Chapter 8

Absolutely Continuous Curves
in &,(X) and the Continuity
Equation

In this chapter we endow Z,(X), when X is a separable Hilbert space, with a
kind of differential structure, consistent with the metric structure introduced in
the previous chapter. Our starting point is the analysis of absolutely continuous
curves fi; : (a,b) — Z2,(X) and of their metric derivative |p'|(t): recall that these
concepts depend only on the metric structure of &2,(X), by Definition 1.1.1 and
(1.1.3). We show in Theorem 8.3.1 that for p > 1 this class of curves coincides with
(distributional, in the duality with smooth cylindrical test functions) solutions of
the continuity equation

aatutJrV-(vtut):O in X x (a,b).
More precisely, given an absolutely continuous curve p;, one can find a Borel time-
dependent velocity field vy : X — X such that [Jvg||pe(,) < [W/[(t) for L'-ace.
t € (a,b) and the continuity equation holds. Conversely, if u; solve the continuity
equation for some Borel velocity field v; with f: Vel e () dt < 400, then py is
an absolutely continuous curve and [|v¢| s (,,,) > [1/|(t) for L -a.e. t € (a,b).

As a consequence of Theorem 8.3.1 we see that among all velocity fields
v; which produce the same flow py, there is a unique optimal one with smallest
LP(p4; X)-norm, equal to the metric derivative of u;; we view this optimal field as
the “tangent” vector field to the curve u;. To make this statement more precise,
one can show that the minimality of the L” norm of v; is characterized by the

property

. Lp( t§X)
v € {Jg(V) : peCyl(X)) "

for #'-a.e. t € (a,b), (8.0.1)
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where ¢ is the conjugate exponent of p and j, : L (u; X) — LP(u; X) is the duality
map, i.e. j,(v) = |v|?7%v (here gradients are thought as covectors, and therefore
as elements of L9).

The characterization (8.0.1) of tangent vectors strongly suggests, in the case
p = 2, to consider the following tangent to P5(X)

L (X
Tan, Z5(X) = (Vg : e Cyl(x)}" “Y

Yu € P5(X), (8.0.2)
endowed with the natural L? metric. Moreover, as a consequence of the charac-
terization of absolutely continuous curves in Z(X), we recover the BENAMOU—
BRENIER (see [21], where the formula was introduced for numerical purposes)
formula for the Wasserstein distance:

1
. d
W3 (po, p1) = mm{/ 01172 (.5 It - A (vepie) = 0}. (8.0.3)
0

Indeed, for any admissible curve we use the inequality between L? norm of v; and
metric derivative to obtain:

1 1
/0 onl12 o dt > / W) dt > WE (o, ).

Conversely, since we know that &?5(X) is a length space, we can use a geodesic
ue and its tangent vector field v; to obtain equality in (8.0.3). Similar arguments
work in the case p > 1 as well, with the only drawback that a priori the L? closure
of (V) is not a vector space in general, so we are able only to define a tangent
cone. We also show that optimal transport maps belong to Tan,#,(X) under
quite general conditions.

In this way we recover in a more general framework the Riemannian inter-
pretation of the Wasserstein distance developed by OTTO in [107] (see also [106],
[83]) and used to study the long time behaviour of the porous medium equation.
In the original paper [107], (8.0.3) is derived in the case X = R? using formally
the concept of Riemannian submersion and the family of maps ¢ — ¢xp (indexed
by 1 < £?) from ARNOLD’s space of diffeomorphisms into the Wasserstein space.
In OTTO’s formalism tangent vectors are rather thought as s = ;t/‘t and these
vectors are identified, via the continuity equation, with —D - (vsp). Moreover vg
is chosen to be the gradient of a function g, so that D - (Visu,) = —s. Then the
metric tensor is induced by the identification s — V¢, as follows:

<s,5/>ut = /Rd (Vips, Vibgr) dpuy.

As noticed in [107], both the identification between tangent vectors and gradients
and the scalar product depend on p, and these facts lead to a non trivial geometry
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of the Wasserstein space. We prefer instead to consider directly v; as the tangent
vectors, allowing them to be not necessarily gradients: this leads to (8.0.2).

Another consequence of the characterization of absolutely continuous curves
is a result, given in Proposition 8.4.6, concerning the infinitesimal behaviour of
the Wasserstein distance along absolutely continuous curves p;: given the tangent
vector field vy to the curve, we show that

lim W (ktyns (84 hog) g pie)

= f La.e. .
Lim | 0 or L -a.e. t € (a,b)

Moreover the optimal transport plans between p; and 45, rescaled in a suitable
way, converge to the transport plan (4 X v;)xp, associated to v, (see (8.4.6)). This
proposition shows that the infinitesimal behaviour of the Wasserstein distance is
governed by transport maps even in the situations when globally optimal transport
maps fail to exist (recall that the existence of optimal transport maps requires
regularity assumptions on the initial measure ). As a consequence, we will obtain
in Theorem 8.4.7 a formula for the derivative of the map ¢ — WP (uy,v).

8.1 The continuity equation in R¢

In this section we collect some results on the continuity equation
Orpe + V- (vepy) =0 in RY x (0,7), (8.1.1)

which we will need in the sequel. Here p; is a Borel family of probability measures

on R? defined for ¢ in the open interval I := (0,7), v : (z,t) — v;(z) € R? is a
Borel velocity field such that

/ / vy ()| dpe () dt < 400, (8.1.2)
0o Jre

and we suppose that (8.1.1) holds in the sense of distributions, i.e.

[ [ (optat) + (wulo). Vool 0) dpo) de = o
0 R4
Ve CP (R x (0,T)).

(8.1.3)

Remark 8.1.1 (More general test functions). By a simple regularization argument
via convolution, it is easy to show that (8.1.3) holds if ¢ € C} (R? x (0,7)) as well.
Moreover, under condition (8.1.2), we can also consider bounded test functions ¢,
with bounded gradient, whose support has a compact projection in (0,7") (that is,
the support in = need not be compact): it suffices to approximate ¢ by @xr where
Xr € CX(RY),0< xr <1, |Vxr| <2and xg = 1 on Bg(0). This more general
choice of the test functions is consistent with the infinite-dimensional case, where
cylindrical test functions will be considered, see Definition 5.1.11 and (8.3.8).
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First of all we recall some (technical) preliminaries.

Lemma 8.1.2 (Continuous representative). Let u; be a Borel family of probability
measures satisfying (8.1.3) for a Borel vector field vy satisfying (8.1.2). Then there
exists a narrowly continuous curve t € [0,T] — fi; € P(RY) such that y; = fi; for
ZL-a.e. t €(0,T). Moreover, if o € CH(R? x [0,T]) and t; <t € [0,T] we have

[ ot die @) - [ o) din @)

- = (8.1.4)

= /(8t¢+<vs0,vt>)dut(m)dt-
t1 R4

Proof. Let us take p(z,t) = n(t)((x), n € C(0,T) and ¢ € CX(RY); we have

[0 [ cwanw)a= [ a0 [ & n) ) a
so that the map
e @) = [ cle)duuta)

belongs to W11(0,T) with distributional derivative

1:(C) = /]Rd (V¢(x),ve(2)) dpe () for Ll-ace. t € (0,T) (8.1.5)
with
()] < V() Sﬂg})\VCL V(t) := /Rd lvg ()| due (), V€ LY0,T). (8.1.6)

If L¢ is the set of its Lebesgue points, we know that .#*((0,7) \ L¢) = 0. Let us
now take a countable set Z which is dense in C}(R?) with respect the usual C!
norm ||(||¢r = supga(|¢],|V(]) and let us set Ly := N¢ezLe. The restriction of
the curve p to Lz provides a uniformly continuous family of bounded functionals
on CH(R?), since (8.1.6) shows

t
16(0) — 12(Q)] < ¢l / V(\dA Vs,te Ly

Therefore, it can be extended in a unique way to a continuous curve {fis};co, 7]
in [CHRY)). If we show that {j}ier, is also tight, the extension provides a
continuous curve in Z(R?).

For, let us consider nonnegative, smooth functions ¢, : RY — [0,1], k € N,
such that

Ge(z) =1 if [z <k, G(z) =0 if|z[=k+1, [V((z)] <2
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It is not restrictive to suppose that ¢, € Z. Applying the previous formula (8.1.5),
for t, s € L; we have

T
he6) ~ i)l <=2 [ [ [oa(2) dpa () d,
0 k<|z|<k+1
with Z::i ap < +oo. For a fixed s € Ly and ¢ > 0, being pu, tight, we can find
k € N such that ps(Cx) > 1 —¢/2 and ax < /2. It follows that
e (Br+1(0)) = pu(Ce) =21 —€ Vi€ Ly.

