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Summary. In this paper, the problem to control a finite string to the zero state in
finite time from a given initial state by controlling the state at the two boundary
points is considered. The corresponding optimal control problem where the objective
function is the L'-norm of the controls is solved in the sense that the controls that
are successful and minimize at the same time the objective function are determined
as functions of the initial state.

1 Introduction

We consider a string of finite length that is governed by the wave equation.
The string is controlled through the boundary values at both ends of the string
(two—point Dirichlet control). The boundary control of the wave equation has
been studied by many authors and results about exact controllability are well—-
known. The method of moments is an important tool to analyze this system
(see e.g. [1, 7, 8, 10, 12] and the references therein). Also the controllability of
the discretized problems and the relation between the optimal controls for the
continuous and the discrete case have been the subject of recent investigations,
see [14]. A related problem of one—point time optimal control has been solved
in [11], where the control functions are assumed to have a second derivative
whose norm is constrained. In [13], exact controllability is studied for a string
with elastic fixing at one end.

In this paper, our main interest is to study the structure of the optimal
controls and to give an explicit representation of the optimal controls in terms
of the given initial data. This yields valuable test examples for numerical
algorithms.

From a given initial state where the position and the integral of the velocity
are given by a Lebesgue—integrable function the system is controlled to the
zero state in a given finite time.

To guarantee that this control problem is solvable for all initial states, the
control time has to be greater than or equal to the time that a wave needs
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to travel from one end of the string to the other (the characteristic time). In
Theorem 1 we give an exact controllability result where the initial states that
can be steered to zero with boundary controls from the spaces L? (p € [1, 00])
are characterized: These are the initial states where the initial position and
the integral of the initial velocity are functions in the spaces LP on the space
interval.

The requirements that the target state is reached in the given terminal
time do not determine a unique solution. So we can choose from the set of
successful controls a point that minimizes our objective function which is the
L'-norm of the controls. In general, this optimization problem does not have
a unique solution. In Theorem 2 the solutions are given explicitly in terms of
the initial data.

In [2], [4] and [6], we have studied the related problem to steer the system
from the zero state to a given terminal state in such a way that the LP-
norm (p € [2,00]) of the control functions is minimized. In these papers, the
method of moments and Fourier—series have been used in the proofs. In the
present paper we use the method of characteristics for our proofs. Note that
in contrast to the Ll-case, for p € (1, 00) the corresponding optimal controls
are uniquely determined.

This paper has the following structure: We define the optimal control prob-
lem and some important auxiliary variables, for example the characteristic
time and the defect. Then the problem is transformed and reformulated in
terms of the Riemann invariants. For this purpose, we use the d’Alembert
solution of the wave equation. After the introduction of auxiliary functions as
variables in the optimization problem, the exact controllability result Theo-
rem 1 can be proved. Then the objective function is also written in terms of
the auxiliary functions, which allows to reformulate the optimization problem
such that it decouples to time—parametric finite dimensional problems that
can be solved explicitly. (These auxiliary problems also do not have a unique
solution.) This allows to solve the optimal control problem. In Theorem 2, the
solutions of the L'-optimal control problem are given in terms of the initial
state. Finally we present some examples.

2 The Problem

Let L1(0,T) denote the space of Lebesgue-integrable functions on the interval
(0,T), and let

T
(1, w2) s 0.y = / s (8)] + fua(8)] .
0

Let the length L > 0, the time 7" > 0 and the wave velocity ¢ > 0 be given.
Let yo € L'(0, L) and y, be given such that the function z — foz y1(8) ds is
in L}(0, L).
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‘We consider the problem

P minimize [|(u1, u2)||1,0,7) Subject to uy,up € L*(0,T) and (1)
y(x70) = yO(x)v yt(m70) = yl(x)a TE (OaL) (2)

y(0,8) = wi(t), y(L,t) = usz(t), t € (0,T) ®3)

ytt(-’rat) = c2y$w(xat)7 (.’L‘,t) € (OaL) X (O,T) (4)

y(m,T) =0, yt(w:T) =0,z¢ (OaL) (5)

3 Definition of the Characteristic Time

Define the characteristic time ¢; = L/c that a characteristic curve needs to
travel from one end of the string to the other. In the sequel we assume that

T > to.

For the solution of the problem, we need to know how often the characteristic
time tp fits into the time interval [0, T]. Define the natural number

k=max{j e IN:jto <T} (6)

and the defect
A=T—-kty>0. (7)

The definition of A implies the equation T = k {g + A.

4 Transformation of the Problem

In order to come closer to a solution of Problem P, we transform it to a form
that we can solve. For this purpose, we write the solution of the wave equation
in the form

y(@,1) = [a(z + ct) + Bz — ct)]/2 (8)

which means that we describe our solution in terms of the Riemann invariants
or in other words, as the sum of travelling waves. For an introduction to linear
hyperbolic systems see [9].

The end conditions (5) yield the equations

alz+cT)+ Bz —~cT)=0, o (z+cT)-F(x—cT)=0,z€(0,L) (9)
where the derivatives are in the sense of distributions. This is equivalent to
a(z) = —B(z — 2cT), &'(z) = §'(z — 2T, z € (cT,cT + L). (10)

Differentiation of the first equation in (10) yields
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o (z) = —pf'(z —2cT), z € (cT,cT + L)
hence we have o/(z) = —a/(z) and thus
o (z) =0, € (cT,cT+ L); B (x)=0, z € (~cT,—cT + L). (11)

So the first equation in (10) implies that there exists a real constant r such
that

a(z)=r, x € (cT,cT+ L); Blz)=-~r, & (—cT,~T+ L). (12)

We have shown that if (8) satisfies the end conditions (5), then (12) holds.
The reverse statement is obviously true.
The initial conditions (2) yield the equations

vo(z) = (1/2) [a(z) + B(@)], y1(z) = (¢/2) [/ (z) = B'(2)], = € (0,L). (13)

Hence we have

(@) +(1/0) [ w(e)ds = ae) - by, 2 € 0,5) (14)
(o) = (1/0) [ wule)ds = @) + b, € 0,0) (15)
for a real constant k; that we can choose as zero, which implies
a(e) = (@) + (1/e) [ m(s)ds, € 0,0), (16)
8a) = (o) = (1/0) [ mls)ds, v € 0,0). (17)

We have shown that if (8) satisfies the initial conditions (2), then (16), (17)
hold. The converse also holds: If «, § satisfy (16), (17), the initial conditions
(2) are valid for y given by (8).

5 Exact Controllability

The considerations in the last section imply the following exact controllability
result:

Theorem 1. Let T > L/c and p € [1, 0] be given. The initial boundary-value
problem (2)-(4) has a travelling waves solution in the sense (8) that satisfies
the end conditions (5) with w1, ug € LP(0,T), if and only if the initial states
Yo, Y1 satisfy the following conditions: yo € LP(0,L) and Y7 € LP(0, L), where
Yi(z) = [ yi(s)ds, that is y; € W12(0, L).

This implies that Problem P is solvable if and only if yo and Yy are in
LYo, L).
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Proof of one direction. Assume that yy and Y; € LP(0, L). Define
u1(t) = y(0,1) = [eet) + B(—ct)]/2

ug(t) = y(L,t) = [a(L + ct) + B(L — cb)]/2

where the functions « € L?(0, L + ct), § € LP(—cT, L) are chosen such that
(12) and (16), (17) hold, for example with r = 0 and a(z) = 0 for z € (L, cT)
and 8(z) = 0 for x € (L — ¢T,0). Then the solution y given by (8) satisfies
the initial conditions (2) and the end conditions (5). Moreover, u; and u, are
in LP(0,T). The proof of the converse is given in the next section. 0O

Remark 1: For the case p € [2,00|, Theorem 1 is already proved in [6] us-

ing Fourier series. Note however, that in [6] the initial state is the zero state
which is controlled in the time T to the target state (yo,v1).

6 Definition of Auxiliary Functions and Completion
of the Proof of Theorem 1

For j € {0,1,...,k} and t € (0,¢;) define the functions

a;(t) = a(ct +jL), B;(t) = B(-ct = (j — 1)) (18)
and for ¢ € (0, A) define
op+1(t) = alct + (K +1)L), Bry1(t) = B(—ct — kL). (19)

The functions «;, §; are useful as decision variables in the transformed
optimization problem. We will state the constraints in terms of the functions
g, ﬂj: Since

[eT,cT + L) = [kL + cA, (k + 1)L + cA]
=[kL+cA,(k+ V)LV [(k+ 1)L, (k+ 1)L + c4]
and
[-cT,—cT + L] = [-kL — cA,—(k — 1)L — c4]
=[—kL —cA,—kL|U[-kL,—(k — 1)L — c4]

the constraints (12) are equivalent to the conditions

or(t) =71, t € (A to), agy1(t) =7, t€(0,4), (20)
ﬁk(t) =T, te (A7t0)a /Bk-i-l(t) =T te (O,A) (21)

This means that the functions ap41, Ok+1 are constant on (0, A4) and the
functions oy, Bx are constant on (4,¢y) with the same absolute values but
with opposite signs.

Conditions (16) and (17) are respectively equivalent to
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ao(t) = volet) + (1/¢) /0 () ds, ¢ € (0,t0), (22)

L—ct
Bo(t) = vo(L — ct) — (1/0) /0 u(s)ds, t € (0,4), (23)

so the values of the functions g, fy are prescribed by the initial conditions.
We can represent the control functions i, ug in terms of «;, §; in the
following way. Define the intervals

I} = [jto, jto + 4], 5 € {0,1,2, .., k}, (24)
I7 = [jto+ A, + Do), 5 €{0,1,2,...,k — 1}. (25)

Then for t € Ij1 orte IJ2 we have

uy(t) = [a;(t — jto) + Bj+1(t — jto)1/2, (26)
ug(t) = [oy1(t — jto) + B;(t — jto)] /2. (27)

Now we complete the proof of Theorem 1. Assume that controls u;, us €
LP(0,T) are given such that the travelling waves solution (8) satisfies the
initial conditions (2) and the end conditions (5). The end conditions (20),
(21) imply that the functions g1, Br+1 are in LP(0, A). Then (26) and the
fact that uy is in LP(0,7") imply that oy is also in LP(0, A). Equation (27)
and the fact that us € LP(0,T) imply that §i is also in L?(0, A). Analogous
arguments show that ax_1, Bx—1 are in LP(0, A) and repeating the argument
shows that ap, Go is in LP(0, A).

The end conditions (20), (21) imply that the functions g, Bk are in
LP(A,tp). Then (26) and vy € LP(0,T) imply that ax_1 is also in LP(A, tg).
Equation (27} and the fact that uy € LP(0,T) imply that Br-1 is also in
LP(A,tg). Repeating the argument implies that ag, fp are in LP(A,tp).

Thus we have shown that ag, G are in LP(0,%p). Equations (22), (23)
imply that yo is in LP(0, L) and that Y} is in L?(0, L).

7 Reformulation of the Optimization Problem in terms
of Qj, :31'

We start by transforming our objective function

T
Ty, uz) = / s (8)] + (&) . (28)

‘We have

(G+1)to

k jto+A k-1
Juru) =Y [ (0] + fuate |dt+2/ fua (B)] + s ()] dt
j=0 jto 7=0

to+
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A tg
/ (4 o)+ a4 o) di+ :/A iy (£ o)+ (£ + to)|
0 .

Il
L i

J
to k—1

k
/ D lua(t+ jto)| + [ua (t+ jto)| dt+/ Zlul (t+7to)| + lua(t+gto)]| dt
ji=0

I

/ [;laj(w + G50+ Haga(9)+ 0|

tok 1
/ [ a5 (&) + By ()] + |a,-+1<t>+ﬂj<t>l] dt

=: F(ajl0,4), ﬁj|(0,A)»j €{1,....k}; a5l(ate), Bil(ate),J € {1,k —1}).
(29)
Now we write down our optimization problem in terms of the unknown
functions «;, G;. If we have determined a solution pair o;, 3;, we obtain
the corresponding controls u;, ug from (26), (27). In this sense Problem P is
equivalent to the problem:

minimize the objective function F given in (29) (30)

over the functions
aJ](OA ﬁ]'(oA eL! 0,4), je{1,...,k},

ajliao)r Biliate) € LM (A k), 5 €{1,...k—1}

where ag, By are given in (22), (23) and akl(at)s Brl(at)r Qk+1l(0,4)
Br+1l(0,4) are given by (20), (21).

7.1 Definition of a Time—Parametric Optimization Problem

For t € (0,tp) and a natural number m consider the optimization problem

m—1

H(tm) : min Y 2las(®) + G (O] + slaga( + 50 (31)

7=0

where the numbers ag(t), Go(t) and oy, (t), Bm(t) are given and the decision
variables are a1 (t),...,0m—1(t), B1(t)se--sBm—1(t). If m = 1 there are no decision
variables. The objective function of H (¢, m) is the integrand of the function F
given in (29) at a single point ¢ € (0, tp), so the idea of H(t,m) is to minimize
the integrand of Problem {30) at a single point in time.

‘We obtain solutions of Problem (30) by solving the optimization problems
H(t,k+1) fort € (0,A) and H(t,k) for t € (A, to) almost everywhere, that is
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we minimize the integrand in the objective function J pointwise a.e.. Consider
solutions a;(t), B;(t) of these optimization problems as functions of t. If these
functions are Lebesgue integrable, they are condidates for a solution of the
optimization problem (30) and thus yield solutions of the optimal control
problem P. In fact, the solutions ¢ (t), 5;(t) are coupled by the real parameter
r from (20), (21). So we reduce the original infinite-dimensional problem to
the problem to find the value of the real number r for which the objective
function evaluated at the corresponding solutions ¢;(t), 5;(t) has minimal
value.

7.2 Solution of a Time—Parametric Optimization Problem

Consider problem H(t,m) for a fixed time ¢ € (0, tp). Since ¢ is fixed, we call
the decision variables a1,...,04m—1, B1,.--,0m—1 and omit the parameter ¢. We
introduce new variables:
Y =5+ Bi+1, 05 = ajp1+ B for jeven,
v = oj41+ G5, 0 = a5 + Bj41  for 7 odd.
We have
m—1 . .
Z(_l)j ] % —Om if m is even,
2 i oo + B if mis odd.
]:
If o =7 = =P as in (20), (21), this yields for all m the equation

m—1

Z(—l)j’)’j =qyp—T=Cy.

Jj=0

mX_:l(_l)j& - {/60 = Bm  if mis even,
;=
Jj=0

Similarly,

Bo + o, if mis odd.

If @y, =1 = —f, as in (20), (21), this yields for all m the equation

m—1 )
> (=18 = fo+ 71 =ca.
We also have 7=0
m—1 : m-1
D les(®) + B+ (O] + lagra(8) + B (B = D 1l +1651.
Jj=0 j=0
This means that we can decouple problem H(f,m) into two problems
m—1 m—1 )
P, : min Z I7;] s.t. Z(——l)”yj = ¢y, (32)
j=0 3=0

m-—1

m—1
Py: min Y |5] st D (=1)5; = ca. (33)
j=0

Jj=0
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Lemma 1. The optimal value of Py is |c1|. If c1 = 0, the solution of P; is
uniquely determined. If ¢; # 0, the solution of P; is not uniquely determined.
In fact, (yo,...,Ym-1) s a solution of Py if and only if

v = (1Y Ajen, § € {0,...,m —1},

m—1
where for j € {0,...,m—1} we have A; > 0 and Y A; = 1. The corresponding
=0
assertions for P, also hold.
Proof. The point with the components +; as defined in the Lemma satisfies the
equality constraint of P; and has the objective value |c;|. Thus the objective
value is less than or equal to |c;|. Now take an arbitrary point that satisfies
the equality constraint of P;. Then the triangle inequality implies

sl = Y =19y 21 ) (=107 = lal.
=0 i=0

Hence the optimal value of P; is greater than or equal to |¢;]| and we have
proved the assertion. Assume that ¢; # 0. Let an arbitrary solution of P; with
the components 7g, 71,...,m—1 be given. Then we have

3

Il
o

J

Ja

m—
nj| = leal.
§=0

Define A\; = |n;]/|c1|. Then A; > 0, >0 "X =1, and 7; = |e1|A;sign(n;).
The equation

m-—1 m—1
Z ~1)p; = Z Mla|(=1)sign(n;) = e Z i (—1)sign(n;) = a1
7=0 §=0

holds. Thus

3

AJ( 1)’sign(n;) = sign(c1).

