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Summary. In this paper we formulate and use the duality concept of KlGtzler
(1977) for infinite horizon optimal control problems. The main idea is choosing
weighted Sobolev and weighted L, spaces as the state and control spaces, respec-
tively. Different criteria of optimality are known for specific problems, e.g. the over-
taking criterion of von Weizsécker (1965), the catching up criterion of Gale (1967)
and the sporadically catching up criterion of Halkin (1974). Corresponding to these
criteria we develop the duality theory and prove sufficient conditions for local opti-
mality. Here we use some remarkable properties of weighted spaces. An example is
presented where the solution is obtained in the framework of these weighted spaces,
but which does not belong to standard Sobolev spaces.

1 Introduction

It is well known that in problems of economic growth we have to deal with
infinite horizon optimal control problems. The range of applications of such
type of problems is large, starting with famous Ramsey accumulation model
up to diverse problems in continuum mechanics. Numerous advertising mod-
els and renewable resources models go back to control problems with infinite
horizon as well [8, 16]. Applications of infinite horizon problems in continuum
mechanics were studied by Leizarowitz and Mizel [12], and Zaslavski [19].

The usual maximum principle cannot easily be adjusted to the case of infinite
horizon problems as it was first demonstrated in an example of Halkin [9].
Since the usual transversality condition does not hold anymore, some authors
have investigated particular situations where ad-hoc transversality conditions
are necessary for optimality. Such transversality conditions were obtained by
Aseev and Kryazhimskiy [1], Michel [14] and Smirnov [17]. The simplest way
to solve optimal control problems with infinite horizon is to find a solution on
a finite interval and try to extend the solution onto the whole half-axis. But
there is no guarantee for the extended solution to be optimal on an infinite in-
terval. For that reason the proof of optimality is very important and is usually
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based on sufficient conditions. A lot of work has been done in the last decades
to prove necessary conditions for problems in the calculus of variations, see
e.g. [4, 5], and optimal control, see e.g. [6]. Results concerning sufficiency con-
ditions were derived via Fenchel-Rockafellar duality by Rockafellar [15], Aubin
and Clarke [2], Magill [13], and Benveniste and Scheinkman [3]. In our paper
we use the duality concept of Klétzler [10] and a special choice of state and
control spaces to obtain sufficiency conditions. Considering the exponential
factor et as a density function we propose to choose weighted Sobolev and
weighted L,-spaces as state and control spaces, respectively, defined in the
second section. Here we include a brief review of important aspects concern-
ing differences between Lebesgue and improper Riemann integrals, which can
influence optimality on an infinite interval. According to [8] and [6], there
are several optimality criteria for considered class of problems and they are
introduced in section 3. The fourth section is devoted to the development of
the duality theory taking some properties of weighted spaces into account.
A localized problem and the corresponding dual problem are formulated in
section 5. The last section includes sufficiency conditions, which are proved
via linear approach in the dual problem. An example illustrating existence of
optimal solution with respect to weighted spaces-while no solution in usual
Sobolev spaces exists- is presented as well.

2 Problem Formulation

We deal with problems of the following type: Minimize the functional

o0
T = [ a0, w00 d )
0

with respect to all

(z,u) € Wp(0,00) x Lj, (0, 00) 2)
fulfilling the

State equation Z(t) = g(t, z(t),u(t)) a.e. on {0,00), (3)
Control restriction u(t) € U a.e. on (0,00), (4)
Initial condition z(0) = xp. (5)

Here U is a nonempty compact set in R”. The spaces WI}”ZL(O,OO) and
L7, ,(0,00) will be defined below.