Now we show (8.1.4). Let us choose ¢ € CHR? x [0,7]) and set ¢.(x,t) =
Ne(t)p(x,t), where n. € C2°(t1,t2) such that

0< nE(t) < la 1‘3?017766) = X(tl,t2)(t) Vie [OaT]a 151187]; = 6?51 - 6?52

in the duality with continuous functions in [0, T]. We get
T
0 = /0 e (at(UEQO) + <VI(77€Q0),’U,§>) dut(x) dt

= /OT N (t) /]Rd (31:@(35715) + <Ut('r)7vx§0(m7t)>> dp () dt

* /OT e (1) /R (1) diig () dt.

Passing to the limit as ¢ vanishes and invoking the continuity of fi;, we get (8.1.4).
O

Lemma 8.1.3 (Time rescaling). Let t : s € [0,7'] — t(s) € [0,T] be a strictly
increasing absolutely continuous map with absolutely continuous inverse s : =t~ 1.
Then (pt,v¢) 4s a distributional solution of (8.1.1) if and only if

fi=pot, v:=tvot, is a distributional solution of (8.1.1) on (0,T").

Proof. By an elementary smoothing argument we can assume that s is continuously
differentiable and s’ > 0. We choose ¢ € C}(R? x (0,7")) and let us set ¢(z,t) :=
&(z,s(t)); since ¢ € CH(R? x (0,T)) we have

0_/ /Rd( Osp(@,s(t)) + (V(x,5(t)), 0e(x))) dpe(x) dt
/ / )+ (Vap(z,s(t)), Z‘,Ef)) >) Ay () dt
/ / ( Pl (Vap(a,s),t'(s )Ut(s)(fﬂ») diis(z) ds
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When the velocity field v; is more regular, the classical method of character-
istics provides an explicit solution of (8.1.1).

First we recall an elementary result of the theory of ordinary differential
equations.

Lemma 8.1.4 (The characteristic system of ODE). Let v; be a Borel vector field
such that for every compact set B C R?

T
/ (sup |ve| + Lip(vy, B)) dt < +o0. (8.1.7)
0 B
Then, for every x € R and s € [0,T] the ODE

d

tht(IL', s) = v (Xi(z, 5)), (8.1.8)
admits a unique mazimal solution defined in an interval I(x,s) relatively open in
[0,T] and containing s as (relatively) internal point.

Furthermore, if t — | Xi(x,s)| is bounded in the interior of I(x,s) then I(x,s) =
[0,T7]; finally, if v satisfies the global bounds analogous to (8.1.7)

Xs(l’, 5) =,

T
S = / (sup v | + Lip(vt,Rd)) dt < 400, (8.1.9)
0 N RA
then the flow map X satisfies
T
/ sup |0¢ X¢(zx, s)|dt < S, sup Lip(Xi(-,s),RY) < €. (8.1.10)
0 z€R4 t,s€[0,T7
For simplicity, we set X;(x) := X;(x,0) in the particular case s = 0 and

we denote by 7(x) := sup I(z,0) the length of the maximal time domain of the
characteristics leaving from = at ¢t = 0.

Remark 8.1.5 (The characteristics method for backward first order linear PDE’s).
Characteristics provide a useful representation formula for classical solutions of the
backward equation (formally adjoint to (8.1.1))

O+ (v, Vo) =1 inREx (0,T), ¢z, T)=¢r(z) zcR (8.1.11)

when, e.g., 1 € CLHR? x (0,7)),pr € C}H(R?) and v satisfies the global bounds
(8.1.9), so that maximal solutions are always defined in [0,T]. A direct calculation
shows that

T
o(z,t) == op(Xr(z,t)) — /t P(Xs(x,t),s)ds (8.1.12)

solve (8.1.11). For X (X(z,0),t) = X,(x,0) yields

T
(X, (1,0), ) = r(Xp(x,0)) - / $(X,(x,0), 5) ds,
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and differentiating both sides with respect to ¢t we obtain

[+ (090l (X060 = 0K, (2200,

Since x (and then Xy(z,0)) is arbitrary we conclude that (8.1.18) is fulfilled.

Now we use characteristics to prove the existence, the uniqueness, and a
representation formula of the solution of the continuity equation, under suitable
assumption on v.

Lemma 8.1.6. Let v; be a Borel velocity field satisfying (8.1.7), (8.1.2), let po €
P (RY), and let X; be the maximal solution of the ODE (8.1.8) (corresponding to
s =0). Suppose that for some t € (0,T]

m(x) >t for pp-a.e. x € R (8.1.13)

Then t — py = (X¢)wpo is a continuous solution of (8.1.1) in [0,1].

Proof. The continuity of p; follows easily since lim,_+ X;(z) = Xi(z) for pp-a.e.
x € R%: thus for every continuous and bounded function ¢ : R? — R the dominated
convergence theorem yields

lim Cdus—hm/C )) dpo /cxt ) djio() = /Rdcdut.

s—t

For any ¢ € C®(R? x (0,7)) and for pg-a.e. € R? the maps t — ¢(z) =
©(X¢(z),t) are absolutely continuous in (0,), with

Gi() = Bip(Xi(w), 1) + (Voo Xo (), 1), 0 (Xo(2))) = (- 1) 0 Xy,
where A(z,t) = Oip(z,t) + (Vo(z,t), v(z)). We thus have

//m )| dpo() dt = /T A (&), 1) dpo () dt
/ [ G0l duo)
< Lip(y) T+/O /R \vt(x)|d,ut(x)dt> < 400

and therefore

0= [ elandut) - [ o0 du@) = [ (o(Xi@).0 = 0(2.0)) duo(2)

/ / du() dt) dpo / (00 + (Vio, 00)) dpe dt,
R4 Rd

by a simple application of Fubini’s theorem. O
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We want to prove that, under reasonable assumptions, in fact any solution
of (8.1.1) can be represented as in Lemma 8.1.6. The first step is a uniqueness
theorem for the continuity equation under minimal regularity assumptions on the
velocity field. Notice that the only global information on v; is (8.1.14). The proof,
based on a classical duality argument (see for instance [57, 9]), could be much
simplified by the assumption that the velocity field is globally bounded, but we
prefer to keep here a version of the lemma stronger than the one actually needed
in the proof of Theorem 8.3.1.

Proposition 8.1.7 (Uniqueness and comparison for the continuity equation). Let
ot be a narrowly continuous family of signed measures solving 0oy +V - (vioy) = 0
in R x (0,T), with o <0,

T
/O /R loe| djore|dt < +o0, (8.1.14)

and

T
/ (|at|(B) + sup |v¢| + Lip(vy, B)) dt < +oo
0 B

for any bounded closed set B C R, Then a; <0 for any t € [0,T].
Proof. Fix ¢ € C*(R% x (0,T)) with 0 < ¢ < 1, R > 0, and a smooth cut-off
function

Xr(-) = X(-/R) € C=(R?) such that 0 < Xz < 1, |VXg| < 2/R,

y (8.1.15)
Xr =1 on Bg(0), and Xg =0 on R?\ Byp(0).

We define w; so that w; = v, on Bag(0) x (0,7, w, =0 if ¢ ¢ [0,7T] and

sup |w| + Lip(wy, RY) < sup |v| + Lip(ve, Bor(0)) VYt e [0,T].  (8.1.16)
R4 B2r(0)

Let w§ be obtained from w; by a double mollification with respect to the space
and time variables: notice that w; satisfy

T
sup / (sup |wg| + Lip(wta,Rd)) dt < 4o0. (8.1.17)
e€(0,1) Jo Rd

We now build, by the method of characteristics described in Remark 8.1.5, a
smooth solution ¢° : R? x [0,T] — R of the PDE

0p°

o + (Wi, V) =9 inRYx (0,T), ¢ (x,T)=0 xR (8.1.18)

Combining the representation formula (8.1.12), the uniform bound (8.1.17), and
the estimate (8.1.10), it is easy to check that 0 > ¢® > —T and |V¢°| is uniformly
bounded with respect to ¢, t and =x.
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We insert now the test function ¢*Xp in the continuity equation and take
into account that oy < 0 and ¢® < 0 to obtain

o
Y

T
OO°
—/ QDEXRCZUOZ/ / XRSO +<’Ut,XRV<,DE—|-(pEVXR>dO'tdt
Rd 0 Rd t

T T
= / / XR(¢+ <’Ut —wf,Vg05>)datdt+/ / §0€<VXR,'Ut> dO’tdt
0 R4 0 R4

Y

T T
/ / XR(z/J+(vt—wf7V<pE>)datdt—/ / VX il 0] o dt.
0 Rd 0 Rd

Letting € | 0 and using the uniform bound on |V¢®| and the fact that w; = v; on
supp Xg X [0, 7], we get

T T ) T
/ / XRz/Jdatdtg/ / Xkl vr] o | dt < / / (v dlory | dt.
0o Jre o Jre R Jo Jr<|z|<2r

