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Abstract. For a given set of n rectangles place on a plane, we consider a
problem of finding the minimum area layout of the rectangles that avoids
intersections of the rectangles and preserves the orthogonal order. Misue
et al. proposed an O(n?)-time heuristic algorithm for the problem. We
first show that the corresponding decision problem for this problem is
NP-complete. We also present an O(n?)-time heuristic algorithm for the
problem that finds a layout with smaller area than Misue’s.

1 Introduction

Several algorithms for automatic graph drawing have been proposed[I][2]. Most
of the algorithms are designed to create layouts (i.e., drawings) of graphs from
scratch. However many systems (e.g., interactive systems) need to adjust layouts
after some modifications are made in graphs, and it is desirable to adjust layouts
with preserving some geometric properties of the layouts. Thus, it is important
to design layout adjustment algorithms appropriate to the systems.

Geometric relations among vertices are very important geometric properties
that should be preserved in adjustment of the layout. By preserving the geomet-
ric relations in the layout adjustment, we can easily recognize the correspondence
between vertices in the previous layout and those in the new layout. Eades et
al.[3] proposed the following geometric relations.

— orthogonal order: top-and-bottom and right-and-left relations between any
two vertices;

— proximity relation: a geometric proximity relation (e.g., the nearest relation
between vertices);

— topology: adjacent relations between regions of the layout.

In this paper, we consider the orthogonal order as a geometric relation that
should be preserved in layout adjustment.

In some systems, vertices of a graph are sometimes represented by geometric
figures such as rectangles or circles. Some modifications made on the graph, such
as vertex insertion or vertex extension, may cause intersections of vertices. To
avoid the intersections, layout adjustment is needed. Considering the display area
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of the systems, it is important to find the intersection-free layout with minimum
area.

In this paper, we consider graphs where each vertex is represented by a
rectangle and investigate the layout adjustment problem for minimizing the area
under the following constraints.

— The vertices (i.e., rectangles) should not intersect;
— The orthogonal order of the vertices should be preserved.

Misue et al.[4] proposed a heuristic algorithm for the problem. The main
contribution of this paper is as follows.

1. We prove that a corresponding decision problem of the layout adjustment
problem is NP-complete.

2. We propose a new heuristic algorithm for the layout adjustment problem.
Our algorithm is superior to Misue’s; it finds a layout with smaller area than
Misue’s while its time complexity O(n?) is the same as Misue’s where n is
the number of vertices.

This paper is organized as follows. In Section[Z and Bl we introduce some pre-
liminaries and define the layout adjustment problem. We show the NP-complete
result in Section H] and present our heuristic algorithm in Section Bl In Section [f]
we conclude this paper.

2 Definition

Let R be a set of n rectangles vi,vo,---,v,. Each rectangle v; has horizontal
width w; and vertical height h;, where w; and h; are integers. We sometimes
denote v; by (w;, h;). A layout of R is a function from R to coordinates on the
plane. We denote a layout of R by mr : R — ZZ* for integral coordinate system,
and mr : R — IR? for real coordinate system, where ZZ? is an integral two
dimensional space, and IR? is a real one.

Let x; and y; be z-coordinate and y-coordinate of a rectangle v; € R in 7g,
respectively. That is, mr(v;) = (24, y;). This indicates that the coordinates of the
center of v; is (x;,y;) in mr. We assume that every rectangle is placed so that
the boundary with length w; is parallel to z-axis, and do not allow rotation of
rectangles.

Let left, (v;) and right,(v;) be the z-coordinates of the left and right bound-
aries of v; € R, respectively. The y-coordinates top,(v;) and bottom,(v;) are
defined similarly. Formally, we define them as follows.

left (v;) = x; —w; /2, right,(v;) = x; +w;/2,
top, (vi) = yi — hi/2, bottomg(v;) = y; + hi/2

We also define similar notations for the layout mr as follows.
left(mr) = min left. (v;), right(mr) = max right._(v;),
v, €ER v, €ER

top(mr) = 51161111% top,.(v;), bottom(mgr) = max bottomy (v;)
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Let Wy (mg) and Wy (mr) denote the horizontal width and the vertical width
of mg, respectively. That is,

Wy (mr) = right(rr) — left(nr), Wy(mr) = bottom(mg) — top(nr).

