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Abstract. We develop a new error bound for transductive learning al-
gorithms. The slack term in the new bound is a function of a relaxed
notion of transductive stability, which measures the sensitivity of the al-
gorithm to most pairwise exchanges of training and test set points. Our
bound is based on a novel concentration inequality for symmetric func-
tions of permutations. We also present a simple sampling technique that
can estimate, with high probability, the weak stability of transductive
learning algorithms with respect to a given dataset. We demonstrate
the usefulness of our estimation technique on a well known transductive
learning algorithm.

1 Introduction

Unlike supervised or semi-supervised inductive learning models, in transduction
the learning algorithm is not required to generate a general hypothesis that can
predict the label of any unobserved point. It is only required to predict the
labels of a given test set of points, provided to the learner before training. At
the outset, it may appear that this learning framework should be “easier” in
some sense than induction. Since its introduction by Vapnik more than 20 years
ago [I8], the theory of transductive learning has not advanced much despite the
growing attention it has been receiving in the past few years.

We consider Vapnik’s distribution-free transductive setting where the learner
is given an “individual sample” of m+u unlabeled points in some space and then
receives the labels of points in an m-subset that is chosen uniformly at random
from the m + u points. The goal of the learner is to label the remaining test set
of u unlabeled points as accurately as possible. Our goal is to identify learning
principles and algorithms that will guarantee small as possible error in this game.
As shown in [I9], error bounds for learning algorithms in this distribution-free
setting apply to a more popular distributional transductive setting where both
the labeled sample of m points and the test set of u points are sampled i.i.d.
from some unknown distribution.

Here we present novel transductive error bounds that are based on new no-
tions of transductive stability. The uniform stability of a transductive algorithm
is its worst case sensitivity for an exchange of two points, one from the labeled
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training set and one from the test set. Our uniform stability result is a rather
straightforward adaptation of the results of Bousquet and Elisseeff [4] for induc-
tive learning. Unfortunately, our empirical evaluation of this new bound (that
will be presented elsewhere) indicates that it is of little practical merit because
the required stability rates, which enable a non-vacuous bound, are not met by
useful transductive algorithms.

We, therefore, follow the approach taken by Kutin and Niyogi [12] in in-
duction and define a notion of weak transductive stability that requires overall
stability ‘almost everywhere’ but still allows the algorithm to be sensitive to
some fraction of the possible input exchanges. To utilize this weak transductive
stability we develop a novel concentration inequality for symmetric functions of
permutations based on Azuma’s martingale bound. We show that for sufficiently
stable algorithms, their empirical error is concentrated near their transductive
error and the slack term is a function of their weak stability parameters. The
resulting error bound is potentially applicable to any transductive algorithm.

To apply our transductive error bound to a specific algorithm, it is necessary
to know a bound on the weak stability of the algorithm. To this end, we develop
a data-dependent estimation technique based on sampling that provides high
probability estimates of the algorithm’s weak stability parameters. We apply
this routine on the algorithm of [20].

2 Related Work

The transductive learning framework was proposed by Vapnik [I8[19]. Two
transductive settings, distribution-free and distributional, are considered and it is
shown that error bounds for the distribution-free setting imply the same bounds
in the distributional case. Vapnik also presented general bounds for transductive
algorithms in the distribution-free setting. Observing that any hypothesis space
is effectively finite in transduction, the Vapnik bounds are similar to VC bounds
for finite hypothesis spaces but they are implicit in the sense that tail probabil-
ities are not estimated but are specified in the bound as the outcome of some
computational routine. Vapnik bounds can be refined to include prior “beliefs”
as noted in [5]. Similar implicit but somewhat tighter bounds were developed in
[3]. Explicit general bounds of a similar form as well as PAC-Bayesian bounds
for transduction were presented in [5].

Exponential concentration bounds in terms of unform stability were first con-
sidered by Bousquet and Elisseeff [4] in the context of induction. Quite a few vari-
ations of the inductive stability concept were defined and studied in [4}12,[15].
It is not clear, however, what is the precise relation between these definitions
and the associated error bounds. It is noted in [9LI5] that many important
learning algorithms (e.g., SVM) are not stable under any of the stability defini-
tions, including the significantly relaxed notion of weak stability introduced by
Kutin and Niyogi [IT,[T2]. Hush et al. [9] attempted to remedy this by considering
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‘graphical algorithms’ and a new geometrical stability definition, which captures
a modified SVM (see also [4]).

Stability was first considered in the context of transductive learning by Belkin
et al. [2]. There the authors applied uniform inductive stability notions and
results of [4] to a specific graph-based transductive learning algorithmﬂ However,
the algorithm considered has the deficiency that it always labels half of the points
by ‘-1’ and the other half by ‘+1°.

