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Abstract. In this paper, we derive a kinematic model and a control law for 3D
snake robots which have wheeled link mechanism. We define the redundancy con-
trollable system and find that introduction of links without wheels makes the system
redundancy controllable. Using redundancy, it becomes possible to accomplish both
main objective of controlling the position and the posture of the snake robot head,
and sub-objective of the singular configuration avoidance. Experiments demonstrate
the effectiveness of the proposed control law.

1 Introduction

Unique and interesting gait of the snakes makes them able to crawl, climb a
hill, climb a tree by winding and move on very slippery floor [1]. Snake does
not have hands and legs, however it has many functions. It is useful to consider
and understand the mechanism of the gait of the snakes for mechanical design
and control law of snake robots.

Snake robots are active code mechanism and useful for search and rescue
operation in disaster. Utilization of autonomous intelligent robots in Search
and Rescue is a new challenging field of robotics dealing with tasks in ex-
tremely hazardous and complex disaster environments. Intelligent, biologically-
inspired mobile robots, and, in particular, snake-like robots have turned out
to be the widely used robot type, aiming at providing effective, immediate,
and reliable response to many strategic planning for search and rescue opera-
tions. Design and control of the snake-like robot have recently been receiving
much attention, and many locomotion modes for snake-like robot have been
proposed [2–5].

Hirose has long investigated snake robots and produced several snake
robots, and he models the snake by a wheeled link mechanism with no side
slip [2]. Some other snake-like mechanisms are developed in [3–5]. The present
research [2,4,5] is looking for other variety of possible locomotion modes ”Ring
mode”, ”Inching mode”, ”Wheeled Locomotion mode” and ”Bridge mode”
as shown in Fig. 1.

1. Ring mode: The two ends of the robot body are brought together by its
own actuation to form a circular shape. The drive to make the uneven
circular shape to rotate is expected to be achieved by proper deformation
and shifting the center of gravity as necessary.
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Fig. 1. Variety of possible locomotion of snake robot

2. Inching mode: This is one of the common undulatory movements of ser-
pentine mechanisms. The robot generates a vertical wave-shape using
its units from the rear end and propagates the ’wave’ along its body -
resulting a net advancement in its position.

3. Twisting mode: In this mode the robot mechanism folds certain joints
to generate a twisting motion within its body, resulting in a side-wise
movement [5] .

4. Wheeled locomotion mode: This is one of the common wheeled locomo-
tion mode where the passive wheels (without direct drive) are attached on
the units resulting low friction along the tangential direction of the robot
body line while increasing the friction in the direction perpendicular to
that [2].

5. Bridge mode: In this mode the robot configures itself to ”stand” on its two
end units in a bridge like shape. This mode has the possibility of imple-
mentation of two-legged walking type locomotion. The basic movement
consists of left-right swaying of the center of gravity in synchronism with
by lifting and forwarding one of the supports, like bipedal locomotion.
Motions such as somersaulting may also be some of the possibilities.

The snake robots which have many functions, locomotion modes and 3D mo-
tion have been developed, but in the study of controller design for the snake
robots the movement is restricted to 2D motion. Construction of a controller
which accomplishes 3D motion of 3D snake robots is one of challenging and
important problems.

Chirikijian and Burdick discuss the sidewinding locomotion of the snake
robots based on the kinematic model [6]. Ostrowski and Burdick analyze the
controllability of a class of nonholonomic systems, that the snake robots are
included, on the basis of the geometric approach [7]. The feedback control
law for the snake head’s position using Lyapunov method has been developed
by Prautesch et al. on the basis of the wheeled link model [8]. They point out
the controller can stabilize the head position of the snake robot to its desired
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value, but the configuration of it converges to a singular configuration. We
find that introduction of links without wheels and shape controllable points
in the snake robot’s body makes the system redundancy controllable.

In this paper we consider the singular configuration avoidance of the re-
dundant 3D snake robots. Using redundancy, it becomes possible to accom-
plish both the main objective of controlling the position and the posture
of the snake robot head and the sub-objective of the singular configuration
avoidance. Experimental results by using a 13-link snake robot (ACM-R3 [9])
are shown.

2 Redundancy controllable system

In our previous paper we define the redundancy controllable system and
propose structure design methodology of redundant snake robots based on
the wheeled link model [10].

