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Partial Non-stationary Perturbation
Determinants for a Class of
J-symmetric Operators

Vadim Adamyan, Peter Jonas and Heinz Langer

Abstract. We consider the partial non-stationary perturbation determinant
AS}A(t) :=det (eitAPle_“H‘Hl> , teR.

Here H is a self-adjoint operator in some Krein space K and A is a self-
adjoint operator in the Hilbert space H1, which is the positive component of
a fundamental decomposition of I with corresponding orthogonal projection
P;. The asymptotic behavior of A(}B 4(t) for t — oo and the spectral shift
function for H and its diagonal part are studied. Analogous results for the

case if the underlying space is a Hilbert space were obtained in [1].

Mathematics Subject Classification (2000). 47A55, 47B50; 47A15, 47B10.
Keywords. Perturbation determinant, trace class perturbation, positive oper-
ator in Krein space, skew symmetric operator, block matrix operator, spectral
shift function.

1. Introduction

Let Hy and H be self-adjoint operators in some Hilbert or Krein space H, which
generate groups (e‘”HO)tE]R and (e_’:tH)te]R of unitary operators and are such
that the closure N of the difference H — Hy belongs to the set S; of trace class
operators. We call the function

Ap/m, (t) = det (eitHOefitH) , teR,

V. Adamyan gratefully acknowledges support by the USA Civil Research and Development Foun-
dation, the Ministry of Education and Science of Ukraine (grant UM1-2567-OD-03), and from
the Deutsche Akademische Austauschdienst (DAAD) (during his visit to TU-Berlin in December
2003). P. Jonas was supported by the Hochschul- und Wissenschaftsprogramm des Bundes und
der Lander of Germany.
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the non-stationary perturbation determinant (of the pair Hy, H). It is known (see,
e.g., [1]) that it satisfies the relation

AH/Ho(t) :eiittrN, teR.
A partial non-stationary perturbation determinant is defined by the relation
A (1) = det (e“Aple—“HyHl) . teR,

where A is a self-adjoint operator in some Hilbert space Hi, H is a self-adjoint
operator in a larger Hilbert or Krein space K O H; with dom A C dom H, P, is the
orthogonal projection in I onto H; and the closure of the operator Py H|qom 4 — A
is a trace class operator in Hj.

If all the underlying spaces are Hilbert spaces, these notions were introduced
in [1], motivated by applications from physics. Some results of [1] can be summa-
rized as follows.

Theorem 1.1. Let H = Hi ® Ho with orthogonal projections Py, Po onto Hi, Ha,
respectively. Consider in H the self-adjoint operator H given by the matrix repre-

sentation
A+V B
H—( s D), (11)
where A and D are self-adjoint operators in Hi and Hs, respectively, such that the
spectra of A and D are weakly separated by a real point «, that is,

0(A) <a<o(D) and «is not an eigenvalue of A and of D,

V' is a symmetric trace class operator in Hy, and B is a trace class operator from
Ho into Hy. Assume further that the spectrum of H is absolutely continuous in at
least one of the intervals (—oo, o], [a, +00). Then

AR A6 = e (14 0(1)), = o0,

with b > 0; if V<0 then a <0 and
a=0 < V=B=0.

The aim of this note is to generalize this result to the situation where H is a
Krein space K and H; C K is a maximal uniformly positive subspace of I, that
is, it is a component in a fundamental decomposition of the Krein space K, and
the operator H is self-adjoint in this Krein space. In other words, instead of the
operator H of the form (1.1) we consider an operator

A+V B
n-(%7 ), 02
where again A and D are self-adjoint operators in the Hilbert spaces H; and Ha,
respectively.

In the following section we consider a pair of strongly continuous groups of
unitary operators in Krein spaces, the generators of which differ by a trace class op-
erator, and study the corresponding non-stationary perturbation determinant. The



Non-stationary Perturbation Determinants 3

maximal semidefinite invariant subspaces of a special class of self-adjoint operators
in Krein spaces and corresponding Riccati equations are considered in Section 3.
These self-adjoint operators are very special in the sense that in their matrix rep-
resentation (1.2) with V' = 0 the diagonal entries A and D have strongly separated
spectrum and the bounded ‘perturbation’ B is so small that for some a € R the
operator ol — H is invertible and nonnegative in the Krein space. This implies that
H is even similar to a self-adjoint operator in a Hilbert space, see Lemma 3.2 be-
low. In Section 4 we consider the partial non-stationary perturbation determinants
for this class of operators in Krein spaces and study their asymptotic properties.
Finally, in Section 5 we prove some definiteness properties of the spectral shift

function for these operators in Krein spaces. These properties explain, e.g., the
A 0

fact (see also [3]), that if a diagonal self-adjoint operator Hy = 0 D) for
which the spectra of the diagonal entries are strongly separated by a real number
a, is perturbed to an operator
A B
H= (—B* D> , (1.3)

then, as long as B is sufficiently small, the spectrum of Hy to the right of o moves
to the left whereas the spectrum to the left of @ moves to the right. Recall that
in the Hilbert space case, that is if in (1.3) the operator —B* is replaced by B*,
then these parts of the spectrum move in the opposite directions.

By B3 we denote the algebra of all bounded operators in the Hilbert space
‘H, &1 is the class of trace class operators in a Hilbert space or between two Hilbert
spaces (the spaces should be always clear from the context), and || - ||1 is the trace
class norm.

2. Non-stationary perturbation determinants in Krein spaces

Let K be a Krein space, and (Up(t)),cp be a strongly continuous group of unitary
operators in K. Recall that the operators Uy(t), t € R, are not necessarily uniformly
bounded, but if they have this property then, according to a theorem of Sz.-Nagy
(comp. [5, Theorem II.5.18]), the group (Up(t)),cp is similar to a group of unitary
operators in a Hilbert space. Clearly, the generator Hy of a strongly continuous
group (Uo(t)),cp of unitary operators in C, which is defined by the relation

1
Hyx = —}iﬂ(l) " (Uo(t) —I)x, x € dom Hy,
—0 1
is a self-adjoint operator in .

Theorem 2.1. Let Hy be the generator of the strongly continuous group (Uo(t)),cr
of unitary operators in the Krein space KC, and let V' be a trace class operator in KC:
V € 81. Then the operator H := Hy +V is the generator of a strongly continuous
group (U(t)),cg in K such that Ug(—t)U(t) — I € Sy and

Apm, () =det (Upg(—)U (1) =e Y, teR. (2.1)
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If the operator V' is self-adjoint in K, then the operators U(t), t € R, are unitary
n K.

Proof. The fact that Hy + V is the generator of a strongly continuous group
(U(t)),er in K follows from [10, Theorem IX.2.1], and according to [10, (IX.2.3)]
the operators U(t) satisfy the integral equation

t
U(t) = Uo(t) - i/Uo(t _SVU(s)ds, teR. (2.2)
0
Since also (U(t)"),cp is a strongly continuous group in K and V*+ € Sy it follows
that VU (s) = (U(s)TV+)T depends continuously on s with respect to the norm
of §1. Then the same is true for s — Uy(t — s)V U (s) with fixed ¢ € R. Therefore,
the integral in (2.2) and Uy(t)"1U(t) belong to Sj.
The formula (2.1) can be proved as the corresponding formula in [1, Theorem
2.1]. It follows also more directly from the general formula

jttr (In(7 — A(t))} = —tr {(I — AW d’flit) } , (2.3)

which holds for a real differentiable S;-valued operator function A(:), see [8, foot-
note on p. 164]. Indeed, if in this formula we set

At) :==1—-Us(—t)U(2),
then from (2.2) we find

A(t) :i/o Uo(—s)VU(s)ds,

hence
d

WA =1U(-0VU ),

and the relation (2.3) yields

L (et Up(—)U (8)) = —i tr {U(—O)Us (YU (—)VU (1)} = —itrV.

dt
The last claim of the theorem is a consequence of the fact that Hy + V is
self-adjoint. O

Corollary 2.2. If in Theorem 2.1 the operator V is self-adjoint in the Krein space
K, then

|Aya(8)] = 1. (2.4)

Indeed, if V is self-adjoint in /C, then tr V is real since with any fundamental
symmetry J of IC we have

trV=trJV'J=tr V' =trV.
Now (2.4) follows from (2.1).
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3. Skew symmetric perturbations of a self-adjoint block diagonal
operator matrix

Let (H, (-,-)) be a Hilbert space, let H; be a nontrivial subspace of H with or-
thogonal complement Ho:

H =H, @ Ha. (3.1)

In this section we consider an operator H in H which, with respect to the decom-
position (3.1), is given by a block operator matrix of the form

H— (_%* g) , (3.2)

where A is a self-adjoint operator in Hy, D is a self-adjoint operator in Hs (both
operators can be unbounded), and B is a bounded operator from Hs into H;. If
the space H is equipped with the indefinite inner product

[z, y] == (z1,951) — (®2,92), x =1+ T2, y=y1+ Y2, T1,¥1 € H1, T2,y2 € Ha,

then K := (H, [, ]) becomes a Krein space. Evidently, with respect to the decom-
position (3.1) of K the corresponding fundamental symmetry J has the represen-

tation
I 0
=0 %)

that is [z,y] = (Jz,y), x,y € K. The assumptions about the operators on the
right-hand side of (3.2) mean that H is a self-adjoint operator in this Krein space
K with domain dom H = dom A & dom D.

We assume additionally, that the spectra of A and of D are separated, that
is that A is bounded from above, D is bounded from below, and

maxo(A) < mino(D).
Without loss of generality we can assume that for some § > 0
maxo(A) < —0 <0< 6 <mino(D). (3.3)

Let (—A)'/2,D'/? denote the positive square roots of the positive operators —A
and D, respectively, and introduce also the operator

T :=(-A)"Y2BDY/2,

Lemma 3.1. Under the assumption (3.3), if ¢ := |T|| < 1 then the operator —H
is positive in the Krein space K and

o(H) C (—o0,—(1—¢q)8] U[(1—q)d,00).

Proof. Since ||T|| < 1 the operator
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is strictly positive in (H, (-, -)), in fact W > (1 — ¢)I. On the other hand,

[ —-A -B\ _ [(-A4)Y* 0 (—A)Y2 0
—JH = (—B* D) = ( 0 DL/2 w 0 D2 )
hence —JH > (1 — ¢q)6I, and —H is a positive operator in the Krein space K.

Therefore o(H) is real, see [13]. Since from 0 < (—=JH)™! < §71(1 — ¢)~11 we

obtain that
1

(1-q)
the interval (—(1 — ¢)d, (1 — q)J) belongs to p(H). O

-1
) <

Lemma 3.2. If the assumption (3.3) holds and q = ||(—A)"2BD~ 2| < 1, then in
the Krein space IC there exist a uniformly positive subspace Ly and a uniformly
negative subspace L_ such that the following holds.
(i) K= Ly[+)L-, dom H = (dom HN Ly)[+](dom HNL_), and L4 and L_
are invariant under H, that is, H(dom H N Ly) C L.
(i) The operators H|z, and H|._ are self-adjoint in the Hilbert spaces (L4, [-,-])
and (L_,—[-,"]), respectively, and we have

o(Hlc_)=0o(H)N[(1-q)d,00), o(H|z,)=0c(H)N(—00,—(1-q)d].
The subspaces Ly and L_ are uniquely determined by the properties in (i).

Proof. If B =0, then the operator in (3.2) becomes

= (A0
7= (3 b)

and, if the corresponding subspaces from Lemma 3.2 are denoted by fi, we have,
evidently,

Li=Hi, L_=Hs.

This means that if oo is a critical point of H then it is a regular critical point (for
the definition see [13] or [7]). Since the domains of H and H coincide, according to
a theorem of B. Curgus [7], oo is also a regular critical point of H. If £ denotes
the spectral subspace of H corresponding to the interval (—oo, —(1 — ¢)d] and £_
denotes the spectral subspace of H corresponding to the interval [(1 — ¢)d, 00),
then £ and £_ satisfy the conditions (i) and (ii).

If £ is a uniformly positive subspace of K and £ is a uniformly negative
subspace of K such that (i) holds with £4 replaced by £/,, then also (ii) holds
with £y replaced by £/,. This implies £, = L. O

We mention that the existence of the subspaces £4 can also be shown in a
more direct way by proving that the integral

1 1
) /ﬂR (H—-2)  dz (3.4)

Tl
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(along the imaginary axis and with Cauchy principal value at +ico), exists in
the strong operator topology, and that it equals the difference of the orthogonal
projections onto the subspaces £_ and £, see [16], and also [2], [14].

As uniformly definite and mutually orthogonal subspaces, £+ admit graph
representations by means of an angular operator K which is a strict contraction
from Hy into Ho:

L, = {(;;) L € Hl}, Lo— {(Kxf) g € Hg}. (3.5)

If z # Z we have
Pl(H — Z)_1£+
=(A—2)"'I+B(D—-2)"'B(A-2)"H"'I-B(D-2)"'K)H. (3.6)

For sufficiently large |Im z| the set on the right-hand side of (3.6) coincides with
dom A (cf. [15, proof of Theorem 4.1]). This implies the relation

domHﬂ£+:{<;;> :xledomA};
1

the analogous relation
dom HNL_ = {(me) : x9 € dom D}
2

follows in the same way. In particular,
K dom A C dom D, K* dom D C dom A. (3.7)

Theorem 3.3. Let H be the self-adjoint operator (3.2) in the Krein space K such
that A and D are self-adjoint and satisfy (3.3), that B is a bounded operator from
Hy into Hy, and that ||[(—=A)~Y2BD~'/2|| < 1. Then there exists a unique strict
contraction K from Hy into Ha such that the spectral subspaces Ly and L_ admit
the representations (3.5) and:

(i) Kdom A C dom D and K satisfies the Riccati equation

KBKz+ B*x — DKz + KAx =0, z € dom A. (3.8)
(ii) The restriction of H to (L4, [,-]) is unitarily equivalent to A + BK, which
s a self-adjoint and negative operator in the Hilbert space ﬁl = (H1, [, 1)
with
[.131,.131}1 = ((I—K*K)xl,xl), r1 € Hi.
(iii) The restriction of H to (L_,—],"]) is unitarily equivalent to the operator
D — B*K™, which is self-adjoint and positive in the Hilbert space ’)'Afg =
(Ha, [+, *]2), with

[.132,.132}2 = ((I—KK*)QTQ,J?Q), To € Ho.
(iv) If B is compact then K is compact, and B € 81 implies K € S;.
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Proof. By Lemma 3.2 and the remarks before Theorem 3.3, the proof of (i-iii) is
straightforward (cf. [2]) and is therefore left to the reader.

To verify (iv) assume that B € S;. If B is only compact, a similar reasoning
applies. Let E. and E_ be the orthogonal projections in K onto £4 and £_,
respectively. Then (cf. (3.4))

E_—E,—(P,— P)) = (ni)™* /R

((H —2) "' —(H - z)_l) dz
(3.9)
= —(mi)~! /iR(H —2) Y H-H)(H-2)"tdz=:T.

Since the closure of H — H belongs to Sy, the integral on the right-hand side of
(3.9) converges in S§1: T € S;. In view of E, + E_ = P; + P> = I, the relation
(3.9) implies P, — E, = 1T € S;. Hence

(I 0O (I-K*K)™' —(I-K'K)'K*
Pl_E*‘(o O>_<K(I—K*K)1 ~K(I-K*K)"'K* €51

and K € & follows. O

Remark 3.4. The same argument as in [4] shows that the operator K in Theorem
3.3 is the unique contractive solution of the Riccati equation (3.8).

Below we use the identities:
(I —F*F)YY?F* = F*(I - FF*)'?, (I - FG)"'F=F(I —-GF)™"  (3.10)

which hold for arbitrary bounded operators F' and G between appropriate Hilbert
spaces if for the second relation only the inverses in it exist.

Corollary 3.5. Under the assumptions of Theorem 3.3 the operator H admits the
following block diagonalization:

HE(_‘E* g):s—l (gl %)S:S‘lf[& (3.11)
where
A = (I-K'K)"*A+BK)(I-K'K) ",
D = (I-KK"Y*(D-B*K*)(I-KK*)"'?,
(4 %)
0 D
and

S = ( (=KK™ (- K*K)_l/zK*> (3.12)

~K(I-K*K)~Y2 (I -KK*)~1/?
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The operators Z, D and H are self-adjoint in the Hilbert spaces Hi, Ho and H,
respectively. If, in addition, B is compact then

dom A =dom A, dom D =dom D, dom H = dom H. (3.13)

Proof. The first two assertions are consequences of Theorem 3.3. It remains to
verify the relations (3.13). The inclusions (3.7) imply

(I-K*'K)dom A Cdom A, (I —K*K)dom D C dom D. (3.14)

Moreover, as the projection Ey on L1 in H corresponding to the decomposition
H=Ly[+]L-,

E+:( (I -K*K)™' —(I-K*K) 'K* )

(I-KK" 'K I-(I-KK" ' )’
maps dom H into itself, we obtain
(I-K*K)'dom Acdom A, (I—-KK*)"!dom D C dom D. (3.15)

In view of HE; = EyH and H(I — Ey) = (I — E;)H we find

(A+ BK)(I - K*K)™'=(I - K*K) (A + K*B*),
(D—-B*K*)I - KK*)™'=(I-KK*)"D - KB). (3.16)

These relations together with (3.14) and (3.15) imply that (I — K*K)™|qom a
(I = KK*)"!dom p) is an automorphism of dom A (resp. dom D) with respect
to the graph norm || - ||a (resp. || - ||p)-

Suppose now that B is compact. Then by Theorem 3.3, (iv), K is compact.
Therefore, I — (I — K*K)~' and I — (I — KK*)~! are compact in H; and Ha,
respectively. Then the relations (3.16) imply that I — (I — K*K)™!|qom 4 and
I — (I - KK*) Y 4om p are compact in dom A and dom D, respectively, with
respect to the corresponding graph norms. It follows that

U((I - K*K)_1|dom A) \ {1} C U((I - K*K)_1>7
o((I = KK*) aom p) \ {1} Co((I - KK*)™).
Therefore, the square roots
(1= K*K) Yaom 4)® and (1 — KK*) aom p)?

defined with the help of the Riesz-Dunford functional calculus are bijections of
dom A and dom D, respectively, which implies (3.13). |

Proposition 3.6. Under the assumptions of Theorem 3.3 the operator Pie™
is tnvertible for all t € R.

itH’H
1

Proof. The inverse of the operator S in (3.12) has the matrix representation

o1 (I-K*K)~Y? (I-K*K) '2K*
- \K(I-K*K)"'/? (I-KK*)~\/?
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Then, according to (3.11) we have
—itH —1 —itH
P1€ ’Hl = PlS € S’Hl

o—itA ~ K*K)~'/?
(- K*K)"'2 K*(I— KK*)1/2)< 0 e_?tb><—(fé(1[—(ff*)f<)l/2)

= MBI (12 Q) (1 - KK

where

@(t) — eit(AJrBK)K*efit(DfB*K*)K. (317)
The operator A + BK is similar to a self-adjoint operator, therefore e~ i*(A+BK)
is similar to a unitary operator and hence invertible. Now the invertibility of

Ple_itH’Hl follows if the invertibility of I — Q(t) is shown. The operators

e—iﬁt = (- K*K)1/2e—it(A+BK)(I . K*K)—1/2’
emiDt — (] - KK*)Y2etD=B"K") ([ _ g e)=L1/2
are unitary in the Hilbert spaces H; and Hz, respectively, and therefore the relation
[-Q() =1 - K*K)~'/? (I - ei;‘tK*e*iﬁtK) (I — K*K)Y2.

shows the invertibility of I — Q(t) since K is a strict contraction. O

4. Partial non-stationary perturbation determinants for skew
symmetric perturbations of self-adjoint operators

Let H be a Hilbert space as in (3.1), let A, V, and D be self-adjoint operators in

‘Hy, and Hs, respectively, let B be a an operator from Hs into H; and suppose
that B, V € §1. We consider the following operator in H:

A+V B

no(17 B, "

Moreover, it is assumed that the spectra of the diagonal components of H are

separated such that there exists a 6 > 0 with A+ V < —§I and D > 41, and that

H —A—-V)"2BD~Y 2|| < 1. These assumptions imply that H is strictly negative
in the Krem space K, i.e., —JH > 0 in 'H, see Lemma 3.1.

For the operator H in (4.1) all conditions of Theorem 3.3 are satisfied with

A replaced by A+ V. Therefore for H in (4.1) the assertion of Corollary 3.5 holds
with a strict contraction K € Si. It follows that

an [T E*\ [etA g (I-K*K) —(I-KK)'K*
° T\k 1 0 e itD)\—(I-KK* 'K (I-KK*)' )
where
A:=A+V+BK, D:=D-BK"
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If P, denotes again the orthogonal projection onto Hy, then

P | = A KPK)T - Ke WP (1 - KKK (4.2)
From (4.2), (3.10) and Theorem 2.1 it follows as in [1] that
(1) _ A p _—itH _ _—ita A(t)
AH/A(t)_det (e Pie |H1> =e det (I — K*K)’ (4.3)
where
a =tr(V + BK) (4.4)
and B -
A(t) := det (I — eitAlK*e_itDK) .
with the self-adjoint operators
A = (I-K'K)YV2A(I-K*K)™/2,
- ~ (4.5)
D = (I-KK")Y?D(I-KK")~/2

Theorem 4.1. Suppose that the operator H in H, given by (4.1), satisfies all the
assumptions from the first paragraph of this section, and suppose that at least
one of the self-adjoint operators Ay and D from (4.5) has absolutely continuous

spectrum. Then in the relation (4.3) we have lim;_ A(t) = 1, that is
1 —b—ia
Af)a(t) = ™7 (1 +o(1)),

with
a = tr(V + BK), b=Indet(I - K*K).

The proof of this theorem follows immediately from (4.3) and [1, Lemma 3.2];
the latter we formulate here for the convenience of the reader.

Lemma 4.2. Let (U(t))icr be a strongly continuous group of unitary operators in
the Hilbert space Hy, let Y € S1 be an operator from Hy into the Hilbert space Ha,
and let W(t), t > 0, be a bounded function with values in By, : |[W(@)|| < ¢, t >
0. If the infinitesimal generator of the group (U(t))ier has absolutely continuous
spectrum, then

Jim det (I+U@)Y*'W(t)Y)=1.

5. The spectral shift function for skew symmetric perturbations

If Hy, H is a pair of self-adjoint operators in a Hilbert space H such that H =
Hy 4 N for some N € S;, we denote by Dp/p,(2), Imz # 0, the (stationary)
perturbation determinant of H and Hy:

Dy (2) :=det (H — z)(Ho — 2) ') = det (I + (H — Ho)(Ho —2)7") .
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Recall that according to a result of M.G. Krein (see [12],[6]) the perturbation
determinant D/ p,(2) admits the representation

Imz # 0, (5.1)

(\; H, Hy)
logDH/Ho /f 0

where £(X\; H, Hy) is the spectral shift function of the pair Hy, H, which is a real
summable function on R. The logarithm is determined by the property

lim log Dy, (£in) = 0,
nToo

hence 1
E(\ H, Hy) = 111101 arg D g, (A +in), ae. A€ R. (5.2)
m™n

The spectral shift function has the property

/ €N H, Hy)d\ = tr N (5.3)

and for all C*°-functions f with compact support the so-called trace formula
+oo
tr (F(H) = £(H0) = [ £/ €0 H. Ho) A (5.4

holds.

If the condition H = Hy + N, N € &, is replaced by the more general
assumption that for some nonreal z the difference of the resolvents (H — z)~! —
(Ho — z)~ ! is a trace class operator, then there exists still a real locally summable

function £ on R with

/ 1)1+ X271 < 0o (5.5)

such that (5.4) holds for the same functions f as above. ;5 is uniquely determined
by (5.4) only up to a constant function.

It was shown in [9, Satz 4.2.1 and Satz 4.2.5] that these statements hold true
if the Hilbert space H is replaced by a Krein space and Hy, H are nonnegative (or
nonpositive) self-adjoint operators in this Krein space with the following proper-
ties: (1) 0 € p(Hp) N p(H), (ii) Hy and H are similar to self-adjoint operators in
some Hilbert space, (iii) H = Hy + N for some N € &;. In fact, also for such a
pair Hy, H there exists a spectral shift function £(+; H, Hy) € L'(R) such that the
relations (5.1)—(5.4) hold. If instead of (iii) only the difference of the resolvents of
H and Hj is of trace class, there exists a spectral shift function 5 satisfying (5.5)
such that (5.4) holds. These results are also related to [11, Theorem 2] and the
remarks at the end of this paper.
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Now, as in the preceding sections, we consider the Krein space K = Hy[+]|Ha,

where (Hy, [-,-]) and (Ha2, —[, -]) are Hilbert spaces. Suppose that A and V are self-
adjoint operators in (H1, [-,-]), V € 81, D is a self-adjoint operator in (Ha, —[,]),
and B is a trace class operator from (Hz, —[-,-]) into (H1, [+, -]) such that for some
0>0
AtV <6 D>dI (5.6)
and
Bl <o (5.7)

Observe that the assumption (5.7) on B is slightly stronger than that of Section
4. Let

(A0 _(A+V 0 _(A4+V B
mm (3 0) me (P50 me (A5 B e
Then &(+; Hy, Hy) = £(; A+ V, A) € LY(R) and &(+; Hq, Hy) satisfies the relations
(5.1)-(5.4) 1th H replaced by Hy, in particular,

/ §(\; Hy, Ho)dA = tr V. (5.9)

Since H arises from H; by a trace class perturbation, H; and H are negative
in  and Hy; and H are similar to self-adjoint operators in Hilbert spaces, the
spectral shift function &(-; H, Hy) exists, is summable on R and fulfills (5.1)—(5.4)
with Hy replaced by Hi ([9, Satz 4.2.1 and Satz 4.2.5]).

In [3] the spectral shift function for the pair Hy, H under the above assump-
tions was defined by the relation (5.2), and it was shown that it has the properties

&N H,Hy) <0 fora.e. A>—0+|B|,

Nl
&N H,Hy) >0 fora.e. A < §d—|B]. (5.10)

Theorem 5.1. Let H, Hy, Hy be given by (5.8), where A, V, B, D satisfy the as-
sumptions formulated before (5.8), and let K be the strict contraction from Theo-
rem 3.3 with A replaced by A+ V. Then the following statements hold:

(i) &N H,Hy) =0 for a. e. X (=6+||B|l,d — || B]l)-

(ii) f &\ H,Hy)dA = tr(BK).

i) [ &0\ H, Hy)dA = —te(BK).

) ENH,Hy) <0 fora. e. A>0, and §(\; H,Hy) >0 for a. e. A <0.
)

(v) If V>0 then £&(N\; H,Hp) <0 for a.e. X >0, and {(\; H, Hy) > 0 for a. e.
A<0.

111

(iv

First we prove a lemma which will be needed in the proof of Theorem 5.1.

Lemma 5.2. If, in some Hilbert space, C' is a bounded self-adjoint and T is a trace
class operator such that I +T is boundedly invertible, then

r(I+T)C(I+T)"' = C) = 0.
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Proof. The claim follows from the relations
I+T)C(I+T)™' —C = (TC-CT)(I+T) "' €S
and
trTCI+T) ' =trC(I+T) ' T =tr CT(I +T)~ !,
where for the first equality we have used [8, Theorem I11.8.2]. O

Proof of Theorem 5.1. 1. First we verify the assertion (i). If

Hs:=Hi+(s—1) (_%* g) , s€]l,2],

then by (5.2) £(-; Hs, H1) restricted to (—d + || B||,d — || B||) is an integer constant
ns. Since n, depends continuously on s € [1,2] and n; = 0, we have n, = 0 for all
€ [1,2], hence &(-; He, Hy) = &(+; H, Hy) is zero on (=0 + || B||, 6 — || BJ]).

2. As in Theorem 4.1 we consider the operators
A= (I -K*K)*(A+V 4+ BK)(I - K*K)~2,
D:=(I-KK*")z2(D—B*K*)I—-KK*) 2

in H; and Hs, respectively. Since the difference of the resolvents of A+ V and /L
(of D and l~), respectively,) is of trace class, there exists a spectral shift function
& € LY (R, (1 +t2)71) of the pair A+ V, Ay (& € LY (R, (1 + t2)~1) of the
pair D, D, respectively) which is zero on (0,00) (resp. on (—o0,0)) and on some
neighborhood of 0, and these functions ;51 and §~2 are uniquely determined. Then
E:=6+6& ¢ LY(R, (1 4 t2)71) is a spectral shift function for the pair Hy, H;

where
Ffl = Al 9 .
0 D
We have
Hy=SHS™', I-Seé&, (5.11)
where
g (I-K*K)": —(I-K'K) :K*
T \-K(I-K*K)": (I-KK*) "2

In view of (5.11) and Lemma 5.2, for every f € C§°(R), we find

tr {f(H) — f(Hy)} = tr {f(S™'H.S) — f(H1)}
= tr {STVf(H)S — f(Hy) + f(H1) — f(H1)}

=t {7(0) - f(m)} = [ TSN
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Since gand &(+; H, Hy) are zero in some neighborhood of 0, these functions coincide,
and it follows that &, &, & € L'(R). Moreover, using again Lemma 5.2, we find

/_OOO ¢\ H, Hy)d\ = /oo &\ dA = %IT?O {—772 /_O;El(A)(A - in)_zd)\}

- e (=t —aev )
= lim {pPtr (1~ K K)"3 (A i) (= K*K) = (A+V i)~ |

= 71,1Tro% {Ptr (A+V+BK—in) ' —(A+V —in)~ 1)}
= 71]1%10 {-n*tr (A+V —in)""(A+V +BK —in)"'BK)}
=tr (BK).

This relation together with

/oo ENH Hy)dA=tr (H—-Hy) =0

yields (iii).

3. Assertion (iv) is a consequence of (i) and (5.10). If V' > 0 then in addition
to (5.6) we have A < —¢I. Then &(-; H1, Hy) = &(; A+ V, A) is zero on (—6,00)
and nonnegative on (—oo, —d). In this case Hy and H are nonpositive operators in
K which satisfy the assumptions of [9, Satz 4.2.5] mentioned above, and we have

§(+H, Ho) = &(+; Hi, Ho) + £(; H, Hy)
Therefore, (iv) implies (v). O

We need one more lemma.

Lemma 5.3. Let A, B and D be as in (5.6) and (5.7). Then for the pair Hy, H as
in (5.8) we have

&N HH)=0forae. N\e R < B=0.

Proof. As in the proof of the corresponding result [1, Theorem 3.3] for a symmetric
trace class perturbation of Hj it follows that tr(H — H;)? = 0, and the relation

» (-BB* 0
(H_Hl) _< 0 _B*B

yields B = 0. ]

Theorem 5.4. Suppose that the operator H in H, given by (4.1), satisfies all the
assumptions from the first paragraph of Section 4 and assume additionally that
IB|| < & holds. If V- > 0, then the coefficient a in (4.3) is nonnegative, and we
have

a=0 <« V=B=0.
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Proof. By (4.4), Theorem 5.1, and (5.9) the assumption V' > 0 implies that a =
trV +tr BK > 0. If a =0, then trV = 0 and tr BK = 0. It follows that V =0
and, again by Theorem 5.1, {(A\; H,H;) = 0 for a.e. A € R. It remains to apply
Lemma 5.3. g

Note. We use this opportunity to point out that in [1, Theorem 3.4] the first
relation after (3.19) should read a = tr (V 4+ BX) (instead of a = tr (V+BX) < 0).
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Reproducing Kernel Spaces of Series of
Fueter Polynomials

Daniel Alpay, Michael Shapiro and Dan Volok

Abstract. We study reproducing kernel spaces of power series of Fueter poly-
nomials and their multipliers. In particular we prove a counterpart of
Beurling-Lax theorem in the quaternionic Arveson space and we define and
characterize counterparts of the Schur—Agler classes. We also address the no-
tion of rationality in the hyperholomorphic setting.

Introduction

Reproducing kernel Hilbert spaces of analytic functions in one complex variable
play an important role in operator theory, in particular in operator models and in
interpolation theory, to name two instances. An important case is that of repro-
ducing kernels of the form ¢(zw) where ¢ is a function analytic in a neighborhood
of the origin with power series expansion ¢(t) = Y~ ¢pt™ such that ¢, > 0 for all

n € N. The function K(z,w) = c¢(zw) is positive and the associated reproducing
kernel Hilbert space is the set of functions

(oo}
n=0
cn#0
with norm
=30 o <o
Cn ’
n=0
cn#0
The research of Michael Shapiro was partially supported by CONACYT projects as well as by
Instituto Politécnico Nacional in the framework of COFAA and CGPI programs. The stay of
Michael Shapiro at Ben—Gurion University and the postdoctoral fellowship of Dan Volok were

supported by the Center for Advanced Studies in Mathematics of Ben Gurion University of the
Negev.
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Typical examples include the Hardy space and the Bergman space, corresponding
respectively to the functions
1 1

c(t)zl_t and c(t):(l_t)z.

These spaces of power series also have counterparts in the setting of several
complex variables: K (z,w) = c¢((z,w)) with z,w € CV and

N
t={(z,w) = Zzzwz
i=1

Examples include the Hardy space of the unit ball By, the Bergman space and
the Arveson space and the corresponding functions ¢ are respectively

1 1 1
W= gy D= gy addl) =y

Other spaces of interest correspond to kernels of the form

K(z,w) = Z cnz"w™,

neNy
Cn #0

where we have used the multi-index notation and where the ¢, > 0. The corre-
sponding reproducing kernel Hilbert spaces are sometimes called weighted power
series spaces. The spaces under consideration will now include the Hardy space of
the polydisk DY, corresponding to ¢, = 1.

We study in the present paper the counterparts of these weighted power series
spaces in the quaternionic setting; power series are now replaced by series of Fueter
polynomials. See the discussion at the beginning of Section 3.

This paper is written with two audiences in mind and is at the intersection of
two different fields; on the one hand, people familiar with the theory (or one should
say, theories) of reproducing kernel Hilbert spaces of power series in one and sev-
eral complex variables and on the other hand, people familiar with hypercomplex
analysis.

The paper intends to be of a review nature and also to contain new results:
among the new results presented we mention:

Another approach to quaternionic rational functions; see Theorem 2.8.

The fact that the quaternionic Cauchy kernel is rational. See Corollary 2.10.
A characterisation of the Leibenson shift operators. See Theorem 3.5.

A Beurling type theorem in the quaternionic Arveson space.

A definition and study of Schur—Agler type classes in the quaternionic setting.
See Section 4.2.

The setting which we present contains both a non-commutative and an ana-
lytic aspects. It is different from the non-commutative theory (but some formulas
are quite similar; see, e.g., formula (3.12) for the realization of a Schur multiplier)
and it is also quite different from the analytic setting. The Fueter polynomials (see

G o=
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Definition 2.1) play now the role of the usual monomials z]"* - - - 23" and, although

similar in notation, have quite different properties.

Before considering the hyperholomorphic case we discuss briefly in the next
section the case of several complex variables.

1. The case of several complex variables

1.1. Rational functions

Quaternionic hyperholomorphic rational functions play an important role in this
paper and we begin by reviewing some facts for the corresponding objects in the
setting of one and several complex variables. A rational function of one complex
variable is just a quotient of polynomials with complex coefficients. A matrix-
valued function is rational if its entries are rational. Equivalently, it is rational if it
is the quotient of a matrix polynomial (a matrix function with polynomial entries)
with a scalar polynomial. Originating with the theory of linear systems, another
representation of rational function proved to be very useful:

Proposition 1.1. A matriz-valued function r(z) analytic in a neighborhood of the
origin is rational if and only if it can be written as

r(z)=D+C(I, — zA)"'2B (1.1)
where I, denotes the identity matriz of order n and where A, B,C and D denote
matrices of appropriate sizes.

An expression of the form (1.1) is called a realization. See, e.g., [9], where
functions analytic at infinity rather than at the origin are considered.

In several complex variables, rational functions are also defined as quotient of
polynomials, and the realization result extend: a matrix-valued function of several
complex variables analytic in a neighborhood of the origin is rational if and only
if it can be written as

N N
=1 =1

where Ay,..., AN, B1,...,Byx,C and D are matrices of appropriate sizes. We can
rewrite (1.2) as (1.1) by setting
A1 Bl
z=(aly - ,2nln), A=| : B=| :
AN By
For a recent proof of this well-known realization result, see [3]. We refer to the

papers [18] and [29] for connections with the theory of linear systems (note that
the paper [29] considers a different kind of realization).
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1.2. Some Hilbert spaces of power series

In this section we review some results from the theory of reproducing kernel Hilbert
spaces of power series in several complex variables.

Definition 1.2. Let ¢ = {c,} be a sequence of positive numbers indexed by NN and
let its support supp (c) be defined by

supp (c) = {v e NV | ¢, # 0}. (1.3)

We denote by H(c) the space of power series of the form

)= > 2f

vesupp (c)
where the f, € C are such that
2. |fl"2 1 4
=3 e (14)
ve€supp (c) v

In the sequel we use the notion of lower inclusive sets. These sets were intro-
duced in the work [8] of Ball, Li, Timotin and Trent (the term itself was coined
in Woerderman’s paper [37]) and used in [37] to solve the Carathéodory—Féjer
interpolation problem in the polydisk.

Define a partial order <, on N as follows: For k = (ky, ks, ..., ky) € NV an
0= (l1,0,...,0n) € NV wesay that k <, (ifandonlyifk; < ¢; i=1,2,.. N

Definition 1.3. A set K C NV is said to be lower inclusive if the following condition
holds:
ifk e K and £ <, k, then £ € K.

1.3. Gleason’s problem and the Leibenson’s shift operators

What is now called Gleason’s problem was considered by Hefer; the paper [25] was
published in 1950. In a footnote, Behnke and Stein state that the author died in
1941 and that the paper is part of his 1940 Munster dissertation. For a related
result, see also [11].

Problem 1.4. Let M be a set of functions analytic in a subset Q C CN and let
a € Q. Gwen f € M; to find functions g1(z,a),...,gn(z,a) € M such that

N
f(z) = fla) = (2 — aj)g;(2, ).
j=1
A more restrictive requirement is to ask that there are bounded operators 7} 4
such that g;(z,a) = (Tj,of)(z). We then say that the T} , solve Gleason’s problem.
When N =1 and a = 0, we get back to the well-known notion of backward-shift
invariance: is M invariant under the backward-shift operator ! (Z);f ©9
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Let us take a = 0 and N > 1. Differentiating the function ¢ — f(¢z) (with
t € [0,1]) and integrating back one obtains

N
F(2) = F0) =) %(R;f)(2)
=1

where )
of
; = tz)dt.
Ry = [ o) e
One has v
R, = o) 2 ff a; >0,
0 if a; =0,

where e; denotes the row vector with all components equal to 0, besides the jth
one equal to 1, and so:

Lemma 1.5. A necessary condition for a space H(c) to be R -invariant is that the
set supp (c) is lower inclusive.

The R; are the generalized backward-shift operators introduced by Leibenson
and one version of Gleason’s problem is to ask whether the space M is invariant
under the R;. Of course a negative answer does not mean that Gleason’s problem
is not solvable in M.

The functions g;(2, a) are not uniquely defined in general; on the other hand,
when a = 0, the choice g;(z,0) = R, f(z) is unique under appropriate hypothesis.
A first set of such hypothesis was given in [15], where E. Doubtsov proved that
the Leibenson solution is a minimal solution (in an appropriate sense). In [2] it is
shown that if the space is Rj-invariant the R; are the only commutative solution
to Gleason’s problem.

Theorem 1.6. Let P be a space of CP-valued functions analytic on a domain Q C
CN containing the origin, and which is invariant under the multiplication operators
M, for j=1,...,N. The set of commuting, bounded operators solving Gleason’s
problem in P, if it exists, is unique, and is given by

Tj:=Tjo: f(2) = g;(2)
where g;(z) is the uniquely determined element of P having Taylor expansions with
center point at the origin given by

e Oy
g](z): Z Za € |(Xj|fa
a€NN: a;>1
if f(2) has Taylor expansion at the origin given by
f2)= D 2%fa
a€eNN

In Section 3.2 we prove a similar result in the setting of hyperholomorphic
functions.
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1.4. Schur multipliers

Definition 1.7. Let K(z,w) be a function positive on the set Q. The function s :
Q — C is called a Schur multiplier if the operator My of multiplication by s is
a contraction from H(K) (the reproducing kernel Hilbert space with reproducing
kernel K) into itself.

It is well known (but, as we will see, the hyperholomophic counterparts of
these formulas are more involved; see, e.g., formula (3.2)) that

MK (w) = K (-, w)s(w)* (1.5)
and that s is a Schur multiplier if and only if the function
(1= s(2)s(w)") K(z, w)

is positive in .

1.5. The Hardy space of the ball

The Hardy space of the ball Hy(By ) is the reproducing kernel Hilbert space with
reproducing kernel (17<z1w))N' Since

1 .S (N +a - 1)

(1= (z,w))N AN -1 ="

aeNN
the space Hy(By) is a weighted power series space and its elements can be char-
acterized via (1.4). A function s analytic in the ball is a contractive multiplier for
the Hardy space if and only if the kernel

1—s(2)s(w)*

(1 ()™ (16)

is positive in By.
The norm (1.4) has also a geometric interpretation as

0<r<1

2= s [ 15C2)PaA)

Thanks to this interpretation, Schur multipliers of the Hardy space are readily seen
(as in the case N = 1) to be exactly the set of functions analytic and contractive
in By. For N = 1 interpolation theory and realization theory of these functions is
a very well developed topic, known as Schur analysis; see, e.g., [19], [21] for some
references. For N > 1 these same questions (interpolation theory and realization
theory) seem beyond the scope of current methods of several complex variables
and operator theory.
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1.6. The Arveson space and de Branges—Rovnyak spaces
The kernel 1_<1Z w) is positive in the open unit ball. When N > 1 the associated
reproducing kernel Hilbert space is strictly and contractively included in the Hardy
space of the ball. This space was introduced by Drury in [16] and studied further
by Arveson [7]. Following other authors we will call it the Arveson space.

A function s analytic in the ball is a contractive multiplier for the Arveson
space if and only if the kernel

1—s(2)s(w)*
1—(z,w)

is positive in By. Note the difference with (1.6). We note that there are functions
analytic and contractive in the ball and which are not Schur multipliers of the
Arveson space. In the statement (and in the sequel of the paper), a co-isometric
operator is an operator whose adjoint is isometric.

Theorem 1.8. A function s analytic in the ball is a Schur multiplier of the Arveson
space if and only if there exists a Hilbert space H and a co-isometric operator

A1 Bl
(A B): | i HVec=HecC
C D Axy By
C D
such that
s(2) =D+ C(I — 2A)"'2B (1.7)
where

ZA:,ZlAl-l-‘-‘-i-ZNAN, zB=2z1B1+ -+ z2nvBn.

Remark 1.9. 1t follows from formula (1.7) that we have the power series expansion

N
v|!
=0+ Y Mazcrn.
k=1peNN
where
AV = Af X TN
and )
Ay X Ag x -+ x A, = ol Z Aa(l)Ao(2) "'Aa(n)~

ocES,
Remark 1.10. The knowledgeable reader will have noticed that in the above state-
ments it is not necessary to assume that s is analytic in the ball. It is enough to

assume that s is defined on a uniqueness set in the ball. This is one instance of a
general principle where positivity forces analyticity.

We presented the definition and characterization of Schur multipliers in the
scalar case, but these also make sense in the case of operator-valued functions.
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1.7. The polydisk and the Schur—Agler classes

The Hardy space of the polydisk is the reproducing kernel Hilbert space with

reproducing kernel
1

N .
[T (1= zjw;)

It would seem natural to define in the setting of the polydisk the class of Schur
multipliers, that is functions analytic in the polydisk and such that the kernel

1—s(2)s(w)
N
[Ty (1 = zjw;)
is positive in DV. Unfortunately, as soon as N > 2, these are not classes for which

there is a nice characterization in terms of realization. J. Agler introduced (see [1])
the class of functions s such that

k(z,w) =

(1.8)

N
1—s(z Z 1 — zjw;)K;(z,w)
j=1
for some (in general not uniquely defined) functions K1, ..., Ky positive in D,

Dividing both sides of the above equality by Hiv(l — zjw;) we see that the
kernel (1.8) is positive. In particular the function s is a contractive multiplier of the
Hardy space of the polydisk and is thus automatically analytic there. For N > 2
the Schur—Agler class is strictly smaller than the class of contractive multipliers
of the Hardy space of the polydisk. As in Section 1.6 we focus on the scalar case.

Theorem 1.11. A function s analytic in the polydisk is in the Schur—Agler class if
and only if it can be written as

s(z) =D+ C(I —d(z)A)"d(2)B,

where in the expression d(z) = diag (zjI,) for some Hilbert spaces H; and

H1 H1
(A B) A A
C D ’ HN HN
C C

1S a co-isometric operator.

One of the main results of this paper is the definition and characterization
of the Schur—Agler classes in the quaternionic setting; see Section 4.2.

2. Hyperholomorphic functions

2.1. Quaternions and quaternionic hyperholomorphic functions

The building of the skew-field of quaternions has a fascinating history; see for in-
stance [14]. For our present purposes it is enough to define directly the quaternions
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This is readily seen to be a skew-field. Writing z = x¢ + iz1 and w = z9 + iz3 we
have that

as

T = Tg€o + T1€1 + T2es + T3€3 (2.1)

where

(10 (i 0 (0 1 4 oe (0
©=1p 1) 7 \o —i)> 27 \=1 o) ¢ ST\ o)

We will denote eg = 1 and note that the e; satisfy the Cayley multiplication table

€0 €1 €2 €3
€y €p €1 €2 €3
€1 €1 —€p €z —e€2 . (22)
€z €z —eg —€o €1
€3 €3 €y —€; —€o

In the sequel we identify the space R3 with the set of purely vectorial quater-
nions, that is quaternions = such that zg = 0.

The function f: Q c R* — H is called left-hyperholomorphic if

0 0 )
e, f+ez P f+es amf =0. (2.3)

Write f = fo+e1fies+ fo+esfs. The components f; of f satisfy the system
dfo 0fi 0fx Ofs

63:0 - 6371 - 6372 B 6x3
0 0 0 0
fo+ fi fz+ fS:O,
6.131 6370 6373 63:2
0 0 0 0
fo  Of _0fr _ f3:0,
Oxo Ors Oxo 0x1
0 0 0 0
fo_Oh  Oh  Ofs_
Ox3 Oxa ory 0xo
See, e.g., [20, equations (2a) p. 76]. The system of equations (2.4) when there is no
dependence on xy appears in [27, (5) p. 985]; nowadays it bears the name of the
Moisil-Theodoresco system and there is a long list of works about its properties.
A curious reader can find it useful to look into the books [17] and [23] as well as
into the papers [22], [31], [33] and [36].
The case where fo = 0 and where f1, fo and f3 do not depend on xg is of
special interest; see [20, p. 78]. The system (2.4) can be re-written now as

div f =0,
rot f: 0,

D fZ: a f—i—el
63:0

(2.5)
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where f = (f1, f2, f3); hence (2.5) being a particular case of (2.4) has both purely
mathematical and physical developments. Again, a long list of references could be
composed from which we indicate a few instances: [10, pp. 81-96], [38], [24], [30].

A solution of (2.5), and more generally of its generalization to any dimension,
is called a system of conjugate harmonic functions; see [28, p. 18]. The paper [32]
can be useful for a first acquaintance and to understand the main ideas.

We now introduce a family of hyperholomorphic polynomials, and describe
the counterpart of the Taylor series at the origin. Let f be left-hyperholomorphic.
The chain rule gives

d 5. of
40 = ;w Do (tz). (2.6)
Since the function is left-hyperholomorphic we have
of 0 0 0
on'_ ela$1f ezﬁng e36x3f

Replacing g a;fo by this expression in (2.6) we obtain

ddtf(tx) =g (—el 68 f(tz) — ez aizf(tx) —e3 ai3f(tx)) +

1
3 3f

D ey, (t2)
=1 ’

3
= g(xg - xoeg)gi; (tx).

1

Integrating with respect to ¢ we obtain

3 1
of
z)— f(0) = Ty — To€ tx)dt. 2.7
CRFCEDE e [ o) ) (27)
It remains to show that the functions ge(z) = 01 g xfz (tx)dt are left-hyperholo-

morphic. This follows from the fact that, for a given ¢, D f evaluated at the point
tx is equal to 0 and that we can interchange integration and derivation when
computing Dgy.

We note that the functions (y(x) = x¢ —zoe, are hyperholomorphic. Iterating
formula (2.7) we get

fl@)=f0)=> ¢f
vENS
where f, € H and (¥ are non-commutative homogeneous hyperholomorphic poly-
nomials in the ¢; given by the formula

¢"(x) = Qi) x Ca(x)™" x (3(x) ", (2.8)
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where v = (v1,12,v3) and where the symmetrized product of aq,...,a, € H is
defined by
1
ay X ag X+ Xap = ol Z A5 (1)Ag(2) " " Ao (n)s (29)
" o€S,
where S, is the set of all permutations of the set {1,...,n}.

Definition 2.1. The polynomials (¥ (x) defined by (2.8) are called the Fueter poly-
nomials.

2.2. The Cauchy-Kovalevskaya extension and product

The pointwise product of two hyperholomorphic functions is not in general hyper-
holomorphic. The Cauchy—Kovalevskaya product allows to remedy this situation.
Let (1,72, 73) be a real analytic function from some open domain of R? into H,
that is ¢ is given by four coordinate real analytic real-valued functions

3
p(x1, 2, 23) = po(21, T2, 73) + Zei@i($1,$2,$3)~
1
The Cauchy—Kovalevskaya theorem (in fact, in its simplest form; see [26, Section
1.7]; see also [26, Section 1.10] and [13, Section 1.7] for the general version) implies
that the system of equations (2.4) with initial conditions

fi(o,x1,$2,$3) = @i(ﬂ?l,ﬂ?g,ﬂ?g)

admits a unique real analytic solution in a neighborhood of the origin in R*. This
solution
3
flxo, w1, w2, w3) = fo(wo, w1, w2, 73) + Y _ €;fi(wo, 21, w2, 3)
1
is hyperholomorphic by definition and is called the Cauchy—Kovalevskaya extension
of the function ¢.

Example 2.2. The Cauchy-Kovalevskaya extension of the polynomial = is the
Fueter polynomial .

More generally, the Cauchy—Kovalevskaya extension of the H-valued real-
analytic function Y 77 2=k @ fu (where f, € H) is the function

k=0 |v|=k

Consider now two hyperholomorphic functions f and g and let ¢ and ¥ be
their restrictions to R3 (that is, when setting #p = 0). The functions ¢ and
are real analytic and so is their (pointwise) product. The Cauchy—Kovalevskaya
extension of ¢ is called the Cauchy—Kovalevskaya product of f and g. It was first
introduced by F. Sommen in [35].
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Consider now a function f hyperholomorphic in a neighborhood of the origin.
The function f(0, 1, z2,x3) is real analytic in a neighborhood of the origin of R?
and thus we can write
f(O, X1, T2, 373) —f(O, 0,0, O) = xlhl(ajl, xa, .133)+J?2]’L2(.131, xa, .133)+J?3]’L3(.131, xa, .133),

where the h; are H-valued and real analytic in a neighborhood of the origin of R3.
Taking the Cauchy—Kovaleskaya extension of this expression we get to

f(x) = f(0) = Q@) © g1 (x) + 2(2) © ga(z) + (3(x) © gs(x), (2.10)
where the g; are hyperholomorphic in a neighborhood of the origin.

The Cauchy—Kovalevskaya product can be defined also directly in terms of
the power series expansions at the origin of the two functions. More precisely we
have:

Theorem 2.3. Let f and g be two functions hyperholomorphic in a neighborhood
of the origin, with power series erpansions

ZZCJZ and  f(z ZZcugy

k=0 |v|=k k=0 |v|=k
Then,

(fog)(z ZZC”ZJtvgnV

n=0 \n\—n 0<v<n

The proof of Theorem 2.3 can be found in [12]. In view of Example 2.2, it
follows from the right H-linearity of the equation (2.3).

2.3. The quaternionic Cauchy kernel

Neither the quaternionic variable (2.1) nor its powers ™ (with n = £1,£2,...)
are hyperholomorphic. As noted by Fueter [20, p. 77] the functions Agaz™ are both
left- and right-hyperholomorphic.
The quaternionic Cauchy kernel is defined by the formula: for x # 0,
1 1 1 T 1
K(z) :=— D = =— Agsz L.
() 2vol S3 7 |z]2  vol S3 |z|* Avol 37K

For a function f(z) left hyperholomorphic in a neighborhood of the ball B(0, R)
the following Cauchy formula holds:

fa) = /y_RK(y 5)dof(y).

Finally we note the expansion

Aly-z)t=y 1ZA (2y )" = > an(y)Bul2)

neN3

valid for |x| < |y|. See [20, p. 81]. The f,, are hyperholomorphic polynomials, and
are in fact the Fueter polynomials defined above.
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2.4. Rational functions
In [4] we defined matrix-valued rational hyperholomorphic functions as functions
obtained from Fueter polynomials after a finite number of operations of the follow-
ing type: addition, Cauchy—Kovalevskaya multiplication, and if the the function
is invertible at the origin, say R(x) = R(0)(I, — T'(z)), with T(0) = 0 and R(0)
invertible, then the Cauchy—Kovalevskaya inversion is defined by

R@) ' ={l,+T(@@)+T(z) oT(x)+T(x) ©T(z) © T(x) +---} R(0)™".
We proved that:

Proposition 2.4. A matriz-valued function hyperholomorphic in a neighborhood of
the origin is rational if and only if it can be written as

R(x) =D+ Co I - (Ci(x)A1 + Ca(x) A2 + (3(2)A3)) Y0
® (G(2)B1 + G(2) B2 + (3(2) Bs)
where A1, As, As, By, Ba, B3, C and D are matrices of appropriate sizes.

(2.11)

Compare (2.11) with (1.2).

We now give another characterization of hyperholomorphic rational functions.
As a corollary we will obtain that the quaternionic Cauchy kernel is rational see
also [5].

We first define rational functions of three real variables and whose values
are matrices with quaternionic entries. Since the variables and the coefficients
commute the notion of polynomials makes no difficulty. We call matrix-polynomial
any finite sum

Zxalx‘”x D(ar,az,a3) (2.12)
where the p, € HP*9.
Definition 2.5. A rational function of three real variables and with quaternionic
coefficients is any function obtained from polynomials of the form (2.12) after a

finite number of the following operations: addition, pointwise multiplication and
1NVErsion.

In the sequel we focus on the case of functions which are real analytic in a
neighborhood of the origin.

Proposition 2.6. A function of three real variables, real analytic in a neighborhood
of the origin and with quaternionic coefficients is rational if and only if it can be
represented as

r(xl, T2, xg) =D+ C(I — ($1A1 + x9A9 +(L’3A3))71(CL'1B1 + 2989 +(L’3Bg) (2.13)
where A1, Ag, As, By, Ba, B3,C and D are matrices of appropriate sizes.

Proof. The proof follows a classical argument and proceeds in a number of steps
(we omit the proofs):
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Step 1. Constant matrices and monomials of the form x; M have realizations of
the form (2.13).

Step 2. If r and s admit realizations of the form (2.13) and if the product rs
(resp. the sum r + s) makes sense, then the product (resp. the sum) admits also a
realization of the form (2.13).

We note that the result on the sum follows from the result on the product
since (with identities of appropriate sizes)

rds—(r ) @

Step 3. If r admits a realization and r(0) is invertible, then r—! also admits a
realization.

Proposition 2.7. A function of three real variables, real analytic in a neighborhood
of the origin and with quaternionic coefficients is rational if and only if it can be
represented as

q(r1,22,73)

p(x1, 2z, w3)

where q is a polynomial with quaternionic coefficients and p is a polynomial with
real coefficients, such that p(0) # 0.

T(.’El y L2, 1'3) =

Proof. This is an immediate consequence of the inversion formula

¢ t= ‘qq|2 Vg € H\ {0}.

We now turn to the main result of this section:

Theorem 2.8. A function defined in an open set Q of R* containing the origin
is hyperholomorphic rational if and only if its restriction to Q NR3 is a rational
H-valued function of the three real variables x1, T2, 3.

Proof. Assume that R is hyperholomorphic and rational, that is, admits a realiza-
tion of the form (2.11). Then, setting xo = 0 in (2.11), the Cauchy-Kovalevskaya
products become usual products and we obtain

R(0,$1,£2,$3) =D+ O(I — (.131141 + 2945 + 373143))71(37131 + x9By + .13333),

and so the restriction R(0, 1,22, 23) of R to Q NR3 is rational.

Conversely, (2.13) defines a function which is real analytic in a neighborhood
of the origin. Taking the Cauchy—Kovalevskaya extension of both sides of (2.13)
we obtain by definition on the left a hyperholomorphic function. On the right, by
definition of the Cauchy—Kovalevskya product we obtain an expression of the form
(2.11). O
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Remark 2.9. There is a fundamental difference between the expressions (2.11) and
(2.13). The former is local (that is valid only in a neighborhood of the origin),
while the latter is global. It makes sense for every (w1,x2,23) € R3 where the
matriz I — (x1A1 + xoAs + xz3A3) is invertible.

Corollary 2.10. Let y # 0 € H. The quaternionic Cauchy kernel x — 271r2 ‘;7;"4 s

rational.

Proof. Tt suffices to note that the restriction of the function x — \;:;J\“ to R3

is rational in z1,z9,2x3 and has no singularities in a neighborhood of 0 when
y # 0. O

In a similar way the quaternionic Bergman kernel for the unit ball is rational;
indeed, this kernel is shown in [34, p. 10] to be equal to

K(z,y)
_ 2 (1=2(y,2) + |yPla) (1 - 2zy) + (y — 2ly*) (@ - ylxlz)_
2 (1 - 2(y, ) + |y[2|z[2)’

3. Reproducing kernel spaces of power series of Fueter polynomials

We now define the counterparts of the spaces H(c) in the setting of hyperholo-
morphic functions. Our motivation for studying such spaces came from the quater-
nionic Arveson space, which we defined and studied in [4], [6].

3.1. Generalities

Theorem 3.1. Let ¢ = {c,} be a sequence of positive numbers indexed by N* with
support supp (c) (defined by (1.3)). Let

ke(w,y) =Y > el (@) (y).

k=0 vesupp (c)
lv|=k

and

o0
Qe=RzeR D D alt"@)f <o
k=0 VeTu‘pp (c)
v|=k

Then ke is positive for x,y € Q¢ and the associated reproducing kernel Hilbert
space of left hyperholomorphic functions is the set of functions

fly=">_ ¢ @f
vEsupp (c)
where the f, € H are such that

2 _ |ful?
IF12:= ) . <o (3.1)

vesupp (c)
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We will denote by H(c) the reproducing kernel Hilbert space of left hyper-
holomorphic functions with reproducing kernel k.. Its norm is given by (3.1). We
note that H(c) contains the span of the (¥ where v € supp (c).

We will say that the function s hyperholomorphic in Q. is a multiplier (resp.
a Schur multiplier) if the operator of Cauchy—Kovalevskaya multiplication by s on
the left is bounded (resp. is a contraction) from H(c) into itself. We now present
the counterpart of formula (1.5).

Proposition 3.2. Let s be a multiplier of H(c). Then it holds that:

O (hya) (@) = 3 3 a0 (@)(s @ ¥ () (3.2)

k=0 |v|=k
Proof. Let a,b € H and x,y € Q.. We have:
<M§k;ya, k'a:b>H(c) = <I<;ya, EXO) (ka:b)>7-{(c)

= <kya7 Z Z a(s® Cy)gy(x)b>7-t(c)

k=0 |v|=k

Yy e (a s ® ") ()¢ ()b)

k=0 |v|=k
= Z Z b (z)(s © C¥(y))a
k=0 |v|=k

and hence we obtain the formula (3.2). O

As a corollary we obtain that the function s is a Schur multiplier if and only
if the kernel

D e (C)ety) — (s 0 ¢ @)s © ¢)) (3.3)
k=0 |v|=k

is positive in Q.

3.2. Gleason’s problem and Leibenson’s shift operators

Proposition 3.3. The operator
SE I "
k=0 |v|=k

is bounded in H(c) if and only if the following two conditions hold: the set supp (c)
is lower inclusive and it holds that

2
sup (VJ ) v <. (3.5)

v Cy;
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When it is bounded it is equal to the Leibenson backward-shift operator

_[tor
_ /0 oo (1)t (3.6)

Proof. The operator R; is bounded if and only if there exists a constant K > 0

such that
| ful? - |ful?
>y () Mex(z e
k=0 |v|=k k=0 |v|=k
The result follows easily. O

The Leibenson backward-shift operator operators (3.6) have previously ap-
peared in (2.7) which can be viewed as Gleason problem (see Problem 1.4) with
respect to hyperholomorphic variables. However, we are mainly interested in the
following version of this problem, formulated in terms of the Cauchy—Kovalevskaya
product:

Problem 3.4. Let M be a set of functions left hyperholomorphic in a neighborhood
Q of the origin. Given f € M; to find functions p1,...,ps € M such that
3
F@) = £0) = (G © p) (@),

j=1
Theorem 3.5. Under hypothesis (3.5) Problem 3.4 is solvable in the spaces H(c)
and the Leibenson type operators (3.6) are the only commutative solution of the
problem.

Proof. The proof parallels the proof of the similar fact in CV presented in [2]. Here
we consider the special case of power series expansions at the origin.
First of all, we note that the operators R; given by (3.4) commute:

v Z/J+1 Vé"‘].) . ‘
R Réf kzozl:kg ‘1/|+1 ‘y|+2)fl/+ej-+eg —R(ij7

and solve the Gleason problem:

3 3 oo
S GoR) =Y ey 3 ¢ "jjﬁllfm] 353 Z < h = 110,
j=1 j=1 k=0 |v|=k k=1 |v|=k j=1
Furthermore, let us assume that 77, T, T3 are some commuting bounded operators
on H(c) which solve the Gleason problem, as well. Then we have for f € H(c) and
x in a neighborhood of the origin

3

fla) = f0)+ > (G o (T3)))()

j=1
’ 3 3
= F0)+ D _G@TF0) + > (G © ¢ @ (TeT; f))(x).

=1 j=1



36 D. Alpay, M. Shapiro and D. Volok

Continuing to iterate this formula and taking into account that 7); commute, we
obtain the Taylor series for f(z) in the form

0= "ewano),

k=0 |v|=k

where
v o __ 1741 125 V3
T =T T52T58.

In particular,
\VI

(T")(0) =

Now we write the Taylor expansion for T} f :

Z Z |V‘ CV TV+P7f Z Z |V‘ CV me_e? _ (ij)(x)

k=0 |v|=k v k=0 |v|=k

v

3.3. The quaternionic Arveson space
v|!

The quaternionic Arveson space A corresponds to the choice ¢, = ‘V, .

— IV\

Proposition 3.6. Assume that ¢, = . Then Q¢ is the ellipsoid
Qc={z €H|3af+a7+a3+a23 <1}
and
Ka(z,y) = Ke(z,y) = (1 = G(2)G(y) — G(2)C(y) — G(2)¢G(y) ™
A proof can be found in [6].
The choices s(z) = ¢;(z) for j =1,2,3 in (3.3) leads to:
Theorem 3.7. Let C' be the operator of evaluation at the origin. It holds that

3
1= MM =C*C (3.7)
j=1

VI

if and only if ¢, =
nionic Arveson space A.

, that 1is, if and only if we are in the setting of the quater-

Proof. Applying on both sides of the operator identity (3.7) to the kernel ke we
obtain
Cy—ey T Coey T Coey = Cp.

The only solution of this equation with ¢g =1 1is ¢, = ‘Z}I. O

Theorem 3.8. The operators M; defined by f — fO(; are continuous in the quater-
nionic Arveson space A and their adjoints are given by M; =TR;. The Arveson
space is the only space of hyperholomorhpic functions with these two properties.

Proof. The result follows from (3.7) and from Theorem 3.5. O
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3.4. H*-valued hyperholomorphic functions

Let H be a right linear quaternionic Hilbert space and let H* denote the (left) dual
space of bounded H-linear functionals on H. Let © be a domain in R* containing
the origin and let f : Q — H* be a mapping such that Yh € H, f(-)h is a left-
hyperholomorphic function in . Such a mapping f is said to be an H*-valued
left-hyperholomorphic function in €.

Theorem 3.9. Let f(x) be an H*-valued left-hyperholomorphic function in a ball
B(0,R). Then f can be represented as the series

Z > @)t fo e,

k=0 |v|=k
which converges normally in B(0, R) with respect to the operator norm.

Proof. First we note that for every R’ € (0, R) the family of functionals {f(z) :
|z| < R'} is uniformly bounded: sup,, </ || f(z)|| < oo. Let h € H and let

x)h = Z Py(xz,h)
k=0

be the expansion of f(x)h into the series of homogeneous polynomials of z. Then
it follows from the Cauchy formula for the hyperholomorphic functions that for
x <R

|z
R/

which can be proved like in [12, p.82], and where C} is a positive real constant
independent of k. By uniqueness of the Taylor expansion, Py (z,h) is linear with
respect to h, hence we can write Py(z,h) = Py(x)h where Py(xz) € H* and the
series Y7~ o Pr(z) converges to f(z) normally in B(0, R) with respect to the op-
erator norm. Furthermore, since the polynomial Py (z)h is hyperholomorphic, we

have
2)h =Y ¢"(z)fu(h)

lv|=k

k
P ] < O+ 200 1) () ) I s @)

where f,(h) is linear with respect to h and satisfies for x < R’ the estimate

1 (k + 2)!

[fe(W)] < C2 oy, 1]l sup || Pe(x)] < C(v, RO|IA]] sup || (x)]].
(R/)k le| <R’ |lz| <R/

Hence f, € H*. O

Corollary 3.10. A positive kernel k(x,y) can be represented as

ke(z,y) = 9(x)g(y)",
where g(z) is an H(k)*-valued hyperholomorphic function.
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3.5. de Branges—Rovnyak spaces

We shall say that an H*-valued hyperholomorphic function s(z) is a Schur multi-
plier if the kernel

Z Z v|! ( ¢ (y) — (¢ @ 8)(x)(¢” @8)(31)*)
k=0 |v|=k

is positive (compare with (3.3)). Note that, in view of Corollary 3.10, this condition
is in force if and only if there exist a quaternionic Hilbert space G and a G*-valued
hyperholomorphic function g(z) such that

3
1—s(z)s(y)” = =Y (G g@)(¢G o9y
=1

Our terminology can be explained as follows. Let us denote by EZ(H) the quater-
nionic Hilbert space of sequences (f, : v € N3, f,, € H) such that > * it L)% < oo
Then s = > (”s, is a Schur multiplier if and only if the operator My defined by

=2 | X sudve

pn<v

is a contraction from ¢?(H) into the quaternionic Arveson space A. In this case
K (,y) =1 — M;M?)K 4 and we denote by

H(s) = (I — M,M?)% A

the quaternionic Hilbert space with the reproducing kernel K. This is the de
Branges-Rovnyak space in the present setting.

Theorem 3.11. Let s be an H*-valued hyperholomorphic Schur multiplier. Then
there ezists a co-isometry

vola wf () (%)

such that
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Furthermore, s(x) admits the representation
5
s(h=Hh+> Y ) (GO @)GT Fih, x€Q, heM,  (3.12)
k=1reN3
where we use the notation
TV — T1><V1 X T2><I/2 X T3><l/3.

Proof. Let us denote by H(s)3 the closure in H(s)? of the linear span of the
elements of the form

(I = MsMIR1Ka(,y)
wy = | ([ = M{M)R2Ka(y) |, yeQ.
(I - M@M:)RSKA('a y)
Define
(Tqu) (z) = (Ku(z,y) — Kuo(2,0)) q, Fwyq = (s()* —s(0)")q,  (3.13)
(Ga) (@) = K.(a.000.  Hq=s(0)"q, (3.14)

then it follows from Theorems 3.7, 3.8 that
<(1:1wy1q1 +(:;pl> <1:1wy2q2 +(:;P2>> — <<wy1q1) (wy2q2>>
Fuwy,qi + Hp1) ' \Fwy,qz + Hps p1 )\ p2

for any y1,y2 € Q and p1,p2,q1,q2 € H. Hence the operator matrix V=

—
5~

G
7
can be extended as an isometry from (HE)3> into (Héf)) Let usset V = (g g) =

V*. Then the relations (3.13), (3.14) imply (3.8)-(3.11). Now, iterating (3.8) as in
the proof of Theorem 3.5 we obtain (3.12). O

Theorem 3.12. Let G, H be right quaternionic Hilbert spaces and let

Ty F1
V= T, | (G = g3
|15 F5 )\ H H
G H
be a co-isometry. Then
5 !
sv@) =H+Y > 1/'. (Ck © ") (x)GT" Fy,
k=lveNs

is an H*-valued Schur multiplier.
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Proof. Define

Z \V|'

veN3

X ((¢H © Q) (@)GTY (¢ © Q) (@)GTY (¢ @ G)(2)GTY)
Bux)= " Wl e, o) = 3 Wt e et

| |
vEN3 v vEN3 v

Then
Au(@)Au(y)* + (@) (y) = (Aule) @) VIV (Auly) ¢*(y)
Bu(z) (("@sv)(@) (Buly) (" 0sv)(y))

w(2)Bu(y)" + (¢" © sv)(x)(¢" @ sv)(y)"

=B
Hence
Kelo) = 5 1) (@0 0) - (¢ 0 50)@) (¢ @ sr)(0)")
pens
= 3 b BB - A7)
Furthermore,

> M Z (¢" @ Gu)(@)GT" (T7)* G (CH 1 © Ga) (y)

HENS
3
3P IR L e ey argrny)
= D ()G (T) G grn(y),
[1|>0
and thus K, (z,y) = C(z)C(y)* is positive. O

Theorem 3.13. Let H be a right linear quaternionic reproducing kernel Hilbert
space of functions, left-hyperholomorphic in a neighborhood of the origin. Assume
that there exist bounded operators T1, To T3 from H into itself such that

3
(Z G ® (ka>> (x) = f(z) — £(0)

and

3
ST < FIP = 1 (0)
k=1
Then there exist a quaternionic Hilbert space G and a G*-valued Schur multiplier
s such that H = H(s).
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Proof. Since T*T + G*G < I, there exist F, H such that V = (g f}) is a co-
isometry. Hence sy is a Schur multiplier, and in particular

Koy (2,y) = C(2)C(y)”

where il
vl y
C@:%mgmw.
veN3
But then for f € H we have C(z)f = f(z), hence H = H(sy). O

4. The analogue of the Hardy space of the polydisk
4.1. The Hardy type space

The counterpart of Hardy space here corresponds to the case ¢, = 1. Now
Qe = {[L’ cH| sup (Jxo|* + |=:)*) < 1} .
i=1,2,3
4.2. Quaternionic Schur—Agler spaces and realization theory

Definition 4.1. Let s be hyperholomorphic in a neighborhood of the origin. Then s
is said to belong to the Schur—Agler class, if there exist hyperholomorphic operator-
valued g1(x), g2(x), gs(x) such that

3

1—s(z)s(y) = D (9e(2)ge(y)" = Ge ® ge()(Ce © 9e(y))) -

=1

Theorem 4.2. Let s be in the Schur—Agler class and for £ = 1,2,3 let H, be
the Hilbert space with the reproducing kernel go(x)ge(y)*. Then there exists a co-

isometry
A B\ (@i He) (B He
C D) H H ’

such that for arbitrary q € H and hy € Hy, £ =1,2,3

3
(O A= he—he(0), (©Bq=(s—s(0))q,
(=1

3
Ch = h(0), Dq=s(0)q.
=1

In terms of the operators A, B,C, D the function s admits the realization

' 3
s=p+ Y "oy qoatins, (41)
’ =1

vENS
where Ty is the orthogonal projection onto Hy in @?:1 He and

A[V] — (7T1A)><V1 % (7T2A)><1/2 X (7T3A)><V3~
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Proof. The proof is analogous to that of Theorem 3.11. We consider

(C1©g1)(y)*a
(2 © g2)(y)*a

(G3®g3)(y)a
b

‘H = span

and define
A(C®gi(y)*a) = (9e(v)*a—ge(0)*a), Cb = ge(0)*D,
B ((@ © ge(y)*a) = s(y)a — s(0)a, Db = s(0)b.
Then (é g) can be extended as an isometry from (ﬁ) into (@ l%_ﬁ H‘) and the
adjoint operator matrix (é g) = (é g)* possesses the desire properties. O

Theorem 4.3. Let s be of the form (4.1), where (é’ IB;) s a co-isometry. Then

s belongs to the Schur—Agler class.
Proof. Note that

(Sraw oo vtageain 1) (G ) = (Soew Hercat ).
Hence
3
S (@ oy <voAMm> (x) (Cz oY Z!IGOA[V]W@) ) +1=
/=1 veEN3 vEN3
v v|!
+ (Z M evcain ) () (Z v CVOAMm) ()" + 5(2)s(y).
vENS3 veNs -
O
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Extremal Extensions of a C'(«)-suboperator
and Their Representations

Yury Arlinskii

Abstract. The operator and the block-operator matrix forms for extremal
rigid and soft extensions of a C'(«)-suboperator in a Hilbert space are given.
Representations of the Friedrichs and Krein—von Neumann maximal sectorial
extensions of a sectorial linear relation space as strong resolvent limits of a
family maximal accretive extensions are obtained.

Mathematics Subject Classification (2000). Primary 47A06, 47A20, 47A63,
47B34; Secondary 47B65.

Keywords. Contraction, contractive extension, C(a)-suboperator, sectorial
linear relation, rigid and soft extensions, Friedrichs extension, Krein-von Neu-
mann extension.