We present general bounds for transduction based on particularly designed
definitions of transductive stability, which we believe are better suited for captur-
ing practical algorithms. Our weak stability bounds have relatively “standard”
form of empirical error plus a slack term (unlike most weak stability bounds for
induction [I2[1516]). Kearns and Ron [I0] were the first to develop standard
risk bounds based on weak stability. Their bounds are “polynomial”, depending
on 1/6, unlike the “exponential” bounds we develop here (depending on In1/6).

3 Problem Setup and Preliminaries

We consider the following transductive setting [I8]. A full sample X0 =
{x;}24" consisting of m + u unlabeled examples in some space X is given.
For each point z; € X4y, let y; € {£1} be its unknown deterministic label. A
training set S,, consisting of m labeled points is generated as follows. Sample
a subset of m points X, C X, uniformly at random from all m-subsets of
the full sample. For each point z; € X,,, obtain its uniquely determined label
y; from the teacher. Then, S, = (X, Ym) = (z; = (@i, y:))™,. The set of re-
maining » (unlabeled) points X,, = X, 14 \ X, is called the test set. We use the
notation I? for the set of (indices) {r,...,s} (for integers r < s). For simplicity
we abuse notation, and unless otherwise stated, the indices I]" are reserved for
training set points and the indices I,’ZZH‘ for test set points.

The goal of the transductive learning algorithm A is to utilize both the la-
beled training points S, and the unlabeled test points X, and generate a soft
classification Ag,, x,(x;) € [—1,1] for each (test) point x; so as to minimize its
transductive error with respect to some loss function £, R, (A) = R,(As,, x,) =
L Zi";:fﬂ 0(As,, x,(xi),y;). We consider the standard 0/1-loss and margin-loss
functions denoted by £ and ¢, respectivelyE In applications of the 0/1 loss func-
tion we always apply the sign function on the soft classification Ag,, x, (). The
empirical error of Ais Ry(A) £ R,(As, x,) = LS U As, x, (0),9i).
When using the margin loss function we denote the training and transductive
errors of A by R, (A) and R}(A), respectively.

! There is still some disagreement between authors about the definitions of ‘semi-
supervised’ and ‘transductive’ learning. The authors of [2] study a transductive set-
ting (according to the terminology presented here) but call it ‘semi-supervised’.

% For a positive real v, £ (y1,y2) = 0 if y1y2 > v and £, (y1,y2) = min{1, 1 —y1y2/7}
otherwise.
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Note that in this transductive setting there is no underlying distribution as in
(semi-supervised) inductive models Also, training examples are dependent due
to the sampling without replacement of the training set from the full sample.

We require the following standard definitions and facts about martingales
Let B} £ (B1,...,By) be a sequence of random variables. The sequence W§ £
(Wo, W1,...,W,) is called a martingale w.r.t. the underlying sequence B} if
for any 1 < i < n, W; is a function of B} and Ep, {Wi|B§_1} = W;_1. The
sequence of random variables d} = (di,ds,...,d,), where d; 2w, - Wi_1,
is called the martingale difference sequence of W,,. An elementary fact is that
Ep, {di|Bifl} =0.

Let f(Z7) £ f(Z1,...,Zy) be an arbitrary function of n (possibly dependent)
random variables. Let W, = Ez: {f(Z})} and W; £ Ez» {f(Z1)|Z}} for any
1 <i < n. An elementary fact is that W{ is a martingale w.r.t. the underlying
sequence Z,. Thus we can obtain a martingale from any function of (possibly
dependent) random variables. This routine of obtaining a martingale from an
arbitrary function is called Doob’s martingale process. Let d} be the martingale
difference sequence of Wg. Then " | d; = W,, — Wy = f(Z) — Ez» {f(Z7)}.
Consequently, to bound the deviation of f(Z) from its mean it is sufficient to
bound the martingale difference sum. A fundamental inequality, providing such
a bound, is the Azuma inequality.

Lemma 1 (Azuma,[1]). Let W{ be a martingale w.r.t. BY and d} be its dif-
ference sequences. Suppose that for all i € I}, |d;| < b;. Then

2
PB?{WH — Wy > 6} < exp (—222 b2) . (].)
=1 "1

4 Uniform Stability Bound

Given a training set S, and a test set X,, and two indices ¢ € I and j € I:n”if,

let S% = S, \ {zi} U{z; = (x;,y;)} and X7 & X,,\ {z;} U{z;} (e.g., S is Sp,
with the ith example (from the training set) and jth example (from the test set)
exchanged). The following definition of stability is a straightforward adaptation
of the uniform stability definition from [4] to our transductive setting.

Definition 1 (Uniform Transductive Stability). A transductive learning
algorithm A has uniform transductive stability 5 if for all choices of S,, C
Smus for allie I1", j € Imﬂ‘,

m

— ij ij < .
1g£ng%ff+u As,,.x, (Tk) As"g,xuf (zK)| < B ()

3 As discussed earlier, Vapnik also considers a second transductive setting where ex-
amples are drawn from some unknown distribution; see Chapter 8 in [I9]. Results in
the model we study here apply to the other model (Theorem 8.1 in [19]).

