
10. Analysis of Crystallite Orientation 

10.1 Crystallite Orientation and the X-Ray Diffraction Diagram 
Figure 10.1 shows a schematic illustration of the structural changes of a high polymer spec
imen by drawing, according to the fringed-micelle model {cf. Section 122.A), and the cor
responding X-ray diffraction diagrams obtained from three different directions, mutually 
orthogonal two directions perpendicular to the drawing direction and the direction parallel 

(a) amorphous (b) crystalline 
unoriented 

(c) crystalline 
oriented 

(c) crystalline 
uniaxially 
oriented 

,, ,\ : perpendicular to the drawing direction (Through and Edge views). 
: parallel to the drawing direction (End view). 

Fig. 10.1 Schematic illustration of structural changes by crystallization and by drawing for a linear high polymer 
specimen (according to the fringed-micelle model) and the corresponding X-ray diffraction diagrams. 

to the drawing direction. An example of X-ray diffraction diagrams obtained for a drawn 
Nylon 12 specimen from the three directions is given in Fig. 10.2.̂ ^ By drawing or by other 
mechanical treatments, the central diffuse small-angle scattering taken from the directions 
mentioned above also show different diagrams corresponding to the different wide-angle 
diffraction diagrams. An example of a doubly oriented poly (ethylene terephthalate) speci
men is given in Fig. 15.36. Fig. 10.3 depicts a schematic illustration of structural change in 
the metal wire by drawing from a random orientation to a uniaxial orientation. By drawing 
the randomly oriented < 111 > axis of each cubic unit cell has become parallel to the draw 
direction.^^ This chapter deals with the preferred orientation of crystallites in high polymer 
substances. We can easily apply this method to determine the preferred orientation of other 
substances included in high polymer specimens, such as the preferred orientation of platelet 
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crystals of Mg(OH)2 in a rolled rubber sheet. The preferred orientation of molecular chains 
in the amorphous state will be discussed briefly in Section 14.5. 

Through view Edge view 

(a) 
End view 

Through view Edge view 

(b) 
End view 

Machine direction 

Sheet plane 

Fig. 10.2 X-ray diffraction diagrams of a drawn Nylon 12 specimen taken from three different directions.'^ 
(a) drawn out uniaxially to 3.0 times from its original length at 100°C (Ai and A2 not split). 
(b) as above at 160°C (Ai and A2 split). 
(c) schematic representation of (b). 
[Reproduced with permission from T. Ishikawa et ai, J. Chem. Soc. Jpn., Chem. Industrial Chem., 
p. 103, Chem. Soc. Jpn. (1978)] 
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Fig. 10.3 Schematic illustration of preferred orientation in metal wire by drawing.̂ ' 
(a) Random orientation in a cylindrical specimen. 
(b)< 111 > Axis of each crystallite (represented by a cubic unit cell) is parallel to the draw direction 

(horizontal direction). 
(c) Random orientation in a plate specimen. 
(d) (100) plane of each crystalUte is parallel to the plane of the specimen. 
[Reproduced with permission from T. Imura, X-Ray Diffraction (K. Kohra ed.), p. 600, Kyoritsu Pub. (1980)] 

10.1.1 General survey 
In a well-oriented specimen, the crystallites or crystalline regions^ are generally aligned in 
such a way that, say, all the c axes lie in the same direction, while the directions of the other 
two axes are uniformly distributed around the c axis direction. Moreover all the directions 
of the c axes are uniformly inclined at a constant angle (jO to a reference axis {e.g. draw di
rection), OZin the specimen (cf. Fig. 10.4, p. 242). 

Let a point O in the specimen be the origin, and let the origins of all the crystallites be 
transposed to this point. The reciprocal lattice points R of an arbitrary set of planes (hkl) in 
the crystallites (where OR is inclined at an angle a to the c axis, at a distance from the ori
gin O/? = r* = l/d(hki)) trace out a circle (the reciprocal lattice point circle) with the c axes 
passing through its center, as shown in Fig. 10.4(b). Since the c axes of the crystallites are 
uniformly distributed around the fixed direction OZ in the specimen at an angle (p to OZ, 
the small circle traced by the reciprocal lattice points R generates a band (the reciprocal lat
tice point distribution band) by revolution about OZ as shown in Fig. 10.4(b). There is a 
corresponding band for the (hid) planes, and the two together form a symmetrical arrange
ment along the Z axis (Fig. 10.4(c)). 

If X-rays are incident upon the specimen from (say) the FO direction, the reciprocal 
lattice points on the intersection of the distribution band with the diffraction sphere, i.e. on 
the arc R\R2 in Fig. 10.5, give rise to diffraction. A diffraction arc P1P2, corresponding to 
the arc R1R2, will now appear on a flat film placed normal to the incident X-rays. Due to 
the symmetrical arrangement of the reciprocal lattice distribution bands along the X and Z 
axes, the result will be four diffraction arcs arranged symmetrically with respect to the ^ 
and ^ axes on the film. 

In Fig. 10.4(b), the distribution of the reciprocal lattice point R around the c axis is con
stant, but as this axis itself revolves, the density distribution on the reciprocal lattice point 

"Crystallite" will be used throughout this chapter to indicate "crystallite", "crystalline region" or "crystalline 
part." 
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Z c 

(b) (c) 

Fig. 10.4 Crystallite onentation, the reciprocal lattice, and the reciprocal lattice point distribution bands 
(a) Reciprocal lattice orientation corresponding to the orientation of the crystallites 

Left: orthorhombic; right: triclinic system. 
(b) Distribution band for an arbitrary reciprocal lattice point R. 
(c) Symmetrical arrangement of the distribution bands about the Z axis. 

distribution band is at its densest along the upper and lower edges of the band, and is least 
along the path of the center Q. The intensity distribution along the diffraction arc P1P2 is 
accordingly greatest at its ends and least in the center (Fig. 10.5(b)). The two ends of the 
diffraction arc P1P2 are located by the following relationships (cf. Fig. 10.5(a)): 

cos di = cos((p - (j)/cos 0, cos di = cos((p + cr)/cos 0 (10.1) 

The form of the reciprocal lattice point distribution bands, and hence also of the dif
fraction patterns, varies with the relationship between (p and a. The four arcs may be 
joined in pairs to give two arcs intersecting either the ^ or the f axis, or all four may even 
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Fig. 10.5 Spiral Orientation. 
(a) Geometrical relationship between lattice point distribution and the diffraction pattern. 
(b) Form of the diffraction pattern that would be given by an ideally oriented sample. 
(c) General form of the diffraction pattern as actually observed. 
(d) Form of the diffraction pattern that would be given by an ideally oriented sample where 

{(p + d) > 90° (see Fig. 10.6), i.e. where the distribution bands overlap. 

be joined to form a complete circle. The principal variants of the forms of the reciprocal 
lattice point distributions and of the diffraction patterns are shown in Figs. 10.5, 10.6, 10.7, 
and 10.9. Diffraction patterns for the ideally oriented state are shown, together with sketch
es of those actually observed. In practice, the orientations of the crystallites in a specimen 
never correspond to a single fixed value of (p. Some crystallites with orientations at differ
ent angles will always be present, the number of crystallites inclined at a given angle de
creasing as the deviation A(p of this angle from (p increases (see Fig. 10.7(b) and(d)). 
Examples of the kinds of diffraction patterns obtained under these circumstances are also 
given in Figs. 10.5, 10.7, and 10.9. 
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10.1.2 Types of orientation 
Crystallite orientations are generally classified as uniaxial or biaxial. The uniaxial orienta
tion includes simple fiber structures ((p = 0°), spiral fiber structures (0<(p< 90°), and ring 
fiber structures ((p = 90°). Certain special kinds of intermediate orientation are also recog
nized. The characteristics of various types of orientation are described below. 
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Fig. 10.6 Various fonns of reciprocal lattice point distributions for spiral orientation. 
As in Figs. 10.4 and io.5, (p is the helix angle (i.e. the inclination of the c axis to the fiber axis) and 
(T is the angle between the reciprocal lattice vector and the c axis. 

