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Abstract. Two specific mappings called doubler fq and linearizer f,
are introduced to bridge two domains of languages. That is, f; maps
string languages into (double-stranded) molecular languages, while f;
transforms in the other way around. Using these mappings, we give new
characterizations for the families of sticker languages and of Watson-
Crick languages, which leads to not only a unified view of the two families
of languages but also a clarified view of the computational capability of
the DNA complementarity. One of the results implies that any recursively
enumerable language can be expressed as the projective image of fq(L)
for a minimal linear language L.

1 Introduction

In the late 1990’s history of theoretical research on molecular computing models,
sticker systems have been proposed to model the behaviors of biomolecules with
sticky ends and to investigate the computational capability of those molecules
based on the biomolecular property of DNA complementary. On the other hand,
almost in parallel a new type of machine model called Watson-Crick automaton
was introduced and studied, which is taken as a finite state machine working
on double-stranded molecules (rather than linear strings). Similarly, a sticker
system was introduced as one of the generative systems by using the DNA com-
plementarity. The above two systems have a great deal of potential to provide
the promising models for DNA computings. One can find a huge amount of inter-
esting results on a variety of families of these systems and automata in, e.g., [3].

The present paper concerns a new approach to unifying a great variety of
these models of computation based on DNA complementarity. The purpose of
this paper is twofold : One is to explore the computational power of annealing
operations between complementary molecules in terms of notions in formal lan-
guage theory. The other is to clarify the current (chaotic) landscape of a variety
of existing computational models based on DNA complementarity, by providing
a unified view of those models.
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For our purpose, we introduce two specific mappings “doubler f;” and
“linearizer f,” that can bridge the two worlds of string languages and of double-
stranded molecular languages. Using these mappings, we will give new character-
izations for the families of sticker languages and of Watson-Crick languages. For
example, through the mapping fy, we show that the difference between sticker
systems and Watson-Crick automata is essentially reduced to the one between
minimal linear and regular grammars, respectively.

2 Preliminaries

We assume the reader to be familiar with the rudiments on Watson-Crick finite
automata and sticker systems as well as basic notions in formal language theory
(see, e.g., [B.A]).

For an alphabet V., p C V x V is a symmetric relation. We denote an element

(z1,22) € V* x V* by il . Instead of using a notation V* x V* | we often
2

use <¥*> For elements (Z), (;;) € (g,k), by (ii) <?E) , We represent a

double stranded molecule (z1x2,y1y2) € V* x V

Lot m - {(Z) la,b €V, (a,b) € p} and W, (V) = m*(the set of

all complete double stranded molecules over V including (: ).

For an element <Zl> (22) (Z") € WK,(V), we also write in the form
1 2 n

w1
e where w1 = a1as - - - ayn, wy = biby - - by,.

We define a set of incomplete molecules over V: W,(V) = L,(V) UR,(V)U
LR,(V), where

T1 Y1 Y1 « |1 V1
L V = 5 9 Evv S 9
)= ey B e V] )

Y121 Y1 « | V]®
R,(V) = , 20 €V, € ,
(V) =A{ " | 21, 22 [yJ { L}

Y2 22 \%4
LR (V):{ T1 Y1 21 Y1 1 Y1 Y1 Z1 |
p Y2 Tay222 Y222 T2Y2

Yy 14N
1’171'2721,ZQEV*7 |:y;:| S |:V:|p}
Elements in W,(V') are called bricks.

[Sticker systems]

A sticker system is a 4-tuple v = (V, p, A, D), where V is a finite set of symbols,
p C V x V is the complementary relation on V, A C LR,(V) is a finite set of
axioms, and D is a finite set of elements in W,(V') x W,(V).
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Fory = (V,p,A,D) and o, B € W,(V), we write « %7 B (or simply o = 3)
if and only if 8 = uaw, for some d; : (u,v) € D. That is, for example, in a
graphical representation, it means

dy: (u;; 2 2 US) = (u,v) and

U up ' 1 Vg

U1 1 V1 dr. U3 U2 U] Q] V1 V2 V
= _ —— 3 _ _ _ 3
a1 U2 U (1 V1 V2

:/87

where w1, us, v, v2 and 1, Us, U1, U2 are complementary, respectively.