4 See, e.g., [7], Chapt. 12 and [6] Sec. 9.1 for more details.
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Let Z = Zm+“ £ (Zy,..., Zyiw) be a random permutation vector where the
variable Zk, k € I, is the kth component of a permutation of I}, chosen
uniformly at random. Let Z¥ be a perturbed permutation vector obtained by
exchanging Z; and Z; in Z. A function f on permutations of I s called
(m, u)-symmetric permutation function if f(Z) = f(Z1,..., Zm+v) is symmetric
on Zi,...,%m as wellason Zpi1,. ..y Zmtu.

Let Ha(n) £ S, 5 and K(m,u) £ w2(Hy(m+u)— Hy(u)). It can be verified
that K (m,u) < m. The following lemma is obtained? by a straightforward ap-
plication of the Azuma inequality to a martingale obtained from f(Z) by Doob’s
process.

Lemma 2. Let Z be a random permutation vector. Let f(Z) be an (m,u)-
symmetm'c permutation function satisfying ‘f(Z) — f(Zij)‘ < B for alli € I,

e I, Then

62
P2 /(2) - B (@) 2 ) <o~y 0

Our first transductive error bound is obtained by applying Lemma [ to the
function R} (A)— R7,(A) and bounding E{RY(A)— R}, (A)} using an adaptation
of Lemma 7 from [] to our setting.

Theorem 1. Let A be a tmnsductive learning algom'thm with transductive uni-
form stability (. Let ﬁ (u i)ﬂ 4 (m i)ﬁ + o -|- . Then, for all v > 0 and

6 € (0,1), with probability at least 1 — & over the dmw of the training/test sets
(Sms Xu)s

Ru(A) < R,(A) + B/v + F/2K (m, u) In(1/5) . (4)

The tightness of the bound [@]) depends on the transductive uniform stability
0 of algorithm A. If 8 = O(1/m) and v = £2(m), then the slack terms in ()
amount to O(y/In(1/8)/m/~). However, in our experience this stability rate is
never met by useful transductive algorithms.

5 Weak Stability Bound

The impractical requirement of the uniform stability concept motivates a weaker
notion of stability that we develop here. The following definition is inspired by
a definition of Kutin for inductive learning (see Definition 1.7 in [I1]).

Definition 2 (Weak Permutation Stability). Let Z be a random permuta-
tion vector. A function f(Z) has weak permutation stability (3, 51,61) if [ has
uniform stability 3 and

Py inapjrormts S(2) = f(Z7) < pr} 2161, (5)

m+1

where i ~ I denotes a choice of i € I uniformly at random.

5 All omitted proofs will appear in the full version of the paper.
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This weaker notion of stability only requires that |f(Z) — f(Z*)| be bounded
with respect to most exchanges, allowing for a 6;-fraction of outliers. To utilize
Definition[2lwe develop in Lemma[3 a new concentration inequality for symmetric
permutation functions that satisfy the new weak stability property.

Lemma 3. Let Z be a random permutation vector and f(Z) be an (m,u)-

symmetric permutation function. Suppose that f(Z) has weak permutation sta-
bility (8, 51,61). Let 6 € (0,1) be given, and for i € I, let 0; € (0,1), ¥ =
61y 1/6; and b, (7(n(+u 2511?(01 ﬁw If U < 1, then with probability at least
(1 =206)(1—w) over the choices of Z,

£(2) < Bz {f(2)} +u,[2) Bl . ()

Note that the confidence level can be made arbitrarily small by selecting appro-
priate 0; and 61 (thus trading-off (51).

Proof. Let W{'*" be a martingale generated from f(Z) by Doob’s process. We
derive bounds on the martingale differences d;, i € I]"™*, and apply Lemma [Il

Let 7r§“+“ = T1,...,Tmiw b€ a specific permutation of I{"+“. In the proof
we use the following shortcut: Z7 = =7 abbreviates the r equalities Z; =
Tiy..., 2y = mp. Let 6; be given. For r € I]", we say that the prefix 7] of a

permutation 7"t is (r, 0,.)-admissible (w.r.t. a fixed 3;) if it guarantees that

gty () = 1(@9)| < 60| 2L =a} 21— 0, . (7)

If the prefix 7} does not satisfy ([0, we say that it is not (r, 6,.)-admissible. Let
¢(r,0,) be the probability that Z7 is not (r, 8,.)-admissible. Our goal is to bound
¢(r,0,). For any fixed 1 < r < m we have,

t(']") é P ,]~1m+“ {‘f ZT‘])‘ > ,61}
= 2 (P s (@) Z”)\>51|Z§=7r§}-Pz{z§:7r§}>
all possible
prefixes ]
> Y (P {lF@ — £(27)] > 81| 25 =1} - Pa {2 = w7} )

non-
admlsmblg
prefixes m}

>0, S Py{Z{=ml} =000, . (8)
non- admlsslble

prefixes 7]

Since f(Z) is (m,u)-permutation symmetric, ¢(r) = ¢ is constant. Since f(Z)
has weak permutation stability (3, 81, 61),