1l
o

i
This equation can only hold if for all j € {0,...,m — 1} we have
(—1)’sign(n;) = sign(c1),
which implies sign(n;) = (—1)7sign(c;). Thus we have 1; = (=1)? A c1, and
the assertion follows. 03

7.3 Solution of the Optimal Control Problem

Consider the functions a;(t), §;(t) defined as the solutions of H(t,k + 1) for
t € (0,A) and of H(t, k) for t € (A,ty) almost everywhere. Lemma 1 gives
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values «;(t) + B+1(t) and a;j41(t) + B;(t) for the solution of problem H(t, m)
explicitly. The general solution given in Lemma 1 yields solutions of the form
v () = (1) X)) [ (t) — 7] for t € (0,4), 5 €{0,...,k}
%‘(t) = (=1)pj(®)[ao(t) — 7] for t € (4,t0), j €{0,....,k — 1}
5;(t) = (=1Yv;(®)[Bo(t) + 7] for t € (0,4), j €{0,...,k}
6;(t) = (=1Yw;(t)[Bo(t) + 7] for t € (A,to), j€{0,...k—1}.

Here ); and v; are functions defined almost everywhere on (0, A) such that

k
X1 20, () >0, D M) =1=> y;(t),
=0

=0

and such that the functions A;{ag — ) and v;(8y + r) are in L*(0, A) for all
j €{0,...,k}. Moreover p; and w; are functions defined almost everywhere on
(A, ty) such that

k—1
i () >0, w;(t) >0, Zu] ) =1=) w(t),
j=0
and such that the functions p;(ap — 'r) and w;(By + r) are in L*(A4, to) for all

jeA{0,...,k—1}.
Equations (26), (27) and the definition of 7;, §; imply that the control
values corresponding to these functions are given as

ur(t + jto) = ;{t)/2 if j is even, (34)
w1 (t + jto) = 6;(t)/2 if j is odd, (35)
ug(t + jto) = 0;(t)/2 if j is even, (36)
ug(t + jto) = v;(t)/2 if jis odd. (37)

Now both for u; and us we have to consider four different cases, depending
on whether ¢ is in the interval (0, A) or the interval (A, %) and on whether
7 is even of j is odd. The general solutions given in Lemma 1 correspond to
optimal controls of the form

ur(t+ jto) = Aj(t)[ao(t) — 7]/2 if j is even and ¢ € (0, A), (38)

ur(t + jto) = p;()[ag(t) — r]/2 if jis even and ¢ € (4, tp), (39)
ur(t + jto) = —v;(8)[Bo(¢) + 7]/2 if jis odd and t € (0, 4), (40)
uy(t + jto) = —w;(t)[Bo(t) +7]/2 if jis odd and t € (A,tp),  (41)

ug(t + jto) = v;(t)[Bo(t) + r]/2 if j is even and ¢ € (0, A), (42)
ug(t + jto) = w;(t)[Bo(t) +r]/2 if jis even and t € (A4, ty), (43)
up(t + jto) = Aj(¢)[—ag(t) + r]/2 if jis odd and ¢ € (0, 4), (44)
ug(t + jto) = pi(t)[—o(®) + r]/2 if jisodd and t € (A, ).  (45)
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If T = kto, that is if A = 0 the intervals (0, A) vanish.

It only remains to determine the value of the real number r. For this
purpose, the control given above is inserted in the objective function J(u1, u2)
and 7 is chosen such that J{u;,u2) is minimized.

8 Main Result

In this section we state the main result of this paper, which provides an
explicit solution to the optimization problem P, that is to say, to the Ll-
norm optimal two—point Dirichlet boundary control of the wave equation to
the zero position.

Theorem 2. Assume that T is greater than or equal to ty = L/c. Consider
the Problem P defined in (1)-(5). Choose a real number r that minimizes

to
3l = rl+ 1800+ o] (46)
where ag s given by (22) and [y is given by (23).

Then a solution of Problem P is given by controls u, uo defined in (38)-
(45) and, conversely, every solution has this form.

The minimal value of Problem P is given by the integral (46) with an
optimal choice of r. Problem P admits a unique solution if and only if the
minimal value of Problem P is zero.

Proof. We have presented controls u;, ug € L1(0,T) such that the generated
state satisfies the end conditions and the corresponding value of the objective
function is

1 [t
J(u1,u2) = min —2-/ leo(t) — 7| + |Bo(t) + 7] di.
r 0

Let v1, vy € L*(0,T) be control functions for which the generated state satis-
fies the end conditions. Then there exists a real number r = ry such that (12)
holds. Suppose that the corresponding functions 7;, d; (as in (34), (37)) do not
solve the problem H(t,k + 1) almost everywhere on (0, A4) (with a1 = 7y,
Br+1 = —rg) or do not solve the problem H (¢, k) almost everywhere on (4, %)
(with ag = rg, Bx = —rg). For t € (0, A), let hy(t) denote the optimal value
of H(t,k + 1). Lemma 1 implies that hy(t) = [[ag(t) — ro| + |Bo(t) + 70l]/2.
For t € (A,tp) let ha(t) denote the optimal value of H(t, k). Lemma 1 implies
that ho(t) = [|an(t) — ro| + |Bo(t) + 10)/2. Then we have

A to
J('Ul,’vz) > / hl(t) dt+/A hz(t) dt

0
1

to
=5 [ o0 = rol + 1Boge) + 7ol

_>. J(u17u2)'
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Hence v;, vy cannot be a solution of P. This yields the assertion that the
optimal controls are of the form as stated in the theorem, that is they solve the
problem H(t,k + 1) almost everywhere on (0, A) (with ax+1 = 7, Bk41 = —7)
and solve the problem H(t,k) almost everywhere on (4,ty) (with ax = r,
Br = —r), where 7 is chosen as to minimize (46). O

0.05[

0.04 4
0.03F \ \
0.021

0.01F

of A
-0.01
-0.02
-0.03 / /
0,04
-0.05 ‘
0 05 1 15 2 25 3

Time interval (0.T)

Fig. 1. The optimal control %; = uz in Example 2

9 Examples

In general the value of r for which the integral (46) attains its minimal value
is not uniquely determined.

Example 1. Assume that yg = ¢y is constant and y; = 0, that is the string
is initially at rest. Then (22) implies that ag(t) = co and (23) implies that
Bo(t) = cp, hence we have ap(t) = Bo(t) = cp, and the number r from Theorem
2 minimizes

to
/ lco — 7 + |co + r|dt = to(lco — 7| + |eo + 7).
0

The value r = 0, minimizes the integral, since with r = 0 the integrand equals
2|co| and the triangle inequality implies that for all real numbers s we have

2|col = |co — s+ co + |+ < |eo — s} + |co + 3.

So the optimal value of Problem P is |¢gltg. In this case, (38)-(45) imply that
for all j € {0,...,k}, t € (0, A) optimal controls are given by
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03
0z,
1.
0.
=01
02 =
St
i Al
> . .
05 ‘_ o L ,r 25
. i 2
04 — 15
02 .. '_,A.'" 1
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Space interval (0,1 Time interval (0,T)

Fig. 2. The optimal state y in Example 2

u(t + jto) = ua(t + jto) = Fl)jﬁ

and for all j € {0,...,k — 1}, t € (4,1p) optimal controls are given by
. . i C
wr (t + jito) = ug(t + jto) = (—1)9—2-%.

If ¢y > 0, the optimal value is toco. With 7 € [—cg, ¢, the integral (46) has

the value
1

to
—/ 00—7”+C0+7‘dt=t000,
2 0

thus also for all r € [—c¢y, co] the controls given by (38)—(45) are optimal. Only
in the trivial case ¢y = 0 where the initial state is already zero, the choice
r = 0 represents the unique solution.

Example 2. Assume that yo(z) = 0 and y;(z) = sin(zw/L). Then (22) and
(23) imply respectively

Since ag(t) = [(2L)/(cm)] + Po(t), for all real numbers s # 0 we have
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L L
Joo(0) — 1+ 180(8) + | = 21 + folt)] = | == + = + o(t) + Fo(®)

= 2t B0 54 80(8) < |2 s (0) s+ Bo(0)] = lao(®) sl +Bo(0)+].

Hence with the value 7 = L/(cm) the integral from Theorem 2 attains its
minimal value, namely

1 [ L

= 2|— t)| dt

TR0
and optimal controls are given by (38)—(45) with = L/{cm). Note that since
ag(t) — r = Bo(t) + r we have uy = ug.

Now let L = 1, ¢ = 1 and T = 3.25, hence k = 3. Figure 1 shows the

corresponding optimal control u; = uy with r = 1/ and Figure 2 shows the
state y generated by uy and us.
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