2.1 Weighted Sobolev Spaces

We consider weighted Sobolev spaces W}*(f2) as subspaces of weighted
Ly ,(£2) spaces of those absolutely continuous functions x for which both z
and its derivative  lie in L} ,(§2), see [11].
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Let £2 = [0,00) and let M™ = M(§2;R™) denote the space of Lebesgue
measurable functions defined on {2 with values in R™, The function v : 2 —
R4+ \{0} is a density function if v € M and

/V(t)dt < 00.

n

Let v € C(§2), 0 < v(t) < oo be given, then we define the space Ly ,({2) by
Ly, () = {z e M™|=|l} := /lx(t)l”'/(t) dt <oo}, (whenp>2)
(]
Ly, ,(02) = {z e M"||z|co := esssug |z(t)|v(t) < oo} (whenp= o)
te
and the weighted Sobolev space by

W;;;‘(Q) ={zeMzely (2),t€ Ly, (2)} (p=o0).

Here & is the distributional derivative of = in the sense of [18, p.49]. This
space, equipped with the norm

el = [ {lato) + @Yo,
2

is a Banach space. For later use we also define the space

1@l = ma esssup (2500 < o 1

o e V(1)

Lan (Q) — {QEMan

For z € L7 ,(2) and y € L? ,_,(£2) the scalar product < z,y > in L3(12)

qyt =1
defines a continuous bilinear form, since

|<zy>|< / (AP ()l ()9 (8t
0

< lelley @ lyller o @

holds true. For the special case p = 2 one has [L} ,(2)]* = L} ,(£2) due to
the Riesz representation theorem. Therefore, we obtain the following relation
between the scalar products in L}, (£2) and L3(£2): For z € L ,(£2) and
y € Ly ,_1(42) there exists § € L7 ,(§2) such that

(z, Z})L;’U(Q) =L,y >rye) (6)
g=y/v.
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Equation (6) is essentially used to formulate the duality theory in the sense
of Klétzler in the following sections.

Remark. It is well known, see [7], that the inclusion Ly ,(§2) C L7, ({2) holds
true for all p > g, i.e. there is a C' € R, such that

lallyy, < Cllzilyy, - &)

Note that here and in the proofs of other sections we abbreviate Ly ,(£2) by
Ly, in the indices.

Now some aspects concerning the integral in (1) should be mentioned. We
assume that the function f in (1) is continuously differentiable and allow
both Lebesgue and improper Riemann integrals to appear in (1). The main
difference between the Lebesgue and improper Riemann integrals is that one
of them may not exist while the other one is convergent. In the case

/ (& 2(8), u(t))] v(B)dt < oo, (®)
1]

both Lebesgue and Riemann improper integrals exist and coincide [7] and we
have

(o) T
[ #etat, utwod = Jim [ 6.2, uwao (9)
0

0
= Jim Jr(z(t), u(t)).

But it can happen, that the integral in (8), i.e. Lebesgue integral, does not
exist and at the same time the Riemann integral is conditionally convergent.

3 Global Optimality Criteria

In the case of infinite horizon optimal control problems the standard optimal-
ity notion should be newly defined. Namely, there are several new optimality
criteria [8], which are also suitable in the case of a divergent integral in (1).
We introduce global optimality criteria for the case when the integral in (1)
is understood in the Lebesgue sense.

Definition 1. Suppose that the integral in (1) exists. Furthermore, denote the
problem (1)-(5) by (Puso). Let (x*,u*) be an admissible pair of (Peo). For any
other arbitrary admissible pair (z,u) and for T > 0, let

T T
AT) = /0 £t 2(t), u(t))w(t) dt — /0 F(ta (8), u (£)v(8) dt.

Then the pair (x*,u*) is called optimal for (Px) in the sense of
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1. criterion L1, if for any admissible pair (z,u) we have Tlim A(T) > 0;
—00

2. criterton L2, +f for any admissible pair (z,u) there exists a moment T
such that for all T > 7 we have A(T) > 0 (overtaking criterion of von
Weizsdcker (1965)).

Optimality in the sense of L1 coincides with usual optimality, while L2-
optimality is stronger than the first one. The definition of local optimality
will be introduced later.

Remark. In the case of Riemann improper integral in (1) there are some other
optimality criteria which are defined in [8].

4 Duality Theory

Before formulating the duality theory for infinite horizon optimal control prob-
lems, we prove:

Lemma 1. Let (z*,u*) be an admissible pair of (Px) and S : 2 x R™ — R
be a function of the form

S5(t,€) = a(t) + y(1) (€ — 2" (1) + 1/2(¢ — " (1)) Q) (€ ~ 2* (1)), (10)

with a € W), y e W, ,ﬁ (), and Q € W:o’"yf’f(.()) symmetric. Assume
also that p > q. Then, for any T € WI}’;’(Q) with £(0) = zy, one has:

lim S(T,z(T)) =0, (11)
rd
/d_ t €z t) = _S(vaO); (12)
0
Proof. Observe that

§:=/|S(t,x(t))|dt < /|a(t)|dt+/ly(t)T(w(t) —z*(t))] dt
0 0 0

1 7 * *
+3 [ 160 - ) Q) - 2 v)] di
0
Applying Hélder’s inequality we obtain
1/q oo 1/p

S < llallys + / @I de | / j2(t) — @ (8)F v(t)dt
0

0
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1/p o 1/q
+5 (/I ) =z ()P v (t)dt> '(/lQ(t)(w(t) A ) 2 (91 I

0
This yields

~ 1
<lallwy + Iy, No ="y, + 5 Iz ="y, 1Q@ =27y

2
Slallwy + l9llzs Mo =2 +Cllz ~a"7n 1@l gnxn < oo
1 q, P v co,v=1

vl—g

The last estimate is true because of

Q@ - =),

vl—g

- /|Q(t)(m—:c*)(t)|q1/1"‘1(t)dt
0
i 1Res N oyt
S2q0/(rrz;3@x essilzllg (@) ) I( YOI v(t)dt

<2 IIQIanx" i@ =2y,

q
s(ﬂW@hgﬂ,n@—xﬂhb).

To estimate ||(z — z*)||,» we applied (7). The convergence of [ |S(t,z(t))| dt
q.v 0
yields (11), since

T 1

T-
Tlim S(t,z(t))dt = hm (/ S(t,z(t))dt + / S(t,z(t))dt
0
T
b/

0 T-1
(¢, z(t))dt + hm S(r,z(1)),

where 7 is an element in [T — 1, T]. Condition (12) can now easily be derived
applying (11). O

We introduce the Hamiltonian as
velU

where

fﬂt&vﬂn==—f@£ﬂ0%-;%5<7nﬂt§w)>

represents the Pontrjagin function. Furthermore, we define the set



Sufficiency Conditions for Infinite Horizon Optimal Control Problems

(

S N2xR*" >R

S8 = a)) +y()T(E~2* (1) )
+ -z ())TQM)(E — z*(1))

1,
acWl, ye W, Qe W%
@ — symmetric

V(t,£) € 2 x R™ )

223

Using the dual problem formalism described in [10] we construct a problem
(Dw) and prove:

Theorem 1. Let a problem (Py,) be given. Then for the problem

(Do) mazimize goo(S):= —5(0,z0) withrespectto S €Y,

the weak duality relation

holds.

inf(Pa) > sup(Doo)

(14)

Proof. Let (z,u) be admissible for (P) and S be admissible for (D), i.e.
S €Y. Then we have

J(z,u) =

/ flt,z(t), u(t))v(t)dt
- / (—H(t,2(£), u(t), 9 S(t, 3(1)))) v(t)dt
ot 35S(t,.’r t)
+/0 V—g(t,:v(t),u(t))) v(t)dt
H(t

(g
_ /0 - <_ ,x(t),u(t),agS(t,x(t)))———8ts(t’x(t))>’/(t)dt
( (1)
(t)

+

I/

Q
/°° O S (¢, z(t) +8§Sta:

0

i XN

2= [ (st 5000 + 220 )(t)dt
+/0 (0:S(t, (1)) + O S(t, x(t))x(t)) dt

> - /0 ~ sup {(H(t,g,(?{S(t, &) + a“j g)f)> } v(t)dt

£eR™

+ / @St (1) + B S(t, z(t))i(t)) dt.
0

This shows that
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00 d ) T d
J{z,u) > /0 ES(t,a:(t))dt = 7111_1r'n00/0 EiS(t,x(t))dt
= Jim S(T,z(T)) ~ 5(0,(0)) = —S5(0, o),

completing the proof in this way. O

Remark. As we can see, the proper decision variable in the dual problem (D)
is (a,y,@Q), but we use § € Y for simplicity.

The next two corollaries provide sufficiency conditions for global optimality
in the sense of criterion L1 and criterion L2, respectively.

Corollary 1. An admissible pair (z*,u*) is a global minimizer of (Py) tn the
sense of criterion L1, if there exists an admissible S* for (Duo), such that the
following conditions are fulfilled for almost all t > 0:

(M) H(t,x*(t),BgS*(t, x*(t))) = H(t)w*(t)au*(t),afs*(t,x*(t)))a

(HJ) T 0eS* (8,27 (8)) + H(t, 2" (1), % S(t, 2% (1)) = 0.
Proof. This follows immediately from Theorem 1. 0O
Remark. The boundary condition
(B) J}l_rgo S*(T,z*(T)) =0 (15)
is automatically satisfied due to Lemma 1.

Corollary 2. An admissible pair (z*,u*) is a global minimizer of (P, ) in the
sense of criterion L2, if there exists a family {(S})}r>r C Y, for a sufficiently
large T, such that the following conditions are fulfilled for almost all t € (0,T):

(Mr) H(t, 2" (1), 0 (ST)(E, 2" (1)) = H(¢, z(t), u*(8), O (ST) (¢, =™ (1)),
(HJIr)  5m8(SE)(t, 2% (1)) + H{t, z*(t), 0 (S7) (¢, 2% (1)) = 0,

(Br) (uf Sp(T,§) = Sp(T,2(T)). (16)

Proof: According to criterion L2, we obtain the following inequalities for all
T>71and S} €Y
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T
Jr(@ ) = / £t 2(t), u(®) ()t

8,51 (L, 2(t))
v(t)

T
_ /0 (_H(t,x(t),u(t),ags;(t,w(t»)—

T 18,8yt a(t) | 0eSit, ()
+/o( O B0}

T
>- [ (H(t,x(t),ass;a,x(t))) N

JEC

a'c(t)) v(t)dt
0,57 (¢, z(1))
v(t)

T
+/0 (0. ST (L, z(t)) + O St (¢, (t))x(t)) dt

> [ {(neeasie o)+ 22D

£€RP v(t)
+ 87(T,z(T)) — S7(0,2(0))
> QIEI]%{f" ST(T7 é-) - STKO)"L‘O)'

> v(t)dt (17)

All inequalities in (17) become equalities if the conditions (Mr), (HJr) and
(Br) are satisfied for the pair (z*,u*). This means that for all T' > 7 the
strong duality relation for problems with finite horizon, see [10],

Jr(@,w”) = inf {Sp(T,€) - 57(0,20)} (18)

holds. Having in mind the definition of criterion L2, we can easily see that the
pair is the optimal solution of the problem (P, ) in the sense of criterion L2.
O

Remark. It follows from (16) that the transversality condition yr(T') = 0 has
to be satisfied for all T" > 7.

5 Formulation of the Local Problem and Local
Optimality Criteria

In this section we discuss local optimality. Evidently every function from
Wpl",f” is absolutely continuous. For that reason the imbedding of the weighted
Sobolev space into the space of continuous functions allows us to formulate
the notion of strong local optimality as follows.

Definition 2. An admissible pair (z*,u*) of (Puo) is strong local optimal in
the sense of criterion L1, if there is a function § : Ry — Ry such that
J(z*,u*) < J(z,u) for any admissible pair (x,u) of (Px) satisfying |(z(t) —
z*(E))v(t)| < 8(t) for all t > 0.

In this paper we concentrate only on L1 strong local optimality while definition

of L2 strong local optimality will be omitted. The problem (P ) can now be
localized by writing (2) in the form
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[z, u] € Wi (£2) x L, (2), x(t) € Ksu(a*(t)),
where

Ko (z*(8)) := {§ € RM|[(§ — 2™ ())w(B)] < 6(2) }.

The localized version of problem (Py,) will be denoted by (Pso,10c). Now we
define the set

S 0eS(8,€) + H(t,€,0:8(t,€)) < 0
Yiee=(S €Y .
on {(t,&) |t € £2, £ € Ksp (2™ (1)) }
Using this notation we now formulate an equivalent version of Theorem 1 for
the localized case.

Theorem 2. Let us consider the problem (Peg 10c). Then, for problem
(Do loc) mazimize goo(S) := —S(0,z0) withrespectto S € Yioc,
the weak duality relation inf(Pe joc) = $up(Deo,ioc) holds.

Remark. The corresponding versions of Corollaries 1 and 2 hold true for
(Pso,loc) if S is local admissible in the dual problem, i.e. admissible in (D 10c)-

6 Sufficiency Conditions for Local Optimality

6.1 Auxiliary Result

It is important to ascertain that the adjoint variable belongs to the desirable

space qu’" (£2). For this aim we prove

7V1_q

Lemma 2. Consider an admissible pair (z*,u*) of (Px). Assume that, for
some constant C € R4, we have:

10eg(t, =" (), w* ) < C(ll 2* llzn, (@) Hlu*llzs,(2));
B f(t, 2 (8),u" (1)) € L7, (12); w(t,0)€ LY ,1-4(12),

t— P(t) = /w(t, 8)0¢ f(s,z"(s),u"(s))v(s)ds isin L} ,,_,(§2).

qvi=e
0

Here w(t,s) denotes the Green matriz defined for t > s as a solution of the
system

% = —0eg(t,z* (1), u" (t)w(t,s), w(s,s)=1 (19)
Then the solution y of the adjoint equation
() = —y(6) Beg(t, &*(t), u” (8)) + Be f (£, 2" (¢), w* (1))v(2) (20)

. . 1,
is an element of the weighted Sobolev space Wq’:l_q(ﬂ).
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Proof. The solution of (20) can be written as
y(t) = w(t,0)y(0) + (1),

where w(t, s) is a solution of the system (19). Noticing

s, <€ (Ilzg o, +W6llzy,.cy )

we estimate first the function y itself

9%, ., = [ 1o0u(0) + 8O (0t
1]

q w qyl—-q q qyl—
<2 / lwo(t, 0)(O)]? A= (t)dt + 2 / 1B(8)|7 w19 (1)t

=2 lw(t, )y . +2°02lZ~
q,vl—q q,vl—a

and then its distributional derivative

I9lzs |, =/|—y(t)T559(t,w*(t),u*(t))+agf(t,w*(t),u*(t))l/(t)lql/l_th
B 0
S (E e P B A
0

+ 27 / 8¢ £ (¢, z* (t), u* () v (t)|? v ~9(t)dt
0

q
= (2Cluly ) + 2000601,
=\ ¢ q q q q
< (40)" (I(t,0vOIE, _ +18lIEs ) +2710e1%, -

Under the assumptions of this lemma, both ||y|| L~
q.v

finite and we conclude y € W(]l”:,_q(ﬂ). O

and ||9|lz» are
q,v

1—gq 1—gq

6.2 The Main Result on Sufliciency Conditions

We now present the main result of this paper and prove sufficiency condi-
tions for local optimality. We have developed the duality theory via quadratic
approach in the dual problem, but we now formulate the following theorem
applying the linear approach. To derive analogous sufficiency conditions by
means of the quadratic approach we need some a priori assumptions which
guarantee that @ € L';:f_l (£2) holds. This will be a task of further studies.
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Theorem 3. Let the assumptions of Lemma 2 be satisfied for an admissible
pair (z*,u*) of (Peo loc) Suppose that y solves (20) and fulfills the conditions

H(t’ z* (t)7 y(t)) = H(t’ z* (t)a u* (t)7 y(t))a (22)
8€2£H(t, z*(t),y(t)) isnegative — de finite, (23)

almost everywhere on 2. Then the pair (z*,u*) is a strong local minimizer of
(Poo,loc) in the sense of criterion L1.

Proof. In order to verify whether an S defined in (10) is admissible for the prob-
lem (Dyo 1oc) We define the defect of the Hamilton-Jacobi differential equation
as

A(t,€) = %atsu, &)+ H(t,€,0¢5(2,6))
(t) (a(t) + ()7 (€ — 2" (1) — y(O)T3" (1)) + H(t, €, 0S¢, ).
Choosing a(t) from the Hamilton-Jacobi differential equation
A, z* (1)) =0 (24)
we obtain
a(t) = (y(®)" 3" () — H(t, 2" (1), y(1)w(2). (25)

Substitution of (25) into the expression for A(¢, ) yields
A(t,€) = e )y(t)T(€ —z*(8)) + H(t,§, 05, €)) — H(E, =7 (1), y(8)).

It can easily be seen that S belongs to Y. if 2*(¢) maximizes A(¢,&) in a §(¢)-
neighborhood of z*(t) for all ¢ > 0. For that reason we consider a parametric
optimization problem

(P;) maximize A(t,€) with respect to & € K5, (z*(2)) .

The first order necessary condition

O AL, z* (1)) = ——=9(t) + G H(E, z* (), y(¥)) = 0 (26)

( )
together with the second order sufficiency condition represented by (23) guar-
antee that z*(¢) solves the problem (P;) for all ¢ > 0. Due to condition (21),
O¢H(t, z*(t),y(t)) consists of only one point and the canonical equation (26)
can be rewritten in form (20). Since the conditions of Lemma 2 are satisfied
we obtain y € qu:l .(£2). It means that S has the form (10) with Q(¢) =0
and Lemma 1 can be applied to get the condition (15) of the generalized max-
imum principle for the criterion L1 satisfied. The maximum condition stated
in (22) and two other conditions of Corollary 1 are satisfied, what allows us
to deduce that the pair (z*,u*) is a strong local minimizer of (Puo 10c) in the
sense of criterion L1. O
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6.3 An Example

We consider the Production-Inventory Model [16]

15121%1 J{z,u) = /e“”t (g(:p - &)% + g—(u - ﬁ)2> dt (27)
0
Z(t) = u(t) — vy, z(0) =z, (28)

where h > 0, ¢ > 0, p > 0, &, 4 denote the inventory holding cost coefficient,
the production cost coefficient, the constant discount rate, the inventory goal
level and the production goal level, respectively. The state equation expresses
that the inventory x at time t is increased by the production rate u(t) and
decreased by the constant sales rate vy.

We find the Pontrjagin function

H(t 6 v =o€ —27 ~ S0-d+ L w-w)  (29)

and verify the condition (21) of Theorem 3
0o H (b, & v,m) = —¢ < 0= 0, H(t, 2" (1), w" (1), y(1)) <0,

which is evidently satisfied. Furthermore, obtaining the control from maximum
condition (22)

u*(t) = max {ﬁ + ert,O} ,
c
we assume 4 to be large enough that the production rate always gives a
nonnegative value:

wr(t) = G+ gef'f. (30)
Substitution of u* into (29) yields the Hamilton function
H(t 6 ) = (€~ 87 + Lt nest( — vp).
Relation (20) together with the state equation define the canonical system

