Chapter 1

Introduction to Large Deviations

I.1. Overview

One of the common themes of probability theory and statistical mechanics is
the discovery of regularity in the midst of chaos. The laws of probability
theory, which include laws of large numbers and central limit theorems,
summarize the behavior of a stochastic system in terms of a few parameters
(e.g., mean and variance). In statistical mechanics, one derives macroscopic
properties of a substance from a probability distribution that describes the
complicated interactions among the individual constitueht particles. A cen-
tral concept linking the two fields is entropy.! The term was introduced into
thermodynamics by Clausius in 1865 after many years of intensive work by
him and others on the second law of thermodynamics. An early important
step in its development and enrichment was the discovery by Boltzmann of
a statistical interpretaton of entropy. Boltzmann’s discovery, which was pub-
lished in 1877, has three parts. We have augmented part (c) to include the
possibility of phase transitions.

(a) Entropy is a measure of randomness or disorder in a statistical
mechanical system. :

(b) If Sis the entropy for a system in a given state and W is the ““thermo-
dynamical probability” of that state,* then S = klog W, where k is a
positive physical constant.

(¢) The equilibrium states, which are the states of the system observed in
nature, are those states with the largest thermodynamical probability
and thus the largest entropy. By (a), they are the “most random” states
of the system consistent with any constraints which the system must
satisfy (e.g., conservation of energy). The existence of more than one
equilibrium state corresponds to a phase transition.

All the notions of entropy discussed in this book are variations on the
Boltzmann theme. In analyzing stochastic or statistical mechanical systems,

*The thermodynamical probability is defined to be the number of microstates compatible
with the given state (see Wehrl (1978, page 223)).
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one must extrapolate from a microscopic level, on which the system is
defined, to a macroscopic level, on which the laws describing the behavior of
the system are formulated. Boltzmann shows that entropy is the bridge
between these two levels. We will illustrate these ideas and outline the main
themes of this book in terms of a basic stochastic model. This discussion is
intended for the reader who has a knowledge of probability theory consistent
with Appendix A. Other readers may still perceive the global picture without
turning to Appendix A at this time. That task may be postponed until the end
of the first chapter.

Each of our systems is modeled microscopically by a collection of random
variables { X, ; ae .o/} which are defined on a probability space (Q, #, P) and
which take values in a space I'. { is a nonempty set, & is a g-field of subsets
of Q, and P is a probability measure on (Q, #). I is called the state space or
the outcome space; in all of our applications, I'is R%, de {1,2, .. . }, or a sub-
set of R?. o/ is a suitable index set. Our results depend only on the distribu-
tion of the random variables {X,;a€.o/}. Hence we may take Q to be the
product space I'” and the collection {X, ;a€ .2/} to be the coordinate repre-
sentation process. That is, given a point w = {w,;ae ./} in I'“, we define
X,(w) = w,, the ath coordinate of w. Each we ' represents a possible con-
figuration or microstate of the system, and the entire space I'# is the set of all
the configurations. The definition of the model is completed by specifying a
probability measure P on configuration space. Here are some examples.

Example L.1.1. (a) Let o/ be the set of integers Z={..., —1,0,1, ...}
and I a finite set of distinct real numbers {x,, x,, ..., x,}. Define Pto be an
infinite product measure on I'? with identical one-dimensional marginals,
which we denote by p. Thus p is a probability measure on I', and it has the
form ) _, p;0x,» where p; > 0, Yiip=1,and d,, is the unit point measure
at x;. The variables {X;;jeZ} are independent and identically distributed
(1.i.d.) and each has distribution p. We write P, for P. '

(b) A simple case of (a) is I' = {0, 1}. The {X;;je Z} are then Bernoulli
trials and p = pody + p16,. The {X;;jeZ} may, for example, represent the
successive outcomes of the toss of a coin in an infinite sequence of tosses
separated by a constant time interval. Each outcome is recorded as 0 for a
tail and 1 for a head. A fair coin corresponds to p = 38 + 39;.

(¢) In (a), the set I’ = {x, x,,...,x,} may represent a set of possible
velocities of the molecules of an ideal gas which are constrained to move in
an interval and which undergo elastic collisions at the endpoints. Then X
denotes the velocity of the molecule labeled j. A configuration weI'Z is a
specification of the velocities for each molecule. Independence means that
the molecules do not interact. This model is treated in Chapter II1.

(d) A ferromagnet is modeled by random configurations of spins (mi-
croscopic magnets) at sites in the D-dimensional integer lattice ZP, De



I.1. Overview 5

{1,2,...}. Weset of =7 and I = {1, —1}. The values 1 and —1 repre-
sent “spin-up” and ‘‘spin-down,” respectively. Configuration space Q is
{1, —I}ZD and X,(w) is the spin at site je Z” for the configuration w. A
product measure on  is not appropriate for this model since the spins at
different sites interact. The ferromagnet is modeled by a probability measure
P on Q which is translation invariant; i.e., invariant with respect to spatial
translations in Z”. Ferromagnetic models are the subject of Chapters IV
and V.

As these examples show, a probability measure on a configuration space
provides a microscopic definition of a stochastic or physical system. How-
ever, the laws describing the behavior of such a system are macroscopic
descriptions which in contrast to the number of all configurations, involve
many fewer variables. For each description, the range of possible values of
these variables defines the set of macrostates. Each macrostate is compatible
with, and hence is a summary of, many microstates. The entropy of a macro-
state is a measure of this multiplicity. Those macrostates compatible with the
most microstates—i.e., those with the largest entropy—are the ones observed
in nature. Generally, a system will have several possible macroscopic descrip-
tions, each differing in complexity and in choice of macrostate. For each
description, there is a different entropy concept.

We return to the coin tossing model in order to explain these ideas. This
model is represented by the infinite product measure P, on the configuration
space Q = {0,1}% (p = pody + p19,). Macroscopically, the behavior of the
coin can be expressed by a single number, its mean value. The possible mean
values are all numbers z € (0, 1), and there is no harm including the endpoints.
We call the set of ze[0, 1] macrostates. The weak law of large numbers
(WLLN) enables one to estimate the macrostate in terms of microstates.
Define S,(w) = Y j_; Xj(w) forn=1,2, ... and w€Q. S,(w)/n is the average
value of the tosses w;, w,, ..., w,. The sum S,(w)/n is called a microscopic
sum or n-sum. Let m, be the mean value of the measure p (m,=0-p, +
1-p, = py) and Q, the distribution of S,/n. The WLLN says that for any
e>0,

Q. {(m, —e.m, + &)} = P,{weQ:S(w)/ne(m, —e,m, + &)} - 1
as n— co.

In other words, if # is large, then with respect to P, essentially all microscopic
n-sums are close to the macrostate m,. The latter is called the equilibrium
state.

Here is how entropy arises. Assume for simplicity that the coin is fair
(m, = %). For any zeR and ¢ > 0, let 4., be the interval (z — ¢,z + ¢). By
the WLLN, Q,{4,, .} > 1 as n— oo while if z # m, and 0 <& <|z —m,|,
then Q,{4. ,} — 0. In the latter case, it is not hard to refine the WLLN and to
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log 2

Figure I.1. The entropy function (z) for the coin tossing model.

prove that Q,{4, .} decays to 0 exponentially fast. The exponential rate of
decay is defined by F(z,&) = —lim,.,n 'logQ,{4,,.* By a simple
combinatoric argument (as in the proof of Theorem 1.3.1), one shows that
F(z, ¢) equals the infimum over 4, , of the function

zlog(2z) + (1 — 2)log(2(1 — 2)) for ze[0, 1],
{oo for z¢[0, 1],

where 0log0 = 0. The graph of the non-negative convex function 1(z) is
shown in Figure 1.1; clearly, F(z,¢) > 0. I(z) is called the entropy function
for the coin tossing model. We now interpret it in view of our earlier remarks
on entropy.

For any zeR and large n, Q,{4, .} is approximately exp(—nF(z, ¢)).
Since F(z,¢) —» I(z) as ¢ = 0, we may heuristically write

(1.2) 0,{4; ..} = exp(—nl(z))

for n large and ¢ small. If z # m,, then I(2) is positive and exp(—nI(z)) - 0
as n— co. This is consistent with the exponential decay of Q,{4,,} for
0<e<|z— m,,l. The heuristic formula (1.2) shows that to a small value of
I(z) there corresponds a large probability Q,{4. ,} or, in other words, a high
multiplicity of microstates. In this sense, /(z) is a measure of the multiplicity
of microstates compatible with the macrostate z. For another interpretation,
given points z; and z, in [0, 1], it is reasonable to call z; more random than
z, if I(z,) < I(z,); that is, if there are more microstates compatible with z,
than with z,. Thus /(z) also measures the randomness of the macrostate z.
The equilibrium state m, = % is that macrostate which is compatible with the
most microstates. In fact,

Im,) =0=min{l(z):zeR} and I(z) >0 forz #+ m,.

(1) I =

Thus the equilibrium state, being the unique minimum point of 7, is the most
random macrostate. Points z outside of [0, 1] are forbidden values for S,/n:

*If 0,{A4...} =0, thenset log Q,{4. .} = — .
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if An[0,1] is empty, then Q,{4} =0 and I(z) = co for each ze 4. For
z#m,and 0 <¢ <|z—m,|, Q,{4,,} is called a large deviation probability
since the event {weQ: S, (w)/ne 4, .} corresponds to a fluctuation or devia-
tion of S,/n of order |z — m,| away from the limiting mean. It is a very rare
event since Q,{4, ,} — 0 exponentially.

An equivalent statement of the WLLN is that the distributions {Q,;
n=1,2,...} converge weakly to the unit point measure at m, (written
0, :>5m,,)- In this book, we will study much more general but analogous

situations. A sequence of probability measures {Q,;n=1,2,...} on a
complete separable metric space Z will converge weakly to the unit point
measure at some x,eZ. {Q,} will have a large deviation property in the
sense that Q,{K} will decay exponentially for all closed sets K in 2 which
do not contain x,. The decay rate will be given by —inf, . I(x), where I{x)
is some non-negative function on # with a unique minimum point at x,
(I(x,) = 0). I(x) is called the entropy function of the measures {Q,,}.

In a series of important papers beginning in 1975, Donsker and Varadhan
have identified three levels of large deviations which fit into the general
framework just described. These levels will be treated in detail in this book.
Let {X;;jeZ} be a sequence of i.i.d. random vectors taking values in R?. Let
p be the distribution of X, and P, the corresponding infinite product measure
on Q = (RYZ.

Level-1. Define O} to be the distribution of S,(w)/n = >1_; X)(w)/n on R?
and assume that [ga| x| p(dx) is finite. Then by the WLLN the sequence
{Q;n=1,2,...} converges weakly to J,, , where m, is the mean fma xp(dx)
of p. If, furthermore, the moment generating function |gaexp<z, x) p(dx) is
finite for all e R, then Q{V{K} decays exponentially for all closed subsets
K of R? which do not contain m, [Theorem I1.4.1]. The decay rate is given
in terms of a level-1 entropy function I{" which is a non-negative convex
function on R? and which has a unique minimum point at m, (I{"(m,) = 0).
The sums {S,(w)/n} are called level-1 microscopic n-sums and points ze R?
are called level-1 macrostates. The mean m,, is the unique level-1 equilibrium
state.

Level-2. For w €Q, define the empirical measure L,(w, -) = 1" Y "_; 8y (w)( )
(for A = R* a Borel set, L,(w,4) =n""Y"_, 5y (w,{A}) L,(w) takes values
in the space .#(R%) of probability measures on "R (RY s a topological
space with respect to the topology of weak convergence, and it is metrizable
as a complete separable metric space. Let Q' denote the distribution of
L, (o, ) on .#(R%. By the ergodic theorem, the sequence {L,(w, );n =
1,2,...} converges weakly to p (almost surely), and this implies that
{Qf,z) n=1,2,...} converges weakly to §,. In addition, Q{*{K} decays
exponentially for all closed subsets K of /l(R") which do not contain p
[Theorem I1.4.3]. The decay rate is given in terms of a level-2 entropy func-
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tion 7{* which is a non-negative convex function on .# (R*) and which has a
unique minimum point at p (I2(p) = 0). For ve .#(R%), I{?'(v) equals the
relative entropy of v with respect to p. The empirical measures {L, (o, -)}
are called level-2 microscopic n-sums and measures ve.# (R are called
level-2 macrostates. The distribution p is the unique level-2 equilibrium state.

Level-3. Let .#,(Q2) denote the set of strictly stationary probability measures
on Q. .#,(Q) is a topological space with respect to the topology of weak
convergence, and it is metrizable as a complete separable metric space. For
w e, one defines the so-called empirical process R, (w, -) which takes values
in 4,(Q) [see page 22]. Let 0 denote the distribution of R,(w, -) on
M (). By the ergodic theorem, the sequence {R,(®, -);n=1,2,...} con-
verges weakly to P, (almost surely). Hence {Q\”;n=1,2, ...} converges
weakly to 5P In addmon QP{K} decays exponentially for all closed subsets
Kof #4,(Q) which do not contain P,[TheoremI1.4.4]. The decay rate is given
in terms of a level-3 entropy functlon I” which is a non-negative affine func-
tion on .#,(€2) and which has a unique minimum point at P, (I{*(P,) = 0).
The empirical processes {R,(w, -)} are called level-3 microscopic n-sums and
measures Pe .4 (Q) are called level-3 macrostates. The measure P, is the
unique level-3 equilibrium state.

For each of the three levels, we may heuristically express the asymptotic
behavior of the distributions Q{(dx) by the formula exp(—nl{’(x))dx.
0%9(dx) is a measure on the complete separable metric space & = RY,
A(RY), or A (R for i = 1, 2, or 3, respectively. By analogy with coin toss-
ing, we may interpret each entropy function I;“ (x) as a measure of the multi-
plicity of microstates compatible with the macrostate xe 2. In that sense,
I'P(x) is also a measure of the randomness of x.

Varadhan (1966) gave a useful application of the large deviation property
to calculate the asymptotics of certain integrals. The heuristic formula
Q' (dx) ~ exp(—nl’(x))dx suggests that if F is a bounded continuous
function on &, then

lim %logj exp(nF(x)) Q¥(dx) = lim %log[ exp[n(F(x) — I}’(x))]dx
s e} “1 n—ao ‘sf

= sup {F(x) — IP(x)}.

xeZ

This limit is valid under suitable hypotheses [Theorem I1.7.1] and will be
applied a number of times in the book.

So far we have discussed large deviations for i.i.d. random vectors.
Statistical mechanical systems have a similar three-level structure with one
additional feature: there need not be a unique equilibrium state for a given
level. This lack of a unique equilibrium state corresponds physically to a
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phase transition and probabilistically to a breakdown in the law of large
numbers (or ergodic theorem) for the corresponding microscopic xn-sums.
But in general, whether or not there is a phase transition, we may consider
the Legendre—Fenchel transform of the corresponding entropy function.
This transform defines a convex function which in statistical mechanics is
called the free energy. Free energy functions will play a central role in
analyzing statistical mechanical systems in Chapters I11-V.

In the remainder of this chapter we will introduce level-1, 2, and 3 large
deviations by considering i.i.d. random variables with a finite state space.
The corresponding entropy functions will be calculated by means of elemen-
tary combinatorics. In Chapter II, the three levels of large deviations will be
generalized to i.i.d. random vectors taking values in R?. Section I1.6 presents
additional large deviation results, which are particularly suited for applica-
tions to statistical mechanics. The proofs of the theorems in Chapter II are
detailed and will be postponed until Chapters VI-1X. In Chapters I1I-V the
large deviation results will be applied to an ideal gas model and to ferromag-
netic spin models in statistical mechanics.

[.2. Large Deviations for I.I.D. Random Variables with a
Finite State Space

In its simplest form the theory of large deviations refines the classical law of
large numbers. Let S, be the nth partial sum of independent, identically
distributed random variables X, X,, ... . The strong law of large numbers
states that if the expectation E{|X|} is finite, then S,/n converges to E{X,}
almost surely. This was proved by Kolmogorov (1930). It implies the weak
law, which states that S,/n converges to E{X, } in probability. The first large
deviation results were those of Cramer (1938) and Chernoff (1952). They
showed that if X, has a finite moment generating function in a neighborhood
of 0, then the probability that S,/n deviates from E{X,} by a small amount
& > 0 is exponentially small as n —» oo. After Chernoff, these results were
applied and extended in statistics and probability by many people, and they
have played a key role in information theory. In a series of papers starting in
1975, Donsker and Varadhan have generalized these results to Markov
processes with general state spaces and have found many interesting new
applications.

The Donsker—Varadhan theory identifies three levels of large deviations,
which were mentioned in the previous section. An elementary way of intro-
ducing the three levels is by means of well-known but instructive examples
involving 1.i.d. random variables with a finite state space. The rest of this
chapter focuses upon these examples. Later chapters will generalize the large
deviation results beyond this elementary setting.
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Let r > 2 be an integer and consider a finite set I' = {x;,x,,...,x,},
where x; < x, < -+ < x, are real numbers. Let #(I') denote the set of all
subsets of I'. We fix a probability measure p on #(I") for which p, = p{x,} > 0
for each x;eI". Thus p has the form ), pi0x,. For 4 a subset of I" p{4}
equals Y7_, pi0:,{A}, where 0, {4} equals 1 if x;€ 4 and equals 0 if x;¢ 4.
Denote by w the doubly infinite sequence (..., w_,,w_y, Wy, @, ®,, ...)
with each w;eI". Configuration space Q is the set of all such sequences;
thus Q =T'”. Let P, be the infinite product measure on Q with identical
one-dimensional marginals p. To a cylinder set of the form

(1.3) ={weQw,  €F, ...,0nF}, Fi,...,F subsetsof T,

P, assigns the probability P,{Z} = []5_, p{F}. P, is uniquely determined by
these probabilities.* For each integer j define the coordinate function X; on
Q by X;(w) = w;. The functions {X;;jeZ} form a sequence of i.i.d. random
variables with finite state space I' and distribution p.

Until Section 1.5, we will work with level-1 and level-2. These are defined
by two random quantities, called level-1 and level-2 (microscopic) n-sums.
The level-1 n-sum is the average value S,(w)/n = Y }_, Xj(w)n,n=1,2, ... .
The level-2 n-sum is defined in terms of the empirical frequency L, ;(w) with

which x; appears in the sequence X, (®), ..., X, (w):
1 & )
(1.4) L,,,,.(w)zﬁgléxj(w){xi}, n=12 ..., i=1,...,r
For each w, the numbers {L, ;(w); i =1, ..., r} define a probability measure
L,(w, -) on the set of all subsets of I'. For 4 a subset of I,
1 n

(1.5) L(w,A4) = Z Ln,i(w) = n Z 5Xj(w){A}j

xje A j=1

where 5Xj(w){A} equals 1 if Xj(w) € 4 and equals 0 if X;(w) ¢ A. The measure
L,(w, -) is the level-2 n-sum. It is called the empirical measure corresponding

to X;(®), . .., X,(w). The average value S,(w)/n can be calculated by multi-
plying each x; by the empirical frequency L, ;(w) and summing over I'; i.e.,
(1.6) Si@)n =}, x;L, ().

i=1

The right-hand side is the mean of the empirical measure.

With respect to the measure P,, the asymptotic behavior of S,(w)/n and
of L,(w, -) follows from the law of large numbers. Indeed the summands in
S,(w)/n are i.i.d. with mean

mP = j‘ A/;(('O)})p(da)) = Z,l XiPis
Q =

* Appendix A summarizes all the properties of probability measures that are needed in the
text,
*The sum over an empty set is defined to be 0.
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while the summands in L, ;(w) are i.i.d. with mean
J 5Xj(w){xi}Pp(dw) = P,{weQ: X{(w) = x;j = p;.
Q

Hence for any ¢ > 0

lim P {weQ: |S(w)/n —m,| > ¢} =0,

(1.7

.....

The vector (pq,p,,...,p,) 1s the limiting mean of the random vector
(L, {w), ..., L, (w)). The probabilities in (1.7) represent large deviations
since they involve fluctuations of order ¢ of the respective n-sums away from
the limiting means, and ¢ is fixed. Below we show by elementary combina-
torial arguments that each of these probabilities decays exponentially.

I.3. Levels-1 and 2 for Coin Tossing

Coin tossing is defined by the state space I' = {0, 1} and the measure p =
180 + 36,. The value O represents a tail and 1 a head. The proof for this
simple case will set a pattern of proof for the more general large deviation
results which follow. We have p, = p, =3, m, =3, L, ;(w) =1 — S,(w)/n,
and L, ,(w) = S,(w)/n. Hence for each w

’Ln,l(w) - pl' = |Ln,2(w) - p2’ = ]Sn(w)/n - mp”
and so the level-1 and 2 probabilities coincide:

(1.8) PA|S/n—m,| >¢e} = P,{max|L,; — p| = &}.

Let Qi1 be the P,-distribution of S,/n on R and define the closed set
A={zeR:|z—m,|>¢}, where0<e¢<]j.

The set A N [0, 1] is nonempty and Q{P{4} = P,{|S,/n — m,| > ¢} is positive
for all sufficiently large . Since 4 does not contain m,, Q{"{4} - 0. Accord-
ing to the next theorem, Q'’{4} decays exponentially, and the decay rate is
given in terms of the entropy function

(1.9) I,ﬁ”(z)={Zog(zz)'*"“‘Z)log@(l—z)) ;ZZ:ESH

where 0log0 =0. I{¥(z) is convex, is symmetric about z =m, =%, and
attains its minimum value of 0 at the unique point z = m,. I{" is depicted in
Figure L.1.
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Theorem 1.3.1.
1 .1 .
lim ~log 0;"{4} = lim - log P, {|S,/n — m,| = ¢} = —min [[)(z).

Since the set A is closed and does not containm,,, min, . , I{"(z) > I{V(m,) = 0.
Hence Q(V{ A} converges to zero exponentially fast as n — 0o.

Proof. Let Q, be the finite configuration space consisting of all sequences
o = (0;,0,, . ..,0,), with each w;eT" = {0, 1}; thus Q, = I'". If 7, P, is the
finite product measure on Q, with identical one-dimensional marginals p,
then Q\V{4} = n,P,{weQ,: S (w)/neA}. For fixed n and weQ,, S,(w)
may take any value k€{0,1,...,n}. S,(w)/n is in 4 if and only if & is in
the set 4, = {ke{0,1,...,n}:|k/n — 3| = ¢}. For ke A,, define C(n,k) =
n!/(k!(n — k)!). There are C(n, k) points w in Q, for which S,(w) = &, and
n,P,{w} = 27" for each w €Q,. Hence

(1.10) 00{d) = Y m,P{0eQ,: S(w)n=kin = 3 C(n,k)%.

ke A, ke A,
Since there are no more than n 4+ 1 terms in the sum,
1 1
—<O{4} < | =
Q%C(n,k)zn Q4 <@+ ){gg}:C(n,k)zn,
and since log is an increasing function

1 1 1 log(n + 1)
_ 11 — < logQV{4} < —= =T 2
(1.11) ?éif[n og(C(n,k)?_")] < og 0, {4} " +

1 1
EB;): [E log (C(n, k)§>] .

Thus the asymptotic behavior of Q{V{4} is governed by the asymptotic
behavior of the largest summand in (1.10). Entropy arises by the following
lemma.

Lemma 1.3.2. Uniformly inke{0,1, ..., n},

—l—logC(n,k): ——]flogk—<l —l£>log<l—k>+ 0(10&) asn— 0.
n n n n n n

Proof. Since C(n,0) = C(n,n) = 1 and C(n, 1) = C(n,n — 1) = n, the lemma
holds for all n > 1 and k=0, 1, n— 1, n. A weak form of Stirling’s ap-

proximation states that for all n > 2, log(n!)=nlogn —n + f,, where
|B,| = O(logn) [Problem 1.8.1]. Hence for 2 < k <n —2,

n—

K log (1~ k) + 218, — B — Buv)-
n n

1 k
;log C(n, k) =logn — zlogk -



1.4. Levels-1 and 2 for I.I.D. Random Variables with a Finite State Space 13

Write

n_klo 1
7 g

k, 1
logn = —=log— —
n n n

and combine these terms with the other log terms to give
1 k, k k k 1
plogCn, k) = —;102%; - (1 - n> log <1 - ;) + ;(ﬁn = B — Bu-)-

For 2 < k < n — 2, the last term can be bounded by O(n™* log #) uniformly
in k. This completes the proof. O

The lemma shows that

1 1y _ 1 k. k ([ k k logn
Elog(C(n,k)2n>—log2 nlogn (l n)log(l >+0<n>

The first three terms are exactly — I{"(k/n), where I{" is defined in (1.9). Thus

(1.12) %IOg Qﬁ,”{%} _ %log (C(n,k)% S <k>+ O(lo;gn)

Since n™! 10gn and n !log(n + 1) both tend to zero, we have by (1.11)

k k
(D 4L — () = _
(1.13)  lim ~ log oV{A4} = lim max ( I <n>> }Lrg Izrelhn I\ <n>
Foreachntheset {ze[0,1]:z = k/nforsomeke4,}isasubsetof 4 [0, 1].
Since I{V(z) = oo for z¢[0, 1], we conclude using Problem 1.8.2 that

11m logQ(“{A} —m[m IIV(2) = ——mi{rqllffl)(z). o

I1.4. Levels-1 and 2 for I.I.D. Random Variables with a
Finite State Space

In general, the state space I equals {x,,x,,...,x,}, where x; <x, < - -+ <
x, are real numbers. The exponential decay rates of the two probabilities in
(1.7) are expressed in terms of a function called the relative entropy. Let Z(I")
denote the set of all subsets of I" and .#(I") the set of probability measures
on #(I). Each ve.#(T) has the form v=)7_,vd,,, where v, >0 and
Yoy v; = L. .4 (') may be identified with the compact convex subset of R"
consisting of all vectors v = (v,, ..., v,) which satisfy v, > O and Y [, v, = 1.

The relative entropy? of v with respect to the measure p = Y 7, p;d,. (p; > 0)
is defined by

HSIOEDY vilOg% where 0log0 = 0.

i=1 i

We have the following properties.
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Proposition L4.1.  (a) 1\2(v) is a convex function of ve .4 (T).

(b) IP(v) measures the discrepancy between v and p in the sense that
IP(v) = 0 with equality if and only if v = p. Thus I{?(v) attains its infimum
over M (') at the unique measure v = p.

Proof. (a) I{P(v) equals Y i, k(v;/p;)p;, where h(x) is the convex function
xlogx, x > 0. Let 4 and v be probability measures on #(I'). Then for
0<ix<l

If)(lu +(1 -y = Z h(Awy/p; + (1 — A)vi/py) p;

i=1

<4 Y Mulpdo+ (1= ) ¥ hslpon

= /IIFEZ’(#) + (1 — /l)Ile)(v).
(b) For any x > 0, xlogx > x — 1 with equality iffx = 1. Hence

V; v, v,
1.14 —log—+>-+—1
( ) b s Pi Pi
with equality iff v; = p;. Multiplying this inequality by p; and summing over
i yields

I9@) = Y vlogt > 0.
i=1 P
IP(v) equals 0 iff equality holds in (1.14) for each i; v; equals p; for each i iff
v equals p. |

We single out an important special case of relative entropy.

Example 1.4.2. If p is the uniform measure on I' = {x;,x,, ..., x,} (p; = l/r
for each i), then I{?(v) = logr + Y, v;logv;. The quantity H(v) = =),
v;log v, is called the Shannon entropy of v.> Since —v;logv; > 0, H(v) is non-
negative. We show that H(v) is a measure of the randomness in v. By Proposi-
tion 1.4.1, H(v) = logr — I{¥(v) < logr; H(v) = logr iff I{?(v) = 0 and this
holds iff each v, = p; = 1/r. Hence H(v) attains its maximum value of logr
iff v equals the uniform measure p. The measure p is in a sense the most
random probability measure on #(I"). At the other extreme, H(v) equals 0
iff one of the v’s, say v;., is | and the other v;’s,1 # ', are 0. The corresponding
measures 0., are the least random probability measures on Z(I).

We now turn to the large deviation results. For each w €{Q, the empirical
measure L, (w,-)=n""Y"_, X(w)( ) is a probability measure on #(I).
Hence L,(w, -) takes values in s (I'). Let Q%2 be the P,-distribution of L,
on .4 (I') and define the closed set
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(1.15) A, ={ve.#(I'): max |v,—p|=>¢}

=1,...,

where 0 < ¢ < i_rlnin r{p,-, 1 —p;}.
The set A, is nonempty and Q\?{4,} = P,{max,_, ,|L,,—p|=¢} is
positive for all sufficiently large . Since 4, does not contain p, Q{{4,} — 0.
According to Theorem 1.4.3, Q{*{4,} decays exponentially and the decay
rate is given in terms of the relative entropy I{*X(v). For this reason I{?)(v) is
called the level-2 entropy function. For level-1, let OtV be the P,-distribution
of S,/n on R and define the closed set*

(1.16) Ay ={zeR:|z—m,|>¢} where0 <e<min{m, — x;,x, — m,}.

The set 4, N [x;,x,] is nonempty and Q\V{4,} = P,{|S,/n—m,| > ¢} is
positive for all sufficiently large n. Since 4, does not contain m,, Q'\V{4,} -
0. According to Theorem 1.4.3, O{V{4,} decays exponentially and the decay
rate is given in terms of a function I{" calculated from I{* (v) by a variational
formula

min{I?():ve #(), 3 x;v;, =z} forze[x,,x,],
(]17) I;l)(z)z {P () ( ) i; } [ 1 ]

o0 for z¢[xy, x,].

I{V is called the level-1 entropy function. It is well-defined, and it measures
the discrepancy between z and m, in the sense that 7{"(z) > 0 with equality
if and only if z = m,. Thus, the point m, is the unique minimum point of
I{V(2). In addition I{V(z) is a continuous convex function of ze[xy, x,].
These properties are proved in Sections VIL.5 and VIIL.3. In Section I1.4 we
give another formula for I,()“ in terms of a Legendre—Fenchel transform
[see (2.14)].

For coin tossing (I = {0, 1}, p = 36, + 39,), formula (1.17) for I{" re-
duces to(1.9). Indeed the only measure v € .# (I') which satisfies the constraint

Z,xv,=ze[0,1]isv = (1 — 2)d, + z6,. Hence by (1.17)

IV(z) = IP((1 — 2)8y + 26,) = (1 — 2)log(2(1 — 2)) + zlog(2z)
for ze[0,1].

Formula (1.17), which relates the level-1 and level-2 entropy functions, is
called a contraction principle. It will be seen to follow directly from (1.6),
which expresses S,/r as the mean of the empirical measure L,. Here is the
large deviation theorem for levels-1 and 2.

Theorem 1.4.3.
(1.18) ,}gr{lw%log o {4,} = ,}ijg%log PA|S)n—m,| = e} = —min ;V(2),

*The point m, = Y /-, X;p; is in the open interval (x,,x,) since p, > 0, 3 7_, p; = 1.
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limllog P {4, = limllog P max |L,;—pi| =€} = —min IP®).
n-w 1 n—wpn i=1,..., r ve
(1.19)

Since the set A, is closed and does not containm,, min, . , 1,°(z) > I{P(m,) =
0. Similarly the minimum of I\® over A, is positive. Hence both Q\V{A4} and
QP {A,} converge to zero exponentially fast.

It is instructive to interpret Theorem 1.4.3 with reference to the discussion
in Section L.1. Think of {X;;jeZ} as giving the successive outcomes of a
gambling game in an infinite number of plays of the game separated by a
constant time interval. For level-1 the macrostates are all real numbers
ze[xy,x,]. These correspond to a macroscopic description of the game in
terms of the expected value of the outcome of a single play. The microscopic
n-sums are {S,(w)/n}. The P,-probability that S,/n is close to z behaves for
large n like exp(—nl{V(z)) [see (1.12)]. I}V is the entropy function and the
mean m, = ) i_; x;p; is the equilibrium state. For level-2 the macrostates are
all probability measures ve .#(I'). Each v is a candidate for the distribution
of the r outcomes xy, ..., X, in each play of the game. The microscopic
n-sums are {L,(w, *)}. The P,-probability that L, is close to v behaves for
large n like exp(—nI{?(v)) [see (1.21)]. I{? is the entropy function and the
measure p is the equilibrium state.

Proof of Theorem 1.4.3. First consider level-2. For fixed » and w and ie
{1, ...,r},let k; be the number of times x; appears in the sequence X, (w), . . .,
X, (w). Then L, (w) = k;/n, and L (w, -) isin A, if and only if k = (k4, . . .,
k,) is in the set

Ay, = {k:(kl, k) ke{0,1, ... n}, Zki:n,‘nllax
i=1 =

=1 L

For fixed ke 4, ,, define

n!
C(n, k) = m and pk= pi‘lpi‘z e pf’

There are C(n, k) points w = (v, w,, ...,w,) in the finite configuration
space Q,=TI" for which L, (w) = k;/n for each i. Let =, P, be the finite
product measure on , with identical one-dimensional marginals p. We have

0P{4,} = Y n,PlweQ,: L, (w)=ky/nforeach i} = Y C(n,k)p~.
ked, , ked,

(1.20)

The next lemma is proved like Lemma 1.3.2 [Problem 1.8.1(b)].

Lemma 1.4.4. Uniformly ink = (k{, ... ,k,),

1log Cnk)=—> &log& + 0<l‘lgj1> asn— .
n “Zon n n
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The lemma implies that for each k,
1 k.
Log(Cn,1)p9) = 3 & <log o — logk> + 0<'°g ”)
n i=1 n n
Define the measure v, = ) 1—; (ki/n)d, € A(T'). The sum in the last display

is exactly — I{*'(w,,), where I3¥(y,,) is the relative entropy of v, with respect
to p. Since Ln,,-(w) = k;/n for each i if and only if L,(w, -) = v,,, we see that

(.21 log O () = — 1P (wg) + 0<l°§">

In the sum (1.20) for Q'¥{4,} there are no more than (n + 1)" terms. As in
the proof for coin tossing, we conclude that

IOg Q(Z){A } _ max { ](2)(vk/")} + 0(1Ogn> (log(n -+ 1)r>

n

For each n the set {ve/%(l“): v = v, for some ke 4, ,} is a subset of 4,.
Problem 1.8.2 yields (1.19):

.1 . . .
lim=log QP {4,} = —lim min I'®(v, ) = —min I2(v).
o A an { 2} - ke Ay P (k,n) ved, P ( )

The level-1 limit is proved by expressing it in terms of a level-2 limit. Since
S,/n equals Y 7_; x;L, ;, S,/n is in the set 4, if and only if L, is in the set
of measures B, = {ve M(I'):|} 7., x;v, — m,| > ¢}. Hence Q{"{4,} equals
0'P{B,}. The level-2 argument just given for the set 4, can be easily modified
for the set B,, and we find

lim %log 0(4,) = lim %log 0{B,} = —min [0,
We evaluate this minimum in two steps:

mgn I[P(vy= min  min {I;Z)(v):ve//(l"), Y X = Z}
veB, i=1

zedynlxy,x,]

= min I{V().

ze Aynixy,x]

Since I{"(z) = oo for z¢[x;, x,], it follows that

.1 .
31_23) Elog 0,{4,} = —grEnAr{ IM(2). |

I.5. Level-3: Empirical Pair Measure

Level-2 focuses on the empirical measure L,(w, - ), which is defined in terms
of the empirical frequencies {L, ;(w)}. We can generalize level-2 by con-
sidering the empirical frequencies of pairs of outcomes. Fix weQ and
ne{2,3,...} and define Y{”(w) to be the ordered pair (X;(w), X;+;(w)) if
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Be{l,2,...,n— 1} and to be the cyclic ordered pair (X,(w), X, (@)} if § = n.
For each subset {x;, x;} of I'’2, let M, ; (w) be 1/n times the number of pairs
{Y{"(w)} for which Y§"(w) = (x;,x;); thus

1 n
M, (0)y==}% Oy %5 X;1 -
ng=y #

For each w, the numbers {M, ; /(w)} define a probability measure M,(w, -)
on the set of all subsets of I'2. For 4 a subset of I'2,

(1.22) M@, A= Y My (@) =2 dym {4},
{(xpxjjed ngoy o #

The measure M, (o, -) is called the empirical pair measure corresponding to

Xi(w), ..., X,(w). This measure is consistent with the empirical measure

L, (o, -) in the sense that both of the one-dimensional marginals of M, (w, -)

equal L,(w, -):

(123) L,(w)=Y M, (0)= 3 M,, (o) foreachi=1, ...,r.
i=1 k=1

In fact, since M, (w, -) considers the cyclic pair Y (w), the number of times
x; appears in the sequence X (w), ..., X,(w) equals the number of times x;
appears as a left-hand member of a pair Y§”(w). This gives the first equality
in (1.23), and the second is proved similarly.

With respect to P, the asymptotic behavior of M,
the ergodic theorem [Theorem A.9.3]. Since

.i.j{w) is determined by

1 n—1

1
(1.24) Mn,i,j(w) = ’;ﬂgl 5Xﬁ(w) {xi} '5xﬁ+1<m){xj} + ;6)(,,((») {xi} '5x1(m){xj}’

lim,..,, M, ; () equals the limit of the sum. Since P, is ergodic,

lim M, ; () = J 5X1(w){xi} Ox, () {x;} P,(dw)
(1.25) "= Q
= P,{weQ: X,(w) = x;, X5(w) = x;} = pip; P-as.

We now formulate a large deviation problem connected with the limit
(1.25). Let #(I'%) denote the set of all subsets of I'* and .#(I"?) the set of
probability measures on #(I'*) with equal one-dimensional marginals. As
we have seen, M,(w, -) takes values .#,(I'?) for each w. Any te.#,(T?)
has the formt =) ;- Tj0gx;, > Where 7; > 0, Yii=1ty=1,and Yi. 1=
Y1 1 for each i. #(I'?) may be identified with the compact convex subset
of R consisting of all vectors 7 = {t;;i,j=1,...,r} which satisfy 7;; > 0,
i e Ty =1,and Yoy t; = D ;7 for each i.

Let Q) be the P,-distribution of M, on #(I'*) and define the closed
set
Ay = {teﬂs(rz):ijiriax r‘Tij — pipy| 2 €,

,,,,,

(1.26)
where 0 < e < .nllin {pip; 1 — pip;}.
LJ=1, r
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The set A4, is nonempty and Q) {4;} = P,{max; -, . ,|M,.;— pip;| = ¢}
is positive for all sufficiently large n. Let n, P, be the product measure in
AM(T*) with one-dimensional marginals p (n,P,{x;,x;} = p;p,). Since A4
does not contain 7, P,, the ergodic limit (1.25) implies that Q') {4;} - 0. A
level-3 large deviation problem is to determine the decay rate of this proba-
bility. In the next section, we will consider other level-3 problems which
involve the empirical frequencies of strings {xil,x,-z, -+, Xx;; of arbitrary
length k = 3,4, ....

The probabilities 0%} { 45} decay exponentially and the decay rate is given
in terms of a function I{} which is a natural extension of the level-2 function
I{?). The latter determines the decay rate of level-2 probabilities. For te
M (T?), set (v,); = Y=, 1,; and define

T
(1.27) IP)(t) = Y 7;log (vt)jpj’
where the sum runs over all i and j for which (v,); > 0. I{*}(1) is well-defined
(0log0 = 0) and equals the relative entropy of = with respect to {(v,);p;}.
We have the following properties [Problems 1X.6.1-1X.6.3]. I¢%)(7) is a
convex function of 1. I{?}(t) measures the discrepancy between 1e.#(I'?)
and 7, P, in the sense that /{’}(z) > 0 with equality if and only if t = 7, P,.
Thus the measure 7, P, is the unique minimum point of 7{?} on .#(I'?).

Here is a level-3 large deviation theorem for the empirical pair measure.
We sketch the proof in the case where I” consists of two points (r = 2).

Theorem 1.5.1.

limllog O3 {45} = limllogPp{. max |[M,,;— pip| = ¢}
n—oc 1 ’ n—w 1 i,j=1,..., r
(1.28)
= —min ;3(0).

Since the set Ay is closed and does not contain m,P,, min,., I}*)(7) >
IP3)(n, P,) = 0. Hence Q) { A5} converges to zero exponentially fast.

Proof for r = 2. For fixed n and w, define N;; = nM, ; (w). M,(w, -) is in A3 if
and only if N = {N;;i,j = 1,2} is in the set

j o

Ji
Ay, = {Nz {Nji,j=1,2}: Ny;e{0,1,...,n}, Y N;=n,

2 2
Y N;= Y N,  foreachi, max_|Ny/n — pip;| > 8}.
i=1 k=1 i,j=1,2

Now fix Ne A, ,. Let k; = Y 3., N; and define y(n, N) to be the number of
points w in the finite configuration space Q, = I'" for which M, ; (w) =
N/n for each i and j. Then
o {A4s}= Y mP{weQ,: M, (w)=Nyn for each i and j}
NeA:,’,1

= Y (n,N)p

NeAs‘n
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where p* = p¥1pk2. The asymptotics of y(n, N) are given by the next lemma.
Define D, = {N:y(n, N) > 0}.

Lemma L5.2. If N,, > 0, then Ne D,. Uniformly in Ne D,

2 2 N N
(129) logy(n Ny = ¥ Mr10ghi 5 Tijop Ny o(l"g”> asn— oo,
n =17 ij=1 1
Define the measure 7y, = Y 72—y (N;/n)oyx,, x}e,/%/ (T?). Since M, ; (w) =
Njy/n for each i and j if and only if M, (w, -) = ty,,, the lemma implies that for
NeD,

1 1 1
ZIOg QLB)z {TN/n} = ZIOg(Y("a N)pk) = _];5,32)(171\//") + 0(%)

As in the proof of Theorem 1.4.3, we have

1
lim ~log 0.7 {45} = —lim min I (typm)-
For each n the set {te .#,(T'*): 1 = 1y, for some Ne A5, N D,} is a subset of
A5. Problem 1.8.2 yields (1.28):

lim ~ log O {4;} = —rnm I“’(r). o
Formula (1.31) below is due to J. K. Percus (private communication).

Proof of Lemma 1.5.2. Suppose that I" = {x,, x,}. For fixed weQ,, let N; =
nM, ; {w) for i, j = 1, 2. The point w has the form (x; , x;,, ..., x; ), where
each ;=1 or 2. We introduce the product B(w) = B, ;,By,;,... B, _,; B; ;.
where By, By, B,,, B,, are four positive real variables. In the product
deﬁmng B(a)) each B appears exactly N; times, so that B(w) =
By BY;2B)2 B3>, The sum of all B(w) for weQ can be written in terms of
the 2 x 2 matrix B = {By;i,j = 1,2}. In fact,*
TrB" = Z BinizBizia e Bin—lin iniy
(130) Igyenes ip=1
= ) B@) =Yy N)B{'B 1B} By,
weQ,

Where the last sum runs over all N = {N;;i,j=1,2} such that Nje {0,

n}, Y2 Ny=n,and Y3 N; =37 N, for each i. If 0 < B, +
B12 +le + B,, <1, then the sum fo:o B" converges and equals the
inverse matrix (/ — B)"!. We find

Z TrB"=Tr Z B"=Tr(I— B)™!
n= n=0
2— Bil _B22
1 - (Bll +BZZ + BIZBZI - BIIBZZ)

*Tr denotes trace.
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The last term can be expanded in a power series in By, B;,, B,;, B,,.
Comparing this series with (1.30), one calculates [Problem 1.8.5(a) ]

ko lky! nN,,

N)= fork,=N, +N,=>1(=1,2).
y(n, ) N11!N12!N21!N22!k1k2 OI K; 11+ i2 = (l s )
(1.31)
Formula (1.29) follows from Stirling’s approximation. O

I.6. Level-3: Empirical Process

The previous sections have considered three levels of large deviations.
Level-1 studies S,/n, level-2 the empirical measure L,, and level-3 the em-
pirical pair measure M,. For each level there is an entropy function IV,
I'?, and I3}, respectively. In this section we formulate another level-3
problem which includes as special cases all the results in the previous sec-
tions. Associated with this problem is another level-3 entropy function I{>.
The three entropy functions encountered already can be obtained from 7>
by contraction principles.
A subset X of Q is said to be a cylinder set if it has the form

(1.32) E={0eQ:(Wpni1s - Opm) EF},

where m and k are integers with £ > 1 and Fis a subset of I'*, For now, we
consider cylinder sets of the form

L= {0€Q:0y1 =X, Wiy = Xis oo oy O = X;

2 g
where x; , x; , ..., x; are elements of I' (not necessarily distinct). We will
define a random quantity R,(w, -) which for each w is a strictly stationary
probability measure on Q. R,(w, ) gives the empirical frequency of the string
{xil,x,-z, . ,ka} in the sequence X;(w), X5(w), ..., X, (w). If k=1, then
R,(w,Z) reduces to the empirical frequency L, ; (w) while if k = 2, then it
reduces to the empirical pair frequency M, ; ; (®). In general, with respect
to the measure P,, R,(w,X) converges almost surely to the value P,{X} =
Pi,Pi, - - - Py, as n— 0. A level-3 large deviation problem is to determine the
decay rate of the P,-probability that R,(w, X) differs from P,{Z} for finitely
many cylinder sets . This level-3 problem extends the level-2 problem,
which studies fluctuations of L, (w, -) away from the measure p, as well as
the level-3 pair problem, which studies fluctuations of M, (w, -) away from
the product measure 7, P,. We will see that level-3 large deviation proba-
bilities decay exponentially and that the decay rate is determined by a func-
tion I'* which is a natural extension of I{*) and I{3.

We first define strict stationarity. The set I is topologized by the discrete
topology and the set Q = I'Z by the product topology. The o-field generated
by the open sets of the product topology is called the Borel o-field of Q
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and is denoted by #(Q). Z(2) coincides with the o-field generated by the
cylinder sets X in (1.32) [Propositions A.3.2 and A.3.5(b)]. Let T be the
mapping from Q onto Q defined by

(Tw); = wj4y forjeZ.

T is called the shift mapping on Q. For each Be #(Q), T 1B is also in #(Q)
so that T is measurable. A probability measure P on () is said to be
strictly stationary, or translation invariant, if the shift T preserves P: P{B} =
P{T7'Bj} for all Be #(Q) or equivalently P{X} = P{T~'Z} for all cylinder
sets X. We denote by .#,(€2) the set of strictly stationary probability measures
on ().

Example 1.6.1. (a) [See Example A.7.3(a)] Infinite product measure. Let v
be a probability measure on the set I = {x,,x,,...,x,}. A cylinder set of
the form X = {weQ: v, €F, ..., 0, €E}, Fi, ..., F subsets of T, is
called a product cylinder set. The class of product cylinder sets generates
#(Q). For such a set, we define P{Z} = [[*_, v{F}. Clearly P{T7'Z} =
P{Z}. P can be extended uniquely to a strictly stationary probability measure
on #(L2). The extension is the infinite product measure with identical one-
dimensional marginals v and is written P,.

(b) [See Example A.7.3(b)] Markov chain. Let v be a probability measure
on the set I' = {x,,x,,...,x,} and let {y,;} be a non-negative r x r matrix
with row sums 1. Assume that ) j_, v;y; = v; for each j. Let ¥ be the cylinder
set {weQ: (Wp11s- - - Opex) € F}, where Fis a subset of I'*. We define P{X} =
v{F} fork =1 and

P{Z} = Y Vidig, e Vi, fork =2,
F
Clearly P{T~'X} = P{X}. P can be extended uniquely to a strictly stationary

probability measure on #(£2). The extension is a Markov chain with transi-
tion matrix {y,-j}; v is an invariant measure for the chain.

We now state a level-3 large deviation problem. Given a positive integer
n, repeat the sequence (X (), X,(w), . .., X,(w)) periodically into a doubly
infinite sequence, obtaining a point

X(n5 CO) = (' .. Xn(w)le(w)zXZ(w)’ ey Xn(w)a

Xl(w)sXZ(w)s e ’Xn(w)le(w)y o )
in Q; (X(n, w)), = X;(w), (X(n, w)), = X,(w), etc. For each weQ, define a
probability measure on #Z(2) by

1n—1
(1.33) R,(w, )= 7 > Ok x(n, ()
k=0

where T is the identity mapping and T = T(T* Y)fork = 2,...,n — 1. For



1.6. Level-3: Empirical Process 23

each Borel subset B of Q, R,(w, B) is the relative frequency with which
X(n,0), TX(n,0), ..., T" ' X(n,w) is in B. Since X(n,w) is periodic of
period n, R(n, -) is for each w a strictly stationary probability measure. It is
called the empirical process corresponding to X,(w), ..., X,(w).

Let & be a positive integer less than #. In order to interpret formula (1.33),
define Y{"(w) to be the k-tuple (Xy(w), Xz, (), ..., X (w)) if fe
{1,2,...,n — k + 1} and to be the cyclic k-tuple (Xz(w), ..., X,(w), Xy (®),...,
Xpipo1-nw)) if pein—k+2,...,n}. If T is the cylinder set {weQ:

@1 = xil,a)z = xiz, PPN ,&_)k = xik ,* then
1 n
R (0,%) = . Y 5,,;;)(0,) ET e N
=1

This is the empirical frequency of the string {x; ,x; , . .., x; } in the sequence
X (w), ..., X,(w) (with cyclic counting). The contribution of the cyclic
terms Y{"(w), fe{n —k +2,...,n}, to R,(w,X)is o(n) as n — co.

R,(w, -) is a natural generalization of the empirical measure L,(w, -) and
of the empirical pair measure M, (w, -). If Z is the one-dimensional cylinder
set {oeQ: @, = x;}, then

(1.34) R,(0,%) = Lo, {x;}) = L, /().

Thus L,(w, -) is the one-dimensional marginal of R, (w, -). If ¥ is the two-
dimensional cylinder set {©eQ:®, = x;, @, = x;}, then

(135) Rn(a)7 Z) = Mn(wa {xi’ xj}) = Mn,i,j(w)'

Thus M,(w, -) is the two-dimensional marginal of R (w, *).
If ¥ is any cylinder set, then the ergodic theorem implies that

lim R,(w,X) = P,{Z} P-as.

[Theorems A.9.2(c) and Corollary A.9.8]. Let Z,, ..., Zy be cylinder sets
such that 0 < P,{X,} <1,k =1, ..., N, and define the closed set’

(1.36) By={Pe.d(): max |P{Z}—P{Z}|2e).

Let Q'Y be the P,-distribution of R, on .#(Q). For all sufficiently small ¢ > 0
the set By is nonempty, and for all sufficiently large n

,,,,,

Since By does not contain P,, the ergodic theorem implies that Q{B,} — 0.
In fact, the probabilities decay exponentially, and the decay rate is given in
terms of a function II§3), which we now define.

Let a be a positive integer and =, the projection of I'? onto I'* defined by

*We use w since o labels the empirical process.
"The topology on M,(Q) is the topology of weak convergence [ Sections A.8-A.9].
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0 = (W, . ..,0,). If Pis a measure in .# (Q), then define a probability
measure 7, P on 4(I"*) by requiring

n,P{F} = P{n;'F} = P{w:(w,, ...,0,)eF}

for subsets F of I'*, The measure 7, P is called the a-dimensional marginal of
P. We consider the quantity

P{w}
1?) (n,P) = log
naPp(na ) Q);‘G ﬂaP{CO} Og %Pp {CO} )

which is the relative entropy of m, P with respect to «,P,. In Chapter IX, we
prove that the limit

1
(1.37) L(P) = lim ~ 1% (n,P)

exists, that I{*> (P) is an affine function of Pe.#(Q), and that I/*(P) >0
with equality if and only if P = P,. Thus I’ (P) measures the discrepancy
between P and P,. It is called the mean relative entropy of P with respect to
P,. Here are some examples of mean relative entropy.

Example 1.6.2. Let p be the uniform measure on I' = {x,,x,,...,x,} (p;=
1/r for each i). For Pe .#,(Q3)

12 (n,P) =alogr + ) m,P{w}-logn,P{w}
wel®
since 7, P, {w} = r~* for each w e I'*. According to Note 2 of Chapter IX, the
limit
h(P) = —il_{gé Y wn,P{w}logn,P{w}
wel*

exists; /(P) is called the mean entropy* of P. It follows that the limit I{*/(P)
in (1.37) exists and I{*(P) = logr — h(P). By properties of I{*(P) men-
tioned above, A(P) < logr and A(P) = logr if and only if P = P,. Mean
entropy 4(P) generalizes Shannon entropy, which was discussed in Example
1.4.2. Accordingly, #(P) can be interpreted as a measure of the randomness
in P per unit time.

(a) For the infinite product measure P, [Example 1.6.1(a)], I{¥(P,) =
logr — h(P,), where h(P,) = =), v;logv;,. The latter is the Shannon en-
tropy of v, H(v).

(b) Let P be a Markov chain with transition matrix {y,;} and invariant
measure v [Example 1.6.1 (b)]. Then I{*(P) = logr — h(P), where h(P) =
_Zf,j=1 V%5108 7

For any measure p in #(I') with each p; > 0 and for any Pe.#(Q),
one can express I*(P) as an expectation involving relative entropy [see
(2.20)]. Here is the level-3 large deviation theorem. It will be proved in
Chapter IX.
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Theorem 1.6.3. For all sufﬁciently small e > 0

l1m log QY {B;} = lim ~ logP {weQ max |R,(w,Z) — P, {Ze] > &}

.....

(1.38) = —min [(P).

Since the set By is closed and does not contain P,, minp g I$(P) > IP(P,) =
0. Hence Q{){ B} converges to zero exponentially fast.

The theorem can be interpreted as follows. For level-3, the macrostates
are all strictly stationary probability measures Pe.#,(Q). Each P is a
candidate for describing the probabilistic structure of a gambling game
on Q [see page 16]. The microscopic n-sums are the empirical processes
{R,(w, -)}. The P,-probability that R,(w, -) is close to Pe.#(Q) behaves
for large n like exp(—nI{>(P)). I'? is the entropy function and the measure
P, is the equilibrium state.

We end this chapter by discussing the relationship between Theorem
1.6.3 and the previous large deviation theorems. Theorem 1.5.1 treated the
empirical pair measure M,(w, -). If P is a measure in 4 (Q), then the two-
dimensional marginal 7, P is a probability measure on I'?, and since P is
strictly stationary, n, P has equal one-dimensional marginals. Hence 7, P
belongs to .#(I'?). In the set B, in (1.36), let {X,} run through all two-
dimensional cylinder sets {®e€Q: @, = x;,®, = x;}, i, j=1, ..., r. Then

n,By = {te M(T?): 1 = n, P for some Pe B}
= {te.t(I'%): max |t — pups] = ¢}
i, j=1,-,r
The latter is the set 45 in (1.26). Since n, R, (w, -) = M, (w, -) for each o, it
follows that
PloeQ:M,(w, )eds} = P{weQ: R (v, )€ B,}.

By Theorem 1.5.1 the decay rate of the first probability is —min, 4, 75>} (7).

This must equal the decay rate of P,{weQ: R,(w, -) € B}, which by Theorem
1.6.3 equals —min {I{’(P): Pe Ba} The latter can be rewritten as

-m};n min {I*(P): Pe M (Q), 7, P = 1}.

Thus, one expects that for te .#,(I"?)

(1.39) 1P =)Yr log = min{?(P): Pe M(Q),n,P =1},

)l _]
where (v,); = Y}y T;. We shall prove (1.39) in Chapter IX. It is the contrac-
tion principle relating I{3} and I{>.

The connection with Theorem 1.4.3 is similar. If P is a measure in .#,(Q),
then the one-dimensional marginal =, P is an element of .#/(I'). In the set B,
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in (1.36), let {Z,} run through all one-dimensional cylinder sets {@eQ:
@y =x;},i=1,...,r. Then

ny By = {ve#(T):v = n, P for some Pe B}

,,,,,

The latter is the set 4, in (1.15). Since n, R, (w, -) = L,(w, -) for each w, it
follows that

PlweQ: L(w, )ed,} = P,{weQ:R(w,)eB,}.
Again, comparing decay rates, we have

min [{P(v) = },ni,? I¥(P) = min min {I{P(P): Pe M(Q),n, P = v}.
ve A, €Dgy ved,

In Chapter IX, we prove for ve .#(I') the following contraction principle

which is consistent with the last display:

(140)  IP(m) =Y v, log% = min{I®(P): Pe #|(Q),n,P=v}.
i=1 i

Finally, for level-1, recall the contraction principle (1.17) relating I{" and
I?: for ze[xy, x,]

I{V(z) = min {152)(\}): ved(T), Y xv; = z}.
i=1
Comparing this with (1.40), we conclude that for ze[x,, x,],

(1.41) I{V(z) = min {If’(P): Pe#(Q), ) x(n,P),= z}.
i=1

This completes our discussion of large deviations for i.i.d. random vari-
ables with a finite outcome space. An interesting feature of this chapter was
the use of combinatorics to calculate explicit formulas for the entropy func-
tions I{", I'¥, and I%}. In the next chapter, the three levels of large devia-
tions will be generalized to random vectors taking values in R?. The theory
will be applied to statistical mechanics in later parts of the book.

1.7. Notes

1 (page 3). Wehrl (1978) discusses the historical and physical backgrounds
of entropy together with modern developments. He lists many references.

2 (page 13). Relative entropy I$*(v), introduced by Kullback and Leibler
in 1951, is also known as the Kullback—Leibler information number. It plays
an important role in statistics, especially in large sample theories of estima-
tion and testing [Kullback (1959), Bahadur (1967, 1971)]. I{*(v) measures
the statistical distance between v and p. The smaller this distance, the harder
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it is to discriminate between v and p. Applications of large deviations to
statistics are discussed by Bahadur (1971), Chernoff (1972), and individual
articles in “Grandes deviations et applications statistiques,” Astérisque 68,
Sociéte Mathématique de France, Paris, 1979.

3 (page 14). Shannon entropy H(v) was first defined by Shannon (1948)
and independently by Wiener (1948). The form of H(v) can be derived from
a set of axioms which a reasonable measure of randomness should satisfy;
see, e.g., Khinchin (1957, pages 9-13).

4 (page 24). In information theory, the mean entropy 4(P), Pe . #,(Q),
measures the amount of information per symbol in a message which is
generated according to P [Khinchin (1957), MeEliece (1977)]. Large devia-
tion bounds, known as Chernoff bounds [see Problem VIL.8.9], are widely
used [Wozencraft and Jacobs (1965), Gallager (1968)]. In ergodic theory,
h(P) is the Kolmogorov-Sinai invariant of the dynamical system (Q, %, P, T)
[Martin and England (1981)].

1.8. Problems

1.8.1. (a) Given ne{2,3,...,}, prove that nlogn —n+ 1 <log(n!) <
(n+ Dlog(n + 1) — (n+ 1) + 1 by considering the area under the graph
of log x, x = 1. Deduce the weak form of Stirling’s approximation: log(n!) =
nlogn — n+ O(logn), n > 2.

(b) Prove Lemma 1.4.4.

1.8.2. This problem shows how to complete the proofs of Theorems I1.3.1,
1.4.3,and I.5.1. Let A be a compact subset of R? and fa real-valued function
on A which is continuous relative to 4. Let {4,;n = 1,2, ...} be closed subsets
of A such that for any ae 4 there exists a sequence a,€ 4, with a, > a as
n — co. Prove that lim,,, min, . 4 f(x) = min, . , f(x).

1.83. Let p={p;:i,j=1,...,r} be a set of positive numbers such that

z:,j=1pij = 1. Define v, = Z;:M’;’j and p; = Z;:lpij- Let p={p;;i=1,...,
r} be a sequence of positive numbers such that Y i_; p; = 1. Prove that

z Dij
1{(,;2i),,j}({Pij}) = Z Dij IOg;j = 1,(>2)(") + 1;;2)(#)

i,j=1 irj

_ v Vi - o]
i; log pi " j; wlog Pj
with equality if and only if p;; = v;; for each i and ;.

If each p; = 1/r, then we conclude that the randomness in p (as measured
by Shannon entropy) is no greater than the sum of the randomness in v and
the randomness in g and that equality holds if and only if p is product
measure.
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1.8.4. (a) ProveJensen’sinequality:ifw,,w,,...,w,andy,,y,, ...,y are
nonnegative numbers such that ) j_, w; = 1, then

r r r
(Z nyj> 10%(2 ijj> < Y wiy;logy;.
j=1 Jj=1 j=1

[Hint: Let h(x) = xlogx. If a=Y"_; wy, >0, then h(y) = h(a) + h'(a)-
- a).]

(b) [Rényi (1970b, page 556)]. Let v = {v;;j =1, ...,r} be a sequence
of non-negative numbers such that }”_,v;=1. Let y = {y;} be an r x r
doubly stochastic matrix (y; >0, -y y; = 1 for each k, Y, y; =1 for
each ;) and define p, = Y5 vy Set p; = 1/rfori=1, ..., r. Prove that

r

Y wlogp, < ) vilogy, and IP(w) < IP(v).
j=1

k=1

See Voight (1981) for generaiizations.

1.8.5 [J. K. Percus (private communication) ]. (a) Derive formula (1.31).
[Hint: Expand
2 - Bll — BZZ
(1 —o)(1 = By,B,,/(1 —¢))
= =B, +1—By,) Z (B1,B,)"(1 — o™,
n=0

where 1 —c=1—(By; + By, — By Byy) = (1 — B;)(1 — B,,).]
(b) Forr>2,letk;= )" N;. Show that

r N.
ﬁ . Zl [5,-1- — k—”} forall N; > 1,
]\fl]l *= j Jax

where [6; — Ny/k;],. is the aa-cofactor of the r x r matrix {d; — N;/k;}.
[Hint: If B= {B} is an r x r positive matrix with 0 <>} ;_; B;; < 1, then
Tr(I — B)™' =), [{ — Bl,,/det( — B), where [I — B],, is the aa-cofactor
of I — B. Use the formula (which holds in the sense of distribution theory)

1

i 1
m - jﬂmr J\Rr expli(<x,y)> — {x, By))ldxdy ——.]

@n)

1.8.6. Let B = {By;} be a positive 2 x 2 matrix and A(B) the largest eigenvalue
of B in absolute value. By Lemma IX.4.1, A(B) is positive and log A(B) =
lim,_, »n 'log Tr B". As in the proof of Lemma 1.5.2,

2
(1.42) TrB" = Zy(n, N) .]"[1 Blu.

L=
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where the sum runs over all N = {Nj;i,j = 1,2} such that N;e{0, 1, ..., n},

Y21 Ny=n,and Y 2| N; = Y72, N, for each i. Using Lemma 1.5.2, prove
that

(1.43) log A(B) = max {Z rijlogﬁ:re/%&z},

T

Ly

where (v,); = ) 5= 7;and ., ,istheset of T = {t;4,j = 1,2} satisfying 1;; > 0,
Yiioit=land) 3 t; = Y2, 1, foreachi. The sumin (1.43) runs over all i
and j for which (v,);>0. Theorem I1X.4.4 and Problem IX.6.4 are

generalizations.

1.8.7. Verify the calculations in Examples 1.6.2(a), (b).