Eventually letting R — oo we obtain that fOT Jga ¥ doydt < 0. Since 1 is arbitrary
the proof is achieved. O

Proposition 8.1.8 (Representation formula for the continuity equation). Let 1,
t € [0,T], be a narrowly continuous family of Borel probability measures solving
the continuity equation (8.1.1) w.r.t. a Borel vector field v, satisfying (8.1.7) and
(8.1.2). Then for pg-a.e. x € RY the characteristic system (8.1.8) admits a globally
defined solution X¢(x) in [0,T] and

Moreover, if

T
/ / lvg(2)|P dpe () dt < 400 for some p > 1, (8.1.20)
0 Jrd

then the velocity field v, is the time derivative of X; in the LP-sense

T—h _ P
lim / Xeen(@) = Xe(@) x| duo(a) dt =0, (8.1.21)
r10 J Rd h
X _
}llin%) t+h(a; t-= = (x) in LP(u;RY)  for Ll-ae. t € (0,T). (8.1.22)

Proof. Let E; = {7 > s} and let us use the fact that, proved in Lemma 8.1.6,
that ¢ — X, (Xg, po) is the solution of (8.1.1) in [0, s]. By Proposition 8.1.7 we
get also

Xy (Xp, o) < it whenever 0 <t < s.
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Using the previous inequality with s = ¢ we can estimate:
T(z)
[, sw 1) ~alduola) < [ [ K@)l duola)
R4 (0,7(x)) R4 JO
7(z)
= [ [ @)l duola)
re Jo

_ /OT /E oy (X, (@) dyso () dt

T
/ / ‘Ut| d,ut dt.
0 R4

It follows that X;(z) is bounded on (0, 7(x)) for pp-a.e. z € R? and therefore X;
is globally defined in [0, T for ug-a.e. in R%. Applying Lemma 8.1.6 and Proposi-
tion 8.1.7 we obtain (8.1.19).

Now we observe that the differential quotient Dy (z,t) := h™ 1 (Xyin(x) —
X¢()) can be bounded in LP(ug x £*) by

L
L

T—h 1 h
<[ [ ] el dsduota) e
0 R4 0

</ [ RGP ity < 4o

IN

P

Xt+h(9ﬂ)h* Xi(z) dpo(z) dt

p

1 h
y [ o X)) ds| do(a)de
0

Since we already know that Dj, is pointwise converging to v; o X; g x Z1-a.e. in
R? x (0,T), we obtain the strong convergence in LP(ug x £1), i.e. (8.1.21).

Finally, we can consider ¢ — X,(-) and ¢ — v;(Xy(-) as maps from (0,7") to
LP(po; RY); (8.1.21) is then equivalent to

p

- Ut(Xt) dt = Oa

lim

r=h Xiyn — Xy
r10 Jo h

LP(po;RY)

and it shows that ¢ — X;(-) belongs to ACP(0,T’; L?(jo; R?)). General results for
absolutely continuous maps in reflexive Banach spaces (see 1.1.3) yield that X is
differentiable #!-a.e. in (0,7), so that

p

Xiyn(x) — Xo(2) dpo(z) =0 for L'-ae. t € (0,7).

L — v (Xe(2))

lim
h—0 Jrd

Since Xyin(x) = Xp(Xe(x),t), we obtain (8.1.22). O
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Now we state an approximation result for general solution of (8.1.1) with
more regular ones, satisfying the conditions of the previous Proposition 8.1.8.

Lemma 8.1.9 (Approximation by regular curves). Let p > 1 and let y; be a time-
continuous solution of (8.1.1) w.r.t. a velocity field satisfying the p-integrability
condition

T
/ / |vg (2)|P dpe () dt < +o0. (8.1.23)
0 Jre
Let (p.) € C®(RY) be a family of strictly positive mollifiers in the x variable,
(e.g. pe(x) = (2me) =2 exp(—|x|?/2¢)), and set
€ € g Ets
Wy =g % pey  EF = (vgpe) * pe,  Vf = e (8.1.24)
i

Then 1§ is a continuous solution of (8.1.1) w.r.t. v, which satisfy the local regu-
larity assumptions (8.1.7) and the uniform integrability bounds

[ ri@p i) < [ n@P duts) vee 0.) (5.1.25)
R R
Moreover, Ef — vy narrowly and

lelf{)l Vi e (us may = Vel Lo (uemey V2 € (0,T). (8.1.26)

Proof. With a slight abuse of notation, we are denoting the measure p; and its
density w.r.t. £ by the same symbol. Notice first that |E¢|(,-) and its spatial
gradient are uniformly bounded in space by the product of ||v¢||1(,,) with a con-
stant depending on e, and the first quantity is integrable in time. Analogously,
|5 (¢, -) and its spatial gradient are uniformly bounded in space by a constant de-
pending on e. Therefore, as v§ = Ef/uf, the local regularity assumptions (8.1.7)
is fulfilled if
\z|§Ri,nth[o,T] i (x) >0 for any € > 0, R > 0.

This property is immediate, since p; are continuous w.r.t. ¢ and equi-continuous
w.r.t. x, and therefore continuous in both variables.

Lemma 8.1.10 shows that (8.1.25) holds. Notice also that u§ solve the conti-
nuity equation

Qs +V - (vips) =0  inRYx (0,7), (8.1.27)

because, by construction, V- (v§ uf) = V- ((vepir) * pe) = (V- (vepie)) * pe. Finally,
general lower semicontinuity results on integral functionals defined on measures of

the form
P

E
dp

Re | M
(see for instance Theorem 2.34 and Example 2.36 in [11]) provide (8.1.26). O

(B, p) —
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Lemma 8.1.10. Let p > 1, u € P(R?) and let E be a R™-valued measure in R?
with finite total variation and absolutely continuous with respect to p. Then

P
/ M*pdmﬁ/
Rd Rd

for any convolution kernel p.

p

E
* P d

fL% p

I

Proof. We use Jensen inequality in the following form: if ® : R™*! — [0, +o0] is
convex, l.s.c. and positively 1-homogeneous, then

o ([ vwa) < [ o) o)

for any Borel map 1 : RY — R™*! and any positive and finite measure 6 in R?
(by rescaling 6 to be a probability measure and looking at the image measure 40
the formula reduces to the standard Jensen inequality). Fix x € R? and apply the
inequality above with ¢ := (E/u, 1), 0 := p(z — -)u and
P
= s 0
tp—1
®(z,t) =10 if (z,t) = (0,0)
400 if either t <0 ort =0,z # 0,

to obtain
Exp(x)|” (/ E
xplx) = @ yacfydy,/ x —y)du(y
e o) [ Wt = ) o). [ ple = wiuty)
E
< [ o W 0ota - duty
R M
E p
= / W)p(z = y) du(y).
Re | K
An integration with respect to x leads to the desired inequality. O

8.2 A probabilistic representation of solutions of the
continuity equation

In this section we extend Proposition 8.1.8 to the case when the vector field fails to
satisfy (8.1.7) and is in particular not Lipschitz w.r.t. z. Of course in this situation
we have to take into account that characteristics are not unique, and we do that
by considering suitable probability measures in the space 't of continuous maps
from [0, T into R, endowed with the sup norm. The results presented here are not
used in the rest of the book, but we believe that they can have an independent
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interest. Indeed, this kind of notion plays an important role in the uniqueness
and stability of Lagrangian flows in [10] and provides an alternative way to the
approach of [57].

Our basic representation formula for solutions u;! of the continuity equation
(8.1.1) is given by

[eti=[ ety veeCi®Y, tep1] (21
Rd RdxIp

where 7 is a probability measure in R? x I'z. In the case when 7 is the push
forward under z +— (z, X.(z)) of po (here we are considering X as a function
mapping x € R into the solution curve ¢ +— X;(z) in I'7) we see that the measures
g implicitly defined by (8.2.1) simply reduce to the standard ones considered in
Proposition 8.1.8, i.e. py! = X4(+)4p0-

By introducing the evaluation maps

e : (2,7) ERIx T'p — (t) €RY, for t € (0,7, (8.2.2)
(8.2.1) can also be written as

i = (er)4m. (8.2.3)

Theorem 8.2.1 (Probabilistic representation). Let p; : [0,T] — Z(R?) be a nar-
rowly continuous solution of the continuity equation (8.1.1) for a suitable Borel
vector field v(t, x) = v, (x) satisfying (8.1.20) for some p > 1. Then there exists a
probability measure n in R x T'r such that

(i) m is concentrated on the set of pairs (x,7) such that v € ACP(0,T;R?) is a
solution of the ODE %(t) = v (y(t)) for £*-a.e. t € (0,T), with v(0) = z;

(i) e = py for any t € [0,T], with py defined as in (8.2.1).

Conversely, any m satisfying (i) and

T
/ / foe (4(8))| da(z, ) dt < 4o, (8.2.4)
0 RdxTpr

induces via (8.2.1) a solution of the continuity equation, with o = v(0)xmn.