1. Introduction

Let H be a complex Hilbert space with the inner product (-,-) and the norm || - ||,
let I be the identity operator in H, and let o € (0, 7/2).

Definition 1.1. [4], [7]. Let a linear operator A in H be defined on the subspace
Hy and let A satisfy the condition

[|[Asina +icosall| <1, (1.1)

Then in the case Hy = H, we say that A belongs to the class C(«) and in the case
Hy # H the operator A is called a C'(a)-suboperator.

Clearly, A € C(a) < A* € C(«). It is easy to see that the condition (1.1)
is equivalent to

tana ([|f||> — [|Af|]*) > 2[Im (Af, f)| forall f € H. (1.2)

It follows that operators from the class C'(«) and C(«)-suboperators are contrac-
tions and it is reasonable to define the class C(0) as the set of all selfadjoint
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contractions in H and a nondensely defined Hermitian contraction we will call a
C(0)-suboperator.

C(a)-suboperators (operators of the class C(«)) naturally arise as the frac-
tional-linear transformations of the form

K(S)={(u+v,u—u'),(uv)eS}=(I—-8S)(I+8S)"* (1.3)

of sectorial (maximal sectorial) linear relations (l.r.) S with the vertex at the
origin and the semiangle o [18], [23], [9], [22]. As it was proved in [18], [23], every a-
sectorial L.r. S has m — a-sectorial Friedrichs extension Sy which is associated with
the closure Sg[u,v] of the sesquilinear form (S-,-). In the case of densely defined
nonnegative symmetric operator S (o = 0) M.G. Krein [19] established that the
set of all its nonnegative and selfadjoint extensions has minimal and maximal
elements in the sense of quadratic forms. Fractional-linear transformations of the
form (1.3) of these extremal nonnegative selfadjoint extensions are contractive
selfadjoint extensions Aps and A, of the nondensely defined Hermitian contraction
A= (I-S8)(I+ S)~!. Operators Ay and A, possess properties:

inf {((I — Am)(h = ¢),h — ), € dom (A)} =0,
inf{(I+A.)(h—¢),h—p), pcdom(A)} =0 forall heH.

The operator S, = (I — A,)(I + A,)~"! is exactly the Friedrichs extension Sg of
S and the operator Sy = (I — Ay )(I + Ap)~! is the minimal among all non-
negative selfadjoint extensions of S. In addition, the operator Sy coincides with
the extension constructed by J. von Neumann when S is a positive definite sym-
metric operator. Definitions of the minimal nonnegative selfadjoint extension for
a nondensely defined nonnegative Hermitian operator and a nonnegative L.r. were
given in [2] and [14]. Representations of the nonnegative extensions Sy and Sy as
strong resolvents limits of certain family of selfadjoint extensions were established
in [2] and [25]. The expressions of endpoints A, and Ays were given by T. Ando
[1] in the block-matrix form and in [11] in the operator form.

In the general case of a non Hermitian but sectorial L.r. S the definition of
the analog of Sy was given in [6], [8] similarly to the nonnegative case [14]: Sy =

~1
((S_l) F) . In the sequel Sy is called the Krein—von Neumann extension. Prop-
erties of Sy and Sy and their strong resolvent limit representations are established
in [8]. When a # 0 we will denote by the same symbols 4, and Ay the fractional-
linear transformations (I—Sg)(I+Sr)~! and (I—Sy)(I+Sn) ™!, correspondingly.
These operators are extensions of the C(«)-suboperator A = (I — S)(I +S)71,
belong to the class C'(«), and possess properties for all h € H [6], [7]:

inf {Re (I + A,)(h—¢),h — ), € dom (A)} =0,
inf {Re ((I — Ap)(h— ), h—p),p €dom(A)} =0 forall he H.
Operators A, and Ay are called the rigid and soft extensions, respectively.

Let A be a nondensely defined contraction in the Hilbert space H with the
domain dom (A4) = Hy. M.G. Crandall [15] gave a parametrization of all contractive
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extensions on H of the operator A in the following operator form:
Ag = APy, + (I — AA")'\2K Py, (1.4)

where A* : H — Hy is the adjoint to A : Hy — H, t := H © Hy, Py, and
Py are orthogonal projections in H onto Hy and M, respectively, and K : 91 —
ran(I — AA*)'/2 is a contractive parameter. Later in [24], [13], [16] the description
of all contractive extensions of a nondensely defined contraction A was given in
the form of block-operator matrices.

In [6], [7], [10] the expressions for the contractive parameters K, and Ky in
(1.4) corresponding to the rigid and soft extensions of a C'(«)-suboperator A were
obtained.

In this paper we consider the holomorphic family on the unit disk of contrac-
tive extensions of A of the form

A(z) = APy, + (I — AA*)'/2Zo(2) P,

where Xy(z) is B. Sz.-Nagy and C. Foias [26] characteristic function of the con-
traction Ay := APp,. We establish properties of this family and prove that

A, =s- hml A(z), Ay = s—lirri A(z),
and, moreover,

A, = APy, + (I — AA*)/?X(—1) Py,

Anr = APy, + (I — AA")Y2X0(1) Py,

where Xo(+1) are strong nontangential limit values of Xo(z). Thus, new represen-
tations of A, an Ajs in Crandall’s form (1.4) are obtained. Another goal of the
present paper is to give the block-matrix form of the rigid and soft extensions of a
C(a)-suboperator A similar to [24], [13], [16], i.e., to obtain the explicit expressions
for the corresponding parameters. For this purpose we give in Section 2 one more
(relatively short) proof of the main result in [24], [13], [16]. Our approach enables
us to reduce the Crandall’s form of contractive extensions to a block-matrix form.
Note that the block-matrix representations of A, and Ay close to the case of a
Hermitian contraction [1] were given in [22].

If S is an a-sectorial Lr. and A = (I —S)(I +S)~! then the fractional-linear
transformations Sy = (I — A(2))(I+A(2))"%, A = (z—1)(142) "1, are m-accretive
extensions of S and take the form

§)\ = S+ {<90>\a _ASOA>7 Px € m)\(S)} )

where 91 (5) := H Sran (S — A\I) are the defect subspaces of S. We prove that Sp
and Sy are strong resolvent limits of the family Sy:

Sy =s-R-lim Sy, Sp = s-R- lim S,.
A—0 A—00

We will keep the following notations. The class of all continuous linear operators
defined on a complex Hilbert space $)1 and taking values in a complex Hilbert space



50 Y. Arlinskii

$2 is denoted by L($H1,92) and L($) = L(H,H). By Ps we always denote the
orthogonal projection in a Hilbert space $ onto its subspace K. For a contraction
T € L($H1,$2) the nonnegative square root Dy = (I — T*T)'/2 is called the
defect operator of T' and ©r stands for the closure of the range ran (Dr). It is
well known that the defect operators satisfy the following commutation relation:
TDr = Dp-T, cf. [26]. By dom (T'), ran (T"), and ker (T') we denote the domain,
the range and the null-space of a linear operator T', respectively. We will often use
the following well-known theorem of R.G. Douglas [17].

Theorem 1.2. [17]. For every A, B € L(9) the following statements are equivalent:

(i) ran A C ran B;

(i) A= BC for some C € L(9);

(iii) AA* < ABB* for some X\ > 0.
In this case there is a unique C satisfying |C||?> = inf{ X : AA* < ABB*} and
ran C' C ran B*, in which case ker C' = ker A.

Finally we note that two different descriptions in the operator form of all ex-
tensions of the class C(8), 8 € [a, 7/2) of a given C'(«)-suboperator were obtained
in [10], and in [21], [22] (see Remark 3.11).

2. Nondensely defined contractions and their contractive
extensions

2.1. M.G. Crandall’s theorem

Let H and H’ be two Hilbert spaces. Suppose that Hy is a subspace of H and
A: Hy — H' is a contraction. The operator A defined on H is called a contractive
extension of A if A D A and ||A]] < 1.

Consider A as an operator from L(Hg, H'). Then A has the adjoint A* €
L(H', Hy). Let Mt = H © Hy. The following result belongs to M.G. Crandall [15].

Theorem 2.1. [15]. The formula
A= APy, + Da-K Py (2.1)

establishes a one-to-one correspondence between all contractive extensions of A
and all contractions K € L(NM, D 4-).

Proof. Let the operator A be given by (2.1), where K € £(M,D 4+) is a contraction.
Then

A" =A"+ K*Dg-.
It follows that for all f € H’
|A* £11? = [|A* fII> + || K" Da« fI1> < [|A* FII> + |1 Da= f11 = (| £1]*-

Thus A* is a contraction. Hence the operator A is contraction. Moreover A [Ho=A.
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Conversely, if Aisa contractive extension of A, then its adjoint A* H — H
is a contraction. Because A C A, we get Py, A* = A*. Therefore the operator A*
takes the form

A" = A"+ L,
where the range of the operator L is contained in M. It follows that ||A*f||2 =
[|A* f]|2 + || Lf|)? for all f € H'. Since A* is a contraction, we obtain

ILFIP < (U117 = |A*FIP, f e H'.
By R.G. Douglas’s theorem 1.2 we get
L*=DaK,
where K : 91 — D 4+ is a contraction. O

As a consequence for Z:APH0 + D 4+ K Py with a contraction K € L(M,D 4+)
one has the following relations

1D fII* = [(DaPu, — A*KPx)fI]? + || Dk Pufl1?, f € H,

1D5.9l1> = | Dx-Da-gl*, g € H'. 22
Because A*® 4« C D 4, the first relation in (2.2) gives
inf {|[D5f — Ds¢l*>, ¢ € Ho} = ||[DxPnf|[> forall feH.
This means that (see [19])
ran (D 3) N9 = ran (D). (2.3)
The second equality in (2.2) yields
ran (D y.) = Da-ran (Dg-). (2.4)

2.2. Block-matrix form of contractive extensions

Suppose now that the Hilbert space H' is decomposed as H' = H} & 9. Then
A= A+ C, where Ay := Py; A € L(Ho, Hy) and C = P A € L(Hp,M). We can
rewrite A in the block-matrix form

A= ().

Since A is a contraction, we have || Agg||>+||Cgl|? < ||g]|? for all g € Hy. It follows
that
C = KoDa,, (2.5)

where Ko € L(D 4,, M) is a contraction. A bounded extension A of A also has the

block-matrix form
i Ay B\ [(Hop . Hj
“\C D)\ m )

The description of blocks B and D of all contractive extensions A was obtained
in [13], [16], and [24]. Here we propose another approach based on the Crandall’s
form (2.1).
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Theorem 2.2. [13], [16], [24]. The formula

~ . /
A= (KfDOAO —KOA(*;J? iogKgXDN) : (Iég) - (g(t)) (2:6)
establishes a bijective correspondence between all contractive extensions A of the
contraction A = Ao + KoDa, and all pairs
(N e LN, Daz), X € E(@N,QK(;»
of contractive operators.
Proof. From (2.5) it follows that
A* = AgPg; + D, Kq Pon.
Therefore for all f € H':
II1Z = 11A*FI1? = [|Pry 1P + | P f11* = [[(AG Prry + Day K Pom) fI?
=P fI[* + | Pry fII* = [|AGPry f1I? = 1D g K Pon f|?
— 2Re (A5 Py f, Da, Ko P f) = || Dag Pry fII? — || K5 P f1]?
+ | Ao K5 P f||? — 2Re (D as Py f, AoKG Pon f) + || Pon £
= ||Das Puy f — AoKg P f||> + | Dic; Pon f1 -
Thus,
DA+ fII* = [|Dag Pry f — AcKg P fI* + || Dics P f1?, f € H'. (2.7)

In view of the equality AgDjs, = DAS Ao we get that Ag® 4, C QAS and since
ran (K}) C ® 4,, from (2.7) it follows that

inf {|[Da-(f = @)II*, ¢ € Ho} = || Drs P f|*, f € H'. (2.8)
Let $; := Da-H} and let M = D 4+ © H;. Observe that (see [19])
Dﬂigz{fGQA* :DA*fGQﬁ}.
From (2.7) and (2.8) we get the equalities
[Py Da= f||* = [|Dag Py f — AoK§ Pon f1]?,
||Pay Da- f1|> = | Dic; P f|1*, f € H'.

In particular,
1Py Da-l* = [|[Dagell?, ¢ € H.

From (2.9) it follows that there are a unitary operator Uy from $j onto D 4x and
a unitary operator Zy from 9, onto © K such that

UoPs; Da~f = Da; Puy f — Ao Ko P f,

2.10
Z(]Pgm(/]DA*f:DKngf, fEH/. ( )
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Let Uy = Uyt € L(Daz,Hp) and Z5 = Zyter( 0, DK ) be the adjoint opera-
tors. Then from (2.10) we have

Dy =U§ (DA;;PH(’] — AgK§Pm) + Z5Dkz Pon
and
Dy = (DAG — KoAp) UoPgy; + Diy ZoPony - (2.11)
Let K € L(M,D4+). Then K = Py, K + Py K. Put

N =UgPy, K, Y = ZoPy K, K = N +7.

It follows that
K =UjN+Z;Y

and ||[Kh|[2 = ||[Kh||2 = || NA||2+ ||Yh||? for all h € M. Clearly, K € L(M, D 4-) is
a contraction <= the operator K¢ LM, QAS EB’DK(;) is a contraction and K is
a contraction <= Y = XDy, where X € L(Dy, QKg) is a contraction. Further
for a contraction K € L(M, D 4+) from (2.11) and for all h € 9 we get

D Kh = (DAS —KoAS) Nh—I—DKgXDN]’L. (2.12)

Let A = APy, + D<K Py. Then (2.1) and (2.12) yield (2.6). If the operator A
is given by (2.2) with contractions N € L(M,Dx) and X € L(Dy,Dk;) then

the operators K = N + XDy and K = UjN + Z;X Dy are contractions. The
operator K belongs to L(M,D 4« ). Hence from (2.2) and (2.11) we obtain

A= (Ag+ KoDa,)Pr, + ((Das — KoA§)N + Dg; XDy) Py
= APHO —+ ((DAS — K()A;)UQP% + DKG Z()Pgm{)) KPy = APHO + D4+« K Py.

Thus, A is a contractive extension of A. O

Remark 2.3. Other proofs of Theorem 2.2 can also be found in [20] and [22].
Suppose that Hy C H, Hy C H', A: Hy — H', B : Hy) — H, and the
operators A and B forms a dual pair, i.e.,

(Af, h)H/ = (f, Bh)H forall f € Hp, g€ H(/)

The operator A € L(H,H') is called an extension of the dual pair (A, B) if

A > A and A* S B. Theorem 2.2 enables us to give the block-matrix form of
all contractive extensions of the dual pair of contractions <A, B>. The Crandall’s

operator form (2.1) of contractive extensions of a dual pair of contractions is given
in [3].
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3. C(a)-suboperators and its extremal extensions

3.1. Operators of the class C

From (1.2) it follows that T' € C(«) if and only if the operator (I —T*)(I +T) is
a sectorial operator with the vertex at the origin and the semiangle a.
Let

C =U{C(a), a €0,7/2)}.
Properties of operators of the class C' were studied in [4], [5], [20]. In [4] it was
proved that if T € C then
(i) ran (Dpn) = ran (Dpsn) = Dy, for all natural numbers n,
where Tr = (T + T™*)/2 is the real part of T,
(ii) the subspace Dr reduces the operator T, and, moreover, the operator

T'| ker(Dr) is a selfadjoint and unitary, and T'| D is a completely nonunitary
contraction of the class Coo [26], i.e.,

lim 7"f = lim T*"f =0 forall feDr.

n—oo n— 00
Let
Or(z) = [T+ 2Dp-(I — 2T*) "' Dy [ Dp, |2| < 1

be the characteristic function [26] of the operator T' from the class C. Then ©(z)
is bi-inner [26] and there exist unitary strong nontangential limits [5]

Or(£l) =s- lirz_Ll1 Or(2).
Observe that if T' is a selfadjoint contraction (i.e., belongs to the class C'(0)) then
Or(+l) =1 D7.

Let T belong to the class C(«) in the Hilbert space H. Then T* € C(«). By
(1.1) we obtain

2im (T f, f)| < tano|| Dz f|?, 2[Im (Tf, f)| < tana||Dr- f||, f € H.
It follows that
T-T*=2iDp®Dp, T — T* = 2iDp« P, Dy~
where ® and ®, are selfadjoint operators in the subspace ®p = D7+ and

t t
ol < 0 el < T

Since ran (Dr) = ran (D7« ), by R.G. Douglas Theorem 1.2 there exists a bounded
and boundedly invertible operator Ly € L(®1) such that

Dy =Dp« Ly
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The connections between operators ®, ®,, Ly, and limit values ©(+1) of the
characteristic function ©(z) of T are given by the following relations ([4], [5], [10]):

&, = Ly®LA,
Or(+£1)® = ¢,07(+1),
Or(£1) = £(Li7! = 2iT®)(I + 2i®) !,
(I —2i®)(I +2i®)"' = -0 (~1)07(1),
2i® = (I — 071 (=1)0r(1)) " (I+ 67 (~1)0r(1)).
These connections yield, for instance, that
I —05;'(~1)0r(1) is a sectorial operator with the semiangle a,
ker (©7(—1) 4+ O7(1)) = ker @,
‘ Or(-1)+ 0671

2
3.2. C(«)-suboperators

(3.1)

W H < sina.

Let A be a nondensely defined contraction in a Hilbert space H with dom (A) =
Hy, let M be the orthogonal complement to Hy in H, and let A* € L(H, Hy) be
the adjoint operator to A. The subspace M,(A) = H ©ran (A — zI) is called the
defect subspace of A. It is evident that

v, €EN(A) — A*¢, = 2Py, .. (3.2)
Because A is a contraction, (3.2) yields the direct sum decomposition
H = Ho+N1, 2| < 1. (3.3)

Let Ay := Py, A. Then Ay is a contraction in the subspace Hy. It follows from
(2.5) that

PnA = KoDa,,
where Ko € L(D4,,M) is a contraction. Thus,
A=Ay + KoDa,. (3.4)
Hence A* = A§ + D a,K§Pn. Moreover,
1Dag||’= || Dro Davee|| » € Ho (3.5)
and therefore, by R.G. Douglas’s Theorem 1.2 we obtain
D4 = Da,Drk,Vo (3.6)

where Vj is an isometry from © 4 onto Dg,. The first equality in (2.9) gives in
this case

1D a= fII? = [[(Daz Pr, — AoK§Po) fII> + || Dic; PufII, f € H.
It follows once again (see (2.8)) that for all f € H
inf {||Da-f — Da-¢l|*, » € Ho} = ||Dics PufI*.
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Hence [19]
ran (Da-) N9 = ran (D; ). (3.7)

2, @ € Hy, it follows that
UoDa- = Da;, (3.8)

From the equality HDAusz: HDAngJ’

where Uy is an isometry from the subspace $( := D 4« Hp onto the subspace © Az
(see (2.10)).
Let A be a C(a)-suboperator. Because

Ag — Ax
Im(Aw,sO)=( 0% Ow,@),weHo,

the relation (1.2) yields that there exists a selfadjoint contraction F' in the subspace
D 4 such that

Ag — A = itanaDaFDy. (3.9)
From (3.6) we get

Ay — Ay =2iDa,GoD 4,
where

tan «
Go = 5
Therefore, the operator Ay belongs to the class C(«) in the subspace Hy. It implies
the equality ran (Da,) = ran (Da; ).
Let

D, VoFVy Dk,

Xo(z) = [~Ao + 2Das (I — 2A5) "' Da,] 1D a4, (3.10)

be the characteristic function of the contraction Ag. Because Ay € C(«), there exist
strong nontangential unitary limit values Xo(—1) and Xo(1) and ker (Xo(—1) +
Xo(1)) = ker G. Therefore, from (3.1) we get

ker (Xo(—1) 4+ Xo(1)) C ker D, . (3.11)
Theorem 3.1. Let A be a C(a)-suboperator in H with dom (A) = Ho. Define the
contractive extension Ay := APy, of A and let
Xolz) = [_/TO + 2D, (1 - zﬁg)*lpgo} 1Dy (3.12)
be the characteristic function [26] of Ay. Then there exist nontangential strong
limits N N N N
Xo(£l) =s- lirill Xo(z), X5(£1) =s- lirill X5(2).

Moreover, the operators %o(:lzl) [T are isometries.

Proof. Because ZS = A*, we have D g+ = D;‘S’ D;\O = D4 Py, + P, and hence

D =D,

3.13
@g():@AEBm. ( )
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From (3.6) and (3.8) we get
Dy-(I = 2A5) " "'Dap = U Da; (I — 2A5) "' Da, D, Vop, ¢ € Da.
Consequently,
Xo(2)p = —Ap + Ug (X0(2) + Ao) D, Vo, ¢ € Da. (3.14)
Let h € 91. Then
Dae(I —2A") "h = Da-(I — zA*) "1 (h — zA*h + zA*h)
=Dah+ 2D (I —2A*) Y A*h = Da-h + 2Da-(I — 2A*) D4, KR

Therefore,
Xo(2)h = 2D ach + 2US (Xo(2) + Ag)K(h, h € M. (3.15)

Since Ay and A{ belong to the class C'(«) in the subspace Hy, there exist strong
unitary nontangential limit values Xo(£1) and X3(£1) of X¢(z) and Xj(z) [5].
This statement and (3.14), (3.15) imply that there exist strong nontangential limit
values Xo(£1), .’%3@:1) and

Xo(£1) = [~A+ U (Xo(£1) + Ao) Dy Vo] Prp £ [Da- + Ug (X0(£1) + Ag) K] P
Let us show that .’%0(:&1) [ 91 are isometries. One can easily check that
12— 1Eo(=)hl[2 = (1 = 51T — 24%)"RI%, he .
For h € 91 from the equality A* Py = D4, KjPxn we have
V1= 22T =24 th= /1= |22 h 4 2/1 — |22 (I — zA*) "L A*h
= V1= |22h+ 21— |2|2(I — 2A*) 1D, K h.
Since
IAIZ = 11Xo(2)fII* = (1= [2*)I(T = 2A") "' Da, fI?, f € D
and operators Xo(£1) are unitary in @ 4,, we have
s- lim V1= 1z2(I = 2A")"'Dy, = 0.
Therefore, for all h € 9 we get
i (IBl12 = 1Zo(2)h112)

= Jim V1= [s2ht 2 /1= 22 (T = 24) " Da K| = 0.

Thus, operators %o(il) [N are isometries. |



58 Y. Arlinskii

3.3. Holomorphic family of contractive extensions of a C(«)-suboperator

Let again A be a C(«)-suboperator in H with dom (A) = Hy. Recall that the
direct sum decomposition (3.3) holds. Consider the family of operators defined as
follows
~ Af, e Ho
Al2)f = , |zl <1 3.16
()f {vafeml/zm) 2] (3.16)

and A(0) = APy, .
Proposition 3.2. Operators g(z) are contractions for all z € D and take the form
A(z) = APy, + D Xo(2) Pn. (3.17)

Moreover, the function Z(z) is the transfer function of the linear passive discrete-
time system with the state space H, input space H, and output space H [12] given

by the block-matrix
_ (APy, D%\  (H H
T = ( Py, A i\g) = e )- (3.18)

Proof. Let us show that Zl(z) is a contraction. Let f = p+,, where ¢ € Hy, ¢, €
My /.. Then (3.16) yields

1FIZ = A1 = llo + @al1? = [l Ap + 2|2

= [lell* = 1A¢l? + (1 = [2)lle=]* + 2Re ((I — z4)¢, )

= [lel® = [[Agl® + (1 = [2[*)[|:][* = 0.
Using (3.2) from (3.16) we obtain

A(z) = A(I — 2A") ' Py, (I — 2A*) + 2(I — zA*) "' Py, (3.19)
and hence

A(z) = Ag + 2D%. (I — zA*) "' Py.

Using (3.12) we get (3.17). Observe that H%O(Z)H < 1 for |z| < 1 [26]. Making
use of Theorem 2.1 we get once again that A(z) is a contractive extension of the
operator A for every |z| < 1. Moreover, Xo(0)[ 9t = 0, therefore from Schwartz’s

lemma we obtain H3~€0(z)rm||§ |z, |z| < 1.
Let us show that the operator T in H @ H defined by (3.18) is a contraction.

Let f = (?), where f1, fo € H. Then
2

EI® = ITEI? = [ Al1* + (1 f2ll* = [| AP, f1 + D5 fal? — || Pofr + A* fol P
= |[DaPr, f11]? + [|Da f2l|* = [| D3+ f2||* = 2Re (DaPr, f1, DaA* f2)
= |[DaPpy, f1||* + ||A*D s fo||* — 2Re (D APy, f1, A*D o~ f2)
= [|Da(Pu, f1 — A" f2)|]> > 0.
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Thus, the operator T' can be considered as the linear passive discrete-time system
with the state space H, input space H, and output space H [12]. The transfer
function of this system takes the form

Ur(z) = APy, + 2D%.(I — 2A*)'Pyn, 2€D

and belongs to the Schur class S(H, H) of holomorphic on the unit disk I and
contractive operator valued functions. Taking into account relations (3.12) and

(3.17) we get the equality Uz (z) = A(z) for all |z| < 1. Hence once again || A(z)|| <
1, |z| < 1. O

Proposition 3.3. With respect to the decomposition H = Hqo® N the operator Z(z)
takes the following block-matriz form:

= Ay 2D asXo(2)K;
Az) = <K0DA0 —2KoA§Xo(2)K§ +ZD%<S . (3.20)

Proof. Using (3.4), (3.17), (3.15), and (2.11) we get

A(Z) = APHO + DA*x(Z)Pm
= APy, + 2 (D% + (Dag — KoA§)(Xo(2) + Ao)K§) P

= APy, + Z(I — (Ao + K'()DAO).DAOKBk + DAG:{()(Z)KS + DASAOKS

- KOA(’;:{O(Z)KS - KOA3AOK8<>Pm
— APy, + 2 (Da: X(2)K§ — KoAj%o(2)K§ + T — KoKg) P
This yields the block-matrix representation (3.20). O

Theorem 3.4. Let A = Ay + KoDa, be a C(«)-suboperator. Then the following
conditions are equivalent:
(i) [[Koll <1;
(ii) ran(Da~) D M,
(iii) ran(D4) =ran(Da,);
(iv) for all h € M holds
(Ap, h)|?

< o0; (3.21)
peHo |[Daw|?

(v) for at least one z € D the operator A(z) belongs to the class C;
(vi) for all z € D the operator A(z) belongs to the class C.

Proof. By (3.7) and (3.6) conditions (i), (ii), and (iii) are equivalent for every
nondensely defined contraction A.
As it is well known, condition (3.21) is equivalent to

A" Cran(Dy).
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The last condition by R.G. Douglas’s theorem 1.2 is equivalent to
|[PrApl| <~[[Dagl| forall ¢ € Ho,

where v > 0. Since PnA = K¢D 4, and (3.5) holds, the last inequality is equiva-
lent to

1 Koepll* <

Y
= 1_’_72H90H2a SOE@AO — HKOH <1

Suppose that for some z € D the operator g(z) belongs to the class C. Then holds
the equality ran (DA(Z)) = ran (D,Z*(z))- In particular,

ran (D) NN =ran (Dj. ) NN

Taking into account (2.3) with K = Xo(z)] M and because H.’%o(z)[‘ﬂHS |z| <1
we get

ran (D) N9 =M.

Now (2.4) gives ran (D g+) D M.

Let ran (D4-) D 9. Let us show that the operator Ay = A(0) = APy,
belongs to the class C in H. Since ||Ky|| < 1, it follows from (3.6) that ran (D) =
ran (Da,), ran (D ) = ran(Da,) ® N, Dz = DaPp, + Pn. Further from (3.6)
and (3.9):

Ay — Ay = APy, — A* = (Ao — A}) P, + KoDa, Priy — D, K P

=itanaDAFDaPh, + PnKoDa,Pr, — Da,K}Pn

=itanaD; FPp,D3 + D5 KoDyiVoPu, Dz, — D5, Vo Do Ko PrD 5,

=D; GoDj,,
where

Go = itanaF Py, + KoDy Vo P, — Vo D! K§ P
is a skew selfadjoint bounded operator in ® 3 . Thus Ag belongs to the class C. It
follows that
ran (Da+) =ran(Djy ) = ran(Da,) & N. (3.22)

Let us show that under the condition (ii) the operator A(z) belongs to the class
C for any z € D. Actually, from the second relation in (2.2) with the opera-
tor K = Xo(z)[M and taking into account that ||X(z)[9|| < 1 we get that
ran(Dg*(Z)) = ran(D4~). This equality and (3.22) imply that there are two
bounded and boundedly invertible operators L1 and Lo in ® 4+ such that

DA* = Lng*(z) and Dﬁo = LQDA*(Z).
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Hence,
m (A(2)f, f) = Im (APp, f, f) + Im (D o- Xo(2) Pn f. f)
=Im (GoDy, f, D4, f) + Im (Xo(2) Pnf, Da- f)
I (GoLaD .y f, LaD g o f) + T (Xo(2) PuDj, f, Da- f)
Im (GoLzDg*(z)f, LoD . yf) +1Im (%O(Z)PD"LMDA*(Z)JC’ LiDg. ) f)
= (G(2)D. (o) Da. ) ), fEH,

where G(z) is some selfadjoint operator in D j(»)- This means that A(z) € C for
all z € D. O

3.4. Rigid and soft extensions of C(«a)-suboperator and their representations in
operator and block-matrix forms

Definition 3.5. [4], [7]. Let A be a C'(a)-suboperator defined on the subspace Hy of
the Hilbert space H. The extension T' € C of A is called the rigid if for all h € H

inf {Re((I+T)(h—p),h—¢), ¢ € Hy} =0,
and the soft if for all h € H
inf{Re((I —=T)(h—¢),h—¢), ¢ € Hy} =0.
For a Hermitian contraction these notions were introduced by M.G. Krein
n [19].

Denote by A, and Ay the rigid and soft extension, respectively. Clearly,
Ay = —(—A),. The equalities for an arbitrary contraction A in H

2Re (I £ A)d, ¢) = |I(I £ A)g|* + 0]l - |4l V¢ € Hy (3.23)

imply that if A is C(«)-suboperator then operators I + A are a-sectorial. As was
shown in [8] that the following relations hold

A/L:(I-‘,-A)N—I, AM:I—(I—A)N,
where (I + A)y are Krein—von Neumann extensions of operators I & A.

Theorem 3.6. [8]. Let A be a C(«)-suboperator defined on the subspace Hy of the
Hilbert space H and let

zAf, f € Hy
A= {f, feMy.(4) (3.24)
Au(z) = —Au(2), |2| <1
Then the operators A, (z) and Ay (z) are the rigid and the soft extensions of the
C(«)-suboperators —zA and zA, respectively and the following equalities hold:
Ay =s —ll_}l’q Ap(2),

2
A, =s- linj1 Au(2), (3.25)
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where limits are nontangential to the unit circle. Operators Ay and A, belong to
the class C(«).

Using (3.2) (3.25) one can derive the relation
Ap(2) = 2A(I — 2A*) Py, (I — 2A%) + (I — 2A*) ' Py. (3.26)
An(z) = 2A(2) = —(Au(2) + 2A(2)) = (1 — [2]*)(I — 2A%) "' Py (3.27)

Theorem 3.7. Let A be a C()-suboperator and let A(z) be the family of operators
on the unit disk defined by (3.16). Then

s —lir% A(z) = A,

~ (3.28)
S- lim1 A(z) = A,
where limits are nontangential to the unit circle.
Operators Anr and A, take the operator form
At = APy, + Da-Xo(1) Py, (329)
Ay = APy, + D g+ Xo(—1) Py, '
and the block-matrixz form
Ao — Ao DazXo(1)Kg
M=\ KoDa, —KoA;Xo(1)Kg +D25 ’ (3.30)
A Ay —Da: Xo(—1)K; '
# KoDa, KoA§Xo(—-1)K} — Df{g

with respect to the decomposition H = Hy & N.

Proof. Because Ag belongs to the class C(a) in Hp, holds the equality D4, = D 4
and linear manifolds ran (I + Af) are dense in ® 4,. Since A*| Hy = A}, one has

(I —2A*) ' Pyh = Pxh+ 2(I — 2A3) "' A* Py. (3.31)
Hence
(1— 2T = 2zA*) ' Pph = (1 — |2*)Pph + 2(1 — |2]*)(I — 2A}) ' A* Pph.
Since (1 — |2]?)||(I — zAg) Y| < 1+ |2] for |z| < 1 and
(1= [T = 2A45) "I % Ap)e = (1 — [2P)o F (1 — [22)(1 £ 2)( — 245) Az

for every ¢ € Hy, we have for x € D 4,:

. o 2 o *\—1 _
Zlirgl(l |2|)(I — zA5) "z =0.
This relation and (3.25), (3.27), (3.31) yield (3.28). The relations (3.29), (3.30)
follow from (3.17), (3.20) and Theorem 3.1. O

Observe that from Theorems 3.7 and 3.1 it follows that hold the relations
Af =s- lim A*(z), A5, = s-lim A*(2). (3.32)
- s

K zZ—
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Corollary 3.8. The following conditions are equivalent:

(i) ran (D) NN = {0};
(ii) for all h € M\ {0} the relation

A, h)|?
Supl(sov)l_

— (3.33)
peiy ||[Dayp|l?

holds;
(iii) the operator K§ is isometric;
(iv) the C(«)-suboperator A has a unique extension of the class C.

Proof. The equivalence of conditions (i) and (iii) follows from (3.7). As it is well
known, condition (3.33) is equivalent to

A" Nran(Da) = {0}.
By A*h = D, Kih, h € M and (3.6), we get
AN Nran(Da) = {0} <= ran(K;)Nran(Dg,) = {0}.
Since KDk = Dk, K{, we have the equivalence
ran (KJ)Nran(Dg,) = {0} <= the operator K is isometric.
Let us prove that (ili) <= (iv). From (3.30) it follows that

A — A — 0 .D,a;(»;(.’{o(l)-l-.’JX':Q(—l))I{a<
M0 —KoAj(Xo(1) + Xo(—1))K§ + 2D%.

Therefore,

= by s [ GG =0,

DKS = 0.

The equality Di; = 0 is equivalent to K being isometric. If K is an isometry
then ker (D, ) = ran (K{) and (3.11) yields the equality (Xo(1)+Xo(—1))Kj =0,
i.e., Ayy = A, Finally, the condition Ay = A, is equivalent to that the operator

A has a unique extension of the class C' [6], [7], [10]. O

Let us make a few remarks.
Remark 3.9. Let us define the following subspaces in @ g«:
Ro := (Da+ —itanaAFD,) Hy,
$o 1= Da»Ho,
6 =D a- Nker (Pg,(Da- +itanaDaFA*)) =D 4« © Ro.

Then holds the direct sum decomposition [6], [7], [10]:
Dar = Ho+Lo.
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Note that subspaces $o and £ are orthogonal iff a = 0. Let Pg, and Pg; be the
skew projections in D 4+ onto $p and £ corresponding this decomposition. The
operator No € L(£0, M) given by the equality

No(Da- —itanaAFDa)p = PyAgp, ¢ € Hy

is well defined and is a contraction. Let N§ € L(M, &) be the adjoint of Ny and
let

Moy =Py, Ng € LN, Ho).
As was proved in [6], [10] and earlier in [11] for the case a = 0, the operators
Ky = Mo+ PeyDax, Ky = Mo —Pg; Da-
are isometries in L(9,D 4~) and the soft and rigid extensions of A take the form
Ay = APy, + Da-Kpy Py, A, = APy, + DK, Py.
Comparing now with (3.29) we get the equalities
Xo(DI9M = (Mo + PgyDa-) M, Xo(~1)I N = (Mo — Pgy Da-) [ N.

When A is a Hermitian contraction one has X¢(+£1) = £ D4, and therefore the
soft and rigid extensions takes the form

A — Ag D s, K§
M= KO.DAO —KvoKg + D%(S ’ (3 34)
A A D, K¢ '
#T\KoDa, —KoAoK§— D%g ’

Remark 3.10. In [22] the following family of noncontractive extensions of A was
considered

o~

AN)(@ +@x) = Ap + Apx, ¢ € Ho,ox € My, [A] > 1.
It was proved in [22] that

Ay = 5—1/\1?11 AN, A, = 5—1/\1?11 A(=N)

and with respect to the orthogonal decomposition H = Hy @ 91 the operators A,
and Ay have the following block-matrix representations

A = < Ao Da,Kg+ (Ao — A7)(Ap + I)lDAoKS)
= ’

KoD 4, —I + KoDay(Ay +1)"'Da, K¢
A = [ Ao DaKg+ (Ag — AG)(AG — 1) ' Dy K
M KoDa, I+ KoDa, (A —I)"'Da,K§ ’

where by the definition
(Ao = AD)(A5 £ 1) D = lim( o — A7)(4j +71) ' D,

D, (A5 £1) Dy, = 1igl Da,(As £7rI) ' Dy,.
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Using the relations in Subsection 3.1 it can be proved that
Dy K§ + (Ao — A5 (A5 £ 1) 7' Da,K§ = £Da, Xo(£1) K,
KoDao (A5 £ 1) Da,Kg F I = FDY; + KoAgXo(F1) K.
Thus, these blocks coincide with corresponding blocks in (3.30).
Remark 3.11. 1) Let A be a Hermitian contraction. In [11] were parametrized

all contractive extensions T possessing the property 7% D A (quasi-selfadjoint
contractive extensions). In particular, the following result has been established.

Theorem. [11]. Let A be a Hermitian contraction and let § € [0,7/2). Then the

formula

Ay +A, 1
— M2 “+2(AM—AH)1/2Z(AM—A,L)1/2 (3.35)

gives a bijective correspondence between all quasi-selfadjoint extensions T of A
from the class C(B) and all Z € C(B) in the subspace ran (Ay — A,,).

From (3.34) it follows for a Hermitian A contraction the equalities

AM —|—A'u o AO DAOKS AM _A/L o 0 0
2 KoDa, —KoAoKj)’ 2 0 Dg;)’

Hence from (3.35) we obtain the block-matrix representation of all quasi-selfadjoint
extensions T of the class C(8) for a Hermitian contraction A:

o Ao D K;
KODAO _KOAOK8+DK(§XDK3 ’

where X € C(3) in the subspace D .

2) In [10] a description of all extensions T' € C() of a C(«) suboperator A
was given in the following form.

Theorem. [10]. Let Ty = (A,+An)/2 and let Or,(z) be the characteristic function
of the contraction Ty. Then the formula

T =Ty + Drz (I +Or5,(1)YTy) 'O7,(1)Y Dy, (3.36)

gives a bijective correspondence between all extensions T of the class C(8) of C(«)-
suboperator A and all contractions Y € L(Dr,) that possess the properties:

kerY D Dy Hy, (I+ 07, ()YTE) " € L(®1,),
(T =Y") (Or5,(=1) = O1, (1) ™ (O, (=1) + O (+1)) (I = V) +Y = Y*), B)|
< tanB||Dyh|*, h € Dg,.

T

The operator Y = Pg, corresponds to Ay and Y = @i}(l)@’]’b(—l)me corre-
sponds to Ay, where Pg, is the orthogonal projection in Dr, onto the subspace
$0 ={f € Dq, : D, f € N}. When A is a Hermitian contraction (o = 0) the
formula (3.36) takes the form

T =Ty+ Dy, (I+YTy) 'Y Dy, (3.37)
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where Y € C(3) in the subspace Dr,, (I +YTy) ™" € L(Dy,), andkerY D Dy, H.
If in additional ker Y* D Dg Hy then (3.37) can be transformed into (3.35).

3) The next result has been established in [22].

Theorem. [22]. The following equivalence holds for an extension T of the C(«)-
suboperator A:

TeCB) < T=A,+KPy and RI'(KPn+ Qi) isa contraction,
where
Ry = D~ £ icot ﬂ(APHO — A%+ cot? 6P,
and
QL= (AH + i cot BI)Py.

Finally we note that the problem of a block-matrix representation of all
extensions of the class C(f), § € [a, 7/2) is still open.

4. Limit representations of the Friedrichs and Krein—von Neumann
extensions of a sectorial linear relation

Let S be a sectorial Lr. with the vertex at the origin and let 91,(S) = H ©ran (S —
AI) be the defect subspaces of S. Let us define the following family of extensions
of S:

g,\:S—i—{<<p>\,—z<p,\>, QO,\Em,\}, Re ) < 0. (4.1)

L.r. S, are m-accretive. In fact, for z € dom (S), v € My we have

(Sx(@+¢x), 2+ 92) = (S(2),2) — Mepx, @) — 2ilm [A(pr, )]
and
Re (Sa(z +¢2), =+ ¢2) = Re (S(z),z) — Re A ||<p,\H2 > 0.
Besides,
Sa(z 4 ©a) — Mz + ¢r) = S(p) — Az — 2Re Ay

The definition of the defect subspace implies ran (§ » — M) = H. Thus, S A is m-
accretive. Note that in the case of a closed sectorial operator S the extensions S)
take the form

dom (Sy) = dom (S)+9(S),
Sx(z +¢x) = Sz — Aga, x € dom (S), px € M(S).

Recall (see Introduction) that the Friedrichs and Krein—von Neumann extensions
of S are given by the the fractional-linear transformations of A4, and Aj;:

Sr = (I—A#)(I+A#)71, Sy = (I— AM)(I-l-A]u)*l.
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Theorem 4.1. Let S be a sectorial l.r. with the vertex at the origin. Then for its
Friedrichs and Krein—von Neumann extensions the following strong resolvent limits
representations

Sy =s-R-1lim S,, Sp =s-R- lim S,,
A—0 A—00
Sk =s-R-lim S5, Sk =s-R- lim S}
o= s R S5, 85 = s Rl 83
hold. The limits are nontangential to the imaginary axis.

Proof. Consider the linear fractional transformation A = (I — S)(I + S)~!. The
operator A is a C(a)-suboperator for some «. One can readily check the equalities

MA(S) = M= (), Sn = (I - A()) (I +A()) ", A= (z= )1 +2)7},
where A(z) is defined by (7). This implies the relation
~ 1 ~
Sx+ID)t= 2(I—i—A(z)).

Taking into account that
1

1
(Sr+1)~' = 2(1‘1'14“)’ (Sv+1)~'= 2(I+AM),
* - 1 * * — 1 *
CrE I 2(I—|—AH), (Sy+I)'= 2(I+AM)
and applying (3.28) and (3.32) we get the assertion of Theorem 4.1. O

Remark 4.2. In [9] it is proved that the following conditions for Sy defined by
(4.1) are equivalent:
(i) the linear relation Sy is m-sectorial for some A, Re A < 0;
(ii) the linear relation S, is m-sectorial for all A, Re A < 0;
(iii) dom (S*) C D[Sy], where D[S y] is the domain of the closure of the sesquilin-
ear form associated with Sy;
(iv) for all € dom (S) and some A, Re A < 0 holds

Re (S(x),x) > k(N)|| P, ||,
where k(\) > 0.

Remark 4.3. The resolvent formula for m-sectorial extensions of a densely defined
closed sectorial operator S under one of the conditions (i)—(iv) and Theorem 4.1
have been established in [9].
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A Variational Principle for
Linear Pencils of Forms

P. Binding and R. Hryniv

Abstract. Eigenvalues are characterized by a double extremum principle for
pencils a — A\b under rather weak assumptions on the symmetric sesquilinear
forms a and b. For example, they can be indefinite and/or degenerate. The
treatment unifies many cases previously studied separately, and also gives new
eigenvalues previously uncharacterized.
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1. Introduction

Double extremum principles for the generalized eigenvalue problem
Ax = ABx

(A and B being self-adjoint operators in a Hilbert space J#°) can be considered
classical in the “right-definite” case where B is positive definite. See, e.g., [WS]
for a general result characterizing eigenvalues as double extrema of the generalized
Rayleigh quotient
(Azx, x)
’I"(Jf) - (B.’b, .’E) 9
and for a bibliography of the subject. We note that the denominator in (1.1) does
not vanish provided z # 0.

Various authors have produced analogous results in cases when (Bz,z) can
vanish nontrivially. Already in 1904, Holmgren considered a case with B semidef-
inite, but the result is in general incorrect. See [Al, BEL, EL] for modern versions
involving partial differential and abstract operator equations. The study of indef-
inite inner product spaces has provided impetus for results with indefinite (but
invertible) B, and we refer to [KS, Kii] for an early special case involving a single

(1.1)

Research of P. B. partially supported by I.W. Killam Foundation and NSERC of Canada.
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72 P. Binding and R. Hryniv

extremum, and to [BHN] for a recent general treatment. Cases where B is indefi-
nite and noninvertible have also been treated (see [AM, BNY]), and linearisation
of (say quadratic) pencils frequently leads to such indefinite situations (cf. [BN1,
Section 1]).

We note that the methods used for many of the above results have been
rather different, and some (e.g., [BHN, BNY]) are technically involved. One of our
goals here is to simplify and unify the above situations. We achieve this in two
ways. One is to consider a form pencil p(\) = a — Ab rather than an operator
pencil P(A\) = A — AB. We remark that r(x) of (1.1), which is at the heart of the
extremum principles, involves forms, and that eigenvalues, although traditionally
expressed in terms of operators, can be defined via

a(xv y) = /\b(ﬂ?, y)

for an appropriate set of y. Indeed this is standard in the context of partial differ-
ential equations in variational form.

We spend the greater part of Section 2 setting up rather weak sets of equiv-
alent assumptions on a and b and in Section 3 we show that the situations cited
earlier, and others, do satisfy our assumptions. Roughly, we require that p(\) be
closable and have a finite maximal dimension of nonpositivity on some real X inter-
val. The main result (Theorem 2.6) is not of traditional form, but it is proved quite
simply. It gives equality of the quantities oy, (roughly, the supremum-infimum of
a(x)/b(x) over subspaces of codimension k — 1) and 7, (the supremum of those A
for which p()) has maximal dimension of negativity less than k).

Armed with this, we proceed in Section 4 to characterize eigenvalues in terms
of the oy. It should be pointed out that when B > 0, the kth eigenvalue Ay is in
general given not by oy, as in the case B > 0, but by o4 where the “index shift” s
seems to have been observed first in [Al] in the partial differential equation context.
When B is indefinite, only certain eigenvalues v can be characterized, again as
ok+s, and elaborate algorithms for “cancelling” the remaining eigenvalues have
been proposed, cf. [BHN]. Here we shall use two-parameter eigencurves to specify
the shift and cancellation quite simply. These curves are graphs of eigenvalues for
operators Ay associated with p()A), and vy is the maximal value of A where the
(k + s)th curve intersects the M\-axis. We shall also show how to carry out these
calculations in terms of Jordan chains for p(\), e.g., Jordan bases of B~'A when
this operator exists.

Our second goal is extension of known results. Our weak assumptions already
guarantee this, and for example we know of no previous treatment of elliptic (even
Sturm-Liouville) problems with unbounded indefinite weight functions vanishing
on sets of positive Lebesgue measure (see Example 3.3). In Section 5 we extend our
characterization to include eigenvalues previously cancelled, for a modified version
of 0. We know of no previous results of this type.

Throughout, we consider eigenvalues of “generalised positive type” (Defini-
tion 5.1), for which b(y) > 0 for appropriate y. Generalised negative type eigen-
values can be characterized by dual principles which will be left to the reader.
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2. An extremum principle for quadratic forms

We start with two symmetric sesquilinear forms a and b defined on a dense linear
subset Z of a Hilbert space .7 under the assumptions (I) and (IT) below.

(I) There exists an interval (m, M) such that a — Ab is closable for every A €
(m, M).
We write n~(t) for the maximal dimension of a subspace in Z on which a given
symmetric form ¢ is negative definite, and we call ¢ quasi-uniformly positive (QUP
for short) if n=(t — €) is finite for some & > 0. Our second assumption is that

(IT) For every A € (m, M), the form a — Ab is QUP.

Before proceeding, we shall discuss some properties related to our assump-
tions.

Remark 2.1. Observe that a closable QUP form t is necessarily bounded below.
Indeed, we may assume that t is already closed on 2(t) and non-degenerate (just
replace t with t —e for a suitable € > 0 if necessary). Let £~ C 2(t) be a subspace
of dimension n™(t) < oo, on which t is negative definite. We put

LT ={re D) |tx,y) =0 foraly e L };

then t(z) > 0 for all z € LT and 9(t) = £+ + £~ by [Bo, Lemma 1.9.8]. In
fact, t is positive definite on £ [La, Theorem 5.2] and 9(t) is a Hilbert space 74
with respect to the norm ||x||? := —t(x™) + t(x*), where x = v~ + 2+, 2T € L*.
It suffices to show that there is a constant C > 0 such that ||z||* > C|z||? for
all x € D(t) with t(x) < 0. The result then follows from the inequalities t(x) >
~Jall? = —C a2,

Assume the contrary, i.e., that there is a sequence (x,,) C Z(t) such that
lznlli = 1, t(x,) <0, and ||zn|| — 0 as n — oo. Without loss of generality we
may assume that x, converge weakly to some x in J€; since J is continuously
and densely embedded into 2, it follows that x,, converge weakly to x also in €,
whence x = 0. Write x,, = x,, + zf with 2t € £%; then x;, converge weakly
(and hence strongly, by finite dimensionality of £ ) to 0 in the space J. Thus

t(x}r) < —t(x,;) — 0 as n — oo, whence ||z,||1 — 0, contradiction.

Thus (I) and (IT) imply that the following stronger form of (I) holds.
(I') As for (I), but with a — Ab also bounded below for every A € (m, M).
We shall also consider a further strengthening of (I), viz.,
(I") As for (I'), and the domain of the closure (a — Ab)~ of a — Ab does not depend
on A.
Lemma 2.2. (I') implies (1").
Proof. Take an arbitrary v € (m, M) and choose § > 0 such that v + 6 € (m, M).

By assumption, there exist numbers v+ € R such that

(a—vb)(z) £ db(z) > —yx o]
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for all x € 2. From this we conclude that

1
Fh(a) < S(a—vb)(@) + 5 el
whence ) el 4 el
V4| + -
b@)] < sla=wh)@) + 7 T e,

so the form b is bounded relative to a — vb with relative bound not greater than
1/6. Theorem VI.1.33 of [Ka] now shows that the domains of (a —Ab) and (a—vb)~
coincide provided |A —v| < §. Since v was chosen arbitrarily in (m, M), the claim
follows. O

Thus when assuming (I) and (IT), we may also assume (I”). We remark that
under these assumptions the forms a and b themselves need not be closable.

A simple but useful alternative criterion for (I) and (II) is given by the fol-
lowing. We start with a weaker version which holds at a single point:

(III) there exists v € R such that a — vb is closable and QUP,
and we add the extra assumption
(IV) b is bounded relative to a — vb, i.e., there exist a, 3 > 0 such that

()] < Bl(a — vb)(@)] + af|z]?
for all x € 2.
Lemma 2.3. (I) and (II) hold if and only if (1II) and (IV) hold.

Proof. If (I) and (II) hold, then so does (I'), and the proof of Lemma 2.2 shows
that b is bounded relative to a — vb, for every v € (m, M).

In the reverse direction, assume (III) and (IV). Then the form a — Ab will
also be closable for all real A with |\ — v| < 1/8 by [Ka, Theorem VI.1.33]. Also,
by definition, there exist € > 0 and a subspace 5. of finite codimension such that

(a —vb)(x) > el

for all x € 2 N .. Assuming that ¢ is sufficiently small (so that 20 < «),
we conclude that for every A with |\ — v| < £/(2a) and every x € 2 N . the
inequality

(a = 2)(@) = (a = vb)(z) + (A = v)bla)
> (a—vb)(2) — o [Bla— b)) +alal’]
N

5 €y 1o €y 12
— — >
(1- 5. )a=)@) = lal* > |l
holds. Thus both (I) and (II) continue to hold in the open e/(2a)-neighborhood
of v, which may be taken as (m, M). d

Having fixed the properties of the forms a and b, we shall proceed now with
the variational principle for the pencil a — Ab. We emphasize that no assumptions
are made about definiteness or nondegeneracy of a and b.
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Lemma 2.4. The set {(a(z),b(z)) | # € P} is a convex cone in R?.

Proof. After identification of (s1, s3) € R? with s1 +isy € C the above set becomes
the range of the quadratic form a(z) + ib(z) on Z and thus is convex by the
Toeplitz—Hausdorff theorem [Ka, Theorem V.3.1]. A direct proof is given in by
Atkinson [At, Theorem 2.8.1]. O

For any subspace S C 2, define +(S) as
inf{a(z)/b(z) |z € SN, b(x) > 0} (2.1)
if the set {x € SN, b(x) > 0} is nonempty and put +(S) = —oco otherwise.
Consider the following three conditions:
(i) b is strictly indefinite, and b(z) = 0 implies a(z) > 0;
(ii) o(H) > —o0;
(iii) a — ()b >0 on 2.
It follows easily from Lemma 2.4 that (i) = (ii) = (iii). See also
Kiihne [Kii], Krein-Smulian [KS], and Uhlig [Uh] for a review of similar two-form

results. We shall need the second implication in the following form (see also [BY]
in a finite dimensional case):

Corollary 2.5. The inequality +(S) > —oo yields a(z) — 1(S)b(xz) > 0 for all x €

SNg.
The main result of this section concerns the constructions
o = sup{#(9) | codim S =k — 1} (2.2)
and
Tk = sup{A € (m, M) | n” (a — Ab) < k}. (2.3)

Theorem 2.6. If oy and 13, both give numbers in (m, M), then oy, = 7 and both
suprema in (2.2) and (2.3) are attained.

Proof. Assume that 7, € (m, M) and put d := n~ (a — 7xb). Then by (II) dy, is
finite and there is a dj-dimensional subspace .Z~ on which (a —7.b)(z) < —¢lz]|?,
for some ¢ > 0. Proceeding as in the proof of Lemma 2.3, we see that a — A\b is
negative definite on £~ for all X\ sufficiently close to 7. Thus by the definition
of 7, di, < k so the supremum in (2.3) is attained.

Second, as in the proof of Remark 2.1, there exists a subspace £ of codi-
mension at most k — 1 such that

(a —mb)(x) >0 (2.4)

forallz € £+TN9. Choosing £ in (13, M), we have n™ (a—&b) > k, so (a—£b)(y) < 0

for some y € £t N 2. Thus &b(y) > a(y) > 7b(y) whence b(y) > 0. Using (2.4)
we see that 1(ZT) > 71, and oy > 7%.

Third, assume that a subspace S C 5 of codimension k — 1 satisfies +(.S) =

w € (m, M); Corollary 2.5 then shows that (a — ub)(z) > 0 for all z € SN 2. Thus

a — pb is nonnegative on S so n”(a — ub) < k —1 < k. It follows that 7, > p,



76 P. Binding and R. Hryniv

whence 1 > 0} and o, = 7. Moreover, in the notation of the second part of this
proof, the supremum in (2.2) is attained on any subspace of codimension k — 1 in
7T containing v. O

3. Operators

So far, we have dealt exclusively with forms, but there is an implicit connection
with operators, since in view of (I), (II), and Remark 2.1 the form a — Ab is closable
and bounded below for A € (m, M). Thus [Ka, Theorem VI.2.1] shows that a self-
adjoint operator Ay can be constructed from the closure of a — Ab. Defining n~
and QUP for an operator via its form (restricted to the domain of the operator)
we see that Ay is QUP.

We can formally write Ay = A — AB, where A := Ay (if m < 0 < M -
otherwise we can translate the X origin), but in general there may be no operator B.
In this section we give three examples from the literature where an operator B
does exist.

Example 3.1 (Right semidefinite case). We consider the situation of [EL] (cf. [Al,
BEL, BV] for related cases). Let A and B be symmetric operators in . defined
on 2(A) and satisfying

(1a) A is self-adjoint and B > 0.

(1b) B has bound zero relative to A, i.e., for every 8 > 0 there is a((3) such that

|Bull < a(@)]lull + 5l Aull for all u & F(A).

(1c) For some real v, A — vB is boundedly invertible and n~ (A — vB) is finite.

By [Ka, Theorem VI.1.38], (1b) implies that the sesquilinear form b(x,y) :
(Bz,y) is bounded relative to a with relative bound zero, so assumption (IV
holds. Now by (1a) and [Ka, Theorems VI.1.27, 33] the form (a — vb)(x,y)
((A —vB)x,y) is closable on 7 := Z(A).

Since a — vb is QUP by (1c), (III) holds and, in view of Lemma 2.3, so do (I)
and (IT). In fact for all A € R the closure of a — A\b has domain 2(a”) = 2(|A|'/?),
i.e., the form domain of A. Moreover n~(a — Ab) is obviously nondecreasing in A,
so the largest possible interval (m, M) is given by m = —oo and M = sup{\ € R |
n~ (a — Ab) < co}.

Observe also that by (1c) the operator A — vB is bounded below and thus
by (1b) so is A. This was required explicitly in earlier references.

~—

Example 3.2 (Krein space case). We consider the situation of [BHN] (cf. [BN1,
CN, La] for related cases). Let T be a self-adjoint operator on a Krein space .2~
(with inner product [+, ]) satisfying

(2) For some real v € R, T'— vI is QUP.

This is to be interpreted in terms of the form [(T — vI)x,z]. If Z has a
fundamental symmetry J, then (x,y) := [Jz,y] makes £ into a Hilbert space
which we denote by 4. Further, A := JT and B := J are self-adjoint in ¢ and
(T —vD)z,z2] = ((A— vB)x,z). Thus A — vB is QUP and since B (although
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indefinite in general) is bounded (and boundedly invertible) we can argue as for
Example 3.1 to see that (I)-(IV) hold.

To identify the maximal possible interval (m, M) on which (I) and (IT) hold,
we recall first that (2) implies that T possesses a spectral function F [Lal]. This
function is defined on “admissible” intervals, i.e., with endpoints not in the finite
set of critical points, and takes values in the set of orthoprojectors in J#". Moreover,
for an admissible interval A, the subspace E(A) is invariant under 7" and the
restriction of T' to F(A) has no spectrum outside A.

For a subspace S of ¢, we denote by »"(S) (resp. > (S)) the maximal
dimension of nonnegative (resp. nonpositive) subspaces of S and we set

xE(N) = inf{>(E(A)) | A3\,
where A runs through all admissible intervals. We claim that
m :=sup{A € R | 37 (\) = o0}, M :=inf{A € R| »"(\) = oo}

give the maximal choice of (m, M). Indeed, by [BHN, Theorem A.3] assumption (2)
implies that m < M and that T'— AI is QUP for all A € (m, M). If A < m, we
can take admissible A > m to the right of X such that »* := »*(E(A)) < .
Then T (restricted to II := E(A)) is self-adjoint in the Pontryagin space II and
hence possesses a T-invariant nonpositive subspace .2~ of codimension »*. The
spectral theorem for T' [La] implies that T'— AI is J-nonpositive on £ ~, so T — Al
is not QUP if A < m, and similarly not if A > M.

Example 3.3. (Sturm-Liouville problems with L; coefficients). We consider the
problem
—(py") +aqy = Ary (3.1)
on (0,1) under the regularity conditions
(3) p>0and 1/p,q,7 € L1(0,1).

This problem has an extensive literature developed particularly over the last
50 years. We write A for the self-adjoint operator in % = Lo (0, 1) corresponding to
the left side of (3.1) with self-adjoint boundary conditions, and B for the operator
of multiplication by r. Now A — AB is self-adjoint on Z(A), is bounded below,
and has discrete spectrum, and hence is QUP. Thus both (I) and (II) hold for all
A € R, and the maximal interval (m, M) is given by m = —oco and M = oo. In fact
the form domain of A can be taken as . (This is characterized explicitly in [BC],
and consists of those y € W (0, 1) satisfying the essential boundary conditions
from A when p is bounded).

Note that in general B is unbounded, noninvertible, indefinite and (unless
r € L(0,1)) unbounded relative to A, so that Examples 3.1 and 3.2 do not apply.
The analysis extends to more general regular or singular 2nth order ordinary
differential equations under the integrability conditions of [Na, Chapter V]. It also
gives a significant improvement on previous variational principles for uniformly
elliptic partial differential equations with indefinite weight functions, cf. [BN1, FL].
Here we may use the coefficient conditions of, say, [EE, Chapters VI, VII].
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Remark 3.4. Variational principles have been derived in various further situations
reducible to ours. For example, in the “uniformly left definite” case where A is
positive definite and A~! and B are bounded [We], one can consider the right
definite operator pencil B — A~! A which satisfies (IIT) and (IV) for negative v :=
A~1 of sufficiently large absolute value. In this case the “generalised Rayleigh
quotient” is of the form b(x)/a(x) and the denominator is uniformly positive for
x # 0. A similar situation occurs where the quotient a(z)/(Ax, Ax) is sometimes
used to characterize eigenvalues of a boundedly invertible operators A. As shown
in [EL], this can be treated as in Example 3.1 via the pencil A — A\71A2.

Variational principles for various nonlinear eigenvalue problems can be de-
rived via linearisation to the above examples, e.g., quadratic problems in [BN1,
BEL, EL] and problems with “floating singularities” in [EL]. Finally, we note that
much of the literature on variational principles for indefinite eigenvalue problems
treats finite dimensional cases, and the most general result we know of this type
is in [BNY]. Here A and B can both be indefinite and/or singular, but (III) and
(IV) follow as for Example 3.3.

4. Noncancelled eigenvalues

We define A\ as an eigenvalue of the pencil p : A +— a — Ab if Ayz = 0 for some
nonzero x € . If b(x) > 0 for all such z, \ has positive type. Although The-
orem 2.6 is expressed in terms of the integer-valued function n~, it is useful to
have a continuous analogue provided by the eigencurves. We define —pu () to be
the kth eigenvalue of Ay (counted by multiplicity, p1(A) being maximal) whenever
n~(A,) is finite.

Lemma 4.1. The functions py can be chosen holomorphic in a left (and also in a
right) neighborhood of any point of (m, M) where they are nonnegative.

Proof. The arguments of Section 2 (based on (I), (IT), (IV) and Theorem VI.1.33
of [Ka]) show that a—Ab is sectorial for A in some complex neighborhood of (m, M).
Hence a— Ab is a holomorphic family of type (a) in Kato’s sense, and so A is holo-
morphic [Ka, Theorem VII.4.2]. Now the general machinery of [Ka, Chapter VII]
can be applied to the finite system of eigenvalues u1 (M), ..., ur(A). a

Evidently n~(a — Ab) = n~ (A)) is the number of indices k for which ug(\) >
0. Thus Theorem 2.6 and Lemma 4.1 give the following

Corollary 4.2. \ = oy, is an eigenvalue of p satisfying pg (o) = 0.

Remark 4.3. As noted in Theorem 2.6, the supremum in (2.2) is attained, say on
a subspace S. In the above notation, S is orthogonal to the eigenvectors corre-
sponding to the positive p;(A) and is thus a nonnegative spectral subspace of Ajy.

The graph of py is called the kth eigencurve. It is well known that for an
eigenvalue A, the expressions pj (A+) (for those k satisfying pr(A) = 0) equal
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b(u;) for appropriate u; € A4 (Ay). Thus A is of positive type if and only if all
eigencurves through (), 0) have positive (left and right) slopes.

Example 4.4. Let us consider Example 3.1 again, and assume that Ayz = 0 for
some x # 0. If b(x) = 0, then Bz = 0 so A,z = 0 for all 4 € (m, M) contradicting
(Ic). Thus b(x) > 0 and A is an eigenvalue of positive type. If we index the
eigenvalues of p, counted by multiplicity, as \; < Ay < .-+ and assume that
(m, M) is maximal, then Corollary 4.2 gives

Ak = Ok+s-
Here the “index shift” s is given by
s=##{j| u;(A) > 0for all A € (m, M)}, (4.1)

i.e., the number of eigencurves entirely above the interval (m, M) of the M-axis. Tt
also follows that the integer valued function n~ can be calculated explicitly via

n(Ay) = s+ #{k | A < A}

One can also specify the index shift s of (4.1) directly in terms of the forms
a and b which we shall regard as defined on Z(a) := 2(|A|'/?).

Proposition 4.5. The index shift s equals the mazimal dimension d of a subspace

of the set 2~ :={x € D(a) | b(z) =0, a(x) < 0}.

Proof. Since the number d does not change if we replace a by a — Ab, we may
assume without loss of generality that A\; > 0 and thus that s = n~(a). As a is
now nondegenerate, we have

s=max{dim.Z | £ C Y(a),a(z) <0 for all z € £},

which shows that s > d. The quadratic form b is bounded and nonnegative in
the Pontryagin space II := 2(a) with inner product [z,y] := a(z,y) and thus
b(z) = [Bx,x} for some bounded nonnegative operator B. Since A\; > 0 implies
that @ — Ab is nondegenerate for A < 0, B has no spectrum on the negative
semiaxis. As in [EL], we conclude now that there is an s-dimensional nonpositive
subspace .2~ in the kernel of B. But then b(z) = [Bz,z] = 0 for every z € £,
0.~ CY andd > s. O

Observe that the operator B in the above proof is equal to (A)~'B, where
A and B are the closures of A and B respectively as operators from 2(]A|'/?)
into 2(]A|~'/?) (such closures exist since A and B are bounded below, cf. [Ka,
Ch. VI.1.5)). If 2(B) 2 2(|A|'/?), then B coincides with B restricted to 2(|A|*/?),
so the set {z € Z(a) : b(z) = 0} coincides with A (B)NZ(a), and thus we recover
a result in [EL, Theorem 3.1].

Returning to the general case, we note that A = o in Corollary 4.2 is in fact
the mazimal solution of the equation pg(A) = 0. If we “cancel” all eigenvalues of p
which are not such maximal solutions, then the noncancelled ones, say, 11 < vy <
-+-, are precisely the eigenvalues characterized by Corollary 4.2 and if (m, M) is
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maximal then v; = 0,4, where s is given by (4.1). As we shall see, one can specify
the index shift, and the cancellation, in terms of properties of p that do not involve
all the eigencurve information.

Suppose initially that dim.4"(Ay,) = 1, where A\ is an eigenvalue of p in
(m, M), so wu;(Ag) = 0 for just one j. The leading term (of sign e, and degree
dr) in the Taylor expansion of u; about A (for example, in half neighborhoods
of \x) determines the behavior of n~(a — Ab) for A near \g. Indeed, if we write
ny = n"(Ax,+) and ny = n"(Ay,), then n, —ng = 1if g > 0and =0
otherwise; n_ —ng = 1if ¢ > 0 and dj, is even, or €, < 0 and dy, is odd, and =0
otherwise. Adding all the contributions together in the case of nonsimple A\, we
have the following

Lemma 4.6. Let [T (resp. I ) denote the number of eigencurves through (A, 0) for
which tey, > 0 and dj, is odd (resp. even). Then

ny—ng =l +15, nZ—ng =1+, ni-nZ=17-1.

It follows that knowledge of n~(m), n~ (M) and the integers [T and IF at
each eigenvalue of p is enough to specify n~(a — Ab) for each A € (m, M), and
hence to determine the shift and cancellation mentioned earlier.

Example 4.7. Let us return to Example 3.2. Then the dj and €5 (and hence the
I and [F) may be determined from the Jordan decomposition of T" restricted to
the root subspace at a given eigenvalue (of T, or equivalently, of p). Specifically,
dy, is the block size and e, its signature, i.e., the sign of [z1, 24, ] for a Jordan basis
x1,...,2q, of the given block. To see this, we may apply [GLR, Theorem 1.3.19]
and [Ma, Section 108] to the appropriate (finite dimensional) Riesz projection of
T — M. For further study of the variation of n~ (A4 — AB) we refer to [BB, DG].
When T has only simple eigenvalues in (m, M), the rule for cancelling eigen-
values is to remove adjacent pairs ()\j, /\j_ﬂ), where the sign in the superscript
denotes the type, and repeat until no more (4, —) pairs remain. This leaves the
vj defined above, preceded by the minimal solutions of 1;(A) = 0, which are of
(generalised, as in Section 5) negative type and are characterized by a dual prin-
ciple. See [BHN] for details, and for the extension to nonsimple eigenvalues. The
shift s can also be calculated as the total number of cancelled pairs and nonreal
eigenvalue pairs of T'. See [BN2] for a detailed study of this “minimal index”.

Example 4.8. In the situation of Example 3.3 there is in general no operator T,
but shift and cancellation can be carried out via the p; as in Lemma 4.6. For
separated boundary conditions, the Priifer angle 6(x, \) is defined and 6(1, \) is
continuous (hence constant) along the eigencurves. Thus for this case we also see
that o is the maximal eigenvalue for which a corresponding eigenfunction has
k — 1 zeros in (0,1). The index shift s is therefore the minimal number of zeros
which can be achieved by an eigenfunction. Calculations of some of the quantities
in Lemma 4.6 are given in [BLM] for a special case via the Priifer angle and the
Titchmarsh—Weyl m-function.
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5. Generalised positive type eigenvalues
We start with the following

Definition 5.1. An eigenvalue A has generalised positive type, if u; is increasing
in a right neighborhood of X for at least one j satisfying pj(A\) = 0.

This means, in the notation of Section 4, that €, > 0 for at least one k with
px(A) = 0. The maximality in Theorem 2.6 shows that all eigenvalues characterized
by Corollary 4.2 are of generalised positive type, but not conversely in general
because of “cancellation”. Suppose Ay is an arbitrary eigenvalue of this type, let A,
be the next greatest eigenvalue of p (or M if there is none), and choose a € (A4, \s).
It will be convenient to choose (m, M) as a maximal interval satisfying (I) and (II).

Now we choose a new eigenparameter p := (o — A\)~! and replace the form
pair (a,b) by (b,ab — a). Note that

b—plab—a) = pla — \b). (5.1)

By (5.1) we see that b— p(ab— a) satisfies analogues of (I) and (IT) on the maximal
p interval ((a —m)~1,00) C RT.

Let S be a subspace of 7. To emphasize the dependence on a and b, we
shall replace the notation +(S) from (2.1) et seq. by (.5, a,b), and we shall write
1(S,a,b,c) if ¢(x) > 0 is imposed in addition to b(z) > 0, for some quadratic
form c¢. We now apply Corollary 4.2 to obtain

-1
— = — 2
(a )\+) CO(liglgzk—l Z(S, b’ ab a) (5 )
where k is such that Ay = sup{\ € (m,a) | n~(a — Ab) < k}.

Since a — AL > 0, we can take b(z) > 0 in (5.2) and then straightforward

manipulations give
oa— A= Codiénérikil(a —(S,a,b,ab — a)).

This leads us to our final

Corollary 5.2.
)\+ - codirrnngikil ’L(S, a, b, ab — a).
Thus A4 is now characterized by a principle similar to that of Corollary 4.2,

but with (ab — a)(z) > 0, i.e., Z((;”)) < «, imposed in addition to b(x) > 0.

Remarks

1. We can express k in terms of “local” cancellation and shift, applied to the
interval (m, «) instead of (m, M).

2. Further eigenvalues below A may be characterized via the restricted prin-
ciple of Corollary 5.2. Thus in general an eigenvalue has many characteriza-
tions, depending on the choice of «.

3. If (m, M) is not maximal then the above principles are modified in general.
For example, if m is increased to exceed the minimal eigenvalue vy, then 1
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is no longer characterized, but the shift index s is increased (by one if v is
simple, and in general according to Lemma 4.6). Similarly if M is decreased,
then new eigenvalues may appear that were previously cancelled, as in Corol-
lary 5.2, but the “inf” operation is over a more restricted cone. We remark
that this result may be proved via a direct modification of Theorem 2.6, but
we have preferred the presentation given for the sake of clarity.
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Selfadjoint Extensions with Several Gaps:
Finite Deficiency Indices

J.F. Brasche, M.M. Malamud and H. Neidhardt

Abstract. Let A be a closed symmetric operator on a separable Hilbert space
with equal finite deficiency indices n(A) < oo and let J be an open subset
of R. Tt is shown that if there is a self-adjoint extension Ao of A such that
J is contained in the resolvent set of Ap and the associated Weyl function
of the pair {A, Ao} is monotone with respect to J, then for any self-adjoint
operator R on some separable Hilbert space R obeying dim(Er(J)R) < n(A)
there exists a self-adjoint extension A such that the spectral parts Ay and
R are unitarily equivalent. The result generalizes a corresponding result of
M.G. Krein for a single gap.
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1. Introduction

Let A be a densely defined symmetric operator in a separable Hilbert space $ with
deficiency indices n4 (A) = n_(A) < co. We recall that a bounded open interval
J = (a, B) is called a gap for A if

12Af = (a+ D) fll = (B=a)lfl, [fedom(A). (1)

If « — —oo, then (1) turns into (Af, f) > B||f||?, for all f € dom(A), meaning
that (—o0, ) is a gap for A if A is semi-bounded from below with the lower bound
(8. The problem whether there exist self-adjoint extensions Aof A preserving the
gap (a, 3) has been extensively investigated in the middle of the thirties. It has
been positively solved by M. Stone, K. Friedrichs and H. Freudental for operators
semi-bounded from below (o = —o0) (see, [1, 19]) and by M.G. Krein [16] for the
case of a finite gap. The problem to describe completely the set Ext 4(«, ) of all
self-adjoint extensions Aof A preserving the gap has been solved by M.G. Krein
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[16], [17](see also [1],[19]) in the case J = (—o0,3) and in [14] for a finite gap
J = (o, ). }

M.G. Krein [16] has investigated the spectrum of self-adjoint extensions A
within a gap J of a densely defined symmetric operator A with finite deficiency
indices. Namely, Krein has shown that if R is any self-adjoint operator on some
auxiliary separable Hilbert space SR such that dim(Egr(J)R) < n, then there exists
a self-adjoint extension A such that the part Ry := R[ Egr(J)MR of R is unitarily
equivalent to Ay := A [E5(J])9, ie., A; = Ry, where Eg(-) and E;(-) are the
spectral measures of R and Z, respectively.

