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Quantitative Semi-algebraic Geometry

In this chapter, we study various quantitative bounds on the number of con-
nected components and Betti numbers of algebraic and semi-algebraic sets.
The key method for this study is the critical point method, i.e. the consid-
eration of the critical points of a well chosen projection. The critical point
method also plays a key role for improving the complexity of algorithms in
the last chapters of the book.

In Section 7.1, we explain a few basic results of Morse theory and use
them to study the topology of a non-singular algebraic hypersurface in terms
of the number of critical points of a well chosen projection. Bounding the
number of these critical points by Bézout’s theorem provides a bound on the
sum of the Betti numbers of a non-singular bounded algebraic hypersurface in
Section 7.2. Then we prove a similar bound on the sum of the Betti numbers
of a general algebraic set.

In Section 7.3, we prove a bound on the sum of the i-th Betti numbers
over all realizable sign conditions of a finite set of polynomials. In particular,
the bound on the zero-th Betti numbers gives us a bound on the number of
realizable sign conditions of a finite set of polynomials. We also explain why
these bounds are reasonably tight.

In Section 7.4, we prove bounds on Betti numbers of closed semi-algebraic
sets. In Section 7.5 we prove that any semi-algebraic set is semi-algebraically
homotopic to a closed one and prove bounds on Betti numbers of general semi-
algebraic sets.

7.1 Morse Theory

We first define the kind of hypersurfaces we are going to consider.
A non-singular algebraic hypersurface is the zero set Zer(Q,R¥) of a
polynomial @ € R[X1, ..., X;] such that the gradient of Q, i.e. the vector

Grad(Q)(p) = (g—)?l(p), ey aa—)?k(p)) is never 0 for p € Zer(Q,R¥).
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Exercise 7.1. Prove that a non-singular algebraic hypersurface is an S sub-
manifold of dimension k£ — 1. (Hint. Use the Semi-algebraic implicit function
theorem (Theorem 3.25).)

Exercise 7.2. Let Zer(Q, R¥) be a non-singular algebraic hypersurface. Prove
that the gradient vector of @ at a point p € Zer(Q, R¥) is orthogonal to the
tangent space T),(Zer(Q,R¥)) to Zer(Q,R¥) at p.

We denote by 7 the projection from R* to the first coordinate sending
(21, ..., zx) to 21.

Notation 7.1. [Fiber] For SCR¥, X CR, let Sx denote SN7~1(X). We also
use the abbreviations Sz, S<z, and S<, for Sy, S(—0o,2), and S(_o,z- U

Let Zer(Q, RF) be a non-singular algebraic hypersurface and
p € Zer(Q,R¥). Then, the derivative dn(p) of 7 on Zer(Q, RF) is a linear
map from T)(Zer(Q,R¥)) to R. Clearly, p is a critical point of 7 on Zer(Q,R¥)
if and only if

oQ ;

ox, (P =0.25i<

(see Definition 5.55). In other words, p is a critical point of 7 on Zer(Q,RF)
if and only if the gradient of @ is parallel to the Xj-axis, i.e. T,(Zer(Q,RF))
is orthogonal to the X; direction. A critical value of 7 on Zer(Q, R¥) is the
projection to the Xj-axis of a critical point of 7 on Zer(Q,R¥).

Lemma 7.2. Let Zer(Q,RF) be a bounded non-singular algebraic hypersur-
face. The set of values that are not critical for ™ is non-empty and open.

Proof: The set of values that are not critical for 7 is clearly open, from the
definition of a critical value. It is also non-empty by Theorem 5.56 (Sard’s
theorem) since the set of critical values is a finite subset of R. |

Also, as an immediate consequence of the Semi-algebraic implicit function
theorem (Theorem 3.25), we have:

Proposition 7.3. Let Zer(Q,R¥) be a bounded non-singular algebraic hyper-
surface. If x is not a critical value of ™ on Zer(Q, R*) and p is a point
of Zer(Q,R¥),, then for e small enough Zer(Q,R*)N B(p,€) <, is non-empty
and semi-algebraically connected.

We also have the following proposition.

Proposition 7.4. Let Zer(Q,R¥) be a bounded non-singular algebraic hyper-
surface. The set of critical points of © on Zer(Q, RF) meets every semi-
algebraically connected component of Zer(Q,RF).
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Proof: Let C be a semi-algebraically connected component of Zer(Q,R¥).
Since C' is semi-algebraic, closed, and bounded, its image by 7 is semi-alge-
braic, closed, and bounded, using Theorem 3.20. Thus 7(C) is a finite number
of points and closed intervals and has a smallest element v. Using Proposi-
tion 7.3, it is clear that any a € C' such that w(xz) =v is critical. (|

We will now state and prove the first basic ingredient of Morse theory. In
the remainder of the section, we assume R=R. We suppose that Zer(Q,R¥) is
a bounded algebraic non-singular hypersurface and denote by 7 the projection
map sending (z1,...,2k) to x1.

Consider the sets Zer(Q, R¥)<, as x varies from —oo to co. Thinking
of X1 as the horizontal axis, the set Zer(Q, R¥)<, is the part of Zer(Q, R¥)
to the left of the hyperplane defined by X; =2z, and we study the changes in
the homotopy type of this set as we sweep the hyperplane in the rightward
direction. Theorem 7.5 states that there is no change in the homotopy type
as x varies strictly between two critical values of 7.

Theorem 7.5. [Morse lemma A] Let [a, b] be an interval containing no
critical value of w. Then Zer(Q,R¥)(, 4 and Zer(Q,R¥), x [a,b] are homeo-
morphic, and Zer(Q,R*) <, is homotopy equivalent to Zer(Q,R¥)<y.

Theorem 7.5 immediately implies:

Proposition 7.6. Let Zer(Q,R*) be a non-singular bounded algebraic hyper-
surface, [a,b] such that w has no critical value in [a,b], and d € [a,b].

— The sets Zer(Q,R¥)(, ) and Zer(Q,R¥)y have the same number of semi-
algebraically connected components.

— Let S be a semi-algebraically connected component of Zer(Q, Rk)[a’b].
Then, for every d € [a,b], Sq is semi-algebraically connected.

The proof of Theorem 7.5 is based on local existence and uniqueness of solu-
tions to systems of differential equations. Let U be an open subset of R*.
A vector field I' on U is a C* map from an open set U of R* to R¥. To a
vector field is associated a system of differential equations

dzi
drT

A flow line of the vector field I' is a C* map ~: I — R* defined on some
interval I and satisfying

=T(z1,...,z1), 1 <i < k.

dy oy _
D) =T(), el
Theorem 7.7. Let ' be a vector field on an open subset V of R* such that for
every €V, I'(x) #£0. For every y €V, there exists a neighborhood U of y and
€ >0, such that for every x €U, there exists a unique flow line 7,: (—¢, €) — RF
of T satisfying the initial condition v,(0) =x.
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Proof: Since I' is C°, there exists a bounded neighborhood W of y and L >0
such that [I'(z1) —['(x2)| < L|x1 — 22| for all 1,20 € W. Let A=supgzew |T'(2)|.
Also, let € >0 be a small enough number such that the set

W'={zeW| Bi(z,ed) c W}

contains an open set U containing y.

Let € U. If v, [—¢, €] — RF with 4,(0) = z, is a solution,
then ~,([—e¢,€]) CW'. This is because |[I'(z’)| < A for every z’ € W, and
hence applying the Mean Value Theorem, |z — 7,(t)| <|t|A for all ¢ € [—¢, €].
Now, since z € U, it follows that ~,([—e,€]) CW".

We construct the solution ~,: [—€, e] — W as follows. Let ~, o(t) =z for
all ¢ and

71,n+1(t) :x+/0t F(’men(t))dt

Note that v, n([—€,€]) C W’ for every n > 0. Now,

/ (T(Va,n(t)) — F(vm,n_l(t)))dt‘

|'71,n+1(t) - '7w7n(t)| =

0
i |F(%c,n(t))—F(%,n_l(t))|dt‘

< eLl’yw,n(t) - Vm,n—l(t”

IN

Choosing € such that ¢ < 1/L, we see that for every fixed ¢ € [—e¢, €], the
sequence 7, »(t) is a Cauchy sequence and converges to a limit ~,(¢).
Moreover, it is easy to verify that ~y,(t) satisfies the equation,

Yo(t) =z + /Ot T(v2(t))dt.

Differentiating both sides, we see that 7, (t) is a flow line of the given vector
field ', and clearly ~,(0) =x.
The proof of uniqueness is left as an exercise. O

Given a C* hypersurface M C R*, a C> vector field on M, T, is a C>
map that associates to each x € M a tangent vector I'(z) € T,(M).

An important example of a vector field on a hypersurface is the gra-
dient vector field. Let Zer(Q, R¥) be a non-singular algebraic hypersurface
and (a’, b") such that 7 has no critical point on Zer(Q, Rk)(a,ﬁb,), The gra-
dient vector field of 7 on Zer(Q, R¥)(, 4 is the C vector field on
Zer(Q,R¥) (4 b7y that to every p € Zer(Q, R¥)(,/ ) associates T'(p) charac-
terized by the following properties

— it belongs to Tp(Zer(Q,R¥)),
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— it belongs to the plane generated by the gradient Grad(Q)(p), and the unit
vector of the Xi-axis,
— its projection on the X;i-axis is the negative of the unit vector.

The flow lines of the gradient vector field correspond to curves on the hyper-
surface along which the X; coordinate decreases maximally. A straightforward
computation shows that, for p € Zer(Q,RF),

G(p)

> (3%(19))27

2<i<k

0 2 0Q o oQ
G<p>=<22 (g2w) ,—a—ga—%p),...,—a—ﬁa—%@)).

I'(p)=-—

Fig. 7.1. Flow of the gradient vector field on the 2-sphere

Proof of Theorem 7.5: By Lemma 7.2 we can chose a’ < a, b’ > b such that
7 has no critical point on Zer(Q), R’“)(a/7b/). Consider the gradient vector field
of m on ZeI‘(Q,Rk)(a/’b/).

By Corollary 5.51, the set Zer(Q, Rk)(a/}b/) can be covered by a finite
number of open sets such that for each open set U’ in the cover, there is an
open U of R¥~! and a diffeomorphism ®: U — U’.

Using the linear maps d®, *: T,,(M) — Tp-1,)R ™1, we associate to the
gradient vector field of 7 on U’ C Zer(Q,Rk)(a/}b/) a C° vector field on U.
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By Theorem 7.7, for each point x € Zer(Q, Rk)[a)b], there exists a neigh-
borhood W of ®~1(z) and an € >0 such that the induced vector field in R¥~!
has a solution 7,(t) for t € (—¢, €) and such that v,(0) = ®~1(z). We consider
its image ®(~y,) on Zer(Q,Rk)(a/7b/). Thus, for each point x € Zer(Q,Rk)[mb},
we have a neighborhood U,, a number ¢, >0, and a curve

Doy, (—Gw, Ew) - Zer(Q, IRk)(a’,b/)u

such that ® 0 v,(0) =z, and d® oy, dt =T (D o ,(t)) for all t € (—e,, €;).

