
L. Wang et al. (Eds.): FSKD 2006, LNAI 4223, pp. 129 – 138, 2006. 
© Springer-Verlag Berlin Heidelberg 2006 

PWM Fuzzy Controller for Nonlinear Systems 

Young Hoon Joo1, Sung Ho Kim1, and Kwang Baek Kim2 

1 Kunsan National University, Kunsan, Chonbuk, 573-701, Korea 
{yhjoo, shkim}@kunsan.ac.kr 

2 Dept. of Computer Engineering, Silla University, Busan 370-701, Korea 
gbkim@silla.ac.kr 

Abstract. In this paper, we develop an intelligent digitally redesigned PAM 
fuzzy controller for nonlinear systems. Takagi-Sugeno fuzzy model is used to 
model the nonlinear systems and a continuous-time fuzzy-model-based con-
troller is designed based on extended parallel-distributed-compensation 
method. The digital controllers are determined from existing analogue control-
lers. The proposed method provides an accurate and effective method for digi-
tal control of continuous-time nonlinear systems and enables us to efficiently 
implement a digital controller via pre-determined continuous-time TS fuzzy-
model-based controller. We have applied the proposed method to the balanc-
ing problem of the inverted pendulum to show the effectiveness and feasibility 
of the method. 

1   Introduction 

Fuzzy logic control is one of most useful approaches for control of complex and ill-
defined nonlinear systems. The main drawback of fuzzy logic control is the empirical 
design procedure, which are based on trial-and-error process. Therefore, recent trend 
in fuzzy logic control is to develop systematic method to design the fuzzy logic con-
troller. The studies on the systematic design of fuzzy logic controller have largely 
been devoted to two approaches. One is based on soft-computing method [1]. This 
approach utilizes neural network theory and genetic algorithm, etc.. This method is 
quite efficient since the most appropriate and optimal fuzzy logic controllers can be 
designed without the aids of human experts. However, it may suffer difficulties in 
determining the overall stability of the system. The other is based on the well-
established conventional linear system theory [2-3]. One popular method is the TS 
fuzzy model or dynamic fuzzy- model-based control theory, which combines the 
fuzzy inference rule with the local linear state model [2-3]. This kind of method has 
been widely used in the control of nonlinear systems since it is easy to incorporate the 
mathematical analysis developed in the linear control theory. 

At the same time, we have been witnessed rapid development of flexible, low-cost 
microprocessors in the electronics fields. Therefore, it is desirable to implement the 
recent advanced controller in digital. There are three digital design approaches for 
digital control systems. The first approach, called the direct digital design approach, is 
to convert an analogue plant to a digital plant and then find the digital controller. The 
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second is, which is named the digital redesign approach, is to find the analogue con-
troller and then carry out the digital redesign. The other is to directly design a digital 
controller for the analogue plant, which is still under development [5-7]. In general, 
there exist two types of digital controllers: the pulse-amplitude-modulation (PAM) 
controller and the pulse-width-modulation (PWM) controller. The PAM controller, 
which is commonly used in digital control, produces a series of piecewise-constant 
continuous pulses having variable amplitude and variable or fixed width [5].  

In this paper, we develop an intelligent digitally redesigned PAM fuzzy controller 
for digital control of continuous-time nonlinear systems. We first apply the digital 
redesign technique to each local linear model. By the proposed method, the conven-
tional digital redesign method developed in linear system field can be then easily 
applied and extended to the control of nonlinear systems.  

2   Fuzzy-Model-Based Controller 

Consider a nonlinear dynamic system in the canonical form 

)()()()()( ttx n uxgxf +=  (1) 

where, the scalar )(nx is the output state variable of interest, the vector u is the system 

control input, and [ ]Tnxxx )1(... −= �x  is the state vector. In (1), the nonlinear 

function f(x) is a known nonlinear continuous function of x, and the control gain g(x) 
is a known nonlinear continuous and locally invertible function of x. This nonlinear 
system can be approximated by the TS fuzzy model. More specifically, the ith rule of 
the TS fuzzy model in the continuous time case is formulated in the following form: 

Plant Rule i:   IF x(t) is iF1  and ... and )()1( tx n−  is i
nF , 

                 THEN )()()( ttt cici uBxAx +=�     (i = 1, 2, ..., q) 
(2) 

while the consequent part in the discrete-time case is represented by 
)()()( tt1t didid uGxFx +=+  in (2). 

Here, i
jF ),,1( nj …=  is the fuzzy set, q  is the number of rules, n

c )t( ℜ∈x  is the 

state vector, m
c )t( ℜ∈u  is the input vector, nn

i
×ℜ∈A  and mn

i
×ℜ∈B , x1(t), …, 

xn(t) are the premise variables (which are the system states) and ),( ii BA in the con-

tinuous-time case and ),( ii GF in discrete-time case denote the ith local model of the 

fuzzy system, respectively. Subscript ‘c’ and ‘d’ represent continuous-time and dis-
crete-time case, respectively. Using the center of gravity defuzzification, product 
inference, and single fuzzifier, the final output of the overall fuzzy system is given by 
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Using the same premise as (2), the EPDC fuzzy controller in continuous-time model 
has the following rule structure: 

Controller Rule i: IF x(t) is iF1  and ... and )()1( tx n−  is i
nF , 

                           THEN )t()t()t()t(u ii rExK +−=     (i = 1, 2, ..., q) 
(4) 

where ],,[ 1
i
n

i
i kk "=K  and ][ 1

i
n

i
i ee "=E  are the feedback and feedforward 

gain vectors in ith subspace, respectively. r(t) is the reference input.  
The overall closed-loop fuzzy system becomes 

))()())((()(
1 1

tt ji

q

i

q

j
jiiji rEBxKBAxxx +∑ ∑ −=

= =
μμ�  (5) 

3   PAM Fuzzy Controller  

In general, when applying the dual-rate sampling method to a dynamic system, the 
fast sampling rate is used for the system parameter identification without losing the 
information of the dynamic system, and the slow sampling rate is used for the compu-
tation of advanced controllers in real time. 

For the implementation of a digital control law, it needs to find a digital control 
law from the obtained optimal analogue control law. This can be carried out using the 
digital redesign technique, which is called the generalized digital redesign. This tech-
nique matches the continuous-time closed-loop state )(tcx  with the discrete-time 

closed-loop state )(tdx  at skTt = , where sT  is the slow sampling time. We can 

expect that this method consider the system responses only at the slow-rate sampling 
time, ssTkt = . If the slow sampling time sT  is not sufficiently small, then the control 

law cannot capture the system’s behavior during the slow sampling time sT . Thus, it 

needs to consider the system’s behavior during the slow-rate sampling and reflect it to 
the control law. We adopt a new digital redesign method that considers the inter-
sampling behaviors [6].  

Subscript i representing ith subspace is omitted to avoid the complexity. Consider a 
controllable and observable analogue plant represented by 

0)0(),()()( ccccc ttt xxBuAxx =+=�  (6) 

)()()( ttt ccc DuCxy +=  (7) 



132 Y.H. Joo, S.H. Kim, and K.B. Kim 

The optimal state-feedback control law, which minimizes the performance index 

dtttttttJ ccc
T

c )}()()]()([)]()({[
0

RuurxQrx +−−= ∫
∞

 (8) 

with 0,0 >≥ RQ  is 

)()()( ttt cccc rExKu +−=  (9) 

where )(tr is a reference input vector and 

PBRK T
c

1−=  (10) 

QBKABRE T
c

T
c

−− −−= )(1  (11) 

where P  is the solution to 

01 =+−+ − QPBPBRPAPA TT  (12) 

The analogue control law )t(cu  in (7) can be approximated as 

)Tk()t(W)t( ffdkkkc fff
uu =Φ≅  (13) 

for )()( ff Tkt rr = with fffff TTktTk +<≤ , where  
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where )(t
fkΦ  is orthonormal series and fT is the fast rate sampling time. 

Consider and the closed-loop of the analogue system in (5) represented with piece-
wise constant input by 

)()()( ffcccc Tktt rExAx +=�  (15) 

where cc BKAA −= . 

The corresponding digital system is 

)()()( ffccNffccNfffc TkTkTTk rEHxGx +=+  (16) 

where fcecN
TA

G = , [ ] BAIGH 1−−= cncNcN . 

Consider the digital system with a piecewise constant input )Tk( ffdku  as  

)Tk()Tk()TTK( ffdkNffdNfffd uHxGx +=+  (17) 
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where ,fT
N e

A
G = [ ] BAIGH 1−−= nNN . Let the desired digitally redesigned 

control law be 

)Tk()Tk()Tk( ffdkffddkffdk rExKu +−=  (18) 

Its digital closed-loop system becomes 

)(ˆ)(ˆ)( ffcNffdcNfffd TkTkTTk rHxGx +=+  (19) 

where ,ˆ
dkNNcN KHGG −= dkNcN EHH =ˆ . 

The integration of the analogue closed-loop system in (13) is represented by 

[ ])()()(     

)(

1
ffcfffcfffcc

TTk
Tk c

TkTTkTTk

dttfff

ff

rBExxA

x

−−+=

∫

−

+

 (20) 

Substituting (16) into (14), (20), and its result, ( )tcu , into (8). Matching the resulting 

system’s state with (17), we have 

)()( 1
ncNfccNNdkNN T IGAKHGKHG −−=− −  (21) 

( )[ ] ccdkcmNdkN EBAKKIHEH 1−−+=  (22) 

The solutions to (21) and (22) become 
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To improve the performance during the slow rate sampling time, it is desired to find 
the digitally redesigned control law that matches both the digital closed-loop state 
with the analogue closed-loop state, and has the slow sampling rate time. The slowly 
sampled digital system with the digitally redesigned fast rate sampling time control 

law ( )N
du can be described as 

( ) ( )
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where, 

( )N
N

N
N GG =  (25) 
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Considering the digital system in (19) with the reference input )()( ssTkt rr = for 

sssss TTktTk +<≤ , the closed-loop state dx can be represented at 

fff TiTkt )1( −+=  and ssff TkTk =  by 
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and by definition of (27), the digital control law with the dual rate sampling time can 
be written as 
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Substituting (28) into (29), its result is 

)Tk()Tk()TTK( ffdkNffdNfffd uHxGx +=+  (30) 
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4   Intelligent Digitally Redesigned Controller 

The overall closed-loop system is obtained from the feedback interconnection of the 
nonlinear system (1) and the controller (5), resulting in the following equation: 
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)t())t(())t(()t( oo
)n( rxGxFx +=  (32) 

where )t()())t(())t(())t((o xKxgxfxF μ−= , )())t(())t((o μExgxG = . 

The following theorem is our stability result for the equilibrium state: 

Theorem 1. Consider the following nonlinear system: 

)t())(),t(()t()()t()t( o rExGxKAxx μμ +−=�  (33) 

where )(tr is a given reference signal, and )(μK  and )(μE  are control gain matrices 

with parameters ,qℜ∈μ  which can also be functions of )(tx  and t  in general. If 

)(μK  and )(μE  are designed such that  

(i) the matrix )]([ μKA −  is stable uniformly for all  ,nℜ∈x  

(ii) ,dt)t()(),t((
0 o ∞<∫
∞

    rExG μ  or  

(ii)’ (t))t,t((dt)t()(),t((
0 o xxCrExG      ≤∫
∞ μ   with ,dt)t),t((

0
∞<∫

∞
    xC  

where ⋅   is the Euclidean norm, then the controlled system (5) is stable in the sense 

of Lyapunov. 

Proof.  See [2]. 
 
Corollary 1. In the nonlinear control system (1) with a fuzzy controller (5), namely, 

)t())(E),t(())(K),t(()t( oo
)n( rxGxFx    μμ +=  (35) 

where, 

),t()())t(())t(())(),t((o xKxgxfKxF    μμ −=  ),())t(())(),t((o μμ ExgExG   =  

if the TS fuzzy model 

)t()]([)t()n( xBKAx  μ−=  (36) 

is designed such that it can uniformly approximate the given uncontrolled system 
(35), namely, )]([))(),t((o μμ BKAKxF −−  can be arbitrary small, and if the con-

trol gains )(μK  and )(μE  are designed such that the two conditions (i) and (ii) (or 

(ii)’) of Theorem 1 are satisfied, then the fuzzy control system (35) is stable in the 
sense of Lyapunov. 

Proof.    See [2].  

5   Simulation 

To illustrate the proposed method, let us consider the problem of balancing of an 
inverted pendulum on a cart. The dynamic equation is in [9] 
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where 1x  is the angle of the pendulum in radians from vertical axis, 2x  is the angular 

velocity, 2/8.9 smg =  is the acceleration by the gravity with the mass of the pendu-

lum kgm 0.2=  and the mass of the cart kgM 0.8= , Mma += , ml 0.12 =  is the 

length of pendulum, and u  is the force applied to the cart. 
 An approximated TS fuzzy model is as follows [9]: 

   Rule 1: IF 1x is about 0 THEN uBxAx 11 +=�  

   Rule 2: IF 1x is about π±  THEN uBxAx 22 +=� . 

where 
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and ( )D88cos=β . The membership function for Rules is shown in Fig. 1. 
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Fig. 1. Membership Functions 

We choose the slow-rate sampling period sT as 0.02 and the fast-rate sampling period 

fT  as 0.01, thus fs TTN = is 2. The initial conditions are D43x1 =  (0.7505rad) and 

0x2 = . In order to check the stability of the global fuzzy control system, Based on 

LMI [3], we found the common positive definite matrix cP  to be 

   ⎥
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=

0084.00189.0

0189.04250.0
cP  
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The other conditions are also satisfied. Therefore, the overall continuous-time fuzzy 
system is stable in the sense of Lyapunov. Figure 2–4 show the comparisons of the 
position angle x1(t), the angular velocity x2(t), and the control input of this example by 
the proposed method and the original analogue controller, respectively. As seen in 
these results, the proposed scheme is successful for digital control of nonlinear system.  

 

  Fig. 2.  Position angle x1(t)                        Fig. 3.  Angular velocity x2(t) 

 

Fig. 4. Control input 

6   Conclusions 

In this paper, we have proposed the digitally redesigned PAM fuzzy-model-based 
controller design method for a nonlinear system. We represent the nonlinear system as 
a TS fuzzy-model-based system, and the EPDC technique is then utilized to design a 
fuzzy-model-based controller. In analogue control law design, the optimal regional 
pole assignment technique is adopted and extended with some new stability condi-
tions to construct multiple local linear systems. The PAM digital redesign method is 
carried out to obtain the digital control law for control of each local analogue system, 
where a new state matching has been developed. The inverted pendulum balancing 
simulation has shown that the proposed method is very effective in controlling a 
nonlinear system. 
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