The result was generalized to the case of infinite deficiency indices in [7]. In
this case it was shown that if R is any self-adjoint operator with pure point spec-
trum, then there exists a self-adjoint extension A such that A J = Rj. Naturally,
the question arises whether we can put other kind of spectra into .J, for instance,
absolutely continuous or singular continuous spectrum. This problem has been
investigated in a series of papers [2, 5, 7, 8, 9, 10]. For the class of (weakly) signif-
icant deficient symmetric operators (for the definition see [2, 8]) it was shown [2,
Theorem 6.2] that for any auxiliary self-adjoint operator R and any open subset
Jo C J there exists a self-adjoint extension A such that

v o= py 2)
Ay = Ry, (3)
oe(A)NT = JonJ (4)

where Rac,:@c and RPP, APP denote the absolutely continuous and pure point
parts of R, A, respectively. Notice that the deficiency indices of (weakly) significant
deficient symmetric operators are always infinite. The assumption that A is a
(weakly) significant deficient symmetric operator was essentially used in the first
proof of (3) and (4). Later on this assumption was dropped for the third relation
(4), see [9]. However, one has to mention that the singular continuous spectrum
obtained in [9] belongs to a certain class of sets which excludes a wide class of
possible sets, for instance, Cantor sets.

In [10] an attempt was made to remove all these restrictions assuming that
the symmetric operator A has a special structure, namely,

A=@P S on 9=EPA, (5)
k=1 k=1

where each of the operators Sy, is unitarily equivalent to a fixed (i.e., k-independent)
densely defined closed symmetric operator S in a separable Hilbert space and S
has positive deficiency indices. If J is a gap of S (and therefore of Sy for every
k), then for any self-adjoint operator R on some separable Hilbert space R there
exists a self-adjoint extension A of A such that the relations (2) and (3) hold as

well as 05.(A)NJ = os.(R)NJ, cf. [10, Theorem 10]. We note that if ny(S) < oo,
then the operator A is not (weakly) significant deficient. Thus [10, Theorem 10]



Selfadjoint Extensions with Several Gaps 87

weakens considerable the property (4) for the special case (5). The proof relies on
a technique which is quite different from that of [2, 7, 8, 9] and which is called
the method of boundary triples and associated Weyl functions. We describe the
method briefly below.

The previous results advise the assertion that for any densely defined closed
symmetric operator A with infinite deficiency indices and gap J there is a self-
adjoint extension A such that the conditions (2), (3) and A% = R’® are satisfied
for any auxiliary self-adjoint operator R. Indeed, this is true and was proved in
[5, Theorem 1], see also [6, Theorem 27]. In particular, A has the same spectrum,
the same absolutely continuous and singular continuous spectrum and the same
eigenvalues inside J as R.

Since for one gap the problem on the spectral properties of self-adjoint ex-
tensions is completely solved, naturally the question arises whether it is possible
to extend the results to the case of several gaps. It turns out that an analogous
statement is wrong if J is the union of disjoint gaps. In general, there does not even
exist a self-adjoint extension A of A such that J C p(ﬁ) Indeed, let us consider
the following example.

Example 1.1. Let $ = L%((0,1)). By A we denote the closed symmetric operator
(Af)(x) = _id(if('r)a HAS (Oa 1)7
fedom(4) = {feW;((0,1)):f(0)=f(1) =0},

which is simple and has deficiency indices (1,1). We recall that a symmetric opera-
tor is simple if it is completely non-selfadjoint, that is, it does not exist a subspace
which reduces the operator to a self-adjoint one. We note that A* is given by
(A*f)(z) = —z'd‘if(x), f € dom(A*) := W}((0,1)). If a € [0,27), then one can
associated a self-adjoint extension A(a) of A defined by

dom(A(a)) := {f € WH2((0,1)) : f(1) =" f(0)}

and A(a) = A* [dom(A(a)). It turns out that the family {A(a)}aejo,2r) of self-
adjoint extension of A exhausts all of them. The spectrum of A(«) is discrete and
consists of isolated simple eigenvalues A, (a) = a + 27n, n € Z. Obviously, the
intervals

Anp(a) = (a+2mn,a+2r(n+1)), neN, «el0,2r),

are gaps of the symmetric operator A. Setting J := Ag(0) U Ay(7) = (0,27) U
(3m,57) we get a union of gaps of A. The intervals Ag(0) = (0,27) and Ay (7) =
(3w,5m) are disjoint. Moreover, one easily verifies that there is no self-adjoint
extension A of A such that J is gap of A. Moreover, if u € (0,7] C J, then
there is a self-adjoint extension A such that  is an eigenvalue of Z, however,
i+ 47 € Aq(n) is also in eigenvalue of A. Similarly, if € (7, 27) is an eigenvalue,
then p+2m € Aq(7) is an eigenvalue of A, too. In other words, putting by extension
an eigenvalue into Ag(0) it automatically appears an eigenvalue in A (7). However,
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choosing J = (0,7) U (37, 4m) it is not hard to see that for any p € J there is a
self-adjoint extension A such that p is the unique eigenvalue of A in J.

Taking into account Example 1.1 we always assume that for the open set
J C R there exists a self-adjoint extension Ay of A such that J C p(Ag) where
p(Ap) denotes the resolvent set of Ag. Under this assumption we are interested in
the following problem:

Problem 1.2. Let A be a closed symmetric operator on a separable Hilbert space £
with (equal) deficiency indices ny(A) and let J C p(Ag) be an open subset of R.
Further, let R be a self-adjoint operator on a separable Hilbert space R satisfying
dim(Egr(J)R) < n(A) := ni(A). Does there exist a self-adjoint extension A of A

such that Ay = R;?

Due to Example 1.1 the answer to Problem 1.2 is in general no which means,
that the solution of this problem requires additional assumptions. To formulate
these additional assumptions we rely on the theory of abstract boundary condi-
tions:

Definition 1.3. Let A be a densely defined closed symmetric operator on $ with
equal deficiency indices ny (A). A triple I1 = {H,To,T'1} consisting of an auxiliary
Hilbert space H and linear mappings T'; : dom(A*) — H, ¢ = 0,1, is called
a boundary triple for the adjoint operator A* if the following two conditions are
satisfied:

(i) The second Green’s formula takes place:

(A*f7 g) - (f7 A*g) = (F1f7 Fog) - (FOf,Flg)7 fvg € dOII’l(A*)
(ii) The mapping I := {T,I'1} : dom(A*) — H O H, Tf:={Tof,T1f}, is

surjective.

Example 1.4. Let A be the symmetric operator A of Example 1.1 and let
f(0) = f(1) f0)+ f(1)

\/2 ) \/2 b
A straightforward computation verifies that IT = {H,T'oI'1 }, H = C, is a boundary
triple for A*.

Dof == Dif =i f € dom(A*) = W3 ((0,1)). (6)

If I1 := {H,To,T'1} is a boundary triple for A*, then Ay := A* | ker(T'y)
or Ay := A* [ ker(I'1) define self-adjoint extensions of the symmetric operator A.
Moreover, it can be shown that there is bijective correspondence between the set
of self-adjoint extensions Ext4 of A and the set of self-adjoint linear relations in
H given by A «— O := T'(dom(A)). In particular, one has 4; «— ©;, i = 0,1,
where ©¢g = {0} x H and ©; = H x {0}. In the following we use the notation
Ae «— O. In particular, if ® = G(B), where G(B) is the graph of a densely
defined self-adjoint operator B on H, then we write Ap := Ag(p)-
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Example 1.5. Let II = {H,T'¢,I'1}, H = C, the boundary triple of Example 1.4.
We find that

dom(Ag) = {W5((0,1)) : f(0) = f(1)}
and
dom(Ar) = {W5((0,1)) : f(0) = —f(1)}.
Since any self-adjoint linear relation © in H either coincides with ©g or is of the

form © = G(B), BE = b¢, £ € C, b € R, we get that any extension A coincides
either with Ag or is given by the domain

b—i

dom(A) = {W3((0,1)) : f(1) = b+i

f(0)}, beR,
which corresponds to Example 1.1. Notice that Ag = A(0) and 4; = A(~).

We note that for each pair {A, Ap} consisting of a symmetric operator A
and a self-adjoint extension Ay there is boundary triple II = {H,T'g, "1 } such that
Ayg = A* [ker(['y). In particular, if B is a bounded self-adjoint operator and the
self-adjoint extension A corresponds to the graph G(B), then one verifies that
Up = {H,I5, T8}, T := Bly — 'y, I'P :=T), is a boundary triple for A* such
that dom(A) = ker(I'5).

Having fixed a boundary triple II for A* one associates a so-called Weyl
function M (:) : p(Ap) — [H] with it where [H] denotes the set of bounded
operators on H.

Definition 1.6. ([13, 14]) Let A be a densely defined closed symmetric operator
on $) and let I = {H,T0,T1} be a boundary triple for A*. The unique mapping
M(:) : p(Ao) — [H] defined by

Tif.=M)Tof., f.e€N,=ker(A* —2), ze€ p(A),
is called the Weyl function corresponding to the boundary triple I1 for A*.

It is well known (cf. [13, 14]) that the above implicit definition of the Weyl
function is correct and that M(-) is a Nevanlinna function.

We recall that an operator-valued function F : C; — [H] is said to be a
Nevanlinna function [1, 18, 20] if it is holomorphic and takes values in the set of
dissipative operators on H, i.e.,

F(z) — F(2)*
Sm(F(z) = T ) N @ 50, sec,.
If F(-) is a Nevanlinna function, then there exists an unbounded operator measure
Yp(:) : By(R) — [H] defined on the bounded Borel sets of R, which obeys

+oo
Tp = /m 1;2 S () € [H], (7)
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as well as operators Cy, = C} € [H], k= 0,1, C; > 0, such that the representation

el t
F(Z):CO+012+[W (t_z—1+t2)dEF(t), ze€Cy, (8)

holds. The representation (8) is a generalization (see [12]) of a well-known result
for scalar Nevanlinna functions (cf. [1, 4, 18, 20]). The integrals in (7) and (8) are
understood in the strong sense. The measure Y p(-) is uniquely determined by the
Nevanlinna function F'(-). By supp(F') we denote the topological (minimal closed)
support of Y. Since supp(F) is closed the set Op := R\ supp(F) is open. The
Nevanlinna function F(-) admits an analytic continuation to Op given by

+oo
F(A):Co+ClA+[m <t_1)\—1_it2>d21:(t), AEOm ()
If F(-) is a Weyl function, that is F(-) = M(:), then one has in addition that
C1 =0and 0 € p(Sm(M(7))). Since Thr = Sm(M (i)) we find that the operator T
is boundedly invertible for Weyl functions.

Notice that if A is simple, then the Weyl function M (-) of the boundary triple
IT determines the pair {A, Ap} uniquely up to unitary equivalence (cf. [13, 14]).

Example 1.7. With respect to the boundary triple of Example 1.4 one easily verifies
that the associated Weyl function is scalar and given by

_ cos(z/2)

m(z) = sin(z/2)

For the scalar Weyl function m(-) the measure ¥, of the representation (8) is a

scalar atomic Borel measure p such that supp(p) = Upez{2n7} and p({2n7}) = 2.
Indeed, from the representation

m<z>=/+°°( o ia) . seCy,

= —cot(z/2), ze€Cy.

oo \E—2z  141¢2
we obtain . )
nmw
=2 - .
m(z) Z (2n7r -z 1+ 4n27r2>
nez
Hence

2 - 1 1
m(z) z nz::l <z — 2nm * z —|—2mr)

R 1 1
m(z) = — — + .
(2) z/2 Z(lz—mr éz-i-mr)

n=1 \2
By [15, XII.441.9] we immediately get that m(z) = —cot(z/2), z € C4. The
Weyl function m(-) admits an extension to On, = R \ Upez{2n7} defined by
m(A) = —cot(A/2), A € O, which is periodic with period 2.

which yields

In fact, from the Weyl function one can obtain all information on the self-
adjoint extension Ay, in particular, on the spectrum o(Ay).
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Proposition 1.8. Let A be a simple closed symmetric operator and let I={H,T'o,I'; }
be a boundary triple for A* with Weyl function M(X). Suppose that © is a self-
adjoint linear relation in H and X € p(Ag). Then

(i) o(Ag) = supp(M).

(ii) X € p(Ao) if and only if 0 € p(© — M(N)).

(iii) A € 0-(Ae) if and only if 0 € 0,(© — M(X)), 7 € {p,c}.

Here we denote by o,(-) and o.(-) the point and the continuous spectrum.

Example 1.9. Let IT be the boundary triple of Example 1.4. From Proposition 1.8
(i) and Example 1.7 we restore that 0(Ag) = Upez{2n=}.

Let © be a self-adjoint linear relation in ‘H different from ©¢. In this case
we have © = G(B) where B is defined in Example 1.5. Taking into account
Proposition 1.8 we find for the self-adjoint extension A «— G(B) that A € p(A)N
p(Ap) if and only if m(\) # b or cot(A/2) # —b.

In terms of the Weyl function it becomes clear why it can happen that putting
by extension an eigenvalue into J one gets automatically further eigenvalues in J.

Example 1.10. Let J be an open set such that J C p(Ag). Then for any p € J
there is a self-adjoint extension A of A such that w € J is the unique eigenvalue
of A in J if and only if the restricted Weyl function m(-) :==m(-[J) : J — R is
injective. One easily verifies that this is equivalent to the following monotonicity
property: for any two component intervals J; and Jy of the open set J one has
either m(A1) < m(A2) or m(A1) > m(A2), A1 € Ji, A2 € Ja, which is a kind of
monotonicity of the restricted Weyl function m(-). Notice that for the open set
J = (0,27) U (3w, 57), cf. Example 1.1, this monotonicity property is not satisfied
but for J = (0,7) U (37,4r), cf. Example 1.1.

The last formulation admits an extension to the class of Nevanlinna functions.

Definition 1.11. A Nevanlinna function F(-) is monotone with respect to the open
set J C Op if for any two component intervals J; and Js of J one has either
F()\l) < F()\Q) or F()\l) > F()\Q) for all Ay € J; and Ay € J5.

We note that inside of a component interval one always has monotonicity,
ie, F(A\) < F(\g) for A1, A2 € Jyp and A\ < Ag where Jj is a component interval
of J.

Let L € NU oo be the number of component intervals of J. Obviously, if
F(-) is monotone with respect to J and L < oo, then there exists an enumeration
{Jx}E_, of the components of J such that

FA) < F(A) <+ < F(AL)

holds for {A1, Ag,..., AL} € J1 X Ja X -+ x Jp. If L = oo, then it can happen that
such an enumeration does not exist.

In [3] Problem 1.2 was solved under the additional assumptions that A admits
a boundary triple such that the corresponding Weyl function is monotone and of
scalar-type. A Nevanlinna function F' : C; — [H] is of scalar-type if there is
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scalar Nevanlinna function m(-) such that
F(z) = m(z)l, 7€ Cy,
where I is the identity on H.

Theorem 1.12 (Theorem 4.4 of [3]). Let A be a densely defined closed symmetric
operator in a separable Hilbert space $) with equal deficiency indices ny(A) =:
n(A). Further, let I1 = {H,T0,T1} be a boundary triple for A* with scalar-type
Weyl function M (-) = m(-) I. If the Weyl function M(-) is monotone with respect
to the open set J C Opn(C p(Ap)), then for any auziliary self-adjoint operator R
on some separable Hilbert space R obeying dim(Egr(J)R) < n(A) there exists a
self-adjoint extension A of A such that A;~Ry.

The assumption that the Weyl function has to be of scalar-type is very re-
strictive. Indeed, in [3] it was shown that this implies a special structure of the
symmetric operator A.

Proposition 1.13 (Proposition 4.8 of [3]). Let A be a simple symmetric operator
in 9 with equal deficiency indices ny(A) =: n(A) and let I1 = {H,Ty,T'1} be a
boundary triple for A*. The corresponding Weyl function M(-) is of scalar-type if
and only if A and Ay := A* [ker(Ty) admit the decompositions

n(A) n(A)

A= @ Sk and AO = @ Sk,O (10)
k=1 k=1

such that
(i) Sk, k=1,2,...,n(A), are closed symmetric operators with deficiency indices
n4(Sk) = 1 which are unitarily equivalent to each other,
(ii) Sk, k=1,2,...,n(A), are self-adjoint extensions of Sy which are unitarily

equivalent to each other,

(iii) there is a boundary triple Iy = {Hy, Tk TX} for Si and each k=1,2,...,n(A),
such that Syo = S; [ker(I'Y) and the corresponding Weyl function coincides
with m(-) for each k =1,2,...,n(A).

The decomposition (10) is not unique.

We note that Theorem 1.12 and Proposition 1.13 in fact improve the results
of [10], cf. (5). The assumption that A admits a scalar-type Weyl function has far
going spectral implications beyond the gap.

Theorem 1.14 (Theorem 5.2 of [3]). Let A be a simple symmetric operator in $
with infinite deficiency indices. Further, let 11 = {H,T,T'1} be a boundary triple
for A* with scalar-type Weyl function M (z) = m(z)Iy, z € C4, and let B be a
densely defined self-adjoint operator.
(i) Then o4c(AB) D dac(Ag), Ag := A* [ker(Tg) where c4.(-) denotes the abso-
lutely continuous spectrum of an operator.
(ii) If the operator B is purely absolutely continuous, then the self-adjoint exten-
sion Ap is purely absolutely continuous, too.
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Further one has

Theorem 1.15 (Theorem 5.6 of [3]). Let A be a simple symmetric operator in $
with infinite deficiency indices. Further, let 11 = {H,T,T1} be a boundary triple
for A* with scalar-type Weyl function M (z) = m(z)Iy, z € C4, and let B be a
densely defined self-adjoint operator.

(i) If B is singular, i.e., B® = B, then the absolutely continuous parts A% and
A are unitarily equivalent, in particular, cac(Ap) = 0ac(Ao).
(ii) If B and Ao are singular, then Apg is singular.
(iii) If B is pure point and the spectrum of Ay consists of isolated eigenvalues,
then Ap is pure point.

In [3] it was conjectured that already the monotonicity assumption is suffi-
cient to solve the Problem 1.2. In the following we make a first step to verify this
conjecture for the special case that the deficiency indices are finite.

2. Finite deficiency indices

Let us assume that A is a densely defined closed symmetric operator on $) with fi-
nite or infinite equal deficiency indices. Further, let IT = {H, s, I'1} be a boundary
triple for A*. Let B be a bounded self-adjoint operator on H. Let Ag be the self-
adjoint extension which corresponds to the linear self-adjoint relation © = G(B),
i.e. Agp «— G(B). The boundary triple Il := {H, %, [P}, I'F := BTy - Ty,
I'P := T, has the property that dom(Ag) = ker(I'}’). One easily verifies that the
Weyl function to the boundary triple Ilp is given by

Mp(z) = (B—-M(2))"", z€Cy,
Let p € p(Ao) and B := M(n). We consider the self-adjoint extension A, :=
Apr(uy- The corresponding boundary triple is given by II,, := I,y = {H, Iy =
0 pr = TMW) where T# := Ty and T¥ = M (u)To—T; and the corresponding
Weyl function M, () := Mz, (-) by

M, = (M(u) - M(2))™!, z€Cy. (11)
Lemma 2.1. Let A be a simple symmetric operator in $ with equal deficiency
indices ny(A) < co. Further, let 11 = {H, Ty, T'1} be a boundary triple for A* with

function M(-). If the Weyl function M(-) is monotone with respect to J C p(Ap)
and pv € J, then the Weyl function M, (-) is monotone with respect to J,, = J\{u}.

Proof. Since J is open it admits a decomposition into component intervals Jy,

L
J=|JJ LeNUw.
k=1

If M(-) is monotone with respect to .J, then for any two component intervals .J
and J' we have either M(X) < M(X) or M(N) < M(X) for A € J and X € J'.
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Let p € Jp, 1 <m < L. We set

JIr, r=1,....m—1
j — Jm\[M,OO), r=m,
e Jm\(_OO,ML T:m+1a
Jr—1, r=m+2,...,L+1

Further we note that (M(X) — M(X))™" exist and is bounded provided A, N € J
and A\ £ N . If Ny € Jyand A\, € J,,, I,n € {1,..., L+ 1}, then either

Mp) < M) < M),
M) < M) < M)
Mp) < M) < M),
M) < M) < M(\), (13)
M) < M) < M(p)

for \; € J; and A, € J,,. Obviously, one gets from (12) and (13) that either
(M(p) = M)~ < (M(p) = M(An) ™
or
(M () = M(Xa)) ™" < (M(p) = M(N)) ™
for \; € J; and A, € jn, l,ne{l,...,L + 1}, which proves the monotonicity of
M,,(-) with respect to J,,. |

Remark 2.2. We note that either M, (A) > 0 or M,(X) <0 for A € Ji where Jj, is
a component interval of J,,.

Lemma 2.3. Let A be a simple symmetric operator in $) with equal deficiency
indices ny(A) < co. Further, let I1 = {H, Ty, T'1} be a boundary triple for A* with
Weyl function M(-). If p € J C p(Ao), then A, is given by

A, = A" (dom(A) +N,,) (14)

and p is an eigenvalue of A, with eigenspace N, .
If the Weyl function M(-) is monotone with respect to J C p(Ag) and p € J,
then o(A,) N J = {u}.

Proof. Let H := A* | (dom(A)+N,,). A straightforward computation shows that H
is symmetric and closed. Since dom(A*) = dom(A4)+N,, = dom(H) we get that H
is self-adjoint. Since ker(A* —p) = N, we obtain that ker(H —p) = N, which shows
that 4 is an eigenvalue of H with eigenspace N,,. Since dom(A,) = ker(I'})) =
ker(M(p)T'o —I'y) we find that M (u)T'oh — T'1h = (M(p) — M(p))T'oh = 0 for
h € N,,. Hence dom(A,,) D N,, which implies dom(A,,) O dom(A)+N,, = dom(H).
It follows that A, O H which shows that A, = H.

By Proposition 1.8 one has A € p(4,) for A € p(Ap) if and only if 0 €
p(M () — M(N)). Since (M (p) — M (X))t exists and is bounded for p # X\ € J
one has 0 € p(M () — M (X)) for A € J\ {u}. Hence J \ {u} C p(A,). O
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The considerations below are based on a lemma which immediately follows
from Lemma 4.3 of [3].

Lemma 2.4. Let A be a densely defined closed symmetric operator on a separa-
ble Hilbert space $) with equal deficiency indices. Further, let I = {H,T¢,I'1} be
a boundary triple for A* with Weyl function M(-). If A is a closed symmetric
extension of A obeying

ACAC Ay, (dom(Ag) = ker(Iy)),

then there is a boundary triple M= {H I‘O,I‘l} such that one has Ay = Ao =

A~ [ker(I‘o) and the associated Weyl function M() is monotone with respect to
J C Oy provided M (-) is monotone with respect to J.

Let p € Jp, 1 < m < L, where J,, is a component interval of the open set
J C p(Ap). We consider the symmetric operator

A, :=A* [ dom(A,),  dom(A,):=dom(A)+ N, (15)

where N is a subspace of NV,, = ker(A* — p1). The operator ;1\# is symmetric and
closed. We note that A* | N, = W=l 7, where [ 7, is the identity on the subspace N

Lemma 2.5. Let jw we Jym CJC p(Ap), be the closed symmetrzc operator deﬁned

by (15). Then with respect to the decomposition ) = J\f EBNJ‘ the operator A
admits the representation

A, = plg, @Gy (16)
where G, is a closed symmetric operator with deﬁciency indices n+ (G, ) dim(N,6

./\/,L) and gap Jp,. Moreover, u is an eigenvalue ofA with eigenspace ./\/,L and mul-
tiplicity dim(N,).

Proof. Since U(,qu\Afu) C Jp, we obtain from Lemma 2.1 of [2] that the operator
Zﬂ admits the decomposition (16). Since ker(//l\;'; —p) =N, and
A = ply @G, (17)
we get that
N, =N, ker (G, — )
which yields

ker(G}, — ) = N, @Jvu (18)
and
n.(G,) = dim(ker(G}, — p)) = dim(N,, © N,,). (19)

From (16) we see that y is an eigenvalue of the extension EIL with eigenspace ./\A/,L
and multiplicity dim(N),). O
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Lemma 2.6. Let A be a simple symmetric operator in $) with equal deficiency
indices ny(A). Further, let 11 = {H,T0,T'1} be a boundary triple for A* with Weyl
function M(-) and let p € J C p(Ap). If the Weyl function M(-) is monotone with
respect to J, then the closed symmetric extension ;1\# of A defined by (15) admits a
boundary triple ﬁ# = {ﬁuv fg, f’f} with a Weyl function Mu() which is monotone
with respect to J,, == J\ {u}.

Proof. The self-adjoint extension A,, defined by Lemma 2.1 is also an extension of
A, defined by (15). Indeed, from (14) we obtain that dom(A) + N,, C dom(A4,,)

o~

which yields dom(A,) C dom(A,,). Applying Lemma 2.1 and Lemma 2.4 we com-
plete the proof. O

Notice that the symmetric operator jﬂ defined by (15) is not simple because
it contains at least the self-adjoint part ul Ao cf. decomposition (16). However,
this does not mean that G/, is simple because it can happen that G, contains
further self-adjoint parts.

Next we are going to show that the boundary triple I, = {H,,, T, T4} is in
fact a boundary triple for G},

Corollary 2.7. If ﬁu = {ﬁ#, fg, f’f} is the boundary triple for ;1\; of Lemma 2.6,
then 11, := {H,,T{",T'/'}, Ty := Iy | dom(Gy,), T/ := TY [/(iom(GZ), is a
boundary triple for G}, with the same associated Weyl function M,(-) (which is
monotone with respect to J,, == J \ {u}).

Proof. To show this it is sufficient to verify that [*dom(N,) = [*dom(N,) = 0.
By Definition 1.3 the boundary triple II,, = {H,,, T}, T'}'} satisfies Green’s formula
(A.1,9) = (f, Aug) = (L1, T g) — (T4 £, Tg)
and the mapping T* = {fg, f’f} is surjective. Let f € Jvﬂ and g € dom(//l\;';). We

find
(ALf.9) — (£, AL9) = u(f,9) — (f, ALg) = u(f,9) — (Aufig) =0

which implies
0= (T{f.Thg) — T6 £ THg). feN, gedom(d)).
Hence R R
0= (I"f, EoI'"g)
where EgTtg := {—f‘fg,fgg}, g€ dom(A\Z). Since the operator Ejy is unitary it

follows that ran(Eof“) = ﬁu X ﬁw Therefore we find that f“f =0, f¢€ ./vu. a

Because J/\/[\“() is monotone with respect to J, the self-adjoint extension
Guo =Gy, [ker(fg‘) of G, contains J,, in its resolvent set, i.e., J, C p(Gp0)-

Finally, we note that the boundary triple II, = {H,,T% T*} with Weyl
function M\#() of Lemma 2.6 can be calculated from the boundary triple II,, =
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{H,T%, T4} and the Weyl function M, (-) defined by (11) explicitly. To see this we
put £ := I'Ydom(A,). By 7, we denote the orthogonal projection from H onto
H, = H©S L. Further, we set I'y := 'y [dom(A})) and T} := 7, T’} [dom(A,). One
verifies that the so defined triple ﬁu = {ﬁu» fg, f’f} is a boundary triple for A\;
Its Weyl function M (+) is given by

M, (z) =7, M,(2) [ H,, z€Cyq. (20)
Since the Weyl function M, () is monotone with respect to J, by Lemma 2.1 one
gets that M, () is monotone with respect to J,, too.
Lemma 2.8. Let A be a simple symmetric operator in $) with equal deficiency
indices ny (A). Further, let 11 = {H,To,T'1} be a boundary triple for A* with Weyl
function M(-) and let p € J C p(Ap). If the Weyl function M (-) is monotone with
respect to J, then the closed symmetric extension A, ofA defined by (15) admits a

boundary triple I, = {H,,, T, T4} with a Weyl function M, (-) which is monotone
with respect to J.

Proof Let us introduce the triple ﬁ = {Hu» I‘g, I‘“} defined by H,“ = HH, Fo =
—T% and T'* := T'% which arises from II,, g = {H,, 4% T4} by setting B = 0.
The associated Weyl function M, () is given by

WM (s) = (T, ()", =eCs. (21)

Let us show that Mu() is monotone with respect to J, using the monotonicity
of M\#() with respect to J,. By Remark 2.2 the open set J, can be divided into
two disjoint open subsets J," and J,, JF U.J, = J,, such that M,(\) > 0 for
A e JF and Z\/Z,L(/\) <O0for e J, Let Ji and J; are component intervals of Ju-
If J € J;F and J; C J;, then

—

M,()\) >0>DM,XN), Aed, NelJ,
which proves

M,(\) <0< M,(X), xed, NelJ. (22)
If jk CJ, and jl C Jlj‘ , then we similarly prove that

M,(\)>0>M,(X), XeJ,, NelJ. (23)

If Jy, C J& and J C J,F, then it follows from the monotonicity of M\#() with
respect to J, that either

M,(\) > M,(N)>0, or M,\N)>M,\ >0, AcJp, N,
which yields either
M,(\N) < M,(A\) <0, or M,\) <M,N)<0, AeJy, NelJ. (24)
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Similarly we verify that Jr C J,, and J, C J,, implies either

M,(X)>M,\) >0, or M,\>M,\N)>0, AeJ, NeJ. (25
From (22)—(25) we obtain that Mu() is monotone with respect to J,. To show
that in fact M, (-) is monotone with respect to J it is sufficient to verify that

S_l\lgiM“(/\) :S_kﬂM“(A) =0. (26)

To this end we note that
lim (M, (N f, f) =0
AT

for f € H, \ {0}. Applying Lemma 1.1 of [17] we prove the first part of (26). The
second part can be proved analogously. O

Lemma 2.8 shows that there is a boundary triple I, = {H,,, T, T%} for G,

with Weyl function M, . which is monotone with respect to J.

Theorem 2.9. Let A be a simple symmetric operator in £ with finite deficiency
indices n := ny(A). Further, let II = {H,T0,T1} be a boundary triple for A*
with Weyl function M(-). If the Weyl function M (-) is monotone with respect to
J C p(Ao), then for any sequence of real mumbers {u;}5_y, p; € J, and any
sequence of integers {p;}i_;, p; € N obeying ijl p; < n there is a self-adjoint
extension A of A such that

(AT = (@07 = )

and the multiplicities of the eigenvalues pjcoincides with p;, 7 =1,2,...,s.

Proof. We set p = p1 and and choose a subspace ./\7“1 C N, (A) such that
dim(N,,) = p1. By the procedure above there is a closed symmetric extension
A, of A admitting the orthogonal decomposition

o~

A'ul = /,1/1[/\7}‘1 @ G,Ud'
By (19) we get that ni(G,,) = n — p1. Moreover, by Lemma 2.8 the closed
symmetric operator G, admits a boundary triple II,, = {H,,,I'{",T}"} with
Weyl function M,,, (-) which is monotone with respect to J.
In the next step we repeat the procedure for A := G, p = p2 and ./vuz C

~

Ny, (Gpy), dim(N,,,) = p2. Hence we find a closed symmetric extension A, of
A = G,, admitting the orthogonal decomposition

~

Ay, = /*421/\7“2 © G,
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such that ny(G,,) = n — p1 — p2. As in the previous step the closed symmetric

operator G, admits a boundary triple I1,,, = {H,,,, 5>, I'{*} with Weyl function

M,,,(-) which is monotone with respect to J. We note that
Ay = ’ulI/\Aﬁq &) Mz[-&\[uz O Gy,

defines a closed symmetric extension of A such that p; = dim(./\A/' ), D2 = dim(./\A/' a)
and G2 a closed symmetric operator with deficiency indices n+(G2) =n —p; — po
admitting a boundary triple ﬁw = {’F{m,f‘gg,f‘f >} such that the corresponding
Weyl function Mﬂz() is monotone with respect to J.

We repeat this procedure s times and obtain a closed symmetric extension

A#luzmus = :ulIJ\A/#l S N2IJ\7M2 G- D MSIK/MS @G,

of A such that p; = dlm(N ), J =1,2,...,s, and G, is a closed symmetric
operator with deficiency 1nd1ces ni(G() =n— Z‘;:l p; admitting a boundary
triple II,,, = {H,,,T4*,T%*} such that the Weyl function M,_(-) is monotone
with respect to J provided ni (Gs) > 1.

Finally, if n+(Gs) = 0, then Gy is a self-adjoint operator such that J C
p(Gs). Hence the operator A, ,,.. ., is the desired self-adjoint extension of A. If
n4(Gs) > 1, then we choose the self-adjoint extension és,O =G [ker(fgﬁ) of Gy
obeying J C p(ésp). Setting

A;ﬂuz MlIN @MQIN @ - EB/"LSINMS 5] Gs,0~

we obtain the desired self-adjoint extension of A. O

Remark 2.10. Theorem 2.9 gives rise for the following problems:

(i) Can Theorem 2.9 be extended to the case of infinite deficiency indices of A?
In other words, let A be a closed symmetric operator with infinite deficiency
indices admitting a boundary triple IT = {H, ', I'; } with Weyl function M(-)
which is monotone with respect to the open set J C p(Ap). Is it true that
for any pure point operator R on some separable Hilbert space R there is a
self-adjoint extension A such that A J=2R;?

(ii) Is the assumption on the monotonicity of the Weyl function M (-) not only
sufficient but also necessary? In other words, let J C R be an open set and let
A be a closed symmetric operator admitting a self-adjoint extension Ay such
that J C p(Ap). Further, let II = {H,II,II;} be a boundary triple for A*
such that Ay = A* [ker(Ty) with Weyl function M (-). Is it true that the Weyl
function M (-) is monotone with respect to J if and only if for any symmetric
extension A of A satisfying A C A C Aj and for any pure point operator R
on some separable Hilbert space 3% obeying dim(Er(J)R) < ny (//1\) there is
a self-adjoint extension A of A such that AJ =~ Rj.
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The Spectrum of the Multiplication Operator
Associated with a Family of Operators in
a Banach Space

R. Denk, M. Moller and C. Tretter

Abstract. An operator family of densely defined closed linear operators and
the multiplication operator associated with it are considered. The spectrum
of this multiplication operator is expressed in terms of the spectra of the
operators in the given family.
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Keywords. Multiplication operator, operator family, vector measure, spec-
trum.

1. Introduction

When considering problems from mathematical physics modelled by linear differ-
ential operators, separation of variables (often with respect to the time variable on
the one hand and the space variables on the other hand) leads to spectral prob-
lems where the spectrum gives information about stability and discrete states.
However, a further separation of variables in the space variables is often useful;
for example, if differentiation does not occur with respect to all space variables.
Therefore, the original spectral problem is split into a family of spectral problems.
Here we investigate the question how the spectrum of the original problem can be
described by the spectra of the operators in this family. This allows, for example,
to describe the spectrum of certain PDE problems in terms of spectra of a family
of associated ODE problems.

More precisely, we consider an operator family (A(p)),ex of closed densely
defined operators on a Banach space E, where X is a locally compact space. With

The second author has been partially supported through a grant by the NRF of South Africa,
GUN 2053746, and by the John Knopfmacher Centre for Applicable Analysis and Number Theory
at the University of the Witwatersrand, Johannesburg.
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this family we associate an operator 2 on LP(X,u, E), 1 < p < oo, for a given
Radon measure g on X such that

@&f)(p) = Alp)f(p), P e X,

which we call a multiplication operator. Our main result describes the spectrum
of 2 in terms of the spectra of the operators A(p).

There are two main assumptions on the operator family A(p), namely that the
domains D(A(p)) are independent of p and that the operator family depends con-
tinuously on p on a compactification of X, where the common domain is equipped
with a graph norm. For self-adjoint operators on Hilbert spaces, this concept was
developed, e.g., in Reed and Simon, [9, Section XIII.16]. There it is only assumed
that A(p) depends measurably on p; however, the characterization of the spectrum
is more complicated, see [9, Theorem XIII.85]. For not necessarily self-adjoint op-
erators in Hilbert space one can use the theory of direct integrals, see, e.g., Azoff,
[1], and Dixmier, [5, Chapter II, §2]. For usual multiplication operators, i.e., mul-
tiplication by matrix functions, the spectrum has been investigated, e.g., by Hardt
and Wagenfiihrer in [7].

As was pointed out in [1], in general there is little resemblance between the
spectra of the family A(p) and the spectrum of . Therefore we will require conti-
nuity of the family A(p); see below for a precise definition. Although our assump-
tions on A(p) seem quite restrictive, many problems in mathematical physics lead
to operator functions of this type. We note that a particular example has been
studied by Binding and Volkmer in [2] in the setting of two-parameter problems.

In [3] we have considered a particular example from magnetohydrodynamics
in L2. In this paper we give a more general theoretical background and extend the
example into a more general setting. In a forthcoming paper we will consider the
more general case that the assumptions on A(p) are replaced by the assumption
that A(p) depends continuously on p with respect to the gap topology on the space
of closed operators in H. This allows the domains of A(p) to depend on p.

The paper is organized as follows. In Section 2 we define the multiplication
operator 2 associated with (A(p)),ex and prove that 2 is closed. In Section 3 it
is shown that the spectrum of 2 is the union of the spectra of A(p) over p in the
compactification of X. Results on the point spectrum and the essential spectrum
are established in Section 4. In Section 5 results are obtained for cases where A(p)
is only continuous on X. In Section 6 the general results are applied to some classes
of examples to illustrate the reduction process.

2. The multiplication operator associated with an operator family

Throughout this paper, X denotes a nonempty locally compact Hausdorff space,
i a Radon measure on X with supppu = X, E a Banach space with norm || - ||,
1 <p < oo, and

H:=L"(X,u E)
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the space of LP-functions on X with respect to u with values in E. It is well known
that § is a Banach space with dual $§* > L?’ (X, u, E*), see, e.g., [6, Theorem
I11.6.6] and [4, p. 97], where 1/p + 1/p’ = 1. Note that [4] only deals with finite
measure spaces, but it is easily seen that finiteness is not needed here. Let C(E)
denote the set of closed operators on E. For a subspace D C FE, we denote by
Cp(E) the subset of C(E) consisting of those closed operators T with domain
D(T) being exactly D.

On Cp(FE) we define a topology as follows. For an operator G € Cp(E), we
denote by || - ||¢ the graph norm of G on D given by

1
lzllc = (lz[|” + |Gz||")», =z € D,
and set
pc (S, 1) =[S = T|c = sup [(S—=T)x||, S,T€Cp(E).
lz|le=1
Then p¢ is a metric on Cp(F). We note that the topology induced by the metric
pa does not depend on the choice of the operator G since all the graph norms on
D are equivalent by the closed graph theorem, and that (Cp(FE),|| - |l¢) can be
identified with a subset of the space B((D, || - ||¢), E) of bounded linear operators
from (D, | - ||g) to E.
Let Y be a compactification of X. We consider an operator function
A:Y - C(E)
with the following properties:
(a) D="D(A(p)), p €Y, is independent of p and a dense subspace of E,
(b) A:Y — Cp(E) is continuous,
where Cp(FE) is equipped with the above mentioned topology.

Proposition 2.1. Let assumptions (a) and (b) be satisfied. Then there are positive
constants ca, mq such that

[A(p)llc < ca, peY, (2.1)

and
mallzlle < llzllap) < Mclzlle, €D, pey, (2.2)

where Mg = (1+ c%)rl).

Proof. The existence of ¢g such that (2.1) holds is an immediate consequence of
assumption (b) and the compactness of Y.
Now let z € D and p € Y. Then

12154 = N2l1” + AP < |2]]” + cg ([]” + |G [[P) < (1 + cg) [=le

which proves the right inequality in (2.2).

Assume that the left inequality in (2.2) is false for any positive constant mg-.
Then there are a sequence (z,)$° in D and a sequence (p,)$° in Y such that
|zn|lc =1 for all n € N and ||z, 4¢,) — 0 as n — oo. Since Y is compact, there
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is a limit point p € Y of (p,)3°. The continuity assumption (b) implies that for
every € > 0 there is a positive integer n. such that ||A(p,.) — A(p)|le¢ < € and
1 Zn. Ml A(pn,) < €. This leads to

. sy = o I + A2,
<, P + 2 A}, — Alpn, o, I? + 27| A, o, I

<z P + 277 Alp) = Alpn )G 2n 1 + 2P Alpn. ), |17
< 2PgP,

But this contradicts the equivalence of the two graph norms ||- || 4,y and ||-|l¢. O

Proposition 2.2. Let assumptions (a) and (b) be satisfied. Then there is a unique
bounded linear operator A from LP(X, u, D) into LP(X, u, E) such that (Af)(p) =
A(p)f(p) for all f € LP(X, 1, D) and almost all p € X.

Proof. Let f € LP(X,u, D) be a simple function, that is, f = > I, xa,f; with
measurable A; C X and f; € D, i=1,2,...,n, where x4, denotes the character-
istic function of A;. Then

Z XA f7 b

and hence p — A(p)f(p) is measurable by assumption (b). Further, by (2.1),

J 1A o) < [ 1AL duo) < s [ 1N dute)

Hence there is a unique bounded linear operator defined on the subset of simple
functions of LP(X, u, D) with the desired property. Since this subset is dense in
L?(X, u, D), see [6, Corollary II1.3.8], the proof is complete. O

Theorem 2.3. Let assumptions (a) and (b) be satisfied. Then the operator A in
H=LP(X,u, E) defined on D(A) := LP(X, u, D) by Af = Af, i.e.,

&) (p) = Alp)f(p) (2.3)
for f € LP(X, u, D) and almost all p € X, is closed.

Proof. Let (f,)7° be a sequence in LP(X, u, D) such that f, — f and 2Af, — g in
LP(X, u, E) for some f,g € LP(X, u, E). As every LP-convergent sequence contains
a subsequence converging almost everywhere, see [6, Theorem I11.3.6 and Corollary
I11.6.13], we may assume that f,(p) — §(p), (Uf.)(p) — g(p) for almost all p € X.
Hence, since (Uf,)(p) = A(p)fn(p) by definition of A and since A(p) is closed, it
follows that f(p) € D and A(p)f(p) = g(p) for almost all p € X.

To finish the proof we have to show that f € LP(X, u, D), for which it suffices
to prove that (f,)$° is a Cauchy sequence there. In view of Proposition 2.1 we
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conclude that

”%—M%u%m=AMMM#MM%ww
< [ 1ialo) = 0, o)

= mE;p/ (Ifn(p) = fm (D)1 + [ A(p) (Fn (p) = fm (0))II”) dps(p)
X

=mg [Ilfn — fmll% + [ %fn — Afm 5] — 0

as n, m tend to oo, which completes the proof. O

Because of (2.3) we call 2 the multiplication operator associated with the op-
erator family A. The simplest examples of multiplication operators associated with
a family of operators are operators of multiplication by scalar functions or, more
generally, by matrix functions. But multiplication operators may also arise from
differential operators the highest derivatives of which do not contain derivatives
in all directions, see Section 6.

3. The spectrum of the multiplication operator

In the following for an operator 7' we denote its spectrum by o(7T'), its point
spectrum, i.e., the set of its eigenvalues, by 0, (T'), and its essential spectrum, i.e.,
the set of all points A € o(T) where T — X is not a Fredholm operator, by cess(T).

Theorem 3.1. Let assumptions (a) and (b) be satisfied. Then the spectra of the
operator A and the operator family A are related as follows:

o(@) = | o(A(p)).
peEY
Proof. Let A € ,cy 0(A(p)). Choose pg € Y such that A € o(A(po)). In view

of assumption (b) we can choose a sequence of open neighborhoods Y;, of py in
Y such that ||A(p) — A(po)|lc < L for all p € Y,,. For A € o(A(po)) there are

n

two cases: either A(pg) — A has a closed range which is a proper subspace of E,
or there is a sequence (f,)° in D with ||f,|| = 1 and [[(A(po) — A) full < }. We
first consider the second case. Since X is dense in Y, X,, := Y, N X is a nonempty
open subset of X. Since p is a Radon measure on the locally compact space X
with support X, we can find a measurable subset M,, of X,, such that u(M,) is a

finite positive number. Let «;, := (M(Mn))*rlj and set

In
an”G,

Obviously, f, € LP(X, u, D) and |[fnll£r(x,u,0) = 1.

fn(p) = anXxar, (p) peEX.
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Furthermore,
@ -2l = ot [ |-, ancH dulp
< o u(34,) swp (IAG) ~ Aol + ;' [1(Alpo) = Nall) < 2
s e

since || fulle > || fnll = 1, which proves A € o ().
Now assume that A(pg) — A has a closed range which is a proper subspace
of E. Then there is h € E* \ {0} such that ((A(po) — A\)f,h) =0 for all f € D.

Suppose that A € p(2). Choose M,, and «,, as above, let 3, := (M(Mn))_pl/, and
set

bn(p) :== Baxm, (p)h, p€ X.
Then b, € Lp’(X,M,E*) and ||h7,,||Lp/(X7“7E*) = ||h||. Choose g € E such that
{(g,h) =1 and set

gn(p) == anxm, (p)g, pE€X.

Then g,, € Lp(X,u,E), HQTLHL”(X,M,E) = ”gHv and f, := (91_)‘)_1971 € LP(X,M,D)
because D(A) = LP(X, u, D) and the closed graph theorem imply that (20— )1
B($, LP(X, u, D)). Thus we would obtain

1= 1[{g,h)]|

— 6, / {eng. )| dpx(p)

n

= b / (A(P) — Nin (), 1] dia(p)
M,

n

= ﬁ/ [{((A(p) = A(po))fn(p), h)| du(p)
M,

n

- / (A(P) = A(0)) o (9): b (0))] dp)

n

< / 1A(p) — Alpo)llc [Iin(p)llc bn () dpu(p)
My,

1
< Afnlleecwny 19nll Lo (x 0,24

n
= Il I
= n n||Lr(X,u,D) ’
and hence ||fn | Lo (x,,0) = (& = X)L gnllLe(x,u,p) — 00 as n — oo. This contra-

diction shows that also in this case A € o ().

Conversely, let A € o(2). If X is an eigenvalue of 2, then there exists a
non-zero f € D(A) = LP(X,u, D) such that Af = Af. Hence, by definition of
A, A(p)f(p) = Mf(p) for almost all p € X. Since f # 0, f(p) # 0 for all p in
some set of positive measure. Hence there is py € X such that f(pg) # 0 and
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A(po) f(po) = Af(po). This proves

o) € | 0u(Ap)): (3.1)

peX

Now assume that A € o(2() is not an eigenvalue of 2. Then 20 — X is injective,
but not surjective, and we can find an element g € §) such that (2 — A\)f # g for
all f € LP(X, p, D). Assume A ¢ | oy 0(A(p)). For (almost all) p € X we define

h(p) := (A(p) = N)"a(p).

From assumption (b) and the continuity of the inversion, see [8, Theorem IV.1.16],
it follows that the mapping p — (A(p) — A\)~! from Y into B(E, D) is continuous.
Hence § : X — D is measurable and

(/ 15(p)IIE: dﬂ(P)) " < sup|(A(p) — V) le llalls < oo (3.2)
X peEY

since Y is compact. Thus, by (3.2), h € LP(X,u, D) =D(2) and (A - A)h =g, a
contradiction. ]

Remark 3.2. 1) It is a remarkable fact that the spectrum of 2 is independent of
the chosen measure p as long as supp u = X.

ii) Also, the spectrum of 2 is independent of p. This is a property which often
holds for differential operators in LP spaces.

iii) The assumption that supp u = X is not essential in that one can replace X
with supp u and Y with the closure of supp p in Y. Assumptions (a) and (b) clearly
remain true for these smaller sets.

Ezample. Let n € N, —00 < a < b < o0, let A € M,(C[a,b])) be an n x n
matrix the entries of which are continuous functions on [a,b], and consider the
Lebesgue measure A on [a,b]. Then the family A : [a,b] — M, (C) of matrices
satisfies conditions (a) and (b), and the multiplication operator 2 acting in the
space LP([a,b], \,C™) = LP?([a,b])™ defined in Theorem 2.3 by

@f)(x) = A(z) f ()

for f € L?([a,b])™ and almost all z € [a, b] is the usual operator of multiplication
by the matrix function A. By Theorem 3.1 it follows that (compare [7]),

o@@) = |J op(A@) = (J {reC:det(Ax)—N) =0}.
z€[a,b] z€la,b]

In particular, if n = 1 and u € C|[a,b], we obtain the well-known result that the
spectrum of the operator 2 of multiplication by the function u is given by

o@) = {J ulz)=u(a,0)).

z€[a,b]
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Proposition 3.3. Let assumptions (a) and (b) be satisfied and suppose in addition
that for all A & ,cx 0(A(p)) there exists a constant My > 0 such that

sup [[(A(p) = A) " Hla < My (3.3)
peEX
Then

o@) = | o(4(p)).

peX

Proof. The inclusion

o(2) > | o(A(p)

peX

follows from Theorem 3.1 since o(2l) is closed. For the point spectrum the converse
inclusion (even without the closure) has been proved in (3.1). The proof of the
inclusion for the whole spectrum follows if we modify the last paragraph of the
proof of Theorem 3.1 using assumption (3.3) in order to show in (3.2) that the
function b therein belongs to L? (X, u, D). |

In the next theorem we will see that assumption (3.3) is fulfilled if all oper-
ators A(p), p € X, are self-adjoint. However, the following example shows that,
even if conditions (a) and (b) hold, it may happen that

U oA ¢ | o(Al)).
peEY peX
Example. Consider the family of operators in ¢2(Z) given by
Alp) = Ao+ pAr, pe(0,1],
where A is a modified left shift operator in £2(Z) defined by
Aoxo =0, Aoxpn =2xn-1, NEZ, n#0,
and the operator A; in ¢2(Z) is given by
Ayxg=x_1, Az, =0, n ez, n#0.
It is not difficult to show, see [8, Chapter IV, Example 3.8], that
o(A(p) C A eT: A =1}, pe (0,1,
but in the limit p — 0 one has
o(Ag) ={ e C: [N\ <1}

Theorem 3.4. Let E be a Hilbert space and let assumptions (a) and (b) be satisfied.
Assume that A is self-adjoint, i.e., A(p) is self-adjoint for all p € X. Then

o(@) = | o(A(p)),

peX
and 2 is self-adjoint if p = 2.
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Proof. We first note that we can take p = 2, see Remark 3.21). Also, the self-
adjointness of each A(p) implies that for any p € X and A & U, cx o(A(p')) we
have the estimate

1(AGp) 0 = (@ist(ho(A) ™ < (dist(x, | o(A))) =n <,
reX

p
where 7 is independent of p. Then, with the aid of (2.2), it follows that
mé 1(A(p) = N zllE < [1(A(p) = N a2l
= [[(A(p) = ) z|* + [|A(p) (A(p) = N)~'a?
= [[(A(p) = M) z||* + I + AM(A(p) = \) )l
< (24 @ 2P I(AR) = N 7THP) llzl* < 2+ @+ 202 7?) ||z

for p € X and « € E and hence condition (3.3) of Corollary 3.3 is satisfied, which
proves the assertion about the spectrum of 2.
It remains to be shown that 2 is self-adjoint. For f, g € L?(X, i, D) we have

(. g) = /X (A)f(p). 8(0)) dulp) = / (10, A(P)a(p)) diu(p) = (7. o).

X
and hence 2 is symmetric. For all p € X we have 0(A(p)) C R since A(p) is
self-adjoint. From what has already been proved it follows that o(2) C R. Since
the operator 2 is symmetric and closed, this implies that 2 is self-adjoint. O

4. The point spectrum of the multiplication operator
In this section we assume that E is a Hilbert space and that p = 2.

Theorem 4.1. Let assumptions (a) and (b) be satisfied, where E is a separable
Hilbert space, and suppose p = 2. Then A € o,() if and only if there exists a
measurable subset M of X such that u(M) > 0 and

A€ oy(Alp)) forall pe M. (4.1)

Proof. If A € 0,(2), we have already seen in the proof of Theorem 3.1 that there
exists a set E of positive measure such that (4.1) holds.

Conversely, let A € C be given for which a measurable set M with u(M) >0
and (4.1) exists. Due to the fact that p is a Radon measure, every measurable
set of infinite measure contains a measurable subset of positive finite measure.
Therefore we may assume p(M) < co. We want to show that A € o, (2).

The main part of the proof consists in showing that the orthogonal projection
in D onto the null space N(A(p)— ) is measurable. To see this, for every p € X we
consider the operator A(p) — A as a bounded operator from D to E and define its
adjoint operator (A(p) — \)* € B(E, D). Due to assumption (b) and the definition
of the adjoint operator, for every fixed f € D and g € E the scalar-valued function

p (f(Alp) = N)79)
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is a continuous (and thus measurable) function on X. Here (-,-)¢ denotes the
scalar product in the Hilbert space D induced by || - |-

Now we fix an orthonormal basis {e,, }° of E. Then f,(p) := (A(p) — A\)*en
is a measurable function of p, and for every fixed p € X the set {f,(p) : n € N}
is complete in the range R(A(p) — A)* C D in the sense that the closure of all
finite linear combinations of f,, (p) contains this range. Applying the Gram-Schmidt
orthogonalization to {f,(p)}5°, it is possible to construct an orthonormal basis
{f,,(p)}3° of R(A(p) — A\)* (orthonormal with respect to (-,+)¢) which depends
measurably on p, see [5, Chapter II, §1, Lemma 1]. This implies the measurability
of the orthogonal projection in D onto R(A(p) — A\)*, i.e., the measurability of

p>P(p)f = (£:1(0) ofulp) €D
n=1

for every fixed f € D. Therefore, for the projection P(p) :=1— P'(p), p— P(p)f
is also measurable for all f € D. But P(p) is the orthogonal projection in D onto

R(A(p) = N)* " = N(A(p) - \).

As D endowed with the norm || - ||¢ is isomorphic to the graph of G, which is
a closed subspace of the separable Hilbert space E x E, D is separable, too. We fix
an orthonormal basis {h,}7° of D and define f(p) := P(p)hy(,) for p € M where

N(p) := min{n € N: P(p)h,, # 0},
adapting an idea from [1], proof of Lemma 5.7. Note that for every p € M at least
one n € N exists with P(p)h,, # 0 because N(A(p) — ) # {0}. For p € X \ M, we
define f(p) := 0.

As p — P(p)h,, is measurable for every n € N, the same is true for p — f(p).
Moreover, we have

1 1
I§ll 2,0y < p(M)> sup [1P(p)hnlle < p(M)> < oo,
p
neN

and therefore the function f belongs to the domain of 2. By definition of f, we
have (A(p) — M)f(p) =0 for all p € X and f(p) # 0 for all p € M which shows that
A is an eigenvalue of 2. ]

If one takes a singleton {p} for X, then obviously 2 is isomorphic to A(p),
and oess(A(p)) # 0(A(p)) implies gess(A) # o(A). Below we shall see that this
latter property cannot happen if g is non-atomic, i.e., if for every measurable
subset M of X with u(M) > 0 there is a measurable subset My C M such that
0 < p(Mo) < p(M).

Theorem 4.2. Let assumptions (a) and (b) be satisfied, where E is a Hilbert space,
and suppose p = 2. Assume that p is non-atomic. Then oess(A) = o(A).

Proof. First we show that every eigenvalue has an infinite-dimensional eigenspace.
If(RA-N)f=0,f€ 9, f#0, then choose My D My D M3 D ..., measurable subsets
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of X, such that f(p) # 0 for all p € My and u(My) > u(Mz) > p(Ms) > .... Then
(A= Nfxar, =0-xnm, =0, ie, {fxn, : n € N} belongs to the null space of 2 — A
and is obviously a set of linearly independent functions. Hence A\ is an eigenvalue
with infinite-dimensional eigenspace.

Now assume § € $) \ {0} is orthogonal to the range of 2l — A. Choosing sets
My, M, ... as above we obtain for all g € D(2() that

(= Ng, fxar, ) = (& = Mgxar,, ) = 0,

ie, {fxm, : n € N} is orthogonal to the range of 2 — A, and thus the range of
2L — X\ cannot be a proper subspace of §) with a finite-dimensional complement. [

Remark 4.3. The statement of Theorem 4.2 remains true for all 1 < p < oo, all
o-finite measures p and all Banach spaces F with the Radon-Nikodym property
since then

(LP(X, 1, E))* = L' (X, u, E7). (4.2)
Note that Hilbert spaces have the Radon-Nikodym property, see [4, Corollary
IV.1.4]. In case p is a finite measure, (4.2) can be found in [4, Theorem IV.1.1];
this easily extends to o-finite measures.

5. The spectrum of 2l under weakened assumptions

In the previous sections we assumed that A is defined on Y. But the operators
A(p) are naturally defined only on X, and even though continuous dependence on
p might be a reasonable assumption, requiring that we have a continuous extension
to Y could be too restrictive. However, the estimates (2.2) are essential to define
2A and to show that 2 is closed. Hence we shall consider the conditions

(a’) D =D(A(p)), p € X, is independent of p and a dense subspace of F,
(b') A: X — Cp(FE) is continuous,
(¢') There are positive constants mqg and Mg such that

mallzlle < llzllap) < Melzlle, z€D, peX.

It is clear from Proposition 2.1 that the assumptions (a’), (b’), (¢’) are weaker
than the assumptions (a), (b). It is now easy to see that

Remark 5.1. The statements of Proposition 2.1 and Theorem 2.3 remain true if
the assumptions (a) and (b) are replaced by (a’), (b’), and (c’).

Revisiting the proofs of Theorem 3.1 and Proposition 3.3, we obtain

Corollary 5.2. Let assumptions (a’), (b'), and (') be satisfied. Then

U oA co@) and op@) < | op(Alp)).

peX peX
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If. additionally, for all A & \J,cx 0(A(p)) there exists a constant My > 0 such
that

sup I(A(p) =Nl < My, then (@) = | a(A(p)).

Finally, we note

Remark 5.3. In Theorems 3.4, 4.1 and 4.2 assumptions (a) and (b) can be replaced
by (a’), (b'), and (c’).

6. Examples

6.1. Let I = [a,b] and X be intervals, —oco < a < b < oo, p a Radon measure on
X with support X, 1 <p <oo,n €N, and set § = (LP(X x I, ))" (actually, the
measure should be the product measure px Lebesgue measure, but the notation
for Lebesgue measure will always be suppressed). We note that, by Fubini’s theo-
rem, $) = (LP(X, u, LP(I)))™. Let Y be the standard compactification of X in R.
Consider a continuous function B : Y x I — M,,(C), where M,,(C) denotes the set
of n x n matrices with entries in C, and define the operator 2l on $) by

D) ={f € (LP(X x L))" : of € (LP(X x L, )", f(a) = f(-b)},
Q[f:aZf_va f ED(Q’l)7

where 0> denotes differentiation with respect to the second variable.
For each p € Y define A(p) by

D(A(p)) = {g € W"P(I))" : g(a) = g(b)},
Alp)g =9 — Blp,-)g, g€ D(Ap)),

where W1P(I) is the usual Sobolev space.

Theorem 6.1. The operator A is closed, o(A) = Tess(A), and

o@) = | o(A(p) = | o(A(p)). (6.1)

pEY pEX

Proof. Each of the operators A(p) is a closed operator since it is a relatively
compact perturbation of the system of differential operators with B replaced by
zero. From the continuity of B on Y x I it follows immediately that A depends
continuously on p as a mapping from Y into Cy1,»(r)(LP(1)). Observe that f
D(R) if and only if f,02f € (LP(X x I, u))", i.e., f € LP(X, p, WHP(I)). Hence A
is the multiplication operator associated with the family A(p),ex and therefore
closed by Theorem 2.3. The assertion on the essential spectrum and the left identity
above follow from Theorems 3.1, 4.2, and Remark 4.3.

To prove the right identity we first note that neither side of this equation
depends on p. Therefore it is sufficient to show that (¢’) holds for p = 2. To this
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end let g € (W'2(I))". Then

||9H(2W1,2(1))n = ||gH(2L2(I))" + H!J/H(sz(z))n
< ||9H%L2(1))n +2|lg" — Blp, ')QH?Lz(I))” +2[|B(p, ')QH%Lz(I))”
< ||9H%L2(1))n + QHA(P)QH%Lz(]))n +2 Sg}g IB(p, 1) HQH%Lz(]))n
p
tel

< 2(1+ sup [ B(p, ) 1)) 1911,
pe)lf
te

where ||B(p,t)|| denotes the matrix operator norm associated with the Euclidean

norm on C". Similarly,

lgllZ,) <201+ sup [ B(p, DI glItw .20y 0
p
tel

6.2. Let I = [a,b] and X be intervals, —oco < a < b < oo, p a Radon measure on
X with support X, n € N, and set = L?(X x I, u). Consider continuous and
bounded functions a; : X x I — C, j = 0,...,n, such that a, is never zero and
a, ! is bounded, and define the operator 2l on § by
D) ={f € L*(X x I,p) : 5 f € (X x L, pp), fUD () = fO1(,b),
j=1,...,n},
Af = a0 f, feD),
j=0

where 0y denotes differentiation with respect to the second variable.
For each p € X define A(p) by

D(A(p)) = {g € (H"(I))" : gV V(a) = gV~ D (b),j = 1,...,m},

n

Alp)g = a;(p, )97, g€ D(A(p)).

j=0
As above we obtain

Theorem 6.2. The operator A is closed, o(A) = 0ess(A), and

peX

The picture, however, changes if a,, is allowed to have zeros. In this case, the
domains of the operators A(p) are no longer independent of p. This problem will
be considered in a forthcoming paper.
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1. Introduction

Let N, be the class of generalized Nevanlinna functions, i.e., meromorphic func-
tions on C\ R with Q(Z) = Q(z) and such that the kernel
— O\ -
No(z ) = Y& 9N @), s
»—
No(z,2) = Q'(2), z€p(Q),
has x negative squares on the domain of holomorphy p(Q) of Q(z), see [14]. Every
function @ € N, can be interpreted as a @Q-function of a symmetric operator in a
Pontryagin space 9, see [14], and in particular with £ = 0 in a Hilbert space, or as
a Weyl function of an abstract boundary triplet, see [9, 1]. A function @ € Ny is
said to belong to the subclass N, o if it admits the following asymptotic property

Q(z) =v+0(1/z), 7€eR, asz"500,

where 2500 means that z tends to oo nontangentially (0 < ¢ < argz < ™ —¢), see
[4]. The subclass Ny o can be characterized in terms of operator representations

The research was supported by the Academy of Finland (project 208055), the Research Institute
for Technology at the University of Vaasa, and by the Dutch Organization for Scientific Research
NWO (B 61-552).
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as follows: @ € Ny if and only if @) admits the operator representation

Q(z) =7+ (A~ 2) " w,w], (1.1)

with a selfadjoint operator A in a Pontryagin space $ and w € §, cf. [15, 4].
Moreover, the representation (1.1) can be taken minimal in the sense that w is a
cyclic vector for A:

H =span{ (A —2)'w: z € p(A)}. (1.2)

In this case the negative index sq_$ of §) is equal to k. The operator S which is
defined as a restriction of A to the domain

domS ={fedomA: [f,w] =0}, (1.3)

is a symmetric operator in $ with defect numbers (1,1). The selfadjoint extensions
of S which are operators are one-dimensional perturbations of A given by

A+ 7l ww, TER.
One further selfadjoint extension of S is given by
Sp =S8 F ({0} x span{w}), (1.4)

which admits a natural interpretation as the generalized Friedrichs extension of S
see [4] and the references therein. The selfadjoint extension Sy in (1.4) is a linear
relation with a nontrivial multivalued part mul Sy = span {w}. The vector w can
be positive, negative, or neutral. In the last case the root subspace

Ro(Sr)={he€$9H: {0,h} € Si for some n e N}

of Sp at oo can be larger than mul Sp. If w is neutral and the root subspace
is nondegenerate (degenerate), then z = oo is called a regular (singular) critical
eigenvalue of Sg. According to [5] the root subspace Ro(SF) is nondegenerate of
dimension n + 1 if and only if in the operator representation (1.1) w satisfies the
following conditions:

wedomA”, [A'w,w]=0 fori=0,1,...,n—1, [A"w,w]#0.

This condition can be equivalently stated by means of the function Qo = 1/(y —
Q), which is the Weyl function associated to Sg (and the @-function of the pair
{5, SF}): the root subspace Ry (Sr) is nondegenerate of dimension n + 1 if and
only if Qo (2) = P(2) +0(2) as 2500 for some polynomial P of degree n+ 1. This
asymptotic behavior of Q. at oo is also equivalent to the following asymptotic
expansion of @

2n
S; 1 e
Q(Z) =7 Z Zjil +o <22n+1> ) Sn 7& O, Z—00, (15)
j=n
where Sy, ..., 2, € R, see [5, Theorem 5.2]. In the terminology of [5] the condi-

tion (1.5) means that Q € N, _a,, where n is the least integer such that s,, # 0.
In general the asymptotic behavior of the Weyl functions @ and Qo = 1/(v — Q)
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at oo is governed by the properties of the root subspace R (SF); see [7] for the
case that k = 1. In the present paper an operator model is presented for the func-
tion Qoo = 1/(y — @). This model leads to a full characterization of asymptotic
expansions for the function @ (cf. (1.5)) which will appear elsewhere, see [8].

An operator model for a selfadjoint operator in a Pontryagin space was con-
structed in [13]. Another operator model for generalized Nevanlinna functions was
given in [2] using a recent factorization result which states that every function
Q- € N, admits an essentially unique representation

Qoo (2) =% (2)Qo(2)r(z), Qo € No, (1.6)

where r = ¢/p is a rational function with relatively prime polynomials p and g;
see [10], cf. also [4]. If degq > degp such a model necessarily involves a selfad-
joint relation in a Pontryagin space, which is not an operator. When r = ¢ is a
(matrix) polynomial a similar, but simpler operator model for factorized (matrix)
Nevanlinna functions of the form (1.6) was constructed in [6]; however, in this case
k = 8q_Rs (SF). In the present paper this model is adapted to the case where Qo
is factorized as follows

Qo (2) = ¢(2)¢*(2)Qo(2), Qo € N, for some £’ € N. (1.7)

Hence, in this factorization the function @ is allowed to be a generalized Nevan-
linna function, too. Such models typically arise when S is nondensely defined, i.e.,
S is of the form (1.3) with a vector w which is either negative or neutral. This model
is analyzed in detail in the case where ¢ is a “proper” divisor of the numerator g of r
in the canonical factorization (1.6) such that deg ¢ = deg ¢ — deg p. In this case the
underlying model operator S either is a simple symmetric operator in a Pontryagin
space, or differs from it by a finite rank selfadjoint operator in a Hilbert space.

Operator models which are based on factorizations of the form (1.7) with
proper divisors can be used in particular for separating in the operator model of
(o the part which corresponds to the generalized pole of (), of nonpositive type
at z = 00 (if Koo (o) > 0), or the part which corresponds to the generalized zero of
nonpositive type of a generalized Nevanlinna function @ at z = oo (if 75 (Q) > 0).
The case where z = oo is a generalized pole of nonpositive type is associated
with the generalized Friedrichs extension S of S in (1.4) with [w,w] < 0, and
the case where z = oo is a generalized zero of nonpositive type is associated with
the selfadjoint extension A of S whose Weyl function (Q-function) is of the form
Q(2) = [(A — 2)"lw,w] with [w,w] <O0.

The organization of the sections is as follows. In Section 2 some prepara-
tory results are given involving boundary triplets and their Weyl functions in a
Pontryagin space. Moreover, some basic notions related to the canonical factoriza-
tion of generalized Nevanlinna functions are recalled. In Section 3 factorizations
of generalized Nevanlinna functions of the form (1.7) are treated and in particular
an operator model for such functions is given. The results motivate the notion of
proper factorization for functions of the form (1.7) which is introduced in Section 4.
In this section also the corresponding minimal factorization model is produced.
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2. Preliminaries

2.1. Boundary triplets and Weyl functions
Let S be a closed symmetric relation in a Pontryagin space $) with defect numbers
(n,n) and let S* be the adjoint of S. A triplet IT = {C",Ty,T"; } is said to be a
boundary triplet for S*, if the following two conditions are satisfied:

(i) the mapping I": ]?—> {Fo]?, I‘lf} from S* to C™ @ C" is surjective;

(ii) the abstract Green’s identity

['.9) = [f.9') = (T1f,Tog) — (o f.T13) (2.1)

holds for all f: {f,.f'},a=19.9'} € 5*.

It is easily seen that Ay = kerI'g and A; = kerI'; are selfadjoint extensions of S.
Associated to every boundary triplet there are the Weyl function @ and the ~-field
~ defined by

1) = (Do) QEINOF =Thfe =€ plAo)

where p; is the orthogonal projection onto the first component of C"* & C™, fz =
{fz, 2f} € M., and M, = ker (S* — z) denotes the defect subspace of S at z € C.
The vector function ~ is holomorphic on p(Ag) and satisfies the identity

¥(2) = (I + (2 = 20)(Ao = 2) " )(20)- (2.2)
It follows from (2.1) and (2.2) that the Weyl function Q) satisfies the identity

Q(Z)z__g(f%)* = (20)"7(2). (2.3)

This means that @ is a Q-function of the pair {5, Ao}, see [14]. If S is simple, so
that $ = span {91, : z € p(Ap)}, then the Weyl function @ belongs to the class
Ny, otherwise Q € N, with &’ < k.

In the case where S is given by (1.3) one can define a boundary triplet for
S* via the following result.

Proposition 2.1. (cf. [4]) Let A be a selfadjoint operator in a Pontryagin space $)
and let the restriction S of A be defined by (1.3) with w € 9. Then the adjoint S*
of S in 9 is of the form

S*={{f,Af +cw}: f€domA, ceC} (2.4)
and a boundary triplet II° = {C,T'§°,T'5°} for S* is determined by
ref=1fwl If=c f={f,Af +a}es" (2.5)
The corresponding v-field v and the Weyl function Qo are given by
(A—2)"tw 1

Yool2) = (A= 2) 1w, 0] Qoo(z) = TlA = 2)lw ]’ z € p(Ao). (2.6)
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The function @ is the @Q-function of S and its generalized Friedrichs exten-
sion Sp = ker I'g° in (1.4). Likewise, the function @ = —1/Q is the Q-function of
S and A = kerI'°. Observe, that if IT; = {C,T\", T } and I, = {C, TP, (¥ }
are two boundary triplets for S* such that ker Fél) = ker I‘(()Q), then
1

e’ = 1y, 0 =g + AriY (2.7)
and the corresponding y-fields and Weyl functions are connected by
72(2) = kn(2), Qa(z) =7+ k*Qi(2), (2.8)

where v = bk € R and k # 0 (b, k € C); see [3, Proposition 3.13].
The following statement is contained in [1, Theorem 3.1], but the proof given
below is simpler, and this makes the presentation also self-contained.

Lemma 2.2. Let S be a closed symmetric operator in the Pontryagin space §) with
defect numbers (1,1), let 11 = { C, Ty, T'1 } be a boundary triplet for S*, and let Q) be
the corresponding Weyl function. Then the multivalued part mul Ag of Ag = ker 'y
is trivial if and only if

i @)

zZ—oo 2
The subspace mul Ay is nondegenerate if and only if the limit in (2.9) is finite. In
this case there is a vector g € mul Ay such that

Q(2)

=0. (2.9)

lim v(z) =g, lim

Jim Jim =T11{0,9} =g, 9]. (2.10)
Proof. The first statement is well known (see [14], [1]); it is immediate from the
equality
Q(z) — Q= -
)7 Q) _ (14 = 20040 - 2) o) 1 ol
Assume that mul Ay = span {w} is nontrivial. Then 4y = S F ({0} x span {w})
and the operators S and A = A; are connected via (1.3). Here mul A = span {w}
is nondegenerate if and only if [w,w] # 0. Consider the boundary triplet for S*
given by (2.5) in Proposition 2.1. It follows from (2.6) that
. w . Qu(2) 1
lim oo (2) = C1 - . 2.11
el () [w,w] Pz [w,w] (211)
The equalities (2.10) are obtained by setting g = [w‘j’w]. In particular, the equality
'$°{0,9} = [g, 9] is implied by the equalities (2.5). Since every other boundary
triplet IT with ker 'y = S F ({0} x span {w}) is connected to Il via (2.7) the cor-
responding properties remain true when IT,, is replaced by II, see (2.7), (2.8). O

Lemma 2.3. Let S be a closed symmetric relation in a Pontryagin space $) with
defect numbers (1,1), let IL = {C,Ty,T'1 } be a boundary triplet for S*, and let Q
be the corresponding Weyl function. Moreover, let o € R and let ker (S — «) be
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trivial. Then the linear relation Ag — « has a trivial kernel if and only if
lim (z — a)Q(z) = 0. (2.12)
zZ—Q
The subspace ker (A9 — «) is nondegenerate if and only if the limit in (2.12) is
finite. In this case there is a vector g, € ker (Ag — a) such that
lim (z — a)y(2) = ga,  lim (2 = a)Q(2) =T'1{ga; aga} = ~[gar gl (2.13)

Proof. Consider a new symmetric relation S := (S —a)~L. Since ker (S —a) = {0}
the transform S is an operator. Clearly, S* = (S* — )71, i.e.,

S ={{f —af f}: {f.fres}.
Define a boundary triplet = {C, Lo, fl} for S* by
To{f' —af. f} =To{f. f'}, Tu{f —af, f} = -Tu{f, £}

and let le = ker fj, j = 1,2. Then ker (4p — ) = mul Ap. Moreover, the ~-field
F(A) and the Weyl function Q()\) corresponding to IT are given by

/(2= @) =(z—a)(z), Q/(z—a)) =—Q(). (2.14)
If ker (Ap — «) is nondegenerate Lemma 2.2 applied to S shows that there is a
vector g, € mul Ag = ker (Ag — ), such that

lim (= — a)9(2) = lm 5(1/(= — a)) = ga,

and
: QL) o
ZILI\I’(I)‘(Z - a)Q(Z) = - Zh,lir(ll 1 = _Fl{oaga} = Fl{gom aga}' (215)
Z—Q
The converse statements are obvious from (2.15) by Lemma 2.2. g

2.2. Canonical factorization of generalized Nevanlinna functions
According to Lemma 2.3 the eigenspace ker (Ag — a), a € R, is positive (negative)
if and only if the second limit in (2.13) is negative (positive). This motivates the
following definitions (cf. [17]).

