Chapter IV

Ferromagnetic Models on Z

IV.1. Introduction

Phase transitions are a familiar aspect of nature. Water boils, becoming
water vapor, or water vapor, under compression, liquefies. These are ex-
amples of a liquid—gas phase transition. The liquid and the gas are said
to be two phases of the same substance. One of the most interesting problems
in equilibrium statistical mechanics is to explain phase transitions in terms
of the probability distributions on configuration space which describe the
microscopic behavior of physical systems. The simplest systems for which
this is possible are ferromagnetic models on a lattice. The present chapter
introduces these models.

The phase transition for ferromagnetic systems has many similarities with
the more common liquid—-gas transition, although each is described by
different variables.! Both phase transitions arise as a result of two competing
microscopic effects. The first effect tends to order the system. It is caused
by attractive forces of interaction and is measured by energy. The second
effect tends to randomize the system. It is caused by thermal excitations
and is measured by entropy. At sufficiently low temperatures, the energy
effect predominates and a phase transition becomes possible.

This chapter develops the statistical mechanics of ferromagnetic models
on the one-dimensional integer lattice Z. Many of the results for models on
Z generalize to ferromagnetic models on the D-dimensional integer lattice
7P, De{2,3,...}. These models will be treated in Chapter V. The next
section discusses qualitatively the main features of ferromagnetic models
as established by the theorems of this chapter and the next.

IV.2. An Overview of Ferromagnetic Models

The ultimate source of ferromagnetism is the quantum mechanical spinning
of electrons. Because a small magnetic dipole moment is associated with
the spin, the electron acts like a magnet with one north pole and one south
pole. Both the spin and the magnetic moment can be represented by an
arrow which defines the direction of the electron’s magnetic field. The spin
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can point up (spin value 1) or down (spin value —1), and it flips between
the two orientations. Ferromagnetic models were invented in order to
represent, in simplified form, the interaction of electron spins in real ferro-
magnets. In this section we discuss the most popular ferromagnetic model
which is the Ising model. Its properties are qualitatively the same as those
of more complicated models to be discussed later in the book.?

Let A be a symmetric hypercube of the D-dimensional integer lattice Z°.
To each site j of A there is assigned a variable w; which takes the value 1
(spin-up) or —1 (spin-down). Fix a number # > 0. Associated with each
configuration w = {w;;je A} of spins is a Hamiltonian or interaction energy

1
Hy y(0) = 5 ZAJ(i _j)cf’iwj —h Z Wjs

i.je jeA

where J(i — j) equals ¢ if ||i — j|| = 1 and equals 0 if ||i — j|| # 1. Thus the
first sum extends over all nearest neighbor pairs of sites in A. The number ¢
is the strength of the nearest neighbor coupling and # is a real number which
is the strength of an externally applied magnetic field. The configuration
space is the set Q, of all sequences w = {w;;jeA}; thus Q, = {1, —1}".
Define #(Q,) to be the set of all subsets of Q,. Let p be the measure
30, +36_, and m, P, the product measure on %(Q,) with identical one-
dimensional marginals p. The Ising model is defined by the probability
measure P, ;, on #(Q,) which assigns to each {w}, w eQ,, the probability

Py s w{w} = exp[—pH, y(w0)]7\ P, {w} %

The parameter B represents the inverse absolute temperature 1/7 and is
positive. Z is the normalization |,  exp[ — BH, (@) |m\P,(dw). We call
Py gy @ finite-volume Gibbs state or a finite-volume equilibrium state. Z is
called a partition function. Suppose that the external field / is nonzero and
consider the configuration @ whose spins are all aligned in the same direction
as h. Since ¢ is positive, this configuration has the smallest interaction
energy, hence the largest probability P, ; ,{@}, of all configurations in Q,.
Hence the positivity of # induces an alignment effect in the finite-volume
Gibbs state. The effect becomes weaker as f is decreased. At § =0 it dis-
appears entirely as P, j , reduces to the product measure 7, P, which assigns
equal probability to each configuration.

We now proceed to explain, without technicalities, the main properties
of the Ising model. These themes are developed in detail in subsequent
sections.

Magnetization. Let S,(w) be the observable Zje A®; which gives the
total spin in A. We introduce two quantities

M(A, B, h) = J Sp(@) Py 4 (dw) and m(B,h) = lim LM(A, B, h).
s atz? [Al

M(A, B, h) is the average value of the total spin in A and is called the mag-
netization ; m(f, h) is the magnetization per site in the limit where A expands
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to fill Z? and is called the specific magnetization. For h > 0, M(A, B, h) is
positive and because of the alignment effect built into the finite-volume
Gibbs state, M(A, f,h) is an increasing function of A. These properties
persist for the specific magnetization after the limit A T Z”. However, the
alignment effect becomes weaker as f§ is decreased. This is reflected in
dramatically different behavior of the limit lim,_ o+ m(B, k) for different
values of f.

Spontaneous magnetization. By symmetry, M(A, $,0) equals 0, and so
m(B,0) = lim, 1,0 |A| " M(A, B, 0) equals 0. There exists a critical value of §,
called the critical inverse temperature and denoted by f,, which has the
following properties. If 0 < § < f,, then m(f, h) converges to m(f5,0) =0
as h— 0", If B > B., then m(pB, h) converges to a positive number m(f, +)
as h—0". Thus for > B, the system remains permanently magnetized
after the external field is removed; m(f, +) is known as the spontaneous
magnetization. For h < 0, m(f, /) behaves similarly: m(f, ) is negative and
as h— 07, m(B,h) converges to m(f,0) =0 or to the negative number
m(p, —) = —m(pP, +) according to whether 0 < f§ < f§, or f > f,. The value
of the critical inverse temperature 5, depends upon ¢ and upon the dimension
D of the lattice. If D = 1, then f, is infinite and spontaneous magnetization
does not occur. By contrast, for any D > 2, §, is finite. We have not discussed
the value m(f, +) = lim,_,+ m(B, 4) at B = B.. For the Ising model on Z2,
m(f., +)is 0. While m(f,, +) is believed to be 0 for any Ising model on Z7,
D > 3, this has not been proved.

Curves showing m as a function of % for fixed § are depicted in Figure
IV.1 for the Ising model on Z2. These curves are called isotherms, and the
point (f,4) = (B.,0) is called the critical point. Notice that m(f,h) is an
increasing, concave function of 4 > 0. The concavity represents a saturation
effect. An increment As > 0 causes a change Am(f,h) = m(B,h + Ah) —
m(f, h) in m. The larger the value of £, the smaller is Am(f, #). The quantity
om(p, h)/0h, which gives the slope of the isotherms, is called the specific
magnetic susceptibility and is denoted by x (S, /).

Infinite-volume Gibbs states. We now consider the limiting behavior of
the finite-volume Gibbs states as A 1 Z”. First, we modify these states by
means of external conditions or boundary conditions. An external condition
is defined by fixing the values of the spins @&; at each site j which is in
A¢ = ZP\A and has a nearest neighbor in A. The external condition & = {&;}
changes the Hamiltonian of a configuration w from H, ,(w) to

1 . N
H, ;. 5(w) = -5 Y JG— ow;— Y <h + > JG —J)wj>a)i.
i,jeA ieA JjeAC
The corresponding finite-volume Gibbs state is defined by the probability
measure P, ; , 5 on #(Q,) which assigns to each {w}, w €Q,, the probability

P s} = xp[—BHy s o@)]mnP, {00}

where Z is a normalization. If each &; equals 1 (resp., —1), then the external
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Figure IV.1. Isotherms for the Ising model on Z?. (Adapted from Figure 4.29 in L. E. Reichl,
A Modern Course in Statistical Physics, University of Texas Press, Austin, 1980. Copyright ©
1980 by the University of Texas Press.)

condition is called plus (resp., minus) and the measure is written as
Py g+ (resp., Py 4, ). The external condition & depends on A, and so
we write @ = @(A). For fixed > 0 and 4 real, let us consider the set of all
weak limits
4.1 P =w-lim Py 5 504>

A'1zP
where {A’} is any increasing sequence of symmetric hypercubes whose union
is 7 and &(A’) is any external condition for A’. Each weak limit P is a prob-
ability measure on the infinite-volume configuration space Q = {1, — I}ZD.
We call a probability measure P on € an infinite-volume Gibbs state or an
infinite-volume equilibrium state if P belongs to the closed convex hull of the set
of weak limits of the form (4.1).

Classification of infinite-volume Gibbs states. For the Ising model, various
infinite-volume Gibbs states with different properties arise. They are listed
in Table IV.1. The set of infinite-volume Gibbs states is denoted by % ,.
We now describe the structure of %, , for different values of g and 4. Let
B. be the critical inverse temperature. Forall § >0, A+ 0and 0 < < f.,
h = 0, the finite-volume Gibbs states {Py ; , 54} have a unique weak limit
for any choice of external conditions {&(A)}. Thus %, , consists of a unique
measure P, ,. The measure P, is translation invariant (strictly stationary
with respect to the shift mappings on Q) and ergodic. The ergodic phases
are characterized among all translation invariant states by the property
that macroscopic quantities are given definite values. For example, an
experimenter might measure the spin per site Sy(w)/|A| =) ;.,w;/|A| in
a sample o drawn from the magnet. The ergodic theorem implies that
with respect to an ergodic phase such as P, ,, S,(w)/|A| tends to a constant
which is almost surely independent of the sample chosen. This justifies
calling an ergodic phase pure.
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Table IV.1. States of the Ferromagnet

Name Definition

Infinite-volume Gibbs state A member of the closed convex hull of the set of
weak limits of {Py. 4, zays A" TZP}.

Phase Translation invariant infinite-volume Gibbs
state.

Pure phase Ergodic, translation invariant infinite-volume
Gibbs state.

Mixed phase Nontrivial convex combination of pure phases.

For B > f.and & = 0, the situation is radically different. %, , contains two
distinct pure phases Py, . and Py , _, which arise from the finite-volume
Gibbs states P, 4 o,+ and P, ; o - with plus and minus external conditions,
respectively. The average value of the spin at any site j with respect to each
of these measures is given by

J Py o 1 (dw) = m(B, +) > 0,
4.2) @

J 0Py 0. (dw) = —m(B, +) <0,
Q

where m(f, +) is the spontaneous magnetization. P, , , is called a pure
plus phase and Pg o _ a pure minus phase. In addition, %,, contains all
convex combinations Py = AP; o+ + (1 — A)Ps o _,0 < A < 1. These mea-
sures are translation invariant but not ergodic and are called mixed phases.
Such a phase corresponds physically to the situation where an experimenter
has an a priori choice of external condition. With probability 4 he prepares
each finite-volume Gibbs state to have the plus external condition and with
probability 1 — A to have the minus external condition. The existence of more
than one pure phase for § > f, and & = 0 corresponds to a phase transition.

The phase transition reflects a crucial instability in the model. Choosing
the plus or minus external condition outside A induces a slight preference
for spin-up or spin-down at any fixed site inside A. For § > . and & =0,
even this slight preference is strong enough, in the limit A 1 Z?, to push the
infinite-volume system into a phase with net positive or negative specific
magnetization. The phase transition is related to the notion of symmetry
breaking [see page 116].

More is known about the structure of %, , for > f.. For the Ising
model on 72, %s_.0 consists of a unique measure which is a pure phase. For
B> B.and h =0, %, , consists precisely of the measures P, ,, Py, —, and
convex combinations [Aizenman (1979, 1980), Higuchi (1982)]. Thus all
measures in %, , are translation invariant. For the Ising model on Z” with
D > 3, %, , contains nontranslation invariant states for any sufficiently large
B > B. [Dobrushin (1972), van Beijeren (1975)].

The pure phases of the Ising model on Z? are shown in Figure IV.2. The
interval A =0, B> B, is called the coexistence interval for the pure plus
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Pﬁ, p: unique pure phase (>0, h+# 0and 0 <8 <B, h#0)
PG, o,+: pure plus phase (8> 8,)
Pﬁy o, - | pure minus phase (8> f.)

Figure IV.2. The phase diagram of the Ising model on Z2,

phase and pure minus phase. Crossing the interval at constant f§ by de-
creasing /4 through 0 gives an abrupt transition between phases characterized
by the discontinuity in the specific magnetization (m(f,#) jumps from
m(f, +) to m(f, —)).

Correlations.® Correlations in the Ising model are related to the phase
transition just discussed. We consider the model on Z2. For D > 3 similar
behavior is expected. The following discussion is heuristic; not all the state-
ments have been proved. Fix # = 0. Atinfinite temperature (§ = 0), the finite-
volume Gibbs state P, g4 o 5 reduces to the product measure 7, P,. The corre-
sponding infinite-volume Gibbs state is the product measure P, on Q, with
respect to which the spins are independent and thus uncorrelated. At small
but nonzero f, there is a unique infinite-volume Gibbs state P; ,,. Spins begin
to be positively correlated with their nearest neighbors which in turn begin
to be positively correlated with the second nearest neighbors, and so on. Since
w250 = o w;i Py, o(dw) equals 0 for each i, the convariance (or as we will call
it, the pair correlation) equals {w;w;>; o = jn w;@; Py o(dw). The correlations
decrease with distance, and in fact {m;w;>; o has roughly an exponential decay
when the Euclidean distance ||i — j| is large. We write

(w350 ~ exp[—[li = j/E(B.0)]  as i = j]| = oo

This relation defines the (exponential) correlation length £( B, 0). The number
£(B,0) is a rough measure of the distance over which correlations between
spins are significant. As f increases, £(f, 0) increases, and correlations begin
to extend over larger and larger distances. These correlations take the form
of spin fluctuations, which are islands of a few spins each that mostly point
in the same direction. As f§ approaches the critical inverse temperature f,,
the correlation length grows rapidly, but the smaller fluctuations are not
suppressed. They become contained in areas of larger fluctuations which
themselves can be distinguished only because they have an overall excess
of one spin orientation. When f equals f., the correlation length is infinite.
Spin fluctuations persist at all scales of length and are extremely sensitive to
small perturbations in 4. The infinite correlation length is reflected in the
fact that {w;w;>; o no longer decays exponentially but decays like a power
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of li —jlI 7%
Cwiwpg o~ lli—jlI™*  as|li—jl - oo,

where z is some positive number (z = 1 for the Ising model on Z?).

For f larger than f§,, we enter the region of positive spontaneous mag-
netization m(f, +). We consider the pair correlation with respect to the
pure plus phase P, . By (4.2), {0;)4,0,+ =<WDp0+ =m(B, +). As in
the case f§ < f., the pair correlation decays exponentially:

<wiwj>ﬁ,0,+ - <wi>ﬂ,0,+<wj>ﬁ,0,+
= (@;0;>5,0,+ = [M(B, +)]* ~ exp[—[li = |/E(B, 0]  as]i—j]| > oo,

where 0 < £(f,0) < oo. As f increases, m(f, +) increases and the alignment
effect becomes more rigid. Within a region of up-spins, islands of down-spins
become, on the average, smaller and &(,0) decreases. As f— o, m(f, +)
converges to 1, £(f,0) converges to 0, and P, , . converges weakly to the
state where all spins are oriented up. A similar discussion holds for the
pure minus phase P, _.

