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Abstract. This paper studies the problem of finding the 1-median on a
graph where vertex weights are uncertain and the uncertainty is charac-
terized by given intervals. It is required to find a minmax regret solution,
which minimizes the worst-case loss in the objective function. Averbakh
and Berman had an O(mnzlog n)-time algorithm for the problem on a
general graph, and had an O(nlog®n)-time algorithm on a tree. In this
paper, we improve these two bounds to O(mn? +n?log n) and O(nlog n),
respectively.
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1 Introduction

Over three decades, location problems on networks have received much
attention from researchers in the fields of transportation and communication
[OTOITTI2/T7]. Traditionally, network location theory has been concerned with
networks in which the vertex weights and edge lengths are known precisely.
However, in practice, it is often impossible to make an accurate estimate of all
these parameters [I3I14]. Real-life data often involve a significant portion of un-
certainty, and these parameters may change with time. Thus, location models
involving uncertainty have attracted increasing research efforts in recent years
23567 RT3ITAT6 IR TIZ02T).

Several ways for modeling network uncertainty have been defined and stud-
ied [T3UT6UTE]. One of the most important models is the minmax regret approach,
introduced by Kouvelis [13]. In the model, uncertainty of network parameters is
characterized by given intervals, and it is required to minimize the worst-case loss
in the objective function that may occur because of the uncertain parameters.
During the last ten years, many important location problems have been studied on
the minmax regret model. The 1-center problem was studied in [2/3J6], the p-center
problem was studied in [2], and the 1-median problem was studied in [4U5J7IT3].

The minmax regret 1-median problem is the focus of this paper. For a general
graph with uncertain edge lengths, the problem is strongly NP-hard [I]. For a
general graph with uncertain vertex weights, Averbakh and Berman [4] gave an
O(mn?log n)-time algorithm, where n is the number of vertices and m is the
number of edges. As to trees, it was proved in [7] that uncertainty in edge lengths
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can be ignored by setting the length of each edge to its upper bound. For a tree
with uncertain vertex weights, Kouvelis et al. [L3] proposed an O(n*)-time algo-
rithm. Chen and Lin [7] improved the bound to O(n?). Averbakh and Berman
presented an O(n?)-time algorithm in [4] and then improved it to O(nlog?n)
in [5]. In this paper, improved algorithms are presented for the minmax regret
1-median problem on a general graph and a tree with uncertain vertex weights.
For general graphs, we improve the bound from O(mn?log n) to O(mn? + n3log
n). For trees, we improve the bound from O(nlog?n) to O(nlog n).

The remainder of this paper is organized as follows. In Section 2, notation
and definitions are introduced. In Sections 3 and 4, improved algorithms for the
minmax regret 1-median problem on a general graph and a tree are proposed,
respectively. Finally, in Section 5, we conclude this paper.

2 Notation and Definitions

Let G = (V,E) be an undirected connected graph, where V' is the vertex set
and F is the edge set. Let n = |V| and m = |E|. In this paper, G also denotes
the set of all points of the graph. Thus, the notation x € G means that x is a
point along any edge of G which may or may not be a vertex of G. Each edge
e € E has a nonnegative length. For any two points a,b € G, let d(a,b) be
the distance of the shortest path between a and b. Suppose that the matrix of
shortest distances between vertices of G is given. Each vertex v € V' is associated
with two positive values w, and w;", where w,” < w;". The weight of each vertex
v € V can take any value randomly from the interval [w, ,w; ]. Let ¥ be the
Cartesian product of intervals [w, ,w;}],v € V. Any element S € ¥ is called a
scenario and represents a feasible assignment of weights to the vertices of G. For
any scenario S € ¥ and any vertex v € V, let w? be the weight of v under the
scenario S.
For any scenario S € ¥, and a point x € G, we define

F(S,z) = Z(wf x d(v, x)),
veV

which is the total weighted distance from all the vertices to = according to S.
Given a specific scenario S € ¥, the classical 1-median problem is to find a point
x* € G that minimizes F'(S,2*). The point 2* is called a 1-median of G under
the scenario S. For any point x € G, the regret of x with respect to a scenario
S € ¥ is mazyeaF(S,z) — F(S,y) and the maximum regret of z is

Z(x) = maxsesmazycqF(S,z) — F(S,y).