A point « € R is called a generalized pole of nonpositive type of the function
Q € N, with multiplicity kq(Q) if

—00 < lim (2 — a)?" ™ Q(2) <0, 0< lim(z —a)***'Q(z) < oco.  (2.16)

Similarly, the point co is called a generalized pole of nonpositive type of @) with
multiplicity koo (@) if
Q(z)

-1

0< tim 20

< oo, —oo< lim
2S00 Z2RooTtl ’ -

2500 Z2K°°

<0. (2.17)

A point 8 € R is called a generalized zero of nonpositive type of the function
Q € N, if § is a generalized pole of nonpositive type of the function —1/Q.
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The multiplicity m5(Q) of the generalized zero of nonpositive type 5 of @ can be
characterized by the inequalities:

. Q(z) , Q(2)
0< Zlgrllg (= B2+l <oo, —o0< zlg},lﬁ (s — B2 <0. (2.18)
Similarly, the point co is called a generalized zero of nonpositive type of @) with
multiplicity 7o (Q) if

—00 < lim 2?™=T1Q(2) <0, 0< lim 2°™"1Q(2) < c0. (2.19)

zZ>00 zZ>00

It was shown in [16] for @ € N, that the total number of poles (zeros) in C and
generalized poles (zeros) of nonpositive type in R U {oo} is equal to k. The gen-
eralized poles and zeros of nonpositive type of a generalized Nevanlinna function
give rise to the following factorization result ([10], see also [4]).

Theorem 2.4. Let Q € N, and let a1,...,0q (B1,...,0m) be all the generalized
poles (zeros) of nonpositive type in R and the poles (zeros) in C4 with multiplicities
Kly.-oy Kl (T1y...,Tm). Then the function Q admits a canonical factorization of
the form

Q2) = 1(2)r*(2)Qo(2), (2.20)
where Qo € Ng and r = q/p with relatively prime polynomials

l m

p2) =[G -a)™, =) =]]G-8)",

j=1 j=1
of degree k — Koo (Q) and k — oo (Q), Tespectively.

Since Qo € Ny, it follows from (2.20) that the function @ € N, admits the
integral representation

1 t q
Q(2) = r(2)ré (2) (a + bz +/R (t . t2> dp(t)) . r= ]‘é, (2.21)
where a € R, b > 0, and p(¢) is a nondecreasing function satisfying the integrability

condition

dp(t

/ P (2.22)
r12+1

3. Operator models for factorized N ,.-functions

Operator models for generalized Nevanlinna functions with the only generalized
pole of nonpositive type at co have been constructed in [5] and [12]. Such functions
admit the canonical factorization of the form

Qoo (2) = 4(2)d* (2)Qo(2), (3.1)

where Qp € Ny, ¢*(2) = q(2), and q(2) = 2" + qx_12" ' + - - + qo is a polynomial.
The model in [5] was constructed as a coupling of a symmetric operator Sy in a
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Hilbert space $p and a symmetric operator S; in a finite-dimensional Pontryagin
space $)4 determined by the polynomial ¢ via the 2 x 2-matrix function

<qﬂ(()z) q(o’z)) : (3.2)

which belongs to the class N, with kK = degq. The basic idea in the coupling is
to specify a symmetric extension S of the orthogonal sum Sy ¢ S, in Ho & 9,
such that Qs = ¢(2)¢*(2)Qo(2) becomes a Weyl function of S. Using boundary
triplets the symmetric extension .S can be easily described by means of abstract
boundary conditions on the adjoint S © S;. In [2] a similar procedure was used
to constructed a model for an arbitrary scalar N.-function @), which relies on the
canonical factorization Q(z) = r(2)r#(2)Qo(z) of @ in (2.20), cf. [10], [4]. The
model from [2] has been recently analyzed with reproducing kernel space methods
in [11].

In this section the model from [5] and [2] is adapted to the case where the
function Qg is allowed to be a generalized Nevanlinna function, too. More precisely,
let the function @) € N, be factorized as follows

Q(z) =r(2)r*(2)Qo(2), Qo €Ny, K €N, (3.3)

where r(z) = q(2)/p(z) and p, q are monic and relatively prime polynomials. The
simplest case here occurs when r (= ¢) is a monic polynomial. To construct a
factorization model in this case the following notations will be needed. Let the
k x k matrices By and Cj be defined by

g - g1 1 0 1 ... 0
Bq: : ! O ) Cq: : 0 ) (34)
: 0 0 1
qrk—1 .
1 0 ... 0 —q -9 ... —Qk—1

and let the operators B and C in §, = C¥ @ CF be given by the block matrices

(0 B, _(Cpx O
(1) (e ) e
Moreover, let A = (1, A,..., A1), X € C. Then 0(Cy) = o(q) and B,C, = C, By,
which implies that C is selfadjoint in the Pontryagin space §, := (Ck @ C*, (B-,-)).
The next result is an extension of [6, Theorem 4.2]; here a short direct proof is
presented.

Theorem 3.1. Let Sy be a closed symmetric relation in the Pontryagin space 9o
with the boundary triplet I° = {H,T3,T9} and the Weyl function Qo and let q be
a momnic polynomial of degree k = degq > 1. Then:
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(i) the linear relation

fo £ fo={fo. £} € S5,
S = fv ) NC(quA : fl = F(1)f07 (36)
f Cof + T8 foex f1=0

is closed and symmetric in $o & Hq and has defect numbers (1,1);
(ii) the adjoint S* of S is given by

fo fi fo={fo. £§} € S;,
S = F]o| Cgf+eer : f1=T2, ; (3.7)
f qu + F8f0€k @ eC

(iii) @ boundary triplet 11 = {H,To,T1} for S* is determined by
To(fo® F)=fi, Ti(fo®F)=¢, fooFes
(iv) the corresponding v-field oo and the Weyl function Qo are of the form
Yoo () = (@MW) 70(A), a(N) Qo (VA A) T, (3.8)

Qoo(A) = a(N)d* (N Qo(N). (3.9)

Proof. (i) & (ii) Denote the linear relation on the right side of (3.7) by T'. Clearly
S and T in (3.6), (3.7) are closed as finite-dimensional extensions of S;. Moreover,
S is obtained from T as a 2-dimensional restriction. Let {F, F'}, {G, G’} € T with

F = {fo,f.f}, G = {g0,9,3} and &,7 € C as in (3.7). Then a straightforward
calculation shows that

[F/’G] - [F G/] = PG — J?l'(l (3.10)

which implies that T" C S* and that S is symmetric. Moreover, by means of the
identity anA—r =MT — ¢*(N)ey, it is easy to see that

{7\, Mec (N} € T with @ = g(A)Qo(N)g* (M), (3.11)

X € p(Qo). Therefore, by a dimension argument 7' = S* and S has defect numbers
(1,1). Thus (i) and (ii) are proven.

(iii) This statement is now clear from (3.10).

(iv) According to (3.11), To{Veo(A); Moo(A)} = 1 and T'1{Vec(A), Moo (A)} =
q(M\)Qo(N)g* (), and this proves (iv). O

Remark 3.2. (i) The extension of the model that was constructed in [2] for the
canonical factorization of generalized Nevanlinna functions (see (2.20)) to the case
of factorizations of the form (3.3) with a rational function r = ¢/p with some
relatively prime polynomials p and g can be carried out in a completely analogous
manner as was done in Theorem 3.1 above.
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(ii) The formulas in Theorem 3.1 are consequences of the coupling method
used in [2], [6] (cf. also [3]), where the starting point is the orthogonal sum of Sy
and Sg, where S, is the restriction of C in (3.5) to the subspace

domsq:{f@feﬁq: flzflzo}

and has the defect numbers (2,2) and the Weyl function (3.2). The orthogonal
sum of the corresponding ~-fields and Weyl functions, in the case of Theorem 3.1
are given by

() =R @ (AoT AOT> ;o M) =Q(\) @ (qu&) Q(OA)) .

The boundary conditions in Theorem 3.1 implicitly express the transform of v,
determined by the vector function K()\) = (g(A), ¢(A\)Qo(A),1)T via

Yoo (A) = T (A K (N),
so that
(A = 1) [¥50 (A)s Yoo ()] = Qoo (A) — Qoo (1)
= K (p)"(M(X) = M(p)") K (N),
cf. [6, p. 15]. These formulas are typically needed in the construction of Q-functions.

In general the symmetric extension S of Sy ® S, in Theorem 3.1 need not be
simple, even if Sy is a simple symmetric operator in .

Ezample 1. Consider the function Q. (z) = —z. Then for every simple symmet-
ric operator S the model space associated to Qo (z) = —z is one-dimensional.
If Quo(2) = q(2)q*(2)Qo(2), where ¢ is a polynomial of degree degq > 1, then
dim $, > 2, dim$Hy > 1, and S as constructed in Theorem 3.1 acts on the space
Ho @ Hy with dim (9o @ Hy) > 3, and therefore S cannot be simple. Here the
canonical factorization Q(z) = 22Qq(z) with Qo(2) = —1/2 gives rise to S which
acts on a 3-dimensional space. Observe, that the Weyl function (or Q-function)
associated to the pair {Sp, A%} is —Qo(2) ™! = 2, so that the selfadjoint extension
A? of Sy in g is not an operator.

Lemma 3.3. Let the linear relation S be given by (3.6), where Sy is a symmetric
operator in the Pontryagin space o, and let A = kerI')(D Sp), i = 0,1. Then:

(i) mul S is nontrivial if and only if mul Ay is nontrivial and in this case
mul S = {(g,0,%Gex) " : §={0,9} € AV}, (3.12)

(i) of mulS = {0} then Koo(Qoo) > k;

(i) of mulS is nontrivial, then it is spanned by a positive vector if and only if
Foo(Qoo) = k, if mulS is negative, then koo(Qoo) = k — 1, and if mul S is
neutral, then Keo(Qoo) < k —1;

(iv) if mul AY is nontrivial, then it is spanned by a positive vector if and only if
Koo(Qoo) = k, if mulS is negative, then koo(Qoo) = k + 1, and if mul S is
neutral, then Keo(Qoo) > k + 1.
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Proof. (i) The description (3.12) is obtained from (3.6). Clearly, mul S = {0} if
and only if mul AY = {0}.

(i) If mul S = {0} or equivalently mul A9 = {0} then lim,=., 2Qo(z) = oo
by Lemma 2.2, so that 7o (Qo) = 0 and consequently Koo (Qoo) > k.

(iii) Assume that mul S is nontrivial. Then there is a vector g € mul A9, g # 0,
and the vector G = (g,0,I'3ges) " spans mul S. It follows from [G,G] = [g, g]s,
and Lemma 2.2 that the vector G is positive if and only if

-1
0< lim /(;20(2) < . (3.13)
This implies that
—oo < lim zQp(z) <0, lim @o(2) =0, (3.14)
Z—00 Z—00 z
and
coo < tim @) g @) (3.15)

2Soo 22k—1 2S00 22kt

Thus, co is a generalized pole of nonpositive type of Qo of multiplicity k. If the
vector G is negative, then by Lemma 2.2 the limit in (3.13) is also negative and

one obtains
o< tim G55 <o
which implies that koo (@) = k — 1. Finally, if the vector g is neutral, then by
Lemma 2.2 the limit in (3.13) cannot be finite and this leads to the estimate
Foo(Qoo) < k.
(iv) Assume that mul A is nontrivial and is spanned by the vector g(# 0).

If the vector ¢ is positive then again by Lemma 2.2

0< tim @) o, (3.16)
2Z—00 z
and hence
0< tim 9= - o (3.17)

2S00 2kl
This implies that koo (Qoo) = k. If g is negative, then the limits in (3.16) and (3.17)
are negative and Koo(Qoo) = k + 1 or the limits in (3.16) and (3.17) are infinite
and then Koo (Qoo) > k. O

Lemma 3.4. Let the linear relation S be given by (3.6), where Sy is a symmetric
operator in the Pontryagin space $o such that ,(So) = 0. Moreover, let A =
kerI'?(D Sp), i = 0,1, and let ko be the multiplicity of o € C as a zero of the
polynomial q. Then:

(i) 0,(S) = 0,(A3) No(q*) and for a € 0,(AY) No(q?) one has
ker (S — a) = { (90, T{g0A|r=a,0) " : go € ker (Aj — a) }; (3.18)
(ii) #f ker (S — o) = {0}, then 7o (Qoo) > ka;
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(iii) if ker (S — a) or equivalently ker (A — ) is nontrivial, then it is spanned by
a positive vector if and only if « € R and 74(Qs) = ka, if ker (S — «) is
negative, then mo(Qoo) = ko —1, and if ker (S — ) is neutral, then mo(Qso) <
Ko —1;

(iv) if ker (AY — «) is nontrivial, then it is spanned by a positive vector if and only
ifa € R and 7o (Qoo) = ka, if ker (A) —a) is negative, then mo(Qoo) = ka+1,
and if ker (AY — «) is neutral, then To(Qoo) > ko + 1.

Proof. (i) Tet G = (go,9,3)7 € ker (S — a) for some Go = {0, g} € S5 9,5 € C*.
Then by (3.6) the equalities

Cog+Togoer = ag, g1 =0, gj=ago, (3.19)
and
Cpg=ag, g1=T1g, (3.20)

hold. It follows from the equalities (3.19) that g = 0 and I'§go = 0, i.e., go € AJ.
The equalities (3.20) show that I'{gy # 0 if and only if g # 0. In particular, go # 0
if and only if G # 0. Hence, if a € 0,(9), then a € 0,(Af). Here I'{gy # 0,
since otherwise o € 7,,(Sp). Hence, (3.20) shows that a € o(g*). Thus, 0,(S) C
o,(AY)No(g*) and the vector G has the representation (3.18). The reverse inclusion
in (3.18) is easily checked and hence o,(AJ) N (¢*) C 0,(S) holds, too.

(iii) Assume that a € 0,(A9) No(g*), and let G € ker (S — ). Then [G,G] =
[90, go]- If the vector go € ker (A§ — ) is positive, then o € R and

—oo < lim (z — a)Qo(z) < 0, (3.21)
and hence
—oo < lim Qo (2) < 0. (3.22)

Therefore, 7, (Qoo) = ko If the vector g is negative or neutral, then the first limit
in (3.21) is either positive or infinite and hence

. Qoo (2)
0< zlg% (z — a)2ka—1

Due to (2.18) this implies that mo(Qoo) = ko —1 01 T (Qoo) < ko — 1, respectively.
The proofs of (ii) and (iv) are analogous, cf. the proof of Lemma 3.3. O

< 0 (£ ).

4. Proper factorizations and a minimal model for the generalized
Friedrichs extension

The next definition is motivated by Lemma 3.3 and Lemma 3.4.

Definition 4.1. The factorization Qu(2) = q(2)¢*(2)Qo(z) will be called proper
if ¢ is a divisor of degree koo(Qx) > 0 of the polynomial g in the canonical
factorization (2.20).
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Clearly, proper factorizations of Q.. € N, always exist, but are not unique if
¢ has more than one zero and ko, (Qoo) < k. Proper factorizations of Q € Ny can
be characterized also without using the canonical factorization of Qo, by means
of the multiplicities Koo (@) and 7, (Qoo) as follows:

Foo(Qoo) = k and 7, (Qoo) > ko for all the zeros a of ¢,

where k = deg ¢ and k,, is the multiplicity of « as the zero of gq.

The symmetric relation S constructed in Theorem 3.1 need not be simple
even if the corresponding factorization of Q. in (3.1) is proper, cf. Example 1 in
Section 3. However, when the factorization is proper, the simple part of S can be
described easily and a minimal model from the model constructed in Theorem 3.1
can be produced by means of a reducing subspace which is positive.

Observe, that the selfadjoint extensions Ay = ker 'y and A; = ker 'y of the
symmetric relation S in Theorem 3.1 are given by

fo i fo={fo, f6} € S,
Ay = Flo | Cef+oen t o A =T%, ; (4.1)
f Cqf + 19 foex fi=0,geC
and
fO fé o ’ *
A = Fl Car : fo_{ff{%}f S Lo
F) \Cqof + TG foex Ji=T1jo
The above formulas for Ag and A; show that mul A; = mul S and
5y
mul Ag = Pek : f0={0»f6}€14(1)»@€(c
07 (4.3)
o foex
=mul S @ span {wo},

where wg = (0, e,0) .

Theorem 4.2. Let Qo € Ny, let the factorization of Qo in (3.1) be proper, let
So be a simple symmetric operator in the Pontryagin space $Ho with the boundary
triplet 1I° = {H,T3,T9} and the Weyl function Qo. Moreover, let S, A1, and Ay
be given by (3.6), (4.1), and (4.2), respectively. Then:

(i) S is simple if and only if 0,(S) = 0. In this case the linear relations S,
A= Ay, and Sp = Ag satisfy the equalities (1.3) and (1.4) with w = wg and
the operator representation

~1/Qo(V) = [(A = M) 'w, ] (4.4)
s minimal.
(ii) If S is not simple, then the subspace
" = span {mul S, ker (S —a): a € 0,(A))No(q)}

is positive and reducing for S.
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The simple part of S coincides with the restriction S’ of S to ' == $H & H”.
The compressions S’, A', St of S, A1, and Ay to the subspace ' satisfy the
equalities (1.3) and (1.4), with w" € ' given by

! { wo, ka > ]-7
W = .
(97_1/Fog7 )Tv ka:]-7

where § = {0,g} € AV, [g9,9] = 1, and the function —1/Q~ admits the
minimal representation

~1/Que(N) = [(A4" = )71, W], (4.6)

Proof. (i) In the case when $)o is a Hilbert space the first statement in (i) was
proved in [6, Theorem 5.4]. In the case when §) is a Pontryagin space this result
follows from part (ii). Namely, S is simple if and only if S = 5’, or equivalently
9" = {0}, which by Lemmas 3.3, 3.4 means that o,(S) = 0.

As to the other statements in (i) observe that the equalities (1.3) and (1.4)
for S, A, and Sp follow immediately from the descriptions given in (3.6), (4.2),
and (4.1). The cyclicity of w is implied by the equality

(4.5)

)l = — 7(A) 0 olat
(A=2) Qo) €A Uald)), (4.7)

where y(A)(€ My) is given by (3.8). In this case mul S = {0} and (4.3) shows
that mul Sp = span {wg}. The operator representation (4.4) is an immediate con-
sequence of (4.7), since in view of (3.5) and (3.8) one has [y(\),w] = 1.

(ii) If mulS or, equivalently, mul A} is nontrivial and koo(Qs) = k then
according to Lemma 3.3 mul S is positive. Since the eigenspaces ker (S — «;),
aj € 0,(AY) No(q), are also positive due to Lemma 3.4 and mutually orthogonal
it follows that £’ is a positive subspace in §. Clearly, $’ is a reducing subspace
for S. To prove the simplicity of the restriction S’ of S it is enough to prove that

HCH®H", where H = span { M\ (S*) : A € p(AJ) }.
Step 1. First it is shown that
{(}eCta{0}cHasn” (4.8)
It follows from (3.8) that for every A € p(A9)\o(q):
(M) Qo (M)~

YN)a(N) QN = AT : (4.9)
g(\) "1 Qo(N) AT

Since Y9(A\)Qo(A)~! and —Qo(A)~! are the y-field and the Weyl function of A9, it
follows from Lemma 2.2 that there is a vector g € mul A} such that

. _ 1 _ _
Jim 30 (N)Qo(N) " =g, lim | Qo(N)" =g (4.10)

In the case when mul AY is trivial one can take g = 0 and both these limits are equal
to 0. It follows from (4 9) and (4.10) that v(\)g(A\)~1Qo(A)~! has the following
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asymptotic expansion at oo

0 0 g
/\'7()‘) \ =X e |+ -+ A [ea ] + e1 +o(1).
q(N)Qo(N) 0 0 gex

Since mul S is spanned by the vector (g,0,I'3ges)" it follows that the vectors
(0,e5,0)7, 5 =1,...,k, belong to $H & H”.
Step 2. Next it is shown that

{Ole{0}eCtcHhan” (4.11)

It follows from Lemma 2.3 that for every o € o(q) there is a vector g, € ker (A3—a)
such that

T (A= )30 (N) = gas Jim (A= )Qo(N) = T4, Ga = {gaaga}. (412)
In the case when ker (A — «) is trivial one can take g, = 0 in these equalities. It

follows from (4.9) and (4.12) that v(A) has the following asymptotic expansion at
every a(€ o(q))

ka—2 0 Ja
YN =D A=) [ 0 |+OA=a)f | T9GuAla | + (A= a)=""o(1),
j=0 Vi(a) Viw—1(c)

where k, is a multiplicity of the zero a of ¢ and the Vandermonde vector V;(a) is
given by

1/dY  + ,
Vj(a):j! QA A \/\:a, j=0,...,ky— 1.
Let ayq, ag,...,q; be all the zeros of ¢ with the multiplicities k,,, ..., ka,,

respectively. Using the formula (3.18) for ker (S — ¢;) one obtains
span {(0,0,Vj(a;) " : i=0,1,...,01; j=0,1,... ks, — L;a; € 0(q)} C L
This proves (4.11), since
span {Vj(a;): i=0,1,...,0; §=0,1,...,ka, — L;0; € o(q)} = C*.
Step 3. The inclusion $o @ {0} & {0} C H @ §” is implied by the simplicity of S.
The representation (4.6) is implied by (4.7) and the equality
(A-N"Tw=A -, XepA).
This completes the proof. O
Observe that in part (i) of Theorem 4.2 the vector w is neutral, i.e., [w,w] = 0,
and that in part (ii) of Theorem 4.2 one has [w’,w’] < 0. Moreover,
[w',w'] <0 if and only if mulS # {0} and k = degq =1,
in which case Keo(Qoo) = 1.

In the special case kK = kK = 1 the above model and the operator representa-
tions (4.4) and (4.6) for —1/Qw reduce to those constructed in [7].
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Generalized Schur Functions and
Augmented Schur Parameters

Aad Dijksma and Gerald Wanjala

Abstract. Every Schur function s(z) is the uniform limit of a sequence of finite
Blaschke products on compact subsets of the open unit disk. The Blaschke
products in the sequence are defined inductively via the Schur parameters of
5(2). In this note we prove a similar result for generalized Schur functions.

Mathematics Subject Classification (2000). Primary 30D30, 30D50, 30C80.

Keywords. Generalized Schur function, Schur parameter, Blaschke product.

1. Introduction

A Schur function is a holomorphic function defined on the open unit disk D, which
is bounded by 1 there. We denote the class of such functions by S. If s(z) € S is
not identically equal to a unimodular constant, then by Schwarz’ Lemma (see, for
example, [9, Theorem 6.1]) the function

~o 1 os(z) —s(0)
8(z) = z 1—5(0)*s(z)

is again in the class S. The map s(z) — 5(z) is called the Schur transformation on
S and () is called the Schur transform of s(z). To a Schur function s(z) which is
not equal to a unimodular constant we can associate a sequence of Schur functions
(sj(2));j>0 by repeatedly applying the Schur transformation:

s0(2) == s(2), s1(2) =50(2), ..., sj(2) =5-1(2),....

This repeated application of the Schur transformation is called the Schur algo-
rithm. The sequence (s;j(z));>o0 is finite and terminates at the nth step of the
algorithm with s, (z) if and only if |s,(0)] = 1. For then, by the maximum modu-
lus principle, s,(z) = s,(0) and the Schur transformation is not defined for s, (2).
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This occurs if and only if s(z) is a Blaschke product of order n, that is, of the form

n
s(2) :cH 1Z_ cff'sz’ a; €D, ceT,
J=0 J

where T stands for the unit circle. The numbers v; = s;(0), j =0,1,.. ., are called
the Schur parameters associated with s(z). If the sequence (y;);>0 is infinite then
|v;] < 1forall j =0,1,...; if it stops with ~, then |y;| <1for j=0,1,...,n—1
and |y,| = 1. A sequence of complex numbers with these properties will be called
a Schur sequence.

The sequence of Schur parameters determines the function. To see this, let
m be an integer > 0 and define the rational functions

Z4+Ym .
f m < 17
Bro(s;2) =94 147952 Frm
Tm if [ym| =1,

and
ZBm,j-1(8;2) + Ym—j

1+ ’Y;;l_jZBm,j—l(s; Z) ’

Hence By, j—1(8;2) = Bm,j(s;2). If |ym| < 1, then By, ;(s; z) is a Blaschke product
oforder j+1forj =0,1,...,m;if |ymn| = 1, then B, ;(s; 2) is a Blaschke product of
order j for j =0,1,...,m. Moreover, the sequence of Schur parameters associated
with B, i (s; 2) is finite and given by 7o, 71, - - -, Ym, L if [vm| < 1 and 0,71, - - -, m
if |vm| = 1. Thus the first m + 1 Schur parameters of s(z) coincide with the first
m + 1 Schur parameters of By, n(s;2). I. Schur showed that this implies that
the difference s(z) — Bpym(s;2) has a zero at z = 0 of order > m + 1. This
can also be seen by proving by induction that for j = 0,1,...,m, the difference
Sm—j(2) — Bm,j(s; z) has a zero at z = 0 of order at least j + 1; see [14, Theorem
1.2.1]. Since |s(z)| <1 and |Bp,m(s;2)| <1 on D, Schwarz’ Lemma implies that

[5() = Brm(s52)] < 202", zeD, (L1)

and hence Carathéodory’s theorem holds: If the sequence of Schur parameters
breaks up at 7, with |v,| =1 then s(z) = By »(s; 2); otherwise

s(z) = lm By, m(s;2), (1.2)

B.i(s;2) = ji=12...,m.

where the limit is uniform in z on compact subsets of .
If we introduce the Md&bius transform

ZW A+ Yo (1 - "Yn‘z)z

R P

then the composition formulas
s(z) = TooTi0 0T (snt1(2)),

TpOTL O 0Tmy(l) if [ym| <1,

Tp O T1 o..~o7'm_1('ym) if h/m| =1, (13)

Bun(sid) = |
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hold and they show the close relation between the Schur algorithm, the Schur pa-
rameters, and continued fractions. In this note we do not pursue this connection
but refer to the recent paper [16]. We only recall that if (v;);>0 is a Schur se-
quence of complex numbers, then (B, (%2))m>0 with By, (%) as in (1.3) is a Cauchy
sequence of finite Blaschke products, which converges to a function s(z) € S whose
sequence of Schur parameters coincides with (vy;);>0. This follows from the argu-
ments leading up to (1.1) which also imply that

_ min {m,n}+1
m n > ’ .
| B (2) — Bn(2)] < 2|2| zeD

An excellent account of Schur’s work on analysis, including the Schur algorithm,
can be found in [13]; we refer to this paper for the complete list of works of I. Schur
in this area.

If s(z) is a generalized Schur function which is holomorphic in z = 0 (see
Section 2 below), then the Krein—Langer factorization s(z) = B(z) 1so(2), where
s0(z) is a Schur function and B(z) is a finite Blaschke product with B(0) # 0,
implies

s(z) = lim B(2) B m(s0;2), (1.4)

m—00
where the convergence is uniform in z on compact subsets of D\ { poles of s(z)}.
In fact, because of (1.1), for every compact set K € D\ { poles of s(z)}, there is
a real number M > 0 such that

|s(2) — B(2) ' Bp.m(s0;2)| < M|z|™", z€ K. (1.5)

However, the functions on the right-hand side of (1.4) are not related to the gen-
eralized Schur algorithm for s(z) nor to any form of continued fractions similar
to what we described in the foregoing paragraphs. In this note we prove a result
for generalized Schur functions which is analogous to (1.2) and is related to the
generalized Schur algorithm. For that we introduce the sequence of augmented
Schur parameters (see Section 3), which plays the same role for generalized Schur
functions as the sequence of Schur parameters does for Schur functions. In Section
2 we present the preliminaries: generalized Schur functions, the generalized Schur
transformation, and related notions and results needed in the sequel. Section 3
contains the two theorems of this note.

2. Generalized Schur functions and the generalized Schur
transformation

For any integer k > 0, by S, we denote the set of complex-valued functions s(z)
which are meromorphic on D and have the following equivalent properties:

1. s(z) has k poles (counted according to their multiplicities) and

lim suprT1|s(7‘eit)| < 1, for almost all ¢ € [0, 27).
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2. The kernel
1 —s(z)s(w)*

Kyzw) =P

. z,w € Qs),

has x negative squares, where (s) is the domain of holomorphy of s(z).
3. The 2 x 2 matrix kernel

1—s(2z)s(w)*  s(z) — s(w*)

1— zw* z — w*
De 5 - ~ ~ ~ ~
z —w* 1— zw*

has k negative squares on Q(s) N €(5s), where 5(z) = s(z*)*.
4. The function s(z) admits the Krein-Langer factorization

where so(2) € S, a; € D and so(ey;) #0, 7 =1,2,... k.

Evidently, Sg = S. The functions of the class S, are called generalized Schur
functions with x negative squares. They were introduced and studied in [15]. For
the equivalence of these properties, see [15], [7], and [8, Section 3.4]. By SO we
denote the set of functions s(z) € S,, which are holomorphic at z = 0 and we set
S% = U,>08Y. Consider a function s(z) € S® which is not identically equal to a
unimodular constant and assume it has the Taylor expansion

s(z) =00+ o1z + 092 + -+ o2 o 2T
Then the generalized Schur transform 5(z) of s(z) is defined as follows.
(1) If |og| < 1, then
_ 1 s(z) =00

5(2)

This formula coincides with the “classical” formula in the Introduction.

(2) If |og| > 1 then the case s(z) = o does not arise since this implies that
s(z) € SY. This means there exists an integer £ > 1 such that o1 = oy =
<o+ =01 =0 and oy, # 0. In this case,

z1—o0ps(z)

g(z) — k]' - USS(Z).
s(z) — oo
Note: k is the order of the pole of the quotient on the right-hand side.
(3) If |oo| = 1 then there exists an integer k¥ > 1, such that oy = 03 = -+ =
or—1 = 0 and o) # 0 since we assume that s(z) is not a unimodular constant.
With this k, determine complex numbers ¢;, j = 0,1,...,k — 1, such that

(s(z) —o0)(co+c1z+ -+ ¢zl + ) =092k
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k—1

(so that ¢p # 0), define the polynomial p(z) = ¢og+c12+- -+ cx_12°"1, and,

finally, set Q(z) = p(z) — 2%p(1/2*)*. In this case,

g(z) — 54 (Q(Z) - Zk)S(Z) - UOQ(Z)

o5Q(2)s(2) — (Q(2) + 2%)’
where g > 0 is the order of the pole of the quotient on the right-hand side.
Note: (i) g is finite because o3 Q(2)s(z) — (Q(2) + 2¥) £ 0 (see [1, page 5)).
(i) For some complex number tof, we have

o5Q(2)s(2) = (Q(2) +2%) = tap2® + -+,
(Q2) = 2")s(2) —00Q(2) = (0otor — on)2> +---
(see [8, Lemma 3.3.1 and its proof]), and hence if ¢ = 0, then ¢ # 0 and so
5(0) # oy.
In all these cases 3(z) belongs to the class S%; see [8, Lemma 3.4.4] and also [1,
Theorem 3.1]. In fact, the following result holds.

Lemma 2.1. If s(z) € S, then 3(z) € SY

2, where K=K, Kk —k, and Kk —k —q in
cases (1), (2), and (3), respectively.

For a proof we refer to [1, Theorems 5.1, 6.1, and 8.1]. The definition of the
generalized Schur transformation goes back to [10], [12], [11], and [8, Definition
3.3.1]. In [8] it is applied to solve the problem: When is a formal power series around
z = 0 the Taylor expansion of a generalized Schur function. In [1, 2, 4, 6, 17] it
is studied for its effect on the coisometric and unitary operator realizations of a
generalized Schur function, including those whose state spaces are the reproducing
kernel Pontryagin spaces with kernels K (z,w) and D,(z,w); in [3] it is shown to
provide an algorithm for the unique factorization of a 2 x 2 matrix polynomial
which is J-unitary on T (for the definition, see below) in normalized elementary
factors; and, finally, in [5] (see also [12]) it is used in solving a basic interpolation
problem for generalized Schur functions.

The inverse of the generalized Schur transformation in each of these three
cases can be written as

where the coefficient matrix

can be chosen as

o 1 1 oo z 0 .

@1(2) = \/1 _ |0'0|2 (US 1 > (0 1) , if ‘0’0| <1, (2 1)
. 1 g0 1 1 O .

62(2) - \/‘00‘2 1 < 1 0.8) (0 Zk) ’ if |0-0‘ > 17 (2 2)



140 A. Dijksma and G. Wanjala

(A4 —0Q) |
o) = (Ui o) i loul =1 (23)

These 2Xx 2 matrix polynomials are J-unitary on T, that is, satisfy ©(z)*JO(z) = J,

|z] = 1, where
1 0
/= (0 —1)'

3. The augmented Schur parameters

To s(z) € S which is not identically equal to a unimodular constant we can apply
the generalized Schur algorithm:

s0(2) = 5(2), s1(2) = Bo(2)s-- s 85(2) = Fja(2), .,

where now §;_1(z) denotes the generalized Schur transform of s;_1(z) for j =
1,2,.... We set v; = 5;(0), j = 0,1,.... The sequence of functions (s;(z));>0
terminates at s, (2) if s, (2) = 7, with |y,| = 1, because in that case the generalized
Schur transform of s,,(z) is not defined. The number ; if |y;| < 1, the pair (v;, k)
if |y;] > 1, and the quadruple (v;,k;,q;5,Q;(2)) if |y;| = 1, which are defined
in accordance with the definitions of the generalized Schur transformation (see
Section 2), will be called the augmented Schur parameter and briefly denoted by 7;.
The sequence (7;),;>0 will be called the sequence of augmented Schur parameters.
It is finite and stops at 7,,, when the sequence (s;(z));>0 terminates at s,(z); in
this case, 7, carries no further information, that is, 3, = 7, and |vy,| = 1. From
the definition of the generalized Schur transformation we see that for j =0,1,...
(and up to n — 1 if the sequence (7;);>0 stops at %, with n > 1) the following
implications hold:

[yl > 1 = % 70,
vil=1,¢>0 = 711 #0, (3.1)
vil=1¢=0 = v #7-
Moreover, by [8, Lemma 3.4.5], see also [1, Corollary 9], there is an integer jo > 0
such that s;(z) € S for all j > jo and hence 7; = «; with |v;| <1, j > jo.
With the sequence (7;);>0 we define for m > 0,

Bo(s;2) =vm if |ym| =1 and (7;);>0 stops with 4y, (3.2)
otherwise,
z+ Ym .
L4y s if |ym| <1,
k
zZhvm + ,y .
Bra(siz) =9 0 i ] > 1.

(Qm(2) + 257) = YmzT Qum(2)

i || = 1,
7 O (2) — 29 (Qu(2) — ) L TV
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and for 7 =1,2,...,m,
Bm,j(s;2) =
Ym—j + 2Bm j-1(s; 2)

if |ym—j| <1,
1475, 2Bm.j-1(s; 2) rm—|
k .
2" + Ym—jBm,j-1(8; 2 .
* k ’Z ’ ’ . ) lf |fym—]'|>17
Ym—j 23+ Bm,j—1(s;2)
o km.fj Bm - . — Y Am—j —
(@3 (2) + 25 1) By 1(52) = Ams2™ 9 Qmg(2)

Vi jQm—(2) Bm,j-1(8; 2) — 29m=3 (Qm—;(2) — 2*m=7)

Each By, ;(s;z) is of the form Bj(z) !Ba(z) where By(z) and Bs(z) are finite
Blaschke products with By (0) # 0 that is, a rational generalized Schur function
holomorphic at z = 0 and having unimodular values on T (in particular, it has no
poles in T). Clearly, By, j—1(s; 2) = EmJ (s;2),7=1,2,...,m. Similarly as above,
these formulas can be expressed in terms of Mobius transformations and hence
are related to continued fractions. The sequence of augmented Schur parameters
for By m/(s;2) 18 40,71, - - -, ¥m 1 case By, o(s; ) is given by (3.2), otherwise it is
Y0y Vs -+ - s Yms L.

Let jo > 0 be an integer such that s;(z) € S for all j > jo. From the definition
of the generalized Schur transformation in Subsection 2 we have

o(z) = (D) (2) +01a(2)
921(Z)sj0 (Z) + 922(2) ’

where the coefficient matrix can be written as the product

o= (1) 426) =eureon o1

in which each factor ©;)(z) is of one of the forms ©1(z), ©2(z), and ©3(2) given
by (2.1), (2.2), and (2.3), respectively.

Thus O4(2) is a 2 X 2 matrix polynomial which is J-unitary on T. It follows
from (2.1), (2.2), and (2.3) (see also [8, Lemma 3.4.2 v)]) that for some integer
60 > jOv

(3.3)

det ©,(2) = 2%. (3.4)
It is easy to see that
p(s)=lo—jo= > (ki—1) + > (2k; +q; — 1).
j:7; is a pair j:7; is a quadruple
In particular, if j; and ¢; are defined in the same way as jg and ¢y, then ¢; — j; =
Lo — jo-

Theorem 3.1. Let s(z) € S° and let p(s) be as defined above. Then for each compact
subset K C D\ {poles of s(z)}, there exist a real number M > 0 and an integer
mg > jo such that for all z € K and all m > my,

|5(2) = Bm,m(s;2)| < M‘Z‘P(8)+m+1.
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The estimate in the theorem is an improvement of (1.5) by a factor |z|(*),
but only holds for sufficiently large m. The theorem implies that

s(z) = lIm By m(s;2)
uniformly in z on compact subsets of D\ {poles of s(z)}.

Proof. If the sequence (7;);>0 of augmented Schur parameters corresponding to
s(z) is finite and terminates with |7y, | = 1, then s(z) = B, »(s;2) and the theorem
holds true. We now assume that the sequence (7;),>0 is infinite. From (3.3),

_011(2) Bjotm,m (55 2) + 012(2)

B' m. 7 5 - ’
Jo+m.gotm (83 %) 021(2) Bjg+m,m(s; 2) + O22(2)

and
Bjoer,m(s? Z) = Bm,m(sjo§ Z)
we obtain
det ©4(2)(55,(2) = Bm,m(8j53 2))
— Bjo+m jio+m\S; = ’ .
S = Biotmiotm52) = (0,1 (s (2) + 02(2)) (621(2) B (5301 2) + 0(2))

(3.5)

By (1.1) and (3.4), the numerator of the quotient on the right-hand side satisfies
the inequality

|det O4(2)(8jo(2) — Bm.m (5403 2))| < 2|2T™ 1 2 € D. (3.6)

We claim that the factor 021(2)s;,(2) + 622(2) in the denominator does not vanish
in D\ {poles of s(z)}. To see this, assume that for some zy € D\ {poles of s(z)}
we do have that

921(20)Sj0 (Zo) + 922(20) =0. (37)
Then, by (3.3) and since z = zg is not a pole of s(z), we also have

911(20)Sj0 (20) + 012(20) = 0.

The last two equations can be written in matrix form:

04 (20) (sj(120)> 0.

This implies det O4(z9) = 0 and so, on account of (3.4), zo = 0. However, from
[8, Lemma 3.4.2 iii) and v)] (or from [3, Theorem 6.6]) it follows that there are
complex numbers kg # 0, ki, ..., such that

B det O4(2)

N 911(2’) - 921(2)8(2)
This contradicts (3.7) with zgp = 0 and proves the claim. Let K be a compact
subset of D\ {poles of s(z)} and let

€ = min e k021 (2)sj,(2) + 022(2)]. (3.8)
Because of the claim just proved, £ > 0. Applying (1.1), we find that for all z € D,
|(621(2) 855 (2) + 022(2)) = (821.(2) Bin,in (85 2) + 022(2))| < 2/2|™ ! max.ep|fa1(2)]

921(Z)Sj0(2)+922(2) :k0+k12+ .
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and hence for some integer m; > 0 we have that for all m > m;,
1
1021 (2) Brm,m (805 2) + 022(2)] > o #€ K. (3.9)
Combining (3.5), (3.6), (3.8), and (3.9), we see that for m > my,
4 m
[5(2) = Bjotm.jorm(s:2)| < ERASNE=Y ¢
This readily implies the theorem with mg = my + jo and M = 4/¢2. ]

A sequence (7;) ;>0 will be called an augmented Schur sequence if:

(a) except for at most finitely many values of j, 7; is a complex number v; with
[yl <15

(b) in the exceptional cases, 7, is either a pair (v;,k;) consisting of a complex
number «y; with |y;|>1 and an integer k; >1 or a quadruple (v;,k;,¢;,Q;(2))
consisting of a unimodular complex number ;, integers k; > 1 and ¢; > 0,
and a polynomial Q;(2) = p;(2) — 2%kip;(1/2*)*, where p;(2) is a polynomial
of degree < k; and p;(0) # 0;

(¢) in case the sequence is finite and ends with 7,,, also 7, is exceptional: 7,, = v,
with |y,| =1; and

(d) the implications (3.1) hold.

Theorem 3.2. Let (7;);>0 be an augmented Schur sequence. Then there is a unique
s(z) € SY such that (3j);>0 is the corresponding sequence of augmented Schur
parameters. The number k of negative squares of s(z) is given by

j:7; is a pair j:7; is a quadruple

Proof. Let m be an integer > 0 such that for all j > m, 7; is a complex number -,
with |y;| < 1. Let s,,,(2) be the Schur function whose sequence of Schur parameters
coincides with (Ym-+;)j>0. Define By, 0(2) = s (%) and define By, ;(2) in the same

inductive way as B, ;(s;2) is defined starting with By, o(s;2), j = 1,2,...,m.
Then $(z) = B, m(z) has the desired properties. The formula for & follows from
Lemma 2.1. (]
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On Nonmonic Quadratic Matrix Polynomials
with Nonnegative Coefficients

K.-H. Forster and B. Nagy

Abstract. The matrix polynomial Q(\) = AI —S(X), where S(-) is a nonmonic
quadratic matrix polynomial with (entrywise) nonnegative square matrix co-
efficients, will be studied. We describe the distribution of the eigenvalues of
Q(-), depending on the sign of function r — r — p(S(r)) (here o(-) denotes
the spectral radius). The existence of a nonnegative (spectral) matrix root of
Q(-) will be related to the existence of a positive r > o(S(r)). Assuming that
S(t) is irreducible for one positive ¢, we describe the spectrum of Q(-) on the
circles with radius r for any r = o(S(r)) > 0, and describe the possibilities
for the existence of a nonnegative matrix root of Q(-), for the properties of
a corresponding M-matrix and the spectral properties of Q(-), depending on
the function o(S(+)) and on its derivatives.
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47A56, 15A18.

Keywords. Matrix polynomials, (entrywise) nonnegative matrix coefficients,
irreducible matrix polynomials, nonnegative matrix roots, eigenvalues, spec-
tral radius.

1. Introduction

We consider polynomials Q(-) of the form
Q()\) = )‘Inxn - ()\2142 + )\Al + A0)7

where the coefficients A, A; and Ay are nonnegative square matrices of size n,
Ay # 0 and I, «,, denotes the identity matrix of size n.

This is an important class of matrix polynomials; see [19, §2], [15, §23.2], [4,
§4], [10] and others.

This work was completed with partial support of the Hungarian National Science Grants OTKA
Nos T-030042 and T- 047276 and partial support of the DAAD and the Technical University of
Berlin.
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For a motivation of this paper and also for possible applications in the theory
of Markov chains see, for example, [6], [7] and [8]. Note that we do not assume
that the matrices Ag, A1, Ao are embedded in the (infinite) transition matrix P
of a (particular type of a) Markov chain which is assumed to be irreducible in
[6], [7] and [8]. In this sense our results are extensions of theirs to this more
general situation. We emphasize that our method differs from theirs mainly by the
consequent application of the theory of nonnegative matrices and of the properties
of the spectral radius of the matrix polynomial S(-) for nonnegative values of the
variable (notation see below).

In Section 2 we study the behavior of the spectral radius of the values of the
function r +— S(r) = r2 Ay +rA; + Ap for nonnegative values of 7. The results here
are partly of a preparatory character, partly significant in themselves. Propositions
2.3 and 2.4 describe the distribution of the spectral points (i.e., eigenvalues counted
with algebraic multiplicities) in dependence on the relation of the spectral radius
of S(r) to r. In Section 3 we study conditions for the existence of a (right) matrix
root W of the polynomial Q(-) or, equivalently, for the factorizability of Q(-) into
linear factors. The main results here are Theorem 3.4 and Proposition 3.5, in which
we relate the existence of a spectral root W to the existence of a positive r strictly
majorizing the spectral radius of S(r).

In Section 4 we assume that the matrix S(r) is irreducible for one (and hence
for every) positive r. One of the main results here is Proposition 4.5, connecting the
value of the index of the phase imprimitivity of the graph of the matrix polynomial
S to the spectral behavior of @ on the circle |z| = r for every positive r equaling
the spectral radius of S(r). The final result (Theorem 4.10) establishes 8 pairwise
exclusive cases for the existence of a nonnegative root of Q(-), for the properties
of a corresponding M-matrix B and the spectral properties of Q(-) in dependence
on the behavior of the spectral radius of S(r) and of its derivative. We illustrate
the obtained results throughout with instructive examples.

Our terminology is mostly traditional. For standard facts in the theory of
matrix polynomials we refer to [9], concerning nonnegative matrices to [12] or [3],
for some terminology in connection with Markov chains to [6]. We recall here only
that the spectrum of a matrix polynomial P(-) is defined as the set of all complex
numbers (eigenvalues) A for which the matrix P()) is not invertible. The positive
integer dim ker P(\) is the geometric, and the multiplicity of A as a zero of det P(\)
is the algebraic multiplicity of A\. Note that multiplicity without qualification will
always mean algebraic multiplicity. Finally, we want to fix the following

Notation
e By 0, and 1,, we denote the vectors in C" with all components zero or one,
respectively.
Let u be a vector in C", we write:

e u > 0, all components of u are nonnegative and u # 0.
e u > 0, if all components are positive. In this case we call u strictly positive.
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|u| for the absolute value of u; we use the same notations for matrices.
(u,v) for the standard inner product in C™.

|lu|| the (Euclidian) norm of w.

By I,xn we denote the identity matrix of size n x n,

By Opxn and 1,,x, denote the matrices of size m x n with all entries zero
or one, respectively.

e For a matrix A we denote by AT, adj(A), ker(A), ran(A), det (A), rank(A),
|| All, trace(A), o(A), o(A) and A(r, s) its transpose, adjoint (adjugate in the
terminology of [12]), kernel (= nullspace), range, determinant, rank, (spec-
tral) norm, trace, spectrum (= set of its eigenvalues), spectral radius and its
entry in the rth row and sth column, respectively.

For a matrix polynomial P(-) its spectrum is denoted by
o o(P()) ={A € C| P(\)} is singular, and by
o G(P(-)) = 0(P(-)) U{oo} when the leading coefficient is singular.
e For a positive number r we set
D.={xeC:|\N<r}, T,={ eC:|\N=r}
e For a linear space V' we denote by dim(V) its dimension.
e For a positive integer n we set (n) = {1,2,...,n}.
e We shall use the type of notation Q(-) for a function z — @Q(z) throughout.
In particular, B — -A will denote the map z — B — zA.

2. The spectral radius of S(\) = A\?A, + \A; + 4

Let Ag, A1 and As be n X n nonnegative matrices. We are interested in positive
numbers 7 such that
r= g(r2A2 + 1A+ Ao).
We set
S(A) = A2 A 4+ NA; + Ay.
By a result of E. Vesentini (see [1, Theorem 3.2.7], [8, Proposition 7, p. 545]),
the function

log os : C — R with A — log o(S())),
hence also the function gg itself are subharmonic.
Since the coefficients of S(-) are nonnegative, the function
0s:[0,00[—= Ry with 7+ o(S(r))

is continuous and nondecreasing, and pg(r) = max{o(S(\)) : |A\| = r}, since
IS(A)| < S(JA]) and the spectral radius of matrices is monotone on the cone of
the nonnegative matrices. From the theory of subharmonic functions (see [11,
Theorem 2.13] or [8, Proposition 7, p. 545]) we obtain that the function log(os(+))
is convex in log(r) on ]0, 00|, i.e.,

ns :]0,00[— R with ¢+ log(os(e")) (2.1)
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is convex or, equivalently,

—T

0s(r1 7' "T) < 0g(r1) 0s(r2)" for  ry,re €]0,00], T €[0,1].

We call a function satisfying the last functional inequality log-log-convex.

Proposition 2.1. Let S(-) be as above (for the last assertion: with nonnegative
coefficients). Then the following assertions are equivalent:

(1) os(+) is bounded.

(I1) os(+) is constant.
(IIT) o(S(A)) is independent of A, therefore o(S(X)) = a(Ao) for all A € C.
If one of the conditions above holds, then Ay and As are nilpotent.
Proof. See [1, Theorem 3.4.14]. Note that the spectrum of an operator in a finite
dimensional space is polynomially convex (has no holes). Since the coefficients are
nonnegative matrices, 17 A; < S(r) for positive r implies p(A;) < r~7o(S(r)) =
r~J0s(r), j = 0,1,2. Therefore A; and A, are nilpotent, if pg(-) is bounded. [0

sw=( o)

3/2

Example 2.2. Let

then A; and Ay are nilpotent, and pg(r) = 7%/# is not bounded.

Proposition 2.3. Let Q(\) = My xn — (A2 A + A1 + Ag) with nonnegative n x n
matrices Aj,j =0,1,2. Then
(I) Let r be such that ps(r) < r. Then Q(-) has exactly n eigenvalues (counting
multiplicities) in the open disc around zero with radius r.
(IT) Letr > 0 and 6 > 0 such that ps(t) < t when r <t <r+ 3. Then Q(-) has
exactly n eigenvalues (counting multiplicities) in the closed disc around zero
with radius r.
(IIT) Let 0 <11 < ro such that ps(r) < r for all v €]ry,r2]. Then
Q) N{NeC|r < |\ <r}=0.
Proof. (1): (see [6, Theorem 2]) For 7 € [0, 1] the matrix vI,, x, —7S5(v) is invertible
for all v € T,; indeed, o(7S(v)) < 70(]S(¥)|) < 7T0(S(|v])) < r = |v|. Therefore the
number of eigenvalues of Q. (-) with Q-(A) = Al,xn —7S(A) in D, is independent
of 7. For 7 = 0 this number is n, for 7 = 1 this number is the number of eigenvalues
of Q(+) in D,.
(II): By (I), Q(-) has n eigenvalues in D; for r < ¢t < r + d. Let ¢ go to r to
obtain (II).
(III): This follows readily from (I). O

Proposition 2.4. Let S(-) and Q(-) be as above, and let 0 < r1 < rg be such that
0s(rj) =r; for j =1,2. Then we have exactly one of the following two possibilities:

(I) os(r) =r for all r € [r1,r2].
(II) os(r) <r for all r €]r1,72].
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The first case is equivalent to o(Q(-)) = C; the second case is equivalent to
c@Q())N{AeClr <|\ <r}=0.

Proof. The log-log-convexity of pg(-) or the convexity of ng(-) show that either (I)
or (IT) holds.

In case (I) we have det(Q(r)) = det(o(S(r))Inxn — S(r)) = 0 for all r €
[r1,72], since S(r) is a nonnegative matrix. Then the polynomial det(Q(-)) vanishes
identically, which is equivalent to o(Q(+)) = C. Conversely, {A € C: A € o(S(\)} =
o(Q(+)) = C implies that pg(r) > r for all r € [ry,r2]. Therefore (I) holds.

Assume that the second case holds. By Proposition 2.3 (III) we obtain
a(Q())N{A e C|r < |A <r2} =0. The converse is true, since o(Q(-)) N {u €
C|r1 < |p| <re} =0 implies that o(Q(:)) # C. Therefore (I) cannot hold. O

The following example shows that in the second case of the last proposition
05(0) = 0 is possible.
Example 2.5. Let

S<A>=(§; jz),

where p is a positive real. Then gg(r) = 72 + (pr)'/2. It is not difficult to see
that for 0 < p < 4/27 we are in the second case of Proposition 2.4, and of course

0s(0) = 0.

Example 2.6. Let n € N and k; € Ng = NU {0} for j = 1,2,...,n. Consider the
n X n (weighted cyclic) matrix

0 M1 0 ... 0
0 0 A\
S(\) = : : . . : , xeC
0 0 v 0 Nea
MNen Q0 ... 0 0

We assume that 2 = maxi<j<n kj. Then S(-) is a quadratic matrix polynomial
with entrywise nonnegative matrices as coefficients.

Let A # 0. Then o(S()\)) = {z € C: 2" = \F} where k = ky +--- + k,,. The
eigenvalues of S(A) have (geometric and) algebraic multiplicities equal to 1, and
the corresponding eigenvectors of S(\) to z € ¢(S(\)) are scalar multiples of

(L, AR g ARk 20 TR TR pnaly

For r > 0 the matrix S(r) is nonnegative and irreducible. S(1) is row-stochastic;
ie., S(1)1, = 1,.

We have gg(r) = rn.

If £ < n then pg(-) is concave and gg(r) = r for r = 0,1. This shows that
Proposition 2.4 is not true for r; = 0.

For k = n we obtain pg(r) = r for r > 0, therefore ps(1) = 0%5(1) = 1 and
0%(1) = 0 in this case.
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For Q(A) = M s —S(N) we have 0(Q(+)) = {z € C : 2™ = zF}. In particular,
o(Q(-)) = Cif n = k. Note that, due to more stringent initial conditions, this case
becomes impossible in [6] (see Proposition 15, p. 135).

Proposition 2.7. Under the first assumption of Proposition 2.3 the following state-
ments hold:
(I) Let ps(-) be differentiable in v > 0. Then os(r) = r implies

(det Q) (r) = (1 — ds(r)) trace(adj(os (r) Inxn — S(1)))-
(IT) Let ps(-) be twice differentiable in v > 0. Then ps(r) = r and os(r) =1
imply
(det Q)" (r) = —gis(r) trace(adj(os (r) Inxn — S(r))).
Proof. (I): For the derivative of the function det@ : A\ —— det(Q(\)) we have
(det Q) (\) = anl det(Q(;y(A)), where Q;)()) is the matrix that coincides with

j=

the matrix Q(A) except that the entry in the jth column is differentiated with

respect to A; see [13, p. 491]. Using the corresponding formula for the derivative

of A — det(0s(A)Lnxn — S(N)) and the fact that og(r)Lyxn — S(r) is singular for

r > 0 (note that S(r) is nonnegative), we obtain from pg(r) = r that (det Q)'(r) =
n

(1 = 0dg(r)) > det(Qp;(r)), where Qp;(r) is the matrix that coincides with the
=1

matrix Q(r) except that the entry in the jth column is the jth vector of the
canonical basis of C". Therefore the sum in the last equality is the trace of the
adjugate adj(es(r) — S(r)) = adj(Q(r)).

(IT): Using again the formula for the derivative of the determinant of a differentiable
matrix-valued function and gg(r) = r, we obtain

(det@)"(r) = (1 = ds(r Zdetcz[jk] ) = o4(r Zdet@b

J,k=1

where Q[; x1(7) is the matrix that coincides with Q(r) except that the entries in
the jth and the kth column are the jth and the kth vector of the canonical basis
of C™, respectively. Now the formula in (II) follows immediately. a

3. Nonnegative roots of the polynomial Q(-)

In this section we study the problem: under what conditions does there exist a
nonnegative n x n matrix W that is a right root of Q(-), i.e., satisfies the equation

W — (AsW? + AW + Ag) = Open,s (3.1)

where A; are entrywise nonnegative matrices. The following results have corre-
sponding versions for left roots of Q(-), whose proofs require only minor changes.
Here we concentrate on right roots of Q(-).
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If W is a right root of Q(-), then there exists a unique n x n matrix B such
that
Q\) = (B — M) Mlpxn — W) forall MeC. (3.2)
This holds if and only if
B =1,xn— A1 — AW, BW = A. (3.3)
If W is a nonnegative root of Q(-) then B is a Z-matrix. We consider the fixed
point iteration

Wii1 = AsWZ + AWy, + A with 0 < Wy < Ag (3.4)
for k=0,1,2,....
The nonnegativity of the matrices A; ( j = 1,2,3) implies
0 < Wi < Wiyq(entrywise) for k£ =0,1,2,.... (3.5)

Indeed, 0 < Wy < Ay < Wy, and Wk+1 — Wy = AQ(W]? — sz—l) + Al(Wk —
Wi—1) > 0if Wi, > Wi_1 > Opxn.
If W is a nonnegative right root of Q(-), then
Wi, <W for k=0,1,2,.... (3.6)
Indeed, 0 < Wy < Ag < W and Wy, < W imply Wi1 = AsW2 + AW, +
Ag S A W2+ AW + Ay = W.
The next proposition follows simply from the preceding discussion.

Proposition 3.1. Let Q(A\) = Al xn — (A2 As+AA; + Ag) with nonnegative matrices
Aj,j=0,1,2. Then Q(-) has a nonnegative right root if and only if the fized point
iteration (3.4) converges. If (3.4) converges, its limit is the smallest nonnegative

right root of Q(-).

If the fixed point iteration (3.4) converges, then we denote its limit, i.e., the
smallest nonnegative root of Q(-), by W, and we denote by B the corresponding
matrix in the factorization (3.2).

Proposition 3.2. Let Q(r)u > 0, for some r > 0 and some vector u > 0,,. Then
Q(-) has a nonnegative root, Wu < ru and o(W) < r.

Proof. We will show that the sequence (W3)32, of the fixed point iteration (3.4)
converges. From S(r)u < ru it follows easily that 0, < Wiu < ru for all k. Let
Wi(p,q) denote the element of the matrix Wy in its pth row and gth column.
Then we obtain 0 < Wi(p,q) < ZZ for all p,q € (n). Since (Wi (p,q))2, is
nondecreasing, it converges. Therefore (W})32, converges.

Above we saw that Wiu < ru; this implies Wu < ru. Since u > 0,, the last

inequality implies o(W) < r, see [3, (1.11), p. 28]. O

Example 3.3. Let a and b be positive numbers and define

Q(A) = Alax2 — S(A) = <12x2—>\< 8 8 )) ()\I2><2_ < 8 2 )>,
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Let ab > 1. Then there do not exist a vector © > 05 and a positive r such
that Q(r)u > 0y. This shows that the assumptions in Proposition 2.3 are not
necessary for the existence of a nonnegative right root of Q(-). Also gg(r) > r for
all positive r.

For the next theorem we need the notion of a spectral root for which we refer
to [15, § 22.3, p.115]

Theorem 3.4. Let Q(A\) = My, xpn — (A2As + MNA;1 + Ag) with nonnegative matrices
Aj(j =0,1,2) and ps(r) < r for at least one positive r. Then Q(-) has a non-
negative right root; in this case Q(W) < r, B is a nonsingular M-matriz (i.e.,
is invertible with nonnegative inverse) and o(B~'Az) < 1/r. Moreover, W is a
spectral root of Q(-),

oc(W)=0(Q(-))ND, and {NeC:1/xe (B 145)} =a(Q(-)) N (C\D,).

Proof. Q(r) is invertible and Q(7)™! = (rIuxn — S(7)) ™! > 0,xn. Take a vector
v > 0, and define u = Q(r)~'v. Since Q(r)~! has at least one positive element in
each row, we get u > 0,, and Q(r)u > 0. Apply Proposition 2.3.

Further, Wu = (AsW?2 + A, W + Ag)u < S(r)u < ru. Thus S(r)u < tu for
some t < 7, but then u > 0,, implies Q(W) < t < r. Similarly (A2W + A)u <
(1/r)S(r)u < u, and this implies o(AsW + A1) < 1. Therefore B = I,xp —
A; — A;W is invertible and has a nonnegative inverse. From (3.2) it follows that
(Inxn — B A2)u = B7'Q(r)(rluxn — W)™ 'u > (1/r)B7'Q(r)u > 0,, and
we get o(B~1Ay) < 1/r (see [3, (1.11), p. 28]). Since the spectrum of the linear
polynomial B — -Ay is equal to the set {\ € C : 1/A € o(B~'4,)}, and the

factorization of Q() implies
o[Q()] = o(W)a(B — -As),
the last assertions follow immediately. O

Proposition 3.5. Let Q(-) be as in Theorem 3.4 and let r > 0. Then there exist nxn
matrices W and B such that Q(-) admits a factorization (3.2), W is nonnegative,
o(W) < r, B is a nonsingular M-matriz and o(B~1As) < 1/r if and only if
os(r) < r.

Moreover, if matrices W and B with the properties above exist, then W = 474
and B = B.

Proof. For the “if”-part see Theorem 3.4. Further, if W and B with these proper-
ties exist, then from (3.2) we obtain that the Z-matrix rl,x, — S(r) is invertible
and its inverse is nonnegative. This implies pg(r) < 7, see [3, (Nsg), p. 137]. Since

o(W)=0(Q())ND, =c(W), and W and W are spectral roots of Q(-), they are
equal by [15, Lemma 22.8]. O

The following example shows that matrix polynomials of the type above can
have different nonnegative roots:
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Example 3.6. The polynomial

A Cp—(1—p)A2
Q(/\):<_q_(1_q))\2 P A b )a

where p, ¢ €]0, 1], has the nonnegative roots

(10) ma (galne "7 )

The first one is the minimal nonnegative root if (1 —p)(1—¢) < pg, and the second
one is the minimal nonnegative root if (1 — p)(1 — ¢q) > pgq.

Let p = q # 1/2. Then gg(r) = p+ (1 — p)r?. Therefore g5(r) = r if and only
ifr=1orr=p(1-p)~ !, and pg(r) < r if r lies between 1 and p(1 —p)~! .

4. The irreducible case

For the notion of an irreducible matrix we refer to [12, §6.2]. For 0 < r < t we

have
2 2

T t
Onxn < 1, SE) < S() < SE) <,

S(r).

Therefore, S(r) is irreducible for one positive r if and only if S(r) is irreducible for
all positive r. In this section of the paper we always assume that S(r) is irreducible
for all » > 0. In this case we say “S(-) is irreducible”.

From the Perron-Frobenius theory it follows that pg(r) is a simple eigenvalue
of S(r), i.e., the algebraic multiplicity of ps(r) as an eigenvalue of S(r) is one, and
there is a strictly positive eigenvector u, of S(r) to os(r).

Denoting (not necessarily orthogonal) direct sum by @, we have

ker(QS(T)Inxn - S(T)) @ ran(QS(T)IHXn - S(T)) =C"
and the spectral projection P(r) of S(r) to o(S(r)) [which is the projection of C™
onto ker(os(r)Inxn — S(r)) along ran(os(r)Inxn — S(r))] is strictly positive (i.e.,
all elements of P(r) are positive), and has rank 1.
The analytic perturbation theory of eigenvalues (see [2, p. 93, 113, 144],
[14, II-1, 2]) shows:
The maps
0s :]0,00[— Ry with 7+ p(S(r)) and
P :1]0,00[— C™" with r+— P(r)

are real analytic. Therefore, keeping in mind the log-log-convexity of og(-), Propo-
sition 2.4 implies immediately

Proposition 4.1. Let S(-) be irreducible. Then either os(r) = r for all nonnegative
T or there are al most two positive r with og(r) = 7.
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For uw > 0, and r > 0 the vector P(r)u is a strictly positive eigenvector of
S(r) corresponding to its spectral radius og(r), and PT(r)u is a strictly positive
eigenvector of ST(r) to pg(r); here T denotes matrix transposition.

A simple calculation shows that the first derivative of pg(-) is given by

() = (S (r)P(r)u, PT(r)v)
ST (P, PT(r)
For a proof consider the identity

(0s(r)P(r)u, PT (r)v) = <S(7")P(7")u,PT(7“)v> (r > 0),

for >0, u>0, and v>0,. (4.1)

and take the derivatives with respect to r.

Proposition 4.2. Let Q(A) = My, xpn — (A2 Aa +NA; + Ag) with nonnegative matrices
A; (7 =0,1,2) such that S(-) is irreducible.

(I) Let Q(r)u = 0, for some r > 0 and v > 0,. Then r = pg(r),u > 0, and
ker(Q(r)) = span{u}.
(IT) Let Q(r&)z =0, for some r with og(r) =r > 0,|{| =1 . Then Q(r)|z| = 0y;
therefore |z| € ker(Q(r)) and x # 0, implies || > 0,.
(IIT) dimker(Q(r§)) <1 forr = pg(r) >0 and || = 1.

Proof. (I) Q(r)u = 0,, means that r is an eigenvalue of S(r) and u is a correspond-
ing eigenvector. S(r) irreducible and u > 0,, imply r = pg(r) and u > 0,, [16,
1-1.3].

(II) Q(r§)x =0, implies rlz| = |S(r&)z| < S(r)|z|. Since S(r) is irreducible
and r = gg(r), we have S(r)|z| = r|z|, see [16, p. 12].

(III) Let = and y be nonzero vectors in ker(Q(rf)). By (II), they have only
nonzero components. Denote by x7 and y; their first components, respectively.
Then y12 — 21y is a vector in ker(Q(r€)) with 0 as its first component. By (II),
this implies y1& — z1y is zero. Therefore two or more vectors in ker(Q(r¢)) are
linearly dependent. O

We will characterize the number of eigenvalues of Q(-) on T, for r = pg(r) > 0
in a similar way as it is known for the number of peripheral eigenvalues of an
irreducible matrix. We use some graph theoretical concepts used in [6, §4] to study
the spectral properties of M/G/1 Markov chains.

We consider the infinite graph G(Ag]A1[A2) = G = (V, E) with the set of
vertices and edges

V={(Up |1<j<n,peZ} and
E= {((jap)v (kaQ)) ‘ At(],k) >0 where t =1 —+ q —p}, respectively.

Here A:(j,k) denotes the entry in the jth row and the kth column of the n x n
matrix A;. In our case we set Ay = 0,4, for t € Z\{0,1,2}. This graph has as
adjacency matrix a doubly infinite block Toeplitz matrix with A; on its main
diagonal.
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According to [6] (and others) we call j the phase and p the level of (j,p) € V.

For a path in G with vertices (j.,pr), r=1,...,s+1

Y (pri1—pr) =) (t-—1) where Ay, (jr, jrs1) > 0

r=1 r=1
is called the level displacement of the path. Such a path is called a phase cycle if
Jj1 = Js+1. Let now S(1) = Ag + A1 + As be irreducible. Then for j,k € (n) =
{1,...,n} with j # k there exist s,j1,...,js+1 € (n) and t1,...,¢s11 € {0,1,2}
such that

j1 =17, j3+1:]€ and Atr(jr,jr+1)>0 fOI“’I“Zl,...,S.
Thus for (j,p) and (k,q) in V exists a path in G from (j,p) to (k,q) with level
displacement Z (t, —1).
r=1

Example 4.3. Let

0 0 0 1
A0:<1 O)a A1:071,><7L ) A2:<0 O)

Then the level displacements of all phase cycles in G(Ag]A1[A2) are zero.

The index of phase imprimitivity of G is defined as the g.c.d. (greatest com-
mon divisor) of the level displacements of all phase cycles in Gj; if the level dis-
placements of all phase cycles in G are zero, its index of phase imprimitivity is 0,
by definition. All these concepts are in a natural correspondence to those for the
standard case Q(\) = Al xn — Ap; for example, the level displacement of a path
in G(Ap]0nxn[Onxn) is (up to its sign) equal to the length of the corresponding
path in the adjacency graph of Ag.

Lemma 4.4. Let Ag + Ay + As be irreducible, and d be the index of phase im-
primitivity of the graph G(Ag|A1[Asz). For j € (n) let d; be the g.c.d. of the level
displacements of all cycles of G through j. Then d; = d.

The proof of this lemma (cf. [6, Proposition 14]) goes in exactly the same
way as in the standard case, see [16, Lemma IV-3.1].

Proposition 4.5. Let Q(-) satisfy the main assumption of Proposition 4.2, and let
d be the index of phase imprimitivity of the graph G(Ao]|A1[As). Then for allr >0
with os(r) = r the following statements hold.
(I) d =0 is equivalent to T, C o(Q(-)) (which is equivalent to o(Q(-)) = C).
(I) Let d # 0. Then for 6 € [0,2x] the complex number re'® is an eigenvalue of
Q) if and only if 0 € {0, 2;,2~ 2;,...,(0!— 1)2;}.

Proof. Let gs(r) = r > 0 and let u > 0,, such that Q(r)u = 0,,. For x € C",x # 0,
and & with || =1 and Q(r§)x = 0,, it follows from Proposition 4.2 that |z| = Tu
for some 7 > 0.
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Therefore all components x; of x are nonzero, j =1,...,n. It follows that
€ U, )
Pt e A, k) # O (4.2)
Ty Uk

indeed, from réx = S(r{)z it follows that

n 2
Ty . t—1 Uk t—1Tk
Do () ().

k=1 t=0
Now ru = S(r)u implies for j =1,2,...,n
n 2 u
1= i k)t R
>0 Akt
k=1t=0 J
Therefore 7 is a convex combination of §t*1xk,k =1,...n. Then §t*1xk =
U j Uk Uk
Tkl — 7 > 0 for k = 1,...,n imply i _ ft_lxk if A¢(j,k) # 0, and (4.2) is
Uk U, UL
proved.

Let ((ji, )it} be a phase cycle in the graph G(Ag]A1[A2) with level dis-

placement d = _ (t; — 1) where Ay, (ji, jiz1) > 0 for [ = 1,...s. Then, by (4.2),
=1
63_ Ljy . gt,flsz-u _ Ugjy - Ugyiy -1

= b
Ly Ujy

Tier1 10 Wistr 1

where j1 = jsi1-

If T, C o(Q(+)), the last equation implies that fa =1 for all £ € Ty, and we
obtain d = 0. Therefore the level displacements of all phase cycles in G are zero,
ie,d=0.

If d > 0 the equation implies that ¢4 = 1, i.e., = € with 6 € {0,%,...,
(d-1)%

Now let £ € T;. We set z1 = uy and

2= 7 s i Ay k) # 0
j
where 1 < k,j < n.

In the first case all x for £k = 1,...,n are well defined (i.e., they do not
depend on t); indeed the irreducibility of S(1) and d = 0 imply that t = ¢ if
A(j, k) > 0 and A;(j, k) > 0. In the second case they are well defined if ¢4 = 1,
since S(1) is irreducible and d divides t — ¢ if A;(j,k) > 0 and A;(j,k) > 0.

n 2

n 2
Now S°N" A, k) (re) ™* = A k)™ = réfor j = 1,...n,
k=1 t=0 L k=1 t=0 U
i.e., réx = S(r€)x. Therefore r€ € o(Q(")). 0
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Proposition 4.6. Under the main assumptions of Proposition 4.2 the following
statements hold:

(I) Q(-) has a nonnegative root with positive spectral radius if and only if pos(r) =
r for some positive r.

(IT) Let W be a nonnegative (right) root of Q(-) with r = o(W) > 0. Then r =
0s(r), ker(rlyxn — W) = ker(Q(r)) = span{u} for some u>> 0, and W has
(algebraically) simple peripheral eigenvalues. If B (for B see equation (3.2)) is
a nonsingular M -matriz, then B~1 Ay has also simple peripheral eigenvalues.

(IIT) Let W be a nonnegative root of Q(-). Then W is irreducible or it has zero
columns.
(IV) Let Q(-) have a nonnegative root. Then

o(W) = min{r > 0| o5(r) = r} =: 7,
a(W) = a(Q(+)) N Dy,
where W denotes the minimal nonnegative root of Q(-).

Proof. (I) If W is a nonnegative root of Q(-) and r = g(W) > 0, then there exists
an eigenvector u > 0, x, of W corresponding to r. This implies Q(r)u = 0,,, what
is equivalent to ru = S(r)u, i.e., r is a distinguished eigenvalue of S(r). Now S(r)
is irreducible therefore pg(r) = r. If pg(r) = r > 0 the irreducibility of S(r) implies
that there exists a strictly positive u with Q(r)u = ru — S(r)u = 0,, and we can
apply Proposition 3.2.
(IT) Clearly {0,} # ker(rl,xn — W) C ker(Q(r)) = ker(rlhx, — S(r)). Since
r = o(W) and W is nonnegative, W has a nonnegative eigenvector u corresponding
to r. The last inclusion shows that r is a distinguished eigenvalue of S(r). The
matrix S(r) is irreducible, therefore r = pg(r), u > 0, and ker(rl,x, — W) =
ker(rlpxn — S(r)) = span{u}. Now W has a strictly positive Perron vector from
a 1-dimensional eigenspace, and this implies that its peripheral eigenvalues are
simple, see [17, Ex.8(a), p. 43] , [18, Cor. 3.5] . If B is a nonsingular M-matrix, its
inverse is nonnegative, and

Q"(A) = Mpxn = WHABT (A" = (4,B™1)T) forall X #£0. (4.3)
We can apply similar arguments as above to prove that the peripheral eigenvalue
of (A2B71)T (and then of B~1A; and Ay B~1) are simple.
(IIT) Assume that W is a nonnegative root of Q(-) which has no zero column and

is reducible. Then there exists a nonzero and irreducible ny X no matrix Wss with
1 < ng < n such that W is cogredient to the block matrix

Wii 0
War Waa |’
i.e., there exists an n x n permutation matrix P such that PW PT is this block

matrix. Let for j =0,1,2

pA.PT — [Ajll A; 12]
;PT =

Ajor Ajo



158 K.-H. Forster and B. Nagy

where Aj oo is an ma x ng matrix. We will show that Aj12 = 0 for j = 0,1,2.
Then S(1)12 = Az 12 + A1 12 + Ap12 = 0, thus S(1) is reducible; we got a con-
tradiction. Note that W = S(W) implies (A2W?2)12 + (A1 W )12 + Ag12 = 0. In
this sum all summands are nonnegative matrices, thus Ag12 = 0,(A1W)12 =0
and (A2W2)12 = 0. Now 0 = (A1W)12 = A1 12W22 and W22 irreducible imply
Ay 12 = 0. (A3W?)15 = 0 implies (Ag)1oW/ET =0 for h =1,2,.... By [16, Prob-
lem 8, p. 66] there exists a h such that Zj5 " is irreducible, therefore we obtain
ﬁnally A2 12 = 0.