The infinite correlation length at f = f3, is related to the behavior of the
specific magnetic susceptibility (8, #) = om(f, h)/6h at h = 0. In Chapter V,
we will prove that for 0 < f < f,

x(B,0)=p Z WoWig.0
kezD

({@o)p,0 = {@i)p,,0 = 0 for the model on Z?). For 0 < f < B, {wow; )0
decays exponentially and x(f, 0) is finite. By contrast, at = ., w0
decays like ||k]|™* and x(,,0) is infinite. These conclusions are confirmed
by Figure IV.1, in which y(f, 0) is the slope at & = 0 of the isotherm m(f, 4).
The infinite slope at & = 0 of the critical isotherm m(f,, h) anticipates the
onset of spontaneous magnetization for § > f, (m(f,h) discontinuous at
h = 0). By definition, a large value of y(f, /) implies a dramatic response
of the magnetization to a small change in external field. The divergence of
the specific magnetic susceptibility at the critical point is one way in which
the extreme sensitivity of the spin fluctuations to small perturbations in 4
shows up in the macroscopic behavior of the ferromagnet.*

This completes our qualitative discussion of the Ising model. The study
of ferromagnetic models on Z begins in the next section.

IV.3. Finite-Volume Gibbs States on Z

The models will be defined on the symmetric intervals A = {jeZ: | j| < N},
where N is a non-negative integer. To each site je A there is assigned a spin
w; which takes the value 1 (spin-up) or —1 (spin-down). The configuration
space is the set Q, of all sequences w = {w;;je A}; thus, Q, = {1, =1}
The coordinate functions on Q,, defined by Y;(w) = w;, are called the spin
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random variables at the sites j. The presence of interactions distinguishes
these models from the discrete ideal gas. The Hamiltonian or interaction
energy of a spin configuration weQ, is defined as

4.3) Hy@)= =3 3 Ji—poo,~h Y o,
i,jeA JeA

We assume that J is a non-negative function on Z which is symmetric; i.e.,
satisfies J(i — j) = J(j — i) for each i and . J is called a ferromagnetic interac-
tion.* The parameter / is a real number which gives the strength of an external
magnetic field acfing at each site in A. The term —J(i — j)w,w; in the first
sum in (4.2) gives the interaction energy between the spins at sites / and .
The interaction strength J(i — j) is translation invariant; i.e., J((i + k) —
(j + k)) = J(i — ) for each k. The factor 1 is included in (4.3) because each
pair /, j with i # j appears twice with equal weight J(i —j) = J(j — i). The
term —hw; in the second sum in (4.3) gives the interaction energy between
the external field and the spin at site j. An interaction J is said to have
finite-range if J(k) equals 0 for all sufficiently large k. The range is the smallest
number L such that J(k) = 0 whenever |k| > L.

We denote by #(Q2,) the set of all subsets of Q,. Let p be the measure
30, + 30_, and define n,P, to be the product measure on %(Q,) with
identical one-dimensional marginals p. For each weQ,, n,P,{w} equals
271M where |A| = 2N + 1 is the number of sites in A. Let f=1/T > 0 be
the inverse absolute temperature. The ferromagnetic model is defined by
the probability measure P, ; , on %(€2,) which assigns to each {w}, weQ,,
the probability

1
Z(A, B, h)

Z(A, B, h) is a normalization which is picked so that ) ,cq, Py pu{@w} = 1:

4.4) PA,B,h{w} = exp[_ﬁHA,h(w)]ﬂ:APp{w} )

Z(A,B.h) = | exp[—BHy (@) ]mAP,(dw) =}, exp[—BH, y(w)]

Qu weQp 2|A|
4.5

For A a subset of Q,, we have

PAﬂhA} ZPAﬁh

we A

The measure P, ;, is called a finite-volume Gibbs state on A. Z(A, B, h) is
called the partition function.® Here are some examples of ferromagnetic
models.

Example IV.3.1. (a) The Ising model on 7. Fix a number ¢ > 0. Define
J(i—j)tobe #if [i—j|=1 and to be 0 if |i — j| # 1. This interaction,
which couples only nearest neighbors, has range 1.

* More general interactions are discussed in Appendix C.3.
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(b) The Curie—Weiss model. Fix a number ¢, > 0. Define J(i — j) to be
Fo/|A] if both i and j are in A and to be 0 if either i or j is not in A. This
interaction, which depends on the set A, couples all pairs of spins in A with
equal strength. The range tends to « as |A| > co.

(c) Infinite-range models. Fix a number o > 1. Define J(0) =0 and
J(i —j)=|i—j| *foralli < jinZ.Since a > 1, thisinteraction is summable:
Y ez J(k) < oo [see Section IV.5].

In order to exclude trivial cases, we assume that the interaction J(i — j)
in (4.3) is positive for at least one distinct pair i, j in A. The finite-volume
Gibbs state P, 4, has the same form as the reduced canonical ensemble
for the discrete ideal gas, which is defined in (3.26). The difference is that
the kinetic energy U,(w) in (3.26) is replaced by the interaction energy
H, y(w).* While (3.26) can be written as a product measure (with identical
one-dimensional marginals p;), P, 5, cannot be written as a product mea-
sure because of the positivity assumption on J.

Let us examine the form of P, ;, for different values of f and 4. As
B—0, Py, converges weakly to the product measure m, P, which gives
equal probability to each w. Thus, at § = 0 (infinite temperature) the magnet
is completely random. For § > 0 an alignment effect comes into play. Since
Py s u{®} > Py ppiw} if and only if Hy ,{®} < H, ,{w}, the smaller the
energy of a configuration, the more probable it is. Thus the most likely
configurations are those that minimize H, , over €,. These minimizing
configurations, called ground states, are not hard to identify. Let @, (resp.,
®_) be the configuration with @, ;=1 (resp., @ ;= —1) for each jeA.
If A 1s a subset of Z, then the interaction J is said to be irreducible on A if
for each pair of sites i, jin A either J(i — j) > 0 or there exists a finite sequence
Iy =140, oyl i, =jin Asuchthat J(i,,, —i)>0,a=1,2, ...,y — 1.
The next result is a consequence of the non-negativity assumption on J
[Problem IV.9.1].

Proposition 1V.3.2. (a) For h > 0, @, is the unique ground state.

(b) For h <0, &_ is the unique ground state.

(c) For h =0, the ground states include @, and i_. These are the unique
ground states if and only if J is irreducible on A.

For h > 0, the measures {P, 5 ,;f >0} converge weakly to the unit
point measure 05 as f— co [Problem I1V.9.2]. That is, for 2> 0 and 0
temperature the totally aligned ground state @, is the only possible con-
figuration. No randomness at all is left in the ferromagnet. A similar situation
holds for h < 0.

The remarks in the previous paragraphs show that the finite-volume
state P, 5, defines a reasonable model for a ferromagnet. The form of
P, ., can also be justified by means of an entropy principle. This principle

*U(w) = 37—, y} has the same form as H, ,(w) but with J(i — j) = 0 for all i # /.



IV.3. Finite-Volume Gibbs States on Z 97

will be generalized later in the chapter. Given a probability measure P on
#(Q,), we define the energy in P to be U(A,h; P) = jQA Hy ,(w)P(dw).
Let Uy, and U,,, denote the minimum and maximum, respectively, of
H), ,(w) over Q,. Fix a number Ue(U,,,, U,,,). We prove that there exists
a unique value f such that the finite-volume Gibbs state P, ; , is the most
random probability measure P on #(Q,) which satisfies the energy con-
straint U(A, h; P) = U. The randomness in P, relative to the fixed measure

n,P,, is measured by the negative of the relative entropy

dpP _Plo}
i AP)(a))P(da)) w;}/\log AT - P{w}.

Theorem 1V.3.3.% Let h real and Ue (U, Uy,y) be given. Then the following
conclusions hold.

(a) There exists a unique value B such that U(A,h; P, 4 ,) =

(b) I, f\)P (P) attains its infimum over the set {Pe .4 (Q,): U(A h sPagn) =
U} at the unique measure P = P, ;.

@6 1, (P = J log
Qp

Proof. (a) Define c¢(?) = log jQA exp(tH, ,(@))ms P, (dw) for ¢ real.* We
have
() = jQA Hy ,(w) exp[tHA,h(w)]nAPp(dw)
fg,\ CXp [tHA,h(w)]nAPp(dw) ’

(=) =j Hy (@) Py n(dw) = U(Py p.1).
Qp

If v denotes the m, P,-distribution of H, ,, then c(7) = log f@ e v(dx). This
is the free energy function of v, which was introduced in Section 11.4. The
support of v is a finite set which equals the range of H, ,(w), w€Q,. By
Theorem I1.5.2(a), for Ue (U, Unl), there exists a unique value f such
that ¢’(— ﬂ) UAN; Py, =U

(b) I nAP (Pa.p.n) _jQA —BH, W(w) — logZ]PAﬂh(dw) —pU —logZ,
where Z = Z(A B.h). If P # P, ; ,is any other measure in .#(Q,) for which
U(A h; Py g ) = U, then

12, (P) = j o 20 P

_ LA 1ogdp‘i " @Po) + J log%%—)(w)P(dw)
=180, + | (=)~ o821 P

=IP (P)— BU—log Z.

PA.B.0

*c(f) =log Z(A, —1, h).
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Since P # Py gur I 5.»(P) s positive [Proposition 1.4.1(b)], and so I,ii),,p(P)
> — U — log Z. We conclude that

I3, (P) 2 —BU —log Z = I (Pr 4.1)
with equality if and only if P = P, g . O

Let Sy(w) be the random sum ) ;. Y;(w), called the (total) spin in A.
The magnetization is defined as the expectation

MA B, h) = J SA(@) Py 4(de)
4.7) A
1
= w;exp[ —pH, (@)]27 N 0——.
jEZAwglA ! [ A ] Z(A! ﬁ’ h)
The next theorem states properties of M(A, 8, ) which will be proved in
Theorem V.4.2.

Theorem 1V.3.4. (a) For each f >0, M(A,B,0)=0; M(A,B,h) is a non-
negative concave function of h = 0 and a nondecreasing function of h real.
It satisfies M(A, B, —h) = —M(A, B, h) and |M(A, B, h)| < |A|.

(b) For each h =0, M(A, B, h) is a non-negative, nondecreasing function

of p > 0.

By (4.7), M(A, B, h) is a continuous function of A. Since M(A, $,0) =0,
M(A, B, h) converges to 0 as 4 — 0 for any value of f > 0.

We will study the magnetization per site in the limit as the symmetric
intervals A expand to fill Z. This limit is called the infinite-volume limit or
the thermodynamic limit and is denoted by ATZ. We define the specific
magnetization as

1

(4.8) m(p, h) = 11\1?711 A

Since M(A, B, 0) equals 0, m(f,0) equals 0. We will see that if the interaction
is summable, then m(f,h) exists, m(f, +) = lim,_ o+ m(B, h) exists, and
m(p, +) is non-negative. The model is said to exhibit spontaneous mag-
netization at inverse temperature f if m(f, +) > 0 = m(f, 0). The quantities
m(f, h) and m(p, +) are studied in the next two sections.

M(A, B, h).

IV.4. Spontaneous Magnetization for the Curie—Weiss
Model

In order to see how spontaneous magnetization can result from the micro-
scopic alignment effects built into Py ; ,, we first consider the Curie—Weiss
model.” This model is ideal for doing exact calculations, and the analysis
of it involves interesting applications of large deviation theory. The Curie—
Weiss model is defined in Example IV.3.1(b). To ease the notation, we
replace A by the set {1,2, ..., n}, where n is a positive integer. All quantities
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are indexed by n instead of by A. Thus the finite-volume Gibbs state is
given by the formula

4.9 B ywio} =exp[—BH, (o) ]m,P we

1
p{w} ’ Z(}’l, ﬁ, /’l),

where Q, = {1, —1}",
H, (@) = —3(Fo/n) Y, w0, —hY) o,
=1

i,j=1
Z(n, p,h) = j exp[ — BH, (@) |7, P, (dw).
Qp

We write the Hamiltonian as a function of the sum ) \_, w;/n:

n 2 n
H, () = —i{é/o(zlzl wj) + hz";l w’}.

This simple form makes the model easy to handle.

By (4.7) and (4.8), m(f,h) equals lim,, <S,/n), s, where (>, .,
denotes expectation with respect to P, ;,. We prove that m(f, +) =
lim,,_+ m(f, h) equals O for all 0 < B < ¢! and is positive for all 8 > #;1.
Thus spontaneous magnetization occurs at all § > #;*. The number ¢!
is called the critical inverse temperature for the Curie—Weiss model and is
denoted by BEV.

We will determine the limit of { f(S,/n)>, ; , as n = oo for any function
fe¥(R). By doing this we will not only prove spontaneous magnetization
but also determine the distribution limit of S,/n as n— . Let Q\Y(dz)
denote the distribution of the sum Z'J;l w;/n with respect to the product
measure 7, P,. Then

Sn j=1 . l
<f <">>,”, L ( >exp[ Pt e I By 2 g

n

f f@)exp[n(38.7,2* + phz)]Q,(dz) -

(4.10)

Z(n, B.h) ﬁh)

and the partition function Z(n, §, ) can be written as

(4.11) Z(n, B, h) =f exp[n(38.4,2% + Bhz)] Q1 (dz).

By Theorem I1.4.1, the distributions {Q'";n = 1,2, ...} have a large devia-
tion property with a, = n and entropy function I{(z) = sup,. g {tz — ¢, (1)}
= sup,.g {/z — logcosh ¢}. A simple calculation shows that

lgzlog(l—z)+l+

z
log(l + = for |z| <1,
4.12) ') = gl +2) g

o0 for |z| > 1.
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We define iy ,(2) = —(3B4p2*> + phz) + I{V(2). For large n (4.10) and
(4.11) suggest the heuristic formula

S, ~ —ni : !
(4.13) <f<n>>”,,,,h~fmf(z)exp[ nig,w(2)]dz [ —yya

According to this formula, the limit of < f(S,/n), 4., as n — co should be
determined by the points z at which the function i; ,(z) attains its infimum.
In fact, this statement is true because of the large deviation result stated in
Theorem I1.7.2. We will locate the minimum points, then deduce the limit

of {f(Su/M) Dn .-

Minimum points of iz ,(z) satisfy the equation

14z

@iay GG o o B ph= (1) () = %Iog -

0z
(I{V)'() is an odd function of ze [ —1, 1], is concave for z > 0, and has slope
(II)(0) =1 at z = 0. Also, |(I$")'(z)] = oo as |z] - 1. Since the slope of
the affine function z — ¢,z + Bh is B,¢,, the nature of the solutions of
(4.14) depends on whether 0 < ¢, <1 or B¢, > 1. For 0 < B < #;! and
any real A4, (4.14) has a unique solution z(p, /), and z(f, 4) is the unique
minimum point of i; ,(2). As h— 0, z(f,h) = z(B,0) = 0 [Figure IV.3(a),
(b)]. For B> #,!, Figures IV.3(c), (d) show the solutions of (4.14) for
small #> 0 and for 4 =0. For 8> ¢, and h+ 0, (4.14) has a unique
solution z(f, ) that has the same sign as 4, and z(f, &) is the unique mini-
mum point of iz ,(z). For f > #;" and A = 0, the minimum points are the
nonzero solutions z(f, +) and z(B, —) = —z(f, +) of (4.14). As h—» 0%,
z(B,h)y—>z(B,+)>0andash—- 07, z(B,h) — z(B, —) < 0.

Part (a) of the next theorem gives the limit of { f(S,/n)), 5, as n— co.
Part (b) shows that spontaneous magnetization occurs at all > % =
Fo L. Part (c) states that S,/n converges exponentially to m(g, h) for > 0,
h#+0and0 < B < #,', h = 0but that exponential convergence to a constant
fails for > ¢, and h = 0.

Theorem IV.4.1. (a) Let f be a bounded continuous function from R to R.
Then

7111—21 <f(Sn/n)>n,ﬁ,h

_{f(z(ﬁ,h)) for B>0,h+0and0 << ;' h=0,
~ 3/GB, +) + 3/G(B.—) for B> Aot h=0,
(4.15)

(b) Let m(p,h) be the specific magnetization for the Curie—Weiss model.
Then m(B, h) equals z(B,h) for >0, h+0and 0 < B < #5*, h=0, and
for each choice of sign

,0)=0 0<B< 4",
(4.16) m(B, +) = lim m(ﬁ’h):{ z(,0) Jor 0 < B < #5
W0

2B, £)#0  for B> J5'
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S,

(© = mp.h) Jor f>0,h 0
and 0 < B < 45t h=0.
S, 4 . . -
7" - %5m(;3.+)(d2) + %0m(ﬂ,—)(dz) Jor B> #5t, h=0%*

Proof. (a) Denote by Q, ;, the P, ; ,-distribution of S,/n. According to
(4.10)—(4.11), if A is a Borel subset of R, then Q, 5 ,{4} equals

1
f PG ) O e AR 7 + P00 )

By Theorem I1.7.2(a), {Q, ;.,} has a large deviation property with a, = n
and entropy function

][i,h(z) = iﬂ,h(z) - in£ iﬂ,h(z) where iﬁ,h(z) = I;(;l)(z) - (%ﬁfozz + phz).
4.17)

For>0,h#+0and0 < B < #, ', h =0, let K be any closed set which does
not contain the unique minimum point z(, 4) of iz ;. By Theorem I1.7.2(b),
there exists a number N = N(K) > 0 such that

(4.18) Q.piiK} <e™  forall sufficiently large 7.

This yields the first line of (4.15). For > #;! and h = 0, if K is the closed
set

(zeR:|z — z(B, +)| = e and |z — 2(B, —)| = ¢} where 0 < & < z(B, +),

then for all sufficiently large n, Q, ; o{K} < ¢ ™ for some N = N(K) > 0.
This yields the second line of (4.15) since the measures {Q,, 5 o} are symmetric.

(b) The range of S,/nis contained in the interval [ — 1, 1 ]. If fis a function
in €(R) such that f(x) = x for —1 < x < 1, then part (b) follows from part
(a) and the behavior of z(B,h) as h —> 0" and h > 0~.

(¢) Forf>0,h+0and 0 < B < ¥¢51, h =0, m(B, h) equals z(B, h). The
bound (4.18) implies that S,/n converges exponentially to m(f, k). The con-
vergence in distribution for f > ¢, and & = 0 follows from the second line
of (4.15) since f'is an arbitrary function in € (R). O

Remark IV.4.2. By (4.11) and Theorem I1.7.3(a)

.1
(4.19) lim —log Z(n, B, h) = sup {(3B.452° + Pphz — I{V(2)}.
The function Y(B,h) = — B lim,_ , n ' log Z(n, B, h) is called the specific
Gibbs free energy for the Curie—Weiss model. The limit (4.19) can be derived
without using large deviations [see Problem 1V.9.4]. In Ellis and Newman
(1978b), the limit (4.15) is derived without using large deviations.

*The second line of part (c) means that S,/n converges in distribution to a random variable
distributed by 38,5, +) + 20mp. -
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Let us consider the form of the entropy function I; ,(z) defined in (4.17).
Forf>0,h#0and0 < f < 7', h = 0,1 ,(z) is a convex function on R with
a unique minimum point at z(f, h) (I, ,(z(B, h)) = 0). However, for > #;*
and h = 0, I, ,(2) is not a convex function. It has minimum points at z(f, +)
and z{(f, —) and is positive for all other values of z. Another example of a
nonconvex entropy function was given in Example 11.6.2.

This completes our discussion of spontaneous magnetization for the
Curie—Weiss model. Other aspects of the model will be studied in Section V.9,

IV.5. Spontaneous Magnetization for General
Ferromagnets on Z

In the Curie-Weiss model the interaction J(i — j) equals #y/|A| for each
i and j in A. Thus the interaction depends on the set A. We now consider
other finite-volume Gibbs states P, ; , on symmetric intervals A of Z. The
interactions J are assumed to satisfy the following hypotheses*: J is inde-
pendent of A, J is nonnegative on Z ( ferromagnetic) and is not identically
zero, J is symmetric, and )., J(k) < co. This summability hypothesis
restricts the interaction strength between distant spins. J is called a summable
ferromagnetic interaction on Z and the corresponding spin models are called
general ferromagnets on Z. These models cannot be treated by the large
deviation technique which was used in the Curie—Weiss case. Less direct
methods are required. In this section, we illustrate one of the most powerful
of these methods, which is convexity. The main fact about general ferro-
magnets on Z is that unless the interaction has infinite range, there is ne
spontaneous magnetization. The behavior of models on Z contrasts sharply
with the behavior of models on Z”, D > 2. The latter exhibit spontaneous
magnetization for all nontrivial interactions, regardless of whether they have
finite range or infinite range [ Theorem V.5.1].

A useful function for studying the magnetization is the Gibbs free energy.
It is defined as

(4.20) W(A, B,h) = —B tlog Z(A, B, h),

where Z(A, p,h) = [q, exp[ — fH, (@) [7s P,(dw). ¥(A, B,h) has a simple
relation to the magnetization:
_OY(ABh) _ _p 0ZA B,y 1
oh N oh Z(A, B, 1)

4.21)

- ,-GZMZQA ;exp[—Hy (@) ]2 Z(A,1 B

Our proofs of the existence and properties of the specific magnetization
m(B,h) = limy 4, |A| " M(A, B, h) will be based on the function

= M(A, B, h).

* More general interactions are discussed in Appendix C.3.
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(4.22) (B = lim |—i,‘P<A, B,

called the specific Gibbs free energy. The existence of the limit (4.22) for a
summable interaction J is proved in Appendix D.1. Another proof based on
level-3 large deviations is given in Theorem I1V.7.3 below.

There is a degenerate case of the specific Gibbs free energy that is worth
pointing out. If the interaction J is identically zero, then Z(A,f,h) =
farexp(BhY jerw)mpP,(dow) and (B, h) = —p log [ e p(dx) =
— B! logcosh ph. Thus y(, h) equals —B~'c,(Bh), where ¢, (1) is the free
energy function of the measure p. Properties of the specific Gibbs free energy
are proved next.

Theorem IV.5.1. Let J be a summable ferromagnetic interaction on Z. Then
the following conclusions hold.
(a) For each > 0, the specific Gibbs free energy Y(B,h) is a concave,
even function of h real and is a continuously differentiable function of h + 0.
(b) For p>0 and h real, the specific magnetization m(f,h) =limy 4,
|A|7*M(A, B, h) exists. For > 0 and h + 0, m(f, hy = —0y(B, h)/oh.

Proof. (a) Concavity is preserved under pointwise limits. Therefore the
concavity of Y(f, h) will follow from the concavity of ‘V(A, 8, h). The latter
is equivalent to the inequality

(4.23)  Z(A,B, Ay + (1 — Dhy) < Z(A, B hy)* - Z(A, B, hp)' ™7
for any 4, and A, real and 0 < 4 < 1. The left-hand side equals

f exp </3/1h1 > wj>SXP <,3(1 — Dhy Y wj>
QA

jeA jeA

4.249)
-exp<ﬁ > J —j)ww-) A P, (dw)
[Aad | At p H
2 i,jeA

and so (4.23) follows from Hélder’s inequality* applied to the functions
exp(Bih, Y ;caw;) and exp(B(1 — Dh, Y ;. sw,). The evenness of Y(B, )
follows from the fact that H, _,(w) = H, ,(—w).

(b) The following proof is due to Preston (1974a). The Gibbs free energy
is related to the magnetization by the formula

h
@25 (WA, B ) — P(A, ,0) = —J LM, B, 9)ds,
Al o [Al

which is equivalent to (4.21). We would like to prove the existence of the
specific magnetization by passing to the limit A 7 Z in (4.25). The left-hand
side becomes Y(f, h) — ¥(p,0), but care is needed in handling the integral
on the right. Consider 4 > 0 (4 < 0is handled similarly). Since 0 < M(A, B, h)

*Corollary VI.4.2 withp = 1/A, g = 1/(1 — A).
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< |A]J, there exists an infinite subsequence {A’} of {A} such that m(B,h) =
limy. ., |A"|T"M(A’, B, h) exists for every rational number 4 > 0. M(A’, §,0)
equals 0 and thus m(f,0) equals 0. Since M(A’, B, k) is a concave function
of h > 0, a standard convexity result implies that m(f, &) exists for all A > 0
[Theorem VI.3.3(a)]. The limit m(f, k) is concave for A > 0 and hence
is continuous for 4> 0 [Theorem VI.3.1]. By the Lebesgue dominated
convergence theorem, m(f, h) satisfies
h

(4.26) V(B h) — ¥ (B,0) = —J m(p, s)ds.
0

The preceding argument may be repeated for the functions {|A| ' M(A, B, h)},
where {A} is an arbitrary infinite subsequence of {A}. This leads to a limit
function, say m(f, h), which satisfies 7(,0) = 0 as well as equation (4.26).
Therefore, m(B,h) equals m(fB,h). We conclude that the limit lim,4,
|A|"M(A, B, h) exists along the entire sequence {A} and equals m(p, h).
Finally, (4.26) implies that y¥/(f, k) is a continuously differentiable function
of h# 0and oy (B, h)/oh = —m(B,h). O

The specific Gibbs free energy ¥ (S, #) need not be differentiable at 4 = 0.
The relationship between spontaneous magnetization and the existence of
oY (B,0)/0oh is made explicit in the following theorem. Recall that spon-
taneous magnetization is said to occur at inverse temperature §if m(f, +) =
lim,,_ o+ m(f, h) is positive.

Theorem IV.5.2.*% Let J be a summable ferromagnetic interaction on Z. Then
the following conclusions hold.

(a) For B> 0andh+ 0, m(B,h) = —oy(B, h)/oh.

(b) For each >0, m(B,0) = 0; m(B,h) is a non-negative, concave func-
tion of h > 0 and a nondecreasing function of h real. It satisfies m(f, —h) =
—m(B,h) and |m(B,h)| < 1.

(c) For each h =0, m(f,h) is a non-negative, nondecreasing function of
p>0.

(d) For each B > 0, the limits m(f, +) = lim,_,o+ m(S, h) and m(p, —) =
limy,o- m(B, h) exist and m(f, —) = —m(B, +); m(f, +) is a non-negative,
nondecreasing function of p > 0.

(e) Foreach >0,

@27 m(p, +) = ~HLO 2 g o) =02 mip, - = ~HED.

Thus spontaneous magnetization occurs at B if and only if (B, h) is not
differentiable at h = 0.

These properties of m(f, h) may be read from Figure IV.1. Part (a) of

*QOther properties of m(f, i) are derived in Problem V.13.1.
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Theorem IV.5.2 was proved in Theorem IV.5.1. The properties listed in
parts (b) and (c) were stated for M(A, f, /) in Theorem 1V.3.4 and are pre-
served under passage to the limit A T Z. Since y(f, /) is concave for / real
and differentiable for & # 0, 0y/0h is nonincreasing for 2 # 0. Hence m(f, +)
= limy,_ o+ m(B, h) = —lim,_,+ OY (P, h)/0h exists and equals the right-hand
derivative of —y at A =0 (—oy(B,0)/0h™); similarly for m(B, —). Since
for each & > 0, m(f,h) is a non-negative, nondecreasing function of § > 0,
the same properties hold as for m(f, +). This proves part (d) as well as
(4.27). Since y(B, h) is differentiable at 4 = 0 if and only if dy(B,0)/0h" =
oY (B,0)/oh™, we obtain the last assertion in part (e).

According to part (e), spontaneous magnetization corresponds to a dis-
continuity in the first-order derivative dy/0h. Hence it is known as a first-
order phase transition.

Spontaneous magnetization indicates a strong cooperation among the
individual spins, and it occurs only if the alignment effects built into the
finite-volume Gibbs states persist in the limit A T Z. Thus, one might expect
spontaneous magnetization to occur only if distant spins have a suitably
strong interaction and the temperature is sufficiently low. The next theorem
justifies this intuition.

Theorem 1V.5.3. Let J be a summable ferromagnetic interaction on Z and define
the positive number §, = , ., J(k). Define the critical inverse temperature

B.=sup{f > 0:m(f, +) = 0}.

Then the following conclusions hold.

(a) B. is well-defined and #5 ' < B. < o0, in particular f§, > 0.

(b) fo=0 Zkaezlk]J(k) < .

(©) o< oo if J(ky=k™? (k+0) or if J>0 and J(k) ~ |k|™*, some 1 <
o< 2.*

(d) For 0 < B < ., ¥(P,h) is differentiable at h =0 and m(f, +) = 0.
For B > B., the differentiability fails and spontaneous magnetization occurs:

@) mp )= B o gy LD

Comments on proof. (a) Since m(f, +) is a non-negative, nondecreasing
function of B> 0, B, is well-defined. Let m“Y(B,h) denote the specific
magnetization for the Curie—Weiss model with interaction #y/|A|, where
Foequals Y,z J(k). Pearce (1981) shows that for > Oand 2 > 0, m(B, h) <
mv(B, k). Since m“V(B, +) = lim, o+ m“V(B, h) is positive for f > #5*
[Theorem IV.4.1(b)], it follows that B, > #;!. Pearce’s method is outlined
in Problem 1V.9.7.%
(b), (c) These parts are discussed below.

*J(k) ~ |k|~® means lim,_, [log J(k)/log |k|] = —a.
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(d) For 0 < B < B, m(f, +) equals 0 and so ¥(p, k) is differentiable at
h=0. For > B., m(B, +) is positive and (4.28) follows from (4.27).°

We show a special case of part (b) by proving that . equals oo for the
Ising model.

Example 1V.5.4. For the Ising model,

(4.29) Z(A, B, h) = f

Qp

exp (ﬁj N w01 + B i wj> AP, (deo).

j=-N ji==N
Z(A, B, h) can be expressed in terms of a matrix product. For o, a, € {1, — 1},
define B(a,, ;) = Sexp[fFa o, + Bh(ot; + ,)/2] and let B = B, be the
2 X 2 symmetric matrix

B(1,1) B(1,—1)

B(—1,1) B(—1,—-1))°
B is called the transfer matrix of the model. A equals {jeZ:|j| < N} and

1

Z(A, B h) = 5 Z a(w_p)B(w_y,0_yi1) -+ Bloy-,, oy)alwy)
{wj:il;jEA}
1
= ) Zﬁ -, a(w—N)BZN(CUﬁva oy)a{oy),
(4.30) .

where a(x) = exp(3phx). The larger eigenvalue of B , is
(By.,) = 3eP? [cosh ph + (sinh? fh 4 e~ *##)1/2],
By Lemma IX.4.1(d) (Perron—Frobenius)

(4.31) —By(B.h) = lileogZ(A, B, h) =log A(By ;).

Atz |A|
Foreach f > 0, ¥(p, h) is a real analytic function of real 4. Hence oy (5, 0)/0h
exists for each ff > 0 and f, equals oo. This calculation can be generalized
to any finite-range interaction, and as with the Ising model, one finds that
B. equals oo [Ruelle (1969, Section 5.6) |. See Appendix C.6 for details.

According to part (b) of Theorem I'V.5.3, . equals oo not just for interac-
tions of finite range but whenever ) ;. |k|J(k) is finite. A method of proof
is outlined in Problem IV.9.8. This leaves the infinite-range case where
Y rez J(k) is finite but ), ., |k|J(k) diverges. It follows from Dyson (1969a)
that g, is finite if J is positive and J(k) ~ |k|™* for some 1 < « < 2. Fréhlich
and Spencer (1982a) proved that f, is finite also in the borderline case J(k) =
k=% (k + 0). These proofs of spontaneous magnetization are difficult and
are omitted.'?

Finally, we study convergence properties of the random variables S,/|Al,
which define the spin per site in A. By (4.7), the expectation of S,/|A| with
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respect to the finite-volume Gibbs state P, ; , gives the magnetization per
site, M(A, B, h)/|A|. By analogy with the Curic—Weiss model, we expect that
asAtZ,S converges exponentially to the specific magnetization m(f, )
forall f>0,A+0,and 0 < f < f,,h=0.

Theorem IV.5.5. Let J be a summable ferromagnetic interaction on Z. Then
there exists a constant m such that

(4.32) Sy/IAISS m with respect to {Py g ,}

if and only if y(B, h) is differentiable with respect to h. In this case m equals
m(B,h) = —ow(B, h)/oh. Thus (4.32) holds for all >0, h+ 0 and for all
0<p<pB., h=0; (4.32) fails for > B, and h =0 [Theorems 1V.5.1 and
Iv.5.3].

Proof. According to Section I1.6, the exponential convergence can be proved
by considering the free energy function ¢, ,(¢) of the sequence {S,}. For
treal, cg ,(£) = lim 17 ¢4 p 4(2), Where

1
cA,[},h(t) = mlOgJ exp[tSA(w)]PA,ﬂ,h(dw)
Qp

1

= ajle f exp[—PH @) + 15,y b

For each weQ,,

—BH, (@) + 1S5 (0) = Z J(i — ow; + (B + 1) ), o

l]EA JeA

= _;BHA,h+t/ﬁ(w)'
Hence

- Z(A, B, h + 1/p)
Capnlt) = |A’ —log ZA. B R

1

—ﬂm[‘l’(/\, B.h+1B) — ¥ (A, B, )]

and ¢, (1) = —B[Y (B, h + t/B) — Y(B,h)]. By Theorem I1.6.3, there exists
a constant m such that S,/|A| <5 m if and only if ¢4 ,(¢) is differentiable at
t = 0. In this case, m equals c; ,(0). But c; ,,(0) exists if and only if 0y/(B, h)/0oh
exists, and then ¢} ,(0) = —0y/(f, h)/0h. This completes the proof. O

Theorem IV.5.5 implies that spontaneous magnetization occurs at f§ if
and only if S,/|A| fails to converge exponentially to m(f,0) = 0. For this
reason, we are justified in calling spontaneous magnetization a level-1 phase
transition. Let us interpret the level-1 phase transition in terms of entropy.
According to the proof of Theorem 1V.5.5, the free energy function of the
sequence {S,} with respect to {P, 4} is
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(4.33) cpn(t) = —BLY(B. b+ 1/B) — (B, W]

For 0 < f < . and any / real, c; ,(7) is differentiable for all ¢ real. Hence
by Theorem I1.6.1, the P, ; ,-distributions of S,/ |A| have a large deviation
property with a, = |A| = 2N + 1 and entropy function

Iy i(2) = sup {1z — ¢ ()} = sup {1z + PY(B.h + 1/B)} — ¥ (B.h)

(434) teR te R
= sup {Bxz + BY(B,x)} — [Bhz + fY(B. W ].

I; 4(2) is a convex function and it attains its infimum of 0 at the unique
point ¢j ,(0) = m(f, h) [ Theorem I1.6.3 |. The situation is different for f > f,.
Let us focus on the case 4 = 0. The function ¢, ,(?) is not differentiable at
t =0, and I; ((z) does not attain its infimum at a unique point. The theory
of Legendre-Fenchel transforms shows that I; ,(z) attains its infimum on
the whole interval

[(cp,0)-(0),(¢5,0)5 (0)] = [— 0y (B, 0)/0h™, — (B, 0)/0h" ]
= [m(B, =), m(B, +)],

where m(f, +) is the spontancous magnetization [Theorem VIL.2.1(g)].
According to part (b) of Theorem 11.6.1,
lirlr\lTs%Jpﬁlog Py 5.0{Ss/|Al€K} < —212£ I; o(z) for each closed set Kin R.
Thus, if K is disjoint from the interval [m(f, —),m(B, +)], then the prob-
abilities Py ;5 o{S/|A|€K} decay exponentially as A1Z. However, since
¢p.0(?) fails to be differentiable at 7 = 0, we are unable to apply part (c) of
Theorem 11.6.1 to conclude that the P, ; o-distributions of S,/|A| have a
large deviation property. If the large deviation property does hold with
some entropy function /(z), then I; ,(z) equals the closed convex hull of /(z)
[see Problem VIL.8.2].

This completes our discussion of finite-volume Gibbs states. In the next
section, we consider probability measures which describe the infinite-volume
ferromagnet.

IV.6. Infinite-Volume Gibbs States and Phase Transitions

The finite-volume Gibbs states studied in the previous three sections are
probability measures on the finite sets Q, = {1, —1}*. In this section we
study states of general ferromagnets on Z. The states are probability measures
on the infinite-volume configuration space Q = {1, —1}*. These measures
are obtained from the finite-volume Gibbs states by weak limits (AT Z).
Equivalent notions of infinite-volume measures are discussed in Appendix C.

The set {1, —1} is topologized by the discrete topology and the set Q by
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the product topology. According to Tychonoff’s theorem, € is compact.
The o-field generated by the open sets of the product topology is called the
Borel o-field of Q and is denoted by #(Q). 4(Q) coincides with the o-field
generated by the cylinder sets of Q [Propositions A.3.2 and A.3.5(b)]. Let
A (Q) be the set of probability measures on #(€2) and .#(2) the subset of
M (Q) consisting of strictly stationary probability measures. Strict statio-
narity is a natural condition since most of the infinite-volume Gibbs states
which we obtain are strictly stationary with respect to spatial translations,
or (as it is usually said) are translation invariant. A translation invariant,
infinite-volume Gibbs state is called a phase.

Throughout this section, we fix a summable ferromagnetic interaction
J on Z. The finite-volume Gibbs state P, , , defined in Section IV.3 will be
modified by means of external conditions. The measure P, ;, models a
ferromagnet on the set A ={jeZ:|j| < N}, where N is a non-negative
integer. External conditions correspond physically to the situation where
an experimenter prepares the complement of A, A°= Z\A, by fixing a
configuration on that set. Let @& be a point in the set Quc = {1, — 1}A°,
The coordinates @;, je A°, denote the values of the fixed external spins at
the sites of A°. When we want to indicate the dependence of & upon A,
we will write @(A). We define the Hamiltonian of a configuration weQ, =
{1, —1}" to be*

Hy y5(w) = —% Y G- pHow;— Y <h + Y J(i—j)(I)J)wi.
i,jeA ieA ie AC
(4.35) Jen

Thus each @;, j€ A, interacts with the spins in A through the given interac-
tion. Compare H, , 5 with the Hamiltonian H, , in (4.3). The external
condition & changes H, , by altering the external field acting at each site
ieA from the value & to the value h; =h + ) ;. ocJ(i — j)@;. Since J is
summable, #; is well-defined. The finite-volume Gibbs state on A with ex-
ternal condition @ is defined to be the probability measure P, ; , 5 on £(Q,)
which assigns to each {w}, weQ,, the probability

(4.36) PA,;{,h,&}{w} = eXp[_ﬁHA,h,a)(w)]”APp {a)} :

ZA BB

In this formula, f is positive and Z(A,f,h, @) is the normalization
jﬂA exp[ — fH, ;. 5(w) 75 P,(dw). There are two important choices of @. If
each @; =1 (resp., —1), then the external condition is called plus (resp.,
minus) and the measure is written as P, 4, . (resp., Py 4, -). Expectation
with respect to P, ; ;. z Will be denoted by {4 ;1. 5

We have defined external conditions by means of points & in Q,c. One can
allow other external conditions such as free (each &; = 0 in (4.35)) or periodic

#We omit from (4.35) the interaction between @; and @; and between /s and &,;. These
interactions are constants independent of w. If included in (4.35), they would cancel out in
(4.36).
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(one modifies the definition of J(i — j)). These external conditions are useful
in certain applications. However, restricting external conditions to be points
in Q,c allows for a cleaner formulation of infinite-volume Gibbs states and
facilitates the proof of the equivalence between these states and other notions
of infinite-volume measures [ Appendix C].

Let €(Q) be the space of bounded, continuous, real-valued functions on
Q with the supremum norm. We say that a sequence {P,;n=1,2,...}in
A (Q) converges weakly to Pe #(Q), and write P,= P or P = w-lim,,, P,,
if {o fdP, — {q fdP for every fe€(Q). If a weak limit P exists, then it is
unique. With respect to weak convergence, .#(Q) is a compact metric space
[Theorem A.11.2].

Let {P,;n=1,2,...} be an arbitrary sequence in .#(£2). We call a subset
& of €(Q) a convergence-determining class if the existence of the limit
lim,_, |q fdP, for each fe¥ implies that {P,;n=1,2,...} converges
weakly to some probability measure P. Since 2 is compact, ¥(£2) itself is a
convergence-determining class because of the Riesz representation theorem.
Other well-known examples are the subset consisting of all product functions
f(w) =[]icpw; for B a finite subset of Z (define f(w) =1 if B is empty)
and the subset consisting of all functions f(w) = y;(w) for Z a cylinder set
in Q. These examples are discussed in Theorem A.11.3. Another useful
convergence-determining class is given in the next lemma.

Lemma 1IV.6.1. For B a nonempty finite subset of Z, define fz(w)=
[ics[3(1 + w,)]. For B the empty set, define fz(w) = 1. Then the subset of
% (Q) consisting of all functions fz(w) is a convergence-determining class.

Proof. The limit lim, _, , |, fpdP, exists for any finite set B if and only if the
limit lim, ., {o fdP, exists for all functions f(w) = [];. pw;, where f(w) = 1
if Bisempty. Hence the lemma is a consequence of Theorem A.11.3(a). =

In order to define infinite-volume Gibbs states, we extend each finite-
volume Gibbs state P, ;, 5 to a probability measure on #(Q). Let B,
denote the set {weQ:w; = @; for each je A°} and m, the projection of Q
onto Q, defined by (r\w); = w;, ie A. We define the extension Py g, 5 of
the finite-volume Gibbs state by setting

Prpnaid} = PA,ﬂ,h,f&{nA(AmBA,&J)}= Z Prponaio}

wen (ANB, ;)

(4.37)

for A a Borel subset of Q. The right-hand side of (4.37) is given by (4.36).
Since the support of P, j , 5 is the set B, 5, the extension 1 is compatible with
the external condition. We note a useful property of P, ;, 5. Let f be a
function in % (Q) such that the value f(w) depends on only finitely many
coordinates of w; let these coordinates be o, , ..., ; . If A is any symmetric
interval containing the sites i,, ..., i, then the restriction of f to the co-
ordinates {w;;ie A} defines a function in 4(Q,). We denote the restriction
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by the same symbol f; if w = 7,0, weQ, and ®eQ, then f(w) = f(®).
It is easy to check [Problem 1V.9.9] that

(438) [ AP notdr = [ S Pypnafi

Q QA
An example of such a function f'is the function f; in the previous lemma.
From now on, we will denote the extension P, 4, 5 by the same symbol
P, ;.1 used for the original measure. The extension will be called a finite-
volume Gibbs state.

Since the space .#(Q) is compact, any sequence of finite-volume Gibbs
states {Py gm0 ATZ} with arbitrary external conditions {@(A)} has a
convergent subsequence { Py, g, 5 - Each of these weak limits is an infinite-
volume state for the given interaction. It is natural to investigate the depen-
dence of the limits upon the choice of external conditions. For different
values of f and 4 several situations occur: there is a unique weak limit
regardless of the choice of external conditions and the limit is translation
invariant ; the weak limit depends upon the choice of external conditions and
is either translation invariant or not. In the second situation, a phase transi-
tion is said to occur. We shall call this a level-3 phase transition in order to
distinguish it from the level-1 phase transition which is spontaneous magnet-
ization.

Consider the set of limits

(4.39) G = (PeMQ): P = wilim Py oino)

where {A’} is any increasing sequence of symmetric intervals whose union
is Z and @(A’) is any external condition for A’. Define %; , to be the closed
convex hull of ¢ ,. This is the intersection of all closed convex subsets of
A (Q) containing % ,. Equivalently, %, , is the closure, with respect to weak
convergence, of the set of convex combinations

(4.40) {Peﬂ(ﬂ):Pz > AP ,1].>0,ij=1,};e@,?,,,}

j=1 j=1
Each measure Pe %, , is called an infinite-volume Gibbs state. A level-3 phase
transition is said to occur if %, ,, consists of more than one measure.

The passage from %J , to %, , has an interesting physical interpretation.
We denote the limit P in (4.39) by Pp ;, (a1 This measure corresponds
physically to the situation where an experimenter is sure that the external
condition for each A’ is w(A’). The experimenter may also be uncertain
about the external conditions. Such an uncertainty is represented by the
convex combination P in (4.40), where 1., 4,, ..., 4, are the probabilities
of r different choices.

Before proving properties of infinite-volume Gibbs states, we extend
the definition of Gibbs free energy to the state P, 4, 5 with external con-
dition &. Recall that for the finite-volume Gibbs state Py ; , without external
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condition, we defined W(A, B,h) = —B ' log Z(A, B, h), where Z(A, B, h) =
fo, expl —BH, (@) ]\ P (dw). If Y., J(k) < oo, then the specific Gibbs
free energy (B, h) = limy42 |A| ""W(A, B, h) exists [Appendix D.1]. Given
an external condition @ = &(A), we define the Gibbs free energy in the state
Py p.n by the formula

YA, B, h,&) = —B tlog Z(A, B, h, &)

= —f"log f exp[— fH, 5,5(w) 174 P, (dw).
Qp

The next lemma shows that for any sequence of external conditions {@(A);
A1Z} the limit limy 4, |A|7"W(A, B, h,@(A)) exists and is independent of
the sequence chosen.

Lemma IV.6.2. Let J be a summable ferromagnetic interaction on Z. Then for
B > 0and hreal, limy 17 |A|""W(A, B, h, &(A)) exists and is independent of the
choice of {&(A)}. The limit equals limy 1z |A|" (A, B, h) = y(B. h).

Proof. We use the comparison lemma. Lemma I1.7.4. For any probability
measure P on #(Q,) and real-valued functions fand g on Q,

logJ‘ eldP — logJ e?dP
Qp QA

where |||, denotes the maximum over Q. It follows that

<|f-al

0

(44D AP B0 @) = WA BB < k[ Hans = Hallo:
Since W(f,h) =limu4,|[A|7'W(A, B, h) exists, it suffices to prove that
[A" | Hpns — Hanllow = 0 as ATZ. For any & > 0, there exists a positive
integer N, so that ) .y, J(k) < e. For any weQ,

1 1 . 1 .

— |Hy  a(@) — Hy y(0)| < — Ji—j)<—2/J0—J)+e

IA[’ A, h, ( ) A,h( )l ’A‘lg\];\c ( .]) |A| ( J)
(4.42)

where ) denotes the sum over all ie A and je A° such that |i —j| < N,.
Since Y J(i — j) < max, .z (J(k)) - 2N, the proof is complete. ]

We recall from Theorems IV.5.1 and 1V.5.3(d) that for all § >0, A+ 0
and 0 < f < B, h=0, OyY(B,h)/oh exists and equals minus the specific
magnetization m(f, h) = lim,4, |A|"*M(A, B, h). M(A, B, h) is the magneti-
zation in the finite-volume Gibbs state P, ,, without external condition.
This relation will be extended to the states {P, 5, 5} by means of the fol-
lowing useful convexity result.
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Lemma IV.6.3. Let {f,;n=1,2,...} be a sequence of convex functions on
an open interval A of R such that f(f) = lim,_,,, f,(t) exists for every teA.
If each f, and f are differentiable at some point ty€ A, then lim, ., f,(¢,) exists
and equals f(t,).

Proof. Define g, (1) = (/,(t) — f,(10))/(t — 1o)and g(1) = (f(1) — f(1o))/(1 — 1o)
for te A, t #t,. Then g,(t) - g(¢) since by hypothesis f, —f on 4. The
convexity of f, implies that g,(s) < f/(to) < g.(t) for s <ty <t (5,1 A).*
Taking n — oo, we see that
(4.43) { sup }g(s) < liminff(t,) < imsupf,(t,) < . ilntft }g(t).

se Ais<tg n—o n—oo € Ait>1t,
As the pointwise limit of convex functions, f is convex, and so f'(z,) =
SUDPjse gis<iy 9(S) = infjc 4.5, 9(7). Inserting this in (4.43) completes the
proof. [

Given an external condition @ = @(A), define M(A,B,h, @) =) ;s
{w;Da, g0z This sum is the magnetization in the finite-volume Gibbs state
Py pns- By the same calculation as in (4.21), 0W(A, B, h,®)/0h equals
—M(A, B, h,®), and as in the proof of Theorem IV.5.1, W(A, B, h, @) is a
concave function of / real. Since |A|"*W(A,B,h,&(A))— (B, h) and
oY (B, h)/oh exists for $>0, h=0and 0 < B < B, h=0, Lemma IV.6.3
yields the following important fact.

Lemma 1V.6.4. Let J be be a summable ferromagnetic interaction on Z. Then
Jor B>0,h+0and 0 <p<p, h=0,limy,, |A|7"M(A, B, h, 3(A)) exists
and is independent of the choice of {@(A)}. For these values of  and h,

(4.44) lim - MA, B, b, (A)) = — LB g ),
Atz |A| oh

Let T denote the shift mapping on Q. A probability measure P on #(Q)
is said to be translation invariant if for each Borel set 4 P{T'4} = P{A4}.
Let () denote the set of translation invariant probability measures on
A(Q). A measure Pe #(Q) is called ergodic if P{A} equals 0 or 1 for any
Borel set 4 which satisfies 77'4 = 4. We have denoted the set of infinite-
volume Gibbs states by ¥, ,. A measure P in %, is called a phase if P is
translation invariant. Let m(f,/h) be the specific magnetization and let
m(B, +) = lim,_ o+ m(B,h) and m(f, —) = lim,_o- m(f, h). According to
Theorem IV.5.3 there exists a critical inverse temperature f, € (0, oo ] such that
spontaneous magnetization occurs at all § > f, but not at any 0 < f§ < §,;
ie.,

m(f, +)=0=m(B, —) forO0< g < g,
m(f, +)>0>m(f, —) for f > B..

*See page 214.
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The next theorem describes phases of the ferromagnet and relates the occur-
rence of a level-3 phase transition to that of spontaneous magnetization.

Theorem IV.6.5. Let J be a summable ferromagnetic interaction on Z. Then
the following conclusions hold.
(a) For each B > 0 and h real, the weak limits

4.45 P = w-lim P, , Py, - =wlimP _
( ) B.h+ ALz A Bk + B.h, Az A, B,h,

exist and are translation invariant. Thus %, , and 95 , N ML) are nonempty.
The measures Py, . and Py ,, _ are ergodic.

(b) Py, + equals Py, _ if and only if 0y(B, h)/0h exists. Thus, for > 0,
h+0and for 0 <f <pf.,h=0, Py, , equals Py, _. For these values of f§
and h, define Py , = Py, . = Py, _.

(c) If oy (B, h)[oh exists, then Py, is the unique measure in 9, , and thus
in %y, O M(Q). No level-3 phase transition occurs. The mean fqwo Py, p(dew)
equals the specific magnetization m(p, h).

(d) For B> B., Py o+ F Py o.-- In fact,

(4.46) J o Py o, +(dw) =m(f, +) >0 > J wo Py o - (dw) = m(p, —).

Thus for > p. and h = 0, a level-3 phase transition occurs.
(€) For B> B., %50 M(Q) contains (at least) all the measures P =
;LPﬂ’O"*' + (1 - AH')PB,O,~> 0 < /"L < 1

The proof of this theorem requires several new results which we will
present as lemmas at the end of the section. First, we interpret the contents
of the theorem. See Note 11 for further comments on the structure of %, ,
and 9 , N M ().

Part (a). Let Sy(w) =) ;.o ; be the spin in a symmetric interval A. The
ergodic theorem [Theorem A.11.5] implies that if Pe .#(Q) is ergodic, then

(4.47) fim () :J woPdw)  P-as.
Atz |A] o

Let P be the ergodic infinite-volume Gibbs state P;, . or P;, _. Then
lim, 1 Sy(w)/|A|, which is the limiting spin per site in a sample @ drawn
from the magnet, is a constant independent of w P-a.s. The measures
Py and Py, _ are called pure phases of the magnet. Stronger clustering
properties of P, , and Py, _ are given in Corollary A.11.12.

Parts (b)—(c). According to Lemma IV.6.4, for f > 0,2+ 0and 0 < ff < §,,
h =0, the limiting magnetization per site, lims,|A| T M(A, B, h, ®(A)),
exists and is independent of the choice of external conditions {®(A)}. It
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equals the specific magnetization m(f, h). For these values of § and A, the
independence of external conditions extends to the infinite-volume Gibbs
states; that is, Py , = Py, + = Py, _ is the unique measure in %, , as well as
in 9, , N M(Q). The ergodic limit (4.47) and the fact that*

(4.48) J wo Py, p(dw) =m(B,h) >0 forh>0

imply that with respect to P, ,, for 4 > 0 almost every we Q has a majority
of the spins + 1. There is a similar statement for 4 < 0. This support property
of Py, is the infinite-volume analog of the alignment effect built into the
finite-volume Gibbs states {Py ; ,}.

Parts (d)—(e). For g > f, the distinct measures Py o . and Py, _ are both
ergodic, and so there exist disjoint subsets 4; , and 4, _ of Q such that
Py . {Ap+}=1and Py, {4, _} =1 [Theorem A.11.7(b)]. The ergodic
limit (4.47) and the fact that jngPB,O’Jr(dw) =m(f, +) > 0 imply that
with respect to Py o ., almost every we 4, , has a majority of the spins
+1. Similarly, with respect to P, , _, almost every we A, _ has a majority
of the spins — 1. The measures Py o ;. and P, , _ are called a pure plus phase
and a pure minus phase, respectively. These measures are simply related by
the formula P, , (d(—w)) = P; ;. - (dw), which follows from the same
relation for the finite-volume Gibbs states Py 5o .~ and Py 4o -. For 0 <
A <1, the nonergodic measure Py = AP; o + (1 — )Py, _ is called a
mixed phase. With respect to this measure, the limiting spin per site, lim, 4z
Sa(w)/|A], is not a constant but depends on the choice of w [see Theorem
1V.6.6(c)].

Level-3 phase transition. That %, , consists of a unique measure for § > 0,
h#0and 0 < f < f., h =0, contrasts with the nonuniqueness of measures
in %, , for § > .. We have called this nonuniqueness a level-3 phase transi-
tion. Formula (4.46) shows that spontaneous magnetization is the con-
traction of the level-3 phase transition onto level-1. The level-3 phase
transition can also be looked at as a symmetry-breaking transition.*? For
h =0, the microscopic interaction energy between each pair of spins w;,
o; equals ~J(i — j)w,w;. For all i and j, these energy terms are invariant
with respect to sign changes (w;, w;) - (—w;, —w;) in the spins. However
for § > p. neither of the states Py, ., Py o, - retains this invariance.

The next result refines the ergodic theorem by giving additional con-
vergence properties of the microscopic sums {S,/|A|} as A 1Z. We see that
exponential convergence to a constant distinguishes the values § > 0, h £ 0
and 0 < B < B,, h = 0 from the values § > .. A= 0.

*The positivity of m(f, k) for h > 0 is proved in a footnote on page 165. Also see Problem
V.13.1(b).
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Theorem IV.6.6. Let J be a summable ferromagnetic interaction on Z. Then
the following conclusions hold.
(@) For f>0,h+0andfor 0 <f < f.,h=0,
exp

SA/|A|—a—i> m(B, h) and  Sy/|A|— m(B,h) w.rt. Py, as A1ZP.
(b) For > .,

SA B.S
.r.t. P ,
IAI m(B,+)  wrt By,
|STA|B_‘S; m(B, —) wr.t. Py _ asATZ.

In each case, exponential convergence fails.

(c) For B> B. and each 0 < i < 1, there exists a random variable Y
on Q with distribution Adyg .y + (1 — A)pp, -, such that S, YW
wrt. Py =P o« + (1 — APy _as ATZ.

With respect to the various measures in this theorem, large deviation
bounds for S,/|A| can be derived from Theorem I1.6.1. We omit the formulas,
which are easily worked out as in the discussion at the end of Section IV.5
(see Lemma IV.6.11 for the calculation of the free energy function).!?

We now turn to the proofs of Theorems IV.6.5 and IV.6.6. The first
step is to prove that the weak limits Py ;, . = w-limy 17 Py 5, + and Py ), _ =
w-limy 42 Py 4.5, - €Xist. According to Lemma IV.6.1, it suffices to prove that
for each finite set B the limits lim, 17 (o f3dPy g, + and limy 1z o fadPs g1 -
exist, where fz(w) = [[;c5[3(1 + w;)] for B nonempty. By the discussion
after that lemma, each integral [q fzdPy 5,4+ O {o fadPy 4, - equals
§ap f5dPa,p.n.+ O fa, f5dPa g1 - respectively, provided A contains B. The
proof depends upon a powerful monotonicity result due to Fortuin, Kastelyn,
and Ginibre (1971) and known as the FKG inequality.

The FKG inequality is valid for a more general measure than the finite-
volume Gibbs state P, ;, 5. Let A be an arbitrary nonempty finite subset
of Z, {J;;i,je A} a set of non-negative real numbers, and {/;;ie A} a set of
real numbers. Let P be the probability measure on £(€2,) which assigns to
each {0}, w€Q,, the probability

(4.49) P{w} = exp[ — H(w)]n,P,{w} %

In this formula, H(w) equals —53; ;.2 J;0;0; — Y icaliw; and Z equals
fo, exp[ — H(w)]n, P,(dw). Expectation with respect to P is denoted by
DAy OF by {~>. The measure P reduces to P, ;, 5 if A is a symmetric
interval, J; = BJ(i — j),and by = h + Y ; ac J(i — J) ;.

Let w and ® be points in Q,. We write w < @ if w; < @, for each i€ A.
A real-valued function f on Q, is said to be nondecreasing if flw) < f(®)
whenever w < @. For example, the function Y(w) = w; for ie A is non-
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decreasing as is fz(w) for any subset B of A. However, f(w) = w;w; (i #j
in A) is not nondecreasing. The FKG inequality is stated in part (a) of the
next theorem. A useful consequence of the inequality is stated in part (b).'*

Theorem 1V.6.7. Let f and g be nondecreasing functions on Q. Then the
Jfollowing conclusions hold.
(a) For any values of {h;}, the covariance of f and g is non-negative :

<f9>A,{h,-} - <f>A,{hi}<g>A,{hi} > 0.
(b) {h;} < {h} implies I onmy <K oa gy

Proof. (a) The following proof is due to Battle and Rosen (1980). The
argument is by induction on the number of sites |A| in A. We have

{Jgy =L X<y = J [flw) — f(®)][g(w) — g(®) ] P(dw) P(d).
(4.50) AT

If|A| = 1, then the integrand is non-negative since f'and g are nondecreasing.
Hence {fg) — {f)><g) = 0. Assume now that the inequality has been
proved for |[A|=1, ..., n—1, some n>2, and consider the inequality
for |A| = n. Fix any site « in A. We set o = (w’, w,), where @’ has the n — 1
components {w;;ic A\{«}}, and rewrite H(w) in the form

1
H(w',m,) = —% Z Jjmw; — z (hi + E(Jm + Jai)wa> W;
i,je A\{a} ie A\fa}
1

- iJaa - hawa'

For fixed w,e{l, —1}, let v, (dw’) be the probability measure on Q,,
defined by

L
Z(w,)’

where Z(w,) equals {q A exp[ —H(w', w,) ]Tp o P, (de’). We now write

Vwa(dw/) = exp[— H(O)/: wa)]nA\{a}Pp(dw/) :

{Jfgy = f S(w)g(w) P(dw)

=j [ f(w',w»g(w',wa)v%(dw')} Z(@,)p(d,) .
{1, =13 LI g

The inductive hypothesis clearly applies to the w’-integral. It follows that

(45 fo> = f PN Z()p(d0,)

{1,-13
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where ¢(w,) = ng 1o J(@ @)V, (d') and y(w,) = ng{a}g(w W)V, (d).
We prove just below that ¢ and y are nondecreasing. The result for [A| =1
and (4.51) yield (4.50):

{Jfg> = f

{1,-1
= {24
We prove that ¢(—1) < ¢(1). The same proof shows that y is non-

decreasing. In the definition of v, (dw’), replace w,e{l, —1} by a real
parameter z. We prove that the function ¢ — Ja Ala) flo', v (dw’) is non-

poIZO o) | @)zt
{1,—1}

decreasing. Since f'is nondecreasing, it will then follow that

¢(—1)=J f(w’,—l)v_l(dw’)SJ Sflo', v_i(dw’)
QA \w)

QA

sj S, v (do’) = ¢(1).
QA

We have

4 j (o, Dv(de)
Al{a}

ar ),
_ f fw, 1)[ OH(o, ‘)] (do)
QA\a) ot

- f (@, Dy (do’) [——‘”’ (o, ’)] v (dor.
o ot
(o} A\{a}

The function —dH(w’, £)/0t equals ) ;. aym 3(Jia + Ju)o; + h,, and so it is
a nondecreasing function on Q,,,. By the inductive hypothesis, we conclude
that d | o S, Dv(dw))/dt = 0. The FKG inequality is proved.

(b) Since 6H/oh, = —w, and

0Z 1 1
7 LA w;exp[ — H(w) Jms P (dw) - 7= (o,
we have
P 1
= oh, ”QAf (@) exp[ — H(w) J75 P, (dw) - ?}
@.52) = f f(@)- o,0xp[ ~ HO) Iy Pdo) - — <52,
QA

={frwp = {f){wp).

This is non-negative as f and ; are nondecreasing. Thus {f), i, is a
nondecreasing function of each A;. Part (b) is proved. o
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Let J be a non-negative, summable, symmetric function on Z. Denote by
(Dapn+ (resp., (> pn-) €xpectation with respect to the measure P
in (4.49) with J; =BJ( —j) and hy=h+ ) ;.\ J(i — )(+1) (resp., h; =
I+ eacdi = H(=1)).

Corollary 1V.6.8. Ler {A,;n= 1,2, ...} be an increasing sequence of finite
subsets of Z such that A,1Z as n— . For B a nonempty finite set in Z,
pick an integer n(B) so that B is contained in A, for all n = n(B); fg(w) =
[Ties[(1 4+ @)/2] is a nondecreasing function on Q, whenever n > n(B). For
B > 0 and h real, the following conclusions hold.

(@) For n>n(B), {fpoa, pn+ IS @ nonincreasing sequence as n— oo,
{IBdappon- iS4 nondecreasing sequence as n —» oo.

(b) The limits {fg)pp+ =Nmp 172 /p>a,.p.1+ and { fgdpp- = lim, 17
{S8dA, 8.1~ bOh exist.

Proof. (a) The external field & can be chosen to be site-dependent, say

h;. If h; tends to oo, then A; tends to oo. Choose 7 > n > n(B), so that A, < As.

The FKG inequality implies that {fpda_p s+ < <{Sfpda,.pn+ because the

latter can be obtained from the former by taking A; — oo for each ie A;\A,,.

A similar proof shows that if 7 > n > n(B), then { fgor, p.n, - = {IBdnn b+ -
(b) This follows from part (a). O

We now prove two lemmas from which Theorem 1V.6.5 will follow. Let
A be a symmetric interval of Z. For >0 and 4 real, let P, ;, 5 be the
finite-volume Gibbs state on A with external condition & corresponding to
a summable ferromagnetic interaction J. We write {->, , 5 for expectation
with respect to Py 4 5 -

Lemma 1V.6.9. Let fy(w) = [ [;c5[3(1 + )] for B a nonempty finite subset
of Z. For B > 0 and h real, the following conclusions hold.

(@) Thelimits < fgpn,+ =M1z {fpDan + and{ fon, - = limp 17 { fpdan -
exist and for any ke Z { fgsion+ = {JSgon+ and { fgaion- = {foon,- -

(b) For any real number hg, limy_,: {fsdn+ = {fpon,+ and limy_,-
<fB>h,— = <fB>hn,—~

(¢) For any symmetric interval A containing B and any external condition
@, {fooan- < {Sooana < Spam+-

(@o< <fB>h,+ - <];3>;.,— < |B| (<wo>h,+ - <w0>h,—)'

Proof. (a) By Corollary IV.6.8(b), the limits
{Ipdn+ = /1\1%1% {IBdam+ and  {fpion+ = /1\111% {Sprrdam+

both exist. The interaction strength J(i — j) between each pair of sites i, j is
translation invariant. Hence if A contains B, then { fzoiDa+xn+ = <fBoA k. +
and
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/l\i% psrdation+ = /I\ITH% {Soam+ = Spon+-

We can find a sequence {K,, ;n=1,2,...} of symmetric intervals such that
AicA,+kcsAycA,+ke ... and ()2, A, =Z. By Corollary 1V.6.8(b),
limy, 17 {faerda,n+ €Xists, where A, = A, for n odd, A, = A, +k for n
even. The existence of this limit implies that

lim  faeoan+ = Im  fpridaran +-
Atz Atz

Combining this with the previous two displays, we conclude that { fg. ;)5 +

equals { fz> +- That { fz >, — equals { f3>, _ is proved similarly.
(b) Let A contain B. Since  fzpn + < {fdan+>

(4.53) liin :Pp<f8>h,+ < hlirhri {Ioam+ = <fB>A,h0,+~

Hence lmsup,-,s {fpon+ < limprz {fpdan, + = {Spn, ~- By the FKG
inequality, if & > hq, then { fD,  + < {fp)n+, and so {fpd, + < liminf, .+
{fpon,+ - It follows that limy, .+ {fpdp + = {fpdp,,+- The second half of part
(b) is proved similarly.

(¢) For any external condition @, the field by = h + Y ;. Ac J(i — J)@; act-
ing at site ie A lies between the field corresponding to the plus external
condition and the field corresponding to the minus external condition. Hence
the FKG inequality yields part (c).

(d) The function f{w) = Y, 5 »; — fz(w) is nondecreasing. Hence by the
FKG inequality, if A contains B, then
(454  0<<{fpoan+ — {fedan- < .ZB [Kopan+ — @D am -]

Take A1Z and use the fact that {w,>; + = {We >y + and {w;> - = {We >y -
to complete the proof of part (d). O

Spontaneous magnetization occurs at § if and only if

m(p, +) = — VB0 _ i VB

oht oo+ Oh
is positive. The next lemma relates m(f, k), m(p, +), and m(f, —) to the
quantities {®¢ 4 + and {@¢y; , _, defined as

<w0>ﬂ,h,+ = lim J‘ wOPA,ﬂ,h,+(dw)s
Atz o

{Wop,n,- = lim J o Py g5, - (dw).
Atz Jq

According to Corollary 1V.6.8(b), the limits exist. Later, we will identify

wopp.n+ and (@) , - as the means of infinite-volume Gibbs states P; , .

and P, , _, respectively.
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Lemma IV.6.10. Let J be a summable ferromagnetic interaction on Z. Then
the following conclusions hold.
(@) For p>0andh +0,

@odpns =my = =PI _ oy,

(b) For B >0and h=0,

(@030 =m(p+) = ~LLD > 0,
(4.55) o
{@o)p.0,- =m(f,—) = _la(hﬂ:—) <0.

Thus spontaneous magnetization occurs at B if and only if {w¢)p o+ =
m(p, +) > 0.

Proof. (a) For any ¢ > 0, let A, be a symmetric interval such that
O appn+ < WoPpp+ & Given another symmetric interval A which
contains A,, define B,(A) = {ie A: A, + i = A}. The sequence {<w;D4 g4+
is nonincreasing as A T Z [Corollary IV.6.8(a)], and so for any i€ B,(A)
odpn+ = Opn+ < KODp g+ = KDDA,+ip.0+
= {Oodaph+ < DoPpp+ T &

Thus for all symmetric intervals A containing A,

(4.56)

1

(4.57) WoPpn+ < B(A)] iEBZE(A) wdppn+ < LoD p+ T &
Recall the quantity M(A, B, A, +) =D ;ca<W>a p.n+. Which is the mag-
netization in the state Py 4, ;. Since |A|-|B,(A)| ™" — 1 as A1 Z, it follows
from (4.57) that lim, 4z |A| T*M(A, B, h, +) = {wo )45 + for any real h. But
for h = 0 this limit also equals m(f,h) [Lemma 1V.6.4]. Thus for A+ 0
{woypp+ = m(B,h) = —Y(B,h)/0h. A similar proof shows that for 4 + 0
(@odpn- = m(B.h) = — (B, h)/oh.

(b) In part (a) take 2 — 0" and use Lemma IV.6.9(b) to obtain {w,) o +
=m(B, +) = —ow(B,0)/0h™. This gives half of (4.55). The other half is
proved similarly. |

Proof of Theorem 1V.6.5. (a) The existence and translation invariance of
the measures Py, . = w-limy;7 Py 55+ and Py, _ = w-limy, Py 5, - fol-
low from Lemmas IV.6.1 and IV.6.9(a). Thus, P, , and P; , _ belong to
Gy M(Q). Let 2 be a nonempty subset of .#(Q). A measure PeZ is
called an extremal point of @ if P= AP, + (1 — )P, for 0 <A< 1 and
P,P,e % implies P; = P, = P. The set of extremal points of ¥, , N .4 (Q)
is the set of ergodic measures in %, , [ Theorem A.11.8(b) ]. Hence in order to
show that P;, ., is ergodic, it suffices to prove that P, , . is extremal in
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Gy 0 M(Q).* We prove the stronger statement that Py, . is extremal in
%y - Assume that Py, , = AP, + (1 — )P, for0 <A <1land P, P,e%;,.
Lemma IV.6.9(c) implies that for any measure Pe%;,, [ofsdP <
fa/3dP;,,  for all finite sets B in Z (f,(w) = 1). The integrals {|q /zdP; B
finite} determine P. Hence if either measure P, in the decomposition of
Py, + differs from Py, ., then (o fzdP, < o f3dP; ;. + for some finite set B,
and so

(4.58) JdePﬁ’h’+ = lj fgdP, + (1 — JV)J‘ fgdP, < f J3dPy )
Q Q Q Q

This contradiction proves that Py, . is extremal in %, , and thus is ergodic.
A similar proof shows that P, , _ is extremal in %, , and thus is ergodic.

(b) If 0y(B,h)[oh exists, then by Lemma IV.6.10(b) {wy)s,+ =
{wgyp .y, ~- Lemma 1V.6.9(d) implies that for any finite subset B in Z,
{feopn+ =<Sp>pn-- Thus, Py, . =Py, . Conversely, suppose that
Py =Py . If hs0, then 0y(f,h)/0h exists by Theorem IV.5.1(a).
If 2 =0, then
{wo)g,0,+ = lAim J woPA,p,0,+(dw) = J

Q

1Z Q

CUoPﬁ,o,+(dw) = f woPp,o,de)
Q

= limj o Py g0, - (dw) = {wo)g, 0,
ATZ Q
and oy (B, 0)/0h exists by Lemma IV.6.10(b).

(¢) Lemma 1V.6.9(c) implies that if Py, . = Py, - = Fp ;, then 4, , and
thus %, , N #() consist of the unique measure Fy,. We have defined
{wopp+ = limpsz fo o Py pp+(dw). But if OY(p, h)/oh exists, then
Pypn+ =Py and so {wop .+ = JawoPy (dw). The equality [qw,
Py y(dw) = m(B, h) follows from Lemma 1V.6.10.

(d) For B> B., 0y(f,h)/0h does not exist at 4 = 0, and thus (w4, + F
{woyp.p - Therefore Py o . #+ P o -. Formula (4.46) follows from Lemma
IV.6.10(b) and the fact that Py ;o + = Py o+ and Py g0 - = P50 _.

(e) Since ¥, o N .#(Q) is convex, it must contain all the measures
{P§%;0 < 4 < 1}. This completes the proof of Theorem IV.6.5. i

The key step in proving Theorem IV.6.6 is to calculate the free energy
functions of the sequence {S,} with respect to the infinite-volume Gibbs
state P; , . and Py, _, respectively.

Lemma 1V.6.11. Let J be a summable ferromagnetic interaction on Z. For
B >0, hreal, and t real, define

!
Cpn+ () = E;nzmlog<eXp(lSA)>ﬁ,h,+,

. 1
Con (D)= }\Ig m log<exp(tSy)Dp.p, - -

*The ergodicity of P, . and Py, _ also follows from Corollary A.11.12(a).
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Then
(4.59) oo+ () =cpp ()= —B[Y(B,h+ 1/B) — (B, )]

Proof. We first evaluate ¢, . (¢) for ¢ > 0. Define
1
|A]
For A’ a symmetric interval containing A, define g, A.(£) = exp(tS) D ar g +-

Since Py gy + = Ppp+ as A TZ, |A|7 logga (1) = cA(?) as A" 1 Z for each
t > 0. We claim that

(4.60)  <{exp(tSp)dapns < gaa () < {exp(ESp)Da g0+ fort >0,

where @ is the external condition &; = 1 for je(A')’, &; = —1 for je A"\A.
Indeed for ¢ > 0, the function exp(s ) ;. w;) is nondecreasing on Q,, and the
right-hand (resp., left-hand) side of (4.60) can be obtained from the middle
term by letting the external field 4; — oo (resp., A, > — o0) for each ie A"\A.
Hence (4.60) follows from the FKG inequality. Another application of FKG
gives {exp(tSa)oa pn— < <€XP(tSa)Pa,p.n5- As in the proof of Theorem
IV.5.5,

ca() = log<{exp(tSy) > n, + -

I71’1<>g<exp(tSA>>A,,,,,,,. - —ﬂ}}\—|[‘P(A, Boh+ 1]B, —) — WA B b, —)],
ﬁlog<exp(rSA>>A,,,,,,,+ _ —BI-AI—[ [¥(A, .k + 1]B, +) — ¥(A, B, by +)].
4.61)

Thus fort >0

—ﬁlll\—l[‘l’(/\,ﬁ,k + 1B, —) — (A Bk, —)]
(4.62)

< ep0) < —Blf\—lt%‘m, Bl + 1B, +) — (A B, b, )],
By Lemma IV.6.2 (independence of the specific Gibbs free energy of the
choice of external conditions), we conclude that

Cﬁ,h,+(t) = /I\ITH; cp() = ‘ﬂ['[’(ﬁ, h+t/B) — y(B, h)]

A similar proof yields (4.59) for ¢, _(¢), t > 0. For ¢t <0, the function
—exp(1 Y ;. o w;) is nondecreasing on Q,, and so (4.60) holds with the senses
of the inequalities reversed. As above, we obtain (4.59) for ¢, ,, . (1), t < 0. A
similar proof yields (4.59) for ¢; ,, (), t < 0.

Proof of Theorem 1V.6.6. (a) For >0, h+0 and 0 < B < f., h=0,
oY (B,h)/0h exists. Hence by the previous lemma and Theorem I1.6.3,
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Sa/|A 22, — 8y (B, h)/oh = m(B,h). The almost sure convergence follows
from the ergodic theorem or Theorem I1.6.4.

(b) By the ergodic theorem, Su/|A|—> (@oDp.0.+ = m(B, +) Py g 4-ass.
and S,/|A| = {wo>p.0.- = m(B, =) P; o —-a.s. In each case, the almost sure
convergence cannot be strengthened to exponential convergence since by
Theorem 11.6.3 exponential convergence is equivalent to the existence of
(¢4.0.+)(0) or (cg,-)(0), respectively. But oy(f,0)/0h does not exist for
B > P., and so by the previous lemma (c; o, +)'(0) and (cg o, -)’(0) do not exist
for f > f..

(c) This follows from the ergodic theorem and Theorem A.11.7(b). O

We have now completed the proof of the existence of infinite-volume
Gibbs states and studied convergence properties of the spin per site S,/|A|
with respect to these measures. In the next section, we show how to charac-
terize the set of translation invariant infinite-volume Gibbs states in terms
of a variational principle.

IV.7. The Gibbs Variational Formula and Principle

Let J be a summable ferromagnetic interaction on Z. The set %, ,, of infinite-
volume Gibbs states was defined as the closed convex hull of the set of weak
limits of finite-volume Gibbs states. The Gibbs variational principle is
another approach to studying the infinite-volume ferromagnet. It charac-
terizes the set of translation invariant infinite-volume Gibbs states directly,
eliminating the need to consider weak limits at all. The Gibbs variational
principle expresses the specific Gibbs free energy ¥ (, /1) as the supremum of
an energy functional minus an entropy functional over .#,(Q). The set of
measures at which the supremum is attained is exactly the set 9, , N .4(Q)
[Theorem IV.7.3]. We recall that in the Gibbs variational principle for the
discrete ideal gas [Theorem II1.8.2], there was a unique solution for each
value of f. By contrast, for f > f,, h = 0, the Gibbs variational principle for
ferromagnets has nonunique solutions since the set %, , N .#(Q) contains
the distinct measures P +, Pp o, -, and all convex combinations.

Before stating the Gibbs variational principle, we consider an analog
which characterizes the finite-volume Gibbs state P, ;, 5. Let A be a sym-
metric interval of Z and & an external condition. Given a probability measure
P on #(Q,), we define the energy in P to be

UAh,o; P)= j Hy j, 5(w) P(dw),
Q5
where H, , 5 is the Hamiltonian defined in (4.35). I,(,i’Pp(P) denotes the

relative entropy of P with respect to m, P,,
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ar Plo} |

Z(A, B, h, a)) is the partition function g  €xp[ — BH, , 5(w) ], P,(dw).

Proposition 1V.7.1. For any B > 0, h real, and external condition &,

logZ(A,B,h,&) = sup {—~BUAI&;P)— 12\),, (P)},

Pe.#(Qp)
and the supremum is attained at the unique measure P = P, ;5 ».

Proof. For any probability measure P on Q,,

BUA, h,&; P) + 1%, (P) + log Z(A, B, h, ®)

TL'AP

P{w} >

= lo w;.
cog!/\ g(CXp[ BH, 15(0) ] AP, {0}/ Z(A, B, h, &) Pio}
The sum equals the relative entropy of P with respect to P, gz, 5. Hence

BUA, h,&5; P) + I7p (P) + log Z(A, B, h, &) > 0

RAP

and equality holds if and only if P = P, ; , 5 [Proposition 1.4.1(b)]. O

We now introduce the functionals which appear in the Gibbs variational
principle. Let P be a translation invariant probability measure on (), A a
symmetric interval, and =, the projection of Q onto Q, defined by (n,w); =
w;, i€ A. Define a probability measure 7, P on #(Q2,) by requiring n, P{F} =
P{ry'F} for subsets F of Q, and consider the functional

U(A, h,&(A);mpP) = j Hy 1,50 (@) 705 P(dw),
Qp

where @(A) is an external condition. I,ﬁi},p(n AP) denotes the relative entropy
of m, P with respect to m, P,.

Lemma 1V.7.2. Let J be a summable ferromagnetic interaction on 7. Then
for B> 0 and h real, the following conclusions hold.

(a) limy,; |A| " log Z(A, B, h, @(A)) exists and is independent of the choice
of {@(A)}. The limit equals — Py (B, h), where Y(B, h) is the specific Gibbs free
energy.

(b) For any Pe M(Q), u(h, P) =limy4z|A| T UA, h,&(A); m\P) exists
and is independent of the choice of {&(A)}. The limit is given by

4.63)  u(h;Py= —= Z J(k) woka(dw) —h f wo P(do)
Q

keZ

and is a bounded, affine, continuous functional of Pe M(Q). The functional
u(h; P) is called the specific energy in P.

|
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(c) For any Pe.# (), limATZIA]ﬂI,‘[i’Pp(nAP) exists and equals I(P),
the mean relative entropy of P with respect to P,. I|*)(P) is an affine, lower

semicontinuous function of Pe . # ().

Proof. (a) Lemma IV.6.2.
(b) Since P is translation invariant, U(A, 4, &(A); 7, P) equals

—% S JNA, k) { 0o Pdw) — Y Y TG — ), f gy P(de)
keZ O ieA jeAC Q
(4.64)
N J 0, P(do),
Q

where N(A, k) is the number of ordered pairs i, j in A for which i — j = k.
As in the proof of Lemma IV.6.2, the @-term is o(JA|) as A1 Z [see (4.42)].
Since for each k N(A, k) < |A|and |A| 7' N(A, k) > 1 as A1 Z, (4.63) follows.
The continuous functionals u,(h, P) = —% <, J(k) [q o, P(dw) — h g
wo P(dw) converge uniformly over 4 () to u(h; P)asn — oo. Hence u(h; P)
is continuous. The boundedness and affineness of u(/4; P) are obvious.

(¢) This is proved in Section IX.2. O

The next theorem is due to Ruelle (1967) and Lanford and Ruelle (1969).
Part (a) is called the Gibbs variational formula. Part (b), which characterizes
the translation invariant infinite-volume Gibbs states as solutions of this
formula, is called the Gibbs variational principle. Heuristically, the theorem
follows from Proposition IV.7.1 by dividing each term in the latter by |A|
and taking AT 7.

Theorem IV.7.3. Let J be a summable ferromagnetic interaction on Z. Then
for B> 0 and h real, the following conclusions hold.

(@) —BY(B,h) = SUDpe u (e { — Pulh; P) — IV(P)}.

(b) The set of Pe .4 (Q) at which the supremum in part () is attained equals
Gy w0 M(Q), the set of translation invariant infinite-volume Gibbs states.

First, we will check the consistency of the theorem with Theorem IV.6.5,
which analyzed the structure of the set 4, , N .4 (Q). Then, we will prove the
Gibbs variational formula using level-3 large deviations. In Appendix C.5
we sketch a proof of the Gibbs variational formula and principle for a much
larger class of models than we are now considering. The proof is due to
Follmer (1973) and Preston (1976). In Appendix C.6 we solve the Gibbs
variational formula for finite-range interactions, using techniques to be
developed in Chapter 1X.

The Gibbs variational principle makes explicit an energy-entropy com-
petition which underlies the ferromagnetic phase transition. First consider
f =0. Then in the Gibbs variational formula the energy term is absent,
and suppe 40 { =P} = —infp. 40 [V(P) is attained at the unique
measure P,. This is consistent with Theorem IV.6.5 since for small
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Gy O M(Q) consists of the unique measure Fy, and Py, = P, as f— 0"
[Problem V.13.1(d)]. Now consider large . Then in the Gibbs variational
formula the energy term dominates. For A > 0

sup {—u(h;P)} = sup {1 Y J(k) | wowidP + h wodP}
Pe ./ (Q) Pe.#(Q) 2keZ Q Q

is attained at the unique measure Py , which is the infinite product measure
with identical one-dimensional marginals J, . This is consistent with Theorem
1V.6.5 since for all A >0 %, ,n . #,(Q) consists of the unique measure
Py, and Py, = P; as f— oo [Problem V.13.1(d)]. P; is supported on the
totally aligned plus-ground state @, (@, ;=1 for all jeZ). On the other
hand, if 4 = 0, then supp. 4 q { —4(0; P)} is attained at all the measures
PY = )P +(1—MP;_, 0<A<1* This would be consistent with
Theorem 1V.6.5(d)—(e) if whenever . is finite, P, , (resp., Py o -) con-
verged weakly to P; (resp., P; ) as f— oo. A proof of this statement for
models on Z2, D > 2, is sketched in Problem V.13.1(d).

We now derive the Gibbs variational formula using level-3 large devia-
tions. The interval A consists of the 2N + 1 integers j with |j| < N. In order
to ease the notation, we consider # = 0 and write Z(A, f3,0) as

Z(n,f) = f exp [§ ) J(i—j)a)iwj} B,(do),

i,j=1
where n = 2N + 1. A similar proof is valid for & # 0. A relatively easy case
is the Ising model on Z, for which

Zn, p) = J‘ exp [ﬁf nil ijjﬂ] P, (dw), F > 0.

This equals the quantity Z!» in Theorem I1.7.3(c) with G(w;, ;) =
BAw;w;,,. Hence by (2.42)

—By(B,0) = limllogZ(n, p) = sup {ﬁfj w, 0, P(dw) — 1;(:3)(1’)}-
n=© Pe () Q
This gives the Gibbs variational formula since [, w,dP = [qw,w, dP."*
We now prove the Gibbs variational formula for any finite-range interaction
J. We write

1 & .. n .
; Y I - pHww; = EJ(O) + > Ji— oo,
i,j=1

1<j<is<n

n—1 n—k
= -Z-J(O) + Y JK) Y 00
k=1 j=1

*The set of maximizing measures for supp. () {—u(0; P)} may contain other measures
besides {P'»,0 < 4 < 1} (depending on J).
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Thus if J has range L and n > L then

n L n—k
Z(n,p) = j exp {ﬁ[EJ(O) + Y Jk) Y ijkﬂi”Pp(da)).
Q k=1 j=1
Let R,(w, -) denote the empirical process n™! ) ;128 Grky(n (), Where T is
the shift mapping on Q and Y(n, @) is the periodic point in Q obtained by
repeating (Y (), ¥;(w), . . ., ¥,(w)) periodically (Y(w) = w,). We have
n—k
Y 0w + % x k cyclic terms,
=1

o 1
f @0y, R, (0, dd) = P
o

where the & cyclic terms are w;w;, ;—,,j =#n —k + 1, ..., n. Thus uniformly
in w

= O(L).

L L n—k
0 Ik f 5rBps Ro(0,d5) — 3 TR)'S 030001,
k=1 a k=1 =1

By the comparison lemma, Lemma I1.7.4, Z(n, f) has the same leading order
asymptotic behavior as

Z(n. p) = J exp {n,BBJ(O) + ij(k) J

Q Q

01041 R (, da))J } P,(dw)

_ J exp[—npu(0; P)]Q(dP),
A Q)

where Q¥ is the distribution of R,(w, ) on .#/(Q). By Theorem IX.1.1,
{0’} has a large deviation property with a, = n and entropy function 7.
Varadhan’s theorem, Theorem I1.7.1, yields the Gibbs variational formula:

—BU(B.0) = lim log Z(n, f) = sup {=Bu(0; P) — IP(P)}.
noon Pe #y(Q)

We finally prove the Gibbs variational formula for an infinite-range,
summable interaction J. Take L > 0 and define J, (k) = J(k) for |k| < L and
Jp(k) =0 for |k| > L. We use the result just proved for the finite-range
interaction J;. By taking L sufficiently large, we can make the quantities
—B¥(B,0) and supp. 4 q) { —Pu(0, P) — I)(P)} corresponding to J, arbi-
trarily close to the respective quantities corresponding to J. This completes
the proof of Theorem IV.7.3(a).

For the general ferromagnet, the translation invariant infinite-volume
Gibbs states are also characterized by an entropy principle which is equiva-
lent to the Gibbs variational principle. The entropy principle involves an
energy constraint, expressed in terms of the specific energy u(h; P) in the
state Pe . #(Q). For each > 0 and 4 real, define the set

Ap = {ueR:u=u(h;P)for some Pe¥b,, N .MU [(Q)}.
Forf>0,h#+0and 0 < f < B, h=0,%; ,n Q) consists of the unique
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measure Py ,, and so A, , is the single point {u(k; P, ,)}. The situation for
f > B., h = 0 can be different since it is possible for 4, , N .4 () to contain
two measures P, and P, for which u(0; P;) # u(0, P,). Since u(h; P) is a con-
tinuous functional of P, 4, , is a compact interval of R. The next theorem
generalizes the entropy principle in Theorem 1V.3.3, which characterized the
finite-volume Gibbs state Py 4 ,."°

Theorem IV.7.4. Let J be a summable ferromagnetic interaction on Z. For
B >0, hreal,andue Ay ), let F;, , denote the subset of {Pe M (Q): u(h; P) =
uj at whichinf {I(P): Pe 4 (Q),u(h; P) = u} is attained. Then the following
conclusions hold.

(a) UueAﬁ’th,h,u =Gpu O ML)

(b) For f>f., h=0, and u=u(0; Py, ), the set F;, , contains (at
least) all the infinite-volume Gibbs states Py = AP o + (1 — D Py, —
0 < A< 1. Thusinf{I{P(P): Pe 4 (Q),u(0; P) = u(0; By o +)} isnot attained
at a unique measure.

Proof. (a) Given Pe%,hmﬂs(ﬂ), set u = u(h;P). Then by Theorem
Iv.7.3

—BY(B.h) = — Pu — IP(P) < — Bu — inf {I(P): Pe dl|(Q),u(h; P) = u}
(4.65) < sup {—pu(h;P) — L(P)} = —py(B, h).

Pe Q)
This implies that Pe.%; , ,. Now assume that Pe.7;, ,, some ue A, does
not belong to %, , N .# Q). Then for any Py €%y , 0 M (Q) with u(h; Py) = u

—Bu — I(P) = — pu(h; P) — I(P)
< =PY(B.h) = —Puh; Po) — IV (Po) = —Pu — I>(Py).

Thus I{*(P,) < I{*(P). This contradicts the hypothesis that £ belongs to
Fp nu Part (a) is proved.

(b) By symmetry u(0; P; o ) equals u(0; P; o _). Hence forall0 < 4 < 1,
u(0; P{) equals u(0; Py ,, ). Since Py*) belongs to 9, , 0 #(Q), the proof
of part (a) shows that Pf%) belongs to g yo;ps o 1)- O

The nonuniqueness property of I{* expressed in part (b) of Theorem
IV.7.4 is a level-3 analog of a nonuniqueness property of the function
I; o(2), B> B., discussed at the end of Section IV.5. The set of means
{fawoP§H(dw); 0 < A < 1} of the measures {P*);0 < 4 < 1} is exactly the
interval [m(f, —), m(f, +)] on which I, o(z) attains its infimum of 0.

One of the main results in this chapter is that if g, if finite, then for § > f,
and 4 = 0 there exist nonunique, translation invariant infinite-volume Gibbs
states Py o . and Py, .. In the next chapter we will study ferromagnetic
models on the lattices Z?, De{2,3, ... }. These models share many features
with the models on Z. An important contrast is the fact that f8, is finite for any
nontrivial interaction.
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IV.8. Notes

Many of these notes apply with little or no change to ferromagnetic models
onZ” De{l,2,...}. These models will be treated in the next chapter. The
notes which do apply are so indicated.

1 (page 88) (Z”,D > 1). The similarities between the phase transitions
for liquid—gas systems and ferromagnetic systems are discussed by Stanley
(1971, Chapters 1 and 2). A model that is based on analogies between the two
kinds of systems is the lattice-gas model [Lee and Yang (1952), Stanley
(1971, Appendix A)].

2 (page 89) (Z”,D > 1) (a) Introductions to ferromagnetic models and
related lattice systems can be found in Griffiths (1971, 1972), Spitzer (1971),
Georgii (1972), Thompson (1972), Kindermann and Snell (1980), and Gross
(1982). Ruelle (1969, 1978), Lanford (1973), Preston (1974b, 1976), Israel
(1979), and Simon (1985) are advanced references. Wightman (1979) is a
beautiful overview of the thermodynamics of phase transitions (based on
Gibbs’s geometric approach through convexity) and the mathematics of
lattice systems. Lebowitz (1975) is a useful review of properties of ferromag-
netic models. Also see Gallavotti (1972a).

(b) A rough sketch of the Ising model first appeared in a 1920 paper of
Lenz, but the model was named after his student, E. Ising. Ising (1925) con-
cluded that there is no phase transition for D = 1 but erroneously tried to
generalize his argument to D = 2. Brush (1967) discusses the history of the
model.

3 (page 93) (Z”,D > 1) The discussion of correlations in Section IV.2 is
based upon unpublished lecture notes of A. Sokal and upon Wilson (1979).

4 (page 94) (Z”,D = 1) The divergence of the specific magnetic suscep-
tibility y(f,0) = 0m(p,0)/0h at B = B, is related, in a liquid-gas system, to
the phenomenon of critical opalescence, which is the strong scattering of
light by the system at the critical point [Stanley (1971, Chapter 1)]. The
strong scattering is caused by abnormally large density fluctuations in the
system.

5 (page 95) (ZP,D > 1) (a) A useful generalization of the finite-volume
Gibbs state P, 4, in (4.4) is to allow many-body interactions [see Appendix
C.3]. A second generalization is to replace the measure p = 16, +16_, bya
nondegenerate symmetric probability measure p on R for which [g e
p(dx) is finite for all ¢ > 0. The measure p is called a single-site distribution.
For example, see Lebowitz and Presutti (1976), Newman (1976a, 1976¢),
Ruelle (1976), Sylvester (1976b), Cassandro et al. (1978), and van Beijeren
and Sylvester (1978). A third generalization is to allow vector-valued spins.
For example, the d-vector spin model corresponds to spins taking values in
the surface of the unit sphere in R?, de {2, 3, .. .}; the single-site distribution
is p(dx) = 6,(||x|]), x € R% The Heisenberg model is the case d = 3.

(b) Ferromagnetic models have been applied in a number of different
areas. A useful technique for studying quantum fields is first to study the
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fields on a lattice, then to let the lattice spacing shrink to zero. The lattice
approximations are ferromagnetic models whose single-site distributions
have the form const-exp(—P(x))dx, P(x) an even polynomial [Simon
(1974), Guerra, Rosen, and Simon (1975), Rosen (1977), Glimm and Jaffe
(1981)]. Stochastic models closely related to spin systems are studied in
percolation theory [Kesten (1982), Aizenman and Newman (1984), Durrett
(1984a, 1984b)] and in the theory of interacting particle systems [Spitzer
(1970), Holley and Stroock (1976a, 1976b, 1977), Liggett (1977, 1985),
Griffeath (1978), Durrett (1981)].

6 (page 97) (Z°,D = 1) In order to avoid the nonphysical values f < 0
in Theorem IV.3.3, restrict U to the interval (Uyy,, Uy), where U, = limg_, o+
UA 15 Py pa) = jQA Hy w(@)mp Py(dw) = —3J(0)[A].

7 (page 98) (ZP,D > 1) The Curie—Weiss model is discussed in Kac
(1968) and in Thompson (1972). It is also known as the Husimi—Temperley
model [Husimi (1953), Temperley (1954)].

8 (page 106) (ZP, D > 1) The first Curie—Weiss bounds on 8, and m(p, k)
were found by Fisher (1967a), Griffiths (1967¢), and Thompson (1971). For
subsequent work on such bounds, see Cassandro et al. (1978), Simon (1980b),
Pearce (1981), Sokal (1982a), Slawny (1983), and the references listed in
these papers. Newman (1981b) proves the bound m(B, k) < m“V(B, k) for
f > 0 and & = 0 by using a connection between the Curie—Weiss model and
Burger’s equation.

9 (page 107) (Z”,D > 1) Whether m(B., +) equals 0 or is positive
depends on the model [Lebowitz and Martin-Lof (1972, page 282)]. The
first holds for the Ising model on Z* [see (5.18) ] while the second is believed
to hold for the model on Z with J(k) = k=2, k # 0 [see Note 10c]. In general,
the value of m(f., +) is not known.

10 (page 107) (Z only) (a) Simon and Sokal (1981) have an entropy-
energy proof of the fact that ) .., |k|J(k) < co implies that f, is infinite.
Dobrushin (1968c), Ruelle (1968), and Bricmont, Lebowitz, and Pfister
(1979) show by different methods that if ), |k|J(k) is finite, then there
exists a unique infinite-volume Gibbs state for all § > 0 and 4 real. This
implies that f, is infinite [Theorem 1V.6.5]. The latter three papers prove
analogous results for interactions J of arbitrary sign.

(b) We show that B, is finite if J > 0 and J(k) ~ |k|™%, some 1 <a <2
[Theorem IV.5.3(¢c)]. Thereexist b > Oand 1 < y < 2suchthatJ(k) > b|k|™?
for all k # 0. By Theorem V.4.3(f), f, corresponding to J is less than or equal
to B, corresponding to the interaction J(k) = b|k|™?, kK + 0. For the latter
interaction, Dyson (1969a) proves that

li—jlmo ATZ

liminf lim J ®;0; Py 5 o(dw) >0
Q5
for all sufficiently large § (long-range order).

Proposition 1V.8.1. If long-range order holds, then B. is finite.
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Proof. By the GKS-2 inequality [see Remark V.4.1(a)], 59/\ @;0; Py g o(dew)
< {q L0 Py g o o (dw), where Py g o is the finite-volume Gibbs state with
the plus external condition. By Theorem 1V.6.5(a), Lemma IV.6.10(b), and
Corollary A.11.12(b),

lim lim f W;0; Py 4o+ (dow) = [m(B, +)]*
li—jlo o ATZ ay

Thus 0 < liminfy,_j, limy 1z fo, @;0;Py ,0(dw) < [m(B, +)]* for all suffi-

ciently large f. It follows that f, is finite. O

(c) The phase transition for the interaction J(k) = k=2 (k # 0) [Frohlich
and Spencer (1982a) ] is believed to be an unusual kind. Namely, m(B, +)isa
discontinuous function of § at f = B.:m(f, +) = const > 0 for f > B. and
m(f,+) =0 for 0 < f < .. This was first discussed by Thouless (1969)
and proved in a related hierarchical model by Dyson (1971). Also see Simon
and Sokal (1981) and Sokal (1982b).

(d) There is a large literature concerning models on Z. For example, see
Dyson (1969b, 1972), Dobrushin (1973), Kolomytsev and Rokhlenko (1978,
1979), Cassandro and Olivieri (1981), Rogers and Thompson (1981), Simon
(1981), and Imbrie (1982).

11 (page 115) (a) (Z°,D > 1). The proof that the measures P, , , and
P, . - are ergodic follows Slawny (1974, page 300). The latter paper uses
the GKS-2 inequality instead of the FKG inequality. The rest of Theorem
1V.6.5 and Lemmas 1V.6.9-1V.6.10 are due to Lebowitz and Martin-Lo6f
(1972).

(b) (Z only). Fannes, Vanheuverzwijn, and Verbeure (1982) prove that if
J(k) is monotonically decreasing for k sufficiently large (e.g., J(k) = |k| ™%,
k + 0, for 1 <a < 2), then every infinite-volume Gibbs state is translation
invariant. The proof is based on energy-entropy estimates.

(¢) (Z°,D = 1). The fact that %, consists of a unique measure for all
sufficiently small § [Theorem IV.6.5(c)] also follows from a general unique-
ness theorem of Dobrushin (1968a). See Lanford (1973, Section C2) and
Simon (1979b).

(d) (ZP,D > 1). Part (e) of Theorem 1V.6.5 can be strengthened. The
following theorem is due to Lebowitz (1977).

Theorem IV.8.2. Let J be a summable ferromagnetic interaction which is
irreducible on Z [see page 96]. Pick p > B. such that d(py(B,0))/0p exists.
Then Gy o N M(Q) consists precisely of all the measures Py = \Py . +
(= DP -, 0<2<1;0(BY(B,0))/0B exists for all but at most countably
many values of f = B..

The quantity J(py(f,0))/0p is called the specific energy [Problem
IV.9.11].

12 (page 116) (ZP,D > 1) Symmetry breaking is discussed further in
Glimm and Jaffe (1981, Section 5.3).
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13 (page 117) Here is an interesting open problem. According to
Theorem 11.6.1(b), for § > B, and any ¢ > 0, Py o , {SA/|A| = m(B, +) + &}
converges to 0 exponentially fast as ATZ. By Theorem I1V.6.6(b), for
B> P.and 0 <& <2m(B, +), Py o+ {Sx/|A| < m(B, +) — &} converges to 0
but not exponentially fast. What is the decay rate of these probabilities?

14 (page 118) The FKG inequality originated in work on percolation
models [ Harris (1960) ] and has been generalized and applied in many ways.
See Battle and Rosen (1980), Newman (1980, 1984), Eaton (1982), Graham
(1983), and the references listed in these papers.

15 (page 128) Let I' = {1, — 1} and define .#((I'?) to be the subset of
A (I'?) consisting of probability measures t with equal one-dimensional mar-
ginals. Clearly, if P belongs to .#,(Q), then T = =, P belongs to .#(I'?). For
the Ising model on Z, we have

—BY(,0) = sup {ﬂfj wlsz(dw)~1,‘,3’(P)}

Pe Q)

~ sup {ﬂf J 0, ,7(do)

te H(T2)

— inf{I®(P): Pe M(Q), 7, P = 11}.

By Theorem IX.3.3, inf{I{’(P): Pe #(Q),n,P =1} equals the function
I$?)(7) defined in (9.6). Hence,

(4.66) — B (p,0) = sup {ﬁfj ,0,7(dw) — 15,,3%(1)}-
te#|(?) r2

The latter can be derived directly if one expresses the partition function
in terms of the empirical pair measure and uses Theorem 1X.4.3 for « = 2.
Equation (4.31) in Section IV.5 gives another formula for — (S, 0) in terms
of the larger eigenvalue of a 2 x 2 positive matrix. Theorem 1X.4.4 shows
the equality of the expressions for —fy/(f,0) given in (4.31) and (4.66).
Any finite-range interaction on Z can be handled like the Ising model on
Z [Appendix C.6].

16 (page 130) (Z”, D > 1) There is a contraction principle related to the
entropy principle in Theorem IV.7.4. The function

IV(hyu) = inf {I(P): Pe dl (Q),u(h; P) = u}

is tbe entropy function of the n, P,-distributions of {H, ,/|A|}. The function
— IV (h;u) 18 called the specific microcanonical entropy. See Lanford (1973,
Chapter B), Aizenman and Lieb (1981), and Simon (1985).

1V.9. Problems

Many of these problems extend with little or no change to ferromagnetic
models on ZP, De{l,2,...}. These models will be treated in the next
chapter. The problems which do extend are so indicated.
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1V.9.1. (Z?, D > 1). Prove Proposition 1V.3.2.

1V.9.2. (ZP,D > 1). Prove that if 4 > 0, then as  — oo the finite-volume
Gibbs states {P, ;0; > 0} converge weakly to the unit point measure
5, @, is the configuration in Q, defined by @.. ;= 1 for each jeA.

The next four problems concern the Curie—Weiss model [Section IV.4].
1V.9.3. Verify formula (4.12) and the table accompanying Figure IV.3.

1v.9.4 [Kac (1968, page 247)]. This problem shows how to derive the limit
(4.19) without using large deviations.
(a) By substituting in (4.11) the identity
466 expiy?) = —— J exp(y —3dr, v = JnfAor,
R

N

and carrying out the Q'"(dz) integration, prove that

] (t—ﬁk)z}
lim =log Z(n, B, h) = sup<log cosht — ~——2>,
lim > log Z(n, B, ) ,Euﬁ?{ g cos8 26,4,

(b) Using Problem VI1.7.14, prove that
sup {logcosht — 3(B.70) (1 — ph)*} = sup {3B.4o2* + Bhz — I}V (2)}.
zeR

teR

IV.9.5. Equation (4.19) shows that for the Curie—Weiss model, the specific
Gibbs free energy (B, h) equals — ™" sup, .z {38.4,2% + phz — I{V(2)}.

(a) For > 0 and % + 0, prove that oy (B, h)/0h exists and — oy (S, h)/oh
= z(f, h), where z( 8, h) is specified in the table accompanying Figure IV.3.

(b) For > 0and h > 0, prove that (V)" (z(B, h)) > B.7%.

(c) For f > 0and & > 0, prove that dz(f, h)/oh > 0, 0z(B, h)/0p > 0, and
0%z(B, h)joh* < 0.

(d) Verify the conclusions of Theorems IV.5.1 and IV.5.2 for y/(8, #) and
for the Curie—Weiss specific magnetization.

1V.9.6. [Ellis (1981)]. Let ¢, ,(2) = lim,_,, n ' log [o exp[zS,(w)]P, ; ,(dw),
where P, ; , is defined in (4.9). The function ¢, , is the free energy function of
the sequence {S,;n = 1,2, ...} for the Curie-Weiss model.

(a) Prove that ¢; ,(¢) = sup, g {1z — iz ,(2)} + inf, g i; ,(2), where iz ,(2)
= 1) — Aoz + o).

(b) ¢5,,(0) exists for $>0, h#0 and 0 << 7', h=0, but ¢ ,0)
does not exist for f > _#; !, h = 0. Prove this statement first by explicit cal-
culation and then by applying Theorems 11.6.3 and IV .4.1.

(c) Evaluate the Legendre—Fenchel transform of ¢ ,. What is the rela-
tionship between the Legendre—Fenchel transform and the function 7, ,, in
(4.17)? [ Hint: Theorem VI.5.8.]
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The remaining problems concern general ferromagnets on Z.

IV.9.7 (ZP, D = 1) [Pearce (1981)]. Let J be a summable ferromagnetic
interaction on Z and set ¢, = Y , ., J(k). Let m(B, h) be the specific magneti-
zation corresponding to J and mWV(, ) the specific magnetization for the
Curie—-Weiss model with interaction #y/|A|. For h = 0, m¥ (B, h) equals 0
and for i > 0, m“¥(f, h) equals the unique positive root z(f3, h) of (4.14).
The present problem shows that for §> 0 and 42 > 0, mY(B, h) > m(B, h)
and thus that f, > #;' [Theorem IV.5.3(a)].

Let A be a symmetric interval. For each i, je A, define J,(i — j) = Y e
J(i —j— k|A|). Fix >0 and # > 0. Let P, ;, be the finite-volume Gibbs
state corresponding to J and P, ;, , the finite-volume Gibbs state corre-
sponding to J, (p stands for the periodic boundary condition). For i€ A,
define

{wiya= j 0Py g p(dw) and (o> , = j 0 Py g4, p(dO).
Q5 Qp

Since £ >0 and J{M > J(i—j), Table V.1(c) implies <w;>5 , > w4
[page 147].

(a) Show that the sum ) ;.,J,(i —j) is independent of i and A and
equals 2, = ) ez J(K).

(b) Denote by {—), expectation with respect to exp(f(,Zoz + ) jea®@))"
npP,(dw) - (1/Z,), where Z,, is a normalization. Prove that

2= <@, = <<z - w»exp{g@ S I =)= ) - wj>}> -

kd
i,jeA Z

where z = z(B,h) and Z = {exp{§ Y. jeaJali =)z — 0)(z — @)} Do-
(c) Prove that for each positive integer » and site je A

j (2 — ) exp[ B(foz + W] p(de)
{1,—-1}

= 3@ + 1) exp[ B( Aoz + W] {a(B,h) + (1Y a(B, h)'}

is positive, where z = z(f, h) and a(B, h) = exp[ —28( Fyz + h)]. [Hint: Use
(4.14).]

(d) By expanding the exponential in part (b) and using part (c), prove that
(B, h) > L), , = {w;) 5. Deduce that

mOB, ) = m(f k) = lim - Y Copa  and B> g
ATz ‘AI icA
IV.9.8 (7 only) [Sakai (1976), Bricmont, Lebowitz, and Pfister (1979)]. Let
J be a summable ferromagnetic interaction on Z for which ) ., |k|J(k) is
finite. This problem shows that for all f > 0 and 4 = 0 there exists a unique
translation invariant infinite-volume Gibbs state Py ,. Theorem 1V.6.5
implies that f, equals oo, thus proving Theorem 1V.5.3(b).
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By Lemma IV.6.9(c), it suffices to prove that Py , , equals P; , _ for all
B> 0.

(a) Let X be any cylinder set in Q. Prove that for all sufficiently large
symmetric intervals A

Prg0,- {Z} <exp[4p kzl |kl-](k)] “Prpo.+ {z}.

[Hint: First prove the bound for cylinder sets of the form {weQ:w; = @;
for each ie A}, where A is a symmetric interval and @ is a configuration
in Qx]

(b) By Theorem IV.6.5(a), Py o0+ =Ps0,+ and Py 0 _ =P, - as
A1Z. Deduce a contradiction to part (a) if Py o .. # Py o - [Hint: Theorem
A.11.7(b)].

1V.9.9. (Z?, D > 1) Prove (4.38). [ Hint : Suppose that fe € (Q) depends only

on the coordinates ; , . . . ,»; . If A contains the sites iy, . . . , i, then fcan be
written in the form ) 5_, a; Xz,» Where sis a positive integer, a,, . . ., d; are real
numbers, and X, , ..., X; are cylinder sets such that m,(Z; n B, z) = 7, Z;.]

1V.9.10. (Z only). Fill in the details in the proof of the Gibbs variational
formula for an infinite-range, summable interaction on Z and for an arbi-
trary value of 4.

1V.9.11. (Z®, D > 1). Let J be a summable ferromagnetic interaction on Z.
H, , denotes the Hamiltonian defined in (4.3); P, 4, the corresponding
finite-volume Gibbs state defined in (4.4); Z(A, B, h) the partition function
[, exp[ —BH, y(@)]n,\ P,(dw); ¥ (A, B, h) the Gibbs free energy
— B tlog Z(A, B, h), and W (B, h) the specific Gibbs free energy
limy 2 |A|T"P(A, B, ).

(a) Prove that fWW(A, B, k) is a concave function of § > 0 and that

OB¥(ALR) j Hy (@) Py o).
op o
(b) Prove that if o(By(B, h))/0p exists, then

1 I
R LA Hy (@) Pr.p.nlde0) = %

The limit is called the specific energy.
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