant restriction
in a practical setting.

Some of these qualitative predictions should be experimentally verifiable, the re-
sults of which would provide a means of validating the models and continuing the
mathematical modeling cycle referred to in the introduction of this chapter.

To make quantitative, rather than qualitative, predictions and conclusions from
the mathematical models, good quantitative experimental data are needed. Even
with the addition of QSIs in the current model, there are only a handful of parame-
ters to be fitted. Some of these parameters, such as the diffusion and decay rates of
QSI, should be determinable from nonculture experiments. The remaining parame-
ters can be obtained using data from batch cultures grown in media that are treated
and untreated with QSIs; hourly measurements of population density, AHL concen-
tration, and QSI concentration can be fitted to the model in the manner described by
Ward et al. (2001). Such experiments will assist enormously in the development of
the current mathematical model so that they can be more predictive and capable of
offering further insights into the action of anti-QS treatments.
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