Benson Proper Efficiency in Set-Valued
Optimization on Real Linear Spaces*

E. Hernandez!, B. Jiménez? and V. Novo3

! Departamento de Matematica Aplicada, E.T.S.I. Industriales, UNED, ¢/ Juan

del Rosal 12, 28040 Madrid, Spain. ehernandez@ind.uned.es

Departamento de Economia e Historia Econémica, Universidad de Salamanca,

Facultad de Economia y Empresa, Campus Miguel de Unamuno, s/n, 37007

Salamanca, Spain. bjimenl@encina.pntic.mec.es

3 Departamento de Matemética Aplicada, E.T.S.I. Industriales, UNED, ¢/ Juan
del Rosal 12, 28040 Madrid, Spain. vnovo@ind.uned.es

Summary. In this work, a notion of cone-subconvexlikeness of set-valued maps on
linear spaces is given and several characterizations are obtained. An alternative the-
orem is also established for this kind of set-valued maps. Using the notion of vector
closure introduced recently by Adan and Novo, we also provide, in this framework,
an adaptation of the proper efficiency in the sense of Benson for set-valued maps.
The previous results are then applied to obtain different optimality conditions for
this Benson-vectorial proper efficiency by using scalarization and multiplier rules.

1 Introduction

In the last decades, there has been an increasing interest in vector optimization
problems with set-valued objectives or constraints. See, for instance, [7, 8, 10,
12, 13, 14, 15, 16] and references therein. This kind of optimization problems
with set-valued maps are closely related to stochastic programming, control
theory and economic theory.

In this work, we introduce a new concept of proper efficiency in the sense
of Benson for an optimization problem with set-valued maps on real linear
spaces, and we characterize this concept of proper efficiency. We introduce
this Benson vectorial proper efficiency by using concepts and results given by
Adan and Novo [1, 2, 3, 4, 5]. We extend the notion of cone-subconvexlikeness
of set-valued maps on linear spaces and give several characterizations. We
establish separation theorems and an alternative theorem for solid cones. We
also analyze the behaviour of a cone-subconvexlike set-valued map via a pos-
itive linear operator. We prove scalarization theorems and characterize the
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Benson-vectorial proper efficiency in optimization problems of set-valued maps
with cone-subconvexlikeness. Lastly, using a new generalized Slater constraint
qualification, we obtain a Lagrange multiplier rule of algebraic type for vector
optimization problems with set-valued maps.

2 Notations and Preliminaries

Throughout this work, we will assume always, unless stated specifically oth-
erwise, that Y is a real linear space partially ordered by a convex cone K C Y
and A is a nonempty subset of Y. Let cone(A), co(A), aff(A4), span(A) and
L(A) = span(A — A) denote the generated cone, convex hull, affine hull, linear
hull and associated linear subspace of A, respectively. In this section, we recall
some algebraic concepts and known results.

The core (algebraic interior) and the intrinsic core (relative algebraic in-
terior) of A are defined, respectively, as follows:

cor(A)={ye A: YweY, 3t>0 Yae|0,t], y+ av e A},

icr(A) ={ye A: Yve L(A), It >0, Ya € [0,t], y+ av € A}.

We say that A is solid (relatively solid) if cor(A) # 0 (icr(A) # 0). It is
clear that if cor(A) # 0 then cor(A) = icr(A) because L(A) =Y.

It is well-known that for finite dimensional spaces there exist sets which
are not solid but they are relatively solid, for example, any segment, ray or
line in R2. At the end of this section we show an example in infinite dimension
(see Example 1).

The algebraic closure of a set A is defined by

lin(A) =Au{yeY: Jae A, [a,y) C A}.

Except for solid convex sets, this concept is not satisfactory as a substitute
for topological closure. In order to solve this problem, Adan and Novo [4] have
introduced a weaker closure of algebraic type, which was called vector closure.
This vector closure coincides with the algebraic closure for convex sets, and
coincides with the topological closure for solid convex sets.

Definition 1. Let A be a nonempty subset of Y. The vector closure of A is
the set vel(A) ={y €Y : Jve?, Vt >0, Ja € (0,t], y+ av € A}.

It is clear that y € vcl(A) if and only if there exist v € Y and a sequence
An — 07 such that y+ A,v € A for all n. The set A is called vectorially closed
if A =vcl(A4).

We say that a cone K is pointed if K N (—K) = {0}. It is well-known
that for a convex cone K, whose relative algebraic interior is non-empty, the
following conditions hold:

(%) iecr(K) U {0} is a convex cone,
(1) icr(K) + K = icr(K),
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(#t) icr(icr(K)) = ier(icr(K) U {0}) = icr(K).
Denote by Y’ the algebraic dual of Y and by A™ the positive dual cone of
A, that is,
AT ={peY': y(a) >0, Va € A}
and AT = {p € Y': p(a) >0, Va € A\ {0}} is the strict positive dual of A.
AT is a vectorially closed convex cone and

[cone(A)]T = cone(A™) = [conv(A)]" = conv(AT) = AT,

Other properties that will be used and appear in [4, 5] are the following:

(i) A, BCY, AC B = vi(A) C vel(B),
(i3) [vcl(cone(conv(A)))]T = AT = vcl(AT).

If Y is a topological vector space, the interior and closure of a set A are
denoted by int(A) and cl{A), respectively. It is easy to check the following
inclusions

A Clin(A4) C vel(A4) C cl(4).
To illustrate the notions above we give an example in infinite dimension.

Ezxample 1. Let Y be the vector space of all sequences of real numbers, let S
be the subspace of Y of all convergent sequences:

S={a=(a,) €Y: Jlima, = ac R},
and let K be the subset of S of all sequences with nonnegative limit:
K = {(a,) € S: lima, > 0}.

It is clear that K is a nonpointed convex cone with X N (—K) = ¢, the
linear space of the sequences converging to zero. Furthermore, the vector space
generated by K is §, i.e.,, L(K) = K — K = §, and it is easy to check that K

is vectorially closed. Its intrinsic core is
ier(K)={a€ K: lima, > 0}.

Indeed, let @ € K such that a = lima, > 0, and let us see that o € icr(K),
i.e., that Yo € § = L(K), 3ty > 0 such that ¢ + tv € K, Vt € (0,tp]. As the
sequence v = (v,,) € S there exists lim v, = 8. Then lim(a,+tv,) = a+t3 >0
for all ¢t € (0,ty] if we choose

e if 3>0
0= 1 -a/B8 ifB<0.

Now pick a € icr(K). As icr(K) C K we have lima, > 0. Suppose that
lima, = 0. Let v = (vy,) defined by v, = 1 for all n € N. Since —v € S and
a € icr(K) there exists {9 > 0 such that a + t(—v) € K, Vi € (0,tp]. This
implies that —to = lim(ay, + to(—vy)) > 0, which is a contradiction.
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The following cone separation theorem is due to Adan and Novo [5, The-
orem 2.2].

Theorem 1. Let M, K be two vectorially closed and relatively solid convex
cones in Y. Let Kt be solid. If M N K = {0} then there emists a linear
functional v € Y'\{0} such that Yk € K, m € M, p(k) > 0 > ¢(m) and
furthermore Vk € K\{0}, ¢(k) > 0.

Throughout this work, we assume that, unless indicated otherwise, X is
a set, Y and Z are linear spaces, K C Y and D C Z are pointed relatively
solid convex cones, and F': X — 2¥ and G: X — 27 are set-valued maps
with domain X. The image of a subset A of X under F is denoted by F(A) =
UgeaF (II?)

Consider the following unconstrained (P) and constrained (CP) vector
optimization problems with set-valued maps:

K — Min F(z)
(P) { subject to x € X,

K — Min F(z)
(CP) { subject to z € X, G(z) N (-=D) # 0.

The feasible set of (CP) is defined by
N={zeX: Gz)n(-D) #0}. (1)

In [5], Ad4dn and Novo have introduced the following concept of proper
efficient point of a set S C Y in the framework of vector optimization problems
in partially ordered real linear spaces.

Definition 2. The set of Benson-vectorial (BeV) proper efficient points of
S CY is defined by

BeV(S)={y e S: vcl(cone(S —y+ K))n(-K) = {0}}.

If we assume that Y is a topological linear space, and in this definition we
replace the vector closure by the topological closure, we obtain the usual
Benson (Be) proper efficiency defined in [6]. Because of vcl(S) C cl(S), it is
clear that Be(S) C BeV(S).

For a vector optimization problem with set-valued maps, we introduce the
following concept of proper eflicient solution.

Definition 3. A point © € X is called a Benson-vectorial (BeV ) proper effi-
cient solution of problem (P) if there exists

y € F(z) N BeV(F(X)).

The pair (x,y) is called a Benson-vectorial proper minimizer of (P).
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3 Cone-Subconvexlike Set-Valued Maps

It is well-known that convexity plays an important role in optimization theory.
In this section, we propose the following notion of cone-subconvexlikeness for
set-valued maps on linear spaces. As we shall see presently, this concept is
weaker than other concepts of cone-subconvexlikeness for set-valued maps.

Let X be a set, let F': X — 2Y be a set-valued map with dom(F) = X
and let K C Y be a relatively solid convex cone.

Definition 4. F is said to be K -subconvezlike on X if Iky € icr(K) such that
Vz,z' € X, Ya € (0,1), Ve >0,

eko + aF(z) + (1 —a)F(¢') ¢ F(X) + K.

Proposition 1. The following statements are equivalent:
(a) F is K-subconvezlike on X.
(b) Vk € icr(K), Vz,z' € X, Va € (0,1),

k+aF(z) + (1 - )F (&) C F(X) + icr(K).
(c)Vz,z’' € X, Va € (0,1), 3k € K such that Ve > 0

ek +aF(z)+ (1 - a)F(z') c F(X) + K. (2)
(d) F(X) +icr(K) is a convez set.

Proof. The implications (b) = (a) = (c) are clear. Let us see (c) = (b). Let
k € icr(K), z,2' € X, a € (0,1). Then, by assumption, 3k’ € K such that
Ve > 0 condition (2) holds (with k’ instead of k). As k € icr(K) = icr(icr(K)),
for —k' € L(K) = L(icr(K) = span(K — K) there exists g9 > 0 such that
ko = k + eo(—k') € icr(K). So,

k+ aF(z)+ (1 - a)F(z') = [gok’ + aF(z) + (1 — a)F(z')] + ko
C F(X) + K + ko C F(X) + icr(K)

(the last inclusion is true because K + icr(K) C icr(K)).
(b) = (d) Let u,v’ € F(X)+icr(K), a € (0,1). Then,u=y+k, v =y + &
withy € F(z), v € F(z'), k, k' € icx(K), z,z' € X. Therefore

au+(l-a)u' =ak+ (1 -a)k +ay+ (1 —a)y.
As icr(K) is a convex set, kg = ak + (1 — o)k’ € icr(K). So,
au+ (1 —a)u' € ko +aF(z)+ (1 — a)F(z') € F(X) + icr(K).
(d) = (b) Let k € icr(K), z,2' € X, @ € (0,1), y € F(z), ¥y € F(z'), then
k+ay+(l-a)y =ay+k) + (1 —a)y +k) € F(X)+icr(K)

because F(X) + icr(K) is a convex set by assumption, and y + k,v' + k €
F(X)+iex(K). O
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Remark 1. Of course, we may define that F' is K-subconvexlike on X in the
sense of Li ([12], given for a solid cone), if 3k € icr(K), Vz,z' € X,Va € (0,1),
Ye > 0, 3z” € X such that

eko + aF(z)+ (1 —a)F(z') C F(z") + K.

However, this notion is more restrictive than Definition 4 (see Example 2).
When cor(K) # 0, K-subconvexlikeness in the sense of Li becomes exactly
Definition 2.2 in Li [12] (see also [14, Definition 1.2]).

Ezample 2. Consider X = [~2,0], F : X — 28 defined by F(z) =
[((-2,1),{(0,2 + z)] and K = Ry x {0}. It follows that F(X) + icr(K) is a
convex set so F' is K-subconvexlike on X. However, F is not K-subconvexlike
on X in the sense of Li. Indeed, given kg € icr(K) if z =0, 2' = -2, a = %

and € = 1 then Vz'" € X
eko + aF(z)+ (1 - a)F(z') ¢ F(z') + K
as can easily be checked.

The previous proposition can be considered an extension of Lemmas 3.1
and 3.2 in Li [13] which are valid in a topological linear space ¥ provided with
a convex cone K whose interior is nonempty.

In order to simplify the notations we introduce a new definition.

Definition 5. A set-valued map F: X — 2V is said to be relatively solid
K -subconvezlike on X if the following conditions hold:

(i) F is K-subconvexlike on X,

(i) icr(F(X) +icr(K)) # 0.

Remark 2. If Y is finite dimensional, condition (ii) is always true whenever F'
is K-subconvexlike because F'(X) + icr(K) is a convex set.

Example 3. Let Y and K be the sets of Example 1. Let A be the convex cone
A={(an) €Y : a, >0, ¥Yn € N}

and C = A+icr(K) = {(a,) € Y : liminfa, > 0}. We have that C is a
convex set and icr(C) = . So F: A — 2Y, given by F(z) = z + K, is K-
subconvexlike on A but is not relatively solid K-subconvexlike on A. However,
if we consider F': K — 2Y is relatively solid K-subconvexlike on K.

In Theorem 3 we establish an alternative theorem for K-subconvexlike
set-valued maps with K solid. Previously, in Theorem 2 we establish a partial
result of alternative type when K is only a relatively solid cone.

Theorem 2. Let K C Y be a relatively solid conver cone. Assume that F .
X — 2Y is relatively solid K-subconvexlike on X. If there is no x € X such
that

F(z) N (—ier(K)) # 0, (3)
then 3p € KT\ {0} such that p(y) >0 Vye F(X).
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Proof. The set F(X) + icr(K) is convex by Proposition 1. From (3) it follows
that 0 ¢ F(X) + icr(K). So, 0 ¢ icr(F(X) + icr(K)). Using the support
theorem {9, Theorem 6.C}, there exists ¢ € Y’ \ {0} such that

oly+k) >0 VYye F(X), Vk € icr(K) (4)

(and ¢ is strictly positive on icr(F(X) + icr(K))). With standard reasonings,
from (4) it follows that ¢(k) > 0 Vk € K, i.e., ¢ € K. If 3y € F(X) such
that ©(y) < 0, choosing k € icr(K) with ¢(k) small enough we obtain that
¢(y + k) < 0, which contradicts (4). Hence, p(y) >0 for all y € F(X). O

Theorem 3. Let K be a solid convex cone. If F is K-subconvezlike on X,
then exactly one of the following systems is consistent:

(i) 3z € X such that F(z) N (—cor(K)) # 0.

(1t) Jp € K1\ {0} such that Vy € F(X), ¢(y) > 0.

Proof. By [4, Proposition 6.(iii)], cor(F(X) + cor(K)) = F(X) + cor(K), and
consequently, condition (ii) in Definition 5 is satisfied. Therefore, by Theorem
2, not (i) = (ii). If we assume that both (i) and (ii) are satisfied, then there
exist z € X, y € F(z) N (—cor(K)) and ¢ € Kt \ {0} such that ©(y) > 0.
But, since y € —cor(K) and ¢ € K \ {0}, we deduce that ¢(y) < 0 and by
Theorem 2.2 in [12] this is a contradiction. O

Remark 3. This theorem is slightly more general than Theorem 2.1 of Li [14]
because the notion of K-subconvexlikeness of this author is more restrictive
than our notion, even when cor(K) # 0 (see Remark 1). If we consider that
Y is a topological vector space then Theorem 3 collapses into Lemma 3.3
in [13]. Indeed, when Y is a topological vector space and int{K) # @, then
int(K) = cor(K) and the linear functional ¢ satisfying condition (ii) is con-
tinuous because we can apply Theorem 3.7 in [17] since the open set int(K)
is contained in the set {y € Y : ¢(y) > 0} {12, Lemma 2.2] as ¢ € K+ \ {0}.
Let us note that if cor(K) = @ and icr(K) # 0, then both (i) (with icr(K)
instead of cor(K)) and (ii) can be true. For instance, in R?, K = R, x {0},
X={(z,0):z¢€ (07 1]}a F(z,0) = (.’E,O) — K and ¢(z,y) = y.

Lemma 1. Let Sy be a relatively solid convex set of Y and So C Y. If S} C S;
and vcl(S1) = vel(Sz), then icr(Sy) = icr(Ss).

Proof. One has aff(S;) = aff(S2) because by assumption vel(S;) = vcl(S3)
and for any set S C Y, aff(5) = aff(vcl(S)). Hence, as S; C Sz we deduce
that icr(S1) C icr(S2). On the other hand, S C vel(S2) = vel(S1) and as Sy
and vcl(S7) have the same affine hull, we get that icr(Sy) C icr(vel(Sy)) =
icr(S1). The last equality is true by Proposition 4(i) in [4]. Consequently, the
conclusion follows. 0O

Proposition 2. Let S be a relative solid convex subset of Y and ¢ : Y — Z
a linear map. Then p(icr(S)) = icr(p(S)).



52 E. Hernandez, B. Jiménez and V. Novo
Proof. Firstly let us see that

p(icr(S)) C ier(p(S))- (5)

(as a consequence, ¢(S) is relatively solid). It is obvious that ¢(L(S)) =
L(¢(S)). Take a € icr(S) and let us prove that ¢(a) € icr(p(S)). Given
w € L(p(S)), there exists v € L(S) satisfying ¢(v) = w. As a € icr(S), for
v € L(S) there exists ¢ty > 0 such that a + tv € S Vt € (0,%y]. From here,

ola) + tw = p(a) + tp(v) € p(S) VYt e (0,1g],

and therefore, p(a) € icr(p(S)). Now, the reverse inclusion: icr(¢(S)) C
w(icr(S)). For this aim, let us see that ¢(S) and p(icr(S)) have the same
vector closure. We have that

p(vel(S)) C vel(p(S)). (6)

Indeed, choose b € vcl(S), then there exists v € Y such that Yo/ > 0 Ja €
(0,a'] such that b+ av € S. Hence, ¢(b) + ap(v) € ©(S). This means that
©(b) € vel(p(S)). The following inclusions are clear taking into account (6):

@(8) € p(vel(8)) = p(vel(icx(5))) C vel((icr(S))) C vel(p(S))-
From this chain, we select the following:

() C vel{p(icr(S))) C vel(p(S)).
Taking vector closure and using that vcl(vel(B)) = vcl(B), if B is a relative
solid convex set, by [4, Proposition 3(iii)] (as ¢(icr(S)) = e(icr(icr(S))) C
icr{p(icr(S))), by condition (5) and as S is a relative solid, ¢(icr(S)) is a
relative solid too) we have that:

vel{p(8)) ¢ vel(p(icr(S))) C vel(p(9)).
Therefore, vcl(¢(S)) = vel(p(icr(S))), and by Lemma 1,

ier(p(8)) = ier(p(icr(85))) C picr(S)).
Using (5), we have the conclusion. 0O

Next we analyze the postcomposition of a K-subconvexlike set-valued map
with a positive linear map.

Let L£(Y, Z) be the set of all linear maps ¢ from Y to Z, and let L. (Y, Z)
be the subset of positive linear maps, i.e.,

L(Y,Z)={peL(Y,Z): p(K)cC D}.

Proposition 3. Let F: X — 2¥ be K -subconvezlike on X. If p € L (Y, Z),
then @ o F' is D-subconvezlike on X.
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Proof. By Proposition 1(c), Vz,z’ € X, Va € (0,1), 3k € K such that Ve > 0
we have

ek+aF(z)+ (1 - a)F(¢') C F(X)+ K,

and therefore,
ep(k)+a(poF)(z)+(1—a)(poF)(z') C (poF)(X)+¢(K) C (po F)(X)+D.

As (k) € D, statement {(c) of Proposition 1 is satisfied for ¢ o F' and conse-
quently, ¢ o F' is D-subconvexlike on X. 0O

Corollary 1. Let (F,G) : X — 2Y*% be K x D-subconvezlike on X.
(i) If p € Kt then (po F,G) is Ry X D-subconvezlike on X.
(i) If v € L4(Z,Y) then F + v o G is K -subconvezlike on X.

Proof. 1t is enough to apply Proposition 3 to (F,G) and the positive linear
function (y,2) € Y X Z — (¢(y), 2z) in part (i), and to the positive linear
function (y,2) € Y X Z > y + 1(z) in part (ii). O

4 Benson-Vectorial Proper Efficiency

In this section we analyze different optimality conditions for Benson-vectorial
proper efficiency, by using a pointed relatively solid convex cone and K-
subconvexlike set-valued maps. Firstly, we establish a necessary condition and
a sufficient condition through scalarization. Then, we obtain optimality con-
ditions by using multiplier rules of algebraic type.

Now X is a set, Y is a linear space and K C Y is a pointed relatively solid
convex cone.

Let ¢ € L(Y,R). We can associate to problem (P) the following scalar
optimization problem with a set-valued map:

<f Min (¢ o F)(x)

(SPy) | subject to z € X.

Definition 6. If xg € X, yo € F(zp) and

o(yo) < ply) Vy€ F(z), Vz € X,

then x is called a minimal solution of problem (SP ), and (xo,y0) is called
a minimizer of problem (SP ).

Theorem 4. Let ¢ € KT, If (0, y0) i a minimizer of (SP,) then (zo,yo)
is a Benson-vectorial proper minimizer of (P).

Proof. Assume that (xq,yo) is not a Benson-vectorial proper minimizer. Then
there exists
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y € velfcone(F(X) —yo + K)]N(=K) with y#0.
Then y € —K and, since ¢ € K*°, we have that

¢(y) <0. (7)

On the other hand, as y € vcl{cone(F'(X)—yo+K)], due to the definition of vcl,
there exist v € Y and a sequence A, — 07 such that y + A,v € cone(F(X) —
yo + K) for all n. So, there exist sequences {a,} C R™, {y,} ¢ F(X) and
{k,} C K such that y + Ayv = @, (Yn — Yo + k»n). Since ¢ is linear, we deduce

() + Mp(v) = an(p(yn) — @(Yo) + @(kn)). (8)

By hypothesis (g, yo) is a minimizer of (SP,) and ¢ € K** so we have that
o(y) = ¢(yo) for all y € F(X) and ¢(k,) > 0 for all n. From this and (8) it
follows that for all n

@(y) + Mnp(v) 2 0.

As )\, — 07, we get ©(y) > 0, which contradicts (7). Therefore (zg,y0) is a
Benson-vectorial proper minimizer of (P). O

As a consequence of the previous result, if we consider a topological linear
space Y and we replace the vector closure by the topological closure and the
relative algebraic interior by the topological interior, the previous proof is
valid too. Therefore, the result above is an extension of Theorem 4.1 in Li
[13].

To establish sufficient conditions we need some convexity properties and
the following lemma.

Lemma 2. Let S be a relatively solid convez set of Y. Then
icr(S) C icer(cone(.9)). 9)
Proof. Firstly, let us prove that

L(S) if 0 € aff(S)

L(S) +Rso i£0 ¢ afi(s), (10

L(cone(S)) = aff(SU {0}) = {
where sp is an arbitrary element of S and Rsg is the linear subspace generated
by so. Indeed, the statement is obvious when 0 € aff(S). Thus, assume that
0 ¢ aff(S). The linear subspace L(S)+ Rsy is the smallest affine variety which
contains S U {0} because:

1) § C L(S) + so C L(S) + Rsp and {0} C L(S) + Rsp.

2) If V is an affine variety containing SU{0}, then aff(S) = L(S)+so C V
and V is a linear subspace of Y. So, L(8) C V — sy = V and Rsp C V since
sp € § C V. Therefore, L(S) + Rsg C V.

Secondly, let us see equation (9). Let a € icr(S), we have to prove that
VYu € L(cone(S5)),
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Jtp > 0 such that a + tu € cone(S) Vit € (0,10]. (11)

Taking into account equation (10), it is enough to prove (11) in the following
cases: (i) u € L(9), (ii) u = s¢ and (iii) u = —so.

(i) Let u € L(S). As a € icr(S), then there is t; > 0 such that a + tu €
S C cone(S) Vt € (0,1}, i.e., (11) is satisfied.

(if) Now, u = sg. Then, as a,s¢p € cone(S) we have a + ts9 € cone(S)
V¢ > 0 since cone(S) is a convex cone.

(iii) Finally, u = —s9. As a € icr(S) C S and sg € S {so a — 50 € L(9)),
there exists v > 0 such that

s1:=8 +(1+7)(a—s0) =a+v(a—s0) €S

The equation a+1t(—sg) = ps; in the unknown (¢, p) has solution (%o, pg) where
to = v/(14+7) > 0and py = 1/(1+7) > 0. Hence a+to(—59) = pos1 € cone(S),
and therefore [a,a + to(—50)] C cone(S) (i.e., (11) is true). O

Theorem 5. Assume that K is vectorially closed and cor(K*) # 0. Let F be
relatively solid K -subconvezlike on X. If (xg,yo) is a Benson-vectorial proper
minimizer of (P) then there exists ¢ € K™% such that (z9,yo) is a minimizer

of (SP,)-
Proof. Since (xo,yo) is a Benson-vectorial proper minimizer then
—velfcone(F(X) — yo + K)] N K = {0}. (12)
As vellcone(F(X) — yo + icr(K))] C vel[cone(F(X) — yo + K)], then
—vel[cone(F(X) — yo + icr(K))] N K = {0}. (13)

Let us see that vel[cone(F(X) — yo +icr(K))| is a vectorially closed relatively
solid convex cone. It is clear that vcl[cone(F'(X) — yo + icr(K))] is a cone.
Because of F is relatively solid K-subconvexlike on X, icr[F(X) +icr(K)] # 0
and F(X) + tcr(K) is a convex set, then icr[F(X) — yo + icr(K)] # 0
[6, Proposition 2.1(ii)] and F(X) — yo + icr(K) is convex too. Therefore,
cone(F(X) — yp + icr(K)) is convex and applying Lemma 2 we obtain that

icr[cone(F(X) — yo + icr(K))] # 0.

Applying Proposition 3(iii)-(iv) in [4], we obtain that vcl{cone(F(X) — yo +
icr(K))] is vectorially closed and convex. On the other hand, by Proposition
4(i) in [4], vcl[cone(F(X) — yo + icr(K))] is a relatively solid set. Under these
conditions we can apply the separation Theorem 1, so taking into account
condition (13), there exists ¢ € K1\ {0} such that

p(v) 20 for all v € vel[cone(F(X) — yo + icr(K))].

Since F(X) — yo + icr(K) C vel[cone(F(X) — yo + icr(K))] we have
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o(y) —e(yo) + @(k) >0 forall y € F(X) and k € icr(K).
Due to ¢ € K** and Ak € icr(K) for all A > 0, it follows that

©(y) —¢(yo) 20 for all y € F(X).
Therefore (zg,yo) is a minimizer of (SP,). O

From the theorems above we obtain the following corollary, which gives us
a characterization of Benson-vectorial proper minimizers under K-subconvex-
likeness.

Corollary 2. Let KT be solid and K be vectorially closed. Let F be rela-
tively solid K -subconvexzlike on X. Then (xg,yo) 45 a Benson-vectorial proper
minimizer of (P) if and only if (xo,y0) s a minimizer of (SP,) for some
pe K*s,

Therefore if we consider a topological linear space Y and int(K) # 0 then
Theorem 5 and Corollary 2 can be considered extensions of Theorem 4.2 and
Corollary 4.1 in Li [13].

Finally, we give a generalized Slater constraint qualification in order to
obtain a Lagrange multiplier rule of algebraic type for constrained vector
optimization problems with set-valued maps.

Definition 7. We say that the optimization problem (CP) satisfies the gen-
eralized Slater constraint qualification if there exists x € X such that G(z) N
—icr(D) # 0.

Theorem 6. Let cor(K™) # 0. Suppose that (F,G) is relatively solid K x D-
subconvezlike on X, F is relatively solid K -subconvezlike on £2 and aff(icr(D)) =
aff(icr[G(X)+icr(D)]). If (CP) satisfies the generalized Slater constraint qual-
ification and (zo,yo) is a Benson-vectorial proper minimizer of (CP) then
there exists T € L4+(Z,Y) such that 0 € T(G(zo)) and (zo,yo) s a Benson-
vectorial proper minimizer of the unconstrained problem

K — Min (F 4+ T o G)(x)
subject to x € X.

Proof. Since F is relatively solid K-subconvexlike on {2, we can apply Theo-
rem 5 to problem {(CP), then there exists a linear functional ¢ € K** such
that (zg,yo) is a minimizer of the scalar problem

Min{p[F(z)]: z € 2},

ie.
¢(y) > p(yo) forally € F(£2). (14)
Let H: X — 28*Z be the set-valued map defined by
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H(z) = [p(F(@)) - o(w)] x G(z) = 9(F(2) x G(z) - (9(y0), 0).
As a consequence of (14) we have
H(X)N —icr(Ry x D) = 0. (15)

Since (F, @) is K x D-subconvexlike on X then, by Corollary 1(i), we have
that H = (po (F — ), G) = (¢ o F — ¢(y9), G) is Ry x D-subconvexlike on
X. From here and by icr[(F,G)(X) + icr(K x D)) # 0, applying Proposition
2 we obtain that

icr[{(p o (F = y0), G)(X) + icr(R4 x D)} # 0.

Thus, H is relatively solid R, x D-subconvexlike on X . Together with (15), by
Theorem 2 applied to H, we obtain that there exists (r,7%) € Ry x D*\{(0,0)}
such that

rlo(F(x) — )] + ¢[G(x)] 20 forallze X (16)

and (see the proof of Theorem 2)
(r9)(y, ) > 0 for all (¢, ') € icrl(go (F —10), G)(X)+ier(Ry x D). (17)
We note that r > 0. Otherwise, if r = 0 then from condition (17) it results
Y(ier[G(X) + icr(D)]) > 0. (18)

As a consequence of the generalized Slater constraint qualification, 0 €
G(X) +icr(D) so icr(D) C G(X) +icr(D). On the other hand, by hypothesis,
aff(icr(D)) = aff(icr[G(X) + icr(D)]), therefore

icr(D) = icr(ier(D)) C ier[G(X) + icr(D))
and by (18) we obtain that
Y(icr(D)) > 0. (19)

Again, because of the generalized Slater constraint qualification, there exists
some ' € X and 2 € G(z') N —icr(D) # 0 and, consequently, by (19),
¥(2') < 0 and by (16), ¥(z’) > 0, which is a contradiction. Thus, r > 0. Since
zo € 2 and ¢ € D™ then there exists 2/ € G(zo) N —D such that ¥(z') < 0.
Taking = zg and yg € F(zp) in (16) we have that ¥(z') > 0, so ¥(z') = 0.
Hence,

0 € ¢[G(zo)]- (20)

Asr #0and ¢ € K*¢, we can choose k € K such that r¢(k) = 1. We define
the operator T: Z — Y by

T(z) = Y(2)k. (21)
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It is clear that T(D) C K, ie., T € L.(Z,Y). By (20), 0 € T(G(xo)) and
consequently
Yo € F(zo) C F(zo) + T(G(z0)).

Now, from (16) and (21) we have that for all z € X
rolF(2)+T(G(2))] = rolF (2)+¥[G(@)ro(k) = rolF(2)]+¢[G(2)] 2 r¢(yo)

If we divide this inequality by r > 0 we obtain that (zo, yo) is a minimizer of
the scalar problem

K —Min{[jpo (F+ToQ)|(z): z€ X}.

According to Theorem 4, (xg,yp) is a Benson-vectorial proper minimizer of
the unconstrained optimization problem

K-Min{(F+ToG)(z): z€ X}. O

Remark 4. It is easy to check that the condition aff(icr(D)) = aff(icr(G(X) +
icr(D)) is weaker than cor(D) # (. Indeed if cor(D) # @ then

aff(cor(D)) = afflcor(G(X) + cor(D))] = Z.

Theorem 7. Consider problem (CP). Assume cor(K™) # 0. Let (F,G) be
a K x D-subconvezlike set-valued map on X. If there exists a positive linear
operator T € L (Z,Y) and a pair (xo,y0) with zo € 2 and yo € F(xo) such
that:

(3) (zo,Yo0) is a Benson-vectorial proper minimizer of the problem

K — Min (F+ToG)(z) subjecttoxe X,
(i1) 0 € T(G(zp)) and
(i11) icr[(F + T o G)(X) + icr(K)] # 0.
Then (zo,Yo) is a Benson-vectorial proper minimizer of problem (CP).
Proof. Since (F,G) is K x D-subconvexlike on X by Corollary 1(ii) F+ToG
is K-subconvexlike on X. Moreover, by assumption (iii), F'+T oG is relatively

solid K-subconvexlike on X. So, applying Theorem 5 there exists ¢ € K¢
such that for all z € X

¢(F(z) + T(G(2))) = o(yo)
Hence,
(@) + p(T(G@)) > p(yo) for all z € X (22)
Therefore, if € {2, there exists z € G(z) such that z € —D. On the other
hand, as T € L4(Z,Y), T(z) € —K and ¢ € K™%, we obtain o(T(z)) < 0.
From this, according to (22) and taking z € G(x), for each y € F(z) we obtain
e(y) 2 ¢(y) + o(T(2)) 2 ¢(yo)-

Hence, for all y € F(§2), one has ¢(y) > ¢(v)- As yo € F(zo) C F(2),
applying Theorem 4, (xg,yo) is a Benson-vectorial proper minimizer of the
problem (CP). 0O
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Once again our results extend Theorems 5.1 and 5.2 in Li [13] which are

given in the framework of topological linear spaces with solid cones.
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