Chapter 4

Uniqueness, Generation of
Contraction Semigroups, Error
Estimates

In all this section we consider the “quadratic” approximation scheme (2.0.3b),
(2.0.4) for 2-curves of maximal slope and we identify the “weak” topology ¢ with
the “strong” one induced by the distance d as in Remark 2.1.1: thus we are as-
suming that

p=2, (&, d)is a complete metric space and

4.0.1
¢ . — (—o00,400] is a proper, coercive (2.4.10), L.s.c. functional, ( )

but we are not imposing any compactness assumptions on the sublevels of ¢.
Existence, uniqueness and semigroup properties for minimizing movement u €
MM (®;up) (and not simply the generalized ones, recall Definition 2.0.6) are well
known in the case of lower semicontinuous convex functionals in Hilbert spaces
[28]. In this framework the resolvent operator in J;[-] (3.1.2) is single valued and
non expansive, i.e.

d(J-[ul], J:[v]) < d(u,v) Yu,ve .S, >0 (4.0.2)

this property is a key ingredient, as in the celebrated CRANDALL-LIGGET gener-

ation Theorem [46], to prove the uniform convergence of the exponential formula
(cf. (2.0.9))

i n n 0| (w
u(t) = 1 (Fa)lao), d(u(0), )] < 7 @(ﬂ ot

n—oo
and therefore to define a contraction semigroup on D(¢). Being generated by a
convex functional, this semigroup exhibits a nice regularizing effect [27], since

(4.0.3)
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u(t) € D(|0¢]) whenever ¢ > 0 even if the starting value ug simply belongs to
D(¢). Moreover the function u can be characterized as the unique solution of the
evolution variational inequality

(gut),ult) —v) + ¢(u(t)) < d(v) Yve D(¢), (4.0.4)

(+,+) being the scalar product in .7.

More recently, optimal a priori and a posteriori error estimates have also
been derived [18, 115, 102]: the original O(7'/2) = O(1/+/n) order of convergence
established by Crandall and Ligget for ug € D(]0¢|) and a uniform partition
(2.0.8), has been improved to

00 (u
d(u(t)v(Jt/n)n[UO]) <! q;f/;)t (4.0.5)
and extended to the general scheme (2.0.4), (2.0.7)
(U (1), u(t)) < |7 (o) ~inf o). @ (U0, un) < [rf2 27 ) (106)

thus establishing an optimal error estimate of the same order O(|7]|) of the Euler
method in a smooth and finite dimensional setting.

Similar results for gradient flows of convex functionals in general (non Hilber-
tian) Banach spaces are still completely open: at least heuristically, this fact sug-
gests that some structural property of the distance should play a crucial role,
besides the convexity of the functional ¢.

A first step in this direction has been obtained by U. MAYER [96] (see also
[85]), who considered gradient flows of geodesically convex functionals on non-
positively curved metric spaces: these are length spaces (i.e. each couple of points
Vg, v1 can be connected through a minimal geodesic) where the distance maps

v+ 2d*(v,w) are 1-convex along geodesics Vw € .7. (4.0.7)

This property was introduced by Aleksandrov on the basis of the analogous in-
equality satisfied in Euclidean spaces (2.4.4) and in Riemannian manifolds of non-
positive sectional curvature [84, §2.3]; it allows to prove (4.0.2), and to obtain the
generation formula (4.0.3) by following the same Crandall-Liggett arguments. Ob-
serve that MAYER’S assumptions yield in particular that the variational functional
defined by (2.0.3b)

v O(1, w;v) = 21Td2(v, w) + ¢(v) (4.0.8)

is (77! 4+ \)-convex along geodesics Y w € 7.

These assumptions, though quite general, do not cover the case of the metric
space of probability measures endowed with the L?-Wasserstein distance: we will



7

show in Section 7.3 that, in fact, the distance of this space satisfies the opposite
inequality, thus providing a positively curved space, as formally suggested also by
[107]. Example 7.3.3 will also show that the squared L-Wasserstein distance does
not satisfy any A-convexity properties, even for negative choice of A € R.

Our idea is to concentrate our attention directly on the functional ®(7,w; )
and to allow more flexibility in the choice of the connecting curves, along which
it has to satisfies the convexity assumption (4.0.8): we formalize this requirement
in the following assumption:

Assumption 4.0.1 ((77! + \)-convexity of ®(7,u;-)). We suppose that for every
choice of w, vy, and vy in D(P) there exists a curve v = v, t € [0,1], with
Yo = Vo, y1 = v1 such that

1 1
v (1, w;v) s (_ + A)-convex on v for each 0 < T < N (4.0.9)
T

i.e. the map ®(1,w;~:) satisfies the inequality

1+ A7

(P(va;’\/t) < (1 - t)q)(va;'UO) +tq)(7'7w;’l)1) - 207

t(1 —t)d*(vo,v1). (4.0.10)
Remark 4.0.2. Of course, Assumption 4.0.1 covers the case of a (geodesically)
A-convex functional on a nonpositively curved metric space considered by [96],
in particular the case of a (geodesically) A-convex functional in a Riemannian
manifold of nonpositive sectional curvature or in a Hilbert space.

Remark 4.0.3. Assumption 4.0.1 is stronger than 2.4.5, since this last one is a
particular case of (4.0.1) when the “base point” w coincides with vy.

We collect the main results in this case

Theorem 4.0.4 (Generation and main properties of the evolution semigroup). Let
us assume that (4.0.1) and the convezxity Assumption 4.0.1 hold for some A € R.

i) Convergence and exponential formula: for each ug € D(¢) there exists a
unique element v = Slug] in MM (P;ug) which therefore can be expressed
through the exponential formula

u(t) = Slug](t) = lim (J; /)" [uo). (4.0.11)

n—oo

ii) Regularizing effect: u is a locally Lipschitz curve of maximal slope with u(t) €
D(|0¢]) € D(¢) for t > 0; in particular, if X > 0, the following a priori
bounds hold:

qﬁ(u(t)) S (bt(u()) S (]5(1)) + 21td2(v7u0) Vv € D((b)v
) (4.0.12)
1061 (u(t)) <1061 (v) + @ (v, uo) Vv € D(|06]).
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iii) Uniqueness and evolution variational inequalities: u is the unique solution of
the evolution variational inequality

1d 1

5 dtdg(u(t),v) + 2)\d2(u(t),v) +o(u(t)) < o(v) L'-a.e. t >0, Yv e D(¢),
(4.0.13)

amonyg all the locally absolutely continuous curves such that limg o u(t) = ug

m L.

iv) Contraction semigroup: The map t — S[uo|(t) is a A-contracting semigroup
1.€.

d(S[Uo](t), S[U()](t)) S 67/\td(’U/(), ’Uo) VUO, Vo € D(¢) (4014)
v) Optimal a priori estimate: if ug € D(¢) and A = 0 then

2
& (Sluol(t), (Jopn)"luo]) < (8(u0) = upuluo)) < o106 (uo). (4.0.15)

Remark 4.0.5. Let us collect some comments about this result:

(a) The regularizing effect provided by (4.0.12) is stronger than the analogous
property proved in Theorem 2.4.15 for A-convex function, since in this case we
simply need ug € D(¢) instead of ug € D(¢). Inequality (4.0.12) also implies a
faster decay of |0¢|(u(t)) as t T +oc.