(IV) The first equality follows from the first part of this proposition, the second
follows from Proposition 2.3. O

Example 4.7.
(a) If Ag = 0y,xn, then necessarily W = 0.

(b) Let
an=(4 7).

Then S(-) is irreducible, and

(10)

is a root of Q(+) for all & and f. Clearly, its minimal nonnegative root has a
zero column, but is not the zero matrix.

Proposition 4.8. Under the main assumption of Proposition 4.2 the following state-
ments hold:

(I) Let os(r) = r > 0. Then (detQ) (r) = 0 is equivalent to og(r) = 1,
(det Q)'(r) > 0 is equivalent to os(r) < 1, and (detQ)'(r) < 0 is equiva-
lent to o's(r) > 1.

(IT) Let ps(r) = r > 0 and ¢(r) = 1. Then (det Q)" (r) # 0 is equivalent to
04(r) # 0.

Proof. Since S(+) is irreducible, the function gg is differentiable for all positive r
and adj(os(r)—S(r)) > 0, see [16, Corollary 4.1, p. 16]. Therefore trace(adj(os(r)—
S(r))) > 0, and both statements follow from Proposition 2.7 (see also [6] and [8,
p. 544]). O

Proposition 4.9. Let Q(-) satisfy the main assumption of Proposition 4.2, and let
os(r) =r.
(I) If o's(r) # 1, then the eigenvalues of Q(-) on T, are simple; i.e., their geo-
metric and algebraic multiplicities are 1.
(IT) If o5(r) = 1, then either ps(t) =t for all t > 0 or pg(t) >t for all positive
t # r; in the second case 04(r) > 0, and the eigenvalues of Q(-) on T, have
geometric multiplicity 1 and algebraic multiplicity 2.
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Proof. In case (I) there are positive ¢ near r such that gs(t) < t. Therefore, by
Theorem 3.4, we obtain that Q(-) has a minimal nonnegative root W, and

Q) = (B = AA3)Mpxn — W) forall XeC, (4.4)

where B has a nonnegative inverse.

Let o/s(r) < 1. Then, by Proposition 2.3 (IT), o(W) = r and o(B~'4,) < 1/r.
By Proposition 4.6 (II), the peripheral eigenvalues of W are simple. This, equation
(4.4) and o(B~'A,) < 1/r prove the assertion.

Let ¢s(r) > 1. Then o(W) < r and o(B~'A3) = 1/r. A similar argument as
in the case above gives the assertion. The proof of case (I) is complete.

Let ¢5(r) = 1 and not pg(t) =t for all ¢ > 0. Set u = log(r). For the convex
function ng(-) from (2.1) we obtain ns(u) = u and (ns)’(u) = 1. Since ns(:) is
convex and not ng(v) = v for all real v, we obtain ng(v) > v for all real v # u,
that is equivalent to the first assertion in (II).

For 0 < 7 < 1 we define Q,(\) := Alpxn — 7S(A). For Q-(-) we are in the
situation of Theorem 3.4. Therefore

Q-(\) = (B; = AMA2)Alpsn —W,) forall AeC and
B‘r =Inxn _TAI _TA2WT7 BTWT :’7'1407

where W, denotes the smallest nonnegative root of QT( ). From Proposition 4.6 we
know that Q(- ) has a (smallest) nonnegative root 1. By applying the fixed point
iteration for W with initial matrix 0, xy, it follows easily that VVT1 < VVT2 < 1474
when 0 < 7y < 75 < 1. Therefore the limit of W, exists, when 7 goes to 1. Using
equation (3.1), it follows that this limit is a nonnegative root of Q(-) which is less
than or equal to W, but then it coincides with . From equation (3.3) we obtain
that B is the limit of B,, when 7 goes to 1.

We will show that B is a nonsingular M-matrix. First we show that B is
nonsingular. o(Q(-)) # C, by Proposition 2.4. Therefore o(B — - A3) # C. Now
o(B; —- 7A2) N D, = ( for all 7 €]0, 1[, therefore o(B —- Ay) D, = 0. Thus
0 ¢ o(B, —- 7A3) and B is invertible. B, has a nonnegative inverse, therefore the
inverse of B is nonnegative and it is a nonsingular M-matrix, since it is a Z-matrix.

The log-log-convexity of pg(-) and the assumptions that ¢x(r) = 1 and
0s(t) > t for r # t > 0 imply that there exists a positive 71 < 1 such that
for every 7 satisfying 71 < 7 < 1 there are exactly two positive numbers 7,1, 772
with the property that os(r, ;) = ry; for j = 1,2 and r,1 < r < ry2. It is not
hard to see that both 7 ; converge to » when 7 goes to 1.

Let d denote the index of phase imprimitivity of G(Ag]A1[Az2), which is
nonzero by our assumptions, see Proposition 4.5. Since we have G(A4p]A1[A2) =
G(TAp)TA1 [TAQ) by the proof of the second part of this proposition, the polynomi-
als -Ip,xn — W, and B, — - 7As have their eigenvalues for 6 € {0, 2J,2 o (d—
1)2;} exactly at TT,lew and rTgew respectively. When 7 goes to 1, thlb 1mplies
that the polynomials Q(+), -Lnxn — W and B — - Ay have their eigenvalues exactly
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at re’ for 0 € {0, 2; 2 2” o (d—- 1)25}. By Proposition 4.6 (II), they are sim-
ple for the last two polynomlals. Therefore (det Q)(re?) = (det Q) (re??) = 0 and
(det Q)" (re?) = 2 x det(-Iyxn, — W) (re?) x det(B — - As)'(re’?) # 0, i.e., these
eigenvalues are of algebraic multiplicity 2 for Q(-). By Proposition 4.9 (I), they
are of geometric multiplicity 1. From Proposition 4.8 (II) we obtain g% (r) # 0 and

the log-log-convexity of pg(-) implies % (r) > 0. O

We have made all the needed preparations in order to prove the main result
of Section 4.

Theorem 4.10. Let Q(A\) = A, xpn — (A2 A + AA; + Ag) with nonnegative matrices
Aj, 7 =0,1,2, such that S(-) is irreducible, and let d be the index of phase imprim-
itivity of the graph G(Ag)A1[As). Then, recalling the minimal nonnegative root W
of Q(-) and the matriz B in (3.2), ezactly one of the following eight cases holds.

(I) os(r) > r for all v > 0. Then Q(-) has no nonnegative root.

(I1) os(r) > for all v > 0 and ps(0) = 0. Then either Q(-) has no nonnegative
root or B is not a reqular M -matriz.

(IIT) There exists exactly one r > 0 with ps(r) = r and ¢'s(r) < 1. Then Q(-) has a
nonnegative root, o(W) =r, B is a nonsingular M -matriz and o(B~'Ay) =
0; Q(-) has n — d eigenvalues (counting multiplicities) in D,., d eigenvalues
of algebraic multiplicity 1 on T, at the dth roots of r® and n eigenvalues at
oo (counting multiplicities).

(IV) There exists exactly one r > 0 with ps(r) = r and ¢'s(r) > 1. Then Q(-) has a
nonnegative root, o(W) = 0, B is a nonsingular M-matriz and o(B~'Ay) =
1/r; Q(-) has 0 as eigenvalue of multiplicity n, d eigenvalues of algebraic
multiplicity 1 on T, at the dth roots of r® and n — d eigenvalues (including
oo and counting multiplicities) outside D,..

(V) There exist exactly two numbers ro > r1 > 0 with og(r;) = r; for j =1,2.
Then Q(-) has a nonnegative root, Q(W) =11, B is a nonsingular M-matriz
and o(B~'A) = 1/ry; Q(-) has n — d eigenvalues (counting multiplicities)
in D, ,d simple eigenvalues on T,, and on T,, at the dth roots of r¢ and 14,
respectively, and n — d eigenvalues (including oo and counting multiplicities)
outside D, .

(VI) There exists exactly one r > 0 with pog(r) = r and ¢'s(r) = 1. Then Q(-) has a
nonnegative root, o(W) = r, B is a nonsingular M-matriz, o(B~'Ay) = 1/r
and 0%(r) > 0; Q(-) has n — d eigenvalues (counting multiplicities) in Dy,
and d eigenvalues of geometric multiplicity 1 and algebraic multiplicity 2 on
T, at the dth roots of % and n — d eigenvalues (including oo and counting
multiplicities) outside D,.
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(VIT) os(r) <r for allr > 0. Then Q(-) has a nonnegative root, Q(W) =0,Bisa
nonsingular M -matriz and o(B~1A3) = 0; Q(-) has 0 and oo as eigenvalues
both of multiplicity n.

(VIL) og(r) =7 for all v > 0. Then Q(-) has a nonnegative root and B — XAy is
not invertible for all A € C; o(Q(-)) = C.

Proof. (I) From pg(r) > r for all r > 0 and Proposition 4.6 (I) it follows that
Q() can have only nilpotent nonnegative roots. If we assume that such a root
W exists, then Ay < W by equation (3.1). Therefore we obtain the contradiction
0= o(W) > o(Ao) = 05(0) > 0.

(I) If we assume that Q(-) has a nonnegative root then, by Proposition 4.6 (I),
it is nilpotent, therefore W s nilpotent. Assume that Bis a nonsingular M-
matrix. Then o(B~'Ay) = 0, otherwise og(r) = pgr(r) = r for r = 1/0(B~' As).
Therefore Q(r) is invertible for all positive r; now gg(r) > r implies that its inverse
is not nonnegative, since it is a Z-matrix. From Q(r)™! = (rLyxn — W)’l(fnxn —
rB~1A5)" 1B it follows that Q(r)~! is nonnegative for small positive r. This is
a contradiction.

(III) From Proposition 4.6 (I) it follows that Q(-) has a nonnegative root, o(W) =
r, B is a nonsingular M-matrix and o(B~'Ay) < 1/r. Therefore B — tAj is in-
vertible for all ¢ € [0,r]. For ¢ > r we have pg(t) < ¢, since r is the only positive
number with pg(t) = ¢ and pg(-) is continuous. Then Q(t) and therefore B — tA,
are invertible for ¢ > r. Now B — tA, is invertible for all nonnegative t, this is
equivalent to o(B~!Ay) = 0. The assertions on the eigenvalues of Q(-) follow from

Propositions 2.3, 4.5 and 4.9 (I).

(IV) We have pg(t) < ¢ for all t €]0,r[ since r is the only positive ¢ with pg(t) =t
and gg(-) is continuous. Therefore o(W) = 0, by Theorem 3.4. B is a nonsingular
M-matrix (see the proof of Proposition 4.9 (I)), and necessarily o(B~'A43) = 1/r.
The assertions on the eigenvalues of Q(-) follow from Propositions 2.3, 4.5 and
4.9 (I).

(V) We have gs(t) < t for ¢ €]r1,r2[, by Proposition 2.4 (II). From Theorem 3.4
it follows that W and B exist, further o(W) < r1 and o(B~'Ay) < 1/ry. Since
and ro are eigenvalues of Q(-) we have equality in the last two inequalities. The
further assertions on the eigenvalues of Q(+) follow from Propositions 2.3, 4.5 and
4.9 (I).

(VI) The assertions follow immediately from the proof of Proposition 4.9 (IT) and
from Propositions 4.5 and 2.3.

(VII) The assertions follow immediately from Theorem 3.4.

(VIII) For a proof see Proposition 4.1 and Proposition 2.4. O
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Example 4.11. We will show by examples that in case (II) both possibilities can
oceur.

(a) Let S(\) = AN2As + Al xn, where Ay > 0, is irreducible. Then
Q()‘) = _)\2142 = (Onxn - A142)(A1n><n - 071,><n)7
0s(r) = r +120(A2) > r for r > 0, and Q(-) has the minimal nonnegative

root O, xn, but B= 0, xr 1S not invertible.
(b) Consider Example 2.5. It is not difficult to see that for p > 4/27 we have
0s(r) > r for r > 0 . We will show that () has no nonnegative root. Assume

that W is a nonnegative root of Q(-). Then it is nonzero and nilpotent.

Therefore
0 0 0 w
W = ( w 0 ), or W= ( 0 0 )

with w > 0. In both cases, from

BW:AO:(g (1))

we obtain a contradiction.
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On Operator Representations of
Locally Definitizable Functions

Peter Jonas

Abstract. Let 2 be some domain in C symmetric with respect to the real
axis and such that Q@ N R # @ and the intersections of  with the upper and
lower open half-planes are simply connected. We study the class of piecewise
meromorphic R-symmetric operator functions G in © \ R such that for any
subdomain Q' of  with Q' C Q, G restricted to Q' can be written as a sum
of a definitizable and a (in ") holomorphic operator function. As in the case
of a definitizable operator function, for such a function G we define intervals
A C RN of positive and negative type as well as some “local” inner products
associated with intervals A C RN Q.

Representations of G with the help of linear operators and relations
are studied, and it is proved that there is a representing locally definitizable
selfadjoint relation A in a Krein space which locally exactly reflects the sign
properties of G: The ranks of positivity and negativity of the spectral sub-
spaces of A coincide with the numbers of positive and negative squares of the
“local” inner products corresponding to G.

Mathematics Subject Classification (2000). 47 B 50, 47 A 56, 47 A 60.

Keywords. definitizable operator functions, generalized Nevanlinna functions,
selfadjoint and unitary operators in Krein spaces, locally definitizable opera-
tors, spectral points of positive and negative type.

1. Introduction

Let (H,[,-]) be a separable Krein space and let £(H) denote the algebra of
bounded linear operators in H. Recall that a piecewise meromorphic £(H)-valued
function G in C\ R symmetric with respect to R (that is, G(z) = G(z)* for
all points z of holomorphy of G; “ T ” denotes the Krein space adjoint) is called
definitizable if there exists an R-symmetric scalar rational function r such that the

This work was supported by the Hochschul- und Wissenschaftsprogramm des Bundes und der
Léander of Germany.
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product rG is the sum of a Nevanlinna function N and an £(H)-valued rational
function P with the poles of P being points of holomorphy of G:

r(2)G(z) = N(z) + P(z)

for all points z € C\ R of holomorphy of rG. A rational operator function is
by definition a meromorphic operator function in C ([5]). The classes Ni(L(H)),
k = 0,1,..., of generalized Nevanlinna operator functions, introduced and first
studied by M.G. Krein and H. Langer, are contained in the set of the definitizable
operator functions ([4], [5]).

By [5, Proposition 3.3] an R-symmetric piecewise meromorphic £(H)-valued
function G in C \ R is definitizable if and only if it has no more than a finite
number of nonreal poles, the order of growth of G near R is finite (see Section
2.1) and there is a finite (possibly empty) subset e of R such that every connected
component of R\ e is of definite type with respect to G (see Definition 2.5). We
can use this characterization of definitizability of operator functions to introduce
a local variant of this notion ([6, Definition 4.1], see Definition 2.9 below), that is,
we define, in a natural way, operator functions definitizable in some domain €2. In
the same way as for definitizable operator functions open subsets of R of type 7
and m_ can be defined, which gives a localization of the characteristic properties
of the generalized Nevanlinna functions (Section 2.3).

Let, in the following, €2 be a domain in C which is symmetric with respect
to R, such that QN R # 0, and QN CT and QN C™~ are simply connected. Here
C* and C~ denote the open upper and the open lower half planes, respectively.
An operator function G is definitizable in Q if and only if for every domain
with the same properties as €0, and with Q c Q, the restriction of G to €’ can
be written as a sum of a definitizable operator function and an operator function
holomorphic in €’ (see Proposition 2.10).

The main objective of the present paper are representations of operator func-
tions definitizable in €2 with the help of selfadjoint operators or selfadjoint relations
definitizable in Q (Section 3). We consider representations of the form studied in
[3] for generalized Nevanlinna functions and in [5] for definitizable functions. A
local variant of the notion of minimality of a representation is introduced (Defi-
nition 3.2). If a representation of an operator function G is locally minimal, then
the local “sign properties” of G (including multiplicities) are exactly reflected by
the local “sign properties” of the representing relation. Moreover, if A; and A, are
two locally minimal locally definitizable representing relations for G, results from
[5] on the “local unitary equivalence” of A; and Aj for the case of a definitizable
G remain true in our more general situation.

In Section 3.2 we shall show that for every domain Q' with the same prop-
erties as 2, and with Q' C €, there exists a locally minimal representation of
the restriction of G to Q' with the help of some selfadjoint relation A in a Krein
space which is definitizable over . This will be proved with the help of a variant
of T. Ya. Azizov’s theorem on the representation of operator functions (Theorem
3.7): there exists a minimal representing selfadjoint relation with spectrum outside
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of an arbitrarily chosen compact subset of the set of holomorphy of the operator
function.

By a linear fractional transformation of the independent variable and by
making use of the corresponding Cayley transformation all definitions and results
mentioned above can be carried over to similar definitions and equivalent results
for operator functions skew-symmetric with respect to the unit circle T. It is often
convenient to give the proofs in the T-skew-symmetric situation. Therefore, we
shall formulate all definitions and most of the results for both situations.

2. Locally definitizable operator functions

2.1. Preliminaries on R-symmetric and T-skew-symmetric operator functions
For every subset M of C we set M* := {A: A€ M} and M := {A"': A e M}.
For a scalar function f defined on a set M C C with M = M* (M = M) we
set f*(\) := f(A) (resp. f(A) := f(A~1)). If the values of f are bounded linear
operators in a Krein space H we set f*(\) := f(A\)* (resp. f(A) := fF(A"1)).

Let, in this and the following sections, €2 be a domain in C with the properties
mentioned in the introduction. Let A\ € QN CT,

P = =N =X)A =)t 9(2) = (Noz+ Xo)(z+ 1)L

Then ¢ o ¢ = id and ¥ (R) = T. The domain () is symmetric with respect to
T, () N'T is not empty, 0,00 € (), and ¥(Q) N D and ¥(Q) N D are simply
connected domains of C. Here D denotes the open unit disc.

Let G be an L(H)-valued meromorphic function in Q\ R, G = G*, such that
no point of 2N R is an accumulation point of nonreal poles of G. Let i be a point
of QN R such that G can be continued analytically in u from QN C™T and (hence,
also) from 2 N C~ and these analytic continuations coincide. In the following we
will tacitly assume that G is defined also in these points u, and by a “point of
holomorphy” of G we will understand either a point of holomorphy of G in Q \ R
or a point u € QN R with the property just mentioned.

If M is a closed subset of C and X is a Banach space, the linear space of
all locally holomorphic functions on M with values in X equipped with the usual
topology (see [7, Section 27.4]) will be denoted by H(M,X). We set H(M) :=
H(M,C).

Assume that \g € QN CT is a point of holomorphy of G. Let OF be a
bounded C'*°-domain (not necessarily simply connected) with Ot C QN C™ and
Ao € O7 such that G is locally holomorphic on O+. Then by G = G*, G is also
locally holomorphic on O~, O~ := (OT)*. For every g € H(C\ (Ot UO7)) we
define

Sg.g = —2i (Im \g) /C GN)gN A = Xo) 1A = Xo) " Ha, (2.1)
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where C = 00T UOO~ T. Evidently, for every function g locally holomorphic on
(C\ Q) UR U {poles of G}

we may find some domain OF as above and such that g € H(C\ (Ot UO7)).
Then the operator Sg.g is defined, and it does not depend on the choice of O7.
S¢ is a continuous linear mapping of H((C\ Q) UR U {poles of G}) into L(H). It
is easy to see that Sg.g* = (Sg.g)™.

It is not difficult to find some right inverse of the mapping G — Sg: Let
o9 = og be a countable subset of 2\ R which has no accumulation points in €,
Ao & 00, and let S be a continuous linear mapping of H((C\ Q) URUoy) in L(H)
such that

S.g*=(S.g9)t forall ge H(C\Q)URUoay)

(or, equivalently, S.g is selfadjoint for g = g* € H((C\ Q) UR U 0y)) and S is of
finite order at every point pg of og. That is, the restriction of S to the subspace
of all functions g € H((C \ 2) UR U 0gg) which are zero in some neighborhood of
((C\Q)URUap) \ {o} has the form g — Zﬁ:o A,g™ (o) where A, € L(H),
v=20,---,k, for some k € N. We denote the linear space of these mappings by
O(,RU0¢; L(H)). If G is as above then S belongs to this space where oy is the
set of poles of G in Q@ \ R. For S € ®(Q, R U 0¢; L(H)) we define

Ggs(A):=S.gn where
gx(w) == (47) "1 (Im Ao) "H(A = Re Ao + (A — Xo) (A — Xo)(w — A)7h).
The function Gg fulfils the general assumptions on the operator functions G con-
sidered in this section. It is not difficult to verify that
Sas = S.

If G is as at the beginning of this section, then
1
G = 5 (G(h) +G(Ao)") = Sa - gr(= G5 (V)
for all points A\ of holomorphy of G in 2\ R.

As in [5, Section 3] besides the operator-valued functional Sg we consider a
form-valued functional Sg(-,-). Let OF, O~, C and g be as in the definition of S¢,
and let u, v be H-valued functions locally holomorphic on C\ (O U O7), that is
u,v € H(C\ (0" UO7), H). Then we set

Sa(u,v).g := —2i (Im Ag) /C[G()\)u()\),v()\)}g(/\)(/\ —20) 7t = Xo)THdA. (2.2)

This defines S¢(+,).(+) for all (H-valued and scalar, respectively) functions locally
holomorphic on H((C \ Q) UR U {poles of G}). If g = g*, the sesquilinear form
(u,v) — Sg(u,v).g is hermitian.

Let F be a L(H)-valued meromorphic function in (2 \R) = ¢(Q2) \ T which
is skew-symmetric with respect to the unit circle T: F = —F. Assume that no

T In the definition of Sg in [6], relation (3.8), a minus sign is missing.
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point of ¥(Q)N'T is an accumulation point of non-unimodular poles of F' and that
F is holomorphic at 0 and co. Then
G:=iFov (2.3)

satisfies the assumptions mentioned at the beginning of this section. If O and
O~ are as above then for every f € H(C\ ¢(OT UO™)) we define

Tp. f:= F(2)f(2)(iz) " tdz, (2.4)
¥(C)

where (C) = ¢ (O1) U (O~ ). Similarly to the definition of Sg, in this way
the operator Tr.f is defined for every function f which is locally holomorphic on
(C\ ¥(2)) UT U {poles of F}.

Below we will make use of some right inverse of the mapping F +— Tp: Let
To = 7p be a countable bounded subset of 1(2) \ T which has no accumulation
points in §2, and let T be a continuous linear mapping of H((C \ ¢(2)) UT U 79)
in £(H) such that

T.f=(T.f)T forall fe H((C\¥(Q)UTUT)

(or, equivalently, T.f is selfadjoint for all f = f € H((C\ 4(€)) UT U 1y)) and
T is of finite order at every point of 7p. The linear space of these mappings is
denoted by ®(¢(£2), T U7p; L(H)). If F is as above then Tx belongs to this space

where 79 is the set of all poles of F'in () \T. If T' € ®(¢(Q2), T Urp; L(H)) and
¢ e(Q)\ (T Urp) we define an operator function Fr by

Fr(¢):=T.h¢ where h¢(2):=@dr) ' (z+)(z—-0) "
Then Fr is meromorphic in ¥ (Q)\ T, the poles of Fr in ¥(2) \ T are contained
in 179 and we have Fp = —Fp. Moreover,
Tep = T. (2.5)
If F is as above then

F(2) — ) (F(0) = F(0)%) = Tr-ha(= Fr, (2)) (2.6)

for all points of holomorphy of F' in ¥(2) \ T.
If, again, the operator function F' is as above, f € H(C\ ¢¥(OT UO7)) and
p,qg € HC\Y(OTUO™), H), we define

Tr(p.g).f = /w o PP 6)a

If (2.3) holds then for all functions f, p, ¢ which are locally holomorphic on
(C\¥(R2)) UT U {poles of F} (scalar and with values in H, respectively) we have

Tp.f = Sa.(f o), (2.7)
Tr(uo ¢,vod).(god) =Sg(u,v).g. (2.8)
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Let A be an open subset of Q N R, and let m > 1. We shall say that the
order of growth of G near A is < m, if for every closed subset A’ of A there exists
a constant M and an open neighborhood U of A’ in C such that

IGOVI < M+ [AD*™ Im A~

for all A € U \ R. We do not exclude the case when Q@ = C and A = R.

Analogously, if I is an open subset of ¢(£2) N'T we shall say that the order of
growth of F nearT' is < m, if for every closed subset IV of I" there exists a constant
M and an rg € (0,1) such that

IF(re™®) || < ML —[r||7™
for all ¢®® € TV and r € [ro,1) U (1,75 ).

2.2. Extension of the functionals associated with G and F' and its consequences
Assume that the order of growth of G near A C QN R is < m. It is easy to verify
that this is equivalent to the fact that the order of growth of F' near ¢(A) is < m.

Let Ty be the union of a finite number of pairwise disjoint open arcs of T,
I'p # T, and let §p € (0,1) be such that for

Qo = {re® : e ey, r € (J0,1) U (1,55 )} (2.9)
the function F is locally holomorphic on Qg \ T'o.

We denote by D®)(C \ Qo,H), p nonnegative integer, the linear space of all
continuous H-valued functions f on C\ @ such that f is locally holomorphic on
C\(QOUFO) and the restriction f|T is a C? function. For D®)(C\Qy, C) we simply
write D) (C\ Q). We introduce a locally convex topology on D®)(C\ Qo, H):
Let €9, 0 < €9 < 1—14dg, be such that for 0 < € < ¢y every component of I'y contains
a point of

Te:={e® €Ty : dist (", T\ Tg) > ¢} C Ty,
and set
Qc:={re’®: e® e, re(do+e1)U(L(d + )™ H}

Let (e,) C (0,€0) be a decreasing null sequence and let D) be the subspace of

D®)(C\ Qo, H) of all f € DP)(C\ Qo,H) which can analytically be continued to
C\ (Qe, UT,) such that f is continuous on C\ (Qe, UT'¢,). Evidently, we have
D(p)(C \ Qo, H) =U,~; Di’. On the space DP we consider the norm

I£19 = sup {Hf(z)ll :2€C\(Q, UT.,)}
+ sup {||d‘g,f(ei@)H (e ey, 0<rv< p}, fe Dﬁlp).

(D, Hng,p)) is a Banach space. On the space D) (C \ Qo,H) we consider the
topology of the inductive limit of the spaces Dﬁf ), n = 1,2,.... One verifies as
in [7, §27, 4.(2)] that this topology is separated. By well-known properties of the
Abel-Poisson integral, H(C \ Qo) is dense in D®)(C\ Qo).

It was proved in [6, Theorem 3.1] that for Iy C ¥(A) and under the above
growth assumption on F', Tr is continuous on H(C \ Qo) with respect to the
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topology of D(™+1(C\ Qo). Therefore Tr can be extended by continuity to
DD (C\ Qo). By (2.7) Sg is continuous on H(C \ #(Qo)) with respect to the
topology in H(C\ ¢(Qp)) induced by the topology defined above and the mapping

H(C\ Qo) > fr—for e H(C\ $(Q))-

We extend S to all functions defined on C\ ¢(Qo) and belonging to the space
D(C\ Qo) otp = {forp: fe D™I(C\Qo)}:

Sa.(fod):=Te.f, feDMT(C\ Qo).

In particular, the extended functionals Tr and Sg are defined on all functions
f e DmH(C\ Q) and g € DD (C\ Qo) o ¥, respectively, such that f and
g are zero outside compact subsets of ¥(A) and A, respectively. In these cases,
for brevity, we shall write f € CF"*'(¥(A)) and g € C;*T(A). If we regard
R as a real-analytic manifold in the usual way, then the restriction of ¢ to R
is a real-analytic diffeomorphism of R onto T, and therefore the linear space
of the restrictions of the functions of CJ""'(A) to R coincides with the linear
space of the C™*1-functions g on R with supp g € A. If f € CS"H(t/J(A)) is a
real function, then it can be approximated in D™D (C\ Qo) by a sequence of
functions f, € H(C\ Qo) with f, = f,, hence, Tr.f is selfadjoint. Similarly, S¢.g
is selfadjoint for real functions g € Cj* 1 (A).
We will make use of the following proposition (cf. [4, Section 1.3]).

Proposition 2.1. Assume that the order of growth of G near to the open subset A
of QAN R is < m, and let Ay be the union of a finite number of pairwise disjoint
connected open subsets of A such that Ag C A. Then the following holds.

(i) G can be written as a sum
G=Gy+ G(O),

where Go and G oy are L(H)-valued meromorphic functions in Q\R,, Go = G
is locally holomorphic on C\ A, has growth of order < m + 2 near R, and
Gy = GZ‘O) 18 locally holomorphic on Ag.

(ii) F can be written as a sum

F = FO +F(0),

where Fy and Fgy are L(H)-valued meromorphic functions in 1 (2) \ T such
that Fy = —Ey is locally holomorphic on C\#(A), has growth of order < m~+2
near T, and Foy = —F{) is locally holomorphic on (Ao).

Proof. 1t is sufficient to prove assertion (ii). For every point z of holomorphy of F’
we have (see (2.6))

F(z) = Trh: +  (F(0) = F(0)")
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Let o € C""(4(A)) be real on T and equal to 1 on some neighborhood of 1(A).
We set

Folz) = Tp.ahs + ;(F(O) _ F0)Y) (2.10)

Let 79 denote the set of all poles of F in ¢)(2)\T. The operator Tr.af is selfadjoint
for every f = f € H((C\%(Q2))UTU7p). Then it is easy to see that the functional

alp: f—Tr.af

belongs to ®(4(Q), T U 1o; L(H)). Therefore, [y = —Fy. By the continuity prop-
erties of T, Fy is complex differentiable outside of the support of « and, hence,
locally holomorphic on C\ 9)(A). We define

F(O) (Z) = TF.(l - (X)hz.

Then F' = Fy+F|p). Since 1 —a is zero in some neighborhood of 1/(4A¢) we conclude
that Fgy is complex differentiable in some neighborhood (in C) of any point of
¥(Ao).

Let K be a compact subset of C\ {0}. Then by the definition of Fy and the
local C™*1-continuity of T there exist constants M and M’ such that z € K\ T
implies

dF
F, < Ms
IRl < dsw {]

S M/|1 _ |2Hm+2.

i©
k hz(e )

: @E[O,Qﬂ,kzO,...,m—i—l}

That is, the growth of Fj near T is of order < m + 2. O

Lemma 2.2. Assume that G, Go, F and Fy are as in Proposition 2.1. Then

Sq.g=1Sag,.g foral geCFT3(Ay), (2.11)

Tp.f =Tr,.f forall f€CPT(A)). (2.12)

Proof. If Ty := 9(Ag) and Qo is as in (2.9), then every f € C;"™(I'g) can be
approximated in Dg,m 3 for some n by a sequence (fi) of functions belonging

to H(C \ Qo). Then, if Fg) is as in Proposition 2.1, by the definition of T,
Tr,-f = limg—oc TR, - fr = 0, which implies the lemma. (]

Local growth properties of G and F' imply also local continuity properties of
the functionals Sq(-,-) and Tr(-, ) similar to those of S¢ and Tp.

Proposition 2.3. Assume that the order of growth of F' near to the open subset T’
of Y(Q)NT is < m. Let Ty be the union of a finite number of pairwise disjoint
open subarcs of T' such that To C T and let Qo be as in (2.9). Then

H(C\ Qo,H)* x H(C\ Qo) 3 (p,q, [) — Tr(p,q).f
is continuous with respect to the topology of (D™+3) (C\Qo, H))?x D™+3)(C\ Qo).
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Proof. Let O be a simply connected C*°-subdomain of D with the following
properties:

(i) 0€ 0, QeND C Of, Oy NT =T,.

(ii) F is holomorphic in O; and in all points of O] \ T.
Then there exists an 1o € (0,1) such that for all » € [rg,1), F' is holomorphic on
the closure of rOf = {rz : z € Of }. We define O, := rOf U (rOf)", r € [ro, 1].

Let Fy and F{g) be as in Proposition 2.1, (i), with ¢/(A) = T" and ¢(A¢) = To.

If p,g € HIC\ Qo,H), f € H(C\ Qop), then for sufficiently small 1 —r > 0 we
have

Tr(p,q)-f = o [F(2)p(2),a(z7 )] f(2)(iz) " dz

_ / Fo(2)p(2), gz~ DIf (2)(i2)~1dz

00,.

+/  Fp (), a1 () 32) s (2.13)
_ / [Fo(2)p(2), a(z ) () (i2) " d=

O(rDUr—1D)

F [ eI
9(01\TI'o)

Fj has growth of order < m+ 2 near T. Then by [4, Proposition 1.2] the first term
on the right-hand side of (2.13) is continuous on (C™*3(T, H))? x C™*+3(T). Since
the topologies of D(™+3)(C\ Qq, H) and D"+3)(C\ Q) are stronger than those
of (C™*3(T,H)) and C™+3(T), respectively, the first term on the right-hand side
of (2.13) is continuous with respect to the topology mentioned in the proposition.
As to the second term on the right-hand side of (2.13), there is a constant M such
that the absolute value of the second term can be estimated from above by
M sup{[[p(z)|l - z € C\ Qo} sup{lla(2)|| : = € C\ Qo}
x sup{|f(2)]: 2 € C\ Qo}.

This implies Proposition 2.3. ]

If the assumptions of Proposition 2.3 are fulfilled, by (2.8) a similar continuity
statement holds for S¢(+, ) and the topologies induced by the mapping f — fo1.
For the extended functional S¢(-,-) we have

Sa(po¢,qo).(fo¢):=Tr(p,q).f,
p,q € DHI(C\ Qo H),  feDI(C\ Qo). (2.14)
In the same way as in Lemma 2.2 and making use of (2.14) we verify the following.
Lemma 2.4. If F, Fy, G and Gq are as in Proposition 2.1, then
Tr(p.q)-f =Tk (p,q)-f
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for all p,q € C*2(1h(Ao), H), f € CJ T3 (W(Ag)), and
Sa(u,v).g = Sa,(u,v).g
for all u,v € C"3(Ag, H), g € CF3(Ay).

2.3. Open sets of positive and negative type with respect to an operator function

Let G and F be as in Sections 2.1 and 2.2. The following definitions of open sets
of positive and negative type with respect to the operator functions G and F' are
equivalent to those in [6, Definitions 3.7 and 3.9]. For these and further equivalent
descriptions of these sets see [6, Lemma 3.8 and Lemma 3.10].

Definition 2.5. An open subset A C QNR is said to be of positive type with respect
to G if for every x € H and every sequence (A,) of points of holomorphy of G in
2N C* which converges in C to a point of A we have

liminf Im [G(\,)z, x] > 0.

n—oo
An open subset A C 2N R is said to be of negative type with respect to G if A is
of positive type with respect to —G. A is said to be of definite type with respect to
G if A is of positive type or of negative type with respect to G. A point A € QNR
which is not contained in an open set of definite type with respect to G is called
a critical point of G in §, we write A € K(G, Q).

Definition 2.5'. An open set I' C ¥(Q) N'T is said to be of positive type with
respect to F if for every x € ‘H and every convergent sequence (z,) C ¢¥(2) N D of
points of holomorphy of F' with lim,, .., 2z, € I' we have

liminf Re [F(zy)z,z] > 0.

n—oo

An open set T' C () N'T is said to be of negative type with respect to F if T is of
positive type with respect to —F'. I is said to be of definite type with respect to F
if T is of positive type or of negative type with respect to F. A point z € »(Q)NT
which is not contained in an open set of definite type with respect to F' is called
a critical point of F in (), we write z € K(F,(Q)).

Assume that Q = C and let G, in addition, be piecewise holomorphic in C\R.
Then R is of positive type with respect to G if and only if G is a Nevanlinna
function, i.e., Im [G(A)z,z] > 0 for every A € C* and every z € H. This is a
consequence of the fact that a harmonic function does not attain its minimum in
the interior of its domain. If Q = C and F is piecewise holomorphic in C\ T, then
T is of positive type with respect to F' if and only if F' is a Carathéodory function,
i.e., Re [F(2)x,z] > 0 for every z € D and every = € H.

Proposition 2.6. Let A be an open subset of QNR. Then the following statements
are equivalent.

(i) A is of positive type with respect to G.
(i") ¥(A) is of positive type with respect to F.
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(ii) The order of growth of G near A is < m for some positive integer m, and
[(Sg.g)x,z] > 0 for every nonnegative function g € C§°(A) and any x € H.

(ii") The order of growth of F mnear ¥(A) is < m for some integer m, and
[(Tr.f)x,x] > 0 for every nonnegative function f € CF(Y(A)) and any
reH.

(iii) The order of growth of G near A is < m for some positive integer m, and
Sa(+,-).1 restricted to C§° (A, H) is positive semidefinite.

(iii") The order of growth of F near y(A) is < m for some positive integer m, and
Tr(-,-).1 restricted to C§°(Y(A), H) 1is positive semidefinite.

(iv) For every open set Ay which is the union of a finite number of pairwise
disjoint connected open subsets of A such that Ag C A, G can be written as
a sum G = Go + G (g, where Go is an L(H)-valued Nevanlinna function and
G0y is locally holomorphic on Ag.

(iv") For every open set g which is the union of a finite number of pairwise disjoint
connected open subsets of (A) such that Tg C Y(A), F can be written as a
sum F' = Fy + Floy, where Fy is an L(H)-valued Carathéodory function and

Foy is locally holomorphic on I'y.

Proof. By relation (2.3) the statements (i) and (i') are equivalent. Since (2.7) and
(2.8) remain true for the extended functionals Sg, Tr, Sa(-,-).1, Tr(-,-).1, (ii)
and (ii’) as well as (iii) and (iii’) are equivalent. On account of [6, Lemmas 3.10
and 3.12] (i') and (ii’) are equivalent.

Assume that (i) and (ii’) hold. We show that (iv’) holds. We construct a
decomposition of F' as in the proof of Proposition 2.1 with ¥(Ag) = T'g and
assume, in addition, that the function « in (2.10) is nonnegative. It follows from
(2.6) and (2.5) that

Tr,.f =Tr.af for all f € C(T).

This relation shows that, for every € H, [Tr,.(-)z, 2] is a nonnegative functional
on C°(T), i.e., Fy is a Carathéodory function. It is easy to see that (iv’') implies
(i"). (iv) and (iv") are equivalent.

Assume that (iv’) holds. Let u,v € C§°(T'g, H) and let fy be a real function
in C§°(T'y) which is equal to one on the supports of v and v. Then, by Lemma 2.4,

Tr(u,v).1 = Tr(u,v).f& = Tr, (u,v).f& = Tr, (u,v).1.

Since Fp is a Carathéodory function the form T'g,(-,-).1 is positive semidefinite
(see [4, Lemma 1.7]). Therefore, Tr(:,-).1 is positive semidefinite on C§°(Iy, H).
This implies (iii’).

If (iii’) holds, then for every nonnegative f; € C§°(¢¥(A)) and every = € H
we have

0 < Tr(fiz, fiz).l = [(Tr.f2)r, x].

Since every nonnegative function f € C§°(¢(A)) restricted to T can be ap-
proximated in C*(T) for every k = 0,1,..., by functions of the form fZ, f; €
C§°(Y(A)), we obtain (ii"), and Proposition 2.6 is proved. O
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2.4. Open sets of type 7 and 7_ with respect to an operator function

If £ is a linear space equipped with a Hermitian sesquilinear form [-, |, we denote
by k+((L,[,])) (k—((L,[,]))) the least upper bound (< o) of the dimensions of
[-, -]-positive definite (resp. [, -]-negative definite) subspaces of £. These quantities

are called the rank of positivity and the rank of negativity of [-,-] on L.

Let G and F be as in Sections 2.1 and 2.2 and let the order of growth of G
near to an open set A C 2 N R be < m for some positive integer m. Then we
define

R (A,G) = ke (G (A H), Se().1)).
Analogously, for an open set ' C ¥(2) N T we put

ke (T, F) := ke ((CO (D, H), Tr (-, +).1)).
By Proposition 2.6, A (I') is of positive type with respect to G (resp. F') if and
only if k_(A,G) = 0 (resp. k_(I', F') = 0). Analogously for A and I' of negative
type.

Definition 2.7. An open set A C QN R (I' C ¥(Q) NT) is said to be of type w4
with respect to G (resp. F') if the order of growth of G (resp. F') near to A (resp.
I') is finite and for every open subset Ag, Ag C A, (resp. g, T'g C T') we have
k—(Ag, G) < oo (resp. k_(T'g, F) < 00).

Analogously, with «_ replaced by k., sets of type m_ with respect to G and
F are defined.

Assume that Q = C. Then the set of all piecewise meromorphic £(H)-valued
functions Gy = G§ in C \ R such that the total multiplicity of the poles of Gg
in CT is finite, the growth of Gy near R is of finite order and x_ (R, Gg) < oo
holds, coincides with the set of all generalized Nevanlinna functions, i.e., with the
union of all Krein-Langer classes Ni(L(H)), k = 0,1,.... Similarly, the set of
all piecewise meromorphic £(H)-valued functions Fy = —Fyin C \ T such that
the total multiplicity of the poles of Fy in D is finite, the growth of Fy near T
is of finite order and x_(T, Fy) < oo coincides with the set of all generalized
Carathéodory functions, i.e., with the union of all Krein-Langer classes Cy(L(H)),
k=0,1,... (see [4]). This means that, roughly speaking, an open set A is of type
4 with respect to G if and only if in a neighborhood of A, G behaves similarly to
a generalized Nevanlinna function. Analogously for F'. In the following proposition
this fact is more precisely expressed with the help of decompositions.

Proposition 2.8. Let A be an open subset of QNR. Then the following statements
are equivalent.
(i) A is of type w4 with respect to G.
(") ¥(A) is of type w4 with respect to F.
(ii) For every open set Ao which is the union of a finite number of pairwise
disjoint connected open subsets of A such that Ao C A, G can be written as
a sum G = Go + Gy, where Go € Ni(L(H)) for some k and G o) is locally

holomorphic on Ay.
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(ii") For every open set T'g which is the union of a finite number of pairwise disjoint
connected open subsets of ¥W(A) such that Tg C (A), F can be written as
a sum F' = Fo + Fg), where Fy € Cyp(L(H)) for some k and Foy is locally

holomorphic on T'y.

Proof. That (ii’) implies (i) is proved as in the proof of Proposition 2.6, (iv') =
(iif').

Assume that (i’) holds. Then we again construct a decomposition of F as
in the proof of Proposition 2.1 and assume, in addition, that « in (2.10) is the
square of a nonnegative function § € C§°(1(A)). Then by (2.6) and (2.5) we
have Tr, . f = Tr . 3% f for all f € C>°(T) and, by approximating functions from
C*°(T,H) by H-valued trigonometric polynomials,

Tr, (u,v).1 = Tr(Bu, fv).1

for all u,v € C*°(T,H). By condition (i) the form Tr(8-, 3-).1 has a finite number
of negative squares and Fj is a generalized Carathéodory function, i.e., (ii’) is true.
The rest of the proof is an immediate consequence of the above considerations. [

2.5. Locally definitizable operator functions

In the following definitions we define classes of operator functions which contain
those considered in Proposition 2.8.

Definition 2.9. G is called definitizable in € if the following holds.

(«) For every finite union Ag of open connected subsets of QNR with Ag € QNR
there exists a positive integer m such that the order of growth of G near Ag
is < m.

(8) Every point A € 2 N R has an open connected neighborhood I in R such
that both components of I, \ {\} are of definite type with respect to G.

Definition 2.9’. F is called definitizable in 1(Q) if the following holds.

(/) For every finite union I'g of open arcs of ¢(2) N'T with Ty C () N'T there
exists a positive integer m such that the order of growth of F' near I'y is < m.
(8") Every point z € () N'T has an open connected neighborhood I, in T such
that both components of I, \ {z} are of definite type with respect to F.
Similarly to Proposition 2.6 we obtain the following proposition. For charac-
terizations of functions definitizable in C (which occur in the assertions (2) and
(2") below) with the help of definitizing rational functions see [4], [5].

Proposition 2.10. The following statements are equivalent.
(1) G is definitizable in Q.
(1) F is definitizable in 1¥(Q).
(2) For every open set A C QN R which is the union of a finite number of
pairwise disjoint connected open subsets of Q N R such that A C QN R, G
can be written as a sum G = Go + G gy, where G is an R-symmetric L(H)-
valued function definitizable in C, and G oy is locally holomorphic on A.
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(2') For every open set T' C () N'T which is the union of a finite number of
pairwise disjoint connected open subsets of () N'T such that T C Y(Q)NT,
F can be written as a sum F' = Fy+ Fo), where Fy is an T-symmetric L(H)-
valued function definitizable in C, and Fqy is locally holomorphic on T

For a function G definitizable in €2 we can even find an essentially unique
decomposition of G similar to that in Proposition 2.10, (2), if we make some further
requirements. Exactly the same is true for F'. We shall formulate and prove it only

for G.

Proposition 2.11. Let G be definitizable in 2 and let A be as in Proposition 2.10,
(2), and assume, additionally, that the endpoints of the connected components of
A are finite and do not belong to K(G,QY). Moreover, let Q' be a domain in C with
the same properties as  such that Q' C Q. Then G can be written as a sum

G =G+ Gy +Gs, (2.15)

where

(a) Gy is an R-symmetric L(H)-valued function definitizable in C and locally
holomorphic in C\ A. If ty is an endpoint of a connected component of A,
then tg ¢ K(G1, Q) and for every x € H the angular limit

lima_s, (A — t0)[G1 (N, ]

is zero.
(b) Gs is a meromorphic R-symmetric L(H)-valued function in C with all poles
contained in Q' \ R.
(¢) Gs is an R-symmetric L(H)-valued function which is locally holomorphic on
(Y\R)UA.
For fized A and Q' as above, the terms of the decomposition (2.15) are uniquely
determined up to addition of bounded selfadjoint operators.

Proof. Let Ay be an open subset of 2 N R with the same properties as A in
Proposition 2.10 and assume that A C Ay. We consider a decomposition G =
Go + Gy as in Proposition 2.10, (2), but with A replaced by Ag. Then the
endpoints of the connected components of A do not belong to K(Gp, C). Let
Xo € @’ NCT be a point of holomorphy of Gy and let Ay be a minimal representing
definitizable selfadjoint relation in some Krein space K for Gy:

Go(A) =S +TT{A=Re Ao+ (A —X0)(A— o) (Ao — M) I, X € p(A).

Here S is a bounded selfadjoint operator in H and T' € L(H, K). The endpoints
of the components of A are no critical points of Ay (see [5]). Then the spectral
function E(-, Ag) of Ag is defined on A and

Gi(\) =TT{A=Re Ao+ (A=) (A=) (Ao —\) ' IE(A, A)T, A ¢ o(Ag)NA,

is a definitizable £(H)-valued function locally holomorphic in C\ A, and G — G;
is locally holomorphic on A.
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Let tp be an endpoint of a component of A. Then ty is no eigenvalue of
Ao N (E(A, Ap)K)? and, therefore,

lima_y, (A —to)[T(Ag — A) L E(A, Ag)'z, 2]
= lima—s, (A — t0)[(Ao — \) ' E(A, Ag)Tz, Ta] =0,

that is, G; fulfils condition (a).

Let C™ be a smooth simple closed curve in €’ N CT oriented in such a way
that its interior domain is bounded. Assume that G is holomorphic on C* and the
set of all poles of G in the interior of C* coincides with the set of all poles of G in
(Q"\R)NC™T. By C~ we denote the curve (CT)* with the orientation opposite to
that induced by C*. Let C:=CTUC™.

We define

Ga(N) = G(A) — Ca() — (2mi) /C (G() — Gr()) (e — N) g,

Ga(N) == G(N) — G1(N) — Go(\) = (2mi) ! /C (G(1) — G () (1 — N

It is easy to see that the functions Gy and Gg satisfy the conditions (b) and (c)
of Proposition 2.11. The fact that G is uniquely determined up to a bounded
selfadjoint operator follows from Liouville’s Theorem. Evidently, the difference Gy
of any two functions satisfying the conditions on G is holomorphic in the com-
plement of the set of the endpoints of the components of A. Since these endpoints
are no critical points of the functions, the points of nonholomorphy of G are poles
of first order. Then it follows from the last condition in (a) that G is a constant,
and Proposition 2.11 is proved. O

3. Operator and relation representations of locally definitizable
operator functions

3.1. Locally definitizable operator functions defined by locally

definitizable relations
Let again Q be a domain in C with the properties mentioned in the introduction,
Xo € QN CT, and let besides the Krein space H, K be a further Krein space.
We recall the definition of local definitizability for selfadjoint relations and uni-
tary operators in K from [6, Definition 4.4]. For equivalent descriptions of locally
definitizable relations see [6, Theorem 4.8].

Definition 3.1. The selfadjoint relation A with \g € p(A) (the unitary operator U)
is called definitizable over Q (resp. definitizable over ¥(2)) if o(A) N (2 \R) (resp.
a(U) N (¥(2)\'T)) consists of isolated points which are poles of the resolvent and
the function

A—A—=ReXg+ A =X0)A=X)(A—=N"1 (resp. z— (U +2)(U —2)71)

is definitizable in € (resp. definitizable in ¥((2)).
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If A is a selfadjoint relation in I with A\g € p(A) and U is the unitary operator
defined by

U .= ’l/J(A) :—1+()\0—5\0)(A—5\0)71, (31)
then

—i(ImAo) " H{A = Re Ao + (A — o) (A — o) (A — N1}
= (U +p))U —p(\)™" (32)

Therefore, A is definitizable over Q if and only if U is definitizable over ¥(£2).

Now let A be definitizable over Q and Ao € p(4) N N C*. We denote the
local spectral function of A ([6]) which is defined on a collection of subsets of
QNR by E(-, A). If w is a subset of 2\ R such that w N o(A) is closed and open
in o(A), the same notation will be used to denote the Riesz-Dunford projection
corresponding to wNo(A): E(w, A). Let S be a bounded selfadjoint operator in H
and let T € L(H, K). We consider the £(H)-valued function G defined by

GO =S +TF A —Re do+ (A — X)X —Ao)(A— N1, A€ p(A)NQ. (3.3)

Then, by Definition 2.9, also G is definitizable in . If an operator function G
can be written as in (3.3), A is called a representing relation for G. In this case,
evidently,

1
S = 2(G()\o) +G(No)T) =:Re™ G(\o).
The representation (3.3) is called minimal if
K =closp {(1+ (A= X)(A—=XN)"HTy: A€ p(A)NQ, y € H}.

Similarly, if U is a unitary operator in K definitizable over ¥(£2), Sy is a
bounded selfadjoint operator in H and I'g € L(H,K), then the function F' de-
fined by

F(2) = —iSy +T§ (U 4 2)(U — 2)"'Tg (3.4)
is definitizable in 1 (€2). Observe that
—So = (2i)"Y(F(0) — F(0)") =: ITm™ F(0).

If a relation of the form (3.4) holds, U is called a representing operator for F. The
representation (3.4) is called minimal if

K=closp{U"Ty: m=0,£1,+2,..., y € H}.

If
U=1(A), Sy=358, To=(ImA)2T, (3.5)

then, in view of (3.2), the functions G and F' are connected by

—iG(\) = F(y(\), e Q.
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In the following definition we introduce a local version of minimality.

Definition 3.2. Let A be a selfadjoint relation definitizable over 2 in a Krein space
K with A\g € p(A), T € L(H,K) and S a bounded selfadjoint operator in H. Let
G be defined by (3.3) and let U and F be as in (3.1) and (3.4).

Then (3.3) is called an Q-minimal representation of G if the following holds:
If ' is a domain with the same properties as Q and Q' C Q, \g € @, if Ais a
finite union of connected open subsets of 2 N R such that the endpoints of the
components of A belong to {2 and possess open neighborhoods of definite type
with respect to A, and if we set

E:=E(AA) + E(Y\R,A), (3.6)
then
EK =closp {(14+ (A= X)(A=X)"HETy: A€ p(A)N, y e H}.
Similarly, (3.4) is called an Y(Q)-minimal representation of F if for every projection
E as above (note that E coincides with E(¢(A),U) + E((2)\ T,U)) we have
EK =closp {U™ETy: m=0,+1,42,..., y € H}.

Evidently, if (3.3) is minimal, it is also Q-minimal. If (3.3) is 2-minimal, then
it is Qg-minimal for every domain ¢ with the same properties as Q0 and Qg C .
The following lemma is an easy consequence of Definition 3.2.

Lemma 3.3. Let G and F be as in Definition 3.2. Then the following statements
are equivalent.
(i) The representation (3.3) is Q-minimal.
(ii) The representation (3.4) is ¥(2)-minimal. . . .
(iii) For every ' and A as in Definition 3.2, with E as in (3.6) and A := A|EK,
the function
A — (ED)H{A = Re Ao+ (A — Xo) (A — Xo)(A — \) "1 }(ET) (3.7)

is minimally represented by (3.7) with A as representing relation.
(iv) For every ' and A as in Definition 3.2, (3.6) and U := U|EK, the function

2+ (ETo)* (U + 2)(U — 2)"Y(ET) (3.8)
is minimally represented by (3.8) with U as representing operator.

Proof. Evidently, (i) is equivalent to (iii) and (ii) is equivalent to (iv). In order
to show that (i) implies (ii) let A € p(A) N Q' N C*T and connect the point A by
a smooth curve in A € p(A) N Q' N C* with the point A\g. Making use of Taylor
expansions of the resolvent of A at a finite number of points of this curve we see
that every element of the form (A — A)_lﬁry, y € H, can be approximated by
linear combinations of elements of the form (A — \g) ™7 Eryj, y; €H,j=0,1,...
Since by (3.1)

(A=X) T =No—=X)PA+UY, j=0,1,...,
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(A— A)_lﬁfy can be approximated by linear combinations of elements of the form
U *ETuy, uye™, k=0,1,....
Analogously for A € p(A) N’ N C~. Therefore, (i) implies (ii).
On the other hand, every element of the form
U™™ETu = (=14 Ao —XAo)(A—=X) " H)™ETu, meN, ueH,
can be approximated by linear combinations of elements of the form
(A= ))"'Ely; or ETy;, X\ €p(A)NQNC*, y cH.

Analogously for m replaced by —m. This shows that (i) is equivalent to (ii). O

In the following proposition the local “sign multiplicities” of a function and
a representing relation are compared.

Proposition 3.4. If A, U, G and F are as above in this section, then the following
holds.

(1) Let Ao be the union of a finite number of pairwise disjoint connected open
subsets of QN R such that Ag C QN R and E(Ag, A) and E((Ao),U) are
defined. Then

k(Do G) = k£ (¥(Ao), F)
< R ((E(Qo, K, [ ]) = ke (E(¥(A0), U)K, [, ])-
If, in addition, the representations (3.3) and (3.4) are Q-minimal and ¥(Q)-
minimal, respectively, we have equality in (3.9).
(2) Let uw € Q\ R be a pole of G of multiplicity I, or equivalently, let (u) €
Y(Q)\ T be a pole of F of multiplicity . Then
1< dim E({}, A)K = dim B({(u)}, U)K, (3.10)
where E({p}, A) and E({¢)(1)},U) denote the Riesz-Dunford projections cor-

responding to A and {u}, and to U and ¥(u), respectively. Under the condi-
tion mentioned in (1) we have equality in (3.10).

Proof. 1. By (2.14) it is sufficient to prove (3.9) for F and U. If Iy and Fg are
the functions defined by

Fo(2) =T (U + 2)(U — 2) 7" E(¥(Ao), U)o,
Flo)(2) = =iSo + T (U + 2)(U — )~ (1 = E(¥(Ao), U))To,

which are definitizable over ¢(£2), then we have F' = Fy + F{gy. By Lemma 2.4 the
forms Tr(+,) and T, (-, ) coincide on ¥(Ag). Therefore,

(3.9)

rx(Y(A0), F) = ££(¢(Ao), Fo)- (3.11)
Since Fj is a definitizable function [5, Theorem 1.12,(iii)] can be applied. We find
rx (¥ (Do), Fo) = £ (B (A0), U)K, [ ]), (3.12)

and equality holds if the representation (3.4) is Q-minimal (see Lemma 3.3, (ii) <
(iv)). The relations (3.11) and (3.12) imply assertion (1).
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2. To prove (2) it is again sufficient to verify (2) for F and U. If F; :=
-1
E{¢(u)}U{e(p) },U)and
Fi(2) =T (U 4 2)(U — 2) " BTy, (3.13)
Fuay(2) = =iSo + T (U + 2)(U = 2)~'(1 = E1)To,

then F' = Fy + F(qy, F1 is a definitizable function and (1) is a pole of multiplicity
l of Fy. Then [5, Theorem 1.12,(iv)] implies

I <dim E({¢(p)}, U)K.

If the representation (3.4) is 2-minimal, then (3.13) is a minimal representation
of F1 and, by the result mentioned above we have equality. O

In the rest of Section 3.1 we consider two 2-minimal representing relations
A; and A, of the same operator function G. By Proposition 3.4 the local “sign
properties inside Q” of A; and As coincide. In Theorem 3.6 below we will show that
the restrictions of A; and Ay to spectral subspaces which correspond to certain
subsets of 2 N R are even unitarily equivalent. We need the following lemma.

Lemma 3.5. Let (K;,[-,]), j = 1,2, be Krein spaces and Uj, j = 1,2, unitary op-
erators in IC; definitizable over ¢¥(Q), I'g ; € L(H,K;) and So ; bounded selfadjoint
operators in H, j =1,2.

We denote by = the linear space of all functions x defined on the union of
() N'T and a neighborhood U (depending on x) of (C\ ¢()) Ua(Uy) U oa(Us)
which are sums x = xt + x(1) of a function xT € C§°(1(Q2) N'T) and a function
X(t) locally holomorphic on (C\ ¢(2)) U o (Uy) Ua(Us) UT which is zero outside
of some compact subset of () \ T.

Assume that the difference of the functions

Fj(z) == —iSo j + T ;(Us + 2)(U; — 2) " 'To 5,

can be analytically continued to the whole domain (£2).
Then the linear relation

> ne1 X&(U1)To 1xk> _ }
V.= n ’ : €0, eH, k=1,2,...,
{( " Xe(U)Tozzi) o " (3.15)

C K1 x Kq

(3.14)

.. . . u w! . .

is isometric, i.e., (u;), (ué) e V implies
[ur, uh]1 = [ug, uh)a. (3.16)

Moreover, V intertwines Uy and Us, i.e., (Z;) e V implies (&Z;) ev.

Proof. If we denote by R~ the set of all functions z — >, cp2®, k integer,

where the sums are finite, then, by [5, Section 1.3], for g € Ro . we have

TF1 g = 4’/TFE{1L(](U1)F0’1, sz.g = 4’/TFE{2L(](U2)F0’2.
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By continuity properties of Tr,, Tr, and of the functional calculi of U; and Us
these relations remain true for g replaced by an arbitrary x € =.

By the definition of V' and since = is an algebra contained in the domains of
the functional calculi for Uy and Us, the left-hand side of (3.16) is a finite sum of
the form

> (Trxij)wiy;),  Xij €E, wiy; € H. (3.17)
2%}
Then the right-hand side of (3.16) coincides with

> (Tryxig)wi, uj)- (3.18)
,J
Since the difference of F; and F» can be analytically continued to ¥(f2), the ex-
pressions (3.17) and (3.18) coincide, which shows that V' is isometric. That V'
intertwines U; and U, follows from the definition of V' and the fact that for xy € =
also the function z — zx(z) belongs to =. Lemma 3.5 is proved. g

Theorem 3.6. Let (K;,[-,];), j = 1,2, be Krein spaces and A;, j = 1,2, selfadjoint
relations in K; definitizable over Q, let Ao € (2N CT) N p(A1) N p(A42), T; €
L(H,K;) and S; bounded selfadjoint operators in H, j = 1,2. Assume that the
difference of the functions G; defined by

Gj()\) ::Sj + F;_{)\ — ReXg + ()\ - /\0)()\ — /\0)(AJ — A)_l}Fj,
j:1a27 Aep(féll)mp(142)ﬁ(Q\:R')a

can be analytically continued to the whole domain €.
If Uj = w(AJ); Fj = —iGj O¢, SO,j = Sj, FOJ‘ = (Im Ao)%rj, j = 1,2,
then the above assumptions are equivalent to the assumptions of Lemma 3.5.
Assume further that the representations (3.19) of G1 and G2 are Q-minimal
or, equivalently, that the representations (3.14) of Fy and F» are ¢(Q2)-minimal
Then the following holds.

(i) An open set A C QNR (T C ¢Y(Q)NT) is of positive type with respect to Ay
(resp. Ur), that is, the spectral function E(-, A1) (resp. E(-,U1)) is defined
on all connected subsets of A (resp. I') with endpoints in A (resp. I') and its
values are nonnegative projections in Ky, if and only if it is of positive type
with respect to As (resp. Us). Analogously for sets of negative type, that is,
nonnegativity of the spectral projections replaced by nonpositivity.

(ii) Let A" be an open connected subset of Q N R with A’ C QN R such that
the endpoints of A’ are contained in intervals of positive or negative type.
Then there exists a densely defined closed isometric operator V' from E;K;
into E3KCo, where B := E(A', Aj) = E(Y(A'),U;), j = 1,2, with dense range
which intertwines the resolvents of A := A;N(E; K;)? as well as the operators
Ui = Uj|EjK, i = 1,2, i.e., for A ¢ A" we have V! (A1 =X)"" = (A5—A)~'V,
V'U{ = UsV'. In particular, we have

kx((B1KL [ ) = ke ((B2Ks, [ ]2)-

(3.19)
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(iil) If, in addition to the assumptions of (i), k4 ((E1K1, [, ]1)) < oo, then A} and
AL (U] and Uj) are isometrically equivalent, that is, there exists an operator
V' as in (ii) which is even an isometric isomorphism of (E1K1,[,]1) onto
(E3Ks, [+ 2).

(iv) If p € Q\ R is a pole of G1 and Ga or, equivalently, ¥(p) € ¥(Q)\ T
is a pole of Fy and F5, then there exists an injective densely defined closed
operator 'V, from Ky, = E({u}, A1)Ki = E{¢(w)}, U)K into Ky =
E({u},A2)Ke = E({¢(1)},U2)Ko with dense range such that AyD(V,) C
DV,), UiD(V,) C D(V,) and V, A1z = AV,z, V,Uix = UsV,x for all
x € D(V,).

Proof. It is sufficient to prove Theorem 3.6 for U; and Us. Assertion (i) is an
immediate consequence of Proposition 3.4, (1).
Let A’ be as in assertion (ii). By the minimality assumptions the linear set

Sp {h(Uj)FO’jx : he Cgo(i/)(A/)), x € H}

is dense in E(Y(A"),U;)K;, 5 = 1,2. If V is the linear relation introduced in
Lemma 3.5, the relation

Vo =V N(E@(A), U)K x E(Y(A"),Uz)Ks)

is densely defined in E(¢(A’),U;1)K; and has dense range in E(¢(A), Us)Ks.
Since Vj is isometric (see Lemma 3.5) it is even a closable operator. Let V'’ be the
closure of V{. Then V' is also isometric. The intertwining properties of V' imply
the intertwining properties of V' mentioned in (ii). Assertion (iii) is a consequence
of the fact that an isometric operator from a Pontryagin space into a Pontryagin
space with dense domain and dense range is an isometric isomorphism.

If 1 is as in assertion (iv), then by the minimality assumptions the relation

Vo =V O (E{ (), v (@)}, U)Ky x E({d(n), (1)}, Ua)Kz)
is isometric, densely defined in E({¢(u),¥(@)},U1)K1 and has dense range in
E({¥(p), v(i)}, Ua)Ko. Therefore, V), z.0 is a closable operator. Let V), ; be its
closure. From the definition of V' it follows that

D(Vii0) = DV o) N E{b(p)}, U)Ky + D(Viao) N E(9 (1)}, U)Ky, (3.20)
and the intersections on the right-hand side of (3.20) are dense in E({¢(n)}, U1)K4
and E({¢ (@)}, U1)K1, respectively. Analogously for the range of V), 5.0 with Uy, K4
replaced by Us, K2. Moreover, V), ;.0 maps the first intersection on the right-hand
side of (3.20) into E({¢(n)},U2)K2 and the second into E({¢)(f)}, U2)K2. Then
the closure V, 5 has analogous properties, and assertion (iv) is true with V), being
the restriction of V,, z to E({¢(p)}, U1)KC1. Theorem 3.6 is proved. O

3.2. Existence of a locally definitizable representing relation
with a local minimality property

In this section we shall construct representing relations for given locally definitiz-
able operator functions. In the following theorem, which is a variant of a result of
T.Ya. Azizov ([1]), we consider operator functions holomorphic in Q and (). We
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show that for a given neighborhood of C\ Q or C \ ¥(Q) there exist representing
operators or relations the spectrum of which is contained in that neighborhood.
The extended spectrum of a relation 7' in a Krein space K will be denoted by
o(T),ie,c(l)=0c(T)UT e LK) and o(T) =o(T)U{oo} if T & L(K). We set
F(T) = C\&(T).
Theorem 3.7. Let V be an open neighborhood of C\ Q and let \g € CT N (Q\ V).
Let G be an L(H)-valued function holomorphic in Q2 such that G = G*.

Then there exist a Krein space K, a selfadjoint relation A in K and T' €
L(H,K) such that

o(A)CV
and
G(\) =Re™ G(\o) +TT{A —Re Ao+ (A — Xo) (A — Xo)(A — \) 1T,
A € Q\V, or, equivalently, with (X) :== —(A=Xo)(A=Xo) "L, F(¥(N)) := —iG(N),
U :=4(A), Ty := (Im \g)2T,
o(U) Cy(V) (3.21)

and

F(z)=iIlm" F(0)+T§(U +2)(U —2)"'Ty, 2 € () \ (V). (3.22)

Moreover, IC can be chosen minimal, that is

K =closp {(1+ (A= X)(A—=XN)"NTz: A€ Q\V,z € H}

3.23
=closp {U"Tox: m=0,£1,4+2,...,2 € H}. ( )

Proof. 1t is sufficient to prove the assertions for F' and U. We may and will assume
that the set (V) is bounded and T-symmetric. We set

d:=inf{lz—w|: z€ C\Y(Q), we C\yp(V)}.

Then with the help of a T-symmetric covering of the bounded set C \ ¥(2) by a
finite number of open disc neighborhoods of points of C \ % (€2) with radius < d
it is not difficult to find an open neighborhood W of C \ ¥(§2) with the following
properties: (a) W C (V), (b) C\ W is a piecewise analytic T-symmetric domain
of C, (c) D\ W is simply connected, (d) W N T consists of a finite number of
pairwise disjoint closed arcs of T. Observe that to find W with the property (c)
the fact that D N () is simply connected has to be used. Then with the help of
a conformal mapping of D\ W onto D and its T-symmetric continuation it is easy
to see that there exist bounded simply connected domains O;, i = 1,...,n, with
analytic boundaries and the following properties: (a’) O; = Oii=1,....,n. (b")
The closures O;, i = 1,...,n, are pairwise disjoint. (¢/) C\ () € O :=J;_, O;.
(d’) O C ¥(V). Then F is an L(H)-valued function which is locally holomorphic
on C\ O such that F = —F.
For u,v € H(O,H) we define the positive definite inner product

(02 = /a (u(z).(2)
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and we denote by H?(O,H) the Hilbert space obtained by completion of H(O,H)
1

with respect to || - || g2, where [Jul| g2 == (u,u)};2, u € H(O,H). If we identify the

space H(O,H) with the product H(O1, H)x--xH(O,, H) and if ©;,i =1,...,n,

is a conformal mapping of O; on the unit disc D, then the linear mapping

©: (HD,H))" 3 (f1,--s fa)" = (f10O1,..., fnoOn)" € H(O, H)

is bijective. It is easy to see that ® can be extended by continuity to an iso-
morphism © of the product (H2(H))™ of the usual H2-spaces H2(H) of H-valued
functions and H?(O, H). Making use of the isomorphism © and well-known results
on H2-spaces (see, e.g., [8, Section V, §1]) we see that H%(O, H) can be regarded as
a Hilbert subspace of the linear space of all locally holomorphic H-valued functions
in O such that for every compact subset K of O we have

sup{[[uN)|| : A € K, u € H*(O,H), |Jullg> <1} < o0. (3.24)

Let Op;i, ¢ = 1,...,n, be smooth domains such that Ogp; C O; and F is
still locally holomorphic on C\ Og, Og = |Ji_; Oo,;. Then we define, for u,v €
H?(O,H),

[, v]p := _/ao [F(2)u(z),v(z7H)](iz) " 1dz.

By (3.24) [-,-]o is a continuous Hermitian sesquilinear form on H2(O,H). Let W
be the Gram operator of [, -]o in H?(O,H) and let Py be the orthogonal projection
in H?(O,H) on the orthogonal complement (in H?(O,H)) of ker W. Let K be the
completion of PyH?(O,H) with respect to the restriction of the quadratic norm
[|W 2|l 2 to PyH2(O, H). Evidently, the form [-, -]y can be extended by continuity
to a form [, -]k in K and (K, [, ]x) is a Krein space.

Let U’ and V' be the operators of multiplication by z and 2!, respectively,
in the Hilbert space H?(O,H). These operators are bounded and we have

[U’ul,uﬂo = [ul,V'uQ}o, Uy, U € H2(O,H)

Therefore, U' ker W C ker W, V' ker W C ker W, and, if we define bounded
operators Uy, Vg in PyH?(O,H) by

Uy := PyU'|PyH?(O,H), Vy:= PyV'|PyH?(0,H)
we find UpVy = VoUy = 1 and
[Uouy,uslo = [u1, Vouslo, wu1,us € PyH?*(O,H).

Then, by a generalization of Krein’s Lemma (see [2, Lemma 1.1]), Uy and Vp can
be extended by continuity to bounded operators U and V', respectively, in I such
that UV = VU =1 and

[U:Ul,.’bz]]c = [.’El,VIL'g})C, x1,T2 € K.

The operator U is unitary in the Krein space K.
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Assume that z ¢ O. This implies 2,271 € p(U’) and 271,z € p(V’). As the
resolvents of U’ and V’ map ker W into itself, we find z,z27! € p(Up), 271,z €
p(Vo), and

(Up —2)"' = Py(U" — 2) 7 | Py H*(O, H). (3.25)
Moreover, by [2, Corollary 1.2],
z, 271 € p(U).

In order to show that a relation of the form (3.22) holds we define an operator

I'y € L(H,K) by
To: Hoy— 2v71) 'Pyly.
Here 1y denotes the function identically equal to y on a neighborhood of O. Let
z ¢ O and h,(C) := (4m)"1(¢ + 2)(¢ — z)~!. Then making use of (2.6) and (3.25)
we find, for z,y € H,
(F() = it FO)a] = = [ (PO pl(i0) e
0

= [ho1z,1y)o = (47) (U + 2)(U' — 2) "z, 1y

= [Po(U' + 2) (U — 2)" (2y/m) "' Polz, (2v/7) "' Poly]o

= [(Uo + 2)(Up — 2) "1 (2v/7) " Polz, (2¢/7) L Polylic

= [[5 (U +2)(U — 2)~'To, y].

This proves (3.22).

In order to prove (3.23) it is sufficient to verify that the set of all functions
of the form z — 2™z, m = 0,£1,..., x € H, is total in H(O,H). This is a
consequence of Cauchy’s integral formula and Runge’s Theorem. g

Now with the help of Proposition 2.11, Lemma 3.3 and Theorem 3.7 it is not
difficult to prove the following theorem.

Theorem 3.8. Let G be an L(H)-valued operator function definitizable in Q, let Ao
be a point of holomorphy of G in QN CT, and let Q' be a domain in C with the
same properties as Q such that Q' C Q and \g € .

Then there exists a Krein space KC, a selfadjoint relation A in IC definitizable
in Q and T € L(H,K) such that the set of all points of holomorphy of G in
coincides with p(A) N,

G(\) =Re™ G(N\o) +TT{A = Re Ao+ (A — Ao)(A — Xo) (A — \) 1T,
A€ p(A)NnQ,
and this representation is Q' -minimal.

If F(p(N) = —i G(A) for A € Q, U := (A), Tg := (Im \o) 2T, then the set
of all points of holomorphy of F in ¥(Q') coincides with p(U) N (),

F(z)=iIm™ F(0)+ T (U +2)(U —2)"'Ty, z€p(U)Ny(Q), (3.27)

and this representation is ¥ (Q)-minimal.

(3.26)
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Proof. Let Q" be a domain in C with the same properties as Q and ' and Q' C Q”,
Q" C Q and let A be the union of a finite number of pairwise disjoint connected
open subsets of QN R such that Q" "R C A and A C QNR. In addition, assume
that the endpoints of the connected components of A are finite and do not belong
to K(G, Q) (see Definition 2.5).