The minmax regret 1-median problem is to find a point € G minimizing Z(x).

3 Minmax Regret 1-Median on a General Graph

Averbakh and Berman [4] had an O(mn?log n)-time algorithm to find a min-
max regret 1-median of a graph G = (V, E). In this section, we give a new
implementation of their algorithm, which requires O(mn? + n3log n) time.
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3.1 Averbakh and Berman’s Algorithm

It is well-known that there is always a vertex that is a solution to the classi-
cal 1-median problem [I0]. Thus, for any scenario S € X, minyccF(S,y) =
minyev F(S,y). Therefore, the regret of « with respect to a scenario S € ¥ can
also be expressed as mazyecv F'(S, z) — F(S,y). Consequently, we have

Z(x) = margesmazycy F (S, z) — F(S,y)
= mazycymazrsesF(S,x) — F(S,y).

For any point x € G and vertex y € V, define R(z,y) =mazsex F (S, x)—F(S,y).
Then, we have
Z(x) = mazryev R(z,y).

The problem is to find a point x € G that minimizes Z(x). For ease of pre-
sentation, only the computation of min,ccZ(z) is described. For each edge
e € E, let ZF = mingc.Z(x). Averbakh and Berman solved the minmax regret
1-median problem by firstly determining Z* for every e € E and then computing
mingecZ(x) as the minimum among all Z*. Their computation of each Z7 takes
O(n%log n) time and thus their solution to the minmax regret 1-median problem
requires O(mn?log n) time. Let e = (a,b) be an edge in G. In the remainder of
this section, Averbakh and Berman’s algorithm for computing Z; is described.
For ease of description, e is regarded as an interval [a, b] on the real line so that
any point on e corresponds to a real number z € [a, b].

Consider the function R(-,y) for a fixed y € V. For a point = € e, any
scenario S € ¥ that maximizes F(S,x) — F(S,y) is called a worst-case scenario
of x according to y. For each point x € e and each vertex v € V| let

ey Jwi ifd(v,z) > d(v,y), and
Yo T\ wy it d(v,z) < d(v,y).

v

For each point x € ¢, let S(, ) be the scenario in which the weight of each v € V
is w?. It is easy to see that S(, ) is a worst-case scenario of x according to y.
Thus, we have the following lemma.

Lemma 3.1 [4]. R(z,y) = F(S(z4), %) — F(S@,y),v)-

For each v € V, let x,, be the point on e that is farthest from v. For convenience,
each x, is called a pseudo-node of e. There are at most two points = € [a, D]
with d(v,z) = d(v,y). For ease of presentation, assume that there are two such
points y{ and y3, where y7 < y3. For convenience, y{ and y3 are called y-critical
points of e. In the interval [a, b], R(-,y) is a piecewise linear function having O(n)
breakpoints, including at most n pseudo-nodes and at most 2n y-critical points.
These breakpoints can be easily determined in O(n) time. Let B(y) be the non-
decreasing sequence of the pseudo-nodes and y-critical points on e. Averbakh
and Berman showed the following.

Lemma 3.2 [4]. Let y € V be a vertex. Given B(y), the function R(-,y) on e
can be constructed in O(n) time.
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Averbakh and Berman computed Z7 as follows. First, by sorting, B(y) is ob-
tained in O(n?log n) time for every y € V. Next, the function R(-,%) on e is con-
structed for every y € V, which takes O(n?) time. Finally, Z* = mingc.Z(z) =
mingee{mazyev R(x,y)} is computed in O(n?) time, by using Megiddo’s linear-
time algorithm for two-variable linear programming [17].

3.2 The Improved Algorithm

Averbakh and Berman’s algorithm for computing each Z requires O(n?log n)
time. The bottleneck is the computation of B(y) for each y € V. In this subsec-
tion, we show that with a simple O(n3log n)-time preprocessing, each B(y) can
be computed in O(n) time.