(b) Since for differentiable curves u in a Hilbert space ./ = 7

d 1d 1d
(Gl ult) =) = | O u(t) = o = P u(t),0) Yo e,

the variational inequality formulation (4.0.13) is formally equivalent to (4.0.4) (in
the case A = 0), but it does not require neither the existence of the pointwise
derivative of w nor a vectorial structure. A similar idea was introduced by P.
BENILAN [22] for the definition of the integral solutions of evolution equations
governed by m-accretive operators in Banach spaces. The integral formulation
corresponds to condier (4.0.13) in the weaker distributional sense:

2 0(t).0) =y u(s).0) < [ (9(0) = o(u(r)) = §(u(r). ) dr, - (4016)

for every v € D(¢) and 0 < s < ¢; in this way, one can simply require that u is a
continuous curve with ¢ ou € L}, (0, 400), thus avoiding any a priori regularity
assumption on the evolution curve. It would not be difficult to show that there
exists at most one integral solution with prescribed initial datum and that this

formulation is equivalent to (4.0.13).
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(¢) The semigroup S satisfies the contracting property (4.0.14) (e.g. for A = 0)
even if at the discrete level the resolvent operator does not satisfy in general the
analogous property (4.0.2).

(d) In the case A > 0 (4.0.14) provides another estimates of the exponential decay
of the solution u to the unique minimum point @ of ¢ (cf. (2.4.12)), as already
discussed in Theorem 2.4.14, i.e.

d(u(t),a) < e Md(ug, @) Vt>0. (4.0.17)

(e) The estimates (4.0.15) are exactly the same of the Hilbert framework: in fact
the first one is even slightly better than the previously known results, since it
exhibits an order of convergence o(y/1/n) instead of O(/1/n) for ug € D(¢)
and it shows that the error is related to the speed of convergence of the Moreau-
Yosida approximation ¢, to ¢ as 7 | 0. Starting from this formula, it would not
be difficult to relate the order of convergence to the regularity of ug, measured in
suitable (nonlinear) interpolation classes between D(¢) and D(]0¢|) (see e.g. [29],
19)).

In the limiting case A = 0 the exponential decay does not occur, in general,
but we can still prove some weaker results on the asymptotic behaviour of u, which
are easy consequences of (4.0.12) and of (4.0.13).

Corollary 4.0.6. Suppose that (4.0.1) and the convexity Assumption 4.0.1 hold with
A =0, and that @ is a minimum point for ¢. Then the solution u = S[ug] provided
by Theorem 4.0.4 satisfies

d(uo, ) o P (uo, 1)
8¢ (u(t)) < g o o(u(t) — o(u) < 22 , (4.0.18)

the map t— d(u(t),u) is not increasing.

In particular, if the sublevels of ¢ are compact, then u(t) 4, Uso ST — 00 and Use
is a minimum point for ¢.

General a priori and a posteriori error estimates. (4.0.15) is a particular case of
the general error estimates which can also be proved for non uniform partitions;
quite surprisingly, they reproduce exactly the same structure of the Hilbertian
setting and can be derived by a preliminary a posteriori error analysis (we refer
to [102] for a detailed account of the various contributions to the subject of the a
priori and a posteriori error estimates in the Hilbert case).

As we have already seen in (4.0.15), for each estimate the order of convergence
depends on the regularity of the initial datum: the best one is obtained if ug €
D(|0¢]), whereas an intermediate order O(y/|7|) can be proved if ug € D(¢);
simple linear examples show that these bounds are optimal.

We first present the most interesting result for A = 0 and then we will show
how the various constants are affected by different values of .
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Theorem 4.0.7 (The case A = 0). Suppose that (4.0.1) and the convexity Assump-
tion 4.0.1 hold with A = 0, let w € MM (®P;up) be the unique solution of the
equation (4.0.13) and let U, be a discrete solution associated to the partition Pr
(2.0.1). If ug € D(¢p) and T =t € P»

N-1
P (U(T),u(T)) < (U, uo) + Y T2, (4.0.19)
n=1
where Unfl Un d2 Unfl Un
@@: — ¢( T )7¢( 7')7 ( 1'23 'r) (4020)
Tn 75
and
N
> rzer < |rl(e(UD) — or(UD)); (4.0.21)
n=1

if UL = ug we have
(U, (T),u(T)) < |7| <¢(u0) - ¢T(u0)) < 7| (¢(u0) — inf ¢) VT > 0. (4.0.22)

If U2 € D(|0¢|) we have

N 2
> r2ar < T o) (4.0.23)
n=1
if U2 = ug we have
2
(U, (T),u(T)) < |T2‘ 10612 (uo) VT > 0. (4.0.24)

Remark 4.0.8. (4.0.21) is slightly worse than (4.0.15), which in the case of a uni-
form mesh and ug € D(¢) provides an o(+/|7|) estimates, instead of O(+/|7|): this
fact depends on a finer cancellation effect which seems to be related to the choice
of uniform step sizes.

In the case A # 0 the error d(U.(T'),u(T)) should be affected by an expo-
nential factor e=*7', corresponding to (4.0.14) or e=*=7', where

_ log(1+ Al7|)

Ar
7|

as for the discrete bounds of Lemma 3.4.1; (4.0.25)
the involved constants could also be perturbed by the presence of \: here the
main technical difficulty is to obtain estimates which exhibit the right coefficient
of the exponential grow (or decay) and constants which reduce to the optimal ones
(4.0.22), (4.0.24) when \ = 0.

We limit us to detail the a priori bounds of the error: we adopt the convention
to denote by ¢ = ¢(\,|7|,T) the constants which depend only on the parameters
A, 7], T, exhibit at most a polynomial (in fact linear or quadratic) growth with
respect to 7', and are asymptotic to 1 as A — 0.
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Theorem 4.0.9 (The case A < 0). Suppose that (4.0.1) and the converity Assump-
tion 4.0.1 holds for A < 0, let u € MM (P;ug) be the unique solution of the
equation (4.0.13) and let U, be the discrete solution associated to the partition Pr
in (2.0.1) with |7| < (=\)" If UL = ug € D(¢) we have

d2(U(T),u(T)) < c\T|(¢(u0)71§f¢)e*M, ci= (1+\/§|M ITI)2~ (4.0.26)

If U2 = ug € D(|0¢]), Ar is defined as in (4.0.25), and Tr = min {tk € Py : tk >
T}, we have

AU(T),u(T)) < e TN ag|(uo) e T, com T2

= . 4.0.27
T 2 T 14 A (4.027)

We recall that in the case A > 0 the function ¢ is bounded from below.

