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Preface

This volume contains the Proceedings of the Twelfth French-German-Spanish
Conference on Optimization held at the University of Avignon in 2004. We
refer to this conference by using the acronym FGS-2004.

During the period September 20-24, 2004, about 180 scientists from around the
world met at Avignon (France) to discuss recent developments in optimization
and related fields. The main topics discussed during this meeting were the
following:

smooth and nonsmooth continuous optimization problems,
numerical methods for mathematical programming,

optimal control and calculus of variations,

differential inclusions and set-valued analysis,

stochastic optimization,

multicriteria optimization,

game theory and equilibrium concepts,

optimization models in finance and mathematical economics,
optimization techniques for industrial applications.

© XN G W=

The Scientific Committee of the conference consisted of F. Bonnans (Rocquen-
court, France), J.-B. Hiriart-Urruty (Toulouse, France), F. Jarre (Diisseldorf,
Germany), M.A. Lopez (Alicante, Spain), J.E. Martinez-Legaz (Barcelona,
Spain), H. Maurer (Miinster, Germany), S. Pickenhain (Cottbus, Germany),
A. Seeger (Avignon, France), and M. Thera (Limoges, France).

The conference FGS-2004 is the 12th of the series of French-German meetings
which started in Oberwolfach in 1980 and was continued in Confolant (1981),
Luminy (1984), Irsee (1986), Varetz (1988), Lambrecht {1991), Dijon (1994),
Trier (1996), Namur (1998), Montpellier (2000), and Cottbus (2002).

Since 1998, this series of meetings has been organized under the participation
of a third European country. In 2004, the guest country was Spain. The con-
ference promoted, in particular, the contacts between researchers of the three
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involved countries and provide a forum for sharing recent results in theory
and applications of optimization.

The conference FGS-2004 was organized by the "Group of Nonlinear Analysis
and Optimization" of the University of Avignon. As chairman of the Orga-
nizing Committee, I would like to acknowledge the following institutions for
their financial or material support:

e Région Provence-Alpes-Cote d’Azur

e Université d’Avignon et des Pays de Vaucluse

o Agroparc: Technopole Régional d’Avignon

¢ Mairie d’Avignon

o Institut National de Recherche en Informatique et en Automatique

For the sake of convenience, the contributions appearing in this volume are
splitted in four different groups:

Part 1. Optimization Theory and Algorithms,

Part II. Optimal Control and Calculus of Variations,
Part III. Game Theory,

Part IV. Modeling and Numerical Testing.

Each contribution has been examined by one or two referees, The evaluation
process has been more complete and thorough for the contributions appear-
ing in Parts I, II, and III. The papers in Part IV are less demanding from
a purely mathematical point-of-view (no theorems, propositions, etc). Their
principal concern is either the modeling or the computer resolution of specific
optimization problems arising in industry and applied sciences.

I would like to thank all the contributors for their effort and the anony-
mous referees for their comments and suggestions. The help provided by Mrs
Monique Lefebvre (Secretarial Office of FGS-2004) and the staff of Springer-
Verlag is also greatly appreciated.

Avignon, September 2005 Alberto Seeger
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Part 1

Optimization Theory and Algorithms



On the Asymptotic Behavior of a System
of Steepest Descent Equations Coupled
by a Vanishing Mutual Repulsion*

F. Alvarez!** and A. Cabot?

! Departamento de Ingenieria Mateméatica and Centro de Modelamiento
Matemaético, Universidad de Chile, Casilla 170/3, Correo 3, Santiago, Chile.
falvarez@dim.uchile.cl

? Laboratoire LACO, Université de Limoges, Limoges, France.
alexandre.cabotQunilim.fr

Summary. We investigate the behavior at infinity of a special dissipative system,
which consists of two steepest descent equations coupled by a non-autonomous con-
servative repulsion. The repulsion term is parametrized in time by an asymptotically
vanishing factor. We show that under a simple slow parametrization assumption the
limit points, if any, must satisfy an optimality condition involving the repulsion
potential. Under some additional restrictive conditions, requiring in particular the
equilibrium set to be one-dimensional, we obtain an asymptotic convergence result.
Finally, some open problems are listed.

1 Introduction

Throughout this paper, H is a real Hilbert space with scalar product and
norm denoted by (-,-) and || - ||, respectively. Let ¢ : H — R be a C! function
and suppose that the set of critical points of ¢ is nonempty, that is,

S:={z € H|V¢(z) =0} #£0.

A standard first-order method for finding a point in S consists in following
the “Steepest Descent" trajectories:

(SD) z+Ve¢(z)=0, ¢>0.

The evolution equation SD defines a dissipative dynamical system in the sense
that every solution z(t) satisfies £¢(z(t)) = —||Vé(z(t))||? so that ¢(z(t))

* This work was partially supported by the French-Chilean research cooperation
program ECOS/CONICYT CO04E03. The research was partly realized while the
second author was visiting the first one at the CMM, Chile.

** The first author was supported by Fondecyt 1020610, Fondap en Matematicas
Aplicadas and Programa Iniciativa Cientifica Milenio.



4 F. Alvarez and A. Cabot

decreases as long as V¢(x(t)) # 0. Since the stationary solutions of SD are
described by S, it is natural to expect the corresponding solution z(¢) to
approach the set S as t — 0o, Indeed, under additional hypotheses, it is pos-
sible to ensure convergence at infinity to a local minimizer of ¢ (we refer the
reader to [7, 8] for more details). However, we may be interested in addi-
tional information about S when ¢ has multiple critical points. For instance,
we would like to compare some of them to select the best ones according to
some additional criteria. We could also be interested in some properties of
S such as unboundedness directions, symmetries, diameter estimates, etc. A
possible strategy may be to “explore" the state space by solving a system of
simultaneous SD equations. In order to reinforce the exploration aspect, and
motivated by the second-order in time system treated in [11], we propose to
introduce a perturbation term which models an asymptotically vanishing re-
pulsion. More precisely, in this paper we study the following non-autonomous
coupled system:

4 Vo(z)+et)VV(z —y) =0,

(SDVE) {y 1 Vé(y) - (H)VV(z —y) =o0.

Here the function V : H — R is of class C! and satisfies the repulsion condition
vee H\{0}, (VV(z),z) <0, (1)
while the parametrization map € : Ry — R, tends to zero as { — oo:

lim e(t) =0. (2)
t—o0
This evolution problem will be referred to as the “Steepest Descent and Van-
ishing Repulsion” (SDVR) system.

As a simple illustration of the type of behavior that SDVR may exhibit,
suppose H = R™ and consider the case of a quadratic objective function
o(z) = %(A:c, z) with A € R™*"™ being symmetric and positive semi-definite,
together with the quadratic repulsion potential V(z) = —1||z||%. The corre-
sponding SDVR system is

{:1': + Az —e(t)(z —y) =0,
y+Ay+e(t)(z-y) =0,

whose solution is explicitly given by

x(t) = e—tA[IO_‘;"& + zo_gmezfo‘ E(‘r)d‘r]’
y(t) — e—tA[zo-é-yo _ wo;yo e? N €(T)d’r]‘

As ¢(t) vanishes when t — oo, if A is positive definite then lim; o, z(t) =
lim; oo y(t) = 0, independently of the improper integral fooo g(t)dt. Sup-
pose now that ker A # {0} and take v € ker A \ {0}. Remark that v
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is a direction of unboundedness for § = ker A. Since e *4v = v, we get

(z(t) —y(t),v) = € Js e(ydr {zo —yo,v). When {x¢ —yo,v) # 0, the asymptotic
behavior along the direction given by v depends strongly on the improper
integral fo t)dt. In that case, if fo T)dT = oo then the repulsion forces
z(t) and y(t) to diverge towards infinity followmg opposite directions. Notice
that in this example infV = —oco and |VV (z)|| — oo as ||z|| — oco. However,
an analogous divergent behavior can occur for a repulsion potential V that is
bounded from below and satisfies ||VV (z)|| — 0 as ||z|| — oo. For instance,
take H = R and ¢ = 0 (so that S = R), and suppose that V € C1(R) is such
that V(z) = |z|™! for all |z| > 1. If yo < —1 and z¢ > 1 then the system we
have to solve is given by

{a’c —e(t)/(x —y)? =0,
g +2(t)/(z —y)? =0,

Since E( —y) = 2¢(t)/(z — y)?, we have that :c( ) - y(t) = ((zo — 0)% +
6 fo 7)dr)Y/3, which diverges if and only if [~ &(t)dt =

From these examples we infer that the repulsmn term :}:6( WV (r—y)is
asymptotically effective as soon as e(t) vanishes sufficiently slow as ¢t — oo,
and moreover, it is apparent that the adequate condition is

/ " e(t) dt = oo. 3)

Such a "slow parametrization" condition has already been pointed out by
many authors in various contexts (cf. [3, 4, 9, 11]). Since £(t) vanishes when
t — oo, it is quite easy to prove the convergence of the gradients V¢(z) and
V¢(y) toward 0. The examples-above show that under unboundedness of S
we may observe divergence to infinity. Divergence can be prevented under
coercivity of ¢ and the natural question that arises is the convergence of the
trajectory (z(t),y(t)) as ¢ — oo. This is a difficult problem due to the non
convexity of the repulsive potential V' (see [10] for positive results in a convex
framework). In this direction, a one-dimensional convergence result has been
obtained in [11] for a second-order in time version of SDVR.

The paper is organized as follows. In section 2, we state some general
convergence properties for the SDVR system and we show that the slow
parametrization assumption (3) forces the limit points to satisfy an optimality
condition involving VV and the normal cone of S. This normal condition? is
new and allows to reformulate some results of [11] in a more elegant way. In
section 3 we derive a sharp convergence result when the equilibrium set S
is one-dimensional. In the last section, we precise our results when ¢ is the
square of a distance function. Due to the first-order (in time) structure of
SDVR, our asymptotic selection results are sharper than in [11].

% T'his optimality condition has been found independently by M.-O. Czarnecki (Uni-
versity Montpellier II).
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Notations. We use the standard notations of convex analysis. In particular,
given a convex set C C H, we denote by dc(z) (resp. Po(z)) the distance of
the point x € H to the set C (resp. the best approximation to z from C). For
every = € C, the set No(z) stands for the normal cone of C at x. Given any
set D C H, the closed convex hull of D is denoted by ¢o(D). Given a,b € H,
we define [a,b] = {a+A(b—a) | A € [0,1]} and Ja, b[= {a+A(b—a) | A €]0, 1[}.

2 General Asymptotic Results

From now on, suppose that the functions ¢ : H —- R, V : H — R and
e : R, — R, which are assumed to be of class C!, satisfy the following set of
hypotheses (H):

(H1) i — ¢ and V are bounded from below on H, with infV = 0.

2 Y 4 — V¢ and VV are Lipschitz continuous on bounded sets of H.

i — The map ¢ is non-increasing, i.e. €(t) <0 Vi€ R,.
(Ha) ¢ “— The map ¢ is Lipschitz continuous on R..

iii — lim (t) = 0.
Let us begin our study of SDVR by noticing that it can be rewritten as a
single vectorial equation in H2 = H x H. Indeed, let us set X = (z,y) € H?,
H(X) = ¢(x) + ¢(y) and U(X) = V(z — y). With such notations, SDVR is
equivalent to _

X+Ve(X)+et)VU(X) =0, (4)

where & and U are differentiable functions on H? satisfying the analogue to
(H1), that is

(Hree) i — & and U are bounded from below on H?, with infU = 0.
1 i1 — V® and VU are Lipschitz continuous on bounded sets of H?2.
Set

E(t) = ¢(X (1)) + e()U(X (1)) = o(z(t)) + 6(y(t)) + e(®)V (x(t) — y(1)).
By differentiating E with respect to time, we obtain
E=~|IX|?+eU(X) = —|l&l® ~ [lgl*> + ¢ V(z —y) <0.

Thus E is non-increasing, defining a Lyapounov-like function for (4). This is
a useful tool in the study of the asymptotic stability of equilibria. Lyapounov
methods and other powerful tools (like the Lasalle invariance principle) have
been developed to study such a question. We refer the reader to the abundant
literature on this subject; see, for instance, [2, 13, 14]. In this specific case,
some standard arguments relying on the non-increasing and bounded from
below function E(t) permit to prove the next result, which we state without
proof.

Proposition 1. Assume that (H}°¢) and (Haz) hold. Then,
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(1) Y Xo € H?, there exists a unique solution X : Ry — H? of (4), which is
of class C' and satisfies X (0) = Xo. Moreover, Xe L3([0, 00); H?).

(17) Assuming additionally that {X (t)}+>0 is bounded in H? (which is the case
for example if ® 1s coercive, i.e. IIXllilmoo@(X) = 00), then tl—l»lgo X(t) =0

and tlim Ve(X(t) =0.
(t)If D is convex and {X(t)}i>0 is bounded then tlim H(X (1)) = infd.

The natural question that arises is the convergence of the trajectory X (t) as
t — 0o. When € = 0, (4) reduces to the steepest descent dynamical system
associated with @. In that case, there are different conditions ensuring the
asymptotic convergence towards an equilibrium. For instance, it is well-known
that under convexity of @, the trajectories weakly converge to a minimum of
@ (cf. Bruck {8]). This last result can be generalized when ¢ tends to zero fast
enough; indeed, we have

Proposition 2. In addition to (H}*°) and (H3), assume that $ is convex
with argmin ® # 0. If [;° e(t) dt < oo then every solution X (t) of (4) weakly
converges to a minimum of @ as t — oo.

We omit the proof of this result because it is similar to that given in [1} for
second-order in time systems, which has been revisited with slight variants in
[4, 5, 9, 11]. Notice that under the conditions of Proposition 2, any minimizer
of @ is asymptotically attainable. As the following result shows, that is not
the case when the parametrization &(t) satisfies (3).

Lemma 1. Assume that (H}%¢), (H2) and (3) hold. Let X(t) be a solution to
(4) and suppose that X (t) — X, strongly as t — co. Then,
(i)(Convex case)* If & is convex, then X € argmin & and

_VU(Xoo) € Nargmin <15(Xoo) (5)
(ii) (General case) We have Xo, € C := {X € H? | V®(X) = 0} and
VU(Xo)e [| @ (R+V¢(W)), (6)
WeN(Xoo)

where N'(X o) denotes the set of neighborhoods of X, and the set R V&(W)
is defined by Ry V(W) := {AVP(z) | A\ e Ry, z € W},

Proof. (i) From Proposition 1(iz), lim; 0o VS(X (t)) = 0 and hence X, €
argmin @. Let w € argmin @ so that V@(w) = 0. By convexity, V@ is mono-
tone and we have

Yo e H2, (V®(v),v—w)>0. (7)

* This result has been obtained simultaneously by M.-O. Czarnecki (University
Montpellier II).



8 F. Alvarez and A. Cabot

Taking the scalar product of (4) by X(-) — w and integrating on [0,7], we
obtain

X (@)=l §1X O)—wl+ | (VRO (3))e(6) VUK (5)), X s) ) ds = 0.
Using (7), we get
/O e(s)(VU(X(s)), X(s) — w) ds < 3 X (0) —w||* = 3 X () — w]*.

Recalling that [ (t) dt = oo, we deduce that
(VU(Xoo), Xoo —w) = lim (VU(X(t)), X (t) —w) <0,

otherwise, we would have lim;_, o fot e(s)(VU(X(s)), X(s)—w) ds = oo, which
is impossible. This being true for any w € argmin &, we conclude that (5)
holds.

(ii) Again, Xo € C due to Proposition 1 (éz). Next, let W € N (X) and
v € H?. Suppose that for every w € W, (V&(w),v) < 0. Since X (t) — Xoo,
there exists tg > 0 such that for all ¢ > 5, X(¢) € W, and consequently

Yt > to, (VB(X(2)),v) < 0. (8)

Integrating (4) on [tg,t] we obtain

/t £(s)(VU(X(5)),v) ds = (X (to) X (£),0) - /t (VO(X (5)),v) ds.
From (8), we get ftt(, e(s)(VU(X (s)),v)ds > (X(to) — X(t),v), ¥t > to. By
(3), we deduce that

(VU (Xeo), ) = Jim (VU (X (), ) > 0.

This proves that, for every v € H? and w € W, if (V&(w),v) < 0 then
(VU(X),v) = 0, which amounts to

Yo € (R VE(W))°, (VU(Xo0),v) > 0, (9)

where (R V@(W))° stands for the polar cone of the conic hull of VH(W).
By (9), the vector —VU(X) belongs to (R VS(W))°°, the polar cone of
(RV@(W))°. Finally the bipolar theorem (cf., for example, [6]) ensures that
—VU(Xs) € T (R VS(W)), which completes the proof. O

Remark 1. Condition (5) for the convex case expresses a necessary condition
for X to be a local minimum of the function U on the set argmin @. In the
general case, the set arising in (6) is closely related to the normal cone to C

at Xo.. However, Lemma 1(i) cannot be viewed as a special case of Lemma
1(ii).
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3 Convergence for a One-Dimensional Equilibrium Set

When ¢ has non-isolated critical points, the general results of the previous
section for the vectorial form (4) of SDVR do not ensure the asymptotic
convergence of the solution (z(t), y(t)) under the slow parametrization condi-
tion (3). If ¢ and V are both convex then it is possible to prove the asymp-
totic convergence to a pair (Zeo,Yoo) that minimizes (z,y) — V(z —y) on
argmin ¢ x argmin ¢ (see [10]). Although the repulsion condition (1) is not
compatible with the convexity of V, the asymptotic selection principle given
by Lemma 1 establishes that the "candidates" to be limit points must satisfy
an analogous extremality condition depending on U(z,y) = V(z —y). In a
one-dimensional scalar setting, a convergence theorem for a second-order in
time system involving a repulsion term has been proved in [11]. Next, we show
that this type of result is valid for SDVR. To our best knowledge, convergence
in the general higher dimensional case is an open problem.
From now on, we assume the following hypotheses on the function ¢:

for every bounded sequence (z,) C H,

lim ||[V¢(z,)|| = 0= lm dg(z,) =0, (10)
the map ¢ is coercive and S = [a,b] for some a,b € H. (11)

If @ # b then we suppose that for every x € H,
if Po(z) € S then V¢(z) is orthogonal to A, (12)

where A is the straight line A := {a+ Xb—a) | A € R}

Remark 2. Condition (10) holds automatically when dim H < oo, but (11)
and (12) are stringent. Take ¢ := fod|, where f € C'(R4+;R) and djap)
refers to the distance function to the segment [a, b]. If the function f is such
that f/(0) = 0 and f’(z) > 0 for every z > 0, then the function ¢ satisfies
(10), (11) and (12). Note that the function ¢ is a C' function due to the
assumption f'(0) = 0.

On the repulsion potential V, we assume that there exists a scalar function
~v: H — R4y such that

Vz € H, VV(z) = —v(z)z. (13)
Theorem 1. Under hypotheses (H), let {(x(t),y(t)) be a solution to SDVR. If
(10)-(13) hold, then:

(i) There ezists (Too, Yoo) € [a,b]? such that lims_, o (z(t), y(t)) = (Too, Yoo )-

(ii) Suppose that a # b and let us denote by I', (resp. I';) the connected compo-
nent of cl(A\S) such thata € I'y (resp. b € I},). Assume that Too = Yoo = £
and Pa(z(0)) # Pa(y(0)). Then £ equals a or b and

o { = a implies (PA(a:(t))., PA(y(t))) € I'? for every t > 0.
o £ =b implies <PA(:v(t)),PA(y(t))) € I'? for every t > 0.
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(iii) Suppose that the slow parametrization condition (8) holds. If Pa(z(0))
# PA(y(0)) then (Zoo,Yoo) € {a,b}2. When in addition a # b, if Too =
Yoo = Q@ (T€SP. Too = Yoo = b), then we have (Pa(z(t)), Pa(y(t))) € I'?
(resp. (Pa(x(t)), Pa(y(t))) € I}}) for every t > 0.

Proof. (i) From the coercivity of ¢, we deduce the boundedness of the map ¢ —
(z(t),y(t)) and hence in view of Proposition 1 (ii), we have lim;_,o, V@ (z(t)) =
limy 00 V@(y(t)) = 0. From assumption (10), it ensues that

A dg(z(t)) = lim ds(y(t)) = 0. (14)

If a = b the set S is reduced to the singleton {a} and the convergence of z(t)
and y(t) toward a is immediate. Now assume that the segment line S is not
trivial. Since S C A, we have for every « € H, ||z — Pa(z)|| = da(z) < ds(z).
Hence, in view of (14), we obtain

Jim JJa(t) ~ Pa(z(®)]| = Jim [ly(t) ~ Pa(u(t))]| =0.

As a consequence, the convergence of z(t) (resp. y(t)) as t — oo is equivalent
to the convergence of Pa(z(t)) (resp. Pa(y(t)), which amounts to the con-
vergence of (z(t),b — a) (resp. (y(t),b — a)) as t — co. For every ¢ > 0, set
a(t) = (z(t),b - a) and B(t) := (y(t),b — a). From SDVR, we obtain

a(t) + (Vo(z(t)),b —a) — e(t) v(2(?) —y(?)) (a(t) - (1)) =0.  (15)
B(t) + (Vo(y(t), b —a) + e(t) y(2(t) — y(t)) (a(t) - B(t) =0.  (16)

We have that {(z,b —a) | z € S} = [A, p] for some A < p. It is immediate to

check that, for every z € H, (z,b —a) € [A, y] is equivalent to Pa(z) € S, so
that we can reformulate assumption (12) as

(z,b—a) € [\ pu] = (Vé(z),b—a) =0. (17)

In particular, for every ¢t > 0, we have that a(t) € [A, ] (resp. 8(t) € [A p])
implies (Vg (z(t)),b — a) = 0 (resp. (Vo(y(t)),b — a) = 0). Since the w-limit
sets of {z(t)}+>0 and {y(f)}+>0 are included in S, it is clear that:

hm 1nfa(t) limsupo(t)| C (A, p} and litminfﬂ(t),lim sup B(t)| C [A, pl.
t—00 00 t—oo

We are now going to prove the convergence of «(t) and 3(t) as t — oo by
distinguishing three cases:

Case 1: For all ¢t > 0, we have min{a(t), 5(t)} > p or max{a(t), 8(t)}
Without loss of generahty, we can assume that for every ¢ > 0, a(t)
and A(t) > p. We deduce that liminf; .o () > p and liminf; o B(2)
w. Since limsup, ., a(t) € p and limsup, ,., 8(t) < p, we conclude that
limy, o0 a(t) = limy—, o0 B(t) = p.

<A
> p
>
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Case 2: There exist ¢ €], u[ and to > 0 such that either a(to) < ¢ < B(to) or
B(to) < ¢ < a(to). Suppose afty) < ¢ < B(to). Let us first prove that

Vit > to, aft) < ¢ < B(t). (18)

Let us set to, := sup{t > tg, Yu € [to,t], a(u) < ¢ < B(u)}. Let us argue by
contradiction and assume that t,, < co. We then have:

Vit € [to, too| a(t) < ¢ < B(2). (19)

From the continuity of the maps ¢ — «a(t) and ¢t — B(t), we have a(t) = ¢
or B(ts) = c. Without any loss of generality, let us assume that a(te) = c.
Using again the continuity of the map «, there exists ¢1 € [tg, too] such that
Vt € [t1,t00), @(t) = A. Let us now use the differential equation (15) satisfied
by a. Since a(t) € [A, ] for every t € [t1,ts], we deduce from (17) that
(Vo(z(t)),b — a) = 0. On the other hand, the sign of & — 3 is negative on
[t1,too), 5O that equation (15) yields Vt € [t1, too], &(t) < 0. As a consequence,
we have ¢ = a(teo) < a(t1), which contradicts (19). Therefore, we conclude
that {s = +00, which ends the proof of (18).

Case 2.a: First assume that a(t) > A for every t > to. From (17) and the fact
that a(t) € [\, c], we deduce that (V¢(z(t)),b — a) = 0. This combined with
(15) and the negative sign of a(t) — 5(t) implies that &(¢) < 0 for every t > .
As a consequence, lim;_,o a(t) exists.
Case 2.b: Now assume that there exists t; > to such that a(t;) < A. Let us
first prove that

VE>t, at) <A (20)

Let us argue by contradiction and assume that there exists {3 > t; such that
a(ta) > A Let

i3 1= 1nf{t S [tl,tz], Yu € [t,tQ], Ot(u) > )\}

From the continuity of o, we have a(t3) = A. The definition of ¢3 shows that
a(t) > A for every t € [ts,t2]. In particular, we have «(t) € [A, ¢], which in
view of (17) implies that (Vé(z(t)),b — a) = 0. This combined with (15) and
the negative sign of a(t) — B(¢) yields &(t) < 0 for every ¢ € [t3,t2]. Hence,
we infer that A < a(t2) < afts) = A, a contradiction which ends the proof
of (20). From (20), we deduce that limsup,_, . a(t) < A. Since on the other
hand, liminf; . a(t) > A, we conclude that lim;_. a(t) = A

The proof of the convergence of 3(t) follows the same lines and is left to the
reader.

Case 3: There exist ¢ €)X, p[ and to > 0 such that a(tp) = S(to) = c. It is clear
that the constant map t € [to, co[— (c,¢) satisfies the differential equations
(15) and (16). From the uniqueness of the Cauchy problem at tg, we deduce
that a(t) = B(t) = c for every t > t;.

We let the reader check that all cases are recovered by the previous three ones.
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(ii) If case 2 holds, it is immediate that lim; oo @(t) # limi_e B(t), thus
implying that lim; o z(t) # lim,—e y(¢t). If case 3 occurs, we obtain by re-
versing the time that «(0) = 6(0) and hence Pa(x(0)) = Pa(y(0)). Therefore,
if im0 2(t) = limy_, 00 y{t) = £ and Pa(x(0)) # Pa(y(0)), case 1 necessary
holds which means that

vt >0, (Pa(z(t)), Pa(y(t))) € T2 or ¥t >0, (Pa(z(t)), Pa(y(t))) € IE.

In the first eventuality, we have £ = a, while in the second one we obtain
£=0b.

(iii) First assume that Too = Yoo. From (ii}), we deduce that zo, and y., are
extremal points of S = [a, b]. Now assume that Zo, # yoo- Let us apply Lemma
1 (ii) by taking into account the fact that VV(z) = —y{(z)z and v(z) > 0
for every z € H. Condition (6) yields

Too—Yoo €[] TO(RLV(W1)) and yoo—zoo € || (R4 VH(W2)).
WieN (zs0) Wa2eN (Yoo )

Let us argue by contradiction and assume that zo €]a, bf (resp. yoo €]a, b[).
It is then clear that

[l ®R®R.Ve(W1)C Ay and [l @RVe(Wa)) C AF,
Wi1EN (Too) WaeN (yoo)

where Ag := A—A =R (b—a). Therefore oo —Yoo € Ag . Since Too —Yoo € Ao,
we conclude that s, = Yoo, a contradiction. The rest of the statement is an
immediate consequence of (if). O

4 Further Convergence Results

Under the assumption of slow parametrization, Theorem 1 shows that, either
the solutions z and y of SDVR converge to the opposite extremities of S, or
they have the same limit. Since our aim is a global exploration of .9, the second
case clearly appears as the pathological one. Qur purpose in this section is
to find sufficient conditions on ¢ and V ensuring the convergence toward the
opposite extremities of ¢. We will restrict the analysis to the functions of the
form ¢ := d%.

Lemma 2. Under the hypotheses of Theorem 1, take ¢(z) = %HSE — pl? for
some § € Ry and p € H. Suppose moreover that the map v in (13) satifies
liminfyoy(z) > 0. If (3) holds then for every straight line L going through
the point p and satisfying Pr(z(0)) # Pr(y(0)), there exists T > 0 such that
p €|PL(2(), PL(y(®))] for all ¢ > T.

Proof. Set g = z(0) and yo = y(0). Let us denote by u a director vector of
L. The assumption Pr(zo) # Pr(yo) amounts to saying that {zq,u) # (yo, u).
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Without any loss of generality, one can assume that (zo,u) > (yo,u). Taking
into account the particular form of ¢ and V and adding (resp. subtracting)
the first and second equation of SDVR, we find respectively

z(t) +y(t) + o(z(t) + y(t) — 2p) =0
&(t) — y(t) + 8(z(t) — y(t)) — 2e(t) v (z(t) — y(t)) (x(t) — y(t)) = 0.

Taking the scalar product of these equations by the vector v and setting
a(t) == {z(t),u) (resp. B(t) ;= (y(t),u)), we obtain:

a(t) + B(t) + 6(alt) + B(t) — 2(p,w)) = 0 (21)

&(t) — B(t) + 6(a(t) — B(2)) — 2e(t) v (z(t) — y(2)) (a(t) — B(2)) =0. (22)
It is clear in view of equation (22) that if the quantity «(t) — B(t) takes
the value 0 for some ¢ > 0 then a(t) — B(t) = 0 for every ¢ > 0. Since by
assumption a(0) — 5(0) > 0, we deduce that a(t) — 3(t) > 0 for every ¢t > 0.
From the assumption liminf, ,oy(z) > 0, there exist n > 0 and m > 0 such
that, for every ||z|| < n, we have y(z) > m. Since ¢ admits p as a unique
strong minimum, we clearly have limy— o z(t) = lim;—.o y(t) = p and hence
lim;_, 00 z(t) — y(t) = 0. We deduce the existence of ty > 0 such that, for every
t > to, we have y(z(t) — y(¢)) > m. This last inequality combined with (22)
gives

a(t) — B(t) +(a(t) — B(1) = 2me(t){a(t) — B(2)-
Multiplying by €%, we obtain

d

- [€7(a(t) = B®)] = 2me(t) e (a(t) - B(2)).

By integrating this differential equation between ty and ¢, we find:

¢
a(t) = 8(0) > (alte) ~ Blta) e exp [ 2me(e)ds. (29
to
On the other hand, a simple integration of (21) on [to, ] yields
o(t) + B(t) — 2(p,u) = (a(to) + Blto) — 2(p, u)) €271, (24)
Relations (23) and (24) imply that

a(t) ~ (p,u) = 572 (alto) + Hlto) ~ 2(p, ) + (alto) — (to))elo ™)

8(t) - (p,u) < 52 (a(to) + Blto) — 2(p,) = (alto) ~ B(to))ea (V%)

Since ftooo £(s)ds = oo, we obtain the existence of T > to such that B(t) <
(p,u) < a(t) for every t > T. This means that p €]Pr(z(¢)), PL(y(¢))] for
everyt>T. O
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Remark 3. The assumption lim inf,_,g y(z) > 0 means that the repulsion term
VV (z) is not negligible with respect to @ when © — 0. Suppose that the
function V is defined by V(z) := 6(||z||*), where 6 : Ry — R is a decreasing
function of class C!. In this case, the condition lim inf,_,o v(z) > 0 is equivalent
to 8'(0) < 0.

2
{a,b]?
some a, b € H. We show that the assumption liminf, o v(z) > 0 implies that
the trajectories x and y converge to opposite extremities of the segment line
[@,b]. In this case, the repulsion term is strong enough to push the trajectories
z and y away from one another.

In the next theorem, we assume that the function ¢ equals ¢ := d for

Theorem 2. Consider a segment line [a,b] C H, included in some straight
line A and let us define the function ¢ by ¢ := %dfa,b] for some § > 0. Under
the hypotheses of Theorem 1, we suppose moreover that the map v in (13)
satifies liminf, o y(z) > 0, and that the slow parametrization condition (3)
holds. Let (z,y) : Ry — H? be the unique trajectory of SDVR with initial
conditions (xo,yo) € H? satisfying Pa(wo) # Pa(yo). Then we have

Jm @®.9(0) = (@b o Jim (@(t),u(t)) = (ba).

Proof. When a = b, the function ¢ admits the real a as a unique strong min-
imum and we obviously have lim;_, o z{t) = lim: o, ¥(¢) = a. From now on,
let us assume that a # b. In view of Remark 2, the function ¢ := %d[za,b] sat-
isfies hypotheses (10)-(12). Hence Theorem 1 applies and one of the following
cases holds

(2) limy— o0 (z(t), y(t)) = (a,d) or limy_, oo (z(t),y(t)) = (b,a).

(43) lims—oo (z(2),y(t)) = (a,a) and Vt > 0, (Pa(z(t)), Pa(y(t))) € I'2.
(4it) limy o0 (z(t), y(¢)) = (b,b) and Vi > 0, (Pa(z(t)), Pa(y(t))) € I .
Let us argue by contradiction and assume that case (i) does not hold. Without
any loss of generality, we can assume that case (i7) holds. On the half-space E,
defined by E, := {x € H, Pa(z) € I}, the function ¢ coincides with the
function z — %Hm — al|?. From Lemma 2 applied with p = a and the straight
line A, we obtain the existence of t3 > 0 such that a €]Pa(z(t)), Pa{y(t))[ for
t > to. This shows that either Pa(z(t)) & I'w or Pa(y(t)) € I, which gives a

contradiction. O

When the assumption liminf, ,o+y(z) > 0 does not hold, it is possible to
choose initial conditions so as to force the corresponding trajectories to con-
verge toward the same limit. The next proposition provides us with a counter-
example in the case H = R.

Proposition 3. Take any function ¢ : R — R satisfying ¢(x) = x2/2 for
every x € R,. Assume that the functions V. : H - R and e : Ry — R,
satisfy (H). Suppose that there exist M > 0 and § > 1 such that,

Ve eR, |V'(z)] < M|z’
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Let (z,y) : Ry — R? be the unique trajectory of SDVR with initial conditions
(z0,y0). Then there exist r > 0 and a function 6 : [0,r[— R, such that, for
every o > 0 and yo > 0 with |yo — zo| < 7,

O(lyo ~ zo]) <zo+Y0 = Vi=20, z(@t)>0 and y(t)>0. (25)
For such initial conditions, we have lim;_, o £(t) = limy—,00 y(t) = 0.

Proof. Let us consider the function ¢ : R — R defined by é(z) = 22/2
for every € R and let (Z,§) be the unique trajectory of SDVR associated
with ¢. If (%, 7) is proved to satisfy the property (25), then (Z,§) is also the
solution of SDVR associated with any function ¢ coinciding with ¢ on R,.
As a consequence, without loss of generality, we can assume that ¢ = ¢. The
SDVR system then reduces to:

#(t) + 2(t) +e@)V'(z —y)(t) =
9(t) +y(t) —eOV'(z —y)(1) =

By adding the first and the second equation of SDVR, we obtain &(t) +¢(t) +
z(t) + y(t) = 0, which immediately yields

z(t) +y(t) = (zo +yo)e ™" (26)

(SDVR) {

Without any loss of generality, one may assume that yo < zo. We then have
y(t) < z(t) for every t > 0. From the assumption on V, we have for every
t >0, V'(z —y)(t) > —M (z(t) — y(t))°. Let us subtract the first and the
second equation of SDVR by taking into account the previous inequality

a(t) — 9(t) + z(t) — y(t) — 2Me(®)(z(t) —y(1))° < 0.
We now multiply by e* and set u(t) = e‘(z(t) — y(t)) to obtain
u(t) < 2Me(t)et (z(t) — y(t))® = 2Me(t)e= Dt 4o (2).

Let us integrate the previous inequality on [0, ¢] to find

1 1
_ <2M —(6-1)s
§—1 (u‘;‘l(t) ud=1( > 2 / ds.

Setting
o0
C = 2M(5 1) / £(s)e= D2 g,
0
we deduce 1
> - C.
w=1(t) = u-1(0) c (27)

Setting r = C_rll, we observe that if u(0) = 2o — yp < r then the second
member of (27) is positive. Inequality (27) is then equivalent to
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u(t) < (ué—;l(o) N C)_m = (zo — y0) (1 — C (wo — y0)* 1)~ 571,

Defining the function 0 : [0,7[— R4 by Vz € [0,7], 8(z) = 2 (1 — 025—1)—31—1’
the previous inequality can be rewritten as

2(t) — (t) < 6(zo — yo)e™". (28)

Note that the previous inequality remains true when xzp = yo, in which case

z(t) = y(t) for every t > 0. By combining (26) and (28), we finally obtain
A i

y(t) > S (o + yo — (xo — yo)). It is then clear that O(zo — yo) < zo + Yo

implies y(t) > 0 for every ¢t > 0. Since z(t) > y(t), we also have z(t) > 0 for

every t > 0. O

5 Open Questions and Further Remarks

Below are listed some open questions and possible directions for future inves-
tigation. Assumptions of Theorem 1 are very stringent: the set S of equilibria
of ¢ is one-dimensional and the level curves of ¢ are colinear to the direc-
tion of 5. We conjecture that the result of Theorem 1 remains true without
assumption (12). More generally, the extension of Theorem 1 to the case of
multidimensional equilibrium sets is open. The proof technique that we use
in the paper cannot be immediately extended to these situations.

From Theorem 1, the trajectories  and y of SDVR may possibly coincide
at the limit when t — 400, even if the function V modelizes a repulsive
potential. To avoid this eventuality, a natural idea consists in introducing
a “singular” potential V defined on H \ {0} such that lim, o V() = +o0.
This type of potential plays a central role in gravitational or electromagnetic
theories. For example, when V(z) = 1/||z|| it corresponds to the electric
potential between two particles having the same sign. For further details,
we refer the reader to [12], where the author studies the dynamics of a pair
of oscillators coupled by a singular potential.

Another extension consists in studying the system of N > 3 steepest de-
scent equations coupled by a mutual repulsion. For large values of N, such a
coupled system could help in finding a global description of the set of minima
of ¢ and also estimates of its size.

For numerical purposes, it would be interesting to study a discretized
version of SDVR by using a finite differencing scheme. These developments
are out of the scope of this paper but certainly indicate a matter for future
research.
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Summary. Let ¥(b,¢) be the solution set mapping of a linear parametric opti-
mization problem with parameters b in the right hand side and ¢ in the objective
function. Then, given a point z° we search for parameter values b and G as well as
for an optimal solution Z € ¥(5,%) such that || — z°|| is minimal. This problem is
formulated as a bilevel programming problem. Focus in the paper is on optimality
conditions for this problem. We show that, under mild assumptions, these conditions
can be checked in polynomial time.

1 Introduction

Let ¥(b,c) = argmax{c'z : Az = b,z > 0} denote the set of optimal solutions
of a linear parametric optimization problem

max {cTz:szb,mEO} , (1)

where the parameters of the right hand side and in the objective function are
elements of given sets

B={b:Bb=b}, C={c:Cc=¢},

respectively. Throughout this note, A € R™*" is a matrix of full row rank
m, B e RP*X™ (C e RI*" bec RP and é € RY?. This data is fixed once and for
all.

Let z° € R™ also be fixed. Our task is to find values b and ¢ for the
parameters, such that z0 € ¥(b,e) or, if this is not possible, z° is at least
close to W (b,¢). Thus we consider the following bilevel programming problem

min {||lz —z°|| : € ¥(b,c), be B, ccC}, (2)

which has a convex objective function z € R™ — f(z) := ||z — z°||, but not
necessarily a convex feasible region. We consider in this note an arbitrary
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(semi)norm |||, not necessarily the Euclidean norm. In fact, we are specially
thinking in a polyhedral norm like, for instance, the [;-norm.

Bilevel programming problems have been intensively investigated, see the
monographs [2, 3] and the annotated bibliography [4]. Inverse linear program-
ming problems have been investigated in the paper [1], where it is shown that
the inverse problem to e.g. a shortest path problem can again be formulated as
a shortest path problem and there is no need to solve a bilevel programming
problem. However, the main assumption in {1] that there exist parameter val-
ues b € B and ¢ € C such that z° € ¥(b,) seems to be rather restrictive.
Hence, we will not use this assumption.

Throughout the paper the following system is supposed to be infeasible:

ATy=¢, Cec=¢ (3)
Otherwise every solution of
Az=b, >0, Bb=b,
would be feasible for (2), which means that (2) reduces to
min{||x—:c°|| : Az =b, z >0, Bb:B} ,

which is a convex optimization problem.

2 Reformulation as an MPEC

First we transform (2) via the Karush-Kuhn-Tucker conditions into a mathe-
matical program with equilibrium constraints (MPEC) [5] and we get

|z ~ 2% — min

z,b,c,y
Az =D
z>0
Aly>c (4)
T (ATy—c)=0
Bb=1b
Cec=c¢.

The next thing which should be clarified is the notion of a local optimal
solution.

Definition 1. A point T is a local optimal solution of problem (2) if there
exists a neighborhood U of T such that ||z — z°|| > ||T — 2% for all z,b,c
with be B, ceC and z € UN¥(b,c).
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CT}{ = ¢onst

s oo BTy = const

direction of descent

Fig. 1. Definition of a local optimal solution

Using the usual definition of a local optimal solution of problem (4) it can
be easily seen that for each local optimal solution Z of problem (2) there are
b,¢,7 such that (%,b,T,7) is a local optimal solution of problem (4), cf. [3].
The opposite implication is in general not true.

Theorem 1. Let B = {b}, {z} = ¥(b,c) forall c€ UNC, where U is some
neighborhood of €. Then, (Z,b,C,7) is a local optimal solution of (4) for some
dual variables .

The proof of Theorem 1 is fairly easy and therefore it is omitted. Figure 1
can be used to illustrate the fact of the last theorem. The points T satisfying
the assumptions of Theorem 1 are the vertices of the feasible set of the lower
level problem given by the dashed area in this figure.

3 Optimality via Tangent Cones

Now we consider a feasible point T of problem (2) and we want to decide
whether T is local optimal or not. To formulate suitable optimality conditions
certain subsets of the index set of active inequalities in the lower level problem
need to be determined. Let

I@) = {i: T =0}

be the index set of active indices. Then every feasible solution z of (2) close
enough to T satisfies z; > 0 for all ¢ ¢ I(Z). Complementarity slackness
motivates us to define the following index sets, too:
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o I(c,y)={i: (ATy—c); >0}
o I(@)={I(cy): ATy>c, (ATy—c)i=0 Vi¢ I(Z), Cc =&}
o I9z)= 1.
1€1(%)
Remark 1. If an index set I belongs to the family Z(%) then I°(F) C I C
I(z).

An efficient calculation of the index set I°(%) is necessary for the evaluation
of the optimality conditions below. By contrast, the knowledge of the family
Z(z) itself is not necessary.

Remark 2. We have j € I(Z) \ I°(Z) if and only if the system

(ATy—c)i =0 VigIT)

(ATy—c); =0
(ATy—c)i 20 Viel(@)\ {j}
Cc=¢

is feasible. Furthermore I°(%) is an element of Z(Z) if and only if the system

(ATy—c); =0 VigI%)
(ATy —¢); >0 VielI'®)
Cec=2¢
is feasible.

Now we are able to transform (4) into a locally equivalent problem, which
does not explicitly depend on ¢ and y.

Lemma 1. T is a local optimal solution of (2) if and only if T is a (global)
optimal solution of all problems (Ar)

iz — 2°|| — min
z,b

Az =b

>0 (Ar)
;=0 Viel

Bb=1b

with I € I(Z).

Proof. Let T be a local optimal solution of (2) and assume that there is a set
I € ZI(%) with T being not optimal for (A;). Then there exists a sequence
{z*}ren of feasible solutions of (A;) with klim zF = F and |z* - 20| <

|z — z°|| for all k. Consequently T can not be a local optimal solution to (2)
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since I € Z(%) implies that all z* are also feasible for (2). Conversely, let Z be
an optimal solution of all problems (A;) and assume that there is a sequence
{x*}1en of feasible points of (2) with Jim zF =7 and |z* — 20| < ||z — 27|
for all k. For k sufficiently large the eﬁments of this sequence satisfy the
condition z¥ > 0 for all i ¢ I(Z) and due to the feasibility of z* for (2)
there are sets I € Z(Z) such that z* is feasible for problem (A;). Because
Z(%) consists only of a finite number of sets, there is a subsequence {z*i};cn
where zFi are all feasible for a fixed problem (A;). So we contradict the
optimality of Z for this problem (A4;). O

Corollary 1. We can also consider

|z = 2°|| — min
x,b,I

Ax =b
>0 ' (5)
;=0 Viel
Bb=b
IeI(z)
to check if T is a local optimal solution of (2). Here the index set I is a
minimization variable. Problem (5) combines all the problems (Ar) into one

problem and means that we have to find a best one between all the optimal
solutions of the problems (Ap) for I € I(T).

In what follow we use the notation
Ti(Z)={d|3r: Ad=r, Br=0,d; >0 Vie I(z)\I, d; =0 Vie I}.

This set corresponds to the tangent cone (relative to z only) to the feasible
set of problem (Aj) at the point Z. The last lemma obviously implies the
following necessary and sufficient optimality condition.

Lemma 2. T is a local optimal solution of (5) if and only if f'(T,d) >0 for
all
deT(@) = |J Ti(@.
1€1(®)

Remark 3. T(Z) is the (not necessarily convex) tangent cone (relative z) of
problem (5) at the point .

Corollary 2. The condition I°(Z) € Z(E) implies Tioz)(T) = T(Z).

Remark 4. If f is differentiable at T, then saying that f/(Z,-) is nonnegative
over T(T) is obviously equivalent to saying that

[@,d)>0 VvdeconvT(ZT), (6)

where the "conv" indicates the convex hull operator.
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As shown in the next example, without differentiability assumption, (6) is
sufficient for optimality but not necessary.

*x

Fig. 2. Illustration of Example 1

Ezxample 1. Let us consider a problem with the [-norm restricted to the first
two components of x as objective function and

{2110 ] (3 _ (4) ),
A_<2_101),B—{(1)},C—{261 +tef?: teR},

=]
NN = O
—
|
N
O O ==

We consider the point T. The bold marked lines in Fig. 2 are the feasible set
of our problem and the dashed lines are iso-distance-lines with the value 1.
So we get the convexified tangent cone as

COIIVT(E) Z{dZ 2d; 4+ dy+ds =0;2dy —ds +dy =0; ds,dy 20}

Finally d = (-1022)T € convT(Z) is a direction of descent with f'(z,d) =
—1 although T is obviously the global optimal solution. If we choose x!
(instead of z°) and the objective function |z, —z}|+ |zo — 73|, condition (6)
implies the optimality of Z.



Inverse Linear Programming 25

Remark 5. Because it is a matter of illustration, we considered the problem
with inequality constraints in the lower level. For that reason we used the
l,-norm restricted to the first two components of = as objective function and
not the /;-norm over the whole space R*. By the way, in this case Z would
not be a local optimal solution.

Fig. 3. Nllustration of the proof of Theorem 2

4 A Formula for the Tangent Cone

For the verification of the optimality condition (6) an explicit formula for
the tangent cone convT(T) is essential. For notational simplicity we suppose
I(Z)={1,...,k} and I°(T) = {{+1,...,k} with | <k < n. Consequently
all feasible points of (2) sufficiently close to T satisfy z; = 0 for all i € I°(%).
We pay attention to this fact and consider the following relaxed problem:
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|z — 2°|| — min
z,b

Az =b

;>0 i=1,...,1 (M)
;=0 i=1+1,...,k

Bb=b.

In what follow we use the notation
Tr(Z)={d|3r:Ad=r, Br=0,d; 20i=1,...,l,d;=0 i=1+1,...,k}.

This set corresponds to the tangent cone (relative x) of (7) at the point Z.
Since 19 C I for all [ € Z(Z), it follows immediately that

conv T(Z) = cone T(T) C Tr(T) . (8)
The point T is said to satisfy the full rank condition, if
span({4;: i ¢ I(ZT}) =R™, (FRC)
where A; denotes the ith column of the matrix A.
Ezample 2. All non-degenerate vertices of Az = b, z > 0 satisfy (FRC).

This condition allows us now to establish equality between the cones above.

Theorem 2. Let (FRC) be satisfied at the point T. Then equality holds in

(8).

Proof. Let d be an arbitrary element of T(%), that means there is a 7 with
Adz?, Br=0,d;,>0:¢=1,...,l,di=0 i=10+1,...,k We consider the
following linear systems

Ad=611j7
dj=Ej (SJ)
di=0 i=1,...)k, i#j

for j=1,...,1, where 61 ; =1 if j=1 and 6; ; = 0 if j # 1. These systems

are all feasible because of (FRC). Furthermore let d?,...,d" be (arbitrary) so-

lutions of the systems (S1),...,(S;) respectively. We define now the direction
l . —_— —

d= > d’ andget d; =d; for i=1,...,k as well as Ad = Ad = 7. Because

j=1

we chose arbitrary vectors d!,...,d' it is possible that d # d. But we can
achieve equality with a translation of the solution d' by a specific vector of
N(A) = {z: Az = 0}. Therefore we define d' := d' + d — d, and because d*
is feasible for (S)) and d; =d; for i=1,...,k as well as Ad= Ad =7 we
get d} =0 forall i=2,...,k and Ad' = A(d*+d—d) = F+7—7 = 7. Hence
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! !
d! is also a solution of (S;). Thus we have d'+ 3. & = d—d+ 3. d = d. As
j=2 j=1
a result of the definition of the set I°(Z) there are index sets I; € I(T) with
j¢I; forall je{1,...,1} = I(Z)\I°Z). So d* is an element of the tangent
cone of problem (Aj,) and d’ are elements of the tangent cones of the prob-
lems (Aj;) for j =2,...,l, see the definition of these cones. Finally d is the
sum of a finite number of elements of 7'(Z) and therefore Tr(T) C cone T(T).

O

Fig. 4. Illustration of Example 3

By combining Lemma 2 and Remarks 2 and 4, one obtains:

Corollary 3. Let T be a point of differentiability of f. Then, at most n
systems of linear equalities\inequalities are needed to be investigated in order
to compute the index set I°(T). Furthermore, verification of local optimality
of a feasible point of problem (2) is possible in polynomial time.
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Ezample 3. This example will show that (FRC) is not necessary for equality
in (8).

g — T4 =1

2x1 + 229 — x3 + z5 =3
2x9 — T3 + x6 =1

2x1 + x3 — 7 =3
z3 + xg =3

x; >0

B={(13133)T} and C={c= —ey & 4 t(Qegs) + 36(8) (8)) + 3(36(8)

gs)) . t,s € R}. Consider the point T = (1,1,1,0,0,0,0,2)". Hence we get
I(Z) = {4,5,6,7}, I =0 and Tr(Z) = {d: Ad=0, d; >0 Vic I(Z)}.
The feasible region of (5) consists of the four faces 4 =0, 5 = 0, g = 0 and
gy =0 (t=s=0;t=1,s=0; t =0,s = 1 respectively t——3>3—-%)-
Obviously we have Tr(Z) = cone T(m) Now delete the second vector in C,
that means C = {¢ = — (8) +t(26 + 36(8) (8)) : t € R}. Then we also get
I° = . That is why the tangent cone of the relaxed problem is the same as
above. But the convexified tangent cone convT(Z) of (5) is a proper subset
of this cone. Because the feasible set consists only of the two faces z4 = 0
and x5 = 0, the cone convT(Z) is spanned by the four bold marked vertices
where the apex of the cone is T, see Fig. 4.
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Summary. The present paper studies the following constrained vector optimization
problem: ming f(z), g(z) € —K, h(z) = 0, where f: R® —» R™, g : R"™ — R? are
CY? functions, k : R® — RY is C? function, and C C R™ and K C RP? are closed con-
vex cones with nonempty interiors. Two type of solutions are important for the con-
sideration, namely w-minimizers (weakly efficient points) and {-minimizers (isolated
minimizers). In terms of the second-order Dini directional derivative second-order
necessary conditions a point z° to be a w-minimizer and second-order sufficient
conditions z° to be an i-minimizer of order two are formulated and proved. The
effectiveness of the obtained conditions is shown on examples.

1 Introduction

In this paper we deal with the constrained vector optimization problem
ming f((l?) ) g(l‘) €-K, h(CL‘) =0, (1)

where f : R® — R™, g : R® —» R? and h : R® — R? are given functions,
and C C R™ and K C RP are closed convex cones with nonempty interiors.
The inclusion g{z) € —K generalizes constraints of inequality type (in fact
it is equivalent to (n, g(z)) < 0, n € K'). This remark explains why the
word inequality appears in the title of the paper. In the case when f and
g are C1! functions and h is C? function we derive second-order optimality
conditions for a point z° to be a solution of this problem. The paper is thought
as a continuation of the investigation initiated by the authors in [8], [9] and
[10], where either unconstrained problems or problems with only inequality
constraints are studied. Recall that a function is said to be C*! if it is k-times
Fréchet differentiable with locally Lipschitz k-th derivative. The C%! functions
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are the locally Lipschitz functions. The C'+! functions have been introduced in
Hiriart-Urruty, Strodiot, Hien Nguen [16] and since then have found various
application in optimization. In particular second-order conditions for C*:!
scalar problems are studied in [16, 6, 19, 28, 27]. Second-order optimality
conditions in vector optimization are investigated in [1, 4, 18, 24, 26|, and
what concerns C1'! vector optimization in [12, 13, 21, 22, 23]. The given in
the present paper approach and results generalize that of [23].

The assumption that f and g are defined on the whole space R is taken for
convenience. Since we deal only with local solutions of problem (1), evidently
our results generalize straightforward for functions f and g being defined on
an open subset of R™. Usually the solutions of (1) are called points of effi-
ciency. We prefer, like in the scalar optimization, to call them minimizers. In
Section 2 we introduce different type of minimizers. Among them in our con-
siderations an important role play the w-minimizers (weakly efficient points)
and the {-minimizers (isolated minimizers). When we say first or second-order
conditions we mean as usual conditions expressed in suitable first or second-
order derivatives of the given functions. Here we deal with the Dini directional
derivatives. In Section 2 we define the second-order Dini derivative. In Section
3 we recall after [10] second-order optimality conditions for problems with only
inequality constraints. In Section 4 we prove second-order sufficient conditions
for C1'! problems with both inequality and equality constraints. Section 5 in-
dicates necessary optimality conditions. Section 6 points out directions for
further investigations.

2 Preliminaries

For the norm and the dual parity in the considered finite-dimensional spaces
we write || - || and (-,-). From the context it should be clear to exactly what
spaces these notations are applied.

For the cone M C RF its positive polar cone is M’ = {¢ € RF | (¢, ¢) >
0 for all ¢ € M}. The cone M’ is closed and convex, and M” = (M') =
clcoM, see Rockafellar [25, Theorem 14.1, page 121].

If ¢ € clconvM we set M'[¢] = {( € M' | ({, ¢) = 0}. Then M'[¢] is
a closed convex cone and M'[¢] C M’. Consequently its positive polar cone
M|[¢] := (M'[¢])’ is a closed convex cone, M C M|¢] and (M[¢])’ = M'[¢].
In this paper we apply the notation M[¢| for M = K and ¢ = —g(z°).

Given a set A C R¥, then the distance from y € R* to A is d(y, A) =
inf{||la—y|| | « € A}. The oriented distance from y to A is defined by D(y, A) =
d(y, A) — d(y,R¥\ A). The function D is introduced in Hiriart-Urruty [14, 15].
In the case of a convex set A, Ginchev, Hoffmann [11] show that D(y, A) =
supjey=1 ((§, ¥) = supgca(é, a)), which for A = —C and C a closed convex

cone gives D(y, —C) =sup{({, y) | £ € C', [I§]| = 1}
In terms of the distance function we have
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K[—g(xo)} = {w € R? | limsup 1 d(—g(mo) + tw, K) = 0},

t—ot 1

that is K[—g(z°)] is the contingent cone [3] of K at —g(z?).

We call the solutions of problem (1) minimizers. The solutions are under-
stood in a local sense. In any case a solution is a feasible point z°, that is a
point satisfying the constraints g(z%) € — K, h(z°) = 0.

The feasible point z° is said to be a w-minimizer (weakly efficient point)
for (1) if there exists a neighbourhood U of x%, such that f(z) ¢ f(z°) — intC
for all feasible points z € U. The feasible point 0 is said to be an e-minimizer
(efficient point) for (1) if there exists a neighbourhood U of z°, such that
f(x) ¢ f(z°) — (C\ {0}) for all feasible points z € U. We say that the
feasible point z¥ is a s-minimizer (strong minimizer) for (1) if there exists a
neighbourhood U of 1%, such that f(z) ¢ f(z°) — C for all feasible points
z e U\ {z°}.

As in [8] it can be proved that the feasible point z° is a w-minimizer (s-
minimizer) for the vector problem (1) if and only if 2° is a minimizer (strong
minimizer) for the scalar problem

min D(f(lL‘) - f(CL'O), _C) ’ g(m) € —K> h(.’l?) =0.

This observation motivates the following definition. We say that the feasible
point z° is an isolated minimizer (for short i-minimizer) of order k, k > 0, for
(1) if there exists a neighbourhood U of z° and a constant A > 0 such that

D(f(z) — f(z°),-C) > Allz — z°||* for all feasible z € U. (2)

Since any two norms in a finite dimensional real space are equivalent, the
notion of an i-minimizer is norm-independent.

Obviously, each ¢-minimizer is a s-minimizer. Further each s-minimizer is
an e-minimizer and each e-minimizer is a w-minimizer (under the assumption
C #R™).

The concept of an isolated minimizer for scalar problems is introduced
in Auslender [2]. For vector problems it has been extended in Ginchev [7],
Ginchev, Guerraggio, Rocca [8], and under the name of strict minimizers in
Jiménez [17] and Jiménez, Novo [18]. We prefer the name isolated minimizer
given originally by A. Auslender.

In the sequel we establish optimality conditions for problem (1) in terms of
the second-order Dini derivative (for short Dini derivative). For a given C1!
function @ : R™ — R* we define the second-order Dini derivative @/ (z°) of &
at 20 in direction u € R™ by

#//(s") = Limsup t% (B + tu) — D(2°) — t &' (%)) .
t— 0

If & is twice Fréchet differentiable at z° then the Dini derivative is a
singleton and can be expressed in terms of the Hessian &/ (z°) = & (z°)(u, u).
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We deal often with the Dini derivative of the function ¢ : R® — R™*P,
&(z) = (f(x), g(z)). Then we use the notation ®!'(z%) = (f(z9), g(z°))".
Let us turn attention that always (f(z%), g(x°))! C f/(z°) x g/ (z°), but in
general these two sets do not coincide. The following lemma gives some useful
properties of the differential quotient.

Lemma 1 ([10]). Let & : R* — R* be a C*! function and &' be Lipschitz
with constant L on the ball {z | |z — z°|| < r}, where z° € R™ and r > 0.
Then, for u,v € R™ and 0 < t < r/ max(||u(, ||v]]) we have

I (26 + ) = 2() 10/ (a0) - 33 (9" + 1) = (a) 12" |

< L([Jufl + loll) [lo = |-

In particular, for v=0 we get

I (@ + 1) ~ 2(a°) — 1/ (e")u) || < L [ull”.

3 Inequality Constraints, Sufficient Conditions

Here we consider the problem with only inequality constraints
ming f(z), g(z) € -K. (3)

After [10] we recall a result establishing second-order sufficient optimality
conditions. In the next section it will be applied to treat the problem with
both equality and inequality constraints. We put

Ar(z®) = {(& ) € C' x K'[-g@)]\ {(0, 0)} | (& F(z°)) + (n, ¢ (z%)) = 0}
={(&neC xK |(&n)#0, (n,9z") =0, (& (%) + (n, ¢'(=°) =0}

using the subscript I to underline that A; is a set associated to the problem
with only inequality constraints.

Theorem 1 ([10] ). Consider problem (8) with f and g being Ct! functions,
and C and K closed convex cones with nonempty interiors. Let x° be a feasible
point. Suppose that for each u € R™ \ {0} one of the following two conditions
15 satisfied:

S; : (f'(z°)u, g'(x")u) ¢ —(C x K[-g(z"))),
87 (£, ¢'(x)u) € —(C x K[—g(a%)] \ intC x intK[-g(z°)])

and ¥ (3°, 2°) € (f(2°),9(=%))y : 3(€°,n°) € Ar(2?) :
(€%, 4% +{n°, 2% > 0.

Then z° is an i-minimizer of order two for problem (3).
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Theorem 1 generalizes Theorem 4.2 from Liu, Neittaanmaki, K¥izek [23]
in the following aspects. Theorem 1 in opposite to [23] concerns arbitrary and
not only polyhedral cones C and K. In Theorem 1 the conclusion is that z°
is an i-minimizer of order two, while in [23] the weaker conclusion is proved
that the reference point z° is only an e-minimizer.

4 Inequality and Equality Constraints, Sufficient
Conditions

In Theorem 2 we establish sufficient conditions for the general problem (1)
with both inequality and equality constraints. If the functions f, g, h are at
least C!, we put

A(z) = {(€,n,¢) € C' x K' x R*| (&,7,0) # (0,0,0), (n, 9(z°)) =0,
(€ f'(@%)u) + (m, g'(%)u) + (¢, h'(2°)u) = 0 for u € kerh/(2”)} .

Theorem 2. Consider problem (1) with f, g € C*! and h € C?, and C and
K closed convex cones with nonempty interiors. Let z° be a feasible point

and let the vectors h}(z°), ..., hl(z®), which are the components of h'(x°),
be linearly independent. Let the vectors W/ € R®, j = 1,...,q, be determined
by

W(@)@ =0 for k#j, and hj(z%)al =1. (4)

Suppose that for each u € kerh/(z%) \ {0} one of the following two conditions
1s satisfied.

5 (@), ¢'(e%)u) ¢ —(C x K]-g(a")]),
" (f(2%)u, ¢(@)) € ~(C x K[~g(a®)] \ intC x intK[g(z*)))
and ¥ (40, 2%) € (£(a°), g(a®))! : 3 (€%,1°,¢%) € A(a?)

(€%, %) + (%, 2% + (¢, B (2°)(u,w)) > 0
with (° = (¢9)5_, satisfying (5), where

C‘;) = _<€07 fl(mo)aj> - <770> g/(mo)ﬂj> ’ .7 = 1: g (5)
Then z° is an i-minimizer of order two for problem (1).

Before going on with the proof we transform our problem (1) to a prob-
lem with only inequality constraints. Determine @', ...,%? € R™ by (1). For
each j = 1,...,q, equalities (1) constitute a system of linear equations with
respect to the components of @7, which due to the linear independence of
hy(z°), ..., hi(z°) has a solution. Moreover, the vectors @',...,u? solving
this system are linearly independent and R™ is decomposed into a direct sum
R"” = L@ L/, where L = kerh/(z°) and L' = lin{@,...,a9}. Let u!,...,u""9
be n—gq linearly independent vectors in L = kerh/(z®). We consider the system
of equations:
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n—q q
k(x0+ZTiu’+ZcrjﬂJ)=0, k=1,...,q. (6)
i=1 i=1
Taking 71, ..., Tn—q as independent variables and 0., . .., 04 as dependent vari-
ables, we see that this system satisfies the requirements of the implicit function
theorem at the point 71 = -+ = 7,_g = 0, 01 = --- = g4 = 0 (at this point

hi take values hi(z°) = 0 because z° is feasible, and the Jacobian is the
unit matrix and hence nondegenerate). The implicit function theorem gives
that in a neighbourhood of z° given by |1;| < 7, i =1,...,n — ¢, |0j] < &,
j =1,---,q, this system possesses a unique solution o; = 0;(11,...,Tn—q)
j=1,...,q. The functions o; = 0;(71,...,Tn—q) are C? and ;(0,...,0) = 0.

Lemma 2. Consider problem (1) with h € C*, for which h}(x°), - - , b} (z°),
are linearly independent, and C and K are closed convez cones. Then x° is
a w-mindmizer or i-minimizer of order k for (1) if and only if 7° = 0 is
respectively a w-minimizer or i-minimizer of order k for the problem

mincf('rl,...,Tn_q), g(11,...,Tn—q) € —K, (7

where

f(le' s Tn— q)—f(z +Z7-1u +ZU] T1,- "1Tn—q)aj)7
1
= (8)
G(T1y- -y Tn—gq) = 9(z° +Znu +ZO‘J (T1y. vy Tn—g) @).

Proof. From the implicit function theorem every feasible point = sufficiently
close to 2° admits a representation

T=zx +Znu +ZUJ(71, e Tr—g) W )

with 7 = (71,...,Tn—q) close to 70 = 0 and o;(71,...,Ty—¢) the unique C*
solution of (6) with value ¢® = 0 at 7% = 0. Therefore it is obvious that z is
a w-minimizer for (1) if and only if 7° is a w-minimizer for (7). Suppose now
that z° is an 4-minimizer of order k. Then for some neighbourhood U of z°
and some A > 0 inequality (2) has place. Replacing here z with (9) we get for
all 7 being close to 7° and feasible for (7) the inequality

D(f(r) = f(°),=C) 2 Allz(r) - 2°||*. (10)

Expressing = z(7) by (9) and applying the Taylor formula for o;(71,...,Th—q)
and the forthcoming expressions for the derivatives we get

n=gq
z(r) —2° = Z Tiu' + o(||7]]) .
i=1
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With the account that by choice u',...,u"? are linearly independent, we see
that close to 7° = 0 there exist positive constants A’ and A", such that

A\l =7 < llz(r) = 2°) < A" || - 0.
These inequalities, together with (10) show that z° is an i-minimizer of order
k for (1) if and only if 70 = 0 is an i-minimizer of order k for (7). O

Now we calculate the derivatives of o;{(71,...,T—q) at 7% = (0, ..., 0).
We have
0jl o =0;(0,...,0)=0, j=1...,4q. (11)

For the first-order derivatives differentiating (6) with respect to 7; we get

hi(z —l—Znu +ZUJUJ) u* +Z UJ i

For 7 = 70 = 0 we get

q

) do;
i 0 i § : 2
h’k (I ) (U + =~ aTi

@’) =0,

70
whence with account of u' € kerh/(z°) and (1) we obtain

Baj
8’7’1;

=0, j=1,...,q, i=1,...,m—q. (12)

70

Now we calculate the second-order derivatives:

q
hie(2° +Z7’lu +Za,u] Z—-——u’ il'+ig{%ﬂj)
j=1 j=1
g
e+ S+ Yost) 3 pEE w0 =0
i T

For 7 = 7% = 0 with account of u’ € kerh/(z°) and (1) we get

q
020,

R () (u?', v )+ZBT o @)@ =0.

70
After all, substituting k£ with j, we obtain

2.
0%o;

5‘7-_"‘57-:— =—h§'(z0)(ui,ui ), j=1,...,q, i',i"=1,...,n—q. (13)
[ Y]

Proof of Theorem 2. According to Lemma 2 to show that z° is an -
minimizer of order two for (1) we must show that 70 = 0 is an i-minimizer of
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order two for the problem with only inequality constraints (7). For this purpose
it is enough to check that the sufficient conditions of Theorem 1 applied to
problem (7) are satisfied. Since §(7%) = g(z°) we see that z° feasible for
(1) implies 70 feasible for (7). Similarly K[—g(7%)] = K[—g(x°)]. Theorem 1
reformulated for problem (7) gives:

Suppose that for each 7 € R" 7\ {0} one of the following two conditions
holds:

s (%), §(r%)7) ¢ —(C x K[~g(r°))),
§": (F(O)r, §(r%)7) € —(C x K[=g(r°)} \ intC x intK[—g(7)])
and ¥ (5°,2%) € (£(7°),5(r°))7 : 3(6°,n°) € A(0) :

(€% 9°) + (n°, 2% > 0.
Then 7° is an i-minimizer of order two for problem (7). Here

A(r) =

{(€&m) e C'xK"| (&n) #(0,0), (n,5(r")) = 0, (& F'(r°)) + (n, 5 (%)) = 0}.

‘We prove the theorem by showing that conditions S’ and S” imply respectively
S’ and §". To show that S’ implies S’ we get consecutively:

o - .
B_Tif(ﬁ’ R ——fa: —I—Zru +ZU§ Tlyeo;Tn—gq) @)

q

—f'(xO-I-ZTiu"-l-ZajﬂJ Z 9% a’)
i=1 j=1

o J(0) = £/ = (L oy Fnlad),

B n—q o n—-q )
Foyr=>" 5 [0 7= F1(@®) Y mut (14)
i=1 * i=1
Similarly

0 _ P
3Ti9(71"' ' Tn—q) = ¢’ (T +Znu +Zaju7)u +Z 1),

2 5(0) = (6@, ., gh(au),

n—q n—q
_ o _ 0 .
7O)7=3 5907 =) 3 ral

Putting
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n—q

u= Z Tt € kerh!(z0) (15)

=1

we see that while 7 varies in R"7 \ {0} the vector u takes all values from
kerh/(z°) \ {0}. Consequently condition S’ is equivalent to S/, that is to

(f' (@), ¢'(a%)u) ¢ —(C x K[~g(z®)]) for uekerh’(z°)\{0}. (16)

Next we show that S” implies §”. The above calculations show the equivalence
of the first parts of S” and S”, where only first order derivatives appear. Now
we compare the second parts of S” and S”. For this purpose we must find first
a relation between the Dini derivatives of (f(x°), g(x®))" and (f(7°), g(°))".
Initially we will consider the case of f, g € C%. Then

(%), 9(="))y = (£1(2°), u (=) = (F"(2°)(w, w), g" (2°)(u, w))

is a singleton. Similarly f, g € C? and

(f(0), 5(0)7 = (f"(0)(r,7), §"(0)(7, 7))
is a singleton. We have consecutively

2

071 0T f(Tl’“.’Tn—q) 8T/6'7‘// +ZT1'U +Zajuj)
k3 3
— ! 0o ;
o . o S B
= "%+ 2 miut + § :ojufxzf + Z —aTZ @ Z anf, w)

q
8%¢; _
TS S S i

9% - L il L _
87'1:!87'1;!/ f(O) = f”(:[;o)(ul ’ ut ) - Z h‘/j/(x())(uz ) ut )fl(mo)'l_lf?. (17)

i=1

Therefore for u given by (4) we have

q
71O, 7) = (@) (uu) = Y A () (w,u) f(@0)d. (18)

j=1

Similarly
g"(0)(r,7) = g"( Zh” g'(=")w. (19)

Now we show that when the assumptions on f and g are relaxed from C?
to C11 still there exist formulas similar to (18) and (19). In fact the only
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reason to consider in advance the case of f,g € C? was to elaborate some
heuristics. In the relaxed case we show the following result. Let f, g € C%!
and h € C? be such that A (2°), ..., hi(z") are linearly independent. Suppose
that (5%, 2%) € (f(0),5(0))!" and

P = n,gnt% (Fiter) - F0) - s FO)7),

(20)
= hin = (g(teT) — §(0) — tx §'(0)7T) .

Let u = u(7) be determined by (4). We will prove that the following limits
exist

0 = hm 5 ( F(& +tyu) — f(2°) — e f(2%)) ,

(21)
_i (G(= + tru) — 9(2°) — te g' (")) ,
and satisfy (similarly to (18)—(19)) the relations
Zh" )(u,u) f(2°)3
(22)

i
Zh// 0)(u 'u (.’L‘O)ﬁj.
Fix 7. Let now ¢ be a positive real variable and put for brevity 4 = u +
(1/%) Z?:l o;(t7) @/. Then
2 2 - -
 (F(tr) = F(0) -t f(0)7)

= 2 (f&" + 1) — f°) ~ ¢ f/(0)0) + = ' O)Za (tr)a

The Taylor formula with regard to (4), (1) and (13) gives
1
oj(tr) = 50}'(7'0)(1&7', tr) 4 o(t?) = -—% % B (z°) (u, u) + o(£?),

whence

= (747) = JO) = £ FO0)7) = 5 (" + @) = £(2") ~ £ £/(0)a)

=Y R (@) (u,u) £ ()@
j=1

A similar representation exists for f replaced by g. From these representations
and (20) it follows that there exist the limits
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. .2 N .
9’ = lim -5 (F(2° + txd) = f(2°) =t f'(2")0) ,
2 =lim = (9(2” + tx8) — 9(2") — ti g'(a")2)
k

and

Zh" (@) (u, ) f' (=)@
7 (23)
Zh

7 (@) (u,u) g (2°)%.

ll

Applying now Lemma 1 we get

I (UG + 6 = 5 — b £ )i)
t22 (f(:c +tru) — f(z°) — te f'(a:o)u) I

S Ll + el e = ull = L] + [lul) % 1D oiter)@ |l = o1) .
j=1

A similar estimation exists for f replaced by g. In consequence, these inequal-
ities show that there exist the limits (21) and it holds y° = 90, 20 = 2. These
equalities and formulas (10) imply (22).

Now we prove the second part of S” as a consequence of S”. Take (°, 2°) €
(F(7°), 3(v°))” with 7 € R*~7\ {0} and let (20) be satisfied. Then the limits
(21) exist and define (3°, 2°) € (f(z°), g(z®))%, where u and T are related
by (4). The latter gives u € kerh'(z°) \ {0}. Since S holds, therefore there
exists (€2, 1, ¢%) € A(z°) such that ¢(° satisfies (5) and (£°, ¥%) + (n°, 2°) +
(¢, W' (z%)(u,u)) > 0. Substituting ¢° with (5) and applying (22) we get

0<% %)+ ", 2% + (% W' (z%)(u,w))
Y —Zh” Ywu) f1@)@) + (0, 20 = 3 R (@) (u,u) g’ (%))

i=1
=€, )+, 2.
To demonstrate that the second part of S” is satisfied it remains to show
that (£°,1°) € A(7°). This follows from the following observations. We have
(€°,1°) # (0, 0), since otherwise (5) would give (¢°,1°,¢%) = (0, 0, 0). It holds
(n°, g(7°)) = (n°, g(2°)) = 0. Finally, for 7 € R"7 and u determined by (4)
we have

(€ FO)) + (0, F (%)) = (€°, £ (a®)u) + (n°, ¢’ (z")uy = 0. OO

The next example shows that the optimality in particular vector optimiza-
tion problems can be checked effectively on the base of Theorem 2 and known
calculus rules.
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Ezxample 1. Consider problem (1), for whichn =3, m=2,p =1, ¢ = 2, the
cones are C = R?,r and K = R, and the functions f, g, h, are given by

f(z1, 22, x3) = (=222 — 222 + 23, 22 + 22 — z3),
g(xl’whw?}) = wllxll + ac2|a:2| — T3,
h(ml’x%z?x) = (5131 + xz2, .’L‘3).

Then the point z° = (0, 0, 0) is an i-minimizer of order 2, which can be
cstablished on the base of Theorem 2, as it is shown below.

The problem is C'+! and not C? because of the function g. We have
f@®) =(0,0), g(=*) =0, h(z")=(0,0).
The point z° is feasible and it holds C’ = R%, K’ = R, K[—g(z°)] = Ry,
fl(x)u = (—4T1u1 — 4Tous + u3, 271U + 2T2us — ug),
g ()u = 2uy|z1| + 2uz|ze| — us,
F(@%)u = (us, —us), ¢ (c%)u= —us,
R (z%) = (1,1,0), hy(z°) =(0,0,1).
Obviously k) (z°) and h)(x®) are linearly independent, and
kerh'(z%) = {u € R® | u; +uz = 0, uz = 0}.
(f'(x%)u, ¢'(z®)u) = (0,0) e R x R for wu € kerh/(z?),
A(z®) = C' x K' x R?\ {(0, 0, 0)}.

For each u € kerh/(z°) \ {0} condition S’ is not satisfied. We prove that for
such v condition §” holds. We have

(F' (@), ¢'(a")) € —(C x K[-g(a®)] \ intC x intK[~g(")])
The second-order derivatives at z° are
u (@) = f"(2%)(u,u) = (—4ui — 4uf, 2u] + 2u}),
gl (z%) = 2ui|uy | + 2uglus|, A" (x%)(u,u) = (0, 0).

Turn attention that (f(z°), g(z°))! = (f7(z°), g/!(z°)) is single-valued. The
assumption u € kerh/(z°) \ {0} means u; + up = 0, u3 = 0. The vectors
@', 4% satisfying (1) can be chosen as @' = (1/2, 1/2, 0), 4* = (0,0, 1).
According to (5) the vector (0 = (¢?,¢9) is expressed by €0 = (£9, £9) and
mo as ¢ = (0, =& + & + n°). Now for y° = f"(z°)(u,u), 2° = g;(z°),
€ =(0,1)ecC, n’=0¢c K'[-g(z°] and u € kerh’(z°) \ {0} we get

(€%, 9 + (n°, 2% + (¢°, R"(2%)(w,w))

= —4€0 (uf +u3) + 263 (uf + ud) + n°Quaur| + 2uslug|) = 2(uf +ud) >0,
which shows that condition S” holds.
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5 Necessary Conditions

The following Theorem 3 gives second-order necessary conditions for the prob-
lem (3) with only inequality constraints.

Theorem 3 ([10] ). Consider problem (8) with f and g being C1! functions,
and C and K closed convex cones with nonempty interiors. Let x° be a w-
minimizer for (8). Then for each u € R™ the following two conditions hold:

Nj: (f'(z%)u, g'(x%)u) ¢ —(intC x intK[—g(z°)]),

N« if (f'(2%)u, ¢'(z°)u) € —(C x K[~g(z°)] \ intC x intK[—g(z°)])

then ¥ (y°,2°) € (f(2°),9(z%))y : 3(€%,1°) € Ar(2”) :
(€% %)+ (n° 2% > 0.

Here A;(z°) has the same meaning as in Theorem 1. Theorem 3 generalizes
Theorem 3.1 in Liu, Neittaanmaki, K¥ifek [23], which states the same thesis
under the stronger assumption that C' and K are polyhedral cones and C is
acute,

The same elimination procedure as in Theorem 2 reduces problem (1) with
both equality and inequality constraints to a problem with only inequality
constraints to which we can apply Theorem 3. In such a way we obtain the
following result:

Theorem 4. Consider problem (1) with f,g € CY! and h € C?, and
C and K closed convex cones with nonempty interiors. Let the wvectors
Ry (x°), ..., h(z"), which are the components of B (z0), be linearly indepen-
dent and let the vectors 4w/ € R™ be determined by (1). Suppose that z° is a

w-minimizer for (1). Then for each u € kerh!(z°) the following two conditions
hold:

N': (f' (@), ¢ (z°)u) ¢ —(intC x intK[—g(z°)]),
N":if (f'(2°)u, ¢'(z%)u) € =(C x K[-g(z°)] \ intC x intK[—g(z°)])
then V (1°,2°) € (f(2°), g(z°))5 : 3(£%,1°,¢°) € A(29) :
(€%, y%) + (n° 2% + (¢°, h(2%)(u,w)) 2 0
and (0 = (C;-))g-zl satisfies (5).
Here A(z°) has the same meaning as in Theorem 2. The next example

shows that the finding of the solutions of particular vector optimization prob-
lems can be effectively based on Theorem 4 and known calculus rules.

Ezample 2. Consider problem (1), for whichn =3, m=2,p=1, g = 2, the
cones are C = R% and K = R, and the functions f, g, h, are given by
flz1, @, 23) = (-—2:(:% — 2:0% + z3, w% + 22— z3),
9(x1,T2,73) = 71|71 + T2|T2| — 73,
h(x1, T2, T3) = (T1 + T2, 377 + 31‘% — 2x3) .

Then the point 2 = (0, 0, 0) is not a w-minimizer, which can be established
on the base of Theorem 4, as it is shown below.
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Like in Example 1 we have f(z°) = (0,0), g(z°) =0, h(z°) = (0,0), C’
Rid K = R-{-v K[—g(xo)] = R-H fl(mo)u = (U3, —’LL3), gl(wO)u
~u3, R(z%) = (1, 1, 0), hh(z®) = (0, 0, —2). Obviously h}(z°) and hj(z
are linearly independent, and

=

kerh'(z°) = {u € R* | u; + uz = 0, uz = 0}.

(f'(z®)u, ¢ (z°)u) = (0,0) e R* xR for u € kerh/(z?),
A@z®) = C' x K" x R*\ {(0, 0, 0)} .

For each u € kerh/(z?) condition N’ is satisfied. We prove that for some
u € kerh'(z°) condition N” with ¢° distinguished by (5) does not hold. Observe
that for any such u the statement in the first part of N” is true

(F'(=%)u, ¢'(z°)u) € —(C x K[-g(z°)] \ intC x intK[-g(z")]).
The second-order derivatives at z0 are
Fi@) = (@)W u,u) = (—4uf — 4u3, 203 + 2u3),

gn () = 2uy|ug| + 2ugfua|, R"(2%)(u,u) = (0, 6u? + 6u3).
Here (f(z°), g(z®))! = (f!(x®), g”(z°)) is single-valued. The vectors u!, &2
satisfying (1) can be chosen as @' = (1/2, 1/2, 0), @ = (0, 0, —1/2). Accord-
ing to (5) the vector ¢° = (¢?, ¢9) is expressed by ¢° = (£9, ¢3) and 0 as
CO = (Oa (1/2)59 - (1/2)63 - (1/2)770)' Now for yO = f/l(xo)(uv u), 2= g’Z(wo)v
£ et e K'lg(s")], (€0,1°) # (0,0) and u € kerh'(2°) \ {0} we get

(€0, 4% + (n°, 2% + (¢°, B (=) (u,u))
= —48) (ud + ud) + 265 (u? + ud) + n°(Qut|wa| + 2uzlua]) + 6¢2 (uf + u3)
= —&)(uf + u3) — & (uf + u3) + n°(2ufua| + 2uplug| — 3ud — 3uj)
< —(€) + & + 1) (ud +u3) <0,

which shows that for any u € kerh/(z°)\{0} condition N” with ¢° distinguished
by (5) does not hold. Thus, in spite that condition N’ is satisfied for any
u € kerh'(z°), there are u for which N” fails. According to Theorem 4 the
point z° is not a w-minimizer.

6 Final Comments

A natural question is, whether it is possible to relax the smoothness assump-
tions for the function A from C? to Cb!', This problem is reasonable for the
sake of the uniformity of the assumptions for all function data in the consid-
ered constrained problem (1). Having in mind the formulations of Theorems
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2 and 4 it is not difficult to predict the anticipated result for the case of h be-
ing only C1!. It is clear by analogy, that the eventual proof should be based
on an implicit function theorem for C''! functions. Implicit function theo-
rems in nonsmooth analysis are investigated by many authors and in many
settings. Some variant with application to C!! optimization gives Kummer
|20]. However for our consideration the variant for directionally differentiable
functions developed in Demyanov, Rubinov [5, Chapter VI, Section 1] seems
to be more suitable. Still, there is a need for some adjustment. For instance,
it is important to have calculation rules for the second-order Dini directional
derivatives of the implicit function. Therefore, an attempt to move in this
direction demands a development of new ideas and will overburden in some
sense the present paper. For this reason we postpone the discussion on the
possible relaxation of the smoothness assumptions for A.
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Summary. In this work, a notion of cone-subconvexlikeness of set-valued maps on
linear spaces is given and several characterizations are obtained. An alternative the-
orem is also established for this kind of set-valued maps. Using the notion of vector
closure introduced recently by Adan and Novo, we also provide, in this framework,
an adaptation of the proper efficiency in the sense of Benson for set-valued maps.
The previous results are then applied to obtain different optimality conditions for
this Benson-vectorial proper efficiency by using scalarization and multiplier rules.

1 Introduction

In the last decades, there has been an increasing interest in vector optimization
problems with set-valued objectives or constraints. See, for instance, [7, 8, 10,
12, 13, 14, 15, 16] and references therein. This kind of optimization problems
with set-valued maps are closely related to stochastic programming, control
theory and economic theory.

In this work, we introduce a new concept of proper efficiency in the sense
of Benson for an optimization problem with set-valued maps on real linear
spaces, and we characterize this concept of proper efficiency. We introduce
this Benson vectorial proper efficiency by using concepts and results given by
Adan and Novo [1, 2, 3, 4, 5]. We extend the notion of cone-subconvexlikeness
of set-valued maps on linear spaces and give several characterizations. We
establish separation theorems and an alternative theorem for solid cones. We
also analyze the behaviour of a cone-subconvexlike set-valued map via a pos-
itive linear operator. We prove scalarization theorems and characterize the

* This research was partially supported by Ministerio de Ciencia y Tecnologia
(Spain), project BFM2003-02194.
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Benson-vectorial proper efficiency in optimization problems of set-valued maps
with cone-subconvexlikeness. Lastly, using a new generalized Slater constraint
qualification, we obtain a Lagrange multiplier rule of algebraic type for vector
optimization problems with set-valued maps.

2 Notations and Preliminaries

Throughout this work, we will assume always, unless stated specifically oth-
erwise, that Y is a real linear space partially ordered by a convex cone K C Y
and A is a nonempty subset of Y. Let cone(A), co(A), aff(A4), span(A) and
L(A) = span(A — A) denote the generated cone, convex hull, affine hull, linear
hull and associated linear subspace of A, respectively. In this section, we recall
some algebraic concepts and known results.

The core (algebraic interior) and the intrinsic core (relative algebraic in-
terior) of A are defined, respectively, as follows:

cor(A)={ye A: YweY, 3t>0 Yae|0,t], y+ av e A},

icr(A) ={ye A: Yve L(A), It >0, Ya € [0,t], y+ av € A}.

We say that A is solid (relatively solid) if cor(A) # 0 (icr(A) # 0). It is
clear that if cor(A) # 0 then cor(A) = icr(A) because L(A) =Y.

It is well-known that for finite dimensional spaces there exist sets which
are not solid but they are relatively solid, for example, any segment, ray or
line in R2. At the end of this section we show an example in infinite dimension
(see Example 1).

The algebraic closure of a set A is defined by

lin(A) =Au{yeY: Jae A, [a,y) C A}.

Except for solid convex sets, this concept is not satisfactory as a substitute
for topological closure. In order to solve this problem, Adan and Novo [4] have
introduced a weaker closure of algebraic type, which was called vector closure.
This vector closure coincides with the algebraic closure for convex sets, and
coincides with the topological closure for solid convex sets.

Definition 1. Let A be a nonempty subset of Y. The vector closure of A is
the set vel(A) ={y €Y : Jve?, Vt >0, Ja € (0,t], y+ av € A}.

It is clear that y € vcl(A) if and only if there exist v € Y and a sequence
An — 07 such that y+ A,v € A for all n. The set A is called vectorially closed
if A =vcl(A4).

We say that a cone K is pointed if K N (—K) = {0}. It is well-known
that for a convex cone K, whose relative algebraic interior is non-empty, the
following conditions hold:

(%) iecr(K) U {0} is a convex cone,
(1) icr(K) + K = icr(K),
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(#t) icr(icr(K)) = ier(icr(K) U {0}) = icr(K).
Denote by Y’ the algebraic dual of Y and by A™ the positive dual cone of
A, that is,
AT ={peY': y(a) >0, Va € A}
and AT = {p € Y': p(a) >0, Va € A\ {0}} is the strict positive dual of A.
AT is a vectorially closed convex cone and

[cone(A)]T = cone(A™) = [conv(A)]" = conv(AT) = AT,

Other properties that will be used and appear in [4, 5] are the following:

(i) A, BCY, AC B = vi(A) C vel(B),
(i3) [vcl(cone(conv(A)))]T = AT = vcl(AT).

If Y is a topological vector space, the interior and closure of a set A are
denoted by int(A) and cl{A), respectively. It is easy to check the following
inclusions

A Clin(A4) C vel(A4) C cl(4).
To illustrate the notions above we give an example in infinite dimension.

Ezxample 1. Let Y be the vector space of all sequences of real numbers, let S
be the subspace of Y of all convergent sequences:

S={a=(a,) €Y: Jlima, = ac R},
and let K be the subset of S of all sequences with nonnegative limit:
K = {(a,) € S: lima, > 0}.

It is clear that K is a nonpointed convex cone with X N (—K) = ¢, the
linear space of the sequences converging to zero. Furthermore, the vector space
generated by K is §, i.e.,, L(K) = K — K = §, and it is easy to check that K

is vectorially closed. Its intrinsic core is
ier(K)={a€ K: lima, > 0}.

Indeed, let @ € K such that a = lima, > 0, and let us see that o € icr(K),
i.e., that Yo € § = L(K), 3ty > 0 such that ¢ + tv € K, Vt € (0,tp]. As the
sequence v = (v,,) € S there exists lim v, = 8. Then lim(a,+tv,) = a+t3 >0
for all ¢t € (0,ty] if we choose

e if 3>0
0= 1 -a/B8 ifB<0.

Now pick a € icr(K). As icr(K) C K we have lima, > 0. Suppose that
lima, = 0. Let v = (vy,) defined by v, = 1 for all n € N. Since —v € S and
a € icr(K) there exists {9 > 0 such that a + t(—v) € K, Vi € (0,tp]. This
implies that —to = lim(ay, + to(—vy)) > 0, which is a contradiction.
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The following cone separation theorem is due to Adan and Novo [5, The-
orem 2.2].

Theorem 1. Let M, K be two vectorially closed and relatively solid convex
cones in Y. Let Kt be solid. If M N K = {0} then there emists a linear
functional v € Y'\{0} such that Yk € K, m € M, p(k) > 0 > ¢(m) and
furthermore Vk € K\{0}, ¢(k) > 0.

Throughout this work, we assume that, unless indicated otherwise, X is
a set, Y and Z are linear spaces, K C Y and D C Z are pointed relatively
solid convex cones, and F': X — 2¥ and G: X — 27 are set-valued maps
with domain X. The image of a subset A of X under F is denoted by F(A) =
UgeaF (II?)

Consider the following unconstrained (P) and constrained (CP) vector
optimization problems with set-valued maps:

K — Min F(z)
(P) { subject to x € X,

K — Min F(z)
(CP) { subject to z € X, G(z) N (-=D) # 0.

The feasible set of (CP) is defined by
N={zeX: Gz)n(-D) #0}. (1)

In [5], Ad4dn and Novo have introduced the following concept of proper
efficient point of a set S C Y in the framework of vector optimization problems
in partially ordered real linear spaces.

Definition 2. The set of Benson-vectorial (BeV) proper efficient points of
S CY is defined by

BeV(S)={y e S: vcl(cone(S —y+ K))n(-K) = {0}}.

If we assume that Y is a topological linear space, and in this definition we
replace the vector closure by the topological closure, we obtain the usual
Benson (Be) proper efficiency defined in [6]. Because of vcl(S) C cl(S), it is
clear that Be(S) C BeV(S).

For a vector optimization problem with set-valued maps, we introduce the
following concept of proper eflicient solution.

Definition 3. A point © € X is called a Benson-vectorial (BeV ) proper effi-
cient solution of problem (P) if there exists

y € F(z) N BeV(F(X)).

The pair (x,y) is called a Benson-vectorial proper minimizer of (P).
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3 Cone-Subconvexlike Set-Valued Maps

It is well-known that convexity plays an important role in optimization theory.
In this section, we propose the following notion of cone-subconvexlikeness for
set-valued maps on linear spaces. As we shall see presently, this concept is
weaker than other concepts of cone-subconvexlikeness for set-valued maps.

Let X be a set, let F': X — 2Y be a set-valued map with dom(F) = X
and let K C Y be a relatively solid convex cone.

Definition 4. F is said to be K -subconvezlike on X if Iky € icr(K) such that
Vz,z' € X, Ya € (0,1), Ve >0,

eko + aF(z) + (1 —a)F(¢') ¢ F(X) + K.

Proposition 1. The following statements are equivalent:
(a) F is K-subconvezlike on X.
(b) Vk € icr(K), Vz,z' € X, Va € (0,1),

k+aF(z) + (1 - )F (&) C F(X) + icr(K).
(c)Vz,z’' € X, Va € (0,1), 3k € K such that Ve > 0

ek +aF(z)+ (1 - a)F(z') c F(X) + K. (2)
(d) F(X) +icr(K) is a convez set.

Proof. The implications (b) = (a) = (c) are clear. Let us see (c) = (b). Let
k € icr(K), z,2' € X, a € (0,1). Then, by assumption, 3k’ € K such that
Ve > 0 condition (2) holds (with k’ instead of k). As k € icr(K) = icr(icr(K)),
for —k' € L(K) = L(icr(K) = span(K — K) there exists g9 > 0 such that
ko = k + eo(—k') € icr(K). So,

k+ aF(z)+ (1 - a)F(z') = [gok’ + aF(z) + (1 — a)F(z')] + ko
C F(X) + K + ko C F(X) + icr(K)

(the last inclusion is true because K + icr(K) C icr(K)).
(b) = (d) Let u,v’ € F(X)+icr(K), a € (0,1). Then,u=y+k, v =y + &
withy € F(z), v € F(z'), k, k' € icx(K), z,z' € X. Therefore

au+(l-a)u' =ak+ (1 -a)k +ay+ (1 —a)y.
As icr(K) is a convex set, kg = ak + (1 — o)k’ € icr(K). So,
au+ (1 —a)u' € ko +aF(z)+ (1 — a)F(z') € F(X) + icr(K).
(d) = (b) Let k € icr(K), z,2' € X, @ € (0,1), y € F(z), ¥y € F(z'), then
k+ay+(l-a)y =ay+k) + (1 —a)y +k) € F(X)+icr(K)

because F(X) + icr(K) is a convex set by assumption, and y + k,v' + k €
F(X)+iex(K). O
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Remark 1. Of course, we may define that F' is K-subconvexlike on X in the
sense of Li ([12], given for a solid cone), if 3k € icr(K), Vz,z' € X,Va € (0,1),
Ye > 0, 3z” € X such that

eko + aF(z)+ (1 —a)F(z') C F(z") + K.

However, this notion is more restrictive than Definition 4 (see Example 2).
When cor(K) # 0, K-subconvexlikeness in the sense of Li becomes exactly
Definition 2.2 in Li [12] (see also [14, Definition 1.2]).

Ezample 2. Consider X = [~2,0], F : X — 28 defined by F(z) =
[((-2,1),{(0,2 + z)] and K = Ry x {0}. It follows that F(X) + icr(K) is a
convex set so F' is K-subconvexlike on X. However, F is not K-subconvexlike
on X in the sense of Li. Indeed, given kg € icr(K) if z =0, 2' = -2, a = %

and € = 1 then Vz'" € X
eko + aF(z)+ (1 - a)F(z') ¢ F(z') + K
as can easily be checked.

The previous proposition can be considered an extension of Lemmas 3.1
and 3.2 in Li [13] which are valid in a topological linear space ¥ provided with
a convex cone K whose interior is nonempty.

In order to simplify the notations we introduce a new definition.

Definition 5. A set-valued map F: X — 2V is said to be relatively solid
K -subconvezlike on X if the following conditions hold:

(i) F is K-subconvexlike on X,

(i) icr(F(X) +icr(K)) # 0.

Remark 2. If Y is finite dimensional, condition (ii) is always true whenever F'
is K-subconvexlike because F'(X) + icr(K) is a convex set.

Example 3. Let Y and K be the sets of Example 1. Let A be the convex cone
A={(an) €Y : a, >0, ¥Yn € N}

and C = A+icr(K) = {(a,) € Y : liminfa, > 0}. We have that C is a
convex set and icr(C) = . So F: A — 2Y, given by F(z) = z + K, is K-
subconvexlike on A but is not relatively solid K-subconvexlike on A. However,
if we consider F': K — 2Y is relatively solid K-subconvexlike on K.

In Theorem 3 we establish an alternative theorem for K-subconvexlike
set-valued maps with K solid. Previously, in Theorem 2 we establish a partial
result of alternative type when K is only a relatively solid cone.

Theorem 2. Let K C Y be a relatively solid conver cone. Assume that F .
X — 2Y is relatively solid K-subconvexlike on X. If there is no x € X such
that

F(z) N (—ier(K)) # 0, (3)
then 3p € KT\ {0} such that p(y) >0 Vye F(X).
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Proof. The set F(X) + icr(K) is convex by Proposition 1. From (3) it follows
that 0 ¢ F(X) + icr(K). So, 0 ¢ icr(F(X) + icr(K)). Using the support
theorem {9, Theorem 6.C}, there exists ¢ € Y’ \ {0} such that

oly+k) >0 VYye F(X), Vk € icr(K) (4)

(and ¢ is strictly positive on icr(F(X) + icr(K))). With standard reasonings,
from (4) it follows that ¢(k) > 0 Vk € K, i.e., ¢ € K. If 3y € F(X) such
that ©(y) < 0, choosing k € icr(K) with ¢(k) small enough we obtain that
¢(y + k) < 0, which contradicts (4). Hence, p(y) >0 for all y € F(X). O

Theorem 3. Let K be a solid convex cone. If F is K-subconvezlike on X,
then exactly one of the following systems is consistent:

(i) 3z € X such that F(z) N (—cor(K)) # 0.

(1t) Jp € K1\ {0} such that Vy € F(X), ¢(y) > 0.

Proof. By [4, Proposition 6.(iii)], cor(F(X) + cor(K)) = F(X) + cor(K), and
consequently, condition (ii) in Definition 5 is satisfied. Therefore, by Theorem
2, not (i) = (ii). If we assume that both (i) and (ii) are satisfied, then there
exist z € X, y € F(z) N (—cor(K)) and ¢ € Kt \ {0} such that ©(y) > 0.
But, since y € —cor(K) and ¢ € K \ {0}, we deduce that ¢(y) < 0 and by
Theorem 2.2 in [12] this is a contradiction. O

Remark 3. This theorem is slightly more general than Theorem 2.1 of Li [14]
because the notion of K-subconvexlikeness of this author is more restrictive
than our notion, even when cor(K) # 0 (see Remark 1). If we consider that
Y is a topological vector space then Theorem 3 collapses into Lemma 3.3
in [13]. Indeed, when Y is a topological vector space and int{K) # @, then
int(K) = cor(K) and the linear functional ¢ satisfying condition (ii) is con-
tinuous because we can apply Theorem 3.7 in [17] since the open set int(K)
is contained in the set {y € Y : ¢(y) > 0} {12, Lemma 2.2] as ¢ € K+ \ {0}.
Let us note that if cor(K) = @ and icr(K) # 0, then both (i) (with icr(K)
instead of cor(K)) and (ii) can be true. For instance, in R?, K = R, x {0},
X={(z,0):z¢€ (07 1]}a F(z,0) = (.’E,O) — K and ¢(z,y) = y.

Lemma 1. Let Sy be a relatively solid convex set of Y and So C Y. If S} C S;
and vcl(S1) = vel(Sz), then icr(Sy) = icr(Ss).

Proof. One has aff(S;) = aff(S2) because by assumption vel(S;) = vcl(S3)
and for any set S C Y, aff(5) = aff(vcl(S)). Hence, as S; C Sz we deduce
that icr(S1) C icr(S2). On the other hand, S C vel(S2) = vel(S1) and as Sy
and vcl(S7) have the same affine hull, we get that icr(Sy) C icr(vel(Sy)) =
icr(S1). The last equality is true by Proposition 4(i) in [4]. Consequently, the
conclusion follows. 0O

Proposition 2. Let S be a relative solid convex subset of Y and ¢ : Y — Z
a linear map. Then p(icr(S)) = icr(p(S)).
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Proof. Firstly let us see that

p(icr(S)) C ier(p(S))- (5)

(as a consequence, ¢(S) is relatively solid). It is obvious that ¢(L(S)) =
L(¢(S)). Take a € icr(S) and let us prove that ¢(a) € icr(p(S)). Given
w € L(p(S)), there exists v € L(S) satisfying ¢(v) = w. As a € icr(S), for
v € L(S) there exists ¢ty > 0 such that a + tv € S Vt € (0,%y]. From here,

ola) + tw = p(a) + tp(v) € p(S) VYt e (0,1g],

and therefore, p(a) € icr(p(S)). Now, the reverse inclusion: icr(¢(S)) C
w(icr(S)). For this aim, let us see that ¢(S) and p(icr(S)) have the same
vector closure. We have that

p(vel(S)) C vel(p(S)). (6)

Indeed, choose b € vcl(S), then there exists v € Y such that Yo/ > 0 Ja €
(0,a'] such that b+ av € S. Hence, ¢(b) + ap(v) € ©(S). This means that
©(b) € vel(p(S)). The following inclusions are clear taking into account (6):

@(8) € p(vel(8)) = p(vel(icx(5))) C vel((icr(S))) C vel(p(S))-
From this chain, we select the following:

() C vel{p(icr(S))) C vel(p(S)).
Taking vector closure and using that vcl(vel(B)) = vcl(B), if B is a relative
solid convex set, by [4, Proposition 3(iii)] (as ¢(icr(S)) = e(icr(icr(S))) C
icr{p(icr(S))), by condition (5) and as S is a relative solid, ¢(icr(S)) is a
relative solid too) we have that:

vel{p(8)) ¢ vel(p(icr(S))) C vel(p(9)).
Therefore, vcl(¢(S)) = vel(p(icr(S))), and by Lemma 1,

ier(p(8)) = ier(p(icr(85))) C picr(S)).
Using (5), we have the conclusion. 0O

Next we analyze the postcomposition of a K-subconvexlike set-valued map
with a positive linear map.

Let L£(Y, Z) be the set of all linear maps ¢ from Y to Z, and let L. (Y, Z)
be the subset of positive linear maps, i.e.,

L(Y,Z)={peL(Y,Z): p(K)cC D}.

Proposition 3. Let F: X — 2¥ be K -subconvezlike on X. If p € L (Y, Z),
then @ o F' is D-subconvezlike on X.
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Proof. By Proposition 1(c), Vz,z’ € X, Va € (0,1), 3k € K such that Ve > 0
we have

ek+aF(z)+ (1 - a)F(¢') C F(X)+ K,

and therefore,
ep(k)+a(poF)(z)+(1—a)(poF)(z') C (poF)(X)+¢(K) C (po F)(X)+D.

As (k) € D, statement {(c) of Proposition 1 is satisfied for ¢ o F' and conse-
quently, ¢ o F' is D-subconvexlike on X. 0O

Corollary 1. Let (F,G) : X — 2Y*% be K x D-subconvezlike on X.
(i) If p € Kt then (po F,G) is Ry X D-subconvezlike on X.
(i) If v € L4(Z,Y) then F + v o G is K -subconvezlike on X.

Proof. 1t is enough to apply Proposition 3 to (F,G) and the positive linear
function (y,2) € Y X Z — (¢(y), 2z) in part (i), and to the positive linear
function (y,2) € Y X Z > y + 1(z) in part (ii). O

4 Benson-Vectorial Proper Efficiency

In this section we analyze different optimality conditions for Benson-vectorial
proper efficiency, by using a pointed relatively solid convex cone and K-
subconvexlike set-valued maps. Firstly, we establish a necessary condition and
a sufficient condition through scalarization. Then, we obtain optimality con-
ditions by using multiplier rules of algebraic type.

Now X is a set, Y is a linear space and K C Y is a pointed relatively solid
convex cone.

Let ¢ € L(Y,R). We can associate to problem (P) the following scalar
optimization problem with a set-valued map:

<f Min (¢ o F)(x)

(SPy) | subject to z € X.

Definition 6. If xg € X, yo € F(zp) and

o(yo) < ply) Vy€ F(z), Vz € X,

then x is called a minimal solution of problem (SP ), and (xo,y0) is called
a minimizer of problem (SP ).

Theorem 4. Let ¢ € KT, If (0, y0) i a minimizer of (SP,) then (zo,yo)
is a Benson-vectorial proper minimizer of (P).

Proof. Assume that (xq,yo) is not a Benson-vectorial proper minimizer. Then
there exists
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y € velfcone(F(X) —yo + K)]N(=K) with y#0.
Then y € —K and, since ¢ € K*°, we have that

¢(y) <0. (7)

On the other hand, as y € vcl{cone(F'(X)—yo+K)], due to the definition of vcl,
there exist v € Y and a sequence A, — 07 such that y + A,v € cone(F(X) —
yo + K) for all n. So, there exist sequences {a,} C R™, {y,} ¢ F(X) and
{k,} C K such that y + Ayv = @, (Yn — Yo + k»n). Since ¢ is linear, we deduce

() + Mp(v) = an(p(yn) — @(Yo) + @(kn)). (8)

By hypothesis (g, yo) is a minimizer of (SP,) and ¢ € K** so we have that
o(y) = ¢(yo) for all y € F(X) and ¢(k,) > 0 for all n. From this and (8) it
follows that for all n

@(y) + Mnp(v) 2 0.

As )\, — 07, we get ©(y) > 0, which contradicts (7). Therefore (zg,y0) is a
Benson-vectorial proper minimizer of (P). O

As a consequence of the previous result, if we consider a topological linear
space Y and we replace the vector closure by the topological closure and the
relative algebraic interior by the topological interior, the previous proof is
valid too. Therefore, the result above is an extension of Theorem 4.1 in Li
[13].

To establish sufficient conditions we need some convexity properties and
the following lemma.

Lemma 2. Let S be a relatively solid convez set of Y. Then
icr(S) C icer(cone(.9)). 9)
Proof. Firstly, let us prove that

L(S) if 0 € aff(S)

L(S) +Rso i£0 ¢ afi(s), (10

L(cone(S)) = aff(SU {0}) = {
where sp is an arbitrary element of S and Rsg is the linear subspace generated
by so. Indeed, the statement is obvious when 0 € aff(S). Thus, assume that
0 ¢ aff(S). The linear subspace L(S)+ Rsy is the smallest affine variety which
contains S U {0} because:

1) § C L(S) + so C L(S) + Rsp and {0} C L(S) + Rsp.

2) If V is an affine variety containing SU{0}, then aff(S) = L(S)+so C V
and V is a linear subspace of Y. So, L(8) C V — sy = V and Rsp C V since
sp € § C V. Therefore, L(S) + Rsg C V.

Secondly, let us see equation (9). Let a € icr(S), we have to prove that
VYu € L(cone(S5)),
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Jtp > 0 such that a + tu € cone(S) Vit € (0,10]. (11)

Taking into account equation (10), it is enough to prove (11) in the following
cases: (i) u € L(9), (ii) u = s¢ and (iii) u = —so.

(i) Let u € L(S). As a € icr(S), then there is t; > 0 such that a + tu €
S C cone(S) Vt € (0,1}, i.e., (11) is satisfied.

(if) Now, u = sg. Then, as a,s¢p € cone(S) we have a + ts9 € cone(S)
V¢ > 0 since cone(S) is a convex cone.

(iii) Finally, u = —s9. As a € icr(S) C S and sg € S {so a — 50 € L(9)),
there exists v > 0 such that

s1:=8 +(1+7)(a—s0) =a+v(a—s0) €S

The equation a+1t(—sg) = ps; in the unknown (¢, p) has solution (%o, pg) where
to = v/(14+7) > 0and py = 1/(1+7) > 0. Hence a+to(—59) = pos1 € cone(S),
and therefore [a,a + to(—50)] C cone(S) (i.e., (11) is true). O

Theorem 5. Assume that K is vectorially closed and cor(K*) # 0. Let F be
relatively solid K -subconvezlike on X. If (xg,yo) is a Benson-vectorial proper
minimizer of (P) then there exists ¢ € K™% such that (z9,yo) is a minimizer

of (SP,)-
Proof. Since (xo,yo) is a Benson-vectorial proper minimizer then
—velfcone(F(X) — yo + K)] N K = {0}. (12)
As vellcone(F(X) — yo + icr(K))] C vel[cone(F(X) — yo + K)], then
—vel[cone(F(X) — yo + icr(K))] N K = {0}. (13)

Let us see that vel[cone(F(X) — yo +icr(K))| is a vectorially closed relatively
solid convex cone. It is clear that vcl[cone(F'(X) — yo + icr(K))] is a cone.
Because of F is relatively solid K-subconvexlike on X, icr[F(X) +icr(K)] # 0
and F(X) + tcr(K) is a convex set, then icr[F(X) — yo + icr(K)] # 0
[6, Proposition 2.1(ii)] and F(X) — yo + icr(K) is convex too. Therefore,
cone(F(X) — yp + icr(K)) is convex and applying Lemma 2 we obtain that

icr[cone(F(X) — yo + icr(K))] # 0.

Applying Proposition 3(iii)-(iv) in [4], we obtain that vcl{cone(F(X) — yo +
icr(K))] is vectorially closed and convex. On the other hand, by Proposition
4(i) in [4], vcl[cone(F(X) — yo + icr(K))] is a relatively solid set. Under these
conditions we can apply the separation Theorem 1, so taking into account
condition (13), there exists ¢ € K1\ {0} such that

p(v) 20 for all v € vel[cone(F(X) — yo + icr(K))].

Since F(X) — yo + icr(K) C vel[cone(F(X) — yo + icr(K))] we have
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o(y) —e(yo) + @(k) >0 forall y € F(X) and k € icr(K).
Due to ¢ € K** and Ak € icr(K) for all A > 0, it follows that

©(y) —¢(yo) 20 for all y € F(X).
Therefore (zg,yo) is a minimizer of (SP,). O

From the theorems above we obtain the following corollary, which gives us
a characterization of Benson-vectorial proper minimizers under K-subconvex-
likeness.

Corollary 2. Let KT be solid and K be vectorially closed. Let F be rela-
tively solid K -subconvexzlike on X. Then (xg,yo) 45 a Benson-vectorial proper
minimizer of (P) if and only if (xo,y0) s a minimizer of (SP,) for some
pe K*s,

Therefore if we consider a topological linear space Y and int(K) # 0 then
Theorem 5 and Corollary 2 can be considered extensions of Theorem 4.2 and
Corollary 4.1 in Li [13].

Finally, we give a generalized Slater constraint qualification in order to
obtain a Lagrange multiplier rule of algebraic type for constrained vector
optimization problems with set-valued maps.

Definition 7. We say that the optimization problem (CP) satisfies the gen-
eralized Slater constraint qualification if there exists x € X such that G(z) N
—icr(D) # 0.

Theorem 6. Let cor(K™) # 0. Suppose that (F,G) is relatively solid K x D-
subconvezlike on X, F is relatively solid K -subconvezlike on £2 and aff(icr(D)) =
aff(icr[G(X)+icr(D)]). If (CP) satisfies the generalized Slater constraint qual-
ification and (zo,yo) is a Benson-vectorial proper minimizer of (CP) then
there exists T € L4+(Z,Y) such that 0 € T(G(zo)) and (zo,yo) s a Benson-
vectorial proper minimizer of the unconstrained problem

K — Min (F 4+ T o G)(x)
subject to x € X.

Proof. Since F is relatively solid K-subconvexlike on {2, we can apply Theo-
rem 5 to problem {(CP), then there exists a linear functional ¢ € K** such
that (zg,yo) is a minimizer of the scalar problem

Min{p[F(z)]: z € 2},

ie.
¢(y) > p(yo) forally € F(£2). (14)
Let H: X — 28*Z be the set-valued map defined by
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H(z) = [p(F(@)) - o(w)] x G(z) = 9(F(2) x G(z) - (9(y0), 0).
As a consequence of (14) we have
H(X)N —icr(Ry x D) = 0. (15)

Since (F, @) is K x D-subconvexlike on X then, by Corollary 1(i), we have
that H = (po (F — ), G) = (¢ o F — ¢(y9), G) is Ry x D-subconvexlike on
X. From here and by icr[(F,G)(X) + icr(K x D)) # 0, applying Proposition
2 we obtain that

icr[{(p o (F = y0), G)(X) + icr(R4 x D)} # 0.

Thus, H is relatively solid R, x D-subconvexlike on X . Together with (15), by
Theorem 2 applied to H, we obtain that there exists (r,7%) € Ry x D*\{(0,0)}
such that

rlo(F(x) — )] + ¢[G(x)] 20 forallze X (16)

and (see the proof of Theorem 2)
(r9)(y, ) > 0 for all (¢, ') € icrl(go (F —10), G)(X)+ier(Ry x D). (17)
We note that r > 0. Otherwise, if r = 0 then from condition (17) it results
Y(ier[G(X) + icr(D)]) > 0. (18)

As a consequence of the generalized Slater constraint qualification, 0 €
G(X) +icr(D) so icr(D) C G(X) +icr(D). On the other hand, by hypothesis,
aff(icr(D)) = aff(icr[G(X) + icr(D)]), therefore

icr(D) = icr(ier(D)) C ier[G(X) + icr(D))
and by (18) we obtain that
Y(icr(D)) > 0. (19)

Again, because of the generalized Slater constraint qualification, there exists
some ' € X and 2 € G(z') N —icr(D) # 0 and, consequently, by (19),
¥(2') < 0 and by (16), ¥(z’) > 0, which is a contradiction. Thus, r > 0. Since
zo € 2 and ¢ € D™ then there exists 2/ € G(zo) N —D such that ¥(z') < 0.
Taking = zg and yg € F(zp) in (16) we have that ¥(z') > 0, so ¥(z') = 0.
Hence,

0 € ¢[G(zo)]- (20)

Asr #0and ¢ € K*¢, we can choose k € K such that r¢(k) = 1. We define
the operator T: Z — Y by

T(z) = Y(2)k. (21)
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It is clear that T(D) C K, ie., T € L.(Z,Y). By (20), 0 € T(G(xo)) and
consequently
Yo € F(zo) C F(zo) + T(G(z0)).

Now, from (16) and (21) we have that for all z € X
rolF(2)+T(G(2))] = rolF (2)+¥[G(@)ro(k) = rolF(2)]+¢[G(2)] 2 r¢(yo)

If we divide this inequality by r > 0 we obtain that (zo, yo) is a minimizer of
the scalar problem

K —Min{[jpo (F+ToQ)|(z): z€ X}.

According to Theorem 4, (xg,yp) is a Benson-vectorial proper minimizer of
the unconstrained optimization problem

K-Min{(F+ToG)(z): z€ X}. O

Remark 4. It is easy to check that the condition aff(icr(D)) = aff(icr(G(X) +
icr(D)) is weaker than cor(D) # (. Indeed if cor(D) # @ then

aff(cor(D)) = afflcor(G(X) + cor(D))] = Z.

Theorem 7. Consider problem (CP). Assume cor(K™) # 0. Let (F,G) be
a K x D-subconvezlike set-valued map on X. If there exists a positive linear
operator T € L (Z,Y) and a pair (xo,y0) with zo € 2 and yo € F(xo) such
that:

(3) (zo,Yo0) is a Benson-vectorial proper minimizer of the problem

K — Min (F+ToG)(z) subjecttoxe X,
(i1) 0 € T(G(zp)) and
(i11) icr[(F + T o G)(X) + icr(K)] # 0.
Then (zo,Yo) is a Benson-vectorial proper minimizer of problem (CP).
Proof. Since (F,G) is K x D-subconvexlike on X by Corollary 1(ii) F+ToG
is K-subconvexlike on X. Moreover, by assumption (iii), F'+T oG is relatively

solid K-subconvexlike on X. So, applying Theorem 5 there exists ¢ € K¢
such that for all z € X

¢(F(z) + T(G(2))) = o(yo)
Hence,
(@) + p(T(G@)) > p(yo) for all z € X (22)
Therefore, if € {2, there exists z € G(z) such that z € —D. On the other
hand, as T € L4(Z,Y), T(z) € —K and ¢ € K™%, we obtain o(T(z)) < 0.
From this, according to (22) and taking z € G(x), for each y € F(z) we obtain
e(y) 2 ¢(y) + o(T(2)) 2 ¢(yo)-

Hence, for all y € F(§2), one has ¢(y) > ¢(v)- As yo € F(zo) C F(2),
applying Theorem 4, (xg,yo) is a Benson-vectorial proper minimizer of the
problem (CP). 0O
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Once again our results extend Theorems 5.1 and 5.2 in Li [13] which are

given in the framework of topological linear spaces with solid cones.
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Summary. We discuss some ideas for improvement, extension and application of
proximal point methods and the auxiliary problem principle to variational inequal-
ities in Hilbert spaces. These methods are closely related and will be joined in a
general framework, which admits a consecutive approximation of the problem data
including applications of finite element techniques and the e-enlargement of mono-
tone operators. With the use of a “reserve of monotonicity” of the operator in the
variational inequality, the concepts of weak- and elliptic proximal regularization are
developed. Considering Bregman-function-based proximal methods, we analyze their
convergence under a relaxed error tolerance criterion in the subproblems. Moreover,
the case of variational inequalities with non-paramonotone operators is investigated,
and an extension of the auxiliary problem principle with the use of Bregman func-
tions is studied. To emphasize the basic ideas, we renounce all the proofs and some-
times precise descriptions of the convergence results and approximation techniques.
Those can be found in the referred papers.

1 Introduction

Let (V,| - ||) be a Hilbert space with the topological dual V' and the duality
pairing (-, -} between V and V'.
The variational inequality

(VI)  find v* € K and ¢* € Q(u*):
(Fu )+ ¢, u—u")>0 Vue K (1)

is considered, assuming that K C V is a a convex closed set, @ : V — 2" isa
maximal monotone operator and F : K — V' is a weakly continuous operator
with certain monotonicity properties.

Sometimes, in order to use notions and facts originating from convex op-
timization, we turn to the problem

(CP) min{J(u) : v € K},
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where J is a proper convex, lower semicontinuous functional. It presents a
particular case of VI (1) with F := 0 and Q := 8J.

In the sequel, {K*} is a family of convex closed sets approximating K,
K* ¢ V, and {QF} is a family of operators approximating Q. Usually, it is
supposed that QF is maximal monotone, or that

Qc o c .,

Q. means the e-enlargement of Q.

In proximal-like methods and in the auxiliary problem principle (APP),
we use a regularizing functional h of Bregman type with zone3 S, or its gen-
eralization defined by (7).

The following general scheme for solving VI (1) is considered: at step k+1,
having a current iterate u* (u! € K NS is arbitrarily chosen) the point u*+!
is calculated by solving the problem

(PF)  findubt' e K¥n S, ¢F e R
(]:(uk) +qk +£k(uk+1) —ﬁk(uk)
+xk(VRUM?Y) = Vh@u®)),u — o) (2)
> —Ogllu —uft Yue KFnS.

Here, S denotes the closure of S and {&;} and {xi} are non-negative
sequences with
klim(sk:O, 0<xr Lx<oo.
— 0

The choice of the family of monotone operators {£¥}, £* : K — V', depends
on the particular method under consideration.
Special cases of scheme (2) are:

o classical proximal point method (PPM):
F =0 (i.e. F is included in Q), £L¥ := 0, h(u) := L|ju||?, S:=V
o generalized (Bregman-function-based) proximal method (GPM):
F :=0; L¥ := 0, h - Bregman function;
e APP:
Q:=0; Q¥ := 0, h € C1(V) - strongly convex, S := V.
The APP supposes additionally that the operators F — £* fulfills a kind
of co-coercivity condition on K (see, e.g., assumption F2 in Section 5).

To give a hint at the nature of £*, let us consider the following variant of
the APP:

find v € K CR™:
(F(u®) + LB (P — LFWF) + xp (0¥ — ), u —u* 1) >0 Yue K,

3 I.e., h satisfies the conditions B1-B7 in Section 7.1 below, if V is a finite-
dimensional space. In case V is infinite-dimensional, see [3], [25].
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which arises from scheme (2) if
1
V:=R", QF=Q:=0, K*=K, §:=R", h(u) := —2-||u]]2, 6r=0.

In this case, depending on the choice of £*, we obtain:

L£* = 0 - gradient projection type method;

LF:u— (VF() — xxI)u - Newton method;

Lk : u— VF(u*)u - regularized Newton method;

L% :uw (D — xxI)u, with D > 0 - projection methods.

Also SOR, quasi-Newton methods etc. can be embedded in APP scheme (see
361, [33]).

Remark 1. The alternative F := 0 or Q¥ = 0 is not exhaustive for real nu-
merical methods. For instance, Lions-Mercier splitting method (cf. [12], [32])

uF = (T4 x71Q)" YT - x~1F) ()

for Problem (1) with K = V is a particular case of scheme (2) with F # 0,
QF=Q#0and x; =x>0.

Proceeding from the general framework (2) and the convergence results
in [22, 25, 26, 27, 28|, we revise here some ideas originally developed for
the improvement of certain proximal-like methods and applications to some
classes of problems. On this way, these ideas can be extended to a wide class
of proximal methods as well as to the APP. For instance, using a Bregman
function A with a zone S C K in the APP, new methods with unconstrained
auxiliary problems and good chances for decomposition can be constructed.

The paper is structured as follows. In Section 2 properties and applications
of weak regularization are discussed. Sections 3 and 6 deal with conditions on
data approximation in the subproblems. These conditions admit, in particular,
the use of finite element techniques for space approximation and the use of e-
enlargements for operator approximations. Section 4 is devoted to multi-step
regularization techniques, which we suggest especially for handling ill-posed
infinite-dimensional and semi-infinite problems. The combination of the PPM
and the APP is studied in Section 5. In Section 7 we analyze convergence of
Bregman-function -based proximal methods in the case of non-paramonotone
operators Q as well as the use of a weakened error tolerance criterion. Also
an extension of the APP with Bregman functions is considered. The final
Section 8 contains the description of the elliptic proximal regularization on
the example of a parabolic variational inequality.

2 Weak Regularization

In the classical PPM as well as in the APP the regularizing functional A is
supposed to be strongly convex in V.
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The following example (cf. [18]), as well as numerical experiments in [35]
for ill-posed control problems, in [38] for Bingham fluids and in [42] for Sig-
norini and contact problems in elasticity, show that, under a certain reserve
of monotonicity of the operator Q, the use of a functional i with weaker con-
vexity properties can yield an essential acceleration of the numerical process.

Note that in this example Q is neither strongly monotone nor even strictly
monotone.

Ezample 1. Let 2 := {(z,y) : -% < z,y < £}, V := HY(2). VI (1) is

2
considered with

K==V, F:=0, Q:u— —Au—f,
f is given by f(z,y) := 2sinzsiny. Obviously this is equivalent to the Neu-

mann problem

o
—Au = 2sinzsiny, 5Z-|an =0,

whose solution set is
U*:={sinzsiny+d: deR}.

Applying the exact PPM with u! := 0, xx = 1, we obtain the sequence
{u*} C H?(02), where u**! is the unique solution of the boundary value
problem

o
—2Au + u = 2sinzsiny — Au® + uF, 8—Z|69=0. (3)

1t is not difficult to verify (by means of an immediate substitution) that

uF = ay sinzsiny,

where (1 — ag) = (1 — ag—1), a3 = 0. With u* =sinzsiny € U* one gets

* k <3>k_1 . .
U —u = 3 smxrsmy.

But, replacing in this method the classical regularizing functional
h:uw 5”“”}11(9) by h:ue 5”“”L2(n),

a sequence {vF} C H?(£2), v! := u! = 0, is generated, where v**! is the
unique solution of the problem

o
—Av+v=25inxsiny+vk, %L‘m:O. (4)

Here v* = by sinzsiny, holds, with (1 — b;) = %(1 —bg—1), by :== a; = 0.
Hence,
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* k (l‘)k—l . .
U —v = § sinxrsiny.

To compare numerically these solutions:

°ll flu* — ot

[l —wtt]

Ju

~ 0.053, ~0.0028,  etc.

[l — w]]

Moreover, under identical finite element approximations in problems (3) and
(4), the conditioning of the discretized problems for (4) is, at least, not worse.

Remark 2. For the first acquaintance, one can think of weak regularization as
the use of a regularizing functional

1
hiues sl

where H D V is a Hilbert space and || - ||z is weaker than || - ||y. However,
such functional A is not strongly convex in V, and the standard assumptions
on VI (1), guaranteeing solvability of the regularized problems in the classical
PPM, are insufficient in this case.

This insufficiency becomes clear by means of the following example.

Ezample 2. Let V := H'(0,1) and ¢ € C[0,1] \ H!(0,1) be a given function
with 1 < p(z) < 2 Vz € [0,1]. Define the convex closed set

= 1 H - i <
K:={ue H(0,1) Jmax, u(z) omin u(z) < 1}

z

and the convex continuous functional
1
Jiur / max?{0,u + ¢}dz,
0
and consider CP

min{J(u) : u € K},

which is equivalent to VI (1) with 7 :=0, Q := 8J.

Here, the operator Q is maximal monotone, and the solution set U* is
non-empty (u* = —2 € U*). Applying the classical PPM, unique solvability
of the subproblems and weak convergence (in H!(0,1)) of the iterates to some
u* € U* are guaranteed. But, using

1
hiuw 5““”%2(0,1),
the regularized problem reads as follows

. X
min{J(u) + ;Z—||u - a||2L2(0’1) ue K} (5)
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Now, we show that this problem, given for instance with x := 2 and a := 10,
is not solvable. Indeed, it is easy to see that the problem

min{J () + u — 107201 = u € Ko}, (6)

where

Ko :={ueC0,1]: Joax, u(x) — _wigl u(z) < 1},

0<z<L

has a unique solution
1
uc = 5(10 - ) € H'(0,1).

Due to the compactness of the embedding of H!(0,1) into C|0, 1], it holds

inf {J(u)+ |ju— 10||%2(011) : ue K}
= min {J(u) + ||u — 10||2LZ(0,1) : u€ Kot

Assuming that problem (5) is solvable, let @ be its solution. From the last
equation, we obtain that @ is also a solution of problem (6). Hence & = ug
has to be, but this is impossible, because & € H'(0,1) and uc ¢ H'(0,1).

The natural requirement for the use of weak regularization is to guarantee
solvability of weakly regularized problems and the same quality of convergence
as in related methods where a strongly convex (in V') functional h is applied.

In Example 1 we face the situation that, although h : u — 1|lul|%, ) is
not strongly convex (in V) and the operator Q is even not strictly monotone
(in V), the sum Q+ Vh is strongly monotone. This suffices, and weak regular-
ization with similar properties can be realized for a series of elliptic VIs with
semi-coercive operators (Signorini- and contact problems for elastic bodies,
etc).

To be more precise, conditions on the functional h in methods with weak
regularization can be described as follows. Throughout the paper, we assume
that B:V — V' is a linear, continuous, symmetric and monotone operator.
Moreover, we suppose that for all &k either

Qcofco,

holds and Q — B is monotone, or QF — B is monotone, i.e. the operator B is
a reserve of monotonicity of Q or Q¥, respectively.

Then, we will say that a convex functional h provides weak regularization,
if the functional

e %(Bu, u) + h(w) 1)

is strongly convex and of Bregman type (with zone §).
This description includes also regularization on a subspace of V' ([22, Sec-
tion 2]).
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For the GPMs, considered in [24, 25, 28], the assumption on strong con-
vexity of n can be replaced by the weaker assumption B8 from Section 7.1
below (function D in B8 has to be taken with 7 in place of h).

In case S := V the standard assumptions on h include also that Vh is
Lipschitz continuous. Considering S # V, this assumption contradicts to the
definition of Bregman functions, and it can be avoided by means of additional
requirements on @ or F + Q.

Remark 8. It should be noted that, as against from the classical proximal
mapping, even in the case of problem (CP) and h : u + ||ul|%;, the "weak”
proximal mapping

. X
a s argmin{J(w) + X u - alf})

is (in general) not non-expansive in V, and moreover, does not possess the
Feyer property. The last property is basic in the convergence analysis of PPMs
with h(u) := 3||ul|}. Therefore, in [17, 22, 23] essentially different techniques
for the convergence analysis are used.

3 Conditions on Set and Operator Approximation

In the literature, if regularization methods include an approximation of the
set K, usually it is supposed that {K*} converges to K "sufficiently” fast in
the Hausdorff or Mosco sense, for example:

disty (K*, K) < eyx, ﬂ<c>o.
a( ) < cor ZXk

However, this type of assumptions is not very realistic when dealing with
VIs in mathematical physics. Indeed, constructing {K*}, K* = Ka,, by
means of the finite element method (FEM) on a sequence of triangulations
with parameter Ay — 0, as well as by related finite difference methods (FDM),
we meet the following typical situation:

(i) for arbitrary v € K and v* := argmin,c g+ ||v — z|, the relation
klim lv—v*)| =0 ( approx. K by K*)
— 00

takes place without any estimate for the rate of convergence;

(ii) for an important class of variational inequalities, the solutions possess
a better regularity than arbitrary elements from K. Then, for v € U*
(solution set) it holds

lv = v¥|| < e(w)Ag, By >0  (approx. U* by K*);
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(iii) for an arbitrary bounded sequence {w*}, w* € K*, the estimate

né? lv —whf < cAfz, B2 >0 (approx. K* by K)
v

is valid (of course, ¢ = 0 fits the case K* C K, but this inclusion is not
guaranteed, in general).

Thus, because of the weak property (i), the FEM does not provide the required
qualities of Hausdorff or Mosco approximations of K. Considering (i)-(iii) as
conditions, together with

Pr < oo, where gy := max{AfﬂA?},

Xk
we deal with quite different requirements on the type of approximation.

In [23], for VI (1) with F = 0, we study the inexact PPM with weak
regularization. This method is a partial case of scheme (2), when £¥ =0, S :=
V and h is a quadratic regularizing functional. Conditions on approximation
of K are generalizations of the properties (i)-(iii) above.

If, in particular, Q is Lipschitz continuous, Q% = Q, the approximation of
K possesses the properties (i)-(iii) and

Pk Ok
— < 00, — < 00, 8
Xk ZXk ()

then convergence results in [23] permit one to state immediately weak con-
vergence of the iterates to a solution u* of the problem. Thus, the same type
of convergence as for the exact PPM is guaranteed.

It is also worth mentioning that, in a series of Vs in mathematical physics,
the operator Q can be split up into the sum

where @; is Lipschitz-continuous and monotone, and Q5 is a monotone oper-
ator of a special structure, like:

o Qy(u) =9 ([, |Vul|d2) - the Bingham problem
(flow of a viscous plastic fluid in a cylindrical pipe of cross section 2);

o Qy(u) =0 ([, gluldI") - the Signorini problem
(unilateral contact of an elastic body and a rigid support: I" - contact part
of the boundary, u; - tangential component of the displacement vector wu,
and g > 0 - given function).

If solutions of these problems are of class H? (see regularity results for the
Bingham problem in [13] and for the Signorini problem in [14]), then the
properties (i)—(iii) of finite element approximations can be satisfied. Using

oF = 9, + QF,
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where (7, — smoothing parameter)

0k (u) = grad < /n JIval? + r,zdn> ,
04w = grad [ g/ +rtar) ©)

convergence of the above mentioned method under (8) and r, > 0, > o= <o
can be also easily concluded from [23].

An approximation of @ with the use of the e-enlargement concept will be
discussed below in Section 6.

respectively,

4 Multi-Step Regularization (MSR)

The main approximation techniques in mathematical physics are finite element
- and finite difference methods on a sequence of triangulations/grids. For
their success it is very important to obtain on coarse grids a relative good
approximation of the sought solution. Then, continuing on finer grids (i.e.
dealing with discretized problems of larger dimension), the required exactness
of the solution can be achieved with reasonable numerical expense.

However, this approach meets complications in the case of ill-posed prob-
lems:

e convergence of regularization methods is slow; if discretization is improved
(in a standard manner) after each proximal step, we get in a short time
a large-scale problem while the current iterate can be still far from the
sought solution;

e attempts to obtain on coarse grids a better approximation of the sought
solution by means of a priori given numbers of proximal steps in each fixed
discretized problem are not encouraging. Indeed, doing many proximal
steps in the discretized problem, we are moving to its solution (if it exists).
But, the original problem is ill-posed, hence, this solution can be far from
what we are looking for.

The approach of multi-step regularization (cf. [17, 22| for proximal meth-
ods with quadratic functional h possessing property (7)) is developed to reduce
these complications.

Multi-step-regularization: Considering VI (1) with F := 0, at the k-th
outer step, we deal with the approximated problem

find z € K*, ¢* € 0%(2) : (F,u—2)>0 Yue K, (10)

Starting with iterate u*? := u* ¢ K*~1 obtained at the end of the (k — 1)-st
outer step, we make inner iterations (s = 1,2,...)
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find uF* € K*, ¢*° € QF(ub*) : (11)
(@ + x (VRW"®) = VR ) ju —ub®) > —Gillu —u®*|| Vue K*.

Here {xx} is as before, 6, > 0V k and > -% < dy, with given dy. Inner
iterations terminate as soon as

IVh(u™®) = VAU~ < b, (12)

with a given sequence {6;}. Then, we put s := s(k), u*t! ;= u*5*) refine
the approximation replacing K*, Q¥ by K*+1 QF+1 and set k := k + 1.

Of course, up to now, this description is not better than saying "we do cer-
tain number of proximal steps in each problem (10)”. The success of multi-step
regularization depends mainly on the appropriate choice of the parameters ;.

To design such a choice, let us consider the case that Q¥ = Q is Lipschitz-
continuous,

KCB,, K*CB, (Bri={ueV:|u<r}),

and the approximation of K by K* meets the conditions (i)—(iii) from Section
3 together with

Z Vér/xk < 00, o = max{AJ, A%},

Then, if h: u %“u”%, is used, the parameter 8y has to satisfy

1 Ye _ 2
o (4,uXk (Or — 6k) ) + 0, <0, (13)

where
p = sup || Q(u)]ly. (14)
ue K

For convergence results in the general case of an unbounded set K, a multi-
valued operator Q and a weak regularization, see [22], Theorems 3.11, 3.15
and Remark 3.14.

Remark 4. However, from (13) and (14) it is clear that the use of multi-step
regularization requires some additional information about the problem. The
calculation of i can be very difficult (if possible at all). In the general situation
with an unbounded set K and a multi~valued operator Q, we have also to know
the radius of the ball B, such that U* N B,,; # 0. Relation (14) has to be
replaced by

p> sup  sup |[[yflv-.
u€EKNB, y€Q(u)
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To justify rule (13), it provides the strong Feyer property for the inner
iterates u®!, ..., uF**)~1 w.r.t. some equivalent norm ||| - ||| of the space V,
i.e. for each u* € U* and each k it holds

b =l < ™t =l E=1,.,8(k) ~ L.

If, for instance, weak regularization with h : u %“Pu”%{ is applied, where
P is an orthoprojector on a closed subspace of V, then ||| - ||| is defined by

lllll? = 1Bull® + || Pull;-

Moreover, the rules for improving an approximation on the outer steps
and the parameters §; do not depend on the number of inner iterations.

In [19] the convergence of MSR-methods is investigated for two elliptic
variational inequalities in elasticity theory: the two body contact problem
(without friction) and the Signorini problem. In both cases the approximation
of K is performed by the FEM and the approximation of the multi-valued
operator Q in the Signorini problem is like (9).

In [1] a comparison of MSR-methods and diagonal processes (with improv-
ing the discretization after each proximal step) is given for convex semi-infinite
optimization problems in finance and engineering, whereas in [35] numerical
experiments for the optimal control of elliptic systems are described.

5 Extension of the APP

The APP is usually studied for VIs with single-valued operators. Formally it
corresponds to (1), (2) with §:=V, F:=F + Q and Q% = 0.

For variational inequalities with multi-valued operators, the known results
for the APP, even in case £LF = 0, require strong monotonicity of the operator
and a very special rule for the choice of {xx} (cf. [8]):

Zx,jl:oo, Zx,:2<oo.

This is like step-size rules in subgradient methods and is not very efficient.
In our extension of the APP, described by (2), we take

o g¢* ¢ QF(uF*1) (at the sought iterate),
o F(uF) (at the previous iterate).

The idea to use an additive part of the operator at the sought iterate is
not new in the APP. Already in the first paper on the APP, considering a
problem

min{Jy (u) + Jo(u) : v e K}, (15)

where Jj is a convex, Gateaux-differentiable functional and J; is a proper con-
vex, lower semicontinuous functional, Cohen [7] (Algorithm 2.1) constructed
auxiliary optimization problems, which are equivalent to (2) with
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1
F:=VJ, 0"=d8), K=K, h:u— 5||u||‘2/, 6L =0

and £* a symmetric monotone operator.

In implicit form, combinations of the APP and proximal-like methods can
be found in [43] (corresponds to (2) with V :=R"™, Q* = Q, LF = L, xx = x,
K* = K) and [36] (V := R*, K* C K, 6 = 0). Both schemes do not allow
that @ is a multi-valued, non-symmetric operator. Also h is supposed to be
strongly convex.

Such an approach is of special interest for constructing decomposition
methods. To avoid needless formalization, let us turn to the optimization
problem (15). Suppose that

min{Jo(u) : v € K} (16)

splits up into independent problems on the sets K1, ..., K;, K = II_, K; is the
Cartesian product. Then the auxiliary problems with £*¥ = 0 can be rewritten

as
min{(VJ; (u*), u — u¥) + Jo(u) + %Hu - uk”2 : u € K},

and obviously, they can be decomposed in the same manner as (16). For VI
(1) and scheme (2) such decomposition is described in [20].

Another important fact concerns VI (1) with a symmetric operator Q:
using symmetric Q% and L£¥, the exact problems (2) are convex optimization
problems (even if F is not symmetric, and hence VI (1) cannot be transformed
into an optimization problem).

These properties are lost if we consider prozimal methods and F is not of
a special structure.

In [21, 26], the convergence of scheme (2)(with S := V') is considered under
conditions on Q, which are typical for PPMs. The conditions on the approxi-
mation of K by K* and Q by QF are very similar to those mentioned above,
i.e. again based on properties (i)-(iii) of the FEM. The choice of the regulariz-
ing functional A fulfils the requirements to methods with weak regularization,
i.e. the standard assumption (for the APP) on the strong convexity of h is
relaxed taking into account a reserve of monotonicity of the operator Q.

Let K be a convex set, Ko>KuU (Uﬁ__lK k). Typically, the operators
L¥ in the APP can be described by £F = Lyy=u*, using an appropriate
family {£,} of monotone operators £, : V — V' parameterized by y € K.
The operators £, are also supposed to be Lipschitz-continuous on K with a
common Lipschitz constant.

Then, the assumptions concerning the operator F are formulated in our
papers [21, 26| as follows:

F1F .V — V' is single-valued and weakly continuous on I:( , and the func-
tional u — (F(u),u) is weakly lower semicontinuous on K
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F2 there exists v > 0 such that, for all u € U*, v € K, the inequality

(Fv) = F(u) — Ly(v) + Lo (u),v — u)
HF W) + g%, 2(v) —u) = Y| Fv) — Lo(v) — Flu) + Lo @]l (17)

is valid. Here ¢* € Q(u) satisfies
(", v~—u)y >0 VvekK,

and z(v) 1= argmin,ex |jv — 9.

Obviously, assumption F2 is weaker than the rather usual requirement (for
the APP) that the operators F — L, y € K, are co-coercive with modulus +.

Ezample 8. Let V :=R!, Q(u) :=u+4, K :=[-1,1], K :=[-2,2], L,=0
and
ut+2ifu< -1

Flu) = {uZ ifu>-—1.

Here we meet the situation that F2 is fulfilled (with v = 1), although the op-
erator F is not co-coercive and even not pseudo-monotone (in Karamardian’s
sense). It is also worth to mention that in this example F + Q is not monotone
on K.

Under the assumptions traced above, the main convergence result in [26]
(Theorem 3.1) establishes weak convergence of the iterates (2) to a solution
u* e U* if

£_<_Xk_<_>‘((withsomec>0), Zcpk<oo, Z5k<oo.
~

In the particular case F := 0, £¥ = 0, the values 7 in (17) may be arbi-
trary large, and we recover the convergence results for the PPM with weak
regularization mentioned in Section 3.

6 The Use of e-Enlargements

Recently, a series of proximal-like methods has been suggested, in which the
operator in the VI is approximated by its e-enlargement, with ¢ — 0 within
the iteration process (cf. [4, 5, 30, 37, 39]).

The e-enlargement 7; of a monotone operator 7 : V — V' is defined as

T(wy={veV' i (w-v,z—u) > —¢, YzeV, weT(2)}

For its properties, in case 7 is maximal monotone, we refer to [4].

However, the treatment of the subproblems in these methods meets serious
difficulties, because the verification of the inclusion ¢ € 7¢(u) for a maximal
monotone operator 7, as well as the calculation of an element g € T,(u) with
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certain properties, may be very complicated. Moreover, for an operator 7 with
separable structure, 7, is usually not separable. For instance, the operator

T :uv Ojur| + |uzl) = By, (Jua]) X Bu, (|uzl)
is evidently separable, but calculating
T.(1, ) ={ue[-1,1] x[-1,1) : w3 +up >2—¢},

we see that 7, is not separable.

This prevents, for instance, from the use of the e-enlargement in decom-
position methods,

If the operator 7 has a reserve of monotonicity like

(r(u) — T(v),u —v) > (B(u—v),u—v)
Yu,ve€ D(T), V1(u) € T{u), 7(v) € T(v),

one cannot guarantee that

(F(u) — 7(v),u —v) > B{B(u —v),u —v) — e (18)
Vue D(T), ve D(T), V 7#(u) € T.(u), 7(v) € T(v),

is valid with some o and 3 = 1, moreover, the existence of appropriate § > 0
and « is not clear at all. However, in order to use weak regularization, we
need a relation like (18) for the operators QF.

Now we describe some simple ideas to construct 9%, Q C QF C Q.. , which

- inherits separability of @ and all continuity properties of the e-enlargement;
- its treatment is simpler than that of Q.,;
- possesses an ¢- reserve of monotonicity in the sense of relation (18).

Suppose that a continuous operator Q :V — V' is chosen such that both
Q — @ and @ — B are monotone. Then, defining

Qk = Q + (Q - Q)eka (]‘9)

we get Q C QkAC Q.. , and the continuity properties of QF depend mainly on
those of (Q — Q)e, . Inequality (18) is valid with

T:=0Q, e=¢, T.:=0QF a=8=1.

Of course, the use of Q := B is possible and leads to the same conclusions. But,
as we explain in [25], the choice O # B may be preferable for the treatment
of Q.

In the above mentioned Signorini- and Bingham problems, the multi-
valued part of the operator is of special structure: it is the subdifferential
of a convex positive homogeneous functional. For these and other variational

inequalities with a similar property, the following result (cf. |25], Lemmata
A.1 and A.2) is helpful to handle QF.
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Lemma 1. Let j be a convez, positive homogeneous, lower semicontinuous
functional and T := 0j. Then, for each € > 0,

T(uw) ={y € T(0) : (y,u) > —e+j(u)}

holds, and
Te(u) = Oj(u) V u € domj

(8, denotes the e-subdifferential).

Examples on the use of this lemma, including the special case of the Bing-
ham problem, are given in [25], too.

6.1 Application of e-Enlargement in Signorini Problems

The operator of the plane Signorini problem is @ : u — Au—1[+8j5(u), where
(Au,v) := / Amnpg€mn (W)epg (V)2 Y u,v € [H(2)]?
o)

() = / glucldr" (20)

c

In this description the summation is taken (by Einstein’s summation con-
vention) over terms with repeating indices (m,n,p,q¢ = 1,2);

o £2C R?is a bounded domain, I} is part of the boundary of (2;
g € Lo (I,) is a given non-negative function;
Gmnpg € Loo(§2) are given functions with symmetry property

Amnpq = Gnmpq = Gpgmn,

and there exists a constant ¢y > 0 such that for all symmetric matrices

[Um,n]m,n=1,2
Amnpg(T)OmnOpg 2 CO0mnOmn .. 0n §2; (21)

_ 1 (0u Oy . A
o emn =3 |32+ aml) are components of the strain tensor;

o wuy is the tangential component of displacement u.

The Signorini problem can be described in the form of VI (1) where
Vi=[HY(?)% F:=0 and K:=V

Due to (21), we can choose the operator B as

(Bu,v) := co/ emn (W) emn(V)d2 Yu,veV.
2
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Then, according to the second Korn inequality (see [14, Section 2.2]), the
functional

1
h:ur— §||u1|[2L2(n)]2

realizes weak regularization. . . .
To construct the operators QF := Q + (Q — Q),,, one can take Q = B.
Then we have to deal with the e¢-enlargement of the operator

Q-0: ur> (A —Bu— 1+ 9j5(u).

But taking Q : u— Au—I, then the both operators Q—Q = 9j and Q—B are
monotone, and the functional j satisfies Lemma 1. In this case the treatment
of (Q — Q). is much simpler than taking Q = B.

In Section 3 an approximation of the operator 85 by the single-valued
operator Vj; was mentioned, where ji(u) := |, r gv/u? + rzdF .

Because
k() —Tk/ gdll < j(u) < jx(u) Vuey,
r
one gets
Vik(u) € 8. j(u) = (9j(u))e, YueV,
with e, = 14 [ gdl.

6.2 Application of e-Enlargement in Decomposition

Assume now, that V := V; x V5, where V4, V; are closed subspaces with norms
induced by || - ||, and their duals V} and V. Let

Q) = (Q1(n1), Qa(w)),  Qi:Vi—2%, i=1,2,

If Q is maximal monotone in V, then @y and Q2 are maximal monotone in
Vi and Vs, respectively. Considering their e-enlargements Q; , and Q2. in V;
and V3, respectively, we obtain

QC (Ql,e; QZ,G) C Q(2e)a

and the operator Qe = (Q1,e, Q2,c) (in distinction from Q.) has the same
separable structure as Q.

Of course, the "recipes” considered above to construct QF are compatible
in a straightforward manner. For instance, if Q has a separable structure and
@ — B is monotone, then one can construct a separable QF such that it inherits
the continuity properties of Q., and fulfils (18).
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7 Bregman-Function-Based Methods

There are numerous publications dedicated to Bregman-function-based proxi-
mal methods in finite dimensional spaces. In a Hilbert space, the exact method
was studied in [3], whereas in [21, 25] we prove convergence of inexact ver-
sions, including successive approximations of K, the use of e-enlargements of
@ and weak regularization as described in Sections 2 and 6.

But conditions on the approximation of K require K* O K. This inclusion
emerges when dealing with convex semi-infinite problems, but it is not valid,
for instance, if K* is obtained by applying usual discretization techniques to
elliptic variational inequalities. In order to use our convergence analysis in this
case, an approximation of K has to be inserted into the algorithm for solving
the subproblems.

In the sequel we assume that S 7 K. This includes the main case S C K,
but some additional assumptions on the operator Q are needed* - even for
the exact GPM with strongly convex h.

If Q is not symmetric, the paramonotonicity and pseudo-monotonicity (in
the sense of Brezis-Lions) of Q are supposed (see [3, 24, 25]). In case V := R",
Solodov/Svaiter [40] have shown that the pseudo-monotonicity requirement
can be omitted, but their arguments are finite-dimensional in essence.

Paramonotonicity of a (monotone) operator @ means that the relation

(z—Z,v—2)Y=0  with z € Q(v), 2’ € Q(v')

implies z € Q(v'), 2’ € Q(v).

This condition is rather restrictive, in particular, a maximal monotone op-
erator associated with a Lagrangian of a smooth convex programming problem
is paramonotone only if all constraints are not active (|15, 28]).

7.1 Bregman-Function-Based Proximal Method

In this part, we consider the application of the GPM to variational inequalities
with non-paramonotone operators of particular type.
With this goal, let us recall the conditions defining Bregman functions in
R™;
B1 S C R™ is a convex, open set;
B2 h is continuous and strictly convex in S;
B3 h is continuously differentiable on S;
B4 Given any z € S and a scalar ¢, the set {v € S: D(z,v) < a} is bounded,
where the distance function D is defined by

D(z,v) := h(z) — h(v) — (Vh(v),z — v};

4 An exclusion is the proximal-like method in [9], where, however, a very unusual
strategy for the choice of {xx} in the PPM is used, forcing in particular that
xx — 0.
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B5 If {v*} C S converges to v, then D(v,v*) = 0;
B6 If {z*} c §, {v*} C S, v* — v, {¢*} is bounded and D(z*,v*) — 0, then

7 - .

From [40] it is known that condition B6 is a corollary of B1-B3.

A special assumption is required in order to guarantee the solvability of
the regularized problem in S, for instance, the so-called zone coerciveness
condition

B7VpeR™ Jves: Vhl) =p.
Finally, we introduce one more assumption
B8Vze S, Falz) >0, c(z2): D(z,v) >az)|z—v||—cz) YveS,

which is certainly weaker than the strong convexity of A and implies B4. B8
means geometrically that D(z, ) lies above the translated and scaled second
order cone given by the function

v a(2) v - 2] - c(2).

As it will be explained later on, B8 permits one, in particular, to weaken the
error tolerance criteria in Bregman-function-based proximal methods. At the
same time, this condition is very mild: among the known Bregman functions
only

h:ur—»Z(ui—Uf), k€ (0,1),
i=1

does not satisfy B8. Moreover, B8 is evident if S is a bounded set.
In [28] we study the convergence of GPM for two classes of variational
inequalities. The first one arises from problem

min{f(z): g:(x) <0, i=1,..,m},

where f, ¢1,...,9m are supposed to be convex and continuous on a Hilbert
space X . We assume that the set X* x A* of the saddle points of the Lagrangian

L(z,)) = f(z)+ ) Xigi(@)
i=1

on X x R} is non-empty. The inclusion (z*,A*) € X* x A* is equivalent to
the variational inequality

find (z*,A*) € X xRT, q(z*,X\*) € 0 L(z*, \*) :
(q(w*’)‘*),x - .'L'*> + <_g(w*)7)‘ - )‘*> >0 Vv ('757 )‘) € X x RT: (22)
where 0, denotes the partial subdifferential with respect to z and (-, ) stands

for the duality pairing between X and X' as well as for the inner product in
R™.
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The multi-valued operator
Q: (z,A\) — (8, L(z, A), —g(x))

is monotone on X x RY, but as it was mentioned, it is not paramonotone
except for "an exotic case”.
To solve VI (22) we consider the following method. Let be

{X*} a subsequence of closed subspaces of X approximating X;

h:RT — R a separable Bregman function with zone S := R}, satisfying
B1-Bg;

{xk}, {6k}, {€x} non-negative sequences satisfying

6k €
0 < xr < Xk < o0, — < o0, — < o0 23
Xk < X Zxk = (23)

7 : X — X' the canonical isometry operator;
aw,eL(ma )‘) = aef(w) + Z:Zl )\iaegi(x)'
Method: Starting with (z*, \!) € X x S, at the (k+ 1)-st step the current
iterate (z%,A*) € X*~1 x S is used to solve
find (1A € X* x S, g€ 8, L(zFTT A+

<q + Xk(l-xk-‘rl —Izk),a: N .’L‘k+1>

H(=g(@"h) + Xk (VA(T) = VA(F)), A — A+

> =6 (lz — ¥ x + [|A = X lpm)  ¥(z,X) € XF x S. (24)

Conditions B1-B3 and B7, B8 provide the existence of (z**1, \¥+1) satis-

fying (24) and the inclusion A\**! € S. Obviously, (24) can be considered as a
particular case of scheme (2) with F := 0, £ := 0, the Bregman function

1 .
(z,A) — §||m||§( + h(X) in place of h,

and K* := X* xRT, QF : (z,A) = (0z,¢, L(z,)), —g(x)). In [28], Theorem
3.2, weak convergence of the iterates (24) to some (z*, \*) € X™* x A* is proved
under (23) and the following conditions:

A1l for each (z*,\*) € X* x A* and each i: A =0 = g;(z*) <0;
A2 limy_, o ||z — Py (z)||x =0 Vz € X (Px« — orthoprojector onto X*);
A3 Vz* € X*, Fci(z”), {vx}:

lz* — Pxe(@*)llx < cr(@®)ex Yk, D % < oo,

The strict complementarity assumption Al is the only additional condition
on the operator @, whereas A2 and A3 are well matched with the properties
(i)-(iii) of a finite element approximation.

The convergence analysis uses essentially the following modification of
Proposition 4 in Iusem/Kallio [16] (which was proved for a VI with single-
valued, monotone and continuous operator):
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Lemma 2. Suppose that VI (22) satisfies Al and (Z, 5\) € X x RT fulfills
0€ 8. L& N, @@ =0 i=1,.m.

Moreover, let

JA) € J(\*) for some A\* € A*,
where J(\) := {i : \; = 0}. Then (%,)) € X* x A*.
The second class of VIs considered in [28] is the complementarity problem

find u* € RT, g€ Qu"): (gu—u*) 20 VuecRT. (25)

Here Q : R™ — 2R™ is a monotone, upper semicontinuous operator with non-
empty, convex and compact image Q(u) for u € R’?. Thus, the sum Q+NRT’
where Ngm denotes the normality operator for R, is maximal monotone (see,
for instance, [11]).

We take in this case

Q :=0Qq or Q% i=(Q+MNap)e

and a separable Bregman function h with zone § := R, , satisfying B1-BS8.
The GPM

find u**! € §, ¢* € QF(u**1) .
(qk + Xk (Vh(uk+1) - Vh(uk)) ,U = uk"”) > —Okllu— ukHH VueS (26)

is studied under the same conditions on {xr}, {€x} and {dx} as above.
Convergence of the iterates (26) to some u € U* is proved in [28] assuming
a modified strict complementarity condition:

welU*: u; =0 = 7,(u) >0, (27)

where 7;(u) := mingeg) ¢i- If Q is single-valued, (27) coincides with the
standard notion of strict complementarity.

The convergence results from [28] can be trivially extended to method
(24), where the operator 8, ¢, L is replaced by QF with 8,L C Q% C 8, L,
as well as to method (26) with Q* satisfying Q C Q% C Q., . All recipes from
Section 6 can be used to construct QF.

7.2 Extended APP with Bregman Functions

To our knowledge, Bregman functions & with zone S # V have not been used
in connection with the APP. In different variants of the APP, the operator
Vh is supposed to be Lipschitz continuous on K or on some set K D K. This
excludes the use of Bregman-like functions with zone S 2 K, and in particular
with S C K. Exactly, Bregman functions with zone S C K provide a full
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"interior point effect”, i.e. with a certain precaution the auxiliary problems
can be treated as unconstrained ones.
Now, we consider scheme (2) allowing

S C K, inparticular K := K NK,, S:=intK,

as special cases. The convergence of the extended APP in form (2), where h
is a Bregman function with a zone S, was proved in [27] under the following
special assumptions:

V:=R™, SNKNDQ)#6, U*NS+#0

h is strongly convex with modulus &;

KfF=K, QcQ*co.,;

F + @ is paramonotone in SN K, and

v* € D(Q)N KNS, vF — 7, q(vF) € Q(v*) implies that {g(v*)} is a

bounded sequence;

o the operators F — L* satisfy the co-coercivity condition F2 in Section 5
(with K = K);

o the operators £* are Lipschitz-continuous with a common constant;

) ﬁ,; <xk <X <00, ymax{0,Xxr — Xpt1} <00, Y€ <00, >, < 00

(7 is the modulus of co-coercivity in F2).

0O O O o©

The other conditions are quite traditional for the exact PPM and concern the
operator @ and the set K only.

Basing on the proof of Lemma 3.2 in [26], the convergence analysis in
[27] can be easily adapted to method (2) with weak regularization, when h is
defined by (7).

7.3 Weakened Error Tolerance Criteria in Proximal Methods

The criterion for the approximate calculation of the iterates used in the general
scheme (2) is not suitable for a straightforward application, but it permits one
to apply the convergence results obtained in |22, 23, 27] to related algorithms
with more practicable criteria.

In [10] Eckstein has analyzed different accuracy conditions for iterates in
Bregman-function-based proximal methods.

For VI (1) with V :=R™ and F := 0, the inclusion

0 € X7 Qu* ) + VAuFTY) — Vh(u®) 4 &FH? (28)

is studied, where A is a Bregman function with zone S = intK and 0 < x; <
X < oo. Convergence u*¥ — u € U* has been established under standard
assumptions on Q (paramonotonicity, etc.; see A1-A3 in [10, Section 3]) and

the conditions
xX0

Dol <oo, D (eF,uF) < oo (29)
k=1

k=1
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Eckstein explains that the relations (28), (29) are easier to check than in other
inexact schemes.

At the same time, using an element ¢ € Q(u**!), which transforms (28)
into an equality, we obviously get

(g+ xx (Vh(ukH) - Vh(uk)) U= ukH) > —Xkllek+1[[||u - uk+1|| Vue K.

But this corresponds to scheme (2) with Q% = Q and §; := xx||e**||. Due to
the additional assumption B8 on Bregman function, our convergence analysis
in [29] ensures convergence of the iterates (28) exclusively under

oo

Eﬂ lle® |l < oo.
-
k=1

Remark 5. Let us recall that B8 does not cause any complication for the choice
of an appropriate Bregman function. Moreover, in [29] the validity of condi-
tion B8 is proved for entropy-like and logarithmic-quadratic distance functions
which are not of Bregman type. We also show there that the GPM in form
(28) with these distance functions converges under the weaker error criterion
Y |le¥]] < oo, than in former papers [2, 41]. Recently, a new concept of a
relative error criterion has been introduced in [6, 40]. The corresponding al-
gorithms include a correction of the inexact proximal iteration by means of
an extragradient-like step.

8 Elliptic Proximal Regularization

Starting with papers of Lions [31] and Olejnik [34], elliptic regularization
is a useful tool for the theoretical and numerical treatment of parabolic and
degenerate elliptic boundary value problems. The main idea is that the original
problem is approximated by a family of non-degenerated elliptic problems.
This was done exclusively by means of the Browder-Tikhonov regularization
concept. On this way the regularization parameter tends to zero causing a
certain instability of the real numerical process.

In [23], we have introduced elliptic regularization by following the scheme
of proximal methods. Now, this approach will be considered for a parabolic
variational inequality.

Let 2 C R™ be an open set with a sufficiently smooth boundary and

Z:=L*0,T;Hy(2)),  H:=L*0,T;L*(%)),

where L?(0,T; W) denotes the space of measurable on |0, 7'[ functions v : ¢ —
v(t) € W with

T 1/2
vl L20,7ywy) = (/0 ”U(t)”%‘/dt> < 00;
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Z' = L*(0,T; H~!(£2)) denotes the dual space of Z, and H is identified with
its dual.

Introducing the linear and unbounded (in Z) operator A := % with the
domain

D(4) = {uez:‘;—:ez', v(0)=0},

one can consider D(A) as a Hilbert space endowed with the graph-norm

lollpea = (vl + 1 4v]2,) .
Then
DA)c Zc HcZ cD4y,

and each space is dense in the next one.

Take now V := D(A) and let A : H}(£2) — H~1(£2) be an elliptic (with
constant «) operator. Let the operator A: V — V' be a linear, bounded and
monotone operator defined by

(Av)(t) := Av(t) a.e.on [0,T],

with D(A) = V. Given f € V' and a convex, closed set K C D(A), we consider
the VI

findue K: (Au,v—u)+ {(Au,v—u) > (f,v—u) VveK. (30)

The operator A is closed and A > 0 on V. Therefore, A is maximal mono-
tone, and because D(A) = V = D(A), the sum A + A is maximal monotone,
too. Further we suppose that VI (30) is solvable.

We make use of the regularizing operator A*J 1A, where A* = —% with
. dv )
D(A™) = vez:%ez,v(T)zo

is the conjugate operator of A, and J : v — —A_ v is the duality mapping
between Z and Z' (A, denotes the Laplacian w.r.t. space variables z).

Basing on the principle of proximal regularization, the following iteration
process for VI (30) is studied in [23]:

find uF*! € K :
(Auk-H + Auk+1 + XkA*J—lA(uk+1 _ uk),v _ uk+1>
> (fv—uf*ty VeekK (31)

(0 < xx < X < 00).
It corresponds to scheme (2) with

F:=0, =0, KF=K, 6, =0,
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QF=Q: v Av+ Av— f,
1
h:ve 5(/11), J~1 Av).

The operator
v (A4+ A+ g AT Ao — f

is elliptic in £2x]0, T (i.e. with respect to space and time variables), and
(Alu — v),u —v) + (A*J 1 A(u — v),u — v) > min{a, 1}|ju — v||?

holds for u,v e V.

The last inequality allows to conclude that the choice of h satisfies the
principle of weak regularization. The weak convergence (in V') of the iterates
(31) to a solution of VI (30) follows immediately from the convergence analysis

in [23].
If A is a degenerate elliptic operator, a similar result can be attained by
using
1 1
h:ve— 5(/1'0, J 1 Av) + 5(—va,v).
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Application of the Proximal Point Method
to a System of Extended Primal-Dual
Equilibrium Problems

Igor V. Konnov!

Department of Applied Mathematics, Kazan University, Kazan, Russia.
ikonnov@ksu.ru

Summary. We consider a general system of equilibrium type problems which can
be viewed as an extension of Lagrangean primal-dual equilibrium problems. We
propose to solve the system by an inexact proximal point method, which converges
to a solution under monotonicity assumptions. In order to make the method im-
plementable, we suggest to make use of a dual descent algorithm and utilize gap
functions for ensuring satisfactory accuracy of certain auxiliary problems. Some ex-
amples of applications are also given.

1 Introduction

Let £2 be a nonempty, closed and convex set in a real I-dimensional space R'
and let ¥ : {2 x {2 — R be an equilibrium bifunction, i.e., ¥(z, z) = 0 for each
z € §2. Then one can define the general equilibrium problem (EP for short)
which is to find an element z* € §2 such that

U(z*,2) 20 Yzef (1)

EP is known to represent a very common and suitable format for various
problems arising in Mathematical Physics, Economics, Operations Research
and many other fields; moreover, it is closely related with other well-known
general problems in Nonlinear Analysis, such as fixed point, saddle point,
variational inequality, complementarity, and optimization problems; see e.g.
[1, 3, 6] and references therein. For instance, if we set

W(z’) Z) = (T(z,)7 z Zl)y

where T': £2 — R! is a given mapping, then EP (1) reduces to the variational
inequality problem.

Recently, a system of extended primal-dual variational inequalities was
considered in [12, 13] and it was shown that various economic equilibrium
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problems, transportation equilibrium problems and some classes of inverse op-
timization problems can be reduced to such a system. In [12, 13], several dual
type algorithms were suggested for solving this system under strong mono-
tonicity assumptions on the cost mappings. At the same time, an inverse EP,
which is close to a system of primal-dual variational inequalities, was also con-
sidered in [11]. In this paper, we shall consider a new general problem, which
involves the problems discussed in [11]-{13]. Namely, the system of extended
primal-dual equilibrium problems (SEP for short) is the problem of finding a
pair (z*,y*) € X x Y such that

{@(w*,x)+<y*,H(w)—H(x*)> >0 VzelX, @)
Ily*y) - (H="),y—y") 20 VyeY;

where X and Y are nonempty convex subsets of R™ and RY', respectively;
¢:XxX — Rand I': R x BT' — R are equilibrium bifunctions, such that
&(x,-) and I'(y,-) are convex for all z € X and y € R'; and H: X — R™ is
a mapping with convex components H; : X — Rfori=1,...,m. It is clear
that the particular case of SEP (2) with

I'(y*,y)=(b,y—-vy*), Y=R]

is nothing but an analogue of the Karush-Kuhn-Tucker optimality conditions
for the following constrained EP: Find &* € K such that

$(z*,z) >0 Ve K
where K = {z € X | H(z) < b}. Next, if we set
&(z',z) = (F('),z - ') and I(y,y)=(G)y-V)

in (2), where F: X — R"™ and G : R — R™ are given mappings, then SEP
(2) reduces to the system of extended primal-dual variational inequalities from
[12, 13]. At the same time, SEP (2) falls into the format of EP (1) if we set
z=(z,y), 2 = (2,¥'), L =n+m,

U(2',2) = ®(z',z) + (', H(z) — H(z")) + I'(v',y) — (H(z'),y - ¢), (3)
N=XxY. (4)

Clearly, SEP (2) allows one to model and investigate very broad classes of
problems, since just EP gives the most general formulation for different types
of equilibria. Moreover, the systems in [12, 13] were considered under strong
monotonicity assumptions on either F' or G, whereas many problems arising
in applications can provide only monotonicity properties. Motivated by these
facts, we intend to consider SEP (2) under monotonicity alone and suggest an
inexact version of the proximal point method for this system. We also present
an approach to make this method implementable for SEP (2). It is based upon
an application of a dual descent algorithm and utilization of gap functions for
ensuring satisfactory accuracy of certain auxiliary problems. In addition, we
describe several examples of equilibrium type problems which can be solved
by the method suggested.
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2 Proximal Point Method

In this section, we describe an application of the proximal point method for
SEP (2) and present its convergence result. First we recall some definitions of
monotonicity properties for mappings and bifunctions; see e.g. [3, 10, 17].

Let V be a nonempty convex subset of a finite-dimensional space E. A
mapping @ : V — FE is said to be

(i) monotone, if, for all u,u’ € V, we have (Q(u) — Q(v'),u — u') > 0;
(ii) strongly monotone with modulus a > 0, if, for all u,u’ € V, we have

2
|

Q) - Qu),u—v) > arffu—

3
(iii) co-coercive with modulus G > 0, if, for all u,u’ € V, we have

(@) ~ Q) u—u) 2 Q) ~ QW)II".

We recall that a mapping ¢ : V — F is said to be locally Lipschitz
continuous if it is Lipschitz continuous on each bounded subset of V. Similarly,
we say that a mapping @ : V — FE is locally co-coercive if it is co-coercive on
each bounded subset of V.

Next, an equilibrium bifunction A : V x V — R is said to be

(i) monotone, if, for all u,u’ € V, we have h{u,v’) + h(v/,u) < 0;

(ii) strongly monotone with modulus « > 0, if, for all u,u' € V', we have
h(u,u') + b, u) < —alju - o'|)?

In the case where h(u,v) = (Q(u),v — u), the bifunction A is monotone

(strongly monotone with modulus «) if and only if so is Q.
‘We now introduce the blanket assumptions of this paper:

(Al) X is a nonempty, convex and closed subset of R", Y is a nonempty,
convex and closed subset of RT'.

(A2) ¢: X x X — R is a continuous and monotone equilibrium bifunction,
such that &(z, ) is convex for each z € X.

(A3) H: X — R™ is a continuous mapping on an open set X containing X,
such that each component H; : X — R is convex for i = 1, ... , M.

(A4) I' : RT xR} — Ris a monotone and continuous equilibrium bifunction,
such that I'(y, -) is convex for each y € RT.

So, we do not impose the strong monotonicity assumptions on the cost
bifunctions @ and I'. We first construct a convergent iterative sequence by
the inexact prozimal point method (PPM for short) which was suggested for
EPs in [14] and can be written as follows.

(PPM) Choose a point 2° = (z°,3°) € X x Y, a number § > 0, and a
non-negative sequence {e} such that
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Zék < 0. (5)
k=0

For each number k = 1,2,..., we have a point 25~! = (2%~1,4%~1), and we
compute a point z¥ = (z¥,y¥) € X x Y such that
P ©

where w* = (uF,v*) € X x Y is a solution of the following auxiliary SEP:

S(uF, x) + 0(u* — ¢tz — uk) + (v*, H(z) — H@uF)) >0 Vze X,
RO TR AN I A St

The kth iteration has been completed.

Thus, each iterate z* is an approximation of the exact solution w* of the
auxiliary SEP (7) with the accuracy ;. The convergence result for PPM can
be formulated as follows.

Theorem 1. Let (A1)-(A4) hold and let SEP (2) be solvable. Then PPM
generates an iteration sequence {z*} which is well-defined and converges to a

solution of SEP (2).

Proof. By definition, SEP (2) is equivalent to EP (1), where ¥ and 2 are
defined in (3) and (4), respectively. Next, the auxiliary SEP (7) can be equiv-
alently rewritten as follows: Find w* € 2 such that

U(w®, 2) + 0(w* —2F 1z —wk) >0 vzen. (8)

Due to (A2)-(A4), ¥ : 2 x 2 — R is a continuous equilibrium bifunction,
moreover, ¥(z',-) is convex for each 2’ € §2. Next, for all 2,2’ € §2, we have

V(2 z) +¥(z2")

= (' 2) + (y', H(z) — H=") + I'(Y',y) - (H(z'),y ~ ¢/)
+&(z,2') + (y, H(z") - H(z)) + I'(y,9) ~ (H(z),y' ~y)
= [0(z',2) + B(z,2')] + [y, y) + (y,9")]

+y' —y, H(z) ~ H(z")) - (H(z) - H(z),y - ¢)

= [0(z',2) + B(z,2')] + [L(y,y) + I'(3,9)] <0,

since @ and I' are monotone. It means that ¥ is also monotone and that
the cost bifunction in (8) is strongly monotone. Hence, EP (8) has a unique
solution (cf. [10, Prop. 2.1.16]). We see that all the assumptions of Theorem
2.1 in [14] are satisfied, therefore, {z*} converges to a point 2* = (z*,y*) € £2,
which is a solution of EP (1), (3), (4), or equivalently, of SEP (2). O

Remark 1. In [14], the convergence result for the general PPM was established
under more general conditions. Namely, if each auxiliary EP (8) is solvable,
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and the solution set of EP (1) coincides with that of the dual EP: Find z* € 2
such that
U(z,2") <0 Vze L,

then PPM generates a sequence which is convergent to a solution of the ini-
tial EP (1). The latter condition is satisfied under generalized monotonicity
assumptions on ¥. We now use the monotonicity assumptions for @ and I’
for the sake of simplicity of exposition. Note that various versions of PPM
for generalized monotone variational inequalities were investigated in [2, 4].
Also, in [8], a splitting type method, which contains PPM as a particular
case, was presented for monotone variational inequalities. At the same time,
its convergence result remains valid under the more general assumption that
the solution set of the initial and the dual problems coincide.

Thus, together with the convergence property, we have shown that SEP
(7) has always a unique solution. However, the main problem for every PPM is
to indicate a way for its implementation. In fact, finding even an approximate
solution to the auxiliary problem (7) is not a trivial task. We will present an
approach to make this method implementable, which is based upon application
of a dual descent algorithm and of gap functions for ensuring satisfactory
accuracy of solution of auxiliary problems.

3 Dual Auxiliary Procedure

In this section, we describe a dual auxiliary procedure for finding a solution of
SEP (7); or equivalently, EP (8), (3), (4). First we define an auxiliary mapping
Fp, : R — R™ as follows:

Fk(y) = _H(ﬁ’)7

where @ = X(y) € X is determined as the unique solution to the auxiliary
EP:

O(a,2) + 0 — 2,z — @) + (y, H(z) - H@)) >0 VzeX.

Under (A1)-(A3), the mapping F}, is well-defined and single-valued since the
cost bifunction in the above EP is strongly monotone and continuous (cf. [10,
Prop. 2.1.16]. Some monotonicity and continuity properties of the so defined
mapping Fj are given in the next lemma.

Lemma 1. Let (A1)-(A3) hold. Then,
(i) the mapping Xy : R — R™ has nonempty values on R} and
=9 Fe(y) - Fe@) 201 Xey) - Xa @I Vo0 € RT3 (9)

(ii) the mapping Fy, : R} — R™ is locally Lipschitz continuous and locally
co-coercive.
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Proof. By assumption, X} is well-defined and single-valued. Fix arbitrary
points ¥,y € RT and set ¢ = Xi(y), 2’ = Xi(y'). Then, by definition,
we have

@((E7I') + 6((6 - mk_1>ml - :E) + (yyH(xl) - H(:L')) >0,
&(z',z) + 0(z' —z* 1z — 2y + (¥, H(z) - H(z")) > 0.
Adding these inequalities gives
(-, H@) - H@) 2 - [0(z,2) + (&', 2)] + 6 |z — /|
2
> 0|lz - 2|

since & is monotone, i.e. (9) holds and assertion (i) is true. Moreover, it also
follows that X maps bounded sets into bounded sets. In fact, letting ' = 0
in the above inequality gives

0llz —2')* < (y, H(z') - H(z)) 52 ('), 2’ - x),

where g*(z') denotes a subgradient of H; at z’. If we choose points y to be in
a bounded set Y, then we have

0lz —2'|° <C|% —z||, where C < oo,

ie. ||z —2']] < C and the image set X;(Y) is also bounded, hence, so is
Fi(Y). The mapping H : X — R™ is then Lipschitz continuous on X;(¥V)
with some modulus Ly, i.e.

|H(z'") — H(z)|| < Lyllz — 2’| Vz,z' € Xp(Y).

Applying this inequality in (9) gives

(-9, Fe() — Fe@)) > 01 Xk(y) = Xe@)I* > (0/L%) [ Fr(y) = Fe)]”

Therefore, F, is Lipschitz continuous and co-coercive on Y. It means that
assertion (ii) is also true. O

The system (7) represents an extension of the saddle point optimality
conditions for a nonlinearly constrained equilibrium problem. Such conditions
are presented e.g. in [14]. From this observation it follows that we can define
the following Lagrangean dual EP for SEP (7): Find a point 9 € Y such that

L(#,y) + 0@ —y* Ly —0) + (F(®),y—9) >0 YyeY.  (10)

The relationships between EP (10) and SEP (7), which somewhat justify the
above definition, can be stated as follows.



Proximal Point Method 93

Proposition 1. Let(A1)-(A4) hold. Then,

(i) If (u®,v*) is a solution to SEP (7), then v* solves EP (10);

(i3) If & solves EP (10) and @ = Xy (), then (uF,v*) = (@,9) is a solution to
SEP (7).

The proof follows directly from the definitions of both the problems and the
mapping Xi. Thus, we can solve EP (10) instead of SEP (7). Note that it has
always a unique solution since the cost mapping in (10) is strongly monotone
due to Lemma 1 (ii) and the bifunction I is monotone. Thus, we can suggest
various iterative algorithms to find a solution of EP (10).

In order to maintain the basic assumptions of this paper, we will apply
the splitting type algorithm, which, starting from the initial point v*° € Y
(e.g. we can set v*0 = y*~1), for each k = 0,1,..., computes the next iterate
v#3*1 € Y as the unique solution of the problem

Fk ,Uk,s + 0 ,Uk,s _ yk—l + )\—1 ,Uk,s+1 _ ,Uk,s Y — ,Uk,s+l
(11)
+I (Wt y) >0 Vyey,

where A > 0 is a given number.

Theorem 2. Let (A1)-(A4) hold. Then, for each k, there exists a number
N, > 0 such that the sequence {v¥*}, defined in (11), where A € (0,)}),
converges to o unique solution of EP (10) in a linear rate.

Although there are several ways to prove convergence of splitting type
methods (see e.g. [5, 16, 20]), they are either too complicated or require addi-
tional assumptions. For this reason, we give here another proof which is based
on properties similar to those of the classical projection method for variational
inequalities; see e.g. [19)].

Fix a number A > 0 and determine an extension of the proximal mapping
for EPs as follows: ¥ is the value of the mapping P at a point w € R™ if it is
a solution to the problem

ey, (B—wv—=2)+Al#v)>0 YveY.

If (A1) and (A4) hold, then this EP has always a unique solution, i.e. the
mapping P : R™ — R™ is well-defined and single-valued.

Lemma 2. Let (A1) and (A4) hold. Then P is co-coercive with modulus 1

and nonexpansive.
Proof. Choose w,w' € R™ and set v = P(w), v = P(v'). Thus,
(v—w,v —v) + Al (v,v') >0,

(W —w',v =)+ A, v) > 0.

Adding these inequalities and using the monotonicity of I', we obtain
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— v =) + (@ —w,v =) 20,

i.e., P is co-coercive with modulus 1. Moreover, ||w' — w|| > |lv — /|, i.e., P
is nonexpansive. O

Suppose that @ : Y — R™ is a continuous mapping. Let us consider the
problem of finding a point y* € Y such that

QW) y-y)+I(y,y) 20 VyeYy. (12)
We denote by Y* the solutions set of this EP.
Lemma 3. Let (A1) and (A4) hold. Then, y* € Y* iff y* = Py* — A\Q(v*)].
Proof. If y* = P [y* — AQ(y*)], we have
W - - 2QW),v—y) +AM(y",v) 20 WVweY,

i.e. y* solves EP (12). Conversely, let y* € Y*, but y* # § = P[y* — A\Q{y*)].
Then, by definition,

G-y = 2QW"],v" —9)+ A(F,y") > 0.

Since I' is monotone, I'(§,y*) < —I'(y*, 7). It follows that

MQW", 7 ~y") + A" 9) < ~ Iy - §lI* <0,
ie. y* ¢ Y*, acontradiction. O

The properties above allow us to derive the following convergence result.
For the sake of clarity, we repeat all the assumptions here.

Proposition 2. Suppose Y is a nonempty, conver and closed subset of R™,
Q Y — R™ is strongly monotone with modulus T and locally Lipschitz
continuous, I' : Y x Y — R is a monotone continuous equilibrium bifunction
such that I'(y,-) is convez for each y € Y. Then there exists a number X' > 0
such that any sequence {v°}, defined by the rule

vt = Plo* = AQ(v®)] fork=0,1,..., (13)
where A € (0,)), converges to a unique solution of EP (12) in a linear rate.

Proof. Using Lemmas 2 and 3, we have
[[v°* = v*|| = [IP [v* = AQ(v*)] = P [v* = AQ(v")]]|
< Ip® = o*] = ARM?) = QI

where v* denotes the unique solution to EP (12). Fix L as the Lipschitz
constant for Q on the set Y = Y N {v | ||v — v*| £ [[v® — v*|}. Clearly,
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v® € Y. Suppose that v* € Y. Then, taking into account the assumptions of
this proposition, we obtain

oo+ = o*]|* < flo® = " |* = 2A(0* = v*, Q(v*) — Q"))
+X°[Q(*) - Q)|
< (1 =27 + AL ||o° —v*|?
= (1 - 227 = AL?) [lo* = v*||* = 2 |o* —o|?,
where v € (0,1) if X = 27/L?, and the result follows. DO

We are now ready to prove Theorem 2.

Proof of Theorem 2. First we observe that the assumptions of Proposition 2
are satisfied for Y, I', and the mapping @), defined by

QW) = Fiu(y) + 6y — y* 7).

Namely, due to Lemma 1, @ is then strongly monotone with modulus 7 = ¢
and locally Lipschitz continuous. Next, EP (10) then coincides with (12), and
the process (11) corresponds to (13). From Proposition 2 it follows that the
assertion of the theorem is true. O

The splitting method above can be in principle replaced with the more
usual projection method applied to the equivalent variational inequality for-
mulation of EP (10). However, this approach requires additional differentia-
bility conditions on I, more precisely, the mapping G : ¥ — R™, defined

N or(y,y)
Yy
G(y) = 8—y,|y'=y,

has to be Lipschitz continuous for convergence.

Since SEP (7) is only an auxiliary problem, it has to be solved in a finite
number of iterations within the estimate (6). For this reason, we make use of
the gap function approach for ensuring the prescribed accuracy. In [14], the
standard regularized gap function approach was used. Now we utilize a some-
what different approach suggested in [9], which is called nonlinear smoothing
and based on transformation of the initial problem.

Given a point 2’ = (2/,y') € 2 = X x Y, we define the function

wi(2) = max or(7, 2) = pr (2", w(2)), (14)
where z = (z,v),
er(2',2) = =¥ (2',2) + 050 (|| — 257 — ||z — 25 71)?)

and ¥ is defined in (3). Since the function ¢ (7, ) is clearly continuous and
strongly concave, the solution w(z’) of the inner problem in (14) is unique and
always exists. The introduction of such a function is based on the following
equivalence result, which can be derived directly from [10, Theorem 2.1.2].
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Lemma 4. Let (A1)-(A4) hold. Then SEP (7) (or eguivalently, EP (8)) is
equivalent to the problem: Find w* = (u* v*) € 2 such that

T(wk, 2) +0.50 (|2 — R — k- 2B >0 vie . (15)

Thus, ur can be viewed as the primal gap function for EP (15), which is
equivalent to EP (8). We obtain its basic properties directly from the defini-
tion.

Lemma 5. Let (A1)-(A4) hold. Then,

(i) p(Z') > 0 for every 2’ € £2;

(11) 2’ € 2 and pp(Z') = 0 <= z'solves EP (8) < 2z’ = w(?');
(14i) px is continuous on §2.

Besides, we need the following error bound.

Lemma 6. Let (A1)-(A4) hold. Then,
p(2') > 0.50 ||z — w’“”2 vz € 02, (16)
where w* denotes the unique solution to EP (8)(or (15)).

Proof. Take an arbitrary point 2’ € {2 and a number o € (0,1). Then, for
2% = az' + (1 — a)w®, we have

T (wk, 2%) + 056 (||z* — 2F71|? = |lwF — 2F71)%) >0,
hence
T(wk, ) +0.50 (|| — 25712 - w® — 2F71?) > 0.5(1 — a)f)j2’ — w*||%.
Taking the limit o — 0 gives
T(wk, 2') +0.50 (||2" — 272 = [wk — 2571)|%) > 0.50]|2" — w*||>.

It was shown in Theorem 1 that ¥ is monotone, i.e. ¥(w*,z') < —¥ (2, w*).
Combining both the above inequalities, we obtain

() = =0 (', w*) +0.50 (|| — 2571 — |lwk - 2F71)%)
>0.50 |2 —w*|”,
i.e. (16) holds. O

We are now ready to describe the PPM with the dual auxiliary procedure,
which converges to a solution of SEP (2) without any additional assumptions.

(DAPM) Choose a point 2° = (z°,34°) € X x Y, a number § > 0, and a
non-negative sequence {Jx} such that
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o
Z dr < 00, (17)
k=0

At the kth iteration, ¥ = 1,2,..., we have a point 2¢~! = (zF~1 ¢4*71) €
X x Y, set v50 = 51 and construct an iteration sequence {v*:*} as follows:
the next iterate v** € Y solves the problem

<Fk(’l)k’s_1) + e(vk,s-—l -m yk—l) + )\I;—l(vk,s _ Uk’s_l),y _ ,Uk,3>
+I(W%,y) 20 Vyev,

where A > 0, until
pi(25°) < 6, (18)

where z5:° = (uP®,v%2), ub* = X) (v5*). Then set z* = u®*, y* = v¥*, The
kth iteration has been completed.

Thus, DAPM has a two-level structure. The upper level carries out the
PPM process and the lower level corresponds to the dual process (11). We
will call each lower level step (i.e. increasing s) an inner iteration.

Theorem 3. Let (A1)-(A4) hold and SEP (2) be solvable. If DAPM generates
a sequence {zF} with z¥ = (z*,y¥), then there exists a sequence {\,} with
X, =X >0 fork=0,1,..., such that, for every A\ € (0,},), the following
assertions hold:

(i) for each k, the number of inner iterations is finite;

(i3) {z*} converges to a point z* = (x*,y*) which solves SEP (2).

Proof. For each fixed k, there exists a number A} > 0 such that, for every
M € (0,);), the sequence {v®*} converges to the unique solution & of EP
(10) because of Theorem 2. On account of Proposition 1 (ii) and Lemma 1,
the sequence {(u**,v%*)} then converges to the unique solution w* of EP
(8). Applying Lemmas 4 and 5, we conclude that u(z%*) — 0 as s — +oo,
and assertion (i) is true. We have to show that conditions (5) and (6) hold.
From (18) and (16) it follows that

0.50 [|2* —w|* < ui(z*) < 6, (19)

where w* = (uF,v*) is the unique solution to EP (8) (or SEP (7)). Hence, if

we set
ex = O M0.50,

the so defined sequence {e;} will satisfy (5) due to (17). So, condition (6)
holds and assertion (ii) follows now from Theorem 1. Next, by (17) and (19),
limy_, oo w* = z*. From the proof of Proposition 2 we obtain A, = 27 /L2,
where 73 is the modulus of strong monotonicity of the mapping @y, defined
by

Qr(y) = Fu(y) + 6y — y* 1),
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and Ly is the Lipschitz constant for Qi on the set
Ve=Yn{v|llv—of) <lly*t =8|}

From the definitions we see that 7 > 0 and that ||y*~! —v*|| — 0 as k — oo,
ie. Ly < L < +00. Therefore, there exists a positive lower bound )\’ for the
sequence {A}}, i.e. the theorem is true. O

If the constraint mapping H : X — R™ is Lipschitz continuous with
constant Ly, then we can specify the value of ). In fact, from the proofs of
Lemma 1 (ii) and Theorem 3 we see that

N >20/(0+ L2 /6)% = 26%/(6° + L3)2.

However, Theorem 3 shows that DAPM does not require this condition for
convergence.

Thus, DAPM essentially exploits the specific structure of the system (2)
and it seems simpler than possible variants of PPM involving the primal-dual
methods. Note that the basic assumptions of this paper do not include strong
(strict) monotonicity or differentiability of any function, hence the approach
suggested can be applied for rather broad classes of problems.

4 Examples of Applications

In this section, we give several examples of problems which can be formulated
as SEP (2). Hence, they can be solved by the method described.

4.1 Saddle Point Problems

Let us consider the problem of finding a pair of points (z*,y*) € X x Y such
that
M(z*,y) < M(z*,y") < M(z,y") Vze X,VyeY, (20)

where the sets X and Y satisfy (A1),

M(z,y) = f(z) — ¢(y) + (y, H(z)),

f:X > Rand ¢ : Y — R are convex continuous functions, and H : X —
R™ satisfies (A3). If we set ¢ = 0 and Y = R, then (20) is nothing but
the well-known Lagrangean saddle point optimality condition for the convex
optimization problem:

minimize f(xr) over theset {z¢€ X | Hi{z) <0 i=1,...,m}.

Next, the other particular case of problem (20) with affine H and quadratic
f and ¢ is known as the extended linear-quadratic program and it is inten-
sively investigated in connection with its numerous applications in multistage
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stochastic programming and discrete-time optimal control; see e.g. [18] and
references therein. At the same time, (20) can be equivalently rewritten as

follows:
{f(w) - f(@*)+ (y*, H(z) - H(z*)) 20 Vze X,
(¥) —ey*) - (HE=*),y—y") 20 Vyey,

i.e. it is a particular case of SEP (2), with
P(2',7) = f(z) — f(z') and T'(Y,y)=ey) - el).

Therefore, all the assumptions (A1)-(A4) hold and we can apply the corre-
sponding variants of DAPM for finding a solution.

4.2 Spatial Price Equilibrium Models

There are many various formulations of spatial price equilibrium models which
describe movements of goods among spatially distributed markets. We give
one of the most popular models presented in [7].

The model is determined on a transportation network with the set of
nodes N and the set of arcs A. For each node i, y; denotes the price of a
homogeneous commodity and FE;(y) denotes the excess demand at this node
where y = (y;)ien. For each arc a € A, f, denotes the flow and ¢,(f) denotes
the transportation cost for shipping the commodity for this arc, where f =
(fa)aca. Next, we denote by W the set of all origin-destination pairs in the
net, then P, denotes the set of paths joining pair w and P = (J,cp Pu
denotes the set of all the paths. For each path p ¢ P, z, denotes the flow and
Cp(z) denotes the transportation cost for this path, where = (z,)pep. Set

C(x) = (Cp(x))pep and c(f) = (ca(f))aca then, clearly,
f=Dz and C(z)= DTc(f), (21)
where D is the arc-path incidence matrix, i.e. D = (d,,),

d = 1 if path p involves arc a,
2710 otherwise.

*

A flow-price pattern (f
following conditions:

o Y- > Y a-E@) 20, y>0

,¥*) is said to be an equilibrium if it satisfies the

w=(k,i)EW pE Py w=(1,j)EW pEPy (22)
vl X Xzm— X X a-El)| =0 VieN;
w=(k,i)EW pEPy w=(i,j)EW pEPy
and
- > >
’y y; + Cp(z™) 2 z; >0, (23)

o5 [uf — v — Cpla*)] = 0 v ’P Vo = (i, ) € W,
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Conditions (22) represent equilibrium between input-output flows and prices
at each market, whereas conditions (23) represent equilibrium between ex-
port flows and profits of shipping for each pair of origin-destination markets.
Since these conditions are obviously complementarity problems, they can be
equivalently rewritten as follows: Find z* > 0 and y* > 0 such that

ol dme Y D m-EG)

iEN |w=(k,i)éW pEPy w=(1,j)EW pEPy
Xy —y;) >0 VYy; >20,i€N;

SN W -v+Co(@)] (@ —xp) 20 V2, >0 pe PyweW.
weW peP,

This system is a particular case of SEP (2), moreover, the assumptions (A1)
and (A3) are satisfied. If the negative excess demand —F and the transporta-
tion cost C are monotone continuous mappings, then (A2) and (A4) also hold.
At the same time, due to (21), C(z) may not be strictly (strongly) monotone
even if so is ¢(f). Thus, the above system of equilibrium problems can be also
solved by the proximal approach.

4.3 General Economic Equilibrium Models

There are many different economic equilibrium models which are formulated
as systems of variational inequalities or equilibrium problems. Some of them
were presented in [12, 13]. We describe here another economic equilibrium
model, which is an extension of the known Cassel-Wald model; see e.g. [15]
and, also, [12].

The model describes an economic system which deals in | commodities, n
technologies of production, and m pure factors of production. In what follows,
¢, denotes the price of the kth commodity, b; denotes the total inventory of the
ith factor, and a,; denotes the inventory of the ith factor which is required for
the unit level of the jth technology, so that ¢ = (c1,...,¢)T, b= (b1,...,bn)7T,
A = (aij)mxn. Next, z; denotes the activity level of the jth technology, z
denotes the output of the kth commodity, so that z = (z1,...,2,)7 and
z = (z1,...,2)T. We suppose that the relation between z and z is given
by the single-valued output mapping F : R} - Rﬂ_, i.e. z = F(z); prices
are dependent of outputs, i.e. ¢ = ¢(z), and that inventories are dependent
of shadow prices of factors y = (y1,...,Ym)’, namely, b € B(y), where B :
R — 28% . Thus, a set of resources may correspond to a single price vector
of pure factors and the mapping B is multivalued in general.

We say that the pair (z*,y*) € R} x BT represents an equilibrium solution
in the model if the following inequalities are satisfied:

(c[F(z")], F(z*) — F(z)) + (y", Az — Az*) 20 Vz € R},  (24)
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3b* € B(y*), (" —Az",y—y*)>0 Vyec R (25)
If we set
P(z',2) = (c[F(')], F(z') — F(z)), (26)
I'(y,y)= sup (by—y'),X =R},Y=RY, (27)
beB(y’)

then SEP (2) coincides with (24), (25). Note that (25) is equivalent to the
multivalued complementarity problem:

y* >0, 3* € B(y*), b* — Az* >0 and (b* — Az™,y*) =0,

which represents the usual equilibrium conditions between shadow prices and
inventories limitations for all pure factors. Next, if F' is differentiable, then
(24) can be in principle replaced with the following complementarity problem:

a* 20, ATy" ~&(z*) 20, (ATy* - &e"),2") =0,

where &x*) = [VF(z*)]” ¢[F(z*)], VF is the Jacobian of F. This problem
also represent the usual equilibrium conditions between activity levels and cost
differences for all technologies. Next, in the general case, the assumptions (A1)
and (A3) are clearly satisfied. Suppose that ¢ and F are continuous mappings,
—c is monotone, and F' has concave components. Then (A2) holds for the
bifunction @ given in (26). Note that strict (strong) monotonicity of —c does
not imply the same property for ¢ in general.

Also, we can obtain the monotonicity of I" in (27) from the same property
of B. Again, it means that DAPM can be applied to find an equilibrium pair
in this model.

Acknowledgements. The author is grateful to referees for their comments
which improved essentially the exposition of the paper.
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Summary. The paper considers a general multistage stochastic decision problem
which contains Markovian decision processes and multistage stochastic program-
ming problems as special cases. The objective functions, the constraint sets and the
probability measures are approximated. Making use of the Bellman Principle, (semi)
convergence statements for the optimal value functions and the optimal decisions
at each stage are derived. The considerations rely on stability assertions for para-
metric programming problems which are extended and adapted to the multistage
case. Furthermore, new sufficient conditions for the convergence of objective func-
tions which are integrals with respect to decision-dependent probability measures
are presented. The paper generalizes results by Langen(1981) with respect to the
convergence notions, the integrability conditions and the continuity assumptions.

1 Introduction

Many decision processes go in several steps: The decision maker, who wants
to minimize a certain cost functional, chooses an action, obtains further infor-
mation, reacts to this new aspects, again obtains new information, and so on,
up to a finite horizon m. Costs arise at each step or at the end of the decision
process only and they can depend on all states and actions observed so far.
Often it is assumed that the information which becomes available between the
actions can be modelled as random variable, which will be called state and
whose distribution is known in advance. Normally, these random variables are
not independent and, moreover, their distributions are influenced by foregoing
actions.

Markovian decision processes and multistage stochastic programming prob-
lems are well-investigated models for decision processes of that kind. Despite
several differences they have a similar structure (see e.g. [3]). One important
common feature is that the decision maker tries to optimize the expected cost
functional.

In the following we will assume that the random total costs, given
a sequence of decisions (x1,Z2,...,Zy,) and a sequence of random states
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(S1,-..,8m+1), have the following form:
m
F(S1,. ) Sma1, @1, Bm) = D k(81,5 k1, T, -+, Tk),
k=1

i.e. we have a sum of stage costs. The terminal costs can be included in
¢m(S1, ..y Sm+1,%1,...,Zm). The aim then consists in finding a sequence
(¥1,...,9m) of non-anticipative deterministic decision functions that yields
minimal expected total costs where the expectation is taken with respect to
the common distribution of Sy,...,S,,+1. Usually there are also constraints
for the decisions.

Under some natural assumptions on the set of admissible decisions, which
will be specified in the next section, the Bellman Principle is applicable, which
enables the decision maker to determine the optimal sequence of decision
functions (at least theoretically) in a ‘backward procedure’. According to the
Bellman Principle, at stage k, one has to solve an optimization problem of the
following form
zkeD;?(lsil?,ik_l) Jsck 3k Sk41, Thm1,Tk)

+ Pt 1(5ky Sk415 Th—1, Tk )dPit 1[5, 7, (Sk+1)

where s; means a realization of the random variable Sg. 3x = (s1,...,8k)
describes the so-called state-history and ZTx—1 = (z1,...,Zx—1) the deci-
sion history, which are known when the decision z; has to be chosen.
Dr11(3k, Sk+1,Th—1, Tx) denotes the minimal expected future costs. P15, 7,
is the probability distribution of Sk.1, given §; and ZTy. Here Dy (5k, Tr—1)
describes the set of admissible decisions, which will also be called ‘constraint
set’.

Unfortunately, there is often a lack of information about the true proba-
bility measures and they have to be approximated. Furthermore, the optimal
‘future costs’ are usually determined with a certain approximation error only.
Hence there is a need for stability statements that clarify under what condi-
tions the optimal values and optimal decision functions of the approximate
problems come close to the corresponding quantities for the true problem.

Stability for multistage problems has been dealt with in an L”-setting for
stochastic programming problems with linear or linear-quadratic objective
functions ([4], [19]) or via a stage-wise approach, which mainly relies on back-
ward recursion (cf. [10] for Markovian decision processes and [6] for multistage
stochastic programming problems).

We shall also use the stage-wise approach and derive qualitative stability
results. A general model will be considered, which includes Markovian decision
processes and multistage stochastic programming as well. In contrast to most
stochastic programming models, we will allow for probability measures that
depend on foregoing decisions. Approximations of the state space as considered
by Langen [10], however, will not be considered, because approximations of
this kind could be widely covered by an appropriate choice of the probability
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measures. Apart from this exception, we shall give weak sufficient stability
conditions which generalize the results by Langen [10] with respect to the
convergence notions, the integrability conditions and continuity assumptions.
Allowing for discontinuous integrands opens e.g. the possibility to deal with
probabilistic objective functions and/or constraints.

The considerations rely on qualitative stability results for one-stage stochas-
tic programs where the probability measure does not depend on the decision
([8], [9]) and extend them to the multistage case and decision-dependent prob-
ability measures.

The paper is organized as follows. In Section 2 we provide the mathe-
matical model. Section 3 deals with general parameter-dependent one-stage
optimization problems. In Section 4 the special form of the objective functions
as parameter-dependent integrals is taken into account. Section 5 combines
the results to the multistage setting.

2 Mathematical Model

We base the considerations on the following model: A stage consists of an ob-
servation of a state and an action which follows that observation. This agree-
ment is in accordance with the point of view in Markovian decision models.
In multistage stochastic programming problems a stage usually starts with an
action, thus our model has to be specialized to apply to this case. In order
to investigate a model which is as general as possible, we decided to consider
stage costs ¢, which may depend also on sj1, c.f. [15].

In what follows, m denotes the number of stages, the so-called horizon,
and by N,, we mean the set {1,...,m}.

We base our considerations on the investigations in [5] and [15]. The states
or observations si at stage k are assumed to be elements of a standard Borel
space S, i.e. a non-empty Borel subset of a complete, separable, metric space,
provided with the system of Borel subsets (to simplify presentation, here and
in the following, we omit an additional symbol for the system of Borel subsets).
The actions or decisions xj are taken from a standard Borel space A. The
sets of possible actions can be constrained by certain conditions which can
depend on the history so far. These conditions are described by means of
multifunctions Dg. In order to explain these multifunctions we will use the
following abbreviations: Let H 4 := Sk, k € Nppy1, and Hs ;= AF ke N,,.

Now Dy : Hl,k X Hz,k—l — QA, ke N, \ {1}, and D, : Hl,l — 25 are
multifunctions which determine for histories (5x,Zx—1) and s; the constraint
sets or sets of admissible actions Dy (5, Tr—1) and Dy (s;), respectively. We
assume that all multifunctions D;, are closed-valued.

The probability measures Pyyq).. : Higx x Hyp — P(S), k € Ny \ {1},
describe how the state history 5; € H 5 and the decision history 73 € Hy
influence the probability distribution of the observation in stage k + 1. P(S)
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means the set of all probability measures on the o-field of Borel sets B(S) of
S. P, € P(S) is the distribution of the first state.

The aim now consists in finding an optimal strategy (or policy, plan),
i.e. a sequence of decision rules which tells the decision maker at each stage
how to decide, given the foregoing observations and actions. Thus we define
a strategy as a sequence ¥ = (0k)g=1,...,m of decision functions d; : Hj; — A
and 6 : Hyx x Hox—1 — A. A sequence (3x)kren,,,, of observation histories
and a strategy ¥ then define recursively a sequence of actions (zx(3k,9))ken,,
and decision histories (Zx (Sk, ?))ken,, via

51(31,’19) = x1(§1,19) = (51(81),

Tk (3k, F) := 0k Gk, Th—1(3k-1, 7)), T (3%, ) := (Tk—1(Bk-1,9), T (3%, F)).

Thus probability measures Py.y15,,9 on B(S) can be defined by

Pk-|—1|§k,19(B) = Pk+1|§k,':t'k(§k,19)(B)-

We assume that 6, k£ = 1,...,m, are Borel-measurable functions of their
arguments. In order to guarantee this property for an optimal strategy we
suppose that the cost functions ¢, : Hj g1 xHs x — RU{+o0} are measurable
with respect to the product sigma field of all arguments and that the graphs
of the constraint multifunctions are measurable. Furthermore, we suppose
that for each B € B(S) the functions (3x,Zx) — Pri1js,,3,(B) are Borel-
measurable.

Then we can base our considerations on the measurable space [2r, X} with

m+1
2r =S, =) BE) and Si(w) = s for w = Fmys € 2.

i=1

Using the abbreviation S; := (Sy, ..., S5;), a probability measure Py on [2r, X
is defined by Py(S, € B) := P,(B), and

Pﬂ(Sk S Blgk—l = gk—l) = Pkl?k_l,ﬁ(B)7 Bec B(§), k > 2.

We will call a strategy ¥ = (0k)k=1,...,m admissible, if §1(s1) € D1(s1) for
all s; € suppPy, and, for k € N, \ {1},

0k Bk Th—1(3k-1,7)) € Di(3k, Tr—1(3k—1,9)) for all 5}, € suppPys, ;9

where supp denotes the support of a probability measure. The set of admissible
strategies will be denoted by 6.
We exclude induced constraints, i.e. we assume that Dy 5k, Tx—1(5k-1,9))
is nonempty for all admissible 9, all k € N, \ {1}, and all 5;, € suppPy5,_, 9-
Now, for a given strategy ¥, the random total costs can be written in the
form
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Fy(w) = cx(Sks1(w), Zx(Sk (@), D))
k=1
The task for the decision maker consists in finding a strategy ¥#* € @ such
that
i F = IE *F *
min EyFy = Eg Fy

where Ey denotes the expectation with respect to Py. We assume that there
is at least one strategy J such that EyFy < co.

Given a history (S, Tm-1) € Hi m X Ha m—1, an optimal decision z, can
be obtained by
xeDm(g:nf,fm-l) fs cm (Sm, 8, Tm—1, L) AP 1[5, Fn1,2(S)
= fg Cm(gm; safm—lam:n)de+l|'§m,fm_1,z*m (S) = Qm(gmafm—l)-
Furthermore, for k =m —1,...,1, z}, is obtained by

inf  fSck(3k, 8, Th-1,2) + Prs1(5k, 8, Th-1, T)dPry 15, 71 2 (8)

xeDk(sk,wk__l)
= [s ¢k (3ks 8, T—1,2}) + Brt1(3k, 8, Th—1, 25 )dPr s 115, 71 o2 (5)
=: Or(3k, Th—1)-

In order to avoid permanent distinction between the cases k = 1 and k > 1,
here and in the following we assume that dependence on a parameter zj_1
for k = 1 is ignored.

The above equations open the possibility to carry over results from one-
stage optimization problems to the multi-stage case. Note that with the agree-
ment @y 1(Gmt1,Zm) =0 Y(Sm41,Zm) € Himy1 X Ha 4, there is a uniform
structure for k =m,...,1.

It should be mentioned that Markovian decision processes as investi-
gated by Langen [10] fit into this framework with the following agreements:
ck(Bk+1,Zk) = B(s1,71,82) * - B(Sk~1,Tk—1,8k) - 7(8k,%x) where 3 de-
notes the bounded discount factor and r the reward function. Furthermore,
Dy (3, Tk—1) = D(sg) and Py 115, 7. (B) = q(sk, zx, B) for a transition func-
tion gq.

The well-investigated two-stage stochastic programming problems are ob-
tained Viarg = 2, 61(81, 82,1, ) = 61(:171), Cg(sl, 82, .93,1‘1,51?2) = ?2(.131, 82, .’132),
Py, 2, = P2, Pyjs, z, arbitrary, Di(s1) = D1, Dz(s1,%1,582) = Da(x1, 82).

Now we assume that each of the determining components (Dg)ken,, ,
(Pet1].,)k€Npmyy, and (Ck)ren,, of our original model is approximated by a
sequence in a suitable sense. Consequently, we have to investigate approximate
models

(DM ™) (Dl(cn))keNm; (Pk(:r,)~)keNm+1a (Cgcn))kENm'

In the following, the original model will be indicated by the superscript ‘(@

(DM®) (D )kenn, (PIE?.),.)keNm“, () keN, .
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For all problems (DM®™), n € Ny := {0,1,...,}, we impose the same
assumptions as for the original problem. Hence we can proceed as indicated
above and solve an optimization problem at each stage.

We will use the following abbreviations for n € Ny:

m+1(sm+1,xm) := 0, and, for k € N,,,

‘pl(c )(Sk-l-hzk) = ckn)(§k+1afk) + égcT-L{—l(gk‘i-l:Ek)a
f,ﬁ (Sk, Tr—1,Tk) = [y <.0k Sk,S,Tk—l,mk)deHlsk,zk Lz (5D
@i )k, Fro) = inf f;gn)(gk,ivk—hu’vk)-

Tk GD;(CH) (Br,Tr—1)

Furthermore, we introduce - for the original and the approximate problems -
the so-called solution sets for each stage k € N,,, which contain the optimal
decisions:

W,En)(gk,ifk_l) = {ﬂ?k S D,(cn)(gk,fk_l) : fén)(Ek,Ek_l,xk) = Q;Cn)(gk,fc'k_l)}‘

Our aim consists in deriving conditions which ensure that the approximate
problems yield strategies 9(™ such that lim Eymy Fymy = Eg» Fye.
n—00
Sufficient for this equality are, for instance, the following two conditions
(where H, j and Dy, are suitable sets which will be specified in Section 5):

(a)for each k € {2,...,m}, all 5, € Hyy, al ac,(c)l € Dy_,, all se-
+(n) =(n) +{0) =(0) (n) -(n) ——(n) —
quences (3, Ty 1) env — (3,7,%, ), one has nll)n;o@k (55 )=
0) (=(0) (0
o0 0,70 ),

(b) for Pj-almost all s, nli)n;o 45(1n)(s) = @go)(s).

Furthermore, it will be shown that the conditions which guarantee these
equations also yield K-lim sup W,E (5560 ,E,(co)l) c W ) (5(0) EECO)I) for all 35 €

n— 00

H; ) and all EECO_)I € Dy_;, and K-lim sup Wl(")(s) C WI(O)(S) for P;-almost
n—oo
all s.

Moreover, we will provide conditions under which even ‘pointwise’ conver-
gence with respect to the state histories (together with continuous convergence
with respect to the decisions) yields the desired statement.

The so-called outer Kuratowski-Painlevé-Limes K~limsup is defined in

n—00
the following section. Aiming at approximating the whole solution set of the
original problem would require rather strong conditions and is in fact more
than one really needs.

3 Stability of Parametric One-Stage Problems

We consider the optimization problem which occurs at a fixed stage k. In
comparison to one-stage problems, in the multistage-stage setting there is
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mainly one new aspect that has to be coped with, namely dependance on the
parameter ‘history’, which can occur in the constraint sets, the integrands
and the probability measures. Because for stability investigations the states
and the actions have to be handled in a different way, we will distinguish
the state and the decision history in the functions and multifunctions under
consideration.

‘We shall investigate optimization problems of the following form

(P (3,7)) min _ f("(3,7,2),
z€D™)(3,%)
with n € Np. Here 5 denotes an element of a standard Borel space H; and &
denotes an element of a standard Borel space Hjy. The optimal value functions
will be denoted by (™ and the solution set multifunctions by W™,

The optimization problems which occur at stage k € N, in the ‘backward
procedure’ have form (P(™(3,%)). 3 may be regarded as ‘state history’ and
T as ‘decision history’, which is available when the new decision has to be
chosen. &™) (3, %) means the optimal ‘rest costs’ and W (™ (3,7Z) denotes the
set of optimal decisions given the history (5,Z). As the optimal value function
at stage k is a main part of the objective function for stage k — 1, we aim at
deriving stability assertions for the optimal value functions which are known
to be desirable for the objective functions. Continuous convergence of the ob-
jective functions of a sequence of optimizations problems has proved to be an
appropriate convergence notion for stability considerations. If the constraint
sets remain fixed, the continuous convergence condition can be weakened. In
one-stage problems often epi-convergence is imposed. However, the sum of two
epi-convergent sequences is in general not epi-convergent. Hence we adapt a
condition which was considered by Langen (for maximization problems) and
in [10] called upper-semi-continuous convergence. We shall call this kind of
convergence lower semicontinuous pointwise convergence. For the constraint
sets and the solution sets we need the concept of Kuratowski-Painlevé con-
vergence.

In {1] and [13] nowadays classical stability results for parametric opti-
mization problems are compiled. Here we have to deal with three kinds of
parameters. Firstly, the upper (approximation) index () can be interpreted
as parameter. Therefore semicontinuous behavior in [1], [13] appears here in
the form of semi-approximations. Furthermore, there are the parameters 3
and Z. They play a different role in stability considerations, see below. Hence
we have to modify the classical results to apply to our special parametric
sequences.

We start recalling the definition of Kuratowski-Painlevé-convergence:

Definition 1. Let (My)nen be a sequence of nonempty sets in A. Then
the Limes superior (in the Kuratowski-Painlevé sense) or ‘outer limit’ K—

lim sup M, and the Limes inferior (in the Kuratowski-Painlevé sense) or ’in-
n—00

ner limit’ K—lim inf M,, are defined by
n— o0
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. HNxp)neny — x such that }
K-1 M,:= €A
l,?i,il,}p " r an€N3m>n:zm€Mm
- . zp)neny — & such that
K-liminf M,, .= xEAIEInOENVn>nO: € M, ("

n—o0

|

If both limits coincide, the Kuratowski-Painlevé -Limes K— lim exists:
n—00

K- lim M, := K-limsup M,, = K—lim inf M,,.

n-—o00 n—00 n—00

We have to extend these notions to multifunctions {C(™, n € Ny} which map
into the Borel sets of A and are defined on the cross product of standard Borel
spaces H; x H,. H; and H, may be different from H; and Hy, respectively. We
introduce the new notions, because we do not need semicontinuous behavior
with respect to all history parameters. Semicontinuous behavior with respect
to the actions is assumed in the stability statements for the optimization
problems and cannot be dispensed with. Semicontinuity assumptions with
respect to the states are convenient for the derivation of sufficient conditions
in Section 4. They can, however, often be replaced with pointwise convergence,
compare, e.g. Theorem 4. Semicontinuous behavior with respect to s; is never
needed. Thus an element of H; can be understood as a whole state history
for the stage under consideration or the first state only. Then the elements of
H, are in the first case the action histories and in the second case the state
histories except s; and the complete action histories. Thus we always have
]H[l XH2=H1 XHg.
In the following G; denotes a Borel subset of Hi, i=1,2.

Definition 2. Let {C™, n e Ny} be a family of multifunctions C™) : H; x
Hy — 22, The sequence (C(™),en is said to be

(i) an inner semi-approzimation to C©) on Gy given Gy (abbreviated C™) ﬁ

Cc©) ¢f

Vs € G1 Vy € G V(yn)nen — y : K-limsup C™ (s,y,) € CO)(s,y),

n—0o0

(i) an outer semi-approzimation to C®) on Gy given Gy (abbreviated C'™) —GI%T—C_:‘)?

CcO) if

Vs € G Yy € Ga V(Yn)nen — ¥ : K—liminf C (s, 4,,) D CO(s, ).

(11} convergent in the Kuratowski- Painlevé sense to C(©) on Gy given Gy (ab-
breviated C(™) X C’(O)) if

K- K-o
cm =" C(U) and CM___2 o0
Gz 1 Ga|G1
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Now we introduce the convergence notions for sequences of functions we
shall deal with. A denotes a standard Borel space. In the following A will
usually be interpreted as Hy x A.

Definition 3. Let {f("),]z € Ny} be a family of functions f™) H;xA—>R
and C a Borel subset of A. The sequence (f™),cn s said to be a

(i) lower semicontinuous approzimation to f(©) on C given G, (abbreviated

P gy fO) i
Vs € G1 Yy € C V(yn)nen — y : liminf £ (s, ) > £ (s,1),

(i3) upper semicontinuous approzimation to f© on C given G (abbreviated
f(n)'cf_r!c? f(O)): 'Lf

—fm___, O

(i#) continuously convergent to f®) on C given G, (abbreviated f(™ £ reirend F)
if

f(O) and f(n).___. _, £(0)

() _~_,
f C|G1 )

C|G

(iv) lower semicontinuously pointwise convergent to O on C given Gy (ab-
breviated f(")—l——p—> FO) 4f

f™M_—— O gnd VseGyVyeC: lim f(”)(s,y) = f(O)(s,y).

CIG

In order to employ results from parametric programming in our setting,
the following lemmas are helpful. A; denotes an auxiliary metric space.

Recall that a multifunction C : Hy x A; — 24 is closed at a point (yg, Ao),
if for all pairs of sequences (yn,An)nen and (Tn)nen with the properties
(Yns An) — (Yo, Xo), Zn € C’(yn, An) and z, — o the property zp € C(yo,)\o)
follows. A multifunction C : Hy x A; — 22 is lower semicontinuous (l.s.c.)
in the sense of Berge at a point (yp, Ao), if for each open set @ satisfying
QN C(yo, Ao) # 0 there exists a neighborhood U(yo, Ao) of (0, Ao) such that
for all (y,\) € U(yo, Ao) the set C(y, A) N Q is non-empty.

Lemma 1. Let a family A := {A,, n € No} of elements of Ay with A\, — Ao
and a multifunction C : Hy x Hy x A — 2% be given. Suppose that C(™ (s, y) :=
C(s,y,Mn), n € No, A € A. Furthermore, assume that for all s € G, the
multifunction C’(s, s Ao) 18 closed-valued. Then

(i) C(")é{T‘g? CO® = Vs e Gy, C(s,-,-) is closed on Gy x {Mo},

(ii) C(”)é;—_c"l> CO) == Vs € Gy, C‘(s, -,+} is Ls.c. in the sense of Berge on
G2 X {)\0}
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Lemma 2. Let a famzly A= {)A,, n € Ny} of elements of Ay with A, — Ag,
a function f H; x A x A — R and a Borel subset C C A be given. Suppose
that f™(s,y) := f(s,y, An), m € No, An € A Furthermore, assume that for
all s € Gy the function f(s,-, o) is Ls.c. Then, f( n s f(o) & Vs €

G, f(s,+,) is Ls.c. on C x {Xg}.

Combining these assertions, corresponding statements can be derived for
continuous convergence and lower semicontinuous pointwise convergence. The
proofs of the lemmas are straightforward and will be omitted. Note that the
closed-valuedness and lower semicontinuity, respectively, are needed for the
‘=s".direction of the proofs only.

In order to formulate the stability results for our setting, we use the follow-
ing assumptions. Let C(Gy,G3) == {(7,2) : = € DO(3,7), 5€ Gy, T € Gz}.

(A1) For all 3 € Gy, the function f()(3,,-) is us.c. on C(Gy,Gs) and

i u O,
C(G1,G2)[Gy
(A2) For all 3 € Gy and § € Gy, there exists (0 (5,7) € W (5,7) such that
fO@, ., is us.c. at (,z®) and ™ 520 (gﬂ))}l{g} FO

Now, for instance, the following statements can be proved making use of results
in [1, Chapter 4] and [13].

Theorem 1. (i) Let (A1) or (A2) hold and assume that D(")é{T'G"I—» DO,
Then ) (3,-) is u.s.c. on G2 and Q(")W 30,

(i) Let fO(3,,-) be Ls.c. on C(G1,Gy) for all 3 € G1 and assume that
fir )W O, D(")-C,fg—'g? DO Purthermore, suppose that for all
5 € Gy and allj € Go there is a compact set K such that for all sequences
(Yn)nen — T there is an ng with D™ (3,y,) C K ¥n > ng. Then, (5, )
s l.s.c. on Gy and Q(")ﬁ o),

(i3} Let 45(”)—“—> ), Furthermore, assume that, for alls € G1 fO@E, )
is L.s.c. on C’(Gl,Gz) fFm W f®, and D(” D(0 Then,

W(n) W(O

If the constraint set does not vary with n, the continuity and continuous
convergence conditions can be weakened.

Theorem 2. Suppose that for all 5 € Gy and all § € G2 there is a non-
empty compact set D(3,7) with D™ (3,7) = D(3,7) Vn € Ny. Furthermore,
assume that for all 5 € Gy the function f0(3,.,.) is Ls.c. on C(G1,Gs), and

A C(Gll,— G F©. Then #)(3,.) is Ls.c. on Gg, (")alj-% o) and, for

all 3 € Gy and all § € Gy, the inclusion K—limsup W™ (5,7) c W (35,7)

holds. e
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Proof. Taking Theorem 1(ii) into account, we still have to show that for all 5 €
Gy and all § € Gy limsup ™ (3,7) < $)(3,7) and K—limsup W™ (3,7) C

n—oo n—0o00
W©)(3,7) hold. Let 5 € G, and § € G, be fixed. f°(3,7, ) being ls.c.
and D(3,7) being compact, there is an z € D(3,%) such that () (3,7) =
f© (3,7, z). Consequently,

lim sup 8™ (5,7) < limsup f™(5,7,2) < (3,7, z) = 9 (3,7).

n—oo n—o0

Now, assume that there is a sequence (,, )reny Wwith z,, € W) (3 %) and
Tn, — xo ¢ WO(3,79). x,, € W)(5,7) implies zyp € D(3,7). Otherwise
there is an z € W (3,7), consequently, f©(3,7,z) < (5,7, z0). Thus,
because of lim o (3,7) = 6(9(3,7), we have

Jim f0(5,9,2n,) = £ (5,7,2) < (5,9, 20)
— 00
in contradiction to liminf f™(3,7,2,) > f©(3,7,20). D

n— o0

Combining and specializing the above results, e.g. Theorem 2.8 in [10] can be
derived (if approximations of the state space are not taken into account).

For multifunctions D™, which are described by inequality constraints,
sufficient conditions are available (see e.g. |1, 17]). Semicontinuous convergence
of the constraint functions plays a central role in these statements too.

4 Sufficient Conditions for Continuous Convergence and
Epi-Convergence

In this section we investigate lower semicontinuous convergence for functions
which are integrals. The results can then be employed to obtain sufficient
conditions for either continuous convergence or (together with assertions on
pointwise convergence) for lower semicontinuous pointwise convergence and
hence also for epi-convergence. Corollary 3.4 in [10] and further results that
rely on Corollary 3.4 give sufficient conditions assuming weak convergence of
the probability measures, continuous convergence or upper-semi-continuous
convergence of the integrands and uniform (with respect to the decision and
the history) boundedness of the integrands. We will - among other gener-
alizations - particularly weaken the uniform boundedness condition and the
convergence condition with respect to the states.

For ¢,, = n and i, = 0, we shall investigate functions f (in) ; HyxHox A —
R of the following form:

6 (5,7, ) = / o) (3, 5,7, 2)dPL2) (5)

S
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where Ps(l;‘)z, n € Ny, are probability measures on B(S) and () : H; x S x
H, x A —» R, n € Ny, are integrands which are supposed to be measurable
with respect to the product-g-algebra of the arguments and integrable with
respect to the probability measures under consideration. The ‘parameter’ i,
has been introduced in order to reduce the effort for the notation and the
proof of the results, because usually the same considerations lead either (for
in = n) to semi-approximation properties of (f(™),en or (for i, = 0) to
semicontinuity of f(©).

Sufficient conditions for semicontinuous convergence of sequences of func-
tions which are integrals with respect to a probability measure that does not
depend on the decision are given in [9]. We will extend the results of [9] to the
parameter-dependent case. Two approaches are suggested: The first one (so-
called direct approach, which was suggested by P. Lachout), assumes weak
convergence of the probability measures, a lower semi-approximation prop-
erty for the integrands and lower equi-integrability defined below. It can be
employed to generalize Theorem 3.3 in [10]. The second approach (so called
pointwise approach [18] or scalarization [7]) reduces convergence considera-
tions for sequences of functions to convergence of sequences of real values.
It is especially favorable in a random setting, but works in our case as well.
It may be regarded as a bridge to results of asymptotic statistics and limit
theorems of probability theory. Furthermore, it does not assume that the in-
tegrands ‘behave semicontinuously’ with respect to the state history.

The direct approach uses the following definition [9]:

Definition 4. Let a sequence (p(™)en of Borel-measurable functions (™
S — R and a sequence (P™)nen of probability measures on B(S) be given.
The family {($™, P(™),n € N} is called lower equi-integrable, if there exists
a k € N such that

llIIl lnf/S(ﬁ(n)(S)X{@(n)(s)<_A}dP(n)(S) = 0. (1)

A—oon>k
Let Gy C H; and G2 C H; be given.

Theorem 3. Assume that for all 5 € Gy, T € Gy, 20 ¢ DO (3,z®)
and all sequences (T, z2(™) ey — (T (0),33(0 ) the following assumptions are
satisfied for i, = n and i, = 0:

(i) ptin)  w pO®

3,7(n), x(n) 5,75(0) z(0)?
(i) hmlnfgo(’")(s s 7™ (M) > 6O0)(5, 5,70, 20) for P__(O) z( ~almost
all s and all sequences (s8(™) ey — 3,
(iii) the functions o™ (3, ., 7™ (™) are P_ 3w p(m “integrable for all n € No
and the family {(p0)(3,-, 7™, 2(™), P_(lf ),n € N} is lower equi-

5 x(") x(")
integrable.
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Then, for all 5 € Gy, the function fO(3,. ) is Ls.c. on C(G1,Gz) and
!
f(n).__._________,C(Gl’G?)[G1 f(O)'

Proof. We follow the proof of Theorem 3.1 in [9]. Although Theorem 3.1 is
formulated for functions which are defined on R? x R™ only, it holds for

functions which are defined on cross-products of metric spaces. Let P,
n 0 — i V= . o=

(1 ()n) :1:(")’ Fo = PE(,E)(U),:::(O); §n =0 and QOn($,SC, S) = ‘P(l")(s: s,x,x)- Then

apphcatlon of Theorem 3.1 to the case i, = 0 yields the lower semicontinuity

result for £(®, and application to i, = n the assertion concerning f(™. D

The pointwise approach can also be applied to parameter-dependent prob-
ability measures. The following result is in the spirit of Theorem 3.2 (i) in
[9]. We need the following auxiliary quantities: for 5 € Gy C Hj, a family
{(E("),x(")), n € Ng}, € >0 and 4, = 0 and 4, = n, respectively, we define

(in) (3,70 £(0) Z(m) Zm)y . i (in) (3 in
Zg (337,27, T, a) /(g,y)eUir(lffw)m(o))w (58,5, V)APy 2oy g (5)

where U, (2, z(®)) denotes a closed ball of radius £ and center (T(®, ().

Theorem 4. Let, for given sets G1 C Hy and G C Hg, the following assump-
tions be satisfied for eachs € Gy, each (T, z®) € C(G1,Ge), all sequences
@™, M) en — (FD,2®), iy, = n and i, = 0:

(i) 99(F,s,-,-) is Ls.c. at (Z0, 2} for PE(OE)(O) o -almost all s.
(ii) There is an £ > 0 such that Zéo)(E, Z0, 2 70 2©0) > —0o and
Z(z")( z0 20 zn) ,z(™), Zéo) (3, T(O),x(o),i(o),m(o)) exist for each 0 <

EXE andeachneN
(iii) Ve € (0,€),

lim inf Z0) (3,70, 2 (W 1) > 20 (5 70 20 7O 50
n—oo
Then, for all 5 € G, the function fO(5,.,) is Ls.c. on C(G1,G2) and
I eeremer 19

Proof. Let 3 € Gy and (®,z®) € C(G41,G:) be fixed. According to the

monotone convergence lemma we have

sup 20 (3,70, 2@, 70, (@) = 7O (5, 7O gO)y
e>0

Furthermore, for each 0 < € < £ and each (E("),x("))neN — (E(O),x(o)), the
relation

lim inf ) (5,20 £("))

n—00
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> limj - ()5, 5,5, y)dPL)

2 5 [ i oy POV 0
> ZE(O) (g, 5(0), 20 , 7(0) , :L‘(O))

holds. O

Assumption (iii) can be supplemented by several sufficient conditions. If
the probability measure does not depend on the decision, considerations in [9]
can be employed. In the general case, e.g. one of the following approaches may
be used: if there exists a dominating measure for all probability measures, (iii)
is implied by suitable semicontinuity assumptions (with respect to the actions)
of the Radon-Nikodym-derivatives. Furthermore, laws of large numbers for tri-
angular arrays are often helpful. Eventually, there is the possibility to proceed
via weak convergence of probability measures. Then, however, semicontinuity
with respect to the states is needed.

The above theorems generalize Langen’s Theorems 3.3 and 3.5. The bound-
edness condition is weakened considerably. Moreover, the semicontinuity as-
sumption with respect to the states can either be omitted or at least restricted
to almost all state histories. Thus probabilities among the objective and/or
constraint functions can be taken into account. For the treatment of proba-
bilities see e.g. [9].

5 Stability of Multistage Problems

We come back to the m-stage problem. We can combine Theorem 1 or The-
orem 2 with Theorem 3 or Theorem 4 in order to derive stability statements
for the multistage case. We will, for example, demonstrate how Theorem 4
together with Theorem 1 can be employed (making use of Theorem 2 the
continuity and approximation assumptions with respect to foregoing actions
could be further weakened).

In order to make clear in what points semicontinuous behavior with respect
to the states is really needed, we introduce the following sets:

Let ©* be the set of all optimal strategies ¥* = (6} )xen,, for the origi-
nal problem with 6} (5%, Tx—1) = =} (Sk, Te—1)- Each U™ induces a probability
measure Py« on 2.

Consider a standard Borel space Hy(0*) C §™*! with Py.(H,(6*)) =1
vV ¢* € ©*, and define

Hyy = {5k 1 (ks Sk41s---18m+1) € H1(0)}, k=1,...,m,
Dy = {271 c Dgo)(gl) 181 € Hl,l}a

Dy, = {(Tp—1,%k) : Tr—1 € D_1,21 € D;(CO)('S'k,'fkq),?k € Hi},
k=2,...,m.

Eventually, let, for £ € N,, and i, = 0 and i,, = n, respectively,
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269 (5,72, 20,7, 2

= f sup |<pk1n)(§k,s,y,y)idPégk)ﬁ(n) o (8).
5 (F,y)eU: (f;c )1 x;co)) 3L 12T

Theorem 5. Let the following assumptions be satisfied for each k € Ny, all

S5k € Hyg, all Téo) € Dy, all sequences (a:( ))nEN — .735c ), in =n and i, = 0:

(i) nlirrololcfci")(§k,s(0),f,(c")) c(o)(sk 5(0) x(o))| = 0 for P,
all s,

(i) DV (5, M ) 5 DO (5,70 ).

(%) 3 compact K Ing Vn > ng such that D,(cn)(&'k,fin)l) C K.

(iv) There is an € > 0 such that Z,EOE)(EC,TECO)Da:gco),f,(co)l,a:k ) < o and

ket 13,70 -almost

Z,it?("gk,'f,(co)l,x,(go),"f,(cn)l,xk )) exist for each € € (0,€) and each n € N
and V0 <e<§é,

lim Z( ")(s T,(go)l,aséo),fin)l,xk )) Zéos(sk,fio)l,mio),fio) a:g))).

n—o0
Then, for k = 2,...,m, the function @io)(Ek,~) 18 continuous on Dy_1,
0 . 0 —
o ey A0 W e W, i 00(5) = 0405, and W ()

W(O)( ) for Pi-almost all s.

Proof. We proceed by backward induction. Because of 45,(;’;_)1 (Sm+1,Em) =0
for all (5p+1,%m) € Hy r+1xHyx and alln € N, we have <p£,i") = cg,i{'). Apply-
ing Theorem 4 to cﬁ") and —c<mi"), G1=Hy;m, G2 = Dy,_y and C(Gl,Gz) =
D,,, we obtain the continuity of fm)(sm, -} on D,, and f(z" yom |H1 fm .

This, together with the assumptions (11) and (iii) gives, by Theorem 1,

in case ¢, = 0 the continuity of 45( (Bimsy ) on Dy -y and, for i, = n,
A 45%?), and W(")————-——-—> Wi, For the stage k we can

M Dop- 1[H1 —1H1,m
proceed in the same way. The contlnulty assumptions for <p§co) are satisfied

because of (i) and the continuity of @k 41+ Integrability is assumed in (iv). O
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Summary. In this paper one generalizes various types of constrained extremum,
keeping the Lagrange or Kuhn-Tucker multipliers rule. The context which supports
this development is the nonholonomic optimization theory which requires a holo-
nomic or nonholonomic objective function subject to nonholonomic or holonomic
constraints. We refined such a problem using two new ideas: the replacement of the
point or velocity constraints by a curve selector, and the geometrical interpretation
of the Lagrange and Kuhn-Tucker parameters. The classical optimization theory is
recovered as a particular case of extremum constrained by a curve selector.

1 Extremum Constrained by a Curve Selector

This section contains an improved version of curve selector theory, developed
for the first time in {15]. Let D C R™ be an open set and f : D — R be
a real function. In order to establish that zy € D is a free extremum point,
or an extremum point constrained by holonomic/nonholonomic equalities or
inequalities, it is enough to consider the values of the function f on some
parametrized curves passing through z [8]-[11]. More precisely, if a : I —
D, a(te) = zo, is such a curve, then we must take into consideration the
values f(af(t)) for ¢ in a neighborhood of #. Recently {14], these results were
refined, in the sense that it is sufficient to consider the values f(af(t)) for
t € [to,to +€). In this context we discovered the notions of curve selector and
of extremum constrained by a curve selector, that permit a unification of all
types of extremum and even a generalization.

For each x € D, we shall denote by I, a family of parametrized curves
passing through the point x at a given moment. This family of curves will be
specified from case to case.

Definition 1. Let P(I";) be the power set of I',. Any function

Y :D — UgepP(Iy), T(x)C Iy
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is called curve selector on D. The elements of Y(z) are called admissible curves
at the point x.

Definition 2. Let f : D — R be a given function and T be a curve selector
on D. If f(a(t)) > f(zo), Vt € [to,t0 + €), Ya € T(xo), zo = afty), then
xo € D s called minimum point of f constrained by the selector 1.

Let us suppose that I'; is either the set of regular C* curves at x or the set
of C? curves having z either as a regular point or as singular point of order
2. Under this hypothesis, in [15] was shown that a free extremum problem
or a constrained extremum problem (with equalities or inequalities) can be
considered as an extremum problem constrained by a curve selector.

Let

n
wi(e) =Y wi@)ds!, a=Tp, p<n
j=1

be C! Pfaff forms. These Pfaff forms can be used to create equality constraints
(Pfaff equations) or inequality constraints (for example, Pfaff inequalities) on
velocities.

In [1}-[15] was studied the following type of extremum.

Definition 3. The point xp € D is called minimum point of a function f
constrained by the Pfaff system w® = 0, a = 1,p, if for each integral curve
a: I — D of this system, with a(ty) = xg, it follows

flalto)) < fla(t), Vt € (to —€,t0 + ).
The Pfaff system (w®) generates the partial selectors
Y *(z) = {a € I;]o is an integral curve of the Pfaff equation w®(z) = 0},
which produce the general selector (associated to the Pfaff system)
Y(z) =nb_,T%<).

Theorem 1. zy € D is a minimum point of a function f : D — R constrained
by the selector T if and only if x¢ € D is a minimum point for f constrained
by the Pfaff system w®(z) =0, a =1,p.

Also, we remark that we can replace the selector T with those determined
by the partial selectors

Y (o) = {a € I'gp|lw®(a(t)) =0, VtE [to,to + ), alto) = zo}-
The primitive of each Pfaff form w®(x) defines the partial selectors
T (o) = {a € Tyl [ (w(a(w), &/ (u))du > 0, Vt € [to, to + e)} ,

where a(fy) = xo. From this point of view, the selector associated to all Pfaff
forms is
T(.’L‘o) = ﬁzle“(xo).
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Definition 4. The point g € D is called a minimum point of a function
f : D — R constrained by w® > 0, a = L,p if ¢ is a minimum point of f
constrained by the selector T .

This type of extremum was studied in [6], [10].

Remark 1. In the case of classical constraints, the system of C' functions
g : D — R, a = 1,p, induces two types of constraints: point constraints
defined by g*(z) = 0 or g*(z) > 0 and velocity constraints defined by the
subspace dg*(z) = 0, a = 1, p of the tangent space T D. The points described
by these constraints split in two types: interior points (g%(z) > 0, a = 1,p)
and boundary points (g%(z) > 0, a = 1,p and Ja with ¢%(z) = 0), with the
usual topological significance.

The constraints on points and on velocities, which are correlated by the
functions g%, induce a selector of curves, one contribution coming from the
quality of a point to be interior or boundary point.

In the case of extremum points with Pfaff constraints, it appears only the
velocity constraints defined by the subspace Y. ; w? (zx)dx* = 0,a =T1,p of
the tangent space T,(D). Here each point is considered like boundary point,
and it is susceptible of being extremum point.

These remarks permit to introduce a more general type of extremum in
which the constraints on points and the constraints on velocities are not nec-
essarily correlated, but the Lagrange multipliers rule still survives.

2 Extremum with Point and/or Velocity Constraints

Let w(z) = 327, wj(z)dz? be a C° Pfaff form on D. Let S and bS be two
arbitrary disjoint subsets in D. The points of S will be called "interior points"
and the points of bS will be called "boundary points". In this context, we say
that the set M = SUDS represents the constraints of inequality type. The pair
(w, M) determines an inequality curve selector:

Fmo if Tg € S
T(zo) = {a € I, | ftto(w(a(u)),a'(u))du >0, Vt € [tg, to + e)} ifzg € bS
Pifzo € D\ M.

If T C D is an arbitrary subset, then the pair (w,T) defines an equality
curve selector

TO(-'EO) = {({;‘( € Fwol(“‘)(a(t)):a,(t)) =0, Vte [tO’tO + E]} Ii ig ; ;

In this sense, we say that the set T represents the constraints of equality type.
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Remark 2. . Any equality selector can be expressed by inequality selectors.
More precisely, for an arbitrary subset T' C D, let us consider the inequality
selectors 71 and 7 defined by (w, S U bS) respectively (—w, S U bS), where
S =0 and bS = T. Then 1p(z) = Ty (z) NT_(z),Vz € D. Also, the inequality
selector 1y can be deactivated considering T' = D.

Having in mind the previous idea, we can introduce inequality selectors 7*
defined by the pairs (w?, S, UbS,), a = 1,p and equality selectors 7§ defined
by the pairs (n?,T;), i = 1, m. Then we built

N =P_,(S,UbS,), bS={zeNjFa=TpzecbS.}

§=N\bS, T=nLT, M=NNT.

In case of absence of equality constraints, we have M = N and in case of
absence of inequality constraint we have M =T .

If w means the Pfaff form system (w®) and n means the Pfaff form system
(n), then the triple (w,n, M) defines the curve selector

Y(z) = (N°_, %)) N ("™, Ti(z)), Vze D.

Definition 5. Let f : D — R be a real function. We say that zg € M is
a minimum point of f constrained by (w,n, M) if xo is a minimum point
constrained by the selector T. We say that w and n represents the velocity
constraints, and M represents the point constraints. The triple (w,n, M) is
called system of point/velocity constraints or system of constraints.

Convenient selection of the objects w,n, M leads to all the types of extremum
mentioned in the previous paragraph.

o Case of free extremum: S, = D, bS, = 0, w* = arbitrary (without equation
constraints).

e Case of classical equality constraints: T; = {z € Dl|g'(z) = 0}, n° = dg°
(without inequation constraints).

o Case of classical inequality constraints: S, = {x € D|g*(z) > 0}, bS, =
{z € D|g*(z) = 0}, w®* = dg® (without equation constraints).

o Case of Pfaff equality constraints: T; = D, n* = w' (without inequation
constraints).

o Case of Pfaff inequality constraints: S, = 0, bS, = D (without equation
constraints).

The previous remark shows that any type of extremum can be considered as
extremum constrained by inequation constraints.

Definition 6. Let (w,n, M) be a system of point/velocity constraints. Let xg €
M and B(zg) = {a|zg € bS.} c {1,...,p}. The system (w,n) is called regular
at xg if rank (w*(xo), 7" (o)) = m + card B(xy), where a € B(xp),i =1, m.
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Theorem 2. Let f : D — R be a C' function and o € M such that the
system (w,n) is regular at xo. Suppose xq is a minimum point of f constrained
by (w,n, M). Then there exist A, > 0, a = 1,p and u; € R, i = 1,m, such
that

14 m
df (o) = Y Aaw® (o) + Y pan' (o).
a=1 i=1
Moreover, if A, > 0, then zy € bS,.

Proof. Let v € R", v # 0, such that (w*(zp),v) = 0,Ya € B(zy) and
(n'(z0),v) = 0, Vi = T, m. Let

J(zo) = {a € B(zo)|{w*(z0),v) = 0}.

From the regularity condition, it follows the existence of an integral curve of
the Pfaff system w® = 0,n' =0, a € J(zo) and i = 1, m with a(ty) = zo and
o' (tg) = v. Hence,

1. a € J(xo), implies ftto (w*(a(u)), o/ (u))du = 0,

2. a € B(xg) \ J(z0) implies ft]:) (w(a(u)), & (u))du > 0, Vt € {to, to + €),

3. i = 1,m implies (n*(a(t)), &’ (t)) = 0, Vt.
Consequently @ € T(xg). Since zg is a minimum point of f constrained

by the selector 7, it follows f(a(ts)) < f(a(t)), Vi € [to,to + €). Hence
(grad f(zg),v) > 0. Finally, we obtain

df(@o) = D Aew™(zo) + Y min'(xo),
1

a€B(zo) i=
with Ag > 0. For a ¢ B(zg), we consider A, =0. O

The multipliers A and p from the Theorem 2.3 are unique.
The regularity in Definition 3 can be replace by a more general condition.

Definition 7. We say that (w,n, M) satisfies the Kuhn-Tucker regularity con-
dition at g € M if from zo € bSNT it follows that for any vector v # 0 with
(w*(zo),v) >0, Ya € B(zg) = {alzg € bS,} and (n*(zo),v) =0, Vi =1,m, it
exists a parametrized curve o € 1y, afto) = xo such that o (t) = v.

Theorem 3. Let f : D — R be a C' function. If the constraints triple
(w,n, M) satisfies the Kuhn-Tucker regularity condition at xg € M and xg
is a minimum point of f constrained by (w,n, M), then there exist A, > 0 and
i € R such that

df(m0) = Y Aaw®(mo) + Y piny' (o)-
a=1 i=1

Moreover, if Ay > 0 tmplies xy € bS,.
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The proof is contained in the proof of Theorem 2. The Kuhn-Tucker mul-
tipliers A and u from the Theorem 3 are not unique; see Example 2 in next
section.

Suppose now that I, represents the family of all parametrized C? curves
which passes through z and which are regular at .

Theorem 4. Let us consider the constraints (w,n, M) with w,n of class C2.
Let f: D — R be of class C? and xo € M. Suppose that
i) there exist \y >0, a=1,p and u; € R such that

p m
df (o) = D Aaw®(m0) + »_ pn' (z0),
a=1 =1

and, if A, > 0, then xg € bS,;
it) the restriction of the quadratic form

- Ow?
d%m%—z > (%4 55 Gortatart-
,j=1
1 m n 8f nk ;
(32 e
k=1 2,7=1

to the velocity subspace

n

Z (zo)dz? =0, a € J (o) = {a € B(zo)|Xa > 0}

1s positive definite,
Then, xy is a minimum point of f constrained by (w,n, M).

Proof. Let a € Y'(zp) with a(ts) = z. Hence
t
/ (w*(a(u)), & (u))du > 0, Va € [to, to + £), Ya € B(zp)
to

and
(n*(a(t),d/(t)) =0, Vt € [ty,to +¢), Vi=1,m. (2)

Case 1. If there exists a € J'(zg), with (w*(zo), o (fo)) > 0, then, taking
account the relations in i) and (2), it follows

df (z0) (e tm—ZA “(20), o (z0)) >
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Using the Taylor formulas
f(@) = f(x0) = df (wo)(z — o) + O(llz — zol),
a(t) = afto) = o/ (to)(t — to) + B(t) - (¢ — to),
with Jim A(£) = 0, we obtain
fa(t)) = flalto)) = (t — to)df (mo)(c (to)) + (t — to)df (z0) (B(1))

+ O(lla(t) — alto)]]) = (t = to)df (o) (& (t0)) + O(t — to) = 0, Vi € [to, to + £).

Case 2. Suppose (w*(zg), ¢’(to)) = 0,Va € J'(zp). Hence o/ (ty) belong to the
subspace (6). The composed function

P t
o(t) = fla(t)) = D_Aa / (W*(c(w)), & (u))du
a=1 to
has the derivative
, 9 p n
o=, 8{( Qb DD BLC 0,
=1 =1
and hence .
o' (to) = Z (-8—7(:50) Z,\ w?(xo) ) hasdl
i=1
= (df (o) - Z)\aw“(zo))(a’(to)) Dy,
a=1
Also o
1 = da:’ dx’ of
o'(t) = Z 33313:6] dt T + d ——(a(t dt2
BN ~ (wf | Owf d:c dx?
_§§1Aaljz=l (55;+ 8$‘Z> dt dt Z)\ Zw t)) dt2 .
Then
" 1 & - Ow} ow? dxt dzd
#"(t0) = & f(z0) - 2 Z_:)\“ z_: (B:cﬂ' + awjz> (z0) = (fo) —- (to)
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2,4
Taking into account the relation of i), it follows that the coefficient of

T
—z (o)

T
is Z 1N (29). On the other hand, from (2) we obtain

n d i
donka) 5 =0, teltntote), k=Tm.
=1

Taking again the derivative, and making ¢ = ¢3, we obtain

— k k x
Zm G0 = -3 3 (52 + 55 (o0 5 ) %50

i,5=1

Finally,

P By ow?
(1) = & 1(an) = 332 (5 + 52 ) (o) 000 22 -

n ko onk
T (-gg_ + 517;) (@02 (1) 1) > 0.
Hence 1
p(t) — p(to) = 590"(?50)(75 — t0)? + O((t — t0)?)
or fla(t)) = f(zo), Vi€ (to —&,tg+¢). O

Theorem 5. Let f : D — R be a C? function and (w,n, M) a system of
restrictions on D with w,n of class C. Let g € M be a point at which it
18 satisfied the regularity condition upon rank or, more generally, the Kuhn-
Tucker regularity condition. Suppose xg 1s a minimum point of f constrained
by (w,n, M). Then the restriction of the quadratic form §2 in the Theorem 2.
6 to the subspace (6) is positive semidefinite.

Proof. From Theorem 2 or Theorem 3 it follows that the condition i) of Theo-
rem 2 is satisfied. By absurdum, we suppose the existence of a nonzero vector
v in the subspace (*) such that 2(v,v) < 0. From the regularity condition, it
follows the existence of a parametrized curve oo € () such that a(ty) = o
and o/ (¢y) = v. Considering the function ¢ from the previous proof, and fol-
lowing the same computation, we find f(a(t)) < f(zo), VI € (—tp —€,tp +€),
which contradicts the hypothesis that xg is a minimum point constrained by
(w,n, M). O

In a classical extremum problem with constraints defined by equations
and inequations, the point constraints and the velocity constraints are corre-
lated. On the other hand, the previous Theorems shows that the finding of
constrained extremum points is based essentially only on velocity constraints.
This permits ourselves that in case of a classical extremum problem to re-
nounce to the point constraints, replacing the initial problem with a family of
extremum problems having the same velocity constraints.
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3 Illustrating Examples

Many equilibrium problems from economics and important applied problems
from diverse engineering fields can be profitably formulated via curve selector
theory. That is why, here we give details using significant examples.

Ezample 1. The Pfaff form w = dx — zdy verifies the rank regularity condition
in the Definition 3, and implicitly the Kuhn-Tucker regularity conditions.
Let us find eflectively the admissible curves asked by these last regularity
conditions. Let v = (v1,vq,v3) € R3\ {(0,0,0)}, with (w,v) > 0, i.e., v —
2ovz > 0. Then for the curve o : R — R?, a(t) = (z(t),y(t), 2(t), z(t) =
T + vit + 20t2, y(t) = yo + vat + 2, 2(t) = 2o, we have

(w(a(t)),a'(t)) = v1 — zve 2 0,

/t(w(a(t)),o/(t))dt = (vy —zou2)t >0, Vit>0,
0

i.e., a € Y(zo, Yo, 20)-

The semispaces defined by the condition (w,v) > 0 in the tangent space
to R3, at the point (g, Yo, 20), are of the form E X R, where E is a semiplane
of the plane (v1,v2).

Let us apply the Theorem 2 to the objective function f(z,y,z2) = (z% +
y? + 22)/2 constrained by (w, M), where M = S UbS is an arbitrary point
constraint set. The system df = lw is £ = A, y = —Az, z = 0. It follows that
the set of susceptible points for extremum is a part of the axis Oz defined by
(A, 0,0) with A > 0. For A = 0 one obtains the free extremum (0,0, 0) which
is also a global minimum point. For A # 0 the quadratic form mentioned at
the step (ii) of the Theorem 2 can be written

2 = dx® + dy* + d2* + Mdydz,
and on the subspace w(zy,y0,20) =0, i.e., dz = 0, it becomes
2 = dy? + Mdydz + d2°.

For X € [0, 2), the quadratic form (2 is positive definite and hence the point
(A,0,0) is a minimum point if and only if it belongs to bS. For A > 2, the
quadratic form (2 is not definite. According the Theorem 5 the point (X, 0,0)
cannot be extremum point. What happens for A = 27

Ezample 2. Let f : R® — R, f(z,y,2) = z+y+2 and the inequality constraints
(wl, Sl U bS]_), (w2, Sz U sz), where

wl = —2zdz — 2ydy — 22dz, W? = —2zdx — 2ydy + dz,

and S, UbS1, Se UbS; are arbitrary point constraints. For any point P(z,y, z)
with z # —1/2, we have rank (w!,w?) = 2. In such points, Theorem 2 is
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applicable. Let us show that at points P (o, yo, —1/2) it is satisfied the Kuhn-
Tucker regularity condition, and consequently Theorem 3 is applicable. Let
9 (z,y,2) = —2? — y? — 22 + Cy with C; = 22 + 4 + 1/4 and ¢g*(z,y,2) =
-z — y?® + z + C; with Cp = 22 + 32 + 1/2. Tt is obvious that w! = dg’,
w? = dg?, g'(P) = 0, g*(P) = 0, w'(P) = w?(P). Also, we remark that the
set {(2,y,2) € R®|g'(,y,2) > 0} is contained {(z,y,2) € R®|¢*(z,y,2) > 0}.
Let v € R®\ {(0,0,0)} such that (w!(P),v) = (w?(P),v) > 0. We can find
a parametrized C? curve a : I — R?® such that a(0) = 0, &/(0) = v and
g*(a(t)) >0, Vt € I. It follows g?(a(t)) > 0, V¢ € I and hence

/t(wl(u),a'(u))du >0, /t(wZ(u),a'(u))du >0, viel.
0 0

So, @ € T(P). Let M = (51 UbSy) N (S2UDbSy), bS = M N (bS; U bSy)
and § = M \ bS. From Theorems 2 and 3, we decide that the minimum
constrained points of f are between the points of M which verify the relation
df (z) = Mw!(z) + Aw?(zx), with A\; > 0, Az > 0. Consequently

14+2z(A1+A2) =0, 14+2y(A +A2) =0, 1 +2Xz2— A2 =0

for Aq, A2 € [0,00). Let P(x,y, z) be a solution of this system with P € M.
Let £2 be the quadratic form of Theorem 2. In our case £2 = 2(A; + Ag)dz? +
2(A1 + X2)dy? + 2\1dz?. Let us denote by V the subspace described in the
Theorem 2 which represents the velocity constraints.

Case 1. Suppose A1 + A2 # 1. It follows A\; + A2 > 0 and A; > 0, since, in the
contrary situation, the system do not have solutions. We obtain

p 1 1 Ay — 1)

( 2(A + )\2)’ 2(A1 + A2) T2 '

The quadratic form 2(P) is positive definite. The point P is a minimum point
if and only if P € bS;.

Case 2. Suppose A1 + Ag = 1. If Ay = 0, we find P(-1/2,-1/2,)) with
A € R and A2 = 1. In this case the subspace V is defined by the equation
dz = dz + dy. The quadratic form 2|V is positive definite, so P is a minimum
point, if and only if P € bS,. If A; > 0, we obtain P (—1/2,-1/2,~1/2). In
this case the quadratic form {2 is positive definite, and consequently P is a
minimum point if and only if P € bS;. The previous theorems show that we
have not other minimum points.

Since w!,w? are exact Pfaff forms, the classic case with inequality con-
straints can be considered as a particular case in which the point constraints
and the velocity constraints are correlated. Let g'(z,y,z) = —x2 — % — 22,
9*(z,y,2) = —x? — y® + 2. From the previous results it appears that
P(-1/2,-1/2,)), X € R is a minimum point constrained by g'(z,y, z) > Ci,
*(z,y,2) > Cs if and only if g*(P) > C; and g*(P) > Cb.

Ezample 3. Let f(z,y,z) = z? + y? — z subject to the constraints (w, M),
where w = zdy — zdz, and the set M = SUbS is arbitrary. One observes that,
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at points of the form @Q(0,y0,0), the rank regularity condition of Definition
3 is not satisfied. Let us show that in these points, Kuhn-Tucker regularity
condition is not even satisfied. Let v = (v1, v2,v3) be a nonzero vector satisfy-
ing (w(Q),v) > 0. Since w(Q) = 0, the vector v is arbitrary. Let us show that
there exists v such that any C? parametrized curve o tangent to v at Q is not
an admissible curve. Since a(0) = @, o’(0) = v, we can write z = vt +t%a(t),
y = Yo + vaot + t2b(t), z = w3t + t2¢(t), where a,b, c are continuous functions
in a neighborhood of the origin. It follows

2

116) = [ Golau) ol (w)du = 5 (o = o) + £600),

with ¢(t) — 0 as t — 0. If (vyue — v2) < 0, then I(f) < 0, Vt € (~¢,¢).
Applying the Lagrange multipliers rule, we obtain the system

z=0,2y—Ay=0, -1+ Az2=0.

For A # 0, we have the solutions P(0,0,1/)). The quadratic form of Theorem
21is
2 = 2dz® + 2dy® + Adz® — Adzdy.

The restriction of {2 to the subspace of velocity constraints is 2dz? + 2dy? —
Adzdy, having the determinant 4 — A\2/4. Hence, for any A € (0,4), the point
P(0,0,1/A) is a minimum point if and only if P € bS. From Theorem 5
it follows that P € M, with A € (—00,0) U (4, 00), cannot be a minimum
point. For A = 4, Theorem 2 cannot be applied. By a direct evaluation we
shall show that P(0,0,1/4) cannot be a minimum point. For that we use the
integral curve a defined by z(t) = z(t)2'(t), y(t) = t, 2(t) = 1/4 + 2t +
at’, a(0) = P. Hence a € T(P), i.e., it is an admissible curve. We obtain
fla(t)) — f(P) = at3/2 + 3¢(t), with ¢(t) —» 0 as t — 0. For a < 0, we
have f(a(t)) < f(P), Vt € [0,¢), i.e., P cannot be a minimum point for f
constrained by (w, M). Since the Kuhn-Tucker regularity conditions are not
satisfied at points Q(0,yg,0), the previous theorems are not applicable. Let
us show that these points cannot be minimum points. For that we use the
integral curve

a: z(t) = d’t, y(t) = yo + t, z(t) = at, a(0) = Q.
It follows
fla(t)) = £(Q) = t*(a® +1) + t(2y0 ~ a).

For 2yy < a, we find f(a(l)) < f(Q), Vt € [0,¢), ie., Q is not a minimum
point of f constrained by (w, M). Consequently, the only points that can be
minimum points are those mentioned above.
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4 Totally Geodesic Submanifold Described by Lagrange
or Kuhn-Tucker Parameters

Let f : D — R be a C3 function and (w, M) be a system of inequality
constraints, where the system w is reduced to a Pfaff form. The system

3f

= dw;(z),i=1,.

in the unknown (z, A), describes the constrained critical points in the problem,
that is, the catastrophe set. Generally, via the implicit function theorem, the
solution is a curve C : z = x(A), A € (0,00). Let us show that C is a decreasing
curve in a neighborhood of a point g, if the matrix of elements

82f )\ 8w1~ &uj ..
axiam]‘ (m) - 5(8.%-7 + Ozt )(IE), L] = 1)"';”

is positive definite (Riemannian metric around the point zg). For that we take
the derivative along C, and we obtain

gij(x) =

> 2 og B

0% f A Ow;  Ow;
<8$i3wj(x)_§(8:rﬂ 8:171)( )—5(_8?_ Ozt

X Ow; awj)(x)> dzi 1 08f

(here, and throughout this section, it is used the Einstein convention of sum-
mation), where the matrix of elements

82f A (9(.4.)1' Bw,- A (9(4)1‘ Bwj
% (%) = 50527 @) = 35z T 50 @ ~ 355 ~ )@
is not symmetric but still positive definite around the point zg.

du 1
Using the reparametrization TR iLe, A=e"% u & (—00,00), and

the inverse (a%/(z)) of the matrix (a;;(z)), the previous system can be written
as
dx? of
— = —a(z) 55 (2).
du ot
Consequently, the curve C : z = z(u), u € (—00,00) is a "minus gradient like
line" around the minimum point xg. In other words, the parameter A indicates
a rate of decreasing.
Taking again the derivative along a solution, the first ODEs system

o f » Owi dz? _of
(8:&8:61 (z) —e” 8x7( )> du B (@)

is prolonged to the second order ODEs system

o*f _y Ow; d*z? 8 f —u Ow; dz? dz*
<axiaxa‘ @ = 5 (x)) du? +(axiaxa’axk @) ™ graaE @ )> du du
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0% f .y Ow; dz?
T (8.%"8:1:7'(3:) e -é?w_f(x)> du

o3 f _u Ow;
(8301'(%3'83:’“ (@) —e uaa;j(?sc"‘ @) ) = 29
are the Christoffel symbols produced by the tensor g;;, it follows that the

curve C : z = z(u), u € (—00,00) is a reparametrized geodesic of the Otsuki
connection [16] (g*'a;;, ij), around the point zy.

Since

Theorem 6. Suppose g;;(x) is a Riemannian metric around the point xo.
One has:

i) If fis a C? function with the constrained minimum point g, then the curve
C:z=x(u), u€ (—00,00) is a minus gradient line.

i) If f is a C3 function with the constrained minimum point To, then the
curve C ; z = z(u), u € (—00,0) is a reparametrized geodesic of the Otsuki
connection (g*'a;;, ij).

Let f: D — R be a C? function and (w, M) be a system of p inequality
constraints. The system

of
ozt

(z) = Aawi(z),i=1,..,na=1,..,p

in the unknown (z, A}, describes the constrained critical points in the problem.
Generally, via the implicit function theorem, the solution is a p-dimensional
submanifold N : z = z(A), A= (A1,.., ), Aa € (0,00).

Let us show that this is a totally geodesic submanifold with respect to an
Otsuki connection. For that, taking the derivative with respect to )\, we find

o f dws o,
<8zi8:cj (@) =2 8xI (:c)) Ny wi (@)

Automatically, it appear a Riemannian metric similar to g;;(x) and a matrix
similar to (a;;(x)). The transvection with —A = (—X;,..., —A,) shows that
this vector gives a descent direction.

Taking again the derivative with respect to A., we find

0% f owg 0%xI
(axiaxa’ (@) - A“W“”) DO

_ i () — A ‘92%( ) 3ij3_9”'“+%‘9_~’”i+3_‘*’f3_$"
92102 Oz "0z ) Gy ONe | Bz BNy | Bad Oy

Having in mind the previous explanations, we find
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Theorem 7. i) If f is a C* function with the constrained minimum point zo,
then the vector —A = (—Aq,..., —Ap) gives a descent direction.

i) If f is a C® function with the constrained minimum point xo, then the
submanifold N : z = z()\), A = (A1,...,Ap), Aa € (0,00) is a reparametrized
totally geodesic submanifold of the Otsuki connection (g*a;;, ij) (cf. [16]).

Open problem. Study the singularity set (consisting of singular critical points
of the catastrophe submanifold), and its projection in the set of parameters
(bifurcation set).
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Summary. We consider the interior penalty methods based on the logarithmic
and inverse barriers. Under the Mangasarian-Fromovitz constraint qualification and
appropriate growth conditions on the objective function, we derive computable es-
timates for the distance from the subproblem solution to the solution of the original
problem. Some of those estimates are shown to be sharp.

1 Introduction and Preliminaries

We consider the optimization problem

minimize f(x) (1)
subject to z € D = {x € R" | G(z) < 0},

where the set
D = {z e R" | G(x) < 0}

is assumed to be nonempty. Under the stated assumption, one of the classical
schemes [3] for solving problem (1) is the inferior penalty (or barrier} method.
It consists in replacing (1) by a sequence of (in some sense, unconstrained)
subproblems of the form

minimize @, (z) @)
subject to x € DY,

where ¢ > 0 is the penalty (barrier) parameter, and
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m
0o :D* =R, @g(z)=f(@)+0 Y b(-Gi()),
i=1

with b : R,, — R, being the barrier function. The most popular are the

logarithmic barrier
b(t) = —Int, (3)

and the inverse barrier
b(t) = 1/t. (4)

For basic convergence results of this type of methods, we refer the reader to
[3, 10, 11]. Here, we only mention that to ensure convergence, the barrier
parameter ¢ must be driven to zero.

For each o > 0, let z, be a solution of (2). Let Z be a solution of (1}, and
suppose that z, — T as ¢ — 0+. We note that our analysis can easily treat the
case when there is a given sequence {0t} C Ry such that o, — 0+, and the
corresponding sequence {z*} = {z,+} is convergent to Z. The modifications
to cover this case are straightforward. We assume that the objective function
f:R™ - R and the constraint mapping G : R® — R™ are differentiable, and
the derivatives of f and G are continuous at Z. For some results, the problem
data will further be assumed twice differentiable.

In this paper, we are interested in estimates of the distance from z, to %
via some computable quantity, that is, in error bounds of the form

2o — || = O(r(2s, 7)), (5)

where r : R™ x Ry — R is some (easily) computable function such that, at
least, r{z,, 0) — 0 as ¢ — 0+ and z, — &. Moreover, it is desirable that the
bound (5) should be sharp, i.e., not improvable under the given assumptions.
In some cases, it is possible to eliminate the dependence on z, in the right-
hand side of (5), and then (5) can be considered as a convergence rate estimate.
But in any case, computable error bounds are very useful. In particular, they
provide reliable stopping tests for the related algorithms.
Denote the set of Lagrange multipliers associated with Z by

M:M(q‘;)={p€Rm‘g§(E,u)=0,},LZO, </"‘aG(‘(i)>=0}7

where

L(z, p) = f(z) + (4, G(z)), z€R", peR™,

is the Lagrangian of problem (1). Recall that the linear independence con-
straint qualification (LICQ) for problem (1) at Z consists of saying that G%(Z),
i € A, are linearly independent, where A= A(Z)={i=1,...,m| Gi(E) =
0} is the set of constraints active at Z. Under LICQ, M is necessarily a sin-
gleton. The weaker Mangasarian—Fromovitz constraint qualification (MFCQ)
for problem (1) at Z consists of saying that there exists £ € R™ such that
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G',(%)€ < 0. If this condition holds, then M is necessarily a nonempty poly-
hedral and compact set. We say that strict complementarity holds at Z if there
exists some /i € M such that g4 > 0.

Our goal is to obtain computable error bounds under assumptions that
do not use strict complementarity and do not invoke any CQ-type conditions
stronger than MFCQ (so that, in particular, M need not be a singleton).

We note that under appropriate assumptions, it can be possible to es-
timate the distance from an arbitrary x € R" to Z, independently of any
specific algorithmic framework, i.e., regardless of how z was produced or
chosen (sometimes these estimates are of a primal-dual nature; see below).
We refer the reader to [12] for a survey of algorithm-independent error
bounds and their applications. On the other hand, algorithm-based error
bounds can sometimes be established under weaker or different assump-
tions than their algorithm-independent counterparts (e.g., [7], available at
http://www.preprint.impa.br/Shadows/SERIE__ A /2004/303.html).

As an algorithm-independent error bound relevant in our context, we men-
tion the following result, based on [6, Lemma 2| and [4, Theorem 2]. Suppose
that with some iz € M, the following second-order sufficient optimality con-
dition holds:

2
@ Pl >0 VECC\ (0},
where
C=C@) = (£ €R" | G4 (@ <0, (f(2), & <0) ©)

is the critical cone of problem (1) at Z. Then for (z, ) € R™ x R™ close
enough to (Z, fi), it holds that

”(E - :E“ = O(’I‘((L‘, /‘L))a

where

r(z, p) =

(2@ 1 min{u, -Gl H ,

with the minimum taken componentwise. Note that the quantity r(z, u) is
the natural residual of the Karush-Kuhn-Tucker system

=0, u20, C@<0, (uG)=0,

which characterizes stationary points of problem (1) and the associated mul-
tipliers. This result does not rely on any CQ. Note, however, that if we are in
some algorithmic framework, then for this result to be applicable, the given
primal-dual sequence generated by the method has to converge to the spe-
cific (Z, 1) which satisfies the above condition. In our results, no assumptions
about convergence of the dual part of the sequence are necessary, as long as
the needed growth conditions (related to sufficient optimality conditions, see
below) are satisfied. We refer the reader to [8] for other algorithm-independent
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error bounds under assumptions which subsume some CQ-type conditions, as
well as for a detailed discussion and comparisons of error bounds and regu-
larity conditions for KKT systems.

The results presented in this paper are strongly inspired by [14] and [5],
where the log-barrier method has been analyzed. The analysis in these works
is based on the following assumptions: MFCQ, the strict complementarity
condition, and the second-order sufficient optimality condition in the following
strong form:

0%L ,_
S5z & WIEE >0 YueM, VEe C\ {0} (7)

In [14], the case of violation of strict complementarity (but with the other
two assumptions satisfied) is discussed as well. The assertions to be stated
below are weaker than those in [14] and [5], but our assumptions are different.
We also assume MFCQ, but never strict complementarity. When we assume
second-order sufficiency (actually, we assume a certain quadratic growth con-
dition, but in the given setting it is equivalent to second-order sufficiency), it
is in a form significantly weaker than (7), see the discussion below. On the
other hand, for some results we assume convexity of the objective function
and/or of the constraints.

Our analysis relies on the so-called growth conditions, which we discuss
next. We say that the linear growth condition is satisfied at Z if there exist
~ > 0 and a neighborhood U of Z such that

@) 2 f(@) +lz-2| VzeDNnU (8)

As is well known (see, e.g., [2, Lemma 3.24]), the linear growth is guaranteed
by the first-order sufficient condition (FOSC)

C = {0}. 9)

Moreover, the two conditions are equivalent provided MFCQ holds at Z.
We say that the quadratic growth condition is satisfied at Z if there exist
~ > 0 and a neighborhood U of Z such that

f@) 2 f(@) +9llz - 3|* YzeDNU. (10)

Obviously, quadratic growth is a weaker property than linear growth. If
M # 0, then the following second-order sufficient condition (SOSC) becomes
relevant:

V¢ e C\ {0} Iu € M such that %(i, w)é, € > 0. (11)

According to [2, Theorem 3.70], the latter condition is sufficient for the
quadratic growth, and equivalent to it if MFCQ holds at z.
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We emphasize that if M is not a singleton, the second order sufficient
optimality condition (11) is significantly weaker than (7).

The approach we use in this paper is quite similar to the one employed
in sensitivity theory for deriving Lipschitz and Holder stability of optimal
solutions (see [2]). However, the context of barrier methods possesses a special
feature which can (and should) be taken into account: the perturbed solutions
remain feasible for the original problem.

We start with considering the case of log-barrier in Section 2. For this
barrier, it is possible to obtain convergence rate estimates where the right-
hand side in (5) does not depend on z,. This is not the case for the inverse
barrier, considered in Section 3, where the right-hand side in (5) involves z,.
Nevertheless, it still gives a computable estimate.

2 Error Estimates for the Log-Barrier Method

Throughout this section, ¢, is defined with the logarithmic barrier (3).
For each o > 0, denote

po = —0(1/G1(Zs), .-, 1/Gm(zs)) > 0. (12)
By direct computation,
(,Ufaw 'G(xa» = —ma, (13)
and by the first-order necessary optimality conditions for problem (2) at z,,
oL
%(mmﬂa) = ¢ (z5) = 0. (14)

We start with the case when (1) is a convex minimization problem. The
following result is well-known (as we were informed by a referee, it probably
first appeared in [1]). We include its short proof, for the sake of completeness.

Proposition 1. Let f and G;, i = 1, ..., m, be convex. For ¢ > 0, let z,
be a solution of problem (2) with the barrier function defined in (3). Then it
holds that

f(zo) < inf f(z) + mo. (15)
Proof. Associated to (1) is its Wolfe dual problem (e.g., see [9])

maximize L(z, u)
subject to (z, ) € A = {(x, p) € R" x R™ | &&(z, ) =0, p > 0}

By weak duality [9, Theorem 8.1.3], it holds that

sup Lz, p) < inf f(x). (16)
(z,m)eA z€D
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Observe that, by (12) and (14), (z,, ptr) € A. By (13), we obtain that

L(z,, ps) = f(xs) — mo.
The assertion now follows from (16). O

Note that in the above, solvability of problem (1) is not needed. But in
our setting, estimate (15) gives

f(zo) < f(Z) + O(0). (17)

By (17), using the feasibility of z,, in the original problem (1} and relation
(8) (in the case of linear growth) or (10) (in the case of quadratic growth),
we can immediately obtain convergence rate estimates, stated in Theorem 1
below. We note that estimate (19) of this theorem was obtained in [10, 11]
assuming strong convexity of the Lagrangian for some fixed multiplier, which
is stronger than the quadratic growth condition. Overall, we do not have a
direct reference for Theorem 1, but we have no doubt that it is known.

Theorem 1. Let f and G;, i =1, ..., m, be convex. For each o > 0, let x,
be a solution of problem (2) with the barrier function defined in (3), and let
Ty — T as 0 — 0+. Then the following assertions are valid:

(i) If the linear growth condition is satisfied at T, then
s — Z|| = O(0). (18)
(%) If the quadratic growth condition is satisfied at T, then
20 — ll = O(52). (19)

The estimates obtained in Theorem 1 can be regarded as pure convergence
rate estimates. Moreover, these estimates are sharp, even under LICQ, as
demonstrated by the following simple examples.

Example 1. Let n = m = 1, f(z) = 2, G(z) = —z (linear functions). Clearly,
Z = 0 is the unique solution of problem (1), and moreover, LICQ and FOSC
(9) (hence, the linear growth condition) are satisfied at Z. It can be directly
verified that for each o > 0, the unique solution of subproblem (2) with the
barrier function defined in (3) is given by z, = o and the estimate (18) is
sharp. Moreover, f(z,) = z, = o, and the estimate (17) is sharp as well.

Ezample 2. Let n = m = 1, f(z) = 2%/2, G(z) = —z (convex functions). Note
that the constraint in this example is the same as in Example 1. Evidently, T =
0 is the unique solution of problem (1), and moreover, LICQ and SOSC (11)
(hence, the quadratic growth condition, but not the linear growth condition!)
are satisfied at Z. Note that the strict complementarity condition does not hold
in this example. It can be directly verified that for each ¢ > 0, the unique
solution of subproblem (2) with the barrier function defined in (3) is given by
T, = 0'/? and the estimate (19) is sharp. Moreover, f(z,) = 22/2 = 0/2,
and the estimate (17) is sharp as well.
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In Proposition 1 and Theorem 1 we do not assume that MFCQ holds at
z, but MFCQ is implicitly subsumed in these results. As is well known, in the
case of convex constraints, the condition D° # § (called the Slater CQ [9]) is
equivalent to MFCQ.

In order to proceed with the estimates for the nonconvex case, we need
to assume explicitly that MFCQ holds at Z. In this case, it can be seen that
the values p, are bounded for all o > 0 small enough. Indeed, suppose that
there exists a sequence {ox} — 0+ such that ||y, || — oo. For each k, set
B* = o, /Nt |l- Then the sequence {i*} has an accumulation point i €
R™\ {0}. According to (12), for each ¢ € {1, ..., m}\ A, it evidently holds that
(:U‘k)i = 0/(=Gi(zs,)) — 0. Therefore, for such ¢, (p'k)i = (uk)i/“/’l’ak:” -0
as ¢ — 0+, where we have also taken into account that ||is, || — oo, by the
assumption. Hence, fi; = 0 for all ¢ € {1, ..., m} \ A. From (14), it follows
that
= (#0,) + (G'(20,)) A" = 0,

|t |
and by passing onto the limit along an appropriate subsequence, we obtain

(G4(®)"Ba =0, Ba>0, s #0,

which contradicts (the dual form of) MFCQ.

Another useful observation is that each accumulation point of u, (as ¢ —
0+) belongs to M; this follows from (12), (14).

We first consider the simpler case when the linear growth condition holds.

Theorem 2. Assume that the linear growth condition and MFCQ hold at .
For each 0 > 0, let x, be a solution of problem (2) with the barrier function
defined in (3), and let x, — T as ¢ — 0+. Then estimates (17) and (18) are
valid.

Proof. Using (13) and (14), and the above-mentioned fact that p, is bounded
as 0 — 0+, we obtain

f(@o) = f(2) = L(z0, o) — £(Z) — {pto, G(z0))
= L(%s, pio) — L(Z, pto) + {to, G(Z)) + mo

<~ (e (or ) 30 =) 4o+ ol - 2l
=mo + o(||z, — Z||). (20)

Estimate (18) follows from (8) and (20), while estimate (17) follows directly
from (18) and (20). O

The estimates obtained in Theorem 2 are sharp, even under LICQ, as is
demonstrated by Example 1. Moreover, Theorem 2 actually extends assertion
() of Theorem 1 to the nonconvex case.

The case when the weaker quadratic growth condition is assumed instead
of the linear growth condition, is more complex. We consider this case next.
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Theorem 3. Assume that the quadratic growth condition and MFCQ hold at
Z. For each o > 0, let x, be a solution of problem (2) with the barrier function
defined in (3), and let z, — T as 0 — 0+. Then it holds that

fzs) < f(Z) ( <len(ua I+1>> (21)

i€EA
1/2
Iz ~ 8] = 0 (01/2 (len(ua)il + 1) ) . (22
i€A
In particular,
f(@s) < f(2) + O(g|Inal), (23)
oo - 2 = O(e"/? Ina]1/2). (24)

Proof. For each o > 0, consider the set
D,={zeR"|Gi(zx) < —0,i=1, ..., m}.

From MFCQ and Robinson’s stability theorem [13], it follows that there exists
Ty € D, such that
1Zo — Z|| = O(0). (25)

Note that necessarily Z, € D° for each ¢ > 0. Using optimality of z, in
problem (2), and (25), we obtain

flzo) = po(zs) + len (o))

i=1

Yo (Zo) + O'Zh’l i(Zs))

= f(&) + aZ(ln(—Gi(xa)) —In(—Gi(&,)))

i=1
m)+021n i(0)/Gi(Es)) + O(0)

f@+o Zln(—Gi (z5)/0) + O(0)

iGA

f(@) —UZIH to)i + O(o),

i€A

which implies estimate (21). Estimate (22) now follows from (10) and (21).
The last two estimates in the assertion of the theorem are direct consequences
of the first two, taking into account that for ¢ € A and all o > 0 sufficiently
small, it holds that y, = —o/G;(z,)} > 0, and hence, |In(ys):| < jlneo|l. O
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Let us discuss the estimates obtained in Theorem 3. Clearly, estimates
(21) and (22) are shaper than estimates (23) and (24), respectively. But the
latter can be regarded as pure convergence rate estimates and are easier to
use. Also, note that the right-hand side of (24) is o(¢") for any v € (0, 1/2).
Nevertheless, estimate (24) is somewhat weaker than (19), of course.

Estimate (22) cannot be regarded as a computable error bound of the form
(5), because it contains the set A which depends on unknown Z. On the other
hand, (22) implies (5) with

m 1/2
(2o, 0) = o'/? (Z |0 (e )s| + 1) , (26)

which is computable. Of course, such bound is in general weaker than (22),
because (y,); — 0 as 0 — 0+ for each ¢ € {1, ..., m} \ A; the latter follows
from the above-mentioned fact that each accumulation point of i, as ¢ — 0+
belongs to M. On the other hand, error bound (5) with (-, -) defined in (26)
may be sharper than (24) (e.g., when A = {1, ..., m}).

In the rest of this section, we are concerned with the possibilities to im-
prove the estimates in Theorem 3 under some additional assumptions. Recall
that this can be done for convex optimization problems: in this case, “ideal”
estimates (17) and (19) hold, according to Proposition 1 and the assertion (%)
of Theorem 1.

Assume that f and G are twice differentiable, and their second derivatives
are continuous at Z. Then, by direct computation, we obtain that for each
o > 0, it holds that

9L o (Gi(z,), £)?
7 (

gz Gk )l6s 140 ) TE e = wleole 820 VEERT, (1)

where the second-order necessary optimality conditions for problem (2) at z,,
are taken into account.
We start with an auxiliary estimate, which involves Z.

Proposition 2. Assume that MFCQ holds at Z. For each o > 0, let z, be a
solution of problem (2) with the barrier function defined in (3), and let x, — T
as 0 — 0+. Then it holds that

=, (Gi(zo), 35 — 7)* =112
< i AN AL - z|]?).
f(zo) < f(@) + 5 g Gy tmotolle. -3l (28)
Proof. Using (13), (14), and (27), and the above-mentioned fact that p, is
bounded as ¢ — 0+, we obtain
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f(zs) = f(Z) = L(xs, po) — f(Z) ~ {tto, G(T5))
= L(%g, pio) = L(Z, po) + (o, G(Z)) + mo

OL 18°L
< _ = - -
= <8x (Toy Ho), Ta — $> 2 922 =2 (T, o) [T — F, Te — T]

+ma + of |z, — Zl|*)

_ 1y = = T« (G;(xd),wa“iy
= —§(pa(:1:,,)[ma -Z, T, —F) + ) Z EAEE

i=1

+mao + o(||z, — Z||?)
Gi(z, ) Lo —
_Z< (@) z)*

i€A Gi(z0))?

+mo + of[lzo — Z||*). O

Thus, the crucial question is the behavior of (Gi(z,), z, — Z)/Gi(z,) for
i € A. If all these quantities are bounded as ¢ — 0+, then (28) implies
“ideal” estimate (17), and hence (19) under the quadratic growth condition.
Clearly, this question is concerned with geometry of the feasible set and of
the trajectory ¢ — z,. In particular, it can be shown that if there exist i € A
and a sequence {ox} — 0+ such that (G}(z,,), s, — T)/Gi(zs,) — o0 as
k — o0, then

Gi(zo,) = o(|z0, —Z|I?), (Gi(Toy), Toy, — T) = O(||20, — Z[?).
It turns out that the ideal estimates hold when the constraints are convex.

Theorem 4. Assume that the quadratic growth condition and MFCQ hold at
Z. For each o > 0, let x, be a solution of problem (2) with the barrier function
defined in (8), and let x, — T as ¢ — 0+. Let, in addition, G;, i € A, be
convez. Then the estimates (17) and (19) are valid.

Proof. According to the first-order convexity criterion for differentiable func-
tions, for each ¢ > 0 it holds that

~Gi(z,) = Gi(T) — Gi(zs) > —{(Gi(xs), To —T) Vi€ A

Thus for ¢ € A, quantities (Gi{z,), z, — Z)/Gi(x,) are bounded (above by
one), and the needed estimates follow from Proposition 2. [

Theorem 4 extends assertion (if) of Theorem 1 to the case where the
objective function need not be convex.

3 Error Estimates for the Inverse-Barrier Method

Throughout this section, ¢, is defined with the inverse barrier (4). The de-
velopment is similar to that of Section 2, except that we obtain (computable)
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estimates in terms of ¢ and z,, rather than convergence rates depending on
o only.
For each o > 0, denote

to = 0(1/(G1(0))%, .., 1/(Gm(24))?) > 0. (29)

By direct computation,

<,U'o‘a G(Ia» = JZ l/Gi(xa)y (30)

i=1

and by the first-order necessary optimality conditions for problem (2) at z,,
we also have condition (14) (but with y, defined in (29)).
If (1) is a convex minimization problem, we have the following.

Proposition 3. Let f and G;, i = 1, ..., m, be convez. For ¢ > 0, let z,
be a solution of problem (2) with the barrier function defined in (4). Then it
holds that

f(zo) < inf f(z) —UZ 1/Gi(zo).

i=1

Proof. The assertion follows from observing that (x,, ) is a feasible point
for the Wolfe dual of (1), and using the weak duality relation. O

In our setting, it therefore holds that

flzo) < f(Z)+ O (02 (-1/Gi(zo)) ) : (31)
i=1

Recall that in the convex case, MFCQ is equivalent to our standing assumption

that D° # (. By the same argument as in Section 2 (but using (29) instead

of (12)), it can be shown that the values u, are bounded for all ¢ > 0 small

enough, and that each accumulation point of u, (as ¢ — 0+) belongs to M.

Then (30) implies that

m

Z -1/Gi(z,)) — 0 as o — 0+,

which shows that the estimate (31) is meaningful.
From Proposition 3, we immediately obtain the following result.

Theorem 5. Let f and G;, i =1, ..., m, be convezr. For each o > 0, let x,
be a solution of problem (2) with the barrier function defined in (4), and let
Ty — & as ¢ — 0+. Then the following assertions are valid:

(i) If the linear growth condition is satisfied at T, then

les — 3] = 0 <oz(—1/ai(xg))) . (52)
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(i1) If the quadratic growth condition is satisfied at T, then

Iz~ = 0 <o”2 Z(—l/Gi(xa))l/Z) . (3)
=1

Examples 1 and 2 can be used in order to demonstrate that the estimates
obtained in Theorem 5 are sharp; we omit the details.

We proceed with the estimates for the nonconvex case, explicitly assuming
that MFCQ holds at Z.

Theorem 6. Assume that the linear growth condition and MFCQ hold at Z.
For each o > 0, let x, be a solution of problem (2) with the barrier function
defined in (4), and let v, — T as 0 — 0+. Then estimates (31) and (32) are
valid.

Proof. The proof is similar to that of Theorem 2, but using (30) instead of
(13). O

We note that a counterpart of Theorem 3 does not hold for the inverse
barrier.

Assume now that f and G are twice differentiable, and their second deriva-
tives are continuous at Z. By direct computation, we obtain that for each
o > 0, it holds that

oL -~ (Gil,), €)°
W(.’L‘g, Ho‘)[g, §] - 202 W

i=1

= ¢q(zo)[§, §] 20 VEER", (34)

where the second-order necessary optimality conditions for problem (2) at z,
are taken into account.

Following the lines of the proofs of Proposition 2 and Theorem 4, we obtain
the next two results.

Proposition 4. Assume that MFCQ holds at Z. For each o > 0, let z, be a
solution of problem (2) with the barrier function defined in ({), and let x, — X
as 0 — 0+. Then it holds that

_ 1 (Gizs), To
f@o) < f@) +0 :
’ 2 GG ( (Gilzo)

Theorem 7. Assume that the quadratic growth condition and MFCQ hold at
Z. For each o > 0, let z, be a solution of problem (2) with the barrier function
defined in (4), and let ©, — T as 0 — 0+. Let, in addition, G;, i € A, be
convexr. Then the estimates (31) and (83) are valid.

— )2
E ) +1>+0(||:c¢,—:7:||2).
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4 Concluding Remarks

We presented computable error bound estimates and convergence rate re-
sults for some interior penalty methods. Our assumptions are esseritially the
Mangasarian-Fromovitz constraint qualification and the linear or quadratic
growth condition (in this setting, the latter are equivalent to the first-order
or second-order sufficient optimality conditions, respectively).

Some of the estimates are shown to be sharp. But at this time, it is an
open question whether the estimates for the log-barrier method given under
the Mangasarian-Fromovitz constraint qualification and the quadratic growth
condition (Theorem 3) are sharp.
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Summary. In this paper, the problem to control a finite string to the zero state in
finite time from a given initial state by controlling the state at the two boundary
points is considered. The corresponding optimal control problem where the objective
function is the L'-norm of the controls is solved in the sense that the controls that
are successful and minimize at the same time the objective function are determined
as functions of the initial state.

1 Introduction

We consider a string of finite length that is governed by the wave equation.
The string is controlled through the boundary values at both ends of the string
(two—point Dirichlet control). The boundary control of the wave equation has
been studied by many authors and results about exact controllability are well—-
known. The method of moments is an important tool to analyze this system
(see e.g. [1, 7, 8, 10, 12] and the references therein). Also the controllability of
the discretized problems and the relation between the optimal controls for the
continuous and the discrete case have been the subject of recent investigations,
see [14]. A related problem of one—point time optimal control has been solved
in [11], where the control functions are assumed to have a second derivative
whose norm is constrained. In [13], exact controllability is studied for a string
with elastic fixing at one end.

In this paper, our main interest is to study the structure of the optimal
controls and to give an explicit representation of the optimal controls in terms
of the given initial data. This yields valuable test examples for numerical
algorithms.

From a given initial state where the position and the integral of the velocity
are given by a Lebesgue—integrable function the system is controlled to the
zero state in a given finite time.

To guarantee that this control problem is solvable for all initial states, the
control time has to be greater than or equal to the time that a wave needs
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to travel from one end of the string to the other (the characteristic time). In
Theorem 1 we give an exact controllability result where the initial states that
can be steered to zero with boundary controls from the spaces L? (p € [1, 00])
are characterized: These are the initial states where the initial position and
the integral of the initial velocity are functions in the spaces LP on the space
interval.

The requirements that the target state is reached in the given terminal
time do not determine a unique solution. So we can choose from the set of
successful controls a point that minimizes our objective function which is the
L'-norm of the controls. In general, this optimization problem does not have
a unique solution. In Theorem 2 the solutions are given explicitly in terms of
the initial data.

In [2], [4] and [6], we have studied the related problem to steer the system
from the zero state to a given terminal state in such a way that the LP-
norm (p € [2,00]) of the control functions is minimized. In these papers, the
method of moments and Fourier—series have been used in the proofs. In the
present paper we use the method of characteristics for our proofs. Note that
in contrast to the Ll-case, for p € (1, 00) the corresponding optimal controls
are uniquely determined.

This paper has the following structure: We define the optimal control prob-
lem and some important auxiliary variables, for example the characteristic
time and the defect. Then the problem is transformed and reformulated in
terms of the Riemann invariants. For this purpose, we use the d’Alembert
solution of the wave equation. After the introduction of auxiliary functions as
variables in the optimization problem, the exact controllability result Theo-
rem 1 can be proved. Then the objective function is also written in terms of
the auxiliary functions, which allows to reformulate the optimization problem
such that it decouples to time—parametric finite dimensional problems that
can be solved explicitly. (These auxiliary problems also do not have a unique
solution.) This allows to solve the optimal control problem. In Theorem 2, the
solutions of the L'-optimal control problem are given in terms of the initial
state. Finally we present some examples.

2 The Problem

Let L1(0,T) denote the space of Lebesgue-integrable functions on the interval
(0,T), and let

T
(1, w2) s 0.y = / s (8)] + fua(8)] .
0

Let the length L > 0, the time 7" > 0 and the wave velocity ¢ > 0 be given.
Let yo € L'(0, L) and y, be given such that the function z — foz y1(8) ds is
in L}(0, L).
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‘We consider the problem

P minimize [|(u1, u2)||1,0,7) Subject to uy,up € L*(0,T) and (1)
y(x70) = yO(x)v yt(m70) = yl(x)a TE (OaL) (2)

y(0,8) = wi(t), y(L,t) = usz(t), t € (0,T) ®3)

ytt(-’rat) = c2y$w(xat)7 (.’L‘,t) € (OaL) X (O,T) (4)

y(m,T) =0, yt(w:T) =0,z¢ (OaL) (5)

3 Definition of the Characteristic Time

Define the characteristic time ¢; = L/c that a characteristic curve needs to
travel from one end of the string to the other. In the sequel we assume that

T > to.

For the solution of the problem, we need to know how often the characteristic
time tp fits into the time interval [0, T]. Define the natural number

k=max{j e IN:jto <T} (6)

and the defect
A=T—-kty>0. (7)

The definition of A implies the equation T = k {g + A.

4 Transformation of the Problem

In order to come closer to a solution of Problem P, we transform it to a form
that we can solve. For this purpose, we write the solution of the wave equation
in the form

y(@,1) = [a(z + ct) + Bz — ct)]/2 (8)

which means that we describe our solution in terms of the Riemann invariants
or in other words, as the sum of travelling waves. For an introduction to linear
hyperbolic systems see [9].

The end conditions (5) yield the equations

alz+cT)+ Bz —~cT)=0, o (z+cT)-F(x—cT)=0,z€(0,L) (9)
where the derivatives are in the sense of distributions. This is equivalent to
a(z) = —B(z — 2cT), &'(z) = §'(z — 2T, z € (cT,cT + L). (10)

Differentiation of the first equation in (10) yields
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o (z) = —pf'(z —2cT), z € (cT,cT + L)
hence we have o/(z) = —a/(z) and thus
o (z) =0, € (cT,cT+ L); B (x)=0, z € (~cT,—cT + L). (11)

So the first equation in (10) implies that there exists a real constant r such
that

a(z)=r, x € (cT,cT+ L); Blz)=-~r, & (—cT,~T+ L). (12)

We have shown that if (8) satisfies the end conditions (5), then (12) holds.
The reverse statement is obviously true.
The initial conditions (2) yield the equations

vo(z) = (1/2) [a(z) + B(@)], y1(z) = (¢/2) [/ (z) = B'(2)], = € (0,L). (13)

Hence we have

(@) +(1/0) [ w(e)ds = ae) - by, 2 € 0,5) (14)
(o) = (1/0) [ wule)ds = @) + b, € 0,0) (15)
for a real constant k; that we can choose as zero, which implies
a(e) = (@) + (1/e) [ m(s)ds, € 0,0), (16)
8a) = (o) = (1/0) [ mls)ds, v € 0,0). (17)

We have shown that if (8) satisfies the initial conditions (2), then (16), (17)
hold. The converse also holds: If «, § satisfy (16), (17), the initial conditions
(2) are valid for y given by (8).

5 Exact Controllability

The considerations in the last section imply the following exact controllability
result:

Theorem 1. Let T > L/c and p € [1, 0] be given. The initial boundary-value
problem (2)-(4) has a travelling waves solution in the sense (8) that satisfies
the end conditions (5) with w1, ug € LP(0,T), if and only if the initial states
Yo, Y1 satisfy the following conditions: yo € LP(0,L) and Y7 € LP(0, L), where
Yi(z) = [ yi(s)ds, that is y; € W12(0, L).

This implies that Problem P is solvable if and only if yo and Yy are in
LYo, L).
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Proof of one direction. Assume that yy and Y; € LP(0, L). Define
u1(t) = y(0,1) = [eet) + B(—ct)]/2

ug(t) = y(L,t) = [a(L + ct) + B(L — cb)]/2

where the functions « € L?(0, L + ct), § € LP(—cT, L) are chosen such that
(12) and (16), (17) hold, for example with r = 0 and a(z) = 0 for z € (L, cT)
and 8(z) = 0 for x € (L — ¢T,0). Then the solution y given by (8) satisfies
the initial conditions (2) and the end conditions (5). Moreover, u; and u, are
in LP(0,T). The proof of the converse is given in the next section. 0O

Remark 1: For the case p € [2,00|, Theorem 1 is already proved in [6] us-

ing Fourier series. Note however, that in [6] the initial state is the zero state
which is controlled in the time T to the target state (yo,v1).

6 Definition of Auxiliary Functions and Completion
of the Proof of Theorem 1

For j € {0,1,...,k} and t € (0,¢;) define the functions

a;(t) = a(ct +jL), B;(t) = B(-ct = (j — 1)) (18)
and for ¢ € (0, A) define
op+1(t) = alct + (K +1)L), Bry1(t) = B(—ct — kL). (19)

The functions «;, §; are useful as decision variables in the transformed
optimization problem. We will state the constraints in terms of the functions
g, ﬂj: Since

[eT,cT + L) = [kL + cA, (k + 1)L + cA]
=[kL+cA,(k+ V)LV [(k+ 1)L, (k+ 1)L + c4]
and
[-cT,—cT + L] = [-kL — cA,—(k — 1)L — c4]
=[—kL —cA,—kL|U[-kL,—(k — 1)L — c4]

the constraints (12) are equivalent to the conditions

or(t) =71, t € (A to), agy1(t) =7, t€(0,4), (20)
ﬁk(t) =T, te (A7t0)a /Bk-i-l(t) =T te (O,A) (21)

This means that the functions ap41, Ok+1 are constant on (0, A4) and the
functions oy, Bx are constant on (4,¢y) with the same absolute values but
with opposite signs.

Conditions (16) and (17) are respectively equivalent to
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ao(t) = volet) + (1/¢) /0 () ds, ¢ € (0,t0), (22)

L—ct
Bo(t) = vo(L — ct) — (1/0) /0 u(s)ds, t € (0,4), (23)

so the values of the functions g, fy are prescribed by the initial conditions.
We can represent the control functions i, ug in terms of «;, §; in the
following way. Define the intervals

I} = [jto, jto + 4], 5 € {0,1,2, .., k}, (24)
I7 = [jto+ A, + Do), 5 €{0,1,2,...,k — 1}. (25)

Then for t € Ij1 orte IJ2 we have

uy(t) = [a;(t — jto) + Bj+1(t — jto)1/2, (26)
ug(t) = [oy1(t — jto) + B;(t — jto)] /2. (27)

Now we complete the proof of Theorem 1. Assume that controls u;, us €
LP(0,T) are given such that the travelling waves solution (8) satisfies the
initial conditions (2) and the end conditions (5). The end conditions (20),
(21) imply that the functions g1, Br+1 are in LP(0, A). Then (26) and the
fact that uy is in LP(0,7") imply that oy is also in LP(0, A). Equation (27)
and the fact that us € LP(0,T) imply that §i is also in L?(0, A). Analogous
arguments show that ax_1, Bx—1 are in LP(0, A) and repeating the argument
shows that ap, Go is in LP(0, A).

The end conditions (20), (21) imply that the functions g, Bk are in
LP(A,tp). Then (26) and vy € LP(0,T) imply that ax_1 is also in LP(A, tg).
Equation (27} and the fact that uy € LP(0,T) imply that Br-1 is also in
LP(A,tg). Repeating the argument implies that ag, fp are in LP(A,tp).

Thus we have shown that ag, G are in LP(0,%p). Equations (22), (23)
imply that yo is in LP(0, L) and that Y} is in L?(0, L).

7 Reformulation of the Optimization Problem in terms
of Qj, :31'

We start by transforming our objective function

T
Ty, uz) = / s (8)] + (&) . (28)

‘We have

(G+1)to

k jto+A k-1
Juru) =Y [ (0] + fuate |dt+2/ fua (B)] + s ()] dt
j=0 jto 7=0

to+
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A tg
/ (4 o)+ a4 o) di+ :/A iy (£ o)+ (£ + to)|
0 .

Il
L i

J
to k—1

k
/ D lua(t+ jto)| + [ua (t+ jto)| dt+/ Zlul (t+7to)| + lua(t+gto)]| dt
ji=0

I

/ [;laj(w + G50+ Haga(9)+ 0|

tok 1
/ [ a5 (&) + By ()] + |a,-+1<t>+ﬂj<t>l] dt

=: F(ajl0,4), ﬁj|(0,A)»j €{1,....k}; a5l(ate), Bil(ate),J € {1,k —1}).
(29)
Now we write down our optimization problem in terms of the unknown
functions «;, G;. If we have determined a solution pair o;, 3;, we obtain
the corresponding controls u;, ug from (26), (27). In this sense Problem P is
equivalent to the problem:

minimize the objective function F given in (29) (30)

over the functions
aJ](OA ﬁ]'(oA eL! 0,4), je{1,...,k},

ajliao)r Biliate) € LM (A k), 5 €{1,...k—1}

where ag, By are given in (22), (23) and akl(at)s Brl(at)r Qk+1l(0,4)
Br+1l(0,4) are given by (20), (21).

7.1 Definition of a Time—Parametric Optimization Problem

For t € (0,tp) and a natural number m consider the optimization problem

m—1

H(tm) : min Y 2las(®) + G (O] + slaga( + 50 (31)

7=0

where the numbers ag(t), Go(t) and oy, (t), Bm(t) are given and the decision
variables are a1 (t),...,0m—1(t), B1(t)se--sBm—1(t). If m = 1 there are no decision
variables. The objective function of H (¢, m) is the integrand of the function F
given in (29) at a single point ¢ € (0, tp), so the idea of H(t,m) is to minimize
the integrand of Problem {30) at a single point in time.

‘We obtain solutions of Problem (30) by solving the optimization problems
H(t,k+1) fort € (0,A) and H(t,k) for t € (A, to) almost everywhere, that is
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we minimize the integrand in the objective function J pointwise a.e.. Consider
solutions a;(t), B;(t) of these optimization problems as functions of t. If these
functions are Lebesgue integrable, they are condidates for a solution of the
optimization problem (30) and thus yield solutions of the optimal control
problem P. In fact, the solutions ¢ (t), 5;(t) are coupled by the real parameter
r from (20), (21). So we reduce the original infinite-dimensional problem to
the problem to find the value of the real number r for which the objective
function evaluated at the corresponding solutions ¢;(t), 5;(t) has minimal
value.

7.2 Solution of a Time—Parametric Optimization Problem

Consider problem H(t,m) for a fixed time ¢ € (0, tp). Since ¢ is fixed, we call
the decision variables a1,...,04m—1, B1,.--,0m—1 and omit the parameter ¢. We
introduce new variables:
Y =5+ Bi+1, 05 = ajp1+ B for jeven,
v = oj41+ G5, 0 = a5 + Bj41  for 7 odd.
We have
m—1 . .
Z(_l)j ] % —Om if m is even,
2 i oo + B if mis odd.
]:
If o =7 = =P as in (20), (21), this yields for all m the equation

m—1

Z(—l)j’)’j =qyp—T=Cy.

Jj=0

mX_:l(_l)j& - {/60 = Bm  if mis even,
;=
Jj=0

Similarly,

Bo + o, if mis odd.

If @y, =1 = —f, as in (20), (21), this yields for all m the equation

m—1 )
> (=18 = fo+ 71 =ca.
We also have 7=0
m—1 : m-1
D les(®) + B+ (O] + lagra(8) + B (B = D 1l +1651.
Jj=0 j=0
This means that we can decouple problem H(f,m) into two problems
m—1 m—1 )
P, : min Z I7;] s.t. Z(——l)”yj = ¢y, (32)
j=0 3=0

m-—1

m—1
Py: min Y |5] st D (=1)5; = ca. (33)
j=0

Jj=0
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Lemma 1. The optimal value of Py is |c1|. If c1 = 0, the solution of P; is
uniquely determined. If ¢; # 0, the solution of P; is not uniquely determined.
In fact, (yo,...,Ym-1) s a solution of Py if and only if

v = (1Y Ajen, § € {0,...,m —1},

m—1
where for j € {0,...,m—1} we have A; > 0 and Y A; = 1. The corresponding
=0
assertions for P, also hold.
Proof. The point with the components +; as defined in the Lemma satisfies the
equality constraint of P; and has the objective value |c;|. Thus the objective
value is less than or equal to |c;|. Now take an arbitrary point that satisfies
the equality constraint of P;. Then the triangle inequality implies

sl = Y =19y 21 ) (=107 = lal.
=0 i=0

Hence the optimal value of P; is greater than or equal to |¢;]| and we have
proved the assertion. Assume that ¢; # 0. Let an arbitrary solution of P; with
the components 7g, 71,...,m—1 be given. Then we have

3

Il
o

J

Ja

m—
nj| = leal.
§=0

Define A\; = |n;]/|c1|. Then A; > 0, >0 "X =1, and 7; = |e1|A;sign(n;).
The equation

m-—1 m—1
Z ~1)p; = Z Mla|(=1)sign(n;) = e Z i (—1)sign(n;) = a1
7=0 §=0

holds. Thus

3

AJ( 1)’sign(n;) = sign(c1).

1l
o

i
This equation can only hold if for all j € {0,...,m — 1} we have
(—1)’sign(n;) = sign(c1),
which implies sign(n;) = (—1)7sign(c;). Thus we have 1; = (=1)? A c1, and
the assertion follows. 03

7.3 Solution of the Optimal Control Problem

Consider the functions a;(t), §;(t) defined as the solutions of H(t,k + 1) for
t € (0,A) and of H(t, k) for t € (A,ty) almost everywhere. Lemma 1 gives
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values «;(t) + B+1(t) and a;j41(t) + B;(t) for the solution of problem H(t, m)
explicitly. The general solution given in Lemma 1 yields solutions of the form
v () = (1) X)) [ (t) — 7] for t € (0,4), 5 €{0,...,k}
%‘(t) = (=1)pj(®)[ao(t) — 7] for t € (4,t0), j €{0,....,k — 1}
5;(t) = (=1Yv;(®)[Bo(t) + 7] for t € (0,4), j €{0,...,k}
6;(t) = (=1Yw;(t)[Bo(t) + 7] for t € (A,to), j€{0,...k—1}.

Here ); and v; are functions defined almost everywhere on (0, A) such that

k
X1 20, () >0, D M) =1=> y;(t),
=0

=0

and such that the functions A;{ag — ) and v;(8y + r) are in L*(0, A) for all
j €{0,...,k}. Moreover p; and w; are functions defined almost everywhere on
(A, ty) such that

k—1
i () >0, w;(t) >0, Zu] ) =1=) w(t),
j=0
and such that the functions p;(ap — 'r) and w;(By + r) are in L*(A4, to) for all

jeA{0,...,k—1}.
Equations (26), (27) and the definition of 7;, §; imply that the control
values corresponding to these functions are given as

ur(t + jto) = ;{t)/2 if j is even, (34)
w1 (t + jto) = 6;(t)/2 if j is odd, (35)
ug(t + jto) = 0;(t)/2 if j is even, (36)
ug(t + jto) = v;(t)/2 if jis odd. (37)

Now both for u; and us we have to consider four different cases, depending
on whether ¢ is in the interval (0, A) or the interval (A, %) and on whether
7 is even of j is odd. The general solutions given in Lemma 1 correspond to
optimal controls of the form

ur(t+ jto) = Aj(t)[ao(t) — 7]/2 if j is even and ¢ € (0, A), (38)

ur(t + jto) = p;()[ag(t) — r]/2 if jis even and ¢ € (4, tp), (39)
ur(t + jto) = —v;(8)[Bo(¢) + 7]/2 if jis odd and t € (0, 4), (40)
uy(t + jto) = —w;(t)[Bo(t) +7]/2 if jis odd and t € (A,tp),  (41)

ug(t + jto) = v;(t)[Bo(t) + r]/2 if j is even and ¢ € (0, A), (42)
ug(t + jto) = w;(t)[Bo(t) +r]/2 if jis even and t € (A4, ty), (43)
up(t + jto) = Aj(¢)[—ag(t) + r]/2 if jis odd and ¢ € (0, 4), (44)
ug(t + jto) = pi(t)[—o(®) + r]/2 if jisodd and t € (A, ).  (45)
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If T = kto, that is if A = 0 the intervals (0, A) vanish.

It only remains to determine the value of the real number r. For this
purpose, the control given above is inserted in the objective function J(u1, u2)
and 7 is chosen such that J{u;,u2) is minimized.

8 Main Result

In this section we state the main result of this paper, which provides an
explicit solution to the optimization problem P, that is to say, to the Ll-
norm optimal two—point Dirichlet boundary control of the wave equation to
the zero position.

Theorem 2. Assume that T is greater than or equal to ty = L/c. Consider
the Problem P defined in (1)-(5). Choose a real number r that minimizes

to
3l = rl+ 1800+ o] (46)
where ag s given by (22) and [y is given by (23).

Then a solution of Problem P is given by controls u, uo defined in (38)-
(45) and, conversely, every solution has this form.

The minimal value of Problem P is given by the integral (46) with an
optimal choice of r. Problem P admits a unique solution if and only if the
minimal value of Problem P is zero.

Proof. We have presented controls u;, ug € L1(0,T) such that the generated
state satisfies the end conditions and the corresponding value of the objective
function is

1 [t
J(u1,u2) = min —2-/ leo(t) — 7| + |Bo(t) + 7] di.
r 0

Let v1, vy € L*(0,T) be control functions for which the generated state satis-
fies the end conditions. Then there exists a real number r = ry such that (12)
holds. Suppose that the corresponding functions 7;, d; (as in (34), (37)) do not
solve the problem H(t,k + 1) almost everywhere on (0, A4) (with a1 = 7y,
Br+1 = —rg) or do not solve the problem H (¢, k) almost everywhere on (4, %)
(with ag = rg, Bx = —rg). For t € (0, A), let hy(t) denote the optimal value
of H(t,k + 1). Lemma 1 implies that hy(t) = [[ag(t) — ro| + |Bo(t) + 70l]/2.
For t € (A,tp) let ha(t) denote the optimal value of H(t, k). Lemma 1 implies
that ho(t) = [|an(t) — ro| + |Bo(t) + 10)/2. Then we have

A to
J('Ul,’vz) > / hl(t) dt+/A hz(t) dt

0
1

to
=5 [ o0 = rol + 1Boge) + 7ol

_>. J(u17u2)'
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Hence v;, vy cannot be a solution of P. This yields the assertion that the
optimal controls are of the form as stated in the theorem, that is they solve the
problem H(t,k + 1) almost everywhere on (0, A) (with ax+1 = 7, Bk41 = —7)
and solve the problem H(t,k) almost everywhere on (4,ty) (with ax = r,
Br = —r), where 7 is chosen as to minimize (46). O

0.05[

0.04 4
0.03F \ \
0.021

0.01F

of A
-0.01
-0.02
-0.03 / /
0,04
-0.05 ‘
0 05 1 15 2 25 3

Time interval (0.T)

Fig. 1. The optimal control %; = uz in Example 2

9 Examples

In general the value of r for which the integral (46) attains its minimal value
is not uniquely determined.

Example 1. Assume that yg = ¢y is constant and y; = 0, that is the string
is initially at rest. Then (22) implies that ag(t) = co and (23) implies that
Bo(t) = cp, hence we have ap(t) = Bo(t) = cp, and the number r from Theorem
2 minimizes

to
/ lco — 7 + |co + r|dt = to(lco — 7| + |eo + 7).
0

The value r = 0, minimizes the integral, since with r = 0 the integrand equals
2|co| and the triangle inequality implies that for all real numbers s we have

2|col = |co — s+ co + |+ < |eo — s} + |co + 3.

So the optimal value of Problem P is |¢gltg. In this case, (38)-(45) imply that
for all j € {0,...,k}, t € (0, A) optimal controls are given by
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Fig. 2. The optimal state y in Example 2

u(t + jto) = ua(t + jto) = Fl)jﬁ

and for all j € {0,...,k — 1}, t € (4,1p) optimal controls are given by
. . i C
wr (t + jito) = ug(t + jto) = (—1)9—2-%.

If ¢y > 0, the optimal value is toco. With 7 € [—cg, ¢, the integral (46) has

the value
1

to
—/ 00—7”+C0+7‘dt=t000,
2 0

thus also for all r € [—c¢y, co] the controls given by (38)—(45) are optimal. Only
in the trivial case ¢y = 0 where the initial state is already zero, the choice
r = 0 represents the unique solution.

Example 2. Assume that yo(z) = 0 and y;(z) = sin(zw/L). Then (22) and
(23) imply respectively

Since ag(t) = [(2L)/(cm)] + Po(t), for all real numbers s # 0 we have
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L L
Joo(0) — 1+ 180(8) + | = 21 + folt)] = | == + = + o(t) + Fo(®)

= 2t B0 54 80(8) < |2 s (0) s+ Bo(0)] = lao(®) sl +Bo(0)+].

Hence with the value 7 = L/(cm) the integral from Theorem 2 attains its
minimal value, namely

1 [ L

= 2|— t)| dt

TR0
and optimal controls are given by (38)—(45) with = L/{cm). Note that since
ag(t) — r = Bo(t) + r we have uy = ug.

Now let L = 1, ¢ = 1 and T = 3.25, hence k = 3. Figure 1 shows the

corresponding optimal control u; = uy with r = 1/ and Figure 2 shows the
state y generated by uy and us.
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Summary. Among optimal control problems, singular arcs problems are interesting
and difficult to solve with indirect methods, as they involve a multi-valued control
and differential inclusions. Multiple shooting is an efficient way to solve this kind of
problems, but typically requires some a priori knowledge of the control structure.
We limit here ourselves to the case where the Hamiltonian is linear with respect
to the control u, and primarily use a quadratic (u?) perturbation of the criterion.
The aim of this continuation approach is to obtain an approximate solution that
can provide reliable information concerning the singular structure. We choose to
use a PL (simplicial) continuation method, which can be more easily adapted to
the multi-valued case. We will first present some convergence results regarding the
continuation, and then study the numerical resolution of two example problems. All
numerical experiments were conducted with the Simplicial package we developed.

1 Introduction

In indirect methods, applying the Pontryagin’s Maximum Principle to a prob-
lem with singular arcs leads to a Boundary Value Problem with a differential
inclusion. We denote this BVP with the following notations, that will be used
throughout this paper. Let us denote z the state, p the costate, u the control,
and ¢ the state-costate dynamics. If y = (z,p) € R™ (n is thus twice the state
dimension) and I" denotes the set valued map of optimal controls, then one

has
v {400 sl

First, we want to obtain some information regarding the structure of the
solutions, ie the number and approximate location of singular arcs. We use
for this a perturbation of the original problems by a quadratic (u?) term, as
done for instance in [10]. We will show some convergence properties of this
continuation scheme, that are mainly derived from the results in [4] by J.P.
Aubin and A. Cellina, and [12] by A.F. Filippov. This continuation method



164 P. Martinon and J. Gergaud

involves following the zero path of a multi-valued homotopy, which is why we
chose a simplicial method rather than a differential continuation method (ex-
tensive information about continuation methods can be found in E. Allgower
and K. Georg [2, 3], and M.J. Todd [20, 21]). Then we will study the practical
path following method, and some of the numerical difficulties we encountered,
which led us to introduce a discretized formulation of the Boundary Value
Problem. Finally, we use the information from these two continuation ap-
proaches to solve the optimal control problems with a variant of the multiple
shooting method. We will study in this paper two examples (from [11] and
[10]) in parallel, whose similar behaviour indicates that our approach is not
too problem-dependant.

1.1 First Example

The first example we consider is a fishing problem described in [11]. The state
(z(t) € R) represents the fish population, the control (u(t) € R) is the fishing
activity, and the objective is to maximize the fishing product over a fixed time
interval:

Max 010 (B - 355) u(t) Unag di

() { #(®) = ra(t)(1 = B2) — u(t) Unaa
0<u(t) <1 Vtel0,10]
z(0) = 70.10°  x(10) free

with E =1, ¢ =17.5 .10%, 7 = 0.71, k = 80.5 .10% and U4, = 20 .10°.

First we transform this problem into the corresponding minimization prob-
lem with the objective Min folo (;(ct—) —E) u(t) Upqy dt (note that the numerical
values of the problem are such that we always have % — E < 0, which cor-
responds to a positive fishing product). Applying the Maximum Principle of
Pontryagin then gives the following hamiltonian system for the state x and
costate p:

#(t) = r () (1 — Z2) — u(t)Unaq
p(t) = :r+(t) u(t)Uma:z —p(t) r (1 - 2xk(t))'

In terms of the switching function

t€[0,10] — 9(t) = ?ct) - E—p(t),

the Hamiltonian minimization gives the optimal control
w* (@) =0 if ¥(t)>0

W) =1 if ¥(t) <0
w(t) €[0,1] f ¥(t) = 0.

Over a singular arc, the relations 1/) = 0 and w = ( give the expression of
the singular control (t is omitted for clarity)
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kr c ¢ 2z 2px?

Ugingular = m(; -z Pt )

More precisely, the control actually vanishes in the equation ¢ = 0, so it
is necessary to use the second derivative of the switching function. On a side
note, these relations also lead to £ = p = 0, so the state, costate, and therefore
also the control are constant over a singular arc for this problem, which is of
course not a general property. Another remark is the important difference of
magnitude between the state and costate (about 108), which requires the use
of a proper scaling.

1.2 Second Example

The second example is the quadratic regulator problem studied by Y. Chen
and J. Huang [10]:

Min L % (23(t) + 23(t)) dt
afl(t) = atz(t)

(P2){ 22(t) = u(?)
~1<ut) <1 vtelo,s)
z(0) = (0,1) x(5) free

We have the state and costate dynamics

z1(t) = 22(2)

z2(t) = u(t)

pi(t) = —z1(t)

p2(t) = —p1(t) — z2(t)

and the following switching function and optimal control:
’l,b(t) =D2 (t):

w(t) = — sign pa(t) i Y(£) £ 0
wt) € [-1,1] if (t) = 0.

In that case again, the control disappears from the equation 1/) = 0, but the

relation ¢ = 0 still gives the singular control u?,, gutar (8) = z1(1).

2 Continuation Method: A Quadratic Perturbation

Solving these problems directly by single shooting is not possible due to the
presence of singular arcs, so we use a continuation method. Like the approach
in [10], we try to regularize these problems with a quadratic (u?(t)) pertur-
bation, and consider the following objectives:
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Min /10(L - E)(u(t) - (1 - )‘)U‘z(t))Umam dt) A€ [0) 1]a
o z(t)

I N L 2 2
Min 5/ @2(t) + 228) + (1= Ne2(@) dt, Aeo,1].
0

For problem (P;), as mentioned before the term C) — E is always nega-

z(t
tive, so the minus sign before (1 — A)u?(¢)Upnqz actually results in "adding” a
quadratic term, as for problem (P2). We then obtain two families of bound-
ary value problems parametrized by A, denoted by (BV P;)y and (BV Py))
respectively. The original problems correspond to A = 1. For A = 0, the prob-
lems are much more regular, and can be solved directly by single shooting
without any difficulties. The principle of the continuation method is to start
from the solution at A = 0 to attain A = 1, where we have the solution of
the original problem. The first idea is to try to solve a sequence of problems
(BV P),, with a sequence (\;) ranging from 0 to 1. However, finding a suit-
able sequence () is often problematic in practice, and here the low regularity
of the homotopy (for A = 1 especially) led us to rather consider a full path
following method. More precisely, if we note .Sy the shooting function related
to the parametrized problems, we will follow the zero path of the homotopy
h:(z,A) — Sx(z), from A = 0 to A = 1. There are two main families of path
following methods: Predictor-Corrector methods, which are fast but require
that the zero path be C?, and the slower but more robust Piecewise Linear
methods. In the present case, we have to deal for A = 1 with a multi-valued

homotopy, which is why we use a simplicial method, whose general principle
will be described below.

Remark. From now on, we will use the subscripts ; and ¢ for notations specific
to Problems 1 and 2, and keep unsubscripted notations for the general case.

2.1 Hamiltonian Minimization Properties

We begin with some results concerning the Hamiltonian minimization, that
were presented in [14]. We first recall a standard result (in the following we
keep the notation y = (z,p), with y of dimension n):

Theorem 1. Assume that U C R™ 1is a convexr compact set with nonempty
interior, and that the Hamilionian function H : [a,b] x R®* x U — R is
continuous and convez with respect to the control u. We note I'(t, x, p) the set
of solutions of min,ey H(t,z,p,u). Then I" has nonempty compact convez
values.

Lemma 1. A compaci-valued map G is upper-semicontinuous (in the sense
of Berge [5, p.114[) if and only if for all sequence (xy) that converges to z,
(G(zk)) converges to G(zx) according to

Ve > 0, kg > 0 such that Yk > ko, G(zr) C G(z) + €B(0,1),
with B(0,1) standing for the closed unit ball of center 0 and radius 1.
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Proof. See [17, p.66]. O

Recall that a function f : R™ x R is said to be inf-compact (in the sense
of [19]) if for all (y,a) € R™ x R, the set {u € R™ : f(u) — (uly) < a} is
compact. Here R denotes the extended-real line and (-|-) stands for the usual
inner product in R™.

Lemma 2. Let (fr)ren be proper convexr lower-semicontinuous functions de-
fined over R™. Assume the following assumptions:

(3) (fx)ren converges pointwisely to f,

(%) int(domf) # 0,

(#i) f is inf-compact.
Then,

1i inf = inf
Jim | Iof fi(u) = inf f(u)

and, Ye > 0, there is kg € N such that
argmingerm fr(u) C argmingerm f(u) +¢e B(0,1) Vk > ko.

Proof. See [19], page 1.3.54. O

Theorem 2. Consider the same hypotheses as in Theorem 1. Then, I' has
the following convergence property: if (tk, xk,pr) 15 a sequence that converges
to (t,z,p), then

(1') inquRm H(tk,l'k,pk,u) - inquRm H(t,$,p, u) as k — +00,

(u) Ve >0, kg > 0 s.t. Yk > ko, I'(tk,zk,pr) C F(t,m,p) + ¢ B(0,1).

Proof. Let (tx,zr,pr) be a sequence that converges to (¢,z,p). We note
fo(w) = H(tx, 2, pr, u) + 8(u/U) and f(u) = H(t,3,p,u) + 6(u/U) (where
d(u/U)y =01if u € U, and +o0 if u € U). For both example problems, it is
clear from the expression of the Hamiltonian (see below) that the (f;) are
convex and lower-semicontinuous. Let us check the assumptions of Lemma 2:
(1) If u ¢ U, then fr(u) = f(u) = +oo Vk; if u € U, then fr(u) =
H(ty, zk, pr,u), and as H is continuous we have H(ix, zx, pr,u) — H(t, z,p,u),
so fi(u) = f(u).

(i) One has int(dom f) = int(U) # 0.

(i) If v € R™ and a € R, then {u |H(t, z,p,u) + d(v/U) — (ulv) < a} =
Un{u |H(t,z,p,u) — (ujv) < a}. This set is compact because it is a closed
subset of the compact set UR™. This shows the inf-compacity of f.

Now Lemma 2 proves the theorem. O

Corollary 1. Consider the same hypotheses as in Theorem 1. Then, I' is
upper-semicontinuous (in short, usc).

Proof. Theorem 1, Lemma 1 and Theorem 2 give this result. O

Remark. If H is strictly convex, then we have the well-known property (see
e.g. [13, Theorem 6.1, p.75] and [6]) that u* is a continuous function (as I” is
then a continuous function).
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Back to the two examples, we have U; = [0,1], Uy = [-1,1], and the
Hamiltonians are (t is omitted for clarity):

Hi(t,z,p,u) = (g — E)(u— (1 = M) Unag + p(rz (1 — %) — 4 Unaz),

1
Hz(t,ilf,p, u) = 5(1'% + iL'% + (1 - )\)UZ) + P1x2 + pau.

Both H; and H; are continuous, and convex with respect to u (for Problem 1
we can numerically check a posteriori that ;& — E <0 Vi € [0,10]). So for
both problems (P;) and (P,), Theorem 1 and Corollary 1 apply, thus I and
I'; are upper-semicontinuous, and non empty compact convex valued. These
properties will be useful for the following convergence results concerning the
continuation. We can also note that for A < 1, both Hamiltonians are strictly
convex, thus the optimal control are continuous functions.

2.2 Convergence Properties

The following results were presented in [8], and are primarily derived from
the books by J.P. Aubin and A. Cellina [4], and by A.F. Filippov [12], whose

notations we will keep. In particular,

¢0 K = closed convex hull of K,
M? = {m:d(m, M) < d}.

Definition 1 ([12]). A function y is called a §-solution of y(t) € F(t,y(t)),
with F : [a,b] x R™ — R™ an upper-semicontinuous set-valued map, if over
an interval [a,b], y is absolutely continuous and

9(t) € Fs(t,y(t)) = [0 F(t, "))’
where F(13,4%) = Ugeps zeys F(s,2).

Lemma 3. Let (yi) be a sequence in AC,([a,b]) such that:

(i) Vt € [a,b], {yx(t)}« is relatively compact,

(it) 31 such that |yx ()} <1 almost everywhere in [a,b].
Then, there exists a subsequence still noted (yr) that converges uniformly to
an absolutely continuous function y : [a,b] — R", and for which the sequence
(r) converges weakly-* to ¢ in LS°([a, b]).

Proof. The proof follows the principle of the demonstration of Theorem 4, pp.
14-15 in [4]. The sequence (yy) is equicontinuous as

t”
ka(t’)—yk(t”)lz/ gi(t) dt <t —¢").
. tl

The Arzela-Ascoli theorem implies the existence of a subsequence, still noted
(yx), that converges uniformly to y in Cp({a,b]). Moreover, 4 € B(0,¢) C
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L([a, b]), with L([a, b]) being the dual of L. ([a,b]). Thus the Alaoglu the-
orem implies that this closed ball is weak-* compact. As L’ ([a, b]) is separable
this closed ball is metrizable for the weak-* topology (cf [7]). Then there exists
a subsequence, still noted (gy), that converges weakly-* to z in L°([a,b]). We
now have to prove that y is absolutely continuous and that ¢ = 2. First, yi is
absolutely continuous, thus

wl®) = ue(®") = [ in(s) ds (1)

The sequence (y;) converges uniformly to y, so the left hand side converges
to y(t') —y(t"). As (yx) converges weakly-* to z, for all components ¢ we have

b b
< ].,y'k,i >t e = / yk,i(s)ds —< 1,2 >p1 L= / zi(s)ds
a a

(where 1 is the constant map equal to 1). So the right hand side of (1) con-
verges to ftt, z(s)ds. We have then

o) =t = [ =(e)ds

with 2z in L2 ([a, b]), thus in L} ([a,d]). This means that y is absolutely con-
tinuous and that §(t) = z(t) almost everywhere. O

Theorem 3. Let (yi) be a sequence in AC,([a,b]) that converges to y and
vertfies Ur(t) € K for all k and t, with K compact. Then y is absolutely
continuous and Yx(t) € ¢o K for all t.

Proof. The proof is based on Filippov’s Lemma 13, p. 64 of [12]. O

Theorem 4. Let F be a nonempty compact convex valued map, defined on an
open set 2 C R™"L. Let (yx) be a sequence of §;-solutions defined on [a, b] that
converges uniformly to y : [a,b] — R™ when §; — 0, and such that the graph
of y is in 2. Then y is a solution of the differential inclusion y(t) € F(t,y(t)).

Proof. See Filippov’s Lemma 1, p. 76 of [12] O

Lemma 4. Let ¢ : 2 x [0,1] » R", with 2 an open subset of R"™, be a
set-valued map verifying

(i) © is upper-semicontinuous with nonempty compact convez values,

(it) ox = (-, A) is a is piecewise — C! function for 0 < A < 1.
Let us assume that the solutions of ya(t) = ©x(y(t)) remain in a fized com-
pact K and are defined on an interval [0,1f]. Then yy is a §-solution of the
differential inclusion §(t) € @(y(t),1), and § tends to 0 when X — 1.
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Proof. ¢ is usc at (y*,1) for all (y*,1) € K, thus for € = 4, there exists 7 such
that for all |y — y*| < ny« <4, |]A—1] <my» < 4, we have pr(y, A) € p(y*,1)°.
Thus K C Uy+ek B(y*,ny+) and as K is compact, we have K C UL, B(yi,m:).
For € = 6,Vy;,3ni |y —ysl <mi < and |A - 1| <n: <8, oa(y) € o(ui, 1)
For all y € K, there exists y; such that y € B(y;,7n:) and thus

erx(¥) € (e, 1)) C (p@!, 1)) C (e, 1))"

Then for all A such that |A — 1| < n and for all y € K, we have p)(y) €
(e, 1) O

Theorem 5. Let us assume that the solutions of (BV P)y remain in a fized
compact of [0,t7] x K, K C 2, with {2 an open subset of R". Then from any
sequence (yx,) of solutions of (BV P)y,, such that A\ — 1 as k — +oo, we
can extract a subsequence (yx) verifying:

(i) (yx) converges uniformly to y solution of (BV P)1,

(1) (9r) converges weakly-* to y in LY ([0,ts]).

Proof. ¢ is usc, thus (K, [1 — €,1]) is compact. There exists | such that
[ga(t)] < lfor A € [1 —¢,1]. The yy are absolutely continuous, and Lemma
3 says that we can extract a subsequence (yi) that converges uniformly to y,
and such that (g;) converges weakly-* to y in L2°([0,¢/]). As per Lemma 4,
(yr) is a dx-solution. ¢(y, 1) is non empty compact convex valued, so Theorem
3 says that y is a solution of the differential inclusion y(¢) € (y(t), 1). Initial
and terminal conditions can be written as ho(y(0)) = 0 and hs(y(ty)) = 0
with ho and Ay continuous. The uniform convergence of (yi) implies that y
verifies the boundary conditions, thus y is a solution of (BVP);. O

Corollary 2. Under the hypotheses of Theorem 5, assume that & = f(t,z,u)
provides a control of the form uw = S(t,z)+ R(t, )&, with R and S continuous
and R linear. Consider the subsequence yr, = (zx,pr) from Theorem 5, and
let uy = S(t, zx) + R(t,zk)Zr. Then (ux) converges weakly-* in L ({0,tf]).

Proof. See [9], proof of Proposition 3.2, pp. 551-552. O

Back to our families of problems (BV P;)y and (BV P,)», we have the
state-costate dynamics

T :L‘(t) (1 - M) - u(t)Umaz‘
Pry(e),ult). ) = <7n (ult) = (1~ M) — p(8) (1~ %)) |

T2(t)
palo@u0.0 = | 50
z2(1)

We consider the set valued dynamic ${y(t), \) = ¢(y(¢t), I'(y(t)), A). From the
expression of ¢; and 9, and the fact that I, and I are usc with nonempty
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compact convex values, we obtain that @&, and @, are also usc with nonempty
compact convex values. Now we make the assumption that the solutions of
(BV P}y and (BV P,)) remain in some fixed compact sets, which has been
validated by the numerical experiments. Then Theorem 5 applies and gives
the convergence result for the continuation approach.

Moreover, we have the following expression of the control:

up(t) = Uml,m (raa(t) (1 - “T(t)) — £x(t)) for Problem 1
ua(t) = @2, (1) for Problem 2.

Thus Corollary 2 applies and gives the convergence for the control.

2.3 PL Continuation - Simplicial Method

We will here recall very briefly the principle of a PL continuation method.
Extensive documentation about path following methods can be found in E.
Allgower and K. Georg |2, 3], as well as Todd [20, 21], to mention only a few.
The idea of a continuation is to solve a difficult problem by starting from
the known solution of a somewhat related, but easier problem. By related we
mean here that there must exist an application A, called a homotopy, with the
right properties connecting the two problems. For the following definitions we
consider that A is a function, the multi-valued case will be treated afterwards.

PL continuation methods actually follow the zero path of the homotopy h
by building a piecewise linear approximation of h, hence their name. Towards
this end, the search space is subdivided into cells, most often in a particular
way called a triangulation in simplices. This is why PL continuation methods
are often referred to as simplicial methods. The main advantage of this ap-
proach is that it puts extremely low requirements on the homotopy h: as no
derivatives are used, continuity is in particular sufficient, and should not even
be necessary in all cases.

First, we recall some useful definitions.

Definition 2. A simplex is the convex hull of n+1 affinely independent points
(called the vertices) in R™, while a k-face of a simplez is the convez hull of k

vertices of the simplex (note: k is typically omitted for n-faces, which are just
called faces).

Definition 3. A triangulation is a countable family T of simplices of R™
verifying:

e The intersection of two simplices of T is either a face or empty,

o T is locally finite (a compact subset of R™ meets finitely many simplices).

Definition 4. We call labeling a map | that associates a value to the vertices v;
of a simplex. We label here the simplices by the homotopy h: l(v¢) = h(z%, \?),
where vt = (2%, \!). Affine interpolation on the vertices thus gives a PL ap-
prozimation hp of k.
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Definition 5. A face [v1,..,v,] of a stmplex is said completely labeled iff it
contains a solution v, of the equation hr(v) = € for all sufficiently small e > 0
(where € = (e, ..,€") ).

Fig. 1. Hlustration of some well known triangulations of R x [0,1] ([0, 1] for Js):
Freudenthal’s uniform K, and Todd’s refining J; and Js3

Lemma 5. Fach simplex possesses either zero or ezactly two completely la-
beled faces (being called a transverse simplex in the latter case).

Proof. See [2], Chapter 12.4. O

The constructive proof of this property, which gives the other completely
labeled face of a simplex that already has a known one, is often referred to as
PL step, linear programming step, or lexicographic minimization. Then there
exists a unique transverse simplex that shares this second completely labeled
face, that can be determined via the pivoting rules of the triangulation.

A simplicial algorithm thus basically follows a sequence of transverse sim-
plices, from a given first transverse simplex with a completely labeled face at
A = 0, to a final simplex with a completely labeled face at A =1 (or 1 — € for
some refining triangulations that never reach 1, such as J3), which contains
an approximate solution of h(z,1) = 0.

For a multi-valued homotopy h, we have the following convergence prop-
erty.

Theorem 6. We consider a PL continuation algorithm using a selection of h
for labeling and a refining triangulation of R™ x [0, 1{ (such as J3 for instance).
We make two assumptions regarding the path following:

(i) all the faces generated by the algorithm remain in K x [0,1], with K
compact.

(%) the algorithm does not go back to A = 0.
Then, if h is usc with compact convex values, the algorithm generates a se-
quence (zi, ;) such that A; — 1, and there exists a subsequence still noted
(#i, Ai) converging to (z,1) such that 0 € h(z,1).
Proof. The proof comes from [1], chapter 4, page 56. O
For the two examples under consideration, the two assumptions concerning
the path following are numerically verified for both problems. However, the

assumption of the homotopy convexity only holds for Problem 1, but not for
Problem 2 a priori.
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2.4 Path Following - Singular Structure Detection

In order to initialize the continuation, we need to solve both problems for
A = 0, which is easily done by single shooting from an extremely simple initial
point (z(0) = —0.1 and z(0) = (0, 0) respectively). The objective shown is the
original, unperturbed criterion, and the results are summarized on Table 1. For
both examples, the path following goes smoothly at first, and the switching
function and control evolution as A increases is quite interesting, as shown on
Figures 2 and 3.

Table 1. Solutions for A =0

A z* |So(2*)|  objective iter time

Problem 1 0 —4.0935 1072 3.6295 10~'% 69374046 39 < 1s
Problem 2 0 (1.2733,2.2715) 3.3596 1071 0.4388 134 < 1s

CONTROL EVOLUTION SWITCHING FUNCTION EVOLUTION

0.9

0.8

=05
0.6 /——\
~0.6

0.5

04 . ' _og
0 4 [ N 4 6
TIME TIME

Fig. 2. Problem 1: Control and Switching function for A = 0,0.5,0.75,0.9,0.95

We can see that for both problems, the switching function 1 comes closer
to 0 over some time intervals, which strongly suggests the presence of singular
arcs at the solution for A = 1. For the first problem, the control structure
seems to be regular-singular-regular, with the singular arc boundaries near
[2,7.5], and for the second problem regular-singular, the singular arc begin-
ning around 1.5. Meanwhile, we can see that outside the suspected singular
arcs the control tends to a bang-bang structure coherent with the necessary
conditions, more precisely +1 before and after the arc for the first problem,
and —1 before the arc for the second problem. An interesting fact is that the
control keeps on taking intermediate values over the time intervals where 1
tends to 0, which confirms the assumption of a singular arc. On these two ex-
amples, the continuation based on the quadratic perturbation gives a strong
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CONTROL EVOLUTION SWITCHING FUNCTION EVOLUTION
0.4 2.5

0 1 2 3 4 5 0 1 2 3 4 5
TIME TIME

Fig. 3. Problem 2: Control and Switching function for A = 0,0.5,0.75,0.9

indication about the control structure, with an approximate location of the
singular arcs. So as far as the detection of the singular structure is concerned,
this approach seems rather effective.

2.5 Numerical Difficulties - Different Control Structures

However, as A tends to 1, the path following encounters some difficulties:
above a certain point, the PL approximation of the shooting function be-
comes increasingly inaccurate. We can also note that from this point on,
the objective value does not improve any longer (here again, the objective
values displayed correspond to the original non-perturbed problems, thus
Max [,° (E = c/2(t)) u(t) Umax dt and Min 1 [7 (23() + 23(t)) dt). Fig.4
shows the evolution of the homotopy norm and the criterion value along the
zero path.

Difficulties are often expected at the end of continuation strategies, and
for simplicial methods there exists for instance some refining triangulations
(such as J3 or J;) whose meshsize decreases progressively, in order to ensure
an accurate path following near the convergence. Yet in our case, using this
kind of techniques only delays this degradation a little, and does not prevent
it from appearing eventually. The instability threshold is problem dependant:
it appears at best (via refining triangulations) beyond A = 0.975 for Problem
1 and X = 0.95 for Problem 2.

The reason behind this phenomenon can be found if one looks at the
control structures corresponding to the vertices of the completely labeled faces
(which are supposed to contain a zero of the PL approximation of the shooting
function). Depending on the vertices, we find two different control structures:
the interval on which the switching function is close to 0, that we call a pseudo
singular arc, is not stable. At some point, the switching function leaves the
proximity of 0 and increases in absolute value, either with positive or negative
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Fig. 4. Homotopy norm and objective value along zero paths, for Problem 1 and 2

sign. Depending on the sign of the switching function at the exit of the pseudo
singular arc, we obtain two different control structures, either with “crossing”
or “turning back”. What happens is that these two structures keep appearing
among the vertices of the labeled faces, however small a meshsize we use, which
is why refining triangulations are useless. We also note that this instability of
the switching function near zero becomes worse as A tends to 1: the length
of the pseudo singular arc decreases as the exit occurs earlier and earlier, as
illustrated on Fig.5.

At the convergence for A = 1, all that is left from the pseudo singular arc
is a contact point, once again with two possible control structures depending
on the sign of the switching function after it reaches 0. For both problems,
the control and switching functions (but also the state and costate) are iden-
tical for the two structures before the contact point. After that point, which
corresponds to the beginning of the supposed singular arc, the switching func-
tion goes either positive or negative, with the two corresponding bang-bang
controls. More precisely, if the switching function crosses 0 and changes sign,
there is a control switch, while it remains the same if the switching function
turns back with the same sign after the contact point. Anyway, in both cases
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SWITCHING FUNCTION EVOLUTION SWITCHING FUNCTION EVOLUTION
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TIME TIME

Fig. 5. Switching function evolution for Problem 1 and 2 (A = 0.99, 0.995,0.9999,
and A = 0.95,0.975,0.9999 respectively)

we have lost the singular structure at the convergence. Figures 6 and 7 show
these two distinct control structures for each problem.
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Fig. 6. Problem 1: Control structures according to switch exit sign

The existence of these two very close (with respect to the shooting function
unknown z) and yet completely different control structures corresponds to a
discontinuity of the shooting function at the solution, which is illustrated
on Fig.8 for both Problem 1 (first graph) and Problem 2 (second and third
graphs).

We use here a basic Runge Kutta 4th order method with 1000 integration
steps. We tried various other fixed step integration methods, such as Euler,
Midpoint, Runge Kutta 2 or 3, and increased the number of steps to 10000.
We also used variable step integrators, namely Runge Kutta Fehlberg 4-5,
Dormand Prince 8-5-3, and Gragg Bulirsch Stoer extrapolation method (see
[15]), with similar results.
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Fig. 7. Problem 2: Control structures according to switch exit sign

For Problem 1, the path following always converges to the correct z* and
locates this discontinuity precisely, which is not surprising as Theorem 6 ap-
plies. This is not the case for Problem 2, and the experiments indeed show
that the path following can converge to different solutions, depending on the
integration used. We also note that the convergence is more difficult to at-

tain for Problem 2, as we often had to use the less accurate triangulation Jy
instead of Js.

3 Continuation: Discretized BVP Formulation

‘We now try to circumvent the previously encountered difficulties by discretiz-
ing the equations of the Boundary Value Problem. We use here a basic Euler
scheme for the state and costate, and consider a piecewise constant control.
The values of the state and costate at the interior discretization nodes become
additional unknowns of the shooting function, while we have the following
matching conditions at these nodes:

{Z"H-l — (fL‘i + ha_f(tiax‘hpi’u;))
Pit1 — (P + hgg (i, o, pis uf))

where the optimal control «} is obtained from (z;,p;) by the usual necessary
conditions. The idea is, that even if the control obtained on the singular
arc is irrelevant, we hope to have a good approximation of the state and
costate values. This formulation corresponds to a particular case of multiple
shooting, with a 1-step Euler integration between two successive discretization
nodes. Thanks to this integration choice, the discretized version of the shooting
function is compact convex valued. This allows us to hope a good behaviour
of the path following, according to Theorem 6.
Here are the discretized shooting function unknown and value layouts:

Unknown z (IVP unknown at o|(z", p")[(«?, p?)]...]
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Fig. 8. Shooting functions discontinuity at A = 1 for Problem 1 and 2

- IVP unknown at ¢y (same as in single shooting method)
- values of (z*,p*) at interior times ¢;

Value Sp(z) |Matchcond (t1) |Matchcond(t2)]... IConditions at iy |

- matching conditions at interior times
- terminal and transversality conditions at ¢; (same as single shooting)

Remark. A major drawback of this formulation is that the full state and costate
are discretized. This drastically limits the number of discretization nodes, else
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the high dimension of the unknown leads to prohibitive execution times. As
a side effect, this also puts some restrictions on the use of small meshsizes or
refining triangulations, for the same computational cost reasons.

Then we apply the same continuation with the quadratic perturbation as
before. Once again, solving both problems for A = 0 is done immediately
by single shooting, and we follow the zero path until A = 1. The instability
observed with the single shooting method does not occur. Here on Fig.9 are
the solutions obtained with 50 discretization nodes for Problem 1 and 20
for Problem 2 (whose state and costate are in R? instead of R). This time
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Fig. 9. Discretized BVP solutions at A = 1 for Problem 1 and 2

both switching functions clearly show the presence of a singular arc, located
near [2,7] and {1.5, 5] respectively. We note that the switching function for
Problem 1 is much closer to zero than the best solution we could obtain with
the previous approach. But now, an annoying fact is the presence of some
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oscillations located within the bounds of the singular arcs. Trying to get rid
of these oscillations by conventional means, such as smaller meshsizes and/or
refining triangulations, or increasing the number of discretization nodes, turns
out to be ineffective, especially for Problem 2.

These difficulties might come from the expression of the control, which
is still given by the necessary conditions. On a time interval [t;,;11] located
within a singular arc, let us assume that the continuation has found the correct
values of the state and costate (x;, p;) and (zi4+1, pi+1). The switching function
¥ (¢;) should be near zero as we are supposed to be on a singular arc, but
numerically it will not be exactly zero, mostly due to the rough discretization
scheme used. The necessary conditions then give a bang-bang control u; that
is different from the actual singular control u}, so the matching conditions on
the state and costate at ¢;+; may not be satisfied. So on singular arcs, the
algorithm may deviate to values of (z,p) that try to verify these incorrect
matching conditions given by wrong control values.

If we look closer at the value of Sp at the solution, we indeed notice that
non-zero components are found only for discretization times corresponding
to singular arcs. Moreover, for Problem 2 matching errors only occur for xg,
whose derivative is the only one in which the control appears. Other compo-
nents i, p1, P2, whose derivatives do not depend on u, always have correct
matching conditions, even on the singular arc. For Problem 1, both deriva-
tives of x and p involve the control, so it is not surprising that both matching
conditions are non-zero on the singular arc. We also note that the sign of non-
zero matching conditions changes accordingly to the sign of the switching
function. This is coherent with the fact that it also corresponds to the switch-
ings of the incorrect bang-bang control, and therefore possibly the changes of
sign of u; — u}. All this confirms that these oscillations observed on singular
arcs are related to the wrong control value given by the necessary conditions.
Fig.10 shows these matching conditions, with the switching function.

4 Numerical Resolution

Now we have gathered some knowledge concerning the singular structure of
the problems, and we try to solve them more precisely. Based on the solutions
of the continuation with the continuous and discretized formulations, we will
assume that we have the following control structures: regular-singular-singular
for Problem 1, and regular-singular for Problem 2.

We use a variant of the classical multiple shooting method, that we call
“structured shooting”. It shares the same principle as the well known code
BNDSCO from H.J. Oberle (see [18]), slightly simplified and adapted to the
singular case instead of the state constraints. The control structure is here
described by a fixed number of interior switching times, that correspond to
the junction between a regular and a singular arc. This times (£;)i=1..n,,..x
are part of the unknowns and must satisfy some switching conditions. Each
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Fig. 10. Matching conditions at A = 1 for Problems 1 and 2

control arc is integrated separately, and matching conditions must be verified
at the switching times. The switching condition indicates a change of struc-
ture, that is the beginning or end of a singular arc where ¢ = 0, and thus
can be defined for instance as v?(t;, z;, p;) = 0. Matching conditions basically
consist in state and costate continuity at the switching times.

Summary: structured shooting function unknown and value layout:

Unknown z |[IVP unknown at to[(z", p" )|(z*, p*)]...]A:1]Aq]...]

- IVP unknown at ¢y (same as in single shooting method}
- values of (x?, p*) at interior switching times ¢;
- switching times intervals A;, such that ¢t; = t;_1+ 4; , Vi€ [1..nswitch]|

Value Sg;r01(2) |Switchcmd(t1)|Mratchwnd(£1)|...lC0nditions at tf!

- switching and matching conditions at interior times
- terminal and transversality conditions at ¢y (same as single shooting}
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Structured shooting initialization:

Based upon the solutions obtained with the two continuations, we have two
switchings times for Problem 1, and one switching time for Problem 2. The
structured shooting unknowns, and the initialization sets corresponding to
the continuous and discretized continuations are summarized below on Table
2 and 3 (for the single shooting we use a solution for A = 0.95, before instability
occurs).

Table 2. Problem 1: control structure regular-singular-regular

Continuation p(0) t1;t2 (z',p") (=2,p%)
BV Pyos -0.429 25;7 (4.996 107, -0.600) (4.825 107, —0.587)
BVPp -0.453 2.55 ; 7.06 (4.839 107, —0.637) (4.741 107, —0.621)

Table 3. Problem 2: control structure regular-singular

Continuation (p1(0),p2(0)) ¢ (', p")
BV By 95 (0.974,1.512) 1.5 (0.398,-0.309, 0.401,0.00358)
BV Pp (1.167,2.024) 1.429 (0.578, —0.429 , 0.586,0.000505)

Now we try to solve directly Ssirvuct(2) = 0 with these initializations. For
both problems, convergence is immediate for the two initializations. Fig.11
shows the solutions obtained, with the expected singular arcs. The solutions
are the same for the two initialization sets, see Table 4 and 5.

Table 4. Solution comparison for Problem 1 for the two initialization sets.

Initialization  2z* t1; 45 |Sstruct(z®)| objective iter time

BV Po.gs -0.46225 2.3704 ; 6.9888 1.1 107 106905998 110 < 1s
BVPp -0.46225 2.3704 ; 6.9888 3.1 107! 106905998 88 < ls

Table 5. Solution comparison for Problem 2 for the two initialization sets.

Initialization z* t1  |Sstruct(z")| objective iter time

BV Py.9s (0.9422,1.4419) 1.4138 2.4 107 0.37699 93 < 1s
BVP, (0.9422,1.4419) 1.4138 9.2107% 0.37699 116 < 1s
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Fig. 11. Solutions obtained by Structured Shooting for Problems 1 and 2

Remark. It should be noted that the resolution can be quite sensitive with
respect to the initial point. For Problem 1, a deviation of 0.1 of the costate
values can be enough to prevent the convergence.

As a conclusion, we give here a comparison of the solutions obtained by
the two continuation approaches (single shooting at A = 0.95 and discretized
BVP) with the reference solution from structured shooting, see Fig.12 and 13.

We can see that both continuation solutions are rather close to the refer-
ence solution for the state, costate and switching function. For Problem 1 the
discretized solution is quite good, with very little oscillations, while the con-
tinuous solution at A = 0.95 is less accurate for p and . For Problem 2, the
oscillations are much more important on the discretized solution, whereas the
continuous solution at A = 0.95 is very close to the reference. Concerning the
control, the continuous formulation gives an acceptable approximation of the
singular control, the differences being localized around the switching times,
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Fig. 13. Structured Shooting and continuation solutions comparison for Problem 2

which is not surprising,.

Notes and Numerical precisions:

e There is no path following for structured shooting: we solve Sgiryct(2) = 0
directly, which is possible because we have a quite good initial guess.

e For non-discretized formulations (single and structured shooting), a basic
fixed step Runge Kutta 4th order integration was used, with 1000 discretiza-
tion steps for both problems. As said before, we obtained similar results with
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other integration methods, either with fixed or variable step.

e Tests were run on a PC workstation (2.8GHz Pentium 4), using a build of
the Simplicial package compiled with ifc (Intel Fortran Compiler).

¢ All numerical experiments were made using the Simplicial package we wrote,
which implements a PL continuation for optimal control problems via indirect
methods (www.enseeiht.fr/lima/apo/simplicial/, see also [16])

5 Conclusions and Perspectives

Starting with no a priori knowledge about the control structure, the two for-
mulations (single shooting and discretized BVP) of the continuation allowed us
to detect the singular arcs accurately. With this information and the approx-
imate solutions obtained, we were able to solve the problems with a variant
of multiple shooting.

Concerning the oscillations encountered with the discretized formulation,
one could think of using the expression of the singular control when the switch-
ing function is close to 0, instead of the incorrect bang-bang control given by
the hamiltonian minimization. However, the solutions obtained depend heav-
ily on the practical implementation of this "close to 0” condition, which can
artificially force a singular arc...

Another interesting idea is to discretize the control, in the same fashion
as direct shooting (or “semi-direct”) methods. This consists in integrating the
state and costate with an Euler scheme and a piecewise constant control,
whose value on the discretization nodes are part of the unknowns. Some con-
ditions would be enforced on these values, such as satisfying the Hamiltonian
minimization in the regular case and the singular control expression in the
singular case.

Finally, it would be interesting to try to adapt the methods we used here for
singular arcs to the case of state constraints, which also lead to low regularity
problems.
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Summary. A nonlinear elliptic control problem with pointwise control-state con-
straints is considered. Existence of regular Lagrange multipliers, first-order neces-
sary and and second-order sufficient optimality conditions are derived. The theory
is verified by numerical examples.

1 Introduction

In this paper, we consider the following semilinear elliptic optimal control
problem with distributed control and pointwise mixed control-state con-
straints

minimize J(y,u) := %/(y —yq)?dz + g/uz(w) dz
o] o)
(P) subject to —Ay(z) +d(y(x)) = u(z) in 2

Ouy(z) +y(x) =0 onl )

( and y,(z) < Au(z) +y(z) <pp(z) ae in 2, (2)

where 2 C RY, N = {2,3}, is a bounded domain with C%!-boundary I" and v
denotes the outward unit normal The function d : R — R is twice continuously
differentiable and monotonic increasing. Furthermore, the second derivative
d" is assumed to be locally Lipschitz-continuous. Moreover, k > 0 and X # 0
are real numbers, and the bounds y, and y, are fixed functions in L>°(2) with
Yo (2) < yp(z) ave. in £2.

This paper is a contribution to the theory of distributed optimal control
problems with pointwise state-constraints. The associated numerical analysis

* Supported by the DFG Research Center "Mathematics for key technologies" (FZT
86) in Berlin.
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is known to be quite complicated, since the Lagrange multipliers for the state-
constraints are in general regular Borel measures. We refer, for instance, to
Casas [4] for first-order necessary optimality conditions, Casas, Tr6ltzsch and
Unger [7] for second-order sufficient conditions and to Bergounioux, Ito and
Kunisch [1] or Bergounioux and Kunisch [3] for associated numerical methods.

The analysis is often simpler for problems with mixed pointwise control-
state constraints, since Lagrange multipliers are more regular there. For the
elliptic case with quadratic objective and linear equation, this has been shown
in the recent paper [10]. However, the corresponding proofs are quite technical.

Here, we consider a particular class of constraints, where the analysis can
be developed by a simple trick: Locally, the problem (P) is converted to one
with pointwise box-constraints, where the analysis is easy to perform. We will
show that problem (P) has regular Lagrange multipliers.in L*(f2). In view
of this, we are able to derive first- and second-oder optimality conditions for
(P). Moreover, we report on associated numerical tests.

It should be underlined that we investigate the problem for a fixed pa-
rameter A # 0. Though A is used as a small regularization parameter in the
numerical tests, we do not study here the complicated question of convergence
of optimal solutions and multipliers as A — 0. The problem (P) is interesting
in itself for A fixed.

Remark 1. The theory below also works for —Ay(z) + y{z) + d(y(z)) = u(x)
in 2, 8,y(z) = 0 on I" instead of (1). This is the case studied in the numerical
tests in Section 5.

2 Standard Results

In this section, we recall some well-known results on (P). We consider y in
the state space Y = H!(£2) N C(£2) and the control u in L?(£2). Moreover, we
introduce the control-to-state operator G : L2(f2) — Y that assigns y to u.
The following result is well known, [4]:

Theorem 1. Under the assumptions on d and §2 stated in Section 1, the state
equation (1) admits for all u € L?(f2) ezactly one solution y = G(u) € Y,
and the estimate

Iyl + lvllow) < oo llullz2(a) (3)

holds true with a constant cs that only depends on 12.

Due to dim §2 < 3, we obtain the following results for the derivatives of G

(ct.[6]):

Lemma 1. Under the assumptions on d, G is twice continuously Fréchet dif-
ferentiable from L%*(2) to Y. Its first derivative, denoted by w = G'(u) h,
h € L?($2), is given by the solution of the linearized equation
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~Aw+dy)w=h inf
ow+w=0 onl

(4)

with y = G(u). Moreover, the second derivative z = G"(u)[u1,uz} solves the
equation

~Az+d(y)z=-d"¥y1y2 in N 5)
Oz+2z=0 on I’
with y as defined above, and y; = G'(w)u;, 1= 1,2.
The next theorem states the existence of an optimal solution for (P).

Theorem 2. If the admissible set is not empty, then (P) admits at least one
global solution.

Proof. The proof is more or less standard. In all what follows, we denote the
global solution by (7, %), where § = G(@) and @ is said to be an optimal
control. By x > 0, we find a bounded minimizing sequence {u,} C L2(2)
and we can assume without loss of generality wu, — @, n — 0o. By Theorem
1, the associated sequence {y,} is bounded in H!(2), hence we are justified
to assume y, — ¥ in L2(2). Together with the boundedness in C({2) that
follows from (3), this yields d(y,) — d(3) in L?(£2), § = G(). The optimality
of 4 is a standard conclusion. O

We should mention that our theory does not rely on this existence result.
It is also applicable to any local solution .

Remark 2. Obviously, all admissible controls must be bounded and measur-
able, since y,,yp € L®(2) and y € C(§2) imply v € L®({2) because of the
constraint (2).

3 First-Order Conditions - Regular Multipliers
We start by introducing the reduced objective functional by
J(y,u) = J(G(u),u) =: f(u).
Thus, (P) is equivalent to mimimizing f(u) subject to
Yo () < Aulx) + (G(u))(z) < yp(xz) a.e. in 2. (6)

Since J is of tracking type, it is twice continuously differentiable. Together
with the differentiability of G (cf. Lemma 1), this yields the following lemma.

Lemma 2. Under the assumptions of Lemma 1, f is twice continuously
Préchet differentiable from L%(§2) to R. Its first derivative is given by
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fl(u)h—_—_ (I‘&U+q, h)LQ(Q)v (7)
where q solves the adjoint equation

~Aq+dW)a=y—vya

_ (8)
dg+q=0 on I

with y = G(u). For the second derivative, we obtain
f"(u)[ul,u2] = (y1, y2)L2(.Q) + K (u1, uz)L2(n) - /d”(y) Y Y2 qdx, (9)
2

where y and q are as defined above, and y; = G'(w)u;, i = 1, 2.

Proof. Although the arguments are standard, we recall the main ideas for
convenience of the reader. From f(u) = J(G(u),u) = 1/2||G(u) — yd||2L2(Q) +

K/2 ||u||%2(m, we get
flwh = (y — ya, wyp2 o) + &(u, h)L2(0),

where y = G(u) and w = G'(u)h denotes the weak solution of the linearized
equation (4) with the right hand side h. Now, choosing ¢ as test function in
the weak formulation of (4), we obtain

/Vw-qux +/d’(y)wqu+/wqu=/hqda:.
o) 17} T o)

On the other hand, we insert w in the weak formulation of equation (8):
/Vq -Vwdz + /d’(y)qwdx+ /qwds = /(y — yq) wdz.
2 2 r 2

Subtracting one equation from the other finally yields (y — ya, w)r2(0) =
(h, @)L2(0)- Applying again the chain rule, we arrive at

()1, uz] = (G'(wur, G'(u)ug)r2(2) + (G(u) — ya, G (w)[u1,u2])L2(a)
+ k(u , u2)L2(Q).

A similar discussion as above, where z = G"(u)[u;,us] denotes the weak
solution of (5), then gives (y — ya, 2)r2(0) = ~(d"(¥) 1 ¥2, Pr2(2)- O

Remark 8. Notice that, for a given right hand side in L?(£2), equation (8)
admits a solution ¢ in Y, since the differential operator in (8) has the same
form as the one in (4).
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Next, we substitute Au + G{u) = v and consider the associated nonlinear
equation

Au+Gu)=v (10)

for a given v in a neighborhood of ¥ = A 4+G(&). This substitution will be used
for the transformation of (P) into a purely control-constrained problem. By
the implicit function theorem, we show under a suitable regularity assumption
that (10) admits a unique solution in a neighborhood of the optimal solution
@ for all given v € L2({2) in a neighborhood of ¥. To this aim, we introduce an
auxiliary operator T : L2(£2) x L?(2) — L?(2) by T(u,v) = Au+ G(u) — v.
Associated with T is a mapping K : v — wu that is implicitly defined by
T(K(v),v) = 0. To apply the implicit function theorem, we need that

or

Au
is invertible, where 7 = A@ + G(#%). Due to Lemma 1, G'(%@) is continuous
from L2(£2) to H'(£2) N C(£2). Let us consider G'(#) with range in L?(£2) and
denote this operator by G. Because of the compact embedding of H!({2) in
L?(£2), G is compact, and hence G represents a Fredholm operator that has
only countably many eigenvalues accumulating at 0. Here and in the following,
I: L%(2) — L?(£2) denotes the identity.

We rely on the following REGULARITY ASSUMPTION:

(G, 9)u = Au+ G'(%)u,

(R) The prescribed A # 0 is not an eigenvalue of —G, i.e. the equation Au +
G’(@)u = 0 admits only the trivial solution.

Note that this is fulfilled for all A > 0. From the theory of Fredholm operators,
it is known that the equation

or, v
%(u,v)u—)\u—}—G(u)u—f

is uniquely solvable for given f € L2?(2), provided that (R) is satisfied. Thus,
g—i(ﬁ,ﬁ) is continuously invertible by the Banach theorem, and hence the
implicit function theorem gives the existence of open balls B,, (%), B,, (7) in
L?(2) such that for all v € B, (7), there is exactly one u € B, (%) with
T(u,v) = 0. Therefore, by the definition of T', equation (10) has exactly one
solution u € By, (&) for all v € B, (7). Notice that K is of class C? since T is

twice continuously Fréchet differentiable in L?(§2) with respect to u.

Lemma 3. The first- and second-order derivatives of K : L2(£2) — L%*(92)

are given by
-1
K'(v) = ()\I i G’(K(v))) , (1)

K@)l 0] = ~(M + G (K@) 6" (K@)IK W, K (@], (12)
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Proof. As K is implicitly defined by T(K(v),v) = 0, the equation A K(v) +
G(K(v)) = v holds true for all v in a neighborhood of 9. Differentiating on
both sides yields

AK'(v) + G (K())K'(v) = I, (13)

which implies (11). Next, we apply both sides of (13) to v; and differentiate
in the direction v9. One obtains

AK" (0)[v1,v2] + G (K())[K' (v)v1, K'(v)v2] + G (K (v)) K" (v)[v1,v2] = 0.

Resolving for K" (v)[v1, ve] immediately gives (12). O

With these results at hand, we can convert (P), at least locally around 4,
into an optimization problem in the variable v by substituting Au+ G(u) = v.
For the objective functional, we obtain

J(y,u) = f(u) = F(K(v)) =: F(v),

where F is defined at least on B,, (). Local optimality of @ implies the exis-
tence of an open ball B,., (@) in L?(£2) such that f(@) < f(u) for all u € B,,(4)
with y, () < Aulz) + y{z) < yp(x). This yields

F(v) < F(v) (14)

for all v € L*(£2) satisfying yo(x) < v(z) < y5(z) a.e. in 2 and [jv — 7| 2(2) <

p2 with a sufficiently small p, > 0. This p; is taken so small so that ps < pg
and v = K(v) € By, (@). Thus, ¥ is the optimal solution of

(PV) minimize F(v) subject tov € V,q, v € B,,(7),
with an admissible set defined by
Vad := {v € L*(2) | yo(z) < v(z) < yp(x) ae. in 2}.

Now, we are able to derive the following standard result.

Lemma 4. Assume that (R) is fulfilled. Then the variational inequality
F'(9)(v—9)>0 (15)

holds true for all v € V4.

Proof. Since V,4 is convex, we have for arbitrary v € Vo4 that v, = v+¢(v—7) €
Vaa Yt € [0, 1]. Moreover, we find |[v; — 9| 2¢0) < p2 if ¢ is sufficiently small.
Thus, (14) yields [F(? + t(v — 7)) — F(?)]/t = 0. Since f and K are Fréchet
differentiable, the same holds for F. Thus, passing to the limit £ | 0 implies
(15). O
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By the Riesz theorem, the functional F'(%) € L2?({2)* can be identified
with a function from L?(§2). Let us denote this function by , i.e.

F (o) = / () v(z) da. (16)

2

Furthermore, we define nonnegative functions p,, gy € L2(£2) by

pale) = (o) = 5(4(a) + (@)D,

1 )
() = plz)- = 5 (=p(z) + u(z)))-
Then, p(z) = po(z) — up(z) and identifying F'(o) with p implies
F'(8) + up — pa = 0. (18)

We show that the functions p,, p4p, that have been defined by (17), are La-
grange multipliers for the control-state constraints (2). To see this, let us first
set up the optimality system that should be satisfied at (g, @). We derive it in
a formal way by the following Lagrange function £ : Y x L2(£2) x H(£2) x
L?(2)? - R:

Ly, up,w) = I(g, ) —/Vy Vpda — /d(y)pdx - /ypds ; /updz
2 2 I 2

+ / (A u+y —u) + ta(Wa — Au—y)) dz
2

(19)

with w := (ya, us). Note that the last integral is well defined because of
a, o € L?(£2). The optimality system consists of £/0y = 0, dL/0u = 0 and
the complementary slackness conditions. We show that this is the expected
optimality system for (7, %) following from the variational inequality (15) for
. Straightforward computations give that 0L/0y(7, 4, p,w)y =0 for all y €
H(£2) is equivalent to the adjoint equation

~Ap+d(G)p=F—ya+ ps — e in 2

20
Op+p=0 onI. (20)

Analogously, 8£/0u(y, 4, p,w)u = 0 for all u € L%(£2) corresponds to
KU+ p+ A(pe — pa) = 0. (21)

In the following, we will show that (20) and (21), together with the comple-
mentary slackness condition

(Ha» Yo = A8~ r2(2) = (b6, AT+ T — Yp)r2(2) = 0, (22)

indeed follow from the variational inequality (15).



194 C. Meyer, F. Troltzsch

Theorem 3. If u is locally optimal with associated state ¥, then there exist
nonnegative Lagrange multipliers p, € L(£2) end pup € L°(12) and an asso-
ciated adjoint state p € H'(2)NC(£2) such that the adjoint equation (20), the
condition (21), and the complementary slackness conditions (22) are satisfied.

Proof. We show that u,,us defined by (17) do this. Moreover, we verify
ta, o € L(£2). To this end, we first have to transfer all expressions in
terms of v to such in terms of (y,u).

(i} Adjoint equation and condition (21): We start with equation (18) where
we express F’ in terms of f and u. We recall F(v) = f(K(v)). By the chain
rule, it holds F'(%)v = f'(K(9))K’(9)v. Hence, (18) is equivalent to

FE@)E @)+ (5 — o, V)agey =0 Y € Q).
By substituting « = K’'{v)v and 4 = K(7), one obtains
F@u+ (o — pa, K'(0) ") p2(0) = 0.

Moreover, we insert expression (11) for K'(7) and arrive at

Fl@)u+ (m, — pta, (AT + G'(a))u) oy = © (23)

Lemma 2, equation (7), shows that the first derivative of f is given by
fl@u=(ka+q, w)r2q), (24)

where ¢ = ¢ represents the solution of (8), with y = 7 in the right hand side.
Due to Remark 3, we have q; € Y because of § € Y C L2(£2). For the second
term in (23), we find

(Mb — o, M+ G'(ﬁ))u) L) AMpy = tra s W) r2(e) + (Hy = fa , W)L2(02),
(25)

with w = G'(@)u, i.e., w is the solution of the linearized equation (4) with
y = ¢ and h := u. Arguing as in the proof of Lemma 2, we find

(Mo = o, W)r2(2) = (92, W) r2(0), (26)
where ¢, solves the adjoint equation

~Aq+d(§)ge=pp— po in N

27
Ouq2+ g2 =0 on I (27)

Again, this equation has the same structure as (4). From (up — pa) € L3(£2),
we deduce ¢ € Y (cf. Remark 3). Inserting (26), (25) and (24) in (23) yields
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(kG + @1+ g2 + AM(ps — pa) , u)r2(2) = 0. (28)

It is clear that p = g1 + g2 solves the adjoint equation (20). Therefore, since v
and hence u are arbitrary, (28) is equivalent with (21). Moreover, (21) implies

1
By = pa = =7 (RT+p) (29)

with p € Y € C(2) and @ € L*®(£2) due to Remark 2. Thus, since u,(z) -
wp(x) = 0 by definition (17), it follows that u,,us € L(2), because the
right-hand side of (29) is bounded and measurable.

(ii) Complementary. slackness conditions: The variational inequality (15) and
equation (16) give

F@©-0 = (a0 ) =0)d 20
2

for all v € V4 and thus
(Ba — o, D)2y = vrél‘i/nd(ua = pbs V)12(2) = (Ha» Ya)r2(2) — (165 Yb)L2(02),

since pq () - up(z) = 0 and pe(z), wp{z) > 0 by definition (17). Therefore, if
ta(z) > 0, we have ¥(z) = yo(z), while pp(x) > 0 implies 7(x) = yp(x). This
immediately yields

(Ba > Yo — D)z2(2) + (o, D — Yp)L2(2) = 0. (30)

However, because of p,(z), us(z) > 0 and v € V,4, both addends on the right
side of (30) are nonpositive and thus we arrive at

(Ba» Yo —D)r2(ny = (6, T — Yp)r2(0) = 0.

Together with = A4 + G(@) = A% + ¢, this implies (22). O

4 Second-Order Sufficient Conditions

As in case of first-oder conditions in Section 3, the proof of second-order suffi-
cient conditions for (P) is based on the results for the auxiliary problem (PV),
which is an optimization problem with simple box-constraints. For problems of
such type, the theory of second-order conditions is well-known. To formulate
these conditions for (PV), we introduce the strongly active set as follows:

Definition 1. Let 7 > 0 be given. Then the strongly active set A. is defined
by A; = {z € 2| pa(z) + wp(z) > 7}.
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Notice that, according to (17), i, and pp cannot be jointly positive. More-
over, the corresponding T-critical cone with respect to v is defined in a stan-
dard way by

v(iz) =0, ae in A,
Cr:={ve L*N) |v(x) >0, where 5(x) = yo(z) and z ¢ A, }, (31)
v(z) €0 , where v(z) = yp(z) and = ¢ A,

with ¥ = X t+7 as defined above. With these definitions at hand, one can prove
by standard arguments the following theorem covering the local optimality of
U, cf. eg. |5].

Theorem 4. Suppose that ¥ is feasible for (PV) and satisfies the variational
inequality (15). Assume further that the coercivity condition

F'(@o)® 2 6 |vlir2y Yvel, (32)
is satisfied with some 6 > 0. Then there ezist € > 0 and & > 0 such that
F(v) 2 F(@) +6 v = Tllf2a) (33)
for allv € Vg with ||v ~ || gy < €.

Due to (33), (15) and (32) yield local optimality of ¥ for (PV) and hence,
(32) is a second-order sufficient optimality condition. It remains to transfer
this condition to the original terms y and w. For this reason, we need the
following lemma on F" (7).

Lemma 5. Assume that (R) is fulfilled. Then F is twice continuously Fréchet
differentiable at © and its second derivative is given by

F' (oW = L, (0,80, 1) (y,u). (34)

Proof. Thanks to F(v) = f(K(v)) and (R), it is clear that F' is twice contin-
uously Fréchet differentiable in a neighborhood of #. The chain rule implies

F'(v)[or, va] = f"(K (v))[K' ()v1, K’ (v)ve] + f'(K () K" (v)[v1,v2].  (35)

We substitue v = ¢ and thus K(¢) = 4. Moreover, we set v; = v3 = v, and
K'(v)v; = K'(v)ve = K'(¥)v = u. Hence, (35) is equivalent to

F'"(@)? = f(a)u® + f' (@) K" (0)v?
In view of (23), we have for the second addend

F@E" @0 = = (1 = o, (M + G (@) K" (0)0?) oy
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Together with the expression for K”(7) in (12), we arrive at
F"(@)0® = f"(@)u® + (up — pa, G" (@)K (0)v, K'(0)0]) 12 )
= f"(a)u® + (po — pha G"(ﬂ)uz)m(m . (36)

Since z = G”(u)u?® solves equation (5), similar arguments as in the proof of
Lemma 2 give

(6 = pa s 2122y = —(d"(DY?, @) 12(02)

where g is the solution of (27) and y = G'(@)u, L.e. y represents the solution of
the linearized equation (4). Thus, together with (9) for the second derivative
of f (see Lemma 2), (36) is transformed into

F"(0)0® = [yl 32y + & lullz(a) — /d"(?) v* (@1 + ¢2) da,
!

where ¢; again denotes the solution of (8) with y = 7 in the right side. As in
the proof of Theorem 3, we have p = ¢; + ¢2 and hence we obtain

F@) = lollagey + wllulee) - [ @@ pds
2

= J{ (5, 8) (v, u)° — /d"(g) v pdo = L, ,)(7,%,p, 1) (y,u)?,
[

according to the definition of £ in (19). O

Based on (31), we define the 7-critical cone for the original problem (P),
denoted by C as follows:

Definition 2. (Critical cone) Let C, be defined as in (31). The critical cone
associated to (P) is given by

Cri={(y,w) €Y x L*(2) |y = G'(@)u and Au+ye C,}.
Now, we are able to state second-order suflicient conditions for (P).
(ss { Let § > 0 exist such that
£"(5, % p,w)(y,w)?* 2 6 ulfaqy for all (y,u) € Cr.
We show that (SSC) is indeed sufficient for local optimality of .

Theorem 5. Let (g, u) satisfy the first-order necessary optimality conditions
for Problem (P) and assume that condition (SSC) is fulfilled with some § > 0,
7 > 0. Then there exist € > 0 and o > 0 such that

J(y, u) > J(g’ ’l_l/) +o ”u - a”%ﬂ(ﬂ) (37)

for all (y,u) € Y x L2(2) withy = G(u), ya(z) < Au(z) + y(z) < yo(z), and
|lw - ﬂHLoo(Q) <e.
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Proof. First, we choose an arbitrary pair (1, h) € C; and define v := Ah + 1.
Notice that n = G’(@)h holds according to the definition of C'r. Due to Lemma
5, one obtains

F" ()0 = L{y (5,2, 1) (m, h)* = 8|1l 220, (38)

where we used condition (SSC) for the last estimate. Due to h = (Al +
G'(u))" v, (38) is equivalent to
F' (@) 2 8|(A L + G'(@) " 0llF2 gy
1 2

>0 — v

- (”)\I-i'G’(U)qu(n)) | HL2(9)>

> SN + G/ (@) sy 10122y

= dl|vllZ2(n)» (39)
with § > 0. Because of (ﬂ:h) € C,, dearly v € C, holds true. Moreover,
thanks to (R), every v € C; can be expressed by some (1, h) € C,, and hence

(39) holds true for all v € C,. In this way, F"' satisfies a coercivity condition
and thus, Theorem 4 yields

F(v) 2 F(0) + 8 ||v - 0l|720) (40)
for all v € Vg with [|v — || (0) < &. In particular, we may take
v=Au+ G(u),

where u is taken arbitrary with y,(z) < Au(z) + G{u)(z) < y(z) and |ju —
Ul|poo(2y < € such that ||[v — V|| peo () < € and ||v ~ D]/ 120y < p1. Notice that,
because of (R), to every v € Vo4 with [Jv — 9][12() < pi a function u exists
with v = K(v) and |[ju—1||12(g) < 71. On the other hand, the continuity of the
mapping A [ +G from L (2) to L*({2) ensures that ||u—u|| =) < € implies
lv = 8|~ < r. If we take e sufficiently small, then it follows that » < & and
lv —=2|lr2(@) < cllv — 0| o) < p1. Hence, for all u with ||u — @l L0y <€,
there exists a v with Au + G(u) = v and with ||v — 9|| g () < & Then, with
F(v) = f(u) and F(%) = f(a), (40) gives

f(u) 2 f(@) + 5 | Au+ G(u) — (A& + G@) 720 (41)

for all u with Au+ G(u) € V4q and ||u — @[ g () < €. This already implies
the local optimality of 4. It remains to show the quadratic growth condition
(37). A Taylor expansion for the last term in (41) yields

Au+Gu) — (Aa+ G@) = AMu —a) + G (@) (v — @) + ¥ (@,u — 9),

and, since G is continuously Fréchet differentiable from L?(§2) to Y (see
Lemma 1), the remainder term satisfies
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G
1Lz =
ﬂ% 0, as|lu—alrq —0 (42)

Therefore, we obtain
Aut+G(u) — (A i+ G(@))]| 2 (02)
= [|(A T + G'(@)(u — @) + ¥l 2(2)
> (A T+ G'(@)(u— )| 2 () — IrF |22

S 1 _ lrPlleee = il 20
TAMATI+ G (@) Meweey) llu -l e @)

2 ¢llu - ul|L2(0)-

Since (A I + G'(1)) is continuously invertible because of (R), (42) yields é > 0
if lu — 4| 2(p) is sufficiently small. Thus (41) implies

Fw) 2 f(@) + 58 |lu~ T2 = f@) +ollu—allleq). O

Remark 4. Clearly, due to (37), @ is a strict optimal solution.

5 Numerical Tests

For our numerical tests, we consider an optimal control problem that differs
slightly from (P), as already mentioned in Remark 1. Instead of (1), the state
equation is now given by

—Ay(z) + y(=) + d(y(z)) = u(z) in 2

Ay(z) =0 on I (43)

One can easily verify that the theory presented above is also valid with the
new state equation (43).

We investigated two examples with different
nonlinearities d(y). In both cases, the desired state
was given by

Yq

ya(z1,z2) = 8 sin(w z) sin(wzg) — 4

and the bounds were fixed at y,(z1,z2) = —1 and
yo(z1,22) = 1. The Tikhonov regularization pa-
rameter was set to x = 0.5 - 1075, Moreover, to
approximate a purely state constrained problem,
we fixed A = 0.5 - 1075, In the first example, the
nonlinearity was defined by

Fig. 1. Desired state yg4.

d(y) = ¢°, (44)
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whereas we took

d(y) = ¥ (45)

in the second one. Thus, the assumptions on d mentioned in Section 1, are
fulfilled in both cases.

The optimization problems were solved numerically by a SQP method
that is described in detail for instance in [8] or [9]. To solve the arising linear
quadratic problems, a primal-dual active set strategy was applied, see for
instance [1] or [3]. We used a conforming finite element method with linear
ansatz functions to solve the state equation and the adjoint equation. For
all computations, uniform meshes were used. The number of intervals in one
dimension, denoted by N, is related to the mesh-size, i.e. the diameter of the
triangles, by h = v/2N7!. The following figures show the numerical solution
for the first example. This computation was performed with a mesh size N=50.
Here and in the following, the numerical solutions are denoted by the subscript

h.

\ml
r 0 1})»‘1\“ )
4? M mnuh,
W Nﬂm \\
W 0
anw
gmggqm.«»*

\aMﬂ“}vﬁﬁiﬂiiﬁr [
v‘?v'A"W'nrw;ii;q;wwwmw
,:meMn ny NWN} mmmw m
""f"WWAf’h»’»tiﬁiﬂztz«m mmm

f

| 1
il ’Wl

) ‘WW

‘ 1

Fig. 2. Control uj, in the first example. Fig. 3. State y;, in the first example.

Fig. 4. Adjoint state p,. Fig. 5. Lagrange multi- Fig. 6. Lagrange multi-
plier fiq p. plier pp .
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As one can see in the Figures 5 and 6, the Lagrange multipliers tend to
be irregular on the boundaries of the active sets. This might indicate that
the Lagrange multipliers associated with the state constraints for A = 0
should be measures. This verifies the known theory, see for instance Casas
[4] or Bergounioux and Kunisch [2]. However, in view of (21) with p =
G'(w)*(G(@) — yq + 1), the equation for p = p, — pp is given by

A+ G'(@)" = G'(8)" (ya — G(@) - K@

with a compact operator G'(@)* : L2(2) — L*(§2). This equation is ill-posed
for A = 0. Therefore, as A = 0.5 - 105 is chosen quite small, we are faced
with the characteristic difficulties of ill-posed problems. In view of this, the
computed Lagrange multipliers are certainly overlaid by rounding errors that
are difficult to quantify.

To describe the convergence behaviour of the algorithm, the values of the
discrete objective functional Jp = 1/2 |lyp — yd”%g(m +K/2 ”uh”%g(n) are dis-
played in the following Tables 1-3 for each step of the SQP-iteration, denoted
by itgqp. As a further convergence indicator, the error in the semilinear state
equation is approximated by

. = G (wn) = unllL2o)
Y lyrllz2(2)

?

where G}, denotes the discrete control-to-state operator Gy, : up — yp. Thus,
ey quantifies the relative error of the discrete analogon of —Ay+cy+d(y) —u,
i.e. the error in the semilinear state equation. Similarly the error in the adjoint
equation is measured by

o = (G, (yr) ™) P — (h — Ya + fio,h — Hasp) |2 ()
P lpnllL2(2) ’

where (G;L(yh)‘l)* is associated with —Ap + ¢p + d'(y) p. Furthermore, the
error in the necessary condition (21) is approximated by

€opt = ||Kun + Pr + A(po,n — Han)llL2(02)-
The difference between two consecutive iterates, quantified by

1
_1 <||U§Ln) - Ugm )”L2(Q) “?Jﬁn) - ygnﬂ)”m(n) ||P§;n) —pgnH)HL?(n))

- 1
3 ™ )||L2(.(2) Hygnﬂ)ﬂm(rz) ||P§Ln+1)||L2(rz)

was used for the termination condition of the SQP method. More precisely,
the iteration stopped if § < 1072. The following table shows the convergence
behavior in the first example for a mesh size of N=50. In addition to the values
of J, and the error approximations described above, the number of active set
iterations denoted by itag is shown in the last column.
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Table 1. Example 1 with N=>50
itsqp || JIh | €opt | €y | €p | é | #itas
0 3.1099e+-00 | 1.0000e+00 | 3.5361e-03 | 9.1101e-04 -
1 1.3793e+00 | 4.1930e-20 | 3.4860e-04 | 3.7443e-01 | 5.7686e+02 | 13
2 1.3757e+00 | 3.5225e-20 | 3.7393e-04 | 4.4817e-05 | 2.5864e-01 6
3 1.3757e+-00 | 3.3836e-20 | 3.6347¢-04 | 2.1590e-11 | 3.3737e-04 1

We observe that e, is much smaller than e,. A possible explanation for this
fact could be that the adjoint equation represents a linear PDE in contrast to
the semilinear state equation.

Table 2 illustrates the convergence behaviour in the first example for
N=100. As one can see, the error in the approximation of the PDEs is re-
duced significantly. However, the value of the discrete objective functional is
not decreased noticeably.

Table 2. Example 1 with N=100

itsqp || Jn | €opt | ey | ep | § | #itas
0 3.1112e+-00 | 1.0000e+-00 | 8.9151e-04 | 2.3143e-04 - -
1 1.3800e+00 | 4.0038e-20 | 8.8727e-05 | 9.3948e-02 | 5.6869e+02 23
2 1.3757e+00 | 3.3583e-20 | 9.5252e-05 | 1.2688e-05 | 2.6991e-01 8
3 1.3757e+00 | 3.3876e-20 | 9.2619¢-05 | 6.4219e-12 | 3.3493e-04 1

Figures 7-11 show the numerical solution of the second example for N=50.
Again, the Lagrange multipliers are comparatively irregular on the borders of
the active sets.
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Fig. 10. Lagrange multi- Fig. 11. Lagrange multi-

The convergence behavior of the algorithm in this example is illustrated
in Table 3. The nonlinearity d(y) = €Y of this example is much steeper
than d(y) = y3. Therefore, the number of SQP-iterations is larger than for

d(y) =
Table 3. Example 2 with N=50
itsqp | Jn €opt €y €p ) #itas
0 3.1099e+4-00 | 1.0000e+00 | 2.9450e-03 | 3.4595e-03 - -
1 3.2742e+00 | 1.9729e-20 | 1.9334e-02 | 3.7889e+00 | 1.2591e+03 1
2 1.3780e+00 | 3.6935e-20 | 2.9660e-02 | 9.8747e-02 | 1.1220e+00 13
3 1.5610e+00 | 8.9187e-20 | 8.8222e-02 | 8.0814e-02 | 5.8821e-01 14
4 1.4711e+00 | 7.3050e-20 | 5.4490e-02 | 6.1055e-03 | 2.0554e-01 10
5 1.5523e+00 | 8.6599e-20 | 8.5751e-02 | 1.2353e-02 | 1.8589%e-01 10
6 1.5102e+400 | 8.5926e-20 | 6.9141e-02 | 1.2245e-03 | 8.9151e-02 7
7 1.5449e+00 | 8.2400e-20 | 8.2864e-02 | 1.7494e-03 | 7.2685e-02 8
8 1.5203e+00 | 8.3514e-20 | 7.2910e-02 | 6.1815e-04 | 5.2567e-02 5
9 1.5392e+00 | 8.9509e-20 | 8.0637e-02 | 4.7578e-04 | 3.9750e-02 5
10 1.5248e+4-00 | 8.7443e-20 | 7.4701e-02 | 2.4842e-04 | 3.1121e-02 5
11 1.5357e+00 | 9.0720e-20 | 7.9241e-02 [ 1.6924e-04 | 2.3635e-02 4
12 1.5275e+00 | 8.2449¢-20 | 7.5798e-02 [ 9.1957e-05 | 1.8277e-02 5
13 1.5337e+00 | 8.5332¢-20 | 7.8403e-02 [ 5.9436e-05 | 1.3928e-02 3
14 1.5291e+00 | 8.6704e-20 | 7.6457e-02 | 3.2479e-05 | 1.0600e-02 3
15 1.5325e¢+-00 | 8.4110e-20 | 7.7909e-02 | 1.9987e-05 | 8.0250e-03 3
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On Abstract Control Problems with
Non-Smooth Data*

Zsolt Pales

Institute of Mathematics, University of Debrecen, 4029 Debrecen, Pf. 12, Hungary.
pales@math.klte.hu **

Summary. The aim of this paper is to extend and generalize the known necessary
optimality conditions to non-smooth as well as higher-order setting concerning the
optimization problem (which is called an abstract control problem)

Minimize fo(z,u) with respect to
filz,u) €0,..., fulz,u) €0,F(z,u) =0, (z,u) € D x U,

where D is an open set of a Banach space X, U is a nonempty set, and the data
fulfill a certain convexity condition which can often be verified in the context of
ordinary optimal control problems.

1 Introduction

We consider abstract control problems of the form

fi@w) <O0,..., filz,u) < 0, Fz,u) =0, (muw) e DxU, P

{ Minimize fo(z,«) with respect to
where D is an open set of a Banach space X, U is a nonempty set (called
control set), fo,...,fx + D — R, and F is a mapping of the product set
D x U into another Banach space Y (the equation F(z,u) = 0 is called control
system). Optimization problems of this form are also called mized problems
and were considered for the first time by Pshenichnyi [17] and Pshenichnyi and
Nenakhov [13, 18]. These problems were also dealt with in the first chapter
of the book by Ioffe and Tihomirov [10] where also further references can be
found. Due to the hidden convexity properties of optimal control problems,
the results concerning abstract control problems can successfully be applied
to develop the well-known necessary conditions for optimality, such as the

* Dedicated to the 70th birthday of Professor V. M. Tihomirov
** The research was supported by the Hungarian Research Fund (OTKA) Grant
T038072. )
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Pontryagin maximum principle. The detailed description of this approach can
be found also in [10].
A pair (z,u) is called admissible (feasible) for (CP) if

(z,u) e Dx U, fi(z,u) <0, ..., fr{z,u) £0, and F(z,u) =0.

An admissible pair (z.,u.) is said to be a (strong) local minimum of the
problem (CP) if there exists a neighborhood V' C D of z, such that

fo(z,u) > fo(xs,u,) for all admissible pairs (z,u) with z € V.

Assuming certain smoothness and convexity assumptions, first-order nec-
essary conditions can be derived for the optimality of a pair (z.,u.). We
restate here Theorem 1.1.3 of the book [10] for the reader’s convenience. Re-
call that the Lagrangian function £ : D x U x R¥*! x Y* — R of problem
(CP) is defined by

k
E(fb‘,u, )\07 s 7)‘k7y*) = ZAifi(m)u) + (y* © F)(xvu) (1)
=0

As usual, Y* stands for the topological dual space of Y.

Theorem 1. Let fo, fi,...,fx : DxU >R, F:DxU =Y, and (T, u) €
D x U. Assume that

(i) For every u € U, the mapping x — (fo(a:,u), ooy Jr(z,u), Fa, u)) 18
continuously Fréchet differentiable at the point x.;
(i1) The range of the continuous linear operator Fy(z.,us) : X — Y has
finite codimension in Y ;
(iti) For every © € D, the mapping u — (fo(z,u),..., fe(z,u), F(z,u))
satisfies the following convexity assumption: for every ui,us € U and
a € [0,1], there exists an element u € U such that

fi(xiu) < af’i(maul) + (1 - a)fi(a:aUZ) (Z € {07 cee 7k}))
F(z,u) = aF(z,u1) + (1 — &) F(z,us).

If (x4, us) € D x U is a local minimum of the problem (CP), then there exist
Lagrange multipliers Ag, ..., Az = 0 and y* € Y™, not all zero, such that

AMfi(@a,u) =0, .o, Apfre(za,us) =0, (2)

A0 foz (T, ta) + - + Ap fra (@, ua) + ¥ 0 [Fo(zs,us)] =0, (3)

and the minimum principle

rneill}ﬁ(w*auy)‘()? v 'aAk»y*) = C(CC*,U*,/\(), s 7)‘k>y*) (4)
u

holds.
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Here and in the sequel, the subscript x denotes derivative/differentiation
with respect to the z variable. Obviously, (3) can also be written as

Lw(w*yu*a)‘Oa'-'aAk?y*) =0.

Adopting the setting of Theorem 1, the idea behind our approach is as
follows. First, for all fixed m € N and u = (uy,...,un) € U™, a new problem
(denoted by (7,CP) below) is constructed which will be an ordinary program-
ming problem. Due to the convexity assumption (iii) of Theorem 1, it will turn
out that the local optimality of the point (z.,u.) in (CP) yields the local opti-
mality of (z4,0,...,0) € DxR™ in (7,CP). Applying the standard Lagrange
principle to the problem (7,,CP), the existence of multipliers Ag,...,Ax > 0
and y* € Y*, not all zero, can be obtained that satisfy (2), (3) and

min  L(Z, U, Aoy - Ay YY) = L{Tu, Un, Agy -+, Ak YT (5)

u€{u1,...sUm}

In the final step, applying a compactness argument and using the finite codi-
mensionality of the range of the Fréchet derivative Fi,(z.,u.), one can derive
the existence of multipliers that also satisfy (4) instead of (5).

In our main result, involving the notion of strict prederivative introduced
by Ioffe in [8] for F, Clarke’s subgradient for fo,..., fx, and applying the
nonsmooth implicit function theorem of [14] and the Lagrange principle de-
veloped in [15], we generalize the above result to the case of not necessarily
smooth functions fy, ..., fr and F' and we obtain first as well as higher-order
necessary conditions for optimality.

2 Strict Prederivatives and a Lagrange Principle

In what follows, L(X,Y’) denotes the space of continuous linear operators from
X to Y. This space is equipped with its usual operator norm. For the analysis
of locally Lipschitz operators, loffe 8] introduced the following notion:

A set A C L(X,Y) is called a strict (Fréchet) prederivative for F: D —»Y
at x, if, for all € > 0, there exists § > 0 such that

F(ml) - F(.’E2) € .A((I?l - .’172) -+ E“$1 - .’I?z“BY (1171,5(22 S 5BX + .’E*).

Here Bx and By denote the closed unit balls of X and Y, respectively, and
A(z) .= {Az : A € A}. Later we shall also use the notation y* o A := {y*0 A :
A€ A}

Generally, (and unfortunately) there is no natural candidate for a strict
prederivative. However, it can be proved that F' is strictly Fréchet differen-
tiable at z, if and only if A = {F'(z.)} is a strict prederivative of F' at x,.
In the case when X and Y are finite dimensional spaces, then Clarke’s gen-
eralized Jacobian OF(z.) ([4]) is a strict prederivative of F at . ([8]). If F is
locally Lipschitz at z., then one can easily check that the set of all continuous
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linear operators with norm less than or equal to L (where L is the Lipschitz
modulus of F around w,) is a strict prederivative of I at z,. Conversely, the
existence of a {norm-)bounded strict prederivative obviously implies that the
function F is locally Lipschitz at ..

A sequence & = (Zn,tn)neny in X x Ry such that z, — z., t, — 0+,
will be termed an approzimation of . in the sequel. Given an approximation
&€ = (Zn, ln)nen of z«, a normed-space valued function ¢ defined on D is said
to be differentiable with respect to £ if the limit

Dep(xy) := lim M:f@:l

n—oo tn

exists, which is called the derivative of ¢ with respect to €. In order to derive
the the standard first-order and second-order necessary conditions from our
results below, one has to take approximations of the form & = (x4, {n)nen
and £ = (x* + 1. d, t")n N’ respectively. For approximations of the form
€ = (%u,tn)neN, one obviously has the differentiability of any ¢ with re-
spect to § and D¢p(z«) = 0, hence all the conditions and statements in-
volving such a particular £ are trivially satisfied in the sequel. For approxi-
mations of the form £ = (x* + Viad, t")n N’ the differentiability of ¢ with
respect to & holds if ¢ is first-order smooth, ¢'(z*)d = 0 and the second-
order directional derivative of ¢ in direction d exists. Thus, in this setting, all
conditions and statements involving £ reduce to second-order regularity and
necessary conditions. More generally, the use of approximations of the form
£ = (z* + Hadi 4+ ¥/ tﬁ_ldk_l,tn)neN, where dy,...,dr-1 € X are fixed
vectors, leads to necessary conditions of order k.

In relation to the notions of strict prederivative and derivative with respect
to approximations and also applying the approach of Dubovitskii and Milyutin
[5, 6, 7], the following nonsmooth Lagrange Principle has been stated in [15]:

Theorem 2. Let fo,f1,...,fx : D —R, F:D —Y, and z, € D. Assume
that

(1) fo, f1,--., fx are locally Lipschitz at x.;
(i) There exists a compact conver set A C L(X,Y) which is a strict pred-
erwative of F at z,;
(14i) Each A € A has a closed range.

If z, € D is a local minimum of the problem

fl(m)r")fk(m)go, F(x):()’ rxeD (P)

{ Minimize fo(z) with respect to
Then, for all approzimations € = (Tn,in)nen of T« such that fo,..., fi, F
are differentiable with respect to £, there are multipliers Ag,A1,...,A\x > 0 and
y* € Y*, not all zero, such that
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Alfl(x*) =0, ... Akfk(m*) =0, (6)
0 € M0fo(xs) + - + MeOfe(@s) + y* 0 A, (M
XoDg fo(ms) + -+ + MeDe fr(w.) + y* (De Fz.)) 2 0. (8)

Here 0f denotes Clarke’s subgradient ([4]):
Bf(z4) 1= {z* € X*|{z",v) < f(zs,v) Vv € X}.

In the case when £ is the trivial approximation (z.,¢,)nen, the notation
8 f(z,) could also stand for the so-called Michel-Penot subgradient {(cf. [12]).

The above result incorporates and generalizes most of the multiplier rules
obtained in the papers [1, 2, 3, 9, 11, 16, 19].

3 Main Result

Our main result is contained in the following theorem which offers a gener-
alization of Theorem 1.1.3 in [10]. It takes the same convexity assumptions
as condition (iii) of Theorem 1 but all the other regularity assumptions are
considerably weaker than those of Theorem 1. This result also incorporates
the notion of approximation, therefore higher-order necessary conditions of
optimality also easily follow from it.

Theorem 3. Let fo, f1,..., [k :DXxU >R, F:DxU =Y, and (z,,u,) €
D x U. Assume that

(i) For every u € U, the mapping z — (fo(m,u),...,fk(a:,u),F(:c,u)) 18
locally Lipschitz at x.;
(i1) The partial subgradients O, fo(Ts,us),- .., O f1(Tu,us) C X* are norm-
compact sets of linear functionals;
(#13) There is compact convex set A C L(X,Y) which is a strict prederivative
of the map  — F(x,us) at T.;
(iv) The range of each A € A has finite codimension in Y;
(v) For every x € D, the mapping u (fo(x,u),...,fk(a:,u),F(:l:,u))
satisfies the following convezity assumption: for every ui,us € U and
« € [0,1], there exists an element u € U such that

filz,u) L afif{z,u) + (1 —a)fi(z,ug) (z € {0,.. .,k}),
F(z,u) = aF(z,u1) + (1 — o) F(z,u2).
If the pair (z.,u.) is a local minimum of the problem (CP), then, for all
approzimations £ of x. such that x — (fo(x,u*), .. .,fk(m,u*),F(a:,u*)) is a

differentiable map with respect to &, there exist multipliers \g, ..., A > 0 and
y* € Y*, not all zero, such that

)\lfl(w*7u*) = 07 cey )\k‘fk(w*;u*) = Oa (9)
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0 € MOz fo(Tw,us) + -+« + A0z [ (Ta, us) + y* 0 A, (10)
)‘OD.’,’fO(w*au*) + et Ak‘fok(m*y’U'*) + y* (DgF(.’II*,’u*)) Z O; (11)

and, with the notation (1), the minimum principle

Hleilljlﬁ(w*,u,)\o,. M a)‘kay*) = ‘C(x*:u*a)‘m e ’)‘kay*) (12)

holds.

Proof. For convenience, we split the proof of the theorem in five steps.

Step 1. We construct a family of optimization problems, each one satisfy-
ing the regularity assumptions of Theorem 2. Let m € N and uy,...,u, be
arbitrarily fixed elements of U and denote the m-tuple (u,...,un) by u.
Given a function ¢ defined on DD x U, introduce the transformed function
Tius,....;um)? = Tup defined on D x R™ as follows:

Tup(z, 01, ..y Om)

= (=g — = A )o@, us) + 1oz, ur) + -+ (T, Um)-
Now, given u = (u;,...,uy,) € U™, we consider the following optimization
problem
Minimize T, fo(z, a1, . .., q,;) with respect to
zeD, ai,...,an >0, (7.CP)

’Zzlf’i(x)alw'-yam)so (716{1,,](3}),
TUF(zval’--',am) :O,

which is called the 7, transformation of the original problem (CP). The ad-
vantage of dealing with (7,,CP) is that it does not contain a control variable,
i.e., it is an ordinary optimization problem with (m + k) scalar inequalities
and a Banach space valued equality constraint.

Step 2. We claim that, for all fixed u = (u1,...,un) € U™, the point
(z4,0,...,0) € U x R™ is a local minimum of the transformed problem
(TuCP). Assume, on the contrary, that (z.,0,...,0) is not a local minimum of
(TuCP). Then there exist sequences &, — =, and (Qin, ..., ¥ms) — (0,...,0)
such that, for alln € N, a3, >0, ..., @mn >0, and

TufO(mnaaln, e ,amn) < Tufg(l‘*,o, v 70) = fo(CL‘*,u*),

Tufi(Tn,an, .-y Q) <0, (ie{l,....k}),
TuF(zn, a1n, ., mn) = 0.

For large n, we have that 1 —ay, — - - —@mpn 2> 0, therefore, the left hand sides
of the above inequalities and equation are convex combinations of ¢(x,, u.),
@(xn,u1),. .., P(Zn, Um), where ¢ € {fo,..., fx, F'}. Thus, by assumption (v)

of the theorem, there exits v, € U such that
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fi(mnyvn) < Zlfi(xn>alna v ,amn); (’L € {0; sy k})a
F(@n,vn) = TuF (T, 010y« -+, Cmn)-

Hence
fl(mn,’Un) SO, cevy fk(wnv'un) SO, F(wn,vn)=0,
i.e., (s, v, ) is an admissible solution of (CP). If n is large enough, then the

local optimality of (z.,u.) yields that fo(z,,vn) > f(z«,u.), which contra-
dicts

fO(wna'Un) < 'Rfo(ivn,am, ce ,amn) < TufO(m*aOa cen 70) = fO(x*yu*)

and proves our claim.

Step 3. Now we check that the data of (7,CP) satisfy the assumptions of
Theorem 2. Observe that the functions Ty, fy,...,7ufx are locally Lipschitz
at the point (z,,0,...,0) € D x R¥. It is also not difficult to see that the
operators Ty A : X X R™ — Y defined by

TuA(xatla cee atm) = A(iL‘) + Z (F(x*’uj) - F(xmu*))tﬁ
j=1

where A € A, form a compact convex strict prederivative for 7, F' at the point
(%4,0,...,0). The range of A is finite codimensional, therefore (by Banach’s
open mapping theorem) it is closed. Thus the range of 7, A will also be closed
(since it is of the form A(X) + S, where S is a finite dimensional subspace of
Y). If £ = (zy,tn)neN is an approximation of the point z, such that the map
z— (folz,us), ..., fu(z,us), Fz,u,)) is differentiable with respect to ¢, then
the sequence 11 = Tu€ = ((n,0,...,0),{,)nen is obviously an approximation
of (z4,0,...,0) € D x R™ and

DTy fi = De fi(e, ux) (ief{0,...,k}), DyTWF = D¢ F(x, us).

Step 4. We now write down the optimality conditions for (7yCP). The La-
grange functional of the problem (7;,CP) is defined by

Ixc(x;ala" <y Gy M1, - - - 7,“/7717A07A1,' . ‘7)‘k7y*)
m k
= —Z/J,jaj + Z)\iﬁfi(w,al,... ,Oém) +y*(7IxF($,CY1,- ‘e aam))'
j=1 =0

Applying Theorem 2, we get that there exist multipliers py,...,um > 0,
Ao, A1, .-+, Ak = 0 and y* € Y™, not all zero, such that
ATufi(24,0,...,0) = Aifi(za,us) =0 (i€ {1,...,k}), (13)
k
0€ Y NBafi(mu, ) + 7" 0 A, (14)

=0
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k
—p; + 3 Ni(fi(@erw5) = fi(@arw)) + Y (F(@,u5) = F(2a,ua)) =0 (15)
i=0

forall j € {1,...,m}, and

k
> AiDefilme,u) + ¥ (DeF (e, ua)) > 0. (16)

=0

Due to (15), if Ag,...,Ar and y* were zero, then g, ...,y would also be
zero, a contradiction. Therefore, Ag, ..., Ax and y* cannot be simultaneously
zero. By the homogeneity, we can assume that

Aol =+ -« 4 [Ak] + [ly*[l = 1. 17)

In view of the nonnegativity of the multipliers u1, . .., fim, it follows from (15)
that, for all uw € {u1,...,Um},

L(Ta, Uy Agy ooy Ay YT) = L(Tw, Uy Aoy -y Ay YY) (18)

Therefore, from what we have proved, it follows that, for arbitrary finite subset
V = {u1,...,um} C U, there exist multipliers Ag,..., Ay > 0 and y* € Y*
such that (13), (14), (16), (17), and (18) hold for u € V.

Step 5. We now come back to the original problem (CP), and show that the
multipliers can be chosen so that they satisfy (13), (14), (16), (17) and (18)
for all u € U. Define the set

A C 8y fo(@ayus) X -+ X Oy fi(@ay ) X A x REFH x Y

by

k k
A= {(x;;, 7 AN, .,)\k,y*)‘ ;)\ixf+y*oA =0, ;0 il +ly* )| = 1}.

Utilizing the norm-compactness of the subgradients 8 f;(z+,u.) and A, and
that the image spaces of the elements of A are of finite codimension, we can
establish the norm (sequential) compactness of A in X*¥*! x L(X,Y) x RF+1 x
Y™, Let

((w(’;n,...,xzn,An,)\On,...,)\kn,y;))neN (19)

be an arbitrary sequence in A. Since Oy fo(Z+,us), ..., 0 fx(Zs,us), and A
are norm-compact sets and [Agn{ + - + |Agn| < 1, we may assume that the
sequence

((m(’;n,...,wzn,An,)\om...,)\kn))neN (20)

strongly converges to an element

* *
(mOO’ e ’ka)AO) >‘00’ sy )\kO)-
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Since y;; belongs to the closed unit ball By+, hence we may also assume that
y» converges to an element y§ in the weak* topology. Thus,

(U, Aoz) = (Yp, Anz) + (yp, (Ao — An)z)

k
- Z Ain(-’rrna CL‘) + <y:7,) (AO - An)x>>
i=0

whence, taking the limit n — oo, we get that

k

(yS’AO:B) = - Z )‘i0<m:07x>' (21)

i=0

Finally we show that y; tends to y; also strongly. The operator A; being of
finite codimension, there exist elements y1,...,y; € Y such that

(l‘,tl,...,te) — A0$+t1y1 + -ty

is surjective bounded linear operator from X x Rf to Y. By the open mapping
theorem, there exists r > 0 such that the image of the ball

{(z,t1,...,te) € X x R max(|lz|], |t1], .. ., [te]) <}
contains the closed unit ball By of Y. Now,

lyn —woll = sup [(yn — 5, ¥)|

YyEBy
< sup [{yn = Y5, Ao + tiyy + - -+ + toye)]
llz)l,1#1 )5 Jte| <7
2
< sup |<yn y07A01: |+TZ| ygayl>|
lzli<r poe
< sup |(yn, (4 —An)w>+<yi§,Anw>—(yS,Aom>l

=l <r

+TZ| y07y1 '
< sup |{y}, (Ao - n>w>|+]Z(Amu;,@—Aio<m:o,w>)|

lzll<
+TZ l y07y1 |

14
< (1140 — Anll + 5™ ez~ Mozl + 315 - viwi)l).
i=1

i=0

Hence, using the norm-convergence of the sequence (20) and the weak* con-
vergence of y;, it follows that |ly: — y5|| — 0 if n — oco. Taking the limit
n— oo in
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Aon|+ -+ [Anl + llyall =1 (n€N),

it follows that
|Aoo] + - + [Awol + llwgll = 1.

This equation together with (21) yields that
(JJSO, . ,.’Ezo, Ap, Aoo, - -+ 5 AR0, yS) € A,

i.e., the sequence (19) has a strong limit in A, proving the sequential com-
pactness of A.

Having clarified this technical point, consider now, for fixed v € U, the
set A(u) the set of those elements (x7,...,7%, 4, X, ..., Ax,y*) of A that also
satisfy (13), (16) and (18). Then A(u) is a closed subset of A, furthermore,
as we have proved, the system {A(u)lu el } is centered, i.e., for each finite
system {ug,...,ux} C U, we have that

k
() Alui) # 0.

i=1

Therefore, (), A(u) # 0, whence it follows that there exist elements z§ €
Oz folze,us), ..o, zf € Opfe(24,us), A € A, and multipliers Ag,...,Ax > 0,
y* € Y* such that (16), (17), (18) for all u € U hold, furthermore,

k
Z)\im;“+y*0A=0.

=0

The latter equation clearly implies (14). The proof of the theorem is now
complete. O

Remark 1. The validity of the first step does not require conditions (i)-(iv) of
Theorem 3, it applies only the convexity condition (v). Thus, the transformed
problem (7,CP) could also be investigated using other multiplier rules known
from the literature. This may lead to other variants of Theorem 3. The as-
sumption on the norm-compactness of 8y fo(@«, Us), ..., O fi(Ts,us) seems
to be too strong. It is not clear if these conditions could be weakened. It is
also of interest to clarify that what kind of other (possibly nonconvex) sub-
differentials could be used? When applying the result of Theorem 3 to control
problems, the natural candidates for strict prederivatives concerning the con-
trol equation (differential equation) and other equality constraints have to be
obtained and described.

Remark 2. The particular case of Theorem 3 when condition (ii), (iii), and
(iv) are replaced by

(ii’) The mapping & — (fo(%,ux), ..., fi(x,us)) is strictly differentiable at z,
in the sense of Gateaux;
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(iii’) The mapping = — F(z,u.) is strictly differentiable at x. in the sense of
Fréchet;

(iv’) The range of the linear operator Fy (x4, us) : X — Y is of finite codimen-
sion in Y,

respectively, results (under weaker regularity assumptions) the conclusions of
Theorem 1 and the inequality (11). For the proof, observe that condition (ii’)
implies that, for all ¢ € {0,. .., k} the Clarke’s subgradient 9, f;{x«, u.) equals
{fiz{x«,us+)}, whence condition (i) of Theorem 3 follows. Furthermore, due to
(iii’), the set A = {Fy. (24, u«)} is a compact convex strict prederivative for F' at
(z«,us), whence condition (iii) of Theorem 3 is also satisfied. In the case when
¢ is a first-order approximation, i.e., when ¢ is of the form (z.,¢,)nen then
the differentiability of z (fo (z,us), ..., fulz,us), Fz, u*)) with respect to
& automatically holds and the left hand side of (11) vanishes, i.e., then the
statement of Theorem 3 is equivalent to that of Theorem 1. If one takes an
approximation of the form (z. + v/,d, tn)nen, where d is a fixed vector of X,
then one requires second-order differentiability assumptions of the data and
one can deduce a second-order necessary condition from (11).

Acknowledgments. The author is indebted to the anonymous referee for the
unusually detailed report and the valuable suggestions and comments.
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Summary. In this paper we formulate and use the duality concept of KlGtzler
(1977) for infinite horizon optimal control problems. The main idea is choosing
weighted Sobolev and weighted L, spaces as the state and control spaces, respec-
tively. Different criteria of optimality are known for specific problems, e.g. the over-
taking criterion of von Weizsécker (1965), the catching up criterion of Gale (1967)
and the sporadically catching up criterion of Halkin (1974). Corresponding to these
criteria we develop the duality theory and prove sufficient conditions for local opti-
mality. Here we use some remarkable properties of weighted spaces. An example is
presented where the solution is obtained in the framework of these weighted spaces,
but which does not belong to standard Sobolev spaces.

1 Introduction

It is well known that in problems of economic growth we have to deal with
infinite horizon optimal control problems. The range of applications of such
type of problems is large, starting with famous Ramsey accumulation model
up to diverse problems in continuum mechanics. Numerous advertising mod-
els and renewable resources models go back to control problems with infinite
horizon as well [8, 16]. Applications of infinite horizon problems in continuum
mechanics were studied by Leizarowitz and Mizel [12], and Zaslavski [19].

The usual maximum principle cannot easily be adjusted to the case of infinite
horizon problems as it was first demonstrated in an example of Halkin [9].
Since the usual transversality condition does not hold anymore, some authors
have investigated particular situations where ad-hoc transversality conditions
are necessary for optimality. Such transversality conditions were obtained by
Aseev and Kryazhimskiy [1], Michel [14] and Smirnov [17]. The simplest way
to solve optimal control problems with infinite horizon is to find a solution on
a finite interval and try to extend the solution onto the whole half-axis. But
there is no guarantee for the extended solution to be optimal on an infinite in-
terval. For that reason the proof of optimality is very important and is usually
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based on sufficient conditions. A lot of work has been done in the last decades
to prove necessary conditions for problems in the calculus of variations, see
e.g. [4, 5], and optimal control, see e.g. [6]. Results concerning sufficiency con-
ditions were derived via Fenchel-Rockafellar duality by Rockafellar [15], Aubin
and Clarke [2], Magill [13], and Benveniste and Scheinkman [3]. In our paper
we use the duality concept of Klétzler [10] and a special choice of state and
control spaces to obtain sufficiency conditions. Considering the exponential
factor et as a density function we propose to choose weighted Sobolev and
weighted L,-spaces as state and control spaces, respectively, defined in the
second section. Here we include a brief review of important aspects concern-
ing differences between Lebesgue and improper Riemann integrals, which can
influence optimality on an infinite interval. According to [8] and [6], there
are several optimality criteria for considered class of problems and they are
introduced in section 3. The fourth section is devoted to the development of
the duality theory taking some properties of weighted spaces into account.
A localized problem and the corresponding dual problem are formulated in
section 5. The last section includes sufficiency conditions, which are proved
via linear approach in the dual problem. An example illustrating existence of
optimal solution with respect to weighted spaces-while no solution in usual
Sobolev spaces exists- is presented as well.

2 Problem Formulation

We deal with problems of the following type: Minimize the functional

o0
T = [ a0, w00 d )
0

with respect to all

(z,u) € Wp(0,00) x Lj, (0, 00) 2)
fulfilling the

State equation Z(t) = g(t, z(t),u(t)) a.e. on {0,00), (3)
Control restriction u(t) € U a.e. on (0,00), (4)
Initial condition z(0) = xp. (5)

Here U is a nonempty compact set in R”. The spaces WI}”ZL(O,OO) and
L7, ,(0,00) will be defined below.

2.1 Weighted Sobolev Spaces

We consider weighted Sobolev spaces W}*(f2) as subspaces of weighted
Ly ,(£2) spaces of those absolutely continuous functions x for which both z
and its derivative  lie in L} ,(§2), see [11].
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Let £2 = [0,00) and let M™ = M(§2;R™) denote the space of Lebesgue
measurable functions defined on {2 with values in R™, The function v : 2 —
R4+ \{0} is a density function if v € M and

/V(t)dt < 00.

n

Let v € C(§2), 0 < v(t) < oo be given, then we define the space Ly ,({2) by
Ly, () = {z e M™|=|l} := /lx(t)l”'/(t) dt <oo}, (whenp>2)
(]
Ly, ,(02) = {z e M"||z|co := esssug |z(t)|v(t) < oo} (whenp= o)
te
and the weighted Sobolev space by

W;;;‘(Q) ={zeMzely (2),t€ Ly, (2)} (p=o0).

Here & is the distributional derivative of = in the sense of [18, p.49]. This
space, equipped with the norm

el = [ {lato) + @Yo,
2

is a Banach space. For later use we also define the space

1@l = ma esssup (2500 < o 1

o e V(1)

Lan (Q) — {QEMan

For z € L7 ,(2) and y € L? ,_,(£2) the scalar product < z,y > in L3(12)

qyt =1
defines a continuous bilinear form, since

|<zy>|< / (AP ()l ()9 (8t
0

< lelley @ lyller o @

holds true. For the special case p = 2 one has [L} ,(2)]* = L} ,(£2) due to
the Riesz representation theorem. Therefore, we obtain the following relation
between the scalar products in L}, (£2) and L3(£2): For z € L ,(£2) and
y € Ly ,_1(42) there exists § € L7 ,(§2) such that

(z, Z})L;’U(Q) =L,y >rye) (6)
g=y/v.
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Equation (6) is essentially used to formulate the duality theory in the sense
of Klétzler in the following sections.

Remark. It is well known, see [7], that the inclusion Ly ,(§2) C L7, ({2) holds
true for all p > g, i.e. there is a C' € R, such that

lallyy, < Cllzilyy, - &)

Note that here and in the proofs of other sections we abbreviate Ly ,(£2) by
Ly, in the indices.

Now some aspects concerning the integral in (1) should be mentioned. We
assume that the function f in (1) is continuously differentiable and allow
both Lebesgue and improper Riemann integrals to appear in (1). The main
difference between the Lebesgue and improper Riemann integrals is that one
of them may not exist while the other one is convergent. In the case

/ (& 2(8), u(t))] v(B)dt < oo, (®)
1]

both Lebesgue and Riemann improper integrals exist and coincide [7] and we
have

(o) T
[ #etat, utwod = Jim [ 6.2, uwao (9)
0

0
= Jim Jr(z(t), u(t)).

But it can happen, that the integral in (8), i.e. Lebesgue integral, does not
exist and at the same time the Riemann integral is conditionally convergent.

3 Global Optimality Criteria

In the case of infinite horizon optimal control problems the standard optimal-
ity notion should be newly defined. Namely, there are several new optimality
criteria [8], which are also suitable in the case of a divergent integral in (1).
We introduce global optimality criteria for the case when the integral in (1)
is understood in the Lebesgue sense.

Definition 1. Suppose that the integral in (1) exists. Furthermore, denote the
problem (1)-(5) by (Puso). Let (x*,u*) be an admissible pair of (Peo). For any
other arbitrary admissible pair (z,u) and for T > 0, let

T T
AT) = /0 £t 2(t), u(t))w(t) dt — /0 F(ta (8), u (£)v(8) dt.

Then the pair (x*,u*) is called optimal for (Px) in the sense of



Sufficiency Conditions for Infinite Horizon Optimal Control Problems 221

1. criterion L1, if for any admissible pair (z,u) we have Tlim A(T) > 0;
—00

2. criterton L2, +f for any admissible pair (z,u) there exists a moment T
such that for all T > 7 we have A(T) > 0 (overtaking criterion of von
Weizsdcker (1965)).

Optimality in the sense of L1 coincides with usual optimality, while L2-
optimality is stronger than the first one. The definition of local optimality
will be introduced later.

Remark. In the case of Riemann improper integral in (1) there are some other
optimality criteria which are defined in [8].

4 Duality Theory

Before formulating the duality theory for infinite horizon optimal control prob-
lems, we prove:

Lemma 1. Let (z*,u*) be an admissible pair of (Px) and S : 2 x R™ — R
be a function of the form

S5(t,€) = a(t) + y(1) (€ — 2" (1) + 1/2(¢ — " (1)) Q) (€ ~ 2* (1)), (10)

with a € W), y e W, ,ﬁ (), and Q € W:o’"yf’f(.()) symmetric. Assume
also that p > q. Then, for any T € WI}’;’(Q) with £(0) = zy, one has:

lim S(T,z(T)) =0, (11)
rd
/d_ t €z t) = _S(vaO); (12)
0
Proof. Observe that

§:=/|S(t,x(t))|dt < /|a(t)|dt+/ly(t)T(w(t) —z*(t))] dt
0 0 0

1 7 * *
+3 [ 160 - ) Q) - 2 v)] di
0
Applying Hélder’s inequality we obtain
1/q oo 1/p

S < llallys + / @I de | / j2(t) — @ (8)F v(t)dt
0

0
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1/p o 1/q
+5 (/I ) =z ()P v (t)dt> '(/lQ(t)(w(t) A ) 2 (91 I

0
This yields

~ 1
<lallwy + Iy, No ="y, + 5 Iz ="y, 1Q@ =27y

2
Slallwy + l9llzs Mo =2 +Cllz ~a"7n 1@l gnxn < oo
1 q, P v co,v=1

vl—g

The last estimate is true because of

Q@ - =),

vl—g

- /|Q(t)(m—:c*)(t)|q1/1"‘1(t)dt
0
i 1Res N oyt
S2q0/(rrz;3@x essilzllg (@) ) I( YOI v(t)dt

<2 IIQIanx" i@ =2y,

q
s(ﬂW@hgﬂ,n@—xﬂhb).

To estimate ||(z — z*)||,» we applied (7). The convergence of [ |S(t,z(t))| dt
q.v 0
yields (11), since

T 1

T-
Tlim S(t,z(t))dt = hm (/ S(t,z(t))dt + / S(t,z(t))dt
0
T
b/

0 T-1
(¢, z(t))dt + hm S(r,z(1)),

where 7 is an element in [T — 1, T]. Condition (12) can now easily be derived
applying (11). O

We introduce the Hamiltonian as
velU

where

fﬂt&vﬂn==—f@£ﬂ0%-;%5<7nﬂt§w)>

represents the Pontrjagin function. Furthermore, we define the set
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(

S N2xR*" >R

S8 = a)) +y()T(E~2* (1) )
+ -z ())TQM)(E — z*(1))

1,
acWl, ye W, Qe W%
@ — symmetric

V(t,£) € 2 x R™ )

223

Using the dual problem formalism described in [10] we construct a problem
(Dw) and prove:

Theorem 1. Let a problem (Py,) be given. Then for the problem

(Do) mazimize goo(S):= —5(0,z0) withrespectto S €Y,

the weak duality relation

holds.

inf(Pa) > sup(Doo)

(14)

Proof. Let (z,u) be admissible for (P) and S be admissible for (D), i.e.
S €Y. Then we have

J(z,u) =

/ flt,z(t), u(t))v(t)dt
- / (—H(t,2(£), u(t), 9 S(t, 3(1)))) v(t)dt
ot 35S(t,.’r t)
+/0 V—g(t,:v(t),u(t))) v(t)dt
H(t

(g
_ /0 - <_ ,x(t),u(t),agS(t,x(t)))———8ts(t’x(t))>’/(t)dt
( (1)
(t)

+

I/

Q
/°° O S (¢, z(t) +8§Sta:

0

i XN

2= [ (st 5000 + 220 )(t)dt
+/0 (0:S(t, (1)) + O S(t, x(t))x(t)) dt

> - /0 ~ sup {(H(t,g,(?{S(t, &) + a“j g)f)> } v(t)dt

£eR™

+ / @St (1) + B S(t, z(t))i(t)) dt.
0

This shows that
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00 d ) T d
J{z,u) > /0 ES(t,a:(t))dt = 7111_1r'n00/0 EiS(t,x(t))dt
= Jim S(T,z(T)) ~ 5(0,(0)) = —S5(0, o),

completing the proof in this way. O

Remark. As we can see, the proper decision variable in the dual problem (D)
is (a,y,@Q), but we use § € Y for simplicity.

The next two corollaries provide sufficiency conditions for global optimality
in the sense of criterion L1 and criterion L2, respectively.

Corollary 1. An admissible pair (z*,u*) is a global minimizer of (Py) tn the
sense of criterion L1, if there exists an admissible S* for (Duo), such that the
following conditions are fulfilled for almost all t > 0:

(M) H(t,x*(t),BgS*(t, x*(t))) = H(t)w*(t)au*(t),afs*(t,x*(t)))a

(HJ) T 0eS* (8,27 (8)) + H(t, 2" (1), % S(t, 2% (1)) = 0.
Proof. This follows immediately from Theorem 1. 0O
Remark. The boundary condition
(B) J}l_rgo S*(T,z*(T)) =0 (15)
is automatically satisfied due to Lemma 1.

Corollary 2. An admissible pair (z*,u*) is a global minimizer of (P, ) in the
sense of criterion L2, if there exists a family {(S})}r>r C Y, for a sufficiently
large T, such that the following conditions are fulfilled for almost all t € (0,T):

(Mr) H(t, 2" (1), 0 (ST)(E, 2" (1)) = H(¢, z(t), u*(8), O (ST) (¢, =™ (1)),
(HJIr)  5m8(SE)(t, 2% (1)) + H{t, z*(t), 0 (S7) (¢, 2% (1)) = 0,

(Br) (uf Sp(T,§) = Sp(T,2(T)). (16)

Proof: According to criterion L2, we obtain the following inequalities for all
T>71and S} €Y
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T
Jr(@ ) = / £t 2(t), u(®) ()t

8,51 (L, 2(t))
v(t)

T
_ /0 (_H(t,x(t),u(t),ags;(t,w(t»)—

T 18,8yt a(t) | 0eSit, ()
+/o( O B0}

T
>- [ (H(t,x(t),ass;a,x(t))) N

JEC

a'c(t)) v(t)dt
0,57 (¢, z(1))
v(t)

T
+/0 (0. ST (L, z(t)) + O St (¢, (t))x(t)) dt

> [ {(neeasie o)+ 22D

£€RP v(t)
+ 87(T,z(T)) — S7(0,2(0))
> QIEI]%{f" ST(T7 é-) - STKO)"L‘O)'

> v(t)dt (17)

All inequalities in (17) become equalities if the conditions (Mr), (HJr) and
(Br) are satisfied for the pair (z*,u*). This means that for all T' > 7 the
strong duality relation for problems with finite horizon, see [10],

Jr(@,w”) = inf {Sp(T,€) - 57(0,20)} (18)

holds. Having in mind the definition of criterion L2, we can easily see that the
pair is the optimal solution of the problem (P, ) in the sense of criterion L2.
O

Remark. It follows from (16) that the transversality condition yr(T') = 0 has
to be satisfied for all T" > 7.

5 Formulation of the Local Problem and Local
Optimality Criteria

In this section we discuss local optimality. Evidently every function from
Wpl",f” is absolutely continuous. For that reason the imbedding of the weighted
Sobolev space into the space of continuous functions allows us to formulate
the notion of strong local optimality as follows.

Definition 2. An admissible pair (z*,u*) of (Puo) is strong local optimal in
the sense of criterion L1, if there is a function § : Ry — Ry such that
J(z*,u*) < J(z,u) for any admissible pair (x,u) of (Px) satisfying |(z(t) —
z*(E))v(t)| < 8(t) for all t > 0.

In this paper we concentrate only on L1 strong local optimality while definition

of L2 strong local optimality will be omitted. The problem (P ) can now be
localized by writing (2) in the form
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[z, u] € Wi (£2) x L, (2), x(t) € Ksu(a*(t)),
where

Ko (z*(8)) := {§ € RM|[(§ — 2™ ())w(B)] < 6(2) }.

The localized version of problem (Py,) will be denoted by (Pso,10c). Now we
define the set

S 0eS(8,€) + H(t,€,0:8(t,€)) < 0
Yiee=(S €Y .
on {(t,&) |t € £2, £ € Ksp (2™ (1)) }
Using this notation we now formulate an equivalent version of Theorem 1 for
the localized case.

Theorem 2. Let us consider the problem (Peg 10c). Then, for problem
(Do loc) mazimize goo(S) := —S(0,z0) withrespectto S € Yioc,
the weak duality relation inf(Pe joc) = $up(Deo,ioc) holds.

Remark. The corresponding versions of Corollaries 1 and 2 hold true for
(Pso,loc) if S is local admissible in the dual problem, i.e. admissible in (D 10c)-

6 Sufficiency Conditions for Local Optimality

6.1 Auxiliary Result

It is important to ascertain that the adjoint variable belongs to the desirable

space qu’" (£2). For this aim we prove

7V1_q

Lemma 2. Consider an admissible pair (z*,u*) of (Px). Assume that, for
some constant C € R4, we have:

10eg(t, =" (), w* ) < C(ll 2* llzn, (@) Hlu*llzs,(2));
B f(t, 2 (8),u" (1)) € L7, (12); w(t,0)€ LY ,1-4(12),

t— P(t) = /w(t, 8)0¢ f(s,z"(s),u"(s))v(s)ds isin L} ,,_,(§2).

qvi=e
0

Here w(t,s) denotes the Green matriz defined for t > s as a solution of the
system

% = —0eg(t,z* (1), u" (t)w(t,s), w(s,s)=1 (19)
Then the solution y of the adjoint equation
() = —y(6) Beg(t, &*(t), u” (8)) + Be f (£, 2" (¢), w* (1))v(2) (20)

. . 1,
is an element of the weighted Sobolev space Wq’:l_q(ﬂ).
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Proof. The solution of (20) can be written as
y(t) = w(t,0)y(0) + (1),

where w(t, s) is a solution of the system (19). Noticing

s, <€ (Ilzg o, +W6llzy,.cy )

we estimate first the function y itself

9%, ., = [ 1o0u(0) + 8O (0t
1]

q w qyl—-q q qyl—
<2 / lwo(t, 0)(O)]? A= (t)dt + 2 / 1B(8)|7 w19 (1)t

=2 lw(t, )y . +2°02lZ~
q,vl—q q,vl—a

and then its distributional derivative

I9lzs |, =/|—y(t)T559(t,w*(t),u*(t))+agf(t,w*(t),u*(t))l/(t)lql/l_th
B 0
S (E e P B A
0

+ 27 / 8¢ £ (¢, z* (t), u* () v (t)|? v ~9(t)dt
0

q
= (2Cluly ) + 2000601,
=\ ¢ q q q q
< (40)" (I(t,0vOIE, _ +18lIEs ) +2710e1%, -

Under the assumptions of this lemma, both ||y|| L~
q.v

finite and we conclude y € W(]l”:,_q(ﬂ). O

and ||9|lz» are
q,v

1—gq 1—gq

6.2 The Main Result on Sufliciency Conditions

We now present the main result of this paper and prove sufficiency condi-
tions for local optimality. We have developed the duality theory via quadratic
approach in the dual problem, but we now formulate the following theorem
applying the linear approach. To derive analogous sufficiency conditions by
means of the quadratic approach we need some a priori assumptions which
guarantee that @ € L';:f_l (£2) holds. This will be a task of further studies.
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Theorem 3. Let the assumptions of Lemma 2 be satisfied for an admissible
pair (z*,u*) of (Peo loc) Suppose that y solves (20) and fulfills the conditions

H(t’ z* (t)7 y(t)) = H(t’ z* (t)a u* (t)7 y(t))a (22)
8€2£H(t, z*(t),y(t)) isnegative — de finite, (23)

almost everywhere on 2. Then the pair (z*,u*) is a strong local minimizer of
(Poo,loc) in the sense of criterion L1.

Proof. In order to verify whether an S defined in (10) is admissible for the prob-
lem (Dyo 1oc) We define the defect of the Hamilton-Jacobi differential equation
as

A(t,€) = %atsu, &)+ H(t,€,0¢5(2,6))
(t) (a(t) + ()7 (€ — 2" (1) — y(O)T3" (1)) + H(t, €, 0S¢, ).
Choosing a(t) from the Hamilton-Jacobi differential equation
A, z* (1)) =0 (24)
we obtain
a(t) = (y(®)" 3" () — H(t, 2" (1), y(1)w(2). (25)

Substitution of (25) into the expression for A(¢, ) yields
A(t,€) = e )y(t)T(€ —z*(8)) + H(t,§, 05, €)) — H(E, =7 (1), y(8)).

It can easily be seen that S belongs to Y. if 2*(¢) maximizes A(¢,&) in a §(¢)-
neighborhood of z*(t) for all ¢ > 0. For that reason we consider a parametric
optimization problem

(P;) maximize A(t,€) with respect to & € K5, (z*(2)) .

The first order necessary condition

O AL, z* (1)) = ——=9(t) + G H(E, z* (), y(¥)) = 0 (26)

( )
together with the second order sufficiency condition represented by (23) guar-
antee that z*(¢) solves the problem (P;) for all ¢ > 0. Due to condition (21),
O¢H(t, z*(t),y(t)) consists of only one point and the canonical equation (26)
can be rewritten in form (20). Since the conditions of Lemma 2 are satisfied
we obtain y € qu:l .(£2). It means that S has the form (10) with Q(¢) =0
and Lemma 1 can be applied to get the condition (15) of the generalized max-
imum principle for the criterion L1 satisfied. The maximum condition stated
in (22) and two other conditions of Corollary 1 are satisfied, what allows us
to deduce that the pair (z*,u*) is a strong local minimizer of (Puo 10c) in the
sense of criterion L1. O
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6.3 An Example

We consider the Production-Inventory Model [16]

15121%1 J{z,u) = /e“”t (g(:p - &)% + g—(u - ﬁ)2> dt (27)
0
Z(t) = u(t) — vy, z(0) =z, (28)

where h > 0, ¢ > 0, p > 0, &, 4 denote the inventory holding cost coefficient,
the production cost coefficient, the constant discount rate, the inventory goal
level and the production goal level, respectively. The state equation expresses
that the inventory x at time t is increased by the production rate u(t) and
decreased by the constant sales rate vy.

We find the Pontrjagin function

H(t 6 v =o€ —27 ~ S0-d+ L w-w)  (29)

and verify the condition (21) of Theorem 3
0o H (b, & v,m) = —¢ < 0= 0, H(t, 2" (1), w" (1), y(1)) <0,

which is evidently satisfied. Furthermore, obtaining the control from maximum
condition (22)

u*(t) = max {ﬁ + ert,O} ,
c
we assume 4 to be large enough that the production rate always gives a
nonnegative value:

wr(t) = G+ gef'f. (30)
Substitution of u* into (29) yields the Hamilton function
H(t 6 ) = (€~ 87 + Lt nest( — vp).
Relation (20) together with the state equation define the canonical system

§(t) = —y()T Beg(t, z" (), u”(t)) +0c f (¢, 3" (t), u* () v (t)

7

'

()= 4 Mo g 7(0) = 20,
which can be rewritten as follows

() = h(z*(t) — 2)e™*

T*(t) =4+ y—g—)e”t —vg, z*(0) = zp.
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By differentiating the first equation and replacing the expression for y(t) by
h(z*(t) — £)e~ ", one gets

§(t) = h(a"(t)e " — p(z*(t) — £)e™*)
=h (ﬁ + y—(cl)e"t - vo) e Pt — py(t).
The equation for the adjoint variable becomes
- . h ~ —pt
§(t) + py(t) — V= h{G — vg)e .

By using the notation

b P VPt +4h/c
L=
2

ko — P~ Vpi+4h/e
y 2= 9 ’
one can write y(t) = cie¥1t + cpe¥?? + (vg — 4)ce ™%, Then we obtain the state

function from the first equation of (31):

1 N .
Ji*(t) = E {Clkle“kzt + 62k26_k1i} — (UO — u)% + .

The initial condition from (28) yields

(zo — Z)h — c1k1 — c(& — v)p
ko '

Cog =

1,n

In order to satisfy y € Wq ,1-q it s necessary to set tlim y(t) = 0. This can
’ —_0

occur only if ¢; = 0 holds true, otherwise y(t) tends to infinity. The complete
solution of (31) is stated below:

y(t) = cze?t + (vg — @) ce ™7,

1 N .
JJ*(t) = E {Cgkze-kﬂ} - ('UO — u)%le “+ Z.

Using (30) we derive the control function
u*(t) = %e’klt + vg.

We now investigate the question concerning the spaces the solution belongs
to. The function x*(t) does not belong to any usual Sobolev space W), since
the constant |(vg —&)cp|? is not integrable over the infinite interval. The same
holds true for the control function u* as it includes a constant as well. We try
to figure out whether these functions belong to some weighted Sobolev space
Wz}:} and weighted L7 , space, respectively. Moreover, we will show that for

p?V
all w and p satisfying
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w
7 <p (32)
we have z* € W7, y € W;’:l_q, and u* € L7, ,, where v(t) = e™*, w > 0.

For that purpose we estimate as follows

o0
1 P
e fn = /'ﬁ (cﬂcze‘klt + (4 —vo)c) +&| e™*dt
0
oo p oo . p
S 2p/ 9.2_5:_2_ e(—Pkl—w)tdt+ 217/ (U _hUO)c + i e—wtdt < 00.
0

The first integral on the right-hand-side converges due to the positivity of
k1, and it allows us to say z* € L7 ,. Almost the same estimate for ||&*||7,
3 P

implies * € W,'. We repeat the whole procedure for [u*||7, and obtain
1’ D,V

o0
4
w2, =/lc_26-k1t+v0’ e vtdt
v C
0

o0 o0
<9 \c_z.p/e(-—pkx—w)tdt + (Qvo)p/e_wtdt < 0.
c
0 0

By (32), one derives u* € Ly, . Setting ¢ = z% and 1 —g= —-pi—l, one gets
x0
liz; .., = / oot + (@ — vo)ce ™| 7T e7 T dt
0
o0 o0
< [2c9|77 /é#ﬁkﬁﬁ”dt + [2(vp — @)e|FT /elﬁ?ﬁdt < oo.
0

Repeating the same procedure for ||g]|%. ., Wweprovey € qu’unl_,,. The in-
qwiT9 ’

is necessary in order to justify the application of The-
orem 3. Now it remains to verify (23), but this can be easily done because
35257'[(25,%* (t),y(t)) = —h < 0. As a consequence, all the conditions of Theo-
rem 3 are satisfied and we can conclude that the pair (z*,u*) is a strong local
minimizer of the problem (27)-(28) in the sense of the criterion L1.

. 1,n
clusion y € W i,
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On Nonconvex Relaxation Properties of
Multidimensional Control Problems

Marcus Wagner

Cottbus University of Technology, Department of Mathematics, Karl-Marx-Str. 17,
P. O. B. 10 13 44, D-03013 Cottbus, Germany. wagner@math.tu-cottbus.de

Summary. We provide two examples concerning the relaxation properties of a
model problem in multidimensional control: fn f(Jz(t))dt — infl, 2 C R™, z €
Wo™(2,R™), Jz(t) € K C R™™ a. e. where n > 2, m > 2, J(t) is the Jacobian of
z, and K is a convex body. The first example justifies the use of quasiconvex functions
with infinite values in the relaxation process. In the second one, we examinate the
relaxation properties of a restricted quasiconvex envelope function f* introduced by
Dacorogna/Marcellini.

1 Introduction

1.1 The Model Problem

In the present paper, we investigate the relaxation properties of the following
optimization problem:

F(z) = [, f(Jz(t))dt — inf!, z € Wy ™(2,R"),
t;

Jz(t) = ( (t))ij € K CR"™ ae. onf2.

In what follows, let us assume that n > 1, m > 2, 2 C R™ is the closure of a
bounded Lipschitz domain (in strong sense}, K C R™™ is a convex body with
0 € int(K) and f: K — R is a continuous function.

1.2 Outline and Aim of the Paper

We consider (P) as a model problem within the class of so-called Dieudonné-
Rashevsky type problems. These are multidimensional control problems in-
volving a system of first-order partial differential equations

Jz(t) = G(t, z(t), u(t))
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together with general boundary conditions, phase and control restrictions (see
{6, 17, 18, 19, 20, 26]). Problems of this type arise in the description of torsion
of prismatic bars in the elastic case (St.-Venant’s torsion and warping torsion
[21, pp. 8-20]) as well as in the elastic-plastic case ([24, p. 531 f.], [25]). An-
other instance are optimization problems for convex bodies under geometrical
restrictions, e.g. maximization of the surface for given width and diameter.
These lead again to Dieudonné-Rashevsky type problems for support functions
in spherical coordinates ([1], [2, p. 149 f]). In general, variational problems
with "convexity constraints" ([5, 15, 16]) allow a reformulation as Dieudonné-
Rashevsky type problems by use of the fact that the convexity of a Lipschitz
function z € W1*°(£2,R) can be characterized by the variational inequality
(Vz(s) — Vz(t),s — t) > 0 for a. e. s,t € int(£2).

In our model problem (P), the differential equations and control restric-
tions are reduced to Jx(t) = u(t), u(t) € K a. e. on §2. Thus we can formally
omit the control variables u while the control restrictions turn into restrictions
for the Jacobians: Jz(t) € K a. e. on {2. In order to guarantee the existence
of (global) minimizers, we must study — as in the multidimensional calculus
of variations — the relaxation of the problem (P). So we have to look for a
function f# : K — R with the following properties:

(a) f#(v) < f(v) Yv € K what implies F#(z) = [, f#(Jz(t))dt <
Jo f(Jz(t))dt = F(z) for all admissible functions z of (P).

(b) For all sequences of admissible functions {z"} with 2V — L% (ZR") 3 and
JV 22 LT (@R J2 it holds: F#(2) < lim infy_ o F#(zN).

(¢) The minimal value of (P) (which is finite under the assumptions above)
coincides with the minimal value of the problem (P)# given by

F#(z) = [, f#(Jz(t))dt — infl, =€ W™ (2,R"),
(P)*
Jz(t) € K a.e. on £2.

If a function f# : K — R has the properties (a)—(c) then from a given
minimizing sequence {z"} of (P) one can extract a subsequence {z™ '} con-
verging together with their derivatives weakly* (in the sense of L°°(£2,R")
resp. L®(§2,R"™)) to a global minimizer & of (P)#. In multidimensional cal-
culus of variations, the relaxation f# is well-known; for n = 1 one gets (with
some appropriate assumptions) the convex envelope f¢ and for n > 2 the qua-
siconvex envelope f% of f (see [7, p. 228 ff., Theorem 2.1]}. For multidimen-
sional control problems, however, only the scalar case n = 1 was investigated
(cf. [10, p. 327, Corollary 2.17., together with p. 334, Proposition 3.4. and
p. 335 f., Proposition 3.6.] ). In [18, 19, 20], first-order necessary conditions for
problems (P) were proved in the case where the integrand f may be replaced
by its convex envelope f€, but for every n > 2 one can easily find problems
(P) where the minimal value is changed when f is replaced by f¢ (see [17,
pp- 20 — 23, Example 2]). With this observation in mind, we conjecture that
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— analogously to the vectorial case in the calculus of variations — the function
f# is rather quasiconvex than convex.

In order to closer determine the properties of the function f# in the case
n > 2, we present in this paper two examples. Our first example shows that it
will not suffice, in general, to take some finite extension of f | x to the whole
space R™™ and then to form the quasiconvex envelope of this extension. One
has rather to extend f with +0o to R"\ K, and so one is forced to investigate
quasiconvex functions with values in R = R U {4+o0}. An appealing idea is
then to define f# by adding a restriction to the representation formula for
the quasiconvex envelope

F¢w) = inf{ﬁ /n flo+ Jz(t))dt |z € W™ (£2,R™),
v+ Jz(t) eR™ a.e.on 2} (1)

(see [7, p. 201, Theorem 1.1., (4)] ), and to take the infimum in (1) only over
functions z with v 4+ Jz(t) € K a. e. on 2. The corresponding envelope func-
tion f* was introduced in [8] (already in [13] in a special case) (see Definition
6 below). In our second example, however, we present a situation where this
envelope f* is missing the relaxation property (b). In a forthcoming paper
the author will show that it is not f* but its lower semicontinuous envelope
which satisfies all relaxation properties (a)—(c).

The paper is organized as follows. Section 2 is devoted to convexity and
quasiconvexity. In particular, we introduce quasiconvex functions taking va-
lues in R and the envelope f*. The announced examples will follow then in
Sections 3 and 4.

1.3 Notation

Throughout the paper, we assume that the effective domain of a function
f:R®™ — R is always nonempty, i.e., dom f = {v € R"™ | F) < +oo} # 0.
Definition 1. Given a conver body K C R™ with 0 € int(K), we say that
a function f : R — R = RU {400} belongs to the function class Fx if
fIK € C%K,R) and fIR"m\K = +oo0.

Further notations: W, ®(£2,R") ~ the space of Lipschitz n-vector functions
with boundary values zero on {2, L*°(2,R"") — the space of measurable,
essentially bounded nm-vector functions, C°(K,R) — the space of continuous
functions on K. f | 4 Will denote the restriction of f to A; the abbreviation
"a. e." is always related to the m-dimensional Lebesgue measure.
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2 Quasiconvex Functions

2.1 Generalized Notions of Convexity

Definition 2. A function f : R™ — R is said to be convez if Jensen’s in-
equality is fulfilled for every v/, v’ € R"™:

f(A,’Ul + A"’U”) S )\,f(’l),) + )\”f(’U”) V)\’,)\” 2 0, Al + )\Il — l (2)

A function f : R"™ — R is said to be rank one convez if Jensen’s inequality
(2) is fulfilled in any rank one direction, i.e. for all v/,v" € R™ (considered
as (n, m)-matrices) with rank(v’ —v"”) < 1.

For functions f : R® — R, we have the implication f convex == f rank
one convex for all n > 1, m > 1 ({7, p. 102, Theorem 1.1., (i)]); f n =1 or
m = 1 then both notions are equivalent ([7, p.102, Theorem 1.1., (ii)]).

Definition 3. Let f : R™™ — R be a function bounded from below. The convex
envelope f¢:R™ — R is defined by

fo(v) = sup {g(v) |g :R"™ — R convez, g < fonR™™}.
The rank one convex envelope fT¢ : R™ — R is defined by
J7¢(v) = sup {g(v) |g :R™ — R rank one convez, g < f on R™™}.

For any function f : R® — R bounded from below, the inequalities
fe(w) < fe(v) < f(v) hold for all v € R™™,

Definition 4. ¢) (cf. [7, p.99, Definition iif). A finite-valued function f :
R™ — R is said to be quasiconvez if f is Borel measurable, integrable on

every compact subset of R™™ and satisfies Morrey’s integral inequality for all
v € R

1
flv) £ ﬁ/ Flo+ Jz(t))dt Yz € Wy™(2,R™); (3)
n
or equivalently
1
flw) = inf{m/ fluv+ Jx(t)dt I z e Wy™(2,R"),
fe)
v+ Jz(t) € R™ a. e. on 2} (4)
Here £2 C R™ is the closure of a bounded Lipschitz domain (in strong sense).
it) Let f : R™ — R be a function bounded from below. The quasiconver
envelope fi¢: R™" — R is defined by

[ (v) =sup{g(v) |g :R™ — R quasiconvez, g < f on R™™}.
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For functions f : R™ — R one has the implications: f convex = f
quasiconvex — f rank one convex for alln > 1, m > 1;ifn =1 or
m = 1 then all these notions are equivalent (see |7, p. 102, Theorem 1.1., (ii)}
for details). We will give the extension of Definition 4 (i) to functions with
values in R in Definition 5 below. For any function f : R*™ — R bounded
from below, the different envelopes satisfy the inequalities f°(v) < f%(v) <
fre(v) € f(v) for all v € R™™,

Theorem 1. i)([7, p. 201, Theorem 1.1., (1)]) Given a function f : R™™ —
R bounded from below. Then for all v € R™™, the convex envelope f° admits
the representation

Fow) = inf{ZZ;an MF@) [ Y A =1, 3 Avs =v,0 < A <1,
vs ER™™, 1 < s <nm+1}.

i) Given f € Fix and a k-dimensional face & of K, 0 < k < nm. Then for
allv e @, f¢ admits the representation

£ =Y A @) | S A =1, YA =0, 0< A < 1,
v, €, 1<s<k+1}.

In particular, f¢(v) = f(v) for all v € ext(K) and f°(v) = +o0 for allv €
R™\ K. f¢ is lower semicontinuous on the whole space R™ and continuous
on int(K).

iti) Consider a lower semicontinuous function f : R* — R bounded from
below (in particular, for f € Fx these assumptions are satisfied). Then in the
definition of f¢, the supremum can be restricted to affine functions:

fe(v) =sup{g(v)|g:R™ — R affine, g < fonR™™}.

Proof. (ii) is an immediate consequence of (i). (iii) follows from [12, p. 163,
Conclusion 1. O

2.2 Quasiconvex Functions which are Allowed to Take the Value

+ o0,

Definition 5. 4 function f : R™ — R with the following properties is called
quasiconvez:

a) 0 # domf C R™ s a Borel set,

b) f | domyf is Borel measurable and integrable on every compact subset of

dom f,
¢) [ satisfies Morrey’s integral inequality (3) for all v € R™™.
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Within every equivalence class Jr € L*™(f2,R™™) we find some Borel
measurable representative u (by [4, p. 406, Theorem 5|, there exists a re-
presentative of second Baire class which is Borel measurable by [4, p. 403,
Theorem 4}). Then from conditions (a) and (b) it results that the compositions
Fv+u(")) and xdomys{v+u(-)) are Borel measurable and essentially bounded
and thus integrable functions. Note that it is not allowed to change the values
of the integrand f even on a Lebesgue null set of R™™.

We make use of the convention that the integral [, (+00)dt takes the
values zero or +oo if A is either a m-dimensional Lebesgue null set or has
positive measure.

If a finite, measurable, locally bounded function f : R®™™ — R satisfies
Morrey’s integral inequality then f is rank one convex and by [7, p. 29, The-
orem 2.3., 2] continuous on the whole space R™™. Conversely, any finite, con-
tinuous function f is measurable and locally bounded. Consequently, when
defining quasiconvexity for finite functions f : R®™ — R we can assume a
priori that f is continuous.

Large parts of the theory of quasiconvexity were formulated and proved
under the assumption that the functions take its values only in R. Allowing
the value +o0, we have to check the validity of all corresponding assertions
from new.

Theorem 2. Given a conver body K C R™™ with 0 € int(K) and a function
f i R*™ — R with domf = K. Let f|K be bounded and measurable. Then it

follows:

i) For all v € R" \ K, Morrey’s integral inequality holds in the form
400 £ 400.

1) f satisfies Morrey’s integral ineguality in v € K iff
1
flv) = inf{m / f + Jat))dt |z € Wy ™ (2,R™),
7]
v+ Jz(t) € K a. e. on 2}. (5)

iit) Let  C K be a k-dimensional face of K, 0 < k < nm. f satisfies Morrey’s
integral inequality in v € @ iff

1
fv) = inf{ﬁ/ flo+ Jz(t))dt | € Wy™(2,R"),
i¢]
v+ Jz(t) € D a. e. on 02},
Proof. (i) Given v ¢ K and = € W' (£2,R™). Let us assume that v+ Jz(t) €

K a.e on §2. Then from Gauss’ Theorem ([11, p. 133, Theorem 1, (ii)]) it
follows that v;; = I—}ﬂ Jo (vi; + ‘?,—f}(t))dt. On the other hand, the matrix

5’9{;1
IQI/ vy + () dt)m
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must belong to cleo(K) = K by convexity of the integral (see [3, Chap. IV-
6, p. 204, Corollaire]), and we get a contradiction. So we have v + Jx(t) €
R™™ \ K for all ¢ of a set of positive measure and [, f(v + Jz(t))dt = +o0
since conditions (a), (b) from Definition 5 are fulfilled. Consequently, Morrey’s
integral inequality holds in the form +oc0 < +o00.

(ii) f v € K and v + Jz(t) € R" \ K for all ¢ of a set of positive measure
then we have again fn fv+ Jz(t))dt = 4o00. The corresponding functions
can be neglected when the infimum in (4) is formed.

(iii) From Part (ii) we know that f satisfies Morrey’s integral inequality in
v € & C K iff (5) holds. For & = K our assertion is true; so let & C K.
Then there exists a finite sequence & = $o C $; C ... C &, = K of faces
of K such that there are no faces &; with &; G &; G ;41,0 <4 <5 - 1.
Then Dim($y) < Dim(®1) < ... < Dim(P,) = nm, and by [22, p. 63] every
face @, is an exposed face of its successor @;.;. Assume now v € @ and
v+ Jz(t) € K a.e. on 2. Then it follows: v € 5, = &3 N Hy_; where
Hs_q = {veR"™ | {as—1,v) = bs—1} is a supporting hyperplane of &, = K.
This means {as_1,v + Jz(t)) > bs_y resp. {as_1,Jz(t)) > 0for a.e. t € 2.
Applying Gauss’ theorem, we get {(a,_1, Jz(t)) = 0as wellas v+ Jz(t) € P,
for a. e. t € £2. Again the face @;_9 = ;1 N H;_, is exposed with respect to
&;_1 where Hy_g = {v e R™ | {as—2,v) = bs_2} is a supporting hyperplane
of ;1. In general, the face $;_1 = ¢; N H;_; is exposed with respect to &;,
1 € ¢ £ s — 1, and repeating the same conclusions as above one arrives at
v+Jz(t)e Py =P fora.e.t€ 2. O

2.3 The Restricted Quasiconvex Envelope f*.

Definition 6. Given a convez body K C R™™ with 0 € int(K) and a function
f € Fx. Then we define the function f* : R"™ — R by

fflv)= inf{ﬁ /Q flv+Jz(t)dt |z € Wy (£2,R™)
v+ Jz(t) € K a. e. on 2}.

The function f* was introduced in |13, p. 356], in the special case that K
is a closed ball centered in the origin, and later in [8, p. 27, Theorem 7.2],
with respect to an arbitrary convex body K. In both cases, it was assumed
that f|K € Co(K,R). In [8] it is shown that at least for all v € int(K), f*
is continuous and Morrey’s integral inequality holds. Note that f* is defined
as the pointwise infimum of the uncountable family {f, Ia: € Wol °(02,R™)}
where f, : R — R is defined by

1
v fp(v) = ] /n f(Jz(t) + v)dt.

Theorem 3. Given a function f € Fg and a k-dimensional face & of K,
0 <k <nm. Then f* can be represented as follows:
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i) For allve @,

vy = inf{|1ﬁ| /n flo+ Jz(t))dt |z € W™ (2,R™)
v+ Jz(t) € D a. e on N2}. (6)

1) In particular, f*(v) = f(v) for all v € ext(K).
411) For allv € R™ \ K, one has f*(v) = +o0.

Proof. Part (i) is an immediate consequence of Theorem 2 (iii). Now, let
v € ext(K). From part (i) we know that only the null function z = 0 is
feasible when building the infimum for f*(v). So, it follows that f*(v) = f(v).
Finally, from the proof of Theorem 2 (ii) we know that for v € R® \ K the
infimum in Definition 6 is taken over an empty set. So its value is +co. O

Theorem 4. For f € Fg, one has:

i) Ifg:R"™ — R is quasiconvez and g < f on R™™, then g < f* on R™™,
i) fo(v) < f*(v) < f(v) Vv e R™™.

Proof. (i) Choose a quasiconvex function g with g(v) < f(v) Vv € R™™
but f*(vg) < g(vp) for some vy € K. Then there exists a function z €
W, (2,R™) with vo + Jz(t) € K for a. e. t € 2 and

() < l—})—[ /n f(vo + Ja(t))dt < g(uo). )

This leads to a contradiction since from quasiconvexity of g, with the function
z from above it follows

1 1
g(vo) < l—ﬁl/ng(vo + Jz(t))dt < ﬁ/fzf(vo + Jz(t))dt .

(ii) By Theorem 1 (iii), f¢ can be expressed as the pointwise supremum of the
affine functions g < f only. These are quasiconvex functions, and for arbitrary
v e R"™ and x € Wy (£2,R") it holds:

1 1 .
(4 —_— 1 C
£o(0) = sup{g(o) | < £, g affine} < oz [ feo-+ Tat)at

and f¢ satisfies Morrey’s integral inequality. As a lower semicontinuous func-
tion with domf¢ = K, f¢ fulfills also conditions a) and b) from Definition 5.
Then the inequality f¢(v) < f*(v) follows from Part (i), and f*(v) < f(v) will
follow since x = 0 is always feasible when forming the infimum in Definition
6atve K. O
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3 First Example: Finite or Infinite Extension of f to
R*™ \ K?

In the following example, we consider functions of variables v = (% %) € R?*2,
We will treat the four-dimensional variables as (2,2)-matrices but use the
norm |v| = (a + b2 + % + d2)1/2.

We define now a convex body K C R2%2 and a function f € F in such
a way that for any finite, continuous extension f: R2*2 — R of f| « to the
whole space R2%2 there exists some point v € K with f¢(v) < f2°(v) < f(v).
(Thus it is impossible to extend f¢ I % to a finite, convex function on R2%2,
see [23, p. 505, Theorem 1]). However, from Theorem 1 (ii) and the proof
of Theorem 4 (ii) we know that f° is a lower semicontinuous, quasiconvex
function. Consequently, none of the functions ch is the greatest quasiconvex
function below f (the idea for the construction of K can be traced back to
14, p. 698 £]).

Definition 7. Given the points v, = (_3 ”01) and vy = ((1)—3) and the convez

set C = {(23) € ]R2X2|b2+c2+d2 < 1}. We define Ky = co({v1} UC),
Ky =co({v2}U C’) CR*>2 K=K, UK, and f: R?*2 5 R by

[ (®-1)? ifveK,
f(”)_{ +oo  ifveRE\K.

Lemma 1. i) K is a closed convez set, with O € int(K), which can be repre-
sented as

K={(2})eR™| —1<a<1, b+la)’+F+d* < (1-a])’}.

ii) ext(K) = {v1,v2} U (ext(C)\ {(573) })-

Proof. (i) Denote by C) and C, the closed convex cones with vertices at v;
resp. vo generated by K; and Ks. Thus K = C; N C3 is a closed convex
set. The representation formula results from the fact that every intersection
of K with a hyperplane a = const. can be constructed by application of a
homothety with centre in vy or vs to C. For the same reason, K contains
some open neighborhood { (¢ s) eER™?| —e<a<e P+ +d? <e}of 0.
(ii) The extremal rays of the cones C resp. Cy are precisely the rays W
resp. 112—110) with vy € ext(C). Obviously, ext(K) contains the points v; und v,
while (g'é) = 1 v1 + 3 vz ¢ ext(K). Since in every remaining point of ext(C)
precisely two extremal rays of K; and K, intersect, these points belongs to
ext(K). Obviously, no other points of K are extremal points. 0O

Theorem 5. The function f from Definition 7 has the following properties:
1) flK belongs to W1 (K, R) and is infinitely differentiable on int(K).
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it) For all points (CZ) € ext(C) with b # (—1), we have fc( ) =1 but
(L) =0 B

iti) For any finite, continuous extension f : R2*2 — R of f! i it holds
ch(%—é) < 0. Consequently, f¢(v) < f%(v) < f¢(v) for all points

v € ext(K) with sufficiently small distance to (g”é).

Proof. (i) f [ % 18 the restriction of a polynomial to K.

(ii) By Lemma 1 (ii), the points (°5) € ext(C) with b # (1) belong to
ext(K), and we know from Theorem 1 (ii) that fc(0 b) = f(0 b) =1 Tt is

fc( _1) > 0 since f > 0; conversely, from Theorem 1 it follows:

F(078) = F (o + 5u) < Bf(on) + 3i(on) =0,

(iii) Let f: R2*2 _ R be some finite, continuous extension of f |  to the whole
space. Since rank (v; —vp) = rank( (_3 _01) - ((l)_é)) = rank(_g 8) =1, it
follows:

Fe(578) < Lfr(on) + 1 () < 1 fwn) + 1 Floa)
Liw)+3f(w) =0  (8)

and f c( 0 _01 ) < f qc(o _01 ) < f’"c(% _01 ). The finite quasiconvex function fae

is continuous in the p01nt (% é ) so there exists a neighborhood U of (% —3)

with fe(v) < fe(v) < % for all v € U. However, by part (ii) we have at the
same time f¢(v) =1 for allv € UnNext(K). O

4 Second Example: Calculation of f* on the
Four-Dimensional Cube K = [-1,1]*

Let K = [—1,1]* C R?*2. We start with the classification of the faces of K and
then calculate the representation of f* for arbitrary f € Fx on the boundary
OK. Then we are in position to give an example of a function f € Fx where
f* is different from the relaxation f# defined in Section 1.

4.1 Classification of the Faces of K

The four-dimensional cube K admits

¢ 8 three-dimensional facets (cubes):
W1={’U€R2X2lv=( b)}, W, = (
={veRP?|v=( 2 1)}, Wai={veR¥?|v=(
W5={’U€R2X2|’U=( ) , W6={v€R2X2|’U=(
Wr={veR¥™?|v=( )Y, We={veR¥>?|y=(

-
<
m
=

o
X
&
<
I
|

aR P 0R A
o Ao R

0O HD OB O R
oo R= Ao
N e N N
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e 24 two-dimensional faces (squares):

e a)} Qr ={veR¥|v=
1, Qg—{’UER2X2|’U
+, Q9={’U€R2X2|’U
, Qu={veR¥™?|v=
, Q11={'U€R2X2"U

(7
(
(
(
(
, Qu={veR¥Z|y=("
(
(
(
(
(
(-

01 = {veR2|y=
Q2 ={veR¥>?|v=
Qs ={veR¥™?|y=
Qs ={veR¥™?|v=
Qs ={veR™|v=

(.
(
(
(-
(
Qs ={11€]R2X2lv=(
(
(-
(
(
(

[

Q13={’U€R2X2|’U=
Qu={veR¥™?|v=
Qis ={veR¥™?|v=
Q16={v€]R2X2|v:

Qun ={veR¥™?|y=
sz—{UEszz|U=( 1-

, Q17={U€R2X2|’U

, Q19={’U€R2X2|’U
, Q20={U€R2X2|U
s Q23={’U€R2XZIU
) Q24_{U€R2X2|v

R T B R i

}, Ss ={’U€R2X2lv (
b, S ={veR¥?|p=(
b, 87 ={veR¥?|v=(
Y, Ss :{’UGR2X2I’U (
1, Sllz{v€R2X2|v (
}, Siz={veR¥>?|v=(
}, Sl7={'vE]R2’<2|v (
}, Slg={U€R2X2|’U (
} (
} =
} =
} (
} = (
} = (

= (-

Sy ={’UER2X2"U=
S; ={veR™?|v=
Sy ={U€R2X2[’U=
Se ={veR¥>?|y=
Sm={vER2X2lv=
513={UGR2X2]1)=
Su={veR*>?|v=

(
(
(
(
(
(
(
Sl5z{v€R2X2lv=(
(
(
(
(
(
(

| I E I |

Sla"—'{’UER2X2|’U=

[

S25={’U€R2X2|1)=

L N T = B B e d a al

)}, Sgg-—{’l]ER2X2|’U=

and 16 zero-dimensional faces (every of them consisting of one extremal point).
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4.2 Calculation of f* on 8K

Theorem 6. Consider K = [—1,1]* C R**? and a function f € Fg. Then,

i) For all vy € ext(K), we have f*(vg) = f(vo).

i1) Consider the subsets Gy = {S1,...,S32} and Go3 = {Q3,...,Q6,Q9, ...,
Q20} of one- or two-dimensional faces of K. If ® € Gy U Ga 3 then it holds
for all vy € 1i(D): f*(vo) = f(wo).

i11) Consider the subsets Ga1 = {Q1,Q2,Q7,Qs} and Gaa = {Q21, ..., @24}
of two-dimensional faces of K If & € Ga1 UGyo then it holds for all
vg € 1i(®): f*(vo) = |

w) Consider the subsets G3 ; = {Wg, Wi}, Gs 0 = {W1,Wa}, G353 = (W7, W3}
and Gs 4 = {W5, W5} of three-dimensional facets of K. Then we have

f(v) = (f|¢n{v€mx2|v= (253 ) (vo)
for @ € G31 and vy = (gg sg) € ri(P). Analogously, if ¢ € Gz and
v = (z“)’ 33) € ri(P) then it holds:

f*(’l_)o) = (f|¢ﬂ{v cR2x2 | (a (‘,10) ) )C(’Uo).

For vy € ri(®), @ € G3 3 U G3 4, the corresponding representations hold.

Proof. (i) This is a consequence of Theorem 3 (ii).

(ii) Consider a face § € G2 3 U G, and a point vy € ri(P). By Theorem 3 (i)
we have

f(w) = inf{ﬁ /Q flve + Jx(¢))dt | x € Wy™(2,R?),
vo+ Jr(t) €Pa.e.on 2}.

On the other hand, for any function x € W, >°(£2,R?) with vy + Jz(t) € &
for a. e. t € 12, it follows that
Tat) € { (2 22) | vy =0} 0 {5 22) | ome = 0}

v21 V22 V21 V22

with certain indices j, k € {1, 2}. Since the Lipschitz functions z; and z,
vanish on 842, we conclude that z1(t) = z5(¢) = 0. Consequently, when form-
ing f*(vo), only the function z = 0 is feasible, and we have f*(vp) = f(vo)-

(iii) Choose a face @ € G 1 U Gy 2, for example ¢ = @);, together with a point
vo = (} o do) € ri(Q1). We argue from Theorem 3 (i) that only the values of f
on ¢ are involved in the construction of f*(vp), and we have z1(t) =0 as in
the previous step:

830

F*(vo) —1nf{19I / f(1,1,¢o + (t) do + t))dt |z e W™ (£2,R),

—l—co<8—(t)<1—co, —1—d0<%()§1—d0 a.e.onf2}. (9)
Oty Oty
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From Theorem 4 (ii) we know that f°(vg) < f*(vg), and by Theorem 1 (ii)
we find for any £ > 0 points (Cll dll), (012 dlz), (Cl3 dla) € @, (without loss of
generality, they can be chosen different from vy and in general position) as

well as numbers Ay, A, A3 € (0,1) with

fc(v()) < Alf(la lacladl) + )‘Qf(ly 11627d2) + )‘3f(1) 1a037d3) < fc(vo) +¢,

Ar{cr — o) + Aalca — o) + Az(cz —co) = 0,
A1(dy = dg) + Ao(dy — dp) + Az(ds — dp) = 0,
AL+ A2+ A3 = 1.

Consider now a tetrahedron C C R3 with vertices
—C €1 —C -1 _(dl_dZ) Co—C| Cco—C: -t —(d2~d3)
P, = c1—Co €1—C2 . a-c2 | Py= 2—Cp C2—C3 . ca-cs |
d1—dp d1—d3 0 de—dp d2—d3 0

cs—co c3—c1 -1 —(d3—d1) 0
P = . cs=er |\ Pyr=| 9],
dz—dp ds—d1 0 1

For its lateral faces it holds:

Hi1

L =P;P Py C b2 ) eR Py,
1 317 1 { (Mu (c1—co) + iz (dl_d0)> ! H11, Hi12 } + £y

Hay

Fs=P PP, C pa2 , ER} + Py,
2 e {<M21 (c2—co) + p22 (dz—d0)> l,Ule Haz } ‘

2538

Fs,=P P3P, C Ha2 , eER} + Py,
3 2rs e {(Mm (ca—co) + paz (ds—-do)) l,U«31 Ha2 } *

and the areas of their projections F] = 0FP; P, F} =0P, Pand F;, = 0P, P
onto the base G = P; P; P; satisfy the relation

|Fl'| : |F2’| : |Fé| =A1: A A3,

Consider now the family H of all homothetic copies of C with bases in 2.
By Vitali’s covering theorem (see [9, p. 231 {., Corollary 10.6]), there exists
an at most countable covering of int(§2) with mutually disjoint bases Gy,
Gz, ... C int(£2) of tetrahedrons from H while |int(£2) \ Us2, G;| = 0 holds.
Identifying over every base G; the lateral surface of the tetrahedron C; with
the graph of a function z and extending this function by z(t) = 0 on the
null set 2\ {2, Gi, we arrive at a function z which is admissible in the
construction of f*(vg). Inserting this function into (9), we arrive at

. N 1 Ox Ox
Fo() < £7(00) < /n £ Lo+ o), do + 5 ()i

= )\lf(11 lacladl) + >‘2f(17 17627d2) + )‘3f(1i 1’637d3) S fc(vo) + &,
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and we find that f*(vg) = f%(w) = (lel)c('Uo). For an arbitrary face @ €
G2.1 U Gy 3, one proceeds in a completely analogous manner.

(iv) Choose a facet & € U%_, G5 ,, for example & = W}, together with a point
vo € ri(Wi). Then for any function z € Wy (2, R?) with vy + Jz(t) € W}
a. e. on §2 it follows z1(t) = 0 as above. Consequently, f*(vg) admits the
representation

x . 1 0z Oz 1,00
£ (w0) —1nf{ﬁ/nf(l,bo,co+ (o + SOt | @ € W 2(2R),
ox

T
o, (t))" € Wy a.e.on 2},

%)
(1, bo, co + a—i(t); do +

and the construction of f*(vg) will only depend on the values of f on a two-
dimensional convex subset of Wy, namely Wi N {v € R?? |y = (¢ l(’io) }. Now,
the proof can be completed as in Part (iii). O

4.3 A Function f € Fix with f* # f#.

Definition 8. Given the four-dimensional cube K = [-1,1]* C R?*%, we
define f : R2*? = R by

_Ja+b+tec+(1-d?) ifvek,
f(v)—{ +00 ifv e RZ¥Z\ K.

Theorem 7. Using the notations of Theorem 6, the envelope f* of the func-
tion f from Definition 8 has the following shape:

a+b+c+ (1 —d?) ifveext(K)orveri(d),
PeGUGy3UGsy,

ffw) = a+b+c if v € int(K) or v € ri(P),
PeGr1UGaUG31UGs0UGs3,
+o00 ifve R¥>*2\ K.

Proof. Step 1. Calculation of f*(v) on the faces of K. By Theorem 6 (i)-
(i), f* and f coincide on ext(K) as well as on the relative interior of faces
® € Gi1 U Gas. For v € ri(W;) we have ¢ = 1, and with Theorem 6 (iv) we
find

f*(’l)) = (f|W50{v€R2X2|d=const.})c(v)'

We must form the convex envelope with respect to the variables @ and b only,
so we arrive at f*(v) =a+b+c+ (1 - d2) again. For v € ri(Ws) one argues
in the same way. Let now v € ri(®) with @ € Gy ;. Then by Theorem 6 (iii),
one has to form the convex envelope of f with respect to the variables ¢ and
d, and it holds

(c+(1=d)) =ct (1-d)° =c.
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For & € G31 UG3 2, the same conclusion holds by Theorem 6 (iv). Looking for
a point v € 1i{P), P € Gs 2, one has to form again the convex envelope with
respect to a and b while (1 — d2) = 0 since d = £1. By Theorem 6 (iv), the
same result holds for & € G3 3.

Step 2. Calculation of f*(v) on int(K) and R2*2\ K. We take vy € int(K).
Applying Gauss theorem, we have
3] Oy Oz
fr(vo) = 1nf{l0|/ ao + xl( t) +bo+ o~ (t)+ + 5 (t)+(

3:52

(do + = ETA

®)” ))dtldtz |z € W3 (2,R%), v+ Ja(t) € K a. e.on 2},

that is to say,

Oz 2
f(vo)—ao-l—bo+co+1nf{lm/ d0+8t ()) )dtldt2|

€ Wy ™(2,R?), v+ Ja(t) e Kaeonte2}. (10)

If we can find a function zg € Wy ™ (2, R) with
8.'152 81132
l—ep< 2y <1- 92 —1— -
1l—-¢ < 5%, (t) <1-—¢g and ETR (t) € { dg, 1 do}

for almost all ¢ € 2, then the infimum in (10) will be taken on with zero (let
x1(t) = 0). Consider now a pyramid C' C R?® with base G = P, P, P; P, C 2
and apex Ps; where the segments P; P; and P, P, are parallel to the ¢;- resp. ¢3-
axis. In the triangle P) P; Ps let

tan<<(Ps Py P3)=1—¢p, tan<(Py Ps Ps) = —1 — cp,
and in the triangle P, Py Ps5 let
tan <i(P5 P, P)=1—dy, tan<I(P2 Py Ps)=—-1~—dp.

Starting from C, we can construct a function zs with the desired property by
the same procedure as in the proof of Theorem 6 (iii). Thus f*(v) admits the
claimed representation on int(K). By Theorem 3 (iii ), we have f*(v) = 400
forallv e R?*2\ K. O

Obviuosly, the function f* | x 18 upper semicontinuous. f* is not rank one
convex since, for example, f*(v) = f(v) = a+ b+ c+ (1 — d?) is strongly
concave along the edge 51 € G; (Theorem 7 (i)), while

Si=(A-G)r+a-N-G)osa<y

is a rank one direction.
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Theorem 8. There are a sequence of functions {zV} in W01’°°(.Q,R2) and
a function & € Wh®(2,R?) with N LT QR 4. jpN X L¥(QRY) Jg.
Ji(t), JzN(t) € K fora. e.t € 2 VYN €N and

/ FH(J3())dt > liminf / Iz
0 N—oo Jo
Proof. We consider two pyramids C’, C" C R3 with base G’ = P{ P} P} P,
C {2 and apex P! resp. G” = P’ Py P{ P; C §2 and apex P{, where the
segments P| P} and P’ P} are parallel to the t;-axis, and the segments Pj Pj
and Py P; are parallel to the to-axis. We define the following angles: in the
triangle P| Pj P} let
tan<(P{ P[ P;) =1, tan<(P, P} P}) =
in the triangle Pj P; P let
tan<(P{ Py P;) =1, tan<(Py P, P}) = —1;
in the triangle P}’ P{ P let
tan<(P{ P, P{) =1, tan<(P; Py P{) = —1;
and in the triangle Py P} P{ let
tan <<(P{ Py P{) =}, tan<(Py Py P{) = —5.

As in the proof of Theorem 6 (iii), we construct from C’ and C” functions
&1, &2 € Wy (£2,R). For the vector function & = (&1,%2)7T it holds: J&(t) €
S1USUS5USsUS13U814U 817U S8 for a. e t € 52 Further, let us define
the functions N—1

oV = ——— & € W;(2,R?)
with 2V 2 L¥(2R%) £ ag well as Jo S L¥(@2RY J3 and JzN (t) € int(K)
for a. e. t € 2 VN € N. From Theorem 7 we conclude

FUEO) = 5O+ FEO + 520 +1- (320)) s e on
— / F(I(E))dt = 319
and R
r(JzN (@) = g—zl(t) + gjl (t) + %(t) a. e.on {2

:/ f*(JzN(@t)dt=0 YNeN.
2
We have found that

/ F*(J&(t))dt > lim inf / fr(JzN (t))dt,

and the envelope f* of the function f from Definition 8 is not identical with
its relaxation f#. [
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Existence and Structure of Solutions
of Autonomous Discrete Time Optimal Control
Problems

Alexander J. Zaslavski!

Department of Mathematics, Technion, Haifa, Israel
ajzasl@techunix.technion.ac.il

Summary. In this paper we consider autonomous discrete time optimal control
problems. We discuss the reduction to finite cost and the representation formula,
the existence of optimal solutions on infinite horizon and their structure, and the
structure of optimal solutions on finite intervals.

1 Introduction

The study of optimal control problems defined on infinite intervals has re-
cently been a rapidly growing area of research. See, for example, [4, 5, 10, 11,
20, 30-32, 37, 38] and the references mentioned therein. These problems arise
in engineering [1, 37, 38], in models of economic growth [13, 18, 19, 23, 24],
in infinite discrete models of solid-state physics related to dislocations in one-
dimensional crystals [3, 27] and in the theory of thermodynamical equilibrium
for materials [7, 15]. In this paper we consider discrete time autonomous op-
timal control problems. Sections 2 and 3 are devoted to discrete time control
systems on compact metric spaces. In Section 2 we present two fundamen-
tal tools in the theory of optimal control on infinite horizon: the reduction
to finite cost and the representation formula established in [14]. In Section 3
we present a number of results obtained in [28, 29| which establish the ex-
istence of optimal solutions on infinite horizon and describe their structure.
The turnpike theorem for infinite dimensional control system with a convex
cost function obtained in [34] is discussed in Section 4. A finite dimensional
extention of this result for nonconvex cost functions obtained in [35] is pre-
sented in Section 5. In Section 6 we discuss the existence of optimal solutions
on infinite horizon for noncovex control systems on complete metric spaces
which are not necessarily compact. The main result of Section 6 was obtained
in [36]. In Section 7-10 we establish a turnpike result for a class of problems
in metric spaces which are not necessarily compact.
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2 Autonomous Discrete-Time Control Systems
on Compact Metric Spaces

In this sectlon we consider the infinite horizon problem of minimizing the
expression Z -0 Y o(z;, zi41) as N grows to infinity where {z;}%2, is a sequence
in a compact metric space K and v is a continuous function on K x K. This
provides a convenient setting for the study of various optimization problems
3, 14-17, 27, 30-32].

Let K be a compact metric space, R the Euclidean n-dimensional space,
C(K x K) the space of all continuous functions v: K x K — R! with the
topology of the uniform convergence ({|v]| = sup{|v(z,y)|: =,y € K}). Let
C(K) be the space of all continuous functions v: K — R' with the topology
of uniform convergence (}jv|| = sup{|v(z)|: z € K}), and B(K x K) the set of
all bounded lower semicontinuous functions v: K x K — R%.

Consider any v € B(K x K ) We are interested in the limit behavior
as N — oo of the expression Z -0 Y o(%i, Tiz1) where {7}, is an infinite
sequence in K which we call a program (or a configuration), and which oc-
casionally will be denoted by a bold face letter x (similarly {y;}2, will be
denoted by y, etc.) A finite sequence {z;}Y, C K (N = 0,1,...) will be also
called a program.

The following notion known as the overtaking optimality criterion was
introduced in the economic literature [2, 12, 26]. A program {z;}2, is a (v)-
overtaking optimal program if for every program {z;}:2, satisfying zop = zo
the following inequality holds:

N-1
lim sup Z [’U Ti, Tit1) — U(Z“Z.L_H)] <0.

N—oo 5
A program {z;}$2, is (v)-weakly optimal [6] if for every program {z;}$2,
satisfying zy = z¢ the following inequality holds:

N-1
lzivn.l_,io%f z; [W(zi, Tiv1) — V(20 2i41)] <0
i=

A sequence {x;}2_., C K is called a (v)-minimal energy conﬁguration 3]
if for each pair of integers ni,ny > n; and each sequence {y;};2 2 C K
satisfying y; = z;, ¢ = n3, ng the following inequality holds:

TL2—1 ‘nz—-l

Z v(Zi, Tigp1) < Z v(Yi, Yit1)-

i=mn1 i=ny
Of special interest is the minimal long-run average cost growth rate

N-1

p(v) = inf{lim inf N1 Z v(zi, ziy1) : {zi}2 is a program}.
N0 i=o
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A program {z;}$2, is called a (v)-good program [12] if the sequence

N-1

{ Sl zen) s} M

i=0

is bounded. It was proved in [14] that for every program {z;}32, the sequence
(1) is either bounded or diverges to infinity and that for every initial value z
there is a (v)-good program {z;}{2, satisfying zp = 2.

In [28, 29] we investigated the structure of (v)-good programs and estab-
lished for a generic v € C(K x K), and for every given z € K the existence
of (v)-weakly optimal program {xz;}52, satisfying z¢ = «.

Let v € B(K x K). We define

a(v) = sup{v(z,y): z,y € K}, b(v) = inf{v(z,y): z,y € K}.

The following two results established in [14] are very useful in the study
of infinite horizon control problems. We refer to the property described in
Theorem 1 as the reduction to finite cost, and to the property described in
Theorem 2 as the representation formula.

Theorem 1. (i) For every program {z}32,

N-1

Z [U(zh Z‘H—l) - /,L('l))] > b('U) - (J,(’U) VN = 17 2) cee

=0

(i) For every program {z;}32, the sequence (1) is either bounded or it diverges
to infinity;
(iii) For every initial value zy there is a program {z;}32, which satisfies

N
| Yoz, 5101) = 4| < dla(@) ~bw)] YN =1,2,....
i=0

Theorem 2. Let v € C(K x K) and define
N-1
7 (x) = inf {l;vq inf 3ol i) = ol 2 € Ko = z} .
1=

Then we can represent v(z,y) in the form
v(z,y) = 0"(z,y) + p(v) + 7¥(z) — n*(y) forz,y € K (2)

where 6Y(x,y) is defined by (2), and where ¥, 0” are continuous functions,
0¥ is nonnegative and E(z) = {y € K: 0(z,y) = 0} is nonempty for every
x € K.

In [14] these theorems were established when K was a compact subset of
R™, but their proofs remain in force also when K is any compact metric space.
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3 Existence and Structure of Optimal Solutions for
Discrete-Time Control Systems on Compact Spaces

Let K be a compact metric space. For a program x we denote by w(x) the
set of all points z € K such that some subsequence {z;, } ;. converge to z,
and denote by §2(x) the set of all points (z1,23) € K x K such that some
subsequence {(Zi,, Ti,+1)}pe; converge to (21, 22). Denote by d the metric on
K and define the metric d; on K x K by

di((z1,22), (y1,¥2)) = d(z1, 1) + d(z2,¥2) (21, %2,91,72 € K).
We denote d(z, B) = inf{d(z,y): y € B} forz € K,B C K and

di({(z1,22), A) = inf {d1((x1, z2), (1,%2)): (¥1,72) € A}

for (z1,z2) € K x K and A C K x K. Denote by dist(4, B) the Hausdorff
metric for two sets A C K and B C K and denote by Card(A) the cardinality
of a set A.

We call a sequence {x;}2__, C K almost periodic if for every € > 0 there
exists an integer m > 1 such that the relation d(z;,Zi1m;) < € holds for
any integer ¢ and any integer j. We call a program {z;}2, asymptotically
almost periodic if for every € > ( there exist integers £ > 1,m > 1 such that
d(x;, Tiymy) < € for any integer ¢ > k and any integer j > 1.

In |28, 29] we proved the existence of a set F' C C(K x K) which is a
countable intersection of open everywhere dense sets in C(K x K) and for
which the following results are valid.

Theorem 3. (i) For every u € F there are closed sets H(u) C K x K,
Hy(u) C K such that for every (u)-good program x we have 2(x) = H(u),
w(x) = Ho(u).

(i) Let u € F. Then every (u)-good program X is asymptotically almost peri-
odic.

(11} Let w € F,§ > 0. Then there is a neighborhood W (u) of u in C(K x K)
such that for every w € W(u) and for every (w)-good program x we have
dist(H (u), £2(x)) < 6.

Theorem 4. Let u € F, and let {z;}2, be a program such that
Gu(w,-,mi.u) =0 Vi= 0, 1,. o

Then {x;}32, is a (u)-weakly optimal program. Moreover, there exists a strictly
increasing sequence of natural numbers {i}32, such that for every program
{y:}2 satisfying yo = o the inequality

ix—1

likrgggf X; [u(yjs Yj+1) — w(Tj, Tj41)] > 0
]:
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holds, and if for some program {y;}32, satisfying yo = xo,

i1

lim inf 2; [w(ys, Yj+1) — u(@5,Tj41)] = 0,
J—_—

then 0%(y;,v9;+41) =0, V5 =0,1,....

For every u € C(K x K}, every number A > 0, and every integer N > 1 we
denote by A(u, N, A) the set of all sequences {y;}}¥., C K such that for every
sequence {2z}, C K satisfying 20 = yo,2nv = yn the following inequality

holds:
N—

[u(yiv y’H-l) _u(zi,2i+1)] S A.
0

[a

i=

Recall the representation formula (2) and define L: C(K x K) — R! x
C(K) x C(K x K) by L(v) = (u(v),*,6%), v € C(K x K).

The second assertions of Theorems 5 and 6 establish a turnpike property
for every u € F [16, 17, 21, 22, 25].

Theorem 5. (i) L is continuous at every point of F.

(i) Let w € F and § > 0. Then there are a neighborhood W(u) of v in
C(K x K) and positive numbers Qy, Q2 such that for every w € W(u), for
every integer N > 1, for every integer M > 0 and every program {yi}{\_’__o €
A{w, N, M) the following relation holds:

Card{i € {0,...,N — 1}: d1((4s, ¥i+1), H(u)) > 6} < Q1 + MQ-.

Theorem 6. (i) Letu € F, € > 0. Then there ezist a neighborhood W (u) of u
in C(K x K) and & > 0 such that for every w € W(u) and for every program
{z:}2, satisfying 6“(z;,ziy1) = 0, ¢ = 0,1,... and d{zo, Ho(u)) < 4, the
relation di({x;, zi41), H{u)) < € holds fori=0,1,...

(ii) Let w € F, ¢ > 0. Then there exist a neighborhood W(u) of u in
C(K x K) and an integer N > 1 such that for every w € W(u) and for
every program {x;}52, satisfying 0" (z;,¢;41) =0,4=0,1,..., the inequality
d1((xi, Tit1), H(u)) < € holds for every i > N.

Corollary 1. Let u € F, {x;}2__, be a program such that 0*(z;,z;1+1) = 0,
t=0,%£1,.... Then (xi,xiﬂ) S H(u), 1=0,%1,...

Corollary 2. Let u € F, € > 0. Then there exists a neighborhood W (u) of u
in C(K x K) such that for every w € W(u) and for every program {z;}2_
satisfying 0% (x;, x41) = 0, 1 = 0, %1, ... the relation di((z;, Tiv1), H(u)) <€
holds for every integer 1.

Theorem 7. Let v € F. Then every sequence {y;}32__ which satisfies
0%y, yix1) = 0, 2 = 0,£1,... is almost periodic. Moreover, for every ¢ > 0
there exist a neighborhood W (u) of u in C(K x K) and an integer m > 1
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such that for every w € W{u) and for every program {y:}2_., satisfying
0% (yi,yiv1) = 0, ¢ = 0,%£1,..., the relation d(y;,Yirjm) < € holds for any
integers ¢ and j.

Theorem 8. (i) Let u € F and let {x;}2, be a (u)-good program. Then there
exists a program {y;}3°_., such that 6“(yi,yi41) = 0, @ = 0,%1,..., and
limi._,oo d((l)i,yi) = 0.

(i) Let w € F and let {z;}32_. be a (u)-minimal energy configuration.
Then there exist programs {y;}2 o, {2i}2 o such that 0%(y;,yiy1) = 0,

gu(ziyzi+1) = O’ 1= Oa ily vy hmz—wo d(xiyyi) = 0) hmz—-)—oo d(xia z‘i) =0.

We define
Co(K x K)={ve C(K x K} p(v) =min{v(z,z): z € K}}.

It is easy to see that Cy(K X K) is a closed subspace of C(K x K). The space
Co(K x K) also has the topology of uniform convergence. In [29] we reinforced
the previous theorems for u € Cy(K x K) and proved the existence of a set
Fy ¢ FNCy(K x K) which is a countable intersection of open everywhere dense
subsets of Co{ K x K} such that Theorem 9 holds for Fy. This result shows that
for every u € Fy and every € K there is a (u)-overtaking optimal program
{z:}52, satisfying zo = z. It also establishes the strong turnpike theorem for
u € Fp.

Theorem 9. (i) Card(Hy(u)) = 1 for u € Fy.

(ii) Let u € Fy, 6 > 0. Then there exists a neighborhood W(u) of u in C(K x
K) such that for every w € W(u), and for every (w)-good program x the
relation dist(§2(x), (Ho(u) x Ho(u))) < d holds.

(1) Let u € Fy, {:}52, be a program for which 0*(z;,xi+1) =0,i=0,1,....
Then {x;}2, is a (u)-overtaking optimal program and, moreover, if {y;}32,
s a program such that yy = x¢ and

N1
llivrrlioféf Z% [w(yi, Yir1) — w(®s, Tig1)] = 0,
j=

then 0”(yi,yi+1) = 0, 1= 0, 1, v

(iv) Let u € Fy, € > 0. Then there exist a neighborhood W(u) of u in C(K %
K), an integer Q@ > 1 and ¢ € (0,¢€) such that for every w € W(u), for
every integer N > 2Q and every program {y;}N.q € A(w, N, €) the following
relation holds: d(y;, Ho(u)) <€, i = Q,...N — Q and if d(yo, Ho(u)) < €,
then d(y;, Ho(u)) <¢€,i=0,...N - Q.

4 Turnpike Result for Convex Infinite Dimensional
Discrete-Time Control Systems

In this section we discuss the structure of “approximate” solutions for an
infinite dimensional discrete-time optimal control problem determined by a
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convex function v : K x K — R!, where K is a convex closed bounded subset
of a Banach space. In [34] we showed that for a generic function v there exists
Yy € K such that each “approximate” optimal solution {z;}7-, C K is a
contained in a small neighborhood of y, for alli € {N,... ,n — N}, where N
is a constant which depends on the neighborhood and does not depend on n.
This result is a generalization of the main result of [33] which was established
for convex uniformly continuous functions.

Let (X,||-]|) be a Banach space and let K C X be a nonempty closed
convex bounded set. Denote by .4 the set of all bounded convex functions
v: K x K — R! which are continuous at a point (z, ) for any z € K. Denote
by A; the set of all lower semicontinuous functions v € A, by A, the set of all
continuous functions v € A and by A, the set of all functions v € A which
satisfy the following uniform continuity assumption:

Ve > 0 there exists § > 0 such that for each 1,2, y1,y2 € K satisfying
[|z: — ysi|] <6, 4=1,2 the relation |v(x1,z2) — v(y1,y2)| < € holds.

We equip the space A with the metric
p(uav) :sup{|v(m,y) - U(Z‘,y)l Iﬂ?,yEK}, U, v € A

Evidently the metric space (A, p) is complete and A4;, A. and A, are closed
subsets of (A, p). We equip the sets A}, A; and A, with the metric p.

In |33, 34] we investigated the structure of “approximate” solutions of the
optimization problem

n—1
minimize Zv(:ci,:ciH) subject to {z;}ieg C K, o=y, Tn =2 (3)
i=0

forve A, y,z € K and n > 1. In [33] we showed that for a generic function
v € A, the following property holds:

there is y, € K such that for all large enough n and each y,z €
K an “approximate” solution {x;}?, of (3) is contained in a small
neighborhood of y, for all { € {N,...,n — N} where N is a constant
which depends on the neighborhood and does not depend on n.

This phenomenon which is called the turnpike property (TP) is well known in
mathematical economics. The term was first coined by Samuelson [25] in 1958
where he showed that an efficient expanding economy would spend most of the
time in the vicinity of a balanced equilibrium path (also called a von Neumann
path). This property was further investigated in in mathematical economics
(see [10, 11, 16-19, 21-24]) for optimal trajectories of models of economic
dynamics. A related weak version of the turnpike property was considered in
Section 3 with a nonconvex function v: K x K — R! and a compact metric
space K.
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When we say that a certain property holds for a generic element of a
complete metric space Y we mean that the set of points which have this
property contains a Gy everywhere dense subset of Y. Such an approach,
when a certain property is investigated for the whole space ¥ and not just
for a single point in Y, has already been successfully applied in many areas of
Analysis. In [34] we generalized the main result of [33] and showed that the
turnpike property holds for a generic function v € A.

In almost all studies of discrete time control systems the turnpike prop-
erty was considered for a single cost function v and a space of states X which
was a compact convex set in a finite dimensional space. In these studies the
compactness of K playes an important role. Specifically for the optimization
problems considered in this section if a function v has the turnpike prop-
erty then its “burnpike” y, is a unique solution of the following optimization
problem

minimize v(z,z) subject to z € K.

The existence of a solution of this problem is guaranteed only if K satisfies
some compactness assumptions. To obtain the uniqueness of the solution we
need additional assumptions on v such as its strict convexity.

Here, instead of considering the turnpike property for a single cost function
v, we investigate it for spaces of all such functions equipped with some natural
metric, and show that this property holds for most of these functions. In [33]
we established the turnpike property without compactness assumption on the
space of states for a generic convex uniform continuous cost function. In [34] we
established the turnpike property for a generic convex cost function without
this assumption.

For each v € A, integers mj, mg > my and 1,42 € K we define

mz—l
o(v,m1, my) = inf{ }_J v(z, ziv1) {2 ;’fml C K},
i=mi
mz—l
U(v)mlym27y17y2) - Inf{ Z v(‘zi9zi+1) : {zz ?;le C K7 Zmy = Y1,%my = yZ}i
i=m
and the minimal growth rate
N-1
p(v) = infliminf N=1 >~ v(zi, 2i41) : {2:}32 € K}
N-ooo =0

In {34, Prop. 2.1] we showed that p(v) = inf{v(z,2) : z € K} for any v € A.
In the same work we constructed a set F (Fj, Fe, Fu, respectively) which is
a countable intersection of open everywhere dense subsets of A (A4;, A, Ay,
respectively) and such that 7; c 4NF, F.C A.NF, F, C A, NF. We
also established the following two theorems.
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Theorem 10. Let v € F. Then there ezists a unique y, € K such that
v(Yy, Yn) = p(v) and the following assertion holds:

For each € > 0 there exist a neighborhood U of v in A and 6 > 0 such
that for each u € U and each y € K satisfying u(y,y) < p(u) + 6 the relation
lly — yo|l < € holds.

Theorem 11. Letv € F and € > 0. Then there exist § € (0,¢), a neighborhood
U of v in A and an integer N > 1 such that for each u € U, each integer
n > 2N and each sequence {x;}7 C K satisfying

1
U(ﬂ')i,ﬂCiJ,.l) < O-(ua 0,n,zo, Z'n) + 6)

n

1]
=)

i
there exist 1 € {0,...,N} and 7, € {n — N, ..., n} such that
“mt_yv”SE; t:Tlv"‘aT2'

Moreover, if HIO - yu” <4, then ) =0, and if ”yu - CEnH <6, then 7, = n.

5 Turnpike Result for Nonconvex Control Systems on
Compact Metric Spaces

Let (K, d) be a compact metric space, C(K x K) the space of all continuous
functions v: K x K — R! with the topology of the uniform convergence. Let
C(K) be the space of all continuous functions v: K — R! with the topology
of uniform convergence.

In this section we continue to discuss the structure of “approximate” solu-
tions of the optimization problem (3) for v € C(K x K), y,z € K and n > 1.
Recall that a sequence {z;}{2, C K is called (v)-good if the sequence (1) is
bounded. Assume that v € C(K x K) and there exists z, € K such that each
(v)-good sequence {z;}32, C K converges to x,. In [35] we showed that the
following turnpike property holds:

for all large enough n and each y,z € K an “approximate” solu-
tion {x;}, of (3) is contained in a small neighborhood of z, for
all i € {N,...,n— N} where N is a constant which depends on the
neighborhood and does not depend on 7.

Namely, in [35] we proved the following result.

Theorem 12. Let v € C{K x K). Assume that there exists z,, € K such that
each (v)-good sequence {z;}32, C K converges to z,. Let ¢ € (0,1). Then
there exists § € (0,¢€), a neighborhood U of v in C(K X K) and an integer
N > 1 such that for each u € U, each integer n > 2N and each sequence
{z:} o C K satisfying
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n-1

Z w(zi, xiv1) < o(u,0,n, 20, %) + 6

=0
there exist 1, € {0,...,N} and 75 € {n — N,...,n} such that
llzt — zo|| L€, t=11,...,T2.

Moreover, if ||zg — x,|| < 8, then 71 = 0 and if ||z, — 24|| £ 6, then 79 = n.

6 Minimal Solutions for Discrete-Time Control Systems
in Metric Spaces

In this section we study the structure of minimal solutions for an autonomous
discrete-time control system in a metric space X determined by a continuous
function v : X x X — R!. A sequence {z;}%__ C X is called (v)-minimal
if for each pair of integers mas > m; and each sequence {y; ;7;2"11 satisfying
y; = &, j = My, my the inequality

ma~—1 ma—1
Z V(@i Tit1) < Z v(Yis Yit1)
i=mi i=mq

is valid. In [36] we considered a space of functions v : X x X — R! equipped
with a natural complete metric and showed that for a generic function v there
exists a (v)-minimal sequence.

Let (X,d) be a complete metric space. We equip the set X x X with
the metric d; (defined in a similar way as in Section 3). Clearly the metric
space (X x X, d;) is complete. Denote by A the set of all continuous functions
v: X x X — R! which satisfy the following two assumptions:

(i) (uniform boundedness) sup{|v(z,y)}: z,y € X} < oo;
(ii) (uniform continuity) Ve > 0, 36 > 0 such that |v(z1,z2) —v(y1,y2)| <€
for each x;,y; € X, i = 1,2 which satisfy d{(z;,y;) <4,1=1,2.
Define p : A x A — R! by p(v,w) = sup{|v(z,y) — w(z,y)| : =,y € X}.
Clearly the metric space {A, p) is complete.
In this section we consider the optimization problem

ka—1
minimize E v{x;, Tiy1) subject to {x;

i=kq

k2
j=

b CX, Thy =Y, Tk, = 2 (4)

where v € A, ¥,z € X and ky > k; are integers.

Note that the problem (4) was considered in Sections 2 and 3 with a
compact metric space X and in Section 4 when X was a bounded closed
convex subset of a Banach space and the function v was convex.
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If the space of states X is compact then the problem (4) has a solution for
each v € A, ¥,z € X and each pair of integers ko > k;. For the noncompact
space X the existence of solutions of the problem (4) is not guaranteed.

For each v € A, each natural number m and each y;,y2 € X we set

vl = sup{lv(z,y)| : z,y € X},

N-1
pu(v) = inf{lji\,nlinghl 2 V(@ Ti1) ¢+ {Z} 2o C X},
i=
m—1
o(v,m) = inf{z V(i Tir1)  {Ti}img € X}
i1=0
m—1
Oper(V, M) = inf{z v(®i, Tir1) 1+ {Ti}img C X, o = Tm},
i=0

m~—1
o(v,m,y1,¥2) = inf{z v(@i, Tir1) 1 {#ihiZe C X, To = Y1, Tm = Yo}
i=0

Let v € A. A sequence {x;}2_. C X is called (v)-minimal if for each
pair of integers mg > my

mo—1

Z v(Zi, Tig1) = 0(V, M2 — M1, Ty, Teny )-

i=my

If the space of states X is compact then a (v)-minimal sequence can be
constructed as a limit of a sequence of optimal solutions on finite intervals. For
the noncompact space X the problem is more difficult and less understood.
The difficulty is that for any problem of type (4) the existence of its solution
is not guaranteed and that a (v)-minimal sequence is an exact solution of
a countable number of optimization problems of type (4). In [36] we showed
that for a generic function v taken from the space A there exists a (v)-minimal
sequence.

A sequence {x;}2, C X is called (v)-good if there exists a number M > 0
such that for each natural number m

m—1

Z v(xi, Tip1) < o(v,m, To, Zm) + M.
=0

It is not difficult to see that the following proposition holds.

Proposition 1. Let v € A and {z;}52, C X be a (v)-good sequence. Then for
each z € X there is a (v)-good sequence {z;}52, C X such that zo = z.

For each {z;}52, C X denote by w({x;}52,) the set of all y € X for which
there exists a subsequence {x;, }32; such that limg—eo 75, = y. In [36] we
proved the following result.
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Theorem 13. There exists a set F C A which is a countable intersection of
open everywhere dense subsets of A such that for each v € F there exists a
nonempty compact set £2(v) C X which satisfies the following two conditions:
(i) there is a (v)-minimal sequence {wl(.v)}fi_oo C 2(v);

(it) for each (v)-good sequence {y;}2, C X there exists a (v)-minimal se-
quence {z:}72_, C £2(v) Nw({y:i}iZo)-

7 Turnpike Result for Control Systems on Metric Spaces

Let (X, p) be a metric space. Denote by A4 the set of all bounded functions
v:X xX — R Set A =X x X. We equip the set A with the metric

d(u,v) = sup{jv(z,y) —u(z,y)| : 7,y € K}, v,v € A.

Evidenly (A, d) is a complete metric space. Denote by 4; the set of all lower
semicontinuous functions v € A, by A the set of all continuous functions
v € A and by A, the set of all uniformly continuous functions v € A. Clearly
A, A. and A, are closed subsets of the complete metric space (A, d).

Let v € A. Define a minimal growth rate u(v) as in Section 6. Clearly

p{v) < inf{v{z,z) : z € X}.

Denote by A, the set of all v € A such that p(v) = inf{v(z,z) : = € X}.
Clearly A, is a closed subset of (A, d). Set

Aa=A N A, Ave = AN A, Ay = A, N A,

Clearly A, # 0. For example, if v(z,y) = c for all (z,y) € X x X where c is
a constant, then v € A,..
The following proposition will be proved in Section 8.

Proposition 2. Let v € A.. Then for each x € X there is a sequence
{z:}520 € X such that xp = x and

N-1
limsup N ! Z v(Ti, Tiv1) = p(v).
N—oo =0

For each v € A set |[v|| = sup{|v(z,y)|: z,y€ X}.Forz € X and BC X
set p(z, B) = inf{p(z,y) : y € B}. Denote by F the set of all v € A, which
have the following property:

(P) for each € > 0 there exist § > 0 and a neighborhood V of v in A such that
for each u € V and each sequence {z;}52, C X which satisfies

N-1
lim sup N~ }: u(Ts, Tit1) < pu) + 6, (5)

N—oo i=0
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one has limsupy_, o, N~'Card{i € {0,...,N — 1} : p(z;,zi+1) > €} <e.

If v € A, has the property (P) then all good programs spend most of time
in a small neighborhood of the diagonal A.

We show that most elements of A, (in the sense of Baire’s categories) have
the property (P). Moreover, we show that the complement of the set of all
functions which have the property (P) is not only of the first category, but
also o-porous.

Before we continue we recall the concept of porosity [8, 9]. Let (Y, p) be a
complete metric space. We denote by B(y,r) the closed ball of center y € Y
and radius 7 > 0. A subset E C Y is called porous in (Y, d) if there exist
o € (0,1) and rg > 0 such that for each r € (0,70] and each y € Y there exists
z € Y for which B(z,ar) C B(y,r) \ E. A subset of the space Y is called
o-porous in (Y, p) if it is a countable union of porous subsets in (Y, p).

Since porous sets are nowhere dense, all o-porous sets are of the first
category. If Y is a finite-dimensional Euclidean space, then o-porous sets are
of Lebesgue measure 0. In fact, the class of g-porous sets in such a space is
much smaller than the class of sets which have measure 0 and are of the first
category.

In this paper we will establish the following result.

Theorem 14. The set A, \ F (Au\F, Awc\ F, Awu \ F, respectively) is a
o-porous subset of Ay (Asl, Awc, As, Tespectively).

8 Proof of Proposition 2
Let x € X. For each natural number n there is z, € X such that
V(zn, zn) < plv) + 277, (6)

Define a sequence {z,}32, C X as follows:

To,T1 =T, T =25, n=2F ... 281 1 k=12, .. (N
We show that
N-1
limsup N~ Z v(Ti, Tiy1) = p(v).
N—oo i=0
Clearly
N-1
lim sup N~* Z v(Ti, Tir1) = p(v).
N—oo i=0

Let N > 9 be a natural number. There is a natural number k = k(NN) such
that 2% < N < 2%+1, Set p = N — 2*. Then by (7) and (6)
N-1

Z v, Ti41) = v(x, ) + v(x, 21) + v(21, 21)
1=0
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el
—

+Y  [v(zjo1,25) + (20 = Doz, 7)) + (v(zk-1, 2k) + PU(2k, 21))
J

|l
[}

k—1
<3l|vll+z [29v(z, 2;) + 2|[vl[] + [(p + Dv(zk, 2&) + 2||v]l]
j=2
k—
Z Tu(zs,25) + (0 + 1)v(zk, 26) + 21 [v]|(k + 1)

=2

k—1
<D 2 (ulv) +277) + (p+ Dp(v) + 27 + 2jv)|(k + 1)
j=2
k-1 )
0)[Y 27+ (p+ 1] +k+2li(k+1)
=2

<p@)[2F—1-3+(p+1)] + (k+1)(2|v]| + 1)
< p()(N = 3) + (logy N + 1)(2||v|| + 1).

This relation implies that

N-1
lim sup N} E v(Zi, Tig1)
N—oo i=0

< lilrvnj;lop[N_lu(v)(N =3)+ (2lvl] + 1)(logy N + 1)N '] = p(v).

Proposition 2 is proved. 0O

9 An Auxiliary Result for Theorem 14
Let v € A,, v € (0,1]. Define

vy(z,y) = v(z,y) + ymin{l, p(z,y)}, 7,y € X. (8)
Clearly
vy € Auy plvy) = (o), (9)
if v € Ay (Axc, Asu respectively), then vy € Ay (Ase, Axy respectively).

Lemma 1. Let § > 0, u € A, satisfy d(u,v,y) < 6, and let {z;}2, C X
satisfy

N-1
limsup N2> u(wg, @ig1) < pu) + 6. (10)
N-ooo i=0

Then, for each ¢ € (0,1],
limsup N ™! Card{i € {0,...,N — 1} : p(xs, zi41) > €} < (36)(ye) L.

N-ooxo
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Proof. Let € € (0,1]. Due to d(u,v,) < 4, one has

N-1 N-1

| lim sup N~ ! Z u(zi, Tip1) — limsup N~} Z vy(zi, zip1)| <6,  (11)
N—oo o N—co i=0
() — )| <6 (12)

In view of (9)-(12),

N-1
limsup N1 )~ vy (i, zi41) < ps(vy) + 36 = pi(v) + 36. (13)
N—eo =0

It follows from (13), (8) and the definition of p(v) that

N-1
f(v) + 38 > limsup N1 )~ [v(@s, Tig1) + v min{1, p(z:, Ti41)}]
N—eo i=0
N-1
> lim sup N_l[z v(x;, Tig1) +yeCard{i € {0,..., N =1} : p(z;, zi41) 2 €}]
N—oo =0

> limsup N~ 'yeCard{i € {0,...,N — 1} : p(z;, Tir1) > €}

N—-oo
N-1
+liminf N 7! Z v(Ti, Tig1)
N=eo =0

> limsupyeN~'Card{i € {0,...,N — 1} : p(zs, Ti41) > €} + p(v).

N-—oo

This inequality implies that

limsup N~ 'Card{i € {0,..., N — 1} : p(x;,Tix1) > €} < (38)(ve)™ .

N—ooxo

Lemma 1 is proved. O

10 Proof of Theorem 14

For each natural number n denote by F,, the set of all v € A, which have the
following property:

(P1) there exist § > 0 and a neighborhood V of v in A, such that for each
u € V and each sequence {x;}32, C X which satisfies (5), one has

limsup N~!Card{i € {0,...,N — 1} : p(zi,zi+1) 2 n" '} < 1/n.

N—oo
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It is not difficult to see that F = N Fy. In order to prove Theorem 14 it is

sufficient to show that for each integer n > 1, Au \ Fn ( At \ Frn, Asc \ Fny

Ay \ Fn, respectively) is a porous subset of A, (A, Axc, Axu, respectively).
Let n be a natural number. Set

a = (32n2)7L. (14)
Assume that v € A,, r € (0,1]. Put
v =6arn® <r/4 (15)

and define
vy(z,y) = v(x,y) + ymin{1, p(z,y)}, z,y € X. (16)

Clearly v, € A, pu{vy) = p(v), and if v € A,; (Asc, Ay respectively), then
vy € Ay (Auc, Asy Tespectively). By (15)-(16),

d(v,vy) <y <r/4. (17)
Assume that
u € A., d(u,vy) < 2ar, (18)
N-1
{z:}2, C X, limsup N7} Z u(zi, Tiv1) < pu) + 200 (19)
N—ooo i=0
In view of (17)-(18) and (14),
d(u,v) <. (20)

It follows from (18)-(19), Lemma 1 (with § = 2ar, e = 1/n) and (15) that

limsup N~'Card{i € {0,...,N — 1} : p(xs,zi41) > 1/n}

N-ooo
< (6ar)(y/n)"! = 6ary™in < 1/n.

We have shown that each u € A, satisfying d(u,v,) < ar belongs to F, and
satisfies (20). This completes the proof of Theorem 14. D
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Summary. We investigate possibilities to deal with optimal control problems that
have special integer restrictions on the time dependent control functions, namely
to take only the values of 0 or 1 on given time intervals. A heuristic penalty term
homotopy and a Branch and Bound approach are presented, both in the context of
the direct multiple shooting method for optimal control. A tutorial example from
population dynamics is introduced as a benchmark problem for optimal control with
0 — 1 controls and used to compare the numerical results of the different approaches.

1 Introduction

Optimal control problems have long been under investigation and it is well
known that for certain systems, in particular linear ones, bang-bang controls
are optimal. On the other hand it is not clear what to do if the feasible set of
a control is a priori restricted to two (or more) discrete values only and the
optimal switching structure cannot be guessed due to the complexity of the
model under consideration.

Optimal control problems with the mentioned restriction to 0-1 values in
the controls arise whenever a yes-no decision has to be made, as is e.g. the
case for certain types of valves or pumps in engineering, certain investments
in economics, discrete stages in transport or application of laws in given time
periods. Such problems are typically nonlinear and already difficult to solve
without combinatorial apects.

Although some mixed integer dynamic optimisation problems, namely the
optimisation of New York subway trains that are equipped with discrete accel-
eration stages, were solved in the early eighties [3], the so-called indirect meth-
ods used there do not seem appropriate for generic large-scale optimal control

* Work supported by the Deutsche Forschungsgemeinschaft (DFG) within the grad-
uate program Complex Processes: Modeling, Simulation and Optimization.
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problems with underlying nonlinear differential algebraic equation (DAE) sys-
tems. Therefore efforts have to be undertaken to bring together methodology
of and new results for indirect methods in this context (see e.g. [24]) and the
so-called direct methods, particularly the direct multiple shooting method [4]
and direct collocation [23, 29].

Several authors have been working on optimal control problems with dis-
crete valued control functions: [7] investigate a water distribution network in
Berlin with such on/off pumps, using a problem specific nonlinear continuous
reformulation of the control functions; [28] treat powertrain control of heavy
duty trucks with a tailored heuristics in the context of direct multiple shoot-
ing that fits into the model predictive control context; [15, 22] use a switching
time approach related to the one described in Section 3.3 to deal with prob-
lems where only a finite set of controls, e.g. velocities of submarine vessels, is
feasible; [8] focus on problems in robetics, applying a combination of Branch
and Bound and direct collocation [26].

Other publications in the field of mixed integer dynamic optimisation deal
with time independent integer variables (e.g. [20]) or state dependent (au-
tonomous) switches (e.g. [6]) that are both not the topic of this paper.

The paper is organised as follows. In Section 2 a short introduction to nu-
merical methods for optimal control is given, in particular to the direct mul-
tiple shooting method [4]. In Section 3 extensions to treat additional integer
restrictions are presented. An optimal control problem with a 0-1 restriction
in the controls is presented in Section 4 and is used as a benchmark problem
further on. Numerical results are given and compared in Section 5. Section 6
concludes.

2 Numerical Methods for Optimal Control

The optimal control problems we refer to in this section and that are later on
to be extended, are of the form

min [ L(z(t), 2(t), u(t), p)dt + E(@(T), 2(T),p)

st () = F(ta(t), (0, u(®),p), L€ [i0,T]
0= g(t,m(t),z(t),u(t),p), te [tO,T]
0 < c(t,z(t), 2(t), ult),p), tE€E [to,T] (1)

0< Ti(w(tO))z(tO):m(tl)wz(tl)v e ,iL‘(T),Z(T),p)
0= ’r‘e(.’E(to),Z(to),.’E(tl),Z(tl), s ,:E(T),Z(T),p)

The system state is described by the differential and algebraic state vectors
z(t) € R™ and z(t) € R™=. The system behaviour is controlled by the control
vectors u(t) € R™ and the global design parameter vector p € R™». The ob-
jective functional is of generalised Bolza type, containing Lagrange and Mayer
terms. The differential and algebraic right hand side functions f respectively
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g describe the dynamical system behavior, while the vector valued functions
i, Te are additional interior point constraints for given time points t; (see
Section 2.1) and c contains path constraints. The Jacobian dg/dz € R":*"=
is assumed to be invertible, resulting in an index 1 DAE.

There are several approaches to treat optimal control problems of this
form. For an overview and comparison between indirect and direct methods,
sequential and simultaneous approaches (in particular single shooting, multi-
ple shooting and collocation) we refer to [1]. We investigate extensions in the
context of the direct multiple shooting method, therefore we will give a brief
introduction in Section 2.1.

2.1 Direct Multiple Shooting

The direct multiple shooting method [4, 17] is used to transform the infinite
dimensional optimisation problem (1) into a finite dimensional one that can
be treated efficiently with tailored nonlinear optimisation methods, e.g. se-
quential quadratic programming (SQP). This transformation is performed by
a piecewise parameterisation of the control functions, a relaxation of the path
constraints to grid points and a discretisation of the state variables. To this
end the time horizon [t, T is divided into a number of m subintervals [t;, #;11]
with £y < t; < -+ <ty =T, the so-called multiple shooting intervals.

Parameterisation of the controls. For each interval the function space
that the optimal control function u(t) can be chosen from is reduced to a finite
dimensional one. Then a piecewise approximation 4 of the control functions u
on this grid is defined by

ﬁ(t) = (pi(t,Qi), te [tiyti-}-l]a i= Oa"'am_l (2)

using “local” control parameters ¢;. The functions ¢; are typically vectors of
constant, linear or cubic functions.

State discretisation. The basic concept of the multiple shooting method is
to solve the DAE-constraints independently on each of the multiple shooting
intervals. On interval ¢ the initial value for the DAE solution is given by the
so-called node values s7, s? for differential and algebraic states. The algebraic
equations are relaxed (see [2], [16]). They enter as conditions in ¢; into the

NLP. Continuity of the state trajectory at the multiple shooting grid points

sir1 = Ti(tiv1) (3)

is also incorporated by constraints into the nonlinear program (NLP). Here
x;(t) denotes the differential part of the DAE solution on interval [t;,%;41]

with initial values s¥, s?. These equations are required to be satisfied only at

1Y%’

the solution of the problem, not necessarily during the SQP iterations.

Resulting NLP. The local variables g;, the global parameters p, that may
include the time horizon length A = T — ¢;, and the node values s¥, s? are
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the degrees of freedom of the parameterised optimal control problem. If we
write them in one vector £ = (¢;,p, 57, s¥), rewrite the objective function as
F(¢), subsume all equality constraints with the continuity conditions (3) into
a function G(£) and all inequality constraints into a function H(§), then the

resulting NLP can be written as

minF(§) st 0=G(E), 0<H(E) (4)

This NLP can be solved with tailored iterative methods, exploiting the struc-
ture of the problem. For more details, see [4, 16, 17]. An efficient implemen-
tation of the described method is the software package MUSCOD-II [9)].

3 Treatment of Binary Control Functions

We are interested in an extension of problem (1), where some or all of the
control functions have the additional restriction to have values in {0,1}. If
we denote these control functions by w(t) we can formulate an optimal con-
trol problem with binary valued control functions. We want to minimise the
functional

T
Plz, z,w,u,pl := [ L(z(t), z(t), w(t), u(t),p)dt + E(z(T),z(T),p) (5)
to
subject to a system of DAEs, path and interior point constraints and addi-
tional restrictions

w(t) € {0,1}™, te [to,T] (6)

that turn the problem into a combinatorial one.

For some applications restriction (6) is still too general. A certain limi-
tation on the number of switchings must be taken into consideration, as an
infinite switching from one value to the other is not applicable in practice.
This might be achieved by an upper limit on the number of switches or a
penalisation. In the direct multiple shooting approach a fixed finite control
parameterisation inhibts infinite switching automatically.

Another possible limitation occurs when switching can only take place at
time points from a prefixed given set. This limitation is motivated by machines
that can only switch in discrete time steps and by laws or investments that
can only be applied resp. made at certain times, e.g. on the first of a month
or year. Thus we replace restriction (6) by the more general restriction

w(t) € 2(¥), telto, T (7)
where 2(¥) is defined as

Q) := {w(t) € {0,1}™, with discontinuities only at times ¢; € W}
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with either
U= {11,72,...,Tn, } (8)

being a finite set of possible switching times or with
U = [to, T 9)

corresponding to (6). If we write £2(¥), we mean the relaxed function space
where {0,1}" is replaced by [0, 1]"». Summing up, the optimal control prob-
lems under consideration can be formulated in the following way:

min ft z(t), 2(), w(t), u(t), p)dt + E(z(T), z(T),p)
s.t. (t) = ft, (1), 2(2), w(t),u(t),p), ¢ € [to,T]
0= g(t ‘r(t)ﬂ(t)aw(t)vu(t))p)’ te [tO:T]
0 < eft, o(t), 2(t), w(t), u(t),p), ¢t € [to,T]
OS"'z( ( ) (t) ( ) (tl) ,.’E(T),Z(T),p)
0:7'6( (tO) (t) (tl)a ( ) ...,:Z(T),Z(T),p)

w(t) € 2¥), telto,T]

(10)

In the following we will choose the control parameterisation intervals [t;, t;41]
such that they coincide with the intervals [r;, 7;.11]. More precisely, we choose
m=n, and {; = 73,1 = 1, ..., m. Furthermore we will use a control parame-
terisation (2) that is constant on these intervals.

We want to investigate possibilities to solve problem (10). In Section 3.1
we have a look at relaxations of the integer constraints and in Section 3.2 we
describe a Branch and Bound algorithm for mixed integer dynamic optimi-
sation problems. In Section 3.3 a reformulation based on optimisation of the
continuous switching times is given and discussed.

3.1 Heuristics Based on Relaxation

A first approach to solve problem (10) consists of relaxing the integer require-
ment w(t) € 2(¥) to @(t) € 2(¥) and to solve a relaxed problem of form
(1) first. The obtained solution @(t) can then be investigated — in the best
case it is an integer feasible bang-bang solution and we have found an optimal
solution for the integer problem. In case the relaxed solution is not integer,
one of the following rounding strategies can be applied:

¢ Rounding strategy 1
The values w; ;(t) of the control functions j = 1,...,n, on the intervals
[ti, ti+1] are fixed to

1 ifw;;(¢) >05
w;,i(t) = {O elseJt() , 1=0,...,m-—1
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e Rounding strategy 2
The values of w;,;(t) are summed up over the intervals, more precisely

1 if Yk @yk(t) — oo wik(t) =1
w_j’»i(t)z{o ;lsg.:ho'wa,k() ko Wik (t) = Ci=0,...m—-1

e Rounding strategy 3
As 2, but with a different threshold:

. i _ i—1
wu(t)={(1) ;flsez’“"wj”“(t)— k=0 Wik() 205 5 g

In case the relaxed solution is not integer and the gap between the objective
values of relaxed and rounded problems is important, we propose the following
approach to drive the values of the control function to its borders.

e Penalty term homotopy
We consider an optimal control problem P¥ k € Ny defined by
min Pz, z,w,u,

,2,W,u,p ] Z k ft::(l - wi(t)) ’LUi(t) dt
s.t. w(t) = f(t,2(t), 2(8),w(t),u(t),p), tE€ [to,T]

= g(t,z(t), (), w(t),u(t),p), tE€ [to,T]
O < c(t,z(t), 2(t), w(t), u(t),p), te€ [to,T)
(

),
OS'I'Z( ( )Zt) ( ) ( ) ..,:c(T),z(T),p)
0= Te( (tO)"( ) (t1)7 (tl)a e .,w(T),z(T),p)

w(t) € 2(¥), te [t,T)

with penalty parameters e¥ > 0 for ¢ = 1,...,n,. P* is similar to the
relaxed version of problem (10), but additionally penalises all measurable
violations of the integer requirements with a concave quadratic penalty
term. The proposed penalty term homotopy consists of solving a series
of continuous optimal control problems {P*},k € Ny with relaxed w(t).
Problem P**! is initialised with the solution of P* and € = 0 so that
P is the relaxed version of problem (10). The penalty parameters ¢ are

raised monotonically until all w;(t) are 0 or 1.

Remark 1. The algorithm may of course get stuck if the solution is driven
towards an infeasible solution. This can e.g. be observed by a technique con-
trolling the changes in the optimisation variables from one problem to the
next. In such a situation several remedies are possible, e.g. a complete restart
with different initial data, backtracking with a different choice of €, another
penalisation to get away from the current point or a transformation of the
problem with an approach as described in Section 3.3.

Remark 2. A good choice for the €F is crucial for the behaviour of the method.
A too fast increase in the penalty parameters results in less accuracy and is
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getting closer to simple rounding, while a slow increase leads to an augmen-
tation in the number of QPs that have to be solved. In Section 5.1 problem
specific parameters are given. A general formula is topic of current research.

Remark 8. Another possibility to penalise the nonintegrality is proposed by
[25]. They introduce additional inequalities, prohibiting nonintegral domains
of the optimisation space.

3.2 Branch and Bound

Mixed integer dynamic optimisation problems can be solved with methods
used in mixed integer nonlinear optimisation (MINLP), see [10]. This can be
accomplished by parameterising problem (10) in a way as described in Section
2. Instead of a NLP (4) the result would be a MINLP of the form

min F(§w)

st. 0 = G w)
0 < H(¢w) (12)
wi € {0,1}, i=1,...,ny

that can be solved with methods as Branch and Bound or Outer Approxima-
tion. In the following we assume that the objective function and the feasible
set are convex. In our study we apply a Branch and Bound algorithm that is
performing a tree search in the space of the binary variables. We first solve a
relaxed problem with w € [0,1]"* and decide on which of the variables with
non-integral value we shall branch, say w;. Two new subproblems are then cre-
ated with w; fixed to 0 and 1, respectively. These new subproblems are added
to a list and the father problem is removed from it. This procedure is repeated
for all problems of the list until none is left. There are three exceptions to this
rule, when a node is not branched on, but abandoned directly:

1. The relaxed solution is an integer solution. Then we have found a feasible
solution of the MINLP and can compare the objective value with the
current upper bound (and update it, if possible).

2. The problem is infeasible. Then all problems on the subtree will be infea-
sible, too.

3. The objective value is higher than the current upper bound. As it is a
lower bound on the objective values of all problems on the subtree, they
can be abandoned from the tree search.

A more detailed description of nonlinear Branch and Bound methods and a
survey about branching rules can e.g. be found in [11}. We used depth-first
search and most violation branching in our implementation.

Remark 4. On each node of the search tree a NLP resulting from an optimal
control problem has to be solved, which is very costly. A more efficient way
of integrating the Branch and Bound scheme and SQP is proposed by [5] and
[18].
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Remark 5. If the functions are non-convex, the nodes cannot be fathomed any
more as feasible or better solutions may be cut off. A heuristics to overcome
this is proposed in [18]. An approach using underestimations of the dynamical
system is described in [21].

3.3 Switching Time Approach

Another possibility to solve problem (10) is motivated by the idea to optimise
the switching structure and to take the values of the controls fixed on given
intervals, as is done for bang-bang arcs in indirect methods. Of course this is
only valid for feasible sets £2(¥) where ¥ is given by (9). Instead of (7) we
have, assuming for the sake of notational simplicity a one-dimensional control,
a fixed W(t; E, ngy) given by

S 2 _Jo ifte [£s,f541], 1even
B{t;t, new) = {1 if t € [t fi11], 10dd ’ (13)

withtg =t <& < .-+ < insw+1 = T. The number ns, and the locations fj
of the switching times are then to be optimised and we obtain

1=0,...,Nw

min [T L(w(t), 2(t), (4, new), u(t), p)dt + E(@(T), 2(T), p)

ot T s = £t a(), 2(0), Bt o), u(®),p), ¢ € [t0, 7]
0= g(t,z(t), 2(t), W(t;t, nsw), u(t),p), t € [to,T)
0 < c(t, z(t), 2(), D(t; {, new), u(t),p), t € [to, T) (14)

0 < ri(z(to), 2(to), z(t1), 2(t1), . .., x(T), 2(T), p)
0= re(:c(to),z(to),w(tl),z(tl), sae ,:E(T),Z(T),p)

with fixed W(t; £ Ny ) and t; and ngy as above.

If we allow that switching times fall together, fj = fj_,_l, this formulation
can be extended in a straightforward way to n,, binary control functions and
every solution (p, w(t), u(t),z(t), z(t)) of system (10) with a finite number of
switches in w(t) has an equivalent solution (p, new, £, u(t), z(t), 2(t)) of system
(14) and vice versa.

For fixed ng, we then have an optimal control problem that fits into the
definition of problem (1) and can be solved with standard methods, where
the interval lengths fj+1 - fj take the role of parameters that have to be
determined. Special care has to be taken to treat the case where interval
lengths diminish during the optimisation procedure, causing the problem to
become singular. [12, 13, 19] propose an algorithm to eliminate such non-
optimal bang-bang intervals.

Some authors propose to iterate on ng,, until there is no further decrease in
the objective function of the corresponding optimal solution [22, 12, 13]. But
it should be stressed that this can only be applied to more complex systems,
if good initial values for the location of the switching points are available, as
they are essential for the convergence behaviour of the underlying method. In
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Section 5.3 we will see how this approach may drift off to an arbitrary local
optimum even in the case of a one-dimensional control, only few switching
events and reasonable initialisations.

points are available, as they are essential for the convergence behaviour of
the underlying method. In Section 5.3 we will see how this approach may drift
off to an arbitrary local optimum even in case of a one-dimensional control,
only few switching events and reasonable initialisations.

4 A Fish Population Optimal Control Problem

In this section we introduce a fish population control model as a benchmark
problem for optimal control with binary control functions. This model has
some oscillations that we want to bring close to a steady state. Such an opti-
misation objective might also be the topic of other applications, e.g. in control
of pattern self-aggregation [14].

In Section 4.1 the standard textbook ordinary differential equation (ODE)
model of Lotka—Volterra type is brought back to memory. This ODE model is
then extended in 4.2 to a control problem by introducing a fishing allowance.
In Section 4.3 we have a look at some details of this model, e.g. at the opti-
mal relaxed solutions obtained either by a direct approach or by Pontryagins
maximum principle.

4.1 ODE Model

Lotka-Volterra systems have already been under investigation for a long time
and are very well studied, see e.g. [27] for an overview. In a two-species
predator-prey model there are two differential states, namely the biomass
of the prey zo(t) that is assumed to grow exponentially and the biomass of
the predator species x (t) that is assumed to decrease exponentially. A second
coupling term standing for the probability of a contact between the two species
gives a decrease in the biomass of prey and an increase in that of the predator
due to eating. The system is assumed to be in a given state z(ty) = zo > 0 at
time ty. All parameters typically in use in such models are assumed to be 1
for the sake of notational simplicity.

to(t) = zo(t) — o(t)z1(t)
£1(8) = —z1(t) + zo(t)x1(2)

zi(to) = xs0

(15)

The plots in Figure 1 show the periodic oscillating nature of this model for a
given initial state z = (0.5,0.7)7.
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Biomass of Prey Biomass of Predator

Fig. 1. Simulation of the ODE (15) for a time horizon [¢9,T] = [0, 12].

4.2 Optimal Control Problem

As D’Ancona and Volterra [30] observed due to an unexpected decrease in
the fishing quota after World War I - everybody expected an increase as
fishing was almost completely abandoned in the war years — that there is an
interconnection between the evolution of the biomasses of a system of type
(15) and fishing. A very simple way to model an additional fishing aspect is
the following model:

= zo(t) — zo(t)z1(t) — coxolt) w(t)
—z1(t) + o ()1 () — 1 (t) w(t)

zi(to) = Tio , w(t) € [0,1]

Here w(t) is a function describing the percentage of the fleet that is actu-
ally fishing at time ¢. The parameters ¢y and ¢; indicate how many fish would
be caught by the entire fleet, we choose arbitrarily ¢y = 0.4 and ¢; = 0.2. The
plots in Figure 2 show that amplitude and phase offset have changed, but that
the periodic oscillating nature is kept for w(t) = 1.

One might be interested in bringing such a system close to a steady state to
avoid the high fluctuations shown in Figure 2 that cause economical problems.
One way to achieve this is to vary the fishing quota for a certain time span
T —ty. Adding an objective functional that punishes deviation from the steady
state & = (1,1)7 for w(t) =0 resp. = (1 +¢1,1 — ¢co)T for w(t) =13

8
<o
—

4

~—

(16)

T
min / (@o(t) ~ 1)? + (2 (t) — 1)? dt

to
leads us to the following optimal control problem

8 for the sake of notational simplicity we will stick to the first case, wanting a steady
state for a system left alone after time T



Optimal Control with Binary Control Functions 279

Biomoss of Prey Biomass of Predotor

T T T T

t t

Fig. 2. Simulation of the ODE (16) with fishing for a time horizon [to,T] = [0, 12].

lynfmdﬂ—nl+@ﬂﬂ—n2ﬁ

) = xo(t) —zo(t)z1(t) — como(t) w(t)
) = —z1(t) + zo(t)z1 (t) — cr21(2) w(t) (17)

zi(to) = zi0, w(t) € [0,1]

This optimal control problem can e.g. be solved by indirect methods or with
the direct multiple shooting method. Having a look at the optimal control
function w(t) (see Figure 3) one notices that the percentage of the fleet that
is fishing at a given time ¢ is varying strongly on the singular arc, which would
be practically very hard to achieve in the fishing example. From an economic
point of view it would be easier to operate either the entire fleet or to do no
fishing at all and use the manforce for different things in the meantime (on
fixed time intervals corresponding to weeks). This could be achieved by laws
that prohibit fishing for a certain time span. This would lead us to a model
of the form

o
o

t

w
8

i

of
(

1

8
o~

min [ (20(t) = U + () — 1)

s.t. Zo(t) = zo(t) — zo(H)z1(t) — como(t) w(t)
E1(t) = —z1(t) + zo(t)T1 (8) — crz1(2) w(t) (18)

zi(to) = zio , w(t) € 2(¥)

where the control function is restricted to take values of either 0 or 1 and
change its value only at given time points, see definition (7) of £2(¥). In our
case we assume a hime horizon [ty,T] = [0,12] and n, = 60 equidistant time
points, e.g. the start of a working week or a month, to be feasible switch-
ing points. Therefore all calculations in this paper are done using a control
parameterisation of m = 60 intervals.
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4.3 Relaxed Solutions

The relaxed fishing problem (17) can be solved efficiently with the standard
direct multiple shooting method. It is also possible to apply indirect methods,
which is typically much harder for higher dimensional optimal control prob-
lems with a complex switching structure. Here we give some details to deliver
a more comprising understanding of the system under investigation. We write
x; for z;(t), w for w(t) and A; for A;(¢). The Hamiltonian in normalized form
H and the adjoint equations of (17) are given by

H := —L(z) + AT f(z,w)
= —(zo —1)? — (z1 — 1)°
+Ao(xo — Toxy — cozow) + A1{—x1 + Tox1 — c1T1W)
Ao = —H,, =2(xzo — 1) — X(1 — z1 — cow) — Ay
A= —H,, =2(z; — 1) + Az — M (-1 + 29 — qqw)

The switching function S(z, A) is given by S(z,\) := H,, = —c1 \1Z1 —c2 A .
It can be shown, e.g. with the methods presented in [19], that the optimal

relaxed control (neglecting ¥ = {71,72,...,760}) has the form
0 for t € [to, t1]
w(t,z(t),f) =4 1 for t € [t1, 1) (19)

Weing () for t € [fg,T]

The singular control is of order one since the second total time deriva-
tive S2(z,\,u) of the switching function S(x,)) contains the control ex-
plicitly. Then along a singular arc the equations S(z,\) = 0,S8%(z,)\) =
4 5(z,A) = 0 and S%(z,A,u) = 0 hold from which one can compute the
singular control in feedback form (the adjoint variables A can be eliminated),

Weing = ( cg.’ﬁg - czl)’a:? + c%m%:cl - c?a:oxf + 2coz0m%c% — 2clx%x1cg
— dckzoc1z? + 263 zpc1m1 + AP T1C0TE — 2371 CoTo
— z3T1cd + T3l + woxd 3 — 252232 co + TdT1C1CR
- :Uoz:fc()c% - w%wlc%co - x%zfcg + 23:%93%0%01 + :t:g:c:;’c%cl ) (20)
] (cdzd + 23223 T — 2ckxocia; + 23223
+ c‘llcc:f - cg:coclx% + cgzoclxl - c?cclco:c% + c:;xlcowo )

for the singular arc [fz,T]. The parameters {; and £, can be determined to
f, = 2.43670 and , = f; + 1.50526 by solving a boundary value problem.
The computed initial values of the adjoint states are Ag(0) = 5.83903 and
A1(0) = 1.53101. The resulting optimal control w(t) is shown in Figure 3, to-
gether with the optimal parameterised control obtained by appyling the direct
multiple shooting method. Figure 4 shows the corresponding state trajecto-
ries. The minimum deviations obtained by these controls are ¢ = 1.34408 for
the indirect method and ¢ = 1.34466 for the parameterised approximation
(that takes into account ¥ = {11, 72,...,760})-
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Fig. 3. Optimal controls for the relaxed problem. Left: indirect approach. Right:
direct multiple shooting with 60 intervals.
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Fig. 4. Optimal states for the relaxed problem, obtained with the indirect method.

5 Numerical Results

In this section we want to show and discuss results obtained from the appli-
cation of the methods described in Section 3 to the optimal control problem
presented in Section 4. In 5.1 we will show how certain heuristics perform,
while 5.2 gives results for the global Branch and Bound approach. In 5.3 we
discuss a possible extension to a continuous optimisation of the switching
points.

In all problems that had to be solved, the control was initialised with
w(t) = 0Vt € [tp,T] and the initial multiple shooting node values were ob-
tained by integration with this fixed control. As a measurement for computa-
tional effort we consider the number of QPs to be solved (more precise would
be SQP iterations as there is additional effort such as solving the ODE and
linearising).
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5.1 Heuristics

Heuristic solutions for problem (18) can be obtained in a number of ways.
In this discussion we will focus on the rounding heuristics and the penalty
term homotopy described in Section 3.1. Table 1 shows how many quadratic
programs (QPs) had to be solved and what objective values were obtained.
w(t) = 0 and w(t) = 1 correspond to the cases where the control is fixed
to one value for the whole time horizon, thus no fishing at all or fishing all
the time. The plots in Figures 1 and 2 show the respective states for these
controls. They both do not require any QP to be solved, as an integration of
the system with fixed controls suffices to obtain the solution. The rounding
heuristics require a relaxed solution w(t) of problem (17), which takes 23
iterations. The penalty parameters for the penalty homotopy (see 3.1) are

|Heuristics ||# QPsLObjective value]
w(t) =0 0 6.06187
w(t) =1 0 9.40231
Rounding 1 23 1.51101
Rounding 2 23 1.45149
Rounding 3 23 1.34996
Penalty homotopy 89 1.34898

Table 1. Number of QPs to be solved and obtained objective value for several
heuristics to get a feasible solution.

chosen exponentially increasing as

Ei-c = €init * Eﬁ;l

for kK > 1 and € = 0 to get the relaxed parameterised solution as starting
point for the homotopy. A choice of €5, = 10™* and €, = 2.1 showed good
results. A faster increase in the penalty parameters is getting closer to simple
rounding, while a slower increase leads to an augmentation in the number of
QPs to be solved. All problems of the homotopy were solved to an accuracy
of 1074, while all other problems in this paper were solved up to 1076,

Table 1 shows that the proposed homotopy delivers a solution with an
objective value of 1.34898 closer to the objective value 1.34466 of the pa-
rameterised relaxed model (17) than the rounding heuristics. As the optimal
solution of (17) is a lower bound on the optimal integer solution of (18), the
difference gives an indication about how good our heuristic solution is. As the
relative gap of about 0.3% is known at runtime, one can decide whether the
obtained solution suffices, otherwise one has to turn to global methods, where
it can be used as an upper bound. This will be the topic of the next section.
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5.2 Branch and Bound

Before applying a Branch and Bound approach to problem (18) we have to
investigate whether the optimal control problem is convex. The feasible set
is the hypercube in R™» and thus convex. We do not show analytically that
the objective function is convex as well, but refer to Figure 5 that shows
the behaviour of the objective function in the vicinity of the optimal relaxed
solution — on 59 stages w(t) is fixed and on one stage the value is changing. In

Singular control

166
'Ob:eclive value for vlan'alion of w(t} on sta'ge 05 ——

Objective value for variation of w?g on stage 13 ~--%---
0 ive value for variation of w(t) on stage 21 ---%---
16 F Objective value for variation of w(t} on stage 29 &

7

0 0.2 0.4 0.6 08 1
Value of w(t)
Fig. 5. The objective function in the vicinity of the optimal solution: for four selected
stages the control on this stage is changing its value while the other 59 values are
fixed. The trajectories give an indication for the convexity of the objective function
over the feasible set.

the following, we do assume that the objective function is indeed convex for
the given data. Thus we can apply a Branch and Bound approach as presented
in Section 3.2. Figure 6 shows the optimal controls obtained by the Branch
and Bound approach and, for comparison, a rounded control. The optimal
solution on ¥ = {71,72,...,7Te0} i8

w(t) = 0 t€[n,mir1]and i€ Ig
11 te [7‘,‘,7‘1;_,.1] and i € Iy,

with
Ion = {13,14,...,20,22, 25,28}
Le=1{1,2,...,60} \ Ion

Figure 7 shows the state trajectories of the biomasses that correspond to
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Fig. 6. Left: global optimal control obtained by Branch and Bound. Right: optimal
control obtained by rounding strategy 2.

the optimal integer solution obtained by Branch and Bound. Note the non-
differentiabilities in the states caused by the switching of the control function.
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Fig. 7. State trajectories corresponding to the optimal integer solution.

The behaviour of the Branch and Bound method depends very strongly
on the availability of an upper bound. Table 2 gives performance data for
different heuristics to get such an a priori upper bound. The first integer so-
lution and therefore upper bound is found after branching on 33 variables, if
no nodes are fathomed. The objective value of this feasible solution is 1.36614
— thus it is clear, that no heuristics will help to reduce the size of the Branch
and Bound tree that delivers an upper bound above this value and it explains
why two rounding heuristics perform as bad as the Branch and Bound with-
out any upper bounding heuristics at all. Rounding strategy 3 gives a result
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[Start heuristics ”# Nodes|# QPs|Opt. in iterIFirst upper bound'

None 1634| 15720 1064 [o'e}

Rounding 1 1634| 15720 1064 1.51101
Rounding 2 1634| 15720 1064 1.45149
Rounding 3 906 9210 336 1.34996
Penalty homotopy 757 T769 1 1.34898

Table 2. Number of nodes in the Branch and Bound tree, overall number of QPs
to be solved, the node iteration when the optimal solution is found and the start
upper bound for several heuristics to produce an upper bound.

close to the optimal solution, differing only on intervals 22,23 and 27, 28. The
solution obtained by the penalty homotopy turns out to be the global solu-
tion, although further 756 nodes have to be visited and 7680 SQP iterations
are needed to verify this in our Branch and Bound implementation.

5.3 Switching Time Approach

Although we have the additional W-restriction on w(t) € 2(¥) resp. w(t) €
£2(¥), it is interesting to investigate how much we could improve an obtained
solution by giving additional degrees of freedom. Table 3 lists results obtained

IMethod ||nsw|# QPlebjective valuel
ST after Rounding 2 8 35 1.34541
ST after B&B 8 7852 1.34604
ST after Penalty homotopy 8 171 1.34604
ST after Rounding 3 8 35 1.34616
ST after Rounding 1 2 38 1.38273
ST after Initialisation by hand|| 8 142 1.38273

Table 3. Switching time optimisation results.

~

by a switching time (ST) approach. ng, and initial values for #y,...,%,, are
obtained by a transformation of a solution w(¢) of problem (18). To get this,
methods investigated in 5.1 or 5.2 are used. After the transformation the
controls w(t) and w(t; i, ngy) are identical. With this start initialisation the
switching times f are optimised, ng, is kept constant. Initialisation by hand
is a solution set up arbitrarily in the following way:

New = 8,1 = 0.0,f; = 2.8, = 4.0,3 = 7.0,4 = 7.4,
s = 8.0, = 8.2, ¢ = 10.0, {5 = 10.2, {5 = 12.0

Figure 8 shows this initialisation and the control obtained by an optimi-
sation of ¢, Figure 9 shows the corresponding states. Although ns,, is chosen
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such that eight switches are allowed, the optimisation procedure reduced three
intervals to size zero and ends in the local solution also found by optimisa-
tion after initialisation with rounding strategy 1 (with ng, = 2). This makes
clear that it is not enough to simply increase nsy without suppyling good
initial values for a switching time approach. Another interesting point is that
initialisation with rounding strategy 2 gives the best solution

new = 8,t9 = 0.00000, {; = 2.44093, {, = 4.07798,
fg = 4,29155,t:4 = 4.50443,1?5 = 4.90853 ) (21)
fe = 5.12223,¢; = 6.15604, {5 = 6.28131, 5 = 12.0
although it has a higher objective value than other initialisations. This is

also due to the many local minima in the switching time formulation. Table
4 gives a final comparing overview over all obtained solutions in this study.

Fishing ollowance Fishing allowance

T ¥ T T
Zal ] Zaol ]
30 o 30 o }
1

o } o }
! Lo I I
0 5 10 0 5 10

t t

Fig. 8. Control initialisation set up by hand and resulting control after optimisation
of switching points. Three intervals shrink to length zero.

Remark 6. We do know from the maximum principle that a bang-bang control
exists with the same objective function value as the solution including the
singular arc, thus solution (21) is still suboptimal, s needs to be increased
(probably to infinity). Here we are content with the feasible integer solution
(21), being closer than 1073 to the relaxed parameterised solution.

6 Conclusion

We have presented a benchmark problem for optimal control with 0 — 1 con-
trols that can be extended in a straightforward way to several species, other
parameters or discretisations. Several heuristics and a global approach, namely
a Branch and Bound strategy, have been described and applied successfully.
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Fig. 9. State trajectories corresponding to control of Figure 8.

[Method [# QPs|Objective value|
Relaxed indirect 28 1.34408
Relaxed parameterised 23 1.34466
ST after Rounding 2 35 1.34541
ST after B&B 7852 1.34604
ST after Penalty homotopy 171 1.34604
ST after Rounding 3 35 1.34616
B&B 7769 1.34898
Penalty homotopy 89 1.34898
Rounding 3 23 1.34996
ST after Rounding 1 38 1.38273
ST after Initialisation by hand 142 1.38273
Rounding 2 23 1.45149
Rounding 1 23 1.51101
w(t) =0 0 6.06187
w(t) =1 0 9.40231

Table 4. Overview: number of QPs to be solved and obtained objective value for
different approaches. Parameterisation was done with 60 multiple shooting intervals.

Numerical results have been given that show the potential of a penalty term
homotopy. In the special problem considered in this study it delivered the
global (under a convexity assumption) optimal solution for a fixed time grid.
Furthermore we showed how these methods may be used to initialise param-
eters in a switching time approach to deal with problems without fixed time
grid.

The methods described in this paper, several heuristics and Branch and
Bound, are implemented in a software package based on the direct multiple
shooting method and advanced algorithms also implemented in MUSCOD-II
and may be applied to larger-scale optimal control problems with 0—1 controls
in the future.
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Future research will focus on a globalisation of the penalty term homotopy
and further applications in cell biology and chemical engineering.

Acknowledgements. We thank the anonymous referee for helpful remarks
and suggestions.
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Some Characterizations of Convex Games *

Juan Enrique Martinez-Legaz

Departament d’Economia i d’Historia Econdmica, Universitat Autonoma de
Barcelona, 08193 Bellaterra, Spain. juanenrique.martinezQuab.es

Summary. Several characterizations of convexity for totally balanced games are
presented. As a preliminary result, it is first shown that the core of any subgame
of a nonnegative totally balanced game can be easily obtained from the maximum
average value (MAV) function of the game. This result is then used to get a charac-
terization of convex games in terms of MAV functions. It is also proved that a game
is convex if and only if all of its marginal games are totally balanced.

1 Introduction

This paper contains some characterizations of convexity for totally balanced
games. Totally balancedness was defined by Shapley and Shubik [8] as the
property of having all subgames with nonempty core. These authors proved
that totally balanced games coincide with market games generated by ex-
change economies whose traders have continuous concave utility functions.
Another characterization of totally balanced games, namely, as flow games,
was provided by Kalai and Zemel [3]. A flow game arises from a directed net-
work each of whose arcs has a given capacity and belongs to a unique player;
the worth of a coalition is the maximum flow that can be sent from the source
to the sink by using only the arcs owned by its members. The totally balanced
character of flow games is a consequence of the max flow-min cut theorem of
Ford and Fulkerson [2], according to which the maximum source to sink flow
equals the minimum capacity of a cut (i.e., of a set of arcs such that, when
removed from the network, nothing can be sent from the source to the sink).
Nonnegative totally balanced games are also known to be equivalent to lin-
ear production games in the sense of Owen [6]. Indeed, to any nonnegative

* This work has been supported by the Ministerio de Ciencia y Tecnologia
(Spain) and the FEDER, project BEC2002-00642, and by the Departament
d’Universitats, Recerca i Societat de la Informacié, Direccié General de Recerca
de la Generalitat de Catalunya, project 2001SGR-00162. The author thanks the
support of the Barcelona Economics Program of CREA.
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game one can associate the linear production game in which the resources are
the players, each of which owns only one unit of himself, the goods are the
nonempty coalitions, each of which can be sold at a price equal to its worth,
and to produce one unit of a given coalition one requires one unit of each of
its members. One can easily show that the linear production game so defined
is precisely the totally balanced cover of the initial game (i.e., its smallest
totally balanced majorant). Note that this linear production representation of
a nonnegative totally balanced game needs n resources (n being the number
of players) and 2™ — 1 goods. An alternative linear production representation,
requiring just one good and at most 2" — 1 resources, can be deduced from
the observation, due to Kalai and Zemel [3], that the class of totally balanced
games is the span of the additive games by the minimum operation.

Section 2 deals with nonnegative totally balanced games. For these games,
a duality theory has been proposed by Martinez-Legaz [5], relating them to
a special class of convex functions. To each nontrivial nonnegative game, one
associates its maximum average value (MAV) function, which is convex and
contains all the information on the game provided that it is totally balanced.
Since totally balanced games have all subgames with nonempty core, the nat-
ural question arises how to compute these cores from the MAV function of
the game. A simple answer to this question is given in Section 3, where it
is shown that the computation of the core of a subgame reduces to minimiz-
ing the MAV function of the game subject to a simple linear constraint. In
sections 4 and 5 we consider a very special class of totally balanced games,
namely, that of convex games. Both sections have in common that they ana-
lyze convexity from the point of view of totally balancedness. In Section 4, this
analysis is made by means of MAV functions: We characterize convex games in
terms of the optimal solutions to the optimization problems that arise in the
computation of the cores of the subgames. Section 5 analyzes convex games
by means of their marginal games; the main result in this section establishes
that convex games are precisely those games all of whose marginal games are
totally balanced.

We shall use some basic notions of convex analysis (in particular, the con-
cept of subdifferential), for which we refer to the classical book by Rockafellar

7).

2 The M AV Function of a TU Game

A TU game is a pair I' = (N,v), where N is a finite set of players, and
v : 2NY — R is a function, called the characteristic function of the game,
defined on the power set of N and satisfying the condition »(#) = 0. In
this section we will only consider nontrivial nonnegative games, i.e., those
whose characteristic function satisfies v (S) > 0 for all S € 2V and is not
identically zero. As is well known, there is no loss of generality in assuming
that a totally balanced game is nonnegative, since one can replace the original
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game by another strategically equivalent O-normalized game, which is totally
balanced and nonnegative. For such games, the following duality theory has
been developed by Martinez-Legaz [5]. One defines x : RY\ {0} — Ry U
{400}, the maximum average value (MAV) function of I, by

v(S) N
p(w) = max w(S) (w= (wi);eny € RYN\{0})
(with the conventions 2 = 4o for any « > 0 and g = 0), where

w (8) = Y w;. This function admits the following economic interpretation: if
€S

the components of w represent the salaries demanded by the players and v (.9)
is the total amount of output produced to an employer by a set S of players
when they use his resources, then p(w) is the maximum amount of output
per unit of money spent that the employer can obtain by hiring a coalition.
In order to make this paper self-contained, we restate here the main results
(Theorem 2.1 and Corollary 2.2) in Martinez-Legaz [5]:

Theorem 1. The MAV function p : RY\{0} — R4y U {400} of any non-
trivial nonnegative TU game I' = (N, v) is a positively homogeneous of degree
—1 continuous convex function, finite valued on Rf +, such that, at each point
where the gradient exists, all of its nonzero components are the same. Con-
versely, if p: RY\{0} — R4 U {+00} satisfies these conditions then there
exists a unique nontrivial totally balanced nonnegative TU game I' = (N,v)
having p as its MAV function; its characteristic function v is given by

v(S) = wenrggl\l{o} p(w)w (S) YSCN (1)

(with the convention (+00) -0 = +o0).

Corollary 1. Let I" = (N, v) be a nontrivial nonnegative TU game with MAV
function p and let ¥ : 2V — R be defined by

o(S) = i w)w (S VS CN. 2

(9) weﬁiwu\lm“( Jw (S) (2)

Then I' = (N, ) is the totally balanced cover of I', i.e., U is the smallest
magorant of v that defines a totally balanced game.

Corollary 2. The MAV function of any nontrivial nonnegative TU game co-
incides with that of its totally balanced cover.

Proof. According to Theorem 1, for any nontrivial nonnegative n-person TU
game there is a unique totally balanced game with the same MAV function;
by Corollary 1, this totally balanced game is precisely the totally balanced
cover of the initial game. O
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To illustrate Corollary 1, consider the game (IV,v) with N = {1,2,3} and
v defined by

_Jo ifis|<,
v(8) = {1 if 5] > 2.
One can easily check that the MAV function p of this game is given by

1
min{w; + wa, w1 + w3, w2 + ’w3}'

(3)

Thus, according to (2}, the characteristic function of the totally balanced cover
(N, ) of (N,v) is given by

p(wy, we, w3) =

minw ERi\{O} ,u(wl,wz,wg)wi =0 ifS= {Z},
¥ (8) = ¢ miny g3\ (0} wlwy, wa, wa)(w; + w;) =1 if §={4,j}, with i # j,
min,, €rR\{0} p(wr, wo, w)(wr +wp +ws) =3/2 fS=N.

Indeed, the minima in this formula are attained, e.g., at the points (wy, ws, w3)
given by w; = 0 and w; = 1 for § # ¢ in the first case, and at (1,1,1) in the
other two cases. Notice also that, by Corollary 2, the MAV function of (N, )
is p.

3 Computing the Core of a Subgame

From Theorem 1, it follows that the characteristic function of a nontrivial
nonnegative totally balanced game I' can be recovered from its MAV function
by means of (1). It turns out that, in this case, 4 contains all the information
on the game. Therefore, it is in principle possible to compute the cores of the
subgames of I' (which are nonempty as I is totally balanced) directly from
u. A way for doing it is suggested by the following theorem.

Theorem 2. Let I' = (N,v) be a nontrivial nonnegative totally balanced TU
game with MAV function p and let T C N be such that v(T) > 0. For any
z € RT\ {0}, the following statements are equivalent:

(1) The point = belongs to the core of the subgame I'r = (T, vjpr).
(2) There ezists W € RY\ {0} such that z = Wy = (mi)igg" and p(w) = 1;

for every w € RY\ {0} satisfying these conditions, —(w_T). is an optimal
z

solution of

minimize p(w)

(Pr) subject to w(T) = 1.

(8) There exists W € RY\ {0} such that z = Wr, w(@) = 1 and % is an
T

optimal solution of (Pr).
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Proof. To prove the implication (1) = (2}, let = be a core element of I’r and
take any w € RY\ {0} such that Wy = x and v(S) < W(S) forall S ¢ T
(this condition can be achieved by giving sufficiently high values to @; for
i € T). Since we also have v (S) < W (S) for all S C T (as Wr = z is in the
core of I'r), it follows that u(w) < 1. But we actually have u(w) = 1, as a
consequence of @ @
v(T v(T
K2 )~ o)
Let w € RY\ {0} be any point satisfying z = Wr and (W) = 1. By Wr = z,
the point w/z(T) is a feasible solution to problem (Pr). To show that it is
optimal, it suffices to observe that, for each feasible w € RY\ {0}, one has

=1.

o(T)
w(T)

w

= o(T) = o(T) = p(@)(T) = (ﬁ) .

p(w) >

Implication (2) = (3) is obvious. Let us now prove (3) => (1). Given W as
in (3) and any S C T, we have

v(S) < p@)w (5) =w () = z(5).

Take w € RY\ {0} such that p(w)w(T) = v(T) (the existence of w follows
from Corollary 1). From the optimality of w/z(T), we deduce that

w

1) = w@ia(r) = 1 (577 ) <4 g5 ) = W) = (),

x

hence z(T) < v(T). Since the opposite inequality also holds, we conclude that
z belongs to the core of I'r. D

As a particular case of Theorem 2, the next result characterizes the core
of the game itself.

Corollary 3. Let I be as in Theorem 2 withv (N) > 0. For any z € RY\ {0},
the following statements are equivalent:

(1) = belongs to the core of I
(2) w(z) =1 and ;5 is an optimal solution of (Pn).

Theorem 2 shows that each point belonging to the core of a subgame I'r
induces an optimal solution of the associated optimization problem (Pr). In
the opposite direction, we have

Corollary 4. Let I and T' be as in Theorem 2. For any w € RY\ {0}, the
following statements are equivalent:

(1) w is an optimal solution of (Pr).
(2) w(T) =1 and p(w)wr belongs to the core of I'r.
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Proof. Let z = p(w)wr. If (1) holds then @ := u(w)w satisfies (3) of The-
orem 2, hence (2) follows from the implication (3) = (1) in that theorem.
Conversely, if (2) holds then W := u(w)w satisfies £ = Wr and u(@W) = 1;
hence, by (1) = (2) in Theorem 2, we obtain (1). O

The preceding results allow us to interpret Problem (Pr) in economic
terms as a mathematical formulation of the following question: Given the total
amount w (T') = 1 of the salaries received by the members of T', which amount
of output p(w) per unit of money spent the employer will obtain in the worst
case (i.e., under the least favorable distribution of those salaries)? In other
words, which is the guaranteed return per unit of money spent to the employer
of an investment of which one money unit is assigned to paying salaries to
the members of T'? By Corollary 4, an optimal solution w of (Pr) satisfies
plw) = p(w)w (T) = w(w)wr (T) = v (T), so that the optimal value of (Pr)
(i.e., the guaranteed return considered above) is precisely v (T') . Following (2)
of Corollary 4, the optimal solution w gives us the weights according to which
the payoff p(w) = v (T') should be distributed among the members of T

In view of Theorem 2 and Corollary 4, to compute the core of a (nontrivial)
subgame ['r one can apply the following method: find all optimal solutions
W to the problem (Pr); the elements in the core of I'r are just those of the
form p(w)wWr. Indeed, by Corollary 4, each u(w)wr belongs to the core of I'r.
Conversely, each element z in the core of It can be obtained in this way. To
see this, take W as in (3) of Theorem 2. Then W/x(T) is an optimal solution
of (Pr) and, as (W) = 1, one has

_ (_'I-U-)_ w wT

T =Wr = Wr = el e

One can illustrate this method by computing the core of the unanimity

game I'F = (N ,vF ) associated to a nonempty coalition P C N, whose char-
acteristic function is given by

’UP(S)={11fSDP

0 otherwise.

As shown in Martinez-Legaz [5], the MAV function p? of I'? is simply
pP(w) = w(P)’ Therefore, the minimizers of uf(w) under the constraint

w(N) =1 are those w € R} \ {0} such that wW(P) = 1 and Wx\p = 0. Since
these points satisfy u”(w) = 1, it follows that they are the core elements of
I?,

As a second example, consider the game I' = (N,v) with N = {1,2,3}
and v defined by

0 ifS={5}
v(S)=< 1 ifS={ij}, withi# 7,
—g- if S=N.
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As shown above, the MAV function u of this game is as in (3). To find the
core elements of I" one therefore has to look for the minimizers of (3) under
the constraints wy +we+ws =1, w; >0 (¢ = 1,2,3). Since, by the first con-
straint, the right hand side of (3} is equal to Tomax(wiwa ]’ this is equivalent
to minimizing max {w;, w2, w3} under the same constraints. This problem has
a unique optimal solution, namely, the point (-é—, %, %) As ,u(%, %, %) = %, it
turns out that the core of I" is {(%, %, %)} .

To summarize, our results show that the computation of the core of any
subgame of a nonnegative totally balanced game reduces to the minimization
of a convex function (of nonnegative variables) under one linear constraint.
Although this can be regarded as an easy problem, one should keep in mind
that to use this method requires first computing the MAV function of the
game, which is, in general, a hard task. So we do not claim that our method
has any advantage upon the standard one consisting in solving the inequality
system that defines the core (except when the MAV function is known or easy
to compute); however, it allows one to express easily the core of a nontrivial
nonnegative totally balanced game directly in terms of its MAV function. The
importance of this fact lies in that the MAV function provides an alternative
representation of the game, but such representation would not be of much use
if one could not express standard concepts, like the core, in terms of it in an
easy way.

4 Characterizing Convex Games in Terms of Their MAV
Functions

A very important class of totally balanced games is that of convex games. One
says that " = (N, v) is convex if for every two coalitions S and 7" one has

v(S)+v(T) <v(SUT)+v(SNT).

The term “convex” is due to the property of “increasing returns” enjoyed by
these games. Indeed, it is well-known that I" is convex if and only if it satisfies

v(SU{i}) —v(8) S v (TU{i}) —v(T)

for each i € N and every coalitions S,T such that S C T C N\ {:¢}. An
example of convex games is provided by unanimity games (see Section 3).

In this section we give a necessary and sufficient condition for a nonnega-
tive totally balanced game to be convex, in terms of its MAV function. This
condition will be based upon the following characterization of convex games,
due to Einy and Shitovitz [1, Props. 3.8 and 4.2]:

Proposition 1. Let I' be a totally balanced TU game. The following state-
ments are equivalent:
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(1) I is convet.
(2) For every S,T C N with S C T and every core element x of I's there is a
core element w of I'r such that wg = x.

Theorem 3. Let I' be as in Theorem 2. The following statements are equiv-
alent:

(1)I" is convez.

(2) For every S,T C N with S C T and v(S) > 0 and every optimal solution
w of (Ps) there is an optimal solution W of (Pr) and X > 0 such that
Ws = \wg and w/w (S) is an optimal solution of (Ps).

Proof. Let us first recall that a totally balanced game is nonnegative if and
only if it is monotonic (see Martinez-Legaz [5, Prop. 2.3|). Hence, if S, T and
N are as in (2) then v (T) > 0.

(1) => (2). S CcT C N,v(S) >0 and W is an optimal solution of
(Ps) then, by Corollary 4, W(S) = 1 and (W)W belongs to the core of
I's. According to Proposition 1, there exists a core element w' of I’r such
that wy = u (W) Ws. By Theorem 2, there exists w” € RY\ {0} such that
wi = w', p(w”) =1 and w”/w'(T) is an optimal solution of (Pr). Then, for
W :=w"/w(T) and A := p (W) /w'(T'), one has

_wg _wn)s | ws _p@Ws _
STWT T W@ Wl W (T s

gll

Moreover w/w (S) is an optimal solution of (Pg), since it is a feasible point
and has the same objective function value as the optimal solution % :
(22} = (A2 ) = 0 (8) () = 0 (8) = wip (8) = w (8)
W (5) w' (S)

= wg (8) = (@) Ws (5) = p (@ W(S) = p(W).

(2) = (1). We shall prove that condition (2) above implies condition
(2) of Proposition 1. Let S C T C N and z be a core element of I's. If
v (S) = 0, from the monotonicity of v it follows that £ = 0 and v vanishes at
each subcoalition of S. Therefore one can easily check that, taking any core
element y = (yi);cq\ s of I'r\s, the vector w = (w;);er defined by

v(T) —v(T\S)

=0 1if i€ S, ;=Yg
w; if ¢ € W Yi + ]T|—[S|

if i eT\S,

belongs to the core of I'r and satisfies wg = 0 = z. If v(S) > 0 then,
by Theorem 2, there exists @ € RY\ {0} such that z = Wg, u(w) = 1 and
W/z (S) is an optimal solution of (Ps). According to condition (2), there are an
optimal solution W of (Pr) and A > 0 such that Wg = Mwg/z (S) and W/w (S)
is an optimal solution of (Pg); by Ws = z, one has A = wg (5) = W(S), so
that
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T(S)_ _ W(S)
z(5)"

Let w' := 5. Since both =2 _(S) and ;7g; are optimal solutions of (Ps), we

i) o)

5)

(5)

o )=
On the other hand, _

w W
w (T)  w(T)

is an optimal solution of (Pr). Therefore, by Theorem 2, w := w/. belongs to
the core of I'r; moreover, it satisfies

SII

=T

wsz(wﬁ‘p)s=w5=ﬁ(s)ﬁ5:w. ]

5 Characterizing Convex Games in Terms of Their
Marginals

Since totally balancedness is not a sufficient condition for a game I' = (N, v)
to be convex, a natural question to ask is which additional conditions imposed
on a totally balanced game ensure its convexity. The answer is given by the
following theorem, which says that the required conditions are the totally
balancedness of the marginal games as well. By the marginal game relative
to coalition T' C N, we mean the game I'; = (N\T,v}) whose characteristic
function is defined by v}, (S) = v(T'U S) — v(T).

Theorem 4. Let I' = (N,v) be a TU game. The following statements are
equivalent:

(1) I' is convez.

(2) I’ is convez for every T C N.

(8) I is totally balanced for every T' C N.
(4) It is superadditive for every T C N.

Proof. To prove (1) = (2),let T C N and S, 5, C N\T. Since I"is convex,
we have

vp(S1) + V5 (S2) = v(T U S1) +v(TUSs) —20(T) <
v(TUS1US) +v(TU(S1NS2))—20(T) =

’Ur"z—v(51 U S2) + ’Ué—-(Sl n Sz),

I IA |
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which shows that v} is convex. Implications (2) => (3) = (4) follow from
the well-known facts that all convex games are totally balanced and that the
latter are superadditive. So, it only remains to prove (4) = (1); to this aim,
it suffices to observe that, for each S7,S2 C N, one has

'U(Sl) + U(S2) 0:91052 (51\52) + ’Ufglnsz (SZ\Sl) + 2’0(51 n Sg) <
UIS'lﬂSg ((Sl U Sz) \ (Sl N 52)) + 21)(51 n 52) =

U(Sl U Sa) + v(S1 N Sy),

Al

where the inequality follows from the superadditivity of vfgm 5,r DO

The equivalence between statements (1) and (4) of the preceding theo-
rem was implicitly used in Martinez-Legaz [4] to prove Proposition 20 on a
characterization of convex games in terms of indirect functions. Based on the
equivalence (1} <=> (2), we will next present an alternative characterization of
convex games, similar to that of totally balanced games in terms of balanced
sets of coalitions (cf., e.g., Shapley and Shubik [8]). To this aim, we need to
introduce the following notion:

Definition 1. A collection B of subsets of P C N is marginally P—balanced

if (1 S ¢ B and there ewist positive weights {ys}gcp such that for each
seB

ieP\(ﬂ S) one has ) vg=1.

seB SeB
EEY

Corollary 5. A TU game I' = (N,v) is convez if and only if

v(P) 2 Y sv(S) - (sz—1>v<ﬂ S)

SeB SeB SeB

for every P C N and every marginally P-balanced collection B with weights
{’YS}SGB-

Proof. The “only if” part follows from the totally balancedness of v, with
T = NgepS, and the fact that the marginal P-balancedness of B is equivalent
to the balancedness of {S\T'} g 5 as a collection of subsets of P\T, associating
to each S\T the weight v5. To prove the converse, given S,T C N with
S¢Tand T ¢ S,let P=SUT. Then {S,T} is marginally P-balanced with
vs = v = 1. Thus, the assumed inequality reduces to

v(SUT) >v(S)+v(T)—v(SNT). O

The interest of Corollary 5 lies in that it allows for an easy comparison
between convex games and totally balanced games. Notice that the condition
stated in Corollary 5 reduces to that of totally balancedness when restricted to
collections B having an empty intersection. Moreover, it admits the following
interpretation. If a fraction «g of coalition S forms (in the sense, e.g., that
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coalition S works during g units of time), thus yielding an output ysv (S},
the total output that P can obtain is at least the sum of all these outputs
minus that paid, by their extra effort, to the subcoalition consisting of those
players who contributed ) ¢ z7s (greater than 1) units of themselves (i.e.,
those players who worked during more than one unit of time). This payment is
the output they would be able to obtain by themselves with this extra effort.
Note that, as B is marginally P-balanced, the other players contribute exactly
one unit of themselves.
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Summary. A new way is presented to define for minimum cost spanning tree (mcst)
games the irreducible core, which is introduced by Bird in 1976. The Bird core corre-
spondence turns out to have interesting monotonicity and additivity properties and
each stable cost monotonic allocation rule for mest-problems is a selection of the Bird
core correspondence. Using the additivity property an axiomatic characterization of
the Bird core correspondence is obtained.

1 Introduction

One of the classical problems in Operations Research is the problem of finding
a minimum cost spanning tree (mcst) in a connected network. For algorithms
solving this problem see [16] and [20]. Claus and Kleitman [8] discuss the
problem of allocating costs among users in a minimum cost spanning tree.
This inspired independently [3] and [13] to construct and use a cooperative
game to tackle this cost allocation problem.

In the seminal paper of Bird [3] a method is indicated how to find a
core element of the minimum cost spanning tree game (mcst game) when
a minimum cost spanning tree is given. Further he has introduced, using a
fixed mcst, the irreducible core of an mcst game, which is a subset of the
core of the game, and which we will call in this paper the Bird core. The
Bird core is central in this paper. First, we will give a new “tree free” way
to introduce the Bird core by constructing for each mcst-problem a related
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problem, where the weight function is a non-Archimedean semimetric. The
Bird core correspondence turns out to be a crucial correspondence if one
is interested in stable cost monotonic allocation rules for mcst-problems. In
fact, the Bird core is the “largest” among the correspondences which are cost
monotonic and stable.

The question of the existence of cost allocation rules which are cost mono-
tonic is central in applied economic frameworks where connection costs may
increase or decrease in time. In the paper of Dutta and Kar [10], cost mono-
tonic allocation rules have been studied, where cost monotonicity means that
an agent i does not pay more if the cost of a link involving 7 goes down,
nothing else changing in the network.

Actually, our concept of cost monotonicity is stronger than the concept of
cost monotonicity introduced in [10], because we simply impose that if some
connection costs go down, then no agents will pay more (as in the strong cost
monotonicity property used by [2]). Moreover, we introduce a related concept
of cost monotonicity for multisolutions in mcst situations which generalize our
concept of cost monotonicity for mcst solutions.

The Bird core has also an interesting additivity property i.e. the Bird core
correspondence is additive on each Kruskal cone in the space of mest-problems
with a fixed number of users. The additivity on Kruskal cones can be used to
find an axiomatic characterization of the Bird core correspondence.

The outline of the paper is as follows. Section 2 settles notions and nota-
tions. In Section 3 the non-Archimedean semimetric is introduced and used to
define in a canonical (tree independent) way the reduced game and the Bird
core. The relations between stable cost monotonic rules and the Bird core are
discussed in Section 4. An axiomatic characterization of the Bird core is given
in Section 5. Section 6 concludes.

2 Preliminaries and Notations

An (undirected) graph is a pair < V, E >, where V is a set of vertices or
nodes and F is a set of edges e of the form {i,j5} with 4,57 € V, i # j.
The complete graph on a set V of vertices is the graph < V, Ey >, where
Ev = {{i,j}i,7 € V and ¢ # j}. A path between ¢ and j in a graph < V, E >
is a sequence of nodes (ig,%1,...,%), where ¢ = 49 and j = i, k > 1, and
such that {is,%5+1} € F for each s € {0,...,k—1}. A cyclein < V,E > is a
path with all distinct edges from ¢ to ¢ for some ¢ € V. A path (dg,%1,...,%%)
is without cycles if there do not exist a,b € {0,1,...,k}, a # b, such that
g = .

Two nodes i,7 € V are connected in < V, E > if { = j or if there exists a
path between ¢ and j in < V, E >. A connected componentof V in < V, E >
is a maximal subset of V' with the property that any two nodes in this subset
are connected in < V, E >. Given a path P = (i¢,%1,...,%) between ¢ and
jinagraph < V,E >, k > 1, wesay that ve Visanodein P if v = iy,
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for some m € {0,...,k}; we say that an edge {r,t} € F is on the path P
or, equivalently, that ¢ is connected to j via the edge {r,t} in the path P, if
there exists m € {0,...,k — 1} such that r = i, and ¢ = ¢4 Or t = iy, and
T = tmt1-

Now, we consider minimum cost spanning tree {mcst) situations. In an
mcst situation a set N = {1,...,n} of agents is involved willing to be con-
nected as cheap as possible to a source (i.e. a supplier of a service) denoted
by 0. In the sequel we use the notation N’ for NU{0}. An mcst situation can
be represented by a tuple < N', Ex+,w >, where < N’, Ens > is the complete
graph on the set N’ of nodes or vertices, and w : Eny+ — R is a map which
assigns to each edge e € En/ a nonnegative number w{e) representing the
weight or cost of edge e. We call w a weight function. If w(e) € {0,1} for
every e € Ey-, the weight function w is called a simple weight function, and
we refer then to < N’, En/,w > as a simple mcst situation. Since in our paper
the graph of possible edges is always the complete graph, we simply denote
an mecst situation with the set of users N, source 0, and weight function w
by < N’,w >. Often we identify an mcst situation < N’,w > with the corre-
sponding weight function w. We denote by WV " the set of all mest situations
< N',w > (or w) with node set N'. For each S C N one can consider the
mcst subsituation < S',wjg: >, where §’ = SU {0} and wig : Esr — Ry is
the restriction of the weight function w to Eg: C Env, i.e. wig/(e) = w(e) for
each e € Egr.

Let < N',w > be an mcst situation. Two nodes ¢ and j are called (w, N')-
connected if ¢ = j or if there exists a path (iy,...,%) from 7 to j, with
w({is,is+1}) = O for every s € {0,...,k — 1}. A (w, N')-component of N’ is
a maximal subset of N’ with the property that any two nodes in this subset
are (w, N')-connected. We denote by C;(w) the (w, N')-component to which
i belongs and by C(w) the set of all the (w, N’)-components of N’. Clearly,
the collection of (w, N')-components forms a partition of N'.

We define the set X, of linear orders on En: as the set of all bijections
og:{1,...,|En/|} — En+, where [En/| is the cardinality of the set Ey/. For
each mcst situation < N’,w > there exists at least one linear order o € Xg,,
such that w(o(1)) € w(o(2)) < ... € w(o(|En|)). We denote by w” the
column vector (w(o (1)), w(a(2)), ... ,w(0(|EN:|)))t.

For any ¢ € Y'g,, we define the set

K7 = {w e RY™ | w(o(1)) S w(o(2)) < ... Sw(o(|En|)},

which we call the Kruskal cone with respect to 0. One can easily see that
UUEEEN, K° = Rf”'. For each o0 € X'g,, the cone K7 is a simplicial cone

with generators e”* € K7, k € {1,2,...,|En|}, where
ek (a(1)) = e?*(0(2)) =... = e”F(a(k - 1)) =0

and (1)
ek (a(k)) = e F(o(k+1)) =... = e (o(|En]) = 1.
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[Note that e”1(o(k)) = 1 for all k € {1,2,...,|En|}]. This implies that each
w € K7 can be written in a unique way as non-negative linear combination
of these generators. To be more concrete, for w € K? we have

|E1v’|

w=w(o(1))e™ + Y (wo(k)) - w(o(k — 1)) e, (2)
k=2

Clearly, we can also write WY = Use g K7, if we identify an mcst situa-
NI

tion < N/, w > with w.

Any mcst situation w € WV ' gives rise to two problems: the construction
of a network I' C En of minimal cost connecting all users to the source, and
a cost sharing problem of distributing this cost in a fair way among users.
The cost of a network I' is w(I") = >_ . w(e). A network I is a spanning
network on S’ C N’ if for every e € I' we have e € FEg and for every
¢ € S there is a path in I" from ¢ to the source. Given a spanning network
I on N’ we define the set of edges of I" with nodes in S’ C N’ as the set
E§ = {{i,j}{i,j} € [and i,j € §'}.

For any mcst situation w € WY it is possible to determine at least one
spanning tree on N’, i.e. a spanning network without cycles on N’, of mini-
mum cost; each spanning tree of minimum cost is called an mcst for N’ in w
or, shorter, an mecst for w. Two famous algorithms for the determination of
minimum cost spanning trees are the algorithm of Prim ([20]) and the algo-
rithm of Kruskal ([16]). The cost of a minimum cost spanning network I" on
N’ in a simple mcst situation w equals [C{w)| — 1 (see Lemma 2 in [19]).

Now, let us introduce some basic game theoretical notations. A cooperative
cost game is a pair (N, c) where N = {1,...,n} is a finite (player-)set and
the characteristic function c : 2V — R assigns to each subset S € 2%, called a
coalition, a real number c(S), called the cost of coalition S, where 2"V stands
for the power set of the player set N, and ¢(@) = 0. The core of a game (N, ¢)
is the set of payoff vectors for which no coalition has an incentive to leave the
grand coalition NV, i.e.

Cley={z e IRN|ZJ:1- <c(S) VS e 2N\{0};Za§i =c(N)}.

€S iEN

Note that the core of a game can be empty. A game (N, ¢) is called a concave
game if the marginal contribution of any player to any coalition is more than
his marginal contribution to a larger coalition, i.e. if it holds that

(S U{i}) - o(S) 2 (T U {i}) - o(T) 3)

forallie Nand all SCT C N\ {i}.

An order T of N is a bijection 7 : {1,...,|N|} — N. This order is denoted
by 7(1),...,7(n), where 7(i) = j means that with respect to 7, player j is in
the i-th position. We denote by X'y the set of possible orders on the set V.
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Let (N, c) be a cooperative cost game. For 7 € Xy, the marginal vector
m”(c) is defined by

m; (¢) = ¢([¢,7]) — ¢((¢,7)) for all ¢ € N,

where [i,7] = {j € N : 771(j) < 771(3)} is the set of predecessors of 7 with
respect to 7 including i, and (i,7) = {j € N : 771(5) < 771(4)} is the set of
predecessors of ¢ with respect to 7 excluding 7. In a coherent way with respect
to previous notations, we will indicate the set [¢,7] U {0} and (4,7) U {0} as
[¢,7])" and (i,7)’, respectively. For instance, for each k € {1,...,|N|} and for
each | € {2,...,|N|}, the set [r(k),7] = {0,7(1),...,7(k)} and (v(}),7) =
{0,7(1),...,7(I — 1)}, which will be denoted shorter as [r(k)]’ and (7(1))’,
respectively.

Let < N',w > be an mcst situation. The minimum cost spanning tree
game (N, ¢,) (or simply ¢,,), corresponding to < N, w >, is defined by

cw(S) = min{w(I)|I" is a spanning network on S’}

for every S € 2¥\{0}, with the convention that c,, () = 0.

We denote by MCST™ the class of all mcst games corresponding to mest
situations in W', For each o € X'E,., we denote by G7 the set {c,, | w € K7}
which is a cone. We can express MCST™ as the union of all cones G7, i.e.
MeSTN = UaezEN, G, and we would like to point out that MCSTY itself

is not a cone if |N| > 2.

The core C(c,,) of an mcst game ¢, € MCSTY is nonempty ([14], [3]) and,
given an mest I’ (with no cycles) for N’ in mcst situation w, one can easily
find an element in the core looking at the Bird allocation in w corresponding
to I, i.e. the cost allocation where each player 1 € N pays the edge in I" which
connects him with his immediate predecessor in < N/, I" >.

We call a map F : WV — RV assigning to every mcst situation w a
unique cost allocation in RY a solution. A solution F is efficient if for each

we WwN
ZFz(w) = ’I.D(F),
iEN

where I is a minimum cost spanning network on N’ for w.

3 The Non-Archimedean Semimetric Corresponding to
an MCST Situation

Let w € WN'. For each path P = (ig,i1,...,%) from i to j in the graph
< N',En+ > we denote the set of its edges by E(P), that is E(P) =
{{io, i1}, {1,482}, - - o, {8k—1, ik }}. Moreover, we call max.cp(pyw(e) the top
of the path P and denote it by t(P). We denote by P;} " the set of all paths
without cycles from i to 7 in the graph < N/, En/ >.
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Now we define the key concept of this section, namely the reduced weight
function.

Definition 1. Let w € WV'. The reduced weight function @ is given by

w(?,9) = min max w(e) = min (P 4
(:5) = min, mas w(e) = min, (P) (4

for eachi,j € N, i # j.

Now, extending @ by putting w(%,i) = 0 for each ¢ € N’, we obtain a nonneg-
ative function on the set of all pairs of elements in N’. The obtained reduced
weight function 1 is a semimetric on N’ with the sharp triangle inequality,
i.e. a non-Archimedean (NA-)semimetric. In formula, for each 7,5,k € N’

w(2,7) > 0 and w(%,i) = 0 (non-negativity);
w(i,5) = w(j,%) (symmetry);
(%, k) < max{w(s,7),w(j, k)} (sharp triangle inequality).

The proof is left to the reader. If w > 0, then @ is a non-Archimedean metric
on the set N'.

For the reduced weight function @ we have a special property related to
triangles (the isoscele triangle property), as the next proposition shows.

Proposition 1. Let @ be the reduced weight function corresponding to w €
WV and i,5,k € N' such that w(i,7) < w(i, k) and w(4,5) < w(k,j). Then
(i, k) = w(j, k).

Proof. By the sharp triangle inequality w(7, k) < max{w(i,j),w(j,k)} =
(5, k) and @(j, k) < max{@(j,1),w(i, k)} = w0, k). So w(i, k) = W(j, k)
O

This property for NA-semimetrics will be useful in proving that there are
many minimum cost spanning trees for (N’ @), as we see in Theorem 1.

In the sequel we simply refer to w as the mcst situation which assigns to
each edge {¢,7} € En the reduced weight value as defined in equality (4).
Further, we will denote by WY " WY’ the set of all NA-semimetric mest
situations which assign to each edge {i,j} € En- the distance w(i, j) provided
by a NA-semimetric w on N'.

Ezample 1. Consider the mcst situation < N',w > with N’ = {0,1,2,3}
and w as depicted in Figure 1. Note that w € K9, with ¢(1) = {1,2},
o(2) = {1,0}, (3) = {1,3}, o(4) = {3,0}, a(5) = {2,0}, o(6) = {2,3}.
The corresponding mcst situation @ is depicted in Figure 2.

One main result in this section, Proposition 2, concerns an interesting relation
which can be established between the mcst situation @w and a minimal mest
situation w’ as defined by Bird [3], where I is an mcst for N’ in w. Recall
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G—-=8 3
12\ @ /12

©

Fig. 1. An mcst situation with three agents.

G—-=0—3)

Fig. 2. The mcst situation w corresponding to w.

that given an mcst situation w € W' and an mest I" for N’ in w, the minimal
mcst situation w! is defined (cf. Bird, 1976) by

w!'({3,4}) = max w(e) = ¢(P), (5)

eGP,-’;.
where P € PY " is the unique path in I" from i to j.

Proposition 2. Let w € WV’ and i,j € N’'. Let I" be an mcst for N’ in w
and Pll; be the unique path in I" from i to j. Then

t(PL) = min t(P). (6)
i pepy’

Proof. Let P* € argminp_,n t(P) and let ¢* be an edge on P* such that
t(P*) = w(e*). Let & = {m,n} be an edge on P} with w(é) = t(P}). We

ij
have to prove that w(é) = w(e*). If so, then it follows immediately that

minp.on H(P) = w(e*) = w(é) = t(P]). If e* = & then of course w(e*) =
w(é). Otherwise, first note that by definition of e*

w(€) = w(e’). (7)

Let S,, be the set of all nodes r € N’ such that n is not on the path from r
tomin < N',I" >; let S, be the set of nodes r € N’ such that m is not on
the path from r to n in < N',I" >, i.e.
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Sm={reN'n¢ PL} and S,={reN|m¢P.}.

Note that {Sp,Sn} is a partition of N’ and nodes in S,, are connected in
< N',I' > to nodes in Sy, via edge {m,n}. Moreover, by the definition of a
path without cycles, 4, j must belong to different sets of the partition {Sy,, Sm }.
So without loss of generality we suppose that ¢ € S,, and j € S,. Consider
the set of edges Et = {{t,v}|t € Spn,v € Sp}. Then,

w({m,n}) = w(é) < w(e), for each e € ET. (8)

In order to prove inequality (8), suppose on the contrary that w({m,n}) >
w(e) for some ¢ € E*. Then the graph I'" = (I" \ {€}) U {e} would be a
spanning network in N’ cheaper than I', which yields a contradiction. By
the definition of a path, for each P € ’Pg " there exists at least one edge
e € E* such that e is on the path P. By inequality (8), it follows that
t(P) > w(e) > w{é). This implies that w(e*) = minPe‘P{‘J’.' t(P) > w(é).
Together with inequality (7) we have finally w(e*) = w(é). O

As a direct consequence of Proposition 2 we have that the mcst situation
w coincides, for each mcst I for w, with the minimal mcst situation w’
introduced by [3]. So w' = wl " for each pair of mest I, I”, a fact which is
already known (cf. [1, 11, 12]), but with a complicated proof. Let w € WV '
and let I" be an mcst for w. Let T € Xy. We say that I and 7 fit (or, also,
that 7 fits with I') if E[I;(l)],, E[I;(z)],, . E[I;(INI)]’ are spanning networks on
sets of nodes [7(1)], [7(2))',..., [T(|N])]’, respectively.

Ezample 2. In Figure 3 is depicted an mcst, denoted by I', for the mcst sit-
uation w of Figure 2. Consider 71,72 € Xy such that 71(1) = 1, (2) = 2,
71(3) = 3 and 12(1) = 1, 7(2) = 3, 12(3) = 2. Note that both 71 and 7 fit
with I" but none of the other four elements of X'y fits with I".

Fig. 3. An mcst I" for the mcst situation w of Figure 2.

Remark 1. Let w € WNI, let I" be an mcst for w and let 7 € X'y be an order
such that I" and 7 fit. Then,
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Y wle) =cu(lr(n)) (9)
CEBL (ry
for each r € {1,...,|N]}. So E[I_;(T)], is an mcst for the mcst situation

< [T(T‘)]/,w”,.(r)]/ >,

Remark 2. Let w € W', let I' be an mest for w and let 7 € Xy be an
order such that I" and 7 fit. The marginal vector m7(¢c,) of the mcst game
¢y coincides with the Bird allocation in w corresponding to I" and therefore
m™(cy) € C(cy), as is proved in [14].

Remark 3. For each 0 € X, there exists a tree I' which is an mcst for every
w € K7; further, there exists a 7 € Xy such that I" and 7 fit.

The considerations in Remarks 1-3 together with the next lemma prelude to
Theorem 1.

Lemma 1. Let w € WN’, let I' be an mest for w and let T € X be such
that I and 7 fit. Let r € {1,...,|N| — 1} and let 7' € Xy be such that
T(ry=7(r+1), 7(r+1) = 7(r) and (i) = 7(i) for each i € {1,...,|N|}\
{r,r+1} (i.e. 7' is obtained from T by a neighbor switch of 7(r) and 7(r+1)).
Then there is an mest I for w such that 7" and I fit.

Proof. If 7(r) is not the immediate predecessor of 7(r + 1) in I" then take
I" = I' and then 7’ and I" fit. If 7(r) is the immediate predecessor of 7(r +1)
in I, then let k € [r(r — 1)]’ be the immediate predecessor of 7(r) in I'. First,
note that
w({k,7(r + 1)) = w({k, 7(r)}) (10)

and

w({k,7(r + 1)}) 2 w({(r),7(r + 1)}) (11)
because I" is an mcst for w. Consider two cases:
Case 1: w({k,7(r)}) < w({r(r),7(r + 1}}). Take I'" = (I'\ {{7(r),7(r +
1)} U {{k,7(r + 1)}}. By inequality (10) and the isoscele triangle property
w{k,7(r + 1)}) = w({r(r),7(r + 1)}) and then I is an mcst in w and I"
and 7' fit.
Case 2: w({7(r),7(r + 1)}) < w({k,7(r)}). Take I = (I" \ {{k,7(r)}}) U
{{k,7(r+1)}}. By inequality (11) and the isoscele triangle property w({k, 7(r)})
= w({k,7(r + 1)}) and then I is an mest in w and IV and 7’ fit. O

Theorem 1. Let w € WN'.Then

1) for each 7 € Xy there exists an mest I’ such that I' and T fit.
it) Let ¢, be the mcst game corresponding to w. Then m™(c,,) € C(cy) for all
T € XN and ¢y, is a concave game.
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Proof. 1) Let I" be an mest for w. Then there is at least one 7 € Xy such that
I" and 7 fit. Further each 7 can be obtained from 7 by a suitable sequence of
neighbor switches and so, by applying Lemma 1 repeatedly, we complete the
proof of assertion ).

ii) Let I" be an mcst in N’ for w and let 7 € Xy such that I" and 7 fit. By
Remark 2, it follows that m7(c,) coincides with the Bird allocation corre-
sponding to I'. Hence, again by Remark 2, m"(c,) € C(cy). Finally, by the
Ichiishi theorem (Ichiishi (1981)) telling that a game is concave iff all marginal
vectors are in the core of the game, it follows that ¢, is a concave game. O

Let w € WY'. We call the core of the mcst game cg the Bird core of the
mest game ¢, and denote it by BC(w). By Theorem 1 it directly follows that
the Bird core BC(w) of the mcst game ¢, is the convex hull of all the Bird
allocations corresponding to the minimum cost spanning trees for w. Note
also that BC(w) C C(cy), since c¢z(S) < ¢y, (S) for each S € 2V \ {0} and
ca(N) = cu(NV) (cf. [11]).

Ezxample 3. Consider the mcst situation w of Figure 1 and the corresponding
reduced mcst situation w of Figure 2. Then

[ O 2}{3}{1, 2}[{2, 3}]{1, 3}]{1, 2,3}]
Cwl 8 112112 13 24 18 23
cgl 8 18110] 13 18 18 23

There are six minimum cost spanning trees for w. Three of them lead to the
Bird allocation (8,5,10) and the other three to the Bird allocation (5,8, 10).
Further, m™(cg) = (8,5,10) for 7 € {(1,2,3),(1,3,2),(3,1,2)} and m"(cz) =
(5,8,10) for 7 € {(2,1,3),(2,3,1),(3,2,1)}. The Bird core BC(w) is the convex
hull of the marginal vectors of the game ¢y, that is BC(w) = conv{(8,5,10),
(5,8,10)} C C(cw)-

4 Monotonicity Properties

In [23] a class of solutions for mcst situations which are cost monotonic is
introduced: the class of Obligation rules. Roughly speaking, we define a cost
monotonic solution for mcst situations as a solution such that, if the costs of
some edges increase, then no agent will pay less. More precisely:

Definition 2. A solution F : WN' — R¥ is a cost monotonic solution if for
all mest situations w,w’ € WY such that w(e) < w'(e) for each e € En, it
holds that F(w) < F(w').

In this section we introduce a related concept of cost monotonicity for multiso-
lutions on mcst situations. We call a correspondence G : WY — R¥ assigning
to every mcst situation w a set of cost allocations in RV a multisolution.
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Definition 3. A multisolution M : WN' — R¥ is a cost monotonic multiso-
lution if for all mcst situations w,w’ € WY such that w(e) < w'(e) for each
e € En, it holds that

M(w) € compr=(M(w')) and M(w') C compr™ (M (w)),
where compr~(B) = {x € RN|3b € B s.t. x; < b; Vi € N} and compr™(B) =
{z € R¥|Fb € B s.t. b; < z; Vi € N}, for each B C RV,

Before discussing properties of the Bird core as multisolution for mcst situ-
ations, we introduce the following propositions dealing with mcst situations
originated by NA-semimetrics.

Proposition 3. Let w € WY and let I' be an mcst for w and 7 € En be
such that I and T fit. Then

mrgy(ew) = min w(k,7(7)),
for each j € {2,...,|N|}.
Proof. Let j € {2,...,|N|}. Note that by Remark 1
I en) = G — (O = 3 wie) - 3 w(e). (12)

r r
e€E Gy €€ B, (5

Since I" and 7 fit, we have E[I;(j)], \E(I;(j)), = {{7(4), s}}, for some s € (7(5))’.
Because E[I;_(j)], is an mcst for w|[,(;))/, we have s € arg minge (- (jy w({k, 7(4)})-

So
Yo owe)- D wle) = min w(k, (7). (13)

N ke(r
r r
€ B, iy €€E 5y

From (12) and (13) follows the proposition. O

Proposition 4. Letw,w’ € WY be NA-semimetric mcst situations such that
w(e) < w'(e) for each e € En:. Then it holds that

m"(cy) <m (cy) for each 7 € Xn.

Proof. Let 7 € Xy. By Theorem 1 there exist two mcst’s I" and I’ for w and
w’, respectively, such that they both fit with 7. First note that

mzay(cw) = w(0,7(1)) < w'(0,7(1)) = miy;(cuwr)-
Further
minge (r(j)) w(k, 7(5))
minge (5 W' (k, 7(5))
mz s (ew);
for each j € {2,...,|N|}, where the first and the second equality follow by

Proposition 3 and the inequality follows from w(e) < w’(e) for each e € En-.
n

m7 () (Cw)

VAN
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Theorem 2. The correspondence BC is a cost monotonic multisolution.

Proof. Let w,w’ € WV be such that w(e) < w'(e) for each e € Ey:. By
Theorem 1 and properties of concave games, BC(w) is a convex set whose
extreme points are the marginal vectors of the game cg, i.e. each element
of BC{w) is a convex combination of marginal vectors of the game cy. Let
x € BC(w). There exist numbers o™, with7 € ¥y, 0<a” < 1,30 5 " =1

and
z = Z o mT(cg)- (14)
TEX N
Hence
€T = ZTGEN a’ mT(c_)
< Yrexzy @ mT{cy) (15)
=1z € BC(w'),

where the inequality follows by Proposition 4 and the fact that w(e) < @'(e)
for each e € Epn+ and the second equality by Theorem 1, implying that
BC(w) C compr~ (BC(w')). Using a similar argument the other way around
in relations (15), it follows that BC(w') C compr* (BC(w)), which concludes
the proof. O

To connect the cost monotonicity of the Bird core with cost monotonicity of
Obligation rules, we need Proposition 5.

Proposition 5. Let F : WN" . RY be a cost monotonic and efficient solu-
tion. Then

i) F(w) = F(w) for every w € WV';
i) If F is also stable (i.e. F'(w') € C(cw) for every w' € WN'), then F(w) €
BC(w) for everyw € WN',

Proof. Let w € W', First note that by Definition 1,
w(e) < w(e) for each e € Env. (16)

Let I" be an mcst for w. Consider first i). By inequality (16) and cost mono-
tonicity of F, F(@w) < F(w). On the other hand I" is an mecst for @w too and

by efficiency of F’
Y Fi@) =) Fi(w) = w(D).
iEN iEN

So, F(w) = F(w). Consider now ii). By inequality (16),

cw(S) € ¢y(S) forall SC N,

and by Definition 1

co(N) = cu(N) = w(l).
Then, by stability of F, F(w) € C(cg) = BC(w) C C(cy) and by result (i)
F(w) € BC(w) too. O
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Remark 4. Proposition 5 can be extended to multisolutions which are cost
monotonic and efficient (Property 1 in next section) multisolutions. From this
follows that BC is the "largest" cost monotonic stable multisolution.

Remark 5. As previously said, in [23] we have introduced the class of Obliga~
tion rules and proved that they are both cost monotonic and stable solutions
for mest situations. So, by Proposition 5 it follows that for each w € W¥ ',
the set F(w) = {¢(w) | ¢ is an Obligation rule} is a subset of the Bird core
BC(w) and F(w) = F(wm).

5 An Axiomatic Characterization of the Bird Core

In order to introduce an axiomatic characterization of the Bird core, we need
to prove the following fact for NA-semimetric mecst situations.

Lemma 2. Let w,w’ € WY and let o € Xe, be such that w,w' € K?. Let
a,of > 0. Then o, o'w', 0w + o/w’ € K% for some & € DI

Proof. By relation (4), for each edge e € Ey-, there is an edge € € Ey such
that w(e) = w(e€): given that e = {4, 5}, € is such that w(€) = minp_,n t(P).

ij

Note that for each w; in the same cone K¢ as w we have 1, (e) = w(€). This
implies that for all pairs of edges e;,e2 € En/ :

’lf)(el) < ’lf)(eg) =4 w(él) < w(e‘g) = 11)1(61) < 17}1(62).
So, for each 6 € X'g,, we have:
weK°suweK°.

Using this fact, respectively, for aw, o/w’ and cw + o/w’ € K° in the role of
wy, we obtain
€ K° & o, o', cw + o/’ € K%,

foreach o € Xg,,. O

Proposition 6. Let w,w' € WY and let o € Xg,, be such that w,w' € K°.
Let o,/ > 0. Then

i) aw+ dw = aw+ dw';
%) Courarw = XCp + /Cj.

[The NA-semimetric mest situations W, w',cw + &/w’ are obtained via reduc-
tion of the weight functions w,w’, aw + o’w’, respectively.]

Proof. i) Note that
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ow + o/w'({i,5}) = minp_pn maxeep(py (ow(e) + o/w'(e))
ij

= aminpepil},r maX.eg(p) w(e)

+ o Wil ppy’ MaXee 5(P) w'(e)

= aw({i,j}) + o'w'({i,5}),
where the second equality follows from the fact that w,w’ and aw + o/w’ all
belong to K°;
ii) Note that, by Lemma 2, aw,o/w’,aw + o’w’ € K7 for some ¢ € Xg,,.
For each S € 2V \ {0}, there is, according to Remark 3, a common mcst I's
for o, o’w’ and aw + o’w’. Hence

QCy (S) + O/Cuj/(S) = Zeel’s Ot’lf)(e) + ZEEFS a,’LE’(e)
= Eeel"s (aw’(e) + a'u?(e))
= Zeefs (aw + a’w’(e))

= Camrarw(9),

where the third equality follows by (7). O
Some interesting properties for multisolutions on mcst situations are the fol-
lowing,.

Property 1. The multisolution G is efficient (EFF) if for each w € WV and
for each z € G(w)

Z z; = w(l),

iEN
where I' is a minimum cost spanning network for w on N'.

Property 2. The multisolution G has the positive (POS) property if for each
w € WY and for each z € G(w)
;i Z 0

for each i € N.

Property 3. The multisolution G has the Upper Bounded Contribution (UBC)
property if for each w € WY and every (w, N')-component C # {0}

Z z; < . mm w({¢,0})
i€\ {0} A

for each z € G(w).

Property 4. The multisolution G has the Cone-wise Positive Linearity (CPL)
property if for each o € Xg,,,, for each pair of mcst situations w, @ € K7 and
for each pair o, @ > 0, we have

G(aw + aw) = aG(w) + AG(W).
[Here we denote by aG(w) + &G (W) the set {ox + &Z|z € G(w), T € G(Ww}.]
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Proposition 7. The Bird core BC satisfies the properties EFF, POS, UBC
and CPL.

Proof. Let w e WM and let o € XE,, be such that w € K. Since BC(w) =
C(cw), the following considerations hold:

i) For each allocation z € BC(w), Y_;cn @i = w(I") for some mcst I" by the
efficiency property of the core of the game cg. So BC has the EFF property.

ii) For each allocation = € BC(w), z; > 0 for each i € N since the Bird core
is the convex hull of all Bird allocations in the mest @, which are vectors in

]Rf . So BC has the POS property.
iii) For each (w, N')-component C # {0} and each x € BC(w)

Y zi<ca(C\{0}) = imln w({i,0})

i€C\{0}

by coalitional rationality of the core of the game cgz. So BC has the UBC
property.

iv) Let 0 € Xg,,, let w,w' € W™’ be such that w,w' € K° and let o, ¢’ > 0.
Since the core is additive on the class of concave games (see [9]), we have

BC(aw + a'w') = Cleggrmar) = aCles) + &'Cley) = aBC(w) + o/ BC(w').

awto' w’

Hence BC has the CPL property. O

Inspired by the axiomatic characterization of the P-value ([4]) we provide the
following theorem.

Theorem 3. The Bird core BC is the largest multisolution which satisfies
EFF, POS, UBC and CPL, i.e. for each multisolution F which satisfies EFF,
POS, UBC and CPL, we have F(w) C BC(w), for each w € W',

Proof. We already know by Proposition 7 that the Bird core BC satisfies
the four properties EFF, POS, UBC and CPL. Let ¥ : WN - RY be a
multisolution satisfying EFF, POS, UBC and CPL. Let w € WY and o €
X, be such that w € K?. We have to prove that ¥ (w) C BC(w). First, note
that by the CPL property of ¥

|EN"

(wle@(E) + Y (w(o(k) - wo(k - 1)) =w(w). (17)

k=2

Let z € v¥(w). According to (17) there exists A= W(e?"*) for each k €
{1,...,|EnN-|} such that

[En/|

z=we(1)z + Z (w(o(k)) —w(o(k - 1)))z*""
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By the UBC property, for each k € {1,...,|En/|} and for each (e”*, N')-
component C # {0} we have

oifoeC

ok
Y oz < min e”*({3,0}) = (18)
i€C\{0} €O\ {0} 1if0¢ C

implying that

You™ = S S 2 <o) - 1= €MD),

ieN CeC(es*) jeC\{0}

where I' is a minimum spanning network on N’ for the simple mcst situ-
o,k

ation e”F. By the EFF property, we have Y., v zf = €° *(I'), and then

inequalities in relation (18) are equalities, that is

0ifoeC

>, &= (19)

ieC\{0} 1if0¢C.

Now, consider the game c7 corresponding to the simple mcst situation e+,
Note that for each S € 27 \ {0},

c=7(S) =|{C : Cisa (e”*,N') — component,C NS # 0,0 ¢ C}|,

which is the number of (¢”*, N’)-components not connected to 0 in e”* with
at least one node in the player set S. By (19) and the POS property, it follows
that >, S:cea’k < ¢%(S) and together with the EFF property we have

" ecC (com) = BC ( k). Moreover, from Proposition 6 it follows

|Enet

z= (w(a 1))z + Z o(k)) — w(o(k — 1))z )eC(cw)zBC(w).

Keeping into account relation (17), we have ¥(w) C BC(w). O

6 Final Remarks

This paper deals mainly with the Bird core of an mcst situation and its mono-
tonicity and additivity properties.

Given an mest w € WY  and an mest I" for N’ in w, the Bird core
has been introduced (cf. Bird, 1976) as the core of the mcst game (N, c,r)
corresponding to the mcst situation w! defined as in relation (5).

From a combinatorial perspective, Proposition 2 allows for a relevant re-
duction in the number of operations needed to obtain the minimal mcst sit-
uation corresponding to an mcst w. In fact, by means of relation (4) it is
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not necessary anymore to solve the mcst problem in w finding an optimal
spanning tree I" and then computing w’ as defined by relation (5).

The attention to monotonicity properties of solutions for cost and reward
sharing situations is growing in the literature.

In {21} attention is paid to population monotonic allocation schemes
(pmas), in [7] and [24] to bi-monotonic allocation schemes (bi-mas) and in
[5] to type monotonic allocation schemes. For mcst-situations, the existence
of population monotonic allocation schemes has been established in [19]. For
special directed mest-situations also pmas-es exist as is shown in [17].

As we already said in the introduction, the problem of finding cost mono-
tonic allocation rules has been tackled in {10}, paying attention only to the
agents who are directly involved in the cost increasing. In [23] so called Obli-
gation rules for mcst-situations turn out to be cost monotonic (with respect
to all the agents) and induce also pmas-es. A special Obligation rule is the
P-value discussed in [4] (see also [12], [11], [2], [18]).

In the axiomatic characterization of Section 5, we use very intuitive axioms
(UBC, EFF, POS and CPL) to characterize the Bird core. Let w € W', From
the game theoretical point of view, the UBC property together with the EFF
property selects a subset of the imputation set of the mest game ¢, i.e. the
set of imputations which also satisfy the intermediate stability conditions for
coalitions of players that are (w, N')-connected. Note that for such coalitions
checking for the intermediate stability of an allocation is very easy (just look
at the minimum distance from the source). The POS property guarantees that
no players should be subsidized from others according to some allocations: all
the players must pay at least zero of the total cost. One can easily check that
EFF, POS and UBC properties are satisfied by many allocation rules for mcst
situations, like the Bird rule (Bird 1976), Obligation rules ([23}), Construct &
Charge rules ([18]) but not from classical game theoretical solutions, like the
Shapley value, for example. For a deeper game theoretical view of the CPL
property, we refer to [19], where CPL formed the base for a decomposition
theorem showing that every mcst game can be written as nonnegative com-
bination of mcst games corresponding to simple mcst situations. The CPL
property for solutions has been also used to axiomatically characterize the
P-value in [4].

For further considerations on the additivity properties of solutions see also
6], [22].
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Summary. We introduce here a family of mixed coalitional values. They extend
the binomial semivalues to games endowed with a coalition structure, satisfy the
property of symmetry in the quotient game and the quotient game property, gen-
eralize the symmetric coalitional Banzhaf value introduced by Alonso and Fiestras
and link and merge the Shapley value and the binomial semivalues. A computational
procedure in terms of the multilinear extension of the original game is also provided
and an application to political science is sketched.

1 Introduction

The parallel axiomatic characterization stated by Feltkamp [8] shows that the
only difference between the Shapley value [19] and the Banzhaf value (cf.[13]),
as allocation rules for all cooperative games, is that the first satisfies efficiency
while the second satisfies the total power property.

In the framework of cooperative games with a coalition structure, other
essential differences also arise between the Owen value [14] and the modified
Banzhaf value or Owen—Banzhaf value [16]. The Owen-Banzhaf value fails to
satisfy the property of symmetry in the quotient game and the quotient game
property, which are fulfilled by the Owen value.

Alonso and Fiestras [1] suggested a modification of the Owen-Banzhaf
value that satisfies these two properties and can therefore be compared with
the Owen value in terms analogous to Feltkamp’s. Our aim here is to introduce
the notion of coalitional binomial semivalue as a wide generalization of the
Alonso-Fiestras value (essentially: p € [0, 1] instead of p = 1/2) in order to
get a symmetric coalitional binomial semivalue that still satisfies the property
of symmetry in the quotient game and the quotient game property, so that it

* Research partially supported by Grant BFM 2003-01314 of the Science and Tech-
nology Spanish Ministry and the European Regional Development Fund.
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differs from the Owen value just in satisfying a total power property instead
of efficiency.

The organization of the paper is as follows. In Section 2, a minimum of pre-
liminaries is provided. Section 3 is devoted to define and study the symmetric
coalitional binomial semivalue, and it includes an axiomatic characterization
that parallels Owen’s [14] for the Owen value. In Section 4 we present a com-
putation procedure for the symmetric coalitional binomial semivalue. Finally,
Section 5 contains a remark on simple games and a detailed example.

2 Preliminaries

2.1 Games and Semivalues

Let N be a finite set of players and 2V be the set of its coalitions (subsets
of N). A cooperative game on N is a function v : 2 — R, that assigns
a real number v(S) to each coalition § C N with v(f) = 0. A game v is
monotonic if v(S) < v(T") whenever § CT C N. A player ¢ € N is a dummy
in v if (S U {i}) = v(S) + v({i}) for all § C N\{:}, and null if, moreover,
v({i}) = 0. Two players 4, j € N are symmetric in v if v(SU {i}) = v(SU{j})
for all S C N\{s,7}.

Endowed with the natural operations for real-valued functions, the set
of all cooperative games on N is a vector space Gpy. For every nonempty
coalition T C NN, the unanimity game ur is defined by ur(S) =1 T C S
and ur(S) = 0 otherwise. Finally, every permutation 6 of N induces a linear
automorphism of Gy given by (v)(S) = v(§~19) for all § C N and all v.

By a value on Gy we will mean a map f : Gy — R, that assigns to every
game v a vector f[v] with components f;[v] for all i € N.

Following Weber's [22] axiomatic description, ¥ : Gy — R¥ is a semivalue
iff it satisfies the following properties:

(i) knearity: Y[v + v'] = Y[v] + Y[v'] (additivity) and P[] = Mp[v] for all
v, € Gy and A € R;

(ii) anonymity: 1e;{0v] = y[v] for all § on N, i € N, and v € Gp;

(iii) positivity: if v is monotonic, then ¥[v] > 0;

(iv) dummy player property: if i € N is a dummy in game v, then ;[v] =
o({i}).

There is an interesting characterization of semivalues, by means of weight-
ing coefficients, due to Dubey, Neyman and Weber [7]. Set n = |N|. Then: (a)

n—1

for every weighting vector {pi}7_, such that Y px(";') = 1 and p > 0 for
k=0

all k, the expression

dilrl= Y pafu(SU{i}) —v(S)] forallie N andallve Gy,
SCN\{i}
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where s = |S|, defines a semivalue v; (b) conversely, every semivalue can
be obtained in this way; (c) the correspondence given by {px}icy — ¢ is
bijective.

Well known examples of semivalues are the Shapley value ¢ [19], for which
Dk = 1/n(”;1), and the Banzhaf value 3 (cf.[13]), for which py = 2!~". The
Shapley value ¢ is the only efficient semivalue, in the sense that the equality

> wi[v] = v(N) holds for every v € Gn.
iEN
Notice that these two classical values are defined for each N. The same

happens with the binomial semivalues, introduced by Puente [18] as follows.
Let p € [0,1] and pp = p*(1 —p)" %! for k = 0,1,...,n — 1. Then {pk}z;é
is a weighting vector and defines a semivalue that will be denoted as P
and called the p-binomial semivalue. Using the convention that 0° = 1, the
definition makes sense also for p = 0 and p = 1, where we respectively get the
dictatorial index ¥° and the marginal index v, introduced by Owen [15] and
such that ¢Q[v] = v({i}) and ¥}[v] = v(N) — v(N\{i}) for all i € N and all
v € Gn. Of course, p = 1/2 gives 1!/ = 3 —the Banzhaf value.

In fact, semivalues are defined on cardinalities rather than on specific
player sets: this means that a weighting vector {p;}7_7 defines a semivalue
1 on all N such that n = |N|. When necessary, we shall write P for a

semivalue on cardinality n and p,(cn) for its weighting coeflicients. A semivalue
1™ induces semivalues (*) for all cardinalities ¢ < n, recurrently defined by
the Pascal triangle (inverse) formula given by Dragan [6]:

p,(:) = p;cH_l) + pff_fll) for 0<k<t.

A series 1 = {¥(™}22, of semivalues, one for each cardinality, is a multi-
semivalue if it satisfies Dragan’s recurrence formula. Thus, the Shapley and
Banzhaf values and all binomial semivalues are multisemivalues.

2.2 Games with Coalition Structure

Let us consider a finite set, say, N = {1,2,...,n}. We will denote by P(N)
the set of all partitions of N. Each P € P(N}) is called a coalition structure
or system of unions on N. The so—called trivial coalition structures are P"™ =
{{1},{2},...,{n}} and P¥ = {N}. A cooperative game with a coalition
structure is a pair [v; P], where v € Gy and P € P(N) for a given N. We
denote by G5/ the set of all cooperative games with a coalition structure and
player set N.

If [v; Pl € G and P = {P1, P, ..., Py}, the quotient game v is the co-
operative game played by the unions, or, rather, by the set M = {1,2,...,m}
of their representatives, as follows:

vP(R) = U(U P) foral RC M.
r€R
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Unions P,, P, are said to be symmetric in [v; P] if r, s are symmetric players
P
in v".

By a coalitional value on G§ we will mean a map g : Gi7 — R¥Y, which
assigns to every pair [v; P] a vector g[v; P| with components g;[v; P] for each
1€ N.

The Owen value [14] is the coalitional value @ defined by

awPl= Y % m;k (ml_l) (pk1_1) RQUTU {i}) — v(QUT)]
RCM\{k} TCPo\{i} A"

for all i € N and [v; P] € G%, where P, € P is the union such that ¢ € Py

and @ = |J P,. It was axiomatically characterized by Owen [14] as the only
rER
coalitional value that satisfies the following properties: the natural extensions

to this framework of

e efficiency

e additivity

o the dummy player property
and also

o symmetry within unions: if i, j € Py are symmetric in v then
&;lv; Pl = &,[v; P
o symmetry in the quotient game: if P, P; € P are symmetric in [v; P]

then
> &y Pl= > &;[; P

1€ Py Jj€P,

The Owen value is a coalitional value of the Shapley value ¢ in the sense
that ®fv; P"| = @[v] for all v € Gy. Besides, ®[v; PV] = @[v]. Finally, as & is
defined for any N, the following property makes sense and is also satisfied:

e quotient game property: for all [v; P] € G§7,

> &ifv; Pl = &4 [v"; P™] for all P, € P.
1€EPy

The Owen value can be viewed as a two-step allocation rule. First, each
union Py receives its payoff in the quotient game according to the Shapley
value; then, each Pj splits this amount among its players by applying the
Shapley value to a game played in Py, as follows: the worth of each subcoalition
T of Py is the Shapley value that T would get in a “pseudoquotient game”
played by T and the remaining unions on the assumption that P, \T leaves
the game, i.e. the quotient game after replacing P, with T. This is the way
to bargain within the union: each subcoalition T claims the payoff it would
obtain when dealing with the other unions in absence of its partners in Px.
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The Owen-Banzhaf value B [16] follows a similar scheme. The resulting
formula parallels that of the Owen value given above with the sole change
of coefficient 1/mpy (mr_l) (p’“t_l) by 21~™21=P+  This value, which is a coali-
tional value of the Banzhaf value [, does not satisfy efficiency, but neither
symmetry in the quotient game nor the quotient game property. The bargain-
ing interpretation is the same as in the case of the Owen value by replacing
everywhere the Shapley value with the Banzhaf value.

Alonso and Fiestras [1] introduced a modification of the Owen-Banzhaf
value. In this case, the coeflicient of each marginal contribution is replaced
with 21—™ / Dk (p " 1). This symmetric coalitional Banzhaf value IT satisfies the
same properties as the Owen value, with the sole exception of efficiency —
replaced by a total power property—, as well as the quotient game property,
and it is a coalitional value of the Banzhaf value.

Example (Alonso and Fiestras [1]). Let us take n = 5 and consider the una-
nimity game uy and the coalition structure P = {P;, P} where P; = {1,2, 3}
and P, = {4,5}. Notice that the quotient game is ul = wuj;, where
M = {1,2}. It is not difficult to obtain the following values:

Blun] = (1/16,1/16,1/16,1/16,1/16),

Blunl = (1/2,1/2),
B[UN;P] = (1/&1/8)1/8’1/471/4)'

As Py and P, are symmetric in [uy; P], it follows that the Owen—Banzhaf value
B fails to satisfy the property of symmetry in the quotient game. Neither the
quotient game property is fulfilled by B in this instance. Instead

H[“N;P]:(1/6)1/671/671/471/4)

so that both properties are satisfied by the Alonso—Fiestras value IT (here and
elsewhere).

3 The Symmetric Coalitional Binomial Semivalue

In this section we define and study a “coalitional version” of each p—binomial
semivalue for games with coalition structure. This includes, besides the explicit
formula, an axiomatic characterization and an interpretation in terms of a
two—step bargaining process, among unions, first, and among players within
each union later. We recall that ¥* denotes, for each p € [0, 1], the p—binomial
semivalue acting on a fixed Gn, and also the following notion (cf. Puente {18]).

Definition 1. Let p € [0,1]. A value f on Gy satisfies the p—binomial total
power property if

Z filv] = Z Z p*(1 —p)" (S U {i}) —v(S)] for allv e Gn.

ieN iEN SCN\{:}
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The Owen (resp., Owen—Banzhaf) value is a natural extension of the Shap-
ley (resp., Banzhaf) value to games with a coalition structure. We generalize
this idea.

Definition 2. Given a value f on Gy, a coalitional value of f is a coalitional
value g on G such that glv; P"] = f[v] for allv € Gn.

Let g be a coalitional value of the p-binomial semivalue 9? defined for all

N, and assume that g satisfies the quotient game property. Then, for a given
N and any [v; P] € G,

gl Pl= Y Y gl;Pl= ) g™ P =) vihF] =

iEN kEM i€ Py keM keM

=Y. Y - R (RU{k)) - P (R)].

keEM RCM\{k}

This motivates the next definition, that is an adaptation of the p—binomial
total power property to games with a coalition structure.

Definition 3. Let p € [0,1]. A coalitional value g on G5} satisfies the coali-
tional p-binomial total power property if, for all [v; P] € G,

Y alwiPl=> > pa-pmTpPRU K - 0P (R).

iEN kEM RCM\{k}

The next statement defines and axiomatically characterizes, for each p €
[0, 1], the symmetric coalitional p—binomial semivalue, which will be denoted
as {2P7. We need a previous lemma.

Lemma 1. Let £ S C N, s =|S| and i € N. Then ¥ [us] =p*~! ifi € S,
and ¢ [ug] = 0 otherwise.

Proof. Let i € S. By the definition of the weighting coefficients of 1)? we have

ilif[us] — (no—s)ps—l(l _p)n—-s =+ (nzs)ps(l _p)n—-s—l 4t (n—s)pn—l —

n-—§

=p"lp+ (A -p)**=ph.
If i ¢ S, the dummy player property yields ¥f[ug] =0. O

Theorem 1. Let p € [0,1]. For any N there is a unique coalitional value
on GF} that satisfies additivity, the dummy player property, symmetry within
unions, symmetry in the quotient game, and the coalitional p—binomial total
power property. Given [v; P] € G%7, this value allocates to each player i € N
the real number

ZwP= YN e

o)
RCM\{k} TCP\{i} t

[v(QUTU{i})—v(QUT)],
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where Py € P is the union such thati € P, and Q@ = {J P.. Moreover, {2 is

r€R
a coalitional value of the p-binomial semivalue P and satisfies the quotient
game property.

Proof. (a) (Existence) It suffices to show that the coalitional value 2P given
by the above formula satisfies the five properties enumerated in the statement.
1. Additivity. It merely follows from the expression of §2[v; P].
2. Dummy player property. Let ¢ € N be a dummy player in game v and P
be any coalition structure. Assume 3 € Py. Then v(QUT U {3}) —v(QUT) =
v({7}) for all R and T'. As, moreover,

Z pr(l _p)m-—r—l =1 and Z le_l—— =1,
RCM\{k} e P )

we conclude that £27[v; P] = v({}).

3. Symmetry within unions. Let 4,7 € P, € P be symmetric players in
game v. For each R C M\{k} and T C Pi\{¢,j}, let A(R,T,h) =v(QUTU
{h}) —v(QUT) for h =1, j. Then, by the symmetric position of 7, j in v,

f(R,T)=A(R,T,i)— AR,T,5) =0 and
9(R,T) = AR, TU {j},i) - AR, TU{i},j) =0,

so that (27 [v; P] — £2%[v; P] is equal to

Z pr(l _p)m—r—l z f(R’ T) + 9(R7 T) = 0.

REM\{k} retoa PeCT) T PCEY)

4. Coalitional p-~binomial total power property. Let [v; P] € G§. Fixing
k € M, for every R C M\{k} we consider the game vy € Gp, defined by

vr(T)=v(QUT) —v(Q) forallT C Pg.
The Shapley value gives, for each i € Py,
1 .
gilor] = Y —mrQUT U} —v(QUT)).
repag P

Using the efficiency of ¢, we get

D ¢ilvr] = vr(Be) = v(QU ) — v(Q) = v"(RU {k}) — v"(R).

i€ Py

Hence

S 2fwiPl= Y pra-pm P RUEY) —of (R)] = (7)) 0]

i€P;, RCM\{k}
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and, finally,
S @wPl=) Y pa-pm P (RU R} - " (R)).
iEN keM RCM\{k}

5. Symmetry in the quotient game. It readily follows from the relationship

3 2Pl Pl = (vP) V"),

1€EP,

stated in the previous point, and the anonymity (whence symmetry) of the
p—binomial semivalue /?.

(b) (Uniqueness) Let g be a coalitional value on G5} satisfying the five
properties. Using additivity and the fact that the unanimity games form a
basis of Gy, it suffices to show that g is completely determined by its action
on any pair of the form [Aug; P], where A€ R, 0 # S C N and P € P(N). By
the dummy player property, g;[\ug; P] = 0if ¢ ¢ S. This leaves us with players
t€S. Let S’ ={keM:S5NP, # 0} and, for every k € §', S}, = SNF;. It is
easy to see that (Aug)’ = Aug/. From the coalitional p—binomial total power
property, and applying Lemma 1, we have

> abusiPl= 3 (W) Dus] = 3 )" Dus] = As'p .
ieN keM kes’
Now, from symmetry in the quotient game, if k£ € S’ then
> gibus; Pl =" gildus; P] = Ap®
1E€S], 1€ Py
and, finally, using symmetry within unions,

s'—1

A
gil ug; P} = P

for any i € Sj,.

As S = g Sk, this concludes the proof that g is univocally determined.
(c) £2° is a coalitional value of the p-binomial semivalue 1?. Indeed, for
P = P" the explicit formula of 2P reduces to

O Prl= Y pi(L-p)™ " p(RU{}) - v(R)] = ¥f o).
RCN\{i}

Finally, the quotient game property: as we have seen when showing the sym-
metry in the quotient game in part (a) of this proof, and using the preceding
property for G37,

3 0P Pl = @A)V = 2P PT. O
1€ Py
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Remark 1. (a) The symmetric coalitional p-binomial semivalue is a natu-
ral (and wide) generalization of Alonso and Fiestras’ symmetric coalitional
Banzhaf value, since 21/2 = II.

(b) £27 relates not only to the p—binomial semivalue ¢? (of which it is a
coalitional value) but also to the Shapley value ¢, as £2°[v; PV} = ¢[v] for any
v € GnN.

(¢} From Theorem 1 it follows that the only axiomatic difference between
the Owen value @ and the symmetric coalitional p-binomial semivalue 27 is
that the former satisfies efficiency whereas the latter satisfies the coalitional p—
binomial total power property, in a way that parallels the distinction between
the Shapley value ¢ and the p—binomial semivalue ¥?.

(d) The symmetric coalitional p—binomial semivalue represents a two—step
bargaining procedure where, first, the unions are allocated in the quotient
game the payoff given by the p—binomial semivalue ¢? and, then, this payoff
is efficiently shared within each union according to the Shapley value ¢.

4 A Computation Procedure

The multilinear extension (cf.[12]) of a game v € Gy is the real-valued func-
tion defined on RY by

flx1,z2,...,2y) = Z Ha:i H(l —z;)v(S).

SCNieS  jgs

As is well known, both the Shapley and Banzhaf values of any game v
can be easily obtained from its multilinear extension (cf.[12, 13]). The latter
procedure extends well to any p-binomial semivalue (cf.[18]).

In the context of games with a coalition structure, the multilinear extension
technique has been also applied to computing the Owen value ¢ (cf.[17]),
as well as the Owen-Banzhaf value B (cf.[4]) and the symmetric coalitional
Banzhaf value IT (cf.[2]). In this section we present a method to compute the
symmetric coalitional p-binomial semivalue 2 by means of the multilinear
extension of the game.

Theorem 2. Let p € [0,1] and [v; P] € G be a cooperative game with a
coalition structure. Then the following steps lead to the symmetric coalitional
p-binomial semivalue of any player i € Py in [v; P].

1. Obtain the multilinear extension f(xy,z3,...,Zn) of game v.

2. For every v # k and all h € P,, replace the variable x;, with y,.. This
yields a new function of x; for j € Py and y, for r € M\{k}.

8. In this function, reduce to 1 all higher exponents, i.e. replace with y, each
yg such that ¢ > 1. This gives a new multilinear function that we denote

as gx((z4)jepy, (yr)reM\{k})'
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4. In the function obtained in step 3, substitute each vy, by p. This provides
a new function ok ((x;);ep,) defined by

ar((®5)jepe) = 9k((Tj)sep, » (Plrem\(k})-
5. Finally, the symmetric coalitional p-binomial semivalue of player i € Py
in [v; P] is given by
1
Bak
Pl Pl —
2] [v; Pl = /0 B, (z,2,...,2)dz.

Proof. By the second and third steps, we get a multilinear function where all
terms corresponding to coalitions S such that SN P, # @ and (N\S)N P, # 0
for some r € M\{k} vanish. Indeed, in step 2, the terms corresponding to
these coalitions include expressions of the form cy?' (1 —y,)%2, with ¢, ¢ € N,
and in step 3 these terms turn on ¢(y, — y,) thus getting zero. Hence, the
only coalitions S for which the corresponding term of the (initial) multilinear
extension may not vanish after steps 2 and 3 are those of the form S = QUT,
where T' C Py, and Q = U,crP, for some R C M\{k}. The function arising
from step 3 is therefore

gk((mj)jEPka (yr)rGM\{k}) =
> > s II a-ep]lw [T a-wr@u).
TCPy RCM\{k}JET  jEP\T reR  r¢RU{K}
Substituting each y, by p (step 4) gives
arl((@lier) = > >[Iz JI -e)r@-p™ " u(@QuUT),
TCP. RCM\{k} jJET  jEP\T
By differentiating function oy ((z;);ep,) with respect to z;

P (eer) = > >

TCPe\{i} REM\{k}
Iz 11 a-z)pra-p™ " 'wQuUTU{}) -v(QUT).
JET  jeP\(TU{s})
Finally, by step 5,
1o
T2 (4,2
| B P

Z Z p"(1—p)™ " Ho(QUTU{i})— UT)]/ (1—z)Pe=t=1dy =

TCP\{i} RCM\{k}

Y Y ra-prr s D iy - w@u )

TCPe\{i} RCM\{k} Pk*

,2)dz =

= P[v; P,
completing the proof. ||
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5 A Remark and an Example

Simple games form an especially interesting class of cooperative games. Not
only as a test bed for many cooperative concepts, but also for the variety
of their interpretations, often far from game theory. In particular, they have
been intensively applied to describe and analyze collective decision—making
mechanisms —weighted majority games have played a crucial role here—,
and the notion of voting power has been closely attached to them.

A cooperative game v on N is simple if it is monotonic and v(S) = 0 or
1 for every S C N. A coalition S C N is winning in v if v(S) = 1 (otherwise
it is called losing), and W (v) denotes the set of winning coalitions in v. Due
to monotonicity, the set W™(v) of all minimal winning coalitions determines
W {(v) and hence the game. A simple game v is a weighted majority game if
there are nonnegative weights wy,ws,...,w, allocated to the players and a
positive quota ¢ such that

v(§)=1 iff Zwi >q.
€S

We then write v = [g;wy,we, . .., Wy].

Let SGy denote the set of all simple games on a given player set N.
A power index on SGy is a function f : SGy — RYM. All properties
stated for values in this paper —with the sole exception of additivity and
linearity— make sense for power indices. As SGxn is a lattice under the
standard composition laws given by (v V v')(S) = max{v(S),v'(S)} and
(v Av')(S) = min{v(S5),v'(S}}, we will say that a power index f satisfies
the transfer property if

flovd'] = flv] + fv'] = flvad'] for all v,v' € SG.

Very recently, Carreras, Freixas and Puente [5] gave an axiomatic characteriza-
tion and a combinatorial description in terms of weighting coefficients for (the
restrictions of) semivalues as power indices, which parallel the corresponding
ones for semivalues on general cooperative games.

Let SG& be the set of all simple games with a coalition structure on N. A
coalitional power index on SG% is a function g : SG5 — RY. All properties
stated for coalitional values in this paper —excluding again additivity and
linearity—, as well as the natural extension of the transfer property, make
sense for coalitional power indices. Vazquez, van den Nouweland and Garcia—
Jurado [21] carried out an axiomatic characterization of the (restricted) Owen
value as a coalitional power index by means of efficiency, the transfer property,
the dummy player property, symmetry within unions and symmetry in the
quotient game.

In a similar way, we have found a “parallel” axiomatic characterization
of the symmetric coalitional binomial semivalues as power indices (that is,
restricted to SGY) that we state without proof because it is very similar to
that of Theorem 1.
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Corollary 1. Let p € [0,1]. For any N there is a unique coalitional power
index on SG% that satisfies the coalitional p—binomial total power property,
the transfer property, the dummy player property, symmetry within unions
and symmetry in the quotient game. It is the restriction of the symmetric
coalitional p-binomial semivalue 2T to SG%.

Besides, this index satisfies the quotient game property and reduces to the
(restricted) p—binomial semivalue P when P = P™ and to the Shapley-Shubik
power index @ when P = PV,

In the following example, we shall apply some values and coalitional val-
ues (mainly P and (27) to the analysis of an interesting political structure:
the current Catalonia Parliament. All values have been computed using the
multilinear extension technique.

In the papers by Straffin [20], Laruelle [9] and Laruelle and Valenciano [10],
the Banzhaf value ( is suggested as a power measure more suitable than the
Shapley value. The natural generalization to semivalues has been argued by
Laruelle and Valenciano [11], Carreras and Freixas [3], and Carreras, Freixas
and Puente [5]. By considering here binomial semivalues, we look at the
Banzhaf value in perspective, as will be shown by the results of our anal-
ysis.

Therefore, our study of alliances will be based on the bargaining process
corresponding to the symmetric coalitional binomial semivalues (27: first, a
power notion is shared among unions in the quotient game by means of the
Banzhaf value or a binomial semivalue; then, the power so got by each union is
shared among its members by using the Shapley value. This will reflect that
both bargaining steps are of different nature. Notice that, once an alliance
is formed —and, especially, if it supports a coalition government—, cabinet
ministries, parliamentary and institutional positions, budgets, and other po-
litical responsibilities have to be distributed efficiently among the parties of
the coalition, hence in a way as closely as possible to the one suggested by
the Shapley value. At this point, the quotient game property and symmetry
in the quotient game become very relevant properties. In fact, they are con-
nected because if a coalitional value satisfies the quotient game property (as
is the case for all £2?) and it is a coalitional value of the Banzhaf value (or a
p-binomial semivalue) then symmetry in the quotient game follows from the
anonymity of 8 (or of ¢?).

Which is the reason for letting p range from 0 to 17 Notice that a reasonable
regularity assumption on players’ behavior is that the probability to form
coalitions follows a monotonic (increasing or decreasing) behavior. Then, it
is not difficult to see that the only semivalues such that pp,; = Apy for all
k (maybe the simplest form of monotonicity) are precisely the p-binomial
semivalues, in which case A = T% for any p € [0,1]. For example, p = 0.1
means that the players are very reticent to form coalitions, whereas p = 0.8
means that great coalitions are likelier. The neutral case p = 0.5 corresponds
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to the Banzhaf value. Table 1 shows, for n = 5, the weighting coefficients of
9P for several values of p.

Table 1. Weighting coeflicients of some p—binomial semivalues ¢ for n = 5

p=01p=04 p=0>5 [p=0.8
(Banzhaf)
po = (1 —p)* ]0.6561]0.1296| 0.0625 |0.0016
p1 = p(1—p)® |0.0729]0.0864| 0.0625 |0.0064
pa = p?(1 — p)?|0.0081]0.0576| 0.0625 |[0.0256
ps = p3(1—p) |0.0009]0.0384| 0.0625 [0.1024
ps = p* 0.0001|0.0256| 0.0625 |0.4096

As we will see, almost all allocations 97 [v] and coalitional allocations 27 [v; P]
will show factors p(1 — p). Furthermore, the maximum or the minimum of
all these allocations for each player will be attained in case p = 0.5, that
respectively correspond to the Banzhaf value 8 = ¥!/2 or to the Alonso-
Fiestras coalitional value IT = £2'/2. These properties would not have been
discovered if only the case p = 0.5 were considered.

Example (The Catalonia Parliament, Legislature 2003-2007). Five parties
elected members to the Catalonia Parliament (135 seats) in the elections held
on 16 November 2003, giving rise to a seat distribution that can be represented
by the weighted majority game v = [68;46,42, 23,15,9].

Let us briefly describe ideologically the agents in this game:

1: CiU (Convergeéncia i Uni6), Catalan nationalist middle-of-the-road coali-
tion of two federated parties.

2: PSC (Partit dels Socialistes de Catalunya), moderate left—wing socialist
party, federated to the Partido Socialista Obrero Espaiiol.

3: ERC (Esquerra Republicana de Catalunya), radical Catalan nationalist
left—wing party.

4: PPC (Partit Popular de Catalunya), conservative party, Catalan delega-
tion of the Partido Popular.

5: ICV (Iniciativa per Catalunya-Verds), coalition of Catalan eurocommunist
parties, federated to Izquierda Unida, and ecologist groups (“Verds”).

Notice that

W™ (v) = {{1,2},{1,3},{1,4,5},{2,3,4},{2,3,5}},

so that players 2 and 3 on one hand, and 4 and 5 on the other, are symmetric
in v.
We show in Table 2 the evaluation of v given by several binomial semivalues
¥P. The total power is 7P[v] = Y ¢¥[v].
iEN
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Table 2. Initial power distribution in the Catalonia Parliament 2003—2007

PP [v] p=01p=04p=05p=0.38
1.CiU p(1—p)(2+2p—2p%) 0.1962 0.5952 0.6250 0.3712
2. PSC p(1—p)(1+2p—2p®) 0.1062 0.3552 0.3750 0.2112
3. ERC p(1 — p)(1+2p—2p?) 0.1062 0.3552 0.3750 0.2112
4. PPC p(1 — p)(2p — 2p°) 0.0162 0.1152 0.1250 0.0512
5. ICV p(1 —p)(2p — 2p°) 0.0162 0.1152 0.1250 0.0512
7?[v]  p(1 — p)(4 + 10p — 10p?) 0.4410 1.5360 1.6250 0.8960

It is easy to see that the allocations found for p and 1 — p would coincide
because the game is decisive (proper and strong). Notice that the proportions
between the allocations to the players decrease as p approaches 0.5 from any
of the extreme possibilities (0 or 1). Also notice that the maximum allocation
(power) for any player and the maximum total power are got for p = 0.5

(Banzhaf value).

Next we are interested in the study and comparison of the politically most
plausible coalition structures. In each case, we have computed the coalitional
value 27 for all p € [0,1] and also IT (for p = 1/2) and the coalitional p—
binomial total power TP[v; P] = Y §27[v; P]. The results are as follows:

iEN

o The left-wing majority alliance PSC+ERC+ICV. The corresponding coali-
tion structure is P = {{2,3,5}, {1}, {4}}, and the coalitional values are:

Mv; P] = (0,5/12,5/12,0,2/12),

1+p—p* 1+p—p°

Pl Pl —
2P[v; P] <0, 3 , 3

TP[v; P] = 1.

0,

3

1—2p+2p2>

Notice that 27[v; P] > ¢f[v] for all p € [0,1] and i = 2,3,5, and also that
p = 0.5 gives the maximum of £2?[v; P] for PSC and ERC but, at the same

time, the minimum of 2% [v; P] for ICV.

Incidentally, in this case Blv; P] = (0,3/8,3/8,0,1/8), so that B fails to
satisfy the quotient game property and the sharing of the dictatorial power
is by no means convincing because of its inefficiency.
o The catalanist majority alliance CiU+ERC. The corresponding coalition
structure is P = {{1, 3}, {2}, {4}, {5}}, and the coalitional values are:

ITv; P] = (5/8,0,3/8,0,0),

l+p—p* 1-p+p°

707

inr- (142

TPlv; P] = 1.

2

,0,0>,
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In this case IT;[v; P] = Bi[v] but 2P[v; P] > ¢¥[v] for all p € [0,1] and
i = 1,3 (unless p = 0.5, where the equality holds). Here p = 0.5 gives the
maximum of 2P[v; P] for CiU and the minimum for ERC.

A most convenient way to analyze these evaluations of the coalitional be-
havior will consist of considering different values of p, and we will take 0.1,
0.4, 0.5 (this gives IT) and 0.8. Tables 3-6 show all these particular allocations
but we prefer the following order: p = 0.5, p = 0.4, p = 0.8 and p = 0.1.

Table 3. Evaluation according to ¥? and £2? for p = 0.5

scenario value CiU PSC ERC PPC ICV
initial (no alliance) 8 0.6250 0.3750 0.3750 0.1250 0.1250
PSC+ERCHICV B 0 0375003750 0 0.1250
PSC+ERCHICYV 1T 0 0416704167 0 0.1667
CiU+ERC B=1I06250 0 03750 O 0

The important point arises when considering the majority formation. Ac-
cording to the Owen-Banzhaf value B, forming a winning coalition does not
change the power of its members with regard to the initial distribution, al-
though it serves to reduce the outside parties to a null position. Instead,
from the viewpoint of the symmetric coalitional Banzhaf value I, coalition
PSC+ERCHICV clearly increases the power of each one of its members, and
hence it suggests to ERC the convenience to choose this coalition (which also
satisfies its partners, PSC and ICV) instead of CiU+ERC.

Therefore, we have to point out here that after a short period of negoti-
ations, precisely concerning these two options, alliance PSC+ERC+ICV was
actually formed and got the regional government of Catalonia, ending 23 years
of CiU governments headed by Jordi Pujol (under absolute majority of this
party or with the parliamentary support of PPC). The actual sharing of po-
sitions gave the presidency of the government to Pasqual Maragall (PSC) but
the presidency of the Parliament and the “Conseller en cap” position {a sort of
vice—presidency of the government) to Ernest Benach and Josep Lluis Carod
Rovira (both ERC), respectively. The remaining cabinet positions (“consel-
leries”) were distributed in the proportion 8:5:2 among the three parties.

Table 4. Evaluation according to ¥? and (2F for p = 0.4

scenario CiU PSC ERC PPC ICV
initial (no alliance) 0.5952 0.3552 0.3552 0.1152 0.1152
PSC+ERC+ICV 0 0413304133 0 0.1733
CiU+ERC 062000 0 0.3800 O 0

We recall that the allocations on this (decisive) game for a given p are the
same as for 1 — p, so that our comments on Table 4 (p = 0.4) are the same as
they would be for p = 0.6, and the analogue holds for Tables 5 and 6.
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By comparing the results given in Table 3 with those of Table 4, where
it is assumed that players are not indifferent to join a coalition of any size
but, rather, they prefer not too big coalitions (as p = 0.4), here we find that,
not only in the case of PSC+ERC-+ICV but also in the case of CiU+ERC,
every party entering such a coalition clearly increases its power. However, from
ERC’s viewpoint, coalition PSC+ERC+ICV gives again the best fraction of
coalitional power.

Table 5. Evaluation according to %" and §2? for p = 0.8

scenario CiU PSC ERC PPC ICV
initial (no alliance) 0.3712 0.2112 0.2112 0.0512 0.0512
PSC+ERCHICV 0 0.3867 0.3867 0 0.2267
CiU+ERC 05800 0 04200 O 0

It is worthy of mention that almost all (initial or coalitional) power alloca-
tions given in Table 5 are lower than in the previous cases. The only exceptions
are for ICV in PSCH+ERCHICV and ERC in CiU+ERC. The new feature here
is that, in these circumstances (p = 0.8), ERC would clearly prefer CiU+ERC
instead of PSC+ERCH+ICV.

Table 6. Evaluation according to ¥* and 2 for p = 0.1

scenario CiU PSC ERC PPC ICV

initial (no alliance) 0.1962 0.1062 0.1062 0.0162 0.0162
PSC+ERC+ICV 0 0363303633 0 0.2733
CiU+ERC 0.5450 0 0.4550 O 0

Finally, Table 6 exhibits the same trends as Table 5 but they are even
strengthened. Again, ERC would prefer CiU+ERC, and notice that the in-
crease of its power in agreeing to form this coalition would be greater than in
the previous case.

It is not difficult to see that ERC would prefer option PSC+ERC+ICYV in-
stead of CiU4+-ERC if, and only if, p € (—_—‘/g 5+‘/-), would remain indifferent

ifp= Si‘/— and would prefer CiU+ERC if p ¢ [332 /5 5+‘/_]

Asa concluswn of our analysis, we find that the evaluatlon of games and
games with a coalition structure by means of binomial semivalues and sym-
metric coalitional binomial semivalues provides a new approach to the study
of the coalitional bargaining. Some general properties sketched only on the
basis of this instance should deserve further attention.
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Summary. The restructuring of the gas industry did not so far generate the same
modeling activity as in electricity. While the literature of activity in electricity mar-
ket models is now abundant, it is still rather scant on the gas side. This paper surveys
some of the existing models and attempts to take advantage of the wealth of knowl-
edge available in electricity in order to develop relevant models of restructured gas
markets. The presentation is in three parts. The first one gives a blueprint of the
market architectures inherited from the European and North American gas legis-
lation. It also introduces a prototype optimization model and its interpretation in
terms of perfect competition between agents operating on the restructured market.
The second part extends the model to the case where marketers have market power.
The third part considers more complex issues related to regulation of access to the
network and existence of market power with different types of agents. Equilibrium
models are commonly formulated as complementarity problems and the same math-
ematical programming framework is adopted here. Many models are single stage;
there are generally easy to formulate and well known computationally. But many
phenomena require two stage models that are much more intricate and on which
much less is known. The paper is thus also aimed at pinpointing possible avenues
for mathematical programming research.

1 Introduction

Natural gas markets in Europe and North America have recently witnessed
significant changes brought about by government regulation and other market
forces. An example of a regulatory measure is the U.S. Federal Energy Regula-
tory Commission (FERC) order 636, requiring open access service to qualified
shippers (www.ferc.gov). In essence, this order transformed gas pipelines from
buyers, transporters, and sellers of gas to open access transporters paving the
way for new entities such as marketers to become more significant players that
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might exert market power. In the European Union, similar legal measures for
dividing the gas sellers and network operators have also been considered [13]
as part of the restructuring and deregulation of the natural gas markets.

The EU currently imports 45 % of its natural gas [32] and this share
is expected to rise given limited resources in the EU [5]). Four countries,
Russia, Norway, Algeria, and the Netherlands accounted for some 87.7% of
all EU gas imports in 2001 ([8] from Energie Bulletin 4145 p.5). Given the
declining resources of the United Kingdom, the Netherlands will be the only
major internal supplier in the coming years [5]. The potential for market power
among the few producers is apparent and natural gas supply security has been
addressed in the so-called "Green Paper” [12] and the European Commission
(EC) directive 2004/67/EC. The increase in natural gas demand is driven
in part by environmental concerns such as the Kyoto Protocol [42] and the
fact that natural gas has a lower carbon content than oil or coal [33]. Other
reasons for increased importance of natural gas such as the long-term supply
situation, or cost-effectiveness are important factors as well.

From a modeling perspective, the traditional system optimization ap-
proach for the restructured natural gas markets in Europe and North America
will not be the best choice. First, and in contrast with electricity, the gas mar-
ket, whether in North America or in Europe has never been an integrated sys-
tem amenable to a full optimization problem given the potentially divergent
interests of the main players. Second, given the realities of the new market-
place, such models will fail to capture the important (potential) oligopolistic
behavior of market players (e.g., producers in Europe, marketers in Europe
or North America).

In general, the introduction of competition in the network industries (e.g.
electricity, telecommunication, natural gas) stems from the following idea:
one should keep (or allow to be kept), a single company for those activities
considered as a natural monopoly, i.e., not competitive by default. One should
allow entry in other activities to permit competition.

One way to model this mixture of regulated and non-regulated behav-
ior, with the latter being either perfect or imperfect competition, is to depict
all the market players solving separate optimization problems. The Karush-
Kuhn-Tucker (KKT) conditions [2] for these optimization problems taken to-
gether with market-clearing conditions constitute a market equilibrium prob-
lem typically expressed as a nonlinear complementarity problem (NCP) [30].
Complementarity problems or the related variational inequality problems (VI)
have been studied in a variety of engineering and economic settings for a num-
ber of years [4]. However, only recently have there been NCP/VI (hereafter
called “complementarity”) models of the natural gas market with full market
detail. Some previous examples of imperfect competition models for natural
gas markets in Europe concentrating on specific market segments include the
early works of [31] and [11] who considered Nash-Cournot producers and a
Stackelberg production market, respectively. These works concentrating on
the production side were extended for example, in [29] and [6], who con-
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sidered stochastic aspects and a duopoly of producers, respectively. These
models all departed from traditional system optimization approaches such as
maximizing total surplus [40] but lacked sufficient market detail on all the
players as might be found in large-scale, detailed system optimization mar-
ket models such as: the Natural Gas Transmission and Distribution Model of
the U.S. Department’s National Energy Modeling System and its predecessors
(1, 15, 18, 38, 39]), the Gas Systems Analysis Model for the North American
market ([19, 20]), to name just a few.

Two recent models, have combined both sufficient market detail with the
complementarity approach for the new markets in Europe and North America.
The first model, GASTALE ([3, 14]|) based in part on the work by [25, 26].
considers Nash-Cournot producers with conjectured supply functions for the
European market. In addition it also includes perfectly competitive trans-
portation and storage sectors combined with multiple consumption sectors
and seasons. Gabriel et al. [21, 22, 23] have developed a model of the North
American natural gas market in which marketers compete non-cooperatively
against each other as Nash-Cournot players with the transporation, produc-
tion, storage, and peak gas sectors taken to be perfectly competitive, Also,
multiple seasons and consumption sectors are modeled.

Given the recent restructuring in natural gas markets and their impor-
tance to the energy sector, an analysis of appropriate modeling formulations
is needed. This is the main goal of this paper. In Section 2 we briefly describe
the functions of the various market players and provide a simple illustrative
example to clarify. We also recall some mathematical programming paradigms
that are used in the rest of the paper. In Section 3 we describe as a start-
ing point, perfectly competitive behavior for these players and analyze the
resulting KKT conditions for each of the players’ optimization problems. Sec-
tion 4 contrasts this behavior with imperfect competition among some of the
players, analyzing the key differences. Both the perfect competition model of
Section 3 and the imperfect competition models of Section 4 are relatively
easy mathematical programming problems. Section 5 introduces more diffi-
cult considerations. It introduces transmission problems that it treats both
in an average cost and Ramsey-Boiteux context. The first model guarantees
neither the existence nor the uniqueness of an equilibrium. The second model
is a non-convex optimization problem. More complex situations of imperfect
competition are treated in Section 6, where one envisions situations where dif-
ferent classes of agents operating in the gas market may have market power.
This leads to two-stage equilibrium problems that may not have pure strategy
solutions. Many of these models have not been treated yet in the literature.
The paper is thus a survey of work to be done as well. This is the message
developed in the conclusion.
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2 Natural Gas Market Players

The supply chain for natural gas begins with producers that extract gas from
either onshore or offshore reservoirs. The producers can be assumed to poten-
tially exert market power (as is the case in Europe) or behave in a manner
consistent with perfect competition (as in North America). The next step
is to transport the gas from production sites to either storage facilities, the
citygate, or directly to the consumption sectors (e.g., residential, commercial,
industrial, and power generation). Pipeline companies own and operate these
transportation routes and are subject to regulated rates (e.g., by FERC in
the U.S. and by National Regulatory authorities (NRA) in the EU). Storage
operators take advantage of seasonal arbitrage by buying and injecting gas
into storage in the low demand season (non-winter) and then selling it to con-
sumers in the high demand season (winter). Storage operators can be taken
to be regulated or oligopolistic depending on the local regulations. The EU
Directive 2003/55/EC has much weaker regulatory requirements on storage
than on transport. It only imposes access to storage on negotiated terms but
does not impose any price regulation. Owners of storage facilities are thus
only subject to general competition law and possibly to any additional reg-
ulatory obligation imposed by the Member States where their facilities are
located. Marketers (also known as shippers) are responsible for contracting
with pipeline companies to procure the gas and sell it to end-users. The mar-
keters are generally less subject to national regulation and can reasonably be
modeled as players with market power given their important position and the
new deregulated marketplace for natural gas. Specifically, in the EU, Directive
2003/55/EC does not impose any regulation to marketers which are thus only
subject to general competition law and possibly to the regulation that indi-
vidual Member States may find necessary. Additonally, one can also consider
peak demand players who supply extra gas in times of high demand. This
supply may be in the form of liquefied natural gas (LNG) or propane/air mix-
tures. Perfect or imperfect competition could be appropriate for these players
as well.

It should be noted that these players each can be modeled as solving an
optimization problem in which an abstraction of their operations is assumed.
For example, production rates are constrained by the number of available rigs,
pressure in the reservoirs, and so on. A full consideration of all engineering
aspects for these and the other players would no doubt lead to intractable,
non-convex problems, thus making the computation of a complementarity-
based equilibrium very difficult at best. For these reasons, an abstraction of
their operations is generally taken. Also, it is important to note that in some
cases, one parent company may have control over several levels of the natural
gas supply chain described above. However, regulations are in effect to try to
balance out the field between independent players and ones which are part of
a larger company operating on several levels of the supply chain [24]. In the
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European Union, this control of concentration is left to general competition
law.

2.1 An lllustrative Example

To clarify how the natural gas market can be modeled, consider the following
example, simplified from Gabriel et al. [21] and depicted in Figure 1.

Production Tranzmizsion Consumption

Producers (=12

Consumers f= 1.2

Seasiny y = 1 (surmmer: low demand
v = 2 (winler: high demandp

Fig. 1. A simplilied example

There are two producecrs separated from the market by a pipeline (we ne-
glect the distribution system). Storage facilities are located at the end of the
pipeline close to the market. There are two market segments, residential and
industrial. The problem refers to a single-year horizon decomposed into two
seagsons. Detnand is low 1n the first season and high in the second. Gas is
stored in the low season and extracted in the high season. In order to sim-
plify notation, we assurne that both seasons have the same number of days, We
also neglect all losscs whether from transmission or storage operations. Lastly,
depending on the case at hand, it is useful to consider domestic pipelines (en-
tirely located in a country), crossborder pipelines (e.g. crossing an European
border) or long distance transportation pipelines (e.g. bringing Russian gas
to Buropean borders through Ukraine). Each of these raises new questions
which are not treated here. Instead we assume a single pipeline for clarity.

2.1.1. Production

The description of the production of natural gas is reduced to a function
giving the cost of extracting the quantity of gas,{(qey, gs2) for seasons 1 and 2,
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respectively, for producer 4.

Cost = 3, ECys(qes)
qn 20,qp2 20 (1)
(EC for Extraction Cost)

All engineering complexity associated with extracting the gas from the
reservoir is thus bypassed. Stylized descriptions of this type are frequently
adopted in economics where these functions are used to construct analytical
modcls. In contrast, computable models rely on formulations that allow for
more detailed engineering descriptions of the gas production process [19, 20].
Even though we use a stylized representation of the cost function, such as
found in economic models, we keep in mind that one should be able to replace
it by a process model of gas production at least as long as one remains within
descriptions commonly amenable to optimization models (e.g. [4]).

2.1.2, Transportation

Pipeline transportation is also represented in a very simplified form that ne-
glects all technological characteristics arising from the pressure and flow re-
lationship or representation of compressors; see [10] for details. We simply
assume that thepipeline has a maximum capacity ?s based on the flow f;.
The owner of the pipeline incurs both short and long-run transportation costs.
The costs for the pipeline owner is represented as follows

Cost = 3 TCy(fs)
fe—fs20 fs >0 s§=1,2 (2)
(TC for Transportation Cost)

2.1.3. Storage

Storage is also modeled in the simplest possible form for ease of presentation.
Because we neglect losses, the amount recovered in the high demand season
is equal to the amount injected in the low demand season. Injection and
withdrawal operations respectively cause injection and withdrawal costs and
there is also a maximum injection rate. Because there are only two periods, this
maximal injection rate also limits the amount that can be stored. Additional
constraints on volumetric rates could also be included but are left out from
this simple example. The maximal injection rate thus also plays the role of
a storage volumetric constraint related to working gas in the reservoir. The
associated costs are as follows
Cost = IC (%) + WC(w)

t—w>0

i—i>0,w>0 (3)

(IC: injection cost; WC': withdrawal cost)

where i, w are the injection and withdrawal amounts, respectively, with 7 the
injection capacity.
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2.1.4. Demand

In general, the demand for each sector will be a function of the price in that
sector, which itself is a (decision) variable to be endogenously determined. For
illustrative purposes, we assume a fixed demand in each season. We let

d;s be the demand of consumer j in season s. (4)

2.1.5. From Transaction Costs to Marketer’s Costs

The supply of natural gas involves procuring gas from the producers, securing
transportation and storage services and selling the gas to the final consumers.
These activities imply transaction costs for an integrated company such as
the one described by a single optimization model. Because these activities
will take on a different interpretation later, it is convenient to single them
out in preparation for the rest of the paper. We therefore define the following
variables that will later be bundled into a marketer activity. Specifically the
marketing department of the integrated company

procures gas from producer £ in season s mqes

procures transmission services in season s mfs

procures storage services (injection and withdrawal) mi and mw ()
sells gas to customer j in season s md;

with the first letter m denoting that it is a marketing variable. For the sake
of simplification we shall only refer to the transactions costs due to the selling
of the gas (variable md;,) and not consider the other marketing variables in
the following. We let mn;, be the unit cost of selling gas to consumer j in
season $.

2.1.6. A System Optimization Model

As a point of comparison, it is natural to first state the overall natural gas
problem in standard production management terms or as a system optimiza-
tion problem. Specifically, there are costs to produce, transport and store the
gas before delivering it to the final consumers. There are also transaction costs
of coordinating these activities. As indicated above, we limit our description
to the sole transaction costs incurred because of the marketing of gas (sales
activity). The most efficient approach in optimization terms is to minimize
the sum of all these costs given as
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min Y2, 3, ECes(aes) + -, TCs(fs) + IC(5)
+WC(w) + 32,3, mnys - mdjs
st Y qs—fs 20 s=1,2
fi—i232;mdjy
fotw >3 mdjs ()
i—w >0
f-f20
i—i>0
mdjSZdjs S:1,2;j=l,2
qu:f57i7w >0

Problem (6) is a very simplified representation of a natural gas market
operated by a single integrated company. The primary usefulness is to serve
as a basis of comparison for more complicated models to be presented be-
low. Indeed, our goal is to progressively transform this small problem with
the view of encompassing some of the concerns typically faced by market
analysts, regulators, and economists. We assume throughout the paper that
all cost functions are convex and differentiable. This approximation is com-
monly made in economic models. Differentiability can be relaxed at the cost
of more complex formulations that we prefer to avoid in this paper. Adding
an assumption of quadratic function would also make our complementarity
problems linear complementarity problems (LCP).

This type of approach has been extensively used in the discussion of the re-
structuring of the electricity industry. Many arguments have been developped
on the basis of electric power models, comparatively as simple as problem (6)
and were eventually transformed into full size computable models for looking
at policy and strategic questions. We adopt the same philosophy: starting from
a simple optimization model, we progressively introduce economic questions
that reflect some of the aspects of the restructuring of the natural gas sector.
While there has been considerable modeling activity along these lines in the
electricity sector, this has not taken place yet in the gas sector.

The approach is also interesting from an optimization point of view. Some
of the models emerging from the process are standard complementarity prob-
lems which are now well understood. Other models are optimization problems
subject to equilibrium constraints. These problems are much more recent even
though their literature is already abundant. Also, other models are equilibrium
problems subject to equilibrium constraints, a particular case of Generalized
Nash Equilibrium problems. These are quite recent models that turn out to
be quite difficult to analyze and computationally challenging to solve. At this
stage, such models have received little attention in the literature. Last, but
possibly not least, the simplified mathematical programming problems formu-
lated here, can easily be made more challenging by adding all the technological
complexities neglected in this presentation.
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Classes of Mathematical Programming Problems

Before proceeding with building up a more complicated model of (6), we re-
call the KKT conditions, complementarity problems, and other mathematical
programs that are relevant. A detailed discussion of the properties of these
various mathematical programs as well as applications thereof can be found
in [4]. We use throughout the notation 0 < a L b > 0 which expresses the set
of relations

a>0 b>0 ab=0.

1. Karush-Kuhn-Tucker Conditions for a Convex Optimization Problem:
Consider a standard nonlinear programming problem of the form

min ()
st gi(x)<0i=1,...,m
hj(m)=0j=17"'7p

where f,g; : R® — R, are convex functions and h; : R — R are affine
functions. The KKT conditions are then sufficient for optimality ([4]).
These conditions are to find a decision vector x € R", an inequality La-
grange multiplier vector v € R™, and an equality Lagrange multiplier
vector v € RP such that

Vf (."L‘) + Zi u; Vg; () + Zj 'Uthj ()= 0
g (.’IU) SO,’U;i >0agi (x)uizo Vi
h; (z) = 0, v; unconstrained Vi

These KKT conditions are a special case of a nonlinear complementarity
problem with both equations and inequalities, called a mixed complemen-
tarity problem (MCP) and given as follows.

2. Mixed Complementarity Problems: Find z € R™,y € R™ such that

0< F(z,y) Lz >0
0= G(z,y)

where F' : R™ x R™ — R™, G : R™ x R" — R™ and in general. (These
problems are monotone in the context of this paper.)

More generally, one may want to optimize a certain function II(z,y, 2)
of three sets of variables z € R™,y € R",z € R". The z vector rep-
resents the “first stage” variables whereas x and y represent the “second
stage” variables. A typical constraint set consists of two sets of restric-
tions. First, there are regular constraints on the upper level variables of
the form z € S. Secondly, the second stage variables must satisfy some
mixed complementarity problem for fixed values of the first stage variables
z. This problem is given as follows.
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3. Mathematical Programming Problem Subject to Equilibrium Constraints
(MPEC):
maxgy y . 1(x,y, 2)
s.t. 0< Fz,y;2) Lz >0
0=G(z,y;2)
z€e S

which is in general a non-convex problem and computationally challeng-
ing. A well-known example of an MPEC is the bilevel programming prob-
lem in which the lower level constraints are the optimality conditions for
a second-stage problem.

MPEC problems can be generalized to equilibrium problems with equilib-
rium constraints (EPEC). A specific example of an EPEC is as follows:
Let K agents have first stage decision variables zx,k = 1,--- , K. Each
of these agents seeks to maximize an objective function IT*(z,vy, z, zZ¥)
where 2” , represents the optimal but fixed values for the other players.
This objective function is optimized subject to the constraint that z; € S
and equilibrium constraints such as specified in the MPEC problem. The
full problem is thus to find z;,k =1, .-, K, z,y as follows.

4. Equilibrium Problems subject to Equilibrium Constraints:

z} solves maxg y,z, II*(z,y, z, z*5)
st. 0<F(z,y;2k,2%;) Lz >0
0= G(ﬁv,y, zkyzik)
Z, € Sk

This problem, like the MPEC, is computationally difficult given that it is
in general a non-convex problem and existence of a solution (here a pure
strategy equilibrium) is not guaranteed even under standard compactness
assumptions on the feasible region. The solution of an EPEC problem, if
it exists, is a subgame perfect equilibrium [17].

3 A Perfect Competition Model

3.1 Demand Functions

Market models commonly assume that demand reacts to prices. Short-term
(real time) demand of electricity is the exception where demand is commonly
assumed to be insensitive to price. This reaction is represented by a demand
function, which, for concreteness, we assume to be affine and downward slop-
ing. We let

djs(pjs) and pjs(djs) (7)
be, respectively, the demand and inverse demand functions of consumer 7, in
season s. Using the inverse demand function, one introduces the willingness
to pay function given as
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djs
W Pyy(d;s) = /0 pja(€)dE. (8)

We assume, in order to simplify the discussion, that the prices will automati-
cally turn out positive.

3.2 Basic Assumptions

Perfect competition assumes that all agents are price-takers. This means that
agents optimize their profit or utility subject to prices that they take as given.
This assumption does not imply that these prices are exogenous to the sys-
tem, but simply that these agents see them as such. An expanded version of
problem (6) more amenable to an interpretation in terms of an equilibrium
is given in problem (9) in which all variables are taken to be nonnegative. In
preparation for its interpretation in terms of an equilibrium model, this version
also assumes that the marketing/sales activity of the integrated company has
been split in several marketing/sales activities k each under the responsabil-
ity of a different independent marketer k, with its own activity variable and
cost. Problem (9) differs from problem (6) in two respects. First it explicitly
introduces the demand functions (7) via the willingness to pay function (8).
Second it reformulates the constraints by introducing new variables that are
easier to interpret in terms of unbundled gas activities. Specifically this latter
difference between the two formulations allows for an explicit representation
of all the transactions of the marketers and the introduction of a possibly dif-
ferent unit marketing cost mn* of each marketer k in the objective function.
It also separates the production, transportation and storage activities.

max Zj 2os WPs(djs) — 220 205 ECus(qes) = 32, TCs(f)
—IC(E) - WC(w) - >, mnk(zj s md;?s)

s.t.
Qes — 2, mqs, > 0 (wpes) wellhead price
Y, mak, —mfrE >0 (bp’;) border price
mfF — mik — 2 md®, >0 (cgh) citygate price
mf¥ + muwk - Z mdsy > 0 (cg}) citygate price
Zk md dJs >0 (pjs) price paid by consumer
Ek mfF >0 (r,) transmission price
mzk —mw* >0 (uF) value of gas in storage for

/\/\/—\/-\/\/—\
© 0
N

marketer k (9.8)

i—.,mi* >0 (ip) injection charge (9.9)
w—Y, mw* >0 (wp) withdrawal charge (9.10)
fo—fs>0 (ps) transmission congestion (9.11)
i—4i>0 ()\) storage congestion charge (9.12)

Dual variables are written to the right of each constraint together with their
interpretation. The dual variables of constraints (9.2) to (9.5) are respectively,
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the wellhead prices (wp), border prices (bp), and citygate prices in summer
and in winter (cg). The other dual variables can also be usefully interpreted.
Specifically p;, is the price paid by consumer j in season s; 7, is the transmis-
sion charge in season s, ip and wp respectively the injection and withdrawal
charges into and from storage; ps is the congestion charge of the pipeline, A
the congestion charge of storage facilities, and y* is the implicit price of gas
in storage for marketer £. Note that except for the introduction of the pos-
sibly different transaction costs of the marketing activity and the addition of
different marketing variables, this model is equivalent to problem (6). As we
argue next, because of the new variables, it is amenable to an interpretation
in terms of the behavior of the agents in the market. Note also that balance
inequalities are written under the “free disposal assumption” i.e., they hold as
equalities when the commodity/service price is positive.

3.3 KKT Conditions, Complementarity Formulations and Agent
Behavior

We now proceed to establish the KKT conditions of problem (9) and interpret
them in terms of agent behavior in perfect competition. This interpretation
paves the way to the introduction and formulation of different assumptions of
imperfect competition.

3.3.1. Producers’ Behavior

The relation
< 8EC£s(q€)

- 3Qes
expresses that each producer maximizes its profit at the prevailing price in
the season. If producer £ is active in season s (ggs > 0), then the wellhead
price is equal to the marginal cost.

0 — wpes L qes > 0. (10)

3.3.2. Pipeline Operator Behavior

The conditions

OTCs(fs
OS%—Ts"‘pslstO (11)

0<fs—folps20
state that the pipeline operator maximizes the profit accruing from the use
of the pipeline at the prevailing price. If the pipeline is used (fs > 0), this
price is equal to the sum of a marginal transportation cost and a congestion
cost (7, = OTC,(f + ps)- The congestion cost p, is only different from zero
s

when the pipeline is full (f; = f,).

3.3.3. Storage Operator Behavior

The conditions describing the behavior of the storage operator can be stated
as follows.
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0<CE iy ii>0
oW C(w) (12)
0< __8_w —wplw=>0
0<@E—-9LA>20
These define storage operation charges and can be interpreted as follows.
There is a charge A on injection facilities only when there are congested, i.e.
XA > 0 implies i = 4. If the injection facilities are used (i > 0) the injection
charge is equal to the sum of the marginal injection cost and the congestion

charge: ip = 6—1% + A. The withdrawal charge is equal to the marginal
withdrawal cost when w > 0: wp = %
3.3.4. Consumer Behavior
The condition SWP
0< -7 +pjs L djs >0 (13)
js

expresses that the marginal willingness to pay for gas is equal to the price
when there is consumption, that is, d;; > 0 implies %Dji = Pjs-
js

3.3.5. Marketers’ Behavior

The appearance of marketers is a key element of the restructuring of the
gas industry. Marketers emerge from the optimization models as agents that
take on former coordination activities that involved procuring the commodity
and transportation and storage services as well as marketing the gas. They
compete against each other, and as a result put competitive pressure on other
agents that are not in a monopoly position (e.g. producers in the EU). Each
of the marketer’s tasks is described in complementarity form as follows.

3.3.6. Procuring the Gas

0 < wpgs — bp¥ L mgf, > 0. (14)

When mgf, > 0, the border price charged to marketer k is equal to the
wellhead price.

3.3.7. Shipping the Gas

0 < bpf —cgk + 7, LmfE >0 (15)

When mf¥ > 0, the citygate price of marketer k is equal to the sum of the
border price charged to marketer k£ and the transmission price.

3.3.8. Procuring Storage Services

Ogip+cg’f—,ukJ_mik20
0 < p* +wp —cg¥ L muw* >0, (16)

mi* = mw*.
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Note that relation (9.8), mi* > mw*, must hold with equality. Indeed, suppose
mi® > mw* >0, then uF = 0 by (9.8). This also implies ip = cg¥ = 0 (by the
first complementarity condition of (16)).4 >3 _,, mi* > mi* > 0, (12) would
then imply aéic = 0, ... which means that the cost of the whole supply chain
vanishes to zero in season 1. We exclude this case for economic reasonableness.

The difference of citygate prices between seasons 2 and 1 (cgk — cg¥) for
marketer k is equal to what it has to pay for storage services (ip + wp) when
it uses these services (mi* = mw® > 0). This is an intertemporal arbitrage
condition.

3.3.9. Marketing the Gas
0 < cg® + mn* —p;s(djs) L md;?8 >0. (17

When md;?s > 0, the price offered to consumer j in season s is equal to the

sum of the citygate price of marketer k and the marketing cost mn*.

4 Imperfect Competition: Market Power of the
Marketers

4.1 Background and Definition of the Agents

The above discussion is rather straightforward both in mathematical and eco-
nomic terms. It is well known that KKT conditions of convex problems can be
expressed as complementarity conditions and that they can be interpreted in
economic terms under our assumptions of convexity (see Section 2.1.6). But
this economic interpretation is very specific. It only refers to perfect compe-
tition, that is to conditions where all agents are price takers. The interest of
the KKT conditions in this model stems from the fact that we would like to
modify each of these complementarity conditions in order to better represent
the reality of the market. Indeed, European producers do not necessarily be-
have as price-taking agents. Transmission may be regulated both in the US
and Europe resulting in their charging their average cost. Marketers may have
a dominant position in their home market in Europe or in some large frac-
tion of the market in the US and hence not behave according to the perfect
competition paradigm. Similarly storage owners could be regulated or be in a
position to exert market power. In short, one would like to construct a model
that resembles the above KKT model at least in terms of its structure, but
differs from it in specific market aspects. We begin by briefly motivating this
approach.

4.1.1. Unbundling of the Transportation and Merchant Activities

It is commonly assumed, but by no means proved in theory or practice, that
the transportation infrastructure is a natural monopoly. This implies that
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one should not expect competition or, at least much competition to develop,
in transportation. We take the extreme view (which is true in Spain and
France but not in Germany) that there is a single transportation company
operating the infrastructure. Transportation, because it is a monopoly should
be regulated both in terms of the conditions of access and its pricing. In other
words one cannot expect that competition will naturally lead to relation (11).
One would thus need to impose some pricing regulation on the transportation
activity.

4.1.2. Unbundling of Storage and Merchant Activity

Storage is essential for gas operation. Storage can only be developed at certain
sites and the incumbent European companies currently already operate most
sites. It would seem natural to also unbundle storage from the marketing
operations. This can be done in two ways: one is to make storage competitive,
that is either to transfer ownership to other agents or to auction its capacity;
an alternative is to regulate the access to storage. For the sake of brevity we
shall not elaborate here on the regulation of the storage activity or on the
market power that storage owners can exert. For the sake of simplicity we
retain the perfect competition assumption model in (16).

4.1.3. Making Marketing Competitive

In contrast with storage and transportation, there is no restriction on having
several marketers operating in a given territory. Specifically all former gas
companies can have a marketing activity. Because they know the producers of
gas and the main characteristics of the gas consumers, this implies that they
can compete with each other in different geographic segments of the market.
Needless to say, the incumbent in some European country is likely to know
more about the demand sector of his country than about other countries, at
least in a first stage. But this is not sufficient to refrain from entering other
markets or from trying to team up with smaller agents operating in other
markets. This justifies unbundling the marketing activities and allowing for
different marketers in every market.

In short, we thus assume in the following that there is a single pipeline
company and a single storage company. The transportation activity is regu-
lated. We do not make any special assumption on storage that remains ruled
by (12), that is, at marginal cost pricing. We suppose that there are several
marketers that buy and resell gas and procure transportation and storage
services, possibly exerting market power.

4.2 Price Discrimination and Arbitrage

Even though there may be several marketers in a single market, it is unlikely
that it will immediately become perfectly competitive. This implies that one
looks for a Nash equilibrium with respect to some strategic variables, It is
common and easy to use quantities as strategic variables (3 la Cournot). We
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shall later use a similar Cournot assumption for representing producers. This
will lead to a much more difficult EPEC problem. According to this assump-
tion, each marketer optimizes its profit, assuming the quantitative actions of
the others given. In order to illustrate the principle, consider for a moment
the simpler problem of marketer k& buying gas in season s at citygate prices
cg® respectively. These marketers incur marketing costs mn*. In perfect com-
petition they will sell the gas to segment j at the price p;, satisfying

pjs(djs) = cgic +mnf, k=1,2. (18)

Both marketers will sell to segment j if the quantities cg! +mn! and cg?+mn?
are equal. If not, only the marketer with the smallest cg® + mn* will remain
in that market segment.

The situation is different with a Nash-Cournot assumption. We adopt the
standard notation to let —k designate marketers other than k. Under this
assumption and with this notation, marketer &k solves the problem

ma‘icpj“;(md’s€ + md;*ymd® — (cg® + mn*F)ymd~. (19)
md§

Assuming a positive sale (md® > 0), one sees that the pricing condition (18)
is replaced by

Oop;
Pjis(djs) + mdfgfl# =cgf +mn*, k=12 (20)
78

The only difference between the perfect and Nash-Cournot competition is thus

Opjs(d;
the replacement of p;s(d;s) by pjs(djs) + md’;——l%sa(;&).
Applying this reasoning to the previously derived KKT conditions, the

Nash-Cournot behavior of the marketers can be inserted into the above model
by simply replacing relation (17) by

0 < cgf + mn* —pjs(d;s) — md;“sap]asT(djs) L md;?s > 0. (21)
18

In this relation the gas price collected by the marketer from customer j in
time segment s is replaced by the marginal revenue from the same client in
that period. The rest of the KKT conditions remain unchanged.

This model is amenable to some variations. One can assume that all mar-
keters behave a la Cournot. Alternatively, one can suppose that the incumbent
marketer retains a dominant position and that the entering marketers behave
competitively, that is that they are price-takers. One would then have a mix
of relations (17) for the entrants and (21) for the incumbent. This could be
justified for instance if an entrant believes that it is too small to try to exert
market power in this new market. The entrant therefore prefers to leave the
task of maintaining a relatively high gas price to the incumbent and simply
behaves as a price-taker.
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The possibility of having this mix of behaviors introduces alternative possi-
ble formulations. One may simply combine the competitive relations describ-
ing the Cournot (21) and competitive (17) behaviors. This is the situation
where the incumbent naively considers the actions of the entrant as given.
Alternatively, one could assume that the incumbent takes the actions of the
entrant into account when planning its strategy. It then chooses its marketing
action taking into account the reaction of the entrant. This latter interpreta-
tion complicates the problem as shown below.

Price discrimination does not occur in perfect competition but is a stan-
dard outcome of market power. In order to analyze this phenomenon, consider
again the perfect competition model and suppose that marketer £ supplies
both consumers 1 and 2 in season s (md¥, > 0,md%, > 0) . Relation (17)
becomes

Pis = P2s = mnk + Cgf‘ (22)

One sees that the prices paid by the two customers in season s are identi-
cal. Consider now the Cournot model and make the similar assumption that
marketer k supplies both consumers in season s. Relation (21) becomes

Prs(das) + mds, Lo (dr,) — mn* — cgf = 0 and

(23)
Pas(das) + mdl, GB22 (dy) — mn — cgt = 0.

This time one cannot conclude that pys = pas. The prices to the two con-
sumers could be different and therefore price discrimination could occur. An
interesting question is whether price discrimination can persist in an open
market. This is where new agents, namely arbitrageurs, intervene.

Arbitrageurs are new agents that take advantage of price differences exist-
ing in a market. They buy where the price is lower and sell where it is higher
if the difference exceeds their transaction costs. Suppose, in order to simplify
the problem, different consumer prices as results from the Cournot pricing of
the marketers, zero transportation costs between the customers and negligible
transaction costs are present. The following modeling of arbitrageurs has been
introduced by [37] for the electricity sector and is presented here for natural
gas. Suppose an arbitrageur that buys a quantity ¢ from a first consumer
paying a lower price and sells this amount to a second consumer with a higher
price. The arbitrageur can make a profit and will expand this trading until
the prices of both consumers are equal. This can be formalized by imposing
that an arbitrageur solves the following problem

max|[p1s(dis + a}) — pas(das — a})]as (as unconstrained) (24)
as

where a; represents the amount that is arbitraged. It is important to note
that the a} in p15(dis + a}) and pes(das — a?) is not a decision variable to the
arbitrageur (based on the perfect competition assumption). The arbitrageur
is supposed to be a price taker. He/she trades as long as p1, # p2s but does
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not take the impact of his/her trade on the price into account. This is the
usual assumption of a competitive agent: it implies that the market settles at
a value a, for which

pls(dls + a:) - p2s(d2s - a:) =0. (25)

This effect can be readily inserted in the model (10) to (17) by adding both the
variables a, and the constraints (25), s = 1,2 to the set of complementarity
conditions.

Price discrimination can also take place between seasons. Suppose that
the marketer uses storage services. In perfect competition (17) implies that
the difference between the prices charged to a given consumer is equal to
the difference between the citygate prices in these seasons (see the discussion
of storage operations in section 3.3.5). This difference is itself equal to the
sum of the marginal injection and withdrawal costs, to which one also adds
a congestion cost in case the storage capacity is full. This is expressed in the
following relation ) .

e S (26)
j 2
which imply
pj1 — pj2 = cg¥ — cgk.
Taking the Cournot assumption where the prices charged to a consumer in
the two seasons have been replaced by the marginal revenues accruing from
these consumers, one obtains

oD
pia(djn) + md?x;g%ﬁ(dﬂ) —cgf —mn* =0

3 B
pi2(dj2) + md, ];.22 (dj2) — cgk — mnF = 0.

(27)

This does not imply that p;o — p;; = cg¥ — cg¥. The price difference between
the two seasons is not necessarily equal to the difference between the citygate
prices and hence to the sum of the marginal injection and withdrawals charges
and a possible congestion cost. In other words, there may be price discrim-
ination. This price discrimination between seasons has been pointed out for
the case of reservoir management in electricity in [7]. It also appears here in
natural gas. The implication of the market power here is a non-optimal use of
the storage compared to the perfect competition case. Arbitrageurs can again
intervene to reduce the price discrimination between seasons. An arbitrageur
here is an agent who buys a quantity in the first, low-price period and releases
it in the higher price period. The arbitrageur does not buy gas from the pro-
ducers (it would be an other marketer in that case); he/she simply takes a
position between the two periods. Needless to say the arbitrageur incurs the
storage costs, in this case the sum of the marginal injection and withdrawal
costs and the possible congestion charge in case storage facilities are full. The
arbitrageur therefore solves the following problem
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oIC (i + a* IWC(w+ a*
Gre) owelea) ],

max |pja(djz + a*) — pj1(dj1 —a*) — < 5 9w
(28)
where he/she takes %ig’ OWC ,nd Aas given. Solving the problem will imply

that the prices between two seasons will satisfy the relation
BIC(i+a*) OWC(w+ a*)
- +
di Ow

Again this effect can be readily inserted in the model (10)-(17) by adding both
the variables @ and relation (29) to the set of complementarity conditions at

+A o (29)

pi2(djo + a*) —pj1(dj1 —a*) =

least if one assumes that one has an analytic expression of both %@g and

GWC’_ One also needs to replace ¢ > % be 7 > ¢ + a. We saw before that
the Cournot marketer could anticipate the actions of the spatial arbitrageurs
expressed in relation (25) (clairvoyant marketer) or take them as given (myopic
marketer). The same distinction can be made here with respect to the behavior
of marketers vis a vis the seasonal arbitrageurs (relation (29)). The case of
the naive arbitrageur is straightforward to model: one simply replaces relation
(21)-(22) by the pair

0 < cgk + mn¥ —pis(djs + a) — mdk 2Pis | md;?s >0

s 3ds, (30)
pls(dls + a) - p2s(d2s - G,) =0.

In contrast with the naive Cournot marketer, the clairvoyant marketer foresees
the action of the arbitrageur and takes them into account in its sales. Metzler
et al. [37] have shown that both assumptions lead to the same outcome in
electricity markets. It is conjectured that the same result holds here. The
reader is referred to [37] for an in-depth discussion of this question.

5 Regulated Transportation

5.1 Background

It was argued before that there will likely remain a single transportation com-
pany in each EU Member State after restructuring has taken place. This trans-
portation company therefore has a dominant position in the transportation
market and hence needs to be regulated. Germany is the only proponent of an
alternative approach and argued for a long time that transportation of natural
gas is a competitive activity. And indeed some competition developed. But
Directive 2003/55/EC applies to all Member States and Germany will need
to comply with the common approach which is to regulate gas transportation.
It remains to be seen how it will meet the regulation requirement. Regulation
should facilitate the proper access to transportation infrastructure. The exact
meaning of “proper” has been extensively discussed in the literature on access
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pricing in network industries (mainly in telecommunication). We note that
our formulation (11) implements a marginal cost pricing of transportation
services and a congestion charge when the capacity of the pipeline is satu-
rated. This congestion cost is charged to all marketers. Marginal cost pricing
has been vigorously discussed in the context of access to the electric power
network where it gave rise to the famous disputes between proponents of the
flowgate and nodal models and to the discussion of zonal /nodal pricing in the
United States. It also gives rise to various issues of market power in the trans-
portation of electricity. We shall not discuss these questions here because in
contrast with electricity, congestion in natural gas transport does not seem yet
to be a major issue. Besides marginal cost pricing we consider two other ap-
proaches to transportation pricing, namely average cost and Ramsey-Boiteux
pricing. Average cost pricing is the most widely accepted tariff structure in
practice even though it has little economic virtue. By contrast, Ramsey Boi-
teux pricing is a sophisticated way to allocate costs. Its application to utilities
was made famous by Boiteux’s seminal contribution to electricity pricing. It
has been extensively discussed in the context of access to telecommunication
infrastructure. Its application to natural gas is due to [9]. We model these
approaches without any attempt to summarize the extensive discussions that
they generated.

5.2 Average Cost Pricing

Average cost pricing is the preferred access pricing method in practice. It
consists of setting a price that allows the network owner to cover its cost in-
cluding a proper rate of return on capital. To illustrate the principle, consider
the simple situation depicted in Figure 2 with two marketers. One assumes
that the charge is set at regular time intervals by the regulator on the basis
of the transportation cost and on some historical or prospective view of the
flow in the pipeline.

producers marketer 1 consumers
- - - - = =~
R Q transport ~
4
~ -~
N e L e - —
marketer 2

Fig. 2. two marketers and a transporter

Let tc and F be respectively the variable and the fixed cost of the network
(see Figure 3). Assume two marketers who respectively ship f; and f, through
the network. A plausible average cost access tariff is given by the unit rate 7,
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(31)
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Fig. 3. Cost function of the transportation activity

One can again think of two possible implementations of this tariff. In a first
“naive” implementation, the marketers do not foresee that increasing the
amount of demanded transmission service will decrease the unit rate 7,. In
another interpretation, they anticipate this change. Replacing (11} by (31)
and keeping the rest of the KKT conditions unchanged models the naive in-
terpretation.

5.3 Infeasible Problems and Multiple Equilibria

All models covered up to this point can be converted into convex optimization
problems, at least under standard conditions on the cost function (convexity),
the demand curve (downward sloping) and for the Cournot model, revenue
function (concavity). They are thus guaranteed to have a convex set of solu-
tions. In contrast the introduction of average cost pricing prevents this con-
version into a convex optimization problem. The complementarity problem
becomes nonlinear and ceases to be monotone as a result of the decreasing
unit rate 7, (31) replacing (11). This may make the model infeasible or intro-
duce multiple equilibria. This is illustrated in Figure 4 for the cost function of
the transportation activity shown in Figure 3. The example assumes a single
consumer, no storage, zero marginal gas production cost and a marketer who
needs to pay for transportation priced at average cost. The figure illustrates
two situations that correspond to different levels of the fixed charge F'. Curve
(1) corresponds to the case of relatively low value of F'; the average cost curve
intersects with the demand curve at two points so that here are two equilibria.
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When the fixed charges of the pipeline are too high (curve (2)), the transporter
cannot find a demand level that pays for the cost of the network. This lack of
equilibrium may seem unrealistic if the fixed charges are limited to the sole
cost of the network. This phenomenon proved dramatically relevant before the
restructuring of the US gas sector in the 1980’s when the fixed charges to be
recovered by the marketers (at that time the pipelines companies) included
the take or pay commitments of long-term contracts.

average cost curve with high fixed cost:
7 1o equilibrium

p;T )

average cost curve with low fixed cost:
multiple equilibria

Fig. 4. Non existing and multiple equilibria

5.4 Ramsey-Boiteux Problem Statement

Economists working on access pricing in the telecommunication area have
extensively promoted the application of Ramsey-Boiteux pricing for access to
the infrastructure. Cremer et al.[9] converted this approach to transportation
of natural gas. We first introduce the method in a simplified context and then
discuss the problem that it raises in the more realistic context (even though
extremely simplified) of our example.

Consider the simplified case where there is no storage, a single marketer,
one gas producer and two customers as shown in Figure 4.

><
-,

N pydy)

transportation
Fixed cost of pipeline: F

Fig. 5. One producer, one marketer, no storage
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Assume the charge to recover through access prices amounts to a single fixed
cost of the pipeline (tc = 0 in Figure 3). One wants to find access charges for
the two customers that maximize economic welfare and allow one to cover the
revenue requirement of the pipeline.

Supposing that the whole economy is in perfect competition except for the
transportation of natural gas. We note ¢ the production quantity and use 77
to denote the transport charge to consumer j in the example. 77 is then given
by

. SEC
™ =p;(d;) - 8—q(Q) (32)
where % is the price charged by the producer for its gas in perfect competi-

tion. The transport charge is equal to the difference between the price paid by
the consumer and the marginal extraction cost of gas. Relation (32) implies
that g can be written as a function of d; and 77: let ¢(d, 7) be this function.
The resulting welfare maximization problem in simplified form is stated as

max [3* py(€1)dér + [i pa(€2)dEs — EC(q)
s.t. Tldl +T2d2ZF (33)
0<qg< /[

Note that the KKT conditions of (33) are similar but not identical to (32).
(33) is indeed the regulator’s problem while (32) represents the equilibrium
conditions in a perfectly competitive market.

This formulation assumes that there exists a benevolent regulator that
tries to maximize the overall welfare while simultaneously covering the fixed
charge of the network. The formulation assumes that the marketer procures
the gas at marginal cost which corresponds to a perfectly competitive produc-
tion market. Alternative assumptions are possible. A perfectly competitive gas
production is a quite reasonable in North America, but not in Europe. What-
ever the assumption of competition on the production side, Ramsey-Boiteux
introduces access charges that are specific to the consumer segment. The con-
sumer which values gas more pays more. This is price discrimination but it
is accepted in this context because of the objective pursued, namely an effi-
cient pricing of the infrastructure. In U.S. parlance, the discrimination is not
undue. We do not discuss this legal and economic issue here.

Consider the formulation given in (33) and the transmission charges 7
and 72. The (perfect competition) equilibrium conditions of the rest of the
gas market can be written as

1

pi(ds) =bp+ 17
2di =g¢q

where bp = OF/8q is the border price in the one producer case. This is a
square system, which means that the production and demand are entirely

(34)
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determined by bp, 7! and 72. The Regulator is only responsible for choosing
7% and 72 while the market will select bp on the basis of q. The Regulator
therefore optimizes a criterion that effectively depends on d; and ¢ by playing
on the 77, Assume a quadratic cost function EC, then bp is affine. Because
we also assumed affine demand functions, the dependence of all variables d
on 7! and 72 is affine. The maximization problem of the Regulator is thus
convex. Economists have elaborated at length on the analytic solution of this
problem.

The same reasoning could have been made if marketers behaved & la
Cournot. The relationship (32) would have been replaced by Cournot equilib-
rium equations, that is, by replacing the price by the marginal revenue. These
resulting expressions would have been affine. The problem of the Regulator
would have been different from an economic point of view, but its mathemat-
ical structure would have remained unchanged. In both cases, Ramsey pricing
is amenable to an analytic solution. Things become much more complex when
one turns to a more detailed physical model where the square system of equa-
tion (34) is replaced by a complementarity problem.

5.5 Applying Ramsey-Boiteux to the Example

The above reasoning can be considered in the more general case of our ex-
ample. Assume as before that the transport charges (7;,) differentiated by
customer and season are known. All the other variables of the market are
determined by the equilibrium conditions that describe the behavior of all
agents except the transporter. Specifically one defines a restricted equilibrium
subproblem RESP(7) consisting of the following complementarity conditions

- Producer’s behavior (10)

- Storage operation behavior (12)

- Consumer behavior (13)

- Marketers behavior (14) to (17)

- All balance inequalities (9.2) to (9.10) holding as equalities.

One notes that the pipeline operator equations (11) that involved the trans-
port charges 75 are not part of the subproblem. They have been replaced in
RESP(7) by exogenous assumptions on the 7. The result is a well defined
restricted equilibrium subproblem RESP(7) parametrized by the 7;,.
RESP(7) is a complementarity problem, which in this case is equivalent
to an optimization problem. It has a convex set of solutions which reduces
to a single point when the marginal cost of the producers and the demand
functions are affine and non-constant. It is thus possible to define the Ramsey
pricing problem using the same philosophy as before: the Regulator selects the
Tjs in order to maximize a function that depends on the d;; and gp;. While the
objective function is concave in these variables, it is no longer concave in the
Tjs. The relation between the former and the latter is indeed piecewise affine
in this case because it is the solution of a linear complementarity problem that
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is parametrized in 7. This problem is a mathematical programming problem
subject to equilibrium constraints (MPEC) as discussed above (see [4]). Note
that the formulation can encompass different variants of the restricted equilib-
rium subproblem. Specifically, there is no difficulty accommodating Cournot
marketers instead of perfectly competitive marketers. The variants on arbi-
trageurs that we discussed in this problem can also be included.

6 Cournot Producers

6.1 A First Model (see [36])

Both the former “gas companies” and the gas producers had market power in
the pre-restructuring European market. In contrast gas producers can be seen
as largely competitive in the US. The study of market power in the European
gas sector through complementarity problems began in Norway and combined
both economic analysis and computational methods. Specifically, [36] modeled
the European gas market under three assumptions of competition, namely
perfect competition, monopoly, and the now standard Cournot assumption.
By comparing the results obtained to observation, they concluded that the
Cournot model was a realistic representation of the European market of the
time. Mathiesen [34, 35] also showed how complementarity problems could be
used to solve equilibrium models. We begin our discussion of the market power
of the producers by casting this early work in our example that we simplify
somewhat further. Consider a hypothetical gas company (that is, a company
that bundles merchant, transmission and storage activities) operating in the
pre-restructured period. It is regulated at cost and can only charge the sum
of the procurement cost and a fixed mark-up that represents its average costs
and some previously agreed upon margin. We let ac’/ be this mark-up when
the company procures gas at producer £’s location and sells it to market j.
Neglect storage operation and assume a single season. Let p; be the price in
market j. A producer £ selling to the consumer market j receives a netback
p; — act as shown in Figure 6.

1 ,
producer! (O = — — — 35 — %~ — — = () consumer
NG acl? C}_CZZ - ’Ol
N e e T -
==
/jL:;_______zz,__m__":\_v_\(_;

2 ac

Fig. 6. No storage, fixed gas company margin
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The behavior of the Cournot producer 1 can then be described by the following
optimization problem

max pi(md} + md; "ymds + pa(mdj + md; ' ymdy

md},md}
—act'md} — ac'?*md} — EC1(md} + md}) (35)
s.t. md} > 0,md} >0

where the optimization is carried out on the variables mdi and md}, keeping
the sales mdy ! and mdy ! fixed. Mathiesen [36] formulated and solved this
problem on a bipartite transportation network with European producers £
being the left-hand nodes and European markets being the right hand nodes.
The ac gave the transportation costs. Different extensions of Mathiesen et
al.’s work were made that ultimately led to the GASTALE model mentioned
in the introduction ([3]). Golombeck et al. [25] examined the impact of the
introduction of the first European Gas Directive by assuming that it would
lead to arbitrage between gas prices inside the border of the European Union.
In other words, arbitrageurs would trade gas between the different border
points so as to eliminate the price differences that would not be justified
by transporting costs. Golombeck et al. [26] also examined the impact of
abolishing export monopolies in the exporting countries. In all these studies,
the marketing company was represented by an exogenously given overall cost
and margin that we noted ac. In contrast, GASTALE introduced market power
both at the producer and marketer side. The representation of the latter was
simplified with respect to Gabriel et al. [21] in order to make the example
more tractable. It does so by implementing an oligopolistic version of the
economic notion of double marginalization [27, 28]. See [41] for a discussion
for the monopoly case.

6.2 Double Marginalization and the GASTALE Model

The structure of the European gas market suggests that both the producers
and the marketers have market power. The question is whether this duality
of market power can be accommodated in computational models. GASTALE
extends Golombeck’s model to account for this phenomena [3].

Mathiesen et al.’s original model briefly recalled above assumes that the
marketers simply add a mark-up to the price that they get from the producers.
In other words the margin between the price paid by the consumer and the
marginal cost of the producers is shared by the producers and the marketers
but the part of the latter is fixed. This is the case when one assumes that all
transportation and storage costs are exogenously given and the profit of the
marketer is regulated. The price charged by a marketer to a consumer is thus
equal to the price at the wellhead plus the sum of the price of transportation
and storage including some regulated margins. [3] consider an extension of this
view where the marketers behave competitively or & la Cournot. Specifically
these authors assume a given number of identical marketers in each market
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that equally share the demand in that market. All segments are served and
hence each marketer sells an equal quantity to each segment. Using this prop-
erty, Boots et al. can relate the prices charged to the different segments of the
final demand to the price charged by the producer to the marketers. Their
model is a mix of computational and analytical modeling. The derivation of
the demand curve seen by the producers is analytical and relies on the as-
sumption of symmetry of the marketers. The exertion of market power by
the producers is computational and directly related to the previous work of
[36] and [25]. An interesting objective is to remove the analytical part of this
model to make it purely computational. This is necessary if we want to do
away with the assumption of symmetric marketers. We shall see that Boots
et al.’s approach can in principle be extended by assuming non-identical mar-
keters that behave a la Cournot but at the price of additional computational
difficulties. We consider two cases depending on whether the producers behave
4 la Cournot or a la Bertrand.

6.3 Bertrand Producers and Competitive or Cournot Marketers

Following the standard reasoning of double marginalization we assume that
the marketers take the border price bp* as given and that they can buy un-
limited quantities at that price. Natural gas is normally considered as an
homogeneous product after pretreatment at the well or at the beach (the
“border" in bp). This suggests representing the competition of the producers
& la Bertrand. The producer ¢ that sells to a marketer k£ at the lowest price
gets all the demand in that market. If several producers sell to a marketer
they do it at the same price and equally share the demand of that market.
This complies with our noting bp® as the price paid by marketer k “at the
border" in season s. Given the bp¥, one can define a restricted equilibrium
subproblem RESP(bp) that represents the behavior of the rest of the market
by assembling the complementarity conditions that describe

- The pipeline operator behavior (11)

- The storage operator behavior (12)

- The consumer behavior (13)

- The marketer behavior (14) to (17)

- All balance inequalities (9.2) to (9.10) holding as equalities.

Only the relation (10) describing the behavior of the producers is left out. It
is replaced by taking the bp* as parameters. Because of the integrability of the
demand functions, RESP(bp) is a complementarity problem that is equivalent
to an optimization problem. Introduce the notation

maf = " maf,
£

to denote the total demand of gas by marketer & in season s. This value can
be derived from the solution of RESP(bp). It is unique for each vector bp* if
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one assumes affine demand functions as we did throughout the paper (affine
demand functions are a sufficient but non necessary condition for this result).
Then, let mqic (bp) be the demand of gas of marketer & in season s, as a function
of the prices bp® found as part of the solution of RESP(bp). Inserting this
solution in the profit function of the producers, it is possible to define a new
Nash equilibrium problem whereby the producers select the border prices bpfs
at which they sell gas to the marketers in order to maxirmize their profit. The
resulting problem is an equilibrium problem subject to equilibrium constraints
but of a type that to the best of our knowledge has not been mentioned let
alone studied in the literature. The first-stage competition is of the Bertrand
type while the second stage is Cournot. The natural question is whether this
model would be relevant in practice. We already indicated that production
is competitive in the US so that this model would thus add very little. In
contrast there is much talk of the emergence of “gas to gas competition"
in the oligopolistic European gas market. A Bertrand competition, where,
producers compete in price would thus be worth exploring. The interest of
the problem is that, in contrast with all the other models discussed in this
paper, Bertrand competition for homogeneous products cannot be modeled
through complementarity formulations.

We do not explore this problem any further and turn instead to the more
standard formulation where producres have limited possibilities for exerting
market power through prices but do so through quantities. This leads to a full
two-stage Cournot model.

6.4 Cournot Producers and Competitive or Cournot Marketers

In order to adapt the above formulation to arrive at a problem where both
stages are Cournot, consider the case where marketers are not given a cer-
tain border price bp* but an import quantity mq}fs‘ In other words producers
behave strategically by restricting their sales to marketers. It is easy to see
that one can restate the restricted equilibrium subproblem to accommodate
this new situation where quantities are the strategic variables. Consider the
restricted equilibrium subproblems RESP(myq) consisting of

- The pipeline operator behavior (11)

- The storage operator behavior (12)

- The consumer behavior (13)

- The marketer behavior (14) to (17)

- All balance inequalities (9.2) to (9.10) holding as equalities.

Again the relation (10) describing the behavior of the producer is left out and
is replaced by an assignment of mgp,.

This subproblem is again a complementarity problem, which is equivalent
to an optimization problem. It has a convex set of solutions which is unique
when the marginal cost of the producers are affine and non-constant. Let bp®
be the price of the gas found in relation (15). This price, bp* is the marginal
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value of the gas sold to marketer &k in season s, that comes out as a solution
of that suproblem. It is thus the price at which marketer & is willing to pay
for the gas,when offered the quantities mql’fs. We can thus define the map-
ping bp®(mgs). This allows one to define a new Nash equilibrium problem for
the producers whereby they select the quantities mqfs that they sell to the
marketers. This is stated in

max Y [ Y bpk(maf,, ma* ,ymaf, — ECea(Y_ maf,)] (36)
s k k

mgf, > 0,mq*,, fixed.

There is one such intertemporal problem for each producer. The collection
of these problems for the different producers and the search of a set of mqfs
that simultaneously solves all of them is an equilibrium problem subject to
equilibrium constraints (EPEC). Again, there is no real difficulty accommo-
dating perfectly competitive marketers instead of Cournot marketers or any
mix of assumptions that we have seen. The difficulty is indeed to solve such
a problem.

7 Conclusions

This paper surveys some work as well as points out work that remains to be
done. It considers essential problems brought about by the restructuring of the
gas industry in Europe and North America for which one has relatively little
knowledge and understanding. We can improve our insight of this market
by modeling it on the basis of standard economic assumptions. Models of
industrial organization raising questions of direct relevance to the gas market
flourish in industrial economics. As it is often the case, their results differ
drastically depending on their assumptions. This is confirmed by numerical
experiments. As one says “the devil is in the details”. The problem is that
the devil has considerable potential in the important area of natural gas. It
is important to add to the insight provided by economists by also exploring
these questions experimentally, in this case computationally. Because of the
novelty of the market, there are currently little data in Europe to validate
these models. In contrast the restructured US gas market has accumulated
several years of experience. This validation process is especially interesting
since many of the models arising from industrial economic concepts also turn
out to be quite difficult in mathematical programming terms.
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Summary. This paper deals with a hard nonlinear biobjective optimization prob-
lem: finding the optimal location and design for a new franchised facility within a
region where facilities (both of the franchise and not) already exist and compete for
the market. The franchisor and the new franchisee both want to maximise their own
profit in the market, but these two objectives are in conflict. Customers patronize all
the facilities, old and new, proportionally to their attraction to them. Both resulting
objective functions are neither convex nor concave. An interval branch and bound
method is proposed to obtain an outer approximation of the whole set of efficient
solutions. Computational experiments highlight the different kinds of information
provided by this method and by a variation of the lexicographic method.

1 Introduction

Multiobjective optimization problems are ubiquitous. Many real-life problems
require taking several conflicting points of view into account. In fact, although
the origins of the multiobjective optimization literature are linked to utility
theory, game theory, linear production theory and economics (see [20]), we
now can find applications in many and diverse fields, such as portfolio op-
timization [10], jury selection [42], airline operations [11], radiation therapy
[33], manpower planning [43] or reservoir management [1], among others. In
[49], White mentions more that 500 applications between 1955 and 1986. Clas-
sical references on multiobjective optimization are the books [4, 5, 45, 50, 51].
Other more recent books are |17, 35].

* This paper has been supported by the Ministry of Science and Technology of Spain
under the research project BEC2002-01026, in part financed by the European
Regional Development Fund (ERDF).
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In this paper we restrict ourselves to the biobjective case, that is, to the
problem

;n:n l{/fé(g),gf%(g)} (1)

where fi, f2 : R® — R are two real-valued functions. Let us denote by
f@) = (f1(v), f2(y)) the vector of objective functions, and by Z = f(S) C R?
the image of the feasible region. Some widely known definitions to explain the
concept of solution of (1) are the following.

Definition 1. A feasible vector y* € S is said to be efficient iff there does not
exist another feasible vector y € S such that fi(y) < fi(y*) for all i = 1,2,
and f;(y) < f;(y*) for at least one index j. The set Sg of all the efficient
points is called the efficient set.

Efficiency is defined in the decision space. The corresponding definition in
the criterion space is as follows.

Definition 2. An objective vector z* = f(y*)} € Z is said to be nondominated
(or also efficient) iff y* is efficient. The set of all nondominated vectors will
be denoted by Zn.

Ideally, solving (1) means obtaining the whole efficient set, although in
practice we will be satisfied if we obtain some representative (in some sense)
efficient points. There is a great and rich variety of methods with that aim, as
can be seen in the references mentioned above {weighting method, constraint
method, lexicographic method,.. . ). However, most of the literature on multi-
objective optimization deals with either discrete problems or with continuous
multiobjective linear problems, whereas the interest in this paper is in non-
linear multiobjective optimization. Although less studied, we can also find in
the literature many references dealing with this last topic (see [35] and the
references therein).

In particular, here we consider a competitive facility location problem.
Competitive location deals with the problem of locating facilities to provide a
service (or goods) to the customers (or consumers) of a given geographical area
where other competing facilities offering the same service are already present
(or will enter to the market in the near future). Many competitive location
models are available in the literature, see for instance the survey papers [8,
9, 19, 29, 38, 41, 48] and the references therein. However, the literature on
multiobjective competitive location models is rather scarce. In fact, to our
knowledge, [21, 47] seem to be the only references in this field. This is in
part due to the fact that single objective competitive location problems are
difficult to solve, and considering more than one objective makes the problem
near intractable.

We study the case of a franchise which wants to enlarge its presence in a
given geographical region by opening one new facility. Both the franchisor (the
owner of the franchise) and the franchisee (the actual owner of the new facility
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to be opened) have the same objective: maximize their own profit. However,
the maximization of the profit obtained by the franchisor is in conflict with
the maximization of the profit obtained by the franchisee. This suggests to
use a biobjective model to obtain the efficient solutions for this problem, so
that later on the franchisor and the franchisee can agree in both location and
design for the new facility, taking the corresponding economical implications
of their selection into account.

With the aim of obtaining a close view of the complete efficient set Sg of
the resulting continuous nonlinear biobjective problem, we introduce in this
paper a new method, an interval branch-and-bound algorithm, which is able
to obtain a superset of Sg (a non-interval branch-and-bound method with
the same aim was proposed in [24] for solving another biobjective location
problem). This superset of Sg maps into a superset of the nondominated set
Zn, which may be made as tight as required (up to the precision provided
by the inclusion functions used) by reducing the tolerances employed in the
termination rules (see Section 3.6). To the extent of our knowledge, this is the
first general method proposed in the literature with that purpose. The reason
for this lack of methods is that even obtaining a single efficient point can be
a difficult task. That is why some authors have proposed to present to the
decision-maker a ‘representative set’ of efficient points which suitably repre-
sent the whole efficient set, either by modifying the definition of efficiency [3]
or by selecting a finite set of efficient points with the criteria of coverage, uni-
formity and cardinality as quality measures [2, 40]. Notice that the approach
in this paper is completely different. Instead of offering a (small) subset of the
efficient set to the decision-maker, we offer a superset which tightly contains
it. By drawing in the image space that superset the decision-maker can easily
see the trade-off between the two objectives, i.e., how one objective improves
as the other gets worse. Something similar can be done in the decision space,
by drawing the superset in a color scale depending on the objective value of
one of the objectives.

The interval B&B method deals with the multiple objectives directly. It
starts with an initial box containing the feasible set. The box considered is
either sent to the solution list, it is removed from further consideration by
a ‘discarding test’, or it is split into several subboxes which are considered
later. This process is repeated by choosing a new box until no box remains
to be considered. We also briefly describe (and slightly modify) an interval
lexicographical-like method recently proposed in [47], and show the possibil-
ities offered by both methods for obtaining different information about the
biobjective problem.

The paper is organized as follows. In the following section we present
our biobjective competitive continuous location problem. In Section 3 we in-
troduce the new interval branch-and-bound method for obtaining the whole
efficient set. In the next section, the lexicographical-like method is presented,
as well as a slight modification of it. Some computational studies are reported
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in Section 5. The paper ends with conclusions and pointing lines for future
research.

2 The Biobjective Model

A franchise wants to locate a new single facility in a given area of the plane,
where there already exist m facilities offering the same good or product. The
first £ (k > 1) of those m (m > k) facilities are part of the franchise. The
demand, supposed to be inelastic (which means that the goods are essential
for the customers, that is, they will satisfy their full demand), is concentrated
at n demand points, whose locations p; and buying power w; are known. The
location f; and quality of the existing facilities is also known.

In the spirit of Huff [26], and later generalized in [36] and [28], we consider
that the patronising behaviour of customers is probabilistic, that is, demand
points split their buying power among all the facilities proportionally to the
attraction they feel for them. The attraction (or utility) function of a customer
towards a given facility depends on the distance between the customer and
the facility, as well as on other characteristics of the facility which determine
its quality. The location and the quality of the new facility are the variables
of the problem.

The following notation will be used throughout this paper:

x location of the new facility, z = (z1, z2).

o quality of the new facility (o > 0).

n number of demand points.

i demand points, p; = (pi1,pi2) ((=1,...,n).

w; demand (or buying power) at p;.

m number of existing facilities.

1 existing facilities (j =1,...,m).

k number of existing facilities that are part of one’s own chain (the
first & of the m facilities are assumed in this category, 0 < k < m).

dij distance between demand point p; and facility f;.

diz distance between demand point p; and the new facility z.

alj quality of facility f; as perceived by demand point p;.
9i(*)  a non-negative non-decreasing function.
Qg

9i(dij)
Yi

attraction that demand point p; feels for facility f;.

weight for the quality of x as perceived by demand point p;.
Vi
9i(diz)

These particular attraction functions generalize the proposals in [7, 26,
28, 36]. We may assume that g;(d;;) > 0 Vi, j. Some particular cases already
proposed in the literature for the g; functions are g;(d;;) = e*i%i= (see [25])
or gi(diz) = (diz)™ (see [6]), with \; > 0 a given parameter.

attraction that demand point p; feels for the new facility x.
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2.1 First Objective: Maximization of the Market Share Captured
by the Franchisor

From the previous assumptions, the total market share attracted by the fran-

chise is
a;;
5 +§ (i)
wl — .
i=1
w) Z: gi 13)

We assume that the operating costs for the franchisor due to the new
facility are fixed, that is, they are independent from the final location and
quality chosen. This is usually the case, since the operating costs for the
franchisor are mainly due to the advertising of the franchise’s trademark. In
the same way, we also disregard the operating costs of the existing facilities
that are part of the franchise.

In this way, the profit obtained by the franchisor is an increasing function
of the market share captured by the franchise. Thus, maximizing the profit
obtained by the franchisor is equivalent to maximizing the market share cap-
tured by the franchise. This will be the first objective of our problem.

@

2.2 Second Objective: Maximization of the Profit Obtained by the
Franchisee

The second objective of our problem is the maximization of the profit ob-
tained by the franchisee, to be understood as the difference between the rev-
enues obtained from the market share captured by the new facility minus its
operational costs (see [16]). The market share captured by the new facility
(franchisee) is given by

Vi
m(z,a) = Zwi gi(dfff)
i=1 e Z Qij
( 1:6) 1 gi(dij)

and the profit is given by the following expression,

71'(1‘,0{) = F(m(w,a)) - G(JI,CM)

where F(-) is a strictly increasing function which determines the expected
sales (i.e., income generated) for a given market share m(z, o) and G(z, @) is
a function which gives the operating cost of a facility located at z with quality
o

The function F' will sometimes be linear (in problems without economies
of scale), F(m(z,a)) = ¢ m(z,a), where ¢ is the income per unit of good
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sold. Of course, other functions can be more suitable depending on the real
problem considered.

As for the function G(z, ), it should increase as z approaches to one of
the demand points, since it is rather likely that around those locations the
operational cost of the facility will be higher (due to the value of land and
premises, which will make the cost of buying or renting the location higher).
On the other hand, G should be a nondecreasing and convex function in the
variable ¢, since the more quality we require of the facility, the higher the
costs will be, at an increasing rate. In our computational studies we have
considered G to be separable, of the form G(z,a) = Gi(z) + Gz2(a), where
Gi(z) = iy Pi(dia), with Di(diz) = wi/((diz)? + di1), dio, par > 0 and
Ga(a) = e36 T _ e with ap > 0 and o given values (other possible
expressions for G(z, @) can be found in [16]).

2.3 The Problem
The problem to be solved is then

max M (z, )

max 7(z, a)

st dip > dPI Vi (2)
ac [amimamax]
z€ RCR?

where the parameters d™" > 0 and oy, > 0 are given thresholds, which
guarantee that the new facility is not located over a demand point and that
it has a minimum level of quality, respectively. The parameter apnay is the
maximum value that the quality of a facility may take in practice. By R we
denote the region of the plane where the new facility can be located. To carry
out the interval methods proposed in the next two sections we just need to
be able to write R through a set of analytical constraints.

To clarify the biobjective nature of (2), consider Figure 1. Dotted circles
with numbers 1 to 5 denote the forbidden regions around the existing demand
points (supposed to be at the center of the forbidden regions, and all with
demand 1), the cross x denotes the location of an existing facility owned by
the chain and the solid circle point e the location of a competitor’s facility.
The franchisor would like the new facility to be located close to demand point
5 (he/she already captures the market of demand points 1 to 4, and in this
way he/she can win a part of the market of demand point 5), whereas the
franchisee would like the facility to be located close to the existing chain-
owned facility (in this way, he/she can capture nearly half of the market of
demand points 1 to 4, which is much more than he/she can get by locating
close to demand point 5). In a grey scale we can see the efficient set for this
problem (the lighter the better for the franchisor, and darker the better for
the franchisee).
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1 2
@ &

- @

Fig. 1. Conflicting objectives,

In order to have problem (2) written in the form of problem (1}, in what
follows we will use the following notation: ¥y = {(z,a), fi(y) = —M{z.q),
J2(y) = —w(z, @) and § will denote the feasible set of problem (2).

3 An Interval Branch-and-Bound Method for Obtaining
the Whole Efficient Set

Problem (2) is very hard to solve: its objective functions are neither concave
nor convex, thus, the optimization of one of them alone leads to a global
optimization problem. Furthermore, we are interested in obtaining its whole
efficient set. To cope with it, vwe need to use global optimization techniques.
Among these, only a branch-and-bound scheme seems to be appropriate for
our purposes, although the computation of bounds is a difficult task, too,
In this paper we have used such a method, which makes use of the Interval
Analysie (see the books [23, 30, 39], which are excellent introductions to the
topic).

To our knowledge, and with only two exceptions |27, 47|, all the publi-
cations on interval methods for optimization deal with single objective prob-
lems. In [27] it is simply proposed to use the classical interval B&B global
optimization methods for solving the single objective problems to which the
multicbjective problem is reduced when using the weighting methed or the
mimmax method, A more sophisticated use of interval techniques is the mod-
ification of the classical lexicographic method proposed in [47] and shortly
described {and slightly modified) in Section 4.

The purpose of this section is to present a new interval B&B method able
to obtain a superset of the complete efficient set with values within a given
precision. The method deals with the multiple objectives directly, that is, it
does not convert the problem into a single objective optimization problem or
a family of such kind of problems, as most of the multiohjective optimization
methods do. We briefly suminarize the fundamental concepts of interval anal-
ysis which are needed for this paper. For more details, the interested reader
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is referred to [23, 30, 39]. Other applications of interval analysis to location
problems can be found in [12, 14, 15, 16, 34, 47].

3.1 Interval Analysis

Following the notation suggested by Kearfott et al. [31] as standard, boldface
will denote intervals, lower case will be used for scalar quantities or vectors
(vectors are then distinguished from components by use of subscripts), and
upper case for matrices. Brackets ‘[-]’ will delimit intervals, while parentheses
‘(-)’ are used for vectors and matrices. Underlines will denote lower bounds
of intervals and overlines indicate upper bounds of intervals. For example, we
may have the interval vector = (x1,...,x,)T, where x; = [zs, Z3). The width
of an interval x; is denoted by wid(x;) = T; — x; and its relative width by
wid gat (®:) = wid(z;)/ min{|z;| : @; € 2;} if 0 € 2; and wid(z;) otherwise.
The width of an interval vector z = (zxy,...,2,)T is to be understood as
wid(x) = max{wid(z;) : i = 1,...,n}. The set of intervals will be denoted by
IR, and the set of n-dimensional interval vectors, also called bozes, by IR,
The interval arithmetic operations are defined by

zxy={z*y:zcxycy)}forzyeclR, (3)

where the symbol  stands for +,—,- and /, and where = /y is only defined if
0 ¢ y. Definition (3) is equivalent to simple constructive rules (see [23, 30, 39]).
The algebraic properties of (3) are different from those of real arithmetic
operations, but the main properties from the operational point of view still
hold, as for instance the inclusion isotonicity,

rCy,zCt=2>x+xzCyx*t (if y*tis defined) for x¢,y,z,t € IR.

Inclusion isotonicity is implicitly used in the construction of inclusion func-
tions, which are the main interval arithmetic tool applied to optimization
methods.

Definition 3. A function f : IR™ — IR s said to be an inclusion function of
J:R™ > R provided {f(v) : y € y} C f(y) for all bozes y C IR™ within the
domain of f.

Observe that if f is an inclusion function for f then we can directly obtain
lower bounds and upper bounds of f over any box y within the domain of f
just by taking f(y) and f(y), respectively.

For a function h predeclared in some programming language (like sin, exp,
etc.), it is not too difficult to obtain a predeclared inclusion function h. For
a general function f(y), y € R™, several methods can be employed to obtain
inclusion functions. The easiest method to obtain an inclusion function is the
natural interval extension, which is obtained by replacing each occurrence of
the variable y with a box, y, including it; each occurrence of a predeclared
function A by its corresponding inclusion function h; and the real arithmetic
operators by the corresponding interval operators.
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3.2 The Prototype Method

The prototype interval B&B algorithm for solving (1) is described in pseudo-
code form in Algorithm 1. In that algorithm, y, denotes an initial box con-
taining the feasible set S, £y is the working list and Ls the solution list.

Algorithm 1 The prototype interval B&B algorithm

Lw —1yy, Ls— D
while ( Ly #0 ) do

Select an interval y from Ly Selection Rule
Divide y into subintervals y,,...,¥, Division Rule
if (y, cannot be discarded) Discarding Tests
if (y, satisfies the termination criterion) Termination Rule
Store y, in Ls
else
Store y, in Ly
return Lg

At the end of the algorithm, the boxes in the solution list £s contain
the whole efficient set Sg. Different methods can be derived depending on the
actual selection, division and termination rules and discarding tests employed.
We describe below the details of each of these rules we used.

3.3 Selection Rules

Several rules for the selection of the next box to be processed can be used. In
particular, we have worked with the following ones:

Rule 1: Select the box y € Ly with minimum lower bound f (y). In the
criterion space, this implies that Zy will be generated from left-top to
right-bottom.

Rule 2: Select the box y € L)y with minimum lower bound f, (y) In the
criterion space, this implies that Zx will be generated from r rlght bottom
to left-top.

Rule 3: We first rescale the objective functions so that their objective val-
ues are of approximately the same magnitude. Ideally, the normalization
process is done with the help of the ideal and nadir objective vectors.

Definition 4. The ideal objective vector of problem (1} is a vector z* €
R? whose components z} are obtained by minimizing each of the objective
functions individually subject to the original constraints of problem (1).

Definition 5. The nadir objective vector of problem (1) is a vector z"*¢ €
R? giving the upper bounds of Zy.
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Once the ideal and nadir objective vectors are known, we replace f;(y) by

*
fily) — &
nad * )
2T T
whose range is within [0, 1]. However, since in practice those vectors are

not known in advance, we propose the following normalization:

fily) = %
i(y) = W7

where
Z =min{f (y) :y € Lw U Ls},

znad — max{f (y) :y € Lw U Ls}.
The new selection rule that we propose is to select the box y € £y with
minimum lower bound An,(y) + (1 — A)n,(y), with A € [0,1] a given
value. Depending on the actual value of A we explore first a given area of
Zn. Notice that this rule generalizes the previous ones (we can obtain the
first rule by setting A = 1 and the second one when A = 0, see Figure 2).

5

A0 -——f---

.
S g g
”

A=05 ]

i

Fig. 2. Selection rules.

Rule 4: We may alternate between different A\-values in the previous rule from
iteration to iteration. In this way, all the parts of the criterion space
are generated in a more or less uniform way. In particular, to consider p

different values, at iteration & we may set A = (k——lpfn%dg.

3.4 Division Rules

The most widely used division rule in interval B&B methods is the bisection
of the box perpendicular to a direction of maximum width. We have used this
same rule here.
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3.5 Discarding Tests

The tests for verifying that a box contains no efficient point form the most
important part of Algorithm 1. We next briefly discuss the ones we have used
here.

Feasibility Test: Let us suppose that S is given by S = {y: hi(y) < 0,1 =
1,...,7}. We say that a box y certainly satisfies the constraint hi(y) < 0
if hi(y) < 0 and that y does certainly not satisfy it if h;(y) > 0. A box
y C y, is said certainly feasible if it certainly satisfies all the constraints,
certainly infeasible if it does certainly not satisfy at least one of the constraints,
and undetermined otherwise. A box y C y, is said certainly strictly feasible
if hy(y) < 0,1 = 1,...,7. The ‘feasibility test’ [39] discards boxes that are
certainly infeasible. It also provides information about the feasibility of a box.
Notice that to apply this test we just need an inclusion function h; for each
of the functions h; defining the constraints. To avoid unnecessary feasibility
checks, we store with each box y a Boolean vector stating whether the box
certainly (strictly) satisfies a constraint or not; when the box is split, the
subboxes inherit this vector and in this way it is only necessary to do the
checking for the constraints not certainly (strictly) satisfied by y.

Multi-objective cut-off test: Every time a box y is chosen from the list
Lw, and provided that its midpoint ¢ (as a point interval) is certainly feasi-
ble, we compute f(c) = (f1(c), fo(c)) and update (if possible, i.e., if f(c) is
not dominated by any point in Lpgg) the list Lpgg of ‘provisional’ efficient
solution points available so far. The multiobjective cut-off test is the natural
generalization to the multiobjective case of the classical ‘cut-off test’ (also
called ‘midpoint test’ [39]), and discards boxes whose points are not efficient,
i.e., a box y is removed if f(y) > z* for some z* € Lpgs. Also, a new box
y must only be entered into Lyy if f(y) ¥ z* holds for all z* € Lpgs. A
similar idea has already been suggested in [3, 24, 44] for other non-interval
B&B methods.

3.6 Termination Rules
As termination rule, we sent a box y to L5 whenever

(wWidyelai f1(y) < €1 and wid gl Fo(y) < €2) or wid(y) < es.

4 An Interval Lexicographical-Like Method

The lexicographic method (see [18]) is used to obtain efficient solutions when
the decision-maker has clear preferences on the objectives and can arrange
the objective functions according to their absolute importance. In that case,
the decision-maker does not want the whole efficient set, but just a small part
of it which reflects his/her preferences.
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Although the classical method has good properties (any lexicographic so-
lution is efficient) it presents several drawbacks. In particular, it is very likely
that the less important objective is not taken into consideration at all and it
does not allow a small increment of the first objective to be traded off with
a decrement of the second objective. Recently, in [47], a modification of that
method has been proposed which solves those drawbacks. The new method is
called d-lexicographic method, and works as follows.

d-lexicographic method

1. The decision maker arranges the objective functions according to their
absolute importance, fi, fo.
2. The region R} of §-optimality of problem

(P1) min fi(y) st. y€ S
is calculated, where

Ry={yeS: fily) - fi <fi},

§ > 0 is a given value and f;* denotes the optimal value of (P;).

3. The second objective function is optimized subject to the original con-
straints and to a new one to guarantee the J-optimality of fi, that is, we
solve the problem

(P§) min fo(y) s.t. y € R

Any solution to this second problem is a §-lexicographic solution, to be
presented to the decision-maker as a solution of (1).

As we can see, instead of solving problem (F;) till optimality, as the clas-
sical lexicographic method does, now its region of d-optimality is obtained.
In this way, a relative increment of §% in the first objective is allowed to be
traded off with a decrement of the second objective. The theoretical properties
of the new method are rather appealing. In particular, any efficient solution
can be obtained by the J-lexicographic method (see [47]).

On the other hand, from the locational point of view, for a decision-maker
it is better to have a small region within which to choose the final location
for the facility (taking other aspects not included in the formulation of the
problem into account) than just a single efficient point. In order to be able
to offer to the decision-maker such a small region, we propose that instead of
solving (Pg) till optimality, we obtain its region of f-optimality,

Ry ={y € R} : foly) — f3(8) < 0£5(8)},
where f3(6) denotes the optimal value of (P) and 8 > 0 is a given value.

Definition 6. A feasible vector y* € S is said to be (6,0)-eflicient iff there
exists an efficient vector § such that fi(y*) — f1(9) < 6f1(9) and fa(y*) —
F2(9) <0f2(9).
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Notice that the points in Rg( 5) are not necessarily efficient, but they are
(9, 9)-efficient. For any fixed 4, as used in the §-lexicographic method, closeness
of a (9, 0)-efficient point to an efficient point is determined by the parameter
0 alone. Thus, the smaller the 6, the better.

In [47] the authors present an interval B&B method to carry out the d-
lexicographic method. The same method can be used to obtain RZ( 8" The
only changes to be done are:

1. In the ‘cut-off test due to the second objective function’, now we can
discard a box y provided that f (y) > f2(1 + 0) (where f; is the best
upper bound on the optimal value of (P¢) known by the algorithm), and

2. In the second call of the main procedure, we have to pass the parameter
6 instead of 0, as the size for the region of f-optimality for problem (P¢).

5 Computational Experiments

All the computational results presented in this paper have been obtained
on a PC with an Intel Pentium IV 2.33GHz processor and with 1 Gbyte
RAM running under the Linux operating system. For the implementation we
have used the interval arithmetic in the PROBIL/BIAS library [32] and the
automatic differentiation of the C++ toolbox library described in [22].

5.1 Usefulness of the Selection Rules

The first part of the computational experiments studies the efficiency of the
selection rules presented in Subsection 3.3. To do it, we have generated dif-
ferent types of problems, varying the number of demand points (n =20, 40
or 60), the number of existing facilities (m =2, 3, 4 or 5) and the number
among these belonging to the chain (k = 1,...,m — 1). For every type of
setting 5 problems were generated, by randomly choosing the parameters of
the problems uniformly within the following intervals:

L4 fj,p’i € [07 10]27

s w; €]1,10],

o v €0.75,1.25),

® q;; € [0.5,5],

o i = o = 2,0, € [0.5,2], the parameters for &;(d;,) = wlm,
and Gi(z) = Z?:l @;(diz),

o ag€[7,9], a1 € [4,4.5], the parameters for Ga(a) = e T — o1,

e c € [1,2], the parameter for F(m(z,a)) = c- m(z, a)
e by,by € [1,2], parameters for di; = /bi(z1 — pi1)? + ba2(z2 — pi2)? (see

[13])-
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The searching space for every problem was

The tolerances used for the interval B&B method were €; = €3 = €3 = 0.05.

T € [0,10)%,
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o € [0.5,5].

Table 1. Efficiency of the selection rules

CPU Time Max list length
(n,mk)) R1 R2 R3 R4 R1 R2 R3 R4
20,2,1 (1053.2 90.7% 89.3% 143.1%]| 4964 199.5% 318.7% 388.7%
20,3,1 | 803.0 97.9% 110.4% 96.0%| 6531 177.3% 257.3% 228.6%
20,3,2 (1486.0 109.4% 113.4% 102.7%| 7572 195.2% 293.5% 242.8%
20,4,1 (1248.2 103.7% 111.0% 101.7%|10955 151.9% 219.6% 203.7%
20,4,2 | 849.6 113.4% 128.0% 117.4%|11113 212.8% 239.6% 243.0%
20,4,3 | 749.0 112.6% 132.6% 120.5%| 8439 203.1% 266.7% 260.2%
Average [1031.5 104.5% 112.8% 112.7%| 8262 189.0% 258.3% 249.9%
40,2,1 | 301.5 107.3% 123.9% 106.6%| 4124 211.4% 317.6% 254.9%
40,3,1 | 492.9 107.8% 123.1% 104.3%| 5320 210.6% 288.7% 240.3%
40,3,2 | 489.9 97.7% 123.1% 102.7%| 4999 220.8% 315.9% 264.2%
40,4,1 | 280.3 90.1% 122.1% 93.4%|10411 151.5% 182.2% 161.1%
40,4,2 | 524.3 100.0% 119.7% 104.7%| 9347 172.8% 222.6% 194.0%
40,4,3 |1287.0 109.1% 131.5% 114.6%|10341 229.9% 309.5% 282.0%
40,5,1 | 981.9 89.2% 112.9% 93.1%|20612 134.8% 172.5% 144.7%
40,5,2 | 703.1 93.4% 110.0% 96.0%| 9836 154.5% 191.7% 182.8%
40,5,3 | 321.1 94.2% 117.7% 93.7%| 9197 182.1% 205.8% 187.2%
40,5,4 | 691.5 141.4% 166.5% 168.6%|10042 306.4% 313.7% 372.9%
Average | 607.3 104.2% 126.1% 110.0%| 9423 188.0% 234.4% 215.5%
60,2,1 | 104.8 99.0% 114.0% 105.0%| 3424 135.5% 163.8% 164.3%
60,3,1 | 339.5 108.3% 120.1% 103.4%| 9183 143.5% 174.1% 149.8%
60,3,2 | 223.3 103.2% 135.7% 102.9%| 4592 196.8% 272.0% 216.9%
60,4,1 | 190.1 87.4% 106.9% 88.3%| 9503 117.6% 142.1% 128.1%
60,4,2 | 833.8 107.1% 125.2% 109.9%| 7412 184.8% 250.4% 224.4%
60,4,3 | 888.0 111.1% 138.9% 111.0%| 4697 246.2% 401.8% 311.7%
60,5,1 | 660.7 85.3% 119.1% 92.6%(17794 130.2% 179.2% 143.3%
60,5,2 | 304.0 80.2% 108.6% 87.8%(14020 132.2% 148.3% 140.6%
60,5,3 | 360.7 88.9% 111.9% 94.1%|14112 137.1% 159.0% 151.9%
60,5,4 | 610.7 123.3% 133.5% 129.3%| 7695 282.9% 292.1% 314.2%
Average| 451.6 102.5% 125.1% 105.6%]| 9243 158.1% 197.6% 177.0%
Glob.Av| 645.3 103.9% 120.9% 109.8%| 9086 176.5% 225.0% 207.6%

All the problems were solved four times by the interval B&B method: using
each selection rule in turn. The results are shown in Table 1. The columns ‘Ri’
refer to the results obtained when using selection rule ‘i’. In rule 3, we have
set A = 0.5. In the fourth selection rule, we have used p = 10 different values
of A. The values in the table are averages over the five problem instances in
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each setting (n,m, k). We give first results about CPU time. In column R1
we give CPU times in seconds observed when using R1, while for the other
selection rules we give their relative times as compared to R1. Next, we give
the maximum number of boxes stored in memory at any time by the algorithm,
following the same structure as for the CPU time.

CPU times obtained by rules R1 and R2 are very similar, and they both
are slightly better than for rule R4. R3 is significatively the worst rule. As
for the maximum number of boxes stored in memory at any time by the
algorithm, we see clearly that R1 is the best rule: it uses half the space of
R4, and the difference is even larger with R3, which is the worst rule. R2 also
needs 176.5% more space than R1. The explanation for this last fact seems to
be that the width of the range of fo at the solution boxes is usually greater
than the corresponding range of f; (see Table 2), thus the multi-objective
cut-off test will more easily discard boxes when using R1 than when using R2
(or any other rule).

This clearly shows that rule R1 is the best for handling our competitive
location problems. In the rest of the experiments in this paper, we have always
used rule R1.

5.2 Branch and Bound vs. Lexicographic Method

Let us now try to compare the information obtained by the interval branch-
and-bound method introduced in Section 3 and the modification of the 4-
lexicographic method described in Section 4. Observe first that these methods
are not directly comparable, since they do very different things: whereas the
former obtains the ‘whole’ efficient set, the latter just gives a ‘small part’ of it.
That is why we highlight the different kind of information that they provide.

Figure 3 shows the solution boxes (projected in the location space) and
their image in criterion space obtained by each algorithm in one of the in-
stances. As we can see, the nondominated set in criterion space can have a
disconnected shape. Accordingly, the efficient set may also be disconnected.
This clearly illustrates the difficulty of finding the complete efficient set to this
kind of location problems. Notice also that (most of) the region Rg( 5 offered
by the modified é-lexicographic method is included in the solution set offered
by the interval B&B method (which, we recall, contains the complete efficient
set); in fact, in all our instances, it was a proper subset of it. This confirms
that by choosing an appropriate # the points in Rg( 5) are either efficient or lie
very near efficient points.

In our computational study we have used the same problems as in previous
subsection. The tolerances used for the interval B&B method were €; = €3 =
€3 = 0.05, and for the modified J-lexicographic method § = 0.1 and 6 = 0.01.
The results are summarized in Table 2. As before, the given values are averages
over the five problems in each setting (n,m, k). For each algorithm (‘Lexic’
refers the the modified §-lexicographic method and ‘B&B’ to the interval
B&B method) we give the CPU time (in seconds), the area covered by the
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Fig. 3. Solution of an instance by the methods. The dotted circles correspond to
the forbidden arcas surrounding the demand points; the crosses x and the solid
points e represent the locations of the existing facilities, The top-left figure is the
prajection on the location space of the efficient set (in a grey scale) obtained by the
interval B&B; the bottom-left figure is the projection on the location space of the
solution boxes (in black) offered by the modified §-lexicographic method {they are
pointed with an arrow); in the right picture, we have the corresponding images in
the solution space.
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Table 2. Study of the information provided by the modified §-lexicographic method
and the interval B&B method.

size of solution boxes |width of range at Uyec gy
CPU time | z-space a-space f fo
(n,m, k){Lexic B&B|Lexic B&B Lexic B&B|Lexic B&B Lexic B&B
20,2,1 | 5.18 1053.2| 0.18 1.20 0.16 3.59(/1.00 17.99 0.88 39.89
20,3,1 | 6.36 803.0[ 0.04 0.71 0.15 2.86(0.94 18.62 1.10 21.50
20,3,2 | 4.90 1486.0( 0.06 1.33 0.15 3.48(0.62 13.79 141 35.88
20,4,1 | 8.051248.2( 0.09 0.92 0.15 3.64|1.45 20.71 2.60 28.07
20,4,2 | 5.14 849.6/ 0.03 0.65 0.06 3.70({0.71 21.37 1.26 28.33
20,4,3 | 6.49 749.0( 0.10 0.85 0.13 3.48(0.72 10.54 1.64 27.18
Average| 6.02 1031.5( 0.08 0.94 0.13 3.46(0.91 17.17 1.48 30.14
40,2,1 (21.48 301.5( 0.77 1.13 0.75 1.07|4.88 12.561 1.77 14.05
40,3,1 |20.13 492.9| 0.73 1.18 0.66 1.24(6.84 19.79 2.91 13.87
40,3,2 {18.81 489.9| 0.32 1.83 0.41 1.20|1.57 13.66 1.18 27.88
40,4,1 {34.09 280.3] 0.59 0.98 0.52 0.87{6.16 16.93 2.12 9.17
40,4,2 }20.45 524.3] 0.16 1.02 0.30 2.03{1.43 16.19 1.15 18.92
40,4,3 114.43 1287.0{ 0.10 1.86 0.35 1.78{1.16 12.15 1.45 26.86
40,5,1 ]30.47 981.9 0.03 1.01 0.27 2.38]4.06 30.52 1.87 18.78
40,5,2 126.34 703.1] 0.29 1.06 0.25 1.78]2.66 23.09 1.26 20.58
40,5,3 (22.04 321.1f 0.17 1.38 0.65 0.77;4.66 17.78 1.39 12.23
40,5,4 |14.22 691.5| 0.03 2.32 0.26 1.45}0.81 18.87 1.14 33.74
Average [22.25 607.3| 0.32 1.38 0.44 1.46{3.42 18.15 1.63 19.61
60,2,1 [30.11 104.8f 1.15 1.15 0.61 0.40{10.80 10.71 5.90 18.57
60,3,1 |44.81 339.5| 0.73 0.71 0.33 0.41{8.20 9.35 3.27 7.21
60,3,2 {20.31 223.3} 0.08 1.59 0.15 0.38]1.46 20.87 1.92 22.43
60,4,1 [57.84 190.1/ 1.00 0.84 0.45 0.46;9.82 10.52 2.93 8.06
60,4,2 [31.75 833.8 0.24 1.82 0.43 1.11)4.74 24.67 1.82 2231
60,4,3 (20.72 888.0f 0.20 1.68 0.21 1.17|1.39 12.83 2.01 37.31
60,5,1 [51.69 660.7| 0.27 0.99 0.56 1.50|8.09 25.98 1.90 14.20
60,5,2 (48.85 304.0{ 0.38 0.60 0.61 1.20|8.05 19.15 2.32 .12.81
60,5,3 (45.36 360.7) 0.19 1.19 0.69 0.88| 5.67 15.72 2.07 18.81
60,54 (25.78 610.7| 0.06 2.36 0.26 0.85{1.92 11.21 1.57 37.28
Average (37.72 451.6] 0.43 1.29 0.43 0.84|6.01 16.10 2.57 19.90
Glob.Av|24.45 645.3| 0.31 1.24 0.37 1.68{3.84 17.13 1.96 22.15

solution boxes when they are projected to the location space (i.e., the area of
UyersProje(y)), the width of the interval containing the possible values of o
(obtained by projecting the solution boxes to the a-space, i.e., the width of
UyersProja(y)), and the width of the range of f; and f; at the solution set
offered by each algorithm.

As was to be expected, Lexic is much faster than B&B. However, notice
that CPU-time increases with n for Lexic, while the converse holds for B&B.
For Lexic, and for a fixed pair (n,m), the CPU time decreases as k increases;
this is so, because usually the region of §-optimality R} becomes smaller as k
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increases, as we can see from the columns giving the size of the solution boxes
and the width of the range. Notice also that for Lexic, for a fixed n, the CPU
times for the problems with £k = m — 1 are very similar.

As for the area covered by the solution boxes, notice that it increases with
n both in z-space and in a-space for Lexic. However, the area in z-space is
more or less constant for B&B, whereas in a-space it decreases as n increases.
Notice also that with B&B, for fixed (n, m), the z-space area usually increases
with k. In all cases, we can see that the area covered by the solution boxes,
both in z-space and a-space, is much smaller (from 3 to 10 times) for Lexic
than for B&B, which clearly shows that Lexic only finds a small part of the
efficient set.

Something similar can be said about the width of the ranges of both func-
tions at the solution boxes offered by the algorithms. Again, the range for
Lexic is from 3 to 20 times smaller than for B&B for f;, and the difference is
even higher for fo. With Lexic the ranges increase with n; for a fixed (n,m)
the ranges decrease as k increases; and for a fixed n the ranges for k=m —1
are similar. With B&B, the range of f; is more or less constant for all the
settings, whereas the range of fo seems to decrease; and for a fixed (n,m) the
ranges of f; usually decrease as k increases, while the converse holds for fs.
This means that the greater the presence of the chain in the area, the more
variable can be the profit obtained by the franchisee in the efficient set.

5.3 Economical Analysis of the Model

In this subsection, we try to obtain supplementary sensitivity information
when modifying some of the parameters in the model or when adding some
additional constraints to it. This may be viewed as an exploratory analysis
of some of the economical implications of the model proposed. The aim is to
get a deeper knowledge of the interactions between the different elements of
the model that can adjust it to real applications. We use here some of the
instances of the previous subsection.

First, we have studied the variation in the range of one of the objectives
in a region of J-optimality of the other objective for four different values of
4. The results are given in Table 3. Each pair of columns refers to one of the
instances. In the columns called f;(Rj}) we give the exact range of f; at R}.
The lower bound of this interval is just the solution of (PJ) provided by the
d-lexicographic method; the upper bound has been estimated by solving the
problem

max fo(z) s.t. = € R}

To solve that problem we need to obtain the whole region of §-optimality; for
this, we have used the main procedure of the é-lexicographic method without
the ‘cut-off test due to the second objective function’ [47]. Analogously, f; (R2)
gives the range of f; at the region of §-optimality R% of problem

min fo(z) st. z €S
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Table 3. Study of the variation in the range of one of the objectives in a region of
é-optimality of the other objective.

(20,4,3) (0,5,4) (60,5,4)

& fa(R3) ) f2(R3) f1(RS) f2(Rs) f1(R3)
0.01 [ 13.7, 40.0] [166.7,168.6] [ 35.1, 42.2] [358.5,361.7] | 82.6, 94.7] [537.3,540.6]
0.05 [ 11.8, 43.3] [165.4,169.7] [ 31.5, 47.6] [356.9,362.9] | 78.3,116.0] [534.8,541.9]
0.10 | 10.2, 46.7] [164.3,171.3] [ 28.6, 92.8] [355.4,363.5] | 73.4,127.1] [532.5,543.7]
0.15 [ 8.5, 52.7] [163.6,171.7] [ 25.9,101.3] [354.3,363.7] [ 66.2,137.7] [530.6,545.4]

As should be, the ranges increase with 4: e.g. R} C R} when § < ¢’ .
However, notice that the fp(R}) ranges increase much more than the f(R%)
ranges. Also, the width of the f5(R}) ranges are much bigger than the width
of the fi(R2) ranges. This indicates that there are efficient points offering
similar values for the first objective but quite different for the second. Thus,
in a negotiation between the franchisor and the franchisee to decide the final
location, the franchisor has a much more comfortable situation.

Table 4. Sensitivity of the objectives to the size of the forbidden regions

(20,4,3) (40,5, 9) (60,5, 4)

I £UTYH  AUTYH  RUTYH AW RETYH AU
r=20

0%, 25%] [32.0,43.1 167.4,170.6] [44.7,61.8 402.0,415.0 [86.8,117.8] 539.5,543.8

[25%,50%)] [42.8,44.6] [170.5,171.6] [61.5,70.3] [414.8,421.8] [117.1,130.7] [543.6,547.4

[50%, 75%)] [44.3,46.8] 171.6,171.8] 70.0,77.9] [421.6,427.4] [129.9,142.4] [547.2,549.1

[75%,100%)] [46.5,47.3] [171.8,171.9] [77.7,79.6] {427.1,428.8] [141.5,152.0] [549.0,550.3
] r=1

[0%,25%] 32.0,43.1 167.4,170.3] 44.7,61.8] |402.0,415.0 [86.8,116.9] 540.2,544.2

[25%,50%] 42.8,44.6 170.5,171.6] 61.5,70.3] [414.8,421.8] [116.1,129.2] [544.0,547.6

[50%, 75%) [44.3,46.8] [171.6,171.8] [70.0,77.9] [421.6,427.4] [128.4,140.2] [547.4,549.1

[75%, 100%]} [46.5,47.3] [171.8,171.9] [77.7,79.6] {427.1,428.8] [139.4,149.6] [549.0,550.3
r=2

O%,25%] 40.2,43.7] 167.7,169.3] 42.2,62.1] [401.5,415.7 [86.3,119.1] 538.7,547.4

[25%,50%] 43.4,44.6 169.2,170.6] 61.1,70.8} [415.1,423.0] [117.3,128.0] [547.0,548.8

[50%, 75%)] [44.3,46.5] [170.4,171.1] [69.9,78.1] [422.2,428.2] [126.7,130.3] [548.6,549.3]

[75%,100%] 46.2,46.9 171.1,171.4] 77.7,79.3] [427.6,428.8] [129.4,130.7] [548.9,550.4

In our second analysis we investigated how the addition of circular forbid-
den regions around the existing franchise-owned facilities affects both objec-
tives, depending on the radii of the forbidden regions. The addition of this
kind of constraints is a common technique in franchise systems to avoid that
the existing facilities loose too much of their market share [47]. We have used
the same instances as in the previous study. Table 4 gives a summary of the
results obtained for three different radii r of the circular forbidden regions.

The columns fo(f;!) give the range for the values of fs on those efficient
points at which f; takes values within I = [a%,b%)] of its efficiency range
f1(Sg). The columns f;(f;!) give similar figures, but interchanging both
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functions. For any given r, once we have obtained the whole efficient set of
the constrained problem with the interval B&B method this information can
be obtained easily for any choice of I = {a%, b%]. Thus, each pair of 4-row
subcolumns of Table 4 is obtained aftcr a single B&B run, and shows only
part of the full information provided by the run. In fact using the f,(f; ")
and f2(f;!) ranges given allows to reconstruct a coarser approximation of
the efficient set, as shown in Figure 4.

0% [—-----

25%

50% |———T=—=====7

75% C

100%] 75% 50% 25% 0%
Fig. 4. Approximate efficient set for the instance (40,5,4), when r =2

As we can see from Table 4, in the chosen instances, the influence of the
forbidden regions around the existing chain-owned facilities is quite small. In
these instances the efficient set in the unconstrained problems lies far from
the existing chain-owned facilities; thus, the addition of the constrainis does
not affect the solution much, When the constraints do have some influence
{specially for the case r = 2}, it mainly reduces the range of fi(f; 2

Our last experiment dealt with the sensitivity of both objectives when the
franchisee has a limited budget, that is, we now have an additional constraint
of the form G(x,a} < B, where B is the available budget. We have again
used the same instances as before and the results are presented in Table 5.
Now, ‘Reduction of # = %’ refers to the reduction (in percentage) in the
budget B as compared to the original budget needed for locating and running
the facility in the unconstrained case (which corresponds to the case r = 0 of
the previous table). The meaning of the columns is the same as in Table 4.
As before this information can be obtained easily once we have obtained the
whole efficient set of the constrained problem with the interval B&B method.
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Table 5. Sensitivity of the objectives to the limited budget

(20, 4, 3) (40,5, 4) (60,5, 4)
I HUTYD AU BUCY  AUTY  BUTH  AGTY
Reduction of B = 10%

[0%,25%] [14.5,43.3] [167.4,171.7] [42.3,62.3] [401.6,414.0] [86.8,120.5] [537.6,544.3
[25%, 50%)] [43.0,44.6] [171.6,171.7] [61.9,68.4] [413.6,422.9] [119.8,135.1] [544.1,547.6
[50%, 75%] [44.3,46.8 - 68.1,77.8] [422.6,427.3] [134.2,143.7] {547.5,549.1
[75%, 100%) [46.6,47.3] [171.6,171.8] [77.6,78.3] [427.0,427.9] [142.9,149.2] [549.0,550.3
Reduction of B = 20%
0%, 25%] [14.3,43.3] [167.4,171.1] [41.6,58.4] [404.7,411.1] [86.8,122.6] [534.6,544.4
[25%,50%)] [43.0,44.6 - 57.8,63.8] [410.8,421.0] [121.9,131.4] [544.1,548.2
[50%, 75%] [44.3,46.8 - 63.5,68.3] [420.7,425.5] [130.7,136.6] [548.1,549.1
[75%, 100%] [46.6,47.3] {171.0,171.8] [67.7,75.2] [425.2,426.5] [135.8,141.6] [549.0,550.3
Reduction of B = 30%
[0%, 25%] [16.9,44.1] [167.6,170.4] [39.0,53.9] [402.3,407.5] [84.9,115.7] [630.7,543.9
[25%,50%] [44.0,44.6 - 53.3,59.6] [407.1,418.6] [114.8,123.2] [543.5,547.0
[50%, 75%] [44.5,46.8 - 59.2,61.4] [418.2,423.0] [122.5,125.6] [546.8,548.3
[75%, 100%] [46.7,47.3] [170.4,171.1] [60.7,69.9] [422.6,424.6] [124.9,128.3] [548.1,549.2
Reduction of B = 40%
[0%, 25%] [18.7,22.4] [167.4,169.5] [33.4,47.2] [398.6,403.4] [79.5,104.1] [632.7,543.4
[25%,50%] [22.0,44.6 - 46.5,53.2] [402.8,415.7] [103.2,109.5] [543.0,545.0
[60%, 75%) [44.5,45.7 - 52.7,54.3] [415.3,419.2] [108.7,110.6] [544.8,545.5
[75%, 100%) [45.4,47.2] [169.5,170.4] [53.8,61.7] [418.7,421.7] [110.0,110.7] [545.3,546.3
Reduction of B = 50%
[0%, 25%)] [19.5,22.5] [166.3,168.4] [21.9,39.5] [395.0,405.6] [70.2, 89.9] [533.3,541.0
[25%,50%] [22.1,43.6 - 38.6,43.7] [397.6,412.4] [88.9, 92.4] [540.6,542.1
[50%, 75%] [43.5,44.6 - 43.0,44.0] [412.0,415.1] [91.6, 93.5] [541.9,542.2
[75%, 100%] [44.3,46.0] [168.4,169.5] [43.3,50.9] [414.6,416.3] [92.8, 93.6] [542.0,542.4

The influence of the budget constraint is now clearly noticeable. For exam-
ple, in the (20, 4, 3) problem, the two first quarter ranges for f;(f; ') are quite
different when we the budget cut increases from B = 30% to 40%. See also in
the problem (41, 50,5) the ranges f,(f; ") for I = [50%, 75%)| and [75%, 100%]
when we change from B = 10% to 20% or the changes in the fi(f;!) ranges
in the (60,5,4) example.

Observe also from Table 5 that some of the fo(f;!) ranges for the (20,4, 3)
problem are empty (they are represented by a ‘~’). This is because in that
problem the efficient set is disconnected (similar to figure 3): there are no
efficient points at which f; take values within interval I.

6 Conclusions and Future Research

We have shown how to tackle a particular biobjective location problem with
difficult nonlinear objective functions. Interval-analysis based B&B methods
designed for standard single objective global optimization were adapted to
obtain good approximations of either some efficient points, or of the whole ef-
ficient set. Clearly the presented interval B&B method and the §-lexicographic
method may be applied to any biobjective problem, not only to the particular
one presented here.

It should be stressed that our interval B&B method is a practical method
able to obtain a superset containing the complete efficient set of any (nonlin-
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ear) biobjective problem. In the particular 3-dimensional setting used here the
computational burden remained very acceptable. How the method will behave
in higher dimension remains to be investigated. It is to be expected that the
efficient set will grow in size, however, with a corresponding growth in compu-
tation time and memory usage. This also holds for multiple objective settings.
Therefore the tests used in our prototype B & B method should be improved,
and more sophisticated pruning tests are currently under investigation.

The analysis in our last section gives an indication of the wealth of infor-
mation obtained by the methods. For the particular application in competitive
location used here this kind of analysis should be very useful, e.g. in a nego-
tiation between the franchisor and the franchisee, in which the former might
want to convince the latter through some payment to compensate for a lesser
income in order for the whole chain to have a larger profit. Having the com-
plete efficient set, and its corresponding two-dimensional graph in the criterion
space, may help to reach an agreement, since each can know by how much
one of them improves while the other loses. Further exploitation of this type
of information is currently under study.
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Summary. In this paper we describe how robot trajectory planning, using cubic
splines to generate the trajectory, can be formulated as standard semi-infinite pro-
gramming (SIP) problems and efficiently solved by a discretization method. These
formulated problems were coded in the publicly available SIPAMPL environment
and to allow the codification of these problems a cubic splines dynamic library for
AMPL was developed. The discretization method used to solve the formulated proh-
lems is implemented in the NSIPS solver and numerical results with four particular
problems are shown.

1 Introduction

In the last decades many engineering problems have been formulated as semi-
infinite programming problems (cf. [9]), and robot trajectory planning (|7, 8,
10, 11, 12, 14]) is not an exception.

In robot trajectory planning two major approaches can be considered. In
the first one, the robot trajectory is known a priori and the optimization con-
sists of computing the best reparametrization of the trajectory, by minimiz-
ing the total travel time (or energy consumption), while some robot physical
limitations are taken into consideration (maximum velocity, acceleration and
torque of the links). The reparametrization is obtained by using B-Splines that
depend on a set of control points. The second approach consists of finding the
robot trajectory, where only a set of via points are known. These points are
interpolated by the trajectory of the robot and since B-Splines are not inter-
polation functions the use of cubic splines (C-Splines) is more appropriate.
The optimization consists in minimizing the total travel time when passing
through the given trajectory points, subject to the robot physical limitations.

Some recent available tools [16, 18] have provided an easy and fast way of
coding and solving SIP problems, by taking advantage of available modeling
software (AMPL [9]). The SIPAMPL package relies on the AMPL modeling
software, which provides the most used mathematical functions (exp, sin, cos,
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etc) for coding mathematical problems as well as automatic differentiation.
To allow the codification of the reparametrization optimal trajectory planning
problems, an external B-Spline dynamic library was built for AMPL [15].

In this paper we will describe how robot trajectory planning problems (us-
ing C-Splines to generate the trajectory) formulated as semi-infinite program-
ming problems can be coded in AMPL and efficiently solved by a discretization
method. This formulation follows the ideas in [7, 10, 11].

The B-Splines library publicly available in STPAMPL is now extended to
include the C-Splines. The new library is now called Splines and includes both
the B and C-Splines.

We start in Section 2 with a brief introduction on the trajectory definition.
Section 3 will be devoted to presenting the robotics problems formulated as
SIP problems. Section 4 presents the C-Splines and Section 5 shows the coded
problems for which we present some numerical results (in Section 6). Some
conclusions are presented in the last section.

2 Trajectory Definition

For a brief review of robotics mechanics and control we refer to [2].

A robot can be schematically represented as a sequence of rigid links (arms)
connected by joints. In the most schematic form, a link can be represented as a
rigid body of length d and mass m, thus d;, m; represent the length and mass
of the ith robot link. Some mechanical devices provide the joint torque which
move the links. The number of joints which can be independently actuated
defines the manipulator degrees of freedom (d.o.f.). Often, all joints can be
independently controlled, so that the manipulator d.o.f. coincide with the
number of joints. Each degree of freedom is associated to an independent
variable 6;,1 = 1,2,...,1, where [ is the number of d.o.f..

Let us define the manipulator joint space as the space where joint variables
#; can span

0= [9192 e Gl]T.

Evidently, vector § completely defines the manipulator position in the carte-
sian space. Since the robot position (d.o.f. values) varies, we can define the
path as a curve

0(r) = [61(7),02(7),...,6u(")]T, T €[0,74], (1)

parametrized by 7, where 7 is the total travel time.
Possible constraints applied to the parametric curve are:

e given initial and final velocities,

d8

dé
e (0) =v; and E(Tf) = vy
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e given initial and final accelerations,

d?6 d20
37-_2_(0) =q; and F(Tf) =ay.

3 Optimal Cubic Polynomial Joint Trajectories

The problem can be formulated as follows. Let us suppose that the designed
trajectory has to cross n assigned via (or knot) points in the cartesian space.
These points can be converted into joint space via points by solving an inverse
kinematics problem, see [3], thus obtaining

0(T0)>0(Tl)1 cee 10(T71) )

where the generic 0(7;) is defined according to (1). The optimization consists
of finding the minimal total displacements time that fits the joint trajectory
by using cubic splines constrained to velocity, acceleration, jerk and torque

bounds. Let tg < £; < -+ < t, be a time sequence where ¢; represents the
time instant associated to the manipulator position 8(7;). Let hy = t; — &g,
hy =ty —t1, ..., hy = t, — tp—1 be the time displacements. Introduce a

different cubic spline segment Q;; for each time displacement h; and for each
joint variable §;. Identify by @;(t), t € [to,ts] the overall trajectory of joint 1,
obtained by concatenating Q;; for j =1,2,...,n.

We will use the notation Q'(¢) = d—%ﬂ for the derivative.
We are thus led to consider the optimization problem:

n
rr}llinjg1 h;
st 1Qi(t)] < Cin
|Q:I(t)l < Ci,2 (2)
QY"1 < Cis
IE) <G, t=1,..,1
hj >0, j=1,..,n
Vt € [to, tn)

where C; 1, C; 2, C; 3 and C; are the bounds for the velocity, acceleration, jerk
and torque, respectively, on joint .

The optimization (2) falls into the category of what is usually called a
generalized semi-infinite programming problem (cf. [15]). Notice that ¢ ranges
over [tg,t,], an interval that depends implicitly on the decision variables h;’s.

The expression for the ith joint torque is



402 A.LF. Vaz and E.M.G.P. Fernandes

l
Fi(t) = JiniQY () + BiniQi(t) + — | D L;(Q()Q5 ()

Jj=1

l i
+D ) Cir(Q))Q;()Q4(t) + di(Q(D))

j=1k=1

where J;, n;, Bi, I;;(-), Ciji(-) and d;(-) have the usual meaning (cf. [15]).

In [10], an optimization of cubic polynomial joint trajectory is proposed,
based on this formulation with bound constraints on velocity, acceleration and
jerk. Initial and final velocities and accelerations were given. The optimization
problem was solved with a Nelder and Mead [19] polyhedron search applied to
the objective function and a technique that converts an infeasible vertex into
a feasible one by a simple procedure that consists of multiplying the infeasible
vertex by a suitable scalar. In a later paper, De Luca et al. [11] proposed
an approach to solve a similar problem where the bound constraints were on
velocity and torque and only the initial and final accelerations are imposed. De
Luca et al. applied the algorithm from Gonzaga et al. [6] to the generalized SIP
problem. Since the implemented algorithm needs first derivatives, De Luca et
al. developed a sensitivity approach to the C-Splines. Guarino Lo Bianco and
Piazzi [7] proposed an approach based on the generalized SIP problem with
bound constraints on linear and angular velocities, and torque. The proposed
genetic algorithm is applied to a penalty function computed by means of
interval analysis.

By using the linear transformation ¢ = 7Y ;_, hx +%o, the generalized SIP
problem (2) can be reformulated in the form

i

st |Q; (Tzhk+t0) <Cig
k=1

Q7 (Tzhk-l-to) < Cig

- 3

Q7 (T Z hi + to
k=

F; (T i hi + to)

hy >0, j=1,..n,
V1 e [0,1).

—
N———

<G, i=1,..,1
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This new problem fits into the category of what is usually called a stan-
dard SIP problem. Notice that 7 ranges over the fixed interval [0, 1]. For SIP
problems of this type one can apply the tools presented recently in [16, 18].

4 Cubic Splines

In this section, we assume that we are dealing with only one joint of the robot,
i.e., Q(t) is the function used to interpolate the trajectory at the 8(7) knots
and Q;(t), j = 1,...,n, are the cubic spline segments in [t;_1,;].

Given a finite number of data points, 8y = 6(79), 61 = (71), ..., 0, =
6(7n), a C-Spline is formed by n cubic polynomials (Q;(t), i = j,...,n) that
interpolate the given data points. The set of the Q;(¢t), j = 1,...,n will
provide a cubic interpolation at the given trajectory knots. Since Q;(t) are
cubic polynomials, the second derivative with respect to ¢ can be expressed as

t;—t t—

5t = My +

ti 1 .
T J M;, j=1,...,n

t; =t

1

where M is the second derivative of (7) at 7;. Integrating Q7 (t) twice and

imposing the conditions Q;(t;—1) = 0;-1 and Q;(¢;) = 6; results in the fol-

lowing interpolating functions:

M;_4
6h;

9; thj _
+(hj 6 (t tJ_l), j—l,...,’n

Q;(t) = (t; —t)° +——’-(t -1)°

where h; = ¢; — ;1.

The C-Spline is completely defined if the M;, j = 0,...,n, are known.
Problems to generate trajectories need to specify the first and second deriva-
tives at the extreme of the spline (initial and final velocities, and acceler-
ations). Imposing the continuity of the first derivative, Q}(t;) = @’.,(¢;),
7 =1,. ~ 1, results in a tridiagonal system from where the M;, j =
1,...,n— l, can be obtained. A natural C-Spline would be completely speci-
fied by considering My = a;, M, = ay and therefore imposing the initial and
final conditions on the velocities (8'(7p) = v; and 6'(7,) = vs) would not be
possible.

Two more degrees of freedom are necessary and the goal is achieved by
considering two extra knots where the 6 values are not specified. Consider,
without loss of generality, that ¢; and t,—; are the extra knots. Solving

Q1(to) =vi, Qp(tn) =y
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for the two unknowns 6, and 6,1 results in

h? M, h2 M
61 = 6o+ hv; + 13 g +'—'16—1
2 2
On_1 = On — vghn + h"év[" + h"]\g"‘l.

Replacing 0; and 8,,_; in the natural C-Spline tridiagonal system results
in the new tridiagonal system

M,
My
Al ... =B
Mn—-2
Mn—l

where the matrix A and the vector B are given respectively by:

2
3h1 + 2h2 + % ha 1]
2
ho — % 2(h2 + h3) hgs
hj 2(hj + hjq1) hjta j=3...,n—-3
r2
hn—2 2(hn—2 + hn_1) ha—1 — 5727
2

0 hn-1 3hn + 2hnq + B

n—1

2
6(%+%> —6(,%1 +2hL2) (00+h1vi+i%) — h My
%(«90+h1m+%>+%—6(%+%)92

6 (%t - 05limt) | =303
. '.hz Mn n—2 " VUn-—
(00— sy ) o (i)
o fn—On—2—vshn _ hoM, _ hAM,
6 ( hn2—1v ) +6 (vf . é\/f 3hp_1 b My,

When formulating an optimization problem involving cubic splines we may
need to impose limits on the velocity, acceleration, jerk and torque, and there-
fore the derivatives of the C-Splines are requested. When solving the formu-
lated problem the first and second derivatives (with respect to the ¢ and
h; variables) of the constraints involving the C-Spline may be requested by
AMPL. The C-Splines dynamic library, built for AMPL, only provides the
first derivatives with respect to the ¢ and h; variables and these formulae can
be consulted in [17].
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5 Robotics Problems Coded in AMPL

A library for AMPL to allow the codification of mathematical problems that
use C-Splines is available and will be described in the following subsections.
The C-Splines library can be used to code the optimal trajectory planning
(SIP) problems that appear in robotics.

In this section a brief introduction to AMPL is given. We also describe the
C-Splines library for AMPL and give an example on how this library is used
for coding the robotics problems.

5.1 (SIP)AMPL

AMPL [9] is a modelling language that allows the codification of mathemat-
ical programming problems. AMPL is a descriptive language and does not
allow the direct programming of functions (no recursion is allowed) and the
automatic differentiation is used only to obtain the derivatives of the objective
function and constraints.

The SIPAMPL package contains a database of more than one hundred
and sixty SIP problems coded in (SIP)AMPL format and a set of interface
routines to connect AMPL to any SIP solver (in particular to the NSIPS [18]
solver). See [17] for the internet address where SIPAMPL is publicly available,
and [16] for details concerning the (SIP)AMPL format.

5.2 The Splines Library

Some problems in mathematical programming resort to function approxima-
tion by splines [1]. The codification of such problems in AMPL can be very
tedious if one needs to use several splines and their derivatives.

AMPL has the ability to load a dynamic library and we made an extension
to a previous B-Splines library [15] to include the C-Splines. The Splines
library and installation procedure are available from the internet along with
the SIPAMPL package.

The library provides three functions. bspline and dbspline refer to the B-
Splines functions (see [15]). cspline provides the C-Spline and its derivatives
to AMPL. The function syntax is:

cspline (t,d,n, b1, ha, ..., hn,01,02,...,00-1,v;,v¢, ai,a5)

where ¢ is the time instant where the cubic spline is to be computed and h;,
.+, hy, are the time displacements, all defined as AMPL variables. 64, ...,
0,1 are the assigned knots, d is the derivative order (0 for the C-Spline, 1
for the first, 2 for the second and 3 for the third derivative with respect to
t), n is the number of subintervals, v;, vy are the first and a;, as the second
derivatives at the boundaries (initial and final velocities, and accelerations).
The latter arguments are defined as AMPL parameters.
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cspline returns to AMPL the C-Spline (or the d order derivative) value
at ¢t and, if requested by the solver, the first derivatives of the C-Spline with
respect to ¢, and h; variables. When an external function is required the
function AMPL command must be used, before using the function itself.

5.3 A Robotics Example

Consider the following cubic splines trajectory planning problem. The total
travel time is to be minimized while the velocity is to be bounded by constants
(only one simple constraint is imposed, since the purpose is to illustrate how
C-Splines can be used in AMPL, and not how to solve a real robotics problem)

7
min h;
heR? £
J=1
7
st. —2<Q' [T _hi| <2
i=1

hj>0, VTE[O,].].

The trajectory knots are 0, 0.5, 0.75, 1, 0.75, 1.5, v; = v = 0, a; = 13.880794
and ay = —0.415203.
A possible codification of this problem in (SIP)AMPL format is the fol-

lowing:
#declareusedexternalfuntion data;
functioncspline; #knots
#numberofcoefficients paramknots:=
paramn:=7; 10
#numberofknots{nk=n-1) 20.5
paramnk:=6; 30.76
#knotsvector 41
paramknots{l..nk}; 50.75
#initialguessfortimedisplacements 61.5;
paramhinit{1..n}; #initialguess
#timedisplacements paramhinit:=
varh{jinl..n}:=hinit[j]; 11
#Infinitevariable 21
vartau:=0; 30.5
#initialandfinalvelocities,and 40.56
#accelerations 50.5
paramvi:=0; 60.5
paramvf:=0; 70.5;
paramai:=13.880794; #auxiliaryfilesforNSIPS
paramaf:=-0.415203; optionnsips_auxfilesrc;
#definenewvariableforC-spline #gelectdiscretizationmethod
varg=cspline(tau*(sum{jini..n}(a(j1)), #andinitialgridspace
1,n,{jinl..n}h[j],{jinl. .nk}knots[j], optionnsips_options
vi,vf,ai,af); ‘method=disc_hettdisc_h=0.01’;
minimizeobj: #selectNSIPS
(sum{jini..n}(h(j1)); optionsolvernsips;
subjecttotcons: #solveproblem
-2<=g<=2; solve;
subjecttobounds{jinl..n}: #printthesolution
h[jl>=0.01; printf"Solutionfound\n";
subjecttotbounds: displayh;
0<=tau<=1; displayobj;
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5.4 Coded SIP Problems

The constraints h; > 0, j = 1,...,n, in (3) were replaced by h; > 0.01,
j=1,...,nin all problems, to avoid the proximity of zero.

The problem described in [10] was coded in the 1in2.mod file. It describes
an Unimate PUMA 560 type robot with 6 revolute joints were no torque limits
are imposed. The problem is a minimum time trajectory planning with bound
constraints on velocity, acceleration and jerk. The robot starts and ends in
rest position (v; = vy = a; = ay = 0). The initial time intervals are h =
[3.607, 3.607, 2.878,4.275, 5.612, 2.915, 5.879, 1.336, 1.336], giving a total time
of 31.445 seconds (tg = 0, ¢, = 31.445) and the remaining data is presented
in Table 1.

Table 1. Data for the 1in2 problem

knot Joint 1 Joint 2 Joint 3 Joint 4 Joint 5 Joint 6
position in degrees

1 10 15 45 5 10 6
2 60 25 180 20 30 40
3 75 30 200 60 -40 80
4 130 -45 120 110 -60 70
5 110 -55 15 20 10 -10
6 100 -70 -10 60 50 10
7 -10 -10 100 -100 -40 30
8 -50 10 50 -30 10 20
Bounds Joint 1 Joint 2 Joint 3 Joint 4 Joint 5 Joint 6
Velocity 100 95 100 150 130 110
(degrees/sec)

Acceleration 45 40 75 70 90 80
(degrees/sec?)

Jerk 60 60 55 70 75 70
(degrees/sec?)

The two problems reported in [11] were also coded. delucal.mod is a light
robot with 2 joints and deluca2.mod is a planar motion of an IBM 7535 robot
with 2 joints. The robot parameters are reported in Table 2, where [; and J;
(i = 1,2) are the length and moment of inertia, with respect to the axis of the
driving joint for link 4, my is the mass of link 2, while m, and J, are the mass
and centroidal inertia of the payload. ds is the distance between the axis of
the second link joint and the center of mass of the second link. The dynamic
equation can be consulted in the model files delucal .mod or deluca2.mod in
[17] or in [11].

These problems contain velocity and torque bound constraints. The veloc-
ity limit was 2 rad/sec for both joints and 7 Nm and 2 Nm are the torque
limits in joint 1 and joint 2, respectively. The cubic splines used by De Luca
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Table 2. Robot parameters for the delucal-2 problems

l1 lz dz mz Mp J1 Jz Jp

(m) (m) (m) (kg) (kg) (kg m?) (kg m?) (kg m*)
delucal 0.5 0.5 0.25 1 0 0.084 0.084 0
deluca2 0.4 0.250.125 15 6 1.6 0.34 0.01

et al. in [11] only consider initial and final zero velocities and we have com-
puted the initial and final accelerations that result from the solution presented
by the authors. The initial and final velocities, and accelerations used in the
coded problems are reported in Table 3.

Table 3. Initial and final velocities, and accelerations for the delucal-2 problems

Problem Joint v; (rad/sec) vy (rad/sec) a; (rad/sec’) as (rad/sec?)

delucal 1 0 0 13.880794 -0.415203
2 0 0 -11.067942 -4.186542
deluca2 1 0 0 2.5207742 -2.1966904
2 0 0 2.5207742 -2.1966904
The initial time intervals, in seconds, considered were h = [1,1,0.5,0.5,

0.5,0.5,0.5] and h = [0.3,0.3,0.3,0.3,0.3,0.3,0.3] for delucal and deluca2,
respectively. Since De Luca et al. did not use the acceleration constraints, in
order to get the necessary extra freedom, we have repeated the first and the
last time intervals. The via points in joint space are reported in Table 4.

Table 4. Via points for the delucal-2 problems

Problem Joint Position in radians (knots)
1 2 3 4 5 6

delucal 1 005075 1125 1.5
2 0-05 -1-1.5 -1 05

deluca2 1 and 2 0.1 0.20.25 0.30.35 04

Another coded problem (lobiancol.mod) refers to a robot with 2 joints.
The robot arm is considered in initial and final rest position (v; = vy =
a; = ay = 0). The problem considers torque, linear and angular velocity
limits of 260 N'm, 50 Nm, 0.7 m/sec and 1.5 rad/sec, respectively. The robot
parameters are l; = 1.0(m), Iy = 0.5(m), m; = 15.0(kg) and m2 = 7.0(kg),
where [; and m;, @ = 1,2, are the link lengths and masses, respectively.

Since Guarino Lo Bianco and Piazzi [7] proposed a genetic algorithm to
solve the problem an initial guess was not provided. We used h = [0.5,0.5, 0.5,
0.5,0.5,0.5,0.5,0.5,0.5,0.5, 0.5] as initial guess which gives a total time travel
of 5.5 sec.
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The dynamic equations, linear and angular velocity equations can be con-
sulted in the coded problem (lobiancol.mod in [17]) and the trajectory via
points are presented in Table 5.

Table 5. Via points for the lobiancol problem
Knot Joint 1 (rad) Joint 2 (rad)

1 0.0000 -1.5708
2 0.1253 -1.6804
3 0.2517 -1.7594
4 0.3789 -1.8074
5 0.5054 -1.8235
6 0.5837 -1.7087
7 0.6119 -1.4581
8 0.4263 -1.1040
9 0.3903 -1.1124
10 0.3526 -1.1152

6 Numerical Experiments

We have used the recent publicly available NSIPS [18] solver connected with
the SIPAMPL [16] interface that provides the Splines library. The NSIPS
solver software package can be obtained freely from the same internet address
as SIPAMPL. The discretization method is the only one that supports simple
bounds on the finite variables (h; > 0, j = 1,...,n, in (3)). The discretization
method consists of replacing the infinite set 7" by a sequence of finite grids
To C Ty C --- C Ty C T. Finite nonlinear subproblems are solved (using the
NPSOL software package [4]) in each grid with a selected number of points.

All plots were obtained with the MATLAB [13] plot function together
with the SIPAMPL interface to MATLAB [16, 17].

The numerical results were obtained in a computer with a Pentium III
450Mhz processor, 128MB of RAM, Linux operating system (Red Hat 5.2)
and with AMPL Student Version number 19991027 (Linux 2.0.18).

The solution found for the problem described in subsection 5.3 was
0.281396, 0.0650184, 0.128647, 0.178947, 0.226906, 0.621131 and 0.01 in a
total travel time of 1.51205. The trajectory and velocity are plotted in Fig.1.

Table 6 presents the user time in seconds for all the solved problems.

The time solution vector for all the problems are shown in Tables 7 and
8. In these tables, “NSIPS” is the solution obtained with the NSIPS solver
and “Prev.” is the solution obtained by the authors where the problem was
proposed. In Table 8, the “Extra knot” entry means that the considered knot
was not present in the authors proposed problem, since the extra degree of
freedom in the C-Spline was not used. The discretization method computes a
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Fig. 1. Results for position and velocity of the example problem

Table 6. User time, in seconds, for solved problems

Problem Time (sec)

1in2 6.59
delucal 6.57
deluca2 17.71
lobiancol 3.11

solution in the finest grid and if the grid is not fine enough some infeasibility in
the infinite constraints can occur. If a finer grid is required then the dimension
of the first grid or the number of grid refinements should be changed from
their default values in the solver. For problem deluca2 the solution we found
is different from the one reported by De Luca et al.. While in the solution
found by De Luca et al. the velocity constraints are inactive and the torque
are active, in our solution the velocity constraints are active and the torque
inactive.

Except for the lobiancol problem, an improvement in the total trajectory
time was obtained for all the considered problems.

Figure 2 shows the position, velocity, acceleration and jerk in the solution
found for the first joint in 1in2 problem. Figures 3-5 show the position, linear
and angular velocities and torque for problem lobiancol.
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Table 7. Solutions of 1in2 and lobiancol problems

1in2 lobiancol

NSIPS Prev. NSIPS Prev.
h1 1.125150 1.131000 0.010000 0.020000
h2 2.039520 2.004000 0.348599 0.364290
h3 1.635940 2.068000 0.156699 0.184190
ha 2.158020 2.016000 0.150559 0.183860
hs 2.046600 2.714000 0.154683 0.184230
he 2.510830 1.973000 0.138140 0.167350
hr 3.781200 3.807000 0.191483 0.223100
hs 1.831450 1.971000 0.391619 0.365390
hg 0.803105 0.767000 0.106903 0.099450
hio 0.022616 0.238180
hi1 0.385888 0.020050
Total 17.931800 18.45100 2.057190 2.050090

Table 8. Solutions of delucal and deluca2 problems

delucal deluca2

NSIPS Prev. NSIPS Prev.
hi  0.010000 0.370000 0.010000 0.290000
ha 0.348255 Extra knot 0.134696 Extra knot
hs  0.260631 0.250000 0.053838  0.070000
hs 0.361528 (.340000 0.050615  0.070000
hs  0.351404 0.430000 0.051988  0.080000
he 0.010000 Extra knot 0.066819 Extra knot
hr  1.061350 1.070000 0.010000 0.200000
Total 2.403170  2.460000 0.377956  0.710000

7 Conclusions

Previous works on trajectory planning have solved the optimization problem
under the generalized SIP formulation shown in equation (2) and new algo-
rithms for addressing this problem were proposed. In this paper we present a
reformulation of the generalized SIP into a standard SIP and applied publicly
available tools for coding and solving this type of problems.

To allow the codification of the robotics problems a C-Splines dynamic
library for AMPL was developed. The robotics problems herein presented are
coded and freely available via the web in the SIPAMPL [17] database (see
subsection 5.4).

We have shown that the formulated robot trajectory planning problems
can be easily solved with the new available tools for semi-infinite programming
problems.
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Summary. MPCC can be solved with specific MPCC codes or in its nonlinear
equivalent formulation (NLP) using NLP solvers. Two NLP solvers - NPSOL and
the line search filter SQP - are used to solve a collection of test problems in AMPL.
Both are based on SQP (Sequential Quadratic Programming) philosophy but the
second one uses a line search filter scheme.

1 Introduction

There has been an enormous amount of interest in developing algorithms to
solve Mathematical Programs with Complementarity Constraints (MPCC).
A series of problems that arise from realistic applications in engineering and
economics is the main reason for such interest.

In recent years, the advances in computer technology have increased the
capability of a modeler to solve large scale problems with complementarity
constraints. On the one hand, the appearance of modelling systems allows to
directly express complementarity conditions as part of their syntax and to
pass on the complementarity model to the solver. On the other, the ability
of a modeler to generate realistic large scale models enables the solvers to be
tested on much larger and more difficult classes of models, producing in this
way new enhancements and improvements in the solver.

However, solving MPCC is a harder task because it can be shown that
constraint qualifications typically assumed to prove convergence of standard
NLP algorithms fail for MPCC. As a result, applying specific MPCC solvers is
problematic. To circumvent these problems, various reformulations of MPCC
have been proposed. One of these approaches involves the possibility of solving
MPCC by transforming it to a well-behaved nonlinear program. This endeavor
is important because it allows to extend the body of analytical and computa-
tional expertise of nonlinear programming to this new class of problems.
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In this work it is analyzed the possibility of solving MPCC in its NLP
reformulation using certain SQP algorithms. Two NLP solvers based on SQP
philosophy are used to solve a set of problems - NPSOL and the line search
filter SQP. The last one is a promising recent algorithm developed by our
research group still in improvement phase. Another goal of this study is testing
this new algorithm for MPCC problems in their NLP reformulation. This
study is included in a MSc project.

The organization of this paper is as follows. Section 2 introduces the Math-
ematical Programs with Complementarity Constraints. The next section de-
fines an equivalent nonlinear program. In Section 4, the NLP solvers (NPSOL
and line search filter SQP) are presented as well as their main characteris-
tics. Numerical results obtained with a collection of AMPL test problems are
presented in Section 5. Finally, the main conclusions are shown.

2 Mathematical Programs with Complementarity
Constraints

A Mathematical Program with Complementarity Constraints is an optimiza-
tion problem with equality and inequality constraints. In fact, it is a nonlinear
optimization problem where the constraints have the same form as the first-
order optimality conditions for a constrained optimization problem.

A Mathematical Program with Complementarity Constraint (MPCC) is

defined as:
min f(z)
st. cg(2)=0
() > 0 @

0221J_Z2S0

where z = (29,21,22), 20 € R™ is the control variable and 21,2, € R? are
the state variables; cg and ¢y are the sets of equality and inequality con-
straints, respectively. The presence of complementarity constraints is the most
prominent feature of a MPCC that distinguishes it from a standard nonlinear
optimization problem.

To solve this kind of problems one might be tempted to use a standard
nonlinear programming algorithm. Unfortunately, the feasible set of MPCC
is ill-posed since the constraints qualifications which are commonly assumed
to prove convergence of standard nonlinear programming algorithms do not
hold at any feasible point of the complementarity constraints [16].

A number of special purpose algorithms have been developed for MPCCs,
such as branch-and-bound, implicit nonsmooth approaches, piecewise sequen-
tial programming [4, 14]. Nevertheless, most of the algorithms for solving
MPCC need strong assumptions to ensure convergence. Hence, the research
on the development of effective algorithms remains vigourous.
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This kind of problems gained lot of popularity in the last decade, because
the concept of complementarity is synonymous of equilibrium and many real
applications can be modelled by MPCC.

In Economics, complementarity is used to express Walsarian and Nash
equilibrium, spatial price equilibria, invariant capital stock, game-theoretic
models and Stackelberg lender-follower games, used in oligopolistic market
analysis [3, 5]. More complex general equilibrium models are used for various
aspects of policy design and analysis, including carbon abatement and trade
form. Other applications use game theory, where new examples are becoming
popular due to deregularization of electricity markets.

Engineering applications of MPCC include contact and structural mecha-
nics, structural design, obstacle and free boundary problems, elastohydrody-
namic lubrification and traffic equilibrium. Recently, MPCC has been used in
optimal control problems for multiple robot systems [9, 15]. In optimization,
this kind of problems involves the formulation of the Karush-Kuhn-Tucker
conditions.

3 Nonlinear Programs

An extensive theory of first and second order optimality conditions for MPCC
has been developed. However, the numerical analysis of large-scale MPCCs is
still an area of investigation. Some recent papers have suggested reformulating
the MPCC problem as a standard NLP. The idea behind this approach is to
take advantage of certain NLP algorithms features in order to obtain rapid
local convergence.

Notice that (1) can be written in the equivalent NLP form:

min f(z)
st. cg(z) =0
cr(z) =0 )
z1 2 0
Z9 > 0
2Tz <0

For the success of NLP solvers, Leyffer suggested to replace the usual com-
plementarity condition 27 z5 = 0 by the relaxed equivalent condition z¥ z; < 0.
Without this relaxation, several methods cannot converge quadratically near
a strongly stationary point.

Unfortunately, the complementarity constraint implies that the KKT con-
ditions are rarely satisfied by MPCC since it can be shown that there always
exists a nonlinear abnormal multiplier [17]. Boundedness of the set of KKT
multiplier vectors is equivalent to the Mangasarian Fromovitz constraint qual-
ification condition arising in nonlinear programming.

Recall that, for a point z* and active set A(z*) = EU{i € I | ¢;(2) = 0},
Mangasarian Fromovitz Constraint Qualification (MFCQ) holds if there exists
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a vector w € R™ such that:

Vei(2)Tw >0, foralli € A(z)N T
Vci(z*)Tw =0, forall:e E
Vei(z*),i € E are linearly independent

In MPCC formulation all the feasible points are nonregular in the sense
that they do not satisfy MFCQ, which is the usual condition for global con-
vergence of a NLP algorithm. Nonregularity implies that the multiplier set is
unbounded, that the normal vectors to active constraints are linearly depen-
dent, and that the linearization of the NLP formulation can be inconsistent,
arbitrarily close to a stationary point - all arguments against the use of the
NLP technique for solving MPCCs.

Recent investigation brings good news: studies concluded that new well-
established nonlinear programming solvers with minor modifications present
exciting computational results.

4 NLP Solvers

Upon the success of SQP methods for nonlinear programming, the SQP ap-
proach has been extended to solve MPCC as well. In this work, it is presented
two NLP solvers using SQP algorithms - NPSOL and the line search filter
SQP. ‘

4.1 NPSOL

NPSOL was created by Gill, Murray, Saunders and Wright [10]. NPSOL is a
Fortran Package designed to solve the nonlinear programming problem: the
minimization of a smooth nonlinear function subject to a set of constraints
on the variables. The functions should be smooth but not necessarily con-
vex. NPSOL employs a SQP algorithm and is specially effective for nonlinear
problems whose functions and gradients are expensive to evaluate. The inner
QP subproblem is solved by a LSSOL subroutine. An augmented Lagrangian
merit function using a line search scheme promotes convergence from arbitrary
starting points. The Hessian matrix of the Lagrangian function is updated
with a BFGS quasi-Newton approximation.

4.2 Line Search Filter SQP

The line search filter SQP is a new algorithm for solving NLP problems,
developed by Antunes and Monteiro [2] and still in improvement phase. It is
based on a SQP algorithm with a filter scheme whose goal is to avoid the need
of a merit function. This function requires difficult decisions in order to choose
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the penalty parameters and handle other difficulties like nondifferentiability.
We now proceed to briefly explain the filter scheme. For simplicity, consider
the NLP problem written in the form:

{ min  f(z) (3)

st. c{z) <0

where ¢ : R®™ — R™ is a function incorporating all the constraints, possibly
simple bound constraints.

Problem (1) can be reinterpreted as a problem which consists in minimizing
simultaneously the objective function f(z) and the term

m
hle(@)) = Y maz{0,c;(a)}

j=1
representing the sum of the constraints violation. A filter is a list of pairs
(f$9, h(®)) such that any pair dominates any other (dominance concept from
multicriteria optimization [13]). A pair (f(), h(¥)) obtained on iteration i is
said to dominate another pair (f), h()) if and only if both f® < fU) and
R < pl9),

The line search filter SQP is based on a Fletcher and Leyffer idea [6] pre-
sented in 2000. While these authors used a trust region (TR) approach, the
line search filter SQP uses a line search strategy to promote global conver-
gence. The inner QP subproblem is solved using LSSOL subroutine from the
NPSOL. For more details see [1, 2.

4.3 NPSOL vs Line Search Filter SQP

Filter SQP ““

5

Merit
Function
X (MRl ¢ g™

Fig. 1. Scheme of NPSOL Fig. 2. Scheme of the line search filter
sSQP
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As seen in Figures 1 and 2 for both codes the inner QP subproblem of
the SQP algorithm is solved by LSSOL which is a subroutine of the NPSOL.
The line search strategy is used also by the two solvers to promote global
convergence. The only difference between these codes is the process to obtain
the scalar o from the line search - NPSOL uses a merit function and the line
search filter SQP consults the filter.

5 Numerical Examples

5.1 MacMPEC

In order to perform some computational experiments using these solvers, a
library was used: MacMPEC [11], that is a collection of MPCC models written
in the AMPL language [8]. It is a recent library compiled by Sven Leyffer that
contains an extensive collection of MPCC problems. Not all the problems
in MacMPEC are included in this study. Due to memory limit, it wasn’t
possible to solve large problems. The numerical tests were done on a Pentium
IV 2600Mhz processor with 512Mb Ram in a WindowsXP operating system.
More details about the problems and solvers results can be found in Appendix.

5.2 Numerical Results

For all the problems the usual complementarity condition in MPCC formu-
lation (1) was replaced by the equivalent nonlinear condition with relaxation
(1). All starting points are standard and fixed by default of AMPL. For both
solvers, the stop criterium tolerance was ¢ = 1.0E — 06 or 1000 iterations.

For some problems, the solvers couldn’t confirm optimality, because the
iteration limit was reached - Table 1 shows, for each solver, the number of the
problems where this happened.

Table 1. Failures of NLP solvers

Solver iter. limit
NPSOL 4
Line search filter SQP 10

Note that the tested problems set contains some problems that are known
not to have strongly stationary limit points. For instance, ex9.2.2, and
scholtes4 have solutions which are not strongly stationary. Problem gauvin
has a global minimum at a point where the lower-level problems fails a con-
straint violation, so the formulation as MPCC is not appropriate [12]. Both
SQP codes are very robust solving MPCC problems in their NLP formulation.
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Figure 3 shows the comparison ef the CPU time, in seconds. The NPSOL
is significantly faster than the line search filter SQP but note that the last one
is still in irnprovement phase.

W Mpsol

W Mps ol O FitersaF
O FIersarF TS

a0,

2]

Fig. 3. Percentage of problems with Fig. 4, Percentage of problems with
lower CPU time fewer iterations

Figures 4 and 5 show the comparison in terms of iterations. With respect
to the number of iterations the line search filter SQP takes advantage when
compared with NPSOL - it needs less number of iterations in 60% of problems.
It presents also fewer number of iterations used in a general way to solve
problems.

70

6D

# problems

- = Npsol
M Filter SQP

30

20 |

10 I
0 ||- . .- . |

[1.10] [11,200 [21,30] [31,40]  [41,50] »50

# iterations

Fig. 5. Number of iterations

Figures 6 and 7 report the ranking of the number of function and gradient
evaluations - in 60% of problems the line search filter 8QP shows a hest
behaviour with respect to function and gradient evaluations.
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6 Conclusions

A set of MPCC problems were reformulated as NLP problems using the re-
laxed complementarity condition. Two NLP solvers were tested with these
problems and the results confirm their surprising robustness. Using NLP
solvers based on SQP algorithms provide an ability to solve a great num-
ber of complex problems. The line search filter SQP presents better results
than NPSOL with respect to the number of iterations and to the number
of function and gradient evaluations. In terms of the CPU time, NPSOL is
faster but recall that it is a commercial software already optimized, whereas
the line search filter SQP is still in a development phase, The performance of
the line search filter SQP, when compared with the NPSOL, is encouraging
and this new code should continue to be improved in the future. The research
on this area is very important for the modelers, hence it can be a technique
for answering important economic and engineering questions.

Appendix - Detailed Numerical Results

Problem CPU time Number of iterations Function Evaluations Gradient Evaluations
Npsol Filter SQP Npsol Filter SQP  Npsol Filter SQP  Npsol Filter SQP
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Best
Fig. 6. Ranking of function evalua- Fig. 7. Ranking of gradient evalua-
tions tions
Problem CPU time Number of iterations Function Evaluations Gradient Evaluations
Npsol Filter SQP Npsol Filter SQP Npsol Filter SQP Npsol Filter SQP
gnashl4 0 0 10 7 13 8 13 8
gnashls 0 4] 10 12 16 16 16 13
gnashl6 o o 10 8 13 12 13 9
gnashl? Q o 10 6 13 T 13 7
gnashl8 0 4] 14 9 21 14 21 10
gnashl9 o o 10 14 13 15 13 15
hakonsen 0 0.064 54 1 143 3 143 2
hs044-i ] 0.015 ] 9 16 11 16 10
incid-set1-8 0.593 0.578 18 5 25 6 25 6
incid-setlc-8 0.562 0.547 14 5 21 6 21 6
incid-set2-8 23.156 151,297 1000 880 2948 16643 2948 881
incid-set2c-8 22.375 107.094 1000 362 2953 1539 2953 363
irl o o 2 2 4 3 4 3
jr2 [ ] 9 2 14 3 14 3
kthi [s] [} 1 1 2 2 2 2
kth2 o 4] 3 3 5 4 5 4
kth3 0 0 5 1 8 2 8 2
liswet1-050 0.14 0.546 6 2 9 3 9 3
nashl 1] o 12 2 16 3 16 3
outrata3l 0 6.015 88 14 272 17 272 15
outrata32 0 o 16 8 19 16 19 9
outrata33 0 [¢] 88 12 270 13 270 13
outrata34 0 0 62 36 168 39 168 37
portfi-i-1 0.078 0.171 16 6 17 25 17 7
portfl-i-2 0.046 0,281 12 8 13 38 13 9
portfi-i-3 0.109 G.156 18 6 21 24 21 T
portfl-i-4 0.062 0.328 12 13 14 48 14 14
portfi-i-6 0.062 0.218 13 8 14 22 14 9
qpec-100-1 0.0424 107.747 30 1000 31 8918 31 1001
qpec-100-2 0.609 127.062 24 1000 286 8163 26 1001
qpec-100-3 0.984 219.782 43 1000 44 17355 44 1001
qpec-100-4 0.89 24,125 33 109 34 367 34 110
gqpecl 0.031 0.015 63 3 102 4 102 4
gqpec2 0.015 0.828 2 1000 4 19830 4 1001
ralphl 0 0.62 31 1000 48 1001 48 1001
ralph2 0 0 20 2 21 3 21 3
ralphmod 3.375 35.985 103 143 148 1451 148 144
scholtesl D] 0 6 4 11 5 11 5
scholtes2 0 o 14 4 34 5 34 5
scholtes3 o 0.046 20 100 32 20001 32 1001
scholtes4 V] 0.859 28 1000 41 1680 41 1001
scholtes5 D] o 3 3 4 4 4 4
sll 0 0.047 4 2 14 3 14 3
stackelbergl [} o 7 5 8 6 8 [:]
tap-09 0.062 39.344 6 1000 8 19967 8 1001
tap-15 71.641 330.953 1000 162 3008 3225 3008 163
water-net 0.062 7.828 20 1000 30 19841 30 1001
water-FL 39.953 239.812 1000 1000 2882 19701 2882 1001
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Summary. A new algorithm based on filter SQP with line search to solve nonlinear
constrained optimization problems is presented. The filter replaces the merit function
avoiding the penalty parameter estimation. This new concept works like an oracle
estimating the trial approximation of the iterative SQP algorithm. A collection of
AMPL test problems is solved by this new code as well as NPSOL and LOQO
solvers. A comparative analysis is made - the filter SQP with line search presents
good performance.

1 Introduction

In Fletcher and Leyffer [6] a new technique for globalizing methods for Non-
linear Programming (NLP) is presented. This concept is referred as a NLP
filter and it is motivated by the aim of dispensing with the penalty function,
avoiding related difficulties like nondifferentiability or the penalty parame-
ter choice. Numerical experiments with this new technique in a sequential
quadratic programming (SQP) trust region algorithm are reported in [6] and
seem very promising.

In this work the same filter SQP idea is used to promote global convergence
but in a line search context instead of the trust region approach.

This paper is divided in 4 sections. The next section presents the mathe-
matical formulation of the NLP problem to solve. Section 3 introduces the
concept of a filter and shows how it can be used in a line search based SQP
algorithm. An algorithmic refinement that is needed to ensure the robustness
of the basic algorithm is presented and the termination criterion is described.
The flowchart of the algorithm is also presented. Finally, Section 4 presents
numerical results obtained with a collection of AMPL test problems as well as
the corresponding comparison with NPSOL and LOQO results and the main
conclusions.
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2 NLP Problem

The purpose of this work is the development of an algorithm for finding a
local solution of an NLP problem of the following form

min f(x)
st. by <z <ub, (1)
b, < c(x) < ub,

where f : R™ — IR is a nonlinear objective function, z € R", and
lb,, ub, € R™ are the lower and the upper bounds of the variable z, res-
pectively, and ¢ : IR" — IR™ is a set of m general constraints whose lower
and upper bounds are lb. and ub,, respectively. The set of all constraints de-
fines the feasible region. Note that equality constraints are included in the
above formulation by setting the lower bound equal to the upper bound for
the relevant constraint. Likewise it is possible to include one-sided constraints
by setting the lower bound to —oo or the upper bound to oo, depending on
which bound is required.

There are several methods to solve problem (1): Sequential Quadratic Pro-
gramming, reduced-gradient methods, sequential or exact penalty techniques,
interior-point methods and more recently the filter method.

3 NLP Filter

3.1 State of Art

Since its first appearance in a 1997 paper by Fletcher and Leyffer [6], the filter
technique has been mostly applied to SLP (sequential linear programming)
and SQP type methods [6, 5, 7]. Global convergence to first-order critical
points was proved for SLP by Fletcher, Leyfler and Toint [5] in 1998 and for
SQP by Fletcher, Gould, Leyffer, Toint and Wichter [8] in 1999. The filter
idea has proven to be very successful numerically in the SLP/SQP framework
[4]. In the context of composite SQP for equality constrained optimization, Ul-
brich and Ulbrich [12] have also proposed, based on filter idea, a nonmonotone
trust region algorithm. Recently, Audet and Dennis [1] presented a pattern
search filter method for derivative-free nonlinear programming. More recently,
the filter approach has been adapted to interior-point methods in a number
of ways. Benson, Shanno and Vanderbei [2] proposed several heuristics based
on the idea of filter methods, for which improved efficiency is reported com-
pared to their previous merit function approach. Ulbrich, Ulbrich and Vicente
[13] consider a trust region filter method that bases the acceptance of trial
steps on the norm of the optimality conditions. Wichter and Biegler [14] pre-
sented a primal-dual interior-point algorithm with a filter line search method
for nonlinear programming. Gonzaga, Karas and Vanti in [11] presented an
algorithm based on filter method with inexact restoration strategy (IR) and
proved its global convergence to stationary points.
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3.2 Filter

Penalty functions combine the two competing aims in NLP - minimization
of objective function and satisfaction of the constraints - into a single mi-
nimization problem. In filter strategies these are seen as separate objectives.
Conceptually, these two can be written as

min f(z) and min h(c(x))

where

h(c(@) = [t @), =D _cf (@)
=1

with cj = maz(0, ¢;) and the constraints defined in (1) are handled with the
form ¢(z) £ 0.

The filter is a list of pairs (f, h1)) where f& = f(z(¥)) and h(O=h(c(z®))
such that no pair dominates any other. A pair (f(*), h(¥)) obtained on ite-
ration k is said to dominate another pair (f), A} if and only if h(*¥) < ¥
and f®) < fO indicating that the point z(*) is at least as good as z{) for
both measures. The filter can be represented graphically in the (f, h) plane
as illustrated in Figure 1.

Ax)

—t

h(c(x))

Fig. 1. Example of a filter

The key idea is to use the filter as a criterion for accepting or rejecting a
step - it works like an oracle defining a tabu region, ie, a points prohibited
region. A new step is accepted, which means it doesn’t belong to the tabu
region, if it reduces either the objective function or the constraints violation
function.

3.3 Globalization Techniques

The term "globalization technique" is used to distinguish the method used for
selecting the new estimate of the solution from the method for computing the
search direction. In almost all algorithms, the formula for the search direction
is derived from the Taylor series, which is a "local" approximation to the
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function. The method for choosing the new estimate of the solution is designed
to guarantee global convergence, defined as convergence from any starting
point.

If the underlying optimization method produces good search directions,
then the globalization technique will act merely as a safety net protecting
against the occasional bad step. For a method that produces less effective
search directions, the globalization technique can be a major contributor to
the practical success of the method. The two major types of globalization
techniques are the trust region method, used by Fletcher and Leyffer in [6]
with a filter scheme and the line search method used in this work.

3.4 Algorithm

At iteration k, a quadratic approximation to (1) in z(*) is performed by mi-
nimizing the quadratic approximation of the objective function f subject to
linear approximation of the constraints. The corresponding QP subproblem is

min 1 d®TWEAE 1 4B gH)
st by < x4 d*) < ub, (2)
lbe < ABT ) 4 ck) < yb,

where W) = V2L(z®) X)) is the Hessian of the Lagrangian function
L(z,\) = f(z) + M¢(x), g = Vf(2®) is the gradient of the objective
function and A®” = Ve(z™)T is the Jacobian matrix of general constraints
¢(x®)). The solution of this QP subproblem, which is also an iterative proce-
dure, is the search direction d*). The next trial point z(**1), an approximation
to the problem solution, is obtained by

g®+) = 4k) o o 4K (3)

where o € R is the steplength. This new point z(**1) is accepted by the filter
if the corresponding pair (f*+1) h(¥+1)) is not dominated by any pair in the
filter. Otherwise the point is rejected and « is divided by 2 until the point is
accepted or « is smaller than the tolerance level.

The condition that a new point is not dominated by any entry in the filter
allows for the possibility of an oscillating sequence of points with accumulation
points in the (f, k) space. A standard way to avoid this is to require a sufficient
reduction. The aim is to produce an envelope below the filter that prevents
points arbitrarily close to the filter from being accepted. This idea is illustrated
in Figure 2 where the envelope is shown by the dashed line.

A new iterate z(**1) is said to be acceptable to the filter if its (f, h) pair
satisfies either

h < gAY or  f<fO—~n (4)

for all pairs (%, hM) in the filter, where § and v are preset parameters such
that 0 < v < 8 < 1, with 3 close to 1 and +y close to zero [7]
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fx)

R

Convergence:
KKT residual
analysis

Yes

End

Fig. 3. Filter SQP flowchart

In Fig. 3 we present the corresponding flowchart of the filter SQP algo-
rithm. The algorithm terminates when a Kuhn-Tucker point z* is found. The
solver computes the normalized Kuhn-Tucker residual defined by

g AN,
max { fmax, 1.0}

where g* = V f(z*), A* = Ve(z*), v and X are the Lagrange multipliers of the
variables and constraints, respectively, and the maximum length is calculated
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by
pmax = max {{lg%[l3 s [l [lai llg [A7]} -

The solver terminates if the normalized Kuhn-Tucker residual r is less than ¢
where ¢ is a user provided tolerance level.

ALGORITHM: Filter SQP line search
Given z(®, A9 set k=0
REPEAT
Solve QP (26) for a step d*), set o = 1 and set Accept = FALSE
REPEAT
set (k1) = zk) 4 o ()
IF (f*+1) p(E+1)) is acceptable to the filter THEN
Accept 571 and add (f*+1, h(k+1) to the filter
Remove points dominated by (f(*+1), h(*+1)) from the filter
set Accept = TRUE
ELSE
Reject k1)
Set a = /2
ENDIF
UNTIL Accept = TRUE or a < TolAlpha
setk=k+1
UNTIL Convergence

4 Computational Experiments and Conclusions

This section presents some initial numerical experiments performed on a Pen-
tium III with 128MB RAM. The filter algorithm was implemented in C Lan-
guage for Windows operating system.

The QP subproblem (26) is solved using the LSSOL routine from NPSOL
solver [10]. NPSOL is a set of Fortran subroutines based on SQP algorithm
with an augmented Lagrangian merit function with Quasi-Newton approxima-
tion to the Hessian of the Lagrangian. The comparison between NPSOL and
the new algorithm based on filter method is a fair comparison because both
packages use the same philosophy (SQP with line search strategy) and the
same subroutine to solve the QP subproblem (LSSOL). The search direction
d calculated by the QP subroutine is used to update the next approximation
to the solution of the problem using a line search globalization method. The
only difference is that NPSOL obtains the scalar « in (3) using an augmented
Lagrangian merit function and our algorithm consults an oracle - the filter -
to verify the acceptance of the new point z(++1),

We have also used LOQO, an infeasible primal-dual interior-point algo-
rithm, and compared its results with those of this new method, based on a
SQP approach.
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Table 1. Numerical results for Filter SQP, NPSOL and LOQO codes

Filter SQP NPSOL LOQO

Problem n m # f # g Iter # f # g Iter # f # g Iter
hs001 2 1 34 25 24 21 21 18 68 68 33
hs003 21 2 2 1 8 8 3 21 21 11
hs004 22 3 3 2 2 2 1 15 15 8

hs005 22 19 13 12 9 9 7 19 19 10
hs007 21 9 9 8 15 15 1% 27 27 14
hs008 22 3 3 2 9 9 6 17 17 9

hs010 21 12 12 11 17 17 13 29 29 15
hsO11 21 6 6 5 12 12 8 25 25 13
hs012 21 7 7 6 2 9 8 19 19 10
hsO14 22 6 6 5 8 8 6 21 21 11
he015 23 58 5 4 5 5 3 61 61 31
hs016 2 4 6 6 5 5 5 4 35 35 18
hs017 24 11 10 9 15 18 12 58 58 29
hs018 2 4 8 8 7 23 23 13 29 29 15
hs019 2 4 6 6 5 8 8 6 33 33 17
hs020 24 7 7 6 5 5 4 47 4T 24
hs021 23 2 2 1 4 4 2 23 23 12
hs022 22 3 3 2 7 7 5 17 17 9

hs023 25 8 8 7 7 7 6 35 35 18
hs024 23 3 3 2 6 6 2 25 25 13
hs026 31 16 16 15 56 65 44 29 29 15
hs027 31 10 9 8 28 28 20 33 33 17
hs028 31 2 2 1 6 6 4 17 17 9

hs030 34 3 3 2 4 4 2 17 17 9

hs031 34 7 7 6 12 12 8 33 33 17
hs032 32 3 3 2 3 3 2 46 46 23
hs033 33 6 6 5 11 11 5 21 21 11
hs034 35 8 8 7 8 8 7 27 27 14
ha035 31 2 2 1 7 7 5 12 19 10
hs036 34 3 3 2 2 2 1 35 35 16
hs038 4 2 68 39 38 33 33 26 99 99 44
hs039 4 2 122 46 45 15 15 12 29 29 15
ha040 4 3 8 8 7 9 9 6 17 17 9

hs042 4 2 5 5 4 10 10 6 17 17 9

hs043 4 3 7 7 6 17 17 11 21 21 11
hs044 4 6 10 7 6 6 6 4 31 31 16
hs046 5§ 2 23 19 18 53 53 50 44 44 22
hs047 5 3 26 21 20 57 57 34 44 44 21
hs048 52 2 2 1 9 9 5 1% 19 10
hs049 5 2 17 17 16 43 43 40 47 47 24
hs050 §3 10 10 9 19 19 15 31 31 16
hs051 53 2 2 1 7 7 4 15 15 8

hs052 53 2 2 1 6 6 3 15 15 8

hs053 53 2 2 1 7 T 4 21 21 11
hs054 6 1 2 2 1 7 7 5 23 23 12

The code is interfaced to the modelling language AMPL [9] and a set
of a hundred AMPL problems is tested to compare the new algorithm with
NPSOL and LOQO. After eliminating the problems for which the solvers
obtained different local minima, 88 problems remained. The percentage of
fails were almost the same for the three codes, for that reason the robustness
is similar.

The tolerances used in the algorithm were set to vy = 1.0E —05, =1 —7,
e =1.0F — 06 and TolAlfa = 1.0FE — 06.

Tables 1 and 2 report the numerical results of the three codes tested - Filter
SQP, NPSOL and LOQO. The tables show the problem name, its dimension
(n number of variables and m number of constraints), #f and #g are the
number of function and gradient evaluations, respectively, and iter is the
iterations count. Table 3 presents the cumulative results for the three solvers.

Without further examination the results of the filter SQP seem very en-
couraging, but measuring and comparing software is a very difficult task.
Dolan and Moré in [3] present a tool for the evaluation and performance of
optimization codes. The performance profile for a solver is the (cumulative)
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Table 2. Numerical results for Filter SQP, NPSOL and LOQO codes (cont)

Filter SQP NPSOL LOQO

Problem n m #f # g lter # f # g Iter # f # g Iter
hs057 2 3 25 6 5 21 21 19 31 31 16
hs060 3 1 6 6 5 11 11 8 17 17 9

hs062 3 1 7 8 5 16 16 9 258 25 13
hs066 3 5 10 2 8 8 8 7 29 29 15
hs073 4 3 3 3 2 5 5 4 39 39 19
hs076 4 3 2 2 1 8 8 7 21 21 11
hs079 5 3 9 8 7 12 12 10 17 17 9

hs080 5 3 7 7 6 10 10 8 17 17 9

hs083 5 3 5 5 4 7 7 8 25 25 13
hs084 5 3 6 5 4 3 3 2 64 64 21
hs085 5 48 22 22 21 18 18 17 61 61 29
hs086 5 1 4 4 3 7 7 5 25 25 13
hs087 6 4 6 ] 5 15 15 12 47 47 24
hs085 6 4 5 3 2 2 2 1 32 32 16
hs097 6 4 7 7 6 6 6 3 36 36 18
hsl100 7 4 24 8 7 29 20 14 22 22 11
hsl04 8 6 25 24 23 20 20 18 27 27 14
hs105 8 8 17 13 12 69 69 50 35 35 18
hsl12 10 3 12 12 11 36 36 16 35 35 17
hal13 10 8 14 7 6 18 18 13 31 31 16
hsl16 13 28 10 9 8 20 20 10 194 194 74
hs118 15 8 2 2 1 30 30 14 29 29 15
hellg 16 1 8 8 7 16 16 13 57 57 29
bgpgabim 50 4 2 2 1 98 98 51 27 27 14
braess 5 3 2 2 1 4 14 2 23 23 12
chemeq 126 16 20 20 19 112 112 61 151 151 53
deconve 62 1 22 17 16 132 132 84 63 63 32
eigminb 101 2 6 6 8 6 6 5 19 19 10
expquad 120 2 2 2 1 3 3 2 18 19 10
hagerl 20 2 2 2 1 io 10 7 19 19 10
hydrothermal 58 11 5 5 4 11 11 10 113 113 57
integreq 52 2 4 4 3 11 11 7 15 15 8

liarwhd 3 1 20 20 19 27 27 26 55 55 27
liswetl0 103 1 2 2 1 3 3 2 37 37 19
minsurf 64 4 13 8 4 27 27 15 23 23 17
nondquar 100 1 19 19 18 317 317 310 45 45 23
optcntrl 32 5 4 4 3 5 5 4 67 67 34
polakl 2 2 8 8 7 i5 15 13 27 27 14
polak3d 12 10 9 9 8 28 29 23 47 47 24
polaké 5 4 11 10 9 41 41 18 53 83 27
tf12 3 101 2 2 1 32 32 20 29 29 15
weapon 100 2 10 10 9 64 64 54 45 45 23
zigzag 64 11 8 8 7 65 65 37 85 B85 43

Table 3. Cumulative results

#f H#g iter

Filter SQP 966 764 673
NPSOL 2078 2078 1514
LOQO 3252 3252 1592

distribution function for a performance metric. Performance profiles provide a
means of visualizing the expected performance difference among solvers, while
avoiding arbitrary parameter choices and need to discard solver failures from
the performance. This comparison is very interesting when the test set has a
large number of problems. So, for a solver s, it is plotted

#iter(s, p)

1
82 bestiter(p)

, Vp € problem set, (5)

where #iter(s,p) is the number of iterations that solver s tooks on problem p
and bestiter(p) is the smallest number of iteration any solver tooks. Graphi-
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cally it is interpreted as the probability distribution that a given solver is at

worse z times slower than the best.

Performance Profiles {function evaluations)

Performance Profiles (gradient evaluations)

% problems

= Npsol
- = Logo

— SQP Filter

) 1 2 3 4 5
2* times slower than best

Fig. 4. Function evaluations perfor-
mance profiles

Parformance Profiles (# iterations)

_/_f

% problems
e e
o &

14
Y

—— SQP Filter
— Npsol
== Logo

[ 1 2 3
2" times slower than best

Fig. 5.
mance profiles

% problems

= SQP Filter
= Npsol
« = Logo

3 4 5

2" times slower than best

Fig. 6. Number of iterations perfor-

mance profiles

4 5

Gradient evaluations perfor-

This tool is used to compare Filter SQP, NPSOL and LOQO. The perfor-
mance metrics are the function evaluations, gradient evaluations and iteration
counts. The graphics of performance profiles are presented in Figures 4, 5 and

6 and a log scale is used.

An easy interpretation of these graphics is that for any given measure a
solver is the best when its graphic is tending faster to 1. From these figures
it is clear that Filter SQP has the highest probability of being the optimal
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solver for all measures. This comparison permits an estimation of the behavior
of the filter method in a SQP algorithm since this method only replaces the
merit function scheme based on an augmented Lagrangian function at the
SQP algorithm of the NPSOL.

The main conclusion of this work is that the initial computational results
are very much encouraging. The next phase is to study some details related
to the algorithm convergence and to test larger dimension problems. This
new algorithm - a simple code based on an easy idea - compares favourably
with NPSOL and LOQO for all performance measures and presents similar
robustness.
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Summary. This paper describes the optimization of an activated sludge system
which comprises an aeration tank and a secondary settler. This system is by far the
most widely used biological process in wastewater treatment plants. The optimiza-
tion process is represented as a smooth nounlinear problem with highly nonlinear
equality constraints, some linear equality constraints, one inequality constraint and
simple bounds, in which the objective is to minimize the total cost associated with
the installation and operation of the biological process. We use the software LOQO
to solve the problem. Several computational results show that the quality of the
effluent, especially in terms of carbonaceous matter, influences directly the cost and
the main contribution to the total cost is the air flow, due to the acquirement of the
electromechanical equipment and spent energy.

1 Introduction

The optimization of natural processes is becoming nowadays more and more
important. In the case of wastewater treatment plants (WWTPs), besides
the simulation, which is quite common, see for example [9], it seems crucial to
reduce, as much as possible, the costs associated with the design and operation
of such plants, because they are so high that can threaten the very survival
of many industries.

Besides the densely populated and industrial regions, it is also very im-
portant to treat the domestic effluents in small country regions. In particular,
there is a small region in the north of Portugal, Tras-os-Montes, that produces
high quality wines and has significant effluent variations in terms of amount
of pollution and flow, during the vintage season.

A typical WWTP is schematically represented in Figure 1. The first three
unit processes define the primary treatment which is a physical process and
aims to eliminate the gross solids and grease, so avoiding the blocking up of
the secondary treatment. Although the dimensioning of such units is usually
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Fig. 1. Schematic representation of a typical WWTP (Adapted from [10]).

empirical and based on the wastewater to be treated, its cost does not depend
too much on the characteristics of the wastewater. This is the reason why this
process is not included in the optimization procedure.

The next two units define the secondary treatment of the wastewater. It
is the most important treatment in the plant because it eliminates the solu-
ble pollutants. This is a biological process which, in the case herein studied,
comprises an aeration tank and a clarifier and aims to separate the biological
sludge from the treated water. There are other biological treatments but this
is, by far, the most widely used.

Finally, the last unit is used to treat the biological sludge that is wasted
by the secondary settler.

There are many other possible WW'TP layouts, but most of them have
the above described treatments. When the wastewater is very polluted and
the secondary treatment does not provide the demanded quality, a tertiary
treatment, usually a chemical process, can be included.

This paper is part of an ongoing research project in which we are engaged
to optimize the design and the operation of the whole plant in terms of mini-
mum total cost (investment and operation costs). The work herein presented
focus solely on the secondary treatment, in particular on an activated sludge
system that is represented in Figure 2. This system consists of an aeration
tank and a secondary settler. The influent enters the aeration tank where the
biological reactions take place, in order to remove the dissolved carbonaceous
matter and nitrogen. The sludge that leaves this tank enters in the secondary
settler where suspended solids are removed. After this treatment, the treated
final effluent leaves the settling tank and the thickened sludge is recycled to
the aeration tank and part of it is wasted.
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For the case presented in this paper, the predominant costs related to
the installation of a plant are concerned with the civil construction of the
tanks and the acquirement of electromechanical equipment. The predominant
operation costs are due to the power required to the aeration of the activated
sludge. The mathematical models used to describe the aeration tank and the
settling tank are the ASM1 model [5] and the ATV model [2], respectively.

This paper is organized as follows. In Section 2, we present the developed
mathematical formulation of the problem. Section 3 contains details of the
implementation of the resulting optimization problem and Sections 4 and 5
contain a brief discussion of the results and the conclusions.

mfluent
—_—

effluent

Secondary Settler

ATV

recyele waste

Activated Sludge System

Fig. 2. Schematic representation of the activated sludge system (Adapted from the
GPS-X simulator [6]).

2 The Mathematical Model

The mathematical model can be subdivided in seven types of equations, as it
will be described. The system under study consists of an aeration tank, where
the biological reactions take place, and a secondary settler for the sedimenta-
tion of the sludge and clarification of the effluent.

To describe the aeration tank we chose the activated sludge model n.1,
described by Henze et al. [5], which considers both the elimination of the car-
bonaceous matter and the removal of the nitrogen compounds. This model is
widely accepted by the scientific community, as it produces good predictive
values by simulations. This means that all state variables keep their biolog-
ical interpretation. The tank is considered a completely stirred tank reactor
(CSTR) in steady state.
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For the settling tank the ATV design procedure [2] is used, which is a very
simple model but describes the settling process very well, besides considering
also peak flow events.

2.1 Mass Balances around the Aeration Tank

The first step in this unit process is to do mass balances around it, using the
Peterson matrix of the ASM1 model [5].
The generic equation for a mass balance around a certain system is

In - Out + Reaction = Accumulation.

In mathematical language, for a CSTR

d

2 G- rre=5,
where @ is the flow that enters the tank, V, is the aeration tank volume, £ and
&in are the concentrations of the component around which the mass balances
are being made inside the reactor and on entry, respectively. It is convenient
to refer that in a CSTR the concentration of a compound is the same at any
point inside the reactor and at the effluent of that reactor. The reaction term
for the compound in question, r¢, is obtained by the sum of the product of
the stoichiometric coefficients, v¢;, with the expression of the process reaction
rate, p;j, of the ASM1 Peterson matrix [5]

Te = ZVéij-
J

In steady state, the accumulation term given by % is zero, because the
concentration is constant in time. A WWTP in labor for a sufficiently long
period of time without significant variations can be considered at steady state.
As our purpose is to make cost predictions in a long term basis it is reasonable
to do so.

The ASM1 model involves 8 processes incorporating 13 different compo-
nents. The mass balances for the inert materials, Sy and X7, are not considered
because they are transport-only components. All the symbols used in these
formulae and throughout the paper are listed in the Appendix - Notation.
The processes rates are the following:

Aerobic growth of heterotrophs, p;

— S S .
PL=HH (Ks-fss> (KOH?%SO) XpH;

Anoxic growth of heterotrophs, ps

— Ss Koy Sno .
P2 = PH (Ks+Ss) (KOH+SO) (KNO+SNO) Mg XBH;
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Aerobic growth of autotrophs, p3

— S S .
ps = pa (KNHI:’IENH> (KOA?{’SO) Xpa;
Decay of heterotrophs, py

ps = by XpH;

Decay of autotrophs, ps
ps =baXpa;

Ammonification of soluble organic nitrogen, pg
pe = ko SnpXBH;

Hydrolysis of entrapped organics, p7

X

S, Kon Sno

X
pr=kn KX+B§§% [(KOH?f'S()) + <KOH+SO> (KNo+sNo)} XpH;

Hydrolysis of entrapped organic nitrogen, pg

_ X
ps = PR

439

The unit adopted for concentration is ¢ COD/m? and the equations ob-

tained from the ASM1 model with mass balances are as follows:
Soluble substrate (Sg)

1 1 Q
TP T TP +p7 + v (Ss;, — Ss) =05

Slowly biodegradable substrate (Xg)
1 Q _o
(A= fp)pa+ (1 = frlps — pr+ 37 (X5, = Xs) = 0;
a

Heterotrophic active biomass (Xpg)

Q
& (Xsn,, - —0;
Va( BHi, — XBH)=0;

Autotrophic active biomass (Xp4)

pL+p2 = ps+

Q (XBA;, — XBa) =0;

pS_p5+-VZ

Particulate products arising from biomass decay (Xp)

frps+ frps + g (Xp, —Xp) =0
a
Nitrate and nitrite nitrogen (Syo)

1-Yy
2.86Yy

1 Q
p2+ v, P8 + v (Sno.. —Sno) = 0;

(5)
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NH} 4+ NHj nitrogen (Sy)

, 1

—ixzP1 —ixpp2— |ixs + 5 | P3+ e+ 2 (SNHin —SnE) =05 (7)
Y4 Va

Soluble biodegradable organic nitrogen (Syp)

—pe + ps + g (Snp;, —Snp) =0; (8)

Particulate biodegradable organic nitrogen (Xnp)

Q (XNDin — XnD) =0; (9)

(iXB —fPiXP)p‘l + (iXB —fPiXP)pS - pg + "'/'—

Alkalinity (Sa,lk')
_ s 1= Ye ke (s L L
14 p1+<14><2.86YH 14)’02 (14 Ty )t e

22 (Sutk — Satk) = 0 (10)

Oxygen (So)
—Yu A5T-Ya . Q

— (S50, — =0. (11
Yo P1 Ya P3+Va(0m So) =0 ( )

1
Kpa(So,,, —So) -

sat

For oxygen mass transfer, the aeration by diffusion is considered:

[0 GS n PO2 133330(T—20)
V.So

KLa - (12)

sat

where
_ 1777.88pPo,

@t 7 HenryO,
p = 999.96(2.29 x 1072T) — (5.44 x 1073T?), HenryO, = 708 T + 25700.

So

2.2 Composite Variables

In a real system, some state variables are, most of the time, not available
from direct measurements. Thus, readily measured composite variables are
used instead. They are defined as follows.

Particulate COD

X=X;+Xs+ Xpy +Xpa+ Xp; (13)
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Soluble COD

S =S+ Ss; (14)
Total COD
COD =X + 5 (15)
Volatile suspended solids
X
VS8S=—; (16)
icv
Total suspended solids
TSS=VSS+ 1S5S, (17)
Biochemical oxygen demand
BOD = fpop (Ss + Xs + Xpn + XBa); (18)

Total nitrogen of Kjeldahl
TKN = Syu+Snp+Xnp+ixy (X + Xpa)+ix, (Xp + X1); (19)
Total nitrogen
N=TKN + Syo. (20)
2.3 Quality Constraints

Quality constraints are usually derived from environmental law restrictions.
The most used are related with limits in the chemical oxygen demand (COD),
total nitrogen (N), and total solids (T'SS) at the effluent. In mathematical
terms, these constraints are defined as:

CODef < CODyay (21)
Nef < Nlaw (22)
TS8Ser <TSS0u. (23)

2.4 Constraints of the Secondary Settler

Traditionally the secondary settler is underestimated when compared with the
aeration tank. However, it plays a crucial role in the activated sludge system.

When the wastewater leaves the aeration tank, where the biological treat-
ment took place, the treated water should be separated from the biological
sludge, otherwise, the COD would be higher than it is at the entry of the
system. The most common way of achieving this purpose is by sedimentation
in tanks.

A good settler tank has to accomplish three different functions. As a thick-
ener, it aims to produce a continuous underflow of thickened sludge to return
to the aeration tank; as a clarifier, it produces a good quality final effluent
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and as a storage tank it allows the conservation of the sludge in peak flow
events. None of these functions could fail. If that happens the effluent will be
of poor quality and the overall behavior of the system can be compromised.

The behavior of a settling tank depends on its design and operation,
namely the hydraulic features, as the flow rate, the physical features, as inlet
and sludge collection arrangements, site conditions, as temperature and wind,
and sludge characteristics. The factors that most influence the size of the tank
are the wastewater flow and the characteristics of the sludge. As the former is
known, the optimization of the sedimentation area and depth must rely on the
sludge characteristics, which in turn are related with the performance of the
aeration tank. So, the operation of the biological reactor influences directly
the performance of the settling tank and for that reason, one should never be
considered without the other.

The ATV design procedure contemplates the peak wet weather flow
(PWWPF) events, in which the sludge mass transferred from the biological re-
actor is AXV,, where AX is the change in the sludge concentration within the
aeration tank. A reduction of 30% on the sludge concentration for a PWWF
event is considered. A higher reduction of the sludge concentration into the
biological reactor may compromise the entire process.

Water level

I Clear water

h, Separation

Shudge storage

p  Thickening

Suspended solids concentration

Secondary Settler

Fig. 3. Typical solids concentration-depth profile adopted by the ATV design pro-
cedure (Adapted from [2]).
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A way of turning around this problem is to allocate a certain depth (hg
from Figure 3) to support the fluctuation of solids during these events. Thus,
the sludge storage depth depends on the mass that needs to be stored during
a PWWF and is given by

DSVI
hy = AXV, 1804, (24)
When this zone is considered, a reduction in the sedimentation area is allowed.
The transferred sludge causes the biological sludge concentration in the re-
actor at PWWTF to decline, which allows a higher overflow rate and therefore
a smaller surface area. However, the greater the decrease in reactor concen-
tration is, the greater is the mass of sludge to be stored in the settler tank,
so the deeper the tank needs to be. The ATV procedure allows a trade-off
between surface area and depth and one may select the area/depth combina-
tion that suites the particular site under consideration. As the work herein
presented aims to reduce costs, both the surface area and depth are considered
as variables and the combination goals for the minimum cost.
The compaction zone, h4, where the sludge is thickened in order to achieve
the convenient concentration to return to the biological reactor, depends only
on the characteristics of the sludge, and is given by

DSVI

=X,— 25
P 1000 (25)

4
where X, is the sludge concentration in the biological reactor during a PWWF
event.

The clear water zone, hy, and the separation zone, hq, are set empirically,
in our case to 0.5m. The depth of the settling tank, A, is the sum of these four
zones, and should not be less than 2m.

The sedimentation area is still related to the peak flow, @, by the expres-
sion 0

- <2400 (X,DSVI)~'%* (m/h). (26)
8

2.5 Flow and Mass Balances around the System

The system behavior, in terms of concentration and flows, may be predicted
by balances. In order to achieve a consistent system, these balances must be
done around the entire system and not only around each unitary process.
They were done to the suspended matter, dissolved matter and flows.

In the case of the suspended matter, the mass balances concern the organic
(X) and inorganic (X;;) solids :

V. X

1 in Xin: in in in e
(L+7)Qiny Qins X, I+ Q £ X SRTX,

(Xr — Xep)—Qing Xey
(27)
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Qins0.2TSSins = o= (X11, — X11.;) + Qins X11.;- (28)
r

The balances of the dissolved matter are done for each one of the dissolved
components:

(14 7) QingSs;,, = QinsSs.n; + TQinsSs, (
(1+7) QinsSo,, = QinfS0:n; + TQingSo, (
(14 7) Qing SN0y, = Qinf SN0y + TQinfSNO, (31
(14 7) QingSNH,, = QinfSNH;n; + TQingSNH, (
(1+7) QingSND:,, = QinfSND,; + TQinsSND, (
(1+7) QinfSatki, = QinfSatkiny + TQinfSalk, - (
Besides the mass balances, flow balances are also necessary:

Q=Qinr+Q» (35)
Q=Q6f+Q'r+Qw- (36)

2.6 Simple Bounds

All variables must be nonnegative, although more restricted bounds are im-
posed to some of them due to operational consistencies, namely:

0 < Kra <300 006 < HRT L2
800 < T'SS <6000 06<r<2

2500 <TS8S, <10000 6< 85, <8 (37)
6 < Sak,, <8 So >2
2.7 System Variables Definition
To complete the model, some definitions are added:
Sludge retention time
Vo X
SRT = ; 38
0uX: 38)
Hydraulic retention time
Va
HRT = —; 39
: (39)
Recycle rate
Qr
T = ; 40
Qinf ( )
TSS
"= Tss,,.. —TSS (41)

Tmaz
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Recycle rate in a PWWF event

= TSSmSZT-S 5.7Tss; (42)
Recycle flow rate during a PWWF event
Qr, = pQyp; (43)
Maximum overflow rate 0
2 <2, (44)

8

A fixed value for the relation between volatile and total suspended solids was
considered
VSsS

2.8 The Objective Cost Function

The cost function represents the total cost and includes both investment and
operation costs. In this paper, for the sake of simplicity, no pumps were con-
sidered, which means that all the flows in the system move by the effect of
gravity.

The operation cost is usually on annual basis, so it has to be updated to
a present value with the updating term I™:

I'=
J

L1 =1—(1‘+i)‘" (46)

(1 +1) i

where 7 is the discount rate and n is the life span of the WWTP. We use
i = 0.05 and n = 20 years. The total cost is given by the sum of the investment
(IC) and operation (OC) costs:

TC =I1C+ 0OC.

To obtain a cost function based on portuguese real data, a study was
carried out with a WWTP building company. The basic structure of the model
is C = aZ® [7], where a and b are the parameters to be estimated and Z is the
characteristic of the unit process that most influences the cost. This model
is nonlinear in the parameters, but it can be easily linearized. The obtained
linear model is

InC =Ina+ b InZ

and the parameters lna and b are estimated by the least squares technique.

The real data collected from the portuguese company are presented in
Tables 1 and 2. The investment cost function obtained for the aeration tank
is
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Table 1. Real data obtained for the aeration tank

Va Gs HP (KW.h) Cost(euro)
(m3) (m3 /day STP) (annual basis) Civil construction Electromechanical
400 437 27720 87158 8416
600 597 129600 159796 10029
1000 943 95040 189952 12199

1300 1283 162000 366146 17056

Table 2. Real data obtained for the secondary settler

As h Vi Cost
(m?) (m) (m®) (euro)
51.8 3.55 184 39355
71.4 3.9 278 61348
100 4.55 455 103741

IC, = 148.6V} 07 + 7737G%02.

The collected data come from a set of WWTPs in design, thus operation
data are not available. However, from the company experience, the mainte-
nance expenses for the civil construction are around 1% of the investment costs
during the first 10 years and around 2% otherwise. For the electromechanical
components, the maintenance expenses are negligible, but all the materials are
usually replaced after 10 years. The energy cost is directly related with the
air flow. The second value in Table 1 was not used in our estimation because
in this plant the planned air flow was in excess for some reason. The power
cost (P,) in Portugal is 0.08 euro/ KW.h. With this information and with the
updating term I" (46), the operation cost of the aeration tank is then

0c, = [0.011‘ +0.020 (1 + i)_m] (148.6V20T) + (1 + 1) 107737G 52
+ 115.1'P,Gg.

The term (1 + i)—lo is used to bring to present a future value, in this case, 10
years from now.

The settling tank was considered to operate only by gravity. Thus, with
the data from Table 2 and adopting the same mathematical procedure, the
correspondent investment cost function is

IC; = 955.5A%%7

and for the operation cost function, that only concerns the maintenance for
the civil construction,
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0C, = [0.0lF +0.020 (1 + z‘)‘"’] (148.6(As h)"‘”) .

The total cost function is given by the sum of all the functions previously
presented:

TC = 174.2V}97+12487G%%2+114.8G 5 +955.5A%97 + 41.3 [A, (1 + hs + ha)]"""
(47)

3 Numerical Resolution

The problem of the optimal design and operation of the activated sludge sys-
tem consists of finding the volume of the aeration tank, the air flow needed
for the aeration tank, the sedimentation area, the secondary settler depth,
the recycle rate, the effluent flow and concentration of total suspended solids,
carbonaceous matter and total nitrogen in the treated water, to name a few,
in such a way that, verifying the aeration tank balances (1-12) and system
balances (27-36), satisfy the composite variables constraints (13-20), the sec-
ondary settler constraints (24-26), the system variables constraints (38-45),
the quality constraints (21-23) and the bounds (37), and minimize the cost
function (47). This problem has 57 parameters, 82 variables and 64 con-
straints, where 28 are nonlinear equalities, 1 is a nonlinear inequality and
35 are linear equalities. Seventy one variables are bounded below and eleven
are bounded below and above. Table 3 lists all the variables involved, as well
as the initial values supplied to the solver.

In Tables 4 to 7, we summarize the data parameter chosen to obtain the
results of Section 4. These values are as the default values presented in the
GPS-X simulator [6], and are usually found in'the real activated sludge based
plants for domestic effluents. The remaining parameters are defined as func-
tions of the already listed parameters.

This problem was coded in the AMPL [3] and the results were obtained
running the solver LOQO V6.06 (http://www.princeton.edu/~rvdb/logo/),
an infeasible primal-dual interior point method [8]. In the stopping rule, we
considered primal and dual infeasibilities < 107° and 2 digits of agreement
between the primal and dual objective functions. All the other adjustable
LOQO parameters were left as default.

4 Discussion

Several experiments were done for different values of the required COD at
the effluent, considering 15 g/m® as the N concentration limit and 35 g/m?
as the 7'SS concentration limit, at the efluent. The COD limits vary from
45, that is the lowest value with which convergence was obtained, till 140.
The value imposed by the portuguese environmental law is 125. The problem
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Table 3. Variables of the problem and their initial values

Variable init. val.|Variable init. val. |Variable init. val.|Variable init. val.
Q 4000 XBH,, 0O Xnp;, O vVss. 0
Qu 100 XBH 350 X~nD 20 VS8Sey 0O

Q- 2000 Xpu, 711 Xnp, O TS8S:n O
Qer 1900 XBa,; 0 Xnp,; O TSS 1800
Qrp 0 Xs;, 0 Kra 100 TSS,. 5000
r 1 Xs 350 Gs 10000 {T'SS.y 10
Vo 1000 Xs, 807 Xin 0 X1 0

Ag 1000 Xsef 0 X 1000 Xnef 0

hs 0 XBa;, O X, 4440 X1, 0

ha 0 Xpa 107° Xey 0 BOD;, 0

Tp 0 Xpa, 2x1075(S;, 0 BOD 500
Xr 727 Xpa O S 50 BOD, 0
X, 950 Sne;,, O Satk;, O BOD.s 0
X]ef 0 SNH 7.5 Saik 7 TKN;, 0
Ss;., 0 Xp, 0 COD;, 0 TKN 106
Ss 10 Xp 90 COD 1600 TKN,. 0

So 2 Xp, 175 coD, 0 TKNg 0
Soin 0 Xp,; 0 COD.y 0 Nin 0
Sno;, O Snp;, O VS8Sin 0 N, 0
Svo 107% |Syp 0.5 VSS 1050 [Ny 0
HRT 35 N 106

Table 4. Stoichiometric parameters

Parameter Value Parameter Value
Ya 0.24 ixg 0.086
Yy 0.666 iXp 0.06
fr 0.08

does not converge for smaller values of COD),,, because there is a minimum
under which it is not possible to treat the effluent more, due to the inert

Table 5. Kinetic parameters

Parameter Value Parameter Value
HH 6 kn 3
Ks 20 Kx 0.03

Kom 0.2 1A 0.8

KNO 0.5 KNH 1
by 0.62 ba 0.04
Mg 0.8 Koa 04
Nh 0.4 ke 0.08
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Table 6. Operational parameters

Parameter Value Parameter Value
T 20 a 0.8
Po, 0.21 n 0.07
DSVI 150 Qp 150
SRT 20 B 0.95
0 1.024

Table 7. Characteristics of the influent to the system

Parameter Value Parameter Value
Qiny 2000 Xiiny 73.65
S1inf 30 Xs,inf 123

XBH,inf 0 SnH,ing 11.7

XBajng 0  Snp,ns 063
Xpiinf 0 Xwbp,iny 1251
80,inf 0 Xi1,ing  59.6
Sno,ing O Xing 1967
Salk,inf 7 Sinj 82.73

Ss,ing 52.73

contribution (Sy), which is not possible to eliminate with a biological process,
from the total COD.

The solution values of the most important variables, such as the total
suspended solids and total nitrogen at the effluent, the aeration tank volume,
the sedimentation area and depth of the secondary settler, the demanded
air flow, the recycle rate, the effluent flow and the total cost are reported
in Table 8, for different values of the imposed COD limit (COD4y). The
number of iterations used by LOQO to converge to the solution, according to
the previously defined stopping rule, is shown in the last column of the table.

For an easier interpretation of the results, two graphics were constructed.
Figure 4 maps the total cost and the value of the quality index (QI) [1], which
defines the amount of pollution at the final effluent, as function of the imposed
COD limit. Figure 5 compares the contributions of investment /operation costs
and aeration tank/secondary settler costs.

As it can be observed from Table 8 and Figure 4, the total cost decreases
and the quality of the effluent deteriorates as the imposed COD at the ef-
fluent increases. In terms of total cost, the reduction is more pronounced for
COD limits between 45 and 85. For COD4,, = 85 and over the observed cost
reduction is very small. For example, when COD,,,, = 85 the attained min-
imum cost is 1.4 millions of euros whereas for COD;,,, = 125 the minimum
cost decreases to 1.3 millions of euros. This is due to the operational limits
and from a certain point on the project cost can no longer decrease.
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Table 8. Results for some
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of the variables for Nz, = 15 and T'SSiaw = 35

CODlgw TSSeaf Ne Vo As h Gg r Qef Total cost LOQO
(¢/m3)  (g/m3) (g/m3) m3 m2 (m) (m3/d STP) (m3/d4) 10% euros iterations
45 0.40 5.9 1346 337 3.5 14521 1.8 1933 7.2 86
50 0.16 8.0 1483 332 3.7 8735 1.8 1929 5.3 T2
55 1.8 10.2 1525 330 3.7 6320 1.8 1931 4.4 75
60 1.8 11.0 1498 341 3.7 4796 1.9 1931 3.8 75
65 0.93 11.7 1462 351 3.6 3629 2.0 1931 3.2 89
70 0.50 12.2 1454 351 3.6 2641 2.0 1930 2.8 92
75 0.32 12.4 1444 351 3.6 1755 2.0 1932 2.3 100
80 0.18 12.7 1431 351 3.6 933 2.0 1929 1.8 113
85 1.6 13.1 1408 351 3.8 503 2.0 1930 1.4 84
20 4.9 13.2 1373 351 3.5 503 2.0 1930 1.4 71
95 8.3 13.3 1338 351 3.5 503 2.0 1935 1.4 52
100 11.7 13.6 1303 351 3.4 503 2.0 1932 1.4 54
105 15.1 13.9 1268 351 3.4 503 2.0 1933 1.4 55
110 18.4 14.1 1233 351 3.3 503 2.0 1934 1.4 61
115 21.8 14.2 1197 351 3.3 503 2.0 1942 1.3 67
120 25.2 14.3 1162 351 3.2 503 2.0 1941 1.3 59
125 28.7 14.4 1136 347 3.2 503 2.0 1941 1.3 110
130 32.3 14.4 1117 340 3.1 503 1.9 19486 1.3 209
135 35.0 14.5 1099 334 3.1 503 1.8 1948 1.3 266
140 35.0 14.5 1099 334 3.1 503 1.8 1946 1.3 271
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Fig. 4. Total cost (I'C) and quality index (QI) versus COD limit at the effluent.

Regarding the quality index, it deteriorates more stressfully until a COD
limit of 60. For higher values the deterioration of the effluent grows almost
linearly.

Another important observation is that although the COD limit is always
achieved, T'SS only reaches its limit when the COD limit is 135 and over,
and the N limit is never attained. Nevertheless, as the imposed COD limit
increases, the T'SS and N at the effluent get larger. This means that for the
considered interval, the carbonaceous matter dominates the process, being the
parameter that determines the cost.
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Fig. 5. Contributions of investmment/operation costs and aeration tank/secondary
settler costs.

For COD limit values between 90 and 120, the sedimentation area is main-
tained at 351 m? while the depth decrcases because, as mentioned in Subsec-
tion 2.4, this model allows a trade-off between the sedimentation area and the
settler depth. However, the five cases displayed with A, = 351 and h = 3.6 are
acceptable because the T'S\S concentrations are kept very smaull. For higher
imposed C'OD limits, both sedimentation area and depth decrease.

The aeration tank volume and the air flow generally decrease as the im-
posed C'OD limit increases. From the dramatic reduction of the air flow ver-
ified for the COD limit interval [45,85], we may conclude that the air flow is
the main contribution to the total cost.

As to the recycle rate, it reaches 2 (its maximum value} at a COD;,,, = 65,
and this happens for two reasons. First, to get the minimum of 755 at the
effluent, the sludge goes to the underflow. Second, to achieve the demanded
quality it is necessary to keep as much biomass as possible inside the aeration
tank.

Now, looking into the costs with more detail, from Figure 5 we can see
that the investment costs overlap the operation costs, for a life span of 20
vears. However, for a more demanding system this difference is smaller. For
example, with a CODy, = 45, the operation costs equal the investment costs.
Regarding the two involved unit processes, we may conclude that the cost
associated with the aeration tank is much higher than that of the sccondary
gettler, in particular for CODy,,, values smaller than 85. In both cases, the
relations between costs are maintained almost constant for C'O Dy, values of
85 and higher.
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5 Conclusions

In this paper we present the mathematical formulation of a nonlinear problem
that considers the optimal design and operation, in terms of minimum instal-
lation and operation cost, of an activated sludge system in WW'TP’s, based on
portuguese real data and effluent quality law limits. The optimization process
was carried out running LOQO.

From our numerical experience we may conclude that the quality of the
effluent influences directly the cost of the treatment plant project, especially
in terms of carbonaceous matter (COD). With the environmental law invigo-
rating in Portugal, only the COD limit influences the cost of the design. With
the compelling observance of portuguese environmental law, neither 7'S'S nor
N reach their legal limits, 35 and 15 respectively, when the COD ;s = 125.

The main contribution to the total cost is the air flow because it influ-
ences the design in the project (electromechanical material) and during the
operation (consumption of energy by the aeration).

Our next task is to add an anoxic preliminary treatment for phosphorous
removal in series with the aeration tank, that may be described by the model
ASM2d [4], and to reoptimize the process.

Acknowledgements. The authors acknowledge the company Factor Ambi-
ente (Braga, Portugal) for the data provided. We are also grateful to the
referee comments that greatly improved the final version of the paper.

Appendix - Notation
bs=decay coefficient for autotrophic biomass, day~!
by =decay coefficient for heterotrophic biomass, day~
BOD=Dbiochemical oxygen demand, g Oz /m?
BODy=ultimate BOD, g Oy/m3

COD=chemical oxygen demand, g COD/m?

DSV I=Diluted sludge volume index
fBOD:BOD/BODU ratio

fp=fraction of biomass leading to particulate products

Gg=air flow rate, m®/day at STP

HenryOy=Henry constant

H RT=hydraulic retention time, day

i=discount rate

icv=X : V.SS ratio, g COD/g VSS

ix , =nitrogen content of active biomass, g N/g COD
ixp=nitrogen content of endogenous/inert biomass, g N/g COD
IC=investment cost, 2003 euros

1S S=inorganic suspended solids, g/m?
k,=ammonification rate, m3/g COD/day
kp=maximum specific hydrolysis rate, day™

1

1
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K1,a=overal mass transfer coefficient, day™!

Ky g=ammonia half-saturation coeflicient for autotrophic biomass growth,
g N/m?

Kno=nitrate half saturation coefficient for denitrifying heterotrophic
biomass, g N/m?

Ko s4=oxygen half-saturation coefficient for autotrophs growth,g Oy/m3

Kop=oxygen half-saturation coefficient for heterotrophs growth, g Oy /m?

Kg=readily biodegradable substrate half-saturation coeflicient for het-
erotrophic biomass, g COD/m?

K x=half-saturation coefficient for hydrolysis of slowly biodegradable sub-
strate, g COD/g COD

n=life span of the treatment plant, years

N=total nitrogen, g N/m?

OC=operation costs, 2003euros

FPp,=partial pressure of oxygen uncorrected

PWWF=Peak wet weather flow

Q=flow, m3/day

QI=quality index, Kg of pollution/day

r=recycle rate

S=soluble COD, g COD/m3

Sax=alkalinity, molar units

Sr=soluble inert organic matter, g COD/m3

Snp=soluble biodegradable organic nitrogen, g N/m?3

S g=free and ionized ammonia, g N/m?

Sno=nitrate and nitrite nitrogen, g N/m3

So=dissolved oxygen, g (—COD)/m3

So,.,=saturated oxygen concentration, g/m3

Sg=readily biodegradable soluble substrate, g COD/m3

S RT=sludge retention time, day

ST P=standard temperature and pressure

TC=total costs, 2003euros

V,=aeration tank volume, m3

V §S=volatile Suspended Solids, g/m?

T=temperature, C

T K N=total nitrogen of Kjeldahl, g N/m3

T'SS=total Suspended Solids, g/m?

X=particulate COD, g COD/m?

X g a=active autotrophic biomass, g COD/m?

X pp=active heterotrophic biomass, g COD/m3

X =particulate inert organic matter, g COD/m3

Xr=inert inorganic suspended solids, g/m3

X np=particulate biodegradable organic nitrogen, g N/m?

Xp= particulate products arising from biomass decay, g COD/m

Xg=slowly biodegradable substrate, g COD/m3

Y4 =yield for autotrophic biomass, g COD/g N

3
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Yy =yield for heterotrophic biomass, g COD/g COD
a=wastewater/clean water coefficient

(=salts and ions correction factor

n=standard oxygen transfer efficiency

ng=correction factor for py under anoxic conditions
np=correction factor for hydrolysis under anoxic conditions
1a=maximum specific growth rate for autotrophic biomass, day™
g =maximum specific growth rate for heterotrophic biomass, day™
p=density of water, Kg/m?

f=temperature correction factor

1
1

subscripts

a=aeration tank

e f=effluent

in=entery of the aeration tank

in f=influent

p=during a PWWF event

r=recycle

s=settling tank

w=sludge waste

no index—inside the aeration tank=exit of the aeration tank
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