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18.1 Introduction

Chapters 22 to 25 present case studies in which mathematical models are used to 
explore the design and operation of various SSF bioreactors. Chapters 18 to 20 
address the basic principles of the balance/transport sub-models of these bioreac-
tor models.  

The various phenomena that need to be described by the balance/transfer sub-
model, such as conductive and convective heat transfer, were covered in a qualita-
tive manner in Chap. 4. The current chapter shows the mathematical expressions 
that are used to describe these phenomena. The aim is not to teach heat and mass 
transfer principles to a depth that will allow readers to construct the appropriate 
mathematical expressions themselves. Rather, it is to enable readers to inspect a 
mathematical model of an SSF bioreactor and recognize which transport phenom-
ena are described by the model, on the basis of the various terms that appear 
within the model equations. These terms include various system, thermodynamic, 
and transport parameters. Chapters 19 and 20 quote some typical values that have 
been used for these parameters and give some general advice as to how they might 
be determined experimentally. However, please note that detailed experimental in-
structions are not provided. 

18.2 General Forms of Balance Equations

The transport/balance part of a mathematical model of a bioreactor consists of 
mass and energy balance equations. Such an equation expresses how a key system 
variable changes over time and includes terms that describe various phenomena 
that affect that variable. 

Regardless of what the units of the variable of interest are, the balance equation 
should initially be written in such a way that all of its terms have units of either kg 
h-1, in the case of a mass balance, or J h-1, in the case on an energy balance. After 
this the equation can be rearranged if necessary to isolate the variable of interest.  
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As an example, an energy balance will appear in the form:

QCBA
bed

Pbedbed rQQQ
dt

dT
Cm ... , (18.1)

where mbed is the mass of the bed (kg), CPbed is the overall heat capacity of the bed
(J kg-1 °C-1), Tbed is the bed temperature (°C), rQ is the rate of metabolic heat pro-
duction (J h-1) (see Eq. (17.1)), and QA, QB, and QC represent expressions that de-
scribe the rates at which different heat transport phenomena occur (all in J h-1).
Whether they are added or subtracted will depend on whether they tend to increase
or decrease the energy of the bed. The current chapter addresses the question of 
how these various “Q-terms” can be written mathematically. Equation (18.1) says 
that the rate of change in the amount of energy stored within the bed (in J h-1),
which is represented by the left hand side of the equation, depends on the rates of 
the various processes that either add energy to the bed or remove energy from it.
Equation (18.1) is written in terms of energy, because this is a conserved quantity, 
whereas temperature is not. Later on, this equation will be rearranged to leave
only dTbed/dt on the left hand side, since this is actually the system variable of in-
terest.

The construction of the left hand side of Eq. (18.1) can be understood by as-
suming that initially a substrate bed is at a temperature Tinitial, and during the fer-
mentation a part of the metabolic heat released by growth remains in the bed, in-
creasing its temperature. The amount of “extra energy” held within the substrate
bed due to this increase in temperature is given by the product of the mass of the
bed, the heat capacity of the bed and the temperature difference:

“Extra Energy” = mbed CPbed (Tbed – Tinitial), (18.2)

which can be shown by determining the units of the result of the calculation (i.e.,
kg × J kg-1 °C-1 × °C simplifies to give J).

On the other hand, a mass balance, for example, a balance on the water in the 
bed, will appear in the form:

WCBA
water rRRR

dt
dM

... , (18.3)

where Mwater is the overall mass of water in the bed (kg), rW is the rate of meta-
bolic water production (kg h-1) (See Eq. (17.2)), and RA, RB, and RC represent the 
rates of various mass transfer phenomena that involve water (all in kg h-1).
Whether they are added or subtracted will depend on whether they tend to increase
or decrease the amount of water in the bed. The current chapter addresses the
question of how these various “R-terms” can be written mathematically. Equation
(18.3) says that the rate of change in the mass of water in the bed (in kg h-1),
which is represented by the left hand side of the equation, depends on the rates of 
the various processes that either add water to the bed or remove water from it.

Note that it may be desirable to have an equation that expresses directly the rate
of change of the water content of the bed (W, kg-water kg-dry-solids-1), and not
the total mass of water in the bed. Even in this case, the equation should initially
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be written in the form shown in Eq. (18.3). The term W can then be separated out
by realizing that the total amount of water in the bed is the product of the water
content W and the total mass of dry solids in the bed (D, kg-dry-solids). In other
words, “kg-water kg-dry-solids-1 × kg-dry-solids” simplifies to give units of “kg-
water”. Of course, since both the water content and the total mass of dry solids in
the bed are changing over time, W must be isolated using the product rule of dif-
ferentiation:

dt
dDW

dt
dWD

dt
WDd

dt
dM water )( . (18.4)

Substituting the right hand side of Eq. (18.4) into the left hand side of Eq. (18.3)
and rearranging gives:

dt
dDWrRRR

Ddt
dW

WCBA ...1 . (18.5)

Note that the solution of the problem, which will be done by numerical integra-
tion, is not unduly complicated by the appearance of the variable W and the differ-
ential term dD/dt on the right hand side of the equation.

The aim of this chapter is therefore to give an insight into how the rates of the
various different heat and mass transfer phenomena that appear within these bal-
ance equations can be expressed mathematically. Once you are able to recognize
the mathematical forms, it is possible to inspect a bioreactor model and deduce 
which heat and mass transfer processes it describes. This section will show that
the same phenomenon can appear in slightly different mathematical forms, de-
pending on where in the bioreactor it is occurring. For example, the expressions 
describing heat conduction in a static bed and heat conduction between the bed 
and the wall have different forms. Note that equations will not be given for O2
balances, since they will not appear in the modeling case studies presented later.
In any case, the mathematical forms of the terms of an O2 balance are similar to 
those that will be presented for water balances.

These mathematical expressions include various parameters. The values of 
these parameters will need to be known in order to be able to use the mathematical
model of the bioreactor to make predictions about how the bioreactor will per-
form. Chapters 19 and 20 will give advice about how the values of these parame-
ters can be estimated.

The sections below will talk in terms of the typical directions of transfer during
the rapid growth phase, namely when both heat and water are being removed from
the bed. However, the processes are freely reversible: The direction in which they
occur simply depends on the direction of the driving force. This is taken into ac-
count automatically in the form of the equations, since the driving force calculated
will be either positive or negative, and the sign will determine the direction of
transfer.
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18.3 Conduction

Conduction occurs in several places within subsystems of SSF bioreactors: 

within the solid bed (both within the solid and gas phases of the bed);  
within the headspace gas;
across the bioreactor wall, usually treated as occurring only directly from the 
inside surface to the outside surface of the wall and not along the wall.

The mathematical forms for describing these processes are presented below. 

18.3.1 Conduction Across the Bioreactor Wall 

The rate of heat transfer across the bioreactor wall (Qcond, J h-1) depends on: 

the difference in temperature between the bed in contact with the wall and the 
phase on the other side of the wall (°C);  
the area of the wall across which heat transfer is taking place (A, m2);
the heat transfer coefficient for conduction through the wall, representing the 
Joules of energy that will be transferred per unit of time per area of wall per 
degree of temperature difference (i.e., J h-1 m-2 °C-1);
the heat transfer coefficients for transfer from the bed to the inner surface of the 
wall and for transfer from the outer surface of the wall to the surroundings (i.e., 
J h-1 m-2 °C-1).

It is common to treat the three steps in heat removal (that is from the bed to the 
wall, through the wall, and from the wall to the surroundings) as a single overall 
process (Fig. 18.1). In this case, the rate of heat transfer is written as: 

Qcond = h A (Tbed outer surface  – Tsurroundings), (18.6)

where h is the “overall heat transfer coefficient”. The temperatures are self-
explanatory. On the other hand, if the bioreactor wall is treated as a different sub-
system, then for transfer from the bed to the inner surface of the wall we write:

Qcond1 = h1 A1 (Tbed outer surface  – Twall inner surface), (18.7)

where h1 is the heat transfer coefficient between the bed and the inner surface of 
the wall and A1 is the area of contact between the bed and wall.

For transfer across the bioreactor wall we can write:

Qcond2 = h2 A2 (Twall inner surface– Twall outer surface), (18.8)

where h2 is the heat transfer coefficient for transfer within the material of the bio-
reactor wall and A2 is the area of the wall. 