The preprocessing computes a list for each edge e € F and computes n lists
for each vertex a € V. The list computed for each e € E is P(e), which is
the non-decreasing sequence of all pseudo-nodes of e. The n lists computed for
each a € V are, respectively, denoted by Y (a,y), y € V. Each Y(a,y), y € V,
stores the non-decreasing sequence of the values d(v,y) —d(v,a) of all v € V. By
using sorting and with the help of the distance matrix, the computation of each
P(e) and each Y (a,y) takes O(nlog n) time. Thus, the preprocessing requires
O((m + n?)nlog n) = O(n3log n) time.

Let e = (a,b) be an edge. Consider the function R(-,y) for a fixed y € V on e.
In the following, we show how to compute B(y) in O(n) time. The function R(-,y)
has two kinds of breakpoints: pseudo-nodes and y-critical points. As mentioned,
for each vertex v € V there are at most two y-critical points = € [a,b]. To be
more specific, if d(v,a) < d(v,y) < d(v,z,), there is a point z in the open interval
(a,z,) with d(v,z) = d(v,y). In such a case, we say that v generates a left y-
critical point and denote the point as y. On the other hand, if d(v,b) < d(v,y) <
d(v, x,), we say that v generates a right y-critical point and denote the point as
yy. We obtain B(y) as follows. First, we determine the y-critical points generated
by all vertices v € V. Then, we compute Y; as the non-decreasing sequence
of the left y-critical points. Since the slope of d(v,z) in the interval [a,z,] is
+1, it is easy to conclude that each left y-critical point y} is at a distance of
d(v,y)—d(v, a) from a. The sequence Y (a,y) stores the non-decreasing sequence
of the values d(v,y) — d(v,a) of all v € V. Thus, the order of the left y-critical
points in Y7 can be obtained from Y (a,y) in O(n) time by a simple scan. Next,
we compute Yo as the non-decreasing sequence of the right y-critical points.
Since the slope of d(v,z) in the interval [z,,b] is —1, each right y-critical point
yy is at a distance of d(v,y) — d(v,b) from b. The sequence Y (b,y) stores the
non-decreasing sequence of the values d(v,y) — d(v,b) of all v € V. Thus, the
order of the right y-critical points in Y5 can be obtained by scanning the reverse
sequence of Y'(b,y) in O(n) time. Finally, B(y) is computed in O(n) time by
merging Y7, Ya, and P(e).

With the above computation of B(y), each Z* can be computed in O(n?)
time. Thus, we obtain the following.

Theorem 3.3. The minmax regret 1-median problem on a general graph can be
solved in O(mn? + n®log n) time.
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We remark that Averbakh and Berman’s algorithm uses O(n?) space, whereas
ours uses O(n?) space.

4 Minmax Regret 1-Median on a Tree

In Subsection Il Averbakh and Berman’s O(nlog?n)-time algorithm for the
minmax regret 1-median problem on a tree T' = (V, E) is described. In Subsection
E2 an O(nlog n)-time improved algorithm is presented.

4.1 Averbakh and Berman’s Algorithm

An edge that contains a minmax regret 1-median is called an optimal edge.
Averbakh and Berman’s algorithm consists of two stages. The first stage finds
an optimal edge e*, which requires O(nlog?n) time. The second stage finds the
exact position of a minmax regret 1-median on e* in O(n) time. Our improvement
is obtained by giving a more efficient implementation of the first stage. Thus,
only the first stage is described in this subsection.

Let v € V be a vertex. By removing v and its incident edges, T is broken
into several subtrees, each of which is called an open v-branch. For each open
v-branch X, the union of v, X, and the edge connecting v and X is called a
v-branch. For any vertex p € v in T, let B(v,p) be the v-branch containing p.
Let S~ be the scenario in which the weight of every v € V is w; . Let ST be the
scenario in which the weight of every v € V is w;. For any subtree X of T, let
V(X) be the set of vertices in X. For any vertex a € V and any open a-branch
X, the following auxiliary values are defined:

WHX) = Zpevixyw; W™ (X) = Yyevix)w,
D+(X7 a) = EUGV(X)wj xd(v,a) D™ (X,a)= EUEV(X)w; x d(v,a)
Ft(a) = Yyevw] x d(v,a) F~(a) = Yyevw, X d(v,a)

By using dynamic programming, these auxiliary values of all vertices a and all
open a-branches X are pre-computed, which takes O(n) time [5].