Let q ∈ Rn̄ be the state vector, u ∈ Rp̄ be the input vector, w ≡ Sq ∈ Rq̄

be the state vector to be controlled, S be a selection matrix whose row vec-
tors are independent unit vectors related to generalized coordinates, A(q) ∈
Rm̄×q̄, B(q) ∈ Rm̄×p̄, where m̄ is number of equations. We define that the
system

A(q)ẇ = B(q)u, u = u1 + u2 (1)

is redundancy controllable if p̄ > q̄ (redundancy I), p̄ > m̄ (redundancy II),
1 the matrix A is full column rank, B is full row rank, and following two
conditions are satisfied.
1. There exists an input u1 which accomplishes the main objective of the
convergence of the vector w to the desired state wd (w → wd, ẇ → ẇd).
2. There exists an input u = u1 + u2 which accomplishes the increase (or
decrease) of a cost function V (q) related to the sub-objective compared to
the input u1 and does not disturb the main objective.

For a snake robot based on the wheeled link model we discuss the condi-
tion that the system is redundancy controllable [10].

3 Kinematic model of snake robots

Let us consider a redundant n-link snake robot on a flat plane. We introduce
a coordinate frame ΣA which is fixed on the head of the snake robot. The tip
point of the snake head is taken as the origin of ΣA. The reference configu-
ration is set as a straight line configuration on the ground as shown in Fig.
2. The Ax axis is set as the central body axis of the snake robot taking the
1 In the case of m̄ = p̄, if the state vector to be controlled ẇ in (1) is given, the

input u is determined uniquely. In this sense the system is not redundant, so we
introduce the redundancy II.
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reference configuration. All joints rotate around y axis or z axis in the ref-
erence configuration. Let Al̂i = [li, 0, 0]T be a link vector from the i-th joint
to the (i − 1)-th joint with respect to ΣA in Fig. 2. Let φi be the relative

Fig. 2. Reference configuration of 3D snake robot

joint angle between link i and i + 1. The link vector Ali with respect to ΣA

is expressed as

Ali = Rφ1 · · ·Rφi−1
Al̂i (i = 1, · · · , n) (2)

where Rφi
is Rot(y, φi) = Rjφi or Rot(z, φi) = Rkφi . The 3D snake robot

divided two parts. One is the base part and the other is the head part. We
define that the first nh links (head part) are not contact with the ground,
and the residual nb links (base part) are on the same plane which is parallel
to the ground. In the base part wheeled links are contact with the ground.
Let us introduce inertial Cartesian coordinate frame ΣW and the coordinate
frame ΣB which is fixed on the end point of the base part ((nh + 1)-th link)
as shown in Fig. 3. We introduce following three assumptions.
[assumption 1]: All joints of the base part rotate around z axis.
[assumption 2]: Environment is flat.
[assumption 3]: The robot is supported by the wheels of the base part and
the head part is not contact with the ground.

Fig. 3. Coordinate systems of 3D snake robot
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The rotation matrix from ΣB to ΣA is given as

ARB = Rφ1 · · ·Rφnh
. (3)

Let ψ be the absolute attitude angle of the head of the base part about z
axis, then the rotation matrix from ΣB to Σ is expressed as

W RB = Rkψ (4)

where Rkψ = Rot(z, ψ). The rotation matrix W RA from ΣA to Σ is expressed
as

W RA = W RB(ARB)−1 = RkψR−φnh
· · ·R−φ1 . (5)

Using (5) and (2) gives the link vector li with respect to Σ

li = RkψR−φnh
· · ·R−φi

Al̂i (i = 1, · · · , nh)
lnh+1 = RkψAl̂nh+1

li = RkψRφnh+1 · · ·Rφi−1
Al̂i (i = nh + 2, · · · , n).

(6)

Let (R,P, Y ) be roll, pitch, yaw angles, then we obtain

R = atan2(±R̃32,±R̃33)

P = atan2(−R̃31,±
√

R̃2
11 + R̃2

21)
Y − ψ = atan2(±R̃21,±R̃11)

(7)

where R̃ = R−φnh
· · ·R−φ1 . Using (6) and (7) yields

li = Rk(Y −atan2(±R̃21,±R̃11))R−φnh
· · ·R−φi

Al̂i
(i = 1, · · · , nh)

lnh+1 = Rk(Y −atan2(±R̃21,±R̃11))Al̂nh+1

li = Rk(Y −atan2(±R̃21,±R̃11))Rφnh+1 · · ·Rφi−1
Al̂i

(i = nh + 2, · · · , n).