We also use a notation (W (mr), Wy (mr)) for mr. We define an area S(mg) of
TR as S(WR) = Wx(ﬂ'R)Wy(ﬂR)

3 A Layout Adjustment Problem

We consider a layout adjustment problem for minimizing the area under the
constraints that intersections of rectangles should be avoided and the orthogonal
order of rectangles should be preserved. First, we define the problem as a decision
problem, as follows.

INSTANCE: A rectangle set R, its layout mg, and a positive integer
K, where mr(v;) # mr(v;) for any two rectangles v;, v; € R(i # j).
QUESTION: Is there a layout 7y with S(7%;) < K satisfying the
following constraints (1) and (2)?

Let (x;,y:) and (z},y}) be mr(v;) and 7y (v;), respectively.
(1) 7 preserves the orthogonal order of mr. That is, for any two rectangles
Vi, Vj € R,
T < xj & w; <), and @ =z & v =2,

Yi <y &y <y and y; =y; &y =y,

and

(2) Any two rectangles do not intersect with each other in 7. That is, for any
two rectangles v;,v; € R(i # j),
\x‘fx’-\>wi+wj hithy.
’ 7 2 2
We denote the above problem by LADR and especially by ILADR in the case
of integral coordinate system.

or ly; —yjl =

4 The NP-Completeness of LADR

We show that ILADR is NP-complete. It is easy to see that ILADR is in NP.
Therefore, it is sufficient to show NP-hardness of ILADR. We reduce a well-
known NP-complete problem 3-SAT[6] into ILADR.

Let X = {21,292, --,2,} be a set of boolean variables. We call z; and T;
literals, and disjunction of literals clause. 3-SAT is defined as follows:

INSTANCE: A set X of boolean variables and a boolean expression
E=FNFyA---ANF,,, where E is a conjunction of a finite number m of
clauses, and each clause F; = y; 1 V y; 2 V y; 3 consists of three different
literals over X.

QUESTION: Is there a truth assignment for X that satisfies E7
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Fig. 1. Outline of the initial layout mr(g) of a rectangle set R(E).

4.1 The Transformation of 3-SAT into ILADR

We transform 3-SAT with a boolean expression E into ILADR with a rectangle
set R*(E) and its initial layout mz+(g) from E. First, we construct a partial set
R(E) of R*(E) and its initial layout mr(g). Other part of R*(E) is shown only
in the proof. We set the coordinate of the upper-left corner of 7z to (0,0).
The rectangle set R(E) includes a rectangle set V R(zy) for each variable x, a
rectangle set C'R(F;) for each clause F;, and a rectangle set R/ (see Fig. [I).

The rectangle set R’ plays a role to restrict the positions of VR(zy) and
CR(F;). R includes R/ for each F;(i = 1,---,m). The initial layout of R} and
R’ is shown in Fig.

Figure[(a) illustrates an initial layout of V R(zy) for a variable xy. VR(zy) in-
cludes rectangles vcy ; for Fi(i=1,---,m). VR(xy) is placed so that top(myr(s,))
= top(mg/) holds (see Fig. [[)). It has only two layouts shown in Fig.[3, if the area
of VR(xy) is restricted to (8,2 + 4(k — 1) + 2 + 2(4r 4+ 3)m + 4(r — k)). We con-
sider that Fig. Bla) (resp. Fig. Blb)) corresponds to assigning true (resp. false)
to zj. Note that the two layouts differ in y-coordinate of vc ;.

The rectangle set CR(F;) includes a rectangle set LR(y; ;) for each literal
vi;(j = 1,2,3). There are two kinds of LR(y; ;) and their initial layouts are
shown in Figs.@l(a) and[El(a). Figure Hlshows LR(y; ;) in the case where y; ; = i
for some xj, and Fig. Bl shows the case where y; ; = Tj for some z3. Every
LR(y; ;) includes a rectangle (2,2) denoted by vs; ;. Let ds be the difference of
y-coordinates between the upper boundary of LR(y; ;) and the center of vs; ;.
The layouts of LR(y; ;) are restricted only to the layouts in Figs. @l and [ if the
height is 8, d; = 5 or ds = 3, and the width is the minimum. We place vs; ;
so to have the same y-coordinate as veg; in VR(zk) if y;; = xp or Tx. The
case of dgs = 5 corresponds to x; = true and the case of d; = 3 corresponds to
xy, = false. Consider the case of where the height of LR(y; ;) is 8. If y; ; = true,
that is, y; ; = @ and zy = true, or y; ; = T}, and x;, = false, the width can be
10. On the other hand, if y; ; = false, the width must be 12 or more.

We now show the rectangle set CR(F;) for the clause F; (see Fig.[f). CR(F;)
includes LR(y; ;) and LR/ (y; ;) (j = 1,2, 3), a rectangle vl; = (36(m + i — 2),4),
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Fig. 2. The layout of R; and R'. (a) 24 = true (b) 24 = false

Fig. 3. Two layouts of VR(xy).

10 12 12 10
dy= I‘ S % deSl.W : ds=5IF f %1 dy= BI%
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Fig. 4. Two layouts of LR(y; ;), where Fig. 5. Two layouts of LR(y; ;), where
Yij = Tk- Yij = Tk

and a rectangle vr; = (36(2m — i — 1) 4+ 12,4). LR/ (y; ;) consists of ve; j = (4,4)
and vf; ; = (6,4). We place each LR(y; ;) so that top(Tpr(y, ;) =bottom(TLr:(y, .))
+ 4(k — 1) holds if y; ; = zx or T. We place LR/(y; ;) and LR(y; ;) so that
left LRy, ;) = left.(vei ;) and right(mp Ry, ;)) = right (vfi ;) hold.

The initial layout of R(FE) is shown in Fig. [ We place CR(F;) and R’
so that top, (vl;) = top(mg-) holds (see Fig. [). In the initial layout, for each
rectangle in C R(F;) except for vs; j, there exists a rectangle in R with the same
y-coordinate. When y; ; = x or Ty, the y-coordinates of vs; ; is the same as
y-coordinates of vey; in VR(zy). Therefore, they have the same y-coordinate
in any adjusted layout satisfying the constraint (1). CR(F;) and CR(F;4+1) are
apart enough for the rectangles in them not to intersect (see Fig. [1).

Each of VR(zx) and CR(F;) includes the polynomial number and size of rect-
angles on r and m. R(E) includes polynomial number of VR(zy) and CR(F;).
Therefore the initial layout of R(E) can be constructed in polynomial time.
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Fig. 7. The layout of CR(F;) and

Fig. 6. The initial layout of CR(F;). R

Example. Figure B(a) shows the initial layout of R(E) for an expression E =
(x1 Voo Vas) A (T2 VI3V Tg) A (TTVTgV xza). This corresponds to the truth
assignment x; = x9 = x3 = x4 = true, which does not satisfy E and requires
Wy (mr) = 108m + 8r — 58 and Wy (wr) = 8mr + 6m + 4r. The expression E is
satisfied by the truth assignment z1 = x5 = true,xs = x4 = false. Figure B(b)
shows the corresponding layout. In this case, the width is reduced to W, (7wg) =
108m + 8r — 62.

4.2 Proof
We show the reducibility of 3-SAT to ILADR.

Lemma 1. E is satisfiable if and only if there exists a layout TF;%(E) of R(E),
such that it satisfies the constraints (1) and (2), and W, (W;%(E)) < 108m~+8r—60,
Wy(wg%(E)) = 8mr + 6m + 4r.

Proof. (=) We define 7, as the minimum width layout satisfying the following.
Assuming that F is satisfiable, there is a truth assignment that satisfies E. First,
we place each VR(xy) as Fig. Bla) if xx = true, or as Fig. B(b) if zx = false.
In either case, Wm(w{/R(wk)) =8 and Wy(ﬂ/R(M)) = 8mr + 6m + 4r hold. The
layout 77, is the same as its initial layout in Fig. 2] where there is no gap between
rectangles in the y-direction.

Let y; ; be xj, or Ty. Since each rectangle in LR(y; ;) except for vs; ; has the
same y-coordinate as some rectangle in R/, and vs; ; has the same y-coordinate
as vck,q, ds of LR(y; ;) is 5 if z, = true and d, is 3 if xy, = false. We place LR(y; ;)
as Fig. B(a) or Fig.[H(a) if d; = 5, and as Fig. [d(b) or Fig. B(b) if d; = 3. From
Figs. @ and Bl we find Wm(ﬂj:R(ym)) =10 if y; ; is true, and Wm(ﬂj:R(ym)) =12
if y; ; is false.

By the hypothesis,at least one literal in each F; is true. Therefore, W, <7T/LR(yi,1))
+ WalTRyia)) T WalTLr,. ) < 34, and then Wo(mippy) < 108m — 62
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(a) The initial layout (z1 = x2 = x3 = x4 = true)

108m+8r-62
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(b) The adjusted layout (x1 = x2 = true, zs = x4 = false)

Fig. 8. An example of the layout of R(FE).

hold. That is, Wa (7)) < 8r + 2+ (108m — 62) = 108m + 8r — 60, and
Wy (Trim)) = Wy(T) p(,)) = 8mr + 6m + 4r hold.

(«) Assume that there exists a layout mp ) of R(E) with W (7)) < 108m+
8r — 60 and Wy (7)) = 8mr + 6m + 4r. We show that there exists a truth
assignment that satisfies F.

If a clause F; has both z, and Ty, F; is true for any assignment. In the
following, we consider a truth assignment for clauses that consists of three literals
relevant to distinct variables. For a clause Fj, let each y; ;(j = 1,2,3) be xy; or
Ty, . The sum of the widths of all V R(x;) and all LR'(y; ;) in ﬂ;%(E) is
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7rR(E) { Z 7rVR(ack)) =+ Wx(ﬂR’) =+ (Wr(ﬂ'vli,j)) + (Wx(ﬂvri,j))}
kK1 ko ks

< (108m — 8r — 60)—{8(r—3) + 2 + 36(m+i—2) + 36(2m—i—1) + 12} =58.

Therefore, for some j, the sum of the widths of V R(z;) and LR'(y; ;) is 19 or
less. Because of WI(W{/R(mk.)) > 8 and WE(WILR,(%J_)) > 10, WI(WQ,R(%_)) <9

and Ww(ﬂ"LR,(yi,]_)) < 11 hold. Since, the hight of the whole layout is 8mr +6m +

4r and the initial layout restricts Wy(ﬂ/R(xkj)) > 8mr+6m+4r, W, (ﬂ{/R(mkj)) =
8mr+6m-+4r holds. From Ww(ﬂ'{,R(%j)) <9, m rectangles veg, 1, - -, UCk, m are
placed in 7, without any gap in the y-direction. In this case, all the y-coordinates
of m rectangles are the same as either Fig.[B(a) or Fig. B(b).

We also find that Wy (7, ) = 8mr+6m+4r. This implies that the rectangles
in R and in LR(y; ;) except for vs; ; do not change their y-coordinates from the
initial layout. Therefore, W, (71 Ry, ;)) = 8 holds.

Now, we consider a partial truth assignment that assigns true to xy if all of
VCk1, ", UCkm have the same y-coordinates as Fig. [Bl(a), and assigns false to
xy if they have the same y-coordinates as Fig. Blb). We do not care any other
variables. Since vs; ; has the same y-coordinates as vcy i, ds = 5 holds for y; ; if
we assign true to x,, and d, = 3 holds if we assign false to xy,. (Figs. Bland [3)).
If dy = 5 and y; ; = Tg,, then Ww(ﬂ'/LR(yi,j)) > 12 and W, (WLR,( )) > 12 hold.
If ds = 3 and y;; = =, then Ww(”/LR'(y,,j)) > 12 hold. Therefore because of
WI(WLR/(M)) <11, y;,; = ok, holds in the case of dg = 5, and Yi,j = Tk, holds in
the case of d; = 3. In either case, y; ; is true. That is there is a truth assignment
that satisfies at least one literal in each clause, that is, F is satisfiable. 0

We construct R*(E) by adding a rectangle (32mr + 8r,4) at the left side of
R(FE) so that the upper boundary of this rectangle and R(E) are the same. We
show that 3-SAT can be reduced into ILADR using R*(E).

Lemma 2. FE is satisfiable if and only if there exists a layout W}{*(E), where
Te(m)y Solisfy the constraints (1) and (2), and S(7p. p)) < (32mr + 108m +
167 — 60)(8mr + 6m + 4r).

Proof. If E is satisfiable, from Lemma [I], 71'}%( p) can be constructed so that
S(mhe(py) < (32mr + 108m + 16r — 60)(8mr + 6m + 4r). Let S be (32mr +
108m + 167 —60)(8mr+6m+-4r). We show that E is satisfiable if S(7g-(g)) < S.
From the definition of R*(E), Wo(mh. ) = 32mr + 108m + 16r — 64 and
Wy (T () = 8mr + 6m + dr. When W (7. ) > 8mr + 6m + 4r,

S(ﬂ;%*(E)) > (32mr + 108m + 167 — 64)(8mr + 6m + 4r + 1)
=5+ 84m — 64.

From m > 1, 84m — 64 > 0 holds.

Therefore, Wy (. 5)) = 8mr 4+ 6m + 4r and W (7g. (5)) < 32mr 4 108m +
16r—60if S(g. () < 5. In this case, Wy (7 ) = 8mr+6m+dr, Wa (7 5)) <
108m + 8r — 60 hold, and from Lemmalll E is satisfiable. 0
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Since ILADR is in NP, we obtain the following theorem.

Theorem 1. ILADR is NP-complete.

5 A Layout Adjustment Algorithm

Misue et al. proposed PFS (Push Force-Scan Algorithm) in [4], which is a heuris-
tic algorithm to find the minimum area adjusted layout under the constraints
that intersections of rectangles should be avoided and the orthogonal order of
rectangles should be preserved, for a given rectangle set and its layout. In this
section, we show a new heuristic algorithm PFS’ based on PFS. This algorithm
obtains an adjusted layout with smaller area than PFS.

5.1 Push Force-Scan Algorithm

An algorithm PFS uses a measure called a force to avoid intersections between
rectangles. The force is a vector defined for each pair of rectangles. The force
fi,; for rectangles v; and v; is used in the way that if two rectangles intersect
then f; ; pushes v; away from v;. The direction is chosen by experience not only
to make v; and v; disjoint but to keep the layout as compact as possible and to
preserve the orthogonal order.

We define a force and other terminologies, and briefly introduce PFS. For a
given rectangle set R and its layout g, let (x;,y;) denote a coordinate of the
center of a rectangle v;(€ R), that is, mr(v;) = (z;,;). Differences Az; ; and
Ay; ; of coordinates between v; and v; are defined as follows.

Az j = x5 —xi, Ayiy =y; — Vi

Two different rectangles v; and v; intersect each other if the following condition

holds.

w; + Ww; h; + h]'
5

Let L be the line from the v;’s center to the v;’s center. Consider that we move v;
along L to the point where v; touches v; without intersections and preserving the
orthogonal order. A force f; ; = (ff;, ;) is defined as the vector from (z;,y;)
to that point. Let g; ; be the gradient of L, that is, g; ; = Ay, j/Az;; (gi; =
if AIZ'J = 0) Let Gi,j be (hl + hj)/(wl + wj).

|Az; | < and |4y, ;| <

a) The case where v; and v; touch with y-direction boundaries, that is, the case
of G@j > Ggij > 0, _Gi,j < i < 0 or gij = 0.

A.’Eij w; + Wj
- : — | Az ;
fz,g ‘sz,j ( 2 ‘ €T 5]

) = s
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[Algorithm Horizontal-PFS]

begin
1= 1;
while (¢ < n) do begin
k= max{jlz; = x;}; /*Ti = Tit1 =+ =Tk */
§ := max(0, max Fomii)i

i<m<k<j<n
for j:=k+ 1 to n do
T i=x; + 6
i:=k+4+1;
end;

end.

Fig. 9. Algorithm Horizontal-PFS.

[ o[ ]

. v v, .

Uy U Ug 3 1 Y% 3

(a) An initial layout (b) An adjusted layout by PFS (c) An adjusted layout by PFS’

Fig. 10. An example of PFS and PFS’ (1).

b) The case where v; and v; touch with z-direction boundaries, that is, the case
of (Gi;j <gij) N(gig>0), or (=Gij > gij)A(gi; <0).

Ayij (hi+hy .
fiy = IAyzj\ < 9 - - Ayi,j|) i =190

Now, we introduce PFS. PFS finds the adjusted layout satisfying the con-
straints in O(n?)-time (n = |R|). PFS applies forces in the z-direction first,
then in the y-direction. First one is called Horizontal-PFS and the other is called
Vertical-PFS. Vertical-PFS is the same as Horizontal-PF'S except for the applied
direction. Therefore, we present Horizontal-PFS only.

Horizontal-PFS is shown in Fig. Assume that 77 < a9 < -+ < @y,
Horizontal-PFS decides xz-coordinates of rectangles in the order vy,---,v,. The
rectangles with the same initial xz-coordinate are decided at the same time.
When it decides the z-coordinates for v;,---, v, it also moves all the rectan-
gles v, (1 <m < k) and vj(k < j < n) by the same distance in the a-direction.
This distance depends on v;(k < j < n) as well as v, (i <m < k).

PFS restricts the movement only to the positive direction. Misue et al. also
proposed another algorithm, Push-Pull Force-Scan algorithm, which allows the
movement in the negative direction. This algorithm does not always guarantee
the disjointness. Therefore, we do not deal with it.

5.2 The Improvement of PFS

In some case, PFS is not efficient. We now consider the case in Fig. [0 Fig-
ure [0(a) shows an initial layout, and Fig. [0(b) shows its adjusted layout by
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[Algorithm Horizontal-PFS’]

begin
i:=1;
o= 0;
Imin :=1;
while (i < n) do begin
k = max{jlz; = z;}; /* x; = Tig1 =+ = Tk */
v =0

if (z; > z1) then

for m := i to k do begin
3= max (v + £ )3
1<j<i
v =

o if l_b’n«d(vm, Im) + ’Y” < l—bnd(vlminv mlwmﬂn)
~"" otherwise

v = max(v,7');
end;
for m := i to k do begin
Ym =
Tm 1= Tm + Ym;
if Lbnd(vim, Tm) < 1-bnd(Vimin, Timin) then
Ilmin : = m;
end;
o := o + max(0, max o b
i<m<k<j<n
i:=k+1;
end;

end.

Fig.11. Algorithm Horizontal-PFS’.

PFS. In this case, first, v2 and v3 are moved to the right by f{';, and then v3 is
moved by f5 again. Therefore, a needless gap appears between vy and vs.

Here, we propose an algorithm PFS’, which obtains an adjusted layout with
smaller area than the layout obtained by PFS. PFS’ has the same time com-
plexity O(n?) as PFS'. Similarly to PFS, PFS’ executes Horizontal-PFS’ and
then Vertical-PFS’. We show only Horizontal-PFS’.

Again, we consider the example in Fig. In this case, it is sufficient for
v to be moved by f{,5 and for vz to be moved by max{f{, + 33, fi3}. PFS’
generalizes this idea. Assume that z1 < x5 < -+ < z,,. Horizontal-PFS’ is shown
in Fig. Ml A function [_bnd(v;, ;) is the z-coordinate of the left boundary of
v; when the z-coordinate of v; is z;. Horizontal-PFS’ decides z-coordinates of
rectangles in the order vy, ---,v,, where the rectangles with the same initial
z-coordinates are decided at the same time. When it decides the z-coordinate
for v;, -+, vg, the movement distance depends only vy, - - -, v, except for some
special case. This is different from PFS. We explain how to decide z-coordinates
of v;, -+, v,. Assume that x-coordinates of vy, ---,v;_1 have been decided. Let
~y; be the distance by which v; is moved by PFS’ in the z-direction. Except for
the special case mentioned later, Horizontal-PFS’ decides v,,(: < m < k) as the
maximum value of y; + fﬁm forl<j<iandi<m<k.

The exception is as follows. Let o, be the distance by which v, (¢ < m < k)

is moved to the right in PFS. The movement -,,, may place some v,, so that the
left boundary of v, is farther left than any other rectangles whose z-coordinates
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have been decided. In this case, the area may become larger than PFS. To avoid
this, we decide the movement distance as o, instead of ~,, in this case.

5.3 The Validity of the Algorithm

We prove that the area of the layout by PFS’ is not larger than one by PFS,
and that the layout by PFS’ satisfies the constraints (1) and (2).

Let 7y and 7%, be the layout of R by PFS and PFS’, respectively. Let x;,
x, and 2 be z-coordinates of v; in the initial layout, 7 and 7', respectively
(1 < i < n). Let 0; and ~; be the distance by which PFS and PFS’ moves
v; in the z-direction, respectively. PF'S calculates o; as follows, where [ is the
minimum m satisfying x; = z,,.

0; =00+ 01+ +0di1
5 0 ifi=0o0rxz; =x41
i max(0, lgmngl??jgnf’fl’j) if x; < 241
PFS’ uses the following 7} and 7/ to calculate 7;, where [ is the minimum m
satisfying x; = x,,, and

"= 4 fT
v = 112%(% + f7)

v o; if Lond(vi, ;) + 1 < rjn<1? Lbnd(vj, x; + ;)
' ~i" otherwise

/
Yi = max vy,

Ti=Tm

Lemma 3. For all i(1 <i<n), (a) o; >/, and (b) 2, >z hold.

Proof. For all i, we show o; >~/ and z} > z} by induction. For all ¢ such that
x1 = x4, 0; =y, = v; = 0 hold. Therefore, z} = x;+0; = x; +7; = =} holds. Let
7, -, 2, be the maximal sequence with the same z-coordinate. Assume that
x; > x;-’, that is o; > 5, for j < I. For all ¢ such that [ < <k, v; = v and
o; = o7 hold. Therefore, it is sufficient to show o; > ~; for o; > v; and then
x> al(1<i<k). Forl<i<k,~/is calculated as follows.
A— ; Ty < ; T

v = pax (v + i) < max (o + f;)
Let I; and kj; be the minimum and the maximum indices such that z;; = x; and
T; = x; hold, respectively.

x

< max f§
jm = ljgj’gkjf] m

= ljgj’gc?i(m@nfj"m' (. hy <m)
< max(0, max I3 ) = Ok,

1;<j'<kj<m'<n

Because of 0; < oy, then we show o; > v}’ for | <i < k.
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v < max (UJ + f ;) < lrg?i(l(aj +0k,) < fg?i(l(akj +0k;) S op41 S0 =0;

From o; > v/, 0; > 7} holds. Because of o, = -+ = oy, 7; = linai(k*y,'n <
_m_
max o, = 0;. Therefore, 2} > 2 holds. 0
1I<m<k

Lemma 4. 7%, and 7}, satisfy the following conditions.
W (mR) < Wa(mg) and Wy(rR) < Wy(rk)

Proof. We only prove Wy () < Wy (7). Let I be the smallest index among
the rectangles whose left boundaries are the left boundary of ;. Let 7’ be the
smallest index among the rectangles whose right boundaries are the right bound-
ary of nf,. We define I” and r” for 7%, similarly to !’ and ' for 7/, respectively.
It is sufficient to prove that

left. (vy) < left..(vp) and right., (ve) > right. . (ver).

If Ty = T, then Y = o = 0. In this case, leﬁﬂ, (Ul/) S leﬁﬂ, (Ul//) =
left, ., (vp) hold. Consider the case where x1 # x;+. The rectangle vy is the
widest among the rectangles vy, , - - -, vy, with the same z-coordinate. Let Imin”
be the value of a variable lmin after PFS’ decided o; for ¢ =1, --,1;» — 1. Since
left(vpr) < leftn (Vimine ), PFS' finds Lbnd(vyr, e Hoyplr < Ldnd(Vimins s Timine
+ rYl/;nin”)' and sets Y = oy This implies leﬂﬂ,(w/) S leﬂﬂ, (’Ul//) = leﬂﬂ” (’Ul//).

From Lemma Bl right,,(v.») > right ., (v.) holds. Therefore, right, ., (v.) >
right,., (ver) > right . (ve) holds. 0

Next, we show that the adjusted layout by PFS’ satisfies the constraints.
Lemma 5. For any two rectangles v;,v; € R(i < j), v —vi > ; holds.

Proof. In the case of x; = z;, v = vy; and f%; =0, v, —v > ffj holds. Consider
the case of x; < z;. Let [ and k be the minimum and maximum indices such
that x; = x; and x = x;, respectively. For all m such that [l <m <k,

Y = max (i + i m) 2 %+ S

From Lemmalf3] /), < oy, holds, and moreover, v; = max +,, and 7,,, = 0y, or
1I<m<k

" holds. We find ~,/, < ~; for | < m < k. Therefore, Tyj > i + fi; holds. 0

Lemma 6. The algorithm PFS’ preserves the orthogonal order of the initial
layout (the constraint (1)).

Proof. 1f z; = wx;, then x] = 2/ holds. Consider the case x; # ;. Assume
z; < xj wlo.g. By Lemma [§ and the definition of f;, v; — v > f; and
z; < xj+ f; hold. Therefore, f =zt < ity —fi; S Tty = x;-’ holds.
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Fig.12. An example of PFS and PFS’ (2).

We can see that the layout by PFS’ satisfies the constraint (2) from Lemma [l
and the definition of f;. Then we have the following lemma and theorem.

Lemma 7. Algorithm PFS’ guarantees the disjointness of rectangles (the con-
straint (2)).

Theorem 2. PFS’ adjusts the layout in O(n?) time, and the result satisfies the
constraints (1) and (2) and the area is smaller than the result of PFS.

Example. Fig.[IZ illustrates an example of applying PFS and PFS’ for a given
set R and its layout 7. In this case, PFS’(Fig. [[2(c)) obtains much smaller
area than PFS(Fig. [[2(b)).

6 Conclusion

We considered the layout adjustment problem for minimizing the area under the
constraints that intersections of rectangles should be avoided and the orthogo-
nal order of rectangles should be preserved, and showed that the corresponding
decision problem on the integral coordinate system is NP-complete. We also pro-
posed a heuristic algorithm for this problem applicable to both (on the integral
and real coordinate system). Our algorithm obtained smaller area than the al-
gorithm proposed by Misue et al., while both algorithms have the same time
complexity.

It would be interesting to find NP-completeness of layout adjustment prob-
lems that guarantee different constraints, and to provide much better heuristic
algorithms.
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