Since Zer(Q, Rk)[ayb] is compact, we can cover it using a finite number of
the neighborhoods U, and let €g > 0 be the least among the corresponding €, ’s.
For t €[0,b — a], we define a one-parameter family of smooth maps

ag: Zer(Q,R¥), — Zer(Q, R¥) <b
as follows:

Let = € Zer(Q, R¥),. If [t] < €0/2, we let ay(x) = 7.(t). If [t| > €0/2, we
write t =n¢€p/2+ d, where n is an integer and |§| < €o/2. We let

n times

—PN—
() = Q20+ 0 ey 2 0 t5().
Observe the following.

— For every z € Zer(Q, R¥),, ap(z) = .
dOét(:E)
dt

of T'(as(z)) =(—1,0,...,0), it follows that m(as(x))=b—t.

— ay(Zer(Q,R¥),) = Zer(Q,R¥), .

— It follows from the uniqueness of the flowlines through every point of the
gradient vector field on Zer(Q,R¥),  (Theorem 7.7) that each a; defined
above is injective.

We now claim that the map f:Zer(Q,R")(, ) — Zer(Q,R¥), x [a,b] defined by

(@)= (ap-a(0g n (e (), 7(2))

is a homeomorphism. This is an immediate consequence of the properties of ay
listed above.

Next, consider the map F(z, t): Zer(Q, R¥) <, x [0, 1] — Zer(Q, R¥)<,
defined as follows:

F(z,s) = =, ifr(r)<b—s(b—a)
= as(b—a)(a;_lﬂ(m)(x)), otherwise.

— By construction, =T'(ay(x)). Since the projection on the X; axis

Clearly, F is a deformation retraction from Zer(Q,RF)<; to Zer(Q,R¥) <, so
that Zer(Q, R¥) <, is homotopy equivalent to Zer(Q, R¥)<,.
This completes the proof. O
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Theorem 7.5 states that there is no change in homotopy type on inter-
vals containing no critical values. The remainder of the section is devoted to
studying the changes in homotopy type that occur at the critical values. In
this case, we will not be able to use the gradient vector field of 7 to get a flow
as the gradient becomes zero at a critical point. We will, however, show how
to modify the gradient vector field in a neighborhood of a critical point so as
to get a new vector field that agrees with the gradient vector field outside a
small neighborhood. The flow corresponding to this new vector field will give
us a homotopy equivalence between Zer(Q,R*) <. and Zer(Q,R¥)<._ UB,
where c is a critical value of 7, € >0 is sufficiently small, and B a topological
ball attached to Zer(Q,R¥)<._. by its boundary. The key notion necessary
to work this idea out is that of a Morse function.

Definition 7.8. [Morse function| Let Zer(Q, R¥) be a bounded non-
singular algebraic hypersurface and 7 the projection on the Xj-axis
sending @ = (r1,...,7x) ERF to 71 € R. Let p € Zer(Q, R¥) be a critical
point of m. The tangent space Tp(Zer(Q, R¥)) is the (k — 1)-dimensional
space spanned by the Xo, ..., X} coordinates with origin p. By virtue of
the Implicit Function Theorem (Theorem 3.25), we can choose (Xa, ..., Xi)
to be a local system of coordinates in a sufficiently small neighborhood of p.
More precisely, we have an open neighborhood U C R*~! of p’ = (py, ..., px)
and a mapping ¢: U — R, such that, with 2’ = (za, ..., 21), and

O(2') = (p(x"),2") € Zer(Q,R¥), (7.1)

the mapping @ is a diffeomorphism from U to ®(U).
The critical point p is non-degenerate if the (k — 1) x (k — 1) Hessian
matrix
Hes (p’):[ﬂ(p’)] 2<i,5<k (7.2)
g 8X18XJ o= '

is invertible. Note that Hes,(p’) is a real symmetric matrix and hence all its
eigenvalues are real (Theorem 4.42). Moreover, if p is a non-degenerate critical
point, then all eigenvalues are non-zero. The number of positive eigenvalues
of Hes(p’) is the index of the critical point p.

The function 7 is a Morse function if all its critical points are non-
degenerate and there is at most one critical point of m above each z €¢ R. O

We next show that to require 7 to be a Morse function is not a big loss of
generality, since an orthogonal change of coordinates can make the projection
map 7 a Morse function on Zer(Q,R¥).

Proposition 7.9. Up to an orthogonal change of coordinates, the projection
to the X1-axis is a Morse function.

The proof of Proposition 7.9 requires some preliminary work.
We start by proving:
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Proposition 7.10. Let d be the degree of Q. Suppose that the projection w
on the X1-axis has only non-degenerate critical points. The number of critical
points of 7 is finite and bounded by d(d — 1)k~

Proof: The critical points of 7 can be characterized as the real solutions of
the system of k£ polynomial equations in k variables

0Q _ 9Q _
6—)(2—0,..., m—o.

We claim that every real solution p of this system is non-singular, i.e. the
Jacobian matrix

Q=

[ 0Q 92Q 9%Q ]
axl() 0X20X, () - 0X.0X, (p)
aQ a?é a?é
| 9x,, ) 0X20X . p) axkaxk(p)

is non-singular. Differentiating the identity (7.3) and evaluating at p, we
obtain for 2 <4, j <k, with p’=(p2,..., k),

20 00, 0
axax, P ="ax, ) axax, )

Since gTQ( ) # 0 and Q( ) = 0, for 2 < i < k, the claim follows.By

Theorem 4.106 (Bézout’s theorem)7 the number of critical points of 7 is less
than or equal to the product

deg(Q)deg<6.8§;2 ) deg(aaji2 ) d(d—1)k=1, O

We interpret geometrically the notion of non-degenerate critical point.

Proposition 7.11. Let p € Zer(Q, RF¥) be a critical point of .
Let g:Zer(Q,R*) — S¥=1(0,1) be the Gauss map defined by

() = Crad(Q())
|Grad(Q(x))||"

The Gauss map is an S*-diffeomorphism in a neighborhood of p if and only
if p is a non-degenerate critical point.

Proof: Since p is a critical point of 7, g(p) =(=£1,0,...,0). Using Notation 7.8,
for 2’ €U, z=®(z') = (4(2’),z’), and applying the chain rule,

0Q ), 02 0
S @)+ @) @) =0, 2<i <k (73)
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Thus

g(@:i\/ ! (-1 2wt ).

1+3 (;‘?i(x/)y

1=2

Taking the partial derivative with respect to X; of the j-th coordinate g; of g,
for 2<14, j <k, and evaluating at p, we obtain

9%
X, OX,

Wi (p) =+

No9<i i<k
e (p'), 2<4,j<k

The matrix [0g;/0X;(p)],2 <14, j <k, is invertible if and only if p is a non-
degenerate critical point of ¢ by (7.2). O

Proposition 7.12. Up to an orthogonal change of coordinates, the projec-
tion m to the X1-axis has only non-degenerate critical points.

Proof: Consider again the Gauss map g: Zer(Q,R¥) — S¥~1(0,1), defined by

_ Grad(Q(x))
96) = Grad( Q)

According to Sard’s theorem (Theorem 5.56) the dimension of the set of crit-
ical values of g is at most kK — 2. We prove now that there are two antipodal
points of S¥~1(0, 1) such that neither is a critical value of g. Assume the
contrary and argue by contradiction. Since the dimension of the set of critical
values is at most k — 2, there exists a non-empty open set U of regular values
in S*~1(0,1). The set of points that are antipodes to points in U is non-empty,
open in S¥~1(0,1) and all critical, contradicting the fact that the critical set
has dimension at most k — 2.

After rotating the coordinate system, we may assume that (1, 0, ..., 0)
and (—1,0,...,0) are not critical values of g. The claim follows from Propo-
sition 7.11. O

It remains to prove that it is possible to ensure, changing the coordinates
if necessary, that there is at most one critical point of m above each = € R.

Suppose that the projection 7 on the Xj-axis has only non-degenerate
critical points. These critical points are finite in number according to Propo-
sition 7.10. We can suppose without loss of generality that all the critical
points have distinct X5 coordinates, making if necessary an orthogonal change
of coordinates in the variables Xo, ..., X} only.

Lemma 7.13. Let § be a new variable and consider the field R(5) of algebraic
Puiseuz series in 5. The set S of points p= (Pi, ..., Dk) € Zer(Q, R(6)*) with
gradient vector Grad(Q)(p) proportional to (1,6,0,...,0) is finite. Its number
of elements is equal to the number of critical points of w. Moreover there is a
point P of S infinitesimally close to every critical point p of m and the signature
of the Hessian at p and P coincide.
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Proof: Note that, modulo the orthogonal change of variable
Xl/:Xl+5X27X2/:X2_5X17X1/:X7,71237

a point p such that Grad(Q)(p) is proportional to (1,4, 0,...,0) is a critical
point of the projection 7’ on the X{-axis, and the corresponding critical value
of ' is p1 + 3.

Since Zer(Q, RF) is bounded, a point p € Zer(Q, R(5)*) always
has an image by lims . If p is such that Grad(Q)(p) is proportional
to (1,4,0,...,0), then Grad(Q)(lims (p)) is proportional to (1, O, ..., 0, 0),
and thus p=lims (p) is a critical point of 7. Suppose without loss of gen-
erality that Grad(Q)(p)=(1,0,...,0,0). Since p is a non-degenerate critical
point of m, Proposition 7.11 implies that there is a semi-algebraic neigh-
borhood U of p’=(py,..., pr) such that g o ® is a diffeomorphism from U
to a semi-algebraic neighborhood of (1, 0, ..., 0, 0) € S¥~1(0, 1). Denoting
by ¢’ the inverse of the restriction of g to ®(U) and considering

Ext(g’,R{5)): Ext(g(®(U)),R{5)) — Ext(®(U),R(S)),

there is a unique p € Ext(®(U), R(d)) such that Grad(Q)(p) is proportional
to (1,4,0,...,0). Moreover, denoting by J the Jacobian of Ext(g’,R(d)), the
value J(1,0,0,...,0) =t is a non-zero real number. Thus the signature of the
Hessian at p and p coincide. 0

Proof of Proposition 7.9: Since J is the Jacobian of Ext(g’,R(d)), the
value J(1,0,0,...,0) =t is a non-zero real number, lims (J(y)) =t for every y €
Ext(S*~1(0, 1), R(d)) infinitesimally close to (1,0, 0, ...,0). Using the mean
value theorem (Corollary 2.23)

1
7—pl)=o |—=——o(1,6,0,...,0) = (1,0,0,....0)| | =1.
o7 pl) ('m( ) ( )])
Thus o(p; — pi) > 1,1 > 1.
82(;5

Let bii = ax0x,

(p), 2<i<k,2<j<k. Taylor’s formula at p for ¢ gives

pi=pi+ > b (pi—p) (Fr—py) +e,
2<i<k,2<j<k
with o(c) > 2. Thus o(p1 — p1) > 2.

It follows that the critical value of ©’ at pis p1 + d Pz = p1 + d p2 + w,
with o(w) > 1.

Thus, all the critical values of 7/ on Zer(Q, R{(§)* are distinct since all
values of ps are. Using Proposition 3.17, we can replace ¢ by d € R, and we
have proved that there exists an orthogonal change of variable such that = is
a Morse function. O

We are now ready to state the second basic ingredient of Morse theory,
which is describing precisely the change in the homotopy type that occurs
in Zer(Q,R¥)<, as x crosses a critical value when 7 is a Morse function.
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Theorem 7.14. [Morse lemma B] Let Zer(Q, R¥) be a non-singular
bounded algebraic hypersurface such that the projection © to the Xi-axis is
a Morse function. Let p be a non-degenerate critical point of ™ of index A
and such that ©(p) =c.

Then, for all sufficiently small € >0, the set Zer(Q,R¥) <., has the homo-
topy type of the union of Zer(Q,R¥)<._. with a ball of dimension k—1— ),
attached along its boundary.

We first prove a lemma that will allow us to restrict to the case where =0
and where @) is a quadratic polynomial of a very simple form.
Let Zer(Q,R¥),U, ¢, ® be as above (see page 243).

Lemma 7.15. Let Zer(Q, R¥) be a non-singular bounded algebraic hyper-
surface such that the projection m to the Xi-axis is a Morse function.
Let peZer(Q,RF) be a non-degenerate critical point of the map 7 with
index . Then there exists an open neighborhood V of the origin in RF~1
and a diffeomorphism ¥ from U to V such that, denoting by Y; the i-th coor-
dinate of V(Xo,..., Xk),

¢Oéanq}%):: E: Y?__ E: Y?.

2<i<A+1 A+2<i<k

Proof: We assume without loss of generality that p is the origin. Also, by
Theorem 4.42, we assume that the matrix

Hes(0) = | 507 (0) | 27,5 <k

is diagonal with its first A entries + 1 and the remaining — 1.
Let us prove that there exists a C°° map M from U to the space of
symmetric (k —1) x (k —1) matrices, X — M (X) = (m;;(X)), such that

(X, ..., Xi) = Z mii(X) X; X
2<i <k

Using the fundamental theorem of calculus twice, we obtain

p(Xa, ..., Xp) = Z X/ th,...,th)dt

2<j<k
= Z Z XX/ / 8X8X (st Xo,...,st Xi)dt ds.
2<i<k 2<j<k
Take

82¢
mii(Xa, ..., Xi) / / IXOX, e (st Xa,...,st Xp)dt ds.
Note that the matrix M(Xs, ..., Xj) obtained above clearly
satisfies M (0) = H(0), and M (xa,...,z1) is close to H(xa,...,zk) for (2, ..., xk)
in a sufficiently small neighborhood of the origin.
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Using Theorem 4.42 again, there exists a C'*° map N from a sufficiently
small neighborhood V of 0 in R~ to the space of (k — 1) x (k — 1) real
invertible matrices such that

Ve eV, N(z)! M(z) N(z)=H(0).

Let Y =N(X)~1X. Since N(X) is invertible, the map sending X to Y maps V/
diffeomorphically into its image. Also,

X'M(X)X = YINX)'M(X)N(X)Y
= Y'H(0)Y
-y oy om
2<i<A+1 A2<i<k

O

Using Lemma 7.15, we observe that in a small enough neighborhood of a
critical point, a hypersurface behaves like one defined by a quadratic equation.
So it suffices to analyze the change in the homotopy type of Zer(Q, R¥)<,
as x crosses 0 and the hypersurface defined by a quadratic polynomial of a
very simple form. The change in the homotopy type consists in “attaching a
handle along its boundary”, which is the process we describe now.

A j-ball is an embedding of B;(0, 1), the closed j-dimensional ball with
radius 1, in Zer(Q,R¥). It is a homeomorphic image of B;(0,1) in Zer(Q,R¥).

Let
P=X— > X{+ > X
2<i<A+1 A2<i<k

and 7 the projection onto the X; axis restricted to Zer(P,R¥).

Fig. 7.2. The surface Zer(X; — X2 + X2, R%) near the origin
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Fig. 7.3. The retract of Zer(X; — X%+ X3, R3) near the origin

Let B be the set defined by

Xo==X,41=0,X;=— Z X2 —e< X, <0.
A2<i<k

Note that B is a (k — A — 1)-ball and BN Zer(P,R¥)<_. is the set defined by

2
Xo==X34+1=0,X1=—¢, E Xi=e,
A+2<i<k

which is also the boundary of B.

Lemma 7.16. For all sufficiently small € >0, and r > 2+/€, there exists a

vector field T’ on Zer(P,R¥)_. 4\ B, having the following properties:

1. Outside the ball By(r), 2¢I"’ equals the gradient vector field, T, of m on
Zer(P,Rk)[_E,E].

2. Associated to T there is an one parameter continuous family of
smooth maps ay: Zer(P, R¥). — Zer(P, R¥)_. g, t € [0, 1), such that
for x € Zer(P,RF) ., t€[0,1),

a) Fach ay is injective,

p) 99 _ (g (),

lim; at( ) € Zer(P,RF)_ U B,
e) for every y € Zer(P,R¥)_. 4\ B there exists a unique z € Zer(P,R¥).
and t €[0,1) such that ou(z) =y.

)
)()
d)
)

Proof of Lemma 7.16: In the following, we consider RF~1 as a product
of the coordinate subspaces spanned by Xo, ..., Xxy1 and X2, ..., X,
respectively, and denote by Y ( resp. Z) the vector of variables (Xo,..., Xa+1)
(resp. (Xx12,..., Xz)). We denote by ¢: R¥ — R¥~! the projection map onto
the hyperplane X7 =0. Let S = ¢(By(r)).

We depict the flow lines of the flow we are going to construct (projected
onto the hyperplane defined by X7 =0) in the case when k=3 and A=1 in
Figure 7.4.
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Fig. 7.4. S; and S,

Consider the following two subsets of S.

and

In Zer(P, R¥)_.q N ¢~(S1), consider the flow lines whose projection
onto the hyperplane X; = 0 are straight segments joining the points
(Y2, .., Yk) € ¢(Zer(P,RF),) to (0,...0, yat2, .-, Yi)-

These correspond to the vector field on Zer(P, R¥)_. 4N ¢~'(S1) \ B
defined by

1 -Y
e < ZP+e 2IY|2(|Z|2+6)’0>'

Let p=(e,y, 2) € Zer(P,R¥).N ¢~1(S1) and ¢ the point in Zer(P,R*) having
the same Z coordinates but having Y =0. Then, 7(q) = |z|?> + €. Thus, the
decreases uniformly from € to — |z|? along the flow lines of the vector field
I'y. For a point p= (21, y, 2) € Zer(Q,R¥)_ g N ¢~ 1(S1) \ B, we denote by
g(p) the limiting point on the flow line through p of the vector field I'; as it
approaches Y =0.
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In Zer(P,R*)_. N ¢~1(S\ Ss), consider the flow lines of the vector field

I — 1 Y VA

T\ 2e A(VPHZP) AV P2 )
Notice that I'y is % times the gradient vector field on
Zer(P,Rk)[_e’E] N (;5_1(5 \ S2).

For a point p=(21,y,2) € Zer(P,Rk)[_e,E] N¢~1(S\ Ss), we denote by g(p) the
point on the flow line through p of the vector field I'y such that 7(g(p)) =—e.
We patch these vector fields together in

Zer(P7 Rk)[—e,e] N (b_l(S? \ Sl)

using a C°° function that is 0 in S; and 1 outside Ss. Such a
function p: R¥~' — R can be constructed as follows. Define

0 if <0,
1
1-27%7 if0<z <y,
Mz)=q _
2 07 if <<,
1 if 2> 1.
Take
1y, 2) = A ly| —v2¢ A(IZI—\/E)
’ V2e(vV2 1) Ve

Then, on Zer(P,R¥)_. 4N ¢~1(S2\ S1) we consider the vector field

I(p) = p(o(p))L2(p) + (1 — p(o(p)))T1(p)-

Notice that it agrees with the vector fields defined on
Zer(P, Rk)[_57e] N (;5_1(5 \ Sg), Zer(P, Rk)[_67€] N ¢_1(51).

For a point p = (z1, y, 2) € Zer(Q, R¥)_cq N ¢~ 1(S2 \ S1), we denote
by ¢g(p) the point on the flow line through p of the vector field Ty such
that w(g(p))=—ce.

Denote the flow through a point p € Zer(P, R¥). N ¢~1(S) of the vector
field I'V by ~v,:[0,1] — Zer(P,Rk)[_e’e], with v,(0) =p.

For z € Zer(P,R¥), and t € [0, 1], define ay(z) = 7.(t). By construction of
the vector field I', a; has the required properties. |

Before proving Theorem 7.14 it is instructive to consider an example.
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Ezample 7.17. Consider a smooth torus in R? (see Figure 7.5). There are
four critical points p1, po, p3 and ps with critical values v1, v, v3 and v4 and
indices 2,1,1 and 0 respectively, for the projection map to the X; coordinate.

P4

Y1 vg vg vg

X1- axis

Fig. 7.5. Changes in the homotopy type of the smooth torus in R? at the
critical values

The changes in homotopy type at the corresponding critical values are
described as follows: At the critical value v; we add a O-dimensional ball. At
the critical values vy and v3 we add 1-dimensional balls and finally at v, we
add a 2-dimensional ball. ]

Proof of Theorem 7.14: We construct a vector field T’
on Zer(Q,Rk)[c_€7c+€] that agrees with the gradient vector field I every-
where except in a small neighborhood of the critical point p. At the critical
point p, we use Lemma 7.15 to reduce to the quadratic case and then use
Lemma 7.16 to construct a vector field in a neighborhood of the critical point
that agrees with I' outside the neighborhood. We now use this vector field, as
in the proof of Theorem 7.5, to obtain the required homotopy equivalence. [

We also need to analyze the topological changes that occur to sets bounded
by non-singular algebraic hypersurfaces.

We are also going to prove the following versions of Theorem 7.5 (Morse
Lemma A) and Theorem 7.14 (Morse Lemma B).

Proposition 7.18. Let S be a bounded set defined by @@ > 0, bounded by
the non-singular algebraic hypersurface Zer(Q, R¥). Let [a, b] be an interval
containing no critical value of ™ on Zer(Q,R¥). Then Sla,p) s homeomorphic
to Sq X [a,b] and S<, is homotopy equivalent to S<p.



7.1 Morse Theory 253

Proposition 7.19. Let S be a bounded set defined by QQ >0, bounded by the
non-singular algebraic hypersurface Zer(Q,R¥). Suppose that the projection
to the Xy-axis is a Morse function. Let p be the non-degenerate critical point
of ™ on OW of index \ such that w(p)=c. For all sufficiently small e >0, the
set S<cie has

— the homotopy type of S<c—c if (0Q/0X1)(p) <0,
— the homotopy type of the union of S<.—. with a ball of dimension k—1—\
attached along its boundary, if (0Q/0X1)(p) > 0.

Ezxample 7.20. Consider the set in R3 bounded by the smooth torus. Suppose
that this set is defined by the single inequality @ > 0. In other words, @ is
positive in the interior of the torus and negative outside. Referring back to
Figure 7.5, we see that at the critical points ps and p4, (0Q/0X1)(p) <0 and
hence according to Proposition 7.19 there is no change in the homotopy type
at the two corresponding critical values vy and v4. However, (0Q/0X1)(p) >0
at p1 and ps and hence we add a 0-dimensional and an 1-dimensional balls at
the two critical values v; and vs respectively. |

Proof of Proposition 7.18: Suppose that S, defined by @ >0, is bounded
by the non-singular algebraic hypersurface Zer(Q, R¥). We introduce a new
variable, X1, and consider the polynomial Q4 = @Q — X;%_H and the corre-
sponding algebraic set Zer(Q,, R¥T1). Let ¢: R**! — R* be the projection
map to the first £ coordinates.

Topologically, Zer(Q;, R**!) consists of two copies of S glued
along Zer(Q, R¥). Moreover, denoting by 7’ the projection from R**! to R
forgetting the last k coordinates, Zer(Q, R¥*1) is non-singular and the crit-
ical points of 7’ on Zer(Q_, R**1) are the critical points of m on Zer(Q,R¥)
(considering Zer(Q, R¥) as a subset of the hyperplane defined by the equa-
tion X1 =0). We denote by I'y the gradient vector field on Zer(Q., R¥*1).

Since @4 is a polynomial in Xy, ..., X and X%H, the gradient vector
field T'y on Zer(Qy, R*t1) is symmetric with respect to the reflection
changing Xy4; to — Xpy;. Hence, we can project I'; and its associated

flowlines down to the hyperplane defined by Xj;+1 = 0 and get a vector
field as well as its flowlines in S.

Now, the proof is exactly the same as the proof of Theorem 7.5 above,
using the vector field ' instead of I', and projecting the associated vector field
down to R¥, noting that the critical values of the projection map onto the first
coordinate restricted to Zer(Q,,RF*1) are the same as those of Zer(Q,R¥). O

For the proof of Proposition 7.19, we first study the quadratic case.
Let 7 the projection onto the X; axis and

P=xi— > X+ > X

2<i<A+1 A+2<i<k
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Let B4 be the set defined by

Xo==Xy41=0,X;=— Z XZ, —e< X, <0,
A2<i<k
and let B_ be the set defined by

Xp==Xy1=0,X1<~ ) XP-e<X;<0.
A+2<i<k

Note that, By is a (k— A —1)-ball and B_NZer(P,R¥)~__is the set defined by

Xo==Xy1=0,X1=—¢, >  X?<e
A+2<i<k

which is also the boundary of B..

Fig. 7.6. Set defined by X; — X%+ X% <0 near the origin

Fig. 7.7. Retract of the set X; — X2+ X2<0
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By

Fig. 7.8. Retract of the set X; — X34+ X2>0

Lemma 7.21. Let P+:P—X;3+1,P_::P+X;f+1.

1. Let S’ be the set defined by P > 0. Then, for all sufficiently small ¢ >0
and v > 2+/(€), there exists a vector field T, on S(_c.q\ By, having the
following properties:

a) Outside the ball By(r), 2¢T''y. equals the projection on R¥ of the gradient
vector field, Ty, of m on Zer(Py, RFT1)_ 4.
b) Associated to T, there is a one parameter family of smooth
maps o : S! — S(_e,pt€[0,1), such that for x € S, t€[0,1),
i. Each o is injective,
+
A0 ) _ 1) (o (@),

i, ag (r) =1z,

iv. limy 1 of (z) € S_.U B, and,
v. for every y € Sj_¢,q \ By there exists a unique z € S and t € [0, 1)
such that ax(z) =y.

2. Similarly, let T’ be the set defined by P < 0. Then, for all sufficiently
small € >0 and r > 2\/(¢), there exists a vector field ' on T g\ B+
having the following properties:

a) Outside the ball By(r), 2¢I""_ the projection on R¥ of the gradient vector
field, T_, of m on Zer(P_,R*1)__ 4.
b) Associated to T, there is a one parameter continuous family of smooth
maps oy : Te—Ti_c g, €[0,1), such that for x €T, t€|0,1)
i. Each ay is injective,
e )]

iti. ag (z) ==,
. limy_,1 a7 () €T’ UB_ and,

v. for every y € T_. 4\ B_, there exists a unique z € T, and t €[0,1)
such that ax(z) =y.
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Proof: Since Py (resp. P_) is a polynomial in X, ..., Xj and X7,1, the
gradient vector field T’y (resp. I'_ ) on Zer(Py,RF*1) (resp. Zer(P_,RF*1)) is
symmetric with respect to the reflection changing X1 to — Xy 1. Hence, we
can project I'y (resp. I'_) and its associated flowlines down to the hyperplane
defined by X411 =0 and get a vector field '} (resp. I'*) as well as its flowlines
in S’ (resp. T").
1. Apply Lemma 7.16 to Zer(P,,R¥) to obtain a vector field T, on
Zer(P.,_, Rk—’—l)[_é_’e] \ B+

coinciding with I'}. Figure 7.8 illustrates the situation in the case k =3
and A=1.
2. Apply Lemma 7.16 to Zer(Q_,R¥) to obtain a vector field I'"_ on

Zer(Q—,RF 1) _. g\ ¢~ 1(B-)

coinciding with T'*. Figures 7.8 and 7.8 illustrate the situation in the
case k=3 and A=1. g

We are now in a position to prove Proposition 7.19.

Proof of Proposition 7.19: First, use Lemma 7.15 to reduce to the
quadratic case, and then use Lemma 7.21, noting that the sign of 9Q/9X1}(p)
determines which case we are in. |

7.2 Sum of the Betti Numbers of Real Algebraic Sets

For a closed semi-algebraic set S, let b(S) denote the sum of the Betti numbers
of the simplicial homology groups of S. It follows from the definitions of
Chapter 6 that b(S) is finite (see page 198).

According to Theorem 5.47, there are a finite number of algebraic subsets
of R¥ defined by polynomials of degree at most d, say Vi, ..., V,, such that
any algebraic subset V of R* so defined is semi-algebraically homeomorphic to
one of the V;. It follows immediately that any algebraic subset of R* defined
by polynomials of degree at most d is such that b(V) <max {b(V1),...,b(V,,)}.
Let b(k, d) be the smallest integer which bounds the sum of the Betti numbers
of any algebraic set defined by polynomials of degree d in R*. The goal of this
section is to bound the Betti numbers of a bounded non-singular algebraic
hypersurface in terms of the number of critical values of a function defined on
it and to obtain explicit bounds for b(k, d).

Remark 7.22. Note that b(k, d) > d* since the solutions to the system of
equations,

(X1=1) (X1=2) o (X1 = d) = = (X = 1) (X = 2) o (X = d) =0
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consist of dF isolated points and the only non-zero Betti number of this set
is bg=d". (Recall that for a closed and bounded semi-algebraic set S, by(.9)
is the number of semi-algebraically connected components of S by Proposi-
tion 6.34.) O

We are going to prove the following theorem.

Theorem 7.23. [Oleinik-Petrovski/Thom/Milnor bound]
b(k,d)<d(2d—1)*—L

The method for proving Theorem 7.23 will be to use Theorems 7.5 and 7.14,
which give enough information about the homotopy type of Zer(Q, R¥) to
enable us to bound b(Zer(Q, RF)) in terms of the number of critical points
of .

A first consequence of Theorems 7.5 and 7.14 is the following result.

Theorem 7.24. Let Zer(Q,RF) be a non-singular bounded algebraic hyper-
surface such that the projection m on the Xi-axis is a Morse function.
For 0<i<k—1, let ¢; be the number of critical points of w restricted
to Zer(Q,R¥), of index i. Then,

k—1
b(Zer(Q,R¥) < 3 @,

i=0

k—1
X(Zer(Q,R%)) = >~ (=) 1ic,

i=0

In particular, b(Zer(Q, RF)) is bounded by the number of critical points of ©
restricted to Zer(Q,R¥).

Proof: Let v; < vy < --- < vy be the critical values of m on Zer(Q, R¥) and p;
the corresponding critical points, such that 7(p;) =v;. Let A; be the index of
the critical point p;. We first prove that b(Zer(Q,R¥)<,,) <i.

First note that Zer(Q,R¥)<,, is {p1} and hence

b(Zer(Q, Rk)ﬁm) = bO(Zer(Qv Rk)gm) =1

By Theorem 7.5, the set Zer(Q, R¥)<,,,,_. is homotopy equivalent to the
set Zer(Q,R¥)<,, . for any small enough € >0, and thus

b(Zer(Q, Rk)ﬁvwl—ﬁ) = b(Zer(Q, Rk)ﬁvi-‘rG)'

By Theorem 7.14, the homotopy type of Zer(Q,R¥)<,, . is that of the union
of Zer(Q,R¥) <, _ with a topological ball. Recall from Proposition 6.44 that
if 51,55 are two closed semi-algebraic sets with non-empty intersection, then

bz(Sl U SQ) < bl(Sl) + bZ(SQ) + bi—l(Sl M SQ), 0<i<k-—1.
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Recall also from Proposition 6.34 that for a closed and bounded semi-
algebraic set S, bo(S) equals the number of connected components of S.
Since, 51N Sy# (), for i =0 we have the stronger inequality,

bO(Sl @] 52) < bO(Sl) + bo(Sg) —1.
By Proposition 6.37, for A >1 we have that

bQ(B)\) = bo(Sk_l)
b)\_l(S)‘_l)
17

b;(B)) 0,7>0,
bi(S* 1) = 0,0<i<A—1.

It follows that, for A > 1, attaching a A-ball can increase by by at most one,
and none of the other Betti numbers can increase.

For A=1, by_1(5*71) =b(S°) =2. It is an exercise to show that in this
case, by can increase by at most one and no other Betti numbers can increase.
(Hint. The number of cycles in a graph can increase by at most one on addition
of an edge.)

It thus follows that

b(Zer(Q, Rk)ﬁvr‘rE) <b(Zer(Q, Rk)ﬁqu—e) +1.