(8)

The middle position P i = [xi, yi, zi]T of the rotational axis of two wheels
attached on the link i is expressed as

P i = P h − l1 − l2 − · · · − li−1 − lwi

li
li (9)

where P h is the position vector of the snake head and lwi is the distance
between the joint i and the attached position of the wheel of the link i. As
the wheel does not slip to the side direction, the velocity constraint condition
should be satisfied. If the i-th link is wheeled and contact with the ground,
the constraint can be written as

ẋi sin θi − ẏi cos θi = 0 (10)
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where θi is the absolute attitude of the i-th link about z-axis and it is ex-
pressed as

θi = ψ +
i−1∑

j=nh+1

φj

= Y − atan2(±R̃21,±R̃11) +
i−1∑

j=nh+1

φj . (11)

From the assumption 3 z-element of the position vector of the first link of
the base part is constant. We set it as h, then we obtain

(P h − l1 − l2 − · · · − lnh
)T ez = h (12)

where lz = [0 0 1]T . Using time derivative of the geometric relation (7)(9)(12)
and the velocity constraint condition (10) yields kinematic model of 3D snake
robot.

4 Condition for redundancy controllable system

We consider control of position and posture of the snake head. Let w =
[ xh yh zh R P Y ]T be the vector of the position and the posture of
the snake head, θ = [φ1 · · · φn−1 ]T be the vector of relative joint angles,
q = [wT θT ]T ∈ Rn+5 be the generalized coordinates. The angular velocity
of each joint is regarded as the input of the robot system. If a wheel free link
is connected to the tail, the movement of the added link does not contribute
to the movement of the snake head. So we assume that wheel is attached at
the tail link. If all links are wheeled, then we obtain

Ā(q)ẇ = B̄(q)u , u = θ̇ (13)

where

Ā =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a11 a12 0 0 0 a16

a21 a22 0 0 0 a26

...
...

...
...

...
...

anb1 anb2 0 0 0 anb6

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

B̄ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

b11 · · · b1nh
0 · · · 0

b21 · · · b2nh
−lw(nh+2) · · · 0

...
...

. . .
...

bnb1 · · · bnbnh
bnb(nh+1) · · · −lwn

b(nb+1)1 · · · b(nb+1)nh
0 · · · 0

b(nb+2)1 · · · b(nb+2)nh
0 · · · 0

b(nb+3)1 · · · b(nb+3)nh
0 · · · 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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In (13), the first nb equations are obtained from (9) (10), the (nb + 1)-th
from the derivative of (12), and the (nb + 2)-th and (nb + 3)-th equations
from derivative of the first two equations of (7).

Let m be the number of wheeled links of the base part. The kinematic
model is expressed as

A(q)ẇ = B(q)u , u = θ̇ (14)

We consider conditions so that the n-link snake robot system can be regarded
as the redundancy controllable system which is defined in the section 2. To
satisfy the redundancy II the inequality

[condition 1] : 3 ≤ m < n − 4

should be satisfied. To satisfy the full row rankness of the matrix B we should
introduce following conditions.

[condition 2] :
In the case that the (nh + 1)-th link is wheel free : nh ≥ 3
In the case that the (nh + 1)-th link is wheeled : nh ≥ 4

[condition 3] :
All joints of the head part do not have same direction of rotational axes.

These three conditions are sufficient condition so that the system is redun-
dancy controllable [10].

The necessary and sufficient condition for the existence of the solution of
the system (14) is

rank[A,Bu] = rankA. (15)

5 Controller design for main-objective

Let us define the control input as

u = θ̇ = B+A{ẇd − K(w − wd)}
+ (I − B+B)k (16)

where B+ is a pseudo-inverse matrix of B, k is an arbitrary vector and K > 0.
The first term of the right side of (16) is the control input term to accomplish
the main objective of the convergence of the state vector w to the desired
value wd. As the second term (I − B+B)k belongs to the null space of the
matrix B, we obtain

Bu = A{ẇd − K(w − wd)}. (17)
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As the vector Bu can be expressed as a linear combination of column vectors
of the matrix A, the condition (14) of the existence of the solution (14)
is satisfied. The second term in (16) does not disturb the dynamics of the
controlled vector w. As there is no interaction between w and θ, we find that
the control law (16) accomplishes the sub-objective.

The closed-loop system is expressed as

A{(ẇ − ẇd) + K(w − wd)} = 0. (18)

If the matrix A is full column rank, the uniqueness of the solution is guaran-
teed. The solution of (18) is given as

ẇ − ẇd + K(w − wd) = 0

and we find that the controller ensures the convergence of the controlled state
vector to the desired value (w −→ wd). A set of joint angles which satisfies
rankA < q (A is not full column rank) means the singular configuration, for
example a straight line (φi = 0, i = 1, · · · , n − 1).

6 Controller design for sub-objective

We consider the controller design for the sub-objective. In the control law
(16), k is an arbitrary vector. Let us introduce the cost function V (q) which
is related to the sub-objective. If we set the vector k as the gradient k1 of the
cost function V (q) with respect to the vector θ related to the input vector
u, we obtain

k1 = ∇θV (q) =
[ ∂V

∂θ1
· · · ∂V

∂θn−1

]
and we find that the second term of (16) accomplishes the increase of the
cost function V . Actually we can derive

V̇ (q) = (∂V/∂w)ẇ + (∂V/∂θ)θ̇
= (∂V/∂w)ẇ + kT B+A{ẇd−K(w−wd)}

+ kT
1 (I − B+B)k1. (19)

As I −B+B ≥ 0 [11], we find that the second term of the input (16) accom-
plishes the increase of the cost function V .

In the case that the sub-objective is the singularity avoidance, we set
B+ = BT (BBT )−1 and

V = α(det(AT A)) + β(det(BBT )) (20)

where α, β > 0. The first term of the right side of (20) implies the measure of
the singular configuration. The second term of the right side of (20) is related
to the manipulability of the system.
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7 Experiments

To demonstrate the validity of the proposed control law experiments have
been carried out. The snake robot that we use for the experiments is ACM-
R3 [9] as shown in Fig. 4. The snake robot has 13 links and the 2, 6, 8,
9, 10, 12, 13-th links are wheeled. The length li(i = 1, · · · , 13) of the links
are as follows: l1 = l7 = l8 = l9 = l10 = l11 = l12 = 0.16[m], l2 = l3 =
l4 = l5 = l6 = l13 = 0.08[m]. We set K = I, α = 0.2, β = 2.0 × 106. The
initial position and posture of the head of the snake robot and initial relative
joint angles are set as w(0) = [0,−0.1, 0.142, 0.0715,−0.143, π/10]T , θ(0) =
[0, π/18, π/30, π/18, π/12,−π/9, π/6, π/6,−π/9,−π/6, −π/10, π/30]T .

Fig. 4. A research platform robot (ACM-R3)

In experiments, to measure the position and the posture of the snake head
we use Quick MAG IV stereo vision system with two fixed CCD cameras. The
desired trajectory wd corresponding to w is represented as the broken lines
in Figs. 5 and 6. Fig. 5 shows the transient responses for the controller (16)
without using redundancy (k = 0). From Fig. 5(a) and (c) we find that
the snake robot can not track the desired head trajectory because of the
convergence to the singular configuration of a straight line. Fig. 6 shows the
transient responses for the controller (16) with using redundancy (k = k1).
From Fig. 6 (a) and (c) we find that the snake robot avoids the singular
configuration of the straight line. Experimental results show the effectiveness
of the proposed controller.

8 Conclusion

We have considered control of redundant 3D snake robot based on kinematic
model. We derived conditions so that the snake robot system is redundancy
controllable. We propose controller that the snake head tracks the desired
trajectory and the robot avoids singular configurations by using redundancy.
Experimental results ensure the effectiveness of the proposed control law.
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Fig. 5. Transient responses for controller without using redundancy (k = 0)
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Fig. 6. Transient responses for the controller with using redundancy (k = k1)
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