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Abstract. The reliable fuzzy controller design problem of T-S fuzzy de-
scriptor systems with time-varying delay is introduced. Based on linear
matrix inequality approach, a less conservative reliable controller design
method is presented. The resulting fuzzy control systems are reliable in
the sense that asymptotic stability is achieved not only when all control
components are operating well, but also in the presence of some compo-
nent failures. Moreover, the result is extended to the case of observer-
based reliable fuzzy control.Two numerical examples are also given to
illustrate the design procedures and their effectiveness.

1 Introduction

Reliable control is an effective approach to improve system reliability. The kernel
idea of this approach is to design a fixed controller such that the closed-loop can
maintain stability and performance, not only when all control components are
operational, but also in the case of some admissible control component outages.
In the past two decades, reliable control problems have been extensively studied
by many researchers [T12L34].

On the other hand, many complex nonlinear systems can be expressed in a
certain form of mathematical models locally. Takagi and Sugeno have proposed
a fuzzy model to describe the complex systems [5]. In this T-S fuzzy model,
local dynamics in different state space regions are represented by local linear
systems. The overall model is obtained by ’blending’ these linear models through
membership functions. As a common belief, the control technique based on the
T-S fuzzy model is conceptually simple and effective for the control of complex
systems.

As to reliable control of T-S fuzzy systems, progress has been made in most
recent years too [6L[7L[8]. In literature [6[7], reliable controller design are based
on a assumption that control component failures are modeled as outages, i.e.,
when a failure occurs, the signal (in the case of sensors) or the control action (in
the case of actuators) simply becomes zero. In [8], a more general failure model
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is adopted for actuator failures, which studied problem that control components
being failure to some extent, i.e., the failure coefficients take value in the interval
[0, 1]. When the actuator is invalid but kept in the admissible area, the controller
will stabilizes the system.

In 1999, Tanniguchi and Tanaka et al extended the T-S fuzzy model to de-
scriptor nonlinear systems [9,[T0]. They brought the concept of T-S fuzzy de-
scriptor systems forward. But so far, the reliable control problems for T-S fuzzy
descriptor system has scarcely been studied.

Time-delays often occur in many dynamic systems, it has been shown that
the existence of delays usually becomes the source of instability and deteriorates
performance of systems. So, it is worth to study a system with time-delay both
theoretically and practicality.

In practical situations, failure of actuators often occurs. Thus, from a safety
point as well as a performance point of view, an important requirement is to
have a reliable control such that the stability and performance of the closed-
loop system can tolerate actuator failures. In this paper, we will consider the
reliable control problem of T-S fuzzy descriptor systems with time-delay.

The paper is organized as follows. Firstly, the problem is formulated. In sec-
tion 3, based on the solvability of LMIs, taking account of affects of all subsys-
tems, which gives the design method of the reliable state feedback controller. In
section 4, the result obtained in section 3 is extended to the case of observer-
based reliable fuzzy control. In section 5, numerical examples are used to illus-
trate the results. Finally, concluding remarks are made in section 6.

Notations: Matrix X > 0 (X > 0) denotes thatX is a positive (semi-positive)
definite matirx, A > (>)B denotes A — B > (>)0. Symbol I stands for the unit
matrix with appropriate dimensions.

2 Problem Formulation and Failure Model

In this section, if the uncertain system parameter information is considered, the
nonlinear descriptor system can be presented as an uncertain fuzzy descriptor
model with time-varying delay. The ith fuzzy rule is of the following form:

R;:IF 21 is Nj and---z,is N;, ,THEN
Ei(t) = (Ai+ AA; (1) 2 (t) + (A + AAy (1) 2 (t — 7 (1))
+(Bi + AB; (t) u(t) , (1)
y(t) = Ciz(t) ,
z(t) = o) ,t€[-1,0]. i=1,2,...,r.
Where N;; are the fuzzy sets, 21,22, --,%, are premise variables. Scalar r is
the number of IF-THEN rules. E € R"*™ may be singular. z (t) € R" is the
state, u (t) € R™ is the control input and y(t) € R' is the output. A;, A;; €
R™ ™ B; € R"*™ C; € R™>*™,i=1,2,---,r. The 7 (t) is the time-varying delay
and satisfies 0 < 7(t) < 79 < 00, 7o is the upper bound of the delay. It is
further assumed that 7 (f) < § < 1 and § is a known constant. ¢ (¢) is initial
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vector. AA; (t),AAy; (t),AB; (t) denote the uncertainties and take the form
of [AAZ (t) AAh (t) ABZ (t)] = MF (t) [Ez Eh Ebz] , where ]\47 Ei7E1i, Ebz
are known constant matrices and F (t) is an unknown matrix function, F ()
satisfying F (t)" F (t) < I. The fuzzy descriptor model is assumed to be locally
regular, i.e., exist s; € C, such that det (s;E — A; — AA; (1)) #0(: =1,2,---,r).

By taking a standard fuzzy inference strategy, that is, using a singleton fuzzi-
fier, procedure fuzzy inference and center average defuzzifier, the final fuzzy
model of the systems is inferred as follows

= Z Ai (2) [(Ai + AA;()) 2(t) + (A1 + AAw(t)) x(t — 7(t))
+(Bi + AB;(t))u(?)] (2)

where \; (z) = H N (zj)/z H Nij (25), Z Ai (z) = 1. Nj; (%) is the grade of
i=1j=1

membership of zj in INy;. For simplicity, xﬂ u, Nj, AA;, AAq;, AB; will be used
instead of z (t) ,x (t — 7 (¢)) ,u (), N\ (2),A4; (t ) AAy; (t), AB; (t),respectively.
Consider a nonlinear descriptor system Ex = f(z,u), where E € R"*™ x €

R",u € R™,det (E) = 0. The following definition regarding the solvability of
the nonlinear descriptor system was given in [I1].

Definition 1. If for any piecewise continuous input u and initial state xg, there
always exists a unique differentiable solution x with x (0) = xo, then system
Ex = f(x,u) is called solvable.

The purpose of this paper is to design a reliable controller. The analysis is
developed under the assumption that the T-S fuzzy descriptor system is solvable.

Lemma 1. [12] Let M, E, F (t) be real matrices of appropriate dimensions with
FT(t)F(t) < I. Then for any scalar € > 0,

MF@t)E+ETFT (t)MT <eMMT + ¢ 'ETE .

3 Reliable Control Via State Feedback for T-S Model

First, the reliable fuzzy controller will be designed to stabilize system (2). The
fuzzy controller shares the same fuzzy sets with the fuzzy model in the premise
parts and has local linear controller in the consequent parts. The ith fuzzy rule
of the fuzzy controller is of the following form

R; . IF 21 is Ny and - - - 2, is Ny, , THEN

u=Kix,1=1,2,---,r

For fuzzy reliable control problems, the following actuator fault model is used.

R; . IF 21 is Ny and - - -z, is Ny, , THEN
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u:@wiKiaj, i=1,2,"',’l"

Where K;,i = 1,2,---,r are the local linear feedback gains. Hence, the overall
fuzzy controller is given by

Uy = Z )\i@wiKil' ) (3)
i=1

where @,; = diag [0wi (1),0wi (2), -+, 0wi (M)], 6wi (§) €10,1], i =1,2,---,r,
j=1,2,---,m. Matrix ®,,; describes the fault extent. é,;(j) = 0 means that
the ]th component in the ith local actuator is invalid, é.; (j) € (0,1) implies
that the jth component is at fault in some extent and 8,;(j) = 1 denotes that
the jth component operates properly. Thus, for a given diagonal matrix @g;, 1 =
1,2,--+,m. the set 2 = {u, =>.|_; NiPuiK;z,and B,; > P, i = 1,2,---,m}
is called an admissible set of actuator fault. Namely, symbol ®;,i =1,2,---,m
in set (2 describes the worst status of the scaling factor @,,;,7 = 1,2,---m. Once
the scaling factor extent become smaller than @;, the reliable controller can not
work properly anymore .

Remark 1. Tt is obvious that when &,,; = @,,,i = 1,2,---,7, and 6, () takes
only the values of 0 and 1, the actuator failure model is just the same as that
in [6l[7] and the references cited therein.From this point,the problem to be solved
here is more general.

For the case of u,, € {2, the closed-loop system is given by

o (4)

Theorem 1. Consider system ), if there exist nonsingular matrices P,S >

0, Ky, Xij, where X;i = XL, X5 = ]Z,z #£4,(i,5=1,2,---,1), such that
E'p=P'E>0, (5)
. T . .
v, — @0 P (A11+AA12)] “ X (6)
* -5
O + 60 PT (A + AAy + Ay + AAy) .
vy = |70 T S W< X+ X5 i< (7)
X1 - Xy
X:(Xij)rxr: <0. (8)
X'rl X'rr

Where O = PT[(A + AA;) + (Bi + AB;)Pu; K] + [(Ai + A4;) + (B +
AB;))®,,;K; ]TP+ - S and” x” denotes the transposed elements in the symmet-

ric positions. Then the resultant closed-loop system (J) is asymptotically stable
for any u,, € £2.
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Proof. Construct a Lyapunov function as
t

V(t) = 2T ET Pz + ! zT (s) Sz (s)ds ,
1=0Jir@

where ETP = PTE > 0,S > 0. Differentiating V (¢) along the trajectory of
system (@) gives

A€ "Xy Xy, A€

V< ZAnglpizf + ZZ/\MJETW@{ < Do S <0,
=1 =1i<y /\r§ Xrl e er >\r§
where ¢ = [; } , This completes the proof. a

Remark 2. Tt is worthwhile to be pointed out that for a system with large di-
mension, more than two subsystems are often activated at the same time. So,
the interactions of subsystems are taken into account in Theorem[Il The method
to do this is to introduce the relaxation matrix X into Theorem [, which was
firstly utilized in [I3] and improved by [14] .

We will give out the scheme of how to design the reliable controller. The main
idea is to convert conditions in Theorem 1 into LMI conditions.

Theorem 2. Consider system (), if there exist ¢; > 0,e;; > 0, nonsingular
matric X, Y > 0,Z;;, where Zy; = Z,Zij = Z};,i #* 3, 4,5 =1,2,---.1r such

that the following LMIs are satisfied:
XTET =EX >0, (9)

A X + XTAT — Bi® ;BT - .
~Zin +eiMMT ApY —Zig 0 XTE; X

-Y ~Zuyzs 0 YEL 0

. « -1 ET 0 <0, (10)

* * *  —g;l 0

* * * x —(1-p0)Y
(P (Ali-l-Alj)Y—ZijQ—Z;-l;?) 0 xXT (Ei+Ej)T XxT
x —2Y — Ziju — 2, 0 Y(Ey+Ey)" 0
* * -1 [Ebi Ebj}T 0 <0 ) (11)
* * * —81‘]‘1 0
* * % " _(1;/3)}/

VAT
<0. (12)
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Where 2 = (Az + AJ) X+XT (Al + AJ)T+2 (Bz — B]) (Bz — Bj)T—BiQs_QjBiT—

" Ziz1 L2
quSme—Zm—Zgl +€ijMMT. Z;;s are partitioned as Z;; = { . Zm] L=
|:Zij1 Zijo

Zij3 Lija
and the resultant closed-loop system () is asymptotically stable for any u,, € £2.

} . Then, the control gains are given by K; = —BF X1 i=1,2,--- r.

Proof. The proof is omitted because of the limited space. O

4 Observer-Based Reliable Control for T-S Model

In many cases, states are unknown or partly detected. Therefore, it is needed
to estimate states. If the controller is designed with the effect of time-delay, the
delay must be known exactly. But it is usually impossible to know the delay
exactly. Here, we manage to design the state-observer not affected by the delay.
We consider system (2)) without uncertainties. Construct the fuzzy observer

-

Ei = i [(Aiz + Bju) + Li (y — )]
1 (13)
=1

K3

<l

N
Il

where L; is the observer gain. Define the estimation error as e = x — &, then

FEée=FEi— Ei‘ = Z Z )\ZAJ[ (AZ - LiCj) e+ Alim-,—} .
i=1 j=1
Consider the following fuzzy controller u = >_!_, \;K;&. For any actuator
failures wu,, € {2, the system can be expressed as follows:

Ez = ZZ >\i>\j [/L‘jf + Alifr + Bidswjkjﬂ ) (14)
i=1 j=1

= _|EO0| 5 _ |A 0 i |Au0| 5 [Bi| & _
WhereE_[OE]’A”_{OAi—LiCj]’Ah_[AMO]’Bl_{O]J(J_

Theorem 3. Consider system (14), if in Step 1 there exist nonsingular matriz
X1, P2, Y1 >0, Y2 >0, M;, Zisau <0, Zinng <0, Zigz1 <0, Zijzz <0, Zijor,
Ziiza, Zijt, Zijias Zijorys Zijoa, Ziars Zlaas Zijar, Zijaa, such that

XI'ET =EX, >0, ETP,=PIE>0, (15)

. T AT 5
AzXl + XlTAZ _ AliY1 — Zii?l XlT
—2Bi@QiBi — Zi11 _ <0 (16)
" Y1 — Zysn1 0 ’

* * —(1-p/7
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(Ai + Aj) X1 + XT (4 + 4,7

+2(B: — By) (B: — By) " Ayt ADYs — Zoioy — 2T XT
—Bi®q;Bf — B;j®qiB] (Avi + A1j) Vi = Zijor = Zijay 1

~Zijn = Zjjn ) ) <
* —2Y1 - Zij41 - 2541 0
i * * (1;@ Yl_
(17)
PYA; — MiC; 5 ;
+ (P A~ Mici)T ~Zins 12%4 <0 (18)
* —Y2 — Ziizs 0 ’
* * —(1-8)Y2
P (Ai + Aj) — (M;C; + M;Cy)
+ (~Ai + AJN)T Py — (M;C; + MjCi)T - ~ij24 - 25»34 I
—Zijia — Z14 _ _ <0.
x 2V, — Zyjaa — Zyy 0
* % _(15ﬁ)y2
(19)

By computatign,Z@s = PQ_TZii1~3P2_17 Ziina = Py T Zijou. Zijia = PQ_TZij14P2_17
Zijoa = PQ_TZij24, Zijza = PQ_TZ£34. And (after solving the LMIs in Step 1) in

Step 2 there ewist matrices Zi2, Ziiz2, Zi23, Ziiz2, Ziji2, Zij13, Lij22, Zijes,

Zijgg, Zijgg, Zij42, Zij43, satisfying the following LMIs:

Zn - Zar
Z = Zijlyxr=| ¢+ .. 1| <0, (20)
Zrl e er
where
Zin Zinz | | Zi21 Ziiza Zijn Zijiz | | Zijor Zijaa
7. _ % Ziitg | | Zii2s Zii2a 7 | LZins Zijia | | Zijes Zijoa
" * * Ziig1 Ziiz2 | | Zija1 Zijsz | | Zijar Zijaz
* * *  Zii33 Zij33 Zij3a | | Zijaz Zijaa
Then control gains are K; = —BiTXl_l, observer gains are L; = PQ_TMi, 1=

1,2,---,r. and the system (Ij)) is asymptotically stable for any u, € £2.
Proof. The proof is omitted because of the limited space. a

Remark 8. 1t is involved to find the state observer of time delay systems. [I5]
provided a one-step approach to design observer-based controller for T-S fuzzy
system without time delay. However, for a T-S fuzzy system with time-delay,
how to obtain a controller with less conservatism in one-step is still open.
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5 Numerical Examples

In this section, two examples are employed to illustrate the validity and the
effectiveness of the approaches proposed in this paper.

Example 1. Consider the following fuzzy model:

Ry : IF z1 is P;, THEN Ry : IF 1 is P,, THEN
(A1 + AA41)z, + Byu, (A2 + AAyz)z, + Bau.

Where the membership function of 'P; ',/ P, / are given as following the effec-

tiveness of the method wq(z1) =1 — 1+el’211 ,we(xz1) =1 —wq(x1). And

10 31 2 1 0 0
E= [0 0] A= [1 —2} A2 = {—2 —0.5] Au = [0.2 0.1]’

Az = {0(.)1 0(.)5] B = {0:.))1} B2 = m M = {8:;} B (1) =sin(?),

Ey=E, =01 0],Ey; =[1 0], B3 =[0.1 0],Ep = 0.1, Epy = 0.

Let 7 (t) = 1 4 0.5sint. Consider @1 = 0.3 % I, P2 = 0.01 * I, if utilizing the
method proposed in [T6] to solve the problem, it is no way to design the controller,
because the acurator failure was not taken into account in [I6]. However, from

0.2842 0 0.0063 0
Theorem 2, we get P = [0.3674 0.0281}’ S = [ 0 0.0001], state feedback

gains are K7 = [—0.8893 — 0.0028], K3 = [—1.4210 0].

Example 2. Let us consider the following T-S fuzzy system:

Ry : IF 1 is N1, THEN Ry : IF z1 is No, THEN
Er=Aiz+ A1z + Biu, Ex = Asx + Ajax, + Bsu,
y = Czx. y = Cax.

Where the membership function of ‘N7 /. Ny / are given as following the effec-

tiveness of the method wq (z1) =1 — 1+el’211 ywe (1) =1 —wi (z1). And

10 -21 —-22 23
E_|:O 0:|7A1_|:12:|7A2_|:12:|7A11_A12_|:00:|7
1 2
Blz{ ],Bgz M,Cl:u 2],Cy = [0.5 1].

2

Firstly, assume that &, = ®o = I, that is, there is no any actuator failures
occurring. Solving the LMIs ([IB)—(@20) for a standard fuzzy controller produces

K, =[0.0731 0.2175], Ky = [0.0094 0.2175],
Ly =1[0.9198 —0.1160]", Ly = [1.0598 —0.1325]7.
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Assume the admissible set of actuator failures is given by

2
0= {uw = Z,\iqsmmx, and @1 > 0.2 [, Do > 0.3 % 1} )

i=1
Solving the LMIs (IE)—(20) for a reliable fuzzy controller, we get

K; =[0.2320 0.7093], K= [0.0154 0.7093],
Ly =[3.1607 —0.3990]7, L, = [3.6418 — 0.4559]7.

Simulations were carried out for the delay 7 (f) = 2 and the initial conditions
[#1(0) 22(0)] = [-1 0.5]. The responses of both design schemes of stan-
dard control design and reliable control design for the case without actuator
failures are shown in Fig.1. It is obvious that both standard controller and re-
liable controller guarantee the asymptotic stabilities of the closed-loop system.
When actuator failures with @1 = 0.2 % I, $o = 0.3 * I occurred, the state
responses for the two cases are shown in Fig.2. It is observed that when actuator
failures occur, the closed-loop system with the standard fuzzy controller is not
even asymptotically stable, while the closed-loop system using the reliable fuzzy
controller still operates well and maintains an acceptable level of performance.

0.5 0.5
- —x1 B —x1
“““ x2 B e x2
0 o} RTRILIT
] 2
s 8
w w
—0.5 -0.5
-1 -1
0 2 4. 6 8 10 0 2 4 6 8 10
time(sec) time(sec)

Fig. 1. standard control without failure and reliable control without failure

> x 10 0.5
1.5 2
1 (o)
@ 2
T05 ks
7 17z}
o] -0.5
-0.5
o 50 100 150 o 2 4 6 8 10
time(sec) time(sec)

Fig. 2. standard control with failure and reliable control with failure
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6 Conclusion

In this paper, we have considered the reliable fuzzy control design problem for
nonlinear uncertain descriptor systems with state-delay. The effect among the
subsystems are taken account of sufficiently. The less conservative reliable con-
troller design schemes via state feedback and estimated state feedback are pro-
posed.One of the future research topics is to extend the results developed in the
present paper to the nonlinear systems, with more complex faults of actuator
and sensor, to make the systems achieve appropriate performance.
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