For any other types of bricks for d, in 7, we similarly define %7. We denote
by =" the reflexive and transitive closure of =.
A set of molecules generated by ~ called molecular language is defined by

LM(y) = {w € WK, (V) | 21 =" w, 2 € A}.

Furthermore, a (string) language L(7y) generated by ~ is a coding image of
LM(7), i.e., the set of all upper components of the molecular language LM (7).
The classes of molecular languages and of string languages generated by ~ are
denoted by SL,, and SL, respectively.

[Watson-Crick finite automatal]
A Watson-Crick finite automaton (abb. WK-automaton) is defined by the tuple

M= (VvvpanqovFv(s)'
V isan (input) alphabet, Q is a finite set of states, V and @ are disjoint alphabets.

p C V x V is a symmetric relation. gg is the initial state in Q. F C @Q is the

set of final states. 6 : @ X G;*

) — P(Q) is a transition mapping such that
6(q, ; ) # ¢ only for finitely many triples (s, z,y) € @ X V* x V*, where P(Q)
is the set of all possible subsets of Q.

A transition in a WK-automaton can be defined as follows: For (?) , (Zl> ,
2 2

<y1) € (g*) with [mmlﬂ] € WK,(V), and ¢1,¢2 € Q, we write

Y2 TaU2y2
1 U1 Y1 Z1 U1 Y1
—
() () G) = () () C2)
if and only if 6(q1, <Zl)) 5 ¢2. We denote by =%, the reflexive and transitive
2

closure of the relation =,;. If there is no confusion, we use = instead of
M-
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A molecular language and a (string) language over V recognized by M are
defined by

wi w1y « |wr
ey = ([ ewr, ) Lo 2] =i [] ar. ar e 1)
and L(M) is the set of all upper components of the molecular language LM (M).
A WK-automaton M = (V,p,Q,qo, F,6) is 1-limited if for any transition

5(6117(51 ) D g2, |x122] = 1 holds.
2

Let WK,,, and 1WK,,, be the classes of molecular languages recognized by
WK-automata and 1-limited WK-automata, resp. Further, WK and 1IWK de-
note their corresponding string language classes.

Theorem 1. ([3]) WK,, = IWK,,, (and WK = 1WK).

[External contextual grammars ([2])]

An external contextual grammar is a construct G = (V, A, C), where V is an

alphabet, A (C V*) is a finite set of axioms, C is a finite set of elements in

V* x V*. For «, 8 € V*, we write « = [ if § = uaw, for some (u,v) € C.
An external contezxtual language generated by G is

LGQ)={we V" |z =5 w, x1 € A}

Let £C be the class of external contextual languages.

Theorem 2. ([2]) It holds that EC = MLIN (the class of minimal linear
languages).

[Twin-shuffle languages and their extensions]
Let V and V = {a | a € V} be alphabets. A twin-shuffle language over V is
defined as
TS(V) = U x W Z, where
zeV*

zlly={z1y1- ToYn | T=21 Tn, y=y1-Yn, n > 1, 1 <i<m, z;,y; € V'}.

Consider alphabets V, V and V', where VNV’ = ¢ and VNV’ = ¢. We
define an extended twin-shuffle language over V and V' as follows :

ETS(V,V')={z1y1- - xpyn |n>1, for 1 <i<n, z; € TS(V), y; € V*}.
3 Two Specific Mappings: Linearizer and Doubler

In order to materialize our goal of providing an unified view of WK-automata
and sticker systems, we newly introduce two specific mappings : one is a mapping



228 K. Onodera and T. Yokomori

that linearizes a given molecular language (consisting of elements in W,(V)) into
its coded form of string language, and the other is the one that, given a string
language, transforms into its double stranded version of molecular language.

[Linearizer mapping: f/]

In this paper, for an alphabet V let V = {a | a € V}, and we assume that
p CV x V is a complementary symmetric relation and for any a € V, (a,a) € p
and a = a. We first define a mapping f; to transform double strands into strings.

Let ¥ = V UV, then we introduce new notations : for a € X, (Z) = a,

(Z)zd, (Z):d.Further7letZA’:{d|a€Z}7i‘:{d|a62}7§:{&|

a € X'}. Now, we define the linearizer mapping fo:
fo: W (V) = (ZUuX)* ST (Jux)* U (DU,

which transforms double strands over X to single strands over ¥ U X U X.
For example, for double strands u = w2 (resp. u = U2 U
U2 U3 Uy u2

intention is that fy(u) = G113, (resp. fo(u) = U1Uats).

Formally, for a double strand (ml) {yl} (Zl> , we define fg((”ﬁ) [yl] (Zl)) =
L2/ [Y2] \?2 L2/ [Y2] \?2

~ .i‘l if Ty = €, 21 if 22 = €,
xy12, where x = ¢ . | z2=19 . .
I if 21 =€, Z9 if 21 = €.

), our

For a double strand Cel a with a € V, a double strand (Z) = a is comple-

mentary, in the sense that ((z) <2) = (Z). Therefore, for a in Y and @ in X, we

consider a complementary relation defined by ¢ as follows: v(a) = b, 1(a) = b,
where (a,b) € p,ie,b=a.In 5 and ¥, we consider this complementary relation
defined by 1.

Thus, a twin-shuffle language T'S(%) is defined as follows:

TS() = |J = W)

zel*

[Doubler mapping: f4]
Conversely, we want to reconstruct a double strand from a string over YUY U X.
Consider a string y=yjays € (ﬁuﬁ)* with length n. For an alphabet ¥, we
say that a symbol a is Y-occurrence at position i of y with 1 <i<n if |y |y =i—1
and a is in ﬁ’, where |z|y is the number of symbols in V' in the string .
Let y be a string in T'S(X) with length 2m > 2. Consider a complete double
strand of length m which satisfies the following conditions:

— if @ € X is the i-th symbol with 1 < i < m in the upper strand, then a is
XY-occurrence at position i of y.
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— if @ € X is the i-th symbol with 1 < ¢ < m in the lower strand, then a is
J)-occurrence at position ¢ of y.

faly) = = 7 Y=G1 Q1 - Qg Qi -+ Ay

The double strand thus obtained is called the doubler of y and denoted by
fa(y). In particular, for € we define fq(e) = [6] Note that for a string y ¢

TS(%), fa(y) is undefined. Then, f4(z) = {j implies that © = e.

For example, for strings abcabc aabcbc aabbée, in (XU X)*,
ARy axd oy L fe abc
fa(abéabe) = fa(aabébe) = fq(aabbee) = [abc] .
Lemma 1. For a string w in (2 U %)%, fa(w) is a complete double strand if
and only if w is in TS(X).
We now want to extend the mapping fq so as to apply to strings in ET'S (Z:‘, ).
Let y = 122 - - - T2, be a string in ETS(X,Y), where n > 1, and for 1 <1 <
n, xo;—1 € TS(Y), xo; € X*. Then, a doubler mapping f; is extended in the
following manner.

— For a string x9; = 1, in >*, fa(z2;) is a complete double strand [ZQZ] .
2i
— For a string zo;_1 in TS(ZA])7 fa(x2i—1) is the same one as already defined.
In a graphical representation, this means the following :

Uo U2n,

Ja(y) = fa(xq) fa(tz) - - - fa(@on—1)falten) = fa(z1) _ - fa(won_1) z

U2 . 2n
Note that for a string y ¢ ETS(E E) a(y) is undefined.

For example, for strings ababcdd aabcbcd abéd in (E uruxy ),

abed ]

fa(ababédd) = fa(aabebed) = fa(abed) = [abc 7

Note 1. fqis different from £, (in [5] ) in that £, has no X for its alphabet, and
fa has more flexibility of y than £, to build up a double strand f4(y).

Lemma 2. For a string w in (ij UXUX)*, fa(w) is a complete double strand
if and only if w is in ETS(X, ).
4 Characterization Results in Terms of Doubler

In this section, by using the doubler mapping fy, we characterize languages rec-
ognized by a Watson-Crick finite automaton and generated by a sticker system.



230 K. Onodera and T. Yokomori

4.1 WK Molecular Languages Are fs(Regular Languages)

Lemma 3. For a Watson-Crick finite automaton My, there exists a finite au-
tomaton M such that LM (Mw) = fo(L(M)) = {fa(w) | w € L(M)}.