Let R(x,y) and S(; ) be defined the same as in Subsection B.Il Consider the
computation of R(x,y) for a pair of vertices x, y € V. An edge is a bisector of a
simple path if it contains the middle point of the path. In case the middle point
is located at a vertex, both the edges connecting the vertex are bisectors. Let
(i,J) € E be a bisector of the path from x to y, where i is closer to x than j. Let
X be the open j-branch containing x and Y be the open i-branch containing y.
By Lemma 3.1l R(z,y) = F(S(z,y), %) — F(S(z,y),y)- Since T is a tree, it is easy
to see that under the scenario S(, ) the weights of all vertices in Y are equal to
their upper bounds w; and the weights of all vertices in X are equal to their
lower bounds w; . Thus, F'(S(;,,,2) and F(S(y,,),y) can be computed in O(1)
time according to the following equations [5]:

F(S(a,y),x) = F~(x) = D™ (Y, i) — d(i,z) x W (Y) + D (Y,i) + d(i,z) x W (Y)
F(S(ay)y) = Fr(y) — DY (X, ) — d(j,y) x WH(X)+ D™ (X, 5)+d(j,y) x W (X)
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Based upon the above discussion, the following lemma is obtained.

Lemma 4.1 [5]. Let x € V be a vertex. Given the bisectors of the paths from x
to all the other vertices, R(x,y) can be computed in O(n) time for ally € V.

For each x € V, let §(x) be a vertex in T such that R(z, §(z)) = mazyev R(z, y).
We have the following.

Lemma 4.2 [5]. Let © € V be a vertex. If x = §(x), = is a minmaz regret
1-median of T'; otherwise, B(x,§(x)) contains a minmaz regret 1-median.

A centroid of T is a vertex ¢ € V such that every open c-branch has at most
n/2 vertices. It is easy to find a centroid of T in O(n) time [12]. Averbakh and
Berman'’s algorithm for finding an optimal edge is as follows.

Algorithm 1. OPTIMAL_EDGE(T)
begin
T—T // T is the range for searching an optimal edge
while (7' is not a single edge) do
begin
& — a centroid of T'
for each y € V do compute a bisector of the path from z to y
for each y € V do R(x,y) «+ F(S(z,y),2) — F'(S(z,y),¥)
g(x) « the vertex that maximizes R(x,y) over all y € V
if v = g(z) then return (z) // = is a minmax regret 1-median
9 else ZT) — B(z,9(z))NT // reduce the search range to a subtree
10 end
11 return T // T is an optimal edge
end

00 O Ui W -

The while-loop in Lines 2-10 performs O(log n) iterations, in which Line 5
requires O(nlog n) time [5] and is the bottleneck. Therefore, Algorithm 1 finds
an optimal edge in O(nlog?n) time.

4.2 An Improved Algorithm

For each e = (i,j) € E, define S, as the scenario in which the weight of every
vertex v in the open i-branch containing j is w; and the weight of every vertex
v in the open j-branch containing 4 is w, . A key procedure of the new algorithm
is to compute for every e € E a vertex that is a classical 1-median under the
scenario Se. The computation is described firstly in Subsection 221l Then, the
new algorithm is proposed in Subsection

4.2.1 Computing Medians
For ease of discussion, throughout this subsection, we assume that T is rooted
at an arbitrary vertex r € V. Let v € V be a vertex. Denote P(v) as the path
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from r to v, p(v) as the parent of v, and T, as the subtree of T rooted at v.
For convenience, the subtrees rooted at the children of v are called subtrees of
v. For any subtree X of T', define the weight of X under a scenario S € ¥ as
W(S, X) = evix) ws . For any scenario S € ¥ and v € V, define
6(S,v) =2W(S,T,) — W(S,T).

