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Short-Range Cut-Off of the Summed-Up van
der Waals Series: Rare-Gas Dimers

Abhirup Patra, Bing Xiao, and John P. Perdew

Abstract van der Waals interactions are important in typical van der Waals-bound
systems such as noble gas, hydrocarbon, and alkaline earth dimers. The summed-up
van der Waals series of Perdew et al. 2012 works well and is asymptotically correct
at large separation between two atoms. However, as with the Hamaker 1937
expression, it has a strong singularity at short non-zero separation, where the two
atoms touch. In this work we remove that singularity (and most of the short-range
contribution) by evaluating the summed-up series at an effective distance between
the atom centers. Only one fitting parameter is introduced for this short-range
cut-off. The parameter in our model is optimized for each system, and a system-
averaged value is used to make the final binding energy curves. This method is
applied to different noble gas dimers such as Ar—Ar, Kr—Kr, Ar—Kr, Ar—Xe, Kr—Xe,
Xe—Xe, Ne—Ne, He—He, and also to the Be, dimer. When this correction is added to
the binding energy curve from the semilocal density functional meta-GGA-MS?2,
we get a vdW-corrected binding energy curve. These curves are compared with the
results of other vdW-corrected methods such as PBE-D2 and vdW-DF2, and found
to be typically better. Binding energy curves are in reasonable agreement with those
from experiment.
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1 Introduction

Theoretical prediction of matter and proper explanation of many physical, chemi-
cal, and biological processes require an accurate description of atomic and molec-
ular interactions. The only way to get a clear picture of these interactions at the
atomic and molecular level is to apply quantum mechanics. Much effort has been
made to develop quantum mechanical methods for this purpose. As a result there
are many wave-function-based ab initio quantum mechanical methods such as
Configuration Integration (CI), Many Body Perturbation Theory (MBPT), and
Quantum Monte Carlo (QMC) which are popular in the scientific community.
However, the Kohn—Sham (KS) [1] density functional theory (DFT) [2] has become
the most popular in condensed matter physics and in quantum chemistry, because of
its low computational cost and reasonable accuracy. It maps a many-electron wave-
function problem to a one-electron problem. The many-electron effects are in its
exchange-correlation part Exc. This exchange-correlation functional Exc is often
approximated through satisfaction of various physical constraints.

Among numerous exchange-correlation approximations, the local spin density
approximation (LSDA) [1-4], the Perdew-Burke-Ernzerhof (PBE) [5] generalized
gradient approximation (GGA), and the Becke-3-Lee-Yang-Parr (B3LYP) [6] and
HSEO3 [7, 8] hybrid GGAs are especially popular in DFT [9] calculations for
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physical and chemical systems. LSDA and PBE are efficient local and semilocal
functionals widely used for extended systems, whereas PBEO and HSEOQ6 are hybrid
functionals which hybridize a GGA with the exact exchange energy. Another
hybrid functional B3LYP has a more complicated mixing of LDA and GGA
exchange functionals with HF exact exchange, and its correlation energy part is
also a mixing of LDA and GGA. These hybrid functionals are popular for calcu-
lations in both finite and extended systems. At the semilocal level, however, the
meta-GGA is the highest rung of the so-called Jacob’s ladder of DFT [10, 11] and
potentially the most accurate one [12]. Meta-GGA can also serve as a better base for
hybridizing with the exact exchange energy.

At the semilocal level, the Exc of density functional theory can be written as [3,
4, 12-14]

E§C [m,nl] = Jd3rne§C (”T’”l» Vay, an,TT,Tl). (1)

In this equation, n;, n| are the electron densities of spin up and down o4, 0|
respectively, and the Vny, Vi are the local gradients of the spin densities. The
kinetic energy densities are 7, = 1/2% ", ’ Vl//,m|2 for the occupied KS orbitals vy,

of spin o, and E§C is the approximate exchange-correlation energy per electron.
LSDA uses only n, n) whereas GGAs use Vny, Vi, in addition. Meta-GGAs [15-
17] also use the kinetic energy density 7, as one of its ingredients. This 7, has
information about the shell structure. The z-dependence of meta-GGAs has been
studied by Sun et al. [18, 19]. Meta-GGAs can distinguish different orbital-overlap

% 9 i

. w
regions by “a”, defined as o = T where 7= E 75,7V :%‘Vn‘z/n and
(2

it — 3(372)*3,5/3 Sun et al. [20] showed that different values of a recognize
three different typical regions: (1) @ =0 in the single-orbital regime with one- and
two-electron densities which characterize covalent single bonds, (2) a~ 1 in the
slowly-varying density regime that characterizes the metallic bond, and (3) « > 1 in
the weakly-overlapped density region which characterizes a noncovalent bond.

In principle, DFT provides exact ground-state energies and densities, but in
practice there are many situations where DFT fails to give a physical result. The
long-range van der Waals interaction in rare gas dimers [21, 22], hydrocarbons, and
alkaline earth diatomics is one of them. There have been many tests of density
functional theory in rare gas dimers and alkaline earth dimers. Tao and Perdew [23]
observed that the GGA of Perdew, Burke, and Ernzerhof (PBE) [5], the meta-GGA
of Tao, Perdew, Staroverov, and Scuseria (TPSS) [11, 12], and its hybrid version
(TPSSh) [23] all give a satisfactory and reasonable description of the short-range
part of the van der Waals interaction in the van der Waals bound complexes which
have strong density overlap. The authors Tao and Perdew [23] concluded that these
functionals predict too-long bond lengths and too-small binding energies for the
rare gas dimers, which can be improved by long-range correction of the van der
Waals interaction. Ruzsinszky et al. [24] have tested non-empirical GGAs and
meta-GGAs and found that GGAs and meta-GGAs tend to overbind the diatomics
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with valence “s” electrons such as He, and Be, while underbinding the diatomics
with valence “p” electrons such as Ar,.

van der Waals interactions [25] are important for many material properties. The
source of this weak, long-range interaction between two objects is instantaneous
charge fluctuation. The van der Waals interaction is important in atomic and
molecular systems, where it has many implications such as heat of sublimation of
hydrocarbon molecules, chemical reaction precursor complexes, energy transfer
intermediates, protein folding, stacking of nucleobases, crystal packing, and self-
assembly of organic molecules. Long-range van der Waals interaction between two
distinct objects requires full density-functional non-locality. There are many long-
range correction methods [26-29] developed in the last few years which are good
for predicting van der Waals (vdW) interaction. These also include many post
Hartree—Fock (HF) methods [30-33]; see KlimeS and Michaelides [34] for an
overall review of DFT-based dispersion methods. Tao et al. [35] developed a
reliable approach to evaluate accurately the dynamic multipole polarizabilities
and higher order vdW coefficients from electron densities and static multipole
polarizabilities for spherical atoms or objects, without using any empirical fitting
parameter.

Perdew et al. [36, 37] have discussed the vdWinteraction. For two spherical
objects of radius R separated by a distance d, second-order perturbation theory
gives the attractive long-range van der Waals interaction [38]

Ejqw = ——2 — =8 =10 . 2)

The above expression is valid for d — co. Here C¢ describes the dipole—dipole
interaction, Cg the dipole—quadrupole interaction, and C, the quadrupole—quadru-
pole interaction and the dipole—octupole interaction. In Ruzsinszky et al. [39] these
coefficients are modeled accurately and analytically for classical solid-spheres
(nanoclusters) and shells (fullerenes) using the static dipole polarizability.

Furthermore, Perdew et al. [38] proved that the above asymptotic expansion can
be summed to all orders for two identical spherical shells. In that work a possible
two-parameter solution to the divergence problem in van der Waals interactions at
very short atomic separation has also been discussed. Such divergences (which
occur at d =0 for any finite-order series but at d >0 for the summed-up infinite
series) are normally removed by a damping function [40]. Inspired by Perdew
et al. [38], we suggest that a physical summation of the vdW series [35] can be
used for long-range correction of semilocal density functionals, which by them-
selves do not have any long-range vdW interaction correction.

In this chapter we discuss a simplified cut-off approach based on the summed-up
asymptotic series. This method uses only one parameter, optimized here for differ-
ent systems and averaged for all systems, which can usefully provide the long-range
part of the van der Waals interaction when added to the calculated binding energy
curves from the meta-GGA-MS?2 [18, 20].
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2 Methods

2.1 Asymptotic van der Waals Series

The van der Waals interaction between two spherical-shell objects A and B (with
thickness “¢”, radius “R”, and electron density “p”) can be found from (10) of
Perdew et al. [38] as the infinite series

o0

E(d) = —/4p)_ ci(t/R)Z", (3)

k=3

. . . 2
where d is the distance between the centers of the two objects, z = (2)7, and all
equations are in atomic units. The reduced coefficient c;(#/R) is defined by

k oo
Cou = ck(t/R)\/4np{(2R)2} . When the geometric series Zk:lzk =(1-2"

for 0 <z <1 is introduced and the approximation c; — ¢, is used for k> 5, we
find that (3) can be summed up as [38]

EE°(d) = *\/4—”;[6‘3 (é)f +c’4<£>24 +cs (;)ZS+COC{(1 72)7l — izk}. (4)

k=0

(See Appendices 1 and 2 for details; also see Table 1 for the values of ¢ (t#/R =1).)

The important message from Table 1 is that the reduced coefficients tend to a
constant value as k — oo. This means that the higher-order terms of (3) can be
summed as a geometric series ~(1 —z)~', leading to an analytic closed-form
expression which sums up this asymptotic (d — oo) series. The resulting expression
for E#°°(d) (4) approximately sums the asymptotic van der Waals series to all orders
in d~', but diverges at very short atomic separation when the two spheres touch

Table 1 Values of reduced Values of c,(t/R = 1)

van der Wa'als coefficients at Coefficient Values for 7R — 1
t/R =1 (solid spheres)
c3 0.006766 (0.006766)
Cy4 0.008842 (0.0101015)
Cs 0.009599 (0.01217)
Ce 0.009946
C10 0.010447
€20 0.010761
C40 0.010904
g0 0.010979
Coo 0.011 (0.020)

Values from the Hamaker [41] expression are in parentheses. The
Hamaker expression has one adjustable parameter, chosen here to
make the lowest-order coefficients agree (from Perdew et al. [38])
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each other. The corresponding separation is d=Ra+Rp for two non-identical
spheres and d = 2R for two identical spheres, but the true van der Waals interaction
energy remains finite there. Thus, the summed-up expression must be cut off at
small d while remaining unchanged to all orders in @' at large d. The simplest way
to do this is to replace d by d’, where the difference between d’ and d vanishes
exponentially as d — oo. Perdew et al. [38] suggested a possible choice for d':

d =d+ gexp[—(d — 2R) /h] (5)

which ensures d > 2R for g > 0 and & > 0. In that work, Perdew et al. [38] have also
shown that reasonable parameters for Cso—Cgo are g =10 and 4 =2 atomic units.
These parameters are of course system-dependent. We assume that the summed-up
series is only valid when d is sufficiently greater than 2R. Each choice of g > 0 and
h > 0 defines a different asymptotic summation of (3) to all orders in ™.

In this work we have chosen instead the simplest possible form:

y=y+ aexp(—g). (6)

Here y = %, and y = %. a > 2 is a parameter. It should be noted that y’ starts out as

)2 . . . .
a= %—a at small y, then increases monotonically, approaching y exponentially at

large y. Moreover, a > 2 guarantees that the singularity is removed. (To establish

that y’ is monotonic in y for non-negative y, just compute % =1- exp(—%) >0.)
We have considered E(d’) as an additive correction to the binding energy curve of a
semilocal density functional such as GGA or meta-GGA. For each functional, we
adjust the parameter “a” to obtain the best overall fit to known accurate reference
binding energy curves. PBE GGA needs a smaller value of “a”, which more
significantly shortens the equilibrium bond length and strengthens the binding.
The meta-GGA Made Simple (MGGA-MS2), which captures more of the
intermediate-range vdW interaction, needs a larger value of “a”, providing a
correction which is less short-ranged and has less effect on the equilibrium bond
length and binding energy. It should be noted that the fitting is done only for the
range of d greater than or equal to the reference equilibrium bond length, because
we cannot expect any useful correction of short-range errors in the functional from
this approach. Here we present the vdW-corrected binding energy curves calculated
by MGGA-MS2, which should give us a proper insight into the summed-up series
expansion of the van der Waals interaction.