A. Uniaxial orientation (simple fiber structure) 
Here ((p = 0°, i.e. the c axis coincides with the Z axis (Fig. 10.7). The reciprocal lattice is 
cylindrically symmetrical with respect to the fiber axis (cf. Fig. 4.14(c)), and the X-ray dia-
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Fig. 10.7 Uniaxial orientation, the reciprocal lattice point distribution, and the resultant diffraction pattern 
(c/Figs. 4.14, 4.15). 
(a) Orientation with respect to the fiber axis Z (ideal case, (p = 0). 
(b) Distribution for a reciprocal lattice point R, showing the effect of small deviations, w{(p). 
(c) Diffraction from an ideal specimen. 
(d) Diffraction from an actual specimen with imperfectly aligned crystallites (c/ (b)). 

gram obtained with the incident X-rays normal to the fiber axis is essentially the same as a 
complete rotation photograph for a single crystal (c/ Section 4.4.4 and Fig. 10.8). Since 
<p = 0°, we find for the general reciprocal lattice point: 

d — d\ — &, cos d — cos cj/cos Q (10.2) 

and a four-point diagram is obtained instead of a four-arc diagram. If the incident X-rays 
are parallel to the fiber axis, on the other hand, the diffraction pattern made for this direc
tion is as if the specimen were unoriented, forming a complete circle {i.e. a Debye-Scherrer 
ring see Fig. 10.1(cOand (d^). 

B. Spiral orientation (spiral fiber structure) 
Spiral fiber structure is the most general case, 0° < (p < 90°, and all that appears in connec
tion with Fig. 10.4 to 10.6 (above) applies to this category of structures. 

C. Ring orientation (ring fiber structure) 
Here (p — 90°, and Eq. 10.1 gives, therefore, 

cos 5i = sin CT/COS Q — — cos Si .-. & = 1 8 0 ° - 5 i (10.3) 
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Fig. 10.8 X-ray diffraction patterns of a polyethylene oxide-urea complex. 
(a) Single crystal rotation photograph (rotadon about the c axis). 
(b) Fiber diagram of complex prepared by immersing uniaxially oriented polyethylene oxide in urea. 

The similarity with (a) is evident. [Reproduced with permission from H. Tadokoro et a I., J. Polxm. 
Sci., B2, 363, John Wiley & Sons, Inc. (1964)1 

When the incident X-rays are normal to the X axis, this type of structure always gives 
two arcs or spots intersecting the equator and extending symmetrically above and below the 
equator (Fig. 10.9). 
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Fig. 10.9 Ring orientation, the reciprocal lattice point distribution, and the resultant diffraction pattern. 
(a) Orientation with respect to the fibre axis Z (ideal case, (p = 90°). 
(b) Distribution for a reciprocal lattice point. 
(c) Diffraction from an ideal specimen. 
(d) Diffraction from an actual specimen. 
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If the incident X-rays are in the Z direction, however, the diffraction sphere and the rec
iprocal lattice point distribution band are parallel. Thus, when the diffraction sphere inter
sects the distribution band, a circle of uniform intensity is produced. The diffraction dia
gram is therefore of the same form as that given by an unoriented specimen. To distinguish 
between an unoriented structure and a ring-oriented structure in such cases, the specimen is 
inclined {cf. Section 10.1.3). The diffraction diagram of an unoriented specimen will be un
changed, whereas a change to two arcs intersecting the equator indicates ring orientation. 

D. Tilted orientation 
In tilted orientation, the crystallite distribution corresponds to a cylindrically symmetrical 
distribution of the tilted c axis, with no rotation about the c axis. The reciprocal lattice is 
shown in Fig. 10.10. It is evident that the equatorial line and the layer hnes are generally 
not well developed, and vary with the angle of inclination. The diffraction is observed 
around the position in which it should appear as a layer line in the case of uniaxial orienta
tion. This corresponds to a rotation photograph for a single crystal with inaccurate align
ment of the crystal (a tilted single crystal), and where the axis of rotation corresponds to the 
fiber axis. 

(a) (b) 

Fig. 10.10 Tilted orientation and the corresponding reciprocal lattice point distribution. 
(a) Orientation with respect to the fiber axis Z: 0° < 9 < 90°, but this orientation is not to be confused 

with spiral orientation; there is no rotation about the c axis. 
(b) Distribution for a reciprocal lattice point R. Compare the uniaxial orientation in Fig. 10.7. 

E. Biaxial orientation 
This type of orientation is the most restrictive one. Like a single crystal of low molecular 
weight compound mounted on a goniometer head, a crystal axis is oriented parallel to the Z 
axis (reference axis) and one of the other two axes is also oriented parallel to a reference 
plane (say) the film plane (for further details see Section 10.3.2.). This type of oriented 
structure cannot be further ordered except by decreasing the number of crystallites by join
ing them into larger ones. The fact that a Weissenberg or precession photograph is very 
similar to that of a single crystal enables ready identification of this type of orientation. 
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The density distributions of the various reciprocal lattice points can be determined from the 
intensity distribution of diffractions on a Weissenberg or precession photograph. 

F. Double orientation 
In this structure, a crystal axis is oriented parallel to the Z axis and a particular crystal plane 
to lie in the reference plane, the film plane. In many circumstances, there may be two or 
more different orientations of the unit cell in the specimen; four different orientations are 
possible for crystals of the monoclinic and triclinic systems (see Fig. 10.11).''^ This type of 
orientation gives photographs which are like the oscillation photographs of single crystals 
or twinned crystals (see Fig. 10.8). 

" ' ^ r a / ^ ' 

d(c)U d 
R^ 

\ty\ 

/=7l 

^ 

Fig. 10.11 Twinned orientations of unit cell in specimen.^^ 
Examples of twins. 

(a) Orthorhombic system with fiber axis c, favored plane (110) (or any (hkd) where h,k^O). 
(b) MonocUnic system with fiber axis b, favored plane (101) (or any (hOl) including (100) and 

(001)). 
(c) Monoclinic system with fiber axis c, favored plane (010). 
(d) As in (c), but favored plane (100). 

Examples of quadruplets. 
(e) Triclinic system with fiber axis c, favored plane (110) (or any (hkO), including (100) and (010)). 
(f) Monoclinic system with fiber axis c, favored plane (110) (or any (hkO) where h,k=h 0). 
[Reproduced from C. W. Bunn, Chemical Crystallography, p. 179, The Clarendon Press (1945)] 

10.1.3 Interpretation of inclined X-ray diagrams 
These are the diffraction diagrams obtained when the incident X-rays are inclined at an 
oblique angle with respect to the Z axis. The locus of the reciprocal lattice point distribu
tion is unchanged. However, since the diffraction sphere is inclined as shown in Fig. 
10.12(a) (angle of inclination = jLi), the top two of the four arcs are situated closer together, 
while the bottom two are farther apart. 

If the angular displacements of the ends of the upper and lower arcs from the f axis are 
Su &, ^3, and ^4, we obtain relationships of the type (cf. Fig. 10.12 (b)) 
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COSd\ = {cos((p-CJ)+ sin fisin6} I cos jiicosG 
cos 62 = {cos((pH- CT)+ sin n sin 6} I cos ji cos 0 

cos ̂ 3 = {- cos((p+(T)+ sin ji sin ̂ } / cos fx cos ^ 
cos ̂ 4 = {- cos((p- C7)+ sin // sin ̂ } / cos fi cos 0 

(10.4) 

(10.5) 
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Fig. 10.12 The effect of oblique X-ray incidence upon the diffraction pattern. 
(a) Geometry of the reciprocal lattice point distribution and the diffraction pattern. 
(b) Variation of the diffraction pattern with inclination angle, ^ of X-ray incidence. The arrows 

indicate movement of the diffraction elements. 
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Fig. \0.12 —Continued 
(c) Ideal case for uniaxial orientation {cf. Fig. 4.14(d)) 

For uniaxial orientation, since (p = 0, we obtain 

cos du = cos ̂ 1 = cos ̂ 2 = {cos <J+ sin /x sin 6) I cos ̂  cos 0 
cos 5D — cos (53 = cos ̂ 4 = {- cos (7+ sin [i sin Q) I cos \i cos Q] ^ ̂  ̂ -^^ 

where 5u and (5D are the upward and downward displacements respectively. 
If the angle of inclination ^ of the incident X-rays in Fig. 10.12(a) is gradually in

creased, the positions at which the diffraction sphere cuts the reciprocal lattice point distrib
ution band in the upper half of the sphere move closer together, and the lengths of the inter
sections increase, until the two intersections merge into one. The changes in the positions 
of the diffraction arcs on either side of the meridian with ^ are shown in Fig. 10.12(c). 

Inclined X-ray diagrams are very useful for measurements of the 001 diffractions, 
which do not appear with a normal incident beam. However, for the reasons given above, 
non-meridional diffractions which appear near the 00/ diffractions merge to give a single-
arc diffraction pattern on the meridian (see also Section 10.3.1 A). 

10.2 Analysis of the Type of Crystallite Orientation 

10.2.1 Establishing the presence or absence of orientation 
This is established by inspection of the X-ray diffraction photographs of the specimen. It 
follows from the relationship between the form of the reciprocal lattice point distribution 
band and the diffraction pattern (established in Figs. 10.4 to 10.9) that diffractions in the 
form of points or arcs, Le, rings with non-uniform intensity distributions, indicate the pres
ence of orientation. The presence of orientation may also be assumed if, even when Debye-
Scherrer rings of uniform intensity are obtained, certain of the rather intense diffractions 
that would be expected from an unoriented specimen are missing; there is a strong possibil
ity that uniaxial or ring orientation is responsible in this case {cf. Section 10.1). If a single 
X-ray diffraction photograph does not indicate the presence of orientation, the shapes of the 
diffraction patterns obtained for various incident directions of the X-rays are examined. 
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The specimen may safely be assumed to unoriented in the majority of cases if this still fails 
to produce evidence of orientation. It is advisable, however, to check for the presence of 
spherulites under (say) a polarizing microscope, particularly for specimens in which 
spherulites readily develop. It is then finally possible to say whether the uniform intensity 
distribution of the X-ray diagram is due to averaging of the orientations in all directions 
caused by the presence of many spherulites small in size relative to the X-ray beam, or 
whether the specimen is in fact quite unoriented. Section 14.4 deals with the case where 
oriented diffraction may be masked by amorphous halos. 

10.2.2 Identification of the type of orientation 

A. Utilizing special features of the X-ray diffraction diagram 
Table 10.1 presents various criteria for the determination of the type of orientation in com
paratively highly oriented specimens. Using a schedule of this nature, the possible types of 
orientation may be deduced from the features of the diffraction diagram {cf. Figs. 10.4 to 
10.9). The next stage is to index the diffraction spots (or arcs), and establish the type of ori
entation from the reciprocal lattice. 

Table 10.1 Criteria for determination of the type of crystallite orientation 

1st pattern; X-rays are 
normal to the specimen 
axis^ 

2nd pattern; X-rays 
still normal, but in 
different direction 

3rd pattern; X-rays 
are oblique to the 
specimen axis 

Possible types 
of orientation 

(1) Layer lines clearly developed 
Resembles single crystal 
oscillation/rotation 
photograph; 
period in axis direction 

—unit cell edge length 

(2) Layer lines not very clearly 
developed 
Consists of many arcs 

(3) Layer lines unrecognizable 

Arcs, intensity con- ^ 
centrated at equator r " 

I
Pattern differs, but 
still resembles 
oscillation/rotation 
photograph 
Pattern unchanged 

Pattern unchanged 

Pattern unchanged • [ Rings, each with 

Biaxial 
(Double) 

Uniaxial 

Tilted 

Spiral 

Rings, each with 1 
uniform intensity Pattern unchanged' 

uniform intensity 

Arcs, intensity con
centrated at equator 

Pattern unchanged -

>—* Ring 

Unoriented 

^ Taken as the direction of rolling or drawing. 

If the degree of orientation is low, it may not be possible to determine the type of orien
tation, even though the presence of some kind of orientation may be evident. In such cases 
the degree of orientation must be increased by suitable treatment such as drawing or rolling 
to enable identification of the type. 
a) Determination of the helix angle (pfor specimens with spiral orientation. The helix 
angle (p for specimens with spiral orientation, i.e. the inclination of the c axis with respect 
to the fiber axis, is found from the azimuthal angle 5 as follows: 

1) ^e is found from the hkO diffractions (the equatorial diffractions). Since <7 = 90° for 
the equatorial (hkO) planes, Eq. 10.1 gives 
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COS ^1 = sin (T/COS 0 = — COS ^2 •'• & = —5i 

The complementary angle 5^ of di satisfies the following equation 

sin (p = sin ^e cos 0 (10.7) 

Thus (1) cos 0=1, and Se= (p when the diffraction angle is small, but (2) 5^ is generally 
slightly greater than cp. 

2) dm is found from the 00/ diffractions (the meridional diffractions). If the a and b 
axes of the crystallites are both perpendicular to the c axis, a = 0 for the (00/) planes, and 
Eq. 10.1 gives 

cos ^1 = cos (p/cos 0 = cos di •*• 61=62 

Whereas the diffractions from the other crystal planes are all in the form of arcs, those from 
the (00/) planes are points, and give a four-point diagram. 

It we let 61 = 5m, we obtain 

cos 6m cos 0 = cos (p (10.8) 

Thus (1) cos ^ = 1, and 6m = (p when the diffraction angle is small, but (2) 6m is generally 
slightly smaller than cp. 

3) The average of the measured values of 6m and 6d gives a reasonably close approxi
mation to the helix angle (p. 

4) If only one of 6m and 6d can be found, this may be taken as a measure for (p. 
b) Determination of the azimuthal angle 8. 

1) When a flat film is used, the azimuthal angle 6 can be obtained by direct measure
ment of the angle between the meridian and the point of maximum intensity of the diffrac
tion arcs (or points) on the film. 

2) There are two cases when a cylindrical film is used; (1) the fiber axis may be paral
lel to the cylinder axis, and (2) the axis may be perpendicular. In 1), with the film unrolled 
(see Fig. 10.13(a)), the value of Z for the point of maximum intensity is measured, and 6 
found from Eq. 10.9. 

cos 5 = sin v/sin 20, tanv = z//?F (10.9) 

where RF is the radius of the cylindrical film camera. In the case of 2) the procedure is ex
actly the same (see Fig. 10.13(b)), with z measured and 6 found from Eq. 10.10. 

sin 6 = sin v/sin 20, tan v = zJRv (10.10) 

c) Determination of the fiber axis. The fiber axis may be found from the "layer-line con
ditions." Thus, in a rotation photograph with the fiber axis [uvw] as the rotation axis, if a 
diffraction having the indices hkl appears in the nth layer line, the following relationship 
holds.'^ 

hu-\-kv-\-lw = n (10.11) 

The fiber axis can therefore be easily found from the layer line in which the hkl diffraction 
appears, with the aid of Eq. 10.11. 
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Zl 
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X-rays ^ 

Fig. 10.13 Measurement of the azimuthal angle 5 in the case of a cylindrical film. 
(a) Fiber axis parallel to the axis of rotation of the camera. 
(b) Fiber axis perpendicular to the axis of rotation of the camera Film as unrolled. 
[Reproduced with permission from lUCr., International Tables for X-Ray Crystallography, (C.H. Mac 
Gravry, G.D. Rieck eds.), Vol. Ill, p. 295, lUCr. (1968)] 

B. Utilizing the pole flgurê ^ 
Pole figures are stereographic projections showing the density of crystallographic poles of 
certain planes as a function of orientation,^^ and so provide a good method of representing 
orientation. A pole is the point of intersection of the normal to a crystal plane with the sur
face of a sphere having the crystal at its center. If the radius of the sphere is r* = l/d^hki), 
the pole coincides with the reciprocal lattice point of this plane, and the density of the poles 
on the surface of the sphere is a faithful representation of the reciprocal lattice point density 
distribution. 

If the crystallite orientation is completely random, the poles will be scattered all over 
the stereographic projection.^ If orientation is present, on the other hand, the poles will tend 
to be concentrated in certain areas within the projection, while the remaining areas will be 
completely unpopulated. 

Figure 10.14 shows pole figures for the (00/) planes and those for (hkO) planes contain
ing the fiber axis (c axis) for various types of orientation. These can be used for compari
son with experimental pole figures to determine the type of orientation. 

The degree of orientation can also be found from the pole density. The fiber axis can 
be determined graphically by using a pole figure.̂ ^ 

C. Utilizing small-angle scattering 
This heading is included for completeness here, but a full description accompanied by actu
al examples is deferred until Section 15.4.2. 

For a completely unoriented specimen, the number of poles in a given area on the surface of the projection 
sphere with the specimen as its center will be constant. Since the stereographic projections is a planar projec
tion of the spherical surface, however, areas are not faithfully reproduced, and the apparent pole distribution 
even in the pole figure of an unoriented specimen will have a lower concentration near the center. 
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Biaxial 
orientation 

Uniaxial 
orientation 
(normal 
sense) 

Tilted 
orientation 

Spiral 
orientation 

Ring 
orientation 

Fig. 10.14 Pole figures for various types of orientation. 
The Z direction is taken as parallel to that of drawing or rolling (milling), and in the latter the X 
direction is parallel to the rolled surface and normal to the rolling direction. 
[Reproduced with permission from C.J. Heffelfinger, R.L. Burton, J. Polym. Sci., 47, 290, John 
Wiley & Sons, Inc. (I960)] 
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D. Determination of the type of orientation 
The variation of the type of orientation in the necking portions of cold-drawn polyethylene 
is described in Section 15.4.1 in connection with the results of small-angle scattering analy
ses. In the present section we shall discuss the analysis of the type of orientation in the in
terior of spherulites and of the orientation of extruded polyethylene film. 
a) Radial variation of the orientation in spherulites. As was mentioned earlier, if the X-
ray beam is very large in proportion to the size of the spherulites in the specimen, the orien
tations in the various regions inside the spherulites average out, and a completely unorient-
ed X-ray diagram may be obtained. If, on the other hand, we use microbeam X-ray diffrac
tion (cf. Section 8.2) with a sufficiently small beam in proportion to the size of the 
spherulites, the X-ray diagram will give evidence of orientation. 

Figure 10.15^^ shows a large polyethylene spherulite measuring 0.5 ^ 1 mm. 
Extinction rings are observed at intervals of about 50 micrometers. As shown in the dia
gram, the continuous radial variation of the orientation was traced by making X-ray diffrac
tion patterns at intervals of 13 micrometers along a radius, using a microbeam having di
mensions of about 2 X 1.3 micrometers. The variations of the 110 and 200 diffractions are 
shown in Fig. 10.15(b). 

The results were analyzed in terms of the reciprocal lattice as follows. Fig. 10.15(c) 
shows the limited distribution of the reciprocal lattice points for part of the reciprocal lattice 
of polyethylene. The intersections of the reciprocal lattice points with the diffraction 
sphere are therefore arcs, and the diffractions are accordingly also arcs rather than spots. 
Fig. 10.15(d) shows the projection of the reciprocal lattice onto the fl*c* plane; I, II, III,..., 
VII identify the successive directions of the Incident X-rays. The shapes of the intersec-

(a) 

-te 7^ 

(b) I II 

^ ^ 

III IV VI VII 

Fig. 10.15 Investigation of the orientation in polyethylene spherulites by microbeam X-ray diffraction.̂ ^ 
(a) Photomicrograph of the specimen taken in polarized light. The points marked along the 

superimposed arrow show the positions at which diffractions were obtained. 
(b) Sketches of the 110 and 200 diffractions obtained at successive positions. 
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c * — I 

.O0(D(D(I)(l)(D 
Fig. 10.15—Continued 

(c) Part of the reciprocal lattice of polyethylene. 
(d) Projection of the reciprocal lattice onto the a*c* plane. 

I, II,...,VII indicate the directions of the incident X-rays corresponding to the diffractions in (b). 
(e) Helical arrangement of unit cells along the radius of the spherulite (upper diagram). 

Corresponding rotation of the index ellipsoid with refractive indices a, /3, and 7 (lower diagram). 
[Reproduced with permission from Y. Fujiwara, /. Appl. Polym. Sci., 4, 11, John Wiley & Sons, Inc. (I960)] 

tions of the reciprocal lattice points with the diffraction sphere vary when the diffraction 
patterns obtained (Fig. 10.15(b)) are interpreted as follows. The b axis is always directed 
along the radius, while the variation of the 110 intensity shows that the c axis twists as il
lustrated in Fig. 10.15(e). It is also interesting to note that orientations II and VI in Fig. 
10.15(b) are practically identical, and that a rotation through 180° occurs in a distance of 
4 X 13 = 52 micrometers. The half-period of this twisting of the c axis thus coincides with 
the spacing of the rings due to double refraction, and a dark ring is observed whenever the c 
axis is perpendicular to the basal plane. 
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b) Pole figures of extruded polyethylene film. Figure 10.16 shows the pole figures ob
tained for the 200, 020, and 002 diffractions from extruded polyethylene (Marlex 50) tubu
lar film.'^ 

It is clear from the (200) pole figures that at a blow ratio of 1.7 : 1, the a axis is directed 
along the extrusion direction, but with maximum concentrations at 45° and at 135° to the 
plane of the film. This result shows that the a axes in the extruded material are not parallel 
to the extrusion direction, as had been thought, but are oriented at an angle of 45° to this di
rection. As the blow ratio is increased the a axes naturally become parallel to the extrusion 
direction in accordance with the earlier view. 

Examination of the (020) pole figures shows that the b axes are distributed in a plane 
perpendicular to the extrusion direction, and that the degree of orientation is much higher 
than that of the a axes. This is also something that had not previously been established con
clusively, since the 020 intensity is much lower than the 200 intensity. Moreover, the di
rection of orientation of the b axes shows practically no change with increasing blow ratio. 

The (002) pole figures show that at a blow ratio of 1.7 : 1, the orientation of the c axis 

1.7: 1 
Blow ratio 

TD 

(200) a axis 

MD 

TD 

TD 

(002) c axis 

Fig. 10.16 Pole figures of extruded polyethylene film.̂ ^ 
MD: Machine (roUing) direction. 
TD: Transverse direction (parallel to rolled surface and normal to rolling direction) 
[Reproduced with permission from P.H. Lindenmeyer, S. Lustig, J. Appl. Polym. Sci., 9, 235, 
John Wiley & Sons, Inc. (1965)] 



258 10. Analysis of Crystallite Orientation 

is rather complex, but corresponding to the orientation of the a axis, the orientation distrib
ution has maxima at angles of 45° and 135° to the plane of the film. 

10.3 Determination of the Degree of Orientation 
Specimens in which the crystallites exhibit the various types of orientation discussed hither
to can differ widely in the degree of the orientation. The reciprocal lattice point distribution 
bands are obviously affected by any spread in the orientations, and there is a corresponding 
effect on the X-ray diffraction patterns. The latter generally have an intensity distribution 
taking the form of arcs on Debye rings, but may (depending on the degree of orientation) 
vary from sharp points to uniform rings. The distribution of the reciprocal lattice points for 
a given crystal plane, i.e. the degree of orientation, can therefore be inferred from the inten
sity distribution of the corresponding diffraction on the Debye ring. 

10.3.1 Criteria of the degree of orientation 
A. Using meridional diffractions 00/ 
In a uniaxially oriented specimen, if the a and h axes of the crystallites are perpendicular to 
the c axis (fiber axis), d\ disappears for the 00/ planes, i.e. the planes normal to the c axis, 
since ^ = 0 and (7 = 0 and hence cos 5m — cos d\ = 1/cos 0. The 00/ reciprocal lattice 
points should therefore lie on the Z axis, and since the diffraction sphere does not pass 
through the Z axis, no 00/ diffractions should be observed. However, since the 00/ recipro
cal lattice points actually have a distribution w((p) they are distributed around the Z axis as 
well as on it. For low order numbers of /, therefore, the diffraction sphere cuts the distribu
tion band of the reciprocal lattice points, and 00/ diffractions are then produced (Fig. 
10.17). Since the diffraction intensity distribution corresponds to the distribution w((p) of 
the reciprocal lattice points, it can be used directly to find the distribution of orientation. 
However, the 00/ diffraction intensity distribution corresponds only to the flanks of the rec
iprocal lattice point distribution. In practice, therefore, 
a) It is necessary to know the 00/ intensity distribution from an inclination photograph for 
which the specimen was inclined at an angle of ji = 6m (where 6m is the Bragg angle for 
the 00/ diffractions) to the incident X-rays in order to be able to place the distribution band 

Diffraction 
sphere 

0 0/diffraction 

fX = dc 

/"l 

L h v\ 
0 0/ diffraction 

0 0/ reciprocal lattice 
point distribution 

Fig. 10.17 Measurement of the degree of orientation using meridional diffractions. 
Measurement of the meridional diffractions is possible when the specimen is inclined appropriately 
(see text). 
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of 00/ reciprocal lattice points exactly on the diffraction sphere. Since this intensity distrib
ution is along a small circle of the diffraction sphere, the following equation is used to con
vert it into a distribution along the great circle, and so to find the correct orientation distrib
ution. 

cos (p = cos 8 cos Oooi (10.12) 

(p is the angle from the OZ axis, and 5 is the angle from the meridian measured on the 
Debye ring (c/ Fig. 10.17). 
b) Alternatively, the 00/ diffraction intensity distribution can be found without the need for 
the correction (Eq. 10.12) required in a) above, by taking precession photographs of recip
rocal lattice planes containing the c* axis or from Weissenberg photographs for axes per
pendicular to the c axis.^ 

B. A practical measure of parallelism^^ 
If the degree of orientation is low, it is difficult to obtain pure meridian 00/ diffraction in
tensity measurements. In such cases a practical measure of parallelism 77 is found as fol
lows from the intensity distribution of diffraction spots on the equator, and is used as a cri
terion of the degree of orientation. This quantity is defined by the equation 

/ T = ^ X 1 0 0 (10.13) 

where H° is the half width of the intensity distribution on the Debye ring of the most intense 
diffraction on the equator. /7 has a value of 0 if the specimen is completely unoriented, 
while if the crystallites are all arranged perfectly parallel to one another it is equal to 100. 

10.3.2 Determination of the mean of the crystallite orientation distribution 
(orientation coefficient) 

This method determines not the orientation distribution, but its mean value. The value ob
tained in this way should agree with the mean of the orientation distribution function de
scribed in Section 10.3.3, but the work and calculations are naturally less onerous than 
those involved in first determining the orientation distribution function and then its mean. 

A. Uniaxial orientation^^^ 
If the Z axis is the fiber axis (Fig. 10.18) and the angles made by the a, b, and c axes of the 
crystallite with the Z axis are cpa, cpt, and (pc, respectively, the orientation coefficients. Fa, 
Fb, and Fc^ representing the degrees of the three axes with respect to the Z axis are defined 
by the following equations. 

F«=(3<cos^(Pa>-l)/2l 

F , = ( 3 < c o s > , > - l ) / 2 i (10.14) 
F, =(3< cos>c > -1 ) / 2 J 

The 00/ diffraction is easily confused with the nearby 10/ and 01/ diffractions. These generally have small 
values of 8\ and appear close to the meridian; they sometimes merge to give a single arc cutting the meridi
an. As the degree of orientation of the specimen increases, however, the intensity of the 00/ diffraction spot 
decreases, whereas those of the 10/ and 01/ diffractions do not decrease but sometimes separate on either 
side of the meridian. 
These F's are not to be confused with those (structure factors) in Sections 2.9, 4.2, 11.2, 11.4, etc. 
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Fig. 10.18 Parameters used in the description of uniaxial crystallite orientation. 
[Reproduced from R.S. Stein, J. Polym. ScL, 31, 327, John Wiley & 
Sons, Inc. (1958)] 

The values of < cos^ (p̂  > , < cos^ cpb > , and < cos^ (pc > required for the determination of 
the orientation coefficients are found as follows. 

If we consider, say, the orientation coefficient for the a axis, we have cos (pa = cos Ohm sini/4oo, 
with the mean given by 

< cos^ (pa> = cos^ 6hoo < sin^ y/hoo > 

< sin^ y/hoo > is in turn given by 
pn/2 ^ 

J I(\j/hoo) sin^ y/hoo cos V/'/,ood v̂ /̂ oo 
<sinV/^oo> = 

Hence 

<COS^(Pa> = 

Similarly, for the b and c axes 

rn/2 

rn/2 ^ , 

Ĵ  liyfhm) sin^ y/hm cos y/hoocos^Ohoody/h rn/2 

Ĵ /(V/̂ ;,oo)cosv/̂ /̂ oodv/̂ ;,, 

<COS^ (pb> = 

rn/2 ry J 

J I{yfQko)^in yfoko^o^WokQCos^OokQdy/Q 
rn/2 

^J{yfQM)cosy/Qkody/Q 

rn/2 ~ ^ 
/(V^oo/)sin^ y/mi QO^yfmCO^ OmAy/o 

<cos^ (Pc> = - rn/2 

J /(V/̂ oo/)cosv/̂ oo/dv/̂ oo/ 

(10.15a) 

(10.15b) 

(10.15c) 

liy^hoo), Ky/oko), and I(y/m) are the intensity distributions of the hOO, OAO, and 00/ diffractions 
on the Debye-Scherrer rings, and Ohoo, Ooko, and Omi are the measured values of the Bragg 
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angle for the /lOO, OM), and 00/ diffractions. Xj/ (= 90° — 5) is the angle from the equator, 
measured on the Debye-Scherrer ring (Fig. 10.19). 

In the special case where the a, b, and c axes of the crystallites are orthogonal, then 

COŜ  (pa + COŜ  (pb + COŜ  (pc= I 

Fa + Ft + Fc = 0 

(10.16) 

(10.17) 

Fig. 10.19 Sketch of an X-ray diffraction pattern from oriented polyethylene. 
The a axes are oriented perpendicular to the drawing direction. The degree of orientation is indicated 
by the intensity distributions along the diffraction arcs (i.e. the variation with (p). 

I bi a axis 
High density polyethylene 

Low density polyethylene 

Fig. 10.20 Orientation diagram for polyethylene showing the effects of cold drawing.'*^ 
The orthogonal dotted lines are the axes of Fa and Fb and the origin corresponds to the unoriented 
state. Circles indicate low density polyethylene, and crosses indicate high density polyethylene. 
[Experimental data supplied by R.S. Stein in private communication (1958)] 
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SO that we need only determine the values of any two of the orientation coefficients. 
Orientation coefficients of poly ethylene.^^^ Polyethylene belongs to the orthorhombic 

system (see Section 11.2.8), so Eq. 10.16 and 10.17 are normally valid. For spiral orienta
tion as represented schematically in Fig. 10.19, Fa and Fb can be found by measuring the 
200 and 020 intensity distributions /(1/̂ 200) and liy/oio) and calculating < cos^ (p«>and 
< cos^ (pb > from Eq. 10.15a and 15b. Fig. 10.20̂ ^̂  shows how the orientation coefficients 
found in this way depend upon the conditions of cold drawing. 

B. Biaxial orientation^^^ 
If the Z axis is the direction of the fiber axis and the Y axis lies in the plane of the film, the 
X axis is normal to the plane of the film. Two of the angles cpa, (pb, and (pc used in the case 
of uniaxial orientation and any one of the angles cOa, cOb, and cOc between the Y axis and the 
projections of the a, b, and c axis of the crystallite on the XY plane are required to define the 
orientation of the crystallites in the film specimen (cf. Fig. 10.18). The biaxial orientation 
coefficients Fia, F2b, and Fjc corresponding to the three angles just defined are given by the 
following equations. 

F2a=(3<COS^COa>-l)l 

F2^=(3<cos^ 0)b>-ln (10.18) 
F2c=0<cos^ C0c>-V)\ 

The coefficients F2«, Fit, and F2c are not independent, but obey the following relationships: 

sin^ (pa cos^ 0)a + sin^ (pb cos^ cOb + sin^ (Pc cos^ cOc = 11 
. 9 . 9 . 9 . 9 . 9 . 9 A n o 19) 

sm (̂Pasm (Oa + sm (pbsm^(Ob + sm^(pcsm^C0c=lj \ - ^ 

Thus if Fa and Fb are found as in the case of uniaxial orientation, there is a further re
quirement for two of F2a, F2b,^nd F2c, before the degree of orientation can be expressed. In 
the special case where (say) the c axes are parallel to theZaxis, Fc— I and Fa — Fb — ~ 1/2, 
and since F2b — F2a, it is necessary only to find either F2b or F2a-
a) Calculation of biaxial orientation coefficients, 
I((Pa, }i)mo or I{(pb, lX)QkQ is found from the /iOO or 0/:0 diffraction intensity /(i/^oo, jJ) or 
/(V̂ oM), jJ) measured as a function of the angle ji between the incident X-rays and the X axis, 
i.e. between the incident X-rays and the normal to the film plane. For example, I{(pa, /f)hoo 
is easily found from the hOO diffractions using the relationship 

c o s (pa = COS Ohoo s in y/hoo 

This I((pa, fi)hm is then used in the calculation of < cos^ (Oao > , and hence to find F2a (see 
Fig. 10.21). 

(Oa = (OaO + Jil 

< COS^ (OaO > = 

r I((pa, lii)hoo [(sin^ ehoo) / (sin^ (pa )+{l - (2 sin^ Ohoo) / (sin^ (pa)} cos^ /i]d^ 
j^2 (10.20a) 
y{(Pa.J^)h00dlil 
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Similarly, F2b is calculated with the aid of < cos^ (Om > from the OM) diffraction 

< COS^ CObQ > = 

£" licpb, l^)oko[(sin^ Ooko) / (sin^ (pb )+{l - (2 sin^ ô̂ to) / (sin^ cpb)} cos^ iu]dfi 
PKll 

y{(pt,lil)okodlil 
(10.20b) 

If the uniaxial orientation coefficients Fa and Fb are calculated as described in the previous 
section, we now have all the orientation coefficients Fa, Fb, Fia, and F2b generally required 
to express the degree of orientation in cases of biaxial orientation. 

^X 

Fig. 10.21 Parameters used in the description of a tilted film. 
[Reproduced from R.S. Stein, /. Polym. ScL, 31, 338, John Wiley & Sons, Inc. (1958)] 

10.3.3 Analysis of the crystallite orientation distribution (orientation distribu
tion functions)̂ ^̂ ^̂  

Crystallite orientation distributions are most suitably expressed in terms of crystallite orien
tation distribution functions. The calculations to determine these functions are rather labo
rious, and require high speed electronic computing facilities. The method has the compen
sating advantage, however, that the orientation distribution functions for planes giving very 
weak diffractions can be calculated from experimental results for many other planes. 

A. Biaxial orientation distribution functions 
The specimen is referred to the coordinate system O-XFZ, where the Z axis lies along the 
drawing direction, and the YZ plane is the plane of the specimen. The crystallites in the 
specimen have the coordinate system 0-xyz, where the jc direction is that of the molecular 
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chains. The orientation of the crystalHtes in the specimen is expressed by the Euler angles 
a, P, and 7 (Fig. 10.22(a)). The reciprocal lattice vector r* ,̂ normal to a given crystal plane 
in a crystallite, can therefore be defined in terms of the angular parameters Gj and 0j in the 
coordinate system O-xyz of the crystallite (Fig. 10.22(b)) and in terms of ;̂ ; and rfj in the co
ordinate system O-XYZ of the specimen (Fig. 10.22(c)). The two sets of angles (0/, 0j) and 
(XP rjj) are related by the formula 

^sinj^ 

s inz 

COST] 

smrfj 
COSXJ J 

= T-\a,p,r)\ sin 0j sin 0j 
cos 0j 

(10.21) 

for changing from the O-xyz system to the O-XYZ system. In this formula, 

C COS a COS j8 cos 7—since sin 7 sin a cos ̂  cos 7+cos a sin 7 — sinj8cos7A 
— cos a cos P sin 7— sin a cos 7 

cos a sin j8 
- sin a cos ̂  sin 7+cos a sin 7 sin/3 sin 7 

sin a sin )8 cos 7 
(10.22) 

Fig. 10.22 Relationships between the coordinate systems and the reciprocal lattice vector r*,. 
(a) Specimen coordinate system, O-XYZ, and crystallite system, O-xyz, where a, /3, 7 are the 

Euler angles. 
(b) Crystallite coordinate system and the arbitrary reciprocal lattice vector. 
(c) Specimen coordinate system and reciprocal lattice vector r*,. 
[Reproduced with permission from R.-J. Roe, W. R. Krigbaum, J. Chem. Phys., 40, 2608, Am. 
Inst. Phys. (1964)] 
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With ^ — COS P and ^j = cos;^;, the crystallite orientation distribution function 
w((̂ , a, y) may be expressed in terms of the experimental orientation distribution function 
qj(Q, rjj) for the reciprocal lattice vector r, by means of the expanded forms of both w(^, a, 
y) and qjiQ, T]j) which are obtained from the associated Legendre polynomials.^^^ The ex
pressions derived are of the following forms. 

w{^,a,y)=Y,^ £W/^„Z/^„((^)exp(-/ma)exp(-m7) n o 23^ 
/=Om=-/n=-/ ^ ' ^ 

/ 

I 
n=-l 

QJ=2n{2l{2l+\)}"^ X WimnPi\Ej)QXi^{-in0j) (io.25) 

E = cos 0 

Pr{0 ^^^ PP{E) are both normalized associated Legendre functions, while Zimn is a gener
alized associated Legendre function. ̂ ^̂  w(<̂ , a, y) is of course normalized. 

The orientation distribution function qj(^j, rjj) for the reciprocal lattice vector r* is 
found from the measured intensities /(^y, rjj) for various independent lattice planes. 

qj{Cj,nj)=IiCj,rij)' fj fji^j,rij)dCjdnj (10.26) 

QJ is then calculated from the following equation. 

Having found the value of a given QiJ from Eq. 10.27, we find Wimn {n = — 1,...,0,...,1) for 
certain fixed values of /, m, and; with the aid of Eq. 10.25 by solving (2/ + 1) simultaneous 
first-order equations in the complex plane. If the number of qji^j, rjj) obtained from experi
mental values is Â , then Wimn is found for at least (N — l)/2 values of /. Finally, w((̂ , a, / ) 
can be calculated from Eq. 10.23. 

It is convenient in practical calculations to express Wimn and QJ as 

Wlmn = Aimn+iBlmn (10.28) 

(10.29) 

Then 

^;(Cy.^y)=X £ Pri^j)[aJcosmrij+bjsinmrij] (10.30) 

w(^,a,y)=^ ^ ^Zim(OlAimnCos(ma+ny)+BimnSm(ma+ny)] (10.31) 
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a J=2K\ ——- [ y Pi" (Sj )[Aimn cosn0j-Bimn sinnOj ] 
L2/+1J n^-l 

bJ=27i;\——-\ ^/^"(S^OLA/^nsmn0j-Bimn cosn0j]\ 
L2/+1J „=-/ J 

(10.32) 

Moreover, from the symmetry of Z/̂ „ and PT, we obtain 

e/m=(-irG/m*i 
aim =(-iraim \ 

Aim ={-ir^''AMn 

Blm = ( ~ 1 ) ' " " Bimn] 

(10.33) 

(10.34) 

If the statistical distribution of the crystallites in the specimen has a certain symmetry, and 
if the crystallites themselves possess crystallographic symmetry elements, many of the Wimn 
become zero, as shown in Tables 10.2 and 10.3,̂ ^^ with corresponding simpUfication of the 
calculation. The coordinate systems 0-xyz and O-XYZ should therefore be chosen in such a 
way as to give the greatest possible number of symmetry elements. 

When the crystallite coordinate system is changed to 0-xyY by rotation of the 0-xyz 
coordinate system through the Euler angles a\ P\ and / ' in order to manifest the highest 
degree of symmetry possible, the equation for the change of coordinates is 

Table 10.2 Symmetry properties of Qim and Wimn due to statistical symmetry of crystallite distribution 

Statistical symmetry element 

Mirror plane normal to x axis 

Mirror plane normal to y axis 

Mirror plane normal to z axis 

Three mirror planes normal to 
X, y, and z axes respectively 

Cylindrical symmetry about 
zaxis 

qii, 1) 

^qii,7r-ri) 

-qii,-V) 

= qi~C,Tl) 

-q(^,0) 

Qlm 

^Qlm 

-{-ITQM 

J #= 0 (m even) 
l = 0(modd) 

r = Qim{m even) 

l = 0(modd) 

r=/= 0, m = 0 
L=0,m=/=0 

Wimn 

= H^/^=( - l ) ' "^"W*/ .n 

{-irWi^-i-XyW^lmn 
J=hO(m even) 
l = 0(modd) 

r = Wirm == ( - 1 yW'^imnim cvcu) 

1 = 0 (m odd) 

r=/=0, m = 0 
1 = 0 , m=^0 

[Reproduced with permission from R.-J. Roe, J. Appl. Phys., 36, 2024, Am. Inst. Phys. (1965)] 

Table 10.3 Symmetry properties of Wimn due to crystallographic symmetry of crystallites 

Crystallographic symmetry element Equivalent vectors of 0 and O 

Mirror plane normal to X axis 

Mirror plane normal to Y axis 

Mirror plane normal to Z axis 

r-fold rotational symmetry with 
respect to Z axis 

(0 , K~0) 

{K - 0, 0) 

{0,0 + 2KJ/r)ij--

--{-\rWlrrrn={-\rW''lfnn 

= W U - 1 ) ' " + " W * / ^ 

r ̂  0 (n even) 

1,2,..., r - 1 ) 

r=/=0(n( 
i = 0 (n odd) 
r^O 

1 = 0 
^ 0 (if n is a multiple of r) 

~ (other cases) 

[Reproduced with permission from R.-J. Roe, J. Appl Phys., 36, 2024, Am. Inst. Phys. (1965)] 
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sin Gj cos 0j ^ 
sin Oj sin 0; 

cos6); 
^T-\a\p\r)\ 

sin 6) / cosCP/^ 
sin6>/ sinC^/ 

cos 6)j' (10.35) 

where Gf and C^/ are the polar and azimuthal angles respectively of the reciprocal lattice 
vector r*y in the new coordinate system. 

B. Uniaxial orientation distribution functions 
For uniaxial orientation, w(<̂ , a, y) and qj(̂ y, r\j) no longer contain the variables a and r\j\ 
the orientation distribution functions and their interrelationships therefore reduce to the fol
lowing. 

vv(^,7) = £A/O/^ ' ( ( ? )+£ X [A./^'"© cos m7+B/./^'"((?) sin mr)] 

I2/+1J 

m = l 

Qj is found from the experimental ^ / Q as follows. 

qj (C;) = ^; iX) I \l h iX) sin XdX 

(10.36) 

(10.37) 

(10.38) 

(10.39) 

C. Procedure for the calculation of w(^, 7) 
1) The parameters G and O are calculated for the various diffractions from the size of 

the unit cell. 
2) Ij(x) is measured for the yth diffractions, and after correction for absorption, polar

ization, and Lorentz factors, ^ / Q is found from Eq. 10.39. 
3) Eq. 10.38 is used to find the Ql for / = 0, 2, 4,... for the various diffractions. The 

expanded form of qj{C,j) obtained with the aid of g/, i.e. 

qj(^j) = I,Qi'Pi(^j) (10.40) 

is tested for convergence by means of Eq. 10.41, at the same time determining the number 
of terms of the associated Legendre polynomial required for convergence within the expect
ed error, i.e. the minimum number of diffractions required to find the orientation distribu
tion function with the expected accuracy. 

(y.'=(_,kj(Cj)?dCj-t{Qn' (10.41) 

4) The coefficients Aim and Bim required for the calculation of w(<̂ , 7) are found by ap
plying Eq. 10.37 to each of the Q/ obtained and solving the simultaneous equations. 

5) w(^, 7) is calculated. 
6) Where the orientation distribution function of a given crystal plane cannot be deter

mined, e.g. because the diffraction intensity is too low, or because there is an unacceptable 
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amount of overlapping with other diffractions, the coefficients Aim and Bim used in the calcu
lation of the orientation distribution functions of the crystal planes from other independent 
diffractions are used in Eq. 10.37 to calculate the required Qi. If qj(Q is then calculated 
from Eq. 10.40, w(^, y) can be calculated by the same procedure as for the other crystal 
planes. 

7) When several superimposed diffractions are measured as one, the measured intensi
ty must be broken down into the contributions due to the various components using the 
"weights" of the reciprocal lattice vectors r/*. These weights Cjp are derived from the fol
lowing equation. 

Cjp=(Fj,y/'Z(Fj,y (10.42) 

Fjp is the structure factor of the reciprocal lattice vector r,p* measured as the reciprocal lat
tice vector r,* resulting from the superposition of other diffractions with very similar Bragg 
angles. We obtain 

^j(^j) = Y,^Jp^Jp^^J^ (10.43) 
p 

Q'^lCpQ,'" (10.44) 

so that Eq. 10.37 is replaced by 

r 1 i i/2 / 

l i Z + l J p m=\ p 

+ BimY,CjpPr{Ej)^mm^jp]] (10.45) 
p 

where Ejp — cosOjp. 
Orientation distribution functions of drawn polyethylene, '"̂^ Since poly-ethylene crys

tals are orthorhombic (cf. Section 11.2.7), the coordinate systems are chosen so that the x, _y, 
and z axes coincide with the a, b, and c axes, respectively, of the unit cell. Owing to the 
presence of a mirror plane normal to the z axis, all the Aim disappear from 
w((̂ , 7) except those for which / and m are both even. Eqs. 10.36 and 10.45 thus become 

K$,7)= £ A/oP/'(^) + 2 £ Y^AimPr{^)cosmr (10.46) 

0^ =2;r{2/(2/ + l)r{AzoXCi.^/°(^;p) + 2 X A/ .XQp^" ' (^ i )cosm^,} ^^^^^^ 

{even) 

The specimen in this case a sheet of polyethylene (Alathon-10) that had received 10 
Mrad of radiation and was drawn (draw ratio 5.58 : 1) to induce uniaxial orientation. The 
intensity distributions I(x) of 12 diffractions were measured, and the q{l^ were calculated. 
Fig. 10.23 shows the q{Q) for the four diffractions with the smallest angles. The circles are 
the experimental values, and the solid curves indicate the values found from the expanded 
approximation obtained from Eq. 10.40 with / = 16. The dashes give curves obtained by 
expanding the intensity distribution curves of the 12 diffractions (isolated from the 23 over
lapping diffractions of Table 10.4) into a series and applying corrections so as to minimize 
the differences from all the experimental curves. The dotted curve shown in the 200 dia-
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r„ 0.8 
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0.4 

-

( C ^ 

210 /^v 

//%^ ij \ 

I 

30* 60* 90* 

Fig. 10.23 Reciprocal lattice point distribution functions ^(f) of the first four diffractions for uniaxially oriented 
polyethylene (see text)."̂ ^ 
[Reproduced with permission from R.-J. Roe, W. R. Krigbaum, J. Chem. Phys., 41, 737, Am. Inst. 
Phys. (1964)] 

Table 10.4 Identification of the diffractions, etc. for Fig. 10.23'' 

20, diffraction angle [deg] hkl 

9 
10 

11 

12 

21.62 
24.02 
30.15 
36.38 
39.79 

40.85 

41.69 

43.07 

47.01 
55.00 

57.32 

61.92 

1.0 
1.0 
1.0 
1.5 
0.7 

0.7 

0.7 

0.7 

0.5 
0.5 

0.5 

0.5 

110 
200 
210 
020 
Oil 
310 
310 
Oil 
111 
111 
310 
201 
201 
220 
111 
211 
311 
130 
130 
221 
401 
230 
420 

0.81 
0.19 
0.55 
0.30 
0.15 
0.70 
0.19 
0.11 
0.71 
0.15 
0.14 

0.88 
0.12 
0.66 
0.34 
0.60 
0.36 
0.04 

^ Weight due to superposition of diffractions. 
[Reproduced with permission from W.R. Krigbaum, R.-J. Roe., J. Chem. Phys., 41, 737, Am. Inst. Phys. (1964)] 
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gram is the q(^ obtained from the intensity distribution curves of diffractions other than the 
200 diffraction, using Eq. 10.47 and 10.40. Fig. 10.24 shows the resulting orientation dis
tribution functions in the form of G((̂ , 7) = 4nw(^, 7) instead of w((̂ , 7). As the number of 
terms in the expanded approximation increases (/ = 6, 12, 16), the approximation is im
proved and the negative regions decrease. 

Fig. 10.24 Orientation distribution functions G(^, y)=4w{^, 7)."^^ 
The number of terms used in the expanded approximation for (a), (b), and (c) were 1 = 6, 12, and 16, 
respectively. As the number of terms is reduced, the negative (shaded) area due to the approximation 
error increases. 
[Reproduced with permission from W.R. Krigbaum, R.-J. Roe., / . Chem. Phvs., 41, 737, Am. Inst. 
Phys. (1964)] 

10.4 Preferred Orientation of Two-dimensional Lattices 
In the previous sections the orientation of three-dimensional lattices has been discussed. 
The diffraction intensity of a two-dimensional lattice is represented in reciprocal space by a 
periodic array of parallel rod-like intensity distributions. The asymmetric interference 
hues produced by a randomly oriented two-dimensional lattice were discussed by Lauê ^̂  
and later by many other authors. The effect of non-random distribution of the two-dimen
sional lattices has been treated by Guentert and Cviekevich,^^^ and has been generalized by 
Ruland and Tompa.̂ ^^ Ruland and coworkers also interpreted the effect of preferred orien
tation on (hk) interferences as shown by electron diffraction of carbon fibers.̂ ^^ Orientation 
of polymer chains (one-dimensional cases) will be dealt with in Section 14.5 (refer also 
14.4 and 14.6). 
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