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6 Enumeration of Isometry Classes

We have gathered linear codes in classes of codes which are of the same quality
with respect to error correction. Since the metric structure of a code determines
its error correction properties we have introduced the notion of isometric codes
and the just mentioned classes of codes are called isometry classes. Each of these
classes is an orbit of an isometry group of Fy. The linear isometry classes are
orbits under the linear isometry group M,(g), the semilinear isometry classes
orbits under the semilinear isometry group. This chapter is concerned with the
enumeration of isometry classes of codes using methods from Combinatorics,
in particular Pélya’s Theory of Enumeration. This theory deals with the combina-
torial properties of finite group actions. In particular, properties of the acting
group like numbers of fixed points are used to get results about the number
of orbits. The fundamental tool is the Lemma of Cauchy-Frobenius, which was
introduced in 3.4.2 and refinements thereof. To count the isometry classes of
codes we need detailed information about the isometry groups. Depending
on whether we count linear isometry classes (in the first sections) or semilin-
ear isometry classes (in Section 6.7) we have to study the projective linear or
the projective semilinear groups over the appropriate finite fields.

An interesting and helpful notion introduced in Section 6.2 is the concept of
indecomposable linear codes. Each code can be written in an essentially unique
way as a sum of such codes. We derive the number of indecomposable linear
codes, obtaining this way an idea of the complexity of the construction of all
the isometry classes of indecomposable linear codes. Furthermore, a special
class of indecomposable codes, the critical indecomposable codes, are described
in detail in Section 6.5.

For the actual computation of the number of linearly nonisometric (1, k)-
codes over Fq, we need detailed information about the natural group action
of the projective linear group PGLy(g) on PG;_;(g). Especially, we describe
the conjugacy classes of the linear group GLi(q) by using the Jacobi normal
form of the automorphisms of F}; This approach is based on module theoretic
considerations already introduced in Chapter 4. In Section 6.3 we derive a
complete description of the cycle index for the natural action of PGLi(g) on

PGy_1(9)-
Numerical results concerning the enumeration of linear isometry classes of

codes are displayed in Section 6.4. Extended tables, computed by SYMMET-
RICA (cf. [190]), can be found online [58] or on the attached CD.

Closely related to the enumeration of nonisometric codes is the random gen-
eration of linear codes. The algorithm presented in Section 6.6 generates repre-
sentatives of linear isometry classes which are distributed uniformly at random
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over all classes of (1, < k)-codes over I}, for given n, k and p. We use a quite
general method which is due to Dixon and Wilf [46]. This method applies
whenever the structure under consideration is defined as an orbit of a finite
group acting on a finite set.

At the very end of this chapter in Section 6.8 we prove that every local
isometry between two (1, k)-codes over IF; can be extended to a global isom-
etry of IFj. This demonstrates that the seemingly weaker condition of a local
isometry is equivalent to our approach from Section 1.4 and Section 1.5. (See
also [84, second edition, Section 9.1].)

Normal bases of a finite extension IF; over I, have been introduced in Sec-
tion 3.3. Finally, in Section 6.9 we prove that it is always possible to construct
a normal basis of a finite field extension over a finite field. The proof uses
methods from module theory introduced in Chapter 4 and Section 6.3.

6.1 Enumeration of Linear Isometry Classes

To begin with, we recall that two linear codes C and C’ in F}j are said to be
linearly isometric if there exists a linear isometry

. n n
l.IFq —>IFq

n

7 the linear

which maps C onto C’. The group of all linear isometries on F
isometry group, was indicated in Section 1.4 by

Mu(q).

It is the set of all n x n-matrices over IF; which contain in each of their rows
and columns exactly one nonzero element of ;. The application of a linear
isometry to a generator matrix (via right multiplication) amounts to a permu-
tation of its columns and/or a multiplication of columns by nonzero elements
of IF;. We have seen in 1.4.12 that M, (q) is isomorphic to a wreath product,

Ma(q) =~ F3, Su.

The linear isometry group acts on [Fj/, whence also on its power set, and it
has already been mentioned that the corresponding set of orbits,

F; 2n S” \\ZF:; 7

is the set of isometry classes of block codes. Some of them are sets of subspaces,
the linear isometry classes of linear codes. Using the notation

Un,q) = {u U< F;}
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for the set of all subspaces of IF};, we express the set of linear isometry classes
of linear codes in Fj; as

IF:; 211 Sn\\ Z/{(T’l, q)
This set can still be refined since each linear isometry preserves both the di-
mension and the minimum distance of a code. For this reason, we introduce
the following subsets of U (1, q)

U(n,k, q) = {u <Fp|dim(U) =k}, 1<k<n,

and

U,k d,q) = {u < F! | dim(U) = k, dist(U) = d} .

Thus we obtain

The metric classification of linear codes The set of nontrivial linear isometry
classes of linear codes of length n over I ; is the set of orbits

n Amax (”rqu)

IF; L Sa\(U(n,q)\ {0}) = U U F; L, Su\U(n,k,d,q).

k=1 d=1

Each transversal of the orbit set
IF; L, Sa\U(n,k,d,q)

is a complete system of pairwise linearly nonisometric linear (n,k, d, q)-codes. O

Example Considering the set of linear isometry classes of linear (#,k)-codes
instead of the set of all (1, k)-codes reduces dramatically the number of objects
to be classified. For instance, the numbers [Z] (2) of k-dimensional subspaces
of I} (cf. Exercise 6.1.3) are displayed in Table 6.1.

With the methods described in this section we will be able to determine
the numbers U, given in Table 6.7. They are the numbers of linear isome-
try classes of binary (n,k)-codes. From these tables we deduce, for instance,
that there are more than 53 million 4-dimensional subspaces of F1° but only
516 linear isometry classes of binary (10,4)-codes. Later on (cf. Table 6.7) we
will see that there are only 276 isometry classes of (10, 4)-codes without zero
columns. Using methods from Chapter 9, we will obtain that there are only 19
isometry classes of (10,4)-codes with optimal minimum distanced = 4. <

If we want to apply the metric classification of linear codes for enumerative
or constructive purposes, we run into problems since the sets U(n,k,q) are
abstract sets of vector spaces. But we know from Linear Algebra that each
code possesses bases, k-tuples of linearly independent elements. They are the
generator matrices of a code. Still there is a problem concerning complexity.

6.1.1

6.1.2
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6 16
7 23
8 32
9 43
10 56
1 71
12 89
13 109

14 132

Table 6.1 Values of [}](2)

3 4 5

0 0 0

0 0 0

1 0 0

15 1 0

155 31 1
1395 651 63
11811 11811 2667
97155 200787 97155
788035 3309747 3309747

6347715 53743987 109221651
50955971 866251 507 3548836819
2794155 408345795 13910980083 114429029715

Table 6.2 Values of U,x»

> m O O W

10
22
43
77
131
213
333
507
751
1088

4 5 6 7

0 0 0 0

0 0 0 0

0 0 0 0

1 0 0 0

5 1 0 0
16 6 1 0
43 23 7 1
106 77 32 8
240 240 131 43

516 705 516 213
1060 1988 1988 1060
2108 5468 7664 5468
4064 14724 29765 29765
7641 39006 117169 173035
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Each (n,k)-code has many bases, except for very trivial cases. Hence, if we
want to describe a subspace by a generator matrix, we are faced with a great
variety of possibilities. So, instead of the abstract set of vector spaces we have
to manage a big set of matrices. In 1.4.14 and Exercise 1.4.14 we have already
introduced for n > k > 1 the set of all generator matrices of (1, k)-codes over
[y as the set
FEk = {T | T € FP", rank(T) = k}

of all k x n-matrices over I, of rank k. In the Exercises 1.4.14 and 1.4.16 we
have described actions of the general linear group GL(g) and of the full mono-
mial group M, (g) on stn’k, and we have shown that these two actions com-
mute. According to Exercise 1.4.10, two commuting group actions ¢ X and g X
induce an action of the direct product G x H on X.

Since, according to Exercise 1.4.14, exactly the left multiplications by ele-
ments A € GLi(g) transform a generator matrix of the space C € U(n,k,q)
into another generator matrix of C, the orbits of GLy(g) on IFIL; xnk correspond
to the subspaces of dimension k:

U(n,k,q) = GLi(q) \Fy ",

The operations of elements of the linear isometry group commute with the
operations of the elements of GLy(g7), and so the set of linear isometry classes
of (n,k)-codes is equal to the set of orbits

(GLx(q) x F1, Sn>\\ﬂi‘s><n,k
with respect to the action
(GLk(q) % ]F; 2, Sn) X F};X”rk _ ]Fl';xn,k,

defined by
((A,B),T)— A-T-B'.

Using Exercise 1.4.9 (which says that the set of orbits of a direct product is the
set of orbits of one factor on the set of orbits of the other factor) we rephrase
6.1.3 as

GLi(9)\\ (F; , sn\\w’;xnfk) .

Because of the condition on the rank, the set F];X”’k is not easy to handle. We
may thus prefer to work with the even larger set IF’{;X” of all k x n-matrices
without any condition on the rank. In 6.1.15 and Exercise 6.1.6 it will be clear
that it is possible to determine the number of isometry classes of linear (n, k)-
codes from | GLy(9)\(F} 2, Sy \F5*")| and | GLy_1(q)\(F} ¢, S \F§" ™).
The set F};X” can be reduced a bit, since matrices which contain zero columns
are not of interest for coding theoretic purposes. (Such columns are redundant

6.1.3

6.1.4
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in coding theory, since the corresponding components are zero in each code-
word, and so they give no information. Moreover, two generator matrices of
the same code have the same number of columns of zeros, and these columns
occur at the same column indices. Generator matrices of isometric codes also
have the same number of columns of zeros, but these columns need not oc-
cur at the same column indices.) For this reason we introduce the following
notion:

Definition (nonredundant code) A linear code C is called nonredundant if its
generator matrix I" contains no zero column. o

In fact, this condition is independent of the choice of the generator matrix I'.

Itis, therefore, reasonable to restrict attention to the set of all k x n-matrices
without zero columns. The advantage is that the set of all k x n-matrices over
[Py which contain no zero column can be written as a set of mappings

(FA{OD)" = {f | f:n = F{\{0} .

The generator matrix I' of a nonredundant (n, k)-code is identified with the
mapping I': n — F}‘;\{O} where I'(i) " is the i-th column of T.

Rewriting our problem in these terms shows that instead of the situation
in 6.1.4 we are now faced with the set of orbits

GLi(9)\\ (F; 2, S\ (FE\{0})") .

According to Exercise 1.4.9, the general linear group acts in the following
way on 5 2, 5,\ (F5\{0})"

GLi(g) x (F;1, Si\(FE\{OD)") = F5, Sy \(FS\{0})",

(A/]F; Zn S”(f)) = F; 2n S”(Af)
When writing Af, we identify the function f € (IF’L;\{O})” with the corre-
sponding k x n-matrix (f(0)7 | ... | f(n —1)T). Then Af = (A- f(0)7 | ... |
A-f(n—1)T) and, therefore, Af(i) = (A- f(i)T) = f(i)-AT.
For this reason, we first investigate the action of a wreath product in more

detail and explain how to split it into two group actions which are easier to
handle (cf. [123], [124]).

Lehmann’s Lemma Let ¢ X and Y be two group actions. For the natural action of
the wreath product H (. G on YX, defined in 1.4.9, we have:

1. If the mapping ¢ is given by

9: YX — (H\Y)™ : f = (f) where ¢(f)(x) = H(f(x)),
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then the mapping
@: Hy, G\Y* — G\((H\Y)¥) : H1, G(f) — G(g(f))
is a bijection, where G acts canonically (cf. 1.4.7) on this set of functions.

2. The orbit of f € YX under the action of H, G is given by
H, G(f) = ¢~ (®(H, G(f))) = ¢~ (G(o(f)))-

Proof: 1. For f, f» € YX the following facts are equivalent:
P(H 1 G(f1)) = P(H 1 G(f2))
G(p(f1)) = G(o(f2))
¢(f2) € G(o(f1))

(f2)
(f2) = ¢(f1) o g forsome g € G
¢(f2)(x) = ¢(f1)(gx) forsome ¢ € Gandall x € X

S

H(f2(x)) = H(f1(gx)) forsome g € Gandall x € X
f2(x) € H(f1(gx)) forsome ¢ € Gand allx € X

fo=(¢;8)f1 forsome (y;g) € Hi, G
f2 € HZX G(fl)
H, G(f2) = Hiy G(fr)-

Reading these implications from the bottom to the top, we deduce that ® is
well-defined. Reading them the other way round it follows that ® is injective.
In order to prove that ® is surjective, we first realize that ¢ is surjective, i.e.
each F € (H\\Y)X is of the form ¢(f) = F for some f € YX. (The function f
should be determined in such a way that for each x € X the value f(x) belongs
to F(x),1e. F(x) = H(f(x)).) If (f) = F, then

®(H G(f)) = Glo(f)) = G(F),

whence @ is also surjective.
2. In order to prove the second assertion, consider a function F € (H\\Y)*
and assume that F = ¢(f) for some f € YX. Then

¢ ({F) = o7 '({e(H}) = Hy {1} (f)
= {fe yX ‘ f(x) =9(x)f(x) forp € HXand x € X}.
Next we prove that

p(fog) =9¢(f)og,  gE€GC.
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(The reader should realize that on the left hand side we are faced with the
natural action of G on Y and on the right hand side with the natural action
of G on (H\\Y)X.) The action of G commutes with the application of ¢, since

¢(f o 8)(x) = H(f(g(x))) and (¢(f) 0 g)(x) = ¢(f)(gx) = H(f(gx)) for all

x € X. Finally we obtain

Hy G(f) = {(¥:8)f | (¥:8) € HY G}
= {x = p)f(g%) |y € HY, g€ G}
= U {r—p@fe7%) | v e HY}

geG

= U Hy, {1}(fog71)
geG

= U ({otfes™})
geG

= U ({o0nog})
geG

=o' (U {e(f)og™'})

geG

An application of Lehmann’s Lemma allows us to rewrite 6.1.6 in the form

GLe()\ <5n\\ (F;\\(Fs\{o}>)”) '

This result shows the close connection between finite geometry and the theory
of linear codes: The set of orbits of Fj on IFS\{O} is the set of elements (also
called points) of the (k — 1)-dimensional projective space PG;_;(g) (cf. Sec-
tion 3.7). Hence, we actually investigate

GLk(‘I)\\(Sn\\ PGlt—1(4)n)'

Here the symmetric group S acts in a natural way on the domain of the map-
pings in PG}_;(9)". How does GL(g) act on the orbits S,,\\ PG;_;(¢)"? From
6.1.7 we deduce that the application of A € GLi(q) to the F, Sy-orbit of
f e (Fs\{O})” yields the orbit F 1, Sy (Af). If ¢ is the mapping defined as
in Lehmann’s Lemma, then the elements of A(S,(F)) for F € PG;_;(q)" are



6.1 Enumeration of Linear Isometry Classes 451

the elements in (p(IF,’; %, Sn(Af)) for some f € ¢~ 1({F}). We want to describe
this set again as an orbit under a suitable group action. For this reason, in Sec-
tion 3.7 we have deduced from Exercise 1.4.13 the natural action of GLi(g) on
PGy_;(q) as described in 3.7.4. Here it is repeated once again.

GLi(q) % PG_1(9) — PG{_1(9) = (A, Fy(v)) = Fy(v- AT).

Lemma Consider A € GLi(q) and let ¢ be given by 6.1.11

¢: (FO\{0})" = PGL_y ()" = f = ¢(f) where ¢(f)(i) := Fy(f(0)).
Then
¢ (F;0,Sa(Af)) = AlSalg(£)), e (FE\{O})",
where on the right hand side the action of GLi(q) on S\ PGy_;(q)" appears, which
is induced by the natural action of GLi(q) on PG_4(q).

Proof: From the second part of Lehmann’s Lemma we obtain

¢(Fgt, Su(Af)) = Su(@(Af))-
Using Exercise 1.4.13 we deduce that p(Af) = Ag(f), since

Q(Af)(i) = Fy(f(i)- AT) = AF,(f()) = Ap(f)(i)

foralli € n. Thus, S, (¢(Af)) = Su(A@(f)) and this orbit equals A(S,(¢(f))),
since A operates by matrix multiplication from the left, and 7= permutes the
columns of (the matrix) f. ad

This way we have just replaced the action of GLy(q) x Fj 1, Su on (F};\{O})”
by the action of GLi(q) x S, on PG{_;(7)", where this action is of the form
1.4.11. Therefore, GLy(q) acts only on the range PG;_;(7) and S, acts only on
the domain 7. Instead of 6.1.10 we are finally dealing with

(GLx(g) x Su)\ PG;_4(gq)". 6.1.12

This proves the following fundamental result:

Theorem The linear isometry classes of linear, nonredundant (n,k)-codes over I 6.1.13
are the orbits of GLi(q) x S, on PG_;(q)", the representatives of which are of rank
k. They form a subset of

GLi(q)\ (Sn\ PG_1(9)").

The inner orbit set S,\ PG;_1(q)" can be represented by any complete system of
mappings f: n — PGy_;(q) of pairwise different content

c(f): PGi_1(q) = N = y = |f T ({y})].
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Hence, the set of all linear isometry classes of linear, nonredundant (n,k)-codes over
F; can be identified with the set of orbits of GL(q) on the set of mappings
f € PG;_1(q)" of pairwise different content which form k x n-matrices of rank k. O

Moreover, the class of bijective functions f: n — PG[_,(q) is the class of
the simplex-codes. This fact demonstrates the particular role of simplex-codes
and their dual codes, the Hamming-codes.

Definition (projective codes and projective matrices) A nonredundant (7, k)-
code C is called projective if the columns of any generator matrix I' of C are
pairwise linearly independent. In this case, we call I a projective matrix. In
other words, a k X n matrix I over F is called projective if no two columns are
linearly dependent. If n = 1 we require that I is not the zero matrix. o

Thus, projective codes have projective generator matrices and vice-versa. The
columns of a projective generator matrix I are never zero and are representa-
tives of pairwise distinct one-dimensional (punctured) subspaces of F}‘; There-
fore, they give rise to an injective mapping

I':n—PGi_1(q) or T:n— PG;_4(q).

Here we prefer to use PG;_,(qg) since its elements are orbits under the action
of IFy. It is straightforward to verify that being projective is a property of the
isometry class of a code. That is, for linearly isometric codes C; and C, the
code C; is projective if and only if C; has this property.

Generalizing this definition, an arbitrary (1, k)-code C is called injective or
reduced if the mapping

I':n— PG{_4(q)U{0},

corresponding to the columns of an arbitrary generator matrix I' of C, is injec-
tive.

The numbers of linear isometry classes of linear codes will be obtained
from a refinement of the metric classification 6.1.1. Besides the total number of
linear isometry classes, we also evaluate the number of linear isometry classes
of nonredundant codes as well as of projective codes.

The set of all k-dimensional nonredundant subspaces of Fj is indicated as

V(n,k,q).

By V(n,k,q) we denote the set of all projective U € V(n,k,q), and we write
U (n,k,q) for the set of all injective U € U(n,k,q). For the sets of linear isome-
try classes in U(n,k,q) and V(n,k,q) we use the symbols

Upjg = Mn(@\ U1k, q), Vikg = Mu(@)\V(n,k,q),
un,k,q = MW(Q)\\U(H/ k, GI>/ Vn,k,q = MW(Q)\\V(H/ k, q)
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In addition, we introduce the following sets:

Tn,k,q = lUkVn,l,q (: Vn,gk,q )r
<

Tn,k,q = U Vn,l,q (: Vn,gk,q )r
1<k
comprising the classes of linear (1,1)-codes of dimension ! < k. The cardinali-
ties of these sets are denoted by

Tnkq/ Tnkq/ Vnkq/ Vnkq/ unkq/ unkq~
Of course, there is a close connection between these numbers. Using Exer-

cise 6.1.6 we obtain the following basic results for the enumeration of linear
isometry classes of linear codes (cf. Exercise 6.1.6):

Corollary

Tkq is the number of orbits computed in 6.1.12,

Tukg = [(GLi(q) x Su)\PGy_1(9)"] = | GLi(q) \ (Su\ PGt _1(9)") -
If k > 1, then Ty 1,4 is also the number of GLy(q) x Sy-orbits of mappings
f € PG;_1(q)" corresponding to matrices of rank not greater than k — 1.

Tykg is the number of GLy(q) X Sy-orbits on the set of injective functions in
PG;_1(q)",

Tukg = 1(GLi(9) X Sn)\ PGy _1(9)ing] = [ GLk(9)\ (S \ PG_1 () ing) -
Vikg = Tukg — Tug—1,9 Vikg = Tukg — Tugx—14 for 1<k <n.
Unkg = Zieg Vikg: Ukkg = Vikg: and Uppg = Vi1 g+ Virg for n > k.

The initial values for these recursions are Vi1 = 1 forn € N*, Vi3, = 1 and
Vg =0 forn>1 O
This way we have expressed Uy, Uykgs Vikg, and Vi, in terms of Tyq and
T kg The remaining problem is the evaluation of Tykg and T ppg. In order to ob-
tain these numbers we could, of course, use the Lemma of Cauchy-Frobenius
3.4.2 and compute the average number of fixed points. But it is our intention
to get a more general result which gives a generating function for these num-
bers. It will turn out that the weighted form of the Lemma of Cauchy-Frobenius
is more suitable for this purpose. For this reason we introduce weight func-
tions. They are mappings defined on the set, on which the group acts, which
are constant on each orbit. The range of these weight functions is usually a
commutative ring (mostly a polynomial ring) which contains QQ as a subring
since we need to allow division by |G|. The following generalization of the
Lemma of Cauchy—Frobenius allows us to count orbits with additional prop-
erties expressed by weights.

6.1.15
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The Lemma of Cauchy—Frobenius, weighted form Consider a finite action g X
and suppose that w: X — R is a mapping from X into a commutative ring R which
contains Q as a subring. If w is constant on the orbits of G on X, then, for each
transversal T of the set of orbits we have

1
Y w(t) = Gl Yo Y wx).

teT g€GxEX,

Proof: The following identities are obvious, possibly up to the final one which
uses the fact that w is constant on the orbits:

Y Y e=) ) wx) =} [Glo)

geGxeX, x€X getGy xeX
=[Gl L I1G()| Mw(x) =[G L w(t). o
xeX teT

If the values w(f) of the weight function are monic monomials over Q,
then the values in {w(f) | f € YX} are linearly independent. Hence, the right
hand side of the weighted form of the Lemma of Cauchy—-Frobenius yields the
number of orbits of any given weight.

For group actions on YX of the form 1.4.7 we introduce, for any given map-
ping W: Y — R, the multiplicative weight w: YX — R, by

w(f) = [T W(f(x)).
xeX
This mapping is clearly constant on the orbits of G on YX.

We recall from elementary theory of permutation groups that the permu-
tation g: x +— gx induced by ¢X possesses a decomposition into pairwise
disjoint cycles. If this decomposition consists of a;(g) cycles of length i, for
i=1,...,|X], then the sequence

(a1(8),a2(8), -, ax/(8))

is called the cycle type of g. In other words, a;(g) is the number of orbits of
length 7 of the group (g ) on X, i.e.

ai(g) = [{w € (¢)N\X | |w| = i}| = {w € (g)\X | || =}

The cycle type of g satisfies 1" ; ia;(g) = |X|, since X is the disjoint union of
the cycles of (g).

An application of the weighted form of the Lemma of Cauchy-Frobenius
gives:
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Pdlya’s Theorem Let X be a finite group action which induces according to 1.4.7
a group action on the finite set of mappings YX. Let R be a commutative ring which
contains Q as a subring. If T is a transversal of G\ Y, then for each W: Y — R
and the corresponding multiplicative weight w: YX — R we have

L f|q2ﬁ(ZWWY®|qzﬁ(2mwf@

teT geG i yeY neG i=1 \yeYy
where a;(g) or a;(7) is the number of cyclic factors of length i of the permutation
g€ Sxorme Sx. ]
The most general multiplicative weight function is obtained by considering
the elements of Y as algebraically independent indeterminates in the polyno-
mial ring Q[Y]. The mapping W: Y — Q[Y] which takes y € Y to itself gives
rise to the multiplicative weight

w: YX = Q[Y] : e [ fx) =TTyl Wbl

xeX yeY

The image of f is a monic monomial in Q[Y], which uniquely describes the
content (cf. 6.1.13)

()Y =N iy |f({y))|

of f. The sum of weights of the elements in a transversal T of the orbits is

) w(t) |c| Zﬁ(Z}/)ai(g)-

teT geG i yeY

This result can be formulated — as it was already done by G. Pélya — in terms
of the cycle index polynomial corresponding to the action ¢ X.

Definition (cycle index polynomial) If G is a finite group acting on a finite set
X, then the cycle index C(G, X) of the action X is the polynomial

1]
C(G ZH ¢ € Qlzr,za,. o zix))
ger
where (a1(g), ..., ax| (g)) is the cycle type of g. o

Pélya’s Theorem shows that the sum of the weights of the elements of a
transversal can be obtained from the cycle index by replacing the indetermi-
nate z; by the sum of the i-th powers of all weights, }_, cy W(y), ie
tesz (G, X>’Zi3zz}/ W(y)'*

Our aim is to evaluate the generating function for Tyy,. For fixed k and g,
this is the formal power series whose coefficient of x" is T,,. For this reason
we still give a short introduction to

6.1.18

6.1.19
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The ring of formal power series over a ring Let R be an integral domain, then
R[x], the ring of formal power series over R in the indeterminate x, is given

by
R[[x]]:{Zﬂnxn’ﬂnER,TlEZ,nZO}_

n>0
Together with addition and multiplication

Yo anx + Y bpx" =Y (an + by)x"

n>0 n>0 n>0

n
<2 anx”> . (Z bnx”) =) < a,bn,> X,
n>0 n>0 n>0 \r=0

R[x] is an integral domain.
If f is a nonzero formal power series of the form f = },~ ya,x" € R[x]
with ay # 0, then N is called the order of f, for short
ord(f) = N.
For technical reasons, we associate the zero series with the order +co.
A family (f;)e; is called summable if for each n > 0 the cardinality of the
index set
Jn={j €] ]ord(fj) <n}
is finite. In this case we set
Y f= T,
j€] n=0
where s;, is the coefficient of x” in the (finite) sum
2 Jj-
j€In
Finally, if (@), is an arbitrary sequence of numbers, then the ordinary gen-
erating function for this sequence is given by
Y apx.
n>0

Using this, we can now prove the decisive result we need in order to enu-
merate linear codes:

Theorem Let Y be a finite group action. The generating function for the number of
(H x Sy)-orbits on Y" is

Y I(H x Sp)\Y"|-x" = C(H,Y)| -

neN Zi=Y %0 x T
For the subset Y. of the injective functions in Y we obtain

inj
Y I(H x S\ Yiyl - x" = C(H,Y) |y i
neN
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Proof: 1. From Exercise 1.4.9 it follows that

(H x Sp)\Y" = H\\ (S,\Y").