2.2 Physical Explanation of R

Let R=(Ra+Rp)/2 be the arithmetic average of the radii of the two spherical
objects A and B. If the objects are classical metallic spheres with uniform density
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inside and zero density outside a cutoff radius, then the radius of a sphere is
clearly the only relevant length scale for that sphere. One could find polarizability

radiiRp = [af\(O)]% andRp = [aF(O)]%, where a}(0) and a2 (0) are the static dipole
polarizabilities of A and B, or one could find the same radius R from R = RP! — half
the equilibrium bond length of a dimer, because two such spheres would be
attracted to one another right up to the point where they touched. In this case,
there is no decay length for the density of a sphere (as in (6)), but the summed-up
van der Waals interaction must still be cut off to avoid a spurious divergence to
minus infinity when the spheres touch. This shows that R is indeed the radius of
object A.

This gives us an insight: the infinite van der Waals series (2) is an asymptotic
series, valid only when the “aspect ratio” R/d is small enough. This series can be
summed to all orders, but that summation misses contributions which are important
when the aspect ratio is not small. Only when the objects are so far apart that each
“looks small” to the other is the summed-up van der Waals series accurate.

When we extend these ideas from pairs of classical metallic spheres to pairs of
atoms, we can no longer expect that RP°' = R™'. We need to choose between these
two alternatives. Simple density functionals for R are not expected to work because
the static polarizability of a classical metallic sphere depends only on the radius,
and not on the density inside that sphere (e.g., Perdew et al. [38] and Ruzsinszky
et al. [39]). We have found empirically, for rare gas and alkaline earth dimers (Be,),
that we can obtain a reasonable long-range correction to the binding energy curve
of MGGA-MS?2 [19] using a system-averaged value of the fitting parameter “a”
(see Table 2) along with

R = max[R™, 1.37R"]. (7)
This is R™' for all considered rare gas atoms, but 1.37R" for Be. This choice
guarantees that the singularity of the summed-up vdW series is removed for any
pair of spherical objects. It should be noted that this R™ is basically the half-bond
length of any homo-dimer (A,) and hetero-dimer (AB) which can be defined as

R = Raa/2 (8)

for homo- and

Table 2 Optimized values of the fitting parameter “a” for different rare-gas dimers

Optimized values of “a” from MGGA-MS2 +vdW[d']

Fitting parameter | Ar—Ar| Kr—Kr| Xe—Xe Ar-Kr | Ar—Xe | Kr—Xe | System-averaged “a”.
a 2.19 |2.14 |2.00 2.00 2125 |2.09 |2.09

Optimized values of “a” from MGGA-MS2 + H[d']

a 1286 252 [2.14 1246 |245 [233 [246
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R)3 = (Raa + Rpg)/2 )

for hetero-dimers. We take Raa from the experimental binding energy curve.

3 Computational Details

3.1 Calculation of Dimer Binding Energy

The binding energies of different pairs of atom have been calculated in the projector
augmented wave approach (PAW) [42] implemented in the Vienna ab initio
simulation package (VASP) [43-45] within meta generalized gradient approxima-
tion (MGGA-MS?2) for the exchange-correlation functional. In the calculations, the
kinetic energy cutoff is first set to be 600 eV, and a I" centered 1 x 1 x 1 k-point
mesh in the BZ is used for the k-space integration. The total energy of the atomic
pairs has been calculated using a 10 x 20 x 10 rectangular super-cell. The PAW
scheme is utilized with the potentials taken from the VASP PBE library. The energy
of an isolated atom is calculated by a 10 x 10 x 10 cubic super-cell. The binding
energy is calculated in the following way:

AE = —[E(Rgimer) — 2 X E(Ratom)]- (10)

We have also used other van der Waals methods, PBE-D2 [27] and vdW-DF2 [46],
to perform this calculation. All these DFT methods are available in VASP. Our
long-range-corrected meta-GGA-MS2 seems to give better results than these two
vdW-corrected functionals.

3.2 Optimization of the Fitting Parameter

The average error (AE) calculation and the additive correction to the DFT results
have been made in computer codes. The inputs to these codes are the binding
energy curves calculated using DFT (Eygoa-ms2)s Static dipole polarizabilities, and
electron densities for each atom of the pair, and van der Waals coefficients Cg, Csg,
C1o- Reference values for comparison are the experimental binding energy curves
[47, 48].

There is a strong singularity near d = 2R in the summed-up van der Waals series,
as discussed before. To remove it, we replace y and y' in (6) by d/R and d'/R,
respectively, to get

d = d+ aRexp [—i} (11)
a
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Fig. 1 (a) Plot of average error vs fitting parameter “a” for Ar—Ar. (b) Plot of minimum average
error for different rare gas dimers

with R™ for rare-gas dimers and R = 1.37R" for Be,. This ' is used to calculate
the summed-up E(d’). In this section, we use E(d") from (14) below as the long-
range van der Waals correction to be added to the MGGA-MS2 binding energy
curve.

We have optimized the fitting parameter “a” by minimizing the error between
the binding energy curve from the vdW-corrected method and the experimental
binding energy curve over the set of d's in the range din A <d <9 A in steps of
0.1 A for each dimer. Here d,j, A is the separation at the minimum in the
experimental binding energy curve. The fitting parameter “a” in (11) is varied in
the range 0.0 < a < 10.0 in steps of 0.001 to maintain accuracy. The average error
(AE) at each value of “a” is calculated using

9
AE|, = Z ‘EMGGA—MSZJrvdW (d ) — Egxp
d/:dmin

/(Total number of d points).

(12)

Figure 1a shows the average error vs fitting parameter “a” plotted for the Ar,
dimer. Figure 1b shows a histogram plot of minimum average error (MAE) for
different rare gas dimers. MAE is the minimum of the average error at the
optimized value of “a” for each system. So this is a discrete-column graph where
each column gives the error at the minimizing value of “a”.