&1 2 Py irp jurmte {[1(Z) = 1(Z9)| > 1} = Z =1>0,¢(r,0,) .
(9)
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Consequently, {(r,0,.) < 61/6,.. Or next goal is to bound d,. for (r, 6, )-admissible
prefixes. Let I(k) be an index [ such that Z, = k. If #] = (a7, 7. = k) is
(r, 0, )-admissible, then

dy| = (W, =Wy | = [Ez {£(2) | 20 =} — Bz {£(Z) | Z; " =n] '}
= B2 {12 )~ yz) | 25t = w7
= [Bg sy (£(2) - £(27) | 25 =71}

< By e {|£(27) - £(2)] | 20 =71}
=P, i € 'Y Bz jurp {|/(Z7) - (Z)] | 2] =77 }} (11)
AP i € I} Bz jrrmts {|£Zz7) - f(2)| | 27 =77} (12)

U((l_er)ﬂ1+9rﬂ) A
mtu—r+1

b, . (13)

The inequality ([I3) follows because (i) the expectation in (Il) is zero since f
is (m, u)-permutation symmetric; and (ii) @ is (r, 6, )-admissible, implying that
the expectation in ([I2)) is bounded by (1 — 6,.)3; + 6,.3.

A permutation 77"t is good if for all r € I]* its r-prefixes, w7}, are admissible

(w.r.t. the corresponding 6,.). Since ((r,8,) < 61/6,, we have

m

Pz {Z not good} < ZPZ {Z] not admissible} = Z((n 0,) < Z (;1 =V .

r=1 r=1 r=1 "

(14)
Thus, with probability at least 1 — ¥, the random permutation Z is good, in
which case we have |d,| < b, for all r € I".

Consider the space G of all good permutations. Let V§'™™ be a martingale
obtained by Doob’s process operated on f and G. Then, using ([3]) we bound
the martingale difference sequence d’ 7{”" of V" as follows.

il <P _pmsa{s € Ty} %
Ezeg jurnts {|f(Z77) - f(Z)| | Z] ==, =] is admissible} (15)
<P, pmra{d € I} x
Eg o rnts {|f(Z"7) - f(Z)| | Z} ==, «7 is admissible}
Pz{Z € G}

u((@=0)6:1+6:6) oy (16)

T (m4+u—r+1)(1-9)
Since f(Z) is (m,u)-permutation symmetric, it follows from ([I0) that for any
r € I, dl. = 0. Therefore, we can apply Lemmal[ll to the martingale V'™,
We obtain a bound on the deviation of V0, — Vo = f(Z) — Ez{f(Z)}. Our
result (@] is completed by equating the resulting bound to ¢ and isolating e. O

It follows from Definition @lthat 3; depends on é;. Hence, the bound (@) depends
on the following parameters: 61,6;, ¢ € I7*. It can be shown that if 5, = O(1/m),
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81 = O(1/m?) and 6; = O(1/m) for all i € I", then the slack term in (@) is
O(y/In(1/8)/m) and the bound’s confidence can be made arbitrarily close to 1.

Our goal now is to derive an error bound for transductive algorithms by
utilizing the weak stability notion. To this end, we now define weak trans-
ductive stability for algorithms. The following definition, which contains three
conditions and six parameters, is somewhat cumbersome but we believe it fa-
cilitates tighter bounds than can possibly be achieved using a simpler defini-
tion (that only includes condition (I8) below); see also the discussion that fol-
lows this definition. For a fixed full sample, we abbreviate A% (x, (Sy,, X4)) £
s, x.,(2) = Agis i ()]

Definition 3 (Weak Transductive Stability). A transductive learning algo-
rithm A has weak transductive stability (83,31, Ba,06%,6%,82) if it has uniform
transductive stability B and the following conditions (17) and (I8) hold.

P s, xuimtp ot APan X {A7 (@, (S, Xu)) S Pr} 2 1-67} 2167
(17)

P(sm,x1‘,),i~1¢,jN17n+'“ {Aij(xia (Sm,Xu)) < ﬂz} >1—-462 . (18)

m—41

While in (7)) we quantify the sensitivity of the algorithm w.r.t. all examples in
Xm+u, in [I8) only the exchanged examples are considered. A number of weak
stability definitions for induction is given in [I0,[12L[15]. Ignoring the differences
between induction and transduction, our condition (7)) poses a qualitatively
weaker constraint than the ‘weak hypothesis stability’ (Definition 3.5 in [12]), and
a stronger constraint than the ‘weak error stability’ (Definition 3.8 in [12]). Our
condition (I§) is a straightforward adaptation of the ‘cross-validation stability’
(Definition 3.12 in [I2]) to our transductive setting.

It should be possible to show, using a technique similar to the one used in
the proof of Theorem 3.16 in [12], that (I8)) implies ([I7). In this case a simpler
weak stability definition may suffice but, using our techniques, the resulting error
bound would be looser.

Let A(i,j,s,t) = Uy (Agis is (1), yt) — £4(As,, . x, (%s),ys). For the proof of
the forthcoming error bound we need the following technical lemma.

Lemma 4. E(s, x,) { R1(A) = BL(A)} = B(g )i jormss {46 5,1.0)}

Theorem 2. Let A be an algorithm with weak transductive classification sta-
bility (B, B1, Ba, 6%,6%,62). Suppose that u > m and 6§ < m”j_uﬁ Let v > 0,
6 €(0,1) be given and set
~ u—1 Nm4+uw)B+m—1—=6F(m+u 1 1
B A ) B + i( )B+ 1 i( )1 By + o+ (19)
u y mry m  u
u—1 -1 1 1
FygmoL B L
u ooy m vy m u

B= (20)

5 The proof for the cases §f > e @nd m > is very similar to the proof given below
and is omitted.
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For any 6; € (0,1), i € I7", set W = ZZ 1 Zl and b; = (ngiu 11,811)?10@ Ifo <1,

then with probability at least (1 — 6) - (1 — W) over the draw of the training/test
sets (Spm, Xu),

R.(A) < R?,L(A)Jr{(l—ég)ﬁ + 82 } Zb21n . (21)

Proof. We derive bounds on the weak permutation stability of the function

F(Sm, Xu) £ RY(A) — RY,(A) and its expected value. Then we apply Lemma [l
Forie I", j € Ixﬂﬂ we have (by expanding the risk expressions),

|RUA) = R (A) = (R (Agy o) - RZz(Aszz,x“ )| <

m—4u
1 . 1 o
> A g,k R)+ 1AG 5,5,9) Z\Am,k k)| IA(%,JmJ)I :
k=m+1,
k#j k;éz

(22)

Since ¢, has Lipschitz constant v, it follows from (7)) that

P(Sm,X“),iNI{”,jNI:srl“ {PkNI;"*“ {1AG, 5,k k) < Bi/v}>1— 5‘11} >1-6) .
(23)
We say that the example zy is bad if |A(4, 4, k, k)| > 51/7. According to (23],
with probability at least 1 — 6% over the choices of ((Sy, X.),i,j), there are
at most (1 —6¢) (m + u) bad examples. If v > m, the terms in the second
summation in ([22) have greater weight (which is 1/m) than the terms in the
first summation (weighted by 1/u). In the worst case all bad examples appear
in the second summation in which case (22)) is bounded by ([I9) with probability
at least 1 — 6% over the choices of ((Sp, Xu),4,4).
The right hand side of ([22)) is always bounded by 8. Therefore, the function
f(Sm, X.) has weak permutation stability (5 Bi,6 b). By applying Lemma [ to
f(Sm, Xy), we obtain that with probability at least (1 —¢) (1 — W),

RUA) < RL(A) +Bes,x {RUA) - RLA L+ 2D 02 (29)

Since ¢, has Lipschitz constant v, it follows from (I8) that
P(sm,xu),mqn,jwjjgif {|A(i,j7i7i)| < /32/'7} >1—16s . (25)

Therefore, the right hand side of the equality in Lemma M is bounded from
above by (32(1 —62)/v+ 362/~. By substituting this bound to (24]) and using the
inequality R} (A) > R, (A), we obtain (2I). O
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It follows from Definition [3 that 3; depends on ¢ and 6%, and that B2 depends
on 63. Hence the bound (Z1I) depends on the following parameters: 6¢, 8%, 62, 0;,
i € I, It is possible to show that if u = 2(m), 62 = O(1/m?) and By, B, 6¢, b2,
0; are each O(1/m), then the slack term in ) is O(y/In(1/8)/m/v) and the
bound’s confidence can be made arbitrarily close to 1.

6 High Confidence Stability Estimation

In this section we describe a routine that can generate useful upper bounds
on the weak stability parameters (Definition B]) of transductive algorithms. The
routine generates these estimates with arbitrarily high probability and is based
on a sampling-based quantile estimation technique. Given a particular learning
algorithm, our stability estimation routine relies on an “oracle” that bounds the
sensitivity of the transductive algorithm with respect to a small change in the
input. We present such an oracle for a familiar practical algorithm. In Sec. [6.1] we
describe the quantile estimation method, which is similar to the one presented
in [I4]; in Sec.[E2 we present the bounding algorithm, and in Sec.[6:3 we consider
a known transductive algorithm and present a few numerical examples of the
application of these methods.

6.1 Quantile Estimation

Consider a very large set {2 of N numbers. Define the g-quantile of {2 to be the
[¢N]-th smallest element of 2 (i.e., it is the [¢N]-th element in an increasing
order sorted list of all elements in f2). Our goal is to bound the g-quantile z,
from above as tightly as possible, with high confidence, by sampling a “small”
number k < N of elements. For any € € (0,1) we generate a bound 3 such that
P{z, <} > 1—e¢. The idea is to sample k = k(q, €) elements from {2 uniformly
at random, compute their exact (7 = ¢ + 1;q)—quamtile z4, and output 3 £ zg.
Denote by quantile(q, €, {2) the resulting routine whose output is 5 = z3.
o _ 2In(1/e)

Lemma 5. For any q,e € (0,1). If k = k(q,¢) = (1—g)2 7 then

P {z, < quantile(q,€,f2)} > 1—¢ . (26)

Proof. Fori € If let X; be the indicator random variable obtaining 1 if the ith
drawn element (from (2) is smaller than z,, and 0 otherwise. Set Q = | Zf:l Xi.
Clearly, EQ < q. By Hoeffding’s inequality and using the definition of g, we get

P{Q>q}=P{Q—q>1;q}

<P{Q—EQ>1;q}<exp<—k(1;q)2> . (@1)

Therefore, with “high probability” the number kQ of sample points that are
smaller than x, is smaller than kq. Hence, at least (1 — ¢)k points in the sample
are larger than x,. quantile returns the smallest of them. Equating the right
hand side of 27)) to € and solving for k yields the stated sample size. O
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6.2 Stability Estimation Algorithm

Let A be a transductive learning algorithm. We assume that some (rough) bound
on A’s uniform stability § is known. If no tight bound is known, we take the
maximal default value, which is 2, as can be seen in Definition [l Our goal is
to find useful bounds for the weak stability parameters of Definition [Bl Let the
values of 67, 6% and & be given. We aim at finding upper bounds on (3; and .

Definition 4 (The diff Oracle). Consider a fized labeled training set S,

(Xom, Ym) given to the learning algorithm. Let diff(f(m,f(u,i,j,r\sm) be an
“oracle” function defined for any possible partition (Xm,f(u) of the full sample
and indices i € 1", j € Im+1 and r € 1", diff provides an upper bound on

A§7nqu (.I‘r) B AS’:,{,)_(E] (xT‘) ’ (28)

where Sm is any possible labeling of X, that “agrees” with Sy, on points in
Xm N Xy, Note that here we assume that I7" is the set indices of points in X,
(and indices in X, are not specified and can be arbitrary indices in I7*T").

We assume that we have an accesses to a useful diff(X,,, Xy, 1, J,7|Sm) func-
tion that provides a tight upper bound on 28). We now describe our stability
estimation algorithm that applies diff.

Let K be the set of all possible quadruples (X'm, X'u, i,7) as in Definition [l
Define 2, = {w(t) : t € K}, w(t) = w(Xpn, Xu,i,7) is a (1 — 6¢)-quantile of the
set ¢ = {diff(Xm7Xu7i7j,r\Sm)7r =1,....,m+ u}. It is not hard to see that
for any e € (0,1), with probability at least 1 — e (over random choices made by
the quantile routine), quantile(1 — 6%, ¢, £21) is an upper bound on the weak
stability parameter 3; of Definition Bl Likewise, let 22 = {w(t) : t € K}, but
now w(t) = w(Xm, Xu.i,j) = diff(X,n, Xu, i, 4,4). It is not hard to see that for
any €, with probability at least 1 — ¢, quantile(l — o, €, £25) is an upper bound
on the weak stability parameter B2 of Definition

Thus, our weak stability estimation algorithm simply applies quantile twice
with appropriate parameters. To actually draw the samples, quantile utilizes
the diff function. Let v be the time complexity of computing diff oracle.
By Lemma [B] the number of samples that should be drawn, in order to obtain
with probability at least 1 — e the bound on g-quantile, is O(In(1/¢)/(1 — q)?).
It can be verified that the complexity of our stability estimation algorithm is
O(In(1/€)(m + u)v/ min{(6%)2, (62)?}). As discussed after Theorem [ 6% should
be O(1/m?) to ensure that the bound (ZI]) has arbitrarily high confidence. This
constraint entails a time complexity of £2(m*(m-+u)). Hence currently our ability
to use the stability estimation routine in conjunction with the transductive error
bound is limited to very small values of m.

6.3 Stability Estimation Examples

In this section we consider the transductive learning algorithm of Zhou et al. [20]
and demonstrate a data-dependent estimation of its weak stability parameters
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using our method. While currently there is no comprehensive empirical com-
parison between all available transductive algorithms, this algorithm appears to
be among the more promising ones [8]. We chose this algorithm, denoted by
CM (stands for ‘Consistency Method’; see [§]), because we could easily develop
a useful diff “oracle” for it. We were also able to efficiently implement diff
“oracle” for the algorithm of Zhu et al. [21], which will be presented elsewhere.

We start with the brief description of the CM algorithm. Let W be a symmetric
(m 4+ u) x (m + u) affinity matrix of the full sample X,, .. We assume that
Wy = 0. In this paper we use RBF kernels, parameterized by o, to construct
W. Let D be a diagonal matrix, whose (i, ¢)-element is the sum of the ith row in
W. A normalized Laplacian of W is L = D='/2WD~1/2. Let a be a parameter
in (0,1). Let Y be an (m + u) x 1 vector of available full sample labels, where
the entries corresponding to training examples are +1 and entries of unlabeled
examples are 0. We assume w.l.o.g. that the first m entries in Y correspond
to the m labeled training examples. Let P = (I — aL)~!. The CM algorithm
produces soft-classification F' = P - Y. In other words, if p;; is the (7, j)th entry
of P and f; is the ith entry of F', the point x; receives the soft-classification

fi= Zpijyj : (29)
j=1

To obtain useful bounds on the (weak) stability of CM we require the following
benign technical modifications of CM that would not change the hard classification
it generates over test set examples.

1. We prevent over-fitting to the training set by setting p;; = 0.

2. To enable a comparison between stability values corresponding to different
settings of the parameters o and o, we ensure that the dynamic range of f;
is normalized w.r.t. different values of o and o. That is, instead of using (29)
for prediction we use

Zmﬂ Dijy;
fi= " . (30)
Z]‘:l Pij

The first modification prevents possible over-fitting to the training set since for
any ¢ € I{’H", in the original CM the value of p;; is much larger than any of the
other p;;, j # i, and therefore, the soft classification of the training example x;
is almost completely determined by its given label y;. Hence by (29), when x;
is exchanged with some test set example z;, the soft classification change of z;
will probably be large. Therefore, the stability condition (I8]) cannot be satisfied
with small values of Bs. By setting p;; = 0 we prevent this problem and only
affect the soft and hard classification of training examples (and keep the soft
classifications of test points intact). The second modification clearly changes the
dynamic range of all soft classifications but does not alter any hard classification.

To use our stability estimation algorithm one should provide an implemen-
tation of diff. We show that for the CM algorithm diff(X'm, X, 1,7, 7|Sm) can
be effectively implemented as follows. For notational convenience we assume
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here (and also in Definition ) that examples in X,, have indices in I, Let
T(r) = ZZL:M# pri and 7, (r) = ZZL:L,C# preyk- It follows from (B0) that

(prj = Pri) Zzlzl,k;éi,xkéXm Preyr + 1
(7(r) +pri)(7(r) + prj)

9

Ag, x,(@r) = Agy i (@r)

(31)
where T = (D —Pri) Sy kti ap cx,, PV +T () (Privi—prsi) +Pribei (Ui—y;).
To implement diff(X,,, Xy, 1, ,7|Sm) we should upper bound (B)). Suppose
first that the values of y; and y; are known. Then, T is constant and the only un-
knowns in ([BI]) are the y’s in the first summation. Observe that (31) is maximal
when all values of these y;’s are —1 or all of them are +1. Hence by taking the
maximum over these possibilities we obtain an upper bound on B1I). If y; (or y;)
is unknown then, similarly, for each of its possible assignments we compute (B1)
and take the maximum. In the worst case, when both y; and y; are unknown, we
compute the maximum of ([BIl) over the eight possible assignments for these two
variables and the y’s in the first summation. it can be verified that the time
complexity of the above diff oracle is O(m).

We now show two numerical examples of stability estimations for the CM algo-
rithm with respect to two UCI datasets. These results were obtained by imple-
menting the modified CM algorithm and the stability estimation routine applied
with the above implementation of diff. For each “experiment” we ran the mod-
ified CM algorithm with 21 different hyper-parameter settings for o and o, each
resulting in a different application of the algorithmﬂ

We considered two UCI datasets, musk and mush. From each dataset we gen-
erated 30 random full samples X, 4, each consisting of 400 points. We divided
each full sample instance to equally sized training and test sets uniformly at
random. The high confidence (95%) estimation of stability parameter 3; (see
Definition B) w.r.t. §¢ = 67 = 0.1, and the corresponding empirical and true
risks are shown in Fig. [l The graphs for the 3, parameter are qualitatively sim-
ilar and are omitted here. Indices in the x-axis correspond to the 21 applications
of CM and are sorted in increasing order of true risk. Each stability and error
value depicted is an average over the 30 random full samples. We also depict a
high confidence (95%) true stability estimates, obtained in hindsight by using
the unknown labels in the computation of diff. The uniform stability graphs
correspond to lower bounds obtained by taking the maximal soft classification
change encountered while estimating the true weak stability.

It is evident that the (true) weak stability is often significantly lower than the
(lower bound on) the uniform stability. In cases where the weak and uniform
stabilities are similar, the CM algorithm performs poorly. The estimated weak
stability behaves qualitatively the same as the true weak stability. When the
uniform stability obtains lower values the algorithm performs very poorly. This
may indicate that a good uniform stability is correlated with degenerated be-
havior (similar phenomenon was observed in [2]). In contrast, we see that very

" We naively took a € {0.01,0.5,0.99} and o € {0.1,0.2,0.3,0.4,0.5,1,2} and these
were our first and only choices.
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Fig. 1. Stability estimates (left) and the corresponding empirical/true errors (right)
for musk and mush datasets

good weak stability can coincide with very high performance. Finally, we note
that these graphs do not demonstrate that good weak stability is proportional
to low discrepancy between the empirical end true errors.

7 Concluding Remarks

This paper has presented new error bounds for transductive learning. The bounds
are based on novel definitions of uniform and weak transductive stability. We
have also shown that weak transductive stability can be bounded with high
confidence in a data-dependent manner and demonstrated the application of this
estimation routine on a known transductive algorithm. As far as we know this
is the first attempt to generate truly data-dependent high confidence stability
estimates based on all available information including the labeled samples.

We note that similar risk bounds based on weak stability can be obtained
for induction. However, the adaptation of Definition [ to induction (see also
inductive definitions of weak stability in [I0,[12,[15]) depends on the probability
space of training sets, which is unknown in general. This prevents the estimation
of weak stability using our method.

As discussed, to derive stability bounds with sufficient confidence our stability
estimation routine is required to run in £2(m*(m + u)) time, which precluded,
at this stage, an empirical evaluation of our bounds. In future work we will
attempt to overcome this obstacle by tightening our bound, perhaps using the
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techniques from [I3L17]. A second direction would be to develop a more suitable
weak stability definition. We also plan to consider other known transductive
algorithms and develop for them a suitable implementation of the diff oracle.

References

1.

2.

10.

11.

12.

13.

14.

15.

16.

17.
18.

19.
20.

21.

K. Azuma. Weighted sums of certain dependent random variables. Tohoku Math-
ematical Journal, 19:357-367, 1967.

M. Belkin, I. Matveeva, and P. Niyogi. Regularization and semi-supervised learning
on large graphs. In COLT, pages 624-638, 2004.

. A. Blum and J. Langford. PAC-MDL Bounds. In COLT, pages 344-357, 2003.
. O. Bousquet and A. Elisseeff. Stability and generalization. Journal of Machine

Learning Research, 2:499-526, 2002.

. P. Derbeko, R. El-Yaniv, and R. Meir. Explicit learning curves for transduction

and application to clustering and compression algorithms. Journal of Artificial
Intelligence Research, 22:117-142, 2004.

. L. Devroye, L. Gyorfi, and G. Lugosi. A Probabilistic Theory of Pattern Recogni-

tion. Springer Verlag, New York, 1996.

. G.R. Grimmett and D.R. Stirzaker. Probability and Random Processes. Oxford

Science Publications, 1995. Second edition.

. T.M. Huang and V. Kecman. Performance comparisons of semi-supervised learning

algorithms. In ICML Workshop “Learning with Partially Classified Training Data”,
pages 45-49, 2005.

. D. Hush, C. Scovel, and I. Steinwart. Stability of unstable learning algorithms.

Technical Report LA-UR-03-4845, Los Alamos National Laboratory, 2003.

M. Kearns and D. Ron. Algorithmic stability and sanity-check bounds for leave-
one-out cross-validation. Neural Computation, 11(6):1427-1453, 1999.

S. Kutin. Extensions to McDiarmid’s inequality when differences are bounded with
high probability. Technical Report TR-2002-04, University of Chicago, 2002.

S. Kutin and P. Niyogi. Almost-everywhere algorithmic stability and generalization
error. In UAI pages 275-282, 2002.

M. Ledoux. The concentration of measure phenomenon. Number 89 in Mathemat-
ical Surveys and Monographs. American Mathematical Society, 2001.

G.S. Manku, S. Rajagopalan, and B.G. Lindsay. Approximate medians and other
quantiles in one pass and with limited memory. In SIGMOD, volume 28, pages
426-435, 1998.

S. Mukherjee, P. Niyogi, T. Poggio, and R. Rifkin. Statistical learning: Stability is
sufficient for generalization and necessary and sufficient for consistency of empirical
risk minimization. Technical Report Al Memo 2002—-024, MIT, 2004.

A. Rakhlin, S. Mukherjee, and T. Poggio. Stability results in learning theory.
Analysis and Applications, 3(4):397-419, 2005.

M. Talagrand. Majorizing measures: the generic chaining. Springer Verlag, 2005.
V. N. Vapnik. FEstimation of Dependences Based on Empirical Data. Springer
Verlag, New York, 1982.

V. N. Vapnik. Statistical Learning Theory. Wiley Interscience, New York, 1998.
D. Zhou, O. Bousquet, T.N. Lal, J. Weston, and B. Scholkopf. Learning with local
and global consistency. In NIPS, pages 321-328, 2003.

X. Zhu, Z. Ghahramani, and J.D. Lafferty. Semi-supervised learning using gaussian
fields and harmonic functions. In ICML, pages 912-919, 2003.



	Introduction
	Related Work
	Problem Setup and Preliminaries
	Uniform Stability Bound
	Weak Stability Bound
	High Confidence Stability Estimation
	Quantile Estimation
	Stability Estimation Algorithm
	Stability Estimation Examples

	Concluding Remarks


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 2.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU ()
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice




