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Abstract. The task of calculating the expectation of a number of dis-
connected pairs of nodes (EDP) in unreliable network is discussed. The
task is NP-hard that is it requires complete enumeration of subgraphs.
The techniques for decreasing a number of enumerated subgraphs by us-
ing the branching (factoring) method and taking advantage from possible
structural features are discussed. Usage of chains, bridges, cutnodes and
dangling nodes is considered.

1 Introduction

Random graphs is an acknowledged model for networks of different kinds. For
the analysis of network’s reliability the probability of connectivity is used mostly
( [M2BLALBLELT], for example) while the expectation of a number of disconnected
pairs of nodes (EDP) is sometimes more valuable and informative index. For
example all trees are equal from the point of the probability of connectivity while
they are not from the point of EDP. Complementary index to EDP is a number of
connected pairs of nodes (ECP), their sum is equal to the whole number of pairs
of nodes in a network. Finding EDP requires complete enumeration of network
destructions for its calculation. This is one of the reasons why few of researches
deal with it. We can refer to the paper [§] where this index is mentioned among
other valuable indexes of a network reliability. We investigate how to decrease the
enumeration by using the branching (factoring) method and taking advantage
from possible structural features.

As in [I] we mostly gain from considering simple chains and dangling nodes.
Existence of bridges or cutnodes can help also.

The rest of the paper is organized as follows: in Section 2 we give main def-
initions and notations. In Section 3 we discuss reduction of the task dimension
by considering bridges, cutnodes and dangling nodes. In Section 4 we give the
exact equations for EDP for some kinds of graphs and in Section 5 we present
equations for branching by chain. Section 6 is the brief conclusion.
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2 Definitions and Notations

We consider random graphs with reliable nodes and unreliable edges. Let us
denote:

G(n,m) = (V,U, P, WT) —non-oriented graph with a set of nodes V', set of edges
U, matrix of edges reliabilities P and vector of nodes weights WT.

n = |V|, m =|U| — number of nodes and edges, respectively.

w; = w(v;) — weight of a node v;, WT' = wy,...,w,.

W(G) — total weight of all nodes of G.

pi; — probability of an edge e;; being existent (being in a working state, edge’s
reliability), P = ||pi;|[; qij =1 — pyy-

M(G, P) and N(G, P) — ECP and EDP of a random graph G.

We use simply G for a graph if its n and m are clear from the context. If needed
we use G(P), G(IWT) or G(P,WT) also. If we need refer to the weight of i-th
node in some graph G, then we use WT;(G). If we consider some special edges
then we usually assign them personal numbers that is use notation ey (k-th
edge) instead of e;; (an edge that connects v; and v;). Notation py is used for
corresponding edge’s reliability.
1
For simplifying some equations we assume that [[ ps =1.
s=i+1

A weight w; equal to a number of nodes that were contracted to form a special
node v; (initial weight of each node is 1) is needed for keeping the number of
disconnected pairs in case when this node is separated from some other nodes
in a graph.

It is obvious that

n—1 n
NG =D > ajwuwy, (1)
i=1 j=i+1

where a;; is a probability of v; and v; be disconnected in G.

The branching (factoring) method for calculating an expected value of any
function of a random graph G is based on the equation of composite probability
by two alternative hypothesis: existence or non-existence of some edge e;;. Thus

N(G) = pi;N(G};) + (1 = pij)N(G\eij), (2)

where G7}; is a graph obtained from G by contracting v; and v; by an edge e;;,
G\e;; — graph obtained from G by deleting the edge e;;. Recursions go on until
deriving a graph for which a N(G) is easily obtained.

We say that a random graph is connected (disconnected) when its structure
is connected, not realization. In last case we say that “realization of a random
graph is connected (disconnected).”

3 EDP for Graphs of a Small Dimension (n = 2,3,4)

Case of n = 2 is obvious:

N(G) = (1 = pr2)wr - wa. (3)
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For n = 3 we use (0)):

N(G) = wiwz(1 — p12)(1 — p2sp13) + (4)
wiwz (1 — p13)(1 — prapa3) + wows (1 — pa3)(1 — p12p13).

For n = 4 we use the equation of composite probability considering all possible
ways of a graph destruction as hypotheses. After collecting terms we have:

N(G) = ()
wiw2q12[(1—p13p23) (1 —p1ap24) —P13G14G23P24P34—q13P14P23G24D34] +
w2UJSQ23[(1—p24P34 1—p12p13)—Q12p13p14p24q:34—p12Q13p14Q24p34] +
w3w4qs4[(1—p13p14) (1 —p23pas) —P12P13G14G23P24—P12G13P14P23G24] +
w1w4q14[(1—p12p24) (1—p13P34) —q12P13P23P24G34 —P12q13P23G24D34] +
w1w3Q13[(1—p12p23 1—p14p34)—p12Q14Q23p24p34—Q12p14p23p24Q34] +
w2w4qz4[(1—p23p34 1—p12p14)—Q12p13p14p23Q34—p12p13Q14Q23p34}-

)
)
)
)
)
)

4 Using Structural Peculiarities

As in the case of calculation of a probabilistic connectivity we can take advantage
from some peculiarities of a graph under consideration.

First let us make the following derivation. During factoring process by equa-
tion (@) we may obtain several graphs with the same structure and matrix P
but with different weights of nodes. In this case we can gain from the following
useful lemma.

Lemma 1. If during a graph G factoring process some subgraphs G1, ..., Gy,
with same structure and matriz P are obtained in which only one special node v
has different weight we; in G;, i = 1,...,k, then the total contribution of these
subgraphs into N(G) is equal to

k
(Zm) - N(G°), (6)
=1

where p; is a probability of G;’s realization, and graph G° has the same structure
and P as G; and

k k
TS(GO) = szwsz/zpz (7)
=1 i=1

Proof. From (Il) we have that for any selected index s

N(G) = ( Z wi)ws + Z Z w,w; = Aws +B.  (8)

i€{l..n}\s i€{1l..n}\s (j>1)&(j#s)
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So, if we change a weight w of v, then coefficients A and B remain unchanged.
Thus the total contribution D of all G; into N(G) is

k k
D= ZPiN(Gi) = ZPi(Awsi + B) 9)
- k lilk k k k
= A(Zpiwsi) +Y piB=> pi (AZpiwsi/ > opit 3)7
i=1 i=1 i=1 i=1 i=1
from which we have what was to be proved. O

4.1 k-Component Graphs

If a graph G consist of k£ mutually disconnected subgraphs Gy, ..., Gy then,
obviously
k k-1 k&
N(@G) =) N(G)+) Y W(G)W(G)). (10)
i=1 i=1 j=i+1

4.2 Deleting Dangling Nodes

Let a connected graph G(n, m) have a dangling node v; adjacent to some node v;.
Then deletion of the edge e;; leads to occurrence of w; - W(G\{e;;}) = w;- > wg
ki

pairs of disconnected nodes. Hence,

N(G) = pi;N(G};) + (1 = pi)(w;W(G\{eiz}) + N (G\{ei;})) .  (11)
Note that in this case a graph G7;, obtained by contracting nodes v; and v; by
eij, is by its structure the same as G\{e;;}, and WT;(G*) = w; +w;. Thus from
lemma [Tl we obtain:

N(G) = N(G°) + (1 — pij)wiW(G\esj), (12)
where G° — a graph which has the same structure and a weight of v,

WTj(GO) = pij(wj + wi) + (1 — pij)wj = Wj + PijW;. (13)

4.3 Using Cutnodes

Let G consists from two subgraphs (blocks) G; and G5 that are jointed through
a node vs (cutnode). Then obviously for any pair of nodes v; and v; a path
between them or lies in one of the blocks if these nodes are in the same block,
or goes through v, otherwise. Thus from () we have

N(@) =N(@G)+N(Ga)+ Y D (ais+ay — aisag)waw;,  (14)
1€X(G1) jEX(G2)

where a;s and ay; are probabilities of v; and v; being disconnected with v, in
G1 and G correspondingly.



Network Probabilistic Connectivity 105

4.4 Bridge Removing

Let a connected graph G(n,m) have an edge es; such that its deletion leads to
dividing the graph into two separated components G1(k, f) and Ga(n — k,m —
f —1) (they are obviously connected graphs). Such edges are known as bridges.
Then

N(G) = puN(G3) + (1= pst) [W(G1)W(G2) + N(G1) + N(Ga)].  (15)
Using (I4) we obtain

N(G) = (1 = pst) [W(G1)W(G2)] + N(G1) + N(G2) + (16)
Pt Y Y (ais + ag — aisar)wiw,
1€X(G1) jEX(G2)

where a;; and a.; are probabilities of v; and v; being disconnected with vs in G
and with v; in G2 correspondingly.

4.5 Case of a Chain

Let us discuss the case of a chain with k nodes and k —1 edges (Chg). Let nodes

be enumerated in increasing order thus that nodes v; and v have a degree 1

while all other nodes have degree 2. For simplicity we denote e; ;41 as e; here.
From () we have

k-1 k Jj—1
N(Chy) = Z Z w;w; (1 - Hps)- (17)
i=1 j=i+1 s=i

4.6 Case of a Cycle

Now we consider a cycle with k£ nodes and k edges (Cy). Let nodes be enumerated
in order thus that node v; 1 follows v;, i = 1,...,k — 1 and vy follows vy. For
simplicity we denote e;;y1, ¢ = 1,...,k — 1 as e; and e, as e, and denote
reliability of e; as p;. Now we can use equation ([II) directly. Between each pair
of nodes v; and v; there are two pathes, clockwise and counterclockwise. Thus

4.7 Case of a Tree
The EDP for a n-nodes tree T, we obtain from (I):

n—1 n
NT)=>" > wiwj(l— 11 pst), (19)
i=1 j=i+1 est€EPt;j

where Pt;; is a path from v; to v;.
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For partial cases we can obtain simpler expressions. The case of a chain that
is the special case of a tree has been discussed earlier. Now let us have a star-like
tree Sk in which k nodes are adjacent to a single node (root). Thus we have some
node vy with weight wq that is adjacent to dangling nodes v;, ¢ = 1,..., k with
weights w;. For simplicity let us denote edges (vo,v;) as e; and their reliabilities
as p;, correspondingly. Using (IEI) we obtain:

N(Chy) = wy szwz + Z Z wiw; (1 = pipy). (20)

=1 j=1i+1

5 Branching by Chain

As in [I] where we consider the probabilistic connectivity, we can gain from
considering simple chains. Because of limited area of this paper we consider only
the case of 2-edges chains here.

For further consideration we need the following lemma.

Lemma 2. If during a graph G factoring process some subgraphs G1, ..., Gy,
are obtained with probabilities p1,...,pr, such that they have the same structure
and matriz P, and two special nodes vs and vy have weights wg; and wy; in G,
i=1,...,k, then the total contribution of these subgraphs into N(G) is equal to

k k
Z Di Z DiWsiWti — Z PiWs; * Z PiWti
=1 1= =1 =1
D = E piN(G°) + as ) . (21)
(n)
=1

where graph G° has the same structure and P as G; and

k k
’) = Zpiwsi/Zpi, (22)
WTt GO szwtz/zpz

Here ag is a probability of vs and vy bemg dzsconnected in G°.

Proof. Proof is similar to that of lemma[Ilbut more complex because of existence

of production wsw; in (). O
Now we continue to the main theorem.

Theorem 1. If a connected random graph has a simple chain C' = egy, €44 con-

necting nodes s and t through a node v, with degree 2 then the following equation

18 true.

N(G) = [pst(]- - psa:pa:t) +pswp:vt] N(G*) + (23)

(1 _pst)(]- _pa:t)psa:pa:t 2
1 — pst — Psepat) N(G°) + ag ws p.
( Pt Paab t){ ( ) ! (1 — Pst _psmpxt)2

where ag is a probability of vs and vy being disconnected in G.
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Fig. 1. Branching in a graph with a 2-edge chain

Proof. If ey exists then we first choose it for factoring. Then we consequently
make factoring by es, and e, (see Fig. [[). Two terminal graphs G; and G4 we
can easy replace by graphs with a structure of G5 and Gg, correspondingly, using
([2) and (@3) (note that in G we first replace multi-edge by a single one with
equivalent reliability):

N(Gl) = N(Gg)7 WT(va St) = Ws + Wt + (ps:t +pzt - psszt)wx, (24)
N(G4) = N(GY), WT(G,t) = w + paiwy.

For graphs G5 and Gg themselves we have:

WT(Gs,zst) = ws + w; + W, (25)
WT(G67 S) = Wgs + Wy,
WT(Gﬁvt) = W;.

It is clear that graphs G1, G4, G5 and Gg are obtained with probabilities pg,
(]- - pst)(]- - psz)v (]- - pst)pszpwt and (]- - pst)(]- - pwt)pswa correspondingly.
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According to lemma [l we can change calculation of EDP for G5 and GY to
calculation of EDP for some graph G*, that has a structure of G5 with a weight
of joint node

-2
WT(G*, S.??t) = w, +wy + (psa:pst + PsxPaxt + PstPxt psa:pstpa:t) Wy (26)
Dst + PszPst — PsxPstPxt

For Gg¢ and Gg we use lemma ] as two nodes vy and vy have different weights in
them. According to this lemma a joint contribution of Gg and GQ into EDP of
G is

(1 - pst)(l - pmt)psxpxt 2
1 —pst — DsaPa N(G° + as Wy, ¢ 27
(1= pst = Psap t){ (@) as )2 (27)

where G° has a structure of G without chain ey, e, and edge ez and

ST 1- x
WTL(G®) = wy 4w, P~ Pot), (28)
1- PszPxt
o Pt
WTt(G ) = W + Wy .
1- PszPxt
From this and (28] we obtain what was to be proofed. O

If ey is absent then the equation (23]) can be simplified:

1- x sclx
N(G) = psxpxtN(G*) + (1 - psxpxt){N(Go) + ast ((1 _ppt)l;) t])QQtwi}a (29)

where WT(G*, sxt) = ws + wy + wy.
Now let us discuss obtaining of as that is a probability of vs and v; being
disconnected in G. Obviously

ast = (1 — pst)(1 — psupat) P(vs and v, are disconnected in Gg). (30)

There are well-known algorithms for finding 2-terminal probabilistic connectivity
(see [6], for example). Note that a complexity of this task is obviously less then
complexity of calculation of EDP for G; or G4 which makes use of equation (23]
effective.

6 Conclusion

Thus we have presented some useful equations that can help in calculating the
EDP of a random graph. Most advantage for speeding up is gained from branch-
ing by chains. Note that chains are inevitable during the factoring process as a
result of edge deletion and, sometimes, as a result of contracting by edge (refer
to [1]). Experiments shows that calculation of EDP for 30 random G(10,15) is
in average more than 20 times faster with use of our equations then by using
equation ().
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