In order to describe transfer from the wall outer surface to the surroundings 
(Qcond3) we would use an term of similar form, but describing convective heat 
transfer from a surface to a cooling fluid (see Eq. (18.10) in Sect. 18.4.1).
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Fig. 18.1. Conductive heat transfer across the bioreactor wall, highlighting that it can be 
treated as consisting of three individual steps or simply as one overall process. Steps: 
(1) Heat transfer from the outer surface of the substrate bed to the inner surface of the bio-
reactor wall; (2) Conduction across the bioreactor wall; (3) Convective heat removal from
the outer surface of the bioreactor wall to a well-mixed cooling fluid (air or water)

18.3.2 Conduction Within a Phase

Conduction will also occur within a phase, such as the substrate bed, the head-
space gas, or even the bioreactor wall, although the significance of the contribu-
tion that it makes to overall heat removal will depend on the presence of other heat
removal mechanisms such as convection and evaporation. Conduction will be the 
dominant mechanism within static beds without forced aeration (Group I bioreac-
tors), that is, within the bed within tray bioreactors. In other bioreactors its contri-
bution to heat removal may be relatively minor.

The rate of transfer of heat by conduction within a static phase (Qcond, J h-1) is 
determined by:

the temperature gradient in the phase (dT/dx, °C m-1);
the thermal conductivity of the phase (k, J m-1 h-1 °C-1). This is a property of the
material that characterizes how easily it conducts heat, and which will be sig-
nificantly affected by its composition. In the case of beds of solid particles, it 
depends on the bed water content, being higher with higher water contents.
Note that the bed may be treated as a single pseudo-homogenous phase in
which the thermal conductivity is calculated as a weighted average of the ther-
mal conductivities of the solid phase and the inter-particle gas phase; 
the area across which heat transfer is being considered (A, m2). Note that this
area term may be cancelled out in the final equation after it is rearranged.
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Therefore the term for conductive heat transfer within a phase is given by:

dz
dTkAQcond . (18.9)

Depending on the design and operation of an aerated bed, conduction within the
bed can occur: (1) co-linearly with the air flow (in which case the transfer by con-
duction will be in the opposite direction to the air flow); (2) normal to the air flow; 
or (3) in both the co-linear and normal directions (Fig. 18.2). In other words, an 
energy balance may contain a term that includes dT/dz, a term that includes dT/dx,
or two terms, one including dT/dz and the other including dT/dz.

Once there is a temperature gradient, conductive heat transfer will occur. Con-
versely, if conductive cooling is the only heat transfer mechanism in the bed (i.e.,
in the case of a static unaerated bed) and the surface is being cooled by heat trans-
fer to the surroundings, then temperature gradients will arise in the bed. As shown 
in Fig. 18.2, conduction occurs “down” the temperature gradient, hence the minus
sign on the right hand side of Eq. (18.9). In other words, the flux of heat is posi-
tive in the direction in which the temperature gradient is negative.

During the rearrangements made in simplifying the energy balance for a static
bed, Eq. (18.9) is often divided by the volume of the bioreactor (volume being 
given by an axial distance, z, multiplied by a cross-sectional area, A). This has two
consequences: firstly, the area term cancels out and, secondly, the axial distance
(z) that is left over combines with the term dz to make the derivative a second-
order derivative. That is, the conductive term will often appear as “kd2T/dz2”.
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Fig. 18.2. Conductive heat transfer within aerated static beds. Note that conduction normal 
to the direction of air flow can be promoted by the presence of water jackets. It is important
in thin beds but in wide beds its contribution to overall heat removal may be small. The 
graph on the upper right shows how conduction occurs down a temperature gradient. For 
the case where the temperature gradient is uniform, dT/dx = T/ x
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18.4 Convection 

Convective cooling, that is, cooling by transfer of heat to a moving fluid, which 
then transports the heat away due to bulk flow, occurs in various situations in SSF 
bioreactors that we might like to describe within bioreactor models:  

at the bioreactor wall, the removal of heat to flowing water in a water jacket, or 
to flowing air, which might either be forcefully agitated or be undergoing natu-
ral convection;  
at a bed surface in which there is a cross-flow of air;
within a forcefully aerated bed, in which heat is removed from the solid phase 
to the flowing air phase between the particles and then removed from that loca-
tion by the flow of air through the bed.  

18.4.1 Convection at the Bioreactor Wall 

The rate of heat removal by convection (Qconv, J h-1) at a surface in contact with a 
fluid depends on (Fig. 18.3): 

the coefficient of convective heat transfer (h, J m-2 h-1 °C-1). This depends on 
the velocity of the fluid flow because there is a layer of stagnant fluid at the 
solid surface, and heat transfer through this stagnant layer is limited to conduc-
tion. The thickness of the stagnant layer decreases as the flow velocity of the 
bulk fluid increases; this decreases the resistance to heat transfer and therefore 
increases the coefficient;
the area of contact between the surface and the fluid (A, m2);
the difference in temperature between the surface and the bulk fluid (°C).

That is, for the case where heat is transferred from the outer surface of the bio-
reactor wall to cooling water in a cooling jacket, we would write: 

Qconv = h A (Twall outer surface – Twater). (18.10)

This equation applies if we can assume that the fluid is well mixed and can 
therefore be represented by a single temperature. The equation will be more com-
plicated if we want to describe how the temperature of a fluid increases as it flows 
in a unidirectional manner past the surface.  

To increase heat removal from the bioreactor wall, it is necessary to increase 
one or more of the three terms. The heat transfer coefficient can often be increased 
by increasing the velocity of fluid flow, while the area of contact can be increased 
by using projections on the wall or a bioreactor geometry that increases the overall 
wall surface area (for a given bioreactor volume). The driving force for heat trans-
fer (i.e., the temperature difference) can be increased by cooling the water before 
it is passed through the water jacket.  



256      18 Modeling of Heat and Mass Transfer in SSF Bioreactors 

Bioreactor

Twall-outer-surfaceTe
m

pe
ra

tu
re

 (
)

Distance

Tsurroundings

Bed Wall Surroundings: water
flowing within a cooling 
jacket or air flowing past 
the bioreactor surface

Twall-outer-surface

Distance

Wall Bulk phase

Stagnant layer of water or air 
on the outer surface of the wall

Tsurroundings

(b)

(a)

Fig. 18.3. Convective heat transfer from a surface to a well-mixed flowing phase. (a) The 
example shown here is for heat transfer from the bioreactor wall to surrounding air or the 
water in a water jacket. (b) Similar considerations apply for the transfer of heat from the 
surface of a bed to a passing gas phase

18.4.2 Convective Heat Removal from Solids to Air 

The rate of heat removal from the solid phase to the gas phase by convection
(Qconv, J h-1) depends on (Fig. 18.4):

the coefficient for heat transfer between the solid particles and the air phase (h,
J m-2 h-1 °C-1), the value of which depends on the velocity of the air flow;
the superficial area of contact between the solids and the air phase (A, m2);
the difference in temperature between the solids and the air phase (°C).
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Fig. 18.4. Heat and mass transfer between the solid and gas phases in the case where the 
solid and gas phases are treated as separate phases

To describe solid-to-gas heat transfer we therefore write:

Qconv = h A (Tsolid – Tair). (18.11)

Note that the area of contact between the solid and gas phases can be difficult
to measure and therefore the product “h A” is often expressed and determined as a 
global heat transfer coefficient that combines the two quantities (“hA”, J h-1 °C-1).
It may even be expressed as the overall coefficient per m3 of bed volume (i.e.,
with units of J h-1 °C-1 m-3-bed).

The amount of heat removed from the solids by convective cooling can be in-
creased by increasing the air flow rate or decreasing the air temperature at the air 
inlet. Either of these strategies should increase the average temperature difference
between the air and solid phases. Also, the higher air flow rate will increase the
value of the heat transfer coefficient.

At times the solids and air are assumed to be in thermal equilibrium (this is the
assumption of a pseudo-homogeneous bed). Note that this does not necessarily 
mean that the bed has the same temperature at all positions. It means that the solid
particles at any particular position within the bed are at the same temperature as 
the gas phase at that position. Therefore a single temperature variable can be used 
to represent the temperature at a given position in the bed. In this case it is not
necessary to write an equation describing solids-to-air heat transfer, as this is sub-
sumed in the term that describes the heat removal associated with the flow of gas
through the bed. 
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18.4.3 Convective Heat Removal Due to Air Flow Through the Bed

The rate of heat removal by flow of the air through the bed (Qconv, J h-1) depends 
on (Fig. 18.5):

the mass flux of dry air (G, kg-dry-air m-2 h-1), which is given by the superficial
velocity of the air (VZ, m h-1) multiplied by the density of the air ( air, kg-dry-
air m-3). Of course, the superficial velocity itself is simply equal to the volumet-
ric flow rate (m3-dry-air h-1) divided by the total cross sectional area of the bed
(note that this is the total area, not the area occupied by the void spaces); 
the cross-sectional area of the bed (Ab, m2);
the heat capacity of the air (CPair, J kg-dry-air-1 °C-1);
the difference between the air temperatures at two different locations (°C).

Applied over the whole bed (i.e., in a balance that considers the difference be-
tween the air inlet and the air outlet), the rate of heat removal by convection (J h-1)
would be given by:

inletoutletbPairairconv TTACGQ , (18.12)

where in this case Ab is the cross sectional area of the bioreactor. 
However, in static beds, in which the temperature is a function of height within

the bed, it is often of more interest to write an equation that allows the calculation
of the temperature as a function of height. In this case, the balance equation is ini-
tially written over a thin layer of the bed. Within this equation the convection term
will appear as:
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Toutlet (°C) 
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Fig. 18.5. Illustration of the various parts of the expression for the removal of sensible en-
ergy in the air stream. (a) In an overall energy balance over a bioreactor; (b) In a balance 
written over thin layer of the bed
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z
dz
dTACGQ bPairairconv , (18.13)

since the temperature difference (°C) between the inlet and outlet of this thin layer 
is simply the temperature gradient (dT/dz, °C m-1) multiplied by the thickness of
the thin layer ( z, m).

Typically the energy balance equation will be divided through by the volume of 
the thin layer during later rearrangements, such that in the final equation this term
will appear containing neither Ab nor z. Note also that if the temperature at the 
outlet of the thin layer is higher than the temperature at the inlet of the thin layer, 
then convection will be reducing the sensible energy of the thin layer, and there-
fore this term will be preceded by a negative sign if it appears on the right hand 
side of an equation such as Eq. (18.1). In fact, it is often put on the left hand side
of the balance equation.

Note also that it is often convenient to use the same term to express the contri-
bution of the water vapor to the removal of sensible energy. Given the humidity
(H, kg-water kg-dry-air-1) and the heat capacity of the vapor (CPvapor, J kg-vapor-1

°C-1), the term would simply become:

z
dz
dTAHCCGQ bPvaporPairconv )( . (18.14)

Again, Ab and z may be cancelled out in the manipulations that are made to ar-
rive at the final equation in the bioreactor model.

Note that convective cooling by the forced aeration of a static bed in which
there is continual heat liberation by the growth process will cause temperature
gradients in the bed. This phenomenon was explained in Fig. 4.3.

18.5 Evaporation

Evaporation can be important in various instances within SSF bioreactors: 

at the surface of a bed exposed to the air (for example, the surface of a tray);
between the air and solid phases in a forcefully-aerated bed.

The equations used to describe evaporation in the various circumstances will 
have many similarities with the equations used to describe heat transfer, as will 
become apparent in the subsections below. Note that the diffusion of liquid water
or water vapor is not described here, since bioreactor models typically assume that
it is negligible. If it were to be included in a model, the diffusion term would have
a mathematical form similar to Eq. (18.9).
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18.5.1 Evaporation from the Solids to the Air Phase 

The rate of evaporation from the solids to the gas phase within the bed depends on
(Fig. 18.6):

the difference between the water activity that the solid actually has (awsolid, di-
mensionless) and the water activity that it would have if it were in equilibrium
with the gas phase (awsolid*);
the area of contact between the solid and gas phases (A, m2);
the mass transfer coefficient (kw), which is the mass of water transferred per
unit of time per unit of area per unit of driving force. Since the driving force is
expressed in terms of water activity, which is dimensionless, the units of kw are 
simply kg-H2O m-2 h-1.
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Tair
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occurs in the 
solid phase

awsolidawair

water

water liquidvapor

z

(a)

Eq. (18.15) 

Removal of 
latent heat
(Eq. (18.16))

Flowing air removes 
water (Eq. (18.19))

phase
change

liquidvapor

air flux (G) across a cross-sectional area normal to the flow of Ab

(b)
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given by Eq. (18.23)
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solid
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Fig. 18.6. Illustration of the various ways of expressing evaporative loss of water and 
evaporative heat removal (convective heat removal is not considered here). (a) In the case
in which the solid and gas phases are treated as separate phases; (b) In the case in which the 
solid and gas phases are treated as a single pseudo-homogeneous phase
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We can therefore write the local rate of evaporation Revap (kg-H2O h-1) as: 

*)( wsolidwsolidwevap aaAkR . (18.15)

As in the case of convective heat removal, it is common to combine the mass
transfer coefficient and the area to obtain an overall transfer coefficient (“kA”).

The local rate of heat removal from the solid phase by evaporation (Qevap, J h-1)
is given by:

*)( wsolidwsolidwevap aaAkQ , (18.16)

where  is the enthalpy of vaporization of water (J kg-H2O-1).
Note that an isotherm can be used to order to write the driving force in terms of

the water content. In this case the driving force for evaporation is the difference
between the water content that the solid actually has (W, kg-water kg-dry solid-1)
and the water content that it would have it were in equilibrium with the gas phase
(Wsat, kg-water kg-dry solid-1). This affects the units used in the mass transfer co-
efficient. Chapter 22 will describe how the equation is written in this case.

At times the solids and air are assumed to be in moisture equilibrium, or, in
other words, the air phase is assumed to be saturated with water at the temperature
of the solids (this is the assumption of a pseudo-homogeneous bed). This has the
consequence that the humidity at a particular position can be expressed as a func-
tion of the temperature at that position. In this case, it is not necessary to write
equations describing solids-to-air water transfer and evaporative heat transfer, as 
these are subsumed within the terms that describe the water and heat removal as-
sociated with the flow of gas through the bed, as explained in the next section.

18.5.2 Water Removal Due to Air Flow Through the Bed 

The flow of moist air through the bed typically leads to the removal of water from
the bed (see Fig. 4.3). The overall rate of water removal (kg-water h-1) from the 
bed is:

inletoutletbconv HHAGR , (18.17)

where Hinlet and Houtlet are the humidities (kg-water kg-dry-air-1) at the air inlet and
outlet, respectively. G (kg-dry-air m-2 h-1) and Ab (m2) are as described in Sect. 
18.4.3.

For an overall energy balance on a bioreactor, the rate of heat removal due to
evaporation will then be:

inletoutletbconv HHAGQ . (18.18)

However, as before, for beds that are not well mixed, it is often of more interest
to write balances that allow the calculation of the temperature and humidity as
functions of the position within the bed. In this case, a balance equation is written
over a thin layer of the bed. The approach is different depending on whether the
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solids and gas phases are treated as different phases or are lumped together and
treated as a pseudo-homogenous phase. 

18.5.2.1 Solids and Gas Treated as Separate Phases 

If the solids and gas are treated as separate phases, then the convective flow term
within the mass balance equation for water will appear as: 

z
dz
dHAGR bconv , (18.19)

since the humidity difference (kg-water kg-dry-air-1) between the inlet and outlet
of this thin layer is simply the humidity gradient (dH/dz, kg-water kg-dry-air-1 m-1)
multiplied by the thickness of the thin layer ( z, m).

Typically during the manipulations of the water balance equation, it will be di-
vided through by the volume of the thin layer, such that the term will appear with-
out containing Ab and z. Note also that if the humidity at the outlet of the thin
layer is higher than the humidity at the inlet of the thin layer, then the flow of air
will be reducing the humidity of the thin layer, and therefore this term will be pre-
ceded by a negative sign if it appears on the right hand side of an equation such as
Eq. (18.3). In fact, it is often put on the left hand side of the balance equation.

Note that evaporation removes energy from the solids and not from the air
phase. Energy removal from the solids phase, which does not flow, has already
been taken into account by Eq. (18.16). Therefore the energy balance on the air
phase will not contain a term of the form of Eq. (18.19) multiplied by the enthalpy
of evaporation.

18.5.2.2 Solids and Gas Treated as a Pseudo-Homogeneous Phase 

When the assumption is made that the air is always saturated at the temperature of 
the solids (i.e., the assumption of a pseudo-homogeneous bed), the rate of
evaporation (Revap, kg-H2O h-1) is still written in the form of Eq. (18.19). In this
case the rate of evaporative heat removal is given by

z
dz

dHAGQ sat
bevap . (18.20)

This is not inconsistent with Sect. 18.5.2.1, since Eq. (18.16) is not used when
the assumption of a pseudo-homogeneous bed is made. Further, even though
evaporation removes the energy from the solids and not the gas, this makes no dif-
ference since the solids and gas are assumed to equilibrate immediately to the
same temperature. The Antoine equation can be used to calculate the saturation
humidity (Hsat) as a function of temperature, so it is useful to apply the chain rule 
of differentiation to cause the term “dHsat/dT” to appear explicitly in the equation:

dz
dT

dT
dH

dz
dH satsat . (18.21)



Further Reading      263 

Substituting Eq. (18.21) into Eq. (18.20) gives:

z
dz
dT

dT
dHAGQ sat

bairevap . (18.22)

An equation relating dHsat/dT to the temperature is developed in Sect. 19.4.1.

18.6 Conclusions 

This chapter has identified the forms of various terms that may appear within the
balance/transport sub-model of a bioreactor model. Several of these will appear in 
energy and mass balances in the mathematical models of bioreactors presented in 
Chaps. 22 to 25. These equations contain various parameters that it will be neces-
sary to determine before the model can be solved. Chapters 19 and 20 describe
how these and other necessary parameters can be determined.
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