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Abstract

Supervised learning by perceptron networks is inves-
tigated a minimization of empirical error functional. In-
put/output functions minimizing this functional require
the same number m of hidden units as the size of the
training set. Upper bounds on rates of convergence to
zero of infima over networks with n hidden units (where
n is smaller than m) are derived in terms of a variational
norm. It is shown that fast rates are guaranteed when
the sample of data defining the empirical error can be in-
terpolated by a function, which may have a rather large
Sobolev-type seminorm. Fast convergence is possible
even when the seminorm depends exponentially on the
input dimension.

1 Introduction

The goal of supervised learning is to adjust parame-
ters of a neural network so that it approximates with a
sufficient accuracy a functional relationship between in-
puts and outputs known only by a sample of input/output
pairs. It is desirable that the system also generalizes well,
i.e., it satisfactorily processes new data that were not
used for training. Learning from data with generalization
capability was studied theoretically in the framework of
regularized optimization [4], [14], [10]. Theoretical re-
sults describing optimal solutions can be applied to ker-
nel models, a special case of which are radial-basis func-
tion networks with constant width. But the most com-
mon neural networks built from perceptrons cannot be
represented as kernel models.

In this paper, we investigate minimization of empirical
error functionals over sets of functions computable by
perceptron networks. We estimate rates of convergence
of infima over networks with n hidden units to the global
infimum achievable by a network with the same number
of hidden units as the size of the training set.

2 Approximate minimization of empirical error

Let R denote the set of real numbers, {2 be a non-
empty set and z = {(us,v;) € QX R, i =1,...,m}
be a sample of input/output pairs of data. A stan-
dard approach to learning from empirical data used,
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e.g., in back-propagation, is based on minimization of
the empirical error functional defined as &, v (f) =
Ly V(f(u),v), where V : R x R — [0,00),
satisfying forally € R, V{y,y) = 0, is called a loss
Sunction. The most common loss function is the square
loss V(f(u),v) = (f(u) — v)?, we denote by £, the
empirical error functional with this loss function, i.e.,
Ez(f) = # Z:il(f(uz) - Ui)2-

Let M be a subset of a normed linear space (X, ||.||)
and ® : X — R be a functional. Using standard nota-
tion from optimization theory, we denote by (M, @) the
problem of minimization of ® over M; M is called the
hypothesis set. Elements of the set argmin (M, ®) =
{9 € M : ®(g) = inf ecpr B(g)} are called solutions (or
minimum points) of the problem (M, ®). For e > 0, el-
ements of the set argmin (M, ®) = {g e M : ®(g) <
infgenr ®(g) + €} are called e-near minimum points of
(M, ®). A sequence {gn} of elements of M is called
®-minimizing if lim, .. ®(gn) = infgerr Y(g).

Typical hypothesis sets used in neurocomputing
are sets of functions computable by neural networks
with n hidden units of a given type and one lin-
ear output. Such sets are of the form span, G =
{3 wigi - w; € R, g; € G}, where G is the set of
functions computable by the computational units.

Standard hidden units are perceptrons. For Q C R¢
and ¥ : R — R we denote by Py(y,Q) = Py(¢) =
{f: Q= R| f(z) =v(a;i-z+b;),a; € REb; € R}
the set of functions on {2 computable by perceptrons
with the activation function ¢ (we write P;(y) when
Q is clear from context). The most common activation
functions are sigmoidals, which are monotonic increas-
ing functions o : R — R (i.e., forall t1,{; € R, t; <ty
implies o(t1) < o(t2)) satisfying lim;—,_o, o(¢t) = 0
and lim; o o(t) = 1.

An important type of a sigmoidal is the Heaviside
Sunction 9(t) = 0 fort < 0 and Ht) = 1 fort > 0. To
shorten notation, we write Hq(Q) instead of Py(9, ).
Note that H;(<Q) is the sef of it characteristic functions
of closed half-spaces of R? intersected with ).

Ito [6, p.73] proved that any function defined on a fi-
nite subset of R? can be exactly represented as a function
computable by a perceptron network with any sigmoidal
activation function. The following theorem is a reformu-



lation of Ito’s result in terms of optimization theory.