§(t) = —y()T Beg(t, z" (), u”(t)) +0c f (¢, 3" (t), u* () v (t)

7

'

()= 4 Mo g 7(0) = 20,
which can be rewritten as follows

() = h(z*(t) — 2)e™*

T*(t) =4+ y—g—)e”t —vg, z*(0) = zp.
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By differentiating the first equation and replacing the expression for y(t) by
h(z*(t) — £)e~ ", one gets

§(t) = h(a"(t)e " — p(z*(t) — £)e™*)
=h (ﬁ + y—(cl)e"t - vo) e Pt — py(t).
The equation for the adjoint variable becomes
- . h ~ —pt
§(t) + py(t) — V= h{G — vg)e .

By using the notation

b P VPt +4h/c
L=
2

ko — P~ Vpi+4h/e
y 2= 9 ’
one can write y(t) = cie¥1t + cpe¥?? + (vg — 4)ce ™%, Then we obtain the state

function from the first equation of (31):

1 N .
Ji*(t) = E {Clkle“kzt + 62k26_k1i} — (UO — u)% + .

The initial condition from (28) yields

(zo — Z)h — c1k1 — c(& — v)p
ko '

Cog =

1,n

In order to satisfy y € Wq ,1-q it s necessary to set tlim y(t) = 0. This can
’ —_0

occur only if ¢; = 0 holds true, otherwise y(t) tends to infinity. The complete
solution of (31) is stated below:

y(t) = cze?t + (vg — @) ce ™7,

1 N .
JJ*(t) = E {Cgkze-kﬂ} - ('UO — u)%le “+ Z.

Using (30) we derive the control function
u*(t) = %e’klt + vg.

We now investigate the question concerning the spaces the solution belongs
to. The function x*(t) does not belong to any usual Sobolev space W), since
the constant |(vg —&)cp|? is not integrable over the infinite interval. The same
holds true for the control function u* as it includes a constant as well. We try
to figure out whether these functions belong to some weighted Sobolev space
Wz}:} and weighted L7 , space, respectively. Moreover, we will show that for

p?V
all w and p satisfying
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w
7 <p (32)
we have z* € W7, y € W;’:l_q, and u* € L7, ,, where v(t) = e™*, w > 0.

For that purpose we estimate as follows

o0
1 P
e fn = /'ﬁ (cﬂcze‘klt + (4 —vo)c) +&| e™*dt
0
oo p oo . p
S 2p/ 9.2_5:_2_ e(—Pkl—w)tdt+ 217/ (U _hUO)c + i e—wtdt < 00.
0

The first integral on the right-hand-side converges due to the positivity of
k1, and it allows us to say z* € L7 ,. Almost the same estimate for ||&*||7,
3 P

implies * € W,'. We repeat the whole procedure for [u*||7, and obtain
1’ D,V

o0
4
w2, =/lc_26-k1t+v0’ e vtdt
v C
0

o0 o0
<9 \c_z.p/e(-—pkx—w)tdt + (Qvo)p/e_wtdt < 0.
c
0 0

By (32), one derives u* € Ly, . Setting ¢ = z% and 1 —g= —-pi—l, one gets
x0
liz; .., = / oot + (@ — vo)ce ™| 7T e7 T dt
0
o0 o0
< [2c9|77 /é#ﬁkﬁﬁ”dt + [2(vp — @)e|FT /elﬁ?ﬁdt < oo.
0

Repeating the same procedure for ||g]|%. ., Wweprovey € qu’unl_,,. The in-
qwiT9 ’

is necessary in order to justify the application of The-
orem 3. Now it remains to verify (23), but this can be easily done because
35257'[(25,%* (t),y(t)) = —h < 0. As a consequence, all the conditions of Theo-
rem 3 are satisfied and we can conclude that the pair (z*,u*) is a strong local
minimizer of the problem (27)-(28) in the sense of the criterion L1.

. 1,n
clusion y € W i,
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