Let G = G1 + G2 + G3 be a decomposition of G as in Proposition 2.11 with
the set denoted by Q' in Proposition 2.11 replaced by the set Q" defined in this
proof. Then G + G5 is a definitizable function which is locally holomorphic in
(R\A)U((C\R)\Q"). Let A; 5 be a minimal representing selfadjoint relation in
a Krein space K12 for G1 + G2 (see [5]). Then the set of all points of holomorphy
of G1 + G2 coincides with p(A; 2) and

G1(N) 4+ G2(A) = Re™ (G1(Xo) + Ga2(Xo))+

i {A=Redo+ (A= X)X = X0)(A12 — A) "I T12, A€ p(Ara).
(3.28)

The function Gj is locally holomorphic on 2”. Let A3 be a minimal representing
selfadjoint relation in a Krein space K3 for G3 with 5(A3) C C\ €, which exists
by Theorem 3.7:

G3(\) =Ret G3(Mo) +TF{\ —Re Ao+ (A — Xo) (A — Xo) (A3 — N\) 11T,

Ae '\ {oo). (3.29)

Let K := K12 X K3, let A be the diagonal relation defined by

(ki k)TN (ki k3
a={(os ) () e (i) e (3:30)
and let T := ("2) € L(H,K) wr.t. K = K15 x Ks. Then p(A) N = (A1) N

and this set coincides with the set of all points of holomorphy in €’ of G + G>
and, hence, of G. We have

G(\) =Re™ G(Mo) +TT{A =Re Ao+ (A = Xo)(A = Xo)(A — N) 71T, (331)
Nep(A)NQ. '
It remains to prove that (3.31) is 2’-minimal. Let Q¢ be a domain of C with the
same properties as € such that Q¢ C Q' and \g € Qg, and let Ay be a finite union
of connected open subsets of ' N R such that the endpoints of the components of
Ap belong to ' and possess open neighbor~hoods of positive or of negative type
with respect to A (see Theorem 3.6, (i)). If Ey 3 := E(Aog, A1,2) + E(Q \ R, 41 2),

Ay 9= A Q\El 2K1,2, then by the minimality of the representation (3.28) the
functlon

A (B15T12)T{A = Re Mg+ (A — M) (A — Ao) (A2 — A) " H(E o1 0) (3.32)
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is also minimally represented, that is

B12K12
= closp {(1+ (A= X)(A12 — A) " DE1oT10y: A€ p(A12) N, y € H}.
(3.33)
But in view of o(As) C C\ € we have, for E := E(Ag, A) + E(Qo \ R, A),
E= (E(l)’z 8) , ET = <E1’20F1’2>, wrt. K:=Ki2 xKs.
Therefore, (3.33) is equivalent to
EK = closp {(1+ (A= Xo)(A—X)"HETy: A€ p(A)NQ, y € H},
and the representation (3.26) is 2’-minimal. Theorem 3.8 is proved. O
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Abstract. We construct and investigate a space which is related to a symmet-
ric linear relation S of finite negativity on an almost Pontryagin space. This
space is the indefinite generalization of the completion of dom S with respect
to (S.,.) for a strictly positive S on a Hilbert space.
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1. Introduction

It is well known that for a symmetric, semibounded and densely defined operator
S on a Hilbert space (), (.,.)) there exists a distinguished selfadjoint extension,
the Friedrichs extension Sp of S. Besides other maximal properties (see, e.g.,
[9],[5]) the Friedrichs extension is distinguished among all semibounded selfadjoint
extensions A of S by the fact that dom(|A|2) is minimal.

The domain dom(|Sr|2) coincides with the closure g of dom S with respect
to the inner product h3,(.,.) = (S.,.) — m(.,.) where m € R is sufficiently small.
In fact, the usual construction of Sg is done with the help of the space g (see
Section 3).

Later on Friedrichs extensions were generalized for the case of nondensely
defined operators or even for the case of symmetric linear relations ([5]). For the
concept of linear relations, see for example [1].

The main subject of this note is to generalize the construction of the space
Hs to the almost Pontryagin space setting and to study the properties of these
spaces.

An almost Pontryagin space (£, [.,.], O) can be seen as a in general degener-
ated closed subspace of a Pontryagin space (3, [,.]), and O is the subspace topol-
ogy induced by the Pontryagin space topology of (3, ],.]) on £. For an axiomatic
treatment of such spaces see [7].

The linear relation S will be assumed to be closed and symmetric on an
almost Pontryagin space (£, [.,.], @) such that S is contained in its adjoint with
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finite codimension. Moreover, we assume that the form h7[.,.], which is [S.,.] for
operators S and which is defined accordingly if .S is a proper relation, has finitely
many negative squares on dom S. Such relations S will be called to be of finite
negativity and the resulting space will be denoted by £g. We will also provide £g
with a Hilbert space topology Og such that (£g,Og) is continuously embedded
in (£,0).

In order to construct L£g it is not necessary to impose special spectral as-
sumptions on S. In particular, it can happen that S has no points of regular type.

Among other results we will see that S — €l is of finite negativity for some
¢ > 0 if and only if (£5,h°].,.],0s) is an almost Pontryagin space. This and other
results about symmetries of finite negativity will be of great importance in one of
our forthcoming papers about symmetric de Branges spaces ([8]).

In the short Section 2 we will introduce notations used throughout this note
in the Hilbert space case as well as in the general almost Pontryagin space setting.
In Section 3 we will recall well-known results in the Hilbert space situation and
for convenience we will also provide short proofs. In the final section we introduce
the proper analogue of the space $g in the almost Pontryagin space case so that
we can generalize most of the results from Section 3 to the indefinite case.

2. Symmetric relations on almost Pontryagin spaces

We are going to consider a closed symmetric relation S on an almost Pontryagin
space (£,].,.],0), i.e., a closed linear subspace of £2 = £ x £ with the property
that

[f1,92] = [91, fo] = 0, (f1591), (f2592) € S.

Remark 2.1. We know from Proposition 3.2 in [7] that any almost Pontryagin
space (£,[.,.],0) can be viewed as a closed subspace of codimension A(£,[.,.])
of a Pontryagin space (B, [.,.]) with degree v_(&,[.,.]) + A(L,[.,.]) of negativity.
Then a linear relation S on (£, [.,.],O) is symmetric (closed) if and only if it is
symmetric (closed) as a linear relation on (B, [.,.]).

If, in addition, J is a fundamental symmetry on (B, [.,.]), then S is symmetric
(closed) on (£, [.,.], O) if and only if the linear relation JS is a symmetric (closed)
relation on the Hilbert space (,[J.,.]). This fact is as easily verifiable by the

following connection between the adjoint relation S of S in (9, [.,.]) and the
adjoint relation (JS)* of JS in the Hilbert space (B, [J.,.]):
(JS)* = JSH.

Definition 2.2. Let S be a symmetric relation on an almost Pontryagin space
(£,[.,.],0). We define a scalar product h°[.,.] on

domS ={z e £: (x;y) €S for some y € £}.
For z,u € dom S let y,v € £ be such that (x;y), (u;v) € S and set
5[, u] = [y, u].
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This scalar product is well defined and Hermitian. In fact, if § € £ with
(z;9) € S, then the fact that S is symmetric yields

h¥le,u] = [y, u] = [,v] = [, u],
and
ROz, u) = [y, u] = [z,v] = [v, 2] = hS[u, z].
Note also that h¥[z,u] = [Sx,u], if S is an operator.

Remark 2.3. If (,[.,.]) is a Pontryagin space containing (£, [.,.], 0) as a closed
subspace (see Remark 2.1) and J is a fundamental symmetry on it, then it is
straight forward to check that

K[, = KIS, ). (2.1)

The following little lemma will be of use later on. Hereby an orthogonal
projection P in an almost Pontryagin space (£, [.,.],O) is an everywhere defined
linear operator on £ which satisfies P? = P and [Pz, y| = [z, Py] for z,y € £.

Lemma 2.4. Let S be a symmetric relation on an almost Pontryagin space
(£,[.,.],0). If P is an orthogonal projection in (£,[.,.],O) such that dom(S) C
P(L), then h°.,.] = RTS]., ).

Proof. For (z1;y1), (z2;y2) € S we have
h¥[z1, 2] = [y1, 2] = [y1, Pxo] = [Py1, m2] = K521, 23] 0

3. Semibounded linear relations on Hilbert spaces

In this section we recall some results about semibounded relations on Hilbert
spaces which are going to be important for us later on. A symmetric relation S on
a Hilbert space is called semibounded if there exists a real number m such that

m(z,z) < h¥(x,z), for all z € dom S. (3.1)

The maximum of all m € R such that (3.1) holds true is denoted by m(S) and is
called the lower bound of S.

In order to avoid complicated formulas in the sequel we define the scalar
product (m € R)

R (L) =h5(,.) —mf(.,.).
For m < m(S) the inner product k3 (.,.) is a positive definite inner product.

Note further that with S also its closure in $2 is semibounded with the same
lower bound, i.e., m(S) = m(S).

Definition 3.1. Let S be a semibounded relation on a Hilbert space (9, (.,.)), and
let m < m(S). By $s we denote the completion of dom S with respect to h3, (., .).
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The following remarks are more or less explicitly contained in [5].
Remark 3.2. For may < my < m(S) and x € dom S we have

hil([L’,l') = hs(x,x) —my(z,z) < hs(x,w) —mao(x,z) = hiz (z,x),

and
m(S)—mi s T,T :m(S)—m1 S(x,2)—m z,T m(S)—mq)(z,x
) B () = T (1 ) = () )+ (m(S) ) )

As h¥(x,2) —m(S)(z,z) > 0 and m(S) —my < m(S) — my this expression is less
or equal to

(h®(z,x) — m(S)(z, ) + (m(S) — m1)(, ) = hy, (z, 2).

Therefore, the topology induced by h3,(.,.) on dom S and, hence, the Hilbert space
$Hs does not depend on the choice of m < m(s).

By Lemma 2.4 with 2% (.,) also $5 remains unaltered if we switch from S
to PS where P is an orthogonal projection onto a subspace of $) which contains
dom S, i.e., Hs = Hps.

Since ((a;b); (x;y)) — h? (a,z) is continuous with resect to the graph norm,
we have 5 = 9.

Remark 3.3. For m < m(S) and « € dom S we have
(m(S) —m)(x,z) < h¥(x,x) —m(S)(z,z) + (m(S) — m)(x,z) = he (z,z).

Thus by continuity one can extend (.,.) to $g. Having done this we can define
h¥(.,.) on Hg for all | € R by

RE(,) =h3 () + (m—=1)(,.).
Clearly, hlS (.,.) is the unique extension by continuity of the originally on dom S
defined scalar product hJ(.,.).
Remark 3.4. From Remark 3.3 we conclude that the embedding

2 (dom S, 5 (.,) — (9,(.,.)
is bounded and can therefore be continued to a bounded mapping

L (*657 hgw(v )) - (f)v ('7 ))

The latter operator is in fact an embedding. For if ¢(z) = 0, then let z,, € dom S
converge to x within $)g. By continuity ¢(x,) = x, — 0 within $. For (a;b) € S
we have

hi(a,x) = lim hi(a,xn) = lim (hS(a,xn) —m(a,z,)) =

n—oo n—0o0

lim ((b, ) — m(a,z,)) =0,

n—oo

and, hence, x is orthogonal to dom S within g which yields x = 0.
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As a consequence of the injectivity of ¢ we can consider $)g as a linear subspace
of $ where = € § belongs to Hg if there exists a sequence ((,;yr)) in S such that
lim (z — xp,x — x,) =0, kllim (v — z1,yx — y1) = 0. (3.2)

=00

n—oo
Finally, it is elementary to see that for z € $ and (a;b) € S we have
hS (a,x) = (b—ma,zx).
We will use this fact without giving explicit references.

The space $g is used to define the Friedrichs extension of S as defined in
[5]. The following way to introduce the Friedrichs extension is slightly different
from the conventional access and is closely connected to the constructions given
in [10],[11] and [12]. See also [2].

Theorem 3.5. Let S be a symmetric and semibounded linear relation on the Hilbert
space (9, (.,.)). Let m < m(S) and consider the Hilbert space (Hs,h5(.,.)) and
the embedding

v (95005 (5)) = (9,(50).
Then the linear relation Sp = (1*)~! +ml is a selfadjoint and semibounded ex-
tension of S with m(Sr) = m(S). Moreover, it does not depend on the particularly
chosen m < m(S). In fact,

Sp={(z;y) € S* .z € Hg}. (3.3)

Proof. Clearly, 1.* is a selfadjoint and bounded linear operator on . Using stan-
dard arguments about linear relations we see that (1.*)~! is a selfadjoint linear
relation. Since for y € dom(t*)~! = ranw* with 1*x = y we have

R (g, y) = (2y) = hS (1w, 172) > 0, (3.4)
this relation is semibounded with a non-negative lower bound. With (..*)~! also
Sp is selfadjoint and semibounded. If (a;b) € S — ml and v € dom S, then

(a;b + ma) € S and t(u) = u because we identify $g with a subspace of 9.
Therefore

B (a,u) = (b+ma,u) — m(a,u) = (b,u) = (b,0(w)) = hS,(1"b, ),

and we obtain from the density of dom S in $g that a = ¢*b = w.*b. This proves
S C Sg, and by the selfadjointness of Sr we see that Sp is contained in the
right-hand side of (3.3). Conversely, if (z;y) € S* —mI and = € Hg, let (z,,) be a
sequence in dom S which converges to x within g and, hence, also within $. We
calculate for (u;v) € S

hi (1,0 (y)) = (e(w),y) = (u,y) = (v,2) = m(u,z) =
nli_{go((vv$7l) - m(u’xn)) = nh—{go hvsn(uaxn) = hi(u,x),

and obtain ¢*(y) = x. Thus we verified (3.3) which, in turn, together with Remark
3.2 implies the independence of S from m < m(S).
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Finally, from m((«c*)~1) > 0 we get m(Sr) > m and from the independence
of Sg from m < m(S) the relation m(Sg) > m(S). The converse inequality is an
immediate consequence of S C Spg. O

Definition 3.6. The selfadjoint linear relation S is called the Friedrichs extension
of S.

Remark 3.7. 1t is easy to see that Hsi,.1 = Hs and (S+7rl)p = Sp+rl forr € R.
With the notation from the proof of Theorem 3.5 we have

Sp(0) = (1*)71(0) = ker u* = (dom S)*.

Remark 3.8. First note that since S has a selfadjoint extension any closed, sym-
metric and semibounded relation has equal defect indices, i.e., the Hilbert space
dimension of ker(S* — zI) is the same for all z € r(S) where 7(S) (O C\R) is the
set of all points of regular type for S.

For m < m(S) =m(Sr) and (x;y) € Sr we have

zllly —mz| = (y — mz, ) = (m(S) —m)(z, ).
We conclude m € p(Sr) and
1
m(S) —m’
Therefore C \ [m(S), c0) C p(SF) and, hence, C\ [m(S), o00) C r(S).
The fact that (—oo,m(S)) C p(Sr) can also be seen from the proof of The-

orem 3.5. In fact, if we provide g with A (.,.), m < m(S), then we constructed
Sp such that (Sp —mI)~! is the bounded operator v.*.

I(Sp —mI)~H| < (3-5)

We are going to consider arbitrary selfadjoint and semibounded extensions H
of S'in § and for m < m(H) the relation between the Hilbert spaces (95, hZ(.,.))
and (9s,h3 (.,.)). This well-known result is strongly connected with the second
representation theorem from Kato, [9]. See also Chapter 10 of [3].

Theorem 3.9. Let S be semibounded on the Hilbert space ($,(.,.)) and H be a
selfadjoint and semibounded extension of S. Moreover, let H = Hy @ Ho, be the
decomposition of H into the purely relational part Hoo = {0} x H(0) and the
operator part Hy, which is a selfadjoint operator on H(0)*.

Then the space Hy as a subspace of § coincides with d0m|Hs|§, and for
m < m(H) the Hilbert space inner product hX(.,.) can be calculated as

hfl(:ﬂ,y):((Hs—mI)éx, (HS—mI)éy), z,y € HH. (3.6)

The space Hi contains Hs as a closed subspace, and on this closed subspace the
products hI(.,.) and h3,(.,.) coincide. If Hp is provided with hE(.,.), then

Ny ©Hs = Hu Nker(S* —ml). (3.7)
We have g = Hg if and only if H = Sp.
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Proof. The assumption S C H immediately yields hZ(.,.) = h2 (.,.) on dom S.
Thus the completion $5 of dom S with respect to k3 (.,.) is a closed subspace
of fjH

Since H is semibounded and m < m(H), the selfadjoint operator Hy — ml
is strictly positive on H(0)*. Therefore, we can consider the square root of it. For
x,y € dom Hy = dom H we have (z; Hsx), (y; Hsy) € Hs, and hence

hik(e,y) = (Haay) —m(z,y) = (Hs —mD)z,y) = (Hs —m)2a, (He —m)2y).
Using the boundedness of (Hs —mI)~! we see that the norm induced by hZ(.,.)
is equivalent to the graph norm of (Hs — mlI )2 on dom H,. By the functional
caleulus for selfadjoint operators dom(H, — mI)2 = dom|H,|2, and dom H, is
dense in dom(H, —mI)? with respect to the the graph norm of (Hy —mI)2. Thus
9y = dom |Hy|2, and relation (3.6) extends to all z,y € H.
If H = Sp, we obtain from (3.3) that dom Sr C 5. As we already identified

Hs as a subspace of Hy we get Hy = Hg. Conversely, if we assume Hy = Hg,
then by definition dom H C $ g and hence

HC{(z;y)eS* :zeDut={(x;y) € S":x € H5} = Sp.
As both relations are selfadjoint we obtain Sp = H. To verify (3.7) note that for
x € Hy and (a;b) € S
hf(a,x) = (H, —m)2a, (H, —m)2z) = (Hs — m)a,z) = (b—ma, z).
The final equality follows from Hsa — b € H(0) and the fact that
$pg = dom |H,|2 LH(0).
Thus = € Hy © Hg if and only if x € ran(S — mI)* = ker(S* —mlI). O

Remark 3.10. If we choose H = Sp in (3.7), then we see that g is disjoint to
ker(S* —mlI) for all m < m(S).

Remark 3.11. If S is closed with finite defect indices, then any selfadjoint extension
H of S'in § is a finite-dimensional perturbation of Sg. Hence every canonical self-
adjoint extension is semibounded. Hereby canonical means that H is a selfadjoint
extension within $).

Moreover, by Theorem 3.9 any space )y contains $g and is contained in
Hs+ker(S* —mlI). We are going to show that any linear space & with §5 C & C
Hs+ker(S* —mlI) equals a space 9y for some H.

From now on we assume that S is a closed, symmetric and semibounded
linear relation with finite defect indices.
Remark 3.12. As already mentioned the space s+ ker(S* — ml) is of particular
interest for m < m(S). If z € p(SF), we have
Hs+ker(S* — zI) = Hs + dom S*. (3.8)
As (—oo0,m(S)) C p(Sr) we conclude that $s+ ker(S* —mI) does not depend on
m < m(S).
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To verify (3.8) recall that for z,w € p(Sg) the operator
I+ (z—w)(Sp—2)71,

maps ker(S* — wlI) bijectively onto ker(S* — zI). Since dom Sp C Hg (Theorem
3.9), we see that the space on the left-hand side of the equality sign in (3.8) is
independent from z € p(Sr). The relation (3.8) is now an immediate consequence
of the von Neumann formula (see, e.g., Theorem 6.1 in [6]).

Definition 3.13. By $° we denote the space in (3.8).

Proposition 3.14. Assume that S is a closed, symmetric and semibounded linear
relation with finite defect indices. Let & be a subspace of $° which contains Hg.
Then there exists a canonical selfadjoint extension H of S such that Hy = &.

Proof. We provide & with a Hilbert space inner product h® (.,.) which extends
R (.,.), m < m(S), such that

& =95 Dpe (., (ker(S* —mI)N&). (3.9)

As dim ker(S* —mlI) < oo the Hilbert space (&, h2 (.,.)) is continuously embedded
in §, and we denote by tgs the corresponding inclusion map.

Similar as for ¢ in the proof of Theorem 3.5 we see that (tety) ™" is a semi-
bounded selfadjoint linear relation with a non-negative lower bound. Then also
H := (1gty) "t +ml is a semibounded selfadjoint linear relation.

If (a;0) € S —ml and u = u; + uy € dom S+(ker(S* — mI) N &), then
(a;b+ ma) € S and 1 (u) = u as we identify & with a linear subspace of §). As
ker(S* —mlI) =ran(S — mlI)*

B (0, u) = hS,(ar ur) = (b+ ma un) — mia, w)
= (bv ul) = (bvu) = (bv Lﬁ(u)) = hg(LEb, u)v

and we obtain from the density of dom S+ (ker(S* —mI)N&) in & that a = 1 Lib.
Thus we verified S C H.

Since tg is injective, its adjoint has a dense range in &. This range clearly
coincides with dom H. Moreover,

1

hH (a,2) = (b—ma,z) = (b—ma, ety (y — mz))
=l (15 (0 — ma), 5 (y — ma)) = hy, (a, ),
for (a;b), (z;y) € H, and hence Hy = &. O
As an immediate consequence of the previous results we obtain

Corollary 3.15. With the same assumptions as in Proposition 3.14 the space $H°
contains Hy for all canonical selfadjoint extensions H of S, and for some canonical
selfadjoint extensions H of S we have 9° =9y

Let & be such that g C & C .‘f")s, and let & be provided with a Hilbert
space scalar product h (.,.) which coincides with A7 (.,.) on $5 such that (3.9)

m m
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holds. We denote by P the orthogonal projection of & onto 5. Now we set
T=5N(6x8&).

Proposition 3.16. Under the above assumptions the linear relation T considered

in (&,h8(.,.)) is closed, symmetric and semibounded with a lower bound larger

than m.

If (n,n) denotes the defect index of S, then T is of defect index (r,r) with
r <n. If $ satisfies the minimality condition

$ =cls(dom S Uran 5), (3.10)
then r =n.

Proof. The closedness is an immediate consequence of the boundedness of the
inclusion map tg. For (a;b), (z;y) € T we have Pa = a, Pz = x. Using ker(S* —
mlI) L yran(S —mlI), the fact that 7" is symmetric follows from

K8 (a,y) = b (a, Py) = (b — ma, Py) = (b— ma,y) = (b,y — ma) = hS(b, ).
For later use we point out that more generally we have for (a;b) € S, y € &
h8 (a,y) = b5 (a, Py) = (b — ma, Py) = (b — ma,y). (3.11)
As
h8 (a,b) = (b — ma,b) = (b — ma,b —ma) + m(b —ma,a)
= (b—ma,b—ma) +mh®(a,a),

T is semibounded with a lower bound larger or equal to m. For € > 0, m+¢ < m(S)
we obtain from (3.5)

(b —ma,b—ma) = (b— (m+€)a,b— (m+ €)a) + 2e(b— (m + €)a, a) + €(a, a)
= b — (m + €)a||* + 2¢h® (a,a) — €*(a, a)
> (m(S) = (m+ €) — €)[|a]|* + 2¢hy, (a, a).
For sufficiently small € we get
h® (a,b) > (m + 2€)h8 (a,a),
and therefore m(T") > m.
As dom S C 95 C & we have for z € r(T),
ran(T — zI) =ran(S —zI)N&
={re6: (1s(x),y) =0, y €ker(S* —zI)}
= (1 ker(S™ — ZI))L’L%(H.
Therefore, T has defect index (r,r) where r < n.
If r < n, then ¢ (y) = 0 for some y € ker(S* —ZI), y # 0. From y € ker.j; =

(rantg)t C S*(0) we conclude y € ker(S*). Hence, condition (3.10) cannot be
satisfied. O
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As a consequence of the previous proof note that
g (ker(S* —mlI)) = ker(T* —mlI),

where this correspondence between the defect spaces is bijective if (3.10) holds
true. On ran(S — mlI) = ker(S* — mI)+ we have (z € ®)

hin (16 (b —ma),x) = (b= ma,z) = hy, (a, ).
Hence, g (b —ma) = a.

In the following, hTh2(.,.) is the scalar product and &r is the space con-
structed from &,h%(.,.), T in the same as h”(.,.) and Hs were constructed from
9,(,.),5.

As already noted we have for (a;b), (z;y) € T

h’ThSrsL(a’a JZ‘) = h’frsz(a” y) = h‘fz,(av Py) = (b —ma, Py)
= (b —ma,y — mz) + m(b— ma,z)
— (b—ma,y —ma) + m(h® (e, 7) — m(a, 7))
= (b —ma,y — mx) + mh?n(aﬂ .’E),
and hence h1 h® (a,z) = (b — ma,y — mx).

Proposition 3.17. With the above assumptions and notations vg maps (&Nran(S—
ml),(.,.)) unitarily onto (&1, hT h®(.,.)), where &1 coincides with dom(S N (G x
&)) and hL h8(.,.) induces a norm on &, which is equivalent to the graph norm

induced by SN (G x B).
If we denote by R the symmetry T N (&1 x &) on (&1, hLRG(.,.)), then

((t5) ™" x (1) H(R) = SN (B Nran(S — mI)) x (& Nran(S — mI))).
Proof. For the proof we first mention that the fact that ran(S — mI) has finite
codimension in §) ensures

& Nran(S —ml) =& Nran(S —mli).
As
RE RG (1 (b — ma), vs (y — mzx)) = hT hS (a,x) = (b — ma,y — mx), (3.12)

we see that 1 [ran(s—mr) = (S—mI)~! maps ran(T —ml) unitarily onto dom 7'. By
continuity ¢ |ran(s—mr) = (S —mI)~! then maps (& Nran(S—ml), (.,.)) unitarily
onto (&7, hLhE(.,.)). Thus

&1 = (S —mI) (B Nran(S —ml)) = dom(S N (G x &)).

The continuity of (S —mI)~! together with (3.12) shows that hZ h®(.,.) induces
a norm on &7, which is equivalent to the graph norm induced by SN (& x &).
For z,y € &Nran(S—ml) we have (z;y) € Sif and only if z = (H—m) " (y—
maz), where H is the selfadjoint extension (tetl)~' + mlI of S (see Proposition
3.14). As 16(8)*F = kertyy = H(0) this is equivalent to (H — m)~2(y — mz) =
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(H —m)~ 'z or because of (H —m) "ty —m(H —m)~'r = x € ran(S — m) in turn
equivalent to

(tew;tsy) = (H —m) to; (H —m) 'y) € SN (B x &1) = R. O

Thus we showed that for a closed and semibounded symmetry S with finite
defect index (n,n) one can partially reconstruct $ and S from $° and T by
focusing on & Nran(S —mlI).

4. Symmetric relations of finite negativity

Definition 4.1. Let (£,].,.],O) be an almost Pontryagin space, and let S be a
closed symmetric relation on £ such that S has finite codimension in

St = {(a;b) € £ x £:[a,y] = [b, z] for all (z;y) € S}.

Then S is called to be of finite negativity ks in (£,[.,.], O) if the inner product
h3[.,.] has kg negative squares on dom S. If kg = 0, we shall call S non-negative.

By well-known results in the theory of inner product spaces (see, e.g., [4])
h4[.,.] has finitely many negative squares if and only if there exists a linear sub-
space of dom S of finite codimension such that h°[.,.] restricted to this subspace
is positive semidefinite. Moreover, h°[.,.] has kg negative squares on dom S if and
only if there exists a xg-dimensional subspace M of dom S such that (M, —h>][.,.])
is a Hilbert space, and there is no higher-dimensional subspace of dom S with this
property. In this case we can decompose dom .S as

dom S = MM,

where 9 is the orthogonal complement of M with respect to h°[., ], and h®]., ] is
non-negative on M.

Remark 4.2. Tt is easy to see that S is of finite negativity kg in (£, [.,.],O), if and

only if it is of finite negativity xg as a relation on a Pontryagin space (B, [.,.])
containing (£, [.,.],0) as a closed subspace with finite codimension (see Remark
2.1).

If J is a fundamental symmetry of (3, [.,.]), then we see from (2.1) that S is
of finite negativity kg in (£, [.,.],O) if and only if JS is of finite negativity g in
the Hilbert space (B, [J., .]).

Thus certain questions related to symmetries with finite negativity can be
considered in a Hilbert space setting. There symmetries have the following impor-
tant property.

Lemma 4.3. Every symmetric relation of finite negativity on a Hilbert space is
semibounded. Moreover, ran(S — mlI) is closed and of finite codimension for all
m < 0.
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Proof. Let S be a symmetry in a Hilbert space (9, (.,.)) of finite negativity rg.
Now we consider & = ) @ § with the symmetric relation 7 = S @ S~! on it. As
T* = S§* @ S~ it is straightforward to check that T is of finite negativity 2xg
and that 7" has finite and equal defect indices.

Let A be a canonical selfadjoint extension of 7" in &. Since domT" C dom A
with finite codimension, also A is of finite negativity. Using the functional calculus
for selfadjoint relations we derive from this fact that o(A) N (—o0,0) consists of
finitely many eigenvalues of finite multiplicity. The proof for this assertion is very
similar to the proof of Proposition 2.3 in [7] and is therefore omitted.

So we see that A and with A also its restriction S is semibounded. From
the mentioned spectral properties for A we also see that ran(A — mlI) is closed
and of finite codimension for m < 0. The mapping (z;y) — y — mx from A
onto ran(A — mI) is continuous and has a finite-dimensional kernel. Hence the
closed subspace T of A is mapped onto a closed subspace of ran(A — m1I) of finite
codimension. The structure of T' shows that ran(S — mlI) is closed and of finite
codimension. ]

Due to the previous lemma we can define a space associated to a symmetry
of finite negativity.

Definition 4.4. Let (£,].,.],O) be an almost Pontryagin space, and let S be a
symmetric relation of finite negativity on (£, [.,.], O). Moreover, let (B, [.,.]) be a
Pontryagin space which contains (£, [.,.],O) as a closed subspace of finite codi-
mension, and let J be a fundamental symmetry on this Pontryagin space. Then
we define the space £g by
Ls =Pss,

where ;g is the space corresponding to the symmetry JS on the Hilbert space
(B, [J.,.]) defined as in Definition 3.1.

We provide £5 with the inner product h’S[J.,.] and denote it by h°[., ]
(see Remark 3.3). Moreover, let Og denote the Hilbert space topology induced by
RIS[J., ], m < m(JS) on Ls.

Remark 4.5. By Remark 3.4 355 is continuously embedded in P. Denoting the
inclusion mapping by ¢ its continuity yields

1(PBss) =t(dom JS) = t(dom S) C dom S C £.

Hereby the latter closure is taken with respect to the topology O (which coincides
with the topology induced by [J., ], see [7]) and the others are taken with respect
to Os.

Thus £g is a linear subspace of £. Moreover, it is independent from the
fundamental symmetry J and even from the space B. For by (3.2) a vector = € £
belongs to £g if and only if there exists a sequence ((z,; yy)) in S such that z,, — =
with respect to O and

lim [zy — 2,y — ) = 0.
k,l— o0
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This characterization also shows that £5 = £g_,,;r whenever S — ml/ is of finite
negativity.

By the closed graph theorem and by the fact that ¢ is continuous the topology
Og is also independent from J and from ‘B.

Finally, the Og-continuous scalar product h°[.,.] (on £g) restricted to the
the Og-dense linear subspace dom S coincides with h° [.,.] as it was defined in
Definition 2.2. Hence h°].,.] on £g is the unique continuation of ~°].,.] on dom S
by continuity. Therefore, also h°[.,.] is independent from J and from .

Remark 4.6. With the same assumptions as in Definition 4.4 let 9t be a closed
subspace of (£, [.,.],O) such that S C 9 x M. Then (I, [.,.], O N M) is also an
almost Pontryagin space (see [7]). By similar arguments as in the previous remark
it is easy to verify that the triple (£s, h°].,.], Os) coincides with (Mg, K5[., ], (ON
M)s). The latter is defined as above but just with the use of (9, [.,.], O N M)
instead of (£, [.,.], O0).

Proposition 4.7. The triple (£s, h°[.,.], Os) is an almost Pontryagin space if and
only if there exists an € > 0 such that S — el is of finite negativity.

Proof. Let (B, ].,.]) be a Pontryagin space which contains (£, [.,.], O) as a closed
subspace, and let J be a fundamental symmetry on this Pontryagin space. By
definition (£s, h°][.,.], Os) = (Brs, h'°[J.,.], Os5), where O ;5 denotes the Hilbert
space topology induced by hJ5[J.,.], m < m(JS), on Ps.

By Remark 4.2 the symmetric relation S — el is of finite negativity on
(£,[.,.],0) if and only if JS — eJ is of finite negativity on the Hilbert space
(B, [J.,]). Since the fundamental symmetry operator J is a finite-dimensional
perturbation of I, the scalar product h/5=¢/[J., ] is a finite-dimensional pertur-
bation of h”5~¢[J.,.] on dom S. Hence JS — ¢.J is of finite negativity if and only
if JS — el has this property.

We just showed that in order to prove the present proposition we may
assume that (£,[.,.]) is a Hilbert space. Under this additional assumption let
(£s,h°[.,.],Os) be an almost Pontryagin space. By the definition of almost Pon-
tryagin spaces (see [7]) there exists a closed subspace Mg of finite codimension
of (£5,h7[.,.],Os) such that (Mg, h"[.,.]) is a Hilbert space. Hence, if we choose
m < m(S), then there exist ¢,d > 0 such that for all z € Mg

ch®[z, 2] < h3 [z, 2] < dh¥[z, x). (4.1)

The space Mg Ndom S has finite codimension in dom S, and for x € Mg Ndom S

we have
m(S)—m

dns= " a [, 2] > hfn[x,x] — (m(S) —m)[x,x] = hs[x,x] —m(S)[z,z] > 0.

If we set

m(S) —m
€ =
d )
then e > 0 and h5~¢![., ] has finitely many negative squares, i.e., S — eI is of finite

negativity.
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Conversely, if S — €l is of finite negativity, then we can find a linear subspace
M of dom S of finite codimension such that

0 < W5z, 2] = W[z, 2] — €[z, 2],

for all € M. Since h°[.,.] and [.,.] are continuous with respect to Og on £g, we
see that h¥[z, ] > €[z, ] for all z belonging to the closure Mg of M with respect
to Og. Thus h°[.,.] induces a topology on Mg with respect to which [.,.], and
hence also h3,[.,.], m € R, is continuous. If m < 0 and m < m(S), we see that
(4.1) holds for x € Mg and for some ¢, d > 0. This means that Og is also induced
by h°[.,.] on Mg, and as this closed subspace has finite codimension in £ the
triple (£g,h7[.,.],0s) is an almost Pontryagin space. O

Remark 4.8. As the sum of Hermitian scalar products with finitely many negative
squares also has this property we see that if S —el, ¢ > 0 is of finite negativity,
then S — nl is of finite negativity for all n <e.

Remark 4.9. If the condition from the previous proposition is satisfied, then ran .S
is closed and of finite codimension. In fact, this assertion is equivalent to the fact
that ran JS is closed and of finite codimension in the Hilbert space (%, [/.,.]). We
saw in the previous proof that J.S — el is of finite negativity. Therefore, by Lemma
4.3, ran J S is closed and of finite codimension.

As ran S| jkerS we in particular obtain dimker S < oo.

The following lemma has an interesting consequence.

Lemma 4.10. Let (£,[.,.],O) be an almost Pontryagin space, and let S be a sym-
metric relation of finite negativity. Moreover, assume that

dom S = domT + N,

where T is a closed restriction of S such that the adjoint of T contains T with
finite codimension. Moreover, assume dimM < co. Then

Ls=Lr+MN

Proof. Let P and J be as in Definition 4.4. As JT C JS it follows from Def-
inition 3.1 that Pyr(= L£7) is a closed subspace of Ps(= L£g). Since N is
finite-dimensional, £7 + 91 is also a closed subspace of £5. On the other hand
dom S = domT + MN(C L7 + M) is dense in L£g. O

In the following we will consider two scalar products [, .]; and [.,.] on £. Then
[.,.]1 is said to be finite-dimensional perturbation of [., .], if for some linear subsapce
M of £ of finite codimension one has [z,y]; — [z,y] =0 for all z € M, y € L.

Corollary 4.11. Let (£,[.,.],O) be an almost Pontryagin space, and let [.,.]1 be
another scalar product on £ which is continuous with respect to O and which is a

finite-dimensional perturbation of [.,.]. Moreover, let S be a symmetric relation of
finite negativity on (£,[.,.], O) such that S is also symmetric with respect to [.,.]1.
Under these assumptions (£,][.,.]1,0) is an almost Pontryagin space. The

symmetry S is of finite negativity on (£,[.,.]1,0). Moreover, the space £g and
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the topology Og remain the same if they are defined with (£,].,.]1,O) instead of
(&,[.,.],0). Finally, (£s,h°[.,.],Os) is an almost Pontryagin space if and only if
(£s,h%].,.]1,05) is an almost Pontryagin space.

Proof. By our assumptions there exists a closed subspace 9t of £ of finite codi-
mension such that

[xvy]l - [‘T,y} :07 Z’Gm, y€£

By the definition of almost Pontryagin spaces there exists a closed subspace 9
of £ of finite codimension such that [.,.] restricted to 9N is a Hilbert space inner
product which induces ONIt on N. Hence, MNN is a closed subspace of £ of finite
codimension such that [.,.]; restricted to 9t NN is a Hilbert space inner product
which induces O N (IMNN) on MNN. This in turn means that (£, [.,.]1,0) is an
almost Pontryagin space.

By what was mentioned after Definition 4.1 the finite negativity of S on
(£,[.,.], O) is equivalent to the fact that h°[.,.] is positive semidefinite on a linear
subspace 9 of finite codimension of dom S. With £ also Q N9 is a subspace of
finite codimension of dom S, and h°[.,.] coincides with h°[.,.]; on Q N 9. Hence
S is of finite negativity on (£, ., .]1,O).

Clearly, the almost Pontryagin spaces (9, [.,.], ONM) and (90, [.,.]1, ONM)
coincide. If we set T = SN (M x M), then we obtain from Remark 4.6 that the
space £7 remains unchanged if we used (£, [.,.]1, O) instead of (£, [.,.], O) for its
construction. Since dom T is of finite codimension in dom S, we can apply Lemma
4.10 and see that also £g remains unchanged. Using the fact that the inclusion
mapping from £g into £ is injective and continuous the closed graph theorem
implies that the topology Og is also independent from the scalar product, which

was used for its construction , i.e., [.,.] or [, ]i.

By what was proved above S — €I is of finite negativity on (£, [.,.], O) if and
only if it has this property on (£, [.,.]1, O). Thus the final assertion is an immediate
consequence of Proposition 4.7. ]

Definition 4.12. Let (£,[.,,.],O) be an almost Pontryagin space, and let S be a
closed symmetric linear relation of finite negativity on (£, [.,.], O). Moreover, let
(B, [,.]) be a Pontryagin space which contains (£, [.,.],O) as a closed subspace
of finite codimension, and let J be a fundamental symmetry on this Pontryagin
space. Then we define the space £° as

L8 =P’ ng,

where 7% is the space corresponding to the symmetry JS on the Hilbert space
(B, [J.,.]) defined as in Definition 3.13.

Remark 4.13. As J(JS)®) = SFl we obtain from (3.8) and Remark 4.5
£5 = €g + (dom S¥ n g).

By Sl we mean here the adjoint relation within (%, [, .]).
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We can describe dom S N £ as the set of all @ € £ such that for (z;9) € S
z = [y, al,

is a well-defined and O continuous linear functional on dom S. Hence £ neither
depends on J nor on ‘B.

If S — ml is also of finite negativity, then we immediately see that £5 =
SS—ml.

Since we always assume that codimg. S < oo, £5 contains £g as a subspace
of finite codimension. It therefore carries a unique Hilbert space topology such that
(£s5,05) is a closed subspace of it. We are going to denote this topology by OF.

In analogy to Corollary 4.11 we have

Proposition 4.14. Let (£,[.,.],0), [.,.]1 and S be as in Corollary 4.11. Moreover,
assume that for all a € £ the mapping

x> [y,a] = [y, aly, for (z;y) €S,
is a well-defined and O continuous linear functional on dom S. Then the space £°
is the same whether it is defined via (£, ., .]1,0) or via (£,[.,.],0).

Proof. This result immediately follows from the corresponding invariance property
for £5 (Corollary 4.11) and from the characterization of dom SM* N £ given in
Remark 4.13. O

The rest of the paper is devoted to indefinite generalizations of the results in
the part of Section 3 which comes after Corollary 3.15. These results will be an
essential tool in our forthcoming paper [8].

From now on we will study the case that (£g,h°].,.],Og) is an almost Pon-
tryagin space. We introduce a linear relation 7' on any subspace & C £° which
contains L£g:

T=5N(6x&).
By Og we denote the Hilbert space topology O° N &.

Definition 4.15. An admissible scalar product h®[.,.] on & is a Hermitian contin-
uation of h°[.,.] such that (£s5,h°[.,.],Os) is an almost Pontryagin subspace of
(8,h%].,.],0g) and such that

h®[b,z] = [b,y],
for all b € &, (z;y) € S.

Such an admissible product always exists. To see this note that £5 = P ;5 C
G C 5 CPISIf () = [],], m < m(JS), and hE(.,.) is defined as in
Proposition 3.16 with S replaced by J.S, then we set
R[] =h8(.,.)+mf(,.).
This Hermitian product is a continuation of h’/9(.,.) = h°[.,.] and for b € &,
(z;y) € S we obtain from (3.11) that

h®[b, x] = h® (b, ) + m(b, ) = (b, Jy — mz) + m(b,z) = (b, Jy) = [b, y].
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Proposition 4.16. Assume that (£5,h7[.,.],0s) is an almost Pontryagin space and
let h®[.,.] be an admissible Hermitian inner product on & such that (£s,h°].,.],0s)
is an almost Pontryagin subspace of (&,h®[.,.], Os).

Then T considered in (&,h®].,.], Og) is closed, symmetric, of finite codimen-
sion in T"" ¥ and it is of finite negativity Kk, where Kk coincides with the degree
of negativity r_(ran(T),[.,.]) of (ran(T),[.,.]).

Finally, for sufficiently small € > 0 also T — €l is of finite negativity.

Proof. For (a;b), (z;y) € T we see from

B8 [b, 2] = [b, 4] = h®[a, 4], (4.2)
that 7' is symmetric. Moreover, this relation proves that hTh®[.,.] has as many
negative squares as [.,.] on ran(7T).

We see from Proposition 3.16 that R = (JS) N (& x &) is a symmetry with
finite defect indices, or equivalently it is contained in its adjoint (with respect to
h&(.,.)) with finite codimension. Let 9 be a Og-closed subspace of & on which
J = I and such that h®[., ] is a Hilbert space inner product on 9. With R also
RN (M x M) has finite defect index. Clearly,

RNMxM=SN(MxM) =TnN (M xM).

It is straightforward to show that also the adjoint of RN (9 x M) within M with
respect to h®[.,.] contains RN (M x M) with finite codimension. The same is true
for the adjoint of R N (M x M) within &. Hence also the symmetric extension T

of RN (M x M) is contained in T' "®[+] with finite codimension. Thus according to
Definition 4.1 the symmetry 7T is of finite negativity in (&, h®[.,.], Os).
By Proposition 4.7 S — €l is of finite negativity for sufficiently small € > 0.
For (a;b), (x;y) € T we have
h®[b — ea,z] = [b,y] — h¥[ea,x] = [b — ea,y] =

[b—ea,y — ex] + eh®[a, z].
So we identify hT=¢/(h®[.,.]) as the sum of two Hermitian scalar products with
finitely many negative squares. Therefore, it also has finitely many negative squares
and T — €l is of finite negativity. O

By Proposition 4.7 (&7, hTh®[., ], (Og)7)) is an almost Pontryagin space.
Proposition 4.17. The space & coincides with the domain of the relation
X=5N(6x08),

where the closure is taken in £ with respect to O.
The topology (Os)r coincides with the topology induced by the graph norm
of the closed operator

{(z;y + X(0)) : (z39) € X} € 6 x (6/X(0)),
where & is provided with ONG and & /X (0) with the factor topology (ONG)/ X (0).



208 M. Kaltenback, H. Winkler and H. Woracek

Proof. From Remark 4.5 we know that &1 is the set of all z € & such that there
exists a sequence ((z,;y,)) in T which satisfies

T, — x wrt. Og and [Yn — Ym, Un — Ym] = A8 [Un — Ym, Tn — zm] — 0. (4.3)
The convergence of z,, with respect to Og implies

[yn - ymay} = hqj[xn - fEmJ/] — 0,
for all y € &. Therefore (4.3) is equivalent to x,, — x with respect to Og and the
fact that (yn—l—@[o]) is a Cauchy sequence within the Pontryagin space (&/ 05[0], [,.])
with respect to its Pontryagin space topology.

Using Remark 4.5 once more we see that x € & if and only if there exists a
sequence ((x,;yn)) in T such that x,, — o with respect to O,

[yn —YmyTn — xm} — 0,

and (yn, + 05[0]) is a Cauchy sequence within the Pontryagin space (6/6[0], [,.]).
By the Cauchy-Schwartz inequality here the second condition is a consequence of
the remaining two.

Hence, &7 is the domain of the linear relation @ C & x &/ @M where () is
the closure of T+ ({0} x (’5[0])/({0} X (’5[0]). As ' is finite-dimensional

[o] [o]
Q=T+ ({0} x&")/({0} x&™).
On the other hand as ran S is closed and of finite codimension (see Remark 4.9)
we obtain
ranT =ran SN &.
Since the mapping (z;y) — y from S onto ran.S has a finite-dimensional kernel
(see Remark 4.9),
ranT =ranT,

and we see that
T+ ({0} x(S0)N®B))=5N(6 x &),
and hence
&1 = dom(Q) = dom(7T) = dom(S N (& x B)).

The assertion about the topology follows from the closed graph theorem since
all involved topologies are Hilbert space topologies. O

Corollary 4.18. In addition to the assumptions in Proposition 4.16 suppose that S
is an invertible operator. Then S_1|ran sne Sets up an isomorphism from the almost
Pontryagin space (ran S N &, [.,.], O NranS N &) onto (&1, hTh®[., ], (Os)r).
If we denote by R the symmetry T N (&1 x &7) on (&7, hTh®[., ], (Os)7),
then
{(Sz;Sy) : (x;y) € R} =SN((ran SN &) x (ran.S N &)).



Symmetric Relations of Finite Negativity 209

Proof. Using the notation from Proposition 4.17 and its proof with S also X is an
invertible operator. By the proof of Proposition 4.17

dom X = &7, ran X =ranS N &.

Since ran X is closed, the closed graph theorem implies that X ! is even contin-
uous. Hence, by Proposition 4.17 the topology (Og)r is just the initial topology
induced by X.

Because of (4.2) we have

[b,y] = hTh®[X b, Xy,
for y € ran S N &. By continuity we can extend this relation to ran.S N &.
For z,y € ranS N & we conclude from (z;y) € S that S~ly =z = SS™ 1z
and y = SS~ly € &. Hence (S~'z; S 1y), (S~ 'y,y) € X (see Proposition 4.17),
and further
(S71z;871y) € SN (dom(X) x dom(X)) = TN (dom(X) x dom(X)) = R.

Conversely, if (S~'x; S~ 'y) € R, then S™'2 € &7 C dom S and # = SS~ 'z =
Sy, or (z;y) € S. O
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An Operator-theoretic Approach to a
Multiple Point Nevanlinna-Pick Problem for
Generalized Carathéodory Functions

Lutz Klotz and Andreas Lasarow

Abstract. We study a Nevanlinna-Pick type interpolation problem for matrix-
valued generalized Carathéodory functions, where the values of the function
and the values of its derivatives up to a certain order are prescribed at finitely
many points of the open unit disk. Under the assumption that the generalized
Schwarz-Pick-Potapov block matrix, which is associated to the given data, is
non-singular we establish a correspondence between the set of solutions of the
problem and the set of minimal unitary extensions of a certain isometry in a
Pontryagin space, which is one-to-one modulo unitary equivalence.
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Keywords. Nevanlinna-Pick interpolation problem, generalized Carathéodory
functions, generalized Schwarz-Pick-Potapov block matrix.

1. Introduction

Starting with Carathéodory’s paper [7] interpolation problems for classes of ana-
lytic functions have been studied widely. There is an extensive literature on several
types of such problems (see, e.g., the survey article [17] and the books [11], [14],
[3], [10]). The present paper is another contribution to this topic and deals with
an interpolation problem for matrix-valued generalized Carathéodory functions on
the open unit disk D := {z € C: |z| < 1} of the complex plane C, i.e., matrix-
valued meromorphic functions on D, for which the corresponding Carathéodory
kernel can have a finite number k of negative squares.

The problem we are going to study is a multiple point interpolation problem,
i.e., a problem, where along with the values of the function the values of its deriva-

The work of the second author of the present paper was supported by the German Academy
of Natural Scientists Leopoldina by means of the Federal Ministry of Education and Research
under grant number BMBF-LPD 9901/8-88.
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tives up to a certain order are prescribed at some points, see problem (MNP) of
Section 2 for the exact formulation. The definite case kK = 0 of such a type of
interpolation problems was studied, e.g., in [13] and [8]. Woracek [28] discussed a
problem for generalized Nevanlinna functions analogous to ours and we acknowl-
edge the strong influence of Woracek’s paper to our investigations. Woracek’s (and
our) method is operator-theoretic. Perhaps, the first paper, where operator theory
was applied to interpolation problems, was [26]. The operator approach concerning
an indefinite metric was developed in [20]. In fact, the considerations below bank
on a synthesis of [26], [20], and Potapov’s approach to interpolation problems (see,
g, [12], [17], and [18]).

The first task in applying operator theory to interpolation problems is to con-
struct from the interpolation data W an inner product space $y . This construc-
tion will be carried out in Section 4. It requires the introduction of a generalization
of the Schwarz-Pick-Potapov block matrix. Section 3 contains some considerations,
which are to motivate our choice of the generalized Schwarz-Pick-Potapov block
matrix Py,. We obtain our main result under the additional assumption that Py
is non-singular. In this case the corresponding space $y is a Pontryagin space
and we shall use several facts on Pontryagin spaces. We refer to [15] for a nice
introduction to the subject and to [4] or [2] for more comprehensive treatises on
more general indefinite inner product spaces.

In Section 4 we also define an isometric operator V in $y corresponding
to Pw. As is pointed out in Section 5, the solutions of problem (MNP) can be
described by unitary extensions of V. Our main result establishes a one-to-one
correspondence (modulo unitary equivalence) between the set of minimal unitary
extensions of V in a Pontryagin space Il and the set of all solutions of prob-
lem (MNP) with x negative squares, see Theorem 5.4.

The concluding Section 6 deals with a realization of the abstract space Hy
as a space of rational functions. This construction was motivated by the work
of Bultheel, Gonzélez-Vera, Hendriksen, and Njastad [6] (see also [22]), where
the connection between orthogonal rational functions and definite interpolation
problems for scalar Carathéodory functions was investigated. We shall show that
the operator V' becomes an operator of multiplication in this concrete model.

Let us mention some further notations and conventions we will use. The sym-
bols N and Ny signify the sets of positive and non-negative integers, respectively.
We write 0 for the zero element of any linear space. The domain of definition,
range, null space, and resolvent set of a linear operator X are denoted by D(X),
R(X), N(X), and p(X), respectively. Throughout the paper, the symbol ¢ stands
for a positive integer. By C? we denote the Hilbert space of column vectors with
q complex entries, by (~, ) and I, its canonical inner product and the identity
operator, respectively, and by C?%? the algebra of complex ¢ x g-matrices. For all
other inner products and identity operators we use the same notations <~, > and 1,
respectively. (We hope that this will not lead to confusion.) Similarly, the symbol
X* stands for any adjoint operator of a linear operator X, where the underlying
inner products should be clear from the context.
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2. Formulation of the problem

Let us recall some facts on C?*9-valued generalized Carathéodory functions. They
and even stronger and more general results can be found in [19], see [20] (if ¢ = 1)
and [21] for additional information.
Let k € Ny and let A be a non-empty set. A C?*9-valued kernel K on A x A
is said to have k negative squares (on A) if it has the following two properties:
(1) KA\ p) =K(u, )" A p el
(2) for any choice of r € N; A\, Ag,...; A\, € A, and z1,29,...,2, € C%, the
complex r X r-matrix

((K(Aj’ k)T, ﬂﬁk))

has at most k negative eigenvalues and for at least one such choice it has
exactly k negative eigenvalues.

Jk=1,...,r

A C?%%-yalued meromorphic function F' on D is called a generalized Carathéodory
function with k negative squares if the kernel

Kp(u,v) = (F(u) + F(v)*), u,v € o(F),

1—uv
has k negative squares. Here o(F') denotes the domain of holomorphy of F. The
class of all C?*9-valued generalized Carathéodory functions F' with k negative
squares such that 0 belongs to o(F') will be denoted by C4*9.

The following theorem summarizes basic results on the representation of ge-
neralized Carathéodory functions, cf. [19, §2]. We mention that assertion (ii) of
Theorem 2.1 (b) is stated without proof in [19], but a proof of a similar fact for
generalized Nevanlinna functions was given in [9, proof of Theorem 1.1].

Theorem 2.1. (a) Let Vs be an isometric operator in a Pontryagin space Il
such that R(V,) =/, let T be a linear operator from C? into Il/, and let
H be an Hermitian q x q-matriz. Then the function F':

F(2):=iH+T*Ve 4 2I)(Vir —2I)7'T, 2z € p(Vir)ND, (2.1)

belongs to the class C1% for some k" < k'. If Vi is unitary and if Vi and

I are minimal, i.e., the linear span of
{Vio—2I)"'Tz: 2z € p(Vi),z € CI}

s dense in I/, then k" = K'.
(b) Let F € C1*9. Then there exist a Pontryagin space Il,;, a unitary operator U
in I, and a linear operator I from CY into Il,; such that
(i) U and T' are minimal;
(i) o(F) = p(U) N D;
(iii) F(2) =iSmF(0) +T*(U + 2I)(U — 2I)7'T, 2 € o(F).
The operator U is unique to within unitary equivalence.

For functions of the class C2*¢ we wish to study the following multiple point
interpolation problem.
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(MNP) Letk € Ng,neN, let z1 :=0,29,...,2, ben distinct points of D, and
letl; €N, j=1,2,...,n. For the set Dy of ordered pairs

Dw = {(z,s): s=0,1,...,0;, -1, =1,2,...,n}
and a function W: Dy — C?%4, describe the set CI*4(W) of all func-
tions F' belonging to C1*9 such that

81! FO) (z;) = W((z),5)) = Wis, (2j,8) € Dw. (2.2)

Some remarks are in order.

Remark 2.2. Problem (MNP) is a generalization of the trigonometric moment
problem or of the Carathéodory coefficient problem (see [7] and [1]) as well as of
the classical Nevanlinna-Pick problem (see [24] and [23]).

Remark 2.3. Relation (2.2) shows that the domain of definition and the values
of the matrix-valued function W can be interpreted as interpolation data. Accor-
dingly, we shall speak of the interpolation data W.

Remark 2.4. Applying a suitable linear fractional transformation of I, one can
see that the assumptions 0 € o(F') and (0,0) € Dy can be considered as certain
normalization conditions and do not detract the generality of C2*¢ and prob-
lem (MNP), respectively.

Remark 2.5. In what follows, the sets
A = {(j,S): s:O,l,...,lj—l,j:1,27”.,71}

and A x A will appear as index sets of vectors and matrices, respectively. In these
cases we shall always assume that A is ordered lexicographically, i.e., (j, s) precedes
(k,t) if and only if either j < k or j =k and s < t.

3. A generalized Schwarz-Pick-Potapov block matrix

Ifiy, =1lp =--- =1, =1 in problem (MNP), the Schwarz-Pick-Potapov block

matrix
1 *
(1 — ZjZk (WjO + WkO))

plays a crucial role (see, e.g., [17]). It arises the question by what matrix it should
be replaced in the more general setting. To motivate our choice, assume for a
moment that F' € C2*?. From (iii) of Theorem 2.1 (b) we get

F(z) =iQSmF(0) + I"T + 2:I"U*R(z), =z € o(F), (3.1)
where R(z) := (I — zU*)~'T". By induction it follows
F) () = 20*U* (TR(Tfl)(z) + ZR(T)(Z)), z€o(F), reN,

J,k=1,....,n



Multiple Point Nevanlinna-Pick Problem 215

which shows that a large part of information on the derivatives of F' is contained
in the derivatives of R. On the other hand, it is not hard to see that

(1 —w)Kp(u,v) = F(u) + F(v)* =2(1 —uv)R()*R(u), wu,v € o(F),
which yields

2 O R R@= O (Fw+Pwr), steNe (32)
usawt TN T Gusgut 1 - \T Y v 0 ’
These facts suggest that the matrix Py := (P(j,s),(k,t))(j (kA with entries
1 o5t 1

(F(u) + F(v)*)

_ ,, (..77 S)? (k’ t) E A’ (3'3)
e

P =

(3:9): (kD G141 Gusdt 1 — ww
could serve as a substitute for the Schwarz-Pick-Potapov block matrix. Indeed, in
the definite case such kind of block matrices was used in [8]. In order to simplify
the notation slightly we set

P(j,s),(k,t) = Ps(tjk)v (.77 8)7 (k,t) €A.

Thus, taking into account the lexicographic ordering of A, we see that Py can be
written as

Py = (Py).

ik=1. (3.4)

where Pjj, := (Pg(tjk)) s=0,1,...1;—1 18 a complex l;q X lpg-matrix, (j,s), (k,t) € A.
t=0,1,...,05—1
What we still need is an explicit expression of the entries of Py by the interpola-

tion data W.
Lemma 3.1. If P o) (k4) = Ps(tjk) is defined by (3.3), then
s min{t,h} t—r_ h—r

(Gk) _ (h+t—r)! z; 7k 4
Pst - Z Z t _ ’I" "I"' )| (1 _ ijk)h-‘rt—?”—i-l W],s—h
r=
h—r_ s—r

t mm{s h} ]’L s ’l“) PN

+Z Z (s = )Irl(h — 1)l (1 — zj25)hts—r+1 Wi t—n-

Proof. The result follows by an all in all fourfold application of Leibniz’ product
rule to the right-hand side of (3.3) and by (2.2). O

(3.5)

The considerations above urge the following definition.
Definition 3.2. For the interpolation data W of problem (MNP), the matrix

(gk)
Pw = (Pi™) o). (kyea

whose entries Pg(tj ") are defined by (3.5), is called the generalized Schwarz-Pick-
Potapov block matriz associated to (MNP).

Note that Py is an Hermitian matrix. From Lemma 3.1 one can derive some
useful recurrence formulae concerning the entries of Pyy.
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Lemma 3.3. The entries Ps(tjk), (4, 8), (k,t) € A, of the generalized Schwarz-Pick-
Potapov block matriz associated to (MNP), satisfy the following identities:

() (1—z20)PGY = Wio + Wiy, ik =1,...,n;

(i) (l—zjzk)P(jk) =z, P(Jk ot Wis,s=1,....0; — 1, and

(1- zjzk)P(jk) — szo(ft’“)l FW, t=1,. zk

(i) (1 - ijk) = s(jkl)t 1 +ZJP€(t )1 + 2k P( 1)t} s>1,t=>1
Proof. Relation (1) immediately follows by setting s =t = 0 in (3.5). For ¢ = 0,
(3.5) implies that

Zkh st

1— 2;2,)PYk) — W, sn +
e z;)(l—zjzk)h P (1= 2z

Wi, (3.6)

On the other hand, if we set ¢t = 0, substitute s—1 for s and replace the summation
index h of the first outer sum on the right-hand side of (3.5) by h— 1, we compute
S
(k) _ Zk ) 2k *
2Py g = hz:; (1- ijk)hWJ,s—h + (1= 2;20)° Wio-

A comparison with (3.6) yields the first identity of (ii). The second one follows
similarly. To prove (iii), it is enough to show that the coefficients of W; s, as well
as the coefficients of W,;"tih on both sides coincide. This can be done by some
boring manipulations with indices in the style of the proof of (ii) and by invoking
some well-known identities for binomial coefficients. Let us sketch the way in the
case of the coefficients of W; s_j,. According to (3.5) the coefficient of W; s_j, on
the left-hand side of (iii) is equal to

min{t,h} t—r _ h—r min{t,h} t—r _ h—r
3 (ht—r)! Zj o Rk = S0 Z ok
et (t—r)!rl(h—r)! (1_ijk)h+t7r =~ t—r r (1_ijk)h+t7r

Replacing s by s — 1, t by ¢t — 1, and also the summation index h by h — 1 in (3.5),
we see that the coeflicient of W; s, in the term of Ps(i’i),tq equals

min{t—1,h—1} t—r—1_ h—r—1 min{t,h} t—r _ h—r

Z (htt—r—2)! Zj k Z(thtfrfl) (hfl) Zj Fk )
~ (t—r—1)!7!(h—r—1)! (1 . Zk)h+t r—1 —~ t—r r—1 (1_ijk)h+t7r
Similarly, one can obtain the coefficient
mm{tfl,h}(hﬁ " Z;—rzkh—r _mm{t*Lh}h_irt_r_1 . Z;—erh—r
,,‘z_;o (t—r—1)!Ir!(h—7)! (1 2 Zk)tht r ,,‘z_;o ( t—r—1 )(7‘) (1_ijk)h+tir

of Wj ¢—p in the expression of Zjl’:’fjtk_)1 and the coefficient

min{t,h—1} ZtiTZ h—r min{t,h—1} ZtiTZ h—r
(h4t—r—1)! j ck _ Z (h+t—r—1) (h—l) i <k
t—r)lr!(h—r—1)! . htt—r t— . h+t—
= (t=r)lr!(h—r—1) (l_Z]Zk) +t—r r (1_ijk) +t-r

r=0
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of Wj s—p in the expression of szg(J_ ’Cl)7t. Thus, we have to verify the identity

s min{t,h} Zt—rzkhfr

h+t 7‘ J W.
Z Z htt—r ' G5—h
- (1—zj21)
s min{t,h} t—r_ h—r

Z: Rk
h+t r— 1 h 1 J .
z : z : 1) (l—ZjZk)h—H_TWJ’Sih

s mln{t 1,h} Zt—rzkhfr

Z (h;it;izl) (i}) (1 —JZjZk)tht*T Wj,s—h

+

h=0 r=0
s min{t,h—1}

n (h+t—r—1) (h—l) ZT “k
Pt —~ t—r T (1_ijk)h+t—r

h—r
Wj’S,h.

t

Since for h = 0 we get ( . Wjs on both sides of (3.7), it is enough to show

5
1— Z]'Zk)
min{t,h} t—r_ h—r

Z(hﬂfr) (h) J

~ t—r r (1_ijk)h+t7r

min{t,h — —
{t,h} LT T

S DA [CS PRI 59

r=1

min{t—1,h} Ztvirzkh r min{¢,h—1} Ztvirzkhir

+ Z hjtrrll (1 jz Zk)h+t T + z(:) h+t - 1) (hzl) (1_jzjzk)h+t—r'
T

The 1dent1ty

h4+t—r—1\ (h—1 h+t—r—1\ (h h4+t—r—1\ (h—1 h+t—r\ (h

( +:—r )(r—l) + ( ;r—tr—l )(r) +( +:—r )( T ) = ( :r—tr )(r)
implies that if in all sums of (3.8) the summation index r would only run from 1
to min{t — 1, h — 1}, one would have equality. Consequently, it remains to compare
the rest of summands on both sides of (3.8), which occur if r = 0, » = min{¢, h},
r = min{t,h — 1}, or r = min{¢t — 1,h}. One can do this by direct calculation
considering the three casest > h+1,t=h,and t < h — 1. O

Before continuing our main direction of investigations we would like to em-
phasize the importance of the preceding lemma. We shall show that the Funda-
mental Identity of problem (MNP) is a simple consequence of the relations given in
Lemma 3.3. We mention that the basic role of Fundamental Identities in Potapov’s
approach to interpolation problems (see, e.g., [12], [17], [5], and [16]) was pointed
out by Sakhnovich (cf. [25]). For j,k =1,...,n, let S;; be the zero matrix belong-
ing to Cli9*xa if j # k, S;; be the complex [;q x I;g-matrix

zil, 0 - - 0
I, 2, :
Sjj = 0 - e ek ,
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and U; and W; be the complex [;q x g-matrix

I, W,
0 W

Uj = . and Wj = . 5
0 Wi -1

respectively. It is not hard to see that the identities of Lemma 3.3 can be written
in the matrix form

ij—SijijZk:UjW;—FWjU:, i k=1....n,
which yields the Fundamental Identity
Py — SPyS*=UW*+ WU*,

where U, Wy
U2 W2

S .= (Sjk)j,kzl,...,n’ U .= : , and W :.= :
Un W,

4. An isometric operator corresponding to Py

In a standard way, the matrix Py, gives rise to an inner product space $y . The
(finite-dimensional) space Hy is the linear space of all formal sums

= Z Ljs€js,
Gr)ea

where 25 € C? and where ¢;, is a symbol, (j,s) € A. It is equipped with the inner

product
(eo)i=y 3 (P00, (41)
(4,8),(k,t)EA

where y:= > yreews, yue € C, (k,t) € A. In particular,
(k,t)eA

1 i .
<9Ujs€js,ykt€kt> = 9 (Ps(gk)x]s‘aykt)v Tjs, Ykt S (an (.7’3)’ (kvt) € A. (42)

To the end of the paper we shall assume that the following condition (A) is satisfied.
(A) The matrix Py is non-singular.
Condition (A) is equivalent to the fact that the space s is a Pontryagin space.
Denote by sy the dimension of its maximal negative subspaces. Recall that Ky is
equal to the number of negative squares of the kernel Ky: A x A — C9%9 given
by

Kw ((3.9), (k1)) := PJY, - (G,5), (k) € A,
Moreover, note that in the case ¢ = 1 the number sy is equal to the number of
negative eigenvalues of Pyy.



Multiple Point Nevanlinna-Pick Problem 219

Let T be the linear operator of $)y such that

T(ij06j0> = ZZjl’joejo, 0 S (Cq, ] = ]., e, n, (43)
j=1 j=1
and

T(xjsejs) = 2T s€j5 + Tjs€js—1, xjs €CI, (j,5) € A,s>0. (4.4)

Note that to partition (3.4) of Py there corresponds a matrix representation

T = (Tj )j k1. n» Where Ty = Sjp if j # k and Tj; is the transpose of S},
5 k=1,...,n.
Let V' be the restriction of T to the linear space
D(V) = {; €EDw: Y wjo = 0}. (4.5)
j=1

From Lemma 3.3 one can derive some important properties of V.

Proposition 4.1. The operator V is an isometry in Hw and does not have any
etgenvalues.

Proof. We shall prove that V has the isometric property on a generating system
n
of D(V). If r,y € D(V) are of the form r = }_ xjoejo and

n Jj=1
n= Zykoekm (4.6)
k=1

then we get

NE

ik
252k (Po(é )%‘o,yko)
1

ey -
Js

o~
Il

7=

<(P0(8’“)xjo,yko) - ((Wjo + W;:o)ﬂ?jo,yko)> = <ZC,U>

1
2
J 1

applying (4.3), (4.1), Lemma 3.3 (i), and (4.5). If r = xj.e55, x5 € C9, (4,5) € A,
s> 0and if y € D(V) is of the form (4.6), it follows

1 < ; ;
<VZC7 VU> 9 Z (ijk (Ps(ék)xjs, yk0> + 2k (Ps(j_ﬁ),oxjs, yko))

k=1

; Zn: ((Ps(gk)xjwka) - (stijayk0)> = <?,U>

from (4.3), (4.4), (4.1), the first identity of Lemma 3.3 (ii), and (4.5). If r = x;5€js
and if ¥ = yreent, Tjs, Yy € CI, (4,9), (k,t) € A, s > 0, ¢t > 0, then (4.4), (4.1),
Lemma 3.3 (iii), and (4.2) yield

1 : : , ,
<Vzc, VU> = <(ZjZkR§tjk) + ZjRg(ftli)l + Zkljs(j—kl),t + ]Ds(j—kl),t—l)‘rjsv ykt)

2
1 .
- 2<-Ps(tjk)xjsayk:t> = <I7U>
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Finally, since the eigenvectors of 1" are the vectors zjpejo, 0 € C4, j =1,...,n,
which do not belong to D(V'), the operator V' cannot have any eigenvalues. O

Some further properties of V', which are useful in the proof of our main result,
are contained in the following lemma.

Lemma 4.2. (i) Ifs=0,...,l1 — 1 and x € C?, then xzeq € R(VS) and
V73 (zero) = zers. (4.7)
(i) If (j,s) € A, j #1, and x € CY, then weig € R((V — z;1)*™) and

1 —1)s+1 1 s—h
(V=2 1)~ 5 (werg) = g+1 Teyp + Z +1 b TEjh- (4.8)

Proof. (i) Use (4.4) and recall that z; = 0 to obtain
Vi(xers) =xen, xz€Cl s=0,...,011 — 1,
which implies zejp € R(V*) and (4.7).
(ii) Let j = 2,...,n and let € C?. We shall prove (ii) by induction on s. Since
lexejg - lexelo € D(V), from (4.3) it follows
(V —2zI) 1xe~ —1xe = ze
J z 70 z 10 | — 10,
which proves (ii) if s = 0. Now assume that (ii) is true if s is replaced by s — 1.
It is not hard to see that the element on the right-hand side of (4.8) belongs to
D(V). Then (4.3) and (4.4) yield that

1 s+1 S 1)5— h
(V —21) <( gzﬂ xe1 + Z (Zs+)1 h mjh)

Zj h=0 “J
( 1)s+1 (_1)5 ( 1)5 h
:V( Lot reyg + Lot er0+Z st1-h T€ih
J Zj h=1 %j
(=1)* ~ (—1)"
+ s xelo—zjz st1—n TE€jh
J h=0 “Jj
(_1 s 1 s—h
:zj 1xej0+zjz thxejh—i—z s+1hxe]h1
Zj
( S 1 s—h

1 S
+ s Teyp — 2j Z s+1 n TEjh
J

(_ s h—1
= 5 xelo + E Tejn,
j >

which equals (V' —z;I)~* (melo) by the induction assumption. Thus, we get finally
relation (4.8). O
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5. The main result
In view of Theorem 2.1, we define a linear operator I'yy : C? — $Hy by
T'wx :=zeg, x € CL (5.1)

Proposition 5.1. Let k' € Ng, £’ > kw, and let V,» be an isometric extension of V
in a Pontryagin space Il;; DO Hw such that R(V,y) = and {z1 = 0,29,...,2,}
is a subset of p(Vi). Then the function F defined by (2.1), where H := Sm Wy
and T := Ty, belongs to CLyY (W) for some k" < K.

w!

Proof. Theorem 2.1 (a) yields F € C%;;? for some £ < . It remains to show that
(2.2) is satisfied. Since F(z) = iSm Wy + iy Tw + 2215 (Vi — 2I) " 'T'w, from
(5.1), (4.2), and Lemma 3.3 (i) it follows

(F(z)x,y) = i(%m Wio, y) + <x610,y610> + 2z<(V,€/ — zI) " tzeso, y610>

= (I/Vlox,y> + 22<(V,4 —ZI)*lxelo,yelo>, z€p(Ve)ND, z,y € CI.
This immediately gives F(0) = Wio. If j =2,...,n, we get
(F(zj)x, y) = (I/Vlox, y) + 2z, <(V,.€z —z; 1)t zeqo, y610>

= (I/Vlox, y) + 2z, <(V—zjl)_1xelo, yelo>

= (Wimn,y) + 2z; <— Zlvxelo—i— 2'1 xejo,y610> = (VVjox,y), x,y € C%

J J

first applying Lemma 4.2 (ii) with s = 0 and then (4.1) and Lemma 3.3 (i). Thus,
(2.2) is verified for s = 0. If s > 1, then by induction it can be shown that

FO) (2) = 28105 (2(Vi —21) "6t 4 (Vi —2I) ") Tw, 2 € p(Vir) ND.
Hence, we obtain
(F(S)(O)J:,y) :2s!<VN75xelo,yelo>
=2s!<V’5xe1o7ye1o> = s!(W15:v,y>7 z,y € C,

according to (5.1), Lemma 4.2 (i), (4.2), and the first part of Lemma 3.3 (ii). If
j=2,...,n, then (5.1), Lemma 4.2 (ii), and the first assertion of Lemma 3.3 (ii)
imply that

(F(S)(zj)x, y) = 23!<(zj(V,€/ —zjl)_(SH) + (Vi —zjl)_s)xelo, yelo>
= 23!(zj <(V—sz)*(5+1)xelo,y610> + <(V—sz)*Sxelo,yelo>>

= s!(I/Vjsx,y), x,y € CI. O

A unitary operator U in a Pontryagin space Il,, D Hyw is called minimal if
the operators U and I'yyy are minimal.
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Proposition 5.2. If F € CI*4(W), then there exist a minimal unitary extension
Uw of V in a Pontryagin space I, 2 Hw such that
F(2) =iSmWio + 5y (Uw + 21)(Uw — 2I) 'Tw, 2z € o(F). (5.2)

Proof. Since F belongs to C2*9, there exists a representation of F' according to
Theorem 2.1 (b). Obviously, Sm F'(0) = H, and since F(0) = Wy, one has

H=S3m W10~
Assertion (ii) of Theorem 2.1 (b) implies that
{z1=0,22,...,2n} C p(U).

Consider the subspace 11, of 11, spanned by the elements
{ RO (z))x:s=0,...,1 —1,j:1,...,n,xe(Cq},

where R(z) := (I —2U*)"'T, z € o(F), compare (3.1). From (3.2), (3.3), and (4.2)
it follows that there is a unitary operator V': Il,., — $y such that

1 .
V/<S!R(S)(zj)x) =zejs, (j,s) €A, zeCl. (5.3)

Particularly, s’ coincides with ky and I, =TI, is a Pontryagin space. Let Hiw

Kw
be its orthogonal complement Define the Pontryagln space II,; := Hw @ Hiw and
a unitary operator V: 11, — II, in such a way that 1% commdes with V' on II,,,

and V is the identity on IT- . Further, let Uy := VUV~!and I" := VI. Slnce
'z = V(I'z) = V(R(z1)z) = zerg, € CY,

it follows I'" = I'yy. Hence, equality (5.2) is an easy consequence of (iii) in Theo-
rem 2.1 (b). To prove that Uy is an extension of V, according to (5.3), (4.3), (4.4),
and the definition of V' it is enough to verify the following two assertions:

n
(a) If z; € CY, j=1,...,n, are such that ) x; =0, then
j=1

(ZRZJ ) sz (z)x

(b) If (4,s) € A, s > 0, then

U(1R<S>(zj))_zj R (z;) +

y REV(2).

(s —=1)!
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Assertion (a) follows from

iR(zj)xj = U(En:(U - zjf)—lrxj>

j=1 j=1
= U(Z(U —z;I) 1I‘xj> Z —2;1)(U — z;1) Tz,
j=1 j=1

n

ZZ] — z;1)" Tz, —U*(szR )
j=1

Assertion (b) is seen to be true because of

LRO() = U1 = Uy 0T
= (U (25U (1 = 5U") "D 4 (1= 2,0%) )1
:U*((U*) ST =2 U) D (U (I 2,U0%) )T

= U* (Zj SIR(S)(Zj) + (s 1)!R(sfl)(zj)>.

Proposition 5.2 has the following consequence.
Corollary 5.3. If k < kw, then the set CI*1(W) is empty.

Our main result is a description of CZ*%(W) if K > k. It can be derived
from Propositions 5.1 and 5.2.

Theorem 5.4. Let k > ky. The map Uy — F defined by (5.2) establishes a
correspondence between the set of all minimal unitary extensions Uy of V in a
Pontryagin space I1,; D Hw and the set CI*9(W). If unitarily equivalent extensions
are identified, this correspondence is one-to-one.

Proof. Let Uy be a minimal unitary extension of V' in a Pontryagin space II,
such that I, D Hy . Since Uy is unitary, 21 =0 € p(Uw). Let j = 2,...,n and
assume that u € N (Uy — Zl I). Then for z € CY,

J

<u, $€j0> — <u, $€10>

<Uwu, UW (xejo — $€10)>
1
= <UWu, V((L’ej‘o — [L’610)> = - Zj <u, ZL’€j0>
J
and, therefore, u is orthogonal to zejg. Since for any z € p(Uw ) also the relation
Uy — 2D 'u e N (Uw — le I) is satisfied, we get

0 = <(U§V —zI) M, $€10> = <ua Uw — 21)71$€10>

<u, (Uw — ZI)_1FWx>, x e C
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which yields u = 0 by the minimality of Uy . It follows that le € p(Uw) and,
hence, z; € p(Uw). An application of Proposition 5.1 gives that the function F
defined by (5.2) belongs to C4 /(W) for some " < k and the second part of
Theorem 2.1 (a) implies that £’ = x. From Proposition 5.2 one can obtain that
the map Uy — F' defined by (5.2) is surjective and from the uniqueness assertion
of Theorem 2.1 (b) it follows that it is a one-to-one correspondence if unitarily

equivalent extensions of V' are identified. O

6. 9y as a space of rational functions

Now we give a concrete model of the abstract linear space s by identifying ejs,
(J, s) €A, with a certain rational function. In fact, we consider Hy as the space

1
ﬁw={p: p:pemﬁ}7 (6.1)
qw

where m + 1 stands for the cardinality of the set A, i.e.,

n

m::le—l,

Jj=1

mﬁz) denotes the linear space of all C?-valued polynomials, whose degree does not
exceed m, and qy is the C-valued polynomial

aw(w) == [J(1—zu)b, weT. (6.2)
j=1

Here T denotes the unit circle. Preferably, we shall consider rational functions de-
fined on T, but occasionally we shall extend their domains of definition by analytic
continuation without introducing new notations for them.

Let fjs: T — C be defined by

uS

f]s‘(u) = (1—Z‘u)8+1, UET’ (]75) EAa
J

and let €1,...,¢, be the canonical orthonormal basis of CY. It is not hard to see
that the set

{fjsgr: (]75) EA,T:L...,Q}

forms a basis of the (m + 1)g-dimensional space Hyy .
For z € D, we define the elementary Blaschke factor b, by

zZ z—Uu
ueT.

b.(u) :

T 2|1 -z



Multiple Point Nevanlinna-Pick Problem 225

Here and in the following we use the convention ‘0 := —1, so that bo(u) = w.

ol
Furthermore, denote by By, the Blaschke product

By (u) == [] (b, ()", uweT.
j=1
An important tool for studying spaces of rational functions is the notion of the
adjoint rational function, cf. [6, Section 2.2]. If ¢ = 1, we define the adjoint rational
function t™1 of t € Hy by

) = B ) |

), u e T.
U

q
If g > 1, we write t € H asasum r = Y &, and set

r=1

q
=3 i,
r=1

The notion of the adjoint rational function is a generalization of and closely related
to the notion of the reciprocal polynomial, cf. [27, Equation (1.12.4)]. We recall

that if p € ‘,]3%), then the reciprocal polynomial pl™ is defined by

~ 1
[m] e M
p"(u) :==wu p(u), u € T.
q
Ifg>1andifpe ‘}3%), then write p = Y pre, and set
r=1
o~ q ~
B = 3 5l
r=1

m]

The following properties of the mapping p — p™ are well known and can be easily

derived from the definition, cf. [27, Section 1.12].

———[m] )
M (p")  =pifpe P

(I1) p™I(0) = 0 if and only if p € PV _;

(1) i e B9 if and only if p(0) = 0.

A simple calculation shows that if ¢ = qivp € 9w, then
1 ~|m

=n_p", (6.3)

aw
where the polynomial qy is given as in (6.2) and where

n lj
Zj
n = (— ) eT.
jl;[z A

Note that, because of (6.3), the properties (I), (IT), and (III) lead to similar pro-
perties of the mapping ¢ — ¢["1.
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If Hw is realized as the space of rational functions in accordance with (6.1)
and if we choose
€js = f][?/]? (.775) €A,
then the operator V', which was defined in Section 4, becomes an operator of
multiplication. The formulation of the following proposition as well as (II) and
(III) are correct even in the case m = 0 if one interprets the symbol &]3(7‘1{ as the
space whose only element is the C¢-valued zero polynomial.

Proposition 6.1. If Hy is given as in (6.1), then
1 ~

D(V) = {zc e Hw: t"(0) = 0} = {x: g P I piml(0) = 0}
(6.4)

_ [t . (2)
= {zc— aw € Hw:pe ‘»13,,1,1}7
(Vr)(u) = ur(u), weT, reDV), (6.5)
R(V) = {zc € s 1(0) :0} - {;: Lo cow: p0) :0}

qw

1 N @ (6.6)
qw
Proof. To avoid trivialities we assume m > 0. If
r= Z Tjsejs, xjs € CI, (4, s) € A,
(4,s)€A
then
0 = 3 2500 = (L ).
(4,9)€A j=1

where for a € CY the notion z means (z*). Thus, the first equality of (6.4)
follows from the definition of D(V'), see (4.5). The second equality of (6.4) follows
from (6.3) and the third one from (II). To prove (6.5) note first that

1 U .
fjs<u>:(u—zj)5+1’ uweT, (j,s) € A,
and if
n
Z(L’J‘OZO, Z’joGCq,j:l,...,’n,
Jj=1
then
"z - Zi u u
Z T o :“Z< ! wjo - Tjo + ij)
jzlu—zj = U—Zj U—Zj U—Zj

n n n
U u
u —E $j0+g Zj0 :ug zj0, uw€T.
- - u — Zj - u — Zj
Jj=1 Jj=1 j=1
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Hence, for
r= Z TjsCjs = Z fj[?/]xjg ED(V),
(d:s)eA (j,s)EA
we get
- w w w
Vo = Y zufh e+ Y (mA @+ 8 @)
j=1 (4,8)eA
s>0
" zu Ziu u
= BW(U)( 7T mjo + ( ! + )$S>
s>0

I
oy
S
S
S~—
7 N
e
N
e
I
N
.
8
K.
(e}
_|_
S
|
&
°
R
8
o
w
N———

7=1 (G.9)eA
s>0
=u ), P W)z = ur(u), weT.

(7,8)€A

From (6.4) and (6.5) one can immediately obtain the first equality of (6.6). The
second equality of (6.6) is trivial and the third one is a consequence of (IIT). O

Remark 6.2. Since 9y is finite-dimensional, it is a reproducing kernel space. Using
some properties of the mapping r — t["!, one can obtain several results on the
reproducing kernel, cf. [6, Section 2.2] for the case k = 0 and ¢ = 1 (see also [22,
Proposition 3.1]). We omit the details since the object of the present paper was
the operator approach to interpolation problems.
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Bounded Normal Operators
in Pontryagin Spaces

Heinz Langer and Franciszek Hugon Szafraniec

Abstract. We establish some spectral properties of normal operators in a Pon-
tryagin space Il.. If k = 1 a classification of the normal operators is given
according to the structure of the eigenspaces of N and N which contain a
non-positive eigenelement.

1. Introduction

Whereas the spectral properties of self-adjoint and unitary operators in Pontryagin
spaces II,; are well understood, see, e.g., [4], [1], [7], [10], not so much is known
about normal operators. Recall that a bounded operator N in II,; is normal if
NN+ = NTN, where N* denotes the adjoint operator of N. The starting point
of our considerations is a result of M.A. Naimark, see [12], which implies that
for a normal operator N in II,; there exists a x-dimensional non-positive common
invariant subspace for N and its adjoint N*. The aim is to say something about
the properties of the spectrum, the eigenspaces and the spectral function of N and
N+, In [5], the irreducible normal operators in a finite-dimensional space I1; were
described, which led to spaces of dimension < 4. In the present note, for a space
IT; of arbitrary dimension, we give a classification of all bounded normal operators
with respect to their critical spectral point(s); here the interesting case is when \g
is the unique eigenvalue of N with a neutral eigenelement and \§ is an eigenvalue
of N with the same eigenelement !.
Whereas for a normal operator IV in a Hilbert space we have

(N — /\0).130 =0 < (N* — /\3)370 =0,
an eigenelement zo of N at )\g need not be an eigenelement of N*, see Remark

5.7, or it can be an eigenelement of N at an eigenvalue # Aj. The latter is shown
by the following simple example in a two-dimensional space: choose IT; = C? with

1 The * stands for the complex conjugate of a number and for the adjoint of a Hilbert space
operator.
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indefinite inner product generated by the Gram matrix G = ((1) (1)> and let N be
0 1 0

hence N is normal. The eigenvalues and eigenvectors of N and NT can be seen

from the following table:

the operator given by N = (0 1). Then N*= (1 _01> and NTN = NNt =0,

A=0 ((1)) (—11>
A=l (—11) ((1))

In the next section we introduce some notation and recall the classification of
the self-adjoint operators in a space II; from, e.g., [6]. In Section 3 we give matrix
representations of the operators N and N1 corresponding to the common invari-
ant x-dimensional non-positive subspace of N and NT (for self-adjoint operators
corresponding results can be found in [8]) and show the existence of a spectral
function. In the last two sections we restrict our considerations to spaces II;: in
Section 4 some properties of the eigenvalues with a non-positive eigenelement are
proved, in Section 5 the above-mentioned classification is given.

Some results of Section 3 are close to results in [2] and [3], where special
classes of normal operators in Krein spaces are considered.

2. Preliminaries

We start with some notation. The linear span of elements x1, zs,...,x, € Il is
denoted by lin{xy, x2,...,2,} and, if 21, za,..., 2, are linearly independent, it

&
is identified with the space C™ according to &1x1 + - -+ + &y ~ : . If the

space Il is decomposed as &
I, = lin{xy,..., 2.} + Ho (2.1)
with some Hilbert space Hy then the element x = & a1 + -+ - 4+ Exx +u € T,
&1
with &1,...,& € C, u € Hy is identified with 52 € C* @ Hg, and the Gram
m

operator G relates the inner product [-, -] of II,; to the inner product of C* & Hy:



Normal Operators in Pontryagin Spaces 233

& &
[51371+"'+§r;xr;+ua§ix1+"'+§;xﬁ+ul]: G ) :/

Er 3

U U/ Cr®Ho

If lin{xy, xo,...,z,} and Ho are orthogonal in II,; then the sum on the right-hand
side of (2.1) is written as lin{xy, z2,...,2,} ® Ho.

Recall that a dual pair of subspaces of a Pontryagin space II,; (or, more gener-
ally, of a Krein space) is a pair {£4, £_}, such that £ is a non-negative subspace,
L_ is a non-positive subspace, and £, [L]£_. A mazimal dual pair of subspaces is
a dual pair {£7%*, L%} for which £'** is a maximal non-negative and £™** is a
maximal non-positive subspace. According to a theorem of R.S. Phillips, for each
dual pair of subspaces {£;,£_} there exists a maximal dual pair {£7*, L™**}
such that £, C L}'** and L_ C L2%%,

We recall the notion of the spectral function with critical points of a self-
adjoint operator A in the space II,;, see [10]. We suppose without loss of generality
that A has real spectrum. By o((A) we denote the set of all eigenvalues of A
with a non-positive eigenelement. The semiring of all bounded intervals of the real
axis R! with endpoints not in 0¢(A4) and their complements in R! is denoted by
R 4. Then there exists a mapping A — E(A) from R 4 into the set of orthogonal
projections in II,, with the following properties (A, A’ € R4):

(i) E(@)=0, E(A)=1T1ifo(A) C A.
) E(ANA") = E(A)E(A").
) E(AUAY=E(A)+ E(A) if AUA eRa, ANA =g2.
(iv) if ANog(A) = @ then E(A)II, is a positive subspace.
) E(A)A=AE(A).
) o(A|E(A)L,) C A.
If Ao € 00(A) we set

S\, = N E(A)L,.
AER(A), MEA

Then Sy, coincides with the algebraic eigenspace Ly, (A4) of A at Ao, see [10]. The
next lemma is an immediate consequence of [10, Proposition 5.6].
Lemma 2.1. If \g € 0¢(A) then the following statements are equivalent:

(a) Lx,(A) is non-degenerated.

(b) There exists a positive number k such that ||E(A)|| < k for all A € Ra from

a neighborhood of Ag.

It is easy to see that the spectral function F of A can be extended to intervals
A with one or both endpoints in 0g(A) but such that the algebraic eigenspaces
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at these endpoints are non-degenerated. A point Ao € o¢(A), for which E(A)II,
contains positive as well as negative elements for all A € R4, A\g € A, is called a
critical point of A. The critical point Ay of A is called a regular critical point if for
it the equivalent statements of Lemma 2.1 hold, otherwise it is a singular critical
point of A.

Next we recall some results for a self-adjoint operator A in a Pontryagin space
IT; with negative index one, cf. [6]. According to the theorem of Pontryagin, A has
(at least one) non-positive eigenvector zg : (A — Ag)xg = 0, [0, 2] < 0. Then
exactly one of the following cases appears; here Ay always stands for a self-adjoint
operator in a Hilbert space (Ho, (-, -)).

a) Ao # Aj. Then [z, 2] = 0, there exists an element yo with [yo,y0] = 0,
[z0,%0] = 1 and (A — A\j)yo = 0, and with respect to the decomposition
IT; = lin{zo,yo} ® Ho we have

01 0 Xo 0 0
G:<100>, A:<0 /\30>,
00 I 0 0 A

b) Ao = A§ and [zg, zo] < 0. Then II; = lin{z} ® Ho and

(40 A=(2 %)

c1) Ao = A§, [To, 0] = 0 and x¢ ¢ ran(A — Ag). We choose an yy € II; such that
[yo,¥0] = 0 and [xo, yo] = 1 and represent I1y as Iy = lin{xg, yo} & Ho. Then

010 A oa (+,a)
G:<100>, A:<O Xo O >

0 0 I 0 a A
with @ € R and a € Hy, such that either a € ran(Ay — o) \ ran(Ag — Ao), or
a € ran(Ag — Ag), say a = (Ap — Mo)a, and a = ((Ag — M\o)a, a).

c2) Ao = A§, [To,x0] =0, 20 = (A — Ao)x1 with some x; € IT;, and lin{zg, z1} is

non-degenerated, hence [z1,21] > 0. Choosing, if necessary, another Jordan
chain z, = axo, 2} = Bz + ax1, o and § can be determined such that
[0, 2}] = § with § = +1 and [, ] = 0. Therefore without loss of generality
we can suppose that [zg, 1] = d, § = £1, and [z, 21] = 0. If TI; is represented
as IT; = lin{zo, x1} ® Ho, then

046 0 o 1 0
G:<500>, Az(O A00>.
00 I 0 0 A

ch) Ao = AS, [xo,xo] = 0, 29 = (A — Ao)x1 with some z; ¢ ran(A — Ag), and
lin{xg, z1} is degenerated. Then [z1,21] > 0, and without loss of generality
we can suppose that [x1,z1] = 1. If we choose an element yo € II; such that
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[yo,y0] = 0, [zo,yo] = 1, and II; is represented as II; = lin{xo, 1, y0} ® Ho,

then
0 010 Ml a ()
o100 oo 10
G=11000] 41 0 0 a o
000 I 0 0 a A

with o € R and a € Hy, such that a # ran(4g — o).
c3) Ao = AS, [To,20] = 0 and A has a Jordan chain zg, x1, 22 of length three at
Ao: ko = (A — Xg)x1, 21 = (A — Ag)z2. Then this chain can be chosen such

that [zg, zo] = [z, 21] = 0, [z, 22] = [21,21] = 1, [21, 22] = [22,22] = 0. If
I1; is represented as IIy = lin{zo, z1, 22} ® Ho we have
00 1 0 Ao 1 0 O
(o100 o X 10
G=l1000] 40 0 a 0
0 0 0 I 0O 0 0 A

In all cases, all the real spectral points # Ag of A are of positive type (see [10]).
Moreover, in the cases a), b), ¢3) and c¢3) the operator A is the orthogonal sum of
a Hilbert space self-adjoint operator and an at most three-dimensional operator,
whereas in the cases ¢1) and c}) such a decomposition is impossible. That is,
exactly in the latter two cases \g is a singular critical point of A.

We also need the following lemma about normal operators in a Hilbert space.

Lemma 2.2. Let Ny be a normal operator in the Hilbert space Hg and let a,b be
nonzero elements of Hy satisfying the relations

llall < [bll, Noa = Ngb. (2.2)

Then b = lim,,_, o Nogn with some sequence @n) C Ho implies a = lim,,_, o Ng‘@n,
and b = NOZ with some b € Ho implies a = NS‘Z. Consequently,

beranNy = a €ranlN{, (2.3)
and

beranNy = a €ranN]. (2.4)
Proof. If b € ranNy, say b = lim,, Nogn, then

ING (B = b | = [ No (b = bin) | = 0, n,m — o0,

hence the sequence (Ng‘gn) converges in norm to some element g € H. It follows

that

~ ~

Noa, = Ngb = llmNgNobn = thONa‘bn = Nog,
hence No(a—g) = 0. If Py denotes the orthogonal projection onto ranNy = ran/N
then Pya = g. On the other hand,

llall < [[bll = lim || Nob || = Tim [[Ngbal| = llgll,

and Pya = a follows.
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o~ o~

For the proof of (2.4) the sequence (b,) can be chosen as constant: b, =
forn=1,2,....

D@)

Corollary 2.3. With the notations of Lemma 2.2, if the relations
lall =1loll,  Noa = Ngb.
hold, then
(i) b € ranNy <= a € ranN{§, and b = lim No/b\" for some sequence @n) CH is

~

equivalent to a = lim Njby,;
(i) b €ranNy <= a € ranN{, and b = Nob is equivalent to a = N§b.

3. Normal operators in II,

1. According to a theorem of M.A. Naimark, any commutative family A of bounded
self-adjoint operators in a space I, has a common x-dimensional invariant non-
positive subspace, see [12]. More generally, any dual pair of subspaces, which is
invariant under a commutative family A of bounded self-adjoint operators in a
space Il,, can be extended to a maximal dual pair which is also invariant under
the operators of A, see [9, Folgerung 4.1]. If we apply this result to the real and
imaginary part A and B of a given normal operator N:

N+ N+t N - N+t
= + B.:

AZ 5 . . ]
2 21

(3.1)
it follows that in a space II, a normal operator N and its adjoint N* have a
common non-positive k-dimensional invariant subspace, and, more generally, any
dual pair of subspaces, invariant under the normal operator N and its adjoint N T,
can be extended to a maximal dual pair which is also invariant under N and N 7.
In particular, any non-positive subspace which is invariant under N and N can
be extended to a s-dimensional non-positive subspace invariant under N and N*.
By 0o(N) we denote the set of eigenvalues of N with a non-positive eigenelement.
According to the above, og(N) # @.

Let £ be a k-dimensional invariant non-positive subspace for N and N,
and denote by N its isotropic part: N := £ N L1, We choose a complementary
subspace £’ of N in £ and a complementary subspace Ho of A" in £+, that is,

L=CL[HN, LW =N[HH.

Evidently, £’ is a negative subspace and H is a Hilbert space. Then the space II,
can be decomposed as follows:

0, =L [+] (N + M) [+] Ho, (3.2)

where M is a neutral subspace of II,, which is skewly linked with N the latter
means that no element of M is orthogonal to all of AV and no element of N is
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orthogonal to all of M. If in M a basis ey, ea, ..., e; and in N a basis f1, f2,..., fx
are chosen such that

[e7af]]:57]a ivj:172a"'ak7

then the Gram operator for the inner product [-, -] and the decomposition (3.2)
of I, becomes
I 0 0 O
00 I O
G = 0 I 0 O
00 0 I

The following theorem is an easy consequence of the fact that the subspace
L' [+] N is invariant under N and N T and of the normality of N.

Theorem 3.1. With respect to the decomposition (3.2) of the space Il the operators
N and Nt admit the matriz representations

Nu 0 Ny 0 Ny 0 Ny 0
N— | Not Noo Ny Nog Nt — Ni5 Ng3 Nyy Nj (3.3)
0 0 N 0 | 0 0 NS o |7
0 0 Nz No 0 0 Nj, Ng

where the entries satisfy the following relations:

NoN§ = Ny No, NuiN{; = N{iN11, NoaNgh = NjbNoo,
N1iNJ; 4+ NisNgh = N i Nis + N3t Nsg,  NooNJjf5 + Naa NG = Ni5Noy + N5 No,
Nai Ngp 4+ NaoNoy 4+ NagNoh 4+ NogNof; = N5 N1 + Na5Nas + Nob Nas + N5 Nas.

Here we write T for the adjoint operators with respect to the inner product
[+, -]in £" and also in and between the other subspaces on the right-hand side of
(3.2), only for Ny we write * that it becomes apparent that this is a Hilbert space
adjoint. Observe that in (3.3) Np is a normal operator in the Hilbert space H, all
the other operators in the matrices on the right-hand sides are finite-dimensional.
Evidently,

0(N) =0(No)Uo(Ni1) Uo(Naz) Uo(Ns3), 0co(N) = 0(N11)Uo(Naz)Uo(N33).

2. Some invariant subspaces of N are automatically invariant under N*.
This holds for example for a one-dimensional geometric eigenspace of N, since
Nzg = Aoz implies Nt Nzg = NNtzg = A\gNTx( and, because the eigenspace is
one-dimensional, N*x¢ must be a multiple of zo. The following theorem is another
result in this direction.

Theorem 3.2. If the normal operator N in 11, has a k-dimensional invariant neg-
ative subspace L then L is also invariant under N, and N is the orthogonal sum
of a mormal operator in the Hilbert space (LM, [-,-]) and a normal operator in
the finite-dimensional Hilbert space (L,—[-, -])
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Proof. Since dim £ = k, L] is a Hilbert space; we denote it again by Hg. Choos-
ing a proper orthonormal basis in £ we can suppose that with respect to the
decomposition II, = £ @ Hy the operator N and the Gram operator G have the
matrix representations

Aoz o are (f,01) -1 0 --- 0 O
0 )\2 o Qg (~,a2) 0 -1 .- 0 0
N = : : . : : , G= : : . : :
0 0 - X (-,ax) 0 o -~ =10
0 0 - 0 Ny 0 o --- 0o I
It follows easily that
Al o - 0 0
ajy A e 0 0
quc a;rc )‘:
—a; —ag - —ax Ng
Comparing in the relation
NNt =NtN (3.4)

the entries with index k, k we obtain
Kk—1
‘)‘fi‘z - ||a,$||2 = Z |ajf€|2 + |)‘N‘27
1

which yields
ax =0, alK:"':aK—l,KZO'

Considering in the same way the entries with last index x—1 etc, it follows that all
the o and all the elements a; are zero. O

Since in the sequel we are mainly interested in the case k = 1 we also formu-
late the following special case.

Corollary 3.3. If the normal operator N in 11y has an eigenvalue Ao with a negative
eigenelement xg:

Nzo = Aoxo, [z0, z0] <0,
then also Ntxg = Nyzo, and with respect to the decomposition 11 = lin{xo} & Ho
we have
-1 0
¢=(% 1)
and
(X O L (X O
N_<0 No)’ N_<0 Ng (3.5)

with a normal operator Ny in the Hilbert space Hy.
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We mention that also a neutral eigenelement of NV in IT; at Ao is an eigenele-
ment of Nt but not necessarily at \j, see the first step in the proof of Theorem 4.1
or Corollary 3.5 below. However, a positive eigenelement of N is not necessarily
an eigenelement of N*, see Remark 5.7 below.

For a space II,, with general x > 1 we have the following result.?

Theorem 3.4. If L is a neutral subspace of Il,; which is invariant under N then
there exists a neutral subspace £ D L which is invariant under N and N7T.

Proof. Consider the subspace
L:=1lin{L, N*L, (N")*L,...}.
For z,y € L, j,f € Ng and 2’ := Nz, y := Niy € L we have
[(]\[-s-)j—s-%7 (N+)jy] — [Nj(N+)£x,Njy] — [(N+)£x’,y'] — [m',N‘gy'] =0,
hence £ is neutral. Clearly, dim L < k and L is invariant under N and N*. [

With the subspace £ from Theorem 3.4, the dual pair {£, £} is invariant
under N and N*. According to [9, Folgerung 4.1], it can be extended to a maximal
dual pair which is also invariant under N and N1, and we have proved the following
corollary.

Corollary 3.5. If L is a neutral subspace of 11, which is invariant under N, then
there exists a maximal dual pair {L7F, L7} which is invariant under N and
N and such that £ C (L7797 N L),

3. The non-real spectrum of a self-adjoint operator A in II, consists of at
most k pairs of eigenvalues which lie symmetrically with respect to the real axis,
the algebraic eigenspaces corresponding to such a pair are skewly linked and hence
the sum of these eigenspaces is a non-degenerate subspace of II,;. We denote for a
self-adjoint operator A by £(A) the linear span of all the algebraic eigenspaces of
A corresponding to the non-real eigenvalues of A. With the self-adjoint operators
A and B in (3.1), we set

L(N):=1lin{L(A),L(B)}.
The subspace L(N) can also be obtained as follows: With £(A) we represent the
space I, as
Hn = 'C(A) [+] K
Then also the operator B decomposes accordingly: B = By [+] B’ with a self-
adjoint operator B’ in II/,,, and L(N) = L(A) [+] L(B’), which, as the orthogonal
sum of non-degenerated subspaces is a non-degenerated subspace.
We decompose the space Il as

I, = L(N) [+ 11}, (3.6)

2Theorem 3.4 and Corollary 3.5 were added in August 2004, after L. Rodman pointed out to one
of the authors the results from [11].
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If the index of negativity of L(N) is denoted by kg, then dim £L(N) = 2k¢ and
K1 = K — Ko, the decomposition (3.6) reduces the operators N and N™:

N=N°[{]Ny, Nt =(NOF[H N,

and the real and imaginary parts A; and B; of Ny do not have non-real spectrum.
We shall call the normal operator N in Il reduced if its real and imaginary parts
A and B do not have non-real spectrum. The above consideration shows that any
normal operator in Il is the direct sum of a reduced normal operator and a normal
operator in a 2k;-dimensional space with index of negativity 1.

We mention that the decomposition (3.2) can be chosen such that £(N) C
N+ M.

Now let IV be a reduced normal operator in Il,. By A and B we denote its
real and imaginary part, see (3.1), by E4 and Ep the spectral functions of A and
B, respectively, and Ry is the semi-ring generated by all finite closed rectangles
A in the complex plane with sides parallel to the coordinate axes and such that
their boundaries do not intersect oo(N). If A is such a rectangle,

A={z:z=ax+iy, a<z < g, v<y<d}
we define
E(A) = Ea([a, 8]) Ep ([7,6]) . (3.7)

Evidently, since the spectral functions E4 and Eg commute, E(A) is a self-adjoint
projection in II,.

Theorem 3.6. If N is a reduced normal operator in a Pontryagin space 11, then
the mapping E from the semiring Ry into the set of self-adjoint projections in I,
defined by (3.7) has the following properties (A, A’ € Ry):
(i) E(@)=0, E(A)=1ifo(N)CA.
(i) E(ANA') = E(A)E(A’).
(i) E(AUA) =E(A)+E(A) if AUA eRy, ANA =o.
(iv) if ANoo(N) =@ then E(A)l, is a positive subspace.
) E(A)N = NE(A).
(vi) o(N|E(A)I,) C A.

Denote by S the o-algebra generated by Ry. It is not hard to show that
the homomorphism A — E(A) in Theorem 3.6 can be extended to all elements
A of § such that the boundary of A does not contain points of oo(N). As for a
self-adjoint operator in II,, a point A\g € oo(IV) is called a critical point of N if
for each A € Ry with Ao € A the range E(A)II, contains positive as well as
negative elements. The critical point A\g of N is called a regular critical point if the
norms of all the projections E(A) are uniformly bounded for all A € Ry in some

neighborhood of Ay, otherwise Ay is called a singular critical point of N. These
definitions imply immediately that ¢ is a critical point (a singular critical point,
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respectively) of N if and only if Aj is a critical point (a singular critical point,
respectively) of NT. They yield also the following proposition.

Proposition 3.7. Let N = A +iB be a reduced normal operator in a Pontryagin
space Il;. Then \g = po + ivg, o, € R, is a critical point of N if and only if
Lo s a critical point of A and vy is a critical point of B; Xy is a singular critical
point on N if and only if po is a singular critical point of A or vy is a singular
critical point of B.

We mention that as in the self-adjoint case the algebraic eigenspace Ly, (V)
of N at Ay can still be characterized by the spectral function of N:

Ly(N)= (]  EQ)L. (3.8)
AER(N), EA

Moreover, also the analogue of Lemma 2.1 remains valid, that is the critical point
Ao of N is a regular regular critical point if and only if £, (V) is non-degenerated.

Evidently, with the normal operator N also the normal operator Nt is re-
duced. If we denote the spectral function of N+ by E,, then we have

EL(A) = E(AY),
where A* := {z*|z € A}, and the representation of £y,(N) by (3.8) implies that
Ly (N) = Ly;(NT).

4. Normal operators in II;: first reduction
In the following we consider only the case k = 1.

Theorem 4.1. If the normal operator N in Il has an eigenvalue \g with a neutral
eigenelement xq:

Nz = Az, [0, o] = 0, (4.1)
then the following alternative holds:
either
(i) Ntz = Ao
or

(ii) there exist ug € C and yo € Iy such that

NTyo = poyo, [yo,%0] =0, [z0,90] = 1.
With respect to the decomposition Iy = lin{xo, yo} ® Ho the Gram operator

is
010
G:<100>,
0 0 I

and N and N admit the matriz representations
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X 0 0 w 0 0
N:<0 w0 ) N+:<0 50 ) (4.2)
0 0 N 0 0 N

with a normal operator Ng in the Hilbert space Hy.
Proof. Since [zg, 0] = 0, [NTxg,x0] = [0, Nxo] = \§[70, 70] = 0, and
[N+[L'0,N+.’EQ] = [N:L'(),NIL'()} = ‘)\0‘2[‘%'0,1’0} = 0,

the subspace lin{zg, Nt} is neutral. The assumption x = 1 implies that this
linear span is one-dimensional, hence

Ntzo = yz9 (4.3)

for some v € C. If v = \§ we arrive at case (i).
If v # Aj we proceed as follows. For the self-adjoint operators A and B in
(3.1) we obtain from (4.1) and (4.3)

Axg = axg, DBz = Pxg (4.4)

with a = (Ao +7) and 8 = (Ao — 7). Notice that either o or 3 is not real since
v # A§- If, for example, Jma # 0, then also o* is an eigenvalue of A: Ayy = a*yo
for some yo with [yo,yo] = 0 and [z, y0] = 1. Since A commutes with B and the
eigenspace of A corresponding to a* is one-dimensional, it follows that Byy = dyo
for some § € C. Consequently, Nyg = (a* +1d)yo and Ntyg = poyo with po =
a* — 14, which implies the first statement of (ii). Moreover, N*zg = (o — i)z,
and since Nxg = A\pzg by assumption, we conclude that lin{zg, yo} is invariant for
both N and N*. Now the second part of (ii) follows easily. O

Under the assumptions of Corollary 3.3 and Theorem 4.1, (ii), the operator N
has been described completely in (3.5) and (4.2). It remains to study the situation
of Theorem 4.1, (i). Considering N — )\ instead of N, without loss of generality
we can suppose that A\g = 0, that is, zero is an eigenvalue of N and NT with a
common neutral eigenelement eq:

Neo = 0, N+60 = 0, [60, 60] =0. (45)

Moreover, we can assume that eg is (up to constant multiples) the only non-

positive eigenelement of N at zero, since otherwise there would exist also a negative
eigenelement for N at zero, and we would be in the situation of Corollary 3.3.

We shall study this case (4.5) in the following section. In the rest of the

present section we establish some more general properties of a normal operator
in Hl.

Theorem 4.2. Let N be a bounded normal operator in IIy. If there are elements
eo, €1 € Iy such that Neg = 0, Ne; = eg and NTey = 0, then [eg,e0] = 0 and
NTe, = aeq for some o € C.

Proof. Indeed, [eq, 9] = [Nei, eg] = [e1, NTeg] = 0. Furthermore, we have

[N+el,eo] = [el,Neo] = 0, [N+61,N+61} = [Nel,Nel] = [60,60] =0.
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Thus the subspace lin{eg, NTe;} is neutral. Since IT; has one negative square, it
has to be of dimension 1, so Nte; = aeg for some a € C. O

Examples show that a = 0 is possible (see Section 5), which means that the
Jordan chain eg, e; of N belongs to ker N 7.

Theorem 4.3. A normal operator N in a Pontryagin space I1; cannot have a Jordan
chain of length > 3. If N has a Jordan chain of length 3 at zero, say Neg = 0,
Ney = ey, Neg = e, then the number a in Theorem 4.2 is # 0 and

[60, 60} = [60, 61} = O
Moreover, this Jordan chain can be chosen such that also
[e1,e2] = [e2,e2] =0, [e1,e1] =1, [eg,ea] =1y #0. (4.6)

Proof. Evidently, in the situation of (ii) of Theorem 4.1 the operator N cannot
have a Jordan chain of length greater than one. Therefore we can suppose that
the eigenvalue with the considered Jordan chain is Ay = 0, and that (4.5) holds.
If the elements eq, e1, e belong to a chain of N of length > 3 then [eg,e;] =
[eo, Nea] = [NTeq,ea] = 0. If the chain could be continued with an element e
such that Nes = e we would find, using Theorem 4.2,

le1,e1] = [el,Nzeg} = [(N+)261,63] = [NTaeg, e3] = 0.

Consequently, lin{eg, e;} is a 2-dimensional neutral subspace, a contradiction.
Now suppose that we have a chain eg, e1, ea of length three. Since [eg,eq] =

[e0,e1] =0, [e1,e1] must be positive and we can suppose that [e1,e1]=1. The fol-

lowing relation implies that the number « in Lemma 4.2 and also [eq, e3] are # 0:

1 = [e1,e1] = [e1, Nea] = [NTey, ea] = afeq, ea].
If not all the relations in (4.6) are satisfied then we determine 1 and ¢ such that
the new chain
€ = eg, €1 = €1 +1eg, €2 = ez +ne1 + (eo

has all the desired properties. O

5. The case of a common neutral eigenelement of N and N*

1. In this subsection we consider the case that (4.5) holds and that there are no
associated elements to the eigenelement eg. The inner product [, -] on Ho, since
it is a Hilbert inner product, is denoted by (-, -).

Theorem 5.1. Suppose that eq # 0 satisfies (4.5), that it (with its nonzero scalar
multiples) is the unique element with these properties and that eq ¢ ran N. Then
also eg ¢ ran N*. If we choose an arbitrary element fo € 11y such that [eo, fo] = 1,
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[fo, fo] = 0 and decompose the space 11 as Iy = lin{ey, fo} ® Ho with a Hilbert
space Hy, then the corresponding Gram operator is

010
G:<1 0 o>, (5.1)
00 I

0 ﬂ ( : 70‘) 0 ﬂ* ( ] b)

N=|00 0 , NtT=|0 0 0 . (5.2)
0 b Ny 0 a N§

Here 8 € C, Ny is a normal operator in the Hilbert space Hy, and a,b are nonzero

elements of Hy such that

and

lall =11ll,  Noa = Ngb, (5.3)
and the following holds:
either
1. b ¢ ranNy and a € ranN{,
which is equivalent to
1) a ¢ ranNg and b € ranNy,
or
(2) b €ranNy, say b= NOZ, and 3 = (NS‘Z,A),
which is equivalent to
2) a €ranNg, a = NS‘Z, and 3 = (NS‘Z,A).
Proof. With the element fy chosen as in the theorem the form of G (5.1) is clear.
Since ey € ker N, the matrix representation of NV is of the form

0 ﬁ ('va)
N=101vy (o |
0 b Ny
Further, Nt = G"'N*G = GN*G and hence
v (b)
NT = 0 0 0 .
c a Nj§

Since ey € ker Nt we find v = 0, ¢ = 0, and (5.2) is proved. Now NNT = NTN is
equivalent to the normality of Ny in Hy and the relations (2.2) to hold. The fact
that eg # ran/N means that there do not exist £, n € C, x € Hp, such that

0 -,a 1
()-(ee)0)-()
x 0 b Ny z 0

Bn + (z,a) = 1,
nb + Nogx = 0.

or that
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This takes place if and only if either b ¢ ranNy, a € ranNg, or, if b = NOZ with
some b € Hy, for x = —nb + a’ with a’ € ker Ny the equation
B+ (—nb+ab) =1

does not have a solution. Since (a’,b) = 0 the latter is equivalent to

B — (b,b) = 8 — (b, Nob) = 0.
It remains to apply Lemma 2.2. O

Remark 5.2. Under the conditions of Theorem 5.1 the operators A, B from (3.1)
have the following matrix representations:

0 ReB (-, 0 Jmg (-, %)
A= o0 o0 0 . B=|0 0 0
0 a;b AO 0 a;ib BO

For at least one of these operators A, B, zero is an eigenvalue with a neutral

eigenelement which does not belong to the range of A or B, respectively, that is,
at least one of these operators is in the case ¢1) of Section 2. Moreover, neither A
nor B can have a degenerated chain of length 2 at zero.

Indeed, in the case (1) of Theorem 5.1 we have

a € ranNg \ranNJ, b € ranNy \ ranNp. (5.4)
According to Lemma 2.2 and Corollary 2.3 there exists a sequence (l;n) such that
b=lim Nob,, a=limNib,, (5.5)
and hence R
a+b=Ilim (]\[8< + NO)bna
such that

a+b € randy, a —b € ranBy.
If we would have a + b € ranAg and a — b € ranBy, say a + b = 2Agu, a — b =
—21Bgv then we would also have Agu = lim 240b,, Bov = lim(—2)Bgyb,, and
hence AgBy(u —v) = 0.
We decompose the space Hy as Ho = Ro ® Ag ® By ® Ny where
Ro := randgNranBy, Ny := ker AgNker By, ker Ag := Ag®Ny, ker By := By®Njy.
With respect to this decomposition we can choose
u=w+uy, v=w-+uvy, withw € Ry, ug€ By, vy € Ay,
which implies for w := w + ug + vo:
AQ’IE = AQ’LL, BO{D = Bo’l),
and hence a € ranN{§, b € ranNy, which is not the case because of (5.4).
Similarly, in the case (2) of Theorem 5.1 it follows, e.g., that

a+b

) = Agb, MRefB = (Agb,b),
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hence at least one of the operators A or B is in the situation of ¢;). If, e.g., for A
there would exist an element e; € II; such that [e1, eg] = 0 and Ae; = eq then ey

0
could be chosen of the form e; = ( 0 ) with y € ker Ag. Since on the other hand
Yy

a+ b € ranAy the relation

0 Re 5 ( T a—2i-b) 0 1
0“4 y 0

cannot hold. However, one of the operators A or B can have a non-degenerated
chain of length 2 at zero. This can easily seen to hold for the operator

(O ﬂ (',G))
N={(0 0 0
0 a AO

with a self-adjoint operator Ag in Ho, a € Ho with a € randg \ randg and 8 # G*.

2. In the following theorem we consider the case that to ey there corresponds
a non-degenerated Jordan chain of length two.

Theorem 5.3. Suppose that eq # 0 satisfies (4.5), that it (with its nonzero scalar
multiples) is the unique element with these properties, that there exists an asso-
ciated element ey such that Ne; = ey and § := [eg,e1] # 0. Then e; ¢ ranN,
and without loss of generality we can assume that |6] = 1 and [e1,e1] = 0. The
space 111 can be decomposed as II; = lin{eg, e1} ® Ho with a Hilbert space Hy, the
corresponding Gram operator is

0 6 0
Gz(é 0 O),
0 0 I

01 0 0 62 0
N:<OO 0>, N+:<o 0 o) (5.6)
0 0 N 0 0 Ng

with a normal operator Ny in the Hilbert space Hy. In particular, the elements
eo, 6%e1 form a Jordan chain of NT at zero.

and

Proof. If e; would belong to ranN: e; = Neg, then from Theorem 4.3 it would
follow that [eg,e;] = 0, which is impossible according to the assumption. The
reduction to the case |0] = 1 and [e1, e1] = 0 is by changing the Jordan chain as
in the reasoning in ¢3) of Section 2.

Since Neg =0, Nej = e, it follows that

01 (-a)
N:<o 0 <.,b>>
0 0 0
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with elements a,b € Hy. Therefore
0 62 0
NT =GN*G = 0 0 0 ,
bé* ad* Ny
and NTeqg =0, NTe; = aeg (see Theorem 4.2) imply a = b = 0. O

Remark 5.4. Under the assumptions of Theorem 5.3 the operators A and B of
(3.1) have the matrix representation

5*2 _*2

0 0 0 1 0
A=10 o o | B=lo0o o0 0
0 0 Ao 0 0 BO

Thus, A and B have non-degenerated algebraic eigenspaces at zero with Jordan
chains of length at most 2, and at least one of the operators A, B has a non-
degenerated chain of length 2 at zero, that is, it is in the situation ¢3) of Section 2.

3. It remains to consider the case that for the element eg in (4.5) there exists
an associated element e1: Nej = eg, such that [eg, e1] = 0. Then, since the subspace
lin{eg, e1} can have only one non-negative square, [e1, e1] > 0, and without loss of
generality we suppose that [e1,e1] = 1.

We choose an element f; such that

leo, fo] =1, e1, fo]l =0, [fo, fo] =0, (5.7)
and decompose the space II; as
I, = lin{eo, e1, fo} ® Ho (5.8)
with a Hilbert space Hy. The corresponding Gram operator is
0 010

G = (5.9)

01 00
1 0 0 O
0 0 0 I
The fact that eg, e; form a Jordan chain of N and aeg, e; form a Jordan chain of

N7 at zero and the relation NNT = NTN easily lead to the following represen-
tations of the operators N and N*:

01 B (-,a) 0 o B (-,b)
o0 o 0 (oo 1 o)
N=lov00 o |© ¥=loo o o |+ 610
00 b N 00 a N

here 8 € C, a,b € I, Ny is a normal operator in Hy, and the following relations
hold:
1+ lall® = o> + B>,  Noa = Ngb. (5.11)
Observe that for o # 0 both operators N and N+t have a Jordan chain of
length two at zero, formed by eg and e; for N, and aeg and e; for NT. If a = 0
the operator N has still the chain eg, eq, but eg, e; € ker N*.
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In order describe the algebraic eigenspaces Lo(N) of N and Lo(NT) of N*
at zero we consider the equations

&1 é‘ m fj
& | +f m ) _

N & |\ 0 ) Nt ) ={ o |
> 0 y 0

for arbitrary p, v € C. They are equivalent to the systems of equations

&+ B& + (wa) = p, ang + B*nz + (y,b) = n,
o €3 = v, 3 = v, (512)
&b 4+ Noxz = 0, nsa + Njy = 0.
0
In the following, for an element € Hy we denote x := 8 and set
x

Ko :={x: 2 € ker Ny} = ker(NoP),

where P denotes the projection onto the last component Hg in the decomposition
(5.8).

Theorem 5.5. Suppose that eq # 0 satisfies (4.5), that it (with its nonzero scalar
multiples) is the unique element with these properties, that there exists an asso-
ciated element e1 such that Ne; = ey and [eg,e1] = 0, and that the algebraic
eigenspace Lo(N) of N at zero is a degenerated subspace; the latter is equivalent
to the fact that

a ¢ ranNj, b ¢ ranNp. (5.13)
holds in the representation (5.10). Then

£O(N+) = ,Co(N) = lin{eo, €1, ICO},

and
Lo(N) = lin{e;} + ker N,
lin{e;} +ker Nt if a#0,
[,0(N+) = ker N if a= 07 (bvkerNO) = {0}7

lin{b} + ker N if a=0, (bker Ny) # {0}.

For the proof we mention that the space Lo(N) = Lo(NT) is non-degenerated
if and only if the systems in (5.12) for arbitrary p, v do not have nontrivial solutions
with €3 # 0 or 13 # 0. It can easily be seen that this is equivalent to the state-
ment concerning (5.13). The other claims of the theorem follow by straightforward
computations.

Theorem 5.6. Suppose that eq # 0 satisfies (4.5), that it (with its nonzero scalar
multiples) is the unique element with these properties, that there exists an as-
sociated element e; such that Ney = ey and [eg,e1] = 0, and that the alge-
braic eigenspace Lo(N) of N at zero is non-degenerated. Then exactly one of the
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following cases prevails:
(I) a eranN§ and b ¢ ranNy: Then, if a = Nja,
Lo(NT) = Lo(N) = lin{eo, e1, fo —a, Ko}

The subspace lin{eg, €1, fo—a, N(fo—a)} in invariant under N and N, the

elements
a*eq, (B—(a,a))eo +a*e; +b—Npa, fo—a (5.14)
form a Jordan chain of N at zero, the elements
aeg, (8 — (a,b))eg +e1, fo—a (5.15)

form a Jordan chain of N at zero; these chains are of length three if a # 0
and of length two if a = 0.

(I1) a ¢ ranN§ and b € ranNy: In this case |a] > 1. If b= Nob, then
Lo(N*) = Lo(N) = lin{eo, e1, fo — b, Ko}

The subspace lin{eg, e1, fo — b, N*(fo— B)} in invariant under N and NT,
the elements

a*eq, (5 —~ (b, a)) eo+a*er, fo—b
form a Jordan chain of N at zero, the elements

e, (ﬁ* - (Z, b)) eg+e+a— NSB, fo — b

form a Jordan chain of Nt at zero, both chains are of length three.
(IIT) a € ranN§ and b € ranNy: Then, if a = N§a, b = Nob,

EO(N+) = [’O(N) = hn{607 €1, fO - aa ’C} = hn{eOa €1, fO - Ba’CO}'

The Jordan chains of N and Nt at zero are giwen by (5.14) and (5.15),
respectively. They are of length three if a #£ 0 and of length two if a = 0.

The proof follows by straightforward computations, using the equations (5.12)
and observing that
ker Ny = ker N{J,
and that under the assumptions of (I) b— Noa € ker Ny and under the assumptions
of II) a — NS‘Z € ker Np.

Remark 5.7. Suppose that (as, e.g., in case (II)) the operator N has a chain
€o, €1, ez of length three at the eigenvalue A\g = 0:

Neo = O, N€1 = €y, N€2 =e€1. (516)

Then Ly := lin{ey, €1, €2} is non-degenerated and (trivially) invariant under N,
but it need not be invariant under N* since NTe, does not necessarily belong
to Lo. However, the subspace £1 := lin{eo, €1, ea, N+€2} is non-degenerated and
invariant under N and N1, and

o(Nlg,) = o(NT|,) = {0}.
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In addition to the chain (5.16), N has at zero the eigenelement N*tes — aey. The
operator Nt has at zero the Jordan chain aeg, e; + a, a*es, and the eigenvector
a. This shows, that the geometric eigenspaces of N and N need not coincide.

Remark 5.8. The operators A and B from (3.1) have the following matrix repre-
sentations:

0 15 Ref (-, 1) 05 amp (-, %)
0 0 ot 0 0 0 ot 0
— 2 — 2
A 0 0 0 0 , B 0 0 0 0 (5.17)
0 0 Ag 0 0 e By

In the situation of Theorem 5.5 at least one of the operators A or B has a degener-

ated Jordan chain of length two at zero which cannot be continued. In the situation
of Theorem 5.6 the Jordan chains of A and B at zero are non-degenerated; they
can easily be found from the matrix-representations (5.17).

Remark 5.9. The above representations imply that a normal operator in II; has at
most two eigenvalues with a non-positive eigenelement. Moreover, in the situations
of Corollary 3.3, Theorem 4.1 (ii), Theorem 5.3, and Theorem 5.6, the operator
N (and also its adjoint N*) can be decomposed as orthogonal sum of a normal
operator Ny (or its adjoint V) in a Hilbert space Hy and an operator in an at
most four-dimensional space with one negative square, whereas in the situations
of Theorem 5.1 and Theorem 5.5 such a decomposition is impossible. In the latter
case, the corresponding unique eigenvalue Ay of N with a non-positive eigenelement
is a singular critical point of N and A} is a singular critical point of N7.
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Scalar Generalized Nevanlinna Functions:
Realizations with Block Operator Matrices

Matthias Langer and Annemarie Luger

Abstract. In this paper a concrete realization for a scalar generalized Nevan-
linna function q € Ny is given using the realizations of the factors in the basic
factorization of g. Some cases are discussed in more detail and the representing
operators are given as block operator matrices.
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1. Introduction

It is well known that a generalized Nevanlinna function q € N,; (for the definition
of N, see Section 2 below) possesses a realization in a Pontryagin space (IC, [-, ]),
and hence can be written as

q(z) = q(z0)* + (2 — 23) [(I + (2 —20)(A — z)*l)u,v] z € o(A)
where A is a self-adjoint relation in I, and with v € K and zy € ¢(A). Recently

(see [DLLuSh2] and also [DeH]), such realizations were constructed based on the
basic factorization of ¢, that is,

q(z) =% (2) qo(2) r(2),

where gg € M is a usual Nevanlinna function, the rational function r collects the
generalized poles and zeros of ¢ that are not of positive type, and 7% (z) := r(z*)*.
In these papers the realizations were constructed with the help of a matrix function
which was defined using the basic factorization of ¢ and using reproducing kernel
space methods. In the present paper, however, we construct a realization in the

space KC = KCo+C?*, where Ky is a Hilbert space in which a minimal realization of gg

The authors gratefully acknowledge the support of the “Fond zur Forderung der wissenschaft-
lichen Forschung” (FWF, Austria), grant number P15540-N05.
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acts, which can be chosen arbitrarily. The self-adjoint relation A in the realization
of ¢ is constructed using the realization of ¢y and Jordan blocks connected with
the generalized poles not of positive type of q.

In Section 2 preliminaries are put together, in the first two subsections we
recall the definitions of realizations and boundary mappings together with its ba-
sic properties, as far as we need it. In Subsection 2.3 the canonical realization,
which is a particular realization in a reproducing kernel Pontryagin space, is dis-
cussed briefly. For a usual Nevanlinna function the connection between its integral
representation and the realization is detailed in Subsection 2.4. Furthermore, in
Subsection 2.5 we recall the basic factorization of a scalar generalized Nevanlinna
function.

Section 3 is devoted to the main result, Theorem 3.1, where the realization
is given. The proof is carried out by constructing an isomorphism to the model
given in [DLLuSh2]. At the end of Section 3 we describe how to obtain a minimal
realization. In the case that the representing relation A is in fact an operator,
block operator representations can be given, which are discussed in Subsections 4.1
and 4.2. An example where A is not an operator is given in Subsection 4.3.

2. Preliminaries

By definition a scalar function ¢ : D C C — C belongs to the generalized Nevan-
linna class N, if it is meromorphic in C \ R, symmetric with respect to the real
line, i.e., ¢(z*) = q(z)*, and if the so-called Nevanlinna kernel

z) — q(w*
Ky (z,w) := a(z) q(* ) z,w€eD
z—w
has k negative squares. This means that for arbitrary numbers N € N, and points
21,...,28y €D N Ct the matrices
N
(KQ(Ziv Zj)>i’j:1
have at most k negative eigenvalues, and k is minimal with this property. Here D
is the domain of holomorphy of ¢, C* is the upper half plane, and by * we denote
the complex conjugate of a complex number as well as the adjoint of an operator
or a relation.

2.1. Realizations of N,,-functions

Generalized Nevanlinna functions can also be characterized by their realizations. It
is well known (see, e.g., [KL]) that a function ¢ belongs to the class N, if and only
if it admits a minimal realization in some Pontryagin space with negative index k.
A realization (A, p) for a function ¢ is given by a self-adjoint linear relation A in
a Pontryagin space (K, [, -]) and a corresponding defect function ¢(z), that is, a
function ¢ : p(A) — K with the property

p(w) = (I + (w—2)(A - w)"H)ep(2),
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such that for z,w € 9(A4), z # w*, the following identity holds
q(2) —q(w*) _
R (2 ORECOIE

In particular, this implies the following representation for the function ¢:
q(2) = q(z0)" + (2 = 25) [(I + (z = 20)(A = 2) v, 0] z € 0(A),

where zg € p(A) \ R is some fixed point and v := ¢(zp). The realization is called
minimal if the defect elements form a total set in I, i.e.,

K =span{(I + (z — z0)(A — 2) " ")v |z € p(A)}.

In this case D = p(A) and the realization is unique up to unitary equivalence. Two
realizations (A, ¢) and (A, ®) of a function ¢ in spaces K and K, respectively, are

said to be unitarily equivalent if there exists a unitary operator ® : L — K such
that

{fig} € A= {0(f);D(g)} €A

and ®(p(2)) = &(2).
Sometimes also the triple (A4, S, ) is called realization, where S is the sym-
metric restriction of A given by

S = {{f;g} € A| (9 —25.f¢(20)] :O}’

which is independent of the particular choice of the point zy € p(A). With this
notation one has ¢(z) € ker(S* —z). Note that for unitarily equivalent realizations
(A, S, ) and (4, S, ) it follows that

{fi9} € S <= {®(f);®(9)} € S.

2.2. Boundary mappings

In this subsection we recall the notion of boundary mappings as it is contained,
e.g., in [De] and [DeM]. Let S be a symmetric relation with equal defect indices
in a Pontryagin space K and S* its adjoint. The triple (H, Bg, B1) is called a
boundary triple for S* if H is a Hilbert space with inner product (-, -) and By,
By are linear bounded mappings from S* into H such that By x Bj is surjective
onto H x H and that the following (abstract Lagrange or Green) identity holds:

l9, F1=1f.9'] = (Bi{f: 9}, Bo{f'59'}) — (Bo{f3; 9}, Bi{f':9'})

for {f;9},{f";9'} € S*. The B; are called boundary mappings.

It is easy to show that S = ker ByNker By and that A := ker By and ker By are
self-adjoint relations. In the following we assume that o(A) # (. This assumption
will always be satisfied in the next sections. Define the defect subspaces by

N.:={{fig} €S |g=2f} CKxK,
N, ={fel|{f;2f} €S} =ker(5* — z2).
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Since S* = AN, for z € o(A), the mapping Bo|g, is bijective from N, onto M,
and we can set

. —1 =

F(z) = (BO“S?Z) cH—M,,

v(z) = Py(z): H—N, CK,

where P; denotes the projection onto the the first component in IC x K. The map
~(z) satisfies the following relation,

Y(w) = (I + (w = 2)(A—w)")y(2) (2.1)
for z,w € o(A). The Titchmarsh-Weyl function M is defined by
M(z) := B17(2) (2.2)

for z € p(A), which is an operator function in H.

If S is a densely defined operator, then S* is also an operator and one can
set B;f := B;{f;S*f} for f € D(S*) and i =0, 1.

The following proposition shows the connection between boundary mappings
of symmetric relations with defect (1,1) and realizations of scalar N,-functions.
Note that in the case of defect (1,1) the space H can be chosen to be C; the
Titchmarsh—Weyl function is then a scalar function.

Proposition 2.1. Let S be a symmetric relation in a Pontryagin space with defect
(1,1) and (C, By, B1) a boundary triple for S*. Set p(z) := v(2)1 and A := ker By.
Then (A, S, ) is a realization of the Titchmarsh-Weyl function corresponding to
(C, By, By).

Conversely, let (A, S, ) be a realization of an N,-function q. Decompose an
element {f; g} € S* according to S* = A+MN., (for some zy € o(A)) as follows

{9} = {fo; 90} + c{¢(20); 200(20) }
with {fo; 90} € A and ¢ € C, and define
Bo{f; g} :=c,
Bi{f;9} := cq(z0) + [90 — 2 fo, #(20)]-
Then (C, By, B1) is a boundary triple for S with the properties
Bolp()20(2)} = 1, Bi{(e)s 20(2)} = q(2), (2.3

and A = ker By. Hence the Titchmarsh—Weyl function corresponding to (C, By, B1)
s equal to q.

Proof. The first part follows immediately from (2.1). It is a straightforward calcu-
lation that By, Bi in the second part are boundary mappings. The relation

{p(2); 20(2)} = (= 20){(A=2) T"p(20); (T +2(A=2)" e (20)} +{p(20); 209(20)},
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where the first term on the right-hand side is in A, implies Bo{¢(2);z¢(2)} =1
and

Bi{p(2); 20(2)}

N
|
N
o
N
—
—
~
+
I
=
|
N
S~—
—
N
S
—
N
[=)
N
|
N
[
=
|
I
N
|
_
S
—
n
[=)
S~—
S
—
N
[=)
N
P

which finishes the proof. O

We say that the boundary mappings By, By are compatible with a realization
(A, S, ) of an N, -function ¢ if (2.3) holds.
If for some zy € p(A) von Neumann’s decomposition holds, i.e.,

{39} = {foo; goo} + er{w(20); 20(20)} + ca{ep(20); 2" (20)}

for {f;g} € S* with {foo; 900} € S, c1,c2 € C, then in the second part of the
proposition one could equivalently define

Bo{f;g9} :=c1+ca,  Bi{f;g} = c1q(20) + c2q(25)-

It can be shown that for the self-adjoint operator of a minimal realization of an
N,-function such a zg always exists.

Remark 2.2. If (A,S,¢) and (A, S,$) are unitarily equivalent realizations of a
function g € N, where the unitary operator ® gives the equivalence, and By, B;
and By, B1, respectively, are boundary mappings as in Proposition 2.1, then

Bi{f;g} = B{®(f); ®(9)} fori=0,1.

2.3. The canonical realization

In the proof of the main theorem we will make use of reproducing kernel spaces even
for some matrix-valued generalized Nevanlinna functions and also of a particular
realization in such spaces.

Let @ : D — C™" be a matrix-valued generalized Nevanlinna function,
Q € N™™ that is, it is meromorphic in C\ R, symmetric with respect to the real
line, i.e., Q(z*) = Q(2)*, and the kernel

Q(z) — Q(w*)
Ko(z,w) := z,weD 2.4
Qs w) = O T (2.4)
has s negative squares. This means that for N € N, points z21,...,zv€D N CT,
and vectors xy,...,xy € C"” the matrices

(Kq(zi, 2))i, %‘))ivj:l

have at most x negative eigenvalues, and « is minimal with this property.
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By £(Q) denote the reproducing kernel Pontryagin space associated with the
function @: this is the closed linear span of the kernel functions Kq( -, z)c for
z € D and ¢ € C" with respect to the norm that corresponds to the inner product

<KQ( 2)e, Ko(- d> (KQ(w,z)c, d)cm

which has k negative squares. The elements of this space are functions, which are
holomorphic on the domain of holomorphy of Q.

Now we restrict ourselves again to the case of scalar generalized Nevanlinna
functions. The following theorem describes the so-called canonical realization. For
a detailed discussion see [DLLuSh2] and the references given there.

Proposition 2.3. Let the function ¢ € N, be given. Define the self-adjoint linear
relation Aq by

Ay ={{fi9} € L(@)?|3ceC: g(¢) —¢f(¢) =},
and the symmetry S, by

Sq = {{f19} € L(a)?] 9(0) — ¢f(Q) =0,

and set qu(z) == Kq(-,2%). Then the triple (Aq, Sy, q) forms a minimal realiza-
tion for q.
Moreover, the adjoint of S, is given by

S; = {{fi9} € L@)?|3e,deC: g(Q) — (f(Q) =c—da(Q)} (2.5)

and boundary mappings that are compatible with the realization are given by

Bo{fig}:=d, Bi{fig}:=c, (2.6)
where ¢ and d are as in (2.5).

Note that whenever we refer to the canonical realization, we use the function
q as subscript.

2.4. Realizations of Ng-functions

In this section we recall realizations for Ny-functions which are connected with
their integral representation

q(z):a+bz+/_oo< bt )do(),

w\t—2z 1412

where a € R, b > 0 and ¢ is a measure with [*_do(t)/(1 + %) < oo. We list the
space I, the relations A, S and S*, and the defect function ¢ such that (4, .S, )
is a realization of the function ¢ above. Moreover, it is not difficult to determine
boundary mappings that are compatible with the realization, cf. [DeM].
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We have to consider two cases.
1.b=0. K=1L2
A={{fig}|9t) =tf(®)}

S={{figt e A| [7_ f(t)do(t) =0}
S*={{f;g}|3ceC:g(t)=tf(t) —c}

ole) = plet) =, |

Bo{fig} =c¢  (where cis such that g(t) =tf(t) — c)
Bl{f;g}=a0+/o:o(f(t)—cliﬁ)da(t)

26>0:  K=L2aC, [({),(")]c=1f gz +bn
A={{(D); @)} g(t) =tf(t), ¢ =0}
S:{{(g);(g)}eAyanrf f(t)do(t) =0}
S =D O} 9ty =tf (1) - &}

1
o) = o0 = (7
Bo{(8); (7)) =¢
BUDs () =as+ o+ [ (r0-¢, |

— 00

)da(t)

14 ¢2

If the measure o is infinite and b = 0 (which is equivalent to the fact that
S is densely defined), then S* is an operator and the boundary mappings depend
only on the first component.

If the measure o is finite and b = 0, then the function ¢ has also a represen-
tation as a u-resolvent, i.e.,

q() = s+ [(A = 2)"'u, 1]

with s € R, some self-adjoint operator A in a Hilbert space K and an element
u € K. A corresponding realization (A, S, ¢) and boundary mappings are given by

S={{fig9} € Al [f.u] =0}
S*:{{f;g}’fGD(A), HCG(C:g:Af—cu}
p(2) = (A—2)"u

Bo{f;9} =c (where c¢ is such that g = Af — cu)
Bi{f;g} =sc+[f u

Here for instance one can take K = L2, A the multiplication operator by the
independent variable, and u = 1.
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2.5. Basic factorization

A point & € CU {00} is called a generalized pole of the function q € N, if it is an
eigenvalue of the relation A in some minimal realization of ¢q. Of particular interest
are those generalized poles that are not of positive type, that is the corresponding
eigenvector of the self-adjoint relation is not a positive element in . Its degree of
non-positivity v, is the dimension of a maximal non-positive invariant subspace
of the root space of A at a. A point § € CU {oco} is called a generalized zero of q
(not of positive type with degree of non-positivity kg) if it is a generalized pole of
q(z) == —q(lz) (not of positive type with degree of non-positivity xg). Note that if
q € Ny then also g € N,.

In [DLLuSh1] and also [DeHS1] it was shown that every function ¢ € N,
admits a basic factorization: let the points o;, i =1,2,...,¢, (3,7 =1,2,...,k,
respectively) be the generalized poles (zeros, respectively) of ¢ in Ct UR that are
not of positive type, denote by v; (x;, respectively) the degree of non-positivity of
a; (B, respectively), and define

(Z — ﬁl)ﬁl - (Z — ﬂk)ﬁk

rz) = (z—ap) ... (z—ap)’ 27)
Then there exists a function gy € N such that
a(2) = r7 (2)q0(2)r(2), (2.8)
where 77 (z) := r(2*)*. Note that if
Ti=K1+ Ak — (Vi ) (2.9)

is positive (negative, respectively), then oo is a generalized pole (zero, respectively)
of ¢ which is not of positive type and with degree of non-positivity |7|. Since oo
cannot be a generalized zero and a generalized pole at the same time, we have

k=max{Kk1 + -+ Kk, 1+ -+ e}

3. The realization
Let ¢ € NV, be given by its basic factorization (2.8):

q(2) =17 (2) qo(2) 7(2).

Write the rational function r as partial fractional decomposition

k z— 3.)ki J4
r(z) = Wi (= =00 > ri(z) (3.1)

¢ .
[Tici(z —af)¥ i=0

with the functions

Vi

ro(z):Zaojzj and ri(z)zz 2 _aozj*)j fori=1,...,¢.
Jj=0 j=1 i
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‘
Here we assume that og,, # 0 if 19 > 0. Note that k= Z v; and vy denotes the
degree of non-positivity of oo if oo is a generalized pole and vy = 0 otherwise.
Let (Ao, So, ¢0) be a minimal realization of the Nevanlinna function ¢o in a
Hilbert space (Ko, |-, - ]o). By Proposition 2.1 one can find corresponding boundary
mappings Bg, o and Bg,,1 that are compatible with (Ao, So, ¢o), i.e

Bs,,0{p0(2); 200(2)} = 1,
Bsy1{w0(2); 2¢0(2)} = qo(2).

Using the above “ingredients” we will define a space K, relations A and S, and
a function ¢(z) such that (A, S, ) is a realization of ¢. To this end let us first
introduce some notations.

Let K := Ko[+](C*+C*) be the Pontryagin space with the inner product
[+, -] given by the Gram operator

Ix, O 0
G = 0 0 I(Crc
0 I(CN O
Here + denotes a direct sum and [+] a direct sum that is even orthogonal with
respect to the indefinite inner product [-, -]. In the following a vector h € C*
will be decomposed according to (3.1) as h = (ho h, ... he)T, where h; =
(hit, ..., hiy,) T € C¥% for i = 0,1,..., £ Moreover, set e := (1,0,...,0)T, a vector
of suitable size, o; := (0y1,...,04,) ", and
1
z

1 1 (3.2)
Zzai z—lai
(z—a;)? T (z=a)?
ei(z) = and el(z):= fori=1 14
1 1
(z—ag)vi (z—aj)vi
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and by G; the matrix
-1

031 g;2 - Uiyi
0’22 DRI 0

Gi = . . . . ’
i, 0O 0

which is related to 7;(2).

Theorem 3.1. Let g € N, be given and let the notations be as above. Define the
relation §* in IC as follows:

fo Fy
h|;|H es”
k K
if and only if there exist constants ci,ca,c3,cq € C such that
{fo; Fo} € SS ’lj}ith BSg,O{fO? Fo} = C3 and BSO,l{fO§ Fo} = (1, (33)
hy = J(O)Ho +ce, (3.4)
H; = J(a;)h; +cre fori=1,...,4¢, (3.5)
ko = J(O)*KO + cy00, (36)
K; :J(Oﬁ)*ki-ﬁ-&;ﬂ'i fori=1,... 4, (37)
Vo Z 1 23
USjHOj :ZZU;}}IU —|—CQ—610'80 (38)
j=1 i=1 j=1
and
¢
Ko = Z ki1 +c3 — C4000, (39)
i=1

where Ko1 = 0 if vy = 0. Define the relations A and S as the restrictions of S* to
elements for which ¢4 = 0 and co = ¢4 = 0, respectively. Furthermore, denote by
©(z) the function
r(2)po(2)
‘
SO(Z) = (T(Z)QO(Z)ei(z))i:()
_ ¢
(G’L 161(2)>i:0
Then the triple (A,S, <p) s a realization for q. Boundary mappings that are com-
patible with this realization are given by
BoT =c4, Bi1Z =c

for an element T = {(fo h k)7; (Fo H K)'} € S*, where c3 and c4 are as in
(3.3)=(3.9).
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In particular, for vy = 0, i.e., co is not a generalized pole not of positive type
of ¢, relations (3.4) and (3.6) are void and (3.8) and (3.9) become

l 1 23 V4

E E J;jhij +co — 61080 =0 and E ki1 4+ ¢c3 — ca090 = 0.
i=1 j—1 i—1

Note that the above notation is justified since from the proof we will see that
the relation S* is indeed the adjoint of S.

Remark 3.2. This realization need not be minimal. For more details see the end
of this section.

Remark 3.3. Note that the self-adjoint relation A is independent of the numbers
0;j, and hence it does only depend on the generalized poles a; but not on the
generalized zeros f3;.

In order to prove the theorem we will show that (A, S, <p) is unitarily equiv-

alent to a triple (.,Z, g, (ﬁ) in a Pontryagin space K which was introduced in
[DLLuSh2] and shown to be a realization for g. For the convenience of the reader
we recall these notations here. The unitary operator that yields the equivalence is
then defined in (3.14) below.

Let the matrix functions M € N,2*? and Q € N,3*3 be defined as

0 r7(2) G(z) 0 0
M(z) = , Qz):= 0 0 r#(z)
(r(z) 0 ) 0 r(z) 0

Then the corresponding reproducing kernel Pontryagin space L(Q) decomposes as
L(Q) = L(qo) ® L(M). The self-adjoint relation A is defined as

A= {{f;7} € (£(Q)?|Tece C:3(¢) - ¢F(O) = (T + Q()B)e},

where 7 is the 3 x 3 identity matrix and

0 0 -1
B:=(0 0 0
-1 0 0O
By (-, z) denote the functions
pea) = )T g,
where
r(2)
v(z) = 1

r(2)q0(2)

In [DLLuSh2] it was proved that (A, ) is a — not necessarily minimal — realization
for q.
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In the following lemma we identify the symmetry S and its adjoint Si* such
that @(-,z) € L(Q) is a corresponding defect function, i.e., ¢(-, z) € ker(S* — 2)

for all z € p(A). Define
S:={{f:g} € A| v*(OG(C) - ¢f(Q) =0}.

Lemma 3.4. The triple (Z, 5, ®) 1is a realization of the function q in the space

L(Q). Moreover, the symmetry S can be written as

B a1 c3
Jer,e3 € C:g(Q)—=Cf(O)=(0]-2(C) | 0 } (3.10)
C3 C1
and its adjoint is given by

~ ~ — C1 Cc3
S — {{f@} ’ Jer, e €C:g(0) —Cf(O) = (cz) - 9(¢) <C4)}. (3.11)
C3 C1

Boundary mappings that are compatible with this realization are given by
Bsoifig} =ca, By {fig}=c2

for elements as in (3.11).

S = {{f;:ci} € (£(Q))?

Proof. We first show (3.10). By definition the pair {f;§} € (£(Q))? belongs to S

if and only if there exists a vector ¢ = (¢1 ¢z c;:,)T such that g(¢) — ¢f(¢) =

c+ Q(¢)Bc with 0 = v#(¢) @(C) - Cf(C)) The latter expression equals

C3

N 1 — ¢3q0(C)
v (OO - ¢F©) = (O 1 #(On(0) | 2 —eart(Q) | =2,

which shows (3.10). Note that hence S is the restriction of S§ (the symmetry
Sgo corresponds to the canonical model for the matrix function Q, cf. [DLLuSh2,
Theorem 2.1 (iii)]),

Sy = {{f:3} € (£(Q)* |3e,d e C:5(¢) — (f(Q) =c—Q(O)d)},  (3.12)

to elements {f, g} for which ¢” = (¢1 0 Cg)T and d = —Be. In the following
we use the boundary mappings for Sg, which are given by BSQ’O{JF‘V; gt =d and
BSQJ{J?; g} = ¢, see, e.g., [DLLuSh2, Theorem 2.4]. Let {f; g} € S5 asin (3.12)
and {f/;'gv’} € S with BSQ,O{]E;ﬁ’} =d' and Bsg,l{f’;ﬁ’} = c’. Then

G o) — (F7) e = (e6,d)es — (d,)es = (c3 — da)ey" + (e1 — ds)ey™.

For fixed {f, g} the latter expression vanishes for all {f’;g’ } € S if and only if
dy = ¢3 and d3 = ¢1, which shows (3.11).
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It is easy to see that Bz 5.00 Bg , are possible boundary mappings for S. Since

7(2)qo(2)
29(C,2) = CP(¢s2) = [ 1 (2)a0(2)r(2) | — Q) 1
r(z) 7(2)q0(2)

it follows that {&(-,2); 25(+,2)} € 5%, i.e., @(-,2) € ker(S* — z), and that
By o{@(-,2);20(-,2)} =1, Bg {@(+,2);28( -, 2)} = 77 (2)a0(2)r(2) = g(2),
which shows that Bg ;, Bg , are compatible with the realization (/T, §, ). |
We now define a mapping ® : £(Q) — Ko[+](C*+C*) that will give the
unitary equivalence of (4,5, ) and (A, S, ¢). Note that since it was assumed that
the given realization of gy is minimal, it is unitarily equivalent to the canonical
realization in the reproducing kernel space £(qo). Let this unitary equivalence be

given by the mapping ®¢: L(q0) — Ko.
According to [DLLuSh2, Theorem 3.4] an element in £(Q) is of the form

7=(o ,zhojcf 1+zz ZW 1+ZZ A) (3.13)

71]1 lel

with fo € L(qo) and %ij, Eij €Cfori=0,1,...,f and j =1,...,v;. Then define

o (fo)
o(f) = | (Grh)'_y | - (3.14)
(k)i
here we again used the notation ﬁz = (ﬁll Eiyi)—r and accordingly for the

vector EZ Obviously ® is bijective and since the inner product in £(Q) is given by

L K i=0
k K L(Q)

fo\ (o _ (o _
< h|,|H =<fo,F0>z:(q0)+Z[(Giki,Hi)cw+(thi,K7:)<cw],

it follows that ® is unitary. In the following lemma the isomorphism is applied to
kernel elements. Recall that the kernel of a matrix function was defined in (2.4).

Lemma 3.5. With the notation in (3.2) the following relations hold,

0 0

o KM(_’Z*)(?) = (672(20))5_0
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1) (o)
® S5 ) = : .
Km(-,2%) (0) (G;leg(z))fzo

Proof. For i =1,...,¢ we have

and

Q) () _ S (G- atY = (s -l
-2 T ety —ap)
g (2 — ) (¢ — ap)i=F!

_1210”2 (= = a7) (¢ — a7)7

vi—k+1

’
N 1 Tiktj—1
= ((—aj)* 2 (z —aj)

2 j:1

B wl e (G7€2),

and likewise

Hence we find

and similarly

0
- ((e,;(z))f_0> :
0 O

Proof of Theorem 3.1. Let again the element fe L(Q) be given in the form (3.13)
with fo € L(q) and hw, k,j € C, and similarly an element F € £(Q) with
Fy € L(qo) and H”7 KU e Cfori=0,1,...,f and j = 1,. Moreover,

we write () = (for (he)l_o, (k1)) and @(F) = (Fo, (H)L 07<Ki>f:o)f
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Inserting f and F' in the description of S* in (3.11) yields that {f, F} e §* if and
only if there exist complex numbers ¢y, ca, c3 and ¢4 such that

R = Cfo(€)  =e—e3q0(C), (3.15)

ZHOJCJ 1+ZZ ¢—q;)

i=1 j=1 g
—Czho ¢ 1—(221 () =y —err?(C), (3.16)
i=1j
ZKOJCJ 1+z;z;
i=1j
—CZko < 1-(22:1 =c3—cyr(¢).  (3.17)
=1

According to (2.5), (2.6) and Remark 2.2 equation (3.15) can be written as (3.3).
Comparing coeflicients in the partial fractional decomposition (3.16) yields

0::11
~ 0;2
H; = h; +c . fori=1,...,¢,
1 .
*
(673 i,V
0 1 08,1
- 0.0 - L
h(): H0+Cl . and HOl_Zhil :CQ—ClUSO.
1 : i=1
0 T0,u;
Observing that for i =0,1,...,¢,
a 1 a
s I I
G " =G for any o € C
1 IR
o 1 «
and
fops) 1
o 0
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and using the relations between ﬁ,;, ﬁz and h;, H;, we obtain (3.4)
(3.8). In the same way one finds that (3.17) can be written as (3.6)
(3.9). Hence we have found that {f; F} € S* if and only if {®(f); ®(F

),

Since B{®(f); ®(F)} = Bg {f F} for i = 0,1 (cf. Lemma 3.4
possible boundary mappings and

{[iF} € A<= {0(]); 0(F)} € A,
{f;F} € § <= {®(f); ®(F)} € S.

; (3.5) and
, (3.7) and
)} e S .

By, By are

The defect function @( -, z) for S* is given by
r(2) 90(¢)—q0(2)

(—=
562 = )T 200 = )" |
r(Q)—r(2)
(—=z
and hence
r(2)¢o(2)

B@(-,2) = | (r(=)a0(2)e <z>>io
(Gz 1‘31( ))7 0

because of Lemma 3.5, and the relation ¢g(z) = ®o(Kg, (-, 2%)). It follows from
Lemma 3.4 that (A, S, p) is a realization of the function ¢ and that By, By are
boundary mappings that are compatible with this realization. O

The compression of the resolvent of A to the Hilbert space Ky is given in the
next proposition.

Proposition 3.6. For z € o(A) the following relation holds,
P’CO(A - Z)_l"CO = (AO - Z)_17

where P, denotes the orthogonal projection onto the subspace Ko.

Fy fo
Proof. We calculate the element Fy from [ h | = (A—2)"1| 0 |, that is,
k 0
Fo Jo+zFp
h |; zh € A.
k zk

From Theorem 3.1 it follows in particular that

{Fo; fo+ zFo} € Sg, Bs,0({Fo; fo + 2Fo}) = c3 (3.18)
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and

Z’{ZZ: A A ka fOI“’L'Zl,...,f.
.. 1

Q;

Since z # af, this implies k; = 0, and if vy > 0, we also find kg = 0. In both cases
relation (3.9) gives cg = 0. But then (3.18) implies { Fo; fo + 2Fo} € Ap and hence
FO = (AO — Z)flfo. O

Minimality. In [DLLuSh?2] it is discussed that the realization given there and hence
also that given in Theorem 3.1 need not be minimal. This happens exactly if a
zero (pole) of r is a generalized pole (zero) of go. But in this case there exists a
finite-dimensional positive subspace K,eq C K such that

(Al )

forms a minimal realization of ¢ in ICE;A Here ICEi‘A denotes the orthogonal com-
plement of K.eq in K with respect to [, -]. Note that in [DLLuSh2] it was shown

that ICEJe'C]i is an invariant subspace for the resolvent of A and hence the restriction
should be understood in this sense; moreover, ¢(z) € ICE;J for z € p(A).

In order to describe the space K..q we need some more notations. Put ag :=
00, By := oo. In the sets I't, JT we collect those indices i (j, respectively) such
that the generalized pole «; (zero (;, respectively) of ¢ is also a generalized zero

(pole) of go:
It = {O§i§€|aieap(Aao)}, Jt = {O§j§k|ﬂj EUP(AQO)},

where again go(z) = —1/go(z). Note that the a; and §; are real numbers or co.
Moreover, define the elements 7, and yg; in Ko such that

fori € IT\{0}: {Tas; ¥ila, } € ker Bs, 1 with By 0{¥a,; ®i¥a; } = —1,

ifoerlt: {0; Yoy } € ker Bg, 1 with Bg,,0{0;Yao } = 1,
for j € J*T\ {0} : {ys,; Bjyp, } € ker Bs, 0 with Bs, 1{yg;; Bys;} = 1,
ifoe Jt: {O;yﬁo} S kerBso,o with Bso’l{o;yﬁo} = —1.

Note that yg, and ¥, are eigenvectors of the self-adjoint relations Ay = ker Bg, o
and ker Bg, 1, respectively, where ker Bg, i is unitarily equivalent to Ag,. Since the
eigenspaces of ker Bg, 1 and ker Bg, o are one-dimensional, the elements ¥,, and
yp, are uniquely determined by the above characterization. Define the following
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elements in K:

o~

Yo
Yo, = 0 forie I,

(5%6)2:0
Ys;
s, = | (ex(8))) )y | for i€ T\ {0},
0
Ys;
Y = | (—€)is ifoeJ".
0

We can now give an explicit description of the space Kpeq.

Proposition 3.7. With the notations as above and as in the beginning of this sec-
tion the Hilbert space Krea (such that (Al11), ¢) is a minimal realization of q) is
red

given by
Krea = Span{.@\ai?yﬁj | (S I+7 VES J+}

Proof. In [DLLuSh2] a space Kyeq was constructed such that (g|12[” , ) is a min-
red

imal realization of ¢ in Iaij Here /Ered is spanned by the vectors

'/r\ai xﬁj
0 ,ie I, and —7‘#3:5_7. LjEeJT,
(/J\Oi'\oci 0
where
©©) gy i e 1+ {0},
Fa, () = { C— o
q@(¢) fori=0el"
and
1
for j € J*\ {0},
zg, () := ¢ =B .
1 forj=0eJ*

It remains to show that
Yo, = —2((@a, 0 aoa?ai)—r) and  ygz = —0((zg, —rup, O)T). (3.19)

Indeed it follows from the facts that the element x5, is an eigenvector of A,, and
Bso.m{ys;; Bivs, } = _B§o,m{xﬁj?ﬂjxﬁj} for m = 0,1 that ®o(—zg,) = yg, since
the eigenspaces are one-dimensional and the boundary mappings yield the correct
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scaling. For j > 0 Lemma 3.5 implies that

0 0 0
O | r#(O)—r*(8;) | — ¢
Cleg | =9 -8 = (ek(ﬁé))kzo : (3.20)
0

If 0 € JT, then oo is a zero of r and hence 7y = 0. It follows from the definition of
® that

0 0 z 0
e\ = (_Gzalt)kzl = (_e)£:1 . (3.21)
0 0 0

The relations ®(—2z5;) = yg, and (3.20), (3.21) show the validity of the second
equality in (3.19). The first equality in (3.19) is similar but even easier to show. [

Remark 3.8. In [DLLuSh2] it was shown that those generalized poles and zeros
of the function ¢ that contribute to the space K,.q can also be characterized
analytically. For 1 < i, < ¢ the following is true:

q(2)

jeJt = JpeN: lim <0,
J K 2505 (2 — f3)201
and
ielt = JveN: lim (z —a)* tq(z) >0,

where = denotes a non-tangential limit.

4. Block operator matrix representations of A

In this section we consider some cases, where the realization (A, ¢) and in par-
ticular the description of the relation A simplify. In the first two subsections we
consider the case that A is an operator, which is the case if neither gy nor r have
a generalized pole at infinity. There are two cases to consider, whether Sy (the
corresponding symmetric operator to go) is densely defined or not. Finally, we give
an example where A is a relation.

4.1. The case that Sp is not densely defined

We consider the case that Sy is not densely defined and Ay is an operator, that is,
the function ¢y possesses a minimal u-resolvent representation

qo(2) = 50 + [(Ao — 2) "o, o], (4.1)

with sp € R and ug € Ko. Moreover, we assume that r(z) has no pole at infinity,
ie, vy =0.
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Theorem 4.1. Assume that qo has the representation (4.1) and that vy = 0. Then
the operator A in the realization of q has the following block operator matriz rep-
resentation

AO ('ve)UO ('ve)UO
[-,uoloe J(a1) —so(-,e)e -+ —so(-,e)e
A= [ uoe C J(ar) —so(e)e o —sol-.e)e | (42)
J(Oq)*
J(ag)*

where empty blocks are zero. Moreover, the function q has the u-resolvent repre-
sentation
q(2) = soa0 + [(A = 2) ", ul,
where
u = (Uoouo — Sp0p0€ — Sp0pp€ — 01 —O'Z)T. (43)

Proof. According to Section 2.4 we have
SS = {{fo;Fo} € D(Ao) X Ho ‘ JeeC: Fy= Aofo — cuo}, (4.4)
and

Bgsy.0{fo; Fo} = ¢, Bsy1{fo; Fo} = soc+ [fo, uolo,

where ¢ is the constant appearing in (4.4), are boundary mappings which are
compatible with the realization of gg. Now let

fo Fy
h);|H e A
k K

Relations (3.3) and (3.9) yield (note that ¢4 = 0)

¢
Fo = Ao fo — Bs,,0{ fo; Fotuo = Ao fo — csug = Ao fo + anuo
i=1
¢

= Aofo+ Y _(ki, €)uo,

i=1
and (3.5) gives

H; = J(a)h; + c1e = J(a;)h; + socs + [fo, uolo

¢
= J(az)hz — 8o Z(kz, e) + [f07u0}0~
i=1
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Relation (3.7) reduces to K; = J(o;)*k; and (3.8) gives no constraint since ¢z is
arbitrary, which proves (4.2). Since ¢(z) is in the domain of A, the function ¢(z)
admits again a u-resolvent representation with v = (A — 2)p(z). The constant
5002, is obtained by taking the limit z — oco. So it remains to prove (4.3). Let
u=(A—-2)p(z)=(Fy, H K)'. Then

4
Fy =r(2)(Ao — 2)po(z) + Z(Gzlej('z)» e)uo
=1

2)ug + E E ; Wo = 0ooto,
(z — o

=1 j=1

H, =r(2) [900(2),u0]06 +7(2)q0(2)J (cvi)ei(z) — so Z G

)4

=7(2)(90(2) — s0) e + (2)qo( e—SOZZ (z —a*

k=1 j=1

= —sor(z)e — sg (—r(z) + 0'00)6 = —Sp0gp€,

K;=J(a,)"G;lel(z) = G I(ap)el(z) = -G le = —a,
which finishes the proof. O
To make the representation even more explicit, one can choose Ay to be the

multiplication operator by the independent variable in the space L2 and uy = 1,
where o is the measure in the integral representation of ¢q.

4.2. The case that Sy is densely defined

Now we consider the case that Sy is a densely defined operator, that is, gy has the
integral representation

a(2) :”/R(tiz - 1_it2>da(t), (4.5)

where a € R and o is a measure with

1
/R 1 +t2da(t) < oo but /Rda(t) = 00.

As explained in Section 2.4 the operator Ay can be chosen to be the multiplication
operator by the independent variable in L2 with maximal domain, S§ is given by

D(Sg) = {f € Ly |3ecp:tf(t) —cp € L3}
(Sof)(t) =tf(t) —cy
and

Bs,of = cy, Bs,1f :==c¢f —I—/R(f( ) — cfl )da( )

are boundary mappings that are compatible with the reahzatlon.



274 M. Langer and A. Luger

Theorem 4.2. Suppose that qo has the integral representation (4.5) with an infinite
measure o. Moreover, assume that vy = 0. Then the operator A has the following
block operator matriz representation

i (&)l - (e

(Bsy,1-)e  J(a)

A=| (Bsi)e (o) (4.6)

with domain

D(A) = {(fo hok)T e IC‘tfo(t) +3 (kive) € Li}.

i=1

Remark 4.3. Note that the components of vectors in the domain of A are coupled
by an extra condition.

Proof. Let {(fo h k)'; (Fpb, H K)T} € A. Since S is an operator, fo de-
termines Fy, ¢; and c3 by (3.3), which in particular implies Fy(t) = ¢f(t) — cs.
Relation (3.7) reduces to K; = J(a;)*k;, (3.8) is void, and (3.9) reduces to
Zle(k:,;, e) + ¢3 = 0, which is a constraint for elements in the domain of A. O

4.3. An example
In this subsection we consider the example

™

(—2)"

anlz) =  2sin T
for p > —1, p ¢ Z. This function appears as a Titchmarsh-Weyl coefficient in
connection with the Bessel operator on the half line, see [DSh]. We choose the
branch such that for z € C*t it holds (—z)* = p*e#(®=7) where z = pe’®. Write
= po+ 2k with =1 < po < 1 and x € Z. Then the basic factorization of g, is
given by q,(2) = r#(2)qu, (2)7(2) with r(z) = 2%. It is easy to see that g, is an
No-function, which has the following integral representation:

T L[> 1 ¢
_ — tHodt
q#o(z) 4Sjnﬂ'go +2/0 (t—Z 1+t2> ’

which for pg < 0 reduces to

1/~ 1
au) =y [, L v

—Z
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Since the measure o is infinite, the operator S§ is given by S§f = tf(t) —cy, where
cy is such that this expression is in LZ. Corresponding boundary mappings (cf.
Section 2.4) are given by

Bs,of =cy (where ¢y is as above),

4 1 ~ t Ho
Bs,1f = ~4sin Trgo cf+ 2/, (f(t) — Cfl —|—t2>t dt.

In the case pp < 0 we just have Bg,1f = ; fooo fe)trodt.

With the notation of Section 3 we have £ = 0, vg = K, 0g9 = -+ =
00,k—1 = 0, and og,, = 1. Therefore there exists a realization of g, in the space
K = Ko[+](C*4C"), where Ko = L2 with do = Jtodt. The self-adjoint relation
A in this realization is described in the following theorem.

Theorem 4.4. Let the notation be as above and A be the relation in the represen-
tation of the function q,. The pair {(fo ho ko);(Fo Ho Ko)'} is in A, where
fo,Fo S /Co, ho,kQ,HQ,KO S (CN, Zf and only Zf

0
\ 0
F Sy 0 0 fo :
H, | = 0 JO* 0 [[|Ro|+a| Y],
K (Bsoo)e 0 J(0)) \ko 0
0

with ko, = 0, ho1 = Bgy1fo, and v is an arbitrary complex number. The defect
function ¢ is given by
z

o) = (,~

Proof. Since S is an operator, the constants ¢; and cs in Theorem 3.1 are de-
termined by fo. Equations (3.4) and (3.8) yield Hy = J(0)*hg + c2(0...01)T
with ¢ = v € C arbitrary and hgy = Bg,.1fo0. Equations (3.6) and (3.9) give
Ko = J(0)ko+(Bs,,0fo0)e and ko, = 0. The calculation of ¢ is straightforward. O

" T
i Quo (2)2%, ooy Que (2)2%2° 78 207 L2, 1) .
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Polar Decompositions of Normal Operators
in Indefinite Inner Product Spaces

Christian Mehl, André C.M. Ran and Leiba Rodman

Abstract. Polar decompositions of normal matrices in indefinite inner prod-
uct spaces are studied. The main result of this paper provides sufficient con-
ditions for a normal operator in a Krein space to admit a polar decomposi-
tion. As an application of this result, we show that any normal matrix in a
finite-dimensional indefinite inner product space admits a polar decomposition
which answers affirmatively an open question formulated in [2]. Furthermore,
necessary and sufficient conditions are given for a matrix to admit a polar
decomposition and for a normal matrix to admit a polar decomposition with
commuting factors.
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1. Introduction

Let H be a (complex) Hilbert space, and let H be a (bounded) selfadjoint oper-
ator on H, which is boundedly invertible. The operator H defines a Krein space
structure on H, via the indefinite inner product

[v,y] = (Hz,y), x,y€H,

where (-,-) is the Hilbert inner product in H. All operators in the paper are
assumed to be linear and bounded. We denote by L£(H) the Banach algebra of
bounded linear operators on H. The adjoint of an operator X € L(H) with re-
spect to (-, -) will be denoted by X*.
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An operator X € L(H) is said to be an H-isometry if [ Xz, Xy] = [z,y] for
all z,y € H, and is called H-selfadjoint if [Xx,y] = [z, Xy] for all x,y € H. An
operator X € L(H) is called H-normal if

xxl = X[*]X,

where X! is the adjoint of X with respect to the indefinite inner product [, ]
Given a (linear bounded) operator X on H, a decomposition of the form

X =UA,

where U is an invertible H-isometry (in other words, U is H-unitary) and A is H-
selfadjoint, is called an H-polar decomposition of X. An analogous decomposition
of the form X = AU will be called a right H-polar decomposition for X.

In the context of positive definite inner products, polar decompositions (which
are usually taken with the additional requirement that A be positive semidefinite
and the relaxation that U need be a partial isometry only instead of an invertible
one) are a basic tool of operator theory. In context of indefinite inner products,
they have been studied extensively in recent years (see, e.g., [4, 2, 3, 16, 13]), in
particular, in connection with matrix computations [7, 8].

Remark 1. An operator X € £L(H) admits an H-polar decomposition if and only
if it admits a right H-polar decomposition. This follows easily from the fact that
X=UA=UAUHYU.

Our main result, Theorem 4, is stated and proved in the next section. In par-
ticular, it follows from Theorem 4 that for a finite-dimensional H every H-normal
operator admits an H-polar decomposition, thereby settling in the affirmative an
open question formulated in [2]. In Sections 3 and 4 we apply the main result to
other properties that H-normal operators may have in connection with H-polar
decompositions, assuming that H is finite-dimensional. In particular, we provide
necessary and sufficient conditions for a matrix to admit a polar decomposition
and for a normal matrix to admit a polar decomposition with commuting factors.

2. The main result

In this section, we will provide sufficient conditions for an H-normal operator to
admit an H-polar decomposition. The proof of the main result will be based on
the following decomposition that is of interest in itself.

Lemma 2. Let X € L(H), and let Qker x be the orthogonal (in the Hilbert space
sense) projection onto Ker X. Assume that the operator

Qrer x HQker x|Ker x : Ker X — Ker X (1)

has closed range. Then there exists an invertible operator P € L(H), a Hilbert
space orthogonal decomposition

H=Ho®H1 & HodHo (2)
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and a Hilbert space isomorphism Hy4 : Ho — 7'707 such that
Ker (P™'XP) = Ho @ Hi, (3)

and with respect to decomposition (2), P~'XP, P*HP, and P~* XM P have the
following block operator matrixz forms:

0 0 Xi3 Xius 0 0 0 Hiy
e |00 Xos Xy s | 0 Hyp 0 0
PoXP= 100 Xg xul® THP=110 0 mHy o | @
0 0 Xy3 Xu Hy, 0 0 0
and
Hi X HY, Hy X5 Hy H X3 Hss Hiy X{,His
_ 0 0 0 0
pixkp = _ _ _ _ .5
H331XZ3HT4 H331X53H22 H331X§3H33 H331XT3H14 ( )
0 0 0 0

where Hy,* := (Hj,)~1. Moreover, if X is H-normal, then Xa3 = 0, X43 =0, and
X33 is Hsz-normal.

Proof. Let H = Gy ®G; where Gy = Ker X and G; = (Ker X)*. Then with respect
to this decomposition, X and H have the forms

0 X Hy  Hip
X — = 5 H = /\* o .
[0 X22} {le H22]
By the hypothesis, H 11 has closed range, so we may further orthogonally decom-
pose Gg = Ho ® H; such that with respect to the decomposition Ho @ Hi & G, the
operators X and H have the forms

00 Xis 0 0 Hy
X= 100 Xp3|, H= 0 Hy Hs|,
0 0 Xz3 Hi; Hj3 Hss
where Haoo : H1 — Hj is invertible. Then setting
I 0 0
Pi:=| 0 I —Hy Ho
0 0 I
implies
0 0 R 5(:13 N 0 0 Hys
PI'XP = |0 0 X23+HA2§1H23X33 , PfHP, = 0 Hyp O
0 0 X33 Hf3 0 H33

Sjnce H is invertible, we obtain that Hys is rightNinvertible. Let Hy = Ker Hy3,
Ho = (Ker ng)L, and decompose G; = Ho @ Hy. Then there exist invertible
operators S : Hop — Hp and T : G — Gy such that S*H 3T = [ 0 Hiy ], where
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His: Ho — ’)'Nfo is a Hilbert space isomorphism. Then setting Py = Py -(S® Iy, ®T),
we get

0 0 813 )214 0 0 0 Hyy
-1 _ |0 0 Xoz Xog . _ 0 Hxe 0 0
Py XPy= 0 0 Xz Xasl| PyHP, = 0 0 Hy Ha
0 0 Xu3 Xy HYy 0 Hi Hu
Finally, setting
I 0 —(Hfy) 'H3y —5(Hiy) "Hu
0 I 0 0
P:=PP | . 0 :
0 0 0 I

we obtain that P~'X P and P*HP have the form as in (4). A straightforward
computation shows that P~' X/ P has the form (5). Furthermore,

*

o

Pixtxp =

OO OO

OO O O

S *x O *
*

Now, let X be H-normal, i.e., P~' XX P = P~1 X X P. This implies that the
first two operator columns of P~'X X P are zero, i.e.,

X13
Xo3
X33
Xu3

[ Hi' X Hfy  Hy'X3.Hyy | = 0. 6)

Observe that the first operator matrix in (6) has zero kernel, because of (3). This
implies X3 = 0 and X3 = 0. Then comparing the blocks in the (3, 3)-positions of
PAXXFIP and P~ XM X P, we obtain X3 Hys' X3 Haz = Hag' Xis Ha3 X33, i.e.,
X33 is Hsz-normal. O

Next, we state a lemma that is of a general nature. We say that a point
A€ o(X), X € L(H), is an eigenvalue of finite type if X is an isolated point of the
spectrum o (X ) and the spectral projection (27i)~* f‘f‘ze(é“f—X)*ldf, where e > 0
is sufficiently small, has finite rank. It is easy to see (by using the decomposition
of H as a direct sum of two X-invariant subspaces so that X — AI is invertible on
one of them, and X — AI is nilpotent on the other) that if A is an eigenvalue of
finite type of X, and if M is an X-invariant subspace such that A € o(X|r(), then
A is an eigenvalue of finite type of the restriction X |a.

Lemma 3. Let X € L(H) be such that 0 is an eigenvalue of finite type of X. Then
we have that dim Ker X = dim Ker X1,
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Proof. By the assumption the spectral subspace Hy of X corresponding to the
zero eigenvalue is finite-dimensional. Write H = Ho ® Mg, and with respect to this

decomposition write
¥ — [ X1 Xio ]

0  Xoa
Then o(X11) = {0} and Xos is invertible. Now dim Ker X = dim Ker X*. We

have
Ker X* = {[ 1 ]
)

Also dimKer X7, = dim Ker X;; as Hy is finite-dimensional. So
dimKer X* = dimKer X7, = dimKer X;; = dimKer X

z1 € Ker X7, 22 = —(X;z)_lele} .

as required. 0
We are now ready to state our main result.

Theorem 4. Assume that X € L(H) satisfies the following properties:

(a) X is H-normal;

(b) either X is invertible, or 0 is an eigenvalue of X of finite type;

(¢) o(X) does not surround zero, i.e., there exists a continuous path in the com-
plex plane that connects a sufficiently small neighborhood of zero with infinity
and lies entirely in the resolvent set C\ o(X).

Assume in addition that one of the following conditions hold:

(i) Ker X = Ker X!*;

(ii) H with the indefinite inner product generated by H is a Pontryagin space, i.e.,
at least one of the two spectral subspaces of H corresponding to the positive
part of o(H) and to the negative part of o(H) is finite-dimensional.

Then X admits an H-polar decomposition.

Proof. The proof starts with a general construction that is independent of whether

we assume the additional conditions (i) or (ii) or not.
By Lemma 2 we may assume that

0 0 Xi3 Xua 0 0 0 Hu
oo 0 Xu 1o Hm 0 0

X= 0 0 X33 X34’ = 0 0 Hz 0|7 ™
00 0 Xu H, 0 0 0

with respect to an orthogonal decomposition
H ="My ®H1 @ Ha & Ho,

where Ker X = Hq® H;1, where X33 is Hsz-normal, and where Hy4 : Hg — ’)'70 isa
Hilbert space isomorphism. (Note that by the hypotheses of the theorem, clearly
the operator (1) has closed range.) In the following, we will identify Ho and Hy

via the isomorphism Hiy4, i.e., we assume without loss of generality that Ho = Hy
and H14 = IH0~
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We use induction on the dimension of the spectral subspace of X correspond-
ing to the eigenvalue 0. The base of induction, i.e., the case when X is invertible,
was proved in [13] (note that the finite-dimensional proof given in [13] carries over
to the infinite-dimensional case using the property (c) of X).

We have
o(X33) U {0} = o(X),
where
_ 0 0 X3
X:=(0 0 0
0 0 Xss

Moreover, the unbounded component of C\ J()Z' ) contains the unbounded com-
ponent of C\ o(X) (this is a general property of the spectrum of a restriction of
an operator to its invariant subspace). Thus, the property (c¢) holds true for Xss.

To see that X33 satisfies property (b), we have to show that either X33 is
invertible, or 0 is an eigenvalue of finite type of X33. Assume then that Xs3 is
not invertible. Since 0 is an eigenvalue of finite type of X, it is also an eigenvalue
of finite type for X restricted to its invariant subspace Ho @& Hi1 @& Ha. In order
to show that 0 is an eigenvalue of finite type of X33 all we need to show is that
dim Ker X24 is uniformly bounded. We have that dim Ker X" < dim Ker X", and
so dim Ker X™ is uniformly bounded. Now

N 0 0 XizXip!
X"=10 0 0 )
0 0 X3
and so
Ker X" = Ho ® H1 ® Ker X:?y,_la

where the latter equality follows from

Ker { ;1; } — {0} (8)

by construction of the form (7). Hence we have that dim Ker X35 ' is uniformly
bounded, and so 0 is an eigenvalue of finite type of X33 whenever X33 is not
invertible.

If (ii) is satisfied, i.e., if H with the indefinite inner product generated by H
is a Pontryagin space, then also Hs with the indefinite inner product generated
by Hss is a Pontryagin space. On the other hand, if (i) is satisfied, i.e., Ker X =
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Ker X[*], then we obtain Xo4 = 0 and X44 =0, and

0 0 XiHs3Xss XiyHssXs
iy _ |00 0 0
oo xlxs xixy, |
L0 0 0 0
[0 0 XusX0 XisHyg' X7
WMo |00 0 0
XX = 0 0 XgaXl XogHZlX*
334133 334133 A13
L0 0 0 0

Assume that z € Ker X33. Then
xxH[o 0« 0]"=xMx[0 0 2 0] =0

which implies

X33

Because of (8), we obtain X3[§]x = 0 and Ker X33 C Ker X:,[E;]. The other inclusion

follows analogously. So, Ker X = Ker X[ implies that Ker X33 = Ker X?[)g].

Hence, X33 satisfies all assumptions of the theorem. By the induction hypoth-
esis, X33 admits an Hss-polar decomposition and by Remark 1 also a right H-polar
decomposition X33 = A3z3Uss, where Uss is an invertible Hsz-isometry, and Asg is
Hjs-selfadjoint. In the following, we construct an H-polar decomposition for X.
This will be done in five steps.

{ X3 } Xg[;]x =0.

1. First, we show that there exists « real such that the operator L — aM is
invertible, where

L = H33A33 and M = (U3731)*XT3X13U?E),1
are selfadjoint operators. For this purpose, observe that H?;)}LUgg = X33 is Fred-

holm, and therefore so is L. Denote by Qker . the orthogonal projection onto the
finite-dimensional subspace Ker L. We claim that

Ker (QKerLM|KerL) = {0} (9)
To this end note that Ker X;3 N Ker X33 = {0} by (8), and hence
Ker M NKer L = {0}. (10)

Let z be such that Lx = 0, Qkerz Mx = 0. Then
<M1’,£L’> = <M‘r7QKerL$> = <QKerLM$71'> - 07

thus Mz = 0 (because M is positive semidefinite), and = = 0 in view of (10).
This proves the claim (9). Now, with respect to the orthogonal decomposition

Hy = Ker L & (Ker L), we have

—aM1 _CVMQ

L=aM =1 _ vz Li—aMs |

a € R,
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where Ly and M; (because of (9) and the Fredholmness of L) are invertible. Using
Schur complements we obtain that L — aM is invertible if and only if o # 0 and
the operator

L1+ a(—Ms + M3 M; " My)
is invertible. Clearly, such o’s exist.

2. We construct an H-selfadjoint polar factor for X. For this, let a # 0,
a € R, be such that L — aM is invertible. Then set

A13 = XlgU?E)’l, A14 = Ck_l.[q, A34 = Hggl ’{3 = Hggl (U?E)’l)* Xf?),

and
0 0 Az Awu
0 O 0 0
A= 0 0 As3 Am
0 O 0 0

Then a straightforward computation shows that A is H-selfadjoint.
3. Next, we show A% = X[ X Indeed, we obtain from the identities
A3Azs = Xi3Us'Asz = Xi3Hoy  HasUsy' Azz = X13Hoy ' Uss Haz Ass

= Xi3H33'Uss Asa Hay = X13Hay' X33 Has,
A3Azs = Xi3Uss' Hyg' (Usy) ' Xy = XisHyg' X,

A3y = AsyHgy A3Hyy = Xa3Usy' Hag' (Usy) ™' X33 Has = XazHyy' X33 Hag,

AssAsy = XsaUsy' Hyg'(Uss) ™' Xis = XasHyg' X s,
that
_O O A13A33 A13A34
2 0 0 0 0
- 0 0 A%, Az3dz,
| 0 0 0 0
[0 0 Xi3Hp'XiHss XizHy' X1y
B 00 0 0
0 0 Xs3Hp'Xi3Hss XszHiy' X1y
00 0 0

4. Finally, we show Ker X = Ker A. From the construction, it is clear that
Ker X C Ker A. For the other implication, let v = [ a b c d ]T € Ker A.
Then
0= Aszc+ Auud = X13Uzs'c + o 'd = d = —aXi3Uss'e.
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Moreover,
0 = A33€ + A34d = A336 — (XH:;; (U:)Bl)* XT3X13U:;310~

The choice of a implies ¢ = 0 and thus, we also obtain d = 0. Hence, v € Ker X.
Thus, we constructed an H-selfadjoint operator A that satisfies A2 = XX
and Ker X = Ker A. Since X is Fredholm of index zero, it is easy to see that
XM X and therefore also A are Fredholm operators of index zero. Define the
operator Uy on the range of A by Upz = Xy, where y is such that x = Ay. It
is a standard exercise to check that Uy is a well-defined H-isometry on the range
of A, and the range of Uy coincides with the range of X. Moreover, since A and X
have generalized inverses and Ker A = Ker X, it follows that Uy is bounded and
[Uox|| > €||x||, = € Range A, where the positive constant ¢ is independent of x.

5. Extension of Uy to an invertible H-isometry. This is where the assumptions
(i) or (ii) come in that have not been used so far. First we consider the case where
H is a Pontryagin space. By Lemma 3 we have dim Ker X = dimKer X[, so

codim Range A = dim(Range A) = dim Ker A" = dim Ker A = dim Ker X
= dimKer X = dim(Range X)*! = codim Range X.

Then we can use [16, Theorem 2.5] to show that in case H is a Pontryagin space
with respect to the indefinite scalar product generated by H, Uy can be extended
to an invertible H-isometry. This proves the theorem in case (ii) holds true.
Next, we consider the case that Ker X = Ker X*|. Then we have the equal-
ities
(Range A)H = Ker AP = Ker A = Ker X = Ker X" = (Range X)I*1,  (11)
and so we have that Range A = Range X. In particular we have

Ho @ Hy = Ker X = (Range A)Y) = H~!(Range A)*

which implies (Range A)~ = Ho & H; and Range A = Ho & Hy. Because of (11),
the isotropic part of Range A (which is the finite-dimensional space Hp) is the
same as the isotropic part of Range X. Choose a (-, -)-orthonormal set of vectors
{e1,...,en} that form a basis for Hy. Moreover, the (-, -)-orthogonal complement
of Hp in Range A (which is Hs) is an H-nondegenerate subspace. Choose a basis
{fi,---y fn} of Ho that is skewly linked to {ei,...,en}, that is, [e;, f;] = d;;
and [f;, f;] = 0. (For details on construction of skewly linked bases see, e.g.,
[10, 16, 3]; although it is assumed there that the indefinite inner product space
is a Pontryagin space, the construction goes through without change for finite-
dimensional subspaces of Krein spaces.) Then Range A & Hy = Range X @ H is
H-nondegenerate.

We start by showing that Uy maps Ho into itself. Indeed, for zg € Hy we
have that Uz is H-orthogonal to the whole of Range X, and hence is in Hy. So,
if we write Uy with respect to the decomposition Hy & Ho of Range A = Range X
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as a two by two block operator matrix, we have

| U Ure
wo=| % 0]

Clearly, since Up is one-to-one and maps onto Range X, it follows that U, and
therefore also Uy; and Uss are invertible maps.

With respect to the decomposition Hg @ Ho EB’I—YO we have for H the following
form (where we choose the basis in Ho and in Hg as above)

0o o0 I
H=|0 Hs 0
I 0 O

We shall define U : Range A & Hy — Range X & H, as the following 3 x 3
block operator matrix

_ Unn Uz Uss
Uo=| 0 Ux Uy |,
0 0 Uss
where Usz := (Uf‘l)* , and Uz := U22H22 Uiy(Uy)~ Y, and finally Ups :=

—éUlgH{QlUl*z(Ul*l) Computing UOHUO on Ho @ Hy @ Ho we have that it
equals to

0 0 1
0 Hss Ufz(Ufl)il + U3y H33Uss . (12)
I UsyHs3Usy +Upy'Ury Ufy(Uty) ™" + Upy'Uss + Uss HasUss

We see from the definition of Uss that the (2, 3)-entry of the operator matrix (12)
is zero. Next,
UssHs3Uss = Upy Un2 Hyg U (Uf1) ™!

Thus, from the definition of U;s we see that also the (3, 3)-entry of (12) is zero.
Hence Uo is indeed an H-isometry. The fact that Uo is one-to-one and maps onto
Range X & Ho follows easily from the invertibility of Uy, Use, and Uss.

Now using [1, Theorem VI.4.4] we see that Uy can be extended to an H-
unitary operator on the whole space H. This concludes the proof of Theorem 4. [

3. Applications of the main result

For the remainder of the paper, we assume that H is finite-dimensional, and iden-
tify L(H) with C"*™ the algebra of n x n complex matrices. Then Theorem 4
has some important corollaries. First of all, it answers affirmatively the question
posed in [2] whether each H-normal matrix allows an H-polar decomposition.

Corollary 5. Let X € C™"*™ be H-normal. Then X admits an H-polar decomposi-
tion.
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Corollary 5 was known to be correct for invertible H-normal matrices and for
some special cases of singular H-normal matrices (see [2, 12, 11, 13]). The result for
the general case is new. The next corollary gives a criterion for the existence of H-
polar decompositions in terms of well-known canonical forms of pairs (A, H), where
A is H-selfadjoint, under transformations of the form (A, H) — (P~1AP, P*HP),
where P is invertible, see, for example, [6].

Corollary 6. Let X € C"*™. Then X admits an H-polar decomposition if and only
if (XWX, H) and (XX H) have the same canonical form.

Proof. If X = UA is a polar decomposition, then
XxH =pAAF UM = A2U"Y and XX = AMUFUA = A%

ie., (XXF H) and (X[*]X, H) have the same canonical forms, because U is H-
unitary. On the other hand, if (X X, H) and (X*] X, H) have the same canonical
forms, then there exists an H-unitary matrix U such that UX XMU-1 = XX,
Then X = UX is H-normal, since

Xy = xHx —uxxHy-1 = xxH,

By Corollary 5 X admits an H -polar decomposition X = VA, where V is H-
unitary and A is H-selfadjoint. Then X = (U~1V)A is an H-polar decomposition
for X. |

Thus, up to multiplication by an H-unitary matrix from the left, H-normal
matrices are the only matrices that admit H-polar decompositions. Corollary 6
has been conjectured in [12, 11], where also a proof has been given for the case
that X is invertible or that the eigenvalue zero of X*] X has equal algebraic and
geometric multiplicities.

Theorem 4 also answers a question on sums of squares of H-selfadjoint ma-
trices that has been posed in [14]. In general, the set {A% : A is H-selfadjoint}
(where H is fixed) is not convex, in contrast to the convexity of the cone of positive
semidefinite matrices with respect to the Euclidean inner product, as the following
example shows: Let

(o1 [ o0 2 (11 242 [ -3 2
RN E IR PR S

Then A? + A2 is not a square of any H-selfadjoint matrix, since A? + A3 has
only one Jordan block associated with the eigenvalue —3. This contradicts the
conditions for the existence of an H-selfadjoint square root, see Theorem 3.1 in
[15]. Instead, we have the following result.

Corollary 7. If A; and Ay are two commuting H -selfadjoint matrices, then there
exists an H-selfadjoint matriz A such that A3 + A} = A?.

Proof. Let X = A; +iAy. Then X is H-normal, because X and X[ = A4; —iA,
commute. By Corollary 5, X admits an H-polar decomposition X = UA, where
U is H-unitary and A is H-selfadjoint. This implies A2 + A3 = XHx =42 O
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4. Polar decompositions with commuting factors

Again, we assume that H is finite-dimensional, and identify L£(H) with C™*™
the algebra of n x n complex matrices. It is well known that a normal matrix X
(normal with respect to the standard inner product) allows a polar decomposition
X = U A with commuting factors, see [5], for example. The question arises whether
this is still true for indefinite inner products. In [13], it has been shown by a Lie
group theoretical argument that nonsingular H-normal matrices allow an H-polar
decomposition with commuting factors. (For a different proof of this fact, see [12].)
On the other hand, there exist singular H-normal matrices that do not allow such
H-polar decompositions. The following example is borrowed from [13].

=[50 - [23]

Then X is H-normal. In fact, X/ X = X X[ = 0. It is straightforward to check
that all H-polar decompositions X = UA of X are described by the formulas

0 T 0 x
P A L

where x # 0 and y are arbitrary real numbers. Clearly, U and A do not commute
for any values of the parameters = and y.

Example 8. Let

In the following, we will give necessary and sufficient conditions for the exis-
tence of H-polar decompositions with commuting factors. The proof will be based
on the following result on particular square roots of H-unitary matrices.

Theorem 9. Let V € C*"*"™ be H-unitary and let M € C"*"™ be such that MV =
VM. Then there exists an H-unitary matric U € C*™™ such that U? = V and
MU =UM.

Proof. First, assume that there are no eigenvalues of V' on the negative real line
(including zero). Let I" be a simple (i.e., without self-intersections) closed rectifiable
contour in the complex plane such that I" is symmetric with respect to the real
axis, the eigenvalues of V" are inside I, and the negative real axis (—oo, 0] is outside
I'. Let f : C\ (—00,0] — C be the branch of the square root that assigns to
z € C\ (—00,0] the solution ¢ of ¢ = z that has positive real part. Then f is
analytic on I" and analytic in the interior of I" and hence, the matrix f(V') given
by the functional calculus

1
= I-V)'d 1
V) = o1, [ HEET=V) s (13)
is well defined. From the fact that V' is H-unitary, we obtain the formula
—1 —1

H(Zf_v)flz((zf_v)ﬂfl) :(H*l(zf—(v*)*l)) = (21— (V*)"H)H.

This implies Hf(V) = f((V*)~")H. Since f(z7') = f(2)~', we obtain that
f(V=1) = f(V)~1 see [9, Corollary 6.2.10].
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We then obtain from f(z) = f(z), the symmetry of I' with respect to the real
axis, and the general fact that f(M7) = f(M)T, that

-1
™) = (sy)
This implies that U := f(V) is H-unitary. Clearly, U? =V and UM = MU. For
the case that there are negative eigenvalues of V', there exists 0 < 6 < 27 such
that the ray re’ (r > 0) does not contain an eigenvalue of V. Then V =eilm0y
is still H-unitary, satisfies M V= VM and does not have negative eigenvalues.
Hence, there exists an H-unitary matrix U such that U% = V and MU = UM.
Then U = ¢/=™)/27 is an H- unitary square root of V' satisfying MU =UM. 0O

The following result provides necessary and sufficient conditions for the ex-
istence of polar decompositions with commuting factors.

Theorem 10. Let X € C™*™. Then the following statements are equivalent.

i) X admits an H-polar decomposition with commuting factors.
ii) X is H-normal and Ker (X) = Ker (X)),
iii) There exists an H-unitary matriz V. such that X = VX[,

Proof. 1) = ii): If X allows an H-polar decomposition X = UA with commuting
factors, then XI*l = (UA)*] = AU~! = U~ A. But then X is H-normal, because
XXM =UAAU™ = AUT'UA = XPIX.

In addition, we have Ker (X) = Ker (4) = Ker (X)),

ii) = iii): This is a special case of Witt’s Theorem and coincides with [4,
Lemma 4.1].

iii) = i): Let V be an H-unitary matrix such that X = VX[, Note that X
and V commute:

Xv =vxtHy —ywyxthHy —yxviHy = vx,
Then Theorem 9 implies that V' has an H-unitary square root U that commutes
with X. Now consider X = UA, where A := U~'X. Clearly, U and A commute.
Furthermore, A is H-selfadjoint, because
X)) = XMy =vIXU = v 'UX =U2UX =U'X.

Thus X = UA is an H-polar decomposition for X with commuting factors. O

Note that if X = UA is an H-polar decomposition of X, i.e., U is H-unitary
and A is H-selfadjoint, then

UA=AU <= UX =XU = XA=AX.

If A is invertible, then XA = AX = UA = AU, but in general XA = AX #*=
UA = AU as the next two examples show. Thus, the equality XA = AX gives a
commutativity property of H-polar decomposition which is strictly weaker than

commuting factors. Example 8 shows that not every H-normal matrix admits an
H-polar decomposition with this weaker commutativity property.
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We conclude the paper with two examples; the second example is borrowed
from [14].

Example 11. Let

00 0 10 0 0 0 01
0 01 00O 00 010
X=|00O01O0)|, H=]0 01 00
00 0 0O 01 0 00
0 0 0 0O 1.0 0 00

Then X is H-normal, but Ker (X) # Ker (X[*]). Thus, X cannot have a polar de-
composition with commuting factors by Theorem 10. On the other hand, consider
the matrices

1010 -} 00000
0100 0 00100
U=|0010 -1|, A=[0 00 1 0
0001 0 00000
0000 1 00000

Then U is H-unitary, A is H-selfadjoint and X = U A. Moreover, A and X com-
mute, but A and U do not.

Example 12. Let

00 1 00 00 0 10
000 r = 0 0 0 01
X=]0001O0]|, r>0,2=%+1, H=|0 0 1 0 0
00 0 0 O 100 00
00 0 0 O 01 0 00O

A possible H-polar decomposition X = UA, where U is H-unitary and A is H-
selfadjoint, is the following:

(1~ b ko 0] 0010 57
o 1 3 =3 000 5 =
U=|0 0o 1 _;z - , A=]10 0 0 1 0 (14)
0 0 0 0 00 0 0 O
Lo 0o o ;1 ] L0 00 0 0]

Note that A and X commute; but A and U do not commute. A MAPLE computa-
tion even shows that there does not exist an H-unitary U such that X = UA = AU
for the special choice of A in (14) as an H-selfadjoint polar factor of X.



Polar Decompositions, Normal Operators, Indefinite Inner Products 291

However, note that Ker X = Ker X, i.e., by Theorem 10 there exists an
H-polar decomposition X = U A with commuting factors. Indeed, let

BTN R 001 o]
o 1 3 o —n 000 5 =
U=|o0o o 1 -3%= —r |, A4=l000 1 0 (15)
0 0 0 1 0 000 0 0
(0 0 0 7 1] (000 0 0]

Then U is H -unitary, Ais H -selfadjoint, and X = UA = AU. It is interesting
to note that a straightforward but tedious MAPLE computation reveals that the
polar factor A is unique up to a sign, i.e., all H-polar decompositions for X with
commuting factors necessarily have the H-selfadjoint polar factor A (or —A) as
in (15).
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Bounds for Contractive Semigroups and
Second-Order Systems

KreSimir Veselié¢

Abstract. We derive a uniform bound for the difference of two contractive
semigroups, if the difference of their generators is form-bounded by the Her-
mitian parts of the generators themselves. We construct a semigroup dynamics
for second-order systems with fairly general operator coefficients and apply
our bound to the perturbation of the damping term. The result is illustrated
on a dissipative wave equation. As a consequence the exponential decay of
some second-order systems is proved.

1. Introduction

The aim of this paper is to derive a new perturbation bound for strongly continuous
contractive semigroups in a Hilbert space and to apply it to damped systems
of second order. Let e??, eB? be strongly continuous contractive semigroups in
a Hilbert space X. Their generators are maximal dissipative in the sense that
R(AY,v) < 0 and that A is maximal with this property and similarly with B.
(That is, —A, —B are maximal accretive as defined in [3]. In this paper we will
follow the notations and the terminology of the Kato’s monograph.)
We consider a rather restricted kind of perturbation, it reads formally

|(z, (B — A)y)|? < e?R(—Bx,2)R(—Ay,y), €>0. (1)
As a result we obtain a uniform estimate for the semigroups:
Bt _ At €
R

Note that here we have not the classical situation: ‘unperturbed object plus a small
perturbation’ in which the perturbed object often has first to be constructed and
then the distance between the two is measured (see, e.g., [3] Ch. XI, Th. 2.1). We
impose no condition whatsoever on the size of the positive constant ¢ but we know
that both A and B are dissipative, and both operators appear in a symmetric way.



294 K. Veselié¢

Moreover, no requirements are made about the size of the subspace D(4) ND(B),
it could even be trivial. To this end, (1) is rewritten in a ‘weak form’ as

|(B*z,y) — (:ﬂ,Ay)\2 < 52%(—B*x,x)§]%(—Ay,y).

This kind of perturbation will appear to be the proper setting for treating
semigroups, generated by second-order systems

Mi + Ci + Kz = 0. 2)

Here M, C', K can be finite symmetric matrices, with the mass matriz M posi-
tive semidefinite, the stiffness matriz K positive definite and the damping matriz
C accretive! (our result seems to be new even in the matrix case). Or, M, C,
K may be differential operators with similar properties. As a next result, a con-
tractive semigroup, naturally attached to (2), will be constructed, where M, C,
K are understood as sesquilinear forms satisfying some mild natural regularity
conditions. This construction seems to cover damped systems, more general than
those treated in previous literature (cf., e.g., [1], [2], [4]), for instance, M is allowed
to have a nontrivial null-space and C need not be symmetric. We then use our
abstract semigroup bound to derive a bound for second-order systems in which
the damping term C is subject to a perturbation of the same type as (1).2 As a
consequence, the exponential decay of some damped systems will be proved. In
particular, under the additional assumption that C' be sectorial, a second-order
system is exponentially stable, if and only if the system with the ‘pure symmetric
damping’ C= (C* + ()/2 is such. In these applications an important property of
the condition (1) will be used: it is invariant under the inversion of both operators.

The article is organised as follows. In Section 2 we prove the main result in
a ‘local’ and a ‘global’ version. We also include an analogous bound for discrete
semigroups, although we have no application for it as yet.

In Section 3 we apply this theory to abstract damped systems of the form
(2), including the construction of the semigroup itself. In Section 4 we apply our
theory to the damped wave equation in one dimension.

2. An abstract perturbation bound

Let A be the generator of a strongly continuous semigroup in a Hilbert space X.
By 7 (A) we denote the set of all differentiable semigroup trajectories
S={z= eMag,t > 0}, for some g € D(A).

Theorem 1. Let A, B be the generators of strongly continuous semigroups in a
Hilbert space X (then A*, B* are also such). Suppose that there exist trajectories
SeT(A), T eT(B*) and an € > 0 such that for anyy € S, z €T

(B*z,y) — (2, Ay)|* < E2R(=B*z,2)R(~ Ay, y). 3)
IFor simplicity we use the term ‘damping matrix’ for C' although it is not necessarily symmetric

and thus may include a gyroscopic component.
2A related perturbation result for finite matrices was proved in [5].
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Then for all such z,y
€
| (@ (e = ey [ < llzlllyll (4)

(Note that in (3) it is tacitly assumed that the factors on the right-hand side are
non-negative.)

Proof. For y € S, x € T we have

d x
i <€B sx7€A(t—s)y)
— (eB*sB*x’eA(t—s)y> _ (eB*sx7€A(t—s)Ay> ,

which is continuous in s, so by integrating from 0 to ¢ we obtain the weak Duhamel
formula

t
(€ ) — () = [ [(BreP o0 eA-0y) - (7o, 449y ds.
0

By using (3) and the Cauchy-Schwarz inequality it follows

‘ (JZ, (eBt _ eAty)) |2

t
< </ (B*eB 5z, et =9)y) — (eB*Sx,AeA“‘S)y)IdS)
0

t 2
< g? (/ \/%(—B*eB*Sx,eB*Sx)ER(—AeA(tS)y,eA(tS)y)ds>
0

t t
§€2/ %(—B*eB*Sx,eB*Sx)ds/ R(—Ae%y, eA%y)ds.
0 0

By partial integration we compute

A ya / §R Asy)ds = —

2

AyP| - z(a,.0)

ﬂA%wziayw—MMW%. 5)
Obviously
0<Z(4y,t) < ;(y,y)
and Z(A,y,t) increases with ¢. Thus, there exist limits

T(A,9.1) / T(Ay,00) = | (:9) ~ P(Ay)), ¢ oo

lety|> \\ P(A,y), t— o0
with

L)

0<ZI(Ay,00) < )
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(and similarly for B*). Altogether

2

| (2, (% = e™y)) P <7, ((z,2) = P(B*,)) (y,9) — P(A,y)) (6)

19
4
52
=y (z,2)(y,y). 0

Remark 1. As a matter of fact, in the proof above neither of the operators need
be densely defined. In this case the assertion of the theorem is valid only in the
weak form

* 3
(7 2, y) = (2, e ) < =yl

Corollary 1. Suppose that (3) holds for all y from some S € T(A) and all x € D,
where D is a dense subspace, invariant under e, t > 0. Then

3
(e = e*)yll < llyll (7)

By setting e = 0 in (7) we obtain the known uniqueness of the solution of a
first-order differential equation:

eBly = eAty, t>0.

If there is a dense subspace D € D(A), which is invariant under e, and on
which A is dissipative we set

P(A,y) = (P(A)y,y), P(A)=s- lim ¢4t (8

t—oo

~~—

The strong limit P(A) above exists by the dissipativity and obviously 0 < P(A4) <
I in the sense of forms (and similarly for B*).

Corollary 2. If (3) holds for all x € D, y € £, where D, £ are dense subspaces,
invariant under eB"t, At respectively, then

2
| (, (% = e™)y) |2 < z ((z,2) = (P(B)z,2))) ((y,9) = (P(A)y,9)) . (9)

In particular,
€

o
Remark 2. The corollary above certainly holds, if (3) is fulfilled for all x € D(B*)
and all y € D(A) (it is enough to require the validity of (3) on respective cores)

and this will be the situation in our applications. In any of these cases both B*
and A (and then also B and A*) are, in fact, maximal dissipative.

le* — e < (10)

The condition (3) has a remarkable property of being inversion invariant,
i.e., B* and A may be replaced by their inverses.
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Proposition 1. Suppose that both B* and A (and then also B and A*) are (not

necessarily boundedly) invertible. Then (3), valid for all x € D(B*) and all y €

D(A) is equivalent to

(B7*&m) — (&A™ )? <ER(=BEOR(—A" n,n), € D(B™), ne D(A™).
(11)

(here B~* is an abbreviation for (B~1)* = (B*)™1).

Proof. Just set B*x = ¢, Ay = . O

Note that in all our results above no further restriction to the constant e
was imposed. This is partly due to the fact that the perturbation is measured by
both the “perturbed” and the “unperturbed” operator in a completely symmetric
way. This kind of perturbation bound will prove particularly appropriate for our
applications below. If € is further restricted important new conclusions can be
drawn.

A semigroup is called exponentially stable® or exponentially decaying, if

et < ce™Pt, t>0 (12)
for some ¢, 3 > 0.

Corollary 3. If in Corollary 2 we have € < 2 then the exponential decay of one of
the semigroups implies the same for the other.

Proof. Just recall that the exponential stability follows, if ||e4*|| < 1 for some
t>0. O

Remark 3. In all that was said thus far there is an obvious symmetry: in (3) we
may replace A, B* by B, A*, thus obtaining the dual estimate

(Ba,y) — (z, A"y)[* < R(~Bz, 2)R(~A"y, y). (13)
with completely analogous results. Obviously, (3) and (13) are equivalent, if

D(A) = D(A*) and D(B) = D(B*).

Discrete semigroups. Every step of the perturbation theory, developed above can
be correspondingly extended to discrete semigroups. An operator T is called a
contraction, if | T|| < 1. For any such operator T' the strong limit

Q(T) =s lim T""T"
n—oo

obviously exists and satisfies
0<Q(T) < 1.

The following theorem sums up the most important facts.

3Some authors call this property the uniform exponential stability.
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Theorem 2. Let A, B be contractions and
(B = A)z,y)|> < (1 = B*B)a,z)((1 — AA )y, y) (14)

for all x,y and some € > 0 (note that in (14) the right-hand side is always non-
negative). Then

(B" = A")a,y)]* < (1 = Q(B))z, 2)((1 — Q(A))y,y) (15)

and, in particular,

|B™ — A" < e/|[1 = Q(A7)|[[I1 = Q(B)|| <e. (16)
Proof. For any x,y we have
n—1
((B™ = A")a,y))? = (O AMB — A)B"*la,y)]?
k=0

_ 2
(Z Ak 1 — AA*)Axky y)(B*n—k=1(1 — B*B)B”klx,x)>
k=0

n—1

<e Z(Ak( — AAT) Ay, y) Y (B™(1 - B"B)By.y)
k=0 k=0

2((1— A" A"y, ) (1 - BB}z, 2)
and (15) follows. Here we have used the identity

> A*1-AB)B¥ =1- A"B". (17)
n=0
O
It may be interesting to note that (17) appears to be a discrete analog of
¢
/ eT(A+ B)ePTdr = — (1 — eeP?) (18)
0

on which (5) was based.
Any contraction A is exponentially stable, if and only if ||A™] < 1 for some
n. This leads to a result, analogous to Corollary 3.

Corollary 4. Let A and B be contractions satisfying (15) with € < 1. Then the
exponential stability of one of them implies the same for the other.

One might wonder that the bound (10) is uniform in ¢ although the involved
semigroups need not be exponentially decaying. As a simple example consider dis-
sipative operators A, B in a finite-dimensional space. Then each of these operators
is known to be an orthogonal sum of a skew-Hermitian part and an exponentially
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stable part. By (3) (which is now equivalent to (1)) the skew-Hermitian parts of
A and B coincide and the difference eB? — e4? decays exponentially. The situation
with discrete semigroups is similar.

In the infinite-dimensional case the uniformity of the bound (10) is a more
serious fact as will be illustrated on applications from Mathematical Physics below.

3. Application to damped systems

An abstract damped linear system is governed by a formal second-order differential
equation in a vector space )y

(@i v) + 6(g, v) + £y, v) =0, (19)
where u, 6, k are sesquilinear forms with the following properties:

e x symmetric, strictly positive,
e 1 symmetric, positive, k-closable,
e O k-bounded, accretive.

A possible way to turn (19) into an operator equation is to take (u,v) = x(u,v)
as the scalar product and to complete accordingly )y to a Hilbert space ). By the
known representation theorems ([3]) we have

p(u,v) = (Mu,v),  0(u,v) = (Cu,v), (20)

where M is (possibly unbounded) selfadjoint and positive and C' is bounded ac-
cretive. We now replace (19) by

My +Cy+y=0, (21)

where the time derivatives g, §j are taken in Y.*
To the equation (21) one naturally associates the phase space system, ob-
tained by the formal substitution

x =y, x9=MY% (22)

which leads to the first-order equation
d X1 o T
a(5)=2(2)

0 M—1/2
A= ( _M-Y2 _pl2op-L/2 > (23)

with

4Qur choice of the underlying scalar product in ) is fairly natural but not the only relevant
one. One could show that very different, even topologically non-equivalent, choices of the scalar
product still lead to the essentially same semigroup dynamics, see [4].
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which then should generate a contractive semigroup which realises the dynamics.
Our conditions are far too general for this A to make sense as it stays (note that
M may have a nontrivial null-space). However, the formal inverse

-C —M*/?
ar=( o M) (24)

is more regular, although not necessarily bounded. Considered in the ‘total energy’
Hilbert space X =Y @), AT has the following properties

AT is maximal dissipative, (25)
D(AT) = D((A")") = D(M'/?) & D(M'/?), (26)
N(AT) = N(AT)"). (27)

All this follows from the fact that A* is a sum of the skew-selfadjoint operator

0 —MY?
M1/ 0

and a bounded dissipative operator

([ C 0
0 0 )"
Thus, N (A1) reduces both AT and its adjoint, the same is the case with the space
X, defined as
X =N(AN)L (28)
More precisely, AT is a direct sum of the null operator and a maximal dissipative
invertible operator A~! in the Hilbert space X, defined on

X ND(AT)

which is dense in X'. Obviously, the operator A is again maximal dissipative and
this is by definition the generator of our semigroup. The space X may be called
the physical phase space for the system (21).

Denoting by @ the orthogonal projection onto the space X in X we have, in

fact,
DeAg=atot - = o LY T mse ()
A A2\ ’ '
Another useful identity is valid for the case of M bounded

- 1 KWW K()\)*lM’l/z
1n _
A=A Q= ( —M*A1/2K()\A)*1 AM~Y2E (N2 )7 (30)

whenever K()\) = u?M + pC +1 is positive definite. Both are immediately verified.

5A different but related construction was used in [4] where both M and C' are symmetric, but
possibly unbounded.
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Proposition 2. The null-space N (A1) satisfies the inclusion

N(AT) D N(CYNN(M)) @ N(M). (31)
If, in addition, C' is sectorial then we have the equality
N(AT) = N(CYNN(M)) & N(M). (32)

Proof. 6 Now, N(A*) is given by the equations
—0371 —M1/2$2 :0, M1/2.131 :O, x1,2 ED(M1/2).

From this the inclusion (31) follows. Let now C be sectorial. The above equations
imply (Czy,21) = —(MY2x5,27) = 0. By the assumed sectoriality it follows
Cxz1 =0, so (32) follows. O

The fact that the semigroup dynamics exists only on a closed subspace X
of X is quite natural, even in the finite-dimensional space: one cannot prescribe
velocity initial data on the parts of the space where the mass is vanishing. If M
is injective — no matter how singular M ~! may be — our dynamics exists on the
whole space X.

It can be shown ([4]) that this semigroup provides an appropriate solution
to the second-order system (21) via the formulae (22), at least in the special case
of M, C bounded symmetric. In our, more general situation we can show that A
yields the “true” dynamics by way of approximation. We approximate the operator
M by a sequence M, of bounded, positive operators such that

M)z — MYz, xeDMY?). (33)
If, in addition, all M,, are positive definite the operator (23)

0 Mn—1/2
A, = ( _M71/2 _M71/2CM71/2 (34)

is bounded dissipative in X and its semigroup trivially reproduces the solution of
the so modified second-order system

Mypij+Cy+y=0, (35)
An example of such sequence is
L 0<A<)
My, = fo(M), fo(N) = A, }L <A<n
n, n<A\

Note that here, in addition, the operators M,, are both bounded and boundedly
invertible, being positive definite.

6In the case of C symmetric and M bounded this formula was proved in [4].
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Proposition 3. For any x = ( il > € X and any approximation sequence (33)
2
we have
erx — ez, n— oo (36)

uniformly on any compact interval int. Choose, in addition, M,, as positive definite

and set

Yn(t) — At [ 11 y(t) _ QAL T

Un (1) xg )’ u(t) x9 )

Then yn(t) solves (35) with u,(t) = M,}L/2yn( t) and

Yn(t) = y(t), Mi/zyn(t) - Ml/zy(t)v n — 00.
Proof. By (33) we have A, ! — A* in the strong resolvent sense (see [3], Ch. VIII,
Th, 1.5), i.e

A=A H = A=A SA#£0.

Hence by (29),

—1
1 1 /1
-1 _ -1
()‘_An) —)\_)\2 <)\_An>
-1
1 1 /1
— — AT =A—A)"1Q.
all in the strong sense. Now the Trotter-Kato convergence theory ([3]) can be
applied to give
ety — ey, -0 (37)
for all x € X. (The original Trotter-Kato theorem requires the injectivity of the
strong limit in (34), but the same proof is easily seen to accommodate our slightly
more general setting.) The remaining assertions are now straightforward. O

We now apply our abstract theory from Section 2 to a second-order system
with variable damping.

Theorem 3. Let
—C —MY? ~ —C —MV?
+ _ + _
A_(M1/2 o)’ A_(M1/2 0

where M is bounded, positive selfadjoint and C, C are bounded accretive operators
satisfying

[ (€= C)ay) | < 2R(Cy, y)R(Cr, ) (38)

for all x,y € Y and some € > 0. Then A" and A* have the same null-space and
the respective contractive semigroup generators A and A in X from (28) satisfy

the assumptions of Corollary 2, in particular,
et — e < 3. (39)
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Proof. Obviously (38) is equivalent to
~ 2 ~
(A = At)z,y) | < 2R-Ary, )R- A0, 2) (40)

for all z,y € D(AY) = D(AT). From this it follows that A+ and A" have
the same null-space. Furthermore, by (26) the domains of the four operators
AT AT (AT, (AT)* coincide and (40) is equivalent to both (3) and (13) for
for A = A* and B = At and then also for A = A~ and B = A~! (note
that in our situation we have R(—A*y,y) = R(—(AT)*y,y) and R(—Atz,z) =
%(—(ﬁ"’)*x, x)). Now apply Proposition 1 and Corollary 2. O

Note the important role of the ‘inverse-invariance property’ in Proposition 1

in the proof above because we have no explicit formulae for the generators A and
A and there is no control on their domains of definition.

We now prove some stability results for second-order systems.
Theorem 4. Let the system (21) be exponentially stable” with a symmetric C = C™)
and let
0<c®W<D<aC®, a>1.
Then the exponential stability holds with C = D and vice versa.

Proof. Set
k
Ck:C(l)—i-n(D—C(l)), k=0,...,n.
Then Cy = CY, C,, = D and
—1
0§0k+1—ck§an oW

and

|(Crt1 — C)z, y)|? < ((Crgr — Ci)z, 2)((Chs1 — Cr)y, y)

< (a B 1)2 (CVg, z)(CMy,y) < (a; 1>2 (Crt12,2)(Cry, y).

n

Now choose n > (a—1)/2 and use Theorem 3 and Corollary 3. Use induction: the
exponential stability carries over from Cy to Cy41 and vice versa. O

In particular, the exponential stability with C implies the same with aC' for
any positive a.. A similar technique can be applied to gyroscopic systems:

Theorem 5. Suppose that in (21) the operator C is sectorial. Then the exponen-
tial stability of this system is equivalent to the exponential stability of the ‘purely
damped’ system

cr+C

Mij+Cy+y =0, with C = )

(41)

"By the exponential stability of a second-order system we mean the exponential stability of the
generated semigroup.
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Proof. By sectoriality there exists NV > 0 such that
[3(Cy,y)| < NR(Cy,y) for all z,y. (42)
We have
R(Cz,z) = (Cx,z), —i¥(Czx,z)=—i((C —C)x,x).
The operators C and —1(6' — () are symmetric, so the inequality (42) may be
polarised to read
(C = O)a,y)* < N*R(Cy,y)R(Cx,z) = N*R(Cy, y)R(Ca, ).

Assume first N < 2. Then apply Theorem 3 and Corollary 3 to obtain the expo-
nential stability with C'. Now drop the condition NV < 2 and proceed by induction.
Introduce the sequence

Then obviously

(Chs = G = I = Oyl <

N2 ~ N2
n2 %(Cy,y)%(Cm,w) = n2 %(Cky»y)%(ckﬂfﬂ,%)

Now choose n < 2/N and apply the above consideration to the consecutive pairs
C, Ck41. We may begin at the bottom with Cy=C or at the top with C,,=C. 0O

The foregoing theorem can be nicely combined with the spectral shift tech-
niques from [6] to obtain further results on exponential stability.

Suppose first that in (21) both M and C are bounded and symmetric (the
boundedness of both operators is immediately seen to be a necessary condition for
the exponential stability). The key relation in the following will be

Lo AL = (A-w Q. (13)
with p < 0 and
-1/
260 = (e ae ) K =pMaacrL
~ ~1/2 “1/2 _ —1/22/1/2
A= (e TR )

where 1 is chosen in such a way that K (u) remains positive definite.® In this way
both £(u) and L£(u)~! are everywhere defined and bounded. The relation (43) is
immediately verified (use (30)) and it is an immediate generalisation of the one
obtained in [6], (16).

8By the assumed boundedness of both M and C there are negative p’s with K (u) positive
definite.
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Under the additional assumption that C' +2uM be positive the operator ./Tl"[

is bounded and dissipative, so it is reduced by the subspaces N(le\:) and N(A\I)J‘
and we may write

~

Al = AP, (46)

where P is the orthogonal projection onto N (A\I)L and .21\# is maximal dissipative
in the Hilbert space N (ﬁ;‘;)L Thus, (43) implies

STTAS = A, + p. (47)

Here the linear operator
S=CL :
()|, (At

is bijective and bicontinuous. We summarise:

Theorem 6. Let the operators M and C from (21) have additional properties that
M is bounded, C' sectorial and C —aM accretive for some o > 0. Then the system
(21) is exponentially stable. If, in addition, C is symmetric then

v = sup %—(C’x,x) +/(Cz,2)? — 4(Mz,z)(z, 2)

<0 (48)
zeY,(Mz,x)>0 Q(MJ?,.T)

and
e < L)L) e (49)

for any i € (7,0).

Proof. Take first C' as symmetric. The value v is the infimum of all g such that
C + 2uM is positive and K (u) is positive definite. The proof of this fact is the
same as that of [6], Proposition 1, so we omit it here. So, for any u € (v,0) (47)
implies (49).

For non-symmetric C' the above considerations will obviously be valid for
its symmetric part C from (41). By using Theorem 5 the exponential stability
follows. O

Remark 4.
(i) All conditions on M, C, C in the foregoing theorems can be readily expressed
in the language of the original forms in (19). For instance, (38) is equivalent
to

13 =@ y)|* < 2Ry, y)RI (2, 2). (50)
and so on.

(ii) Explicit bounds for the condition number, appearing in (49) may be taken
over from [6], Lemma 1.
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4. The damped wave equation
Here we apply our general theory to the wave equation in one dimension
p(@)u +y(2)ur — (d(2)usa)e — (k(2)ta)e = 0 (51)

for the unknown function v = u(x,t), a < z < b and 0 < ¢t < co. The functions
p(x), v(z), d(x), k(x) are assumed to be non-negative and measurable; in addition,
p(x), v(x) are bounded and

d
ess infocpcpk(z) >0, ess supa<w<bkg§ < 00. (52)
The boundary conditions are
u(a,t) =0, uz(b,t) + Cu(b,t) =0, ¢>0. (53)

This is a formally dissipative equation which we shall understand in its weak
form

w(uge, v) + 0(ug,v) + w(u,v) =0 (54)
with u(a) = v(a) =0 and

b

(uy ) = / pl)uvds, (55)
ab

0(u,v) = / (V(@)ut + d(z)a's') dz + Cu(a)o(b), (56)

b
m(u,v):/ k(x)u'v' dx. (57)

The forms p, 6 are symmetric and positive. 8 is obviously x-bounded while p is
k-closable. As the underlying Hilbert space ) we take the functions with the scalar
product

b

(u,v) = K(u,v) = / k(z)u'v'dz, wu(a) =v(a)=0. (58)

a

Then under our conditions,
pw(u,v) = (Mu,v), 6(u,v) = (Cu,v) (59)

where M, C' are positive selfadjoint operators, with bounded C' and M. Thus,
we end up with the second-order system (21) and (54) gives rise to a contractive
semigroup on the space X which is determined from the null-spaces of M, C.

Note that in order for M to have a non-trivial null-space it is not sufficient
that the function p vanishes just on a set of positive measure, rather p must vanish
on an interval (and similarly for C). If p vanishes on an interval and  does not,
then (51) is of mixed type (hyperbolic — parabolic). All such cases are covered by
our theory.



Bounds for Contractive Semigroups and Second-Order Systems 307

Now for the perturbation. We perturb the damping parameters v(x), d(x), ¢

into 7(x), c?(x), ¢, which satisfy the same conditions as ~v(x), d(x), ¢ above and
are such that

A(2) - 1) < ev/An (@) (60)
dw) — d(2)] < ey/dlz)d(x) (61)
E- ¢ <ey/éc (62)

This is a ‘relatively small’ change of the damping parameters, commonly encoun-
tered in practice. The corresponding operators C' and C are immediately seen
to satisfy (38). Hence Theorem 3 applies and the corresponding semigroups sat-
isfy (39).

One might be interested to obtain perturbation results under the more com-
mon assumptions involving only the ‘unperturbed’ data and the perturbation:

A(z) —v(2)] < M) (63)
(@) — d(z)| < nd(z) (64)
IC— ¢l <n¢ (65)

with 77 < 1. This implies (60)—(62) with € = \/1’7777

But the real use of (63)-(65) consists merely in insuring the non-negativity
of the perturbed damping parameters and the conditions (52); all this is usually
known in advance, so there is no need to abandon the much less restrictive condi-
tions (60)—(62).

In view of Corollary 1 we conclude that if the equation (51) decays expo-
nentially with the damping parameters ~v(x), d(z), ¢, then the same will be the
case with 7(x), d( ), Q, if the constant € is less than 2. Theorem 4 also applies
accordingly.

The situation in higher dimensions is similar and the results are completely
analogous and straightforward. The interval [a,b] C R will be replaced by a
bounded domain 2, so the only additional issue is to insure that the boundary
0 C R™ be smooth enough to accommodate any of the boundary conditions
from (52).

As a second example consider the equation (51) on the infinite interval 0 <
x < oo with the boundary condition

u(0,t) = 0. (66)
For simplicity we take
k(z) = p(x) =1, (67)
whereas () > 0 is supposed to satisfy
I r)|%dw

D = sup

A \u >|2dx ’ (68)
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where ) is the set of all u which are absolutely continuous, vanish at zero and have
a square integrable u’; this is obviously a Hilbert space with the scalar product

oo
(u,v) = / o' (2)v' (z)dz.
0
The class of functions ~ satisfying (68) is not void since it includes
1
y(z) = 52 with D =4
([3] Ch. VI 4.1). The form

wlu,v) = /000 u(z)v(z)dx

defined on D(u) = L?(0,00)NY is closed in Y, so (59) yields a positive unbounded
operator M with a trivial null-space and a bounded C. Hence our semigroup
construction applies and under the perturbation (60) the bounds (10), (9) hold.

Such semigroups are in general not exponentially decaying (they are usually
extended to uniformly bounded groups) and will give rise to a non-trivial scattering
theory on an ‘absorbing obstacle’ represented by the short range damping function
~. Further considerations along these lines go beyond the scope of this article.
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