Theorem 2.1 (Ito) For all positive integers d,m, all
samples of data z = {(u;,v;) € R? x R,i =
1,...,m} with all u; distinct and all sigmoidal func-
tions o, the problem (span,Pq(c),E,) has a solution
andminfespande(a) gz(f) =0

A drawback of this result is that the number of hid-
den units in the network interpolating the sample of data
is equal to the size of the sample. For large samples,
such networks might not be implementable. Moreover
in typical applications of neural networks, a number of
hidden units much smaller than the size of the train-
ing set is chosen before learning. Using such networks,
only suboptimal solutions can be achieved. To compare
such suboptimal solutions with the optimal one given
by Theorem 2.1 we estimate rates of convergence of
{inf respan, o) E2(f)} to zero as n goes to m.

A useful property that allows application of several
tools for investigation of approximate minimization of a
functional is its continuity. The next proposition shows
that continuity of the empirical error defined by a sample
z follows from continuity of the evaluation functionals at
the input data u;,...,u,,. For a normed linear space
(X, ||-Il) of functions on some set 2 and z € (O, the
evaluation functional at z, denoted by F, is defined for
all f € X as F(f) = f(x).

Proposition 2.2 Let (X, ||.||) be a normed linear space
of functions on a nonempty set ), m a positive integer,
z={(u,v;) EAxR,i=1,.... m}LV:QxQ >R
aloss functionand f € X. Ifforalli =1,...,m, Fy,
is continuous at f and V is continuous at (f(u;),v;),
then &, v is continuous at f.

Proof. By continuity of V' we get for every ¢ > 0
some 7 > O such that || f(u;) — g(w;)|| < 75 implies
(V(f(us),vi) — V(g(usi),v;)| < e. Asall F,, are con-
tinuous at f, there exists § > 0 such that g — f|]| < §
implies || f(u;) — g(u;)] < 7 and hence |€, v (f) —
Eov(9)] = | & T, (V(f(us), ) — Vig(us)v))] <
E. O
It is easy to show that £, is continuous on the space
M(Q) of bounded measurable functions on Q& C R4
with the supremum norm ||. ||sp and that it is convex.

Proposition 2.3 Let @ C R%, z = {(us,v;) € Q x
R,i = 1,...,m} and vmax = max{|vi],..., |vm|}.
Then £, : (M(Q),||.lsup) — R is continuous and
its modulus of continuity at any f € M(Q)) satisfies
qu(t) < t(t + 2”f”5up + 2’Uma‘x)-

In contrast to the supremum norm, in the Lo-
norm evaluation functionals need not to be continu-
ous. Lack of continuity can be easily demonstrated
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for spansHy([0,1]%): denoting by X, the characteris-
tic function of [0,1] x [0,1]47!, we get a sequence
{nxn} C spansHy([0,1]%) with all elements having
Lo-norms equal to 1, on which the evaluation func-
tional at zero is not bounded (and thus it is not contin-
uous). Similarly, one can disprove continuity of eval-
uation functionals on spans P;(0,Q) for any sigmoidal
function o.

Recently, a class of Hilbert spaces of point-wise de-
fined functions, on which all evaluation functionals are
continuous, became popular in learning theory. Such
spaces are called reproducing kernel Hilbert spaces
(RKHS) and they can be represented as completions of
linear combinations of “translations™ of kerneis (sym-
metric positive semidefinite functions) [1], [4], [14].
Continuity of empirical error functionals on RKHSs al-
lows one to apply theory of generalized inversion and
regularization in infinite dimensional Hilbert spaces to
describe solutions of the problem of minimization of the
empirical error over RKHSs [10]. Moreover, continuity
of empirical errors is essential for derivation of estimates
of rates of approximate optimization over kernel models
of bounded complexity [11], [12].

However, it is not clear, whether there exist kernels,
for which sets Py(c) are contained in the corresponding
RKHS:s. So in investigation of minimization of empirical
errors over perceptron networks, we focus on the space
of bounded measurable functions with the supremum
norm. To derive rates of approximate optimization over
span, Hq(Q) we take advantage of a result from nonlin-
ear approximation theory [2] giving an upper bound on
supremum norm rates of approximation by span,, Hz(?)
in terms of a norm called variation with respect to half-
spaces. It is a special case of G-variation [9] defined
for any bounded nonempty subset G of a normed linear
space (X, ||.||) as the Minkowski functional of the closed
convex symmetric hull of G, i.e.,

lflle =inf{c>0: c1f € clconv(GU -G},
where the closure cl is taken with respect to the topology
generated by the norm ||.||. Note that G-variation can be
infinite (when the set on the right-hand side is empty).

Here we consider Hy-variations with respect to the
topology generated by the supremum and Lo-norm (we
indicate the norm by the notation ||.|| &, sups |-/ #a,c0»
resp. It is easy to check that ||.|l g, c, < ||.|la,sup a8
well as ”'”Pd(a),Lg < “'”Pd(a),sup and that H'“Hd,ﬁz =
ll-Il (), for any sigmoidal o.

Barron [2] estimated rates of approximation by
spanp Hy in the supremum norm (see also [3, p. 201]
and [5, p. 25)).

Theorem 2.4 (Barron) For all positive integers d,n,
every compact Q2 C R and every f € M(),
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”f - Spa'nan(Q)”Sup < c\/ g%l”f”Hd(Q) sup»

where c is an absolute constant.

The next theorem estimates rates of convergence of
infima of a continuous functional over span,, Hy to the
global minimum.

Theorem 2.5 Let Q@ C R% be compact, &
(M(R2), ||.lsup) — R a functional such that there ex-
ists a solution f° of the problem (M(SQ),®) at which
® is continuous with the modulus of continuity w,
{en} a sequence of positive real numbers converging
to zero, and {f,,} a sequence of €,-minimum points of
(span, Hq(S2), ®). Then for every positive integer n:

(i) inffESpann Hg(Q) (D(f) - q)(fo) <

d;{:l ”foHHd(Sl),sup B

wic

(i) if | fll Hy(),sup < 00, then { fn} is a ®-minimizing
sequence and ®( f,) — ®(f°) <

w (C %”fOHHd(Q),sup) + €n.

Proof. (i) For every € > 0, let f5 € span,, Hy be such
that || f© — fillsup < I|f° — spany, Hgl|sup + €. Then

inf fespan, v, P(f) — ©(f°) < @(f7) — ®(f°) <
w(llfs — f°) < w({[f°— spann,Hyl| + €). By Theo-
rem 2.4, infimizing over ¢ we get inf fespan,, 1, (f) —

B(F) < w ( %nfonm,sup)-

(ii) By the definition of &,,-minimum point, ®(f,) —
®(f) < infsespan,, Hy B(f) — ®(f°) + &n. So by (i),

@(fn) - @(fo) S w (C g%”fﬂl]ﬂ;,sup) + €n. As

lim, oo €n = 0 and || f°|| g, .sup is finite, {f,} is P-
minimizing. (]

Combining Theorems 2.1, 2.5 and Proposition 2.3 we
get the following upper bound on rates of approximate
minimization of &, over span, Hy(Q).

Corollary 2.6 LetQ C R? be compact, z = {(u;,v;) €
QxR0 = 1,....m}, f° € M(Q) such that
E.(f°) = 0, {en} a sequence of positive reals converg-
ing to zero, {fn} a sequence of c,-minimum points of
(spann, Hy(Q),E,). Then for every n:

() inf fe gpan, Hy(0) E(F) <
@D U, oup | VIFLRE U supttmax ]l FOllrg oup)
d + d A

n vn
(i) {fn} is E,-minimizing and E,(f,,) <
(D W genp | VEFTRENS gy oyt masll S g oun)
n v

En, Where ¢ is an absolute constant.

—+

3 Estimates of variation with respect to half-spaces

Corollary 2.6 shows that the speed of convergence of
suboptimal solutions of the problem of minimization of

& over the set of functions computable by networks with
n Heaviside perceptrons depends on the smallest value
of Hg-variation on the set of functions interpolating the
data 2.

To estimate H y-variations of smooth elements of this
set we take an advantage of a result from [8] bounding
from above H-variation of a smooth function by a prod-
uct of its certain Sobolev-type seminorm with

od 1/2
Da AT )
which as a function of d is decreasing exponentially fast.
For a function f € C4(R?) define
1 flla,1,00 = maxqj=a [| D fll £, (r2).-
For d odd and f sufficiently rapidly vanishing at infinity,
an upper bound

“f“Hd(Rd),sup < kd“f“d,l,oo (1)

was derived in [8].
Thus by Corollary 2.6, for any sample of data z,
which can be interpolated by a function f° satisfying
1/2
17l < & ~ (2222) ",
infima of £, over span,, H;y converge to zero with rate
24/ i’nil + (2¢+ vmax)‘l—j;l
as by (1) f° has Hy-variation at most 1.

However, there exist samples of data, which cannot
be interpolated by functions with small H -variations.
Such samples z = {(u;,v;),t = 1,...,m} can be ob-
tained from real-valued Boolean functions h : {0,1}¢ —
R by setting {0,1}¢ = {ua,...,u} and v; = h(w;).
If f : Q@ — R is an extension of h, then || f|| &, () sup >
1Pl {0,139 sup-

To show that there exist functions on {0,1}¢ with
H,({0,1}%)-variations depending on d exponentially,
we use a geometric characterization of G-variation from

[13] I£1?

So functions that have small inner products with all el-
ements of G (are “almost orthogonal” to GG) have large
G-variations.

For a Hilbert space (X, ||.||) we define on its unit ball
S a pseudometrics px(f,g) = arccos|f - g|, which
measures the distance as the minimum of the two an-
gles between f and g and between f and —g (it is a
pseudometrics as the distance of antipodal vectors is
zero). For a > 0, let N,(S;) denote the a-covering
number of S; with respect to px, i.e., the size of the
smallest a-net in S;. The next proposition shows that
when for some « close to 7/2, the cardinality of G is
smaller than N, (S1), then in S there exists a function
with a “large” G-variation. It also guarantees existence a
function with G-variation at least % for any subset G of
the unit sphere S™~1 in R™ of smaller cardinality than

de(

@



the e-quasiorthogonal dimension dim.m of R™. For
€ > 0, dim.m was defined in [7] as the maximal number
of vectors which are pairwise e-quasiorthogonal, i.e.,
|u - o] < elluflllv]l.

Proposition 3.1 (i) If G is a subset of the unit sphere
Sy in a Hilbert space X and o € [0,7/2] is such that
cardG < N,(Si) with respect to the pseudometrics
px, then there exists f € Sy with ||f|l¢ > 1/ cosc.

(i)) If G ¢ S™ 1 C R™ such that cardG < dim.m,
then there exists f € S™ ! with ||fll¢ > L.

Proof. (i) Ifcard G < N,(S1), then there exists f € .S}
such that forallg € G, px(f,g) > aandhence |f-g| <

cosa. Thenby (2) || flle > m >1/cosa.

(ii) follows from (i) as ditn.m < Nyrccos(e)(S™1). O

Theorem 3.2 For every positive integer d there exists a
sample z = {(u;,v;) 1 i = 1,...,2% € {0,1}4 x R

such that for every @ 2 {0, 1} and every f : R4 - R
(@=1)/2
such that gz(f): 0, ||f“Hd(Q),sup 2 2dTln_5_

Proof. It was shown in [7] that dim.m > e™"/2. On
the other hand, card Hy({0,1}%) = 24" —dlog; d+0(d)
[15]. Denoting H3({0,1}?) the set of normalized
elements of Hy({0,1}¢) with respect to lo-norm on

v

d
R?, we get ||| myq0,134)0up > ”~”H¢({051}d),12
Il ze(f0,134) 00+ As card H3({0,1}9) < 2%, for e =
SE4nZ | card H3({0,1}9) < e(2"¢*)/2 and hence by
Proposition 3.1 (ii) there exists a function A € §2%-1

) (d—1)/2
with ”h”Hd({(]’l}d),sup Z “h”Hé’({O,l})’l? 2 2d\/m ’

Let (ug,...,uge) = {0,1}¢, v; = f(u;) and z =

{(us,v;) : i =1,...,m}. Then forevery f : @ — R,
. (d—1)/2

for which £.(f) = 0, | fll () 5up = 2&‘@ a

Note that by (1) for every d odd and f° € C%(R%)
sufficiently rapidly vanishing at infinity interpolating
the sample described in Theorem 3.2, ||f°

1/2
92d—3,d-1 /
dedln?2 )

4 Discussion

!l,d,oo Z

We have shown that fast convergence of in-
fima of the empirical error functional £, over net-
works with n Heaviside perceptrons to zero can be
achieved for samples that can be interpolated by func-
tions f° with the Sobolev seminorm |[f°||g1,00 =
maX|q|=q [[D*f°||z,(re) depending exponentially on
the input dimension. Note that the seminorm || f°||1,4,00
is much smaller than the Sobolev norm ||f°||41 =
2iaj<d 1D f°llc,(rey as instead of summation of it-
erated partial derivatives of f over all o with |o| < d
only their maximum over o with || = d is taken.
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We have also shown that there exist samples of data
constructed using special Boolean functions, for which
the Sobolev seminorms of interpolating functions are
even larger than the exponential size allowed for fast
convergence described in Corollary 2.6.

The proof of Proposition 3.1 is existential, but in [13]
a lower bound O(24/%) on Hy({0,1}¢)-variation was
derived for a concrete function, namely the “inner prod-
uct modulo 2”.
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