Thus, according to Exercise 6.1.1, the orbit (H x S,,)\Y" corresponds to the set
of H-orbits on the set of mappings f € Y" of different content. The content
c(f)of f € Y'mapsy € Y toc(f)(y) := |[f 1({y})] the cardinality of the
inverse image of y. It is a decomposition of # into |Y| summands. Such a
decomposition can be viewed as a mapping ¢ € NY such that

Y oly) =n.

yeY

2. If we now define a weight
W:N — Q[x] : W(n):=x",

then we obtain the first assertion directly from the following generalization
of 6.1.18.

Since the action of H on NY is not a finite group action, we need a general-
ization of Pélya’s Theorem. For ¢ € NY we define the weight w(¢) by

w(g) = [T W(p(y)) = xbver o0,
yeY
Then ¢ is the content of some f € Y" if and only if w(¢) = x". Thus, the set of
Sp-orbits on Y" is in bijection to the set

NY = {goeNY ’ w(g) :x”}.

Moreover, the (H x S, )-orbits on Y" correspond to the H-orbits on N, where
H acts on the domain Y as introduced in 1.4.7. The three families (x"),>0,
(I(H % Sp)\Y"|x"),~o, and (N} |x") _, are summable in Q [x], which is the
ring of formal power series in the indeterminate x over Q. Hence,

Yoxt= Y W(n), Y [(HxS)\Y"|«", ), INY|x"

neN neN neN neN
exist as elements of Q [[x]. Since NY is the disjoint union of N/ for n € N, the
last sumis equal to ) peNY w(¢). Moreover, all elements of an orbit w = H(¢)
have the same weight, which allows us to set w(w) := w(¢). Consequently,
we get

Yo I(Hx S)\Y"x" =) |[H\NY|x" = Y w(w).
neN neN weH\NY
Since (w(¢)) ey is a summable family, also (w(¢)) e (ny), is summable for

h € H, where (NY), is the set of fixed points of i. Moreover, (|Hy|w(¢)) eNY
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is summable, where H,, is the stabilizer of ¢. Following the ideas of the proof
of Pélya’s Theorem, we determine the sum of the weights of the fixed points
of h € HinNY as

Y| a;(h)
r =1 wor)
pe(NY), i=1 \neN
and finally
Z ZU((U) = C<H’ Y> ’Z,‘:ZnEN W(”)i - C(H, Y> ’Zi:ZneN Xi.n.
weH\NY

3. The second assertion follows similarly, since the contents of injective func-
tions are decompositions whose summands are either 0 or 1. Thus, instead
of NY we consider {0,1}Y, and the weight W: {0,1} — Q[x] is defined by
W(0) := 1 and W(1) := x. This gives the second assertion about the generat-
ing function for the number of orbits of injective functions. o

We are now in a position to derive the generating functions for the numbers

Tukg = [(GLx(q) % Su)\ PGy (q)"|

and
Totg = |(GLi(9) x S2)\ PGL_y (9)l4

by an application of the last theorem. These numbers are numbers of orbits
of the general linear group. As pointed out in Section 3.7, we can restrict our
attention to the projective linear group

PGLi(q) := GLi(q)/ 2y,

which is the factor group over the center Zj of the general linear group. This
reduction is possible, since the action of the general linear group is an action
on mappings (to be exact, on orbits of mappings), the range of which is the
projective space PG;_;(g). It proves

Corollary Since the general linear group GLy(q) operates as the projective linear
group PGLy(q) on the projective space PGy_(q), we have

Tukg = GLe(9)\(Sn\ PG} _1(9)") = PGLi(9)\ (Sx\ PG} _1(q)")

and
Tukg = GLr(9)\(Sn\ PG;_1(9)iy) = PGLi(9)\ (Sa\ PGi_1(9)ly)- D

Using these identities we obtain, by an application of 6.1.21, the following
result [61]:
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Corollary The generating functions for the numbers Ty, and Tyrg can be obtained
from the cycle index of the natural action of the projective linear group on the projective
space in the following way:

Z Tnkqxn = C(PGLk(Q),Pczil(Q))‘Z‘::E?o_ i’
neN S

and

2 Tnkqxn = C(PGLk(Q)/Pszl(q))’zi::1+xi' -
neN

Example Let us consider isometry classes of binary linear codes. Since the
wreath product F3 1, Sy, is isomorphic to the symmetric group S;;, we are faced
with an action of S, x GLi(2) on (F5 \ {0})". In this situation the projective
linear group is simply the linear group, and from 6.1.23 we obtain that

Y Tuax" = C(GLy(2),F5 \ {0}) ’Zi;zzj%"jo i
n=0 -

and
[ee]

Tux" = C(GLi(2), F5\ {0})]

n=0
These cycle indices are known for g = 2, see [50], [60], [82], [83], [184], and
programs for their evaluation are implemented in SYMMETRICA ([190]), so
that tables can be determined easily. Comparing Tables 6.2 and 6.1 shows that
the set of isometry classes of (1, k)-codes is much smaller than the set of of all
(n,k)-codes for given parameters 1 and k. <&

zii=1+x".

If the cycle indices C(PGLk(q), PG;_1(g)) are known for general g, it is pos-
sible to evaluate the numbers Ty, and T, from which we can deduce Vikgs
Viukgr Unkg, and Uy, for arbitrary fields F;. A method for computing these cy-
cle indices is described in Section 6.3. Finally, in Section 6.4 we present several
tables of these numbers which were calculated using SYMMETRICA (cf. [59]).
They extend the results of D. Slepian on binary codes, see [184]. It is also pos-
sible to determine the number of linear isometry classes of linear (1, k)-codes
over Fq by using the software of the attached CD for moderate parameters #,
kand g.

For later applications to the construction of transversals of isometry classes
of projective codes in Chapter 9 we mention the following two facts: From
Exercise 6.1.2 it follows that

S\ PG}_y ()}l = (PG%(q)),

n

6.1.23

6.1.24
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the set of all n-subsets of PG;_;(g). This implies

T kg = PGLi(q )\\(PGk 1(g )>

Exercises

Exercise Let the symmetric group S, act on the set of mappings Y" as de-
scribed in 1.4.7. Show that two mappings f1, f» € Y" belong to the same orbit
if and only if they are of the same content, i.e.

A DI =15y} forall y e Y.

Exercise Let Yjj; denote the set of mappings f € Y" which are injective, i.e.
with |f~1({y})| < 1, forally € Y. Show that the S,-orbits on this set can be
represented by n-subsets of Y.

Exercise Let x be an indeterminate over R. Two nonnegative integers n and k
define the rational function [} ] by

|
_[”]' ik,

0 otherwise,
where
[0]!:=1, [n]!:=[n]n—1]---[1], n>1,

and [n] =1+x+...+x""! forn > 1. Prove that the number of subspaces of
dimension k of F}] is the value of the Gauss-polynomial []] at g:

(x”—l)---(x”7k+1—l)
(xk—1) -+ (x—1)

_ (g =1 (g =)
(@ =1 (g=1)
The numbers [}] (q) are known as the g-binomial numbers. In the notation of

Section 3.7, we have 6,_1(q) = [U(n,1,9)| = []] (9) = ‘7;:11.

n

U k)l =[7] (@)=

x=q

Exercise Show that the action of My (g) on U (n,k,q) can be restricted to ac-
tions on V(n,k,q), onU(n,k,q), and on V(n,k, q), which means that these sub-
sets of U (n,k,q) are unions of orbits of the linear isometry group.
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Exercise Prove that for finite actions X, yY and the corresponding canonical
actions on YX the following enumeration formulae hold true:

1

G\ = g

Y Y|® = c(G,x)|

211:|Y‘/
g8€G

where c(g) = Y;ai(g) = |[(g)\X]| denotes the number of cycles in the cycle
decomposition of the permutation g, while

1 |X] 1
[(Hx G\ Y¥| = Y. TTvs = C(G,X)|,._ 1y
|H||G| (hg)eHxGi=1 |H| heH 2=Vl
and

X
[Hy G\Y?| = C(G, X) |, _ iy vy

Exercise Prove the assertions in 6.1.15. Show that the rank of a matrix corre-
sponding to a mapping I' € PG;_;(q)" does not depend on the choice of the
representatives of the elements I'(i) in PG;_;(g). Check that the matrices in
the orbit (GL(g) x S,)(T) are all of the same rank.

For ¢ < k, show that the mapping

GL(q) — GLi(q) + A ( 3 IO ) ,
k—1
where I, is the unit matrix of rank 7, is an embedding of GL,(g) into GLk(g).
Consider the natural embedding of Fﬁ in IF’L; givenby v — (v | 0x_y).

If the function I' € PG;_;(g)" describes a matrix of rank ¢ < k, find a
function I’ € PG;_;(q)" which in a natural way can be identified with a suit-
able element of the orbit (GLi(g) X Sy)(T). Show that all elements of the or-
bit (GL;(q) x S,)(I'"’) correspond in the same way to elements of the orbit
(GLk(g) x Sy)(T'). (Hint: For finding I'’, determine by elementary row oper-
ations on I' a matrix I’ in which the last k — ¢ rows consist of zeros only. The
mapping I’ can be obtained from I by omitting the last k — ¢ entries in each
column.)

In order to prove that for k > 1 the number of GLi(g) x S,-orbits of map-
pings I € PG;_;(q)" corresponding to matrices of rank not greater than k — 1
is equal to T; x_1,4, show that all matrices in the orbit (GL(q) x Sn)(T) in

1!
which the last row consists of zeros only, ie. GLi(q)(T) > I’ = 1(; >

n
with I'” corresponding to a mapping in PG;_,(g)", are of the form

. // .
A B T M, = A-T" - Mg
0,1 D 0n

E.6.1.5

E.6.1.6
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for some A € GLx_1(q), B € F,gkil)ﬂ, D € GLi(q) = Fj and a permuta-
tion matrix My for t € S,. This is the (GLy_1(q) x S,)-orbit of I””. Thus
the (GLg(g) x Sy)-orbits of matrices I of rank less than k and without zero
columns correspond to the (GLy_1(g) x Sy)-orbits on PG;_,(g)".

Exercise Let R be a ring. Consider the set S of all sequences (r,),~, with
ry € R for n > 0. Prove that this set together with addition and multiplication

(") nz0 + (5n)u>0 = (rn +5n) >0/ ("n)u>0: (Sn)p>0 € S,
n
(771)7120 : (5n>n20 = (tn)ngo/ ty = Z”isnfi/ (Vn)ngo/ (5n>n20 €S,
i=0

is a ring. In addition, show that

S is commutative if and only if R is commutative,
S is aring with 1 if and only if R is a ring with 1,
S is an integral domain if and only if R is an integral domain.

Now assume that R is an integral domain. Let s = (r4),( be an element of
S different from 0. Then N = min{n > 0 | r, # 0} is called the order of s, in
short ord(s). The order of 0 is defined to be +o0. Show that the mapping

zford(sa)fsa)) if (1) + 5(2)

_ L d(s'),5@) =
d:SxS—R :dsW,s?): {0 if 1) — 5@,

is a metric on S. This metric induces a topology on S, the order topology. Prove
that a topological basis of the system of neighborhoods of () € S is given by

U, (s = {s€S|ord(s—s(O))>n}, n e N.

A family (s(") )us0 With s(") € Sis called summable if the following limit exists
with respect to the order topology:

N
lim Zs(”).
n=0

N—oo —

Prove that (S(n)>n20 is summable in S if and only if lim, e ord(s(”>) = +oo,
which is equivalent to lim; . st = 0.
If (s(") )u>0 is @ summable family, then we set

N
= ( o s<n>> |
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We identify the elements r of R with the series (r,0,0,...)in S. Consider the
particular element x = (0,1,0...) € S. Show that any sequence (,),~, € S
can be written as -

Y rax,

n>0
where x" is the n-fold product of x introduced in Exercise 1.6.6. This represen-
tation as a sum makes sense, since the family (7,x"),,~ is summable.
Finally, we identify S with the ring R[x] of formal power series over r in
the indeterminate x.

Exercise Prove the following formulae for the order of formal series over an
integral domain R. For f, g € R[[x] wehave ord(f +¢) > min{ord(f),ord(g)}
and ord(fg) = ord(f) + ord(g). We use the convention +o00 > n foralln € N,
“+oo < +0o, and (400) + 1 = n + (+00) = (+00) 4 (+00) = +oo forn € N.

6.2 Indecomposable Linear Codes

The enumerative formulae just derived and the corresponding tables of num-
bers give us a good idea about the multitude of linear isometry classes of linear
codes without zero columns in their generator matrices. But we are mainly in-
terested in the optimal codes, i.e. in the (1, k)-codes with maximal minimum
distance d. Hence, we are in fact interested in a small fraction of the total va-
riety of linear isometry classes which we have enumerated. To begin with, we
mention that there exists a Decomposition Theorem for linear codes. D. Slepian
has shown in [184], that every linear code can be decomposed in an essentially
unique way into an outer direct sum of indecomposable codes, and we recall
from Section 2.2, that the minimum distance of an outer direct sum is the least
among the minimum distances of its components. This motivates enumera-
tion and the construction of the linear isometry classes of indecomposable linear
codes, the generator matrices of which do not contain zero columns and whose
minimum distance is maximal, for given parameters 7, k, 4. In this section we
restrict our investigations to nonredundant codes.

Definition (indecomposable codes) We call a code decomposable, if it is linearly
isometric to a code with a generator matrix in the form of a block diagonal
matrix

r= ( Jr ) —To4Ty,
consisting of two generator matrices I'; of linear (n;, k;)-codes with 1 < k; < n;
for i € 2. Hence, it is linearly isometric to the outer direct sum of at least

E.6.1.8
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two codes. Correspondingly, we speak about a decomposable generator matrix.
Otherwise, both the code and its generator matrix are said to be indecomposable.
©

At first we prove a Decomposition Theorem for linear codes. For this pur-
pose we recall some concepts and facts from Linear Algebra about indepen-
dent families. We are dealing with finite families S of elements of FII; These
are finite sequences S = (v;);c, of vectors v; € IFS of length n > 1. The fam-
ilies So = (voi)iengs---+Sr—1 = (Vr—1,i)ien, , iN IFS are called independent if an
equation of the form

Y. ) o =0, aj €Ty,

iEVjEni
always implies that
Z Njjvij = 0 forier.
jen;
In other words, there are no linear relations between vectors of different inde-
pendent families.

The proof of the next lemma is left to the reader.

Lemma If Sy,...,S, 1 are independent families in X, and if R; are nonempty
subfamilies of S;, then also Ry, ..., R,_1 are independent families in IF’,; O

A family S = (v;);eg in IF’,; is called indecomposable, if it cannot be expressed
as the union of at least two (nonempty) independent subfamilies (v;);c; and
(v;)ie where [ is the disjoint union I’ U I”. Otherwise, S is called decompos-
able. In the sequel, we want to prove that any decomposable sequence can
be decomposed uniquely into the union of indecomposable subfamilies. For
doing this, we need some notions about linear combinations.

Let S = (v;) ey be a family in F}‘; A linear combination

Y aiv, el

ien
is called irreducible, if there does not exist a proper partial sum (consisting of
at least one and at most n — 1 summands) which yields zero. Otherwise, the
linear combination is called reducible.

Lemma Let S be a family of vectors in F}‘; Any reducible linear combination of
vectors of S which yields zero can be decomposed into a sum of irreducible linear
combinations.
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Proof: If the linear combination

leil)l’ =0

i€en
is reducible, then there exist partial sums which also yield zero. Assume that
Q4 Vi, +...+ i 0i = 0

is such a partial sum of minimal length. Then this partial sum is irreducible.

Moreover,

Z N0 — Zocl-],vi], =0

icn jer
is also a partial sum which yields zero. Either it is also irreducible, or we can
repeat the procedure just described, in order to obtain, after a finite number of
steps, the desired decomposition into irreducible linear combinations. a

Using the sequence S = (v;);c,, we can form g" — 1 different linear com-
binations such that not all coefficients «; are equal to zero. Omitting all those
linear combinations which do not yield the value zero and also those which
are reducible, we end up with a finite list £ of irreducible linear combinations
which sum up to zero.

Two vectors v; and v; from S are called directly connected, if there exists a
linear combination in £ with coefficients a; # 0 # a;. A vector of S which
does not occur in any of the linear combinations in £ is called directly connected
with itself. Two vectors v; and v; from S are called connected, if there exists an
integer m > 0 and a sequence (vio, Vjyeees v; ) of vectors in S such that i = i,
j = im and v;, is directly connected with v; , for r € m. In order to indicate
that v; and v; are connected we write v; ~ v; and also i ~ j. (When v is directly
connected with itself we also write v ~ v.)

Lemma Let S = (v;)iep, be a family in F};.

1. The relation ~, introduced above, is an equivalence relation on the set of vectors v;
fori € n. The equivalence class of v; corresponds to the subfamily (v;);~;.

2. The family (v;);~; is indecomposable.

3. Let {v; | i € I'} be a complete set of representatives with respect to ~. Then the
families (v})j~; for i € I' are independent.

4. If R is an indecomposable family in S, then there exists exactly one i € I' such
that R is a subfamily of (v;)j~i.

6.2.4
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Proof: The proof of the first part is obvious. If we suppose that (v;);~; is
decomposable, then there exist two nonempty, disjoint sets I’ and I” such that
I'ul” ={j|j~i}and (vj);cy and (vj);c» are independent families. Choose
j1 € I'and jp € I". Since v;, ~ v;,, there exists a sequence v, = v;; ~ ... ~
vi,, = ©vj, such that v; is directly connected with v; , for r € m. From the
special choice of j; and j, in I’ and I”, respectively, we derive the existence of
at least one index r such that i, belongs to I’ and i,.1 belongs to I"”. Then v;,
and vj,,, are directly connected, which is a contradiction to the fact that they
belong to two independent families. Consequently, (v;);~; is indecomposable.
In order to prove the third assertion, assume that

) ) ;=0

i€l jmi
is a linear combination, which contains vectors from at least two different fam-
ilies (v;);~; with nonzero coefficients. Then this linear combination is not ir-
reducible, since otherwise vectors of different equivalence classes would be
directly connected. According to 6.2.3, this reducible linear combination can
be written as a sum of irreducible linear combinations, each of which is zero.
Since they are irreducible, none of these linear combinations contains vectors
from different equivalence classes. Forming the sum of all irreducible linear
combinations containing vectors from (vj) j~i we get

Z ocl-/-v/- =0
J~1
foreachic I'.

Assume that R = (v;);cj for ] C n is an indecomposable subfamily of S.
Fori € I' let R; = (v})jej, j~i- We have just proved that (v;);.; fori € I' are
independent families. Then there is exactly one iy € I’ such that R;, is not
empty. If we suppose on the contrary that there are at least two nonempty
families, then, according to 6.2.2, they are also independent families. Hence,
R is the union of at least two independent families, which is a contradiction
to the assumption that R is indecomposable. This finishes the proof of the last
assertion. O

Based on these results we prove the next

Theorem A finite family S of vectors in IF’L; can be written in a unique way as the
union of independent, indecomposable sets.

Proof: According to 6.2.4, we obtain a decomposition of S into independent,
indecomposable families by determining the equivalence classes (v;);~; for
iel.
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Conversely, consider a decomposition of S into independent, indecompos-
able families Ry for k in an index set K. From the last statement of 6.2.4 we
deduce that for each k € K there exists exactly one i € I’ such that Ry is a
subfamily of (v;);.;. Moreover, since the family (v;);-; is indecomposable, R,
is not a subfamily of (v;);; for £ # k. Hence, the indecomposable families
Ry correspond in a unique way to the independent, indecomposable families
(ZJ]')]'NZ' forieI. O

Remark Let S denote the family of columns of a generator matrix I of an (1, k)-
code C. Then C is indecomposable if and only if S is indecomposable. This
characterization is, first of all, independent of the choice of a generator matrix
I of C, since the columns of A - T, for A € GLi(g), satisfy the same dependency
relations as the columns of I Secondly, this characterization is independent
of the choice of the representative C of its linear isometry class, since a linear
isometry permutes the columns of I and multiplies them by nonzero elements
of F7. (See Exercise 6.2.1.) o

We are now in a position to prove Slepian’s Theorem:

The Decomposition Theorem for Linear Codes Any (n,k)-code C over IFy is
linearly isometric to an outer direct sum of indecomposable codes C;:

C’:CO-i—...—i—Cy,l.

This decomposition is unique in the following sense. If we are given another decompo-
sition of C of the form

C2C6++C1{/71
with indecomposable codes C!, then r = ' and there exists a permutation o € S, so
that C; and C(’T(i) are linearly isometric.

Proof: We only have to prove the uniqueness of such a decomposition. As-
sume that C is linearly isometric to two decompositions, say,

Co+...+4C
and
Co+...+C,
with indecomposable (1;,k;)-codes C; and indecomposable (1}, k;)-codes C;

with generator matrices I'; and I, respectively. The parameters n;, 1/, k;, and
ki satisfy the equations

Zni:n:Zrﬁ and Zkizkz Zk;

ier ier ier ier!

6.2.6
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By assumption there exist matrices A € GLi(gq) and B € M, (g) such that
A-T"-B=T

such that

r=ro+...+T, 4
and

I'=Ty+...4T,_,.
The columns of I decompose into indecomposable families S, ..., S,_1, where
So consists of the first 19 columns of T, S; of the next 11 columns, and so
on. According to 6.2.9, the columns of A-T'-B =T and I" - B satisfy the
same dependency relations. Hence, the first g columns of I’ - B form an
independent set So, the following 17 an independent set $1, and so on.

On the other hand, I’ - B arises from I” by reordering the columns and
multiplying the columns by elements of F; Hence after some permutation,
the columns of I - B satisfy the same dependency relations as the columns of
I’. But the columns of I’ decompose into #’ independent families which are
given by the decomposition of I". The first n{, columns form an independent
set S, the following 1} an independent set S, and so on. From 6.2.5 we deduce
that r = /. Moreover, there exists a permutation ¢ € S;, such that for i € r the
lengths 1/, (i and n; of the indecomposable families S’ (i) and $; coincide, and
the family S; consists — up to scalar multiples — of those columns of I” which
contain the submatrix I’ :7 (i) Thus, I’ - B can be written in the form A’ -T”,
where A’ is a suitable permutation matrix in GLi(g) and I is given by

"= (rfr(O) : BO) + cee + (r:T(rfl) : Brfl)/

for suitable matrices B; € M, (q). Finally, if we put A” := A- A" € GLi(g),
then
A" T"=A.T"-B=T.

Let Tp be the matrix consisting of the first g columns of T', T} the matrix, con-
sisting of the next 77 columns, and so on. Analogously, we define the matrices
T/ as submatrices of I'"’. From this construction it follows immediately that T;
is a matrix of rank k; and T;" is of rank k/_ ... Since T; = A” - T{" and A" is regu-
lar, we deduce that kff (0) > k;. This, together with 6.2.8, gives that k:f 0) equals

k;. If we write the matrix A” as block matrix (A’}); ic,, consisting of blocks A’,
ij IS g i

which are k; X kj-matrices, from 6.2.10 we obtain

Comparing the degrees we obtain that the diagonal blocks A’ are all regular.
Hence, T, (i) and I'; are generator matrices of linearly isometric codes C; and
Cfr(i)- ]
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Using the notation introduced in Exercise 2.3.17, the last theorem can be
restated for linear isometry classes of linear codes as:

Corollary The linear isometry class C of any linear code C over Py can be expressed
as an outer direct sum of the linear isometry classes C; of indecomposable codes C;:

C=C+...+C1.

The indecomposable summands C; are uniquely determined by C apart from their or-
der. O

Another consequence is the following cancellation law:

Corollary Let Cy, Cq and Cy be linear isometry classes of linear codes. From
éo + él = éo + éz we obtain that él = éz. O

For systematic linear codes there is an easy and obvious

Test on Indecomposability A generator matrix T = (I | A) of a linear (n, k)-code
with k < n is (together with the generated code) indecomposable if and only if there
exists a sequence a;j, ayy, - .. of nonzero entries in A such that each element (except
the first one, of course) lies in the same row or in the same column as its predecessor,
and so that each row is represented by at least one element of the sequence.

Proof: Because of the special form of I, the first k columns of I' define k in-
dependent families. Each of these families consists of just that column. The
remaining columns of T, i.e. the columns of A, can be represented as linear
combinations of the first k columns. Moreover, the columns of I' form an in-
decomposable family if and only if the first k columns are connected. This
implies the statement. O

We can also represent the elements of A as the vertices of a graph G4. In
this graph two vertices are connected by an edge, if they are both different
from 0 and occur either in the same row or column of A. Then the code C is
indecomposable, if and only if there is a walk in G4 which visits each of the k
rows at least once.

In case n = k, this theorem does not apply. It is clear that (n,1)-codes are
indecomposable if and only if n = 1.

If the codes do not have zero columns (as we assumed in this section),
and if there exists a walk in G4 which visits each of the k rows of A at least
once, then there exists a walk in G4 which visits all columns of A. With this
characterization it is easy to prove

6.2.11

6.2.12

6.2.13
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Theorem A nonredundant linear code C is indecomposable if and only if its dual
code C* is indecomposable. |
Examples

1. The code with generator matrix

1 1
r=10 1
0 1

is indecomposable, since the sequence s, Y15, Y25 is a sequence of entries
of the last n — k = 3 columns of I which has the required properties.

o = O

0
0
1

S O
S O -

2. Any nonredundant (1, 1)-code is indecomposable.

3. Any (n,k)-MDS-code with k < 1 is indecomposable. <&

Indecomposable codes are optimal in the following sense.

Theorem Let C be an (n,k)-code with k < n and with minimum distance d. Then
there exists an indecomposable (n,k)-code C' such that dist(C’) > d.

Proof: Forr > 2,let C ~ Cp + ... + C,_1 be a decomposable code, where C;
are (n;,k;,d;)-codes. From the properties of the outer direct sum (cf. 2.2.11) it
follows that dist(C) = min{d; | i € r}.
By induction on r we prove the assertion of the theorem: If r = 2, we
consider the following generator matrix I" of C:
. ( I, Ay 0 0 )
0 0 L 4

with (n; — k;) x k;-matrices A;. Without restriction we suppose that dist(C) =
dist(Cp) < dist(Cy). If k1 < ny, then 6.2.13 shows that the matrix

1 ... 1
I A 0 B 0O ... 0
rl:: k() 0 th B:=
( 0 0 I A1> Wi : :
0 ... 0

generates an indecomposable code C'. Let v denote a nontrivial linear combi-
nation of the rows of I’. Unless the first ky entries of v are all zero, we have
wt(v) > dist(Cp) since the first ko entries of v are a codeword in Cy. If the
first kg entries of v are all zero then the second half of v is a nonzero codeword
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in C;, whence wt(v) > dist(Cy). Therefore, the minimum distance of C’ is at
least dist(C) .

If k; = n1, we have ny = 1, since C; was supposed to be indecomposable.
Hence, 1 = dist(Cy) > dist(C) > 1. But every indecomposable (1, k)-code has
d > 1, and so the theorem is proved for the case r = 2.

Now we assume that r > 2. The induction assumption gives the existence
of an indecomposable (n — 1,1,k — k,_1)-code C’ with

dist(C") > dist(Co + ...+ Cy_2) = min {dist(Cy), ..., dist(C,_2)} .
Moreover, it implies the existence of an indecomposable (1, k)-code C” with

dist(C"”) > dist(C" + C,_1) = min {dist(C’), dist(C,_1) }
> min{min {dist(Cp), ..., dist(C,_2)},dist(C,_1) } = dist(C). O

Theorem Any indecomposable code of length greater than 1 has minimum distance
at least 2. O

Theorem Up to linear isometry, for any field Fq and n > 2 there is a unique inde-
composable (n,n — 1)-code C over IF;. It has a generator matrix of the form

1 1
11

Therefore, C is linearly isometric to the parity check code of F;fl. It is also linearly
isometric to the dual of a one-dimensional code generated by the all-one vector. If
q = 2, then C is the set of all vectors of IF7 which have even weight.

Proof: Since C is indecomposable and of length greater than 1, by 6.2.18, its
minimum distance is at least 2. By the Singleton-bound 2.1.1, it is at most 2,
thus dist(C) = 2. There exists a code linearly isometric to C with generator
matrix I' = (I,_1 | A) where A is an (n — 1) x l-matrix. Since the rows of
I are codewords of weight not smaller than dist(C), each component of A is
different from 0. By a suitable monomial transformation, there exists a code
linearly isometric to C which has a generator matrix of the form (I,,_; | A’)
where all components of A’ are equal to 1. O

We are now going to show how indecomposable codes can be enumerated.
For this purpose, we introduce the following sets and symbols for their cardi-
nalities:

6.2.18

6.2.19
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Let Rk, denote the set of linear isometry classes of nonredundant, inde-
composable (1, k)-codes over IF,

Rk := {Mn(q)(C) € Vg | Cis indecomposable} .

Rukg = |Rnkq| indicates the number of linear isometry classes of nonre-
dundant, indecomposable (7, k)-codes over F.

The symbol Rnkq denotes the set of linear isometry classes of (nonredun-
dant), indecomposable, projective (1, k)-codes over [Fy, i.e.

Rukg := {Mn ) € Vikg ’ Cis 1ndec0mposable}

Rukg = |Rukg| indicates the number of linear isometry classes of (nonre-
dundant), indecomposable, projective (1, k)-codes over [F,.

From 6.2.19 it follows immediately that Ryig =1, Rog = 0,and Ry 14 =
1=Run-14 for n > 2. Moreover, we already know Ri1g =1 = Ri1g, Rung =
0 = Rpypg forn > 1, Rng =1 forn > 1, and Rng = 0 forn > 2. The
following theorem (cf. [61]) gives a recursive procedure for the evaluation of
the numbers Ry, and Ry, from Vi, and V', respectively.

Theorem For n > 2 we have

Rukg = Vakg — )3p3
b

a

=
Sitami)
VR
“M
\_/

j=
j

where j
]
c) = HC(SV(i,C)’V(i’C))’ZI Rjig
i=1

is a product computed from substitutions into the cycle indices of symmetric groups of
degree v(i, c) for

v(i,c) =[{l €aj|c, =i} 1<i<y.

The first sum runs through the cycle types a = (a1, ...,a,_1) of n with at least two
summands, i.e. a; € N and Y ia; = n, and with the additional property Y a; < k,
whereas the second sum is taken over the (n — 1)-tuples b = (by,...,b,_1) € N"~1,
for which a; < b; < ia;, and Y b; = k. The third sum runs over all aj-tuples
c= (co,...,ca],,l) € NY% satisfying j > ¢y > ... > Cam1 = Land Yo = b;.
Analogously, Ry, can be evaluated recursively from Vi, and Rj;, with j < n.

We would like to remark that the numbers U(c) in 6.2.21 are expressed solely
in terms of cycle indices of symmetric groups in their natural action (see Exer-
cise 6.3.3).
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Proof: In order to obtain R, we have to subtract from V,; the number of all
classes of nonredundant, decomposable (1, k)-codes over Fq. In other words,
we have to evaluate the number of isometry classes of (1, k)-codes which can
be written as a direct sum of indecomposable (n;, k;)-codes where

Zni:n, Zki:kr 1§ki§1’li, Zgrgk

er er
According to 6.2.7, the (n;,k;)-codes in a decomposition can be arranged so
that ng > ny > ... > n,_1 holds true, and, if successive n; are equal, for exam-
ple n; = n;;4, then we can assume, in addition, that the inequality k; > k; ;1 is
satisfied. In order to describe all decompositions, first we list all partitions
of n into at least two but not more than k parts. Hence, we suppose that
n=mng+ny+...+n,_1isapartition withng > ... >n,_1 >1land2 <r <k.
Its type is of the form (ay,a2,...,a, 1) witha; := [{i | i € r, n; = j}|. De-
composable codes corresponding to different types (aq,4z,...,4,-1) are not
linearly isometric.

In a second step we calculate for each such partition of n all sequences
(ko, ..., ky—1) satisfying 6.2.22. If we are given such a sequence (ky, ..., k._1),
we put

b/: Zki, 1§j§7’l—1.
mni=j

Then

n—1

j=1 icr

Decomposable codes corresponding to the same type (a1,4z,...,4,-1) which
give rise to different vectors b are not linearly isometric. Conversely, we can
start with any sequence (by,...,b,_1) satisfying 6.2.23 and evaluate all se-
quences (ko, ... k1) with b; = Yin=j ki which give linearly nonisometric
codes with parameters (n;,k;) for i € r. According to 6.2.7, for each j with
bj # 0 (which implies a; # 0) we have to determine all partitions of b; into
exactly 4; parts of the following form:

bj:ZCi/ ].ZCOZ-HZCajleL
ica;

These sequences ¢ describe all possible ways of writing a (j - a;, bj)-code as
the outer direct sum of 4; codes of length j and dimension ¢; for i € a;. Codes
with different sequences are clearly not isometric.

In a final step we have to evaluate the number of linearly nonisometric de-
composable (j - a;, b;)-codes which are outer direct sums of a; codes of length ;.
For each partition c of b; with the properties 6.2.24 let U(c) be the number of
linearly nonisometric (j - a;, b;)-codes which are the outer direct sum of inde-
composable (j,c;)-codes fori € a;.

6.2.22

6.2.23

6.2.24
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We may assume that during the recursive procedure for the evaluation of
the R, the numbers R; .. ;, for j < n have already been computed. If all
components ¢; of ¢ are pairwise different, then the number U/(c) is equal to the

product
H Rjciq0
lEﬂj
which is a special case of 6.2.21. (See Exercise 6.2.8.)
Otherwise, there exist s, t with s < tand ¢s = ¢¢. Sincecs = cg41 = ... = ¢4,

and according to 6.2.7, any permutation of the summands with the same pa-
rameters in a given direct decomposition into indecomposable codes leads to
linearly isometric codes. Hence, for 1 < i < jlet v(i) := v(i,c) denote the
cardinality of the set {¢ € a; | ¢, = i}. Obviously, there is a bijection be-
tween the classes of codes which are outer direct sums of v(7) indecomposable
(j,i)-codes and the orbits of the symmetric group S, ;) acting on the set of all
mappings from v(i) into a set of Rj;; elements. In this case, the symmetric
group acts canonically on the set of these mappings:
Suiiy X Rjig" D — R+ (7, f) = fom L,

A combination of Pélya’s Theorem and the result of Exercise 6.1.5 completes
the proof that U(c) is given by 6.2.21.

Since U(c) is the number of decomposable (j - a;,b;)-codes which are an
outer direct sum of indecomposable (j, c;)-codes for i € a;, we can determine
the number of all decomposable (j - a;,b;)-codes which are the outer direct
sum of 4; indecomposable codes of length j, by summing over all sequences ¢
satisfying 6.2.24.

By summing these numbers over all cycle types (ay,...,a,-1) of n with
Y.a; = k, and over all sequences b with the properties 6.2.23, we compute
the number of all linearly nonisometric, nonredundant, decomposable (1, k)-
codes over Fy. It must be subtracted from V)4, in order to obtain the number
of all linearly nonisometric, nonredundant, indecomposable (1, k)-codes over
IFy. ad

In Section 6.4 we present tables of R;x; and R;x; which were computed
by using SYMMETRICA. They can also be determined with the software in-
cluded on the attached CD. In the case g = 2, these tables confirm (and in
some parts also correct) the numbers given by D. Slepian in [184]. Moreover,
these numbers lead to the conjecture that the sequences (Rnkq)1§k<n are uni-
modal and symmetric for fixed n and gq. The symmetry follows directly from
the fact that the dual of an indecomposable code is again indecomposable (cf.
Exercise 6.2.9). However, the unimodality has not yet been proved (see [61]).

For fixed n and g, the sequences Ryjkq are symmetric, i.e.

Rnkq = Rn,nfk,q/ 1 S k S |_1’l/2j
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Therefore, it is possible to use the formula from 6.2.20 in order to compute
further values of V. Let ng be a positive integer and g the cardinality of a
field. At first we compute the numbers Viikg forl <n <mpand1 < k <
[n9/2] as described in the previous section. This allows us to determine the
numbers Ry, for 1 < n < ngand 1 < k < |no/2]. For1 < n < ngy and
[n0/2] < k < ng we determine the missing numbers R, either by symmetry
(for k < n) or by setting R, = 0 for k > n. From 6.2.20 we immediately

obtain the following formula
1
Y uo |,
c

j=1
n]-O

n

Vikg = Rutg + 15 )
a b

which allows us to compute the missing values Vi, for 1 < n < ng and
I_T’l()/2j < k < nyp.

Example Let ny = 12 and g = 2. From Table 6.21 on page 508 we obtain the
numbers R, for 1 < n < 12and 1 < k < 6. Now we determine the values
Ryjo for 7 < k < 12 as shown in Table 6.3 on the left hand side. This allows the
computation of the values V,; for1 < n <12 and 7 < k < 12, shown in the
right hand side of Table 6.3, without determining the cycle indices of PGL(2)
for7 <k <12. O

Table 6.3 Extending tables by using the symmetry of R,

Ruka Vikz

n\k 7 8 9 10 11 12 =n\k 7 8 9 10 11 12
1 0 0 0 0 0 0 1 0 0 0 0 0 0
2 0 0 0 0 0 0 2 0 0 0 0 0 0
3 0 0 0 0 0 0 3 0 0 0 0 0 0
4 0 0 0 0 0 ©0 4 0 0 0 0 0 0
5 0 0 0 0 0 0 5 0 0 0 0 0 0
6 0 0 0 0 0 0 6 0 0 0 0 0 0
7 0 0 0 0 0 0 7 1 0 0 0 0 ©0
8 1 0 0 0 0 0 8 7 1 0 0 0 ©0
9 7 1 0 0 0 0 9 35 8 1 0 0 0
10 51 8 1 0 0 0 10 170 47 9 1 0 O
1 361 79 10 1 0 0 11 847 277 61 10 1 O
12 2484 754 121 12 1 0 12 4408 1775 436 78 11 1

6.2.26
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Exercises

Exercise Let I be a generator matrix of an (n,k)-code over F; and let M be
a monomial matrix in M, (g). Discuss the relations between the linear depen-
dencies occurring between the columns of I' and between the columns of I' - M.

Exercise Prove 6.2.11.

Exercise Find a proof of 6.2.12.

Exercise Use Exercise 1.3.9 in order to prove that 6.2.14 is true.

Exercise Prove that any (1, k)-MDS-code with k < 7 is indecomposable.

Exercise Show that the code which is generated by the matrix in 6.2.17 is in-
decomposable.

Exercise Prove 6.2.18.
Exercise Prove that 6.2.25 is a special case of 6.2.21.

Exercise Prove that R, = R, , kg is truefor 1 <k < [n/2].

6.3 Cycle Indices of Projective Linear Groups

We have seen how the linear isometry classes of (1, k)-codes over F; can be
enumerated using cycle indices of projective linear groups PGLy(g). It remains
to discuss the evaluation of these multivariate polynomials. The formal defi-
nition

X

C(G, |G| ZHZ EQZLZZ/ - Zx]]

geGi=1
of cycle indices, given in 6.1.19, shows that we must determine the cycle types

a(g) = (a1(8),---,ax/(8))

of the homomorphic images g of the elements and the order of the acting group
GLx(g) or of its epimorphic image PGLy(gq). According to Exercise 6.3.1, the
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orders of these groups are

IGL(q)| = [k := (4" = 1)(¢" —q) -~ (4" — 4" ")

and
IPGL ()| = [q]x/ (9 —1).

These groups are quite big, and so it is not efficient to establish a complete
catalog of all their elements, except for very small values of 4 and k. A much
more economic way is to use the fact that the cycle types of conjugate elements
(as well as of images of conjugate elements under homomorphisms) are the
same (see Exercise 6.3.2). It reduces the problem to a characterization of the
conjugacy classes and the evaluation of the cycle types of representatives of
each of these classes. Using this fact we rewrite the cycle index of a group G
which acts on a set X in the following form:

1 X 2i(8¢)
C(G,X) = |G|;|C|gzi ,

where g¢ is a representative of the conjugacy class C, the summation is over
all the conjugacy classes C of elements in G, and

a(ge) = (611(gc),-.-,€l|x|(gc))

denotes the cycle type of g., the permutation induced by g¢ on X. As we
already know, the cycle type of g satisfies

X

;iai(g> = [X].

In general, we call a sequence a = (ay,...,a,) of nonnegative integers a cycle
typeof n,if Y!' | i-a; = nis satisfied. For short, we write 4 H 1, and we note in
passing that each cycle type a H 1 occurs as type of a permutation of 7.

Let us now concentrate on the evaluation of the cycle index of the natural
action of G := PGLi(g) on X := PG;_;(q). The action 3.7.4 of GLi(q) on
PG;_;(g) induces this action of the projective linear group. According to 3.7.6,
it can be written as

(F;(A),F:(v) —F;(0-AT), A €GL(g), v €F}.

Here in this section it is more convenient to represent vectors as column vec-
tors, so 6.3.4 is written as

(F;(A),F;(0)) —F;(A-v), A€GLlg), veF}

6.3.1

6.3.2

6.3.3

6.3.4



6.3.5

6.3.6

478 6. Enumeration of Isometry Classes

The notation A - v is similar to the notation of applying an endomorphism A
of IFS to the vector v which we indicate just by Av.

In order to evaluate the cycle index of the projective linear group we pro-
ceed as follows. In a first step each conjugacy class of GL(g) will be described
by a normal form which is a particular representative of the conjugacy class.
Then we evaluate the cardinalities of the conjugacy classes and the cycle types
of their representatives.

The announced normal forms of the elements in GLi(gq) are obtained by
using a general approach known from linear algebra, and described in most of
the standard lectures on this subject, e.g. in [155].

First we determine a normal form of an arbitrary endomorphism A of F¥.
Let x be an indeterminate over . Then the vector space F together with the
outer composition

d .
Flx] x F* = F¥ : (f,0) = fo:= ) xAly,
i=0

becomes an F[x]-module, where f denotes the polynomial f = Y9 x;x’.
Let {e(o), ...,e*=1)1 be the canonical basis of F¥ consisting of the unit vec-

tors. Then
FF =Y Fel = Y Flx]e.
ick ick

Since F[x]e!) is a subset of FX, the cyclic F[x]-module F|x]e(?) is of finite di-
mension, and the canonical epimorphism from F[x] to F[x]e()) has a kernel
different from 0. This kernel is an ideal in the principal ideal domain F|[x],
whence it is generated by a monic polynomial g; € F[x] of degree at least 1.

The polynomial f € F[x] annihilates v € F¥ if fo = 0. The polynomial
f € F[x] annihilates W C V if f annihilates each vector of W. The monic
polynomial f € F[x]\ {0} of smallest degree which annihilates v is called
the minimal polynomial of v. The monic polynomial f € F[x] \ {0} of smallest
degree which annihilates F* is called the minimal polynomial of A. Tt is usually
indicated by M4. The most important property of minimal polynomials is
described in the next

Lemma Let A be an endomorphism of F¥. The polynomial g € F[x] annihilates
v € FX or FX if and only if g is a multiple of the minimal polynomial of v or A,
respectively. 0
The proof is left to the reader.

From the Homomorphism Theorem (Exercise 3.2.3) we deduce that F[x] el)
is isomorphic to F[x]/I(g;), and the polynomial g; annihilates the module
Flx]e) completely, since giel) = 0. If g denotes the least common multiple of
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g0, .. ,8k—1, then g annihilates the whole vector space k. Consequently, g is
the minimal polynomial of A, and F¥ can also be seen as an F[x] := F[x]/1(g)-
module. Now we decompose g into its pairwise distinct monic, irreducible

factors f; € Flx],
g = HfiCil

iet
where t denotes the number of different factors, and ¢ 2 > 1is the multiplicity of
the i-th factor. For i € t the polynomials h; := [];; f are relatively prime by
construction, i.e. ged(hy,...,hi—1) =1, and accordmg to Bézout’s Identity (cf.
Exercise 3.1.6) there exist polynomials H; € F[x] such that 1 can be expressed
as
1= Hoho + ...+ Htflhtfl.

Putting E; := H;h;, we obtain a decomposition of 1 € F[x] into a sum of
pairwise orthogonal and idempotent elements

1=Ey+...+E; 1.

This decomposition of 1 yields, according to Exercise 4.5.2, a decomposition —
the primary decomposition — of F¥ as a direct sum of primary components of the
form

F* = E;F* & ... ® E,_,FX.

The F[x]-module E;F* and the F[x]-module E;F¥ describe the same set, there-
fore the primary components are A-invariant, since

A(E;F*) = xE;F* = ExFF C EFF = EFF,  iet

Now we consider each of these components E;F* as an F[x] /I(f;*)-module.
According to 4.7.11, the ring F[x]/I(f;") has exactly one composition series.
Thus it follows from 4.7.12 that E;F¥ is a direct sum of submodules

EF = Up®...0 U1, Uj=F[xJu; ~Fx]/1(f;"), 1<t <c;,

where Uj; is cyclic over the ring I [x] /I( fi"). These submodules can be ordered
in such a way that 1 < tjp < t;; < ... < t;,, 1 = ¢; holds true. Also the
submodules U;; are A-invariant. Summarizing, the vector space F¥ is the direct
sum of cyclic subspaces

Uy, Uy =Flxju; ~Fx]/1(f7), 1< t;<e
] ] i ]

i€t jen;

Let f := E?:o xix', k; = 1, be a monic, irreducible polynomial of de-
gree d. Assume that f is the minimal polynomial of v € F¥, whence U =
F(x]o =~ F[x]/1(f) is a d-dimensional cyclic subspace of F¥. Using the basis

6.3.7

6.3.8

6.3.9



6.3.10

480 6. Enumeration of Isometry Classes

(v, Av, ..., A% 1) of U, the restriction of the endomorphism A to U is repre-
sented by the companion matrix C(f) of f given by

00 ... 00 —Kp
1 0 ... 00 —x
01 0 0 —x
) =1 . Do :
00 ... 10 —K4_»2
00 ... 01 —Kg-1

Assume that f" is the minimal polynomial of v € F¥, whence U = F[x]v =~
F[x]/1(f") is an nd-dimensional cyclic subspace of F¥. We choose a basis of
U of the form (v, Av, ..., A% v, fo, Afv, ..., A% fv, ..., f*" 1o, Af*~1o,
..., A1 f”’lv), so that the normal form of the restriction of A to U is the
following square block-matrix

C(f) 0 0 .. 0 0
I Ccf)y 0 ... 0 0
H(f"):= O I_d C(f) O O n blocks,
0 0 0 ..c( o
o 0o 0 .. I, Cf

(2)

where I is the elementary matrix Bo, 111 of dimension d (cf. Exercise 1.7.3),
which is the identity matrix I; with an additional 1 in the right upper corner.
The matrix H(f") is an nd x nd-matrix and is called the hyper companion matrix
of . In the case n = 1 the matrices H(f!) and C(f) coincide.

Now we introduce the following notion. Assume that fy, ..., f;_; are pair-
wise distinct monic, irreducible polynomials over F. If there exists a decom-
position 6.3.9 of F¥ with exactly a](l) cyclic subspaces isomorphic to F[x] /I(f])
for1 <j < c;and fori € t, then the Jacobi normal form of A is a block-diagonal
matrix of the form

diag (D(fo,a(0>), ., D(ft,l,a“*l)))

where a(/) is a cycle type of Tl ja](.i), for i € t. The block-diagonal matrix
D(f,a), determined by a monic irreducible polynomial f and a cycle type a,
is built from companion and hyper companion matrices of f in the following
way:

-

D(f,a) = diag(\C(f),...,C(f ,I\LI(fZ),.\./.,H(le,...).

ay times

A different approach to normal forms can be found in [60].

ap times
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The characteristic polynomial of an (n x n)-matrix A over F is defined as
xa(x) := det(xI, — A). Developing this determinant for A = C(f) with re-
spect to the top row, we get xc(s) = f. Consequently, xppn) = f", and if

A = diag <D(fo,a(0)),...,D(ft,l,a(t’l))), then

xa=[1f"
it
where v; =} ; ja](i). In other words, the sequence a(?) is a cycle type of ;.
By construction, the minimal polynomial of the companion matrix C(f)
is equal to f, and My = f". Consequently, the minimal polynomial of

A = diag (D(fo,a(o)), e, D(ft,l,a(t’l))) is given by
Ma=T1£"
ict

where ¢; is the maximal j such that a\? # 0. From this description it is obvious
that M4 is a divisor of x 4. This proves the

Cayley—Hamilton Theorem If A is an endomorphism of F¥, then x 4(A) = 0. O

Now we come back to our main situation F = Fq. As we have seen in the
proof of 3.2.25, there exist exactly

my(d) = - Y (g’
Ly

monic, irreducible polynomials of degree d over I;, where i is the number
theoretic Mobius function (cf. Exercise 3.2.15). Each of these polynomials
of degree not greater than k, with exception of the polynomial f(x) = x,
can occur as a divisor of the characteristic polynomial of a regular matrix
A € GLi(q). We indicate these polynomials by fo, f1, ..., fi,—1, where

k
t 1= (Zlmq(l)> —1.

If, moreover, d; indicates the degree of the polynomial f; for i € f, then we
obtain the following description of the conjugacy classes in GLy(g):

Theorem For each conjugacy class in GLy(q) there exists exactly one pair (vy,a),
where vy = (Yo,...,7,—1) € N is a solution of

Y yidi =k,

i€ty

6.3.11

6.3.12

6.3.13



6.3.14

6.3.15

6.3.16

482 6. Enumeration of Isometry Classes

0,..

and a = (a(9),...,at=1)) is a sequence of cycle types a'’) H +y;, so that

dlag (D(fo,u(o)), ., D(ftkil,u(tkfl)))

is the normal form of this class. Conversely, to each such pair (vy, a) there exists exactly
one conjugacy class the normal form of which is the block-diagonal matrix 6.3.14. O

Our next task is the evaluation of the size of the conjugacy classes. Con-
jugation on GLy(q) is a particular group action of GLx(g) on itself (cf. Exer-
cise 3.4.2). The centralizer of A € GLi(g) is the stabilizer of A with respect to
this action.

Theorem (J.P.S. Kung [117]) Let f € (x| be a monic, irreducible polynomial of
degree d, and let a H -y be a cycle type of the positive integer «y. Fori € {0,1,...,7v}
determine m; by

m; = Zkuk+ Z iay.
k=i+1
Then the order of the centralizer of D( f,a)in GL,,(q) is

~T1II (g — gm0

i=1j€ca;

Proof: Let n = <yd be the dimension of a vector space V equipped with the
basis B = (e, ...,ey—1) so that the linear mapping A: V — V has a repre-
sentation with respect to this basis in the form D(f,a), where f is a monic,
irreducible polynomial in F;[x] of degree d and a H . (The vectors ¢; should
not be mixed up with the unit vectors e().) We also consider V as an Fyx]-
module. Determine ¢ by

c:=max{i|1<i<7, a; #0},
then ker f¢ =V, m. = v, and
dim(ker f7) —d<2kak+ Z mk) =dm; for 1<i<ec.
k=1 k=i+1

Consequently, the sets
U = {v €EV|fv=0and flv #£ 0} = ker f'\ ker fi~!

contain qdmi — qd’"ifl elements for 1 < i < ¢. Now we want to choose a par-
ticular series of elements of the given basis of V — called canonical generators
of A — by taking exactly one element of B from each cyclic subspace in the
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decomposition 6.3.8 of V. For example, a list of canonical generators is given
by

€0, €d, €2ds -+ €(ay—1)d/

€nyds €(ay+2)dr €(ay42-2)dr -+ 7 €(ay+2(ap—1))d

€(ay+..A(c—1)ac_q)dr €(ay+..4(c—1)ac_q4c)dr + -7 €(ay+..4(c—1)ac_1+c(ac—1))d
Now we label these canonical generators consecutively as &, &, .... To be
more precise, for j € a;,i > 1 we have

€ayt.ta;_1+j = €(ay+2ap+..+(i—1)a;_1+ij)d:

In order to complete the proof, we still need to characterize the vector space
automorphisms which commute with A.