Proof. We may consider a 1-limited WK-automaton My = (X, p,Q, q0,F, 6w ).
Then, construct a finite automaton M = (X' U X, Q, qo, F, 6) derived from My,
as follows: For 6w (g:,x) 3 ¢; in My, construct 6(g;, fe(z)) > ¢; in M.

It suffices to show that tl} is in LM (M) if and only if there exists a string
2

w € L(M) such that fy(w) = [zl .
2

21

Assume that [ ] is in LM (M) and there exists a transition,

z2
Uy Uy WUi41 | [(Ui42 " Un UL - Ug | [ Uit Ui42 " Up
(Ul : "Ui)qz (Ui+1) (Ui+2 : "Un) v ('Ul : Uz) (Ui+1)%Jr (Ui+2 : "Un> ’
UL+ Uy z1 . Uuj P €
where n > 1, = , 0 < i < n, and IS U , for
V1 Up 22 v € X

1<j<n,and q, € F
From the way of constructing 8, for each 0 < ¢ < n, there exists a transition

6(qi,bix1) D ¢ir1 in M, where b; 11 = fo( <Zi+1 ) ). Then, there exists a transition
i+1
6(q0,b1 -+ bp) 2 g in M.
Since il is the complete double strand, the i-th symbol in the upper strand
2

and the i-th symbol in the lower strand are complementary. Therefore, for the
string w = by - - - b, X-occurrence at position ¢ of w and Y-occurrence at position
1 of w are complementary. Then, it holds that by ---b, € Uy -+ Uy, Wl V1 - Oy,

which leads to that fy(by ---by) = m
2

Conversely, assume that a string w is in L(M) such that fi(w) = [zj .

Let w =0y ---bay,, wheren > 1,for 1 <i<2n,b; € ZA’UZ‘7 then from Lemma
M wis inTS(ﬁ’). Let w €ty -ty W 01 -+ - Dy

There exists a transition 6(qo, b1 - - - bayn) 3 g2, With g2, € F'. From the way of
constructing ¢, for a transition 6(g;,b;+1) 3 gi+1 in M, there exists a transition
6w(qi,b;+1) S @iy1, where 0 <7 <2n —1, b1 = fz(b;+1).

Then, there exists a transition in My, qo <u1 TUn =7 (u1 ; u”) qf,

VL Un w o\ v,

where ¢y is in F. Since w is in TS(i‘), for each 1 < i < n, u; and v; are

complementary, which means that [Zl o ZL”] e WK, (V). O
Loy,
Lemma 4. For a finite automaton M = (ﬁ’ U X,Q,q0,F,06), there ex-

ists a Watson-Crick finite automaton Mw = (X,p,Q,qo, F,0w) such that
LM(Mw) = fa(L(M)) = {fa(w) | w € L(M)}.
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Proof (sketch). For a finite automaton M = (ZA] U X, Q,q,F,o), construct a
WK-automaton My = (X, p, Q, qo, F, 6w ) as follows:

For a transition 6(g;,@) 3 ¢; in M, construct dw (g, ) > ¢; in M.

Q@ A

For a transition 6(g;, @) 3 ¢; in M, construct éw (g;, ) 2 ¢; in M.

It suffices to show that a complete double strand tl] is in LM (M) if
2

and only if there exists a string w € L(M) such that fq(w) = [?], which is
2

proved in a manner similar to the above lemma. Thus, we can prove the equation
LM (Mw) = {fs(w) | we L(M)}. O

From Lemmas [3] and @] we have the following theorem.

Theorem 3. A molecular language L is in WK, if and only if there exists a
reqular language R such that L = f4(R).

4.2 Sticker Molecular Languages Are fz(Minimal Linear Languages)

We slightly extend fq to f}; as follows : For w = zyz in (2 U2 UX)* such that
only fq(y) is well-defined and x,z are in £* U £*, define f)(w) = 2’ fa(y)?’,

where 2’ (2') represents that = (z) forms an “upper stand” if z (2) is in X* or
“lower one” otherwise.

Lemma 5. For a sticker system vyw, there exists an external contextual gram-
mar G such that LM (yw) = fa(L(G)) = {fa(w) | w € L(G)}.

Proof. For a sticker system w o= (X, p, Aw, Dw), we define an external con-
textual grammar G = (YU XY U X, A, C) derived from ~yw as follows:
For (u,v) in Dy, construct (f¢(u), fr(v)) in C. Let A= {fi(a) | & € Aw }.

/
It suffices to show that for any o/ = (Z}) in LR,(X), there exists a com-
2

. o 21| . . . .
putation (a’; =T z; if and only if there exists a computation o/ =7 z,

where f)(a”) =o' and fq(z) = 1

We will prove this by the induction on n.
Base step : (n = 0) It trivially holds. Induction step : There exists a computation

(o) = () () () = 2]

iff (by inductive hypothesis and the way of constructing C') there uniquely exist

(fd(;;))’ fé((fj,))) in C such that
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ety = (5 DAl () = and 0=t

where fj(w) = (3/) (Z:;) (;},) and fq(z) = Ej

iff there exists

fold) =¢ fe((il))fz(a/)fz((:,) —7 2, and fy(z) = {Zl] )

22

Considering o/ = a € Ay, we have that

2] . : n z
a=" Lj if and only if fi(a) =& z, where f4(z) = Lj . O

An external contextual grammar G = (£ U XU X, A, C) is said to be restricted
if (1) for any (u,v) in C, u and v are in (¥ U X)* £t (U X)* U (2 U D),
and (2) AC (YUX)* 2t (DUX)*

Let r-EC be the class of languages generated by restricted external contextual
grammars.

Lemma 6. For a given restricted external contertual grammar G = (ﬁ’ uxu
X, A,C), there exists a sticker system yw = (X, p, Aw, Dw) such that LM (~yw )

= {fa(w) | w € L(G)}.

Proof (sketch). For a given G above, we construct a sticker system vy = (X, p,
Aw, Dw) as follows : For (z,y) in C, construct (f(z), f(y)) in Dy . Let Aw =
{fi(a) |a € A}.

We can prove that [21] is in LM (yw) if and only if there exists a string

%)
w € L(G) such that f4(w) = 21 , in a manner similar to the above lemma,
2
which implies the equation LM (yw) = {fa(w) | w € L(G)}. |

From Lemmas Bl and [6 we have the following theorem.

Theorem 4. A molecular language L is in SLy, if and only if there exists an
external contextual language R in r-EC such that L = f4(R).

4.3 Characterizing Recursively Enumerable Languages by fg

Based on the doubler mapping f; and a projection, we first introduce a mapping
fpr- For the projection prp : V5* — T*, we define f,, : (XY UX UX)* — T*

as follows: fp-(w) = prr(x), where fg(w) = Lf,] for some 2’ € X*. Then,

using the class £C and f,, we have the following characterization of recursively
enumerable languages.
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Theorem 5. For a recursively enumerable language L, there exists an external
conteztual grammar G such that fp(L(G)) = L.

Proof. Tt is well known that for any recursively enumerable language L C T*,
there exist two e-free morphisms hq, ho, a regular language R, and a projection
prp such that L = pro(hy (EQ(h1, he))NR). Let M = (Q, I, 6, qo, F) be a finite
automaton such that L(M) = R. Let hi,ho : V" = V',
We construct an external contextual grammar G = (YU X U X A, C):
1. Let (wq, uqv,) be in C, where u, = 131 Bn, with hq(a) = by -+ by,
Vg —c1 Cm7W1th hg( )=rc1 Cm,
for any g1 in Q, wa = G130y GuH#dn—1 - G0 QA1
if 6(qz,b )> Gi+1 foreach 1 <i<mn, qu41 ¢ F,
= Gui1#0n QnHQn1 - G300 G2,
1f 6(qi, b;) 3 g1 for each 1 <i <n, g 41 € F.