This proves the first part of the lemma.
We next prove that for 1 <i </ and small enough € > 0,

X (Zer(Q, Rk)gvi+e) = x(Zer(Q, Rk})g”i—l‘i‘é) +(=1)k—1=N,

By Theorem 7.5, the set Zer(Q, R¥)<,,_. is homotopy equivalent to the
set Zer(Q,R¥)<,, 4. for any small enough € >0, and thus

X(Zer(Q, Rk)ﬁvi—e) = x(Zer(Q, Rk)ﬁvifﬁ-e)'

By Theorem 7.14, the homotopy type of Zer(Q,R¥)<,, . is that of the union
of Zer(Q,RF)<,, . with a topological ball of dimension k — 1 — ;. Recall from
Corollary 6.36 (Equation 6.36) that if S1,Ss are two closed and bounded semi-
algebraic sets with non-empty intersection, then

X(S1U S2) = x(S1) + x(S2) — x(S1N S2).
Hence,

X(Zer(Qka)Svﬁ-é) = X(ZGI‘(Q,Rk)gyi71+€)
= X(Bk-1-x,)
_ X(Sk}—Q—)\i).

Now, it follows from Proposition 6.37 and the definition of Euler-Poincaré
characteristic, that y(Br_1-,) =1 and x(S¥7272) =14 (=1)F=2-7
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Substituting in the equation above we obtain that

X(ZGI’(Q7 Rk)SUH-E) = X(ZGT(Q, Rk)gvi—l"l‘f) + (_1)k_1_>\i'

The second part of the theorem is now an easy consequence. |
We shall need the slightly more general result.

Proposition 7.25. Let Zer(Q,R*) be a non-singular bounded algebraic hyper-
surface such that the projection m on the Xi-axis has non-degenerate critical
points on Zer(Q,RF). For 0<i<k—1, let ¢; be the number of critical points
of 7 restricted to Zer(Q,R¥), of index i. Then,

b(Zer(Q,R¥) < 3 @,

X(Zer(Q,R¥))

I
g
iy
|
L
=
ol
|
L
|
L
o
g

In particular, b(Zer(Q, R¥)) is bounded by the number of critical points of w
restricted to Zer(Q,R¥).

Proof: Use Lemma?7.13 and Theorem 7.24. O

Using Theorem 7.24, we can estimate the sum of the Betti numbers in the
bounded case.

Proposition 7.26. Let Zer(Q,R*) be a bounded non-singular algebraic hyper-
surface with @ a polynomial of degree d. Then

b(Zer(Q,R¥)) <d(d — 1)k~

Proof: Using Proposition 7.9, we can suppose that 7 is a Morse function.
Applying Theorem 7.24 to the function 7: Zer(Q,R¥) — R, it follows that the
sum of the Betti numbers of Zer(Q, R¥) is less than or equal to the number
of critical points of m. Now apply Proposition 7.10. |

In order to obtain Theorem 7.23, we will need the following Proposition.

Proposition 7.27. Let S be a bounded set defined by QQ >0, bounded by the
non-singular algebraic hypersurface Zer(Q,R¥). Let the projection map 7 be
a Morse function on Zer(Q,R¥). Then, the sum of the Betti numbers of S is
bounded by half the number of critical points of © on Zer(Q,RF).

Proof: We wuse the notation of the proof of Proposition 7.18.
Let vy <wvy < --- <y be the critical values of 7 on Zer(Q, R*) and py,..., pe
the corresponding critical points, such that m(p;) = v;. We denote by J the
subset of {1, ..., £} such that the direction of Grad(Q)(p) belongs to S (see
Proposition 7.18).
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We are going to prove that
b(S<v,) <#(j€J,j<i).

First note that S<,, is {pi} and hence b(S<,,) = 1. By
Proposition 7.18 S<, ., —¢ is homotopic to S<y, ¢ for any small enough € >0,
and thus

b(S§0i+1—E) = b(SSUH-E)'

By Theorem 7.14, the homotopy type of S<,+ is that of S<,,_¢if i¢ .J and
that of the union of S<,,_. with a topological ball if ¢ € J.
It follows that

b(SSUH—E):b(SSUx—E) if Z¢J
B(Spre) SD(Scp,_o) +1 if i€,

By switching the direction of the X axis if necessary, we can always ensure
that #(J) is at most half of the critical points. O
Proposition 7.28. If R=R,

b(k,d)<d(2d—1)F"1

Proof: Let V =Zer({Py,..., P;},R¥) with the the degrees of the P;’s bounded
by d. By remark on page 226, it suffices to estimate the sum of the Betti
numbers of V N By(0,7). Let

P-4+ P}
FO ==X

By Sard’s theorem (Theorem 5.56), the set of critical values of F' is finite.
Hence, there is a positive a € R so that no b€ (0, a) is a critical value of F'
and thus the set W, ={z € R*| P(z,b) =0}, where

P(X,b)=Pf+--+PZ+b(|X][?—712))
is a non-singular hypersurface in R¥. To see this observe that, for = € R¥
P(z,b)=0P/0X1(x,b)=---=0P/0X(x,b)=0

implies that F'(z) =b and 0F /0X:(z) =--- = OF /0X}(x) =0 implying that b
is a critical value of F' which is a contradiction.
Moreover, W} is the boundary of the closed and bounded set

Ky ={z eR¥| P(z,b) <0}.

By Proposition 7.26, the sum of the Betti numbers of W} is less than or equal
to2d(2d—1)k—1L

Also, using Proposition 7.27, the sum of the Betti numbers of Kj is at
most half that of W
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We now claim that V' N B(0,r) is homotopy equivalent to K, for all small
enough b>0. We replace b in the definition of the set K} by a new variable T',
and consider the set K C R**! defined by {(x,t) € R¥*!|P(x,t) <0}. Let mx
(resp. 7r) denote the projection map onto the X (resp. T') coordinates.

Clearly, V N B(0, ) C Kj. By Theorem 5.46 (Semi-algebraic triviality),
for all small enough b > 0, there exists a semi-algebraic homeomorphism,

¢: K3, x (0,b] = K N7y ((0,0)),

such that 7p(é(x, s)) = s and ¢ is a semi-algebraic homeomorphism
from V' N Bg(0,r) x (0,b] to itself.

Let G: Kp x [0, b] — Kp be the map defined by G(z, s) = nx(¢(z, s))
for s > 0 and G(z, 0) = lims_ o4 mx(P(z, s)). Let g: Ky — V N Bg(0, r) be
the map G(z,0) and i: V N By(0, r) — K, the inclusion map. Using the
homotopy G, we see that i o g ~Idg,, and goi~Idynp,(o,r), Which shows
that V' N B(0,7) is homotopy equivalent to K} as claimed.

Hence,

b(VNB(0,7) =b(Kp) <1/2b(W) <d (2d —1)F~L. |
Proof of Theorem 7.23: It only remains to prove that Proposition 7.28 is

valid for any real closed field R. We first work over the field of real algebraic
numbers R,j,. We identify a system of ¢ polynomials (P4, ..., P;) in k variables

of degree less than or equal to d with the point of Ri\fg, N=/{ <k+ Z - 1), whose
coordinates are the coefficients of Py, ..., Py. Let
Z={(Py,...,Pp,x) eRY, x RE, | Pi(2) = - = Py(x) =0},

and let II: Z — Rﬁg be the canonical projection. By Theorem 5.46 (Semi-
algebraic Triviality), there exists a finite partition of Rﬁg into semi-algebraic
sets A, ..., Ap, semi-algebraic sets Fi, ..., F, contained in Rflg, and semi-
algebraic homeomorphisms 6;: I171(A;) — A; x Fy, for i =1, ..., m, such that
the composition of §; with the projection A; x F; — A; is H|H71(Ai). The F;
are algebraic subsets of Rfflg defined by ¢ equations of degree less than or
equal to d. The sum of the Betti numbers of Ext(F;, R) is less than or equal
tod(2d—1)"~1. So, by invariance of the homology groups under extension of
real closed field (Section 6.2), the same bound holds for the sum of the Betti
numbers of F;. Now, let V' C RF be defined by k equations P, =---= P, =0 of
degree less than or equal to d with coefficients in R. We have

Ext(II"Y, R)(Py,..., ) = {(Py, ..., P)} x V.

The point (P4, ..., P) € RY belongs to some Ext(A;,R), and the semi-algebraic
homeomorphism Ext(6;,R) induces a semi-algebraic homeomorphism from V
onto Ext(F;, R). Again, the sum of the Betti numbers of Ext(F;, R) is less
than or equal to d (2d — 1)*~!, and the same bound holds for the sum of the
Betti numbers of V. O
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7.3 Bounding the Betti Numbers of Realizations of Sign
Conditions

Throughout this section, let Q and P =) be finite subsets of R[X7, ..., Xi], let
Z =TZer(Q,RF), and let k' be the dimension of Z = Zer(Q, RF).

Notation 7.29. [Realizable sign conditions] We denote by
SIGN(P)c {0,1,-1}"

the set of all realizable sign conditions for P over R¥, and by

SIGN(P, Q) c {0,1,-1}7
the set of all realizable sign conditions for P over Zer(Q,R¥). O

For 0 € SIGN(P, Q), let b;(0) denote the i-th Betti number of
Reali(o, Z) = {z €R¥| /\ Q(z)=0, /\ sign(P(x))=0(P)}.
QeQ PeP

Let bi(Q, P) = > bi(0). Note that bo(Q, P) is the number of semi-alge-
braically connected components of basic semi-algebraic sets defined by P
over Zer(Q,R¥).

We denote by deg(Q) the maximum of the degrees of the polynomials in Q
and write b;(d, k, k', s) for the maximum of b;(Q, P) over all Q, P, where Q
and P are finite subsets of R[X1, ..., X}], deg(Q, P) < d whose elements
have degree at most d, #(P) = s (i.e. P has s elements), and the algebraic
set Zer(Q,R*) has dimension k'.

Theorem 7.30.

bild k. kL)< (j)4ﬂ'd(2d—1)k—1.

1<j<k’—i

So we get, in particular a bound on the total number of semi-algebraically
connected components of realizable sign conditions.

Proposition 7.31.

bo(d, ko ks < - () ard(2a-1)k
1< <k’

Remark 7.32. When d=1, i.e. when all equations are linear, it is easy to find
directly a bound on the number of non-empty sign conditions. The number
of non-empty sign conditions f(k’, s) defined by s linear equations on a flat
of dimension k' satisfies the recurrence relation

f(klvs'i_l)gf(k/75)+2f(kl_175)=
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since a flat L of dimension &’ — 1 meets at most f(k’ — 1, s) non-empty sign
condition defined by s polynomials on a flat of dimension k', and each such
non-empty sign condition is divided in at most three pieces by L.

In Figure 7.9 we depict the situation with four lines in R? defined by four
linear polynomials. The number of realizable sign conditions in this case is
easily seen to be 33.

Fig. 7.9. Four lines in R?
Moreover, when the linear equations are in general position,
f(K s+1)=f(k',s)+2 f(k'—1,s). (7.4)
Since f(k',0) =1, the solution to Equation (7.4) is given by

k' k'—i X
f(k’,s)zg ;) (j)(s;l) (7.5)

Since all the realizations are convex and hence contractible, this bound on the
number of non-empty sign conditions is also a bound on

b0(17 ka k/v 5) :b(17 k/v k/7 5)

i< 3 (%)

1<j<k’

We note that

the right hand side being the bound appearing in Proposition 7.31 with d=1.
O

The following proposition, Proposition 7.33, plays a key role in the proofs
of these theorems. Part (a) of the proposition bounds the Betti numbers of
a union of s semi-algebraic sets in R* in terms of the Betti numbers of the
intersections of the sets taken at most k at a time.
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Part (b) of the proposition is a dual version of Part (a) with unions
being replaced by intersections and vice-versa, with an additional compli-
cation arising from the fact that the empty intersection, corresponding to
the base case of the induction, is an arbitrary real algebraic variety of dimen-
sion k’, and is generally not acyclic.

Let S1,...,Ss CRF, s >1, be closed semi- algebraic sets contained in a closed
semi- algebralc set T of dlmensmn k. For 1 <t <s,let S<; = ﬂ1<J<t S;,

and S=' = U, o, Sj. Also, for J C {1, ..., s}, J# 0, let S; =, 5,
and S/ = Ujes S;- Finally, let Sh=1

Proposition 7.33.
a) For 0<i<k’,

by(5=*) < ‘ > bisa(S). (7.6)

b) For 0<i<k’,

k'—i

<Y b+ () b (7.7)

j=1 JC{l,.,s}
#(J)=j

Proof : a)We prove the claim by induction on s. The statement is clearly
true for s=1, since b;(S1) appears on the right hand side for j=1 and J={1}.
Using Proposition 6.44 (6.44), we have that

bi(SSS) Sbi(sss_l) +b1(SS) +bi_1(SSS_1 n SS) (78)

Applying the induction hypothesis to the set S<*~1, we deduce that

1+1

bi(s=s=) <> Z bi—j1+1(Sy). (7.9)

j=1 JC{l ,s—1}
=Jj

Next, we apply the induction hypothesis to the set
s==ins,= |J (N8,

1<j<s—1
to get that =7=e

b1 (SS57INS) <> >0 b i(Syugsy)- (7.10)

j=1 Jc{l ,s—1}
=i

Adding the inequalities (7.9) and (7.10), we get
it+1
bi(S=571) +b;(Ss) +bi—1(S=571NS,) < Z Z bi—j+1(Ss).

j=1 JC{1,..,s}
#(J)=3J
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We conclude using (7.8).
b) We first prove the claim when s=1. If 0<4i <k’ —1, the claim is

bi(S1) < br/(S?) + (bs(S1) + brr(S?)),

which is clear. If i =k’ the claim is by/(S1) < bkr(Sw). If the dimension of S}
is k', consider the closure V of the complement of S; in T'. The intersection W
of V with S;, which is the boundary of S7, has dimension strictly smaller
than k' by Theorem 5.42 thus by, (W) =0. Using Proposition 6.44

bi(S1) + br(V) < bpr(5%) + b (W),

and the claim follows. On the other hand, if the dimension of S is strictly
smaller than &', by/(S1)=0

The claim is now proved by induction on s. Assume that the induction
hypothesis (7.7) holds for s — 1 and for all 0 <7 <k’

From Proposition 6.44 (6.44), we have

bi(Sgs) < bi(Sgs—l) —|—bi(55) +bi+1(5§s—1 U Ss). (7.11)

Applying the induction hypothesis to the set S<;_1, we deduce that

k'—i

bi(S<s1) < Y Y biga(S)

71]c{1 ,s—1}
#(N=j

(e
Next, applying the induction hypothesis to the set,

Scs1US;= () (S;USy),

1<j<s—1
we get that

k'—i—1

bis1(S<o-1USy) < Z S b (8700

]C{l Ls—1}
#())=j

+ (ks ) pu(s?). (7.12)

Adding the inequalities (7.11) and (7.11), we get

CENESD DD DN ETERTCU S (R LWL
j=1 JC{l,..,s}

We conclude using (7.11). O

Let P = {P4, ..., Ps}, and let ¢ be a new variable. We will consider the
field R(d) of algebraic Puiseux series in ¢, in which ¢ is an infinitesimal.
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Let S; =Reali( PA(P? — 6%) > 0,Ext(Z,R(6))), 1 <i<s, and let S be the
intersection of the S; with the closed ball in R(6)* defined by

52< > XE) <1.

1<i<k

In order to estimate b;(.S), we prove that b;(P, Q) and b;(S) are equal and
we estimate b;(5).

Proposition 7.34.
b;(P, Q) =b,(5).

Proof: Consider a sign condition o on P such that, without loss of generality,

o(P)=0 ifiel
o(Pj)=1 ifjeJ
o(P)=-1 ifte{l,...,s}\(TUJ),

and denote by Reali(c) the subset of Ext(Z,R(d)) defined by
52 Z X2 \<1,P=0,iel,
1<i<k
Pi>6,jed,P<—6,0e{l,...s}\(IUJ).

Note that S is the disjoint union of the Reali(c) for all realizable sign condi-
tions o.

Moreover, by definition of the homology groups of sign conditions (Nota-
tion 6.46) b;(c) =b;(Reali(c)), so that

=" bi(o) =bi(9). O
Proposition 7.35.
k'—i
bi(S) < *Y4id(2d —1)k1
=3 (5)waed-

Before estimating b;(.S), we estimate the Betti numbers of the following sets.
Let 5 >1,

Vi=Reali{ \/ PP, =0,Ext(Z,R(3)) |,
1<i<yj
and

W,-:Rean< \/ PA(P?-6%>0,Ext(Z, R(&)))

1<i<yj
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Note that W; is the union of Si,...,5;.

Lemma 7.36.
bi(V;) < (47 1) d (2d — 1),

Proof: Each of the sets
Reali( P?(P? — 6%)) =0, Ext(Z,R(d)))
is the disjoint union of three algebraic sets, namely
Reali(P; =0, Ext(Z,R{d))),
Reali(P; =, Ext(Z,R(d))),
Reali(P;= —6,Ext(Z,R{J))).

Moreover, each Betti number of their union is bounded by the sum of the
Betti numbers of all possible non-empty sets that can be obtained by taking,
for 1 < ¢ < j, f-ary intersections of these algebraic sets, using part (a) of
Proposition 7.33. The number of possible ¢-ary intersection is (‘é) Each

such intersection is a disjoint union of 3 algebraic sets. The sum of the Betti
numbers of each of these algebraic sets is bounded by d (2d —1)*~! by using
Theorem 7.23.

Thus,

J

bi(‘/j)gz (Z)3£d(2d_1)k_1=(4j—1)d(2d—1)k—1_ 0

=1

Lemma 7.37.
b(W;) < (49 —1)d(2d —1)F =1 +Dby(Z).

Proof: Let Q; = P?(P?— 6%) and

F_Reali< A (@i<ov \/ (QizO),EX‘u(Z,R(&))).

1<i<j 1<i<j
Apply inequality (6.44), noting that
W;UF =Ext(Z,R(0)), W;NF =W, o.
Since b;(Z) =b;(Ext(Z,R(d))), we get that
bi(W;) <bi(W;NF)+b;(W; UF)=biy(V;) +bi(Z).

We conclude using Lemma 7.36. 0
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Proof of Proposition 7.35: Using part b) of Proposition 7.33 and Lemma
7.37, we get
k'—i
bi($) < 3 ()@ -nd@Ed-1)F bz
5) < 3 (5)(@-naEd-1 b))

j=1

S
+ ()i
By Theorem 7.23, for all ¢ <k/,
bi(Z) +by(Z2)<d(2d—1)F1

Thus, we have
k'—i

bi(s) < S (j)4jd(2d—1)k—1. 0

j=1

Theorem 7.30 follows clearly from Proposition 7.34 and Proposition 7.35.

7.4 Sum of the Betti Numbers of Closed Semi-algebraic
Sets

Let P and Q be finite subsets of R[X1, ..., Xj].
A (Q,P)-closed formula is a formula constructed as follows:

— For each Pe P,
/\ @=0rP=0, \ Q=0AP>0, \ Q=0AP<0,

QeQ QeQ QeQ

— If &; and P, are (Q,P)-closed formulas, ®; A Py and &1V Py are (Q, P)-
closed formulas.

Clearly, Reali(®), the realization of a (Q, P)-closed formula ®, is a closed
semi-algebraic set. We denote by b(®) the sum of its Betti numbers.

We write b(d, k,k’, s) for the maximum of b(®), where ® is a (Q, P)-closed
formula, Q and P are finite subsets of R[X7, ..., Xi] deg(Q,P) <d, #(P)=
and the algebraic set Zer(Q,R*) has dimension &'.

Our aim in this section is to prove the following result.

Theorem 7.38.
k' k'—i

b(d. bk, 5) <3 Y ( )6Jd 92d— 1)k~

1=0 j=1

For the proof of Theorem 7.38, we are going to introduce several infinitesimal
quantities. Given a list of polynomials P ={ P, ..., Ps} with coefficients in R,
we introduce s new variables d1, -+, §; and inductively define

R<51, ceey 5i+1> =R<51, ey 5z><5z+1>
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Note that ;41 is infinitesimal with respect to §;, which is denoted by
01> ...> 0.
We define P~;={P;+1,...,Ps} and
¥i = {P,=0,P,=0;, P;=—0;, P;>26;, P; < —20,},
Yo = {¥|V= /\ U, U, €3}

J=1,..,i
If & is a (Q, P)-closed formula, we denote by Reali;(®) the extension
of Reali(®) to R(d1, ..., §;)*. For ¥ € L;, we denote by Reali;(® A V)

the intersection of the realization of ¥ with Reali;(®) and by b(® A ¥) the
sum of the Betti numbers of Reali;(® A ¥).

Proposition 7.39. For every (Q,P)-closed formula ®,

b(®) < > b(D).

PES £
Realig(¥)CRealis(®)

The main ingredient of the proof of the proposition is the following lemma.
Lemma 7.40. For every (Q,P)-closed formula ® and every ¥ € X<,

b@AT)< Y b(EAVAY).
YeEit1

Proof: Consider the formulas

Oy =DANUA (PP —621)>
@2—@/\@/\(0§R+1§(574+1).

Clearly, Reali;+1(® A ¥) =Reali;1(P1V P2). Using Proposition 6.44, we have
that,

b(®AT) <b(P1) +b(P2) +b(Py A D).
Now, since Reali;11(®1 A ®2) is the disjoint union of
Reali;4+ 1 (PAVA (Piy1=0;+1)), Realij 1 1(PAYA (Pp1=—0;+1)),
b(®1ADP)=b(PATA(P11=06;4+1)) +b(PAYA(Pir1=—06;41))-
Moreover,

b(q?l) = b((I) AU A (Pi+1
> 251'4.1)) —|—b((1) AU A (Pi—l-l <- 251‘_._1)),
b(@g) = b((I) AW A (Pi+1 = 0))

Indeed, by Theorem 5.46 (Hardt’s triviality), denoting
={z € Realij(PAT) | Pisq1(x)=t},
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there exists to € R{(d1, ..., d;) such that

Fl_ty,0)0(0,t0) = { € Realiy(® A W) | t§ > P41 (z) > 0}
and
([=t0,0) X F_4,) U ((0, to] X Fy,)
are homeomorphic. This implies clearly that

F[(; {ZZ? S RealiiH((I) A \I/) | to > Pi+1($) > 5i+1}

it+1,t0] —
and

F[25i+1)t0] = {ZZ? S RealiiH((I) N \I/) | to > PH_l(ZE) > 2 5i+1}

are homeomorphic, and moreover the homeomorphism can be chosen such
that it is the identity on the fibers F_,, and Fy,.
Hence,

b(q)l) :b((I) AW A (13i+1 > 251‘4.1)) +b(q) AU A (IDi-i-l < — 251'_,_1)).

Note that Fo=Reali; 1 1(PAVA(P;11=0)) and Fi_5,,, 5,,, = Realij;1(P2).

Thus, it remains to prove that b(Fi_s,, , s,.,)) = b(Fb). By Theorem 5.46
(Hardt’s triviality), for every 0 < u < 1, there is a fiber preserving semi-
algebraic homeomorphism

Pu: F[_5i+1>—U571+1] — [=0ip1, —udiy1] X F—u5i+1
and a semi-algebraic homeomorphism
Yur Flus, 1,600 = [W0iy1,0i41] X Fus, -

We define a continuous semi-algebraic homotopy ¢ from the identity of

Fi_s,,1,6:, tolims, , (from Fi_5, . 5..,) to Fp) as follows:

i+1,0 i+1
— 9(0,—) is lims,, ,,
— for 0 < uw < 1, g(u, —) is the identity on F{_ys,,, us,,, and sends

Flosiy1,—usiia] (resp. F[U5i+176i+1]) to Flusi i, (resp. Fu5z’+1) by ¢y

(resp. v,) followed by the projection to Fys,,, (resp. F_ys,, ).
Thus,

b(F[_571+116i+1]) :b(FO)
Finally,
b(@AT)< D b(@ATAY). O
PED;t1

Proof of Proposition 7.39: Starting from the formula ®, apply Lemma 7.40
with ¥ the empty formula. Now, repeatedly apply Lemma 7.40 to the terms
appearing on the right-hand side of the inequality obtained, noting that for
any ¥ e€X<g,
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— either Realis(® A ) =Realis(¥) and Realig(V) C Realis(P),
— or Reahs(@/\\ll):@ O

Using an argument analogous to that used in the proof of Theorem 7.30, we
prove the following proposition.

Proposition 7.41. For 0<i<k’,

k'—1

S by <Z(j)6jd(zd—1)k—1

veXcsy

We first prove the following Lemma 7.42 and Lemma 7.43.
Let P={Py,..., P;} C R[X1,..., X), and let Q;= P?(P} —6})%(P? —467).
Let 5 >1,

v/ Reali( \ Qi:0,Ext(Z,R<517-~~7§j>)>»

1<i<j

W/ Reali( \ Qi>0,EX‘6(Z,R<517-~~7§J‘>)>~

1<i<j
Lemma 7.42.
bi(V{)<(69—1)d(2d—1)*~!

Proof: The set Reali((P?(P? — 63)%(P? —463)=0), Z) is the disjoint union of
)

Reali(P;=0,Ext(Z,R{1, .. »g) )
Reali( P; = 6;, Ext(Z,R{d1, ..., >)),
Reali(P; = —d;, Ext(Z,R{d1, ..., d;))),
Reali(P; =28, Ext(Z,R{(d1, ..., ,))),
Reali(P; = —26;, Ext(Z,R{51, .. ,J>))~

Moreover, the i-th Betti number of their union Vj is bounded by the sum
of the Betti numbers of all possible non-empty sets that can be obtained by
taking intersections of these sets using part (a) of Proposition 7.33.

The number of possible /-ary intersection is (é) Each such intersection is
a disjoint union of 5¢ algebraic sets. The i-th Betti number of each of these
algebraic sets is bounded by d (2d — 1)*~! by Theorem 7.23.

Thus,

i()t’)‘d?d DE=1=(67 —1)d (2d — 1)k~ . O

{=1
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Lemma 7.43.
bi(W)) < (67 = 1)d (2d — 1)" 1 4 by(2).

Proof: Let

F =Reali /\ Q; <0V \/ Qi=0,Ext(Z,R(61,...,8)) |.
1<i<y 1<i<y
Now,

W/UF=2,W/NF=V].
Using inequality (6.44) we get that
bi(W5) <bi(WjiNF)+bi(WjUF)=bi(Vy) + bi(Z)
since b;(Z) =b;(Ext(Z,R(d1,...,0;))). We conclude using Lemma 7.42. O
Now, let
S;=Reali( P7(P? — 67)%(P? — 467) > 0,Ext(Z,R(d1, ..., 65)) ), 1<i<s,

and let S be the intersection of the S; with the closed ball in R{d1, ..., 05,5 )"

defined by §2 Z X2 | <1. Then, it is clear that
1<i<k

Proof of Proposition 7.41: Since, for all 1 <k%’,
bi(Z) + b (Z)<d(2d—1)k~1
by Theorem 7.23 we get that,

W; bi(\I/):bi(S)gjéi (j) (67 — ”d(“‘1>k‘1+(kf°’_i)bk/(2)

using part (b) of Proposition 7.33 and Lemma 7.43.
Thus, we have that

S by Z__:( )6Jd 2d — 1)+~ O

\PEESS

Proof of Theorem 7.38: Theorem 7.38 now follows from Proposition 7.39
and Proposition 7.41. O
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7.5 Sum of the Betti Numbers of Semi-algebraic Sets

We first describe a construction for replacing any given semi-algebraic subset
of a bounded semi-algebraic set by a closed bounded semi-algebraic subset
and prove that the new set has the same homotopy type as the original one.
Moreover, the polynomials defining the bounded closed semi-algebraic subset
are closely related (by infinitesimal perturbations) to the polynomials defining
the original subset. In particular, their degrees do not increase, while the
number of polynomials used in the definition of the new set is at most twice
the square of the number used in the definition of the original set. This
construction will be useful later in Chapter 16.

Definition 7.44. Let P C R[X4,..., X}] be a finite set of polynomials with ¢
elements, and let S be a bounded P-closed set. We denote by SIGN(S) the
set of realizable sign conditions of P whose realizations are contained in S.

Recall that, for o € SIGN(P) we define the level of o as #{P € P|o(P)=0}.
Let, €91 > €91-1>> +++ > €9 > 1 > 0 be infinitesimals, and denote by R; the
field R{eat)---(g;). For i >2t, R;=R and for ¢ <0,R; =R;.

We now describe the construction. For each level m, 0 <m <t, we denote
by SIGN,,(S) the subset of SIGN(S) of elements of level m.

Given o € SIGN,,(P, S), let Reali(c$) be the intersection of Ext(S, Ray,)
with the closed semi-algebraic set defined by the conjunction of the inequali-
ties,

—&om < P <egy, for each P € A such that o(P)=0,
P>0 for each P € A such that o(P) =1,
P<0 for each P € A such that o(P)=—1.

and let Reali(c9) be the intersection of Ext(S,Ra, —1) with the open semi-
algebraic set defined by the conjunction of the inequalities,
—Eom-1< P <egp_1 for each P € A such that o(P)=0,
P>0 for each P € A such that o(P) =1,
P<0 for each P € A such that o(P)=—1.

Notice that, denoting Reali(o); = Ext(Reali(o), R;),
Reali(0)2m C Reali(o}),
Reali(0)am -1 C Reali(c9).
Let X C S be a P-semi-algebraic set such that
X= U Reali(o)
oey

with ¥ C SIGN(S). We denote %,, =X NSIGN,,(S) and define a sequence of
sets, X™ C R’k, 0 <m <t inductively by

— XO9=Ext(X,Ry).
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— For 0<m <t,

Xmtl= (Xmu U Reali(c$); Reali(09)1 |

\

TES, ) o €SIGN,,(S)\ T
with Reali(c$); = Ext(Reali(c$), R;), Reali(c%); = Ext(Reali(c%), R;).

We denote by X’ the set X*t1, O

Theorem 7.45. The sets Ext(X, R1) and X' are semi-algebraically homotopy
equivalent. In particular,

For the purpose of the proof we introduce several new families of sets defined
inductively.
For each p, 0 <p <t+1 we define sets, Y, C R’fp, Z,C Rép_l as follows.

— We define

VP = Ext(X,Rgp)U | Reali(0$)2,

p
ocES,

Zg = Ext(Ypp,Rzp—l)\ U Reali(09)2p—1.
o €SIGN,(S)\Zp

— For p<m <t, we define

<Ypmu U Reali(ai)2p>\ U Reali(0%)a,

CES, 0 €SIGN 1, (S)\ S,

m+1
YZD

Zntt = (Z;nu J Reali(69)2p1 Reali(c )2p—1.

CET, ) 0 ESIGN 1, (S)\ S

We denote by YPCRIQP the set Yzf+1 and by Z, C nggp_l the set Z;Jrl.
Note that

- X=Y11=2Z41,

— Zy=X".

Notice also that for each p,0<p <t,
— Ext(ZE1,Rop) C Y,

— ZyCExt(Y),Rap-1)

The following inclusions follow directly from the definitions of Y, and Z,,.

Lemma 7.46. For each p,0<p<t,

— Ext(Zp11,Rap) CY),
— ZPCEXt(Yp,RQP_l).
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We now prove that in both the inclusions in Lemma 7.46 above, the pairs of
sets are in fact semi-algebraically homotopy equivalent. These suffice to prove
Theorem 7.45.

Lemma 7.47. For 1<p<t, Y, is semi-algebraically homotopy equivalent to
EXt(Zp+1, Rgp).

Proof: Let Y,(u) C RIQCP_H denote the set obtained by replacing the infinites-
imal €3, in the definition of Y, by u, and for ug >0, we will denote by

Y,((0, uo)) = {(z, u)|z € Yp(u), u € (0, uol} C R
By Hardt’s triviality theorem there exist ug € Rap1, 1o >0 and a homeomor-
phism,
¥: Yy (uo) X (0, uo] = Y3((0, uo)),
such that
- 7rk+1((;5($, u)) =u,

— Yz, u0) = (z,u0) for z € Yy(uo),
— for all u € (0, u), and for every sign condition o on

Upep{P, P tea,..., P tegpia},
(-, u) defines a homeomorphism of Reali(o, Y (ug)) to Reali(o, Y, (u)).

Now, we specialize ug to €2, and denote the map corresponding to i by ¢.
For o € ¥, we define, Reali(c% ;) to be the set defined by
—2¢e9p, <P <2égy, for each P € A such that o(P)=0,
P>—e9, for each P € A such that o(P)=1,
P <eqp for each P € A such that o(P)=—1.

Let A:Y,— Ro, be a semi-algebraic continuous function such that,
Az)=1 onY,NUsex, Reali(c9),
Az)=0 onY,\Usex, Reali(c$,),
0<A(z)<1 else.

We now construct a semi-algebraic homotopy,

h:Y, % [0,e2p] = Yy,

by defining,
hz,t) = 7.k o ¢(z, AN(z)t+ (1 — A(x))egp) for 0 <t <egyp
h(z,0) lim; o4 h(x,t), else.

Note that the last limit exists since S is closed and bounded. We now show
that, h(z,0) € Ext(Z,41,Rqp) for all z €Y,
Let z €Y, and y=h(z,0).
There are two cases to consider.
— Ax) < 1. In this case, x € Ext(Z,41, Rap) and by property (3) of ¢ and
the fact that M(z) <1, y € Ext(Zp+1, Rap).
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A(z) > 1. Let o, be the sign condition of P at y and suppose that
yZExt(Zp+1, Rap). There are two cases to consider.
— o0y €X. In this case, y € X and hence there must exist

7 €SIGN,,(S)\ Sy,

with m > p such that y € Reali(79).

— oy ¢ X. In this case, taking 7= oy, level(7) > p and y € Reali(7{). It
follows from the definition of y, and property (3) of ¢, that for any
m > p, and every p € SIGN,,(S5),
— y€Reali(p%) implies that « € Reali(p9),
— z €Reali(p$) implies that y € Reali(p9).
Thus, z¢Y),, which is a contradiction.

It follows that,

— h(-,e2p):Y,— Y, is the identity map,

— h(Yp,0) =Ext(Z,+1,Rap),

— h(-,t) restricted to Ext(Z,11, Rap) gives a semi-algebraic homotopy
between

h’( ! 752P)|Ext(Zp+1,R2p) = ldEXt(Zp+1,R2p)
and

h‘( i) O)|EXt(Zp+1,R2p)'
Thus, Y, is semi-algebraically homotopy equivalent to Ext(Z,41,Rap).
O

Lemma 7.48. For each p, 0 < p <t, Z, is semi-algebraically homotopy
equivalent to Ext(Y,, Rap_1).

Proof: For the purpose of the proof we define the following new sets for

ue

Ra,.

Let Z,(u) C lep be the set obtained by replacing in the definition of Z,,,
€25 by €25 —U and €251 by €2j—1tu for all i>np, and €2p by €2p — U, and
€2p—1 by u. For ug>0 we will denote

Zp((0,ug)) ={(z,u) |z € Zy(u),u € (0,u]}.

Zp((0,ug)) the set {(z,u) |z € Z)(u),ue (0,ug)}

Let Yy (u) C Réﬂp be the set obtained by replacing in the definition of Y,
€25 by €25 — U and €251 by €2j—1tu for all i>p and €2p by by €2p — U.
For o € Sign,,(S), with m > p, let Reali(c$)(u) C RS, denote the set
obtained by replacing ea,, by €2, — v in the definition of Reali(c$).

For o € Sign,,(S), with m > p, let Reali(c9)(u) C RS, denote the set
obtained by replacing €2, 1 by €2m—1+ u in the definition of Reali(c9).
Finally, for o € Sign,(S) let Reali(c$)(u) C R5,_; denote the set obtained
by replacing in the definition of Reali(c§), e2p—1 by w.
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Notice that by definition, for any u,v € Rap with 0 <u <wv, Zp(u) C Yy(u),
Zy(v) C Zy(u), Y, (v) CY,(u), and

U ve= U 2.

0<s<u 0<s<u

We denote by Z, (respectively, Y,) the set Z,(eap—1) (respectively,
Y, (e2p—1)). It is easy to see that Y, is semi-algebraically homotopy equiv-
alent to Ext(Y}, Rop—1), and Z,, is semi-algebraically homotopy equivalent
to Z,. We now prove that, Y, is semi-algebraically homotopy equivalent to
Z,, which suffices to prove the lemma.
Let p:Y, — Rap—1 be the semi-algebraic map defined by
W)= s {ulzeZyw)}.
u€(0,e2p 1]
We prove separately (Lemma 7.49 below) that 4 is continuous. Note that the
definition of the set Z,(u) (as well as the set Y, (u)) is more complicated than
the more natural one consisting of just replacing €3, in the definition of
Zp by u, is due to the fact that with the latter definition the map p defined
below is not necessarily continuous.
We now construct a continuous semi-algebraic map,

h: Yp/ X [0, 5217—1] — Yp/
as follows.

By Hardt’s triviality theorem there exist ug € Raj,, with ug>0 and a semi-
algebraic homeomorphism,

: Zp(ug) x (0,u0) = Z,((0, ug)),
such that

= me+1(Y(z,u) =u,
— Y(z,up) = (x,up) for x € Z,(u),
— for all u € (0,ug] and for every sign condition o of the family,

U {P,P+eg,...., PEeapi1},
PeP

the map ¢( -, u) restricts to a homeomorphism of Reali(c, Z,(uo)) to
Reali(o, Z,(u)).

We now specialize ug to €2,,—1 and denote by ¢ the corresponding map,

¢Z Z[I, X (0, Egp_l] — Z[/,((O, Egp_l]).
Note, that for every u, 0 <u <egp,_1, ¢ gives a homeomorphism,

bu: Zp(u) — Z,),
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Hence, for every pair, u, v/, 0 < u <u' < eg,_1, we have a homeomorphism,
O ur: Zp(u) — Z(u') obtained by composing ¢, with ¢,

For 0 <uw' <wu <egp_1, we let 6, , be the identity map. It is clear that
0., varies continuously with u and u’.

For z €Y,,t€[0,e2,_1] we now define,

h(:c, t) = G,u(m),t(x)-

It is easy to verify from the definition of h and the properties of ¢ listed above
that, h is continuous and satisfies the following.

— h(-,0):Y, =Y, is the identity map,
- h(Yplu‘SQp—l):Z;/n
— h(-,t) restricts to a homeomorphism Z,, x t — Z,, for every t € [0, e2,-1].

This proves the required homotopy equivalence. g
We now prove that the function p used in the proof above is continuous.
Lemma 7.49. The semi-algebraic map p1:Y, — Rap_1 defined by

pe)=  sup  {u|zeZj(u)}
) ) u€(0,62p 1]
18 continuous.

Proof : Let 0 < § <« €2,—1 be a new infinitesimal. In order to prove the
continuity of p (which is a semi-algebraic function defined over Rg,_1), it
suffices, by Proposition 3.5 to show that

lim Ext (g, Rap-1(8)) (2') = lim Ext(p, Rap-1(9)) ()

for every pair of points z, 2’ € Ext(Y,,Ra,—1(d)) such that limsz =limsz’.

Consider such a pair of points z,z" € Ext(Y,,Rap_1(0)). Let ue (0,e2,—1]
be such that = € Z),(u). We show below that this implies 2’ € Z},(u’) for some
u' satisfying limsu' = limsu.

Let m be the largest integer such that there exists o € ¥, with z €
Reali(0¢)(u). Since x € Zp(u) such an m must exist.

We have two cases:

— m>p: Let 0 € 3, with € Reali(¢$)(u). Then, by the maximality of m,
we have that for each P € P, o(P) # 0 implies that lims P(z) # 0. As a
result, we have that 2’ € Reali(c$)(u’) for all

u<u— PePrfloa(}lg):O |P(z) — P(z')],

and hence we can choose u’ such that 2’ € Reali(o$)(u’) and limsu'=limsu.
— m<p:If 2’¢Z,(u) then since 2’ €Y, CY,(u),

2’ € Ugesian,(p,s)\ s, Reali(c$) (u).
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Let 0 € SIGN,(S) \ ¥, be such that 2’ € Reali(c%)(u). We prove by
contradiction that lim  max  |P(z’)|=u.
§ PeP,o(P)=0
Assume that

3 !/

U pedlith o P
Since, z¢Reali(c)(u) by assumption, and limsz’=limsx, there must exist
PeP, o(P)+#0, and lims P(z) = 0. Letting 7 denote the sign condition
defined by 7(P) =0 if lims P(z) =0 and 7(P) = o(P) else, we have that
level(7) > p and = belongs to both Reali(79)(u) as well as Reali(7$)(u).

Now there are two cases to consider depending on whether 7 is in X or

not. If 7 € X, then the fact that = € Reali(7{)(u) contradicts the choice of
m, since m < p and level(7) > p. If 7¢3 then x gets removed at the level of
7 in the construction of Z,(u), and hence z € Reali(p$)(u) for some pe %
with level(p) > level(7) > p. This again contradicts the choice of m. Thus,

li a; P(z")] = u and since z'¢ U, esien Reali(a® /

im  max |P(e)] = u and since o' Usesian, (c.5)\x, Reali(0%)(w)

for all U/< max |P( )| we can choose U/ such that liméu/:hméu’
PeP,o(P)=

and 2'¢ Uy esiaN (P, 5)\zp Reali(o})(u').

In both cases we have that 2’ € Zp(u’) for some v’ satisfying lims u’ =
limsu, showing that lims p(2’) > limgs u(x). The reverse inequality follows by
exchanging the roles of x and z’ in the previous argument. Hence,

lim p(2”) = lim p(z),
proving the continuity of . |

Proof of Theorem 7.45: The theorem follows immediately from Lemmas
7.47 and 7.48. ]

We now define the Betti numbers of a general P-semi-algebraic set and
bound them. Given a P-semi-algebraic set Y C R¥, we replace it by

X =Ext(Y,R{e)) N Bk(0,1/¢).

Taking S = B(0, 1/¢), we know by Theorem 7.45 that there is a closed
and bounded semi-algebraic set X’ C R{e)¥ such that Ext(X, R(e);) and
X' are semi-algebraically homotopy equivalent.We define the Betti numbers
b;i(Y'): =Db;(X’). Note that this definition is clearly homotopy invariant since
Y and X’ has are semi-algebraically homotopy equivalent. We denote by
b(Y) =b(X"’) the sum of the Betti numbers of Y.

Theorem 7.50. Let Y be a P-semi-algebraic set where P is a family of at
most s polynomials of degree d in k variables. Then

k i
)< (25 +1>6-7‘d(2d—1)k-1.
1

1=0 j=

k—
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Proof: Take S = By(0, 1/¢) and X = Ext(Y, R{e)) N B(0, 1/¢). Defining
X' according to Definition 7.44, apply Theorem 7.38 to X', noting that the
number of polynomials defining X’ is 2 s?-+1, and their degrees are bounded
by d. O
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