Proof. We first prove the converse implication, since its proof is much simpler.
Indeed, notice that due to assumption (i) the set F of all (¢,z,) such that ei-
ther 4(t) does not exist or it is different from v, (y(t)) is £ x n-negligible. As a
consequence, we have

A(t) = v (y(t)) m-ace., for Ll-ae. t € (0,T).

It is immediate to check using (8.2.1) that ¢ +— g is narrowly continuous. Now
we check that ¢ — [ (dpy is absolutely continuous for ¢ € C'(R?) bounded and



180 Chapter 8. A.C. Curves in &,(X) and the Continuity Equation
with a bounded gradient. Indeed, for s < ¢ in I we have

‘/ Can?— [ Cau
Rd Rd

< [ [, (e )

||VCHoo/ /Rd . [ (v(7))] dn dr.

By (8.2.4) this inequality immediately gives the absolute continuity of the map.
We have also

IN

d d
o et = 5 [ o)

/ (VC(r),A(8))) dn = / (V¢ ve) du?
RdxIDp R4

for #1-a.e. t € (0,T). Since this pointwise derivative is also a distributional one,
this proves that (8.1.4) holds for test function ¢ of the form ((x)y(t) and therefore
for all test functions.

Conversely, let s, v; be given as in the statement of the theorem and let
us apply the regularization Lemma 8.1.9, finding approximations u;, v; satisfying
the continuity equation, the uniform integrability condition (8.1.2) and the local
regularity assumptions (8.1.7). Therefore, we can apply Proposition 8.1.8, obtain-
ing the representation formula pf = (X7)xp§, where X7 is the maximal solution
of the ODE Xf = v§(X§) with the initial condition X§ = x (see Lemma 8.1.4).
Thinking X¢ as a map from R? to 'y, we thus define

N = (i x X7)gus € PR x T'p).

Now we claim that the family n° is tight as € | 0 and that any limit point n fulfills
(i) and (ii). The tightness of the family can be obtained from Lemma 5.2.2, by
choosing the maps 7!, r? defined in R? x I'

rl:(z,y)—xeRY r2:i(2,9) —»y—z ey, (8.2.5)
and noticing that r : r! x 72 : R4 x 'y — R? x T'y is proper, the family r?l#ne is
given by the first marginals u§ which are tight (indeed, they narrowly converge to
%), while 8% := r%n° satisfy

/FT /OT y[? dt dB® /R /OT | XF () |P dt dpy ()
/Rd /OT g (X2 [P dt dus(z) Z/OT/Rdvf(x)lpdui(x)dt
[ ] ey

IN
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Since for p > 1 the functional v — fOT |%|P dt (set to +oo if v ¢ ACP((0,T); R?) or
~(0) # 0) has compact sublevel sets in I'r, also 3° is tight, due to Remark 5.1.5.

Let now m be a narrow limit point of °, along some infinitesimal sequence
g;. Since

/ pdul” =/ @(y(t)) dn® =/ e(Xi') dug' =/ @ dpg’
R4 RidxTp Rd R4

for any ¢ € CP(R?), we can pass to the limit as i — oo to obtain that puy = i, so
that condition (ii) holds.

Finally we check condition (i). Let w(t,x) = w;(x) be a bounded uniformly
continuous function, and let us prove the estimate

/]Rder o)~ /ot w(y(r))dr| dn(z,v) < (2T)"" /OT /]Rd |v; —w-|P dp- dr.

p

(8.2.6)
Indeed, we have
Lo po=a= [wamar) an)
= (z) — oz — tw c(x Tp Oz
S R CEFE E SRS e

<P~ 1//Rdv —w,|Pdu; dr
2tp1// [vs — wi|P dug dr + 2t”1// |ws — w, P dus dr
Rd

21y / [t = w s dr 7y / sup | (2) — we (2P dr,
0

r€R4

IN

IN

where in the last two inequalities we have added and subtracted w: := w; * p.
and then used Lemma 8.1.10. Setting ¢ = ¢; and passing to the limit as i —
oo we recover (8.2.6), since the function under the integral is a continuous and
nonnegative test function in R x I'r.

Now let p := fOT pe dZ1(t) the Borel measure on R? x (0,7) whose disin-
tegration with respect to £ is {1 }se(0,1) and let w™ € CY(R? x (0,T);R?) be
continuous functions with compact support converging to v in LP(u; R?). Using
the fact that p; = pj we have

T T
[ [ ey e aeyrad= [ [ jur o pdudr—o
RdxIy JO 0 R4

as n — oo so that, using the triangular inequality in LP(n), we can pass to the
limit as n — oo in (8.2.6) with w = w™ to obtain

L o= " (4())

' dn(z,v)=0 Vtel0,T1], (8.2.7)
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and therefore

y(t) —x — /0 vr(y(r))dr =0 for n-a.e. (x,7)

for any t € [0, T]. Choosing all ¢’s in (0, 7)NQ we obtain an exceptional n-negligible
set that does not depend on ¢t and use the continuity of v to show that the identity
is fulfilled for any ¢ € [0,T]. O

Notice that due to condition (i) the measure i in the previous theorem can

also be identified with a measure o in I'y whose projection on R? via the map

o : v +— (0) is po and whose corresponding disintegration o = fRd o, dug(x) is

made by probability measures o, concentrated on solutions of the ODE starting
from x at ¢t = 0. In this case (8.2.1) takes the simpler equivalent form

/Rdsodui’: / py(®)do(y) Ve CORY, te[0,T].  (828)

Finally we notice that the results of this section could be easily be extended
to the case when R is replaced by a separable Hilbert space, using a finite dimen-
sional projection argument (see in particular the last part of the proof of Theorem
8.3.1).

8.3 Absolutely continuous curves in &,(X)

In this section we show that the continuity equation characterizes the class of
absolutely continuous curves in Z2,(X), with p > 1 and X separable Hilbert space
(see [9] for a discussion of the degenerate case p = 1 when X = R?).

Let us first recall that the map j, : L”(u; X) — L9(p; X) defined by (here
g = p' is the conjugate exponent of p)

) v|P~2v if v #£0,
v gp(v) = {|0 | om0 (8.3.1)

provides the differential of the convex functional
v e LP(u; X) / [v(2)|P dup(z (8.3.2)
for every measure p € &(X); in particular it satisfies
(Mg = 1oy = [ Gn(0),0) du(o) (8.33)

w=jy(v) <= v=jg(w), (8.3.4)
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1 1 .
p”U”ip(u;X) - prHII),P(M;X) 2 (Jp(w),v —w) Vo,we LP(p; X). (8.3.5)

Recall that the space of smooth cylindrical functions Cyl(X) has been introduced
in Definition 5.1.11; the space Cyl(X x I), I = (a,b) being an open interval, is
defined analogously considering functions ¢ € C°(R% x I') and functions ¢(z,t) =
P(m(x),t).

Theorem 8.3.1 (Absolutely continuous curves and the continuity equation). Let I
be an open interval in R, let py : I — Z,(X) be an absolutely continuous curve
and let |@'| € LY(I) be its metric derivative, given by Theorem 1.1.2. Then there
exists a Borel vector field v : (z,t) — vi(x) such that

vy € LP(py; X)), Vel 2o e x) < [1[(2) for Lt-ae tel, (8.3.6)
and the continuity equation
8t e + V- (’Ut/,bt> =0 m X x 1 (837)

holds in the sense of distributions, i.e.

/I/X (1) + (wr(). Vi, 1)) dpe(a)dt =0 Yo € Cyl(X x 1), (8.3.8)

Moreover, for £'-a.e. t € I j,(vi) belongs to the closure in L(us, X) of the
subspace generated by the gradients Vo with ¢ € Cyl(X).

Conversely, if a narrowly continuous curve p; : I — Z,(X) satisfies the continuity
equation for some Borel velocity field vy with |[ve|| e, x) € L' (1) then py : T —
Py (X) is absolutely continuous and |1’ |(t) < ||vell e x) for L1 -ae. t € 1.

Proof. Taking into account Lemma 1.1.4 and Lemma 8.1.3, we will assume with
no loss of generality that || € L*(I) in the proof of the first statement. To fix
the ideas, we also assume that I = (0, 1).

First of all we show that for every ¢ € Cyl(X) the function t — () is
absolutely continuous, and its derivative can be estimated with the metric deriva-
tive of u. Indeed, for s, t € I we have, for p , € T'p(ps, ¢) and using the Holder
inequality,

() — 1a()] = ] [ o) = o)) dia | < i)Wy ),

whence the absolute continuity follows. In order to estimate more precisely the
derivative of p; () we introduce the upper semicontinuous and bounded map

V()| if =y,

H(z,y) = o) =Wl #y
|z —y |
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and notice that, setting pj, = pr(;,p)5, we have

S - Ms ].
stn(9) — (@)l |z — y|H(z,y) dp,

|h| —Ih Jxxx
W s s 1/11
< p(’“‘““’“‘)( H‘J(x,y)duh) ,
|h| XxX

where ¢ is the conjugate exponent of p. If ¢ is a point where s +— pug is metri-
cally differentiable, using the fact that p;, — (x,2)xp; narrowly (because their
marginals are narrowly converging, any limit point belongs to I', (1, pt¢) and is
concentrated on the diagonal of X x X) we obtain

_ 1/q
timsup P+ (P) =1 </X |H|Q<x,x>dut) = WOV L.

h—0 |h|
(8.3.9)
Set Q = X x I and let pp = [ pdt € 2(Q) be the measure whose disintegration
is {ut trer. For any ¢ € Cyl(Q) we have

/&cpxsduxs-hm/ w(z,5) S_h)d,u(m,s)
=tim [ (] os dite) = [ olw.s) dinta)) ds

Taking into account (8.3.9), Fatou’s Lemma yields

< [Wio( [ [wotw it dua) " as

< ([ wrwa)” ([ wearane.)"

(8.3.10)
where J C [ is any interval such that suppp C J x X. If ¥ denotes the closure

’/Q Os(x, s) du(z, s)

in LY(u; X) of the subspace V' := {Vgp, pE CyI(Q)}, the previous formula says
that the linear functional L : V' — R defined by

L(Vy) : / Dup(w,5) du(z, 5)

can be uniquely extended to a bounded functional on ¥". Therefore the minimum
problem

min{(ll /Q |w(zx, s)|?du(z,s) — L(w) : we 7/} (8.3.11)

admits a unique solution w € ¥ such that v := j,(w) satisfies

/Q (v(z,s), Vo(x,s)) du(x,s) = (L, V) Vo € Cyl(Q). (8.3.12)
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Setting v¢(z) = v(x,t) and using the definition of L we obtain (8.3.8). Moreover,
choosing a sequence (Vy,) C V converging to w in L9(u; X), it is easy to show
that for #!-a.e. t € I there exists a subsequence n(i) (possibly depending on t)
such that Vi, ;) (-, 1) € Cyl(X) converge in L?(ps; X) to w(-,t) = jp(v(-,1)).

Finally, choosing an interval J C I and n € C2°(J) with 0 <7 <1, (8.3.12)
and (8.3.10) yield

[ et s)P dute. ) = / n(w,wydp = lim [ nio, V) du
Q Q

n—oo

— 00

([ wreas) p(/XXJm\qu :(/J|M/p(5)d$)1/p(/xw|U|pdu)1/q-

Taking a sequence of smooth approximations of the characteristic function of J
we obtain
/ / [vs ()P dps(z) ds < / I |P(s) ds, (8.3.13)
JJx J

Vel 2o, x) < [1/|(t) for L -ae. t €l

/p 1/q
= lim (L, V(1¢n)) /\u P(s) ds lim (/ \V@n\qdu)
n XxJ

and therefore

Now we show the converse implication, assuming first that X = R?. We apply the
regularization Lemma 8.1.9, finding approximations pf, vy satisfying the continu-
ity equation, the uniform integrability condition (8.1.2) and the local regularity
assumptions (8.1.7). Therefore, we can apply Proposition 8.1.8, obtaining the rep-
resentation formula pf = (T7)xu, where Ty is the maximal solution of the ODE
T¢f = v5(Tf) with the initial condition T§ = z (see Lemma 8.1.4).

Now, taking into account Lemma 8.1.10, we estimate

to .
[ rs@-ti@rds < =ty [ [T ddgssa
1

ta
S N T
t1 Rd
ta
(ts — )P~ / / P dpadt,
t1 R4

therefore the transport plan v° := (T x T, )4 pug satisfies

IN

to
Wyii) < [ le=aldy <a-t [ duae
R2d th Rd

Since for every t € I uj converges narrowly to p; as € — 0, Lemma 7.1.3 shows
that for any limit point v of 4 we have

to
W2 ey 12y) < / & — ylP dy < (t2 — 1)~ / / forlP dpuedt
]R2d tl ]Rd
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Since t1 and t, are arbitrary this implies that p; is absolutely continuous and that
its metric derivative is less than [|v;|| sy, x) for Zt-ae. t € I.

We conclude the proof considering the general infinite-dimensional case and
following a typical reduction argument, by projecting measures on finite dimen-
sional subspaces. Let 7 : X — R? be the canonical maps, given by (5.1.28) for an
orthonormal basis (e,,) of X, let ud := Wiut € 2(R?), and let {14y} cra be the
disintegration of ji; with respect to u¢ as in Theorem 5.3.1. Notice that considering
test functions ¢ = ¢ o ¢ in (8.1.3), with Vo = (79)* o Vi) o 1%, gives

o [t = [ @100, 96 0n) (o)
-0 1()< 00), V6 0 1) dyey () i (0)
- [ 1)) iy (), T00) i) = [ (0, T000) did ),
Rd J(rd)—1( R4
with v(y) == f( ay-1(y) T 7 (v (2)) dpey (x), and therefore

O pd + V- (wiudy =0 in RY x I.

Notice also that, by similar calculations,

[, et x| = | [ o) @) du

< ||thLp(#t'-,X)||X||L‘I ,uf;Rd)
for any x € L (uf;R?), hence [[vf| 1o (uama)y < VellLo(u,:x)- Therefore ¢ — pf is
an absolutely continuous curve in #,(R?) and

ta

to
Wl i) < [ Wl e < [ lellisgui b Vi ta e 1ot < ta
t1

t1
Let now
i = (7Td>;£lﬁg = ﬁiﬂtv

be the image of the measures ;¢ under the isometries (74)* : y — Y7 y;e;. Passing
to the limit as d — oo and using the narrow convergence of i to y; and (7.1.11)
we obtain

to
Wp(/”’tl?/‘LtQ) < / Hvt”L”(ut,X) dt thv ly € I7 ty < ta.
t1

This proves that u; is absolutely continuous and that its metric derivative can be
estimated with ||v¢]| £, x)- O
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In the case when the measures are constant in time, by combining the previ-
ous finite dimensional projection argument and the smoothing technique of Lemma
8.1.9, one obtains an important approximation property. Let us first collect some
preliminary useful properties of orthogonal projections of measures and vector
fields, some of which we already proved in the last part of the above proof.

Lemma 8.3.2 (Finite dimensional projection of vector fields). Let p € Z7,(X),
v € LP(u; X), and let {e,}22, be a complete orthonormal system of X, with the
associated canonical maps 72, (r%)*, 7% given by (5.1.28), (5.1.29), and (5.1.30).

We consider the finite dimensional subspaces X := span(eq, ..., eq), the measures

ad = frg&u, the disintegration {fiz}zexa of p w.r.t. p¢ given by Theorem 5.3.1,

and the vector field
o(z) = / 7 (v(y)) due(y) for i*-a.e. x € X (8.3.15)
(74) =1 (z)

The following properties hold:

(i) suppa? c X4, 4% — pin P,(X) as d — oo. If p is regular then also ﬂd|Xd
s reqular;

(ii) ¢ € LP(pd; X ) with
18| Lo (s xay < 0l Lo (i) (8.3.16)

(iii) ©¢ is characterized by the following identity

/X (¢(), 04(x)) dpf(z) = /X (FCE D) o) du(e),  (83.17)

for every bounded Borel vector field ¢ : X — X;

(iv) If V- (vu) = 0 (in the duality with smooth cylindrical maps), then also
V- (,Ddﬂd) =0;

(v) for every continuous function f : X x X — R with p-growth according to
(5.1.21) we have

lim f(z, 9% (z)) dp(z) = / flz,v(z)) du(z). (8.3.18)

d—oo Jxx X XxX
In particular, 9% — v in the duality with CY(X; X) and

T (0% o) = 1ol o) (8.3.19)

Proof. (i) is immediate and we have seen in the previous proof that (ii) is a direct
consequence of (iii); in order to check this point we simply use the Definition
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(8.3.15) of 9¢ obtaining
x), 5% (x)) dip? T 7 dp (y)) dji
J @t enditer = [ gw, [ S duty) it
= [ ), ) i) i)
— [ €@, #ola)) duta) = [ (@ e(a), o(@) duo)
X

X

(iv) follows by (iii) simply choosing ¢ 1= V(Xh), for ¢ € Cyl(X) and X§ =

Xg o7 as in (8.1.15), and observing that

AU V(RE(EFDp(7D)) = V((Kge) 07, (Xge) 0t € Cyl(X).

Therefore we get

Vo, o4 dpd= i V(x%Le), 5% did = li V((X%p) 0 #4),v) dpu=0.
/X<so ) djp RTI_IEIOOX<(R90>U>M RTl—ri-nooX< ((Xrp) 0 7), v) du
Finally, (8.3.17) easily yields
J [ (cotydat= [ (o Ve e cpxx; (8.3.20)
— 00 X X

taking into account of (8.3.16), of Definition 5.4.3, and of Theorem 5.4.4, we
conclude. d

Proposition 8.3.3 (Approximation by regular measures). For any p € Z2,(X),
any v € LP(u; X) such that V - (vp) = 0 (in the duality with smooth cylindrical
functions), and any complete orthonormal system {e,}n>1, there exist measures
wn € (X)) and vectors vy, € LP(up; X), h € N, such that

i. supp pup C Xp, := span(ey, ..., ep) (in the finite dimensional case we simply
set Xp, =X),

i pn|y, € P (Xn),
ili. vp(x) € Xp(x) VeelX, V- (vppn) =0,
iv. pp, — poin Z,(X) as h — oo,

v. for every continuous function f : X x X — R with p-growth according to
(5.1.21) we have

lim P, on () dpn () = /X @) da. (8.3.21)

h—o00 XxX

In particular, vpun, — vp in the duality with CY(X; X) and

hlinéo lon e unix) = [0l o uix)-
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Proof. To each finite dimensional measure and vector field provided by Lemma
8.3.2 we apply the smoothing argument of Lemma 8.1.9; the proof is achieved by
a simple diagonal argument. O

8.4 The tangent bundle to &,(X)

Notice that the continuity equation (8.3.7) involves only the action of v; on Ve
with ¢ € Cyl(X). Moreover, Theorem 8.3.1 shows that the minimal norm among
all possible velocity fields v, is the metric derivative and that j,(v;) belongs to the
L7 closure of gradients of functions in Cyl(X). These facts suggest a “canonical”
choice of v; and the following definition of tangent bundle to &7,(X).

Definition 8.4.1 (Tangent bundle). Let pn € Z2,(X). We define

. LP (pu;X)
Tan, 2,(X) := {j,(Vy) : v e Cyl(X)} ",

where jq + L9(pu; X) — LP(pu; X) is the duality map defined in (8.3.1) .

Notice also that Tan, Z,(X) can be equivalently defined as the image under
Jq of the L4 closure of gradients of smooth cylindrical functions in X. The choice of
Tan, 7, (X) is motivated by the following variational selection principle (nonlinear
in the case p # 2):

Lemma 8.4.2 (Variational selection of the tangent vectors). A vector v € LP(u; X)
belongs to the tangent cone Tan, Z,(X) iff

lv+w|peux) > vllrux)y Yw e LP(u; X) such that V - (wp) = 0. (8.4.1)
In particular, for every v € LP(u; X) there exists a unique II(v) € Tan, Z,(X) in

the equivalence class of v modulo divergence-free vector fields, II(v) is the element
of minimal LP-norm in this class, and

/X (Jp(v),w —I(w))du(x) =0 Vv € Tan, Zp(X), we LP(u; X). (8.4.2)

Proof. By the convexity of the LP norm, (8.4.1) holds iff
/ (Jp(v),w)ydp =0 for any w e LP(p; X) s.t. V- (wp) =0 (8.4.3)
X

(here the divergence is understood making the duality with smooth cylindrical test
functions) and this is true iff j,(v) belongs to the L closure of {V¢ : ¢ € Cyl(X)}.
Therefore v = j,(jp(v)) belongs to Tan,, &2,(X). (8.4.2) follows from (8.4.3) since
w — II(w) is divergence free. O
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Observe that the projection II is linear and Tan, #,(X) is a vector space
only in the Hilbertian case p = ¢ = 2.

The remarks above lead also to the following characterization of divergence-
free vector fields:

Proposition 8.4.3. Let w € LP(y; X). Then V - (wp) = 0 iff v — w| pr(ux) >
vl Lo (s x) for any v € Tan, 2, (X). Moreover equality holds for some v iff w = 0.

Proof. We already proved that V- (wu) = 0 implies ||[v —w|| o (usx) > V] e x)
for any v € Tan, Z,(X). Let us prove now the opposite implication. Indeed, being
Tan, #,(X) a cone, a differentiation yields

/X (Jp(v),w)dp =0 Vv € Tan, Z,(X),

and choosing v = j,(V), with ¢ € Cyl(X), we obtain [, (Ve,w)dp = 0 for any
¢ € Cyl(X).

We give now an elementary proof of the fact that if equality holds for some
v, then w = 0. If equality holds for some v the convexity of the LP norm gives
llv 4+ twl| r (s x) = V]| Lp(u; x) for any ¢ € [0,1], and differentiation with respect to
t gives

/ v + tw|P~2 (v + tw, w) dp = 0 vt e (0,1).
X

Differentiating once more (and using the monotone convergence theorem and the
convexity of the map ¢ +— |a + tb|P) we eventually obtain

oo [+ -2y 7l
X

dp=0 Vte(0,1).
|v + tw|? H 0,1)
Since the integrand is nonnegative it immediately follows that w = 0. O

In the particular case p = 2 the map j is the identity and (8.4.3) gives
Tany, P5(X) = {v e L*(u, X): V- (vpu) =0}. (8.4.4)

Remark 8.4.4 (Cotangent space, duality, and quotients). Since tangent vectors
acts naturally only on gradient vector fields, one could also define the cotangent
space as

LX)

CoTan, Z,(X) :={Ve: p e Cyl(X)} ) (8.4.5)
and therefore the tangent space by duality. If ~ denotes the equivalence relation
which identifies two vector fields in LP(u; X) if their difference is divergence free,
the tangent space could be identified with the quotient space LP(u; X )/ ~. Def-
inition 8.4.1 and the related lemma 8.4.2 simply operates a canonical (though
nonlinear) selection of an element II(v) in the class of v by using the duality map
between the Cotangent and the Tangent space. This distinction becomes super-
fluous in the Hilbertian case p = ¢ = 2, since in that case the tangent and the
cotangent spaces turn out to be the same, by the usual identification via the Riesz
isomorphism.
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The following two propositions show that the notion of tangent space is con-
sistent with the metric structure, with the continuity equation, and with optimal
transport maps (if any).

Proposition 8.4.5 (Tangent vector to a.c. curves). Let py : I — Z,(X) be an
absolutely continuous curve and let v € LP(uy; X) be such that (8.3.7) holds.
Then v, satisfies (8.3.6) as well if and only if v, = H(v,) € Tan,, Z,(X) for
Loa.e. t € I. The vector v; is uniquely determined £*-a.e. in I by (8.3.6) and
(8.3.7).

Proof. The uniqueness of v; is a straightforward consequence of the linearity with
respect to the velocity field of the continuity equation and of the strict convexity
of the LP norm.

In the proof of Theorem 8.3.1 we built vector fields v, € Tan,, &2,(X) sat-
isfying (8.3.6) and (8.3.7). By uniqueness, it follows that conditions (8.3.6) and
(8.3.7) imply v; € Tan,, Z,(X) for L-ae. t. O

In the following proposition we recover the tangent vector field to a curve
through the infinitesimal behaviour of optimal transport maps, or plans, along the
curve. Notice that in the limit we recover a plan (% xv;)p; associated to a classical
transport even in the situation when u; are not necessarily absolutely continuous.
It is for this reason that we don’t need, at least for differential calculus along
absolutely continuous curves, the more general notions of tangent space, made by
plans instead of maps, discussed in the Appendix.

(Id+tv)gpu

Do(h)
K,

Proposition 8.4.6 (Optimal plans along a.c. curves). Let p; : I — Z2,(X) be an
absolutely continuous curve and let v, € Tan,, ,(X) be characterized by Propo-
sition 8.4.5. Then, for £‘-a.e. t € I the following property holds: for any choice

of my, € U'o(pee, esn) we have

1
}llirrb(ﬂl, h(7T2 - wl))#uh = (¢ X vg) gt in Zp(X x X) (8.4.6)
and ]
iy Welketn (& + hog) i)

= 0. 4.
lim ) 0 (8.4.7)
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In particular, for £'-a.e. t € I such that i, € Z5(X) we have

1 . .
Ilzli% h(tfx*h —1) =1 in LP(ue; X), (8.4.8)
where ti,™" is the unique optimal transport map between p; and fiip,-

Proof. Let 94 C C>(RY) be a countable set with the following property: for any
integer R > 0 and any ¢ € C2°(R?) with supp 1) C Bp there exist (¢,) C 2,4 with
supp ¢, C Br and ¢,, — ¢ in C*(R%). Let also I1; C II4(X) be a a countable
set with the following property: for any 7 € I14(X) there exist m,, € II; such that
m, — 7 uniformly on bounded sets of X (the existence of I, follows easily by the
separability of X).

We fix ¢t € I such that Wy, (pqn, pe)/|h] — [1/|(t) = [Jvell £ () and

lim Hen(9) = () = / (Ve,ve) dy Yo=1vom, € Yy, melly.
Rd

h—0 h
(8.4.9)
Since 4 and Il; are countable, the metric differentiation theorem implies that
both conditions are fulfilled for #1-a.e. t € I. Let p;, € To(pue, presn), set

1
Vp = <7T17 h(ﬁg _Wl)) Feps
#

and fix ¢ as in (8.4.9) and a limit point vy = [ vo, dpe(x) of vy, as h — 0 (w.r.t.
the narrow convergence). We use the identity

ut+h(s0)h* () _ 2 /X » e(y) — () dpy,

- }11 /X><X plz+ by — =) ~plz)dvi = / (Vo(z),y — x) + we y(h) dvp,

XxX

with w, ,(h) bounded and infinitesimal as h — 0, to obtain

/X (Veo,v) dpe = /X /X (y, V() dvoe (y) dpe ().

Denoting by v¢(x) = [y y dvo(y) the first moment of vg,, by a density argument
it follows that

V- ((ﬁt — ’Ut)[l,t) =0. (8410)

We now claim that

//Iylpdex(y)dut(z)S[Iu’l(t)]”. (8.4.11)
X JX
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Indeed

N

/ / P dvoe(p)dpe(z) < Timinf [ ylP dus
xJx h—=0  Jxwxx

1
— limi — 2P
B h}ln—}gf hp /X><X |y x‘ d'uh

W p(,ut-&-ha,ut)
= liminf * =W P(t).
uf[LnJg hp W)

From (8.4.11) we obtain that

19ell i) < /X /X lylP dvowdps () < (1610 = [0ell%0 0, x0)-

Therefore Proposition 8.4.3 entails that v; = wv;. Moreover, the first inequality
above is strict if v, is not a Dirac mass in a set of p-positive measure. Therefore
Vog is a Dirac mass for p-a.e. x and vg = (¢ X vy)»p,. This proves the narrow
convergence of the measures in (8.4.6). Together with convergence of moments,
this gives convergence in the Wasserstein metric.

Now we show (8.4.7). Let p;, = [ ftha dpe () and let us estimate the distance

between i1, and (¢ + hvg)gpy with Wig ([ 0atno, X Vhe dpe(z)). We have then

WP (te4n, (5 + hoe)gepie)

1
h —ylPd
. [ ke ) = o du

IN

/ lor() — yI? dirn = o(1)
XxX

because of (8.4.6).
In the case when p; € 2)(X), the identity

(7 p =) = (i e = 9)

# #
and the weak convergence at the level of plans give that }L(t,’ﬁ*h — 1)y narrowly
converge to viie. On the other hand our choice of ¢ ensures that the LP norms
converge to the LP norm of the limit, therefore the convergence of the densities of
these measures w.r.t. p; is strong in LP. O

As an application of (8.4.7) we are now able to show the Z!-a.e. differen-
tiability of ¢ — W, (1, o) along absolutely continuous curves p;. Recall that for
constant speed geodesics more precise results hold, see Chapter 7.

Theorem 8.4.7 (Generic differentiability of W, (1, 0)). Let py : I — Z2,(X) be
an absolutely continuous curve, let o € Z,(X) and let v, € Tan,, Z,(X) be its
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tangent vector field, characterized by Proposition 8.4.5. Then

d
dth?(MnU) = / plz1 —$2|p72<$1 — m2,vy(w1)) dy Vy € [y, 0) (8.4.12)
X2

for Lt-a.e. tel.

Proof. We show that the stated property is true at any ¢ where (8.4.7) holds
and the derivative of ¢ — W, (1, 0) exists (recall that this map is absolutely
continuous). Due to (8.4.7), we know that the limit

Lim tim W (i + hvt)#u;l, ) — W2(us,0)

exists and coincides with ;t WP (e, 0), and we have to show that it is equal to
the left hand side in (8.4.12). Choosing any v € T',(us,0) we can use the plan
n = (7' + hvy o', w?)uy € D((4 4 hvg) pue, o) to estimate from above W2 ((4 +
hvg) g e, o) as follows:

WP (@ + hv) g, 0) < /2 |z — 2o|P dny = / . |21 + hog(zr) — x2|P dy
X X

Tl — X2

WPE(ue, o) + h v(x1)) dy + o(h).

x2 |z —@a|?P]

Dividing both sides by h and taking limits as h | 0 or & T 0 we obtain
Lg/ plry — 2o|P"3(xy — 20, v4(x1)) dy < L. O
X2

The argument in the previous proof leads to the so-called superdifferentia-
bility property of the Wasserstein distance, a theme that we will explore more in
detail in Chapter 10 (see in particular Theorem 10.2.2).

Remark 8.4.8 (Derivative formula with an arbitrary velocity vector field). In fact,
Proposition 8.5.4 will show that formula (8.4.12) holds for every Borel velocity
vector field v; satisfying the continuity equation in the distribution sense (8.3.8)
and the LP-estimate [|v¢||pr(y,,x) € L*(1).

8.5 Tangent space and optimal maps

In this section we compare the tangent space arising from the closure of gradients
of smooth cylindrical function with the tangent space built using optimal maps;
the latter one is also compared in the Appendix with the geometric tangent space
made with plans (see Theorem 12.4.4).

Proposition 8.4.6 suggests another possible definition of tangent cone to a
measure in &,(X) (see also Section 12.4 in the Appendix): for any p € Z2,(X
we define

. . . LP (p;X)
Tan), Z,(X) := {Mr — i) : (i x P)pp € Dop, m4p), A >0} . (8.5.1)
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The main result of this section shows that the two notions in fact coincide.

Theorem 8.5.1. For any p € (1,400) and any p € Z,(X) we have
Tan,, &,(X) = Tan;, Z,(X).

We split the (not elementary) proof of this result in various steps, which are
of independent interest.

The first step provides an inclusion between the tangent cones when the base
measure 4 is regular.

Proposition 8.5.2 (Optimal displacement maps are tangent). If p € (1,+00) and
p € Zy(X), then Tan), Z,(X) C Tan, P, (X), i.e. for every measure o € Z,(X),
if t], is the unique optimal transport map between pi and o given by Theorem 6.2.4
and Theorem 6.2.10, we have t, — 4 € Tan, Z,(X).

Proof. Assume first that supp o is contained in Br(0) for some R > 0. Theo-
rem 6.2.4 ensures the representation t7, —¢ = Jq(V), where ¢ is a locally Lips-
chitz and | - [P-concave map whose gradient V¢ = j,(t;, — ) has (p — 1)-growth
(according to (5.1.21)), since ¢}, takes its values in a bounded set.

We consider the Euclidean case X = R? first and the mollified functions
©e. A truncation argument enabling an approximation by gradients with compact
support gives that j,(Ve.) belong to Tan, 7,(X) (notice also that V. have still
(p — 1)-growth, uniformly with respect to €). Due to the absolute continuity of u
it is immediate to check using the dominated convergence theorem that j, (V)
converge to j, (V) in LP(u; R?), therefore j, (V) € Tan, 22,(X) as well.

In the case when X is an infinite dimensional, separable Hilbert case we argue
as follows. Let 7, (79)*, #% be the canonical maps given by (5.1.28), (5.1.29), and
(5.1.30) for an orthonormal basis {e,, },>1 of X. We set

pd = Wiu, v = Wiu € Z(RY), at = friu, o= ﬁiu € Z(X),
observing that, by (6.2.1) and (5.2.3), u? is absolutely continuous with respect to
the d-dimensional Lebesgue measure. Therefore there exists an optimal transporta-
tion map r? € LP(u?; R?) defined on R? such that r‘j#ud =v?and ri—i = j,(Vy?)
in R for some locally Lipschitz and |-|P-concave map ¢ : R? — R. By the previous
approximation argument, setting p? := 9% o 7% and

#i=(x)" o (1 om?) = (11)" 0 (jo (V! o 1) + 1)
=g (7")* 0 Vip? o 1) + (n)" 0 7 = jy (Vip?) + 74

(here we used the commutation property j, o (74)* = (79)* 0 j,), we get 7l e

Tan, Z,(X); moreover, being (79)* an isometry, it is immediate to check that 7

is an optimal map pushing 4% on p%.
Letting d — 400, since

. ~d . o
A 17 =l ex) =0,
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we conclude by applying the following Lemma.

Finally, when o has not a bounded support, we can approximate o in &,(X)
by measures o, with bounded support and we can apply again the following
lemma. The details are left to the reader. U

Lemma 8.5.3. Let u, v € Z,(X) such that Tp(p,v) = {(ix7)xp} contains only an
optimal transportation map r € LP(u; X), let t, € LP(u; X) be a family of maps
converging to the identity in LP(u; X) with py, = (tn)xp, and let v, € P,(X) be
converging to v as n — oo. Suppose that v, € LP(u,; X) is an optimal transport
map from py, to v,. Then

lim [|r, ot, —7|Lr(ux) = 0. (8.5.2)
n—oo

Proof. Let ¢ : X x X — R any continuous function with p-growth. Since
W2 (pn, ) — 0, Wh(vn,v) — 0 as n — oo, by applying Proposition 7.1.3 and
Lemma 5.1.7 we get

lim [ p(t,(2), rn(tn(2))) du(z) = lim [ oy, mn(y)) din(y)

n—00 X n—oo X

(8.5.3)
/X oy, r(y)) du(y).

Choosing ¢(x1,z2) = |z2|P we get that 7, ot, is bounded in LP(u; X) and its
norm converges to the norm of r; therefore we can assume that r, o t,, is weakly
convergent to some map s € LP(u; X) and we should prove that s = r. Thus
we choose ¢(x1,x9) := ((x1){x2,2) with ¢ continuous and bounded and z € X:
(8.5.3) yields

lim C(tn(x))<zﬂ"n(tn(x))>du(x)ZL(C(x)(ZaT(x))du(w)’

n—oo X

whereas weak convergence provides

lim [ C(t(2)) (2,70 (En(2))) dp(x) = lim [ ((2)(z,7n(tn(2))) dp(2)

- /X C(@) 2, 5(2)) dia().

It follows that (z,s(z)) = (z,7(x)) for p-a.e. z € X, Vz € X, and therefore being
X separable s = r p-a.e. in X. O

Proposition 8.5.4. Let u, v € &2,(X) and let v € T',(u,v). For every divergence-
free vector field w € LP(u; X) we have

[ tlaz = ). ww) (o, z) = . (8.5.4)
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In particular, if v is an optimal transport map between p and v = ryu we have

/X (Jp(r(z) — x),w(@))dp(z) =0 Vw e LP(u; X) s.t. V- (wp) =0.  (8.5.5)

Recalling (8.4.3) we get that r — ¢ € Tan, Z,(X).

Proof. We can assume (possibly replacing v by (ﬂ'tl’l_a)#'y with ¢ close to 1) that
~ is the unique optimal transport plan between p and v (see Lemma 7.2.1).

By the approximation result stated in Proposition 8.3.3 we can find finite
dimensional subspaces X}, measures pj, € &,(X) with support in X}, and regular
restriction to X, converging to p in &2,(X), and vectors wy, € LP(up; Xp) such
that V - (wppp) = 0, (2 x wp)ppn — (3 X w)gp in P,(X?). Denoting by 5,
the unique optimal transport map between u, and vy = ﬁ'%u (as usual, 7" is
the orthogonal projection of X onto Xj; and we identify p; and v, with their
restriction to X3,), we know by Proposition 8.5.2 that ¢, —¢ € Tan;, &,(X},), and
therefore

/ (jp(tn —2),wp)dpp, =0 Vh e N.
X

Moreover, the uniqueness of v yields that the transport plans (¢ x t,) sl narrowly
converge in (X x X) to . Since the marginals of the plans converge in &2, (X)
we have also that the plans are uniformly p-integrable, therefore

im [ Gpltn—i)@)dun = lim [ Gplos —21), (@) d(i X ) gitn
h—oo Jx h—oo [xwx

= / (Jp(x2 — 21),W(21)) dy
XxX

for any continuous function w with linear growth. By Proposition 8.3.3 again (with
f(x1,29) = |22 — w(x1)[P) we know that

lim lim su wr — WP dur — 0. 56
WeCY(X), w—w in LP(1;X) h—>oop/X| h | Ih, ( )

Since
0= / (Jp(tn — 1), w) dp +/ (p(tn — 1), wp, — ) dpp for any w € C’S(X),
X X

passing to the limit as h — co and using Holder inequality we obtain

. ~ .l . ~
‘/}((]p(x2 - x1)7w(l‘1)> d’Y‘ < Sl}ip ch - zllL/zr»q(Nh;X) h}?isolip Hwh - wHLP(H«h§X)'
Taking into account (8.5.6) we conclude that [ (j,(z2 — x1),w(z1))dy =0. O
The above proposition shows that for general measures u € &,(X)

Tan;, ,(X) C Tan, Z(X). (8.5.7)
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Now we want to prove the opposite inclusion: let us first mention that the case
p = 2 is particularly simple.

Corollary 8.5.5. For any j1 € P5(X) we have Tan, Z5(X) = Tan;, P5(X).

Proof. We should only check the inclusion C: if ¢ € Cyl(X) it is always possible to
choose A > 0 such that  — }|z|? + A"'¢(z) is convex. Therefore r := i+ A"1Vyp
is cyclically monotone, thus an optimal map between g and rupu; by (8.5.1) we
obtain that V¢ = A(r — ¢) belongs to Tan;, 5(X). O

In the general case p € (1,400) the desired inclusion follows by the following
characterization:

Proposition 8.5.6. Let p € Z,(X), v € LP(p; X), and p. == (i +ev)pp fore > 0.
If v € Tan, &, (X) then

lim

€l0

W ) 13
PUSHE) — oy, (859

and denoting by v. € U'p(u, pe) a family of optimal plans, we have

e P
lim rrma—evl@) T =0, (8.5.9)
ElO XxX e
Proof. Let us consider the rescaled plans
po = (rt e N (r? = 771))#’75 for v, € To(pt, e ), (8.5.10)
observing that
W (s pe)
7(-91%“5 = W, |m2|p d/'l’e(mla xQ) = i ) < HU”LP X)’ (8511)
X2 b (13

x9 — a1 —ev(wy) |’
€

~/X><X

For every vanishing sequence €, — 0 we can find a subsequence (still denoted by
ex) and a limit plan p such that p., is narrowly converging to p in Z(X x X).
In particular, for every smooth cylindrical function ¢ € Cyl(X) we have

dr.(orn) = [ Joa o) dpcon,o2).
XxX

5—1/X (C(m—i—gv(m))—((m)) / C) dpie (22) / Clay) dp xl
:/ C(z2) — ¢(21) iy (1, 72) = / C(z1 +ew2) — ((21) Ao (1, 2)
XxX € S XxX o

3

1
:/ / (V((z1 + etae), z2) dp (21, x2) dt (8.5.12)
XxX
and
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1
o /X (¢a+ 2v(a)) — C()) du(x) = / /X (VC(a + tev()), v(x)) du(z) dt.
0
(8.5.13)
Choosing € = ¢y, in (8.5.12) and in (8.5.13) and passing to the limit as k — o0, a
repeated application of Lebesgue dominated convergence theorem yields

[ (veta) vt dunto) (8.5.14)
_ hm// (VC(a + tepv(@)), v(@)) du) dt

= lim// (V{(w1 + tegaa), x2) dpg, (1, 22) di
XxX

k—o0 0

:/ (V¢ (1), @2) dps(zr, 22). (8.5.15)
XxX

It follows that the limit plan p satisfies
/ (VC(1), 25 — v(1)) dp(ay, 22) =0 V¢ € Cyl(X), (8.5.16)
XxX

and the same relation holds if V( is replaced by any element & of the “cotangent
space” CoTan, Z,(X) (i.e. the closure in L7(u; X) of the gradient vector fields)
introduced by (8.4.5).

If v € Tan, Z7,(X) and p > 2, by the p-inequality (10.2.4), we can find a
suitable vanishing subsequence ¢; — 0 and a limit plan g such that

0 < Cp 1iInsup/v ‘332 - U(ml)‘p dua('rlvx?)
XxX

e—0

<timsup [ ool = o) = plip o). = o)) dc (o)

e—0

. W (ﬂuﬂs ) .
= Jim oy~ [ Pl o)) 2 = o) di, (1,22
0 XxX

< —/Xxxp@p(v(xl)),asg —o(z1)) dp(z1,22) =0

by (8.5.11) and (8.5.16), since v € Tan,Z)(X) is equivalent to j,(v) €
CoTan, Z,(X). The case p < 2 is completely analogous. O

When p is regular, the opposite inclusion
Tan,, &,(X) C Tan,, Z,(X),

which completes the proof of Theorem 8.5.1, follows easily from the previous propo-
sition: keeping the same notation, we know that -, is induced by an optimal
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transport map 7. so that e~ ' (r. — 4) € Tan, #,(X) and (8.5.9) yields

P

re(r) — dpu(z) = 0. (8.5.17)

li -
im - v(x)

e—0 Jx

Therefore v belongs to Tanj, 7, (X).
In the general case, by disintegrating «, with respect to the first variable z,
a measurable selection theorem [39] allows us to select r.(z1) such that r.(x1) €

sSupp (V. )z, and
P
=
X

Then, since the graph of r. is contained in the support of v, we obtain that r.
is | - [P-monotone (so that e~'(r. — 4) € Tan], #,(X)) and (8.5.17) still holds.

Ta(y) -y
€

T‘a(ﬂh) — 1
€

—v(z1) —0()| d¥e)ai (y)-