Theorem 4.0.10 (The case A > 0). Suppose that (4.0.1) and the convexity Assump-
tion 4.0.1 hold for A > 0, let u € MM (®;uqg) be the unique solution of the equation
(4.0.13), let U, be a discrete solution associated to the partition Pr (2.0.1), and
let A be defined as in (4.0.25). If U2 = ug € D(¢) and Tr € Pr is defined as in
the above Theorem, we have

@A (U, (T),u(T))) < c||($(uo) — inf ¢ ) e 2T,

(4.0.28)
ci= (L+ A7) (1+ /22T "

If UL = ug € D(|0¢]) we have

2
d*(U(T),u(T)) < c |T2| |06|% (ug) e~ T, c:=14+2\T,. (4.0.29)

We split the proof of the previous theorems in many steps:

4.1.1: discrete variational inequalities. First of all we derive the variational evolu-
tion inequalities (4.1.3), which are the discrete counterparts of (4.0.13). They
provide a crucial property satisfied by the discrete solutions and are a simple
consequence of the convexity assumption 4.0.1; all the subsequent estimates
can be deduced from this fundamental point.

4.1.2: Cauchy-type estimates. Here we introduce a general way to pass from a
discrete variational inequality to a continuous one, though affected by a per-
turbation term; the main technical difficulty is the lackness of an underlying
linear structure, which prevents an easy interpolation of the discrete values
in the ambient space .. We circumvent this fact by considering affine inter-
polations of the values of the functions instead of trying to interpolate their
arguments (see also [101] for a similar approach). Once continuous versions
of the evolution variational inequalities are at our disposal, it will not be dif-
ficult to derive Cauchy-type estimates, by also applying a Gronwall lemma
in the case A # 0.
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4.2: convergence. This section is devoted to control the perturbation terms in the
previously derived estimates, in order to prove the convergence of the scheme.
We first consider the easier case ug € D(¢) and then we extend the results
to a general ug € D(¢).

4.3: regularizing effect and semigroup generation. Here we show that the unique
element u € MM (®;ug) exhibits the regularizing effect (4.0.12) and then de-
rives the differential characterization (4.0.13) which also yield the A-contract-
ing semigroup property (4.0.14).

4.4: optimal error estimates. Finally, we refine the error estimates which have
been derived in the first section, and we prove Theorems 4.0.7, 4.0.9, 4.0.10,
and the related estimate (4.0.15). For the ease of the reader, the main ideas
are first presented in the case A = 0; the more technical results for A\ # 0 are
discussed in Section 4.4.2

4.1 Cauchy-type estimates for discrete solutions

4.1.1 Discrete variational inequalities
Let us first state an auxiliary lemma:

Lemma 4.1.1. Let us suppose that (4.0.1) and the convexity Assumption 4.0.1 hold
for some A €R, and let 0 < 7 < \' . Ifu € D(¢) and (v,) is a sequence in D(¢)
satisfying

lim sup ®(7, u; vy,) < ¢ (u), (4.1.1)
then (vy,) converges to v € D(¢) and v = u, = J;[u] is the unique element of
J-u].

Proof. Being u € D(¢), we can find a sequence (u,) C D(¢) converging to u such
that

lim sup (7, uy,; vy,) = limsup ®(7, u; v,,) < ér(u).
We argue as in the proof of Lemma 2.4.8: observe that, being ¢, continuous (cf.
Lemma 3.1.2) and ¢, (u) < 400, (4.1.1) yields

(1, univn) = 6 (1) + (07 (u) = b (un) ) + (@(7, i va) = b (u))
= ¢, (up) + w, with  limsupw, <0.

n—oo

We apply the convexity property (4.0.10) with w = u,,vg := v,,v1 = Uy at
t =1/2 to find v, 4, such that

W +wm 1+ AT
br(un) < (7, un}'Un,m) < or(un) + 9 T8y dZ(Um’Um).
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Since 1 4+ A7 > 0 this implies that

ar lim sup (wn + wm) =0,

li &* (v, vm) <
imsup d=(vy,, V) < | 4 A msup

n,m— o0

therefore (v,) is a Cauchy sequence and the lower semicontinuity of ¢ gives that
O(1,u;v) = ¢r(u), i.e. v € Jr[u]. The same argument also shows that v is the
unique element of J; [u]. a

The following result is a significant improvement of Theorem 3.1.6:

Theorem 4.1.2 (Variational inequalities for u.). Let us suppose that (4.0.1) and
the convexity Assumption 4.0.1 holds for some A € R.

(i) If u € D(¢) and A\t > —1 then the minimum problem (2.0.5) has a unique
solution u, = J;[u]. The map u € D(¢) — J-|u] is continuous.

(ii) If u € D(¢) and u; = J-[u], for each v € D(¢) we have

L L Ly o
27_d (tr,v) 2Td (u,v) + 2)\d (ur,v) < d(v) — dr(u). (4.1.2)
Proof. (i) In order to show the existence of a minimum point u, € J;[u] we simply
apply the previous Lemma 4.1.1 by choosing an arbitrary minimizing sequence,
thus satisfying (4.1.1).

The continuity of J, follows by the same argument; simply take a sequence
(un) C D(¢) converging to u and observe that v, := J-[u,] is bounded in . and
satisfies

lim sup O(7, u; vy,) = limsup O(7, up; v,) = lim @ (uy) = dr(u).

n—oo n—oo
(ii) Since the map J; is continuous, by a standard approximation argument we

can suppose u € D(¢). We apply (4.0.10) again with w := w, vp := u, and vy := v,
obtaining a family v, € D(¢), t € (0,1), such that

1+ A7

(1, uyur) < O(ryusvp) < (1=0)@(7, us ur) + @ (1, uyv) — 5
-

t(1 —t)d*(u,,v).
Subtracting ®(7, u; u,) by each term of the inequality, dividing by ¢, and passing
to the limit as ¢ | 0 we get

1+ A7

2
o7 d” (ur,v)

0 < —®(1,u;ur) + O(1,u;v) —

which is equivalent to (4.1.2) since ¢, (u) = O(7, u; ur). O
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Corollary 4.1.3 (Variational inequalities for discrete solutions). Under the same
assumptions of the previous Lemma, every discrete solution {UI},2% with U2 €
D(¢) satisfies

1

1
2 n 2 n—1 21
o (d ", V) —dUr ,V)) + AL Y)

(4.1.3)

1
(U2, Ur Y VYV € D(¢), n>1.

<o) - oUR)

4.1.2 Piecewise affine interpolation and comparison results

Now we formalize a general way to write a discrete difference inequality as a con-
tinuous one: first of all, let us introduce the “delayed” piecewise constant function
Ur

Ur(t) =02t ifte (et tn,

and the interpolating functions

titﬁil tﬁit : n—1 4n
0n(t) = L1l (t) = it e e (). (4.1.4)
Tn Tn
lr
1 _ — —_ — —_— — — — —_— g — — — —y — — — — .
t
T1 T2 73 T4 75 T6

Figure 4.1: The interpolating functions ¢.

If ( : ¥ — (—o00,+00] is a function which is finite on the discrete solution
{UP} 2%, we can define its affine interpolation as

n=0»
Cr(t) :=(1 = £ (£))C(U~ (1)) + £+ (1)C(UL (1))
(1 =L)UY + L ()¢(UF) if t e (27017,

(4.1.5)

In other words, (- is the continuous piecewise affine function which interpolates
the values ((UZP) at the nodes t? of the partition P. In this way, for V € .7, we
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can consider the functions

(V) = (1 — L)) (U V) + L(O)d2(UR, V) te (P17,  (4.1.6)
pr(t) = (1= L (1)p(Ur ) + - ()p(U7) te(ty L] (417)

The main idea here is to “interpolate a function” instead of evaluating it on a
(more difficult) interpolation of the arguments (see also [101] for another applica-
tion of this technique); of course, for convex functional in Euclidean space these
two approaches are slightly different but in our metric framework the first one is
particularly convenient.

Finally, to every discrete solution {UZ},'%5 C D(¢) defined as before we
associate the “squared discrete derivative”

(U1 U7)

2 3

no._
DP =
T

n=1,---, (4.1.8)

and the residual function %, defined for t € (¢2-1,¢"] by

B (t) =21 — £ (1) ($(UF 1) = 6(UF) = ' D}) = br()raD}  (4.1.99)
=2(1 — L ())& + (1 = 20-(1)) T D2 (4.1.9b)

Observe that (3.1.20) yields

2 n
(L4 Am)|06P(UF) < (1 + Ar) Dy < (6(U7 ) = 6(U7) = 7' D} )
. T . (4.1.10)
n—1 n—1
_1+>\Tn‘a¢| (Ur )_l—l—)\TnD ’
so that, if UP~! € D(|0¢]) then (4.1.9a) yields
1- ( ( ) n—1 n n—1 4n
Zr(t) <1 Lt ar, 1062 (URY) — £, (t)7, D2 te (tr . (4.1.11)

Theorem 4.1.4. Let us suppose that (4.0.1) and the convexity Assumption 4.0.1
hold for A € R, and US € D(¢). The interpolated functions dr, - defined as in
(4.1.6), (4.1.7) starting from the discrete solution {UR} 120 satisfy the following
system of variational inequalities almost everywhere in (O +oo)

;jtdi(t V) + )\dQ(U (), V) + or(t) — (V) < ;%,.(t) YV e D(6). (4.1.12)
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Proof. If t € (t271,¢7], using (4.1.3) we obtain

S (V) 4 NP (U(0), V) e (1) — (V)

— (d2<U¢7v> ~PURTV)) AU V) + e (1) — (V)

<=y PULUZ) 4 6(V) = 6U2) + 9o(t) = 6(V)

=y PURUZ + (1 () (62 - 0(U7)

— (= G060~ U — . EURUET) ~ talt), PR TR,

Recalling the Definition (4.1.9a) of %, (t) we conclude. O

Comparison between discrete solutions for A = 0. In the next Corollary we are
finally able to compare two discrete solutions.

Corollary 4.1.5 (Comparison for A = 0). Under the same assumptions of Theorem
4.1.4, let us suppose that A = 0 and let {U’” R U0 € D(¢), be another discrete
solution associated to the admissible partition

Pyi={0=th <th <<ty } mm =ty —tnl (4.1.13)
The continuous and piecewise affine function
d_z,_n(t, 8) i= (1 — Ly(8))d2(t;Up(8)) + Ly (s)d2(1; Up(s)) t,s>0 (4.1.14)

satisfies the differential inequality

jtd_zm(t,t) < Bo(t) + Znt) Vi€ (0,400)\ (PrUPy) (4.1.15)

and therefore the integral bound
T
d2,(T,T) < d*(U2,U)) +/0 (%(t) —i—%,,(t)) dt. (4.1.16)

Proof. Defining the function ¢, (s) as in (4.1.5) by
2a(s) = (1= £n())6(Un(5)) + bn(8)0(Uy (5)), (4.1.17)
a convex combination of (4.1.12) for V := Uy (s) and V := U, (s) yields

10

1
9 9t A2, (t,8) + o7 (t) — on(s) < 2%,-(25) Vs>0,te (0,400)\ Pr.



4.1. Cauchy-type estimates for discrete solutions 87

Analogously, writing (4.1.12) for the function d7, defined as in (4.1.6)
dy (V) i= (1= b ())d* (Un(5), V) + b (5)d* (U, (5), V),

and reversing the roles of 7 and 7 we obtain

10 ,

1
2asdm_(s,t) + on(s) —e-(t) < 2%,,(3) Vit >0, s € (0,+00)\ Py,

where
2 . 2 (. 7Tn—1 2(..TTN n—1 4n
Ayr(5,t) = (1 = L (8))dy (55 U7 77) + L (t)dyy (s;Uy)  for t € (£777,47]. (4.1.18)

Summing up the two contributions we find
0 , 0 o @ %
Btd""(t’s) + 8sd7”'(s’t) < Ar(t) +Xn(s) Vs, te (0,+00)\ (PrUPy,).
Finally, by the symmetry property

Az, (t,s) = d2(s,1), (4.1.19)

evaluating the previous inequality for s = ¢ we end up with (4.1.15). g

Comparison between discrete solutions for A\ # 0. If A £ 0 we need to rewrite
(4.1.12) in a more convenient form; let us first observe that the concavity of the
square root provides the inequalities for V € .

(1 — £ (£))d(Ur(t), V) + Lo ()d(U,(t), V) < dr(t,V) Vit >0, (4.1.20)
(1= €n(8))dr (£, Un () + ln()dr (£, Up () < drn(t,s) Vt,s>0.  (4.1.21)

Lemma 4.1.6. Under the same assumptions of Theorem 4.1.4, for a discrete solu-
tion {UR}YF2S with UL € D(¢) let us define

D (t) = (1L (1)) d(U (), Ur (1)) = 7 (1—L-(t)) /D2, t€ (t271,¢2]. (4.1.22)

Then for every element V. € D(¢) the interpolated functions d.,p, defined by
(4.1.6) and (4.1.7) satisfy the following system of variational inequalities almost
everywhere in (0, +00):

d1

RV 4 V)~ D (W (5 V) + () (V) < L (1) 4 2200),

(4.1.23)
where A~ = max(—AX,0).

Proof. Tt A > 0 the inequality (4.1.23) is an immediate consequence of (4.1.12)
and

—2d,(t; V)P (t) < d2(U,(t), V) — d2(t; V)
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which, in turn, follows by the triangle inequality. If A < 0 it follows by (4.1.12)
and

d*(U.(t),V) —d2(t; V) < 2d(t; V) D1 (t) + D2(t). (4.1.24)

Let us prove (4.1.24). Suppose t € (271, ] and d?(U,(¢), V) > d2(t; V), otherwise
(4.1.24) is obvious; the elementary identity a? — b* = 2b(a — b) + (a — b)? yields

AU 1),V)=d2(t;V) = 2d.(V)(d(UL(t),V) — dr(t;V))
+ (AU (1), V) — de(; V).
On the other hand the concavity inequality (4.1.20) gives
dU-(1),V) —d- (V) < d(U.(t),V) = (1= £:(1)d(Ux (1), V)
— Lx(0)d(UL(1), V) < D (1)
These two inequalities imply (4.1.24). O

Corollary 4.1.7 (Comparison for A # 0). Under the same assumption of the previ-
ous Lemma, let P, Py, be two admissible partitions; the “error” function dy(t, s)
defined by (4.1.14) satisfies the differential inequality

TR (41) + 2082 (1,8) <2N(Z (8) + T (1)) (1, 1)

dt (4.1.25)
+ (% (t) + Rn (1) + X~ (Z2(t) + Z2(1)),

and therefore the Gronwall-like estimate

0

1/2
M dy(T,T) < (dZ(Uﬂ,Vf,)) + R (T) + Ry (T) + / Temx(@i(t) + ZL(t)) dt>

T
+ 2/ XM (2 () + Dn(t)) dt
0
(4.1.26)
where Ry (and analogously Ry, ) are defined by

t T +
R-(T) :== sup / 2N R (r) dr < / 62**(%;(74)) dr VT >0. (4.1.27)

tef0,1]Jo 0
Proof. Starting from the inequality (4.1.23) we easily obtain (4.1.25) by arguing as

in Corollary 4.1.5 and by using (4.1.21). Inequality (4.1.26) is a direct consequence
of (4.1.25) and of the following version of the Gronwall Lemma [18]. O

Lemma 4.1.8 (A version of Gronwall Lemma). Let x : [0,400) — R be a locally ab-
solutely continuous function, let a, b € Li ([0, +00)) be given functions satisfying,
for X e R,

d

dth(t) +2X2%(t) < a(t) + 2b(t)x(t)  for Lt-a.e. t > 0. (4.1.28)
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Then for every T' > 0 we have

t 1/2 T
Mz (T)| < (xQ(O) + sup / e a(s) ds) + 2/ eM|b(t)] dt.
0

tef0,71J0

Proof. Multiplying (4.1.28) by e*** we obtain
eMx(t))2 < ePMa(t) 4+ 2eMb(t) (e/\tx(t)) for Lt-ae. t >0,

therefore it is sufficient to prove (4.1.29) for A = 0.
Introducing the functions

t
X(T):= sup |z(t)|, A(T):= sup /a(s)ds,
t€(0,T) te(0,7) Jo

T
B(T) ::/ 1b(s)| ds,
0
and integrating the equation we obtain
t
22(t) < 22(0) +/ a(s)ds +2B(t)X(t) Yt > 0.
0
Therefore, taking the supremum w.r.t. ¢t € [0,7] we get
X(T) < 22(0) + A(T) + 2B(T) X (T),
and adding B?(T) to both sides gives

X(T) < B(T) + /B2(T) 4+ z2(0) + A(T) < 2B(T) + +/22(0)

Recalling (4.1.31) we obtain (4.1.29).

4.2 Convergence of discrete solutions

4.2.1 Convergence when the initial datum vy € D(¢)

89

(4.1.29)

(4.1.30)

(4.1.31)

(4.1.32)

(4.1.33)

The previous Corollaries 4.1.5, 4.1.7 show the importance to obtain a priori bounds
of the integral of %Z,, Z,, and Z2. In this section we mainly focus our attention
on the convergence of the discrete solutions, by quickly deriving rough estimates
of these integrals and we postpone a finer analysis of the error to Section 4.4. It

is not restrictive to assume A < 0.
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Lemma 4.2.1. Let us suppose that the convexity Assumption 4.0.1 holds with A < 0,
let %+, Pr be the residual terms associated to a discrete solution {UI}2% defined
as in (4.1.92), (4.1.22), and let us choose T in the interval IY = (tN=1 tN]. Then

/O ' ([, (O] = AZ2(1)) dt < || (6(U9) - (U)), (42.1)
(/T|)\e>‘t@,.(t) dt)2 < ;/T)\|e2/\t@_,2_(t) dt (4.2.2)
0 0
I\l [? 0y N
< T (e —od)). (23

Proof. First of all we observe that

d2 Unr Un—l
[ ) ar < m(ows ) —swn - T s
I;!-L 27—n
which is a direct consequence of (4.1.9a) and
2 n n—1 1
oz —owp - s [amnwa= [ ewa=),
27—7}, I",I-L I;-L 2
Since )
/ (1~ e () dt = i,
and
1 1
[ Wzt < N p vz < s wr Uz, (1.2.5)
Iz
from (4.2.4) we get
| e [@ )" + N2 0] d < m(owr ) - o07) (1.2.6)
I

which yields (4.2.1). Starting from (4.2.5) and recalling (3.2.8) we obtain

T
| R < R - o))

so that
T T T
( / NN (1) di) < / A2 dt / w@zmdts‘A'LT‘2(¢<U2>—¢<U§>),

which yields (4.2.2) and (4.2.3). O
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Theorem 4.2.2. Suppose that (4.0.1) and the convezxity Assumption 4.0.1 hold for
A e R and
\hﬁlo (U2, ug) =0, supp(U2) =S < +oc. (4.2.7)
T T
Then the family {U, }, of the discrete solutions generated by UL is convergent to
a function w as |T| | 0, uniformly in each bounded interval [0, T]; in particular u
is the unique element of MM (®;up).

Proof. We fix a time t € [0,T] and we prove that {U_.(t)}- is a Cauchy family as
|T| goes to 0. We already know from the a priori estimates of Lemma 3.2.2 that
there exists a constant C' dependent on S, T, A but independent of 7 such that

(U (1),U-(t)) < Cl7l, o(U7) - o(Uy) <C 1<n<N, (4.2.8)

for the integer N such that the interval IY contains 7. Moreover, choosing two
partitions P, Py, as in Corollary 4.1.7, by (4.1.14) we have

d* (UL (1), Up(t)) < 3d7,,(t, 1) + 3d*(Ur (1), U (1)) + 3d* Uy (2), Up(t))
< 3dz,(t,1) + 3C(|7] + Inl),
therefore we simply have to show that lim d,,(¢,t) = 0. By (4.1.26), (4.2.1),

[7],[m[10
and (4.2.3) we obtain

N2, (1,1) < 207 (U2, U9) + 20 (7] + [ml) + 2NC(r + nl?), (429)

and this conclude the proof of the convergence; since the constant C' in the bound
(4.2.9) is independent of ¢, the convergence is also uniform in [0, 7.

Finally, it is easy to check that the limit does not depend on the particular family
of initial data (U2) satisfying (4.2.7): if (V.?) is another sequence approximating g,
we can apply the same convergence result to a third family (W2) which coincides
with the previous ones along two different subsequences of step sizes 1, 7, with
|7nl, |70 | 0as n — cc. O

Corollary 4.2.3. Under the same assumption of the previous Theorem, let u =
MM (®;ug) and let U, be the discrete solution associated to the partition Po.
Then if T € Pr and A = 0 we have

T
(U (T), u(T)) < d2(U2, uo) +/ B () dt, (4.2.10)
0
whereas for A # 0 we have

T 1/2
A A(U_(T), w(T)) < (dQ(UE,uo)—I—RT(T)—&— /0 MAT D2 (1) dt>
(4.2.11)

T
+2/ I\ eM 2, (t) dt,
0

where Ry is defined by (4.1.27).
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Proof. We simply pass to the limit as |n| | 0 in (4.1.16) or (4.1.26), observing that

the integrals of (%,,)+, D, @3 are infinitesimal by the estimates of Lemma 4.2.1;
on the other hand, by (4.2.8) we have for T' € P,

lim drey(T,T) = (T, (), and  dr(T,u(T)) = d(U

T

(1), u(T)). =

4.2.2 Convergence when the initial datum v, € D(¢).

Now we conclude the proof of (4.0.11) in the statement of Theorem 4.0.4 when the
starting point belongs to the closure in . of the proper domain of ¢: in this case,
it is more difficult to exhibit an explicit order of convergence for the approximate
solutions and we have to take care of the loss of regularity of the initial datum.

Let us start with a comparison result between two discrete solutions related
to the same partition Pr:

Lemma 4.2.4. Let U.,V_ be discrete solutions associated to the same choice of step
size T and to the initial values U2 € D(¢), VY € D(¢) respectively. If T € IY =
(tN=1 ¢N], and A\, is defined in (4.0.25), then for —1 < A|7| < 0 we have

(1)) < et (U, V)
< PR VE) + 207l (6(V) - o(VY

62)\,-(T+|‘r‘)d2(UT(T), V.

-

)). (4.2.12)

Proof. Choosing V := V! in (4.1.3) and multiplying the inequality by 27, we
obtain

U V) = U VI <2m00(VETY) = 2m00(UF) — &2 (UZ, U
— A d*(UR, VR,

Analogously, we choose V' := U in the discrete inequality (4.1.3) written for the
discrete solution {V;*}7°¢ obtaining

(L4 A7) d* (VY UR) = (VY71 UR) < 2m00(U7) = 2m(Vy) — &2 (V7 VY.
Recalling the elementary inequality (a +b)? < e ta?+ (1 —¢)710%, 0 < e < 1,
choosing € := —\7,, we get

AT,

R B (s B

(A A
summing up the previous inequalities we obtain

L e vy <o (v o(v).

1 . 2 n ny
A

Multiplying the inequality by e*(2 '+7) < 1 and recalling that ¢(V—1) >
p(VI), we get by (3.4.10)

AV, UL) < e (VT URT 4 2 (6(VETY) = 6(V)).
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Summing these inequalities from n =1 to N we get (4.2.12). O

The following Corollary extends the previous Theorem 4.2.2 and concludes
the proof of the convergence part of Theorem 4.0.4:

Corollary 4.2.5. Suppose that (4.0.1) and the converity Assumption 4.0.1 hold for
A e R and

U2 € D(¢), ‘hﬁlo d(U2,up) = 0. (4.2.13)
The family {U, }. of the discrete solutions generated by U2 is convergent to the
Junction u = S[ug| as |T| | 0 defined by Corollary 4.3.3, uniformly in each bounded
interval [0,T); in particular u is the unique element of MM (®;uyp).

Proof. It is not restrictive to assume A < 0. Let U, Un be two discrete solutions
corresponding to the admissible partitions P, Py, let us choose an arbitrary initial
datum vy € D(¢), and let us introduce the correspondent discrete solutions V., V,,
associated to the same partitions P, P, with VY= V,;) = 1.

Applying the previous Lemma 4.2.4 we get

AU (1), Uy(0)) < AU (1), Vo (1)) + AV (), Vi (1)) + Vi (0), Ty (0)

geﬂAHmﬁf@mU%+%ﬂwww—¢W“UMU2

| a0, v, ().

+edawwﬁf@mwg+mﬂw@wf¢wmwﬂ

Since vy € D(¢), passing to the limit as |7|,|n| | 0 and applying Theorem 4.2.2,
we get

limsup d(U,.(t), U, (1)) < 2¢ Md(ug,vo) Yo € D().
IT]Inll0

Since ug € D(¢), taking the infimum with respect to vy we conclude. O

4.3 Regularizing effect, uniqueness and the semigroup
property
The A-contractivity property is an immediate consequence of Lemma 4.2.4:

Proposition 4.3.1. Suppose that (4.0.1) and the convexity Assumption 4.0.1 hold,
A €eR. Ifug,vg € D(¢) and u= MM (ug; ®),v = MM (vy; ®), then

d(u(t),v(t)) < e Md(ug,vo). (4.3.1)

Proof. It vy € D(¢), we can simply pass to the limit as |7| | 0 in (4.2.12), choosing
e.g. U2 = ugp, V¥ = .
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When vy € D(¢) \ D(¢), we consider an auxiliary initial datum wo € D(¢)
and the Minimizing Movement w = MM (wo; ®), obtaining by the triangular
inequality

d(u(t), v(t)) < d(ult), w(t)) + d(w(t),v(t)) < e (d(uo, wo) + d(wo, vo)).

(4.3.1) follows now by taking the infimum of the right hand member of the previous
inequality w.r.t. wg € D(¢). O

Theorem 4.3.2. Suppose that (4.0.1) and the convexity Assumption 4.0.1 hold,
A €ER. Ifu € MM (up; ®) then u satisfies (4.0.13). In particular, setting

T
u(T) = / eMdt = eATT_ 1, (4.3.2)
0
we have
I At
ST < g [ otu(v) e < 6, ), (1.3.3)
and, if A >0,

06](u(T)) < . d(uo, u(T)),
. (4.3.4)
00 ((T) < (06 (V) + 1y d*(Viuo) YV € D(J05)).

Proof. By a simple approximation argument via the A-contraction property of
Proposition 4.3.1 and the lower semicontinuity of ¢, it is not restrictive to assume
ug € D(¢). In this case, we already know from Theorem 2.4.15 that u is locally
Lipschitz in (0, +00). Keeping the same notation of Section 4.1.2, observe that

lim d- (V) = d(u(t). V). lim o (t) = 6(u(t)) ¥¢20. V€.

Integrating (4.1.12) from S to T' and passing to the limit as || | 0 gives

’ A
(#lut) + Jd*u(®) V) dt < (T = $)(V)
(4.3.5)

which easily yields (4.0.13). Moreover, multiplying (4.0.13) by e and integrating
from 0 to T, since ¢t — ¢(u(t)) is decreasing we have

Lo Loy
2d (w(T),V) — 2d (u(S),V)—F/S

AT )
, (), V)

e

T 1
UT)OT) < [ otu(t) Mt < TO(V) + (V) -
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for any V' € D(¢). Taking the infimum w.r.t. V we get (4.3.3). Finally, if A = 0,
multiplying (2.4.26) by ¢ and integrating in time we get

IN

T T T /
 100Rm) < [ doolumyar< — [ o) a

T
= [ ottt at = Totu(r)
< TOV) + i (uo, V)~ To(u(T)) = L& (u(T), V),

Choosing V' := u(T) yields the first estimate of (4.3.4); on the other hand, if
V € D(|9¢|) the right hand side of the last formula can be bounded by

1, 1, T 1,
TS| (V)A(V u(T)) ~ P ((T), V) + ) (uo, V) < ) 6P (V) + (w0, V),

which gives the second inequality of (4.3.4). O

Corollary 4.3.3. The A-contractive map ug — S[uo|(t), Sug] being the Minimiz-
ing movement MM (ug; ®), provides the unique solution of the evolution varia-
tional inequality (4.0.13), and it satisfies the semigroup property S[uo](t + s) =
S[S[uo](t)](s) for every choice of t,s > 0.

Proof. Let us first observe that if u is a continuous solution of the system (4.0.13),
then an integration from ¢t — h to ¢ gives for every v € D(¢)

2 (0)0) (e =1).0)+ [ (Gl o)+ oulr)) dr < o).

Dividing by h and passing to the limit as h | 0, the lower semicontinuity of ¢ and
Fatou’s Lemma yield

lim sup h_1<;d2(u(t),v) _ ;dQ(u(t —h).v))

nlo . (4.3.6)
+ (), 0) + olu(t) < o) V>0,
By the same argument we also get the analogous pointwise estimate for the right

derivative

limsup h~* (;dz(u(t + h),v) — ;dg(u(t), v))

no \ (4.3.7)
+ 2d2(u(t),v) +o(u(t)) < p(v) Yt > 0.

Let now u,w € AC)oc(0, +00;.%) be two curves valued in D(¢) which satisfy the
system (4.0.13) and take (by continuity as ¢ | 0) the initial values ug, wy € D(¢).
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Choosing v := w(t) in (4.3.6), v := u(t) in the analogous inequality (4.3.7)
written for the function w, and applying the next lemma we find that

d

dtdz(u(t),w(t)) + 20d% (u(t), w(t)) <0 for L'-ae. t >0,
ie.

C?te?)‘tdz(u(t),w(t)) <0, d*(u(t),w(t)) < e *d*(ug,wo) Yt > 0.

In particular, if vy = wqy the functions u,w coincides and therefore the system
(4.0.13) has at most one solution for a given initial datum wy.

Since the curve u(t) := S[ug|(t), defined as the value at t of u € MM (ug; @)

for ug € D(¢), solves (4.0.13), we obtain that v is the unique solution of (4.0.13).

The semigroup property follows easily be the uniqueness for solutions of (4.0.13).

O

The following elementary lemma is stated just for convenience for functions
in the unit interval (0, 1).

Lemma 4.3.4. Let d(s,t): (0,1)2 — R be a map satisfying
|d(s,t) —d(s',t)| < [v(s) —v(s)],  d(s,t) —d(s,t')] < [v(t) —v(t)]

forany s, t, ', t' € (0,1), for some locally absolutely continuous map v : (0,1) —
R and let 6(t) := d(t,t). Then ¢ is locally absolutely continuous in (0,1) and

d d(t,t)—d(t—h,t d(t,t+h)—d(t,t
5(6) < timsup AED ~AEDA) Lt ) ()
dt h10 h K]0 h

Proof. Since [0(s) — §(t)] < 2Jv(s) — v(t)] the function ¢ is locally absolutely
continuous. We fix a nonnegative function ( € C2°(0,1) and h > 0 such that
+h +supp¢ C (0,1). We have then

/15(t)C(t+h)<(t) dt/lc(t)d(t’t)d(th’tm 0
0

ZLta.e. in (0,1)

0 h h
() —d(t— ht) ! d(t,t 4+ h) —d(t,t)
= /0 C(t) h dt + /O C(t+h) b dt,

where the last equality follows by adding and subtracting d(t — h,t) and then
making a change of variables in the last integral. Since

Rt d(t,t) —d(t — h,t)] < h o) —v(t — k)| — |0/ (t)] in LL.(0,1) as h | 0

and an analogous inequality holds for the other difference quotient, we can apply
(an extended version of) Fatou’s Lemma and pass to the (superior) limit in the
integrals as h | 0; denoting by a and b the two upper derivatives in the statement
of the Lemma we get — [d¢’dt < [(a + b)(dt, whence the inequality between
distributions follows. O
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4.4 Optimal error estimates

4.4.1 The case A\ =0

In this section we mainly focus our attention on the case A = 0 and we postpone
the analysis of the other situation to Section 4.4.2.

Lemma 4.4.1. Let us suppose that the convexity Assumption 4.0.1 holds for A =0,
let Br,ED be defined as in (4.1.92) and (4.0.20), let I7 = (271 t7], and let us

deﬁneﬁ .
I (T) = /jlﬁ.,.(t) dt forT eIy = (11 4], (4.4.1)
Then N
: R (t)dt = 726", (4.4.2)

1 1
,7NDY) < TR Io0RWUY ), (44.3)

; (|a¢\ ) - 0p) <, (W) — o)), (44.4)

() < 7 (UN ) = o(UY) —

T dt < Z 28N + I(T). (4.4.5)

0
Proof. (4.4.2) follows directly from (4.1.9b) since
1
/ (1—£.(t)dt = / () dt = o / (1 —=2¢,(t))dt =0. (4.4.6)

(4.2.4) and (4.1.10) yield (4.4.3) and (4.4.4); finally, (4.4.7) is a direct consequence
of (4.4.2) and (4.4.1). O

Corollary 4.4.2. Under the same assumption of the previous lemma, let us suppose
that A =0 and U2 € D(¢); then we have

ZT%"M 1) < [rl{6(U2) = 6r(UD) } < |r{o2) —inf o},  (4.4.7)
and, if U2 € D(09)),

Z 2267 4 7(T) < ;m? 062(U9). (4.4.8)

Moreover, when the partition Py is uniform (i.e. 7, = 7 = || is independent of
n, cf. Remark 2.0.3) then the following sharper estimate holds, too:

T 2
| i< Zr%@"w < {00 -6, D} <7 0oP D). (4.49)
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Proof. Since & > 0 by (4.1.10) we easily have
N-1
S sz <1 3 (( (o) = o(Um) = 7uD2)
n=1 n=1
N-1
( oUE) ~ o(UD)) = 7| Y D2

n=1

||Fﬂ2

:\r|{¢<U£> UN1) ~ |T|ZmD”}

Summing up the contribution of .#,(T) and recalling that

N N
2( i i 1) 1 2 0 N
n d L‘ra[/‘r > 4.
E JnDT = g = Td ((JT,DT ), (4 4 10)

T
n=1 n

we obtain (4.4.7).
Since n — |0¢|*(UR) is decreasing, too, if U2 € D(|0¢|) then (4.4.4) yields

N-1

ZT%‘" < X (worwr ) —losfr )

<™ (002 - oo n) < T porws) - (),

which proves (4.4.8). When 7,, = 7 we can use a different estimate for & which
comes from (4.1.10)

a7 < (60 = 6,02 - yra2)
< ((0rT) =6 UFh) = (6(UF) = 6:(U2)) ).
thus obtaining

ZT%@"«Z( OUE) = 6o (UE) = (0(UF) = 6,(UD)))

= T(¢(U2) - ¢T(U3)) — T(qS(UiV*l) _ ¢T(U-£-V71)))

(4.4.11)

which proves (4.4.9). O

Corollary 4.4.3. Suppose that the convexity Assumption 4.0.1 holds with A > 0.
Then the estimate (4.0.15) of Theorem 4.0.4 and all the estimates of Theorem
4.0.7 hold.

Proof. We simply apply (4.2.10) and the results of the previous corollary. Observe
that when T = t&¥ € P, then #+(T) = 0, so that we have (4.0.19) without any
correction term. d
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4.4.2 The case \ # 0

First of all, let us observe that the first estimate (4.0.26) of Theorem 4.0.9 follows
directly from Corollary 4.2.3 and (4.2.1), (4.2.3).

In order to get the other error bounds, we need refined estimates of the
integral terms in the right-hand side of (4.2.11). Since A, < A, by replacing A
by A in the left-hand side of the differential inequality (4.1.25), we easily get
bounds analogous to (4.1.26) and (4.2.11) where the coefficient A+ occours in each
exponential term, thus obtaining for U2 = ug

T 1/2
ATTA(U(T), u(T)) < (RT(T)+>\ / et P2 (1) dt>
0

(4.4.12)
T
+2/ N T, (¢) dt.
0
Let us observe that if T € (t¥~1 ¢I¥] for some N € N,
t
R-(T)= sup / et (r) dr (4.4.13a)
tef0,1] Jo
t‘Jr\./Ifl
< sup </ M R (1) dr—i—/ eQA*t[%T(r)]+dr) (4.4.13b)
1<SM<N *Jo E
M—1
< sup ( Z / et (1) dr—i—/ e”‘*t[%,-(r)rrdr), (4.4.13¢)
ISMSN & =5 I ey
and, recalling (4.1.11), the integral of the positive part of Z, can be bounded by
At oM
22t + o max [ePAfr T e2Arir ] 277 M—1
N dr < 0 U . 4.4.14
/ G N T SN U R CR R

The next two lemmas provide the estimates of the other integral in the right-
hand side of (4.4.13b) and of the integrals involving %, in (4.4.12). Combining
these results with (4.4.12) we complete the proof of Theorems 4.0.9 and 4.0.10.

Proposition 4.4.4. Suppose that A < 0 and UL € D(9¢); then for T > 0 we have

‘T|2 2/770
R, (T) < 8|2 (UY), 4.4.15
@)y, T ol (4.415)
and, recalling that Ty = min {t¥ € P, : tk > T},

AT
(1+ A7)

AT oo
L A 00102)

T
N[ et <in?, L1060 (UY),
0 (4.4.16)

T
2|)\|/ Mg () dt < ||
0
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Proof. Let us suppose that T € IY = (t¥=1 t¥] sothat T, =t and1 < M < N.
Since

1 -
/ e — L. (t))dt < QTneQMT " (4.4.17)

-

1 netggny 1 .
/ MU () dt > e ) = 5Tt LA (4.4.18)
I

recalling (4.1.11) and (3.4.10) we get

T2 n—1 _ - n
[ tamans T o) - (an)e T ok (07)

2

T, n—1 n
< n 2Nt 2 n—1\ _ 2\rt} 2 ny ).
N Gt A B R CA)

Since the map n — e**'7|9¢|(UR) is decreasing, we get
— 2/\.rt% (t) dt < ‘T|2 (|8¢|2(U0) 2)\.,.tM’1‘a¢|2(UI\/171))
Z/ne W= 90 4 A7) =€ - )

n=1 T

Taking into account (4.4.14) we obtain (4.4.15). Finally, we easily have

A n—1
3 [ e < e ey v

I
A7 22271 9 2 rrn—1 |77 2770
" o |0e|T(UF ) < 0¢|7(U;),
- 3(1_|_A7-n)26 | ¢| ( T )— 3(1+/\‘T|)| (b‘ ( ‘r)
and
2\)\|/ AP (t)dt < [Nt AU, U
Iz
INT3 s —1 IAl[7]7 0
T |0e|(Ur) < 0¢|(U3).
< e gzt < T el
Summing up all the contribution from n =1 to N we obtain (4.4.16). O

Proposition 4.4.5. Assume that X > 0, info ¢ =0, UL € D(¢), and Ty is defined
as in the above proposition. We have

RA(T) < /OT Pt <,@T(t))+ dt < |7|(1+ A T))(1+ AT o(UY),  (4.4.19)
1/2

/T AT g (t) dt < 7| (2T (1 + XT)6(UD)) (4.4.20)
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Moreover, if U2 € D(|0¢|) then

Re(T) <, [r (14 AT7) [96[(U2), (14.21)

2 /OT At DL (t) dt < Tr|7|00|(U2). (4.4.22)
Proof. As before suppose that T € IY = (=1 ¢N]. Since Lemma 2.4.13 yields
Dy > |0¢*(U}) = 22¢(U7),
by (4.1.9a) and recalling (3.4.10) and (3.4.9), we get

[ (@) dt < me R (902 = (14 Am)00D))

AT 1 - )
(14 A7) (14 Ar)2 U7 ) - o(UD)

< |71+ Ar]) (A5 g(U ) 4 €1 (U = PR (U )

< Tne”\‘rt:(l + )‘Tn)( 2 U +

< 171+ M) (Arad(U2) 4+ €215 (U ) = g (U)).

Summing up for n =1 to N we obtain

T
/ e R (t) dt < |7|(1+ AlT]) (1 + ATy ) (UD).
0

Moreover,

T N N

n . Dy 1/2
2/ At (t)dt < Zrﬁe)‘*tf VD < V2T, \T|(Z The?Artr 2")

0 n=1 n=1

and
D:'L n—1 n
(L Am)m 7 < (6(UF) = (14 Am)o(U7)). (4.4.23)

Arguing as before, we find

T 1/2
Ar
2/0 e @T(t)dtg|r|(2TT(1+ATT)¢(U£)) .

Finally, if UY € D(|0¢|), we first observe that

/ A1 =20, (1) dt <0, (4.4.24)
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so that by (4.1.9b) we have

/ et (1) dt < TRePrtr g, (4.4.25)
I
Since
1
Qédn < 2 n—1y 2 n
< 1+A¢n‘a¢| (UF77) = [09]7(U7)
A e+ e - s
= (14 M2 T (14 Ar,)2 T T
we obtain

[ et < (@ o) - P Ha0R(U))
Ir

A ne
+ e 08U,
Summing up from n =1 to M — 1 and adding the contribution of the integral in

the last interval IM as in (4.4.14), by a repeated application of (4.1.10) we find

M—1

ZA,t%‘r d / 22Xt %‘r +
O R L A CA

n=1
AT |2t M1
2

Lk

) 002 (U2)

< T (1002(U2) — 2= oY) +

22t M1 ArtM

2
J PN+ N

M-1
M (1 + )\TTNI)Q |8¢|(U‘r )

+ Tiar ‘
[T 2770 M
< 10091 + A1),
which yields (4.4.21). Analogously,

T
2 [ ety de < T, 00| (U2),
0

which concludes the proof. O
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