3.3 Calculation of the van der Waals Interaction Corrected
Binding Energy

To avoid the system dependence of the fitting parameter, the system-averaged value

[Tl

of the fitting parameters “a” was used to recalculate all the binding energy curves.
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We found that the system-averaged fitting parameter gives us even better correction
in most cases. In this work, all the binding energy curves are calculated using the

system-averaged fitting parameter “asys” (see Table 2). Replacing “a” with “agy”,
(11) becomes

! d
d =d + asysRexp <_a R>' (13)
sys

Finally, the vdW-corrected energy is calculated by replacing E(d) by E(d'). The
correction part is calculated using Hamaker’s expression E''(d) as modified in
Perdew et al. [38]:

, Cs Cg Cy Coo\ [uf s\, Co  Ci  Cip
Evdw(d)_<——,6—d—,8—d,—lo)+<@)[E <d)+ﬁ+d’8+d’_l° (14)

and then added to the MGGA-MS2 result

Encoamsavaw (@) = Evaw(d') + Evcoams2 (d)
Co Cs Ci Coo\ [,/ sy  C& C& CR
= <'6d'8d'10> + (ql){o> [E (d) + 6+ 5 + 710
+Emcca-ms2(d).

(15)

It should be noted that by E(d) we mean Hamaker’s [41] classical expression for
the van der Waals interaction energy E'(R4, Rg, d) between two spherical objects
of radii R5, and Rg when the two centers are separated by a distance “d”. This
EYRA, Ry, d) is given by the following equation:

2 2RAR 2RAR 2 _ (Rx +Rp)*
EH(RAvRBvd):ig ) ATS 2 ) AT 2+ln d2 ( A+ B)2
6 |d*— (Ra +Rp)” d*— (Ra—Rp) d* — (Ra — Rg)

(16)

where § = ¢3(1)y/4np () 226 = 0.006766+ /Arp () *26is evaluated using the value

of ¢3(1) from Table 1. The electron density is p = -2 for a sphere with radius R.

(3nR°)
N is the total number of valence electrons (2 for He and 8 for the other rare gas
atoms). For non-identical spheres, we replace ,/p by 2,/pa+/Pp/ (\/p_A +/Ps )
The van der Waals coefficients (Cg, Cg, C1o) used in the first part of the right-
hand side of (15) are taken from their tabulated values in the supporting informa-
tion of [35]. All these standard van der Waals coefficients are calculated by
time-dependent Hartree-Fock theory. The van der Waals coefficients from
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Hamaker’s formula (CY, CH, Ctl) in the second part of the right-hand side of the
same equation are evaluated by extracting the coefficients of d~°, d~°, and 4~ '°
from the Taylor series expansion of the expression of EY(R A, Rg, d) of (16) in
power of d~*

2 3 p3 3 p3 (p2 2
RIRS  32RARL(R2 +R
EH(RA:RB:R,d):_Q( AlB ARg (RR +R)

6 \ 3d° d®
(17)
64 (SRARY + 14R3R;, + SRR},
Sdlo +
For two identical spheres we can easily obtain the values of C§, C§, Cty) from the
simpler expression E" (R, d) = (?ﬁ,ﬁ + Oy ”;;’g“’) +..

3.4 Calculation of Binding Energy Using the Unmodified
Hamaker Expression

Simpler than in (15), Hamaker’s [41] expression can be used without modification
as a long-range vdW additive correction to the DFT results. We have used

EmGGA-MS2+H (d/) = E" (d/) + Emcea-ms2(d)
77,'2/77 { 2RARB + 2RARB
d

6 — (Ra+Rg)® d°—(Ra—Rg)*  (18)
12 2
d — (Ra+R
+In ,2#]3)2 } + Emcca-ms2(d).
d® — (Ra — Rp)

Here f is calculated in the same way as is done for EH(R A, Rp, d) as discussed in the
above section. (See Appendix 1 for an explanation of EH(d ).) In this version, no
input vdW coefficient is needed.

4 Results and Discussion

We believe MGGA-MS2 gives better result than other semilocal GGA and meta-
GGA functionals (PBE,TPSS) in our calculation because it uses “a” [18-20] which
can recognize and describe the intermediate-range vdW interaction [20].
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4.1 Ar-Ar Dimer

In Fig. 2 for Ar,, binding energy curves are calculated using MGGA-MS2, MGGA-
MS2 +vdW[d], MGGA-MS2+vdW[d'], MGGA-MS2+H[d], MGGA-MS2+H
[d'], vdW-DF2, and PBE-D2, and are compared with the experimental results
[47]. The binding energy (AE in kcal/mol) and the equilibrium distance (R, in A)
for different methods are tabulated in Table 3 along with the experimental results.
Figure 2a shows that the MGGA-MS2 + vdW[d'] is in very good agreement with the
experimental curve, whereas MGGA-MS2 binds slightly less than the experimental
curve. In this figure the MGGA-MS2 + vdW|[d] curve is calculated by adding the
van der Waals correction part to the MGGA-MS2 result, but without using the
cut-off distance ', and thus it clearly depicts the divergence near d =2R. The
interesting thing about this graph is that MGGA-MS?2 gives a comparatively good
intermediate-range part of the binding energy curve as expected [19, 20], slightly
overestimating the equilibrium bond length ~3.75 A compared to the experimental
one at 3.76 A. Figure 2a also shows that at larger atomic separation MGGA-MS2
significantly underbinds the experimental binding energy curve. Figure 2b shows

a 1o T ! - . . - b
Y Ar-fr [ —— MGGA-MS2[d] 1] _ osl|
3 —— MGGA-MSZ+vdWd] 3
E 06 —MGGAMS2+vdWid]|] £ 06T
§ o4 | ——Exptid] I{ B o4
5 02 B 02
2 o0 2 oot
o o
g 02 2 02
2 oal f_;’ 04 [—wmGeA-MSZlE] | 4
® osf 08 [ —— MGGA-MS2+H[d] | ]
0. ; I —— MGGA-MS2+H[d|
08 | 08 ! l—Exptfd] |
A0 L . L L N L 10 T . . . . -
30 35 40 45 50 55 60 65 30 35 40 45 50 55 B0 65
d (Angstrom) d (Angstrom)
Ar-Ar Ar-Ar
c 10 -
—— Expi[d] ]
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Fig. 2 Binding energy curves for the Ar—Ar dimer calculated from the vdW method combined
with MGGA-MS?2 using the system-averaged a =2.09. (a) Binding energy curves for MGGA-
MS2, MGGA-MS2 +vdW[d], MGGA-MS2+vdW[d'], and experiment. (b) Binding energy
curves for MGGA-MS2, MGGA-MS?2 + H[d], MGGA-MS2 + H[d'], and the experimental curve.
(¢) Comparison of the vdW-DF2 [46] and PBE-D2 [27] curves with the experimental one
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Table 3 Binding energy (AE in kcal/mol) and equilibrium bond length (R, in A) for the Ar—Ar
dimer

MGGA- MGGA-MS2 MGGA-MS2 PBE- vdW-
Quantity | MS2 +vdW(d) +H(d) D2 DF2 Expt.
AE 0.17206 0.34025 0.36057 0.38889 |0.43207 |0.28500
R. 3.85 3.75 3.72 3.80 3.80 3.76
- . B _ b —— :
[— ] ] = le-He 4
g o ot [N, ||
§ 02 MGGA-MSzwaMa'ﬂ . g
£ o1 [——Explid] | =
g g
g 0.0 s e —f
£ o1 = 5 " [—mceAMSzd |
& -0z} - @ MGGA-MS2+H[d]
0.3 0.4 — E\iﬁ:]-Mszm[o 1]
-0'42_0 2.‘5 3‘.o 3?5 4?0 475 5.0 25 3.0 3.5 4.0 4.5 5.0
d (Angstrom) d {Angstrom)
He-He He-He
C os T
\ Expt[d] |
0.4 i - - - MGGA-MS2+vdWd1] | 4
g \ —o— v W-DF 2[d] |
E o3l | —— PBE+D2[d]
g
= 02
g
? 0.1
-E 0.0 e
<0.1
4.0 45 50
d (Angstrom)
He-He

Fig. 3 Binding energy curves of the He—He dimer. Here we have also used the cut-off distance d'
for long-range correction with the system-averaged a =2.09. (a, b) Binding energy curves for
MGGA-MS2, MGGA-MS2 + vdW[d], MGGA-MS2 + vdW[d'], MGGA-MS2 + H[d], and MGGA-
MS2 +H[d']. (¢) Comparison of the curves for vdW-DF2 [46] and PBE-D2 [27] with the exper-
imental curve

that when the unmodified Hamaker (E™) expression is used, it also gives a very
good long-range part of the interaction potential, although MGGA-MS2 + H[d']
slightly overbinds the experimental curve. The divergence in the additive correction
part (see MGGA-MS2 + H[d] curve) can be seen as for the vdW correction part in
Fig. 2a. We also calculated the binding energy curves of the Ar—Ar dimer with the
two popular van der Waals corrected methods vdW-DF2 [46] and PBE-D2
[27]. The binding energy curves from these calculations along with the MGGA-
MS2 + vdW[d'] and experimental results can be seen in Fig. 2c. Both vdW-DF2 and
PBE-D2 overbind the experimental binding energy curve in the range
3.3 A<R.<5.4 A. Figure 3c also shows that MGGA-MS2 +vdW[d'], PBE-D2,
and vdW-DF2 almost overlap with the experimental curve beyond 5.10 A.
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Table 4 Binding energy (AE in kcal/mol) and equilibrium bond length (R, in A) for the He—He
dimer

MGGA- | MGGA-MS2 MGGA-MS2 PBE- | vdW-

Quantity | MS2 +vdW(d) +H(d) D2 DF2 Expt.

AE 0.06849  |0.13913 0.12038 0.10742 |0.06214 |0.02201
R. 2.73 2.59 2.61 2.60 2.80 2.97

4.2 He-He Dimer

Figure 3 shows the binding energy curves for He, from MGGA-MS2, MGGA-MS2
+vdW[d], MGGA-MS2+vdW[d'], MGGA-MS2+H[d], MGGA-MS2+H[d'],
vdW-DF2, and PBE-D2 calculations, along with the experimental results [47]. As
predicted by Ruzsinszky et al. [24], nonempirical GGAs and meta-GGAs tend to
overbind van der Waals-bound diatomics that have valence “s” electrons, such as
He,. Figure 3a shows that MGGA-MS2 and MGGA-MS2 + vdW|[d'] overbind the
experimental curve. When we plot MGGA-MS?2 + vdW[d] we observe a divergence
similar to the one for the Ar dimer because, in this case, the cut-off ¢ has not been
used to remove the singularity. This graph also shows very good long-range
behavior of MGGA-MS2 +vdW [d']. Figure 3b shows an almost similar picture
where MGGA-MS2 +H [d'] also overbinds the experimental curve. In this case, a
divergence in the Hamaker (E™) expression can be seen. From Table 4 we note that
the strong attractive nature of MGGA-MS?2 yields a minimum at 2.73, 2.59, and
2.61 A for MGGA +MS2, MGGA +MS2 +vdW|[d'], and MGGA-MS2 +H[d'],
respectively, which is quite different from the experimental one at 2.97 A. From
Fig. 3c we can see that two other popular methods, PBE-D2 [27] and vdW-DF2
[46], overbind the experimental curve in the same way as MGGA-MS2 + vdW(d'),
but all these three curves almost overlap with the experimental curve in the very
long-range part beyond 4.00 A, a significant success for the method.

4.3 Xe-Xe Dimer

In the Xe—Xe dimer, MGGA-MS2, MGGA-MS2 + vdW[d'], and MGGA-MS2 + H
[d'] underbind the experimental curve, which can be seen in Fig. 4a, b. These two
graphs also show similar divergences for MGGA-MS2 + vdW[d] and MGGA-MS2
+ H[d] because of the singularity near d = 2R in both the vdW correction part and in
the Hamaker expression. Figure 4c compares PBE-D2 [27], vdW-DF2 [46], and
MGGA-MS2 + vdW[d'] with the experimental curve. From these three figures, and
from Table 5, it can be said that, where PBE-D2 and vdW-DF2 overestimate the
binding energy, MGGA-MS2 +vdW[d'] and MGGA-MS2 +H[d'] underestimate
the same, but all these four methods give very different minima than the experi-
mental one.
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Fig. 4 (a) Binding energy curves for MGGA-MS2, MGGA-MS2 + vdW|[d], and MGGA-MS2
+vdW[d']. (b) Binding energy curves for MGGA-MS2, MGGA-MS2 + H[d], and MGGA-MS2
+H[d']. (¢) Binding energy curves using vdW-DF2 [46] and PBE-D2 [27] plotted with the
experimental one

Table 5 Binding energy (AE in kcal/mol) and equilibrium bond length (R, in A) for the Xe—Xe
dimer

MGGA- | MGGA-MS2 MGGA-MS2 PBE- | vdw-
Quantity | MS2 +vdW(d) +H(d) D2 DF2 Expt.
AE 0.23100 | 0.39302 0.42232 0.80012 |0.65163 |0.56057
R. 4.59 453 4.54 4.40 4.40 435
4.4 Kr-Kr Dimer

Figure Sa—c shows the binding energy curves for the Kr—Kr dimer for MGGA-MS?2,
MGGA-MS2 +vdW[d], MGGA-MS2+vdW[d'], MGGA-MS2+H[d], MGGA-
MS2 +H[d'], vdW-DF2, and PBE-D2 approaches. These curves show that both
MGGA-MS2 +vdW[d'] and MGGA-MS2 +H[d'] give a very satisfactory long-
range part of the van der Waals interaction. It should be noted that these two curves
cross the experimental curve at R(Kr-Kr) ~4.1 A and at ~3.77 A. One can readily
note the divergence of MGGA-MS2 + H[d] at small atomic separation because of
the obvious singularity in the expression of E'. Table 6 gives the binding energy
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Fig. 5 (a) Binding energy curves for MGGA-MS2, MGGA-MS2 + vdW|[d], and MGGA-MS2
+vdW[d']. (b) Binding energy curves for MGGA-MS2, MGGA-MS2 + H[d], and MGGA-MS2
+H[d']. (¢) Binding energy curves using vdW-DF2 [46] and PBE-D2 [27] plotted with the
experimental one. The vdW corrected curves are calculated using the cut-off distance d' and
system-averaged a = 2.09

Table 6 Binding energy (AE in kcal/mol) and equilibrium bond length (R, in A) for the Kr-Kr
dimer

MGGA- | MGGA-MS2 MGGA-MS2 PBE- |vdW-
Quantity | MS2 +vdW(d) +H(d) D2 DE2 Expt.
AE 020379 | 0.37102 0.39750 0.53832 | 0.53242 | 0.40005
R. 4.17 4.11 4.03 4.00 4.00 4.01

(AE in kcal/mol) and the equilibrium distance (R, in A) for different methods. We
notice that MGGA-MS2 +H[d'] gives very good equilibrium bond length when
compared to the experimental result. Figure 5S¢ confirms that another two methods,
PBE-D2 [27] and vdW-DF2 [46], significantly overbind the experimental curve.
We can see the same trend in MGGA-MS2 +vdW[d'] along with PBE-D2 and
vdW-DF2 in the very long-range part, where they tend to overlap with the exper-
imental result.
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4.5 Ne-Ne Dimer

In the Ne—Ne dimer, MGGA-MS2, MGGA-MS2 +vdW [d'], and MGGA-MS2 + H
[d'] overbind the experimental curve. MGGA-MS2 + H[d] and MGGA-MS2 + vdW
[d] show the divergence at small atomic separation. However, Fig. 6a, b shows the
similar kind of long-range correction by both MGGA-MS2 + vdW[d'] and MGGA-
MS2 + H[d']. We plot the PBE-D2 and vdW-DF2 result with the experimental and
MGGA-MS2 +vdW[d'] results in Fig. 6c. We conclude that, for the Ne dimer,
semilocal functionals normally overbind the experimental result. From Fig. 6¢c we
find that the long-range part of the MGGA-MS2 + vdW[d'] and vdW-DF2 curves
almost overlap with the experimental curve in the range 3.9 A <R. < 5.0 A. Table 7
shows numerical values.
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Fig. 6 Binding energy curves for the Ne—Ne dimer: (a) for MGGA-MS2, MGGA-MS2 + vdW[d],
and MGGA-MS2 + vdW[d']; (b) for MGGA-MS2, MGGA-MS2 + H[d], and MGGA-MS2 + H[d'].
(¢) Comparison of the calculated binding energy curves using vdW-DF2 [46] and PBE-D2 [27]
with the experimental curve

Table 7 Binding energy (AE in kcal/mol) and equilibrium bond length (R, in A) for the Ne-Ne
dimer

MGGA- | MGGA-MS2 MGGA-MS2 PBE- | vdW-

Quantity | MS2 +vdW(d) +H(d) D2 DF2 Expt.

AE 0.16811  |0.33323 0.32208 0.27369 |0.20395 |0.08401
R. 2.94 2.83 2.81 3.00 3.00 3.09
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4.6 Ar-Kr Dimer

MGGA-MS?2 underbinds the experimental curve [48] in the Ar—Kr dimer, as can be
seen in Fig. 7a, b. This tendency is removed and we get very satisfactory binding
energy curves when the cut-off distance d' is introduced in the MGGA-MS2 + vdW
[d'] and MGGA-MS2 + H[d'] methods. This removes the singularity as expected
and gives significant improvement in the long-range part of the van der Waals
interaction. The strong divergence in van der Waals interaction series and in
Hamaker’s expression can be seen in MGGA-MS2 + vdW[d] and in MGGA-MS2
+H[d] in Fig. 7a, b. PBE-D2 [27] and vdW-DF2 [46] results are not so satisfactory
compared to the experimental result. Table 8 shows the binding energy (AE in kcal/
mol) and the equilibrium distance (R in A) for different methods.
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Fig. 7 Binding energy curves of the Ar—Kr dimer calculated: (a) using MGGA-MS2, MGGA-
MS2+vdW[d], and MGGA-MS2+vdW[d']; (b) using MGGA-MS2, MGGA-MS2 +HI[d],
MGGA-MS2 +H[d'], and the experimental result. (¢) Comparison of vdW-DF2 [46] and
PBE-D2 [27] with experiment. The vdW corrected binding energy curves are calculated using
the cut-off distance @’ and system-averaged a =2.09

Table 8 Binding energy (AE in kcal/mol) and equilibrium bond length (R, in A) for the Ar-Kr
dimer

MGGA- | MGGA-MS2 MGGA-MS2 PBE- | vdW-
Quantity | MS2 +vdW(d') +H(d") D2 DF2 Expt.
AE 0.18772 0.35712 0.38053 0.46469 |0.46481 |0.36123
R. 3.98 3.89 3.88 3.80 4.00 3.88
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4.7 Ar-Xe Dimer

We plot the binding energy curves of the Ar—Xe dimer in Fig. 8a, b. These figures
show outstanding performance of the method in the long-range part of the energy
when either of the additive corrections E,qw(d’) or E(d’) is used. Table 9 gives a
qualitative picture of different methods for the estimation of equilibrium bond
length and binding energy. It can be inferred from Table 9 that both MGGA-
MS2+vdW [d'] and MGGA-MS2 + H[d'] produce almost correct binding energy
but slightly overestimate the equilibrium bond length.
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Fig. 8 Binding energy curves of the Ar—Xe dimer calculated from the vdW method combined
with MGGA-MS2 using the system-averaged a. (a) Binding energy curves calculated using
MGGA-MS2, MGGA-MS2 +vdW[d], and MGGA-MS2 +vdW/[d'], and the experimental one.
The vdW-corrected binding energy curve is calculated using the cut-off distance d’ and system-
averaged a = 2.09. (b) Binding energy curves for MGGA-MS2, MGGA-MS2 + H[d], and MGGA-
MS2 +H[d'], and the experimental results. (¢) Binding energy curves from other vdW-corrected
methods

Table 9 Binding energy (AE in kcal/mol) and equilibrium bond length (R, in A) for the Ar—Xe
dimer

MGGA- | MGGA-MS2 MGGA-MS2 PBE- | vdW-

Quantity | MS2 +vdW(d) +H(d) D2 DF2 Expt.

AE 0.18677 | 0.34032 0.38191 0.53029 |0.51532 |0.37505
R. 4.24 4.10 4.10 4.00 4.20 4.07
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4.8 Kr-Xe Dimer

As in the Ar—Kr dimer, in the Kr—Xe dimer MGGA-MS2 underbinds the experimental
curve. Figure 9a, b shows that introduction of the cut-off distance d' not only removes
the singularity but also improves the underbinding of MGGA-MS2 in the long-range
part of the van der Waals interaction energy, although it remarkably overestimates the
equilibrium bond length. The binding energy estimated by MGGA-MS2 +H [d'] is in
very good agreement with the experimental result. The PBE-D2, vdW-DF2, MGGA-
MS2+vdW[d'], and experimental curves are shown in Fig. 9c. PBE-D2 and
vdW-DF?2 seem to be too attractive in the short-range part and overbind the experi-
mental curve, although the equilibrium bond lengths from these two curves are in very
good agreement with experiment. Table 10 shows numerical values.
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Fig. 9 Binding energy curves of the Kr—Xe dimer calculated from the vdW method combined
with MGGA-MS2 using the system-averaged a =2.09. (a) Binding energy curves for MGGA-
MS2, MGGA-MS2 + vdW[d], and MGGA-MS2 + vdW[d'], and the experimental one. (b) Binding
energy curves for MGGA-MS2, MGGA-MS2 + H[d], and MGGA-MS2 +H[d'], and the experi-
mental results. (¢) Comparison of vdW-DF2 [46] and PBE-D2 [27] with experiment

Table 10 Binding energy (AE in kcal/mol) and equilibrium bond length (R, in A) for the Kr—Xe
dimer

MGGA- | MGGA-MS2 MGGA-MS2 | PBE- | vdW-
Quantity | MS2 +vdW(d') +H(d") D2 DF2 Expt.
AE 0.20900 0.37242 0.39787 0.67692 |0.58528 |0.46422
R, 4.39 431 427 4.20 4.20 4.18
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Fig. 10 Binding energy curves for the Be-Be dimer calculated (a) from meta-GGA-MS2 and (b)
from other vdW-corrected methods

4.9 Be-Be Dimer

Be, is chosen because it is a van der Waals-bound diatomic from the alkaline earth
group. The characteristic difference of Be, from the rare gas dimers is that it shows
much more density overlap. Figure 10a gives us a qualitative picture of how the
strong divergence at d = 2R in the E"(d) part of the van der Waals interactions energy
expression of (15) is successfully removed upon introduction of the cut-off distance
d'. Figure 10b shows that MGGA-MS2 +vdW [d'] gives a satisfactory long-range
correction compared to PBE-D2. In the same figure the similar performance of
vdW-DF?2 can be seen. The common tendency of overbinding the experimental result
[49] by semilocal functionals MGGA-MS2 and PBE [24] can be seen in Fig. 10b.
From this result we conclude that more accurate correction is needed for semilocal
functionals for He,, Ne,, and Be,. Moreover, Fig. 10b shows that vdW-DF2 correctly
estimates the equilibrium bond length ~2:5 A, where MGGA-MS2 + vdW[d'] fails to
do so. It overestimates the bond length at ~2.7 A. The experimental equilibrium bond
length is 2.45 A. Careful observation of Fig. 10b reveals that the too-attractive nature
of PBE yields a deep minimum at very short distance ~1.5 A for the PBE-D2 curve.

4.10 Comparison Between Hamaker and Geometric Series
for Two Identical Solid Spheres

An interesting feature of the Hamaker expression [41] and the geometric expression
[38] (see (25) in Appendix 1) is that both have divergences at two different values
of d, one at d=2R and the other at d =0. To investigate further the divergence of

-1 2R\ *
these two expressions, we have plotted Coo{ (1 _ (271?)2)) _ Zizo <7> }

and (:—”,3) E"(Rp = Rg = R,d). These two quantities have the same singularity at

d="72R but they are rather different in the range of typical vdW energies, which can
be seen in Fig. 11. This could explain why the Hamaker expression works better in
the fits.
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et al. [38] for Ar—Ar dimer 8
£ -0.004 - ]
T
3
2 -0.006 - ]
=
w
0008 ! - ]
[ —— U_Geometric[d]
! | —— U_Hamaker[d]
0.010 i .

13 14 15

di2R

5 Conclusions

In summary, our work is a reasonable and physical way to remove the nonzero
d singularity in the summed-up van der Waals interaction series. We also conclude
that, although the fitting parameter “a” is system-dependent and empirical in nature,
averaging it and using R = max(R"™, 1.37RP°") as an input to our calculation gives
our formulas some predictive value. In this work we have presented a simplified
version with only one fitting parameter a, replacing the earlier model [38] with two
parameters (g, /), to get the long-range van der Waals correction to a density-
functional binding energy curve for objects with spherical densities. We have
reached similar or better accuracy when compared with the PBE-D2 [27] and
vdW-DF2 [46] correction schemes.

An interesting outcome of our work is that the complicated (15), as proposed in
Perdew et al. [38], can be replaced without loss of accuracy by the simpler (18).
This means in particular that no input vdW coefficient is needed.

One extension of this work could be to use it to obtain a semi-local density
functional with an embedded long-range vdW correction using this summed-up
series method. The positive outcome of this method motivates us to use it for other
strongly dispersion-driven systems such as layered-materials. Furthermore,
MGGA-MS?2 often provides a useful description of intermediate-range vdW inter-
action. It underestimates this in most rare gas dimers, but overestimates it in He,,
Ne,, and Be,. Appreciable performance by MGGA-MS2 [19] in predicting stacking
energies between nucleobases of DNA and RNA confirms that improved density
functionals can give a better description of different chemical and physical prop-
erties. It remains to be seen whether further improvements in meta-GGAs yield a
more consistent description of intermediate-range vdW interactions.
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Appendix 1 Summed-Up Series Expression

The Casimir—Polder [50, 51] formula for the van der Waals coefficients between
two objects A and B to the second-order in electron—electron interaction is

(2k — 2)1 &3

AB 1 >
C =
2k 2 (211)!(212)!J0

dua(iu)a (iu), (19)

where [ =k —[; — 1 and a,f\ — 2/ pole dynamic polarizability of A at imaginary
frequency ® =iu. It should be noted that /=1,/=2, =3 are for dipole,
quadrupole, and octupole interactions, respectively.

The dynamic multipole polarizabilities for a classical conducting spherical shell
can be found from the following expressions:

71—
) — R2+1 I 20
(i) o + 21— B0, (20)
where
2~2
w|"w;
= 21
ﬁl (CU] + uz)( + uz) ( )
and
R A\ 2T
o= (52 =a-urp (22)

from the work of Lucas et al. [52]. Here w;=w,\/I/(214+1) and

®; = wpy\/(l+1)/(21+ 1). The plasma frequency of the system is w, = \/4zp

with p = W for the spherical shell (with radius R and thickness #) and

p= Q g{ 3 for the sphere (with radius R). N is the total number of valence electrons,
3

equal to 2 for He and 8 for other rare gas atoms.

In Perdew et al. [37] it is shown that, for a classical conducting spherical shell of
radius R, thickness ¢, and uniform density p, the above integration at (18) can be
performed to get all the higher order vdW coefficients. For two identical spheres,
i.e., when A =B, one can get

1 (2k — 2' —2

2k

Cot = 0y (R Z
=1

1
X\/(21+ D/l++/(2k=21=1)/(k—1—1)

1(2k — 2zf1)
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Then the van der Waals interaction of (2) can be written as
E(d) = —/4mp)_ ci(t/R)Z, (24)
=3

where ¢(#/R) is related to C,; by (4) and z = (2%)2.

Now, by the introduction of the geometric series of Z:il *=(1- 2)71 for
0 <z <1 and approximating ¢; — ¢, for k> 5, we find

E&°(d) = —\/4_7;5[03 (I%)f + C4<}%)Z4 +cs (I%)ZS —|—cw{(1 —z) = izk}].

k=0
(25)

This expression interpolates between the very large d and d — 2R limits. The
above expression for £2°°(d) has an unphysical divergence at z= 1 or d = 2R where
the two spheres touch each other. This divergence appears because we sum up all
the terms. However, in reality there is no divergence in (2) because it is an
asymptotic expansion for large value of d.

This is true because at large d the exponential density overlap between the two
real quantum-mechanical objects may be neglected. This divergence in the expres-
sion of E2°(d) can be removed by replacing z by z/ where z/ = (2R/d')* with a
proper choice of d'. The expression for E2°°(d) is true for the interaction between
identical spheres but it can be generalized to non-identical spheres 2R — Ra + Rp,
which leads to an equation such as (14) for the expression of E, qw(d').

In the pair interaction picture, Hamaker’s [41] expression of the van der Waals
interaction between two solid spheres of uniform density p is

1

/
’r—r

. (26)

where 8 = c3(1)/Aap(2) 28 = 0.006766\/37p ()29 can be evaluated using the
value of ¢3(1) from Table 1.

Appendix 2 Binding Energy Curves from Geometric Series

The summed-up van der Waals series expression of (4) can also be used to obtain
the binding energy curves for the rare-gas dimers if we use our short-range cut-off
idea. Reduced van der Waals coefficients c3(#/R), c4(t/R), c¢5(t/R) and c..(¢/R) are
taken from Table 1 for #/R = 1, e.g., for solid spheres. For identical solid-spheres the
electron density is p = N/ (47rR3 / 3) for a sphere with radius R and number of total
valence electrons N (N is 2 for He and 8 for the other rare-gas atoms). The electron

density for non-identical spheres can be evaluated using 2, /pA+/Pp/ (, /PA Tt o /pB).



Short-Range Cut-Off of the Summed-Up van der Waals Series: Rare-Gas Dimers

71

We could not optimize the fitting parameter for every dimer. We have used
a=4.09, the average of the optimum values for Ar—Ar and Kr—Kr. Figure 12

shows the results.
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