Lemma Let i be a vector space endomorphism which commutes with A := D(f,a).
Then:

1. ¢ is uniquely determined on V by the values (é;) on the canonical generators.
2. If v € Uj is a canonical generator, then (v) belongs to ker f' for 1 <i < c.

3.y is a vector space automorphism if and only if there are no linear relations with co-
efficients in IF 4 [x] among the values (¢é;). In particular, any canonical generator
v € U; is mapped onto (v) € U,.

Proof: The proof of the first two assertions is left to the reader (cf. Exer-
cise 6.3.8). As was shown in 6.3.8, assume that the vector space V has a de-
composition into a direct sum of cyclic subspaces
a+..+ac—1
V= @ V with V, = Fy[x]/I(f*) for 1<j, <c.
=0
Moreover, let &, be the unique canonical generator of A which belongs to V.
Then
(0, A-ep,...,AY1 8))
is a basis of V;. Finally we assume that the monic polynomial f is of the form
f= Z?:o wixt with ay = 1.
If i is an automorphism of V, then

(p(e0), A-p(@),..., AT p(ey))

is a basis of (V). In other words, ¢(V}) is also a dj,-dimensional cyclic sub-
space of V. And F[x]p(¢,) = p(V;), since A% - (&) = (A% - ¢;) and

l[)(Adjé L8) = lP(Z(—“i)AW .ég) = Z(—zxi)AiJZ “P(éy) € P(Vy).

ied ied

6.3.17
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Conversely, if 1 is an endomorphism which is not an automorphism of V,
then the vectors (ep), ..., P(e,—1) are linearly dependent. Thus, there exist
w; € Fq, i € n,not all equal to 0, such that

Y aip(e;) = 0.

en
This is a nontrivial linear combination of ¢ (e;). Equipping each subspace V
with the basis (é,, A - éy, ..., Adje—1. éy) described above, we derive

a+..4ac—1 a+..+ac—1
0= ), Y aAp)= ), Pu(x)p(é)
=0 redj, (=0
=:py(A)

for suitable &y, € Fy. By construction, not all polynomials ¢, are equal to zero,
whence we have found a nontrivial linear relation between the vectors (&)
with coefficients in IF ; [x]. This contradicts our assumption. ]

6.3.17 shows that the image of a canonical generator v € U; under an automor-
phism ¢ is again an element of U;. In the notation of 6.3.8, this means that ¢
only permutes the subspaces Uj; of a submodule EiIFf; which are isomorphic
to the same factor module F[x]/I(f7).

In order to complete the proof of 6.3.15, we determine the number of all
possible automorphisms ¢ of V by an application of 6.3.17. Starting with the
last canonical generator of A, the value §(é4, 4. 14.—1) must be chosen in UL.
There are qd’”f — qde possibilities to do so. If &;, 4. 44,2 also belongs to
Uy, then there remain g¥c — gime-1g8 = gime _ gd(me1+1) pogsibilities to de-
termine (84, +..+-q.—2) in Uc so that i is an automorphism. (This is just the
overall number of vectors in V which do not belong to the IF;[x]-submodule
generated by ker f~!and (8, +..4a.—1)-) In a similar fashion, the values of
the other canonical generators of A which also belong to U, are determined.
Altogether there are

T <qdmc B qd(mc,m)) =TI <qdmc _ qd(mr/‘fl))
j€ac je€ac
possibilities to determine an automorphism ¢ on U,.

Now assume that Wi, 0 < k < a; + ... +ac — 1, denotes the [F;[x]-module
generated by ¢(¢;) for j > k. Assume that the canonical generator & belongs
to U; and that the values i(¢;) are already determined for j > k. In order to
determine an automorphism, the vector ¢(é;) must be chosen from ker f*, but
it may not belong to the IF;; [x]-module generated by ker f =1 and ker fi N Wi 1.
This shows that if ¢ is an automorphism already determined on U;y1,..., U,
then there are

H (qdmi _ qd(mi—l+“i+l+---+’lc+f)) — H (qdmi _ qd(mi*]'*l))

jea jea
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possibilities to determine the values of i for the canonical generators belong-
ing to U; (these are the generators &,y . 44, 1/, +. +a,—1) such that ¢ is
also an automorphism of ker f’. Eventually, the product of these expressions
fori=1,...,c(ori=1,...,7)yields b(d, a). O

As we have seen in the previous proof, the order b(d, a) of the centralizer
of D(f,a) in GL,4(q), where f is an irreducible polynomial of degree d and
a H v, depends only on the degree of f and on the cycle type a. It does not
depend on the particular polynomial f itself. According to 3.4.1, the size of the
conjugacy class of a normal form 6.3.14 is

(4] o
Hietk b(di/ a(z))

Before we compute the cycle type of the permutation representation of the
natural action 6.3.4 of Fy(A) € PGLi(q) on PG;_;(q), we investigate once
more the action of GLi(g) on IFS . From Exercise 1.4.13 it follows that this action
can be reduced to an action on IFS \ {0}. In the next step, we determine the
subcycle index of the following action:

GLi(g) x F’; \ {0} — F’; \ {0} : (A0)— A0,

from which we will later on determine the cycle index C(PGLy(g), PG;_(9)).
Recall that in the present section we write vectors as columns and not as rows.

We introduce subcycles and integral elements of vectors v € IF’L; \ {0} in the
following way: The vector v belongs to a subcycle of A of length s if and only if

s:min{n eEN*|A"-ve F;(ZJ)}
The integral element of v is the element ag € IF; for which A® - v = agv. The set

(A)(F;(0)) = {Ai.w lieN, a e]F;}

is the disjoint union of s subsets, each containing g — 1 elements, since
(A)(Fi(v)) = UATF:(0)= U {Aav|ae F;}
€8 1€8

= U {ocAi-v|oc€F;}: U F; (A" o).

i€s i€s
These s(g — 1) vectors in F}; \ {0} describe exactly s elements of the projec-

tive space PG;_;(g), which are the elements of exactly one cycle of length s of
A € GLi(q) or F;(A) € PGLk(q) on PGy_;(q), namely

(F5(0),..., Fi(A - 0)).

Moreover, each vector o' € (A )(F7(v)) belongs to a subcycle of A of length
s with integral element «p. Using indeterminates z attached with two indices
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— the first one giving the length s of a subcycle and the second one indicating
the integral element &y corresponding to the subcycle — the operation of A on
(A)(F;(v)) is described by the subcycle expression sc(4,v) := 22;01 . Since the
set F}; \ {0} is the disjoint union of ( A )(F7(v;)), i € I, we define the subcycle
type of A to be the product of the subcycle expressions [;c;sc(A,v;). A term
of the form z{ , in the subcycle type of A indicates that there exist 7 - s vectors
v € ]Fs \ {0} such that s = min{n € N* | A" -0 € Fy(v)} and A° - v = ago.
Moreover, the exponent r is always a multiple of g — 1.

Definition (subcycle index) The subcycle index for the action of the general
linear group GLi(g) on IF’L; \ {0} is the sum of the subcycle types of A € GLi(g)
divided by the order of GL(q), i.e.

se@Lg F\ o)=Y [T s4o).

L] AcLita) (4)(F50)
The last product must be computed over all { A ) (F7(v)) in the set

{<A>(F;(v))\vew’;\{0}}. o

Remark (cycle index of PGL,(q) on PG]_;(g)) From the subcycle index of
GLk(q) on IF’L; \ {0} it is quite easy to obtain the cycle index of the action of
PGLk(q) on PG}_;(g) by omitting the second index of each indeterminate and
by dividing each exponent by g — 1. o

Hence, as the next step we compute the subcycle index of GL(g) acting
on IFS \ {0}. Since the subcycle types of conjugate matrices in GLi(q) are the
same, it is enough to determine the subcycle types of the normal forms 6.3.14.
First we determine them for hyper companion matrices, later we will deduce
a method which allows us to compute the subcycle type of block-diagonal
matrices.

The companion and hyper companion matrices depend on polynomials
f € Fy[x]. The subcycle types of these matrices can be obtained from the
subexponents of the corresponding polynomials. Therefore, next we introduce
exponent and subexponent of a polynomial.

Definition (exponent, order, period) The exponent, order, or period of a polyno-
mial f € Fy[x] with f(0) # 0, is the smallest positive integer ¢, for which f is
a divisor of x° — 1 (cf. [131]). We indicate it as

Exp(f) := min {e € N* | f is a divisor of x* —1}. o

Some properties of the exponent of a polynomial are collected in the next
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Lemma Let f € Fy[x] be a monic, irreducible polynomial of degree d with f(0) # 0.

1. The exponent of f is equal to the order of an arbitrary root B of f in the multi-
plicative group F;d. In other words, for any root 3 of f we have

Exp(f) = min{n € N* | " =1} = ord(p).
2. Exp(f) is a divisor of g% — 1, but it does not divide g — 1 for 1 <r < d.

3. The set E(d,q) of all positive integers, which occur as exponents of monic, irre-
ducible polynomials of degree d over ¥y, is

E(d,q) = {e € N*

el (g 1) and et (¢ —1) for 1§r<d}.

4. The number of all monic, irreducible polynomials f of degree d over F, with
f(0) # 0 and with exponent e € E(d,q) is v(d,e) := ¢(e)/d, where ¢ is the
Euler function (cf. 3.4.15).

5. For n € N*, the polynomial f is a divisor of x" — 1 if and only if Exp(f) is a
divisor of n. (This assertion holds true for arbitrary f € Fy[x] with f(0) # 0.)

6. For n € N*, the exponent Exp(f™) is equal to Exp(f)p', where p is the charac-
teristic of Fg, and t is given by t := min {r € N | p" > n}.

Proof: 1. Let p € F s bearoot of f. From 3.2.19 we know that f is the minimal

polynomial of 8. Moreover, B, 7, ..., ‘Bqdfl are all the roots of f, they all are
simple and have the same order in F*,. Consequently,  satisfies the equation
B" = 1if and only if f is a divisor of x” — 1. From the definitions of ord(p)
and Exp(f) it is clear that ord(B) = Exp(f).

2. Since B is an element of F*,, its order is a divisor of qd — 1, and moreover
d = min {n eN*| g1 = ,3}, since § is a root of an irreducible polynomial

over IFq of degree d. Hence, d = min {n € N* | /3'7"’1 = 1}, and, therefore,
ord(pB) is not a divisor of " — 1 for 1 < r < d.

3. Thus, E(d, g) is a subset of

{eEN*

elg?—1 and etq —1 for1§r<d}.

We still prove that for each positive integer e with e | g¢? — 1 and e { 4" — 1 for
1 < r < d there exists an irreducible polynomial f of degree d such that
Exp(f) = e. Assume that e is a divisor of ¢ —Tande{g —1for1 <r < d.
Since F;d is cyclic, there exist ¢(e) elements € F*;, which are of order e. Ac-
cording to the particular choice of e, these § do not belong to a proper subfield

6.3.21
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Fgr of Fq for r < d. Thus, their minimal polynomials are of degree d and
exponent e.

4. Each of these minimal polynomials has exactly d distinct roots in I .4, which
are all of the same order. Hence, there are ¢(e)/d different monic, irreducible
polynomials over [F; of degree d with exponent e.

5. Assume that e = Exp(f) is a divisor of n. Then
flx=1]«"-1

Conversely, let f be a divisor of x" — 1. According to the division algorithm,
there exist m € N and 0 < r < e such that n = me + r and, therefore,

-1 =(x" -1+ (x" —1).

Consequently, f is a divisor of x” — 1. This is only possible for r = 0, which
proves that e is a divisor of n.

6. Assume that e = Exp(f) and e, denotes the exponent of f". From f | f" |
1% — 1 and from the fifth assertion we deduce that e | e,. As a consequence of
f | x*—1, we derive

R C S VL I CER L L §

whence e, | ep’. Hence, e, is of the form e, = ep” where, 0 < r < t. Since e
is a divisor of g% — 1, the integers ¢ and p are relatively prime, thus x° — 1 has
only simple roots. All roots of the polynomial x#" — 1 = (x° — 1)?" occur with
the multiplicity p”, all roots of ", however, with the multiplicity #. Finally, f"
is a divisor of x#" — 1, whence comparing the multiplicities of their roots we
obtain that n < p" and, consequently, r = t. O

Definition (subexponent) The subexponent of a polynomial f € [F4[x] with
f(0) # 0is defined as

Subexp(f) := min{n eN*|3Jng € F; such that f | x" — oco} .
If f | x" — &g with &g € Fj and n = Subexp(f), then ap is called the integral

element of f (cf. [89]). o

Using the notation from 6.3.21, some properties of the subexponent of a poly-
nomial are collected in the next lemma, the proof of which is left as an exercise
for the reader.
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Lemma Let f € Fy[x] be a monic, irreducible polynomial of degree d with f(0) # 0.
1. Any root B € qu of f satisfies
Subexp(f) = min{n eN*|p"e IF;}
In other words, Subexp(f) is equal to the order of Iy in the cyclic factor group
F;d /F5.
2. Subexp(f) is a divisor of (g% —1)/(q —1).

3. For n € N*, the subexponent Subexp(f") is equal to Subexp(f)p', where p is
the characteristic of ¥y and t is given by t := min {r € N | p" > n}. If a denotes
the integral element of f, then aP' is the integral element of f".

4. Subexp(f) is a divisor of Exp(f) and the quotient

. Exp(f)
" Subexp(f)

is a divisor of g — 1. Moreover, h is the multiplicative order of the integral element
of fandh = ged(q— 1, Exp(f)).

5. The subexponent of f can be computed from its exponent by

B Exp(f)
Subexp(f) = ged(q — 1,Exp(f))

6. Consider e € E(d,q) and let h := gecd(q — 1,¢). For each a € F} of multiplica-
tive order h there exist exactly ¢(e)/(d - ¢(h)) monic, irreducible polynomials
f € Fylx] of degree d, exponent e, subexponent e/h, and with integral element a.

7. The number of all monic, irreducible polynomials over F ; of degree d and of subex-
ponent s is
Z ¢(e) )
i

where the sum is taken over all e € E(d,q) withe/ ged(e,q—1) =s.
8. In the case q = 2 the subexponent and the exponent of f coincide.

9. Let 5(d, q) be the set of all pairs (s, «) such that there exists a monic, irreducible
polynomial over IF 4 of degree d with subexponent s and integral element a. Then

s = U {(w)
)

ecE(dq

e

5 ged(e,g —1

Y ord(a) = ged(e, g — 1)} .

Foreach (s,a) € S(d,q) there are exactly
v(d,sord(a))
¢(ord(a))

m(d,s,a) =

6.3.23
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monic, irreducible polynomials over IF ; of degree d with subexponent s and integral
element w. 0

The connection between the subcycle type of a hyper companion matrix
H(f") and the subexponent and the integral element of f is described in

Lemma Let f € IFy[x] be a monic, irreducible polynomial of degree d with f(0) # 0,
subexponent s, and integral element w. Then the subcycle type of H(f") on F;d \ {0}
is equal to

— /S
stia, s,

where s; = Subexp(f') and a; = ocst/s is the integral element of f' for 1 <i <.

Proof: For 1 < i < rlet U; := ker f’ \kerf’ ! be the set of those v € ]F’d
which are annihilated by f?, but not by fi=1. Consider v € U;, A = H( fr)
positive integer n, and g € Fy. Since f ! is the minimal polynomial of v,

A" v =Pr= A" v —Po=0<= (X" - Blv =0 f | " - B.

Consequently, v belongs to a subcycle of H(f") of length s; = Exp(f’) with
integral element a; = &%/, where « is the integral element of f. Since the set

U; contains qid - q("’nd vectors, it contributes the term
— / i
. gqal gm0 /s;
to the subcycle type of H(f"). O

Next we describe the announced method for computing the subcycle type
of a 2 x 2-block diagonal matrix from the known subcycle types of the two
diagonal blocks. By induction, this allows us to compute the subcycle type of
any matrix in normal form 6.3.14.

Assume that A; € GLy, (q) and Ay € GLg,(g) are regular matrices. Then
diag(A1, Az) € GLyg, 4,(q). The set F},;ﬁkz \ {0} can be decomposed in the
following way

(5 \ {0} x {0312 U ({0} x Fi2 \ {0}) U (T \ {0} x F§2\ {0}).

In the sequel, let § denote a primitive element of Fy.

Lemma Assume that we have indeterminates z, o attached with two indices, where
n € N*and a € Fj. We define a multiplication & by

1 2 I3
Zsl,lgrl ® Zszﬁrz T ZSslﬁrS'
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where
s3 = lem(sq, s2) q-1
3 o2 ged (g — 1,1em(sq, 82)r1 /51 — lem(sy, $2)r2/52)”
r3 = 153 = 1253 mod g — 1,
S1 S
and .
. S1]152)2
3= .
53

Using this multiplication, we define a multiplication x of subcycle types by

V1 V2 . V1 V2 . Vi V2 .
(H zifi,ai) * (H ZZ;.],K]) = (H Zit'},txi) (H zzf]?,,{j) T111 (zfji,,xl. ® z;‘;{,(j) )

i=1 j=1 i=1 j=1 i=1j=1
The subcycle type of the matrix diag(A1, Aa) is the x-product of the subcycle types of
Aq and Ay. (The n-th power with respect to the multiplication  will be denoted by
(--.)*™.) The operator % can be extended linearly to Q[{zn,o | n € N*, & € Fy}].
Proof: Assume that v; € F}‘;l \ {0} belongs to a subcycle of A; of length s;
with integral element g1. Then also (v | 0;)" belongs to a subcycle of
diag(Aq, Az) of length s; with integral element p". (In the present section
we write vectors as columns, thus (v; | 0}2;)T is a column of length ki + k.)
Similarly, the subcycles of A containing a vector vy € IFI,;Z \ {0} correspond
to the subcycles of diag(Aj, Ay) containing (Ole | v;)". Thus, we only have
to investigate pairs (v] | v) ) € ]Fsl X ]FI,;2 with v; # 0 and v, # 0. More-
over, we suppose that v; belongs to a subcycle of A; of length s; with integral
element " and v; to a subcycle of A, of length s, with integral element 2.
Then lem(sy, s7) is equal to

min{n eN*|3ay,a € F) : diag(A}, A3) - (o] |03)7 = (1] | W;)T}.
In particular, for i = 1,2 we have

8 = (‘Bri)lcm(sLSz)/Si _ ‘Bri lem(s1,52) /si

Now we determine the length s3 and the integral element « of the subcycle
containing (v, | v, ). They satisfy the identity
53 = min{n eN*|3acF; : diag(A}, AD)(v] [0])T = a(o] | va)T}.

Thus, we have to determine the smallest positive integer n such that a} = af.
This number is the multiplicative order of aja, Lin F;, which can be computed

by

L ord(p)
ord(aja, ) = ged(ord(B), 71 lem(sy,s3)/s1 — ralem(sy,2)/50)
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Hence, s3 = lem(sy,s2) ord(aga, 1) and the corresponding integral element is
of the form

'Br3 — a?rd(u‘l“;) — ‘Brilcm(sl,sz)ord(lezxz’l)/s,v — ’Br,v53/s,'.
i

If the subcycle type of A; contains a term z]s ii, gir then, by construction, there

are exactly s;j; elements in Fki \ {0} in the subcycles of A; of length s; with in-
tegral element B, fori =1, 2 Consequently, all pairs of these elements, these
are s1j152j2 vectors in Fy ks Fy k2 , belong to subcycles of diag(Aj, Ay) of length
s3 with integral element Bs. Smce all these subcycles are of length s3, by this
construction we get exactly s1152j2 /83 subcycles of length s3 with integral ele-
ment B3. This yields the factor 251] 12 2/% z] Lo ®22 . g2 in the subcycle type
of diag(A1, Ay). Therefore, the subcycle type of dlag(Al, Ay) is the product of
expressions of the form

1 J2 i J2
Zsl/,Brll ZSZ,ﬁrZ, <ZS],IBV1 ® ZSZ,/BVZ)
which are due to the vectors of the form (v; | Okz) (0,;r | v;)", and (v] |
v, )", where v; € ]F "\ {0} is contained in a subcycle of A; of length s; with
integral element B, for i = 1,2. Finally considering all possible combinations

(0] |v))T yields the desired subcycle type of diag(A1, Az). O

The multiplication « is associative and commutative (cf. Exercise 6.3.11).
Moreover the empty product is defined to be 1.

Collecting all the results of the present section, we have proved the follow-
ing formula for the computation of the cycle index C(PGLx(q), PG;_;(q))-

Theorem Assume that f; for i € ty are the monic, irreducible polynomials of degree
d; < k over IF 4 which can occur as divisors of a characteristic polynomial of a regular
matrix of rank k (thus f; # x). For n > 1 we use 6.3.23.3 in order to compute both
the subexponents s; ,, of f!" and the corresponding integral elements ; ,, from s; 1, the
subexponent of f;, and from w; 1, the integral element of f;.

The subcycle index SC(GLk(q),IF’,; \ {0}) of the action of GL(q) on IF’,; \ {0} is

(@)
j

i *a
9]k i (A, ,
. * * 2 )
2 2 [Tics, b(d;,a) ier, =1 \ 123 Si 0

where u; ; is given by
qéd,v _ q(éfl)d,v
Si
Moreover, [q]y denotes the order of GLy(q), and b(d;,a'") is the order of the cen-
tralizer of D(f;,a")) as computed in 6.3.16. The first sum is taken over all solutions

Ujp =
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Y= (Y0, Vt—1) € Nk of 6.3.13. For each solution <y and for each i € t; we have
to determine the set of all cycle types of y;

CT(vi):=={alaHn}.
The second sum is taken over all ty-tuples
a= (a9, . a1y e x CT(v)-
i€ty
As already mentioned before, by omitting the second index of each indeterminate and

by dividing the exponent of each indeterminate (in the subcycle index of GLy(q)) by
q — 1, we obtain the cycle index of the action of PGLy(q) on PG{_;(q). O

Example In order to present a nontrivial example we determine the cycle index
of PGL3(3) acting on PG5 (3). At first we need a list of all monic, irreducible
polynomials different from f = x of degree at most 3 over F3 together with
their exponents, subexponents and integral elements (cf. Table 6.4).

Table 6.4 The irreducible polynomials of degree at most 3 over I3 different from f = x

i fi di e s w
0 x+1 1 2 1 2
1 x+2 1 1 1 1
2 x241 2 4 2 2
3 x24x+2 2 8 4 2
4 x242x+2 2 8 4 2
5 x34+2x+1 3 26 13 2
6 x3+2x+42 3 13 13 1
7 B 4+x242 3 13 13 1
8 xX3+x24+x+2 3 13 13 1
9 ¥+x242x+1 3 26 13 2
10 x> +2x2+1 3 26 13 2
11 ¥®*4+2x2+x+1 3 26 13 2
12 ¥ 4+2x2+2x+2 3 13 13 1

With these polynomials we determine the following normal forms. In ad-
dition to each normal form we also indicate its subcycle type.

The polynomials of degree 3 occur only in the form
D(f;,(1,0,...)) for i > 5.

They have subcycle types
26/s; .2
Zsiwi = 21300

6.3.27
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In the normal forms of GL3(3) companion matrices of polynomials of de-
gree 2 occur only in combination with polynomials of degree 1. These nor-
mal forms are described by

diag(D(f;, (1,0,...)),D(f;,(1,0,...))) for 0<i<1,2<j <4

They have subcycle types

2/s;i 8/s; 2 8/s;

Zs al * Zsuh = 21 g, % ZS]',ZJ'
In all other normal forms just polynomials of degree 1 occur. For 0 <7,j <
1 and i # j they can be described as:

normal form subcycle type
2 *3
D(f, (3,0,...)) ()
D(f; (1,1,0,...)) 2 (R
D(fy (0,01,0,...)

. 5 *2 2
diag(D(fi, (2,0,..)),D(f, (1,0,..))) () *Zs
diag(D(f;, (0,1,0,...)), D(f;, (1,0,...))) (z{“izgm) =
In order to derive the subcycle index of GL3(3) acting on F3 \ {0}, the subcycle
type of every normal form must be multiplied by the cardinality of its conju-
gacy class and, finally, the sum of these subcycle types must be divided by the
order of GL3(3).
SC(GL3(3),F3\ {0}) =1 /11232(17282%3/1 + 1728233 5 + 70227 123 7251
+ 7022%22%,223,1 + 14042%/12222%/1 + 14042%/222/225,1 + ziél + z%g
+ 1042515,12211 + 1042513,222,2 + 6242%11231 + 6242%,2z§,2 + 1172513,12%22%,1
+ 117251;,22%,12'3,1 + 9362%,12'%,22%,12%,12%,1 + 9362%,12'%,22'%,12%,22%,1)-

This yields the cycle index

C(PGL3(3),PG5(3)) = 1 /5616(1728213 + 14042, 2478
+ 6242173 + 702212525 + 93623292326 + 1042723 + 1172323 + zﬁ) .0

The computation of the subcycle index can still be simplified. Actually, it is
not necessary to know all the different monic, irreducible polynomials over Fy
of degree at most k. As we have seen in part 9 of 6.3.23, for each (s,«) € S(d,q)
it is possible to determine the exact number of monic, irreducible polynomi-
als over IF; of degree d with subexponent s and integral element «. Since the
subcycle type of H(f") depends only on the three parameters (d,s,a) and on



6.3 Cycle Indices of Projective Linear Groups 495

n, of course, we need not determine the conjugacy classes of GLy(g) them-
selves. It suffices to know how many different monic, irreducible polynomials
with parameters (d, s, a, n) occur in the normal forms. This approach motivates
the following formula for the computation of the subcycle index of GLi(g) on

F \ {0}:

k r(s,0) 1 i
* * ¢(m(d,s, ), t) * z(d,s,u,a
c;k d=1 ;m)esw,q); (@, )t) X (%b(d,u) ( ))

Here z(d, s, «,a) stands for the subcycle type of a matrix D(f,a), where f is an
arbitrary monic irreducible polynomial in IF;[x] of degree d with subexponent
s and integral element «, and where 4 H j is a cycle type of j. This subcycle
type can be computed by

/ Y, *ay
Z(d,s,lx,ﬂ) = * <Hzlsl1:l/lxn> 4

=1 \n=1

where s, stands for sp’ and &, for a? t, where p is the characteristic of F;, and
t is the smallest nonnegative integer such that p' > n. The exponents u, are
computed via
= qnd _ q(
Sn
The first sum in the subcycle index of GLy(g) is taken over all cycle types ¢ H k.
Here c is of the form ¢ = (cy, ..., ¢x) and the number ¢, represents the number
of monic, irreducible polynomials of degree d (counted with their multiplici-
ties), which occur as factors of the characteristic polynomial of a normal form
in GLg(q).

The second sum is taken over all functions r from S(d, g) to N which satisfy

Y, r(s,a) =cqa

(s,w)eS(d,g)

n—1)d

If the characteristic polynomial has exactly ¢, irreducible factors of degree d,
then the value (s, a) stands for the number of irreducible factors with param-
eters (d,s, ).
The third sum is taken over all cycle types t H r(s,a) with the additional

property that

th <m(d,s,a).

)
Such a cycle type t describes the type of a set-partition of a set of cardinality
r(s, ) into at most m(d, s, «) subsets. For any t H r(s,«) there are

m(d,s,u) >

¢(m(d,s, ), t) = (tl,b...,m(d,s,a) —Litj
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possibilities to choose — among the m(d, s, &) different monic, irreducible poly-
nomials with parameters (d,s,«) — for each j exactly ¢; polynomials, which
occur with the multiplicity j in the considered characteristic polynomial.

Finally the last sum is taken over all cycle types a H j. These cycle types
describe all possible normal forms whose characteristic polynomials are the
j-th power of one monic irreducible polynomial. The reader should recall that
the characteristic polynomial of D(f,a) equals f/ in this situation.

Example We continue 6.3.27 by determining the sets E(d,q), S(d,q) forq = 3,
1 < d < 3, and the numbers v(d,e) and m(d,s,a) fore € E(d,q) and (s,a) €
S(d, q). This provides all the necessary information for computing the subcycle
index of GL3(3). In fact, the information contained in Table 6.4 is not needed
for this purpose.

E(1,3) = {1,2} v(1,1) =1 v(1,2) =1
E(2,3) = {4,8} v(2,4) =1 v(2,8) =2
E(3,3) = {13,26} v(3,13) = v(3,26) = 4
5(1,3) ={(1,1),(1,2)} m(1,1,1)=1 m(1,1,2) =1
5(2,3) ={(2,2),(42)} m(222) =1 m(2,42) =2
S(3,3) = {(13,1),(13,2)} m(3,13,1) =4 m(3,13,2) = 4 o

In [142], explicit formulae for the numbers T,xg, Tukg, Vikg, Vikg, Rukg, and
Rykq are given for k < 3. This is done by a careful analysis of the conjugacy
classes of elements of PGLy(g). The formulae result from counting fixed points
and applying the Lemma of Cauchy-Frobenius. Since in the general formula
too many different cases must be considered, we present some of the resulting
formulae forn =7.

For example, for any field of characteristic p = 2 we obtain

7° +7¢° + 9q* +1834° + 6329 — 364q + 1344
5040 +

2 1187 + 20 16 6
1 G T ) IS <
36 3lg—1 5 Islg-1 L7751

[x]ulb = {x ifalb,

0 else.

T73q =

where

For characteristic p > 2 we get
7° +7q° +9q* +183¢% + 11574% + 56 — 201
5040 -

24109 —15 24 18g+77 49 +13
1o A S Ll RS Ve
3lg 3lg—1 4lg—1

T73q =
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1 W 4 s F B o
3 12|g—1 6 12|g—9 5 5|g—1 5 5|g 7 7|g—-1

Lo, o], )
7 7)g+1 7 7lq 7 7|4%+q+1

Similar formulae can be found for V,,; and Ry, For p = 2and n = 7 we
obtain
q° +7¢° + 8g* +1974% + 45642 + 420q + 384
V7 = 5040 +

2414 36 14 3
L A TS 1 NS
36 slg-1 L2 Isjg-1 L7751

q° +7q° + 84* +190q° + 41442 + 5884 + 272
R7zg = 5040 +

and

2
q —|—14q—|—40] [3]
+ )51 + .
|: 36 3lg—1 Sl 7 7|g—1

For p > 2 and n = 7 we have
7° +79° + 84* + 19743 + 981¢% + 10509 — 1896

Vrag = 5040
[ 6 -3 14 81 4 13
S R S W - P
3lq 3lg—1 4lq—1
o Y IS I I 4 S
L2 112]g—1 6 12|g—9 5|g—1 5 5|q 7 7)g—-1
#1312 7]
L7 7|g+1 7 7|q 7 7% +q+1
and
q° +74° + 8g* + 1904° + 9394 + 9034 — 2008
Rraq = 5040
(g% + 69+ 13 2 1+ 149 + 85 29+5
[P e, P,
72 3lq 36 3lg—1 6 4lq-1

o RS H I et H R
[31125-1 1612159 =t |5 s L7171

ot o), )
L7 7|g+1 7 7lq 7 7% +q+1
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The expressions for Tk, Viikg, and Ry, are even more complicated.

Exercises

Exercise Prove that the orders of the groups GLy(g) and PGL(g) are given by

GL@)| = (¢ = D¢~ ) (g~ = [l POL)] = ™.

Exercise Let cX be a group action. Prove that conjugate elements g1, g» € G
induce permutations g1,g> of X of the same cycle type. In other words, if
¢ = gg1¢~ ! for some ¢ € G, then a;(g1) = a;(g2) for all i. Hint: Which
relation holds between the cycles of 7t and prrp~? for 71,p € Sx?

Exercise Prove that the cycle index of the natural action of the symmetric
group S, on thesetn = {0,1,...,n — 1} is given by

C(s
= B e
Hint: Prove first the following propositions:
1. The cycle type a(7) of a permutation 77 € S, characterizes the conjugacy

class of 7t in S,. Hence, elements in different conjugacy classes of S, have
different cycle types.

2. For each cycle type a H n there exist permutations 71 € S, with a(7) = a.
3. The number of elements of S, of cycle type a H n is

n!
HZ:l ﬂk!kak '

Exercise Let A be an endomorphism of F¥. Show that F¥ together with the
outer composition 6.3.5 is an F [x]-module, that is, forall f, f1, f, € F[x] and all
0,01, € FK we have fi(fo0) = (fif2)v, (fi + fo)v = fivo+ frv, f(v1 +v2) =
fu1 + foo and 1pv = 0.

Exercise Prove 6.3.6.

Exercise Prove that 6.3.7 is a decomposition of 1 into pairwise orthogonal
idempotents.
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Exercise Let A be an endomorphism of FX. Prove that F¥ is a cyclic F[x]-
module if and only if the characteristic polynomial x 4 and the minimal poly-
nomial M4 of A coincide.

Exercise Prove 6.3.17.
Exercise Prove that conjugate matrices in GLi(g) have the same subcycle type.
Exercise Prove 6.3.23.

Exercise Prove that the multiplication x of 6.3.25 is commutative and associa-
tive.

6.4 Numerical Data for Linear Isometry Classes

In Tables 6.7-6.12 we present the numbers of linear isometry classes of nonre-
dundant linear codes and of projective linear codes for g = 2, 3, 4. For comput-
ing these numbers we had to determine the auxiliary data T, and T, given
in Tables 6.13-6.18. The numbers of all linear isometry classes of linear codes
are displayed in Tables 6.19-6.20. Some values for U,;;, were already presented
in Table 6.2. Finally the numbers of indecomposable linear codes are presented
in Tables 6.21-6.26. These numbers were computed with the computer alge-
bra system SYMMETRICA ([190]). Due to restrictions of the page size in some
tables the entries for n = 13 or n = 14 are omitted. It is also possible to de-
termine tables of [}](q), Toukgr Trkgr Vikgr Vikgr Unkgr Rukg and Ry with the
software from the attached CD.

E.6.3.7

E.6.3.8

E.6.3.9

E.6.3.10

E.6.3.11

6.4
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Table 6.5 Values of [}](3)

n\k 2 3 4
1 0 0
2 1 0 0
3 13 13 1 0
4 40 130 40 1
5 121 1210 1210 121
6 364 11011 33880 11011
7 1093 99 463 925771 925771
8 3280 896 260 25095280 75913222
9 9841 8069 620 678 468 820 6174066262

10 29524 72636421 18326727760 500777 836 042

11 88573 653757313 494 894 285941 40581331447 162

12 265720 5883904390 13362799477720 3287582741506 063

13 797161 52955405230 360801469802830 266307564861 468823
Table 6.6 Values of [}](4)

n\k 1 2 3 4
1 0 0
2 1 0 0
3 21 21 1 0
4 85 357 85 1
5 341 5797 5797 341
6 1365 93093 376 805 93093
7 5461 1490853 24208613 24208613
8 21845 23859109 1550 842 085 6221613541
9 87381 381767 589 99277752 549 1594 283908 581

10 349525 6108368805 6354157930725 408 235 958 349 285
11 1398101 97734250405 406672215935205 104514 759495347685
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19
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151
280
506
904
1571

Table 6.7 Values of Vi,

AW = OO W

12
21
34
54
82
120

4 5

0 0

0 0

0 0

1 0

4 1
11 5
27 17
63 54
134 163
276 465
544 1283

174 1048 3480
244 1956 9256
337 3577 24282 87404 143270

Table 6.8 Values of V3

= O O O W

15

50
168
538
1789
5981
20502
70440

2687 241252

Ok O © © O O

24

118

628

3759
26131
208 045
1788149
15675051

6 7

0 0

0 0

0 0

0 0

0 0

1 0

6 1

25 7
99 35
385 170
1472 847
5676 4408

22101 24297

6 7

0 0

0 0

0 0

0 0

0 0

1 0

6 1

37 7

255 53
2266 518
28101 7967
500237 230165
11165000 11457192

269959051 734810177
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VO VA (VW WU

O b= N~ ODN
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55
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10857
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= W N = o

Table 6.9 Values of V4

B = O O O

17

70

323
1784
12094
89437
668922

5 6

0 0

0 0

0 0

0 0

1 0

5 1

28 6

189 44
1976 490
36477 13752
923978 948 361
25124571 91149571

N —m O O O O O O N

65

1240
102417
25983495

4843901 665246650 9163203790 9229228790

Table 6.10 Values of V ;;»

O O O OO O OO OO OO O~
O O O OO OO OO OO R, RFP, ONDN
O O O OO OO R P RLPNRF OO W

4
0
0
0
1
3
4
5
6
5
4
3
2
1
1

5 6 7
0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
4 1 0
8 5 1
15 14 6
29 38 22
46 105 80

64 273 312
89 700 1285
112 1794 5632
128 4579 26792
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Table 6.11 Values of V3

3 4 5 6
0 0 0 0
0 0 0 0
1 0 0 0
2 1 0 0
3 3 1 0
4 8 4 1
4 19 15 5
3 44 61 26
3 91 277 162
2 199 1439 1381
1 401 8858 17200
1 806 62311 311580
1 1504 459828 6876 068

AR OO OO OO NV

S
S

375
5923
182059
9427034

0 2659 3346151 159373844 608045192

Table 6.12 Values of Vx4

4 5 6

0 0 0

0 0 0

0 0 0

1 0 0

3 1 0

10 4 1

35 19 5

136 122 33
657 1320 376
3849 25619 11632
23456 645751 845949
138200 16822798 81806 606

761039 418686704 8140667601

NP O OO O OO N

52

1057

95960
25058 580
8935079 862
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Table 6.13 Values of T,z

NN =W

11
19
29
44
66
96
136

4 5

1 1

2 2

4 4

8 8
15 16
30 35
56 73
107 161
200 363
372 837
680 1963

193 1241 4721
265 2221 11477

361 3938

X B N = O

16

36

79

186
462
1222
3435
10397
33578

Table 6.14 Values of T3

O = N =

18

43
100
261
707
2092
6514
21440
72050

2734 243986

O = N = U

19

48

124

379

1335
5851
32645
229485
1860199
15919037

O =N = O

19

49

130

416

1590

8117
60746
729722
13025199
285878 088

R =N =

16

36

80
193
497
1392
4282
14 805
57875

28220 115624 258894

O = N = N

19

49

131
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8635
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O = N =
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9 9
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49374 63126
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25798110 116947681

4854818 670101468 9833305258

Table 6.16 Values of T x>

ecNeoNeoNeoNoNoBoNoBoHoNeoBe Nl
O O OO O DO DD OO OO =R FE P~ DN
O O O O OO OO R P L NNRFRRFP W

— RPN W s O Gk WON R~ =~ &

O U1 W N = = U1

14
21
34
50
67
91
113
129

G W N P P, O

10
19
35
72
155
340
791
1907
4708

Gl W N~ P, N

10

20

41

94
235
652
2076
7539
31500
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Table 6.17 Values of T3

OB N R =

12
23
47
94
201
402
807
1505
2659

S P P PN W W PR WWDNRPR PP, W

N RN = =Gl

16

38

108

371
1640
9260
63118
461333
3348810

NN =R =3

17

43

134

533
3021

26 460
374698
7337401

NN - =N

17

44

140

573

3396
32383
556 757
16764435

162722654 770767 846

Table 6.18 Values of T4

BN R R

18

45

149
674
3868
23475
138217
761052

O = N = = G

22

64

271

1994
29487

669 226
16961015
419447756

O = N = = 3

23

69

304

2370

41119
1515175
98767 621
8560115357

O BN R N

23

70
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2422

42176
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1989
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13
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Table 6.19 Values of U,x3

4 5
0 0
0 0
0 0

1 0

5 1
20 6
70 30
238 148
776 776
2565 4535

8546 30 666
29048 238711
99488 2026860

340740 17701911

Table 6.20 Values of U,y

4 5

0 0

0 0

0 0

1 0

5 1

22 6
92 34
415 223
2199 2199
14293 38676

103730 962 654

N —m OO O oo

e
=
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2565

30 666
530903
11695903
281 654 954
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Table 6.21 Values of R,;;»

1 2 3 4 5 6 7
1 0 0 0 0 0 0
1 0 0 0 0 0 0
1 1 0 0 0 0 0
1 1 1 0 0 0 0
1 2 2 1 0 0 0
1 3 5 3 1 0 0
1 4 10 10 4 1 0
1 5 18 28 18 5 1
1 7 31 71 71 31 7
1 8 51 165 250 165 51
1 10 79 361 809 809 361
1 12 121 754 2484 3759 2484
1 14 177 1503 7240 16749 16749
1 16 254 2893 20341 72828 113662
Table 6.22 Values of R;i3

3 4 5 6 7

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1 0 0 0 0

3 1 0 0 0

10 5 1 0 0

24 24 7 1 0

55 105 55 10 1

116 403 403 116 13

231 1506 3000 1506 231

438 5425 23579 23579 5425

813 19440 199473 469473 199473

1451 68478 1758953 10925684 10925684
2533 237709 15575102 267929503 723109414
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Table 6.23 Values of R4

4 5 6 7

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

1 0 0 0

6 1 0 0

38 9 1 0
238 104 13 1
1573 1573 276 18
11566 34288 11566 711
88140 909 664 909 664 88140

665736 25020688 90186 547 25020688
4836136 664473418 9137113963 9137113963

Table 6.24 Values of R,;x»

1 2 3 4 5 6 7
1 0 0 O 0 0 0
0 0 0 O 0 0 0
01 0 0 0 0 0
0 01 0 0 0 0
0 0 1 1 0 0 0
0 0 1 2 1 0 0
0 0 1 4 3 1 0
0 0 0 5 9 4 1
0 0 0 5 22 19 6
0 0 0 4 40 70 35
0 0 0 3 60 220 190
0 0 0 2 8 629 977
0 0 0 1 110 1700 4875
0 0 0 1 127 4463 24920
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Table 6.25 Values of R;i3

2 3 4 5 6 7

0 O 0 0 0 0

0 O 0 0 0 0

1 0 0 0 0 0

1 1 0 0 0 0

0 2 1 0 0 0

0 4 4 1 0 0

0 4 14 6 1 0

0 3 39 39 9 1

0 3 88 227 93 12

0 2 196 1340 1078 199

0 1 399 8 652 15695 4468

0 1 805 61904 302573 164 499

0 1 1503 459017 6813448 9113636

0 0 2658 3344644 158913391 601158522

Table 6.26 Values of R4

3 4 5 6 7
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
3 1 0 0 0
7 5 1 0 0

10 26 8 1 0

13 124 83 12 1

17 643 1173 244 17

19 3831 24942 10266 663

19 23437 641872 820142 84184

17 138181 16799302 81159989 24211108
13 761022 418548455 8123840077 8853245774
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6.5 Critical Codes

According to 6.2.13, appending a nonzero column to an indecomposable code
yields a code which is again indecomposable. This shows that there exists an
infinite family of k-dimensional indecomposable linear codes over any field
[F; and for any dimension k. On the other hand, the (7 — 1,k)-code obtained
by deleting an arbitrary column of a generator matrix of an indecomposable
(n, k)-code can be either decomposable or indecomposable. For this reason, we
investigate a restricted class of indecomposable codes, the critical, indecompos-
able codes, for short critical codes, introduced in [6]. An indecomposable code
is called critical if the removal of any column of a generator matrix results in
a decomposable code. In this section we prove that for a given dimension
there are only finitely many critical, indecomposable codes and that any inde-
composable code is obtained from a critical code by appending columns to a
generator matrix of the critical code. Similarly as in Section 6.2, we may al-
ways assume that the codes are nonredundant. The present section is mainly a
summary of [6]. All theorems and examples are quoted or excerpted from [6].
However, the order of the material presented is changed slightly.

Given an arbitrary code C, we may consider the subcode which is gener-
ated by the codewords of weight 1. If such words exist, the subcode generated
by them splits off as an outer direct summand. Therefore, C is not indecom-
posable. If dist(C) > 1, we investigate the subcode E of C which is generated
by the vectors of weight 2. If such vectors exist, then E may or may not be
an outer direct summand. The code E itself turns out to be an outer direct
sum of codes, each summand being equivalent to a code which is the dual of
a one-dimensional code generated by the all-one vector.

The support of a vector was defined in Section 1.6. The support of a vector
space is the union of the supports of its elements. If the support of E is suffi-
ciently large compared to the support of the code C and C is indecomposable,
then we will prove that C is a critical code.

A particular class of vector space homomorphisms plays an important role
for the following considerations.

Definition (code homomorphism) Let C and D be two linear codes over IF;. A
code homomorphism is a vector space homomorphism ¢: C — D such that

wt((c)) < wt(c), ceC. o

In other words, code homomorphisms are linear mappings which are contrac-
tions with respect to the Hamming metric.

6.5

6.5.1
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Examples

1. Let Y be asubsetof n = {0,...,n —1}andn > 1. For f € Fj let f | Y be
the restriction of f to Y. If C is a subspace of Fj and D = {f | Y | f € C},
then the mapping ¢: C — D defined by ¢(f) := f | Y is a code homo-
morphism. It is called a projection of C onto D. If dim(D) = dim(C), then
in coding theory we usually say that D is obtained from C by puncturing
(cf. 2.2.8). We call D the projection of C onto Y.

2. IfC'is a subspace of C C F;, then the natural injection of C'into Cis a
code homomorphism.

3. If Cis a critical, indecomposable code of length 1 > 1, then the projections
of C onto n \ {i} are decomposable fori € n.

4. A projection D of a decomposable code C is decomposable or indecompos-
able. If it is indecomposable, then dim(D) < dim(C). &

Based on code homomorphisms it is possible to introduce the category of
linear codes. We will not do it here. For further details consult [6].

If : C — D is a vector space isomorphism so that both ¢ and its inverse
¢~ ': D — C are code homomorphisms, then ¢ is called a code isomorphism. Tt
follows, therefore, that a code isomorphism preserves weights. If ¢: C — D
is a code isomorphism and C and D are of the same length, then ¢ is a linear
isometry in the sense of Section 1.4. Hence, if we do not restrict our attention
to nonredundant codes, then the notion “up to isomorphism” is a generaliza-
tion of the notion “up to linear isometry”. Two codes which are the same up to
isomorphism can have different block-lengths. Restricting ourselves to nonre-
dundant codes the two notions mean the same. The projection C — D of a
nonredundant code C is a code isomorphism if and only if C = D.

Even if the code homomorphism is a vector space isomorphism its inverse
need not be a code homomorphism.

Example For n > 1 let C be the (n,n — 1)-parity check code and D the punc-
turing of C in the first component. Then the projection ¢: C — D is a vector
space isomorphism. For each ¢ € C whose first component is different from
0 we have wt(¢(c)) < wt(c) and, consequently, wt(¢ ' (¢(c)) > wt(¢(c)).
Thus, (p’l is not a code homomorphism. &

Definition (critical code) An indecomposable code C is called critical, indecom-
posable or just critical if, whenever ¢ : C — D is a projection which is not a code
isomorphism, either dim(D) < dim(C), or D is decomposable. ©
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Examples

1. Up to isomorphism, there is exactly one critical code of dimension 1 over
F,, namely Fy.

2. In dimension 2 there is up to isomorphism one critical code, namely the
(3,2)-code with generator matrix

101
(0 1 1) '
3. Forn > 3, the unique indecomposable (1, n —1)-code (cf. 6.2.19) is a critical
code. It has a generator matrix of the form

1 1

1 1
where all entries, which are not specified, are equal to 0.
4. There is no critical code of length 2.

5. Consider an indecomposable code C with a repeated column, the last col-
umn say. Projecting this code onto all but the last column yields a sur-
jective code homomorphism, which is not an isomorphism. The image is
indecomposable and has the same dimension as C, whence C is not critical.
In particular, a critical, indecomposable code has no repeated columns. For
example, according to Table 6.21 there exist two indecomposable binary
(5,2)-codes. They are given by the generator matrices

1000 1 10101
rl_<01111>a“dr2_<01011>‘

They both project onto the unique critical binary code of dimension 2.

6. According to Table 6.22, there exist exactly two indecomposable binary
(5,3)-codes. They are given by the generator matrices

10010 10011
Ih=({0 101 1) adl,=(0 1 0 1 1
0 01 01 00111

Their weight distributions are
we, (x) =142x2 + 423 + x* and we, (v) =14 3x2 +32% + x°.
1 2

Deleting the second column of I'1 and the last column of I'; shows that
both codes project onto the same critical binary (4, 3)-code with generator
matrix

1 0 01
0101
0 011

6.5.5

6.5.6
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It is possible to generalize the last example.

Theorem Over any field there is a unique critical code of dimension 3. Up to isomor-
phism, it is the (4,3)-code with generator matrix.

1 0 01
01 01
0 011

Proof: Assume that C is a three-dimensional, critical code over Fq. Then we
can find a linearly isometric code with generator matrix (I3 | A).

If A has a column of weight three, then the columns of I3 together with
this additional column are the generator matrix of a projection of C. Moreover,
this projection is a critical, three-dimensional, indecomposable code. Hence, it
must be the generator matrix for the code linearly isometric to C. By changing
the basis suitably, one can achieve that the column of weight 3 consists of three
ones. A monomial transformation then gives the desired generator matrix.

If there is no column of weight 3 in A, then all columns of A have weight
2. There are no columns of weight 1, since they would be repeated columns,
contradicting the fact that C is critical. Moreover, since C is indecomposable,
there must be at least two columns in A whose zeros are in different rows.
We want to prove that there is no critical (5,3)-code. Again, by a suitable
monomial transformation we can assume that the generator matrix is of the
form

10 011
01 010
0 0101

Projecting C onto the last four coordinates gives a three-dimensional critical,
indecomposable code which is easily seen to be linearly isometric to the (4, 3)-
code. This shows that no critical, three-dimensional, indecomposable code
with block length greater than four exists. ad

The situation in dimension 4 is more interesting.

Example The binary (5,4)-parity check code is a critical code.
The projection of the binary (7,4)-Hamming-code onto any 6 coordinates
is a critical (6,4)-code. A suitable generator matrix of this code is given by

00 0

_ O O =
O = O O

1 0
0 1
1 1

oS O O -

1
0
0
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This critical code belongs to an infinite class of critical binary (2m,m + 1)-
codes, m > 2, with generator matrix

1 100 0 0
0 011 0 0
0 00O 11
01 01 01

For m = 2 we have the (4, 3)-parity check code, for m = 3 the code above. <

If C is an indecomposable code which is not critical, then there exists a pro-
jection of C onto an indecomposable code of the same dimension but smaller
length. This proves the next

Corollary For any indecomposable code C, there exists a critical code D of the same
dimension as C and a projection of C onto D. |

All indecomposable codes are given by adjoining columns to the generator
matrix of a critical code. For example, all 2-dimensional binary indecompos-
able codes have generator matrices of the form

1 ....10 ... 01 ...1
o ... 001 ...11 ...1
and project onto the unique critical (3,2)-code over F by eliminating repeated
columns.
By eliminating repeated columns we obtain the reduced code of C. By

further deleting zero columns we obtain a projective code. The reduced code
is indecomposable if and only if the original code had this property.

Definition (critical column) Let C be an indecomposable code of length n > 1.
The i-th column, i € n, of C is critical if the projection of C onto n \ {i} is
a decomposable code. In other words, the i-th column is critical if the code
which is obtained from C by puncturing the i-th coordinate is decomposable.
o

Corollary An indecomposable code C of length n > 1 is critical if and only if all its
columns are critical. O

Now we determine all critical (n,n — 2)-codes for n > 2.

Theorem If C is a critical (nonredundant) (n,n — 2)-code over Fy, then n > 3.
It has minimum distance 2 and the subcode E of C generated by all codewords of

6.5.9

6.5.10

6.5.11

6.5.12



516 6. Enumeration of Isometry Classes

weight 2 has support n. Moreover, C is linearly isometric to a code with a generator
matrix of the form

1 aop
. 1 ay_1
Ir=(I, 2| A) with A= |
0 1

where the weight of the second column of A is greater than n — 2 — r but less than
n — 2. Moreover, if a; # 0, then there exists some j € r \ {i} with a; = a;.
Conversely, any matrix A as above yields a critical (n,n — 2)-code over IF ;.

Proof: For n = 3 there is no critical, nonredundant (3,1)-code. Hence, we
assume that n > 3. The code C is linearly isometric to a code with generator
matrix of the form (I,_» | A) where neither of the two columns of A can
have weight n — 2, since otherwise C would not be critical. By a monomial
transformation we can assure that the first column of A is a sequence of 7 ones,
r < n—2, followed by a sequence of zeros. If a = (ag,...,a,_1,4ar,..., an,g,)T is
the second column of A, then necessarily a; # 0 for i > r, since C cannot have
minimum weight 1. By a further monomial transformation, we can assume
that these entries are equal to 1. Moreover, since C is indecomposable there
must be some i € r so that a; # 0. Thus, the weight of the second column of A
is greater than n — 2 — r but less than n — 2.

We next prove that for each i € r with a; # 0 there exists some j € 7,
j # i, such that a; = a;. If for i with a; # 0 there were no j with a; = a;, then
we can proceed as follows: Multiply the last column by a; ! so that there is a
single 1 in the last column. (Then the elements in the last column are of the
forma ,-a;l.) By elementary row operations it is possible to replace all nonzero
entries different from 1 in the last column by 0. (For each j different from i
we have to multiply the i-th row by ajalfl and subtract the result from the j-
th row.) After these row operations all entries of the last but one column are
different from 0. Hence this matrix contains the n — 2 unit vectors, a column
of weight n — 2 and a further column. Thus it is a generator matrix of a code
which is not critical. This is a contradiction, since this code is linearly isometric
to a critical code.

Lastly, we prove the assertion concerning the subcode E. The lastn —2 —r
rows of I belong to E, whence {i € n | r <i <n—3}U{n— 1} is a subset of
the support of E. Moreover, there exists i € r such that 4; = 0. Consequently,
{n -2} U{i er|a; =0} is also contained in the support of E. Finally, con-
sider some i € r with a; # 0, then there is some j € r with aj = aj, and the sum
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of the i-th and j-th row is contained in E. Its support is {7, j}. Therefore, i and
j also belong to the support of E. This proves that E has full support. a

Now we want to describe the structure of critical codes. This way we find
a “quasicanonical form” of critical and indecomposable codes.

First we need the following lemma describing the subspace generated by
all codewords of weight 2.

Lemma Let E be a code over F ; with minimum distance 2 which is generated by its
vectors of weight 2. Then

E=Ey+...+E
where each E; is linearly isometric to an indecomposable (n;, n; — 1)-parity check code
with n; > 2.

Proof: We consider E as a code of length n with support n = {0,...,n —1}.
We introduce an equivalence relation on n by saying that i is in relation to j
whenever there exists a codeword ¢ € E of weight 2 so that ¢; # 0 # c¢;. Let
Xo, ..., Xy—1 be the equivalence classes of this relation.

For i € r let E; be the subspace of E which is generated by all vectors of
weight 2 with support in X;. Then E;NE; = {0} fori # jand Eg+... +E, 1 =
E. By construction |X;| = n; > 2. Projecting E; to its support X; yields an
indecomposable (n;,n; — 1)-code. O

Corollary Any code with minimum distance 2 which is generated by its vectors of
weight 2 is linearly isometric to a code with generator matrix

Ipb 0 ... 0
0 Ih 0
0 0 ... T,
where T, i € v, isan (n; — 1) X n;-matrix, n; > 2, of the form 6.5.6. ]

Note that this code is indecomposable if and only if r = 1.
From the test on indecomposability, 6.2.13, we obtain the following

Corollary If C is a critical code with generator matrix of the form (I | A), then
any walk visiting all the k rows of the graph G 4 defined on page 469 also visits every
column of G4.

Proof: If there were a walk visiting all rows but not all columns, then some
columns of A could be eliminated and the resulting code would still be inde-
composable. This is a contradiction to the assumption that C is critical. g

6.5.13

6.5.14

6.5.15
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This, however, is only a necessary, not a sufficient property for a code to be
critical. We proceed with the following combinatorial lemma, which will later
be applied to the supports of the columns of A.

Lemma Let R be a finite set and C a collection of subsets of R satisfying the two
conditions:

1. There is a sequence Ro, Ry, ..., Ry,_1 of elements of C such that R; N R; 1 # D
forie m—1andU;c,, Ri = R.

2. C is minimal with respect to the above property, i.e. no proper subset of C posses a
sequence of elements satisfying this property.

Then there exists some r € Rand i € m such thatr € R;and r & R; for j # i.
Moreover, if |C| > 1, then there exist at least two elements r, v € R, r#71, and
i,i' €m,i#i' withr € R;,r € R;forj#iandr’ € Ry, 1" ¢ R forj#1i'.

Proof: Any sequence from C having the required property must contain each
element of C at least once by the minimality assumption. Choose a sequence
Ro, ..., Ry—1 from C with the required property and with m minimal. If m =1,
then C = {Ro} and the assertion is trivial. Otherwise, consider the shorter se-
quences Ry, ..., Ry;_1and Ry, ..., R;;—». Since they both enjoy the intersection
property, necessarily

m—1 m—2

U R; # R # U R;.

i=1 i=0
Due to the fact that m was minimal neither Ry occurs among Ry, ..., R;;_1
nor R,,_1 occurs among Ry,...,R;_». Choose ry € Ry, 19 & U;”;ll R; and
Tm-1 € Ry—1,"m-1 & U:.':OZ R;. Then rg # r,_1 and we get the desired result.

O

Theorem Every critical (n, k)-code with n > 2 has minimum distance 2. If n > 4,
then the code contains at least two vectors of weight 2 with disjoint support.

Let E be the subcode of C generated by all codewords of weight 2. Then either
C = E or there exists a subspace F of C of minimum distance greater than 2 so that
C = E+Fand ENF = {0}. The subcode E can be expressed as E = Ey + ...+
E,_1, r > 1, where each E; is linearly isometric to an indecomposable (n;,n; — 1)-
parity check code.

When C = E + F with F # {0}, then F is an indecomposable code. Assume
without loss of generality, that the support of E is equal tos = {0,...,s —1}. If
s < n, then the columns of F with column indexin {s,...,n — 1} are critical columns
of F. The code F is also known as the auxiliary indecomposable code attached to C.
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A generator matrix of a code linearly isometric to C is of the form

I, 0 ... 0 0
0 Iy ... 0 0
I'= : . ],
0 0 ... T,;, 0
Ao A1 .o Mg Ay

where T, i € r,is an (n; — 1) X ni-matrix, n; > 2, of the form 6.5.6. Each A;, i € r,
is of the form
0 ... 0 {4

Nj=1: " :
0 ... 0 £y,
where § = dim(F) = k — ¥;(n; = 1), and (o, .., £5-1,:) € F)\ {0}. Finally, all
columns of the § x (n — s)-matrix A, are nonzero and critical. The matrix T is called
a quasicanonical form of C. The submatrix (Ao | ... | Ay) is a generator matrix of
F. The nonzero columns of this submatrix yield a generator matrix

loo o Loy
. A,

ls 10 oo ls11

of F projected onto its support which is a nonredundant, indecomposable code.

Proof: Assume that C is a nonredundant, critical (1, k)-code with n > 2 and
systematic generator matrix I' = (I | A), where necessarily k < n. Let R be k,
the set of all row-indices of I', and let C be the set of the supports of the columns
of A. According to 6.5.15, C satisfies the assumptions of 6.5.16. Consequently,
there exists some i € k such that i belongs to exactly one column of A, thus the
i-th row of I is a codeword of weight 2. By 6.2.18, any indecomposable code
of length greater than 1 has minimum distance at least 2. Hence, dist(C) = 2.

Assume that n > 4. If n — k > 2, then |C| > 1, whence there exist i,j € k,
i # j, so that there is exactly one column of A the support of which contains
i and there is exactly one column of A the support of which contains j. Con-
sequently, the i-th and the j-th row of I are two codewords of weight 2 with
disjoint support. If n — k = 1, then C is the (n,n — 1)-parity check code which
contains at least two codewords of weight 2 with disjoint support.

Let E be the subcode of C generated by the vectors of weight 2. By 6.5.13

E=Ey+...+E_4,

where each E; is linearly isometric to a unique indecomposable (n;,n; —1)-
code, n; > 2. If n; = 2, then E; is the repetition code, otherwise E; is a critical
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code. It is possible that the support of E is a proper subset of 7. In this case
assume, without loss of generality, that the support of E is s. Moreover, we as-
sume that the support Xy of Eq consists of the first 119 columns, and the support
X; of E; consists of the n; columns following the support of E;_q, for1 <i < r.
Thus Xo = {0,...,n9 — 1} = ng, X1 = {no,...,ng+ny, —1} = (ng+n1) \ no,
and so on.

If r = 1and C = E, we are done. Otherwise E is properly contained
in Cand C = E + F where FNE = {0}. Since E contains all codewords
of C of weight 2, the code F has minimum distance at least 3. By suitable
row operations it is possible to find generators of F the support of which is
contained in

i
S = { ni—1 ‘ ier}u{s,s—l—l,...,n—l}.
j=0
Recall that E;‘:o n; — 1 belongs to the support of E;, i € r. Moreover, since C is
indecomposable, S is the support of F.

The fact that C is indecomposable implies that also F is indecomposable.
The fact that C is critical implies that all columns with index in {s,...,n —1}
are critical. a

If r > 1and s = n, then necessarily r > 3, since otherwise the weight of the
generators of F would be less than 3, what is impossible since all codewords
of weight 2 belong to E and there are no codewords of weight 1 in C.

This way we obtain only a quasicanonical form of critical codes since we
have specified neither the order of the I'; nor the order of the nonzero columns
of the matrices A;. This description of the quasicanonical form yields a method
for constructing critical codes and arbitrary indecomposable codes. Any inde-
composable code is linearly isometric to a code with generator matrix

I'p 0 ... O 0 No
0o In ... © 0 N
I'= : " : : ’
0 0 ... Ihy 0 N4
AN N ... A1 A N

with suitable matrices N;, 0 <i <r.
Example Consider the binary (5,2, 3)-code F with generator matrix

10101
r_<01011)

which is indecomposable and has one critical column, the last. Now we want
to construct a nonredundant, critical (9, 6)-code with auxiliary code F. Since
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n; > 2, wehaver = 4, ny = n; = ny = ng = 2 and s = 8. Therefore, a

quasicanonical form of the critical (9, 6)-code is
1100 00000
001 100O0O0O0
0 0001T1O0O0O0
0 000O0O0OT1TT1TFPO
01 00O0T1O0O0T1
0001 O0O0O0T1T1 <&

Using these quasicanonical forms, we are able to classify the critical
(n,n — 2)-codes in more details.

Corollary The quasicanonical generator matrix of a critical, indecomposable (n,n —
2)-code over F ; with n > 3 is of the form

Ipb 0 ... 0
0 T 0
I'= : " /
0 0 ... T,
Ao A1 .. A
where r > 3, T is an (n; — 1) x n;-matrix, n; > 2, given by 6.5.6, i € r. Moreover,
A= (0]...10]eDYisan (r —2) x nj-matrix fori € r —2,
0 ... 01 0 ... 0 £
A= v v and A= 0
0 ... 01 0 ... 0 63

with pairwise different, nonzero elements £y, . .., ¢,_3. Thus, we obtain the following
estimates: q —1>r —2andn > 6.

Proof: The quasicanonical form of critical codes was described in 6.5.17. Ac-
cording to 6.5.12, the code E generated by all codewords of weight 2 has full
support. Whence, n —s = 0 and the matrix A, does not occur in this quasi-
canonical form. By construction r = 1 and r = 2 are impossible. If r > 3, then
the auxiliary code F projected onto its nonzero columns is an (r,r — 2)-code
F with minimum distance d > 3. Therefore, it is an MDS-code. According to
2.5.6, there exists a systematic generator matrix of a code linearly isometric to
F with generator matrix of the form
10
01

OO...ll(r,'D‘ O

6.5.19
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For the binary case we obtain even a canonical form of critical (1, n — 2)-codes.

Corollary The binary critical (n,n — 2)-codes, n > 6, have the canonical form

Ip, 0 0

| om0
0 0 T
Ao A1 As

where T; is an (n; — 1) X ni-matrix given by 6.5.6, i € 3, withng > ny > ny > 2,
and A;is an 1 x n;-matrix of the form

Ai=(0 ... 0 1), ie3

Proof: Since I, contains exactly two elements, we obtain from 1 > » — 2 that
r < 3, thus r = 3. Another proof of this fact is based on 2.5.7, where we have
shown that there exist only trivial binary MDS-codes. Hence, only for r = 3
there exist binary (r, 7 — 2,3)-codes. O

Corollary The number of linearly nonisometric critical binary (n, n — 2)-codes with
n > 6 is the same as the number of partitions of n — 3 into three parts.

Proof: The matrices A; in the last row of a canonical form of a critical binary
(n,n — 2)-code have exactly one row. Therefore,

2
Y (ni—1)=n-3
i=0
is the sum of the ranks of the matrices I'; for i € 3. Since ny > ny; > n, and
ny —1 > 1, the sequence (19 — 1,n1 — 1,1, — 1) is a partition of n — 3. O

Example For n = 6 there is exactly one partition of 3 with three parts, namely
3 =141+ 1. We have met the corresponding critical (6,4)-code in 6.5.8. For
n = 7 there is the unique partition 4 = 2 41 + 1 which yields the canonical
form

—
Il
©cC OO0 O R
oo o R o
—_ O O =k
c o R oo
I e I i R
o~ o oo
[ I = =)
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Theorem A nonredundant, binary, critical (n,n — 2)-code C contains the all-one
vector if and only if it comes from a partition of n — 3 into three parts all of the same
parity (this means, that all three parts are either odd or even).

Proof: Assume that n — 3 has a partition ko + ki + kp with kg > k1 > kp > 1.
Using the canonical form 6.5.20 of C we have: If all three k; are odd, then

Conversely, assume that ¢ = (1,...,1) is contained in C. Then there exists
some v € ng so that v-I' = ¢. Moreover, assume that I' corresponds to
a partition ko + k1 +ky = n —3 with k; = n; —1,i € 3. If kg is odd, then
the first ko entries of v must be equal to 1. These entries guarantee that ¢y =
¢1 = ... = ¢g—1 = 1. The first kg components of c are not influenced by the
remaining v;, kg < i < k. Since ko = 1, necessarily v,_3, the last component
of v, must be 0. Therefore, ki and k3 are also odd, since otherwise ¢4, -1 =
0 or ¢yyrn4n,-1 = 0. If ko is even, then similar considerations show, that
necessarily v,_3 = 1, in order to have Cpp =1 and consequently, both k; and
k> must be even. O

Now we investigate the dual of a critical code.

Examples

1. If C is the critical (1,n — 1)-code, n > 2, over Iy, then, according to Exer-
cise 1.3.9 its dual code C* is generated by (=1,...,—1,1). Thus, it is lin-
early isometric to the code generated by the all-one vector and its reduced
code is the (1,1)-code Fy.

2. If Cis a critical (1, k)-code over IF; different from the critical (1,7 — 1)-code,
then C has an auxiliary code F. Let F be the projection of F onto its support,
then F is a nonredundant, indecomposable code. We want to prove that
the reduced code of C* is linearly isometric to the reduced code of F-. By
6.2.14 the dual of F, whence also the reduced code of F, is indecomposable.

6.5.23

6.5.24
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Using the quasicanonical form described in 6.5.17, the code C is linearly
isometric to a code C’ with generator matrix

L, 0 ... 0 0 A
0 L ... 0 0 A
0 0 ... L, 0 A
o 0 ... 0 I A

where k; = n; — 1, I, is the unit matrix, i € r, and (I5 | A) is a systematic
generator matrix of a code linearly isometric to F, where § = n — Y_; k; and
Ais ad x (n—k)-matrix. Moreover, the rows of the matrix A;, i € r, are
copies of a nonzero multiple of a single row of A or they are unit vectors.
The dual of C’ has a generator matrix of the form

(=Ag || =A [ =AT [ Lig).

All columns of —AZT, i € r, are nonzero multiples of columns of —AT or
they are unit vectors, therefore, the reduced code of C Lis linearly isometric
to the reduced code of F+. O

It seems natural to ask from which critical, indecomposable codes a given inde-
composable code might arise by augmentation of their quasicanonical genera-
tor matrices. Or, equivalently, given an indecomposable (1, k)-code C, what
are the the critical, indecomposable (m, k)-codes which arise as projections
from C?

Definition (spectrum of a code) The spectrum spec(C) of an indecomposable
code C is the set of all linear isometry classes of critical, indecomposable codes
D which satisfy

dim(D) = dim(C)

there exists a projection of C onto D. o

Theorem The spectrum of an (n,k)-MDS-code with 1 < k < n contains only the
linear isometry class of the unique critical (k + 1,k)-parity check code.

Proof: In each systematic generator matrix (I; | A) of any code linearly iso-
metric to C all columns of A have weight k. Thus, the only critical k-dimen-
sional code obtained as a projection of C is linearly isometric to the unique
critical, (k + 1, k)-parity check code. O
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Corollary The spectrum of the m-th order q-ary Hamming-code C contains only one
element.

If m > 2, projecting C onto all but one coordinate yields a critical code in which
the code generated by all vectors of weight 2 is the sum of the unique indecomposable
g-ary (q,q — 1)-code repeated (g™ —1)/(q — 1) times and the auxiliary code is the
(m — 1)-th order g-ary Hamming-code.

Proof: The first assertion follows from 6.5.26. The proof of the second assertion
is based on design theory. The reader should consult [7]. O

Example The second order ternary Hamming-code has a generator matrix

1 01 1
011 -1/)°

Therefore, the quasicanonical form of the critical code in the spectrum of the
third order ternary Hamming-code is

101000O0O0O0OO0O0 O
01 1000O0OO0O0CO0O0O O
000101O0O0O0O0O0 O
000O0O11O0O0O0O0O0 O
000O0O0OO0O1O0T1TO0O0 O
000O0OO0OO0OO0OT1TT1TO0TO0O O
000O0OO0OO0OO0OO0OOT1TTGO0O 1
000O0O0OO0OO0OO0OOO0OT1 1
00100O0O0OO0O1TO0O0 1
000O0O0O1TO0O0OT1TO0TO0 -1

No matter which nonzero column we append as the last column, we obtain an
indecomposable (13,10)-code. In order to obtain the Hamming-code, we must
append a column so that the minimum distance of the new code is equal to 3.
For this reason the nonzero entries in the first two rows must have opposite
signs. Similar arguments hold for all but the last two rows. Using for instance
(1,-1,1,-1,1,-1,1, —1,0,0)—r as the last column we obtain a generator ma-
trix of the Hamming-code. &

It is also possible that the spectrum contains more than one linear isometry
class.

Example Consider the binary (7,4)-code with the generator matrix
1000111
0100111
0010110
0001101

6.5.27

6.5.28

6.5.29
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Projecting onto the first five columns gives the unique critical (5,4)-code while
projecting onto all but the fifth column gives the critical (6,4)-code of 6.5.8. <

The proof of the following theorem is left to the reader.

Theorem Let C be a nonredundant, binary, indecomposable (n, k)-code.

1. If C contains the all-one vector, then each code in its spectrum contains the all-one
vector.

2. Let k > 1. If C contains the all-one vector, and spec(C) contains the critical
(k + 1, k)-parity check code, then k is odd.

3. Assume that k is even and C contains the all-one vector. Then the critical
(k + 1, k)-parity check code is not in spec(C). If a critical (k + 2,k)-code is con-
tained in spec(C), then it must come from a partition of k — 1 into three odd
parts. O

Now we come back to binary Reed-Muller-codes.

Theorem

1. The (m — 1)-th order Reed—Muller-code RM%WH1 of degree m > 1 is the unique
critical (2™,2™ — 1)-code.

2. The spectrum of RM%WQ, for m > 2, contains exactly one code. This is the

critical code underlying the m-th order binary Hamming-code (cf. 6.5.27).

3. Assume that m > 3. The spectrum of RM%L1 consists of all critical codes of dimen-
sion m + 1 containing the all-one vector. Thus, there is a difference between the
spectra depending on the parity of m. If m is odd, then the critical (m +2,m + 1)-
code is not in the spectrum, whereas it is contained in the spectrum when m is
even. The critical (m + 3, m + 1)-codes in the spectrum of RM%L1 are described
in 6.5.23.

Proof: 1. According to Exercise 2.4.3, the code Ran,mfl contains all vectors of
length 2™ of even weight, therefore, it is the unique critical (2™,2" — 1)-code.

2. From 2.4.11 we obtain that RM%q,mfz is the parity extension of the m-th order
binary Hamming-code. Projecting on all but 2 coordinates gives the underly-
ing critical code. Any two coordinates yield the same critical code.

3. Every binary Reed—Muller-code contains the all-one vector. By the first part
of 6.5.30, all codes in the spectrum of Ranrl contain the all-one vector. Since
dim(RMﬁm) = m +1, (cf. 2.4.7) we obtain the assertion on the (m +2,m + 1)-
code from the second part of 6.5.30. O
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The spectra of the ternary and binary Golay-codes are described in [6].

Exercises

Exercise Prove 6.5.30.

6.6 Random Generation of Linear Codes

In Sections 6.1-6.3 we have shown how to enumerate the linear isometry class-
es of linear codes, in Chapter 9 we will describe how to determine a (complete)
set of representatives for given parameters , k and 4. From the tables of num-
bers of linear isometry classes we immediately realize that only for relatively
small values of these parameters it will be possible to determine the sets of
representatives completely. The order of the acting group increases, and the
number of representatives quickly gets out of hand. In such situations, prob-
abilistic methods may still allow the construction of linear codes which are
distributed uniformly at random over all isometry classes.

The Dixon-Wilf-algorithm allows the generation of linear codes which are
distributed uniformly at random over all linear isometry classes. Actually this
algorithm was first developed for the random generation of unlabeled graphs
(cf. [46]). It can always be applied for the random generation of objects, which
are orbits of a finite group acting on a finite set.

Therefore, we present the algorithm for an arbitrary finite action of a group
G onaset X. The algorithm describes a method how to choose elements x( of X
at random such that the probability that xy belongs to a given orbit w € G\ X
is 1/ |G\ X]| for each orbit w. This allows us to sample elements of X which
are uniformly distributed over the G-orbits on X.

Dixon-Wilf-algorithm Let G be a finite group acting on a finite, nonempty set X.
Choose a conjugacy class C of elements of G with the probability
IC1- %]
C):=
PO 61 v
Pick any ¢ € C and determine at random a fixed point x of g. Then the probability
that x lies in a given orbit w € G\ X is equal to 1/ |G\ X]|.

for an arbitrary g € C.

Proof: Let Cy,...,Cn_1 be the conjugacy classes of elements of G with repre-
sentatives g; € C;. As a consequence of the Lemma of Cauchy-Frobenius 3.4.2,
it follows o (Gl X |
o |Ci ,'
Zp(cl): us IX & :1,
ieN deG | g|

E.6.5.1

6.6

6.6.1
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whence p(.) is a probability distribution. Then for each w € G\\ X we deter-
mine the probability that x belongs to w as

prew) = ZI;VP(Ci)P(x € Xg Nw)

| X, New| Ci| | X | | X N
— C 1 — 1 1
EPO x| T RGN [x,
1 1
= Ci| | Xo. Nw| = X, Nw|.
alienx] &K el = 1616y x) 21X 0]

The last sum is equal to |G|, since for w = G(x) we have

LIXnwl=3 ) 1=} ) 1=} [Gl|=IGlw] =G| D

g€G geGxeXNw XEw geGy Xew

As we have seen in 6.1.15, the linear isometry classes of linear (n,!)-codes for
1 <1 < k with k < n correspond to the GLj(g) x Sy-orbits on the set of
mappings from n to PG;_;(q).

For this reason we formulate the Dixon-Wilf-algorithm for the canonical
action of a direct product H x G on YX introduced in 1.4.11.

Corollary Let o X and gY be two finite group actions. Choose a conjugacy class C of
elements of H x G with the probability

X

elYE |

PO = (G ) (1 x Gy Sty () €

Pick any (h,g) € C and determine at random a function f € YX which is fixed under
the action of (h,g), i.e. f(gx) = hf(x) forall x € X. Then the probability that f lies
in a given orbit w € (H x G)\YX is equal to 1/|(H x G)\\Y¥|. i

According to Exercise 6.3.3, the conjugacy classes of G := S, are characterized
by the cycle types a H n. The conjugacy classes of H := GL(g) were described
completely in 6.3.12. Hence, the conjugacy classes of GLi(q) X S, are exactly
the elements of the cartesian product C; x Cy, where C; is a conjugacy class of
GLy(g) and C; is a conjugacy class of S,. This shows how to obtain represen-
tatives of the conjugacy classes of GLy(g) x S;;. In 6.3.14 the representatives
of the conjugacy classes of GL(g) are described as block diagonal matrices of
companion and hyper companion matrices of monic irreducible polynomials
over . In order to list them all, it is necessary to know all these polynomials
of degree up to k. As we have seen in Section 6.3, it was not necessary to know
these polynomials explicitly as far as enumeration of linear isometry classes is
concerned.
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For certain values of k and g, tables of these polynomials exist. Recall from
the beginning of Section 3.5 that all irreducible polynomials of a given degree
n over F; can be computed once a normal basis of Fgn over [ is known.

This motivates the following strategy. For 2 < r < k we generate monic
polynomials of degree r over [F; at random. Using 3.5.20 we test these polyno-
mials whether they are irreducible. We repeat this till for each r we have found
an irreducible polynomial of degree r. With these polynomials we are able to
determine a normal basis of [Fyr over [ for each r. For more details see Sec-
tion 6.9. Then we compute all Lyndon words of length r over an alphabet of g
elements as described in 3.5.5. We consider these Lyndon words as the coeffi-
cient vectors of elements of IF ;- with respect to the normal basis of Fyr over I,
just constructed. Using 3.5.2, we compute the minimal polynomials of these
elements. These minimal polynomials provide a complete list of irreducible
polynomials of degree r over [Fy.

The number of GLi(q) x Sy-orbits on PG;_;(gq)" was already computed
as Ty in 6.1.23. The number of fixed points of (A,71) € GLi(q) x Sy in
PG;_(q)" can be deduced from the next

Lemma Assume that gX and gY are two finite group actions which induce natural
actions of G, Hand H x G on YX (as described in 1.4.7,1.4.10, and 1.4.11).

The number of fixed points of ¢ € G on YX is given by

IX]
YIS for c(g) := ¥ ai(g),
i=1

where (a1(g), - .., ax(g)) is the cycle type of the induced permutation g on X.
The number of fixed points of h € H on Y is given by

v, X,
where Yy, is the set of fixed points of hon'Y.

The number of fixed points of (h,g) € H x G on YX is given by

1X|

[T1Ys |ﬂi(8) ,
i=1

where (a1(g), ..., a)x|(g)) is the cycle type of the induced permutation g on X,
and Yy, is the set of fixed points of hon'Y. O

A method for constructing the set of fixed points of (A, 1) on PG;_;(q)" is
described in

6.6.3
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Lemma Consider the natural action of H x G on YX induced by two finite group
actions X and 7Y as described in 1.4.11. The fixed points f € YX of (h,g) € Hx G
have the following form. For each cycle Z of g on X, pick a representative x; € Z.
Then f(xz) = yo € Y with |(h)(yo)| dividing |Z| (that is, yo € Yz, the set of fixed
points of hl%l on Y). The remaining values of f on Z are determined by

f(g'xz) == h'yo for 1 <i<|Z|. O

The proofs of the previous two lemmata are left to the reader as Exercise 6.6.1
and Exercise 6.6.2.

As mentioned above, applying the Dixon-Wilf-algorithm for the random
generation of linear codes produces generator matrices of linear (n,)-codes
for I < k. Therefore, after the generation the rank of each matrix must still be
determined.

Some numerical results are presented in Table 6.27. For different parame-
ters g, n and k, the table shows the distribution of ranks when 10 000 matrices
were generated at random in each case.

For further illustration here are the numbers of conjugacy classes of GLy(2).

k 3 4 5 6 7 8 9 10
#of conjugacy classes 6 14 27 60 117 246 490 1002

The choice of a conjugacy class of S, amounts to the choice of a cycle type
(or partition) of 7. The number of partitions of n € N increases rapidly with 7.
Here are some of these numbers:

n  number of cycle types of n

10 42
15 176
20 627
25 1958
40 37338
60 ~ 10°
100 ~2-108

For this reason we should try to avoid computing and storing the proba-
bilities of all conjugacy classes of GLi(q) x S, before the generation process
starts. For practical purposes we label the conjugacy classes by Cy,...,Cn_1.
Usually Cy is the conjugacy class of the identity element. The random choice
of a conjugacy class C;, is done by first computing a random number r € [0,1)
and then determining the index ip € N so that

Y p(C)<rand Y p(C)>r.

j€ipy jeip+1
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Table 6.27 Distribution of ranks of 10000 k x n-matrices over F; generated at random

g n k rankdistribution

2 15 3 (17, 534, 9449)

2 15 4 (1, 53, 677, 9269)

2 15 5 (0,5, 68, 908, 9019)

2 15 6 (0,0, 16, 142, 1488, 8354)

2 15 7 (0,1, 5, 51, 492, 2672, 6779)

2 15 8 (0,0, 1,27 272, 1523, 3970, 4207)
2 15 9 (0,0, 1,27, 246, 1374, 3289, 3507, 1556)
2 15 10 (0, 0, 2, 22, 228, 1179, 3279, 3434, 1531, 325)
2 20 3 (8, 218, 9774)

2 20 4 (0,7, 185, 9808)

2 20 5 (0,0, 3, 140, 9857)

2 20 6 (0,0, 0,2, 175, 9823)

2 .20 7 (0,0,0,0, 3,225 9772)

2 20 8 (0,00, 0,0, 18, 529, 9453)

2 25 3 (3,121, 9876)

2 25 4 (0,2, 70, 9928)

2 25 5 (0,0, 0,30, 9970)

2 25 6 (0,0,0, 0,10, 9990)

2 25 7 (0,0,0,0,0,6,9994)

2 25 8 (0,0,0,0,0,0,29 9971)

3 15 3 (1,122, 9877)

3 15 4 (0,0, 50, 9950)

3 15 5 (0,0, 0, 68, 9932)

3 25 5 (0,0, 0,0, 10000)

One can start the generation process immediately and evaluate probabilities
of the conjugacy classes only if required. This means that we need to evaluate
p(C;) only if the chosen random number exceeds }_;c; p(C;). The efficiency
of this revised method depends heavily on the numbering of the conjugacy
classes. Clearly, the numbering should be chosen in such a way that p(C;) >
p(Ciy1)-

We have applied the random generation of linear codes in order to describe
the distribution of the minimum distance of linear codes with given parame-
ters 11, k and q. Two examples are presented in Table 6.28 and Table 6.29.
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Table 6.28 Distribution of the minimum distances of 10000 binary codes of length 20 and

maximal dimension 8

KNd 1 2 3 4 5 6
0 0 0 1 0 0
o o0 2 5 31

5
6
7 3 45 102 226 150 16
8 81 1158 2502 4346 1344 15

Table 6.29 Distribution of the minimum distances of 30000 000 codes of length 12 and maximal
dimension 5 over F5

k\d 1 2 3 4 5 6 7 8
3 1 5 4 40 99 196 136 9
4 120 1060 5644 37440 137047 139665 5651 0
5 24017 243558 1486385 10048367 17047580 822975 0 0

Exercises

Exercise Prove 6.6.3.
Exercise Prove 6.6.4.

Exercise Use the enclosed software to obtain lower bounds for the minimum
distance of linear (11, k)-codes over I, for small parameters 1, k and p. Com-
pare these results with the list of best known linear codes [32].

6.7 Enumeration of Semilinear Isometry Classes

So far we were concerned only with the enumeration of linear isometry classes
of codes. In this section we show how to generalize these methods in order to
derive the number of semilinearly nonisometric codes.

In 1.5.10 we have described a semilinear isometry ¢ as t = (¢, («; 7)) where
a € Aut(F;) = Gal[F; : F] and (¢; ) is a linear isometry. Thus (¢; )
belongs to the wreath product

Fi1, Sn = {(1[);7'() ’ $:in —F, nesn}.

Since Gal [[F,, : I, | contains just one element, we assume in this section that
q = p” with r > 1. In the sequel we indicate the Galois group Gal [F, : I, ],
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generated by the Frobenius automorphism (k) =9,k € IFq, by Gal. As we
already know, it is a cyclic group of order r.

According to 1.5.11 two codes are called semilinearly isometric if there ex-
ists a semilinear isometry : which maps one code onto the other code.

Our first aim is to show that the group of semilinear isometries is a gen-
eralized wreath product. Therefore, we apply the two semilinear isometries
= (¢;(Bp)) and n = (¢; (a, 7)) to the vector v = (vy,...,v,-1) € Fj and
indicate 11 (v) by v’ = (v[,...,v],_;). Then we obtain

n(n(v) = IZ(UI> = ((])(O)ﬁ(v; 1(0)) .,¢(n—1),3(v"0,1(n71)))
(- DB )01y, )

)
= (- p)Bwo 1z>>><ﬁoa>< (por) (1)

This formula motivates the following

(
(

Lemma The group of all semilinear isometries of ¥y is the semidirect product
(F3)" » (Gal xSy),
with the normal subgroup on the left, where the multiplication is given by

(¢: (Bp)) - (¢; (&, 7)) == (99(,p); (B, p 0 7T)),
with
Ypp) (@) =B (1), ien,
and
(i) == p(i)y(i), ien 0

Therefore, the identity element is (1; (7°,id)), where 1 is the mapping i — 1,
i € n. The inverse of (y; (x, 7)) is (1[)(“1 . 1)'(04*1,7'(*1)) where ¥~ 1(i) =
(1/)(1.»71/ i €n,and 1[1(7)37_[) = (lp(tx,n)) '= (¢71>(a,n)'

Representing the product of two semilinear isometries in this way, it is easy
to realize certain similarities with the ordinary wreath product H ¢, G. In1.4.8
we had considered a group G acting on a set X and an arbitrary group H. For
defining the multiplication in H, G we used the canonically induced action
of G on HX given by 1.4.7.

Here in the situation of the group of semilinear isometries, we have X = n
and H = F; The group Gal xS;, does not act on 1, but it operates already on
(F3)" and we do not have to consider an induced action on (Fy)". Therefore,
we say that the group of semilinear isometries is the generalized wreath product
of IF; and Gal xS, which we indicate by

F7 1, (Gal xSy).

6.7.1
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Its order is equal to (g — 1)" - - n!, and the generalization of the natural action
of a wreath product (cf. 1.4.9) to this generalized wreath product is

(93 (@, 1)) (v) = ($(0)a(vr-1g)), - (1 = Da(07-10,1)))
which is the action of the semilinear isometry (¢; (a, 7)) on Fj.

Similarly as in Section 6.1 we describe codes by their generator matrices,
and obtain that the set of semilinear isometry classes of (11, k)-codes is equal to
the set of orbits

Fy 2, (Gal xSn)\ (GLi(g) \FE**)
where the operation of (¢; (a, 7)) € F ,(Gal xS,) on the orbit GL () (T) is
given by

((; (2, 7)), GL(9)(T)) = GLi(9)(I') where T'(i) = p(i)a(T(7~(i))).

Here again we identify the matrix I' with the functionT': n — F}‘; where I'(i) "
is the i-th column of I'. When writing Af, we identify the function f & (Fl‘;)”

with the corresponding k x n-matrix (f(0)" | ... | f(n —1)T). Then Af =
(A-FOT | oo | A-fn—1)7) and Af(Q) = (A-F()T) = f(i)- AT for
A€ GLk(q)

We want to prove that this operation is well-defined. For A € GLi(g) and
I given by [(i) = $(i)a((A-T)(x (1)) we have GLy(q)(F) = GLi(g)(D),
since T'(i) = ¢(i)a(A)a(T(r~1(i))) and a(A) € GLi(g). (In Exercise 3.7.5 we
have mentioned that & induces a group automorphism of GLi(q) by applying
« to all components of the matrices in GLi(g).)

In the situation of linear isometries the actions of the isometry group and
of the linear group were commuting and we obtained an action of the direct
product of these two groups on IF’; <k (cf. 6.1.3).

In general, the action of the semilinear isometry group does not commute
with the action of GLk(q). For A € GLi(q), (¢; (x, 7)) € Fy 2, (Gal xS,) and
re F}‘;X"’k we have

A- (3 (0, )T =
($(O)Ax(T (1 (0)), .., (1 — D Ax(T (' (n — 1))
and
(¥; (0, 7)) AT =
($(0)a(A)a(T(771(0))), ..., p(n — Da(A)a(T (7~ (n ~1)))).
Therefore, we do not get an action of the direct product as in 6.1.3.

Again, similarly as in Section 6.1 we eliminate the rank condition on the
k x n-matrices and consider the set of all k x n-matrices over IF; which do not
contain zero columns. Thus, our task is to determine the cardinality of

Fj 1, (Gal xS,)\, (GLk(9)\(FE\ {0})").
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For this reason we describe a generalization of Lehmann’s Lemma 6.1.8.
We generalize it in two ways, since on the one hand we are dealing with an
action of the generalized wreath product, and on the other hand this wreath
product operates on GL(g)-orbits of functions and not just on a set of func-
tions. However we do not formulate it for arbitrary group actions but for the
situation of the present problem.

Generalization of Lehmann’s Lemma If the mapping

9: GL(@)\(F5\ {01)" = GLi(g)\, (F;\ (F5\ {0}))"
is given by

GLi(q)(T) — GLy(q)(I') where T(i) = Fy(T'(i)),

then the mapping

®: (F;,(Gal x50)\ (GLe(9) \(Ff \ {0})") —

(Gal xS,)\ (GLk(q)\\(F;\\(F’; \ {0}))")
defined by

(IF7 2, (Gal xSy)) (GLi(9) (T)) = (Gal xSu) (9(GLi(9)(T)))

is a bijection. On the right hand side we have an operation of (Gal xS,,) on the set of
orbits GLi(q)\ (F5\ (FE \ {01))" of the form

(&, 1) GLi (q)(T) = GLi(q)(I)
where T(i) = a(T(771(i))) = a(F;(T(n1(i)))) = Fi (a(T(n~1(i)))), i € n.

Proof: As in the proof of 6.1.8 we see that for fi, f, € YX the following facts
are equivalent:

O(F; 0, (Gal xSy)(f1)) = P(Fy 0, (Gal xSy)(f2))
(Gal xS5x)(9(f1)) = (Gal x5,)(¢(f2))
€ (Gal xS)(9(f1))

=ao¢@(f1)om forsomew € Gal and some 77 € S,
x) =a(¢(f1)(n(x))) forsomewn € Gal, 7w € Sy, and all x € X

(%)
(x) = ¢(ao f1)(m(x)) forsomewa € Gal, mr € Sy, and all x € X
(x)

fa(x) € Fy((wo f1)(m(x))) forsomea € Gal, 7w € Sy, and all x € X

6.7.2
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fa = (¢;(a, 7)) f1 for some (¢; (&, 7)) € Fy 1, (Gal xSy)
fr € Fru,(Gal xSy)(f1)
F7 0, (Gal xSy)(f2) = Fg 0, (Gal xSy)(f1)-

Reading these implications from bottom to top we deduce that @ is well-
defined. From top to bottom it follows that ® is injective. In order to prove
that @ is surjective, we notice that ¢ is surjective. g

As an immediate consequence we obtain that
* n
| (75 2, (Gal x5.)) \ (GLe () \(F£ \ {0})")

|(Gal xSu)\ (GLi(9) \ PGy 1 (9)") |-
It is still possible to find a simpler expression for

(Gal x5,)\\ (GLk(9) \ PGt _1(9)")-

According to Exercise 1.4.9 we can split the action of the direct product obtain-
ing

Gal'\ (5, (GLi(0) \ PG{1(9)"))

what is the same as

Gal \\ ((GL«(q) x $»)\PG;_1(4)")

since the actions of GLy(gq) and S, commute. An application of the automor-
phism « to the orbit (GLi(g) x S,)(T) yields the orbit (GL;(g) x S, )(I') where
[(i) = a(T(i)) = F3 («(T'(i))). These orbits can be represented as the elements
of

(PTLi(q) > Sw)\PG_y(q9)",
since PT'Ly(q) = (GLi(q) % Gal)/ Z.
The reader should carefully check the following

Lemma Let C be a code and 1 a semilinear isometry.
C is nonredundant if and only if 1(C) is nonredundant.
C is projective if and only if 1(C) is projective.
C is injective if and only if 1(C) is injective.
C is indecomposable if and only if 1(C) is indecomposable. a

Analogously to Section 6.1 and Section 6.2 we introduce the notions

tukg i= ’(PrLk(GI) x Sn)\PGr_1(g)"

7




6.7 Enumeration of Semilinear Isometry Classes 537

tukg = |(PTLe(q) % Su) \ PGy ()i -

Moreover, let v,;, denote the number of semilinear isometry classes of nonre-
dundant (1, k)-codes over Iy and v, the number of semilinear isometry class-
es of projective (1,k)-codes over 5. The symbols u,, and u,y, indicate the
number of semilinear isometry classes of all, respectively injective, (1, k)-codes
which may contain columns of zeros. The number of semilinear isometry
classes of nonredundant indecomposable (1, k)-codes over [F; is denoted by
"nkq and of projective indecomposable (1, k)-codes over I, by 7, These sym-
bols are the lowercase versions of the corresponding numbers of linear isome-
try classes. The relations corresponding to 6.1.15 and 6.2.20 are collected in

Corollary

tukq is the number of semilinear isometry classes of linear codes of length n and
dimension at most k. If k > 1, then t,, x_1 4 is also the number of PTLy(q) X Sy-
orbits of mappings f € PG;_4(q)" corresponding to matrices of rank not greater
than k — 1.

tukq is the number of semilinear isometry classes of injective linear codes of length
n and dimension at most k.

Unkg = tukqg — tnk—14 Unkg = tukg — tng-14 for 1 <k < n. The initial
values for these recursions are vy, = 1forn € N*, vy, =land vy, =0 for
n > 1

Unkg = ik Uikq: Ukkqg = Ukkq/ and Unkqg = Un—1kq T Unkg for n >k

]<;uw)

j
U(e) = [TC(S e v, .
i=1 )

jiq

For n > 2 we have

n

Tukg = Unkg — 2 2
7 b

e

)
=)

where

is a product computed from substitutions into the cycle indices of symmetric
groups of degree v(i, c) given by

v(i,c) =|{l €aj|c, =i}, 1<i<.

The first sum runs through the cycle types a = (ay,...,a,_1) of n with at least
two summands, i.e.a; € N, Y ia; = nand Y a; < k, while the second sum is taken
over the (n — 1)-tuples b = (by,...,b,_1) € N*71, for which a; < b; < ia;, and
Y b; = k. The third sum runs over all aj-tuples ¢ = (co,- - ,ca].,l) e N% with

6.7.5
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the properties j > co > ... > cq—1 = Land Y. ¢; = bj. Analogously, ryig can
be recursively evaluated from vy, and rj;; with j < n. The initial values for these
recursions are 111y = 1 = rq14. O

This way we have expressed all these numbers in terms of tnkg and £y
The remaining problem is the evaluation of tnkg and fy,. In 6.7.3 we have
the canonical action of a direct product on a set of functions. Since the group
acting on the domain is the symmetric group it is possible to apply 6.1.21 in
order to compute the generating function for the cardinalities of these orbit
sets and we obtain the following

Corollary The generating functions for the numbers tyy, and t,x, can be obtained
from the cycle index of the natural action of the projective semilinear group on the
projective space in the following way:

Z t”kqxn = C(PrLk(Q)rPGZ—l(Q))|Zi::Z9g i
neN j=0

and

Y tukgx" = C(PTLi(g), PG;_1(q)) ’zi::l i ]
neN
Finally, it remains to determine the cycle index of the natural action of the
projective semilinear group on the projective space. In order to obtain some
numerical results we used the computer algebra system GAP [63] together
with a particular extension for projective spaces [74]. Based on 6.3.3 we de-
termined a complete system of representatives of the conjugacy classes of el-
ements of PT'L;(g). We computed the cardinality of each class, and for each
representative we determined the cycle type of the natural action on PG;_(g).
For g = 4 we obtain the Tables 6.30 to 6.35, which should be compared with
the Tables 6.15, 6.9, 6.23, 6.20, 6.12 and 6.26. (Differences between correspond-
ing tables are marked by boldface numbers.) The next field where differences
occur between linear and semilinear isometries is Fg. On the pages 542-548
we present some tables comparing the numbers T;g and t,xg, Vg and vyg,
Ruks and ks, Upnks and ks, Trks and tyrs, Viks and vygg, and Ry and 7ys.
Extended tables can be found on the attached CD-ROM.

Exercises

Exercise Prove 6.7.1.

Exercise Prove 6.7.4.



6.7 Enumeration of Semilinear Isometry Classes

=
P
O 0 NI O U bW ==

I
= W N = O

=
P
O 00 NN Gl W~ =

e T e )
= W N = o

VGV VA G W W W W Y

VWV (G VA G W W W S W Y

N O WO N~ DN

10
13
18
23
30
37
47
57
70
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12
17
22
29
36
46
56
69

Table 6.30 Values of t,,54

3 4

1 1

2 2

4 4

8 9
16 20
34 51
68 138
144 445
309 1728
670 8640
1468 52924

3251 360473
7156 2503187
15665 16976798

O = N = O

21

56

166

629

3322

31045
543062
13107 137
336291123
8362677 597

Table 6.31 Values of 0,54

3 4

0 0

0 0

1 0

3 1

9 4
24 17
55 70
126 301
286 1419
640 7970
1431 51456

3204 357222
7099 2496031
15595 16961133

Q= O O O O U

28

184

1594

22405
490138
12746 664
333787936
8345700799

O = N = O

21

57

172

673

3775

40323
1047635
59070798
4922753104
452322657 324

AR OO O OO

B
=~

453

9278

504573

45963 661
4586461981
443959979 727

539



540

6. Enumeration of Isometry Classes

=
P
O O NI OGN P, x

I N
= W N = O

=
P
O 0 NI O Gl W N~ =

S G S
= W N = O

VIV S VA G W O Y

O 00 NI O Gk WPk -

S G S Y
= W N = O

O k=N, OODN

B WON = =
S = =0 W

50

Table 6.32 Values of 7,4

3 4 5 6

0 0 0 0

0 0 0 0

0 0 0 0

1 0 0 0

4 1 0 0

14 6 1 0
38 38 9 1
99 216 99 13
244 1213 1213 244
579 7479 20603 7479
1344 50328 480335 480335
3084 354655 12685278 45448958

6937 2490249 333368938 4573198774

62 15381 16948216 8342784710 443612918007

N W= OB

13
22
34
51
73
102
138
184
240
309

Table 6.33 Values of 14,4

3 4 5 6

0 0 0 0

0 0 0 0

1 0 0 0

4 1 0 0

13 5 1 0
37 22 6 1
92 92 34 7
218 393 218 51
504 1812 1812 504
1144 9782 24217 9782
2575 61238 514355 514355
5779 418 460 13261019 46478016

12878 2914491 347048955 4632939997
28473 19875624 8692749754 448592919 724
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Table 6.34 Values of 0,54

3 4 5 6
0 0 0 0
0 0 0 0
1 0 0 0
2 1 0 0
4 3 1 0
8 10 4 1
10 35 19 5
13 124 118 33
17 499 1018 342
18 2421 15076 7571
18 13113 336911 444690
17 72823 8495389 41172182

13 390069 209826910 4073567723
10 1963645 4881485820 387971461593

Table 6.35 Values of 7,54

3 4 5 6
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
3 1 0 0
7 5 1 0
10 26 8 1
13 112 79 12
17 485 883 214
18 2403 14557 6507
18 13095 334460 429438
17 72805 8482236 40834575

13 390052 209754039 4065069206
10 1963632 4881095698 387761618484

541
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Table 6.36 Values of T)g

2 3 4

1 1 1

2 2 2

3 4 4

5 8 9

7 16 20
14 57 78
21 273 555
39 2034 13931
64 16 668 714573
109 132237 40746243
173 986453 2188928772
286 6876180 108587171103

439 44880936 4985542976 595
686 275497786 212944610369 565

Table 6.37 Values of t,g

2 3 4
1 1 1
2 2 2
3 4 4
5 8 9
7 16 20
12 43 62
17 143 289
27 792 4979
40 5806 239355
61 44619 13586393
89 329959 729659322

136 2294446 36195786755
197 14965218 1661847901869
292 91842474 70981537714473



6.7 Enumeration of Semilinear Isometry Classes

=
P
O O NI O Gl WP, =

I N
= W N = O

=
P
O 00 IO Gl W~k

e T e )
= W N = o

VIV S VA G W O Y

VWV (VA G W W G Y

Table 6.38 Values of V,;g

2 3 4

0 0 0

1 0 0

2 1 0

4 3 1

6 9 4
13 43 21
20 252 282
38 1995 11897
63 16604 697905
108 132128 40614006
172 986280 2187942319

285 6875894 108580294923
438 44880497 4985498 (095 659
685 275497100 212944334871779

Table 6.39 Values of v,,g

2 3 4
0 0 0
1 0 0
2 1 0
4 3 1
6 9 4
11 31 19
16 126 146
26 765 4187
39 5766 233549
60 44558 13541774
88 329870 729329363

135 2294310 36193492309
196 14965021 1661832936651
291 91842182 70981445871999
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Table 6.40 Values of R, g

2 3 4

0 0 0

0 0 0

1 0 0

2 1 0

4 4 1
10 33 10
17 231 231
34 1956 11596
59 16529 695614
103 131993 40595108
167 986 040 2187791284
279 6875485 108579157 553

432 44879807 4985490082276
678 275495976 212944 281977581

Table 6.41 Values of 7,,x8

2 3 4
0 0 0
0 0 0
1 0 0
2 1 0
4 4 1
8 21 8
13 107 107
22 732 4024
35 5709 232626
55 44465 13535084
83 329720 729278112
129 2294075 36193111160

190 14964655 1661830261138
284 91841624 70981428231327
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Table 6.42 Values of U,xg

n\k 1 2 3 4
1 1 0 0 0
2 2 1 0 0
3 3 3 1 0
4 4 7 4 1
5 5 13 13 5
6 6 26 56 26
7 7 46 308 308
8 8 84 2303 12205
9 9 147 18907 710110

10 10 255 151035 41324116
11 11 427 1137315 2229266435
12 12 712 8013209 110809 561 358
13 13 1150 52893706 5096 307 657 017
14 14 1835 328390806 218040642528796
Table 6.43 Values of u,xg

n\k 1 2 3 4

1 1 0 0 0

2 2 1 0 0

3 3 3 1 0

4 4 7 4 1

5 5 13 13 5

6 6 24 44 24

7 7 40 170 170

8 8 66 935 4357

9 9 105 6701 237906

10 10 165 51259 13779 680

11 11 253 381129 743109 043

12 12 388 2675439 36936 601 352

13 13 584 17640460 1698769538003

14 14 875 109482642 72680215410002
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Table 6.44 Values of T

n\k 1 2 3 4
1 11 1 1
2 01 1 1
3 01 2 2
4 0 1 3 4
5 0 1 5 8
6 0 1 25 39
7 0 1 132 364
8§ 0 1 901 11408
9 0 1 6155 619402

10 0 O 38344 34810827
11 0 0 217432 1812498279
12 0 0 1119290 86640720291
13 0 0 5242484 3818392707185
14 0 0 22449375 156004978540987
Table 6.45 Values of t,g

n\k 1 2 3 4

1 1 1 1 1

2 01 1 1

3 01 2 2

4 0 1 3 4

5 0 1 5 8

6 0 1 15 27

7 01 58 164

8§ 0 1 327 3940

9 0 1 2101 206934

100 0 O 12870 11605307

11 0 0 72638 604172431

12 0 0 373366 28 880263 069

13 0 0 1747940 1272797 652 589

14 0 0 7483895 52001659817699
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Table 6.46 Values of V kg

n\k 1 2 3 4
1 10 0 0
2 01 0 0
3 01 1 0
4 0 1 2 1
5 0 1 4 3
6 0 1 24 14
7 0 1 131 232
8§ 0 1 900 10507
9 0 1 6154 613247

100 0 O 38344 34772483
11 0 0 217432 1812280847
12 0 0 1119290 86639 601 001
13 0 0 5242484 3818387464701
14 0 0 22449375 156004956091 612
Table 6.47 Values of v,g

n\k 1 2 3 4

1 1 0 0 0

2 01 0 0

3 01 1 0

4 0 1 2 1

5 0 1 4 3

6 0 1 14 12

7 0 1 57 106

8§ 0 1 326 3613

9 0 1 2100 204 833

100 0 O 12870 11592437

11 0 0 72638 604 099793

12 0 0 373366 28879889703

13 0 0 1747940 1272795904 649

14 0 0 7483895 52001652333804
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Table 6.48 Values of R;g

n\k 1 2 3 4
1 1 0 0 0
2 0 0 0 0
3 01 0 0
4 0 1 1 0
5 0 1 3 1
6 0 1 23 9
7 0 1 130 207
8§ 0 1 899 10374
9 0 1 6153 612345

10 0 O 38343 34766326
11 0 0 217432 1812242500
12 0 0 1119290 86 639 383565
13 0 0 5242484 3818386345408
14 0 0 22449375 156004950849125
Table 6.49 Values of 7 g

n\k 1 2 3 4

1 1 0 0 0

2 00 0 0

3 01 0 0

4 0 1 1 0

5 0 1 3 1

6 0 1 13 7

7 01 56 91

8§ 0 1 325 3554

9 0 1 2099 204 505

100 0 O 12869 11590334

11 0 0 72638 604 086 920

12 0 0 373366 28879817061

13 0 0 1747940 1272795531280

14 0 0 7483895 52001650585861
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6.8 Local Isometries

Let C and C’ be two (11, k)-codes over F;. A local linear isometry between these
two codes is a vector space isomorphism ¢: C — C’ which preserves the dis-
tances between all pairs of codewords, i.e. d(c1,c2) = d(i(cq1),(c2)) for all
c1,¢0 € C. So far we have shown in Section 1.4 that the linear isometries of
IF§, the global linear isometries, are the elements of My (q). From 1.4.12 we know
that My (q) is isomorphic to the wreath product F7 1, Sy.

A local semilinear isometry between the two codes C and C’ is a semilinear
bijection 0: C — C’ which preserves the distances between all pairs of code-
words, i.e. d(c1,¢2) = d(o(c1),0(c2)) forall c1, ¢y € C. So far we have shown in
Section 6.7 that the semilinear isometries of IF";, the global semilinear isometries,
are the elements of the generalized wreath product Fj 1, (Gal xSy).

In general a local isometry is a local linear or semilinear isometry. We want
to prove that every local isometry between two (1, k)-codes can be extended
to a global isometry of Ff;. This means that the set of local linear isometries
between two linear (n,k)-codes is the wreath product Fj ¢, Sy (cf. also [84,
second edition, Section 9.1]) and the set of local semilinear isometries between
two linear (1, k)-codes is the generalized wreath product F 11, (Gal xSy,).

As a generalization of Exercise 1.2.6 we obtain

Theorem If C is a linear code of length n over ¥, then for any i € n either the i-th
component of all codewords is equal to 0, or each element a € ¥y occurs as the i-th
component of exactly |C| /q codewords. O

First we associate an (1, k)-code C over F; with the g* x n-matrix
c(0)
M(C) = ; ,
C(qkfl)

where the rows of the matrix are the codewords of C in a fixed but arbitrary
order. If ¢ is a local isometry between C and C’, then we assume that

1(c(0)
M(C') = M((C)) = : /
[(C(qkfl))
where the ordering of the rows of M(C’) is determined by the ordering of the

rows of C. .
Moreover, let le ,d; € IFZ ,1 € n, be the i-th column of the matrix

M(C) = (dOT | ...|d;1[1).

6.8

6.8.1
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We introduce an equivalence relation on the columns of M(C). Two columns
d! and d are considered to be equivalent if there exists some x € Fj such
that d; = xd;. We call them proportional. (In general, two vectors v, w over Fg
are proportional if there exists some x € F; such that v = xw.) A column dl is
called a zero column if all the components of d; are equal to 0. The equivalence
class of a zero column consists of all zero columns of M(C). If d is not a
zero column, then the equivalence class of d,' consists of all columns of M(C)
which are proportional to d; .

Lemma Two locally isometric linear (n,k)-codes C and C' have the same number of
zero columns.

Proof: Assume that dl»T is not a zero column of M(C). According to 6.8.1, each
element ¥ € F,; occurs exactly 7! times in d;. If we assume that C and C’
have r, respectively, ' zero columns, then we obtain

(n=n)g"Hg—1) = Y wt(e) = }_ wi(c) = (n—r)g" (g - 1).
ceC ceC’
Consequently, r = r'. O
In the next step we want to describe the equivalence class of a nonzero column.
The cross section of a code C is similarly defined as the shortening of C (cf.
2.2.17). Let i be the index of a column of M(C) which is not a zero column,
then the cross section of C at position i is the code

Ci:={c=(co,..-,cn-1) €C|c; =0}.

Consequently, C; is an (n,k —1,> d,q)-code. The shortening of C in position i
is obtained from the cross section of C in position i by deleting the i-th column
of Ci-

Lemma Let C be a linear (n,k)-code over Fy. Two columns d # 0 # djT of M(C)
are proportional if and only if the cross sections C; and C; coincide.

Proof: Assume that d; and d]T are proportional. Then for each c € C we have
¢; = 0if and only if ¢; = 0. Hence, the cross sections C; and C; describe the
same code.

Conversely, we assume that C; = C;. We choose any two codewords ¢, ¢ of
C which do not belong to C;, whence ¢; # 0, ¢; # 0, ¢; # 0, and ¢; # 0. Then
f = c;lc — 5;15 belongs to C and f; = 0. Thus f € C; and, consequently,
f]- = 0. Since f] = c;lcj — c‘lflc‘j, we obtain clflc]' = 5;15]' = € F;, and thus
¢j = ac; and ¢; = af;. This fact holds true for fixed ¢ € C \ C; and for any
¢ € C\ C;, whence the columns d; and d]T are proportional. O
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Now we prove thatif ;: C — C' is a local linear isometry, then there exists
a permutation 77 € S, such that the i-th column of M(C) is proportional to the
7t(i)-th column of M(C’) fori € n. This fact shows then that : can be described
as an element (i; 7r) of F§ ¢, Sy. Thus it is a linear isometry of Fj.

Theorem Assume that 1: C — C is a local linear isometry between two linear
(n,k)-codes over ;. Then there exists a permutation 7t € S, such that the i-th
column of M(C) is proportional to the 7t(i)-th column of M(C') fori € n.

Proof: To begin with, we determine the equivalence classes of the columns of
M(C). From 6.8.2 we know that M(C) and M(C’) have the same number of
zero columns, which we indicate by s.

Let dl-T be a nonzero column of M(C), and leti = i,...,i,_1 indicate the
indices of the columns of M(C) proportional to d,". Then all the cross sections
Ci = Gy, Ci,...,C; _, determine the same (1,k — 1)-code. The matrix M(C;)
has r + s zero columns, namely d;g, e ,d;ﬁl, which come from the construc-
tion as a cross section in these columns, and dI, e, diTrJrs—l/ which are the zero
columns appearing already in M(C).

Since ¢ is a local linear isometry between C and C’, also the restriction ¢|c, is
a linear isometry between C; and ((C;), whence by 6.8.2, M(C;) and M(¢(C;))
have the same number of zero columns. Let us assume that the indices of
the zero columns of M(¢(C;)) are given by jo, ..., jr+s—1, and that j,, ..., jris—1
are the indices of the s zero columns of M(C’). From 6.8.1 we know that in
any of the columns d;»OT, ... ,d}I] of M(C’) each element of F; occurs exactly
7! times. Hence, 1(C;) is the cross section of C’ in any of the components
jo,---,jr—1, for instance, M(:(C;)) = M(C/’-O). According to 6.8.3, the columns
of M(C’) with indices jy,...,j,—1 are proportional and form an equivalence
class of columns of M(C’).

Next we claim that the columns d;g and d;OT are proportional, ie. there
exists an element A € F; such that d;UT = Ad%. Assume that b = (by,..., b, 1)
with b;; = 1belongs to C\ C;,. Then ((b) € 1(C\ C;,) = +(C) \ «(Cj)) = C'\C]’»O,
whence the jo-th component of ((b), which we indicate as «(b);,, is different
from zero. Now take an arbitrary ¢ € C\ C;;. Since C;; is a (k — 1)-dimensional
subspace of C, there exist uniquely determined ¢ € C;, and x € F, such that
¢ = ¢+ «b. Consequently, k = c;, # 0. Since ((¢) € C/’-O, the jo-th component
of i(c) = 1(¢) + xu(b) is equal to c;;¢(b);,- This holds true for any ¢ € C\ C;,
whence the iy-th column of M(C) is proportional to the jy-th column of M(C’)
with the nonzero factor A = (b);;.

Finally, this method allows us to determine a permutation 7 € S, in the
following way. From the previous discussion we already know that C and C’

6.8.4
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have the same number of zero columns, and if 4 # 0 belongs to an equiva-
lence class of r columns of M(C), then we can find an equivalence class con-
taining exactly r columns of M(C’) which are all proportional to ;. Hence,
it is possible to determine 7 so that 77 maps zero columns of M(C) to zero
columns of M(C’) and each nonzero column d,' of M(C) to a proportional col-
umn of M(C’). O

Thus for each ¢ € C we have

1(c) = (Y(0)c11gy - -, P(n = L)eg1(_1y),
for some y(F7)".

Now let o: C — C’ be a local semilinear isometry with o(xc) = a(x)o(c)
forc € C,x € Fy, where & € Gal := Gal [F; : F, |. We want to show that there
exists a permutation 7w € S, such that the image of the i-th column of M(C) un-
der « is proportional to the 77(7)-th column of M(C’) for i € n. This fact shows
then that ¢ can be described as an element (y; («, 7v)) of Fj 0, (Gal xSy ). Thus
it is a semilinear isometry of Fj. The proof is based on the fact that the image
of a subspace under a semilinear mapping is again a subspace.

Theorem Assume that o: C — C' is a local semilinear isometry between two linear
(n,k)-codes over Fy with o(kc) = a(x)o(c) for c € C, x € Fy, where & € Gal.
Let d| and d}T be the columns of M(C), respectively M(C'). Then there exists a

permutation 7t € Sy such that a(d.) is proportional to d’n—zi) fori e n.

Proof: Only a few arguments must be changed in order to adapt the previous
proof to local semilinear isometries. From 6.8.2 we know that M (C) and M(C’)
have the same number of zero columns, which we indicate by s.

Let le be a nonzero column of M(C), and leti = iy,...,i,_1 indicate the
indices of the columns of M(C) proportional to d,". Then all the cross sections
Ci = G, Cy,...,C; _, determine the same (1,k — 1)-code. The matrix M(C;)
has r + s zero columns, namely d;g, .. ,d;r[l, which come from the construc-
tion as a cross section in these columns, and dl;r, ey d;kl, which are the zero
columns appearing already in M(C).

Since ¢ is a local semilinear isometry between C and C’, also the restriction
0|c, is a semilinear isometry between C; and ¢(C;), whence by 6.8.2, M(C;)
and M(c(C;)) have the same number of zero columns. Let us assume that
the indices of the zero columns of M(c(C;)) are given by jo,...,jr+s—1, and
that jr,...,j,+s_1 are the indices of the s zero columns of M(C’). As above,
o(C;) is the cross section of C’ in any of the components jj, ..., j,—1, for in-
stance, M(1(C;)) = M(C]’-U). According to 6.8.3, the columns of M(C’) with
indices jo, ..., jr—1 are proportional and form an equivalence class of columns
of M(C').
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Next we claim that the columns oc(d;g) and d;(;r are proportional, i.e. there
exists some A € Fy such that d;;r = )wc(d;g). Assume that b = (by,...,b,_1)
with b;, = 1 belongs to C\ C;,. Then o(b) € C"\ C]’-U, whence the jo-th compo-
nent of ¢ (b), which we indicate as (b)), is different from zero. Now take an
arbitrary ¢ € C\ C;,. Since C;, is a (k — 1)-dimensional subspace of C, there ex-
ist uniquely determined ¢ € C;; and k € IF; such that c = ¢+ xb. Consequently,
k = cj, # 0. Since 0 (¢) € C]'-U, the jo-th component of o(c) = ¢(¢) + a(x)o(b)
is equal to a(c;,)o(b);,. This holds true for any ¢ € C\ C;,, whence oc(d;g), the
image of the ip-th column of M(C) under g, is proportional to the jo-th column
of M(C') with the nonzero factor A = o(b);;.

Using the same ideas as in the previous proof, we determine a permutation
7T € Sy so thata(d; ) and d’nT(l.), i € n, are proportional. ]

Thus for each ¢ € C we have

o(c) = (P(0)a(c1(g)), - P(n — Dl 1(_1))),

for some y € (Fy)".
Exercises

Exercise Prove 6.8.1.

6.9 Existence and Construction of Normal Bases

In Section 3.3 normal bases of a field extension were introduced. So far we have
not shown that it is always possible to find a normal basis. Our proof is based
on some notions from module theory, which were presented in the meantime.
An interesting and detailed discussions of normal bases can be found in [62].

In Section 6.3 we have shown that for any endomorphism A of Fj; the vec-
tor space Fj becomes an Fy [x]-module by 6.3.5. Here we repeat the outer
multiplication once again

d
Fglx] x Fi = Fp 2 (f,0) — foi=f(A)o:= ) xA',

i=0
where f is the polynomial Z?:o x;x'. If A is represented by a matrix then A’v
is the matrix multiplication v - (A’) 7. The minimal polynomial M4 of A is the
monic polynomial f € Fy[x] of least degree so that f(A) = 0. If we have a
matrix representation of the endomorphism A with respect to the basis B of
[ over 'y, then the characteristic polynomial x4 of A is defined as the deter-
minant x4 (x) := det(xI, — A) € Fy[x], where I;, is the n x n-unit matrix. The

E.6.8.1

6.9
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characteristic polynomial is always a polynomial of degree n. It does not de-
pend on the particular choice of the basis B. By the Cayley-Hamilton Theorem
6.3.11 it satisfies x4 (A) = 0, whence the minimal polynomial M, is a divisor
of the characteristic polynomial x 4.

Considered as a linear IFq-space, Fqn is isomorphic to IF";, thus it is also an
[F;[x]-module: For any endomorphism « of F;» we obtain a module structure

d .
Folx] xFgn = Fgr 2 (f,x) = fr:= fla)(x) := g’fi“l(“)/

where f is the polynomial Z?:o k;x'. In the present section we always consider
a = 7, the Frobenius automorphism of [Fyn over ;. In order to show that a
normal basis exists for each extension field Fgn over FF;, we apply Dedekind’s
Independence Theorem 3.3.6 to the n distinct powers of the Frobenius auto-
morphism 7.

Lemma Forn > 1let T: Fyn — Fyn be the Frobenius automorphism t(B) = pI.
Then the vector space IF gu is a cyclic IF 5[x]-module.

Proof: Since 7" is the identity on [F;n, the minimal polynomial of 7 is a divisor
of x" — 1. The automorphisms 7, 7!, ..., "~ ! are pairwise distinct, whence
by Dedekind’s Independence Theorem they are linearly independent over F,.
For this reason, the degree of the minimal polynomial of 7 is at least 1. Conse-
quently, x" — 1 is the minimal polynomial of 7.

Moreover, n is the dimension of the Fq-vector space IFqn. Therefore, x” — 1
is also the characteristic polynomial of 7. Thus, the minimal polynomial and
the characteristic polynomial of T coincide, and according to Exercise 6.3.7, the

[F4[x]-module Fyn is cyclic. a

This allows us to prove the existence of a normal basis.

The Existence of normal bases Let 1 be a positive integer. For any finite field F,
and its extension F g there exists k € Fgn so that

{K,T(K), e, T"’l(K)}

is a basis of Fgn over .

Proof: Since [Fn is a cyclic F;[x]-module, according to 6.9.1, there exists some
k € Fyn so that

For =Fylxlx = {fx | f € Fy[x]} .
Since the minimal polynomial of T is of degree n, we can restrict ourselves to
polynomials f of degree less than 1, obtaining

Fgr = {fx| f € Fylx], degf <n}.
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Consequently, there exist # polynomials fy, ..., f,—1 with deg f; < nfori € n,
so that { fox,..., f,_1x} is a basis of IF;u. Since each f; is a linear combination
of x/ for j € n, we finally deduce that {x,7(x),..., 7" !(x)} is also a basis of
Fgn. (Here we use the polynomials f;(x) = x'.) This is a normal basis of F»
over F,. O

It is even possible to show that for any finite field F; and its extension F gn,
where 71 is a positive integer, there exists a primitive element x € Fy» so that

{x,r(m,...,T"*l(;{)}
is a basis of Fyn over IF (cf. [127]).

Now we describe how to construct a normal basis. There exist both proba-
bilistic and deterministic algorithms for finding a normal basis of F;» over FF,.
We will present both approaches.

Definition (trace function) The trace function of Fyn over I, is defined by

Tr:Fpr —Fp 0o Tr(a) i= ) af. o
en
It is easy to prove that the trace function is a homomorphism.
An element k € Fyn is called normal over Fy if {x,t(x),..., 7" '(x)} is a
normal basis of Fy» over F.
In order to characterize whether a given set of n elements forms a basis of
Fgn over Fy we introduce the discriminant A: ¥, — F,; defined by

Tr(aorg) ... Tr(eoa,—1)
Aag, ..., 0-1) 1= det :
Tr(ocn,loco) . Tr(ocn,locn,l)

Theorem The set {«y,...,x,1} € Fyn is a basis of Fgn over Fy if and only if
Aag, ..., ay_1) #0.

Proof: Assume that {«g,...,&,_1} is a basis of F;» over ;. We show that the
row vectors of the matrix used to define A are linearly independent over F,.
Assume that for ¢, ..., ¢, 1 € Fg we have

Zci(Tr(ocioco),...,Tr(,xianfl)) =0,
ien
then
Y ciTe(wa) =0, jen

ien

6.9.3
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For B := Y ;c, ciaj we have

k

k q
Tr(Bay) = Y ()" = ¥ (X ciminy)
ken ken ien
=YYy (oc,-oc/-)qk =) ¢Tr(aj) =0, jen.
kenien ien

Since the trace is a vector space homomorphism and {ay,...,a,_1} is a basis
of Fyn, we have Tr(Ba) = 0 for all « € Fyn. This is only possible for g = 0,
whence ) ¢, cia; = 0 and consequently co = ... = ¢,_1 = 0.

Conversely, assume that A(ag,...,a,-1) # 0and Y ;c, c;a; = 0 for some
€o,---,cn—1 € Fq. Then } e, ciaja; = 0 for j € n and by applying the trace
function

0="Tr(0) = Tr(z cl-oc,-tx,') =) ciTr(we;), jen

ien ien

By assumption the rows of the matrix in the definition of A(«g,...,a,_1) are
linearly independent, whence cyp = ... = c¢,,_1; = 0 and, therefore, ag, ..., 2,1
are linearly independent over .

Corollary The set {a, ..., ay_1} € Fyn is a basis of Fyn over Fy if and only if the

matrix
L%} R v |
q q
N % S
qnfl qnfl
X S
is reqular.

Proof: {,...,,_1} is a basis if and only if A(ag,...,a,_1) # 0. As a matter
of fact, A(ag, ..., a, 1) = det(AT - A) = (det A)2. O

The probabilistic algorithm for finding a normal basis is based upon

Theorem (Artin [3]) Consider an irreducible polynomial f of degree n over ¥, and
a € Fynarootof f. Let

S )
g(x):= (x &) f'(a) € Fqn[ ]

Then there exist at least q — n(n — 1) elements x € F; so that g(x) is normal over F .
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Proof: Fori € nleta; := 7'(«) and g;(x) := 7/(g(x)), where 7 is the Frobenius
automorphism of Fn over [F;. Then

f(x)
(x) =
i) (x — ;) f'(a;)
is a polynomial in [Fn [x] of degree n — 1 with roots &y for k # i and g;(a;) = 1.
Hence,
Qi(x)gx(x) = 0 mod I(f), i# k.

Moreover,

Y gi(x)—=1=0,

i€n
since the left-hand side is a polynomial of degree at most n — 1 with n roots
g, . .., &,—1. Multiplying 6.9.8 by g;(x) and using 6.9.7 yields

gi(x) = (gi(x))* mod I(f).

Let D be the matrix

go(x)  gi(x) ... gno1(x)
p—| &0 &) .. k) |
g 1(®) $0(¥) o gua(®)

then D' = D. Because of 6.9.9 and 6.9.8, the diagonal elements of D' - D are
of the form

Y 8i(x)? =} gi(x) = 1 mod I(f).

en en
All the other entries of D' - D are 0 because of 6.9.7. Let D(x) := det D. We
obtain D(x)? = 1 mod I(f). This means that D(x) is a nonzero polynomial.
By construction its degree is at most n(n — 1). Therefore, D(x) has at most
n(n —1) roots.

Consider some u € [F; with D(u) # 0. Then the matrix

80(74) 81(74) 8%1(”)
gi(u)  gu) ... go(u)
ena(0) (W) .. gua(u)
s t(gw) ... T (gw)
w(gw) ) ... gl
olgw)  gw) ... T (g(w)

is regular, whence by 6.9.5, {g(u), t(g(u)),..., 7" '(g(u))} is a basis of Fy»
over Fy. In fact, it is a normal basis. O

6.9.7

6.9.8

6.9.9
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Algorithm (Generate a normal element)
Input: g, n, an irreducible polynomial f € F,[x] of degree 1, and « a
root of f.
Output: A normal element or an error message. If 4 > n(n — 1) the out-
put B is a normal element of Fy» over Fy.

(1) Ifg < n(n—1) terminate the algorithm and output an error message.
(2) Determine g as in 6.9.6.

(3) Choose u € I at random.

(4) Letx = g(u).

(5) If x is normal over [F; output k. Otherwise goto (3).

If g > 2n(n — 1), then, by 6.9.6, « is normal with probability at least 1/2. O

Finally, we present a deterministic algorithm, due to Lenstra (cf. [126]), for
constructing a normal basis.

Definition (7-order) Let T be the Frobenius automorphism of [F;n over ;. For
k € Fyn \ {0} determine the least positive integer k and c,...,ck—1 € Fy so
that '
™) = Y it (x0).
ick
Then the polynomial
Ord(x) == x* = Y e € Fy[x]
ick
is called the T-order of x. o

The t-order of ¥ # 0 is uniquely determined. Since " (k) = «, it is clear
that Ordy(x) is a divisor of x" — 1. Moreover, the element « is normal over I
if and only if Ord, (x) = x" — 1.

Lemma Consider a € Fyn \ {0} with Ord,(x) # x" — 1, and let
=1
g(x) = Ord, (x)
Then there exists B € IFgn so that g(x)p = a.

Proof: Let 7y be a normal element of Fy» over . Then there exists some f €
F,[x] so that f(x)y = a. Since Ord,(x)a = 0, we have (Ordy(x)f(x))y = 0.
So Ord,(x) = x™ —1is a divisor of Ord,(x)f(x). Thus, g(x) is a divisor of
f(x). Let f(x) = g(x)h(x), then &« = f(x)y = g(x)(h(x)y). This proves that
B := h(x)7y satisfies the assertion. O
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Lemma Consider o, € Fgn \ {0} with Ordy(x) # x" —1,
=1
8= 514, (x)”
and o = g(x)B as in the previous lemma. If degOrdg(x) < degOrdy(x), then
there exists a nonzeron € F g so that

and
degOrd,44(x) > degOrd,(x).

Proof: Let 7 be a normal element of Fy» over F;. Then 5 := Ord,(x)y is
different from 0 and satisfies
a1
g(x)y = Orda (x)
Now we prove that each nonzero solution # of 6.9.14 satisfies 6.9.15. From
Ordg(x)a = Ordg(x)g(x)B = 0 we obtain that Ord,(x) divides Ordg(x).
From the assumption on the degrees of these two polynomials we deduce that
Ord,(x) = Ordg(x). Thus, by Exercise 6.9.2 we have ged (g(x),Orda(x)) = 1.
Since Ord,(x) is a divisor of g(x), also ged(Ord, (x),Ords(x)) = 1. An ap-
plication of Exercise 6.9.3 yields that Ord,,(x) = Ord,(x) Ord, (x), whence
degOrd, 44 (x) > degOrd,(x). O

Ord,(x)y = (¥ — 1)y =0.

Algorithm (Construct a normal element)
Input: g and n.
Output: A normal element of Fyn over Fy.

(1) Choose & € [F; at random and determine Ord, (x).

(2) IfOrdy(x) = 2™ — 1 then output a and terminate the algorithm.
(3) Calculate g(x) := (x" — 1)/ Ordy(x).

(4) Find B € Fyn so that g(x)B = a and determine Ordg(x).

(5) If deg Ordg(x) > degOrd,(x), replace a by  and goto (2).

(6) If degOrdg(x) < degOrd,(x), then find a nonzero element 77 € Fyn so
that g(x)y = 0. Replace a by « + 17, determine Ord, (x) and goto (2).

This algorithm terminates after finitely many steps, because in (6) the degree
of Ord, (x) increases at least by 1. |

Exercises

Exercise Why is the T-order of ¥ # 0 is uniquely determined?

6.9.13

6.9.14

6.9.15

6.9.16
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Exercise For a € Fy» and g € Fy[x] show that if g(x)a # 0, then the T-order
of g(x)u is equal to Ord, (x)/ged(Ordy (x), g(x)).

Exercise Consider a,77 € Fyu \ {0} such that Ord,(x) and Ord,(x) are rela-
tively prime. Show that

Ordy44(x) = Ordy(x) Ordy (x).

Exercise Leta € Fy be a root of the irreducible polynomial f(x) = x* + x% +
2 € F3[x]. Using a, compute a normal basis of F'5: over 3 and determine by an
application of 3.5.5 the list of all irreducible polynomials of degree 4 over [F3.