The strings u,, v, are used to check the equality for the homomorphisms hy
¢ Qo1 Hant q:s#qza%

#Qn#Q’n 1- #QQ# a1
which is used to check whether a string is in R = L(M).

and hs. The string w, corresponds to the bric

2. Let Y =ToUIUTlyfor Ig=QUQ, Ih=VoUVs, I'y = {#,#} and let
A= {Go#}

We will show the equality fp-(L(G)) = L. Assume that w is in f,,(L(G)), then
there exists a string w’ in L(G) such that f,,(w') = w. From the definition of C,
w' = wiGoFws, where wy € (Ig U T U{#})*, wy € (LU FQ) Since fpr(w') is
defined, w’ is in ETS(X, %). Further, w; € ETS(I'g, TqU{#}), wa € TS(I3).
Then, there must exist a string z = a; - - - a,, € I'7 which satisfies the following
two conditions : for hy(z) = by - by With m > 1,

= w01 = Qo Hl 1 G 1F Qo A0 @FGo, where for 0 < i <m — 1,
6(qi, bz+1) 3 qi+1, @m € F. This 1mpheb that by - - by is in R.
— wWo € by by W b1 bm/ This implies that hi(z) = ha(z).

Therefore, by - - - by is in by (EQ(h1, h2)) N R, then from the definition of f,,
for(W") = pro(by---bp) € L.

Conversely, assume that w is in L. Then, there exists a string z such that
z € hi(EQ(hi1,hs)), 2 € R and pry(z) = w. Then, there exists a string 2’ =
ay - - - @y such that 2’ € EQ(hy, ha) and hy(2') = hi(a1) - - - hi(am) = b1 by =
ho(ay) -« ha(am) for m’ > 1.

For z', there exists a derivation (}0# = wujo#wg in G such that wy =
h1 (al)hg(a1) s h1 (am)hg(am), where h1 (az) = bzl Z]c for hl(al) = bzl bik;
hg(al) = ézl éw for hz(az) = Cj1" " Ciy- Then Wy € b1 bm/ i bl b

At the same time, since 6 (qo7 z) > gy with g5 € F, from the way of conbtructlng
C, w1 = G # 1 G 1 H G2 - qz#cn G17+qo, where for 0 <i <m/ — 1,
6(qi,bix1) O ¢it1, @ms € F. Therefore, wlqo#wg is in ETS(E, E). Then, from
the definition of f,., we have fpr(wl(jo#wg) =w. a
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4.4 WK Molecular Languages Are Proj(Sticker Molecular
Languages)

Let us define a double-strand projection (abb. d-projection) d-pr on double

A . V1UV2 . .. V1 o €

strands as follows : For z in [VlLJVQ] , d-pr(z)=zif zisin [V1] and d-pr(z)= H

otherwise.

Lemma 7. For any Watson-Crick finite automaton M, there exists a sticker

system ~y such that LM (M) = d-pr(LM(7)).

Proof. (sketch) From Theorem [ we may consider a 1-limited WK-
automaton M = (X,p,Q,qo, F,6). Based on M, construct a sticker system
v = (ZUIQUI %, pg, A, D) as follows : I'g = QUQ, I'y = {#,#}. For a transi-

tion 8(qs, ( 2) )3q; in M with ¢; ¢ F, construct ((‘iﬂ) m (6) , (”"1>) in D.

qi T2
For a transition 6(g;, (i )) > g5 with ¢ € F, construct (B;] [i] <q€) , (il>)
2 7 2

in D. Finally, let A = {(qo >} Consider a d-projection d-pr on the alphabet

{g} From the way of constructing -, by the induction on the length of a

computation, we can prove that for gf € F, qo (gl> = (Zl> qs if and
2 2

only if there exists a computation <q€0 i) = [g; ] Ej [zj <Z;)’ where

{ } [zg} Finally, from the definition of d-pr, it holds that a complete

double strand Zl is in LM (M) if and only if there exists a complete double
2

s g o o e - -

Xm N - Molecular languages
A N A
SLC < * WK :
m : d or m \ : fd
A : p A :
: . \ :
E fe
v / &C(= MﬁIN\EI / String languages
r&C rREG

Fig. 1. Landscape of Double-Decker Families of Languages
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5 Conclusion

By introducing two specific mappings called “doubler f;” and “linearizer f,”,
we have given new characterization results for the families of sticker languages
and of Watson-Crick languages which lead to not only an unified view of the
two families of languages but also a clarified view of the computational capabil-
ity of the DNA complementarity. From Theorems [Tl and Bl we have the result
RE = fpr(MLIN), which seems shed some new insights into computations in
comparison to the existing ones such as RE = dgsm(SL) or RE = coding(WK)

(in [3]).
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