Note that 2W (S, Ty,) — W(S,T) = W(S,T,) — W(S,T\T,) and thus 6(S,v) is
equal to the weight difference between T, and its complement under the scenario
S. By the definition of §(S,v), it is easy to see the following.

Lemma 4.3. For any scenario S € X, the function value of §(S,-) is decreasing
along any downward path in T.

Under a scenario S € 3, a vertex v is a classical 1-median of T if and only if
W(S,X) <1/2xW(S,T) for all open v-branches X [I2]. By using this property,
the following lemma can be obtained.

Lemma 4.4 [15]. For any scenario S € X, the vertex v € V with the smallest
6(S,v) > 0 is a classical 1-median.

Under a scenario S € 3, T may have more than one median, but it has a unique
vertex v with the smallest §(S,v) > 0, which is called the median, denoted as
m(S). For any v € V, define the heavy path of v under a scenario S € ¥, denoted
by h(S,v), as the path starting at v and at each time moving down to the heaviest
subtree, with a tie broken arbitrarily, until a leaf is reached. With some efforts,
the following can be proved.

Lemma 4.5. Let S € ¥ be a scenario and v € V' be a vertex with 6(S,v) > 0.
Then, h(S,v) contains the median m(S).

Lemma 3] 4] and are useful for finding a classical 1-median for a fixed sce-
nario S € X. In our problem, all scenarios S., e € F, need to be considered. Let
e = (4,7) be an edge in T such that ¢ is the parent of j. For ease of presentation,
denote Sz as the scenario S(; ;). For each v € V', the weight of T}, and the heavy
path of v only depend on the weight assignment to the vertices in 7). Therefore,
the following two lemmas can be obtained.

Lemma 4.6. Let ¢ = (i,j) be an edge in T such that i is the parent of j.
For anyv eV,

W(S+7Tv) Zf’U S Tj,

W(S.,Ty) = W(S™,T,) ifvéTj and v P(i),
W(S—,T,) —W(S™,T;) + W(ST,T;) ifve P(i); and
W(S~,T,) if v e Ty,

W(Se, T,) = § W(S™,T) if v ¢ Tj and v P(i),
W(S*,T,) - W(ST,T;) + W(S~,T;) ifve P(i); and

Lemma 4.7. Let ¢ = (i,j) be an edge in T such that i is the parent of j.
For any v ¢ P(i),

[ h(Stv) ifveTy, [ Rh(S7,v) ifveTy,
MSe,v) = {h(s—,w ifog Ty MO =\ gigt ) g T,
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According to Lemmas and [£7, maintaining information of T under the sce-
narios ST and S~ is very useful to the computation of m(S,) for every e € E.
With a bottom-up computation, we pre-compute the values W(S*,T,) and
W(S~,T,) for all v € V in O(n) time. With the pre-computed values, for any
e€ Fandv eV, §(Se,v) =2W(S,, Ty) — W(Se, T,) can be determined in O(1)
time by Lemmas Besides, we preprocess T to construct the heavy paths
h(ST,v) and h(S™,v) for every v € V. The total length of the heavy paths of
all v € V is O(n?). However, they can be constructed in O(n) time and stored
in O(n) space [22)].

Let HT = {h(S*,v)|v € V} and H~ = {h(S™,v)|lv € V}. Let e € E be an
edge. Since the value of §(S,, -) decreases along any downward path in 7', we can
compute the median m(S,) by firstly finding a path in H+ U H~ that contains
the median and then locating the median by performing binary search on the
path. The following two lemmas help in the finding. Due to the page limit, the
proofs are omitted.

Lemma 4.8. Let e = (i,7) be an edge in T such that i is the parent of j. Let
z be the lowest vertex on P(j) with 6(Se,2) > 0. If 2 = 4, h(ST,2) contains
m(Se); otherwise, h(S™, z) contains m(S.).

Lemma 4.9. Let e = (i,7) be an edge in T such that i is the parent of j. Let
z be the lowest vertex on P(j) with 6(Se,z) > 0. If z = j, h(S™,2) contains
m(Sz); otherwise, either h(S™,z) or h(S™,c) contains m(Se), where ¢’ is the
child of z such that T, is the second heaviest under the scenario S7T.

Now, we are ready to present our algorithm for computing m(S.) for all e € E.

It is as follows.

Algorithm 2. COMPUTE_MEDIANS(T)
begin

1 Orient T into a rooted tree with an arbitrary root r € V
2 Compute W(S*,T,), W(S~,T,), h(ST,v), and h(S™,v) for allv e V
3 for each v € V do
4 (v) « the child of v such that T, is the second heaviest under S
5 for each j € V — {r} do (in depth-first search order)
6 begin
7 e—(p(y).J)
8  P(j) < the path from r to j
9 m(Se) < the classical 1-median under S,
10 m(Se) < the classical 1-median under Sz
11 end
12 return ({m(S.)le € E})
end

The time complexity of Algorithm 2 is analyzed as follows. Lines 1-4 requires
O(n) time. Consider the for-loop in Lines 5-11 for a fixed j € V —r. Line 7 takes
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O(1) time. Since the vertices are processed in depth-first search order, Line 8 also
takes O(1) time. Based upon Lemma[g| Line 9 is implemented in O(log n) time
as follows. First, we compute z as the lowest vertex on P(j) with §(Se,z) > 0.
Then, if z = j, we find m(S.) on h(ST, 2); otherwise, we find m(S.) on h(S™, 2).
The computation of z and the finding of m(S.) are done in O(log n) time by
using binary search. Similarly, based upon Lemma 9] Line 10 is implemented
in O(log n) time. Therefore, each iteration of the for-loop takes O(log n) time.
There are n — 1 iterations. Thus, the for-loop requires O(nlog n) time in total.
We obtain the following.

Theorem 4.10. The computation of m(S.) of all e € E can be done in
O(nlog n) time.

4.2.2 The New Approach

We pre-compute the medians m(S,) for all e € E. Also, as in Subsection 1]
the auxiliary values W (X), W~ (X), D*(X,a), D~ (X,a), F*(a), and F~(a)
of all vertices a € V' and all open a-branches X are pre-computed.

Averbakh and Berman’s algorithm finds an optimal edge by repeatedly re-
ducing the search range T into a smaller subtree until only one edge is left. Let
x be the centroid of the current search range T. The reduction is done by de-
termining a vertex §(z) with R(z, §(z)) = mazycv R(x,y) and then reducing T
into B(z,9(z)) NT. A solution to the finding of bisectors is required for their
determination of §(z). The new algorithm is obtained by using a different ap-
proach for the determination of §(x), which is based upon the following lemma.
We omit the proof due to the page limit.

Lemma 4.11. For any x € V, there is an edge e € E such that R(x,m(S.)) =
F(Se,x) — F(Se,m(Se)) = mazyey R(z,y).

According to Lemma [T} we modify Algorithm 1 by replacing Lines 5-7 with
the following.

5 for each e € F do R/(e) «— F(S.,x) — F(Se,m(S.))
6 é < the edge that maximizes R'(e) over all e € E
7 g(x) —m(Se)

Let e = (4,7) be an edge in T'. Let X be the open j-branch containing ¢ and Y be
the open i-branch containing j. Since T is a tree, for every v € V(X), we have
F(Se,v) = F~(v) — D~ (Y,i) —d(i,v) x W (Y) + DT (Y,i) + d(i,v) x WH(Y);
and for every v € V(Y), we have F(S.,v) = Ft(v) — D" (X,j) — d(j,v) x
WH(X)+ D™ (X,j)+d(j,v) x W~ (X). By using these two equations, it is easy
to implement the new Line 5 in O(n) time. The new Lines 6 and 7 take O(n)
time. Therefore, Algorithm 2 requires O(nlog n) time after the replacement.

Theorem 4.12. The minmaz regret 1-median problem on a tree can be solved
in O(nlog n) time.
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Concluding Remarks

During the last decade, minmax regret optimization problems have attracted
significant research efforts. In [22], an O(mnlog n)-time algorithm is obtained for
the minmax regret 1-center problem on a general graph, and an O(nlog?n)-time
algorithm is obtained for the problem on a tree. For many location problems,
however, there are still gaps between the time complexities of the solutions to
their classical versions and those to their minmax regret versions. It would be a
great challenge to bridge these gaps.

References

10.

11.

12.

13.

14.

15.

16.

17.

. Averbakh, I.: On the complexity of a class of robust location problems. Working

Paper. Western Washington University. Bellingham, WA. (1997)

. Averbakh, I., Berman, O.: Minimax regret p-center location on a network with

demand uncertainty. Location Science 5 (1997) 247-254

. Averbakh, I., Berman, O.: Algorithms for the robust 1-center problem on a tree.

European Journal of Operational Research 123 (2000) 292-302

. Averbakh, 1., Berman, O.: Minmax regret median location on a network under

uncertainty. Informs Journal on Computing 12 (2000) 104-110

. Averbakh, I., Berman, O.: An improved algorithm for the minmax regret median

problem on a tree. Networks 41 (2003) 97-103

. Burkard, R. E., Dollani, H.: A note on the robust 1-center problem on trees. Annals

of Operations Research 110 (2002) 69-82

. Chen, B. T., Lin, C. S.: Minmax-regret robust 1-median location on a tree. Net-

works 31 (1998) 93-103

. Drezner, Z.: Sensitivity analysis of the optimal location of a facility. Naval Research

Logistics Quarterly 33 (1980) 209224

. Goldman, A. J.: Optimal center location in simple networks. Transportation Sci-

ence 5 (1971) 212-221

Hakimi, S. L.: Optimal locations of switching centers and the absolute centers and
medians of a graph. Operations Research 12 (1964) 450-459

Kariv, O., Hakimi, S. L.: An algorithmic approach to network location problems.
I: The p-centers. SIAM Journal on Applied Mathematics 37 (1979) 513-538
Kariv, O., Hakimi, S. L.: An algorithmic approach to network location problems.
II: The p-medians. SIAM Journal on Applied Mathematics 37 (1979) 539-560
Kouvelis, P., Vairaktarakis, G., Yu, G.: Robust 1-median location on a tree in the
presence of demand and transportation cost uncertainty. Working Paper 93/94-3-4.
Department of Management Science and Information Systems, Graduate School of
Business, The University of Texas at Austin (1994)

Kouvelis, P., Yu, G.: Robust discrete optimization and its applications. Kluwer
Academic Publishers, Dordrecht (1997)

Ku, S. C., Lu, C. J., Wang, B. F., Lin, T. C.: Efficient algorithms for two generalized
2-median problems on trees. in Proceedings of the 12th International Symposium
on Algorithms and Computation (2001) 768-778

Labbe, M., Thisse, J.-F., Wendell, R.: Sensitivity analysis in minisum facility lo-
cation problems. Operations Research 38 (1991) 961-969

Megiddo, N.: Linear-time algorithms for linear-programming in R® and related
problems. SIAM Journal on Computing 12 (1983) 759-776



62

18.

19.

20.

21.

22.

H.-I. Yu, T.-C. Lin, and B.-F. Wang

Mirchandani, P. B., Odoni, A. R.: Location of medians on stochastic networks.
Transportation Science 13 (1979) 85-97

Mirchandani, P. B., Oudjit, A., Wong, R. T.: Multidimensional extensions and a
nested dual approach for the M-median problem. European Journal of Operational
Research 21 (1985) 121-137

Oudjit, A.: Median locations on deterministic and probabilistic multidimensional
networks. PhD Dissertation. Rennselaer Polytechnic Institute, Troy (1981)
Weaver, J. R., Church, R. L.: Computational procedures of location problems on
stochastic networks. Transportation Science 17 (1983) 168-180

Yu, H. I, Lin, T. C., Wang, B. F.: Improved Algorithms for the Minmax Regret
Single-Facilty Problems. Manuscript (2005)



	Introduction
	Notation and Definitions
	Minmax Regret 1-Median on a General Graph
	Averbakh and Berman's Algorithm
	The Improved Algorithm

	Minmax Regret 1-Median on a Tree
	Averbakh and Berman's Algorithm
	An Improved Algorithm

	Concluding